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CHAPTER I

INTRODUCTION

Suppose that 8 is a Banach space and that X is a
normed near-ring of Lipschitz transformations from S to 3
containing the identity mapping I on S. We shall be con-
cerned with characterizing the identity component I(X) of
X, 1.e., the largest connected set of invertible elemenys of
X containing I.

A partial characterization of I(X) has already been
given by J. W. Neuberger [f]. If Q is in X, Neuberger
defines (Exp G) x = Um L. (I + (1/n)Q)Px for each x in S.
It is then shown thet each element of I(X) can be approxi-
mated, uniformly on bounded subsets of S, by a sequencs
whose elements are finite products of transformations of
the form Exp Q with Q in X.

Using results of J. 3. MacNerney [3] in the study of

integral equations, we shall see that this density in I(X)



of finite products of exponentials of elements of X is a
special case of a more general phenomenon. We shall, in

fact, obtain a complete characterization of I(X).



CHAPTFR II

SCME PRELIMINARY NOTIONS

A precise statement of the setting in which we shall
work is now given. Let {3,/]ll}] be & Banach space. We say
that X is a near-ring of Lipschitgz transformations from S
to 8 if, snd only if, X is a vector space (resl or complex)
of functions from 8 to S such that each of the following is
true.

{i) Q(C) = O for each Q in X, where O is the
additive identity of S.

{ii) The identity mapping, I, on 8 is in X.

(11i) If each of Q and H is in X, then the
composition QH is in X.

(iv) Finally, if Q is in X, then there is a
number B such that if each of x and y is in 8§, it then
follows that llQx - Qyll < B [Ix - yll , i.e.,Q is Lipschitz.

The least such number B we call | Q| . It is then

easy to show that X is normed by | | in the following



sense.

(1) If @ is in X, | Q| > 0., Further, | Q| =0
if, and only if, Q@ = 0.

(1) If each of @ and H is in X, then | Q + H |
<tal +l8l, analQal| =< lallu].

(i11) If B is a number and Q is in X, then
tpel =1fpliaf.

(iv) Finally, |I| = 1.

For our purposes, it will not be enough to consider
only sequences which converge in the sense of | | . In
order to make use of MacNerney's results in the csse that
¥ is not merely a collection of linesr functions, we con-
sider a slight restriction of uniform convergence on
bounded subsets of S.

To this end, we say that a sequence {An}+ ) of

n=1
elements of X is L-uniformly convergent if, and only if,
each of the following is true?
(i) For each £ > 0, there is a positive integer

N such that if integers r and m are larger than N, then

,lArx - mm; I} < ¢l x||] for each x in S, and



(1i) The number sequence {lAn |} is bounded.
n=1
It should be noted that condition (i) guaraentees the
existence of a pointwise limit and that condition (ii)

guarantees that this pointwise limit is Lipschitz. Now,

+ oo
further, we sgree that T is the L-uniform limit of {Aﬁ}
+ ™ n=1
if, and only if, {An} is L-uniformly convergent, and
n=1

for each &€ > 0, there is a positive integer N such that if
an integer m is larger than N, then || Tx -—Am; I < ell x|

for each x in S. Finally, we say that X is L-uniformly

+ o
complete if, and only if, whenever {An} is L~uniformly
n=1
convergent in X, there is an element T of X which is the
4
L-uniform 1imit of {An} .
n=1

That L-uniformly complete spaces do indeed exist is
the subjfect of Theorem 1.
THEOREM 1
Let M be the set to which Q belongs only in case
(i) Q is a function from S to S with Q(0)} = 0O,
and
(ii) there is a number B such that if esch of
x and y is in S, then || Qx - Qy || <Bllx - y .

Denote the least such Bby [Q|. Then{M, | |} is ean



L-uniformly complete near-ring.

PROOF: It is evident that {M, | |} is & normed near-ring.
+ ©

Suppose that {An} is an L-uniformly convergent sequence
n=1

in M. Since S is complete, the pointwise limit T exists, If
€ > 0, there is a positive integer N auch that if integersa
m and n are lsrger than N, then llAn; - A X I <ell x]| for
each x in 8§, Let y be in S. If 6 > 0, there exiats & posi-
tive integer P such that if an integer n is larger than P,
then [lAny - Ty |l < 6, Hence, if m and n are integers with
m > N and n > max{N,P}, we then have that ||Amy - 7y || <
Nay -T2yl + 1Ay -Aayll <ellyll + 6. This holds for
each & > 0, so llAmy -Tyll <ellyll. Thus {An}+=j con-
verges L-uniformly to T.

Now let B be such that |A_ | < B for each integer
n. Let x and y be in S, If € > 0, then there is & positive
integer N such that if an integer k is larger than N, then
| 7x - A x Il < ¢ and || Ty - ALY | < e« It then follows
that || Tx - Ty |} < || Tx - Ax N+ llAkx - Ay I| +
IlAky -Ty |l <Bllx -yl + 2¢, Hence |T| < B and T is
in M.

The proof is complete.



4+ o
REMARK 1.1 It is worth noting that if {An} is a
n=l _ ,

sequence in X which converges in norm, then {An} is
n=1

also L-uniformly convergent. Hence, if X 1s L-uniformly
complete, X is complete in the sense of the norm. The con-

verse, however, is not true, as the following example shows.

Example 1.1 Let Y be the collection to which f

belongs only in case f is a Lipschitz function from the
real numbers to the real numbers with (i) £(0) = 0 and
{1i1) there is a number C and a number B such that f(x) =
£(C) + B{x - C) for each x > C, If A is in Y, let |4 |
denote the usual Lipschitz norm. Now, if M is the collec-
tion of Lipschitz functions from the real numbers to the
real numbers to which f belongs only in case f£(0) = 0, then
Theorem 1 shows that M is L-uniformly complete and hence is
complete in the normed sense. We may thus let NY denote the
normed closure of ¥ in M snd LY denote the L-uniform clo-
sure of ¥ in M.

If, fa each positive integer n, we put fn(x) =
sin(mx) for x < n and fn(x) = 0 for x > n, then the sequence

80 constructed converges L-uniformly to Tx = sin(wx). Hence,



T is in LY. Now, if each of G and H ias in M, and each of G!
and H' exists on & subset V of the real numbers, then it is
easy to verify that |G - H| > sup {|G'(x) - H'(x) | ! x is
in V}. Hence, if H is in NY, then |H - T| > w; so T is not
in NY., We see at this point that the requirement that a
space be L-uniformly complete is considerably stronger than
that of completeness in the aense of the norm.

The present example also furnishes an example in
which there is a difference between the L-uniform closure
and the closure in the sense that if {An}:=z is & sequence
in Y which converges, uniformly on bounded subsets of the
real numbers, to a Lipschitz function F, then F is in the
closure. The latter closure is, in fact, M itself. We may
note, however, that if f(x) = x sin{ln| x| ) for x # 0 and

£(0) = 0, then f is in M, and, moreover, if g(x) = g(C) +

B{(x - C) for x > C, then

1imn++a='f(°((ﬂ * hnn)/a)) - g(e((" + ”“n)/a))l .

9-((w +hm)/2) o |1 -, and

1im ]f(e((B" + lLTm)/2)) _ g(e((3ﬂ' + LLTTn)/2)) | .

T~>+ oo

o~ ((3m + Lm)/2) _ 1.1 -p].



Hence, no sequence in Y can converge L-uniformly to f.

Henceforth, X will always denote &n L-uniformly com-
plete near-ring of functions from & to S. We now state a
few fundamental facts concerning L-uniform convergence and
normed convergence, The proofs are not difficult and hence

are omitted,

+ oo + o
REMARK 1.2 1If {An} and {Bn} are sequences in X
n=1 n=1
which converge L-uniformly to V and T, respectively, then
4+ o
{Aan} converges L-uniformly to VT.
n=1 + o
REMARK 1.3 1If {An} is a sequence in X which converges
n=1 +
to T in norm, and if ¢ is in X, then {Anc} converges to
n=1
TC in norm.
4 ©
REMARK 1.4 If {An} converges L-uniformly to T, then
n=1
l?] < lim tnr 14 |.

The ideas expressed in Remarks 1.2, 1.3, and 1.4
will be used many times in what follows. To refer to each
after every use would only clutter the remaining text.
Hence, we shall not make practice of referencing each use

of the above remarks.
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CHAPTER III
AN INITIAL CHARACTERIZATION

We now move to an initial characterization of I(X)
in terms of finite products of elements of a sufficiently
small neighborhood of I.

If T is in X, we use T"'1 to denote the element of X

1 1

having the property that TT ~ = T T = I, provided that such

. n _ n-1 o _
exists, and we define T = TT where T° = I by definition.
In the case that X is a collection of linear functions, we
have the well-known result that if | Q] <1, (I - Q)-l

-1 F ok
existe and is given by (I - Q) = 'EL Q" , where the con-
=0

vergence involved is in the sense of the norm, | |, on X.
In the non=linear case, we use L-uniform convergence to
obtain an analogous result.
THEORFM 2

If |Q) <1, then (I - Q)‘l exists and | (I - Q)-ll
<11 - [aql).

PROOF: Put Ao = I and An+l =T + QAn for each non-negative




11

integer n. Now if each of x and y is in S and if p and q
are positive integers, then IIApx - Apyll =
| = + QAL _yx - (7 + QAp_ly)H

f_ ”X'-F” + IQ,”AP_lx'A_ly”

P
+ ©
k -
slh=-303 Tel* =ftx-50l - lal)™
k=0 .o
Hence, the sequence {fAn I} is bounded above by
n=0
-1
(- Jal)™". Also, lTax -4 x|

= || x + QAL % = (x + QAL 4x) [

. p '
< lallla, = - A, oxll < 1Ql® llx - axll

< Jal?P @+ - le)Hyxl.
Hence {An};=z is L-uniformly convergent, and if I is the
the L-uniform 1limit, |F[ < (1 - [q])7%.
Finally, || x - (I - Q)Apxll = || x - Ax + QA x I
= lAqx - axll < 1alPllax-xll < 1l P x )l en
Iz - a1 -Qxll = I x-(I-Q)x-QAp_l(I-Q)xH

s lelllx-a_r-xlt < lelPlx-(-axl

1l P* |l x ||. Hence, F(I - Q) = (I - Q)F = I.

JA

COROLLARY 2.1

Ir Jol <1, lI-(I-@ ' 1@a-lel)<tal.

4+ oo
PROOF: Let {An} be as in the proof of Theorem 2. Then
n=0
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lz-a | =J1-@+ea )| = lae |

lal(1- |al)t.

iA

COROLLARY 2.2

If T in X is invertible and if [T - Q IIT'l | <1,

then Q™1 exists and | Q1 I T I qrt 1) < | T'1| .
PROOF: | I - Q™1 | < 1} so by Theorem 2, (Qr™%)™! exists.

Now I = (@0 1)(Qr~1)™! = q(r™(qr~1)™Y), end 1 = v lIT

= hQr ) rer ) = (r7er ) 1)q. Hence @7t = 77i(qr i)t
Finelly, |71 = | ier )yt < 17t (e, so

we have [Q-l | < lTnl | (1 - |1 - QT-l I)-l.

COROLLARY 2.3

The set of invertible elements of X is open.

COROLLARY 2.

I(X) is open.

PROOF: Note that if § is in X and ¢ > 0, then the set of

all H in X such thet | Q - B | < € is arcwise connected.

We now move to our inltisl characterization of I(X).
Since finite products will occur frequently in what follows,
we make the following definition:

DEFINITION 3.1 If M is a subset of X, then 1M denotes the
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set to which Q belongs only in case there iz a sequence

n n
{Hi} in M such that @ = I Hi'
i=1 i=1

THEQREM 3

Let 0 < &€ < 1. Let M(¢) be the collection of elements
of X to whiech Q belongs only in case |I - Q| < €. Then
I(X) = mM(e).

FROOF: By Theorem 2, TM(e) is a set of invertible elements.

n
Suppose that {Qp} is a sequence in M(¢)}. For C < a
p=1

n
=b<1, (I -a(l-Q)l)m Y is in INM(e}, and the fact
p=2

n

n
thet | (I - b(I - Q,)) I - (I -a(I -Q)) 1 l
1 % 1 %

n
<(b=-a)l1 - Qll 1 |Qp | gives, inductively that
p=2

p=2

M{e) is arcwise connected. Hence IM{(e) is a aubset of

I(X). Also, if H is in TM(e), P is in X, and |K - r|

<elu?t [-1, then | I - L | < ¢. 8ince F = (FE"1)H,

F ia in 1TM(e); hence, IM(e) is open.

¥Finally, suppose that there exiasts an element A of
I(X) not in TM(e). If B(A) denotes the set of F in X
having the property that |F - A l]A'l | < e/t and U denotes

the union of all such B{A) with A in I(X) - 1mM{(e), it then



T

follows that U is an open set of invertible elements of X.
The fact that each B(A) is arcwise connected implies that U
is a subset of I(X). Further, if F is in B(A), then

|1 - FA™Y | < e/, so AF™Y exists end | I - AF 1| < ¢/3,
by Corollary 2.1. Since A = (AF-l)F, F is not in TM(e);
hence, B(A) does not intersect IM(e). Since I is in T1M(e)
and the union of TM{e) and U is I(X)}, we have a contradic-
tion to the fact that I(X) is connected. Fence, there is no
element A in I(X) but not in T1M(e).

The proof is now complete.

COROLLARY 3.1 I(X) is a group.

PROOF: Theorem 3 gives that I(X) is closed under multipli-

cation. Alsoc, if Q ia in I(X), then there is a sequence

n
{Hp} in X so that | I - Hp | < 1/l for each integer p in
p=1 n
[1,n] and so that @ = I Hp . By Corollary 2.1, |1 - H;ll
p=1 n-1
< 1/3 for each integer p in [1,n]. Since el =1 H;}p s
p=0

Q-l is in I(X). Hence I(X) is a group.

COROLLARY 3.2 If P is a connected set of invertible elements

of X and P contains & neighborhood of I, and if P is closed

under multiplication, then P = I(X).
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CHAPTER IV
A FEW RESULTS OW INTEGRAL EQUATIONS

We now introduce several results developed in the
study of integral equations., These, together with Theorem 3,
will in Chapter V furnish a complete characterization of
I(X). Theorems four, five, six, and seven sare due to J. S,
MacNerney [3]. Theorem eight is similar to 2 result due to
Je V. Herod [2). The proofs are the author's.

A body of needed definitions 1s now given. Suppose
that R is & linearly ordered set. If each of x and y is in
R, we say that {tp}n is a subdivision of {x,y} if, and

p=0

only if, to = x, tn = y, and tk lies between tk-l and tk+1

m
for ¥k = 1,2,...n=1, We say that {ap} is 8 refinement of
p=0

n m
{t_} if, and only if, {s_ ! is a subdivision of {x,y}
P pzo P p:O

n
which contains {t_} as a subsequence.
p=0
Continued sums and products will arise frequently in

the discussion which follows. To simplify discussion, we
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moake & few notational agreementa., Let o be a function from

n
from RxR to X. If esch of x and y is in R, and if {tp}
p=0
is a subdivision of {x,y}, then by 2 0 We mesan
t
S i
a(t 6. ) 3 by T o we mean II alt t_). For
p=1 p-1’"p £ p=1 p-1'"p
convenience, we agree that :S alt »t_) =0 and that
p=j+#1 P71 P
J b
i alt 1t ) =1 for each integer j. By zga we
p=j+1 P74 P x

mean that element of X having the property that if € > 0,

n
there is a subdivision {tp} of {x,y}such that whenever
p=0

{ }m "
sp refines {tp}

- J
y N (Za )P = (e )P <l Pl
p=0 p=0 8 x

for sach P in S — provided, of c¢ourse, that such & limit

J
exists. By I o we mean that element of X having the

x
n
property that if € > 0, there 1s a subdivision {tp} of
p=0
m n
{x,y} such that whenever {s_} refines {t_} » then
P p:O P p:o

J
l{(n o)P« (T a )PJ <eflp || for each P in 8 -~ again
s x

provided that such a limit exists.

We shall, of course, not wish to consider all func=-
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tions from RxR to X. We rather restrict our attention to

=} J
gain assurance that :Z [ @ -~ I] exiats or that T [I + o ]
x x

exists. We accomplish this as follows,
Suppose that each of ¢, U, V, and M is & func-
tion with domein RxR.

DEFINITION li.1 We say thet o is in OA" only in case each

of the following 1ls true.

(i) © has values which are non-negetive numbers,
and

(i1) o(x,y) + oaly,z) = a(x,z) whenever y
lies between x and =z.

DEFINITION 4.2 We say that u is in OM+ only in case each

of the following is truel

(i) ¥ hasa numerical values not less than 1,
and

(ii) v (x,y) uly,z) = u(x,z) whenever y lies
between x and =z.

DEFINITION k.3 We say that V is in 0OA only in case each of

the following is true.

(1) V has values in X,
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(1) V(x,y) + V(y,z) = V(x,2z) vwhenever y lies
between x and z, and

(i1i) There is an element  of 0AY such that
| v(x,y) | < B(x,y) for each {x,y} in RxR. (In this event,
we say that |V ] =<<3,)

DEFINITION L.t We say that M is in OM only in case each of

the following is true:

(i) M has values in X,

(i1) M(x,y)M{(y,2) = M(x,z} whenever y lies
between x and z, and

(1ii1) There is an element ¢ of oM" such that
| M(x,3) - I| < ¥(x,y) - 1 for each {x,y} in RxR. (In this

event we say that [M - I| << y = 1,)

Such restriction of attention produces worthwhile results,
for, using continued products and continued sums, we are
now able to establish strong connections, first, between
OA+ and OM+, and, second, between OA and OM. Theorems four,

five, end six have &s their subjects these relationships.


http://li.Ii
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LEMMA 4.1

y
Suppose that o is in 0A¥. Then pix,y) = T [1 + o]
x

exists and is an element of OM+. Moreover, the convergence

m
involved is monotonie in the sense that if {=_} refines
p=0
n
{tp} , then T [1+0])] > 1T [1+a].
p=0 8 t

In
PROOF: Suppose that {tp} is a subdivision of Ix,yl.
p=0

Then I [1 +a ] < T e % = o a(x,y). Hence, we may put
t t

u{x,y) = sup {0 {1 +a ] ¢ ¢t is a subdivision of {x,y}}.

t
Now the fact that (1 + oa(t  ,,t,))(1 + a(tp,tp+1))
=1 + a(tp_l,tp+l) + a(tp_l,tp) a(tp,tp+1)

) gives that 1T [1 + o ] incresses
t

> 1+ u(tp-l’tp+1

under one-point refinements, and, hence, under refinement.

y
Immediately we have that I [1 + a ] exists and gives rise
x

to &n slement of 0M+.

LEMMA k.2
+ y
Suppose that M is in OM . o(x,y) = D[ v - 1]
X

existe and is an element of 0A+. Moreover, the convergence
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n
involved is monotonic in the sense that if {tp} is
p=0
m

refined by {sp} , then > [p =11 < 3[u=-1],
s

p=0 t

n
PROOF: If {tp} is a subdivision of {x,y!, then
p=0

E[u-ll > 0, so put a(x,y)=inf{2t[u-l] «+ t is s
t

subdivision of {x,¥}}. Now, the fact that “(tp-l’tp+l) -1

=ultygot) w(t,t ) = 1= u(t 1,8 )0 ult,t 4) - 1)

P p+1l

gives that 2 [ u - 1] decreases under one-point refine-
t

7

ments and, hence, under refinements., Hence, 2 [ v~ 1]
x

exists and gives rise to an element of OA+.

THEOREM

¥
Define E' (o Mx,y) = N[l + o] for each « in
x

04”, each (x,y) in RxR. Define ¥ (u Hx,y) = Ey[u - 1]
x

for each 1 in OM+, each (x,y) in RxR. Then E+ and L+ are
invermes in the sense that if o is in 0A+ and ¢ 1is in 0M+

then E+L+(u ) = u and L+E+(on ) = o .
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PROOF. Let € > 0 be given. Suppose that L+(u ) =a o If

n
(x,7) is in RxR, there is a subdivision {tp} of {x,y]}
p=0
m n
such that if {s_} refines {t_} s then
P p:O p p=0

Py STy - 11) - alx,3)) < €.
s

Since U(ap_l,sp) -1 - &(sp_l,sp) > 0 for each p in [1,m],

m m
0 < I U - Il 1l +
= p=1 (Bp_lsﬂp) p:]_[ a(sp-l’sp)]
m m k-1
= ! U I +
21::1 [( - (sp_l,sp)) p=1[1 a(sp_l,sp)]
m k
- I il +
( - u(sp_l.sp)) p=1[1 a(ap_l,sp)]]
:§u [ m k-1
= (n u(s s )yn (1 + af(s__,,s )]
k=1 p=k+1 p-1""p p=1 p-1""p
( u(sk_l,sk) -1 - u(sk_l,sk))J
m
:‘ Ek::l U(Bkasm) ]J(so’ﬂk-l)( U(Sk_l,ak) -1 - (I(Sk_l,ﬂk))
< ulx,y D[ u =11 - alx,y)) < e,
s
Hence, E+L+( L) = u.
Now suppose that u = E'( o). Then if (x,y) is in
n m
RxR, there is a subdivision {t_} such that if {s_}

n
refines {tp} , then VU ({x,y)}) - T [1 +a ] < e. Since
p=0 s
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u(sp_l,sp) - (1 + a(sp_l,sp)) > 0 for each p in [1,m], we

m
have 0 < > [ U(Bp-l’sp) -1 - a(sp-l'sp)]

p=1
m m
: » - - II ?
< 2%=_ [( Hisg ys8,) -1 Ot(sp_]_,sp)) Kmp+1 p(sy_ 158 )
P )]
I [1 + oafs »8 ]
=1 k-1*"k
m m
= Il » - I 1 + : .
( pel u(sp_1 sp) ) p=1[ a(sp_l,sp)] < e
Hence, L+E+( a) = o,

Thus we have established that each element of OA”
arises from an element of OM® via continued suma and that
each element of OM  arises from an element of OA' via con-
tinued products. We will show that an analogous correlation
holds between OA and OM, but first we have need of a few
lemmas and an existence theorem.

Fundamental to establishing the existence of

y
I [I + V] for V in OA is the following lemma.
x

LEMMA 5,1
Suppose thet V is in OA and o is in OAT with

n
| v| << o, end that x and y are in R, If {tp} is a sub-
p=0

division of {x,y}, and B is in S, and u = EY( o), then
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I = [I + v(t

t )] B - (I + Vix,y))B |
p=1 P

p-1’

< (ulx,y) -1 - olx,y))BI.

n
PROOF: || T 1[1 + V(e 158,01 B - B - V(x,3)B I
p:
n n n
= T + - +
I Ek=l [pzk[l Vit _qst,)] np=k+1[1 v(tp_l,tp)]}a

n

n n
< 3 M+ vy o) -0 [T+ V(s 5,6))]) B

k=1 p=k+1

- V{t, _1,t,)B |

n
oty _qst) I Hp=k+1[I V(e _q.t)] - 1Bl

| A
Mo 2
[

n n
p=c

=1 c=k+1
S el
p=e+l L P
n n .
< 2\(-:1 a(tk_l,tk)(zc=k+1|| Vit, 1.t,) °
n
il [I +v(t__.,t )] BI)
p=c+l p-1""p ”
_n n
:'12&21 oty _qsty)( §%=k+1 alt,_1st,)
It
i [1+ oft, y,t,)] Y Bl

p=c+l



n .n n
= Zkzl O\’.(tk-l,tk)( Zc=k+1 [szc[l + a(tp_l’tp)]
n
- [1 + af(t_ _.,t )]] BI|)
. o1t | 1131
ST YR ( )1 =1)lI Bl
= S a(t, .,t 1+ a(t _4st - B
=1 BV R i p-1""p
n
= [Hp=1[1 + oalt 8] - a(x,yﬂ Il B i

< (uix,y) -1 - a(x,y))|BI.

Fundamental to establishing the existence of

3
S [M - I] for M in OM is
X

LEMMA 5,2
Suppose that M is in OM and 1 is in OM® with
IM - I| << u -1, and that each of x and y is in R. If
n

{tp} is a subdivision of {x,y}, B 1ls in 8, and o =
p=0

L'( 1), then || (M(x,y) - I)B - Et[M - 1B

< (p(x,y) -1 - alx,yN)IIBI.

PROOF: || (M(x,3) - I)B - > [M - IIB||
t
n
= || Ep=l[M(tp_l,tn) - M(t_,%,)]B -
i
> [M(tp_l,tp) - 118 ||

p=1
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.n
< 2p=1|| (Mt _y,8.) - IIM(E,t)B - (Mt ,,t.) - I)B |
n !
22 Culey y0t,) - DI (ace,e,) - DB
< 2p=1 Cule _ypt) - D0ult,t) - 1) (1Bl
n
< [( w{x,y) - 1) - 2p=1[ u(tp_l.tp) - 1]} Il 8|

< (Wix,y) -1 - a(x,y))|I BI.

In order to establish in Theorem 5 the existence of

¥ ¥y
:3 [W=I)end I [I + V)] for W in OM and V in OA, we note
x x

one more inequality in Lemma 5.3. Establishment of this
inequality dees not shorten the proof of Theorem 5, it does,
however, serve to make the proof more readable. Hence, we
inelude the lemma.
LEMMA 5.3

n n

Suppose that each of {A_} end {B_} is s
p p=1 P p=1

sequence in X and that y is in 8. Then

n n n n-k
|l T a vy -1 B yll <> [(n [a_| e
p=1 P p=1 P k=1 p=1 P
n
” (An-k+1 = Bn-k""l) Il B y ” 1'

p=n-k+2 P
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n n
PROOF: || 1 A_y- 1 B_yll
p.":l b p:l P
|| E? n-k+1 n n-k n i
= [T AT By-I1 A I B y]
=1 p=1 P p=p-k+2 P p=1 P p=n-k+1 P
S rer ra il Yy 0
<« S [(T A (A - B i B_ylll.
= -1 p= P n-k+1 n-k+1 p=n-k+2 P

We now have in Theorem 5 establishment of functions
from OA to OM and from OM to Q0A, similar to those already
+ + + +
ezstablished from OA to OM and from OM to OA .,
THEOREM S
Suppose that V is in OA and that W is in OM. Then

¥y
¥(x,y) = I [I + V] exists and is in OM; and,
x

Ef[w - I] exists and is in OA.
x

G(x.‘i)

n
PROOF: Let {tp} be & subdivision of {x,y} and let
p=0

85 be a subdivision of {tp_l,tp} for each p in [1,n]. Let
s denote the subdivision of { x,y! whose values are precisely

the union of the values of each of the sequences sp, p =1,

n
2,4.4n. Note that s is then a refinement of {tp} and,
p=0
m n
further, that if {¢_} is & refinement of {t_} , then
p p:O p p=0
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¢ can be characterized in this fashion (i.e., in terms of

subdivisions of {t tp} for p = 1,2,...n). Finally, we

p-1’
let o be in OA™ with |V | << 0o, let B be in S, and let
E+( ®) = u, Then, using Lemmas 5.1 and 5.3, we get

| T (I +V]B- T ([I+V]B]
t -]

n n
=ln [T+, 4t )1 B~ 1 (1 [T+V]]BI

P’l, =1
= 8
P p

n n-k
< N I + Vit t ‘I + V(t t
= :2 1 [Hp=1[ l ( p_l’ p) I] |Iﬁ ( n-k? n-k+1)

n

- 1 [I +V])n [ [I+ v]{’qu
8 ak+1 p=n-k+2 sp

n n-k
2&=1[} np=1[1 + alty_at ) Culty oty ) - 1

IA

It
- a(t_ . ,t Nl [T [I + V]] B
@ n-k’ ‘n~k+1 ” p:n_k+2 sp 'q

n

2&:1[ M b (O o e baienn) = 1 = 2 ety ))

1A

Wt geeqeotn) 311D

< (21;[ p =1=- al)ulx,m)IBI.

Y
Since S is complete, the existence of F(x,y) = 0 [I + V]
x

is clear, Further, | T [I + V]| < T (1 +a ] < uix,y)
t t

gives that F(x,y) is in X, by L-uniform completeness of X.
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Also, if y lies between x and z, we may take subdivisions
of {x,¥}, {y,2}, and {x,z} and form their "union" to deduce

thet P(x,y)F(y,z)} = F(x,z). Finally, we have that

l nn=1[1 + V(s )] -1
& n n ,
< 21::1 l szk[I + V(b 15t )] - np=k+1[1 + Vb _at )] |
n n .
= 2 Vi) 1 T el ¥ Vs b)) |
n n
=< Ekzl[ o (b _gaty ) Hp=k+1[1 + alt, 15t .)1)]
.n n n
= 2k=1 [Hp=k[1 + a(tp_l,tp)] - Hp=k+1[1 + a(tp_l,tp)]]

< u(t,,t ) - 1, Hence F is in OM.

Now let p be in OM', let |W - I | << p - 1, and
let g = L+(p). Then, using Lemma 5.2, we deduce that

I >w=-118 - >I[w-1I]BJ
t 8

n n
IS (Wt 4,6t ) =I1B =-S5 [S (w-1118|
2I_).-.l P'l p ""p=l Zsp

n
< 2> e ) - DB - 3 (W - 18

P= Sp

It
= 2> el pet)) =1 -p(e e )l B,

¥
Since 8 is complete, the existence of G{x,y) = 2 (W - TI]
x
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follows immediately. Further, | D ([W -I1] < > |w - 1]
t t

< > [p - 1] gives that | Ey[w - I]| << pB. As before, it
t x

is clear that G(x,y) + G(y,z) = G(x,z) whenever y lies
between X and z. Hence G 1s in QA.

The proof is now complete.

The following are now immediate consequences of
Lermas 5,1 and 5.2 and Theorem 5.

COROLLARY 5.1

Suppose that o is in OA+, Vis in 0A, [V] << 4,

E+( @) = py, and B is in S. Then
¥y

| miI+vVv]B - (I+V(x,y))B]

x

< (ulx,y) =1~ alx,yN}IBI.

COROLLARY 5.2

Suppose that 1 is in OM', W is in OM with |W - I |
<< u-1, L+(1J) = o, and B is in S. Then
&
| (Ww(x,5) - I)B - D [w - IIB]
X
<{ui(x,y) -1- alx,yN[IBI.

COROLLARY 5.3

If o 1s in OA*, V is in OA with |V] << 4, and
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J
=E'(a), then | T[I+V] -I| < u(x,y) - 1.
x
We now move to the anticipated result, parallel to
that obtained in Theorem l.
THEOREM 6

Yy
Define E(V)(x,y) to be I [I + V] and L(W)(x,y) to
x

be ‘E?[W - I] for each (x,y) in RxR, each V in OA, and each
X

W in OM. Then E and L are inverses in the sense that

E(L{W)) = W and L(E(V)) = V for each W in OM and each V in
0A.

PROOF. Suppose that o is in OA+, that V is in OA with

| V| << o, and that E(V) = W. Then |W - I ] << E'( «) - 1.
If E+( @) = u, {x,y) is in RxR, and B is in S, then for

n
each subdivision {tp} of {x,y}, we have
p=0

IIEt[w - I]B - V(x,y)B |

1A

n i
§%=1|IW(tp-l'tp)B - B - V(t,_;,t)B ]

n
= 2p=1( wlty at,) =2 = alty .t DIE]

by Corollary 5.1. Since u = B o), we have that L(W) = V.
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Now suppose that u is in OM', that W is in OM with

|w-1] << u -1, and that L(W) = V. Then |V | << L™(u).

n
1f L¥( u) = o , (x,y) is in RxR, {t}  1is & subdivision
p=0

of {x,y}, and B is in S, we then use Lemma 5.3 and Corollary

5.2 to deduce that || W(x,y)B - 1T [I + V] B ||
t

n n
= I W t B - + V t
| . (tpo1sty) np=1[1 (t5.10t,)] Bl
] n-k
n "
- V t + V t B
%_n n
n
- ot t 1 + t t B |
(o Bnaksr)) p=n-k+2[1 o p-1* p)],l i

n
= Zk=1 ME st YUt a1 0) =1

=0t et )t st VB

< Wix,y)|IB]| E‘t[u -1- a].

Since o = L+(]J), we have E(V) = W, and the proof is

complete.

MacNerney usea the functions E and L in the analysis

of Stieljes-type integral equations as follows.:
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If V is in OA and F is a quasi-continuous function
from the real numbers to X, and if x and y are real numbers,

y
we define (R) f V¥ using approximating sums of the form
X

n n
> Vit t ¥t corresponding to subdivisions {t }
2p=1 (075, )F(8) ponding ns (6))

of {x,y}. We then wish to solve the system

O
(%) F(t) =1+ (R) [ VF .
t

MacNerney has shown
THEOREM 7

The system (#) has exactly one éuasi—continuous
solution F. Moreover, if E(V) = W, then F(t) = W(t,0)} for
each t,

Since the characterizations of I(X) which follow do
not depend directly of Theorem 7, we omit the proof. The
contents of Theorem 7, however, are of great importance in
interpreting these characterizations and so should be kept
in mind,

We now move to a result establishing sufficient con-

Yy
ditions on V in OA to guarantee that 1T [I + V] be in I(X)
x

for each pair of numbers {x,y). To this end, we define
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alx,x) = 1imy*x {o(x,y) + v > x}, af{x,x") ='limy*x{a(x;1) .

y < x}, Ot(x"',x) = 1im {a(y,x) ¢+ ¥ > x} ,and

y-'-x
a{x ,x) = limy_hx {a(y,x) ¢ vy < x} for each number x, and
for either o« in OAT or o in OM¥. We now establish two

lemmas which together give a sufficient condition on V in

J
OA to insure that I [T + V] is in I(X).
x

LEMMA 8.1
+ +
Suppose that o is in 0A and u =E ( o). Then
a(x,x") = w(x,x") -1, olx,x”) = w(x,x") -1, a(x’,x)
= u(x+,x) -1, and o(x ,x}) = p{(x ,x) - 1 for each
number Xx.
PROOF: We shall prove only that a(x,x+) = u(x,x+) - 1.
The other three identities have essentially the seme proof.
Since 1 + o(x,y) < u(x,y) for each y, we have that
+ + +
o{x,x } < H{x,x ) - 1. To deduce thet u(x,x ) -1 <
Ot(x,x""), we suppose that ¢ » x and that € > 0. Now, since

n
a = L+( 1), there is a subdivision {tp} of {x,c} such
p=0

that 'Ei[ b -1= a] < g, Hence, u(x,tl) -1 - Ot(x,tl)

< €, We also have that If x < y <« tl, then



( u(x,y) -1 - oalx,y)) + ( U(Ystl) -1- a(y,tl))
< U(x,tl) -1 - a(x,tl)). Thus u(x,x+) -1=< a(x,x+)

+ € for each € > 0. So we have u(x,x+) -1< u(x,x+) and

the lerma is proved.

ILEMMA 8.2
+ +
If o is in OA with each of of{(x,x ) < 1 and
a{x ,x) < 1 for each x (resp., a(x+,x) <1 and g(x,x ) <1
for each x), and if a < b (resp., & > b), then there is a
n

subdivision (t ) of {a,b} such that if u = E ( a), it
p=0

then follows that u(tp_l,tp) -1 <1 for each p in [1,n].

PRCOF. Suppose that x is in {a,b}. By Lerma 8.1, there 1is
ay>»xgand a ¢ < x so that u(x,y) = 1 <1 and yu{ec,x) - 1
< 1l, Let A(x) = ((x + ¢)/2,(x + ¥)/2). Then the collection
of A(x) for all x in {a,b} forms an open covering of {a,b}.

We may teke a finite subcovering, say A(xo), A(xl),...A(xm)
with a = X, Xy < eee<x = b. Now let Z, T X e Let

z, = 8Up {xJ so that A(xj)fw A(;k_l) is not empty}. So

T
doing, we construct & sequence {zp} so that a = Z s
p=0
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b =z, 2, 4 < 2, &nd A(zk_l)fw A(z,) is not empty for

each k in [1,r]). Now if 2z, , < w_< z and w _is in

k k

Az, ;) NA(z,), then u(z,_ ,w) -1 <1and ulw,z) -1

n
< 1l for each k in [1,r]. So irf {tp} is a subdivision
p=0
n
which contains the points g, and w,_, then {t_} has the
k k p p=0

desired properties. (If & > b, the proof is almost the same.)

We now define, for V in 0A, the variation of V from

y
xtoy, > |V]| , to be the least number B such that
X
n ‘ n
> vt 10t) | < B for each subdivision [t } of
p=1 b= P - P p=0

{Xy¥}s Since V in OA gives [V | << o for some o in 0A+,

<y J
> fv] < a(x,y) is immediate, Hence, B(x,y) = > | V|
x x

is the "smallest" element of OA such that |V | << pB.
We now have easily a suffieient condition on V in

¥
OA to masure that 1 [I + V] is in I(X).

x
THEOREM 8
<7
Suppose that V is in OA and let B denote > [V
x

for each peir of numbers (x,y). If p(x,x+) < 1 and
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b
B(x ,x) <1 for each x, then I [I + V] is in I(X) whenever
a
a <b. If (x',x) <1 and B(x,x") < 1 for each x, then
b
I [I+ V] is in I(X) whenever & > b.
&

n
PROOF. Let {tp} be the subdivision selected in the
p=0C
b n tp
proof of Lemma 8.2, 1 (I +V]= 1 ( 1n [I+V]).

a p=1 tp-l

Theorem 3, the initial characterization of I(X), gives the

desired result immediately.
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CHAPTER V

CHARACTERIZATIONS OF THE IDENTITY COMPONENT

We now furnish two characterizations of the identity
component. The firast is & generalization of a2 result due to
J. W. Neuberger and includes Newberger's result es a special
case. The second unites information known about the identity
component and about values of solutions of integrel equa-
tions. Neither result has asppeared in the literature.

We have first
THEOREM 9

Suppose that V is in 0A with V(0,1) = I. Let M(V)
denote the set to which F belongs only in case there is an

1

element H in X such thet ¥ = I [I + VH] , where VE denotes
0]

that element of OA defined to be V(x,y)H for eech pair (x,y).

If @ is in I{X), then Q is the L-uniform limit of a sequence
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PROOF . Let B{x,y) denote the variation of V from x to y.
n

It follows that if B is in 8, Q is in X, and {t_} is a
subdivision of {x,y}, then

n
(T +v(o,1)Q)B - 1 [T+ V(s ;,t )Q] BI]

p=1 p-1’"p

n

]

n
I« 2p=1v(tp~l’tp)QB) +IB - T [T+V(t, ;,5,0Q] B

p=1

&
I szl [(V(tp_l,tp)ma) -Vt _1,t0)Q -

4}
I [I+ V(b )Q) B] !
Je=p+1 k-1’ "k !
n
= Ep_l[fs(tp_l.tp) el -
n
I [I + V(t, _,,t )Q]) Bl]
17 i |

n : 1 o
= 2p=1{5(tp_1,tp) Q| B(tp,l) lq | t]'[ 1+ |[QfB] ” B '[l
P

1A

1
lq|® B(O,I)ZOH (1+ [alpg] [|BI. Hence,

1
I} (1 +Q)B - OH [T +vQ] B

1
< I'Qramo.nzon (1+ |Qlpl (Bl

Now suppose that | Q| < 1/2. If n is a positive

n=-1
integer, I + Q =1  [(I + ((n-k)/n)Q)}(I + ((n-k-l)/n)Q)-l]
k=0

and | (I + (k/n)Q)(I + ({k-1)/m)Q)"™> = 1) =
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[ (I + (g/n)Q = T - ((k=1)/n)Q)(I + ((k=1)/n)Q)"% |

< (/n) Q] (X + ((k-1)/n)Q)" |

(1/n) Jal (1 - fal)t < (1/n).

1A

Put C, = (I + ((n-k+1)/n)Q)}(I + ((n-k)/n)Q)'l - I for each

k
k¥ in [1,n]. Then if B is in S, we have

n 1
f(z+a)B - 1 [71(1+ve]l Bl

k=1 0
n n=k ‘
= 2‘(:1 [( 1T:O:l R CPI ) i+ Chok+1
1[ 1) " [ l[ 1] lﬂ
- T II+ve I T (1 +ve_ 1] B
0 nokHLTT k2 0 P
a0 [( T /) | | %(0,1)°
< B 1 + 1c 0’1 .
- k=1 p=1 " n-k+1 | P
(114 | 0Tt le, le1)
T{1+ |¢ n T[4+ |c |
0 n-k+1 | B penk+2 0 p B
.1
= 2&-1[(1 + (1/n)™*(1/n)%p(0,1)%expl (1/n)8(0,1)] -

exp[(k-1>a<o,1)/nlllslﬂ
< (1/n)p(0,1)%xpl1 + p(0,1)1]| B |l.
n 1 + «

Hence, the sequence {1 [ T[T + vck]]} has L-uniform
k=1 O n=1

limit (I + Q). Theorem 9 now follows immediately from the

initial characterization of I(X) given in Theorem 3.
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Note that if, in Theorem 9, we have | V(x,x')| <1
and lV(x-,x) | < 1 for each x, then each element of the
approximating sequence is in I(X) by Corollary 5.3. Hence
we have & partial characterization of I(X).

J. W. Neuberger's result now comes as & corollary to
Theorem 9. If we put Vi(x,y) = (y - x)I in Theorem 9, we have

COROLLARY 9.1

Suppose that H is in I(X). Then H can be written as
the L-uniform limit of a sequence whose elements are finite
products of elements of the form Exp (Q), where

(Exp{(Q))B = lim (I + (l/n)Q)nB for each B in S.

b s ]

It is important to note that the characterization
given in Theorem 9 is only partial, in the sense that the
following conjecture due to Neuberger remains unanswered.

Conjecture Suppose that H is in X, that H™'

exists, 2nd that H is the L-uniform limit of & sequence in
I(X). Then H is in I(X).
This difficulty is avoided altogether in the next

theorem,
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THEOREM 10

Suppose that H is in X. These are equivalent:
(i) There is a V in OA with V{ ,0) continuous
0

and with H = 1T [I + V].
1

(i1) H is in I(X).
PROOF. Theorem 8 gives that (i) implies (ii)}. If Q is in
Xand Q] <1, we may put Wix,y) = (I + xQ)(I + YQ)'l
for each of x and y in (0,1]. Then if z lies between x and

¥, Wix,z)W(z,y) = W(x,y). Moreover, we have that

fWix,y) = I| = ] (I +xQ)(I +yQ)™ « (I + ya)(I + yQ)™*|
= [x-pI+3)7 ] < [x=-yllal@-lyal)?

< 1-Jya)ta+ fx-3llal) -1

< (1-)q|)texpl|x-yllall - 1. Hence W 1s in OM.

Purther, if V = L(W), V( ,0) is continuous by Lermma 8,.1.

n
Finally, if H is in I(X), then H = I (I + Qp]
p=1

n
for some sequence {Qp} in X with [Qp | <1 for each p.
P

=0
In gsimilar faeshion to the sbove, we may construect a W in OM
such that W(l - (p-1)/n, 1 -~ p/n)} = (I + Qp) for each p.

Again, if V = L(W), then V( ,0) is continuous.
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In view of Theorem 7, we may interpret Theorem 10

as follows.

COROLLARY 10.1

Conasider the syatem

0
(##) U(x) =1+ (R) f VU, U(1) = H.
X

If B is in I(X), then there is a V in OA with V( ,0) contin=-
uous such that (%) has a solution. If H is not in I(X),

no such V exists.
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CHAPTER VI

LOGARITHMS, EXPONENTIALS, AND THE IDENTITY

COMPONENT IN LINEAR SPACES

In case X is a collection of linear functions, we
can sharpen our results considerably. We first put H{Q)(t)
4 oo

= :2 [(l/n!)thn] for each Q in X and note that the con-
n=0

vergence is absolute in the norm of X. Now, if V(x,y)
= (x - y)Q, then U(t) = Exp(tQ) is the =olution to

0
(#) U(t) =T + (n)t/ vU.

0
If we observe that I + (R) f VI[H(Q)]
t

H

O + u‘"" o 0
I+/f (-ax)aS [/l =1+ S [ [ (-ax)x"Q™ /a1
t

n=0 n=0 t
=1+ :2 (1/n1)t"Q® = H(Q)(t), Theorem 7 gives then
n=1

+ oo
thet ExpQ = lim (T + (1/n)Q)" = 3 [(/n1)Q"). It is,
n=0

further, easy to show that Exp( ) is a continuous function
from X to X such that whenever AB = BA, Exp(A + B) =

Exp(A)Exp(B). Moreover, we may put
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n
In(I - Q) = 1imn++m:%r1J(I - ({n=k)/n)Q)(I = ((n-k-1)/n)q)"}

- 1],
and the convergence involved is in norm from the proof of
Theorem 10 and the linearity of X. Using further the ideas
of the proofs of Theorems 9 and 10, we have

THEQOREM 11

If Q is in X, X 18 linear, and [Q| <1, then
Exp(In(I - Q)) = I - Q.

+

PROOF: 1In a linear spece we have ExpQ = > [(1/n1)Q™).
n=0

It follows that |ExpQ - (I + Q)| =< (1/2)]q | Cexp( | Q1 ).
If n is a positive integer, we then have
I Expl (I - ((n-k)/n)Q)(I - ((n-k-1)/n)Q)" - 1]
- (I - ((n~k)/n)Q){I = ((n~k-1)/n)Q)~% |
= | Expl (1/n)Q(I - ((n-k-1)/n)Q)™}]
- (I + (1/n)Q(I - ((n-k-1)/n)Q)71) |

(1/2) (1/n)2 Q12| (I - ((n=k=1)/m)Q)"L[2 -

1A

expl | @ (1/n) [ (I ~ ({(n-k=1)/n)Q)" L[]
< (1/2)(1/a)% [l?2 (1 - Jali2 expl Q1 /n(2 - Q)]

for each k in [8,n-1]. Now the terms of the sequence

n-1
[(I - ((n=k)/n)Q}(I - ({n-k-1)/n)Q)~L - 1} _ commute with
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each other under multiplication. Hence we have that if

G, = (I - ({n=k)/n)Q)(I = ((n-k-1)/n)Q)"}, then

fExp( ST ST N R Yo e |
Exp( S ¢, -I1) -1 ¢ = | 1 Exp(¢c, - I) - c
2l(=o k k=0 ¥ k=0 K M=o K
.n n-p=~1
= 2p=1 (n _, 1Ee - D D e, -1 e 1)
n=1
(n I e 1)
k=n=-p+1
> n-p-1 | -1 2
< (1 lexp((l/n) Q| (1 - [Q])"1)((1/n)°(1/2) «
p=1 r=0

lal2(1 - JQl) 2expl(3/n) Q] (1 - lal) 1 »

n-1 ‘
(T | C
k=n-p+1

W)
2 -2 , O

s @/m1Ql“@ - el %expl lQl(1 - [Ql) "1(r/2),

using linearity of X end Lerma 5.3,

Continuity of Exp{ ) now gives the theoremn.

We may now appeal to Theorem 3, the initial charac-
terization of I(X), to obtain s sharper characterization of
I(X) for complete spaces of linear functions.

THEOREM 12

If X is a complete space of linear functions from S

to S, then H is in I(X) only in case there is a sequence
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n n
{Q.} in X sueh that H= 11  Exp(Q.).
% p=1 p=1 %
In the case that the underlying space S is a finite
dimensional vector space over the complex field and X is the
collection of all linesar transformations from S to S, we

have an even stronger result from functional anelysis. If

we put Ln(Q) = (1/2ni) / (21 - Q)-l In({z) dz, where C is
Cc

any rectifisble simple closed curve, containing in its
interior all characteristic roots of @ but not the origin,
we then have that Exp(Ln(Q)) = Q for each invertible Q.

In this setting one then has I(X) = Exp(X) = {sll Q in X
such that Q"1 exists} [1].

We might hope that this result would generalize at
least to finite dimensional spaces X of linear functions.
Such, however, is not the case.

If X 1s the collection of all real 2 by 2 matrices,
we can show that I(X) = {all M in X such that det(M) > 0}.
Now, if A is in X, then Y(t) = Exp(tA) is the solution to
the matrix differential equation Y' = AY, Y(0) = I. This

-2 0

we shall use to show that is not an exponential.
0 -1
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i ' L b vl
We consider = « IT b =0, we
Yo V2
]
have then that vy = avy. Ifr vy is the upper left entry of

a b

of the solution of Y = [ ]'Y, Y(0) = I, we then

c d

have v,(t) = exp(at), and v, (1) # -2. Similarly, we may

assume that ¢ # 0. We solve the coupled aystem of differ-~

entlial equations to eobtain

v, - (Tr A)v, + (det Ay, =0, k=1, 2;
v, =‘(1/b)(v1' - avlj; and
vy = (1/c)(v2' - dvz) —

a b
where A denotes the matrix [ ].
e o |

Let B denote (1/2)Tr A. There are three cases. If

'
Y =AY, Y(0) = I, and B2 = det A, it then follows that
(B-d)t + 1 bt
Y(t) = eBt « Since neither b nor c
ct (B-a)t + 1
-2 0
is 0, Y(1) # . If B2 < det A, put
0 -1

e = ‘\/det A - B° « The solution Y is then given by
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({B-d)}/e)sin(et) + coa(et) (b/e)sin(et)
Bt

Y(t) = e .
(e¢/e)sin(et) ({B-a)/e)sin(et) + cos(et)

Now sin(e) = O forces the diagonal entries of Y(1l) to be

2

the same. Finally, if B~ > det A, put € = “V/ﬁz - det A .

Then we have that the solution matrix Y(t) is given by

((e+B-a)/2e) + ((e+a-B)/2¢)e>" (b/2e) (e2¢F- 1)
o(B-E)t

(c/2e)(6°%%- 1)  ((e+B-d)/2¢) + ((e+d-B)/Ze)e

(QZSt

Since neither b nor ¢ is 0, and since - 1) is mono~

2

0
J. Hence Exp(X) is properly
0 -

tonic, Y(1) cannot be [

contained in I(X).

2et |°
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CHAPTER VIIX
CONCLUDING REMARKS

We may summarize aa follows.

If X is an L-uniformly complete near-ring of
Lipschitz transformations from a Banach space S to 8, then

(1) The identity component I(X) is precisely
that subset of X to which H belongs only in case H can be
written as a finite product of elements of X whose normed
distance from I is less than 1 (Theorem 3).

(11) If V is in 0A with V(0,1) = I, and if M(V)
is the subset of X to which Q belongs only in case there is
an element P of X such that Q = OHI[I + VP], then each H in
I(X) can be written as the L-uniform limit of a sequence,
each of whose members is a finite product of elements of
M(V) (Theorem 9}). Most notably, if in Theorem 9 we put
V(x,y) = {y - x}I, we then have Neuberger's charscter-

izations. Each element of I(X) can be written as the

L-uniform limit of a sequence whose members are finite
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products of exponentials in X. If X 1s a collection of
linear functions, then each element of I(X) can be written
preclisely as a flnite product of exponentials,

(i1i) H is in I(X) only in case H lies in the
range of the solution U to some integrel equation of the
form U(x) = I + (R) IOVU , with V in OA and with V( ,0)

x
continuous. A change of scale givesa this version of

Corollary 10.1l.
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