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The thermal state

I Statistical physics is built around the study of the thermal
state.

I This is for good reason: at late times, generic closed systems
with generic initial conditions are, for most purposes,
indistinguishable from the thermal state.
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Far-from-equilibrium
I There is an increasingly large range of contexts in which one

needs to study far-from-equilibrium system.
I This is challenging: the thermal state is now irrelevant, and

there is no clear “universal” state to replace it.
I It appears one must study every far-from-equilibrium initial

condition on a case-by-case basis.

(a) (b)
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Forcing and dissipation

I The key is to look at a subsystem, consisting of a range of
modes of the underlying field.

I A nonlinear system couples modes of different wavenumber,
and there will be a flux of modes passing through the
subsystem; the subsystem behaves like an open system.

I As an approximation, we can replace our subsystem with a
simple open system: one in which there is a perpetual flux
passing through, maintained by external forcing and
dissipation acting on an otherwise closed system.
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I Of course, systems with forcing and dissipation are by
themselves physically relevant, so the motivation in terms of
an intermediate stage in the thermalization process is not
necessary.

I In the turbulence literature, this is the distinction between
freely decaying turbulence versus forced turbulence. In QFT
literature, this is called prethermalization.
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Open systems

I Once a system is open, it is liberated from the requirement of
late time thermalization

I This allows for rich late time behavior.

I Beyond the thermal state, the next simplest possible late time
state is a stationary, but non-equilibrium, state.

I We can control the state through the microscopic parameters
of the Hamiltonian – the dispersion relation and the nonlinear
interaction – as well as the external forcing and dissipation.
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Wave turbulence
I Remarkably, even for a weakly interacting nonlinear system,

there are cases in which one can find a stationary,
non-equilibrium state - the Kolmogorov-Zakharov state.

I This is wave turbulence, or weak turbulence.
I Wave turbulence has been shown to occur in an incredible

range of contexts

(c)

Moreover, while there is often a lack of direct observa-
tions of weak turbulence predictions, we exhibit numeri-
cally relaxation to equilibrium and energy cascade for the
plate dynamics, confirming the scenario presented above.
The plate dynamics is illustrated in Fig. 1 for an isolated
system where the plate deformations are shown at initial
time and after a long evolution.

Theory.—The starting point is the dynamical version of
the Föppl–von Kármán equations [18] for the plate defor-
mation !!x; y; t" and the stress function "!x; y; t":
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where h is the thickness of the elastic sheet. The material
has a mass density #, a Young’s modulus E, and a Poisson
ratio $. ! # @xx % @yy is the usual Laplacian and the
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Despite the complexity of Eqs. (1) and (2) the system
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Fourier space. Defining the Fourier transforms as !k!t" #
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lator with the usual ballistic dispersion relation of bending
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the dimension of a velocity] [16,18]:

 #
@2!k
@t2
# $ Eh2k4

12!1$ $2" !k $
Z
V$k;k2;k3;k4

!k2
!k3
!k4
&!2"!k

$ k2 $ k3 $ k4"d2k2;3;4;

where V12;34 # E
2!2%"2

jk1)k2j2jk3)k4j2
jk1%k2j4 and d2k2;3;4 '

d2k2d2k3d2k4. The Hamiltonian structure becomes evi-
dent if we define as canonical variables the deformation
!k!t" and the momentum pk!t" # #@t!k!t". Finally, the
canonical transformation !k # Xk!!

2
p !Ak % A($k" and pk #

$ i!!
2
p
Xk
!Ak $ A($k" with Xk # 1!!!!!!!

!k#
p allows us to write the

wave equation in a diagonalized form: dAk
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iN3!Ak", where N3!&" is the cubic nonlinear term.
Weak turbulence theory.—This nonlinear oscillator has

two distinct time scales, the rapid oscillation i!kAk and the
weak nonlinearity: iN3!Ak". Then, following the approach
of [4], one changes Ak # ak!t"e$i!kt which removes the
rapid linear oscillating term:
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where we define ask with the two possible choices s # % or
$ relative to the propagation direction, such that a%k ' ak
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, where P 234 is the sum over
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The wave spectrum thus satisfies a Boltzmann-type
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As for the usual Boltzmann equation, Eq. (4) conserves
‘‘formally’’ [20] the total momentum per unit area P #
h
R
knk!t"d2k and the kinetic energy per unit area E #

h
R
!knk!t"d2k, and exhibits an H theorem: let S!t" #R

ln!nk"d2k be the nonequilibrium entropy, then dS=dt *
0, for increasing time. However, despite the four waves
interaction type kinetic Eq. (4), the ‘‘wave action’’ N #R
nk!t"d2k is not conserved. The kinetic Eq. (4) describes

thus an irreversible evolution of the wave spectrum towards
the Rayleigh-Jeans equilibrium distribution which reads,
when P # 0:

 neq
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here T is called, by analogy with thermodynamics, the
‘‘temperature’’ (with units of energy/length, i.e., a force),
which is naturally related to the initial energy by E0 #
h
R
!kneqd2k # hT

R
d2k. The quantity

R
d2k is the num-

ber of degrees of freedom per unit surface. Therefore each
degree of freedom takes the same energy: hT. Naturally,
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FIG. 1. Zoom over a portion of the surface plate deflection
!!x; y". The left-hand image is the initial condition while the
right-hand one represents a long-time evolution of the plate.

PRL 97, 025503 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
14 JULY 2006

025503-2
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Figure: (a) Gravity wave turbulence (Falcon et. al) (b) Elastic plate
turbulence (During et al.)
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Wave turbulence versus turbulence

I Turbulence was originally, and is more commonly, discussed in
the context of hydrodynamics – Navier-Stokes equation.

I This is not wave turbulence – there is no weak coupling
expansion, and the problem of understanding hydrodynamic
turbulence, and the associated range of nonperturbative
phenomena, is difficult.

I Turbulence is a state of a nonlinear system in which energy is
distributed over many degrees of freedom, in a fashion which
strongly deviates from equilibrium, exhibiting chaos in both
space and time.
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A nonlinear field theory with quartic interaction

I Work in Fourier space, with modes φk . Do a canonical
transformation, replacing the real field and momentum
variables, φk and πk , with the single complex variable ak ,
whose complex conjugate we denote by a†k ,

φk = 1√
2ωk

(ak+a†k) and πk = i
√
ωk√
2

(a†k−ak).

I The Hamiltonian

H =
∑

p

ωpa
†
pap +

∑

p1,p2,p3,p4

λp1p2p3p4a
†
p1a
†
p2ap3ap4 .

I The equations of motion:

ȧk + iωkak = −2i
∑

p2,p3,p4

λkp2p3p4a
†
p2ap3ap4 .
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The kinetic equation

The main player in wave turbulence is the kinetic equation: it
governs the occupation number nk of mode k ,
nk(t) = 〈ak(t)a†k(t)〉.

∂nk
∂t

= 16π
∑

p2,p3,p4

|λkp2p3p4 |2
(

1

nk
+

1

np2
− 1

np3
− 1

np4

)
nknp2np3np4

δ(ωk+ωp2−ωp3−ωp4)δ(k+p2−p3−p4)

This equation is valid at weak coupling (and a late times).
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Boltzmann equation

I The wave kinetic equation for quantum mechanics is similar,
but with some of the np replaced with Np + 1, where Np now
denotes the occupation number,

I For large occupation number, Nk � 1, the classical kinetic
equation is recovered, while for small occupation numbers,
Nk � 1, waves behave like particles and one recovers the
classical Boltzmann equation.
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The thermal distribution

What is the stationary solution? i.e. what does one get at late
times:

∂nk
∂t

= 16π
∑

p2,p3,p4

|λkp2p3p4 |2
(

1

nk
+

1

np2
− 1

np3
− 1

np4

)
nknp2np3np4

δ(ωk+ωp2−ωp3−ωp4)δ(k+p2−p3−p4)

Can check,

nk =
T

ωk

is a stationary solution. This is the Rayleigh-Jeans distribution,
which is the low energy (high temperature; i.e. classical) limit of
the Plank distribution (Bose-Einstein).
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The Kolmogorov-Zakharov (KZ) solution

There is another stationary solution. For,

ωp ∝ pα , λp1p2p3p4 = (p1p2p3p4)
β
4 Uδp1,p2;p3,p4 ,

where U depends only on the ratio of momenta and their mutual
angles, one may check that there is a stationary solution to the
kinetic equation,

np ∝ p−γ , γ =
2

3
β + d .

This is the Kolmogorov-Zakharov (KZ) solution. Since the kinetic
equation is only valid at weak nonlinearity, these solutions are
called weakly turbulent states.

The KZ solution deviates strongly from equilibrium.
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Fluctuations about KZ

I Much of the work on wave turbulence has focused on
establishing the existence and properties of the turbulent
state.

I A broader question is how to repeat everything we know in
statistical mechanics, but based on the wave turbulent state
instead of the thermal state. Concretely, how to characterize
fluctuations about the turbulent state. Our goal is to take a
step in that direction.
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Plan:

I We take a classical nonlinear field theory, with an arbitrary
dispersion relation and arbitrary quartic interaction.

I We add dissipation, as well as external forcing, where the
forcing function is drawn from a Gaussian distribution.

I We give a general prescription for computing correlation
functions of the field.

I The basic tool that we use is that a classical field theory with
stochastic forcing is a quantum field theory, which in turn can
be solved perturbatively through Feynman diagrams.

This provides a systematic way of deriving the kinetic equations,
going beyond leading order in the coupling.
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A note on averaging

I Turbulent cascades are present in interacting, chaotic,
many-body systems. To perform calculations, or
measurements, some kind of averaging is necessary.

I Assuming statistical spatial homogeneity, one can average
over initial conditions, or alternatively one can perform a time
average.

I In the context of forced turbulence, one can average over the
forcing function.

I For deriving the leading order kinetic equation, which kind of
averaging is used is largely irrelevant. At leading order one
can simply assume higher-point correlation functions factorize
into two-point functions; this is referred to as the random
phase approximation.
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Current work on Wave Turbulence

Significant active work:

I New physical contexts exhibiting classical wave turbulence,
e.g. During, Mordant, Zakharov, Nazarenko, L’vov,
Onorato,...

I Wave turbulence in quantum mechanics and the nonlinear
Schrödinger equation, e.g. Buckmaster, Nazarenko,...

I Wave turbulence in quantum field theory and related concepts
of prethermalization Micha and Tkachev, Berges,
Schlichting,...

I Mathematical properties of wave turbulence, e.g. Eyink, Shi,
Newell, Tran, Faou,..

I Models such as MMT,...
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Relation to other work

I Shavit and Falkovich, ’20 stressed the importance of
quantities beyond the mode occupation number.

I Gurarie, ’95 found the next-to-leading order correction to the
kinetic equation governing the mode occupation number. We
will reproduce and generalize his result.

I The connection between stochastic classical field theories and
quantum field theories, is well-known has appeared before in
turbulence, e.g. Wyld, ’61, Migdal et al., ’95,
Martin-Siggia-Rose, ’73 .

I However, as far we know, path integral methods have not
been applied to classical wave turbulence for the explicit
purpose of systematically computing correlation functions
perturbatively in the coupling
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Outline

1. Show that a classical field theory with Gaussian random
forcing is equivalent to a quantum field theory, with a
Lagrangian that is the square of the force-free equations of
motion.

2. Use this Lagrangian to work out Feynman rules

3. Compute tree-level diagrams (gives leading order kinetic
equation)

4. Compute one-loop diagrams (give next-to-leading order
kinetic equation)
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A nonlinear interacting field with random forcing

H =
∑

p

ωpa
†
pap +

∑

p1,p2,p3,p4

λp1p2p3p4a
†
p1a
†
p2ap3ap4 .

Equations of motion:

ȧk = −i ∂H
∂a†k

Add forcing and dissipation,

ȧk = −i ∂H
∂a†k

+ fk(t)− γkak .

21 / 33



Correlation functions

We will want to average over the forcing, drawn from a Gaussian
distribution,

P [f ] ∼ exp

(
−
∫

dt
∑

k

|fk(t)|2
Fk

)

〈fk(t)f ∗p (t ′)〉 = Fkδ(k−p)δ(t−t ′)
In the “diagrammatic” approach (Zakharov and L’vov, ’75) one
solves the equations of motion with some definite forcing, and then
averages over the forcing.

This is straightforward, but tedious (Erofeev and Malkin, ’89).
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Path integral
We would like to streamline the procedure, by integrating out the
forcing at the outset.

The expectation value of a general operator O(a) is found by
solving the equations of motion and computing O(a) for each
value of fk , and then averaging over the fk as prescribed by the
probability distribution P [f ]

〈O(a)〉 =

∫
DfDf ∗ P [f ]O(a) ,

We insert a delta to function, to enforce the equations of motion,

〈O(a)〉 =

∫
DaDa†DfDf ∗ P [f ]O(a) δ

(
Re(Ef )

)
δ
(
Im(Ef )

)
) ,

Ef = ȧk + i
δH

δa†k
− fk(t) + γkak ,
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We write the delta functionals in integral form as,

δ
(
Re(Ef )

)
δ
(
Im(Ef )

)
) =

∫
DηDη∗ e i

∫
dt

∑
k(ηk (t)E∗f +η

∗
kEf ) ,

and perform the integral over f ,

〈O(a)〉 =

∫
DηDη∗DaDa†O(a) e−

∫
dt L

L =
∑

k

ηk(t)Fkη
∗
k(t)− iηk(t)E ∗f=0 − iη∗k(t)Ef=0 ,

Carrying out the Gaussian integral over ηk gives,

〈O(a)〉 =

∫
DaDa†O(a) e−

∫
dt L , L =

∑

k

|Ef=0|2
Fk

.
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Stochastic field theory to quantum field theory

I The result is sensible: We started with equations of motion
Ef=0, added a forcing term fk , and then averaged over a
Gaussian distribution for the fk .

I The result is an effective Lagrangian which is proportional to
the magnitude squared of Ef=0.

I Notice that initially the only averaging was over the forcing
term fk , with fk having a Gaussian probability distribution.

I The end result, however, is the Lagrangian in which there is
no forcing term, but with ak as a fluctuating variable; in other
words, a quantum field theory.
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The Lagrangian

L =
∑

k

1

Fk

∣∣∣Dkak + 2i
∑

p2,p3,p4

λkp2p3p4a
†
p2ap3ap4

∣∣∣
2
.

Dkak ≡ ȧk + (iωk + γk)ak

Feynman diagrams, in frequency space:

Taking the complex conjugate and using D⇤
k(t21) = Dk(t12), gives

G�1⇤
k (t1)

F (k)
Dk(t12) =

1

nk

Dk(t12)✓(t21) . (4.12) {137}

Finally, an identity that we will need is the action on the propagator of G�1⇤
k (t1) followed by

G�1
k (t2). This gives a delta function,

G�1
k (t2)G

�1⇤
k (t1)Dk(t12) = F (k)�(t21) . (4.13) {138}

As is usually the case when there is time translation invariance, it will be easier to work in

frequency space. The Fourier transform of the propagator (3.24)

Dk,! ⌘
Z

dtDk(t)e
�i!t = F (k)|Gk,!|2 , where Gk,! =

i

!�!k + i�k

. (4.14) {DG}

The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. ??

4.2. Four-point function
{sec:42}

Need to add order one factors and details

We compute the four-point function, in the same way we did for the three-point function in

the ThreePoint file. For now we ignore all order-one factors. At tree level we have,

Z
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If all the times are equal t1 = . . . = t4 = t, then we have
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� 1
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� 1
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n1n2n3n4 (4.16) {treeQ}

We are doing the integral by dropping the piece coming from the lower bounder of time for ta - the

initial time. We assume the initial time is in the far past and we either don’t care about anything

that depends on it, or we make the ! slightly imaginary so the contribution vanishes. This will

happen naturally because of the dissipation �, which we have currently set to zero. Doing this

carefully with finite � should justify this. The result (4.16) is the correct tree level answer (Eq.

2.2 of our Gurarie file)
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k(t21) = Dk(t12), gives

G�1⇤
k (t1)

F (k)
Dk(t12) =

1

nk

Dk(t12)✓(t21) . (4.12) {137}

Finally, an identity that we will need is the action on the propagator of G�1⇤
k (t1) followed by

G�1
k (t2). This gives a delta function,

G�1
k (t2)G

�1⇤
k (t1)Dk(t12) = F (k)�(t21) . (4.13) {138}

As is usually the case when there is time translation invariance, it will be easier to work in

frequency space. The Fourier transform of the propagator (3.24)

Dk,! ⌘
Z

dtDk(t)e
�i!t = F (k)|Gk,!|2 , where Gk,! =

i

!�!k + i�k

. (4.14) {DG}

The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. ??

4.2. Four-point function
{sec:42}

Need to add order one factors and details

We compute the four-point function, in the same way we did for the three-point function in

the ThreePoint file. For now we ignore all order-one factors. At tree level we have,
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We are doing the integral by dropping the piece coming from the lower bounder of time for ta - the

initial time. We assume the initial time is in the far past and we either don’t care about anything

that depends on it, or we make the ! slightly imaginary so the contribution vanishes. This will

happen naturally because of the dissipation �, which we have currently set to zero. Doing this

carefully with finite � should justify this. The result (4.16) is the correct tree level answer (Eq.

2.2 of our Gurarie file)
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4.2. Four-point function
{sec:42}

Need to add order one factors and details

We compute the four-point function, in the same way we did for the three-point function in

the ThreePoint file. For now we ignore all order-one factors. At tree level we have,
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We are doing the integral by dropping the piece coming from the lower bounder of time for ta - the

initial time. We assume the initial time is in the far past and we either don’t care about anything

that depends on it, or we make the ! slightly imaginary so the contribution vanishes. This will

happen naturally because of the dissipation �, which we have currently set to zero. Doing this

carefully with finite � should justify this. The result (4.16) is the correct tree level answer (Eq.

2.2 of our Gurarie file)
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The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. ??
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initial time. We assume the initial time is in the far past and we either don’t care about anything

that depends on it, or we make the ! slightly imaginary so the contribution vanishes. This will

happen naturally because of the dissipation �, which we have currently set to zero. Doing this

carefully with finite � should justify this. The result (4.16) is the correct tree level answer (Eq.

2.2 of our Gurarie file)

9

(a)

1 2

3 4

Taking the complex conjugate and using D⇤
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Finally, an identity that we will need is the action on the propagator of G�1⇤
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k (t2). This gives a delta function,

G�1
k (t2)G
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k (t1)Dk(t12) = F (k)�(t21) . (4.13) {138}

As is usually the case when there is time translation invariance, it will be easier to work in

frequency space. The Fourier transform of the propagator (3.24)
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Z

dtDk(t)e
�i!t = F (k)|Gk,!|2 , where Gk,! =
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The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. ??
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Need to add order one factors and details

We compute the four-point function, in the same way we did for the three-point function in

the ThreePoint file. For now we ignore all order-one factors. At tree level we have,
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We are doing the integral by dropping the piece coming from the lower bounder of time for ta - the

initial time. We assume the initial time is in the far past and we either don’t care about anything

that depends on it, or we make the ! slightly imaginary so the contribution vanishes. This will

happen naturally because of the dissipation �, which we have currently set to zero. Doing this

carefully with finite � should justify this. The result (4.16) is the correct tree level answer (Eq.

2.2 of our Gurarie file)
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Figure 1

Taking the complex conjugate and using D⇤
k(t21) = Dk(t12), gives

G�1⇤
k (t1)

F (k)
Dk(t12) =

1
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Dk(t12)✓(t21) . (4.12) {137}

Finally, an identity that we will need is the action on the propagator of G�1⇤
k (t1) followed by

G�1
k (t2). This gives a delta function,

G�1
k (t2)G

�1⇤
k (t1)Dk(t12) = F (k)�(t21) . (4.13) {138}

As is usually the case when there is time translation invariance, it will be easier to work in

frequency space. The Fourier transform of the propagator (3.24)

Dk,! ⌘
Z

dtDk(t)e
�i!t = F (k)|Gk,!|2 , where Gk,! =

i

!�!k + i�k

. (4.14) {DG}

The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. ??
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4.2. Four-point function
{sec:42}

Need to add order one factors and details

We compute the four-point function, in the same way we did for the three-point function in

the ThreePoint file. For now we ignore all order-one factors. At tree level we have,
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(4.17)
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Figure 1: (a) The propagator (b) The quartic vertex, which comes with a energy conserving
delta function �(!1+!2�!3�!4) (c) The sextic vertex which comes with a energy conserving delta
function �(!1+!2+!4�!3�!5�!6) {FeyRules}

Taking the complex conjugate and using D⇤
k(t21) = Dk(t12), gives

Dk(t1)

Fk

Dk(t12) =
1

nk

Dk(t12)✓(t21) . (4.12) {412}

Finally, an identity that we will need is the action on the propagator of Dk(t1) followed by Dk(t2).

This gives a delta function,

Dk(t2)Dk(t1)Dk(t12) = Fk�(t21) . (4.13) {413}

As is usually the case when there is time translation invariance, it will be easier to work in

frequency space. The Fourier transform of the propagator (3.24)

Dk,! ⌘
Z

dtDk(t)e
�i!t = Fk|Gk,!|2 , where Gk,! =

i

!�!k + i�k

. (4.14) {DG}

The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. 1.

4.2. Four-point function
{sec:42}

The tree-level four-point function follows immediately from application of the Feynman rules.

In frequency space it is given by, 1

hap1,!1
ap2,!2

a†
p3,!3

a†
p4,!4

i = �p1p2p3p4

 
(G�1

p1,!1
)⇤

Fp1

+
(G�1

p2,!2
)⇤

Fp2

� (G�1
p3,!3

)

Fp3

� (G�1
p4,!4

)

Fp4

!

Dp1,!1
Dp2,!2
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Dp4,!4

�(!1+!2�!3�!4) (4.15) {4ptF}

1Need to add order-one factors. Need a minus sign
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Figure 2: Tree level diagrams representing ha†
p1

a†
p2

a†
p3

ap4
ap5

ap6
i. {fig:6p}

(of course, we could close the contours in either half plane). We get,

n2n3n4

�i

!p1
+!p2

�!p3
�!p4

+ i�(�)
(4.22)

Repeating for the other three terms in parenthesis in (4.15), in total we end up with precisely

(4.18).

4.3. Six-point function
{sec:43}

We now calculate the tree-level six point function,

hap1,!1
ap2,!2

a†
p3,!3

ap4,!4
a†

p5,!5
a†

p6,!6
i (4.23)

There are two diagrams: one from the sextic vertex, and one from two quartic vertices, see Fig.2.

The diagram coming from the sextic vertex gives,
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�p1p2p3p7
�p7p4p5p6

6Y

i=1

Dpi,!i
�(!1+!2+!4�!3�!5�!6) (4.24) {sexT}

The diagram coming from two quartic vertices gives,
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(4.25) {425}

11

(c)

Figure 1: Feynman rules corresponding to the Lagrangian (3.3). (a) The propagator (b) The
quartic vertex (c) The sextic vertex. {FeyRules}

the quartic vertex comes with a factor,

2⇡�(!1+!2�!3�!4)�p1p2p3p4
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p4,!4

)

Fp4

!

= 2⇡�(!1,2;3,4)�p1p2p3p4

4X

i=1

bGi , (3.10) {quarticV2}

where, to simplify the notation, we defined !i,j;k,l ⌘ !i+!j�!k�!l and,

bGi =
1

G⇤
pi,!i

Fpi

, i = 1, 2 , bGi =
�1

Gpi,!i
Fpi

, i = 3, 4 . (3.11) {Ghat}

The sextic vertex comes with a factor,

2⇡�(!1,2,4;3,5,6) 4
X

p7

1

Fp7

�p1p2p3p7
�p7p4p5p6

, (3.12)

where !i,j,k;l,m,n ⌘ !i+!j+!k�!l�!m�!n and, as we said earlier, the only term that contributes

to the sum over p7 is p7 = p1 + p2 � p3.

We now start applying the Feynman rules to compute correlation functions.

3.2. Four-point function
{sec:42}

The tree-level four-point function follows immediately from application of the Feynman rules.

In frequency space it is given by,

hap1,!1
ap2,!2

a†
p3,!3

a†
p4,!4

i = 4�p1p2p3p4
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�(!1+!2�!3�!4) (3.13) {4ptF}
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(of course, we could close the contours in either half plane). We get,
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Repeating for the other three terms in parenthesis in (4.15), in total we end up with precisely

(4.18).

4.3. Six-point function
{sec:43}

We now calculate the tree-level six point function,
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There are two diagrams: one from the sextic vertex, and one from two quartic vertices, see Fig.2.

The diagram coming from the sextic vertex gives,
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The diagram coming from two quartic vertices gives,
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Figure 1: Feynman rules corresponding to the Lagrangian (3.3). (a) The propagator. (b) The
quartic vertex. (c) The sextic vertex.

In frequency space, this corresponds to adding an i✏ to the propagator. In our case we can keep

the �k finite, or take it zero at the end, as is done with the i✏.

Let us work out the Feynman rules.

Feynman rules

The propagator Dk(t12) ⌘ ha†
k(t1)ak(t2)i was given earlier, in (2.25),

Dk(t12) = nke
i!kt12��k|t12| . (3.8)

As is usually the case when there is time translation invariance, it will be easier to work in frequency

space. The Fourier transform of the propagator is,

Dk,! ⌘
Z

dtDk(t)e
�i!t = Fk|Gk,!|2 , where Gk,! =

i

!�!k + i�k

. (3.9)

The Feynman rules for the Lagrangian, in frequency space, are shown in Fig. 1. In particular,

the quartic vertex comes with a factor,

� 2⇡�(!1+!2�!3�!4) i�p1p2p3p4

"
(G�1

p1,!1
)⇤

Fp1

+
(G�1

p2,!2
)⇤

Fp2

�(G�1
p3,!3

)

Fp3

�(G�1
p4,!4

)

Fp4

#

= �i�p1p2p3p4

4X

i=1

bGi 2⇡�(!1,2;3,4) , (3.10)

where, to simplify the notation, we defined !i,j;k,l ⌘ !i+!j�!k�!l and,

bGi =
1
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Fpi

, i = 1, 2 , bGi =
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, i = 3, 4 . (3.11)
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The sextic vertex comes with a factor,
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2⇡�(!1,2,4;3,5,6) , (3.12)

where !i,j,k;l,m,n ⌘ !i+!j+!k�!l�!m�!n and, as we said earlier, the only term that contributes

to the sum over p7 is p7 = p1 + p2 � p3.

We now start applying the Feynman rules to compute correlation functions.

3.2. Four-point function

The tree-level four-point function follows immediately from application of the Feynman rules.

In frequency space it is given by,

hap1,!1
ap2,!2

a†
p3,!3

a†
p4,!4

i = �4i�p1p2p3p4

4X

i=1

bGi Dp1,!1
Dp2,!2

Dp3,!3
Dp4,!4

2⇡�(!1+!2�!3�!4) (3.13)

where we simply attached external propagators Dpi,!i
to the vertex (3.10). To obtain the four-

point function in the time domain we can either take the Fourier transform, or compute it directly

using the time domain Feynman rules. We start with a direct computation. Using the quartic

interaction term (3.6) and the propagator identities (B.3) and (B.4) in Appendix B gives,

hap1
(t1)ap2

(t2)a
†
p3

(t3)a
†
p4

(t4)i

= �4i�p1p2p3p4

Z
dtaDp1

(ta1)Dp2
(ta2)Dp3

(t3a)Dp4
(t4a)

✓
✓(t1a)

n1

+
✓(t2a)

n2

�✓(t3a)

n3

�✓(t4a)

n4

◆
. (3.14)

A special case which will be of interest later on is when all four times are equal, t1 = . . . = t4 = t,

hap1
(t)ap2

(t)a†
p3

(t)a†
p4

(t)i = �4i�p1p2p3p4

✓
1

n1

+
1

n2

� 1

n3

� 1

n4

◆
n1n2n3n4

Z
dta✓(t � ta) exp

��
�i(!p1

+!p2
�!p3

�!p4
) � �1,2,3,4

�
(t � ta)

�
, (3.15)

where �i,j,k,l ⌘ �pi
+�pj

+�pk
+�pl

. The lower bound for the integration time is the initial time. As

discussed previously, we are computing correlation functions at late times. Due to the dissipation,

the contribution of the integral from the initial time is therefore irrelevant. Doing the integral we

get,

hap1
(t)ap2

(t)a†
p3

(t)a†
p4

(t)i = 4�p1p2p3p4

✓
1

n1

+
1

n2

� 1

n3

� 1

n4

◆
n1n2n3n4

1

!p3
+!p4

�!p1
�!p2

+i�1,2,3,4

.

(3.16)

As expected, for vanishing dissipation there is a resonance at !p1
+!p2

= !p3
+!p4

.
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(c)
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Dk,ω ≡
∫

dtDk(t)e−iωt = Fk |Gk,ω|2 , where Gk,ω =
i

ω−ωk + iγk
.

Ĝi =
1

G ∗pi ,ωi
Fpi

, i = 1, 2 , Ĝi =
−1

Gpi ,ωiFpi
, i = 3, 4 .
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One-loop
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Kinetic equation

1

4

∂nk (t)

∂t
=
∑
pi

δk,p1λp3p4p1p2
4λp1p2p3p4

4∏
i=1

ni

( 1

n1
+

1

n2
−

1

n3
−

1

n4

)
πδ(ωp1,p2;p3,p4

)

+
∑
pi

λp3p4p1p2
δk,p1

6∏
i=1

ni

{
8λp1p2p5p6

λp5p6p3p4

[( 1

n5
+

1

n6

)( 1

n1
+

1

n2
−

1

n3
−

1

n4

)πδ(ωp1,p2;p3,p4
)

ωp1,p2;p5,p6

+ (3, 4)↔ (5, 6) + (1, 2)↔ (5, 6)
]

+

(
16λp1p6p3p5

λp2p5p4p6

[( 1

n5
−

1

n6

)( 1

n1
+

1

n2
−

1

n3
−

1

n4

)πδ(ωp1,p2;p3,p4
)

ωp4,p6;p2,p5

+ (1, 3)↔ (5, 6) + (4, 2)↔ (5, 6)
]
+ (3↔ 4)

)}
.

ωpi ,pj ;pk ,pl
≡ ωpi

+ωpj
−ωpk

−ωpl
.
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Summary

I We took a classical field theory with an arbitrary, but small,
quartic interaction (a collection of coupled harmonic
oscillators) with dissipation and Gaussian-random forcing

I We gave a prescription for computing correlation functions,
perturbatively in the coupling.

I We applied this to compute the two-point and four-point
correlation functions, to next-to-leading order in the coupling.
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I In the limit of vanishing forcing and vanishing dissipation, one
might have thought that the properties of the system should
be the same as those of a closed system, whose late time
state is the thermal state.

I This is not so.

I If the interactions and dispersion relation take the form of
homogeneous functions (in the mathematical sense), there is
a choice of nk ≡ Fk/2γk (kept finite in the limit of vanishing
Fk , γk) which, at leading order, gives an alternate stationary
state – the Kolmogorov-Zakharov state (the turbulent state),
which has a flux of energy passing through.

I With this choice of nk , our equations for the correlation
functions at next-to-leading order characterize fluctuations
about the Kolmogorov-Zakharov state. This includes the
next-to-leading order correction to the Kolmogorov-Zakharov
state itself, as characterized by the next-to-leading order
kinetic equation.
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Goals

There are two broad goals which motivate study of correlation
functions in the turbulent state.

1)This is a stationary state which is not the thermal state (and is
relevant even in contexts of closed systems with
far-from-equilibrium initial conditions) and one would like to
develop linear response theory for it. For instance, one would like
to find the turbulent-state analog of transport coefficients and the
fluctuation-dissipation theorem, concepts familiar for the thermal
state.

2) Independently, there has been enormous interest in recent years
in the study of many-body chaos. Viewing wave turbulence in light
of these new developments may be productive.
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Future work

I Higher order in the coupling, higher-point correlation
functions, information-theoretic measures (entanglement
entropy).

I Invariant measure of ak (the probability distribution for ak
follows form the correlation functions)

I The next-to-leading order corrections to the correlation
functions should, in principle, be measurable quantities.
Connect with experiments.

I Generalize to quantum field theory. Goes beyond thermal field
theory. A corner of far-from-equilibrium quantum field.

33 / 33


