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Abstract

For product probability measures p™, we obtain necessary and sufficient con-
ditions (in terms of u) for dimension free isoperimetric inequalities of the form
p™(A+ h[—1,1]") > Rp(p™(A)) to hold; for a function R such that R(p) > p, for
all (some) p € (0,1), and for A > 0 large enough. Some questions related to the
concentration of measure phenomenon are also discussed.

1 Introduction

Let p be a probability measure on the real line R, and let ™ be the n—fold tensor
product of p with itself. Given a notion of enlargement enl(A) for sets A, inequalities
of isoperimetric type have the form

u"(enl(A)) > R™(u(A)).

Moreover, if R = R(™ is dimension free, such inequalities are often viewed as concentra-
tion inequalities. One question of interest which will be addressed here is, whether or
not, there exists such a function R (of course, such that R(p) > p). Besides the measure,
the answer essentially depends on the enlargement. Usually, it is built with the help of
a metric, say p, by putting

enl(A) = A" = {z € R™: p(z,a) < h for some a € A},
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where h > 0 is a fixed number (for A compact, A" is the closed h-neighbourhood of A
with respect to p). To consider the weakest possible type of enlargement, we equip R
with the supremum distance

Poo(T,y) = sup |z; — i

1<2<n
and consider the value "
RM(p) = inf u™(AM), 1.1
h(P) ot w (4") (1.1)

where the infimum is taken over all the Borel sets of measure y™(A) > p, p € (0,1).
Note here that if A is Borel measurable, so is A", hence (1.1) is well-defined. For other
types of metrics this is not necessarily true, and therefore one rather takes the inner
measure in (1.1). In his work on isoperimetry, M.Talagrand [4, Proposition 5.1] made

the following observation: if inf,, R;")(l/Z) > 1/2, then p has finite exponential moment,
that is,

| exp(elel) du(e) < +oo,

for some € > 0. In proving this result, he studied the behavior of u™(A*) for the cubes
A. As it turns out, also studying enlargements of cubes allows us to find necessary
and sufficient conditions for the concentration inequality u™(A"*) > R(u(A)), to hold for
some R such that R(p) > p.

Definition 1.1 A non-decreasing function U* : (0,4+00) — [0,+00) is called a modu-

lus, if for all positive a and b, U*(a + b) < U*(a) + U*(b).

In addition, if U*(0") = 0, then U* is a usual modulus of continuity (U* is necessarily
continuous). Clearly, if U* is a modulus, then for some a,b > 0, U*(h) < a + bh,
whenever h > 0.

Definition 1.2 A function U defined on some interval A C R, (finite or not, closed or
open, or semi—open) generates a finite modulus, if for all (equivalently, for some) h > 0,

U*(h) = sup{|U(z) = U(y)| : 2,y € A, |z —y| < h} < 400,

Clearly U*, above, is a modulus and U generates a finite modulus if and only if for some
a,b>0, |U(z) —U(y)| < a+ blz —y|, whenever z,y € A.

Now define the function U, as follows:

1

o) =

)7 meR)

where F,(z) = p((—o0,z]) is the distribution function of the measure p, and where

F;'(p) =inf{z € R: Fy(z) > p}, p€(0,1),
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is the minimal quantile of order p of y. The map U, transforms the logistic distribution
v (given by v((—o0,z]) = 1/(1 + exp(—=z))) into the probability measure p.

Theorem 1.3 Let p € (0,1). There ezists h > 0 such that inf, R%")(p) > p, if and only
if U, generates a finite modulus. In this case, setting h* = U};(h), we have

inf R (p) > P 1.2
AR 2 T b exp () 42
with equality for p = v. In particular, the following alternative holds: either inf, Rg")(p)
=p, for all h > 0, orinf, Rg")(p) — 1, as h — +o0.

Let &,, n > 1 be a sequence of independent random variables, defined on some probability
space (2, F,P), and with common distribution .

Remark 1.4 When y = v, the right-hand side of (1.2) is simply P{¢; — m,(&1) < h},
where my(&) = F;'(p) is the quantile of order p of the random variable &. Let f :

v

R™ — R be a Lipschitz function, of Lipschitz constant at most 1 (with respect to poo),
and let n = f(&,---,&). Applying (1.2) to sets of the form {f < const.}, it easily
follows that

P{n —my(n) < h} > P{& —my(&) < R},

for all p € (0,1) and A > 0. This is equivalent to saying that there exists a Lipschitz
function Ly : R — R such that the random variables  and Ls(& ) are identically
distributed (for details, see [3]). Thus, the distribution of any Lipschitz function f with

respect to v™ is a Lipschitz image of v.

Let us now give another equivalent wording for the concentration property inf, Rg") (p) >
.

Theorem 1.5 Let p € (0,1). There ezists h > 0 such that inf, R%")(p) > p, if and only
if the following two conditions hold:

la) sup, Var max{&, --,&} < +o0;

2a) sup,, Var min{é,---,&.} < +oo.

Equivalently, and more generally, if and only if for any fized a > 1,
1b) sup, E|max{{, --,&} — Emax{&, -, &} < +o0;

2b) sup, E|min{é,---,&} — Emin{&, -, &}* < +o0.

Moreover, in 1b) and 2b) the second ezpectations can be replaced by the quantiles of order

p€(0,1).

The properties la), 2a) are just 1b), 2b) for o = 2. If the distribution p is symmetric
about a point, then la) and 2a) (and more generally, 1b) and 2b)) are equivalent, and



DIMENSION FREE WEAK CONCENTRATION 4

thus they are separately characterized in terms of the notion of modulus. It is then
natural to ask if there exist necessary and sufficient condition for 1b) to hold (in the
general non-symmetric case). We discuss this question, when o = 1, in Section 5 where
it is proved that sup, E|max{{, ---,&.} — Emax{{, -+, €.} < +oo if and only if
E |&] < 40, and the function U, generates a finite modulus on the interval [0, +00).
This characterization is then applied in Section 6 to prove:

Theorem 1.6 Let £ be a random variable with values in (0,1), and with distribution

function F¢. Then,

Ef”:O(l), asn — oo, (1.3)

n
if and only if there ezist a,b > 0 such that, for all 1/2 <p < g <1,

1 1
/q—ng(t) < a+blog (1.4)
p 1 —1 1

—4q

The proofs of Theorem 1.3 and 1.5 are respectively given in Section 3 and 4, while
Section 5 leads to the proof of Theorem 1.6 in Section 6. In Section 7, and in contrast
to the alternative mentioned in Theorem 1.3, it is shown that Rg")(p) — 1, as h — 400,
when n is fixed (to be more precise, this property is proved in an abstract metric space).
We start (Section 2) by giving some characterizations of the concentration of measure
phenomenon for the sequence of maxima.

2 Concentration of maxima

Let &,, n > 1, be a sequence of independent random variables with a common distri-
bution function F. Let M, = max{{, --,&.}, and let £(-) be the law (distribution)
of a random variable. Below, we also use the standard notations z* = max(z,0),z~ =
max(—z,0).

Proposition 2.1 The following are equivalent:
la) for some p € (0,1) and h € R, inf, P{M, — my(M,) < h} > p;
1b) for some p € (0,1) and h € R, sup, P{M,, — m,(M,) < h} <p;
2a) for any p € (0,1), there ezists h € R such that inf, P{M, — m,(M,) < h} > p;
2b) for any p € (0,1), there ezists h € R such that sup, P{M, — my(M,) < h} < p;
3a) for all p € (0,1), inf, P{M, —m,(M,) < h} — 1, as h - +oo;
3b) for all p € (0,1), sup, P{M, — my(M,) <h} >0, as h > —o0;
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4) for a sequence of real numbers a,, sup,, P{|M, —an| > h} — 0, as h — 400, that is,
the sequence of laws L(M, — ay) is tight (i.e., it forms a precompact set in the space of
probability measures on R equipped with the weak convergence topology);

5) for all (equivalently, for some) p,q € (0,1), sup,, |my(My) — mq(M,)| < +o0;
6) for all (equivalently, for some) a € R, the function U(z) = F~*(1/(1 + exp(—=z))),

z > a, generates a finite modulus;

7) for all (equivalently, for some) a € R, the function V(z) = F~'(exp(— exp(—2z))),
z > a, generates a finite modulus. In addition, for any p € (0,1), and h > 0,

sup P{M,, — my(M,) > V*(h)} < P{Z —my(Z) > R}, (2.1)

where Z is a random variable with distribution function P{Z < z} = exp(—exp(—z)),
and where V¥ is a modulus generated by V on the interval [—loglog(1/p), +o0);

8) for any p € (0,1), there ezists € > 0 such that sup,, Eexp{e(M,, —my(M,))} < +o0;

9) for all (equivalently, for some) a > 1, and for all (equivalently, for some) p € (0,1),
b B (M — mp( M) < oo,

Proof of Proposition 2.1.
la) = 7). Let p and h > 0 be such that

g = inf P{M, — my(M,) < h} > p,

that is, such that F(F~!(p'/") + k) > ¢*/™. By the very definition of F~!, p and h are
such that F~Y(p*/™) + h > F~1(g'/™), which is rewritten

F7Y(g"™)y — F7Y(p*/™) < h. (2.2)
Putting a = —loglog(1/p), b = —loglog(1/q), (2.2) can also be rewritten as
V(b4 log(n)) — V(a + log(n)) < h, (2.3)

which holds for all n > 1. Clearly, V is a non-decreasing function on R, and from (2.3),
it follows that,

VI(h)=sup{V(y)—V(z):a <z <y,y—z<h} <+, (2.4)

p

whenever A > 0. Now, fix any real number ¢ such that 1 < ¢ < exp(b — a), and
let ng = no(a,bd) be any positive integer such that log(ng + 1) — log(ne) < b — a and
(exp(b—a)—c)ng > 1. Let a <z <y. If z < a + log(ng), then one has the estimate

V(y) = V(z) = (V(y)—V(a+log(no)) + (V(a+log(no)) — V(z))
< (V(y) — V(a +log(no))) + V(a + log(no)).
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Hence,

sup{V(y) - V(z):a<z<y,y—z<h}<
sup{V(y) — V(z):a +1log(no) <z <y,y—z < h}+ V(a+log(nog)).

Note that for non—decreasing functions V, the property "V generates a finite modulus
on [a,+00)” does not depend on a. Therefore, in order to prove (2.1), without loss of
generality it is assumed that a + log(ng) < z < y. Now define a sequence ng, k > 1,
recursively, in the following way: let n; be the largest integer such that a + log(n,) < z.
If £ > 1, let ngy1 be the largest integer such that a + log(ngs1) < b+ log(ng). By the
definition of ng, we then have ng < ng < ngy1, for all & > 1, since a + log(ng + 1) <
b+ log(ng) for, ng > ng, provided a + log(ng 4+ 1) < b + log(no).

Denote by K the smallest k& such that b+ log(nx) > y. Since, by construction, the
intervals [a + log(ng), b+ log(nk)], 1 < k < K, cover the interval [z,y], we get

K
V(y)—V(z) <> V(b+log(nk)) — V(a+log(ni)) < CK,
k=1
where C = sup,, V(b+log(n)) — V(a +log(n)). Our aim is now to find an estimate of K
depending on y — z; we would then have an estimate for V(y) — V(z) in terms of y — z.

Denote by [u] the integer part of a real u. Then, ngy; = [eb_“nk], hence
Ny > €%y — 1 > eny,

since ng > ng and exp(b — a)ng > cno. By induction, it is easy to see that ng > *ng,
that is, log(ng) > (k — 1)log(c) + log(n1). Thus, the inequality b+ log(ng) > y follows
from b+ (k — 1)log(c) + log(ni) > y, which holds if & > 1 4 (y — b — log(n1))/ log(c).
By the definition of n;, we also have log(n;) < z — a, so it suffices to take k > 1+ ((y —
z) — (b—a))/log(c). Hence,

b-n)-06-a) _, y-o
log(c) log(c)

and (2.1) is proved for all p € (0,1).

To prove the second part of 7), fix p € (0,1), h > 0, and set ¢ = P{Z — m,(Z) < h},

a = —loglog(1/p), b = —loglog(1/q). Then, as easily checked, b—a = h. As previously

seen, inequalities of the form

P{M, — my(M,) < V;(R)} > g (2.5)

are equivalent to

V(b+ log(n)) — V(a+ log(n)) < V3 (k)
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(this is (2.3) with V*(h) instead of k). Since b — a = h, the above inequality holds true
by the very definition of V¥. It just remains to note that (2.5) and (2.1) coincide.

The first part of 7 —> 1a). Let a = —loglog(1/p). Then, as shown in the previous
steps, 1a) holds if and only if (2.4) holds for some b > a, some A > 0, and all n > 1.
But (2.4) holds for all b > a and & > 0 since V(b+log(n)) — V(a +log(n)) < V;,*(b —a).

la) <= 2a) is clear recalling the above description and noting that, for a non—decreasing
function V, the property "V generates a finite modulus on [a, +00)” does not depend
on a.

6) <= 7). Note that U(z) = V(T'(z)), where T(z) = —log(exp(e™®) — 1). Then, T is
an increasing bijection from R to R, and has a finite Lipschitz constant on every interval
[a,+00), and similarly, for its inverse T~'. Therefore, U generates a finite modulus on
[@, +00) if and only if V' generates a finite modulus on [a, +00).

la),2a),3a) <= 1b), 2b), 3b). Simply note (recalling (2.2)) that, forall0 < p < g < 1
and all A > 0.

P{M, — my(M,) < h} >q < P{M, —my(M,) < —-h} <p.

7) = 3a) = 2a) =—> 1a). Indeed, (2.1) implies 3a) which is stronger than 2a) which
is stronger than la).

1la), 2a),3a) <= 5). Note that m,(M,) = F~*(p*/"). Then, as previously shown (see
(2.2)), for all 0 < p < ¢ < 1, and A > 0, my(M,) — my(M,) < h is equivalent to
P{M, — m,(M,) < h} > q.

3a),3b) = 4). Take a, = m,(M,).

4) = la). By assumption, there exists hg such that P{|M,, — a,| > ho} < 1/2, for all
n > 1. Hence, for p = 1/2, we have |m,(M,) — an| < ho. Therefore,

sup P{M,, — my(M,,) > h} < supP{M,, —a, > h — ho} - 0, as h > +o0.

7) = 8) Clear by (2.1).
8) = 9) Immediate.
9) —> 3a) Use Chebyshev’s inequality.

Proposition 2.1 is proved.
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3 Proof of Theorem 1.3

Necessity. Assume that there exist A > 0, and 0 < p < ¢ < 1, such that inf, R;")(p) >
g. Thus, for all integers n > 1 and for all Borel sets A C R™ with y*(A) > p, we have

ur(AM) > q. (3.1)

Let &,, n > 1, be a sequence of independent random variables with a common distribu-
tion function F,, and let M, = max{¢,- -, &, }. First, apply the inequality (3.1) to the
cubes A,(p) = (—o0, Fu_l(pl/”)]”. Since p™(An(p)) = F:(F;l(pl/”)) > p, we get

P{M, — my(M,) < h} = FX(F, (57) + b) = u"(An(p)") > q,

that is, the property la) from Proposition 2.1 is fulfilled. Therefore, so is the property
6): the function U, generates a finite modulus on the interval [0, +00). Now, apply (3.1)
to the cubes Bn(p) = [-F, (1 — p'/™),+00)". In a similar way, we observe that the
property la) from Proposition 2.1 is satisfied for the random variables —¢,, n > 1, whose

distribution function is given by G(z) = 1 — F,((—x)~). Since G~*(p) = —F;'(1 — p),
we obtain the property 6) for the function

W(z) = G(1/(1 + exp(—=2))) = —F, (1 - 1/(1 + exp(—2))) = —Un(—2).

The above identity implies that W generates a finite modulus on the interval [0, +00) if
and only if U, generates a finite modulus on the interval (—o0,0]. Thus, U, generates a
finite modulus on the intervals [0, 400) and (—o0, 0], and therefore it generates a finite
modulus on the whole real line.

Sufficiency. It is known that, for the measure v with v((—o0,z]) = 1/(1 + exp(—z)),

p
(AR > , 3.2
)2 P h) 32)
whenever v"*(A) > p, with equality at the standard half-spaces A = {z : z; < const}
(different proofs of (3.2) can respectively be found in [1] and in [2, Corollary 15.3]).

Introduce the function i(z1, -+, z,) = (Uu(z1), -+, Uu(zn)) which transforms »" into
p". Let h > 0, h* = Uj;(h). Observe the following inclusion: for any set A C R",

(i) cit (ar). (3.3)

Indeed, if z € (:7}(A))*, then for some y € +71(A4) we have poo( ,y) < h, that is,
|z — yk| < h, for all 1 < k& < n. Since i(y) = (Uu(y1), -, Uu(yn)) € A and since
|Uu(zr) — Uu(yr)| < h*, we get poo(i(z),i(y)) < h*, and therefore i(z) € A" hence,
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zei ! (Ah*). Now, combine (3.2) and (3.3) to prove (1.2). Let v™(4) = p™(:7(4)) > p.
Then,

n( Ab*\ _  n (=17 pgh* n(:-1 h p
(4 = () 2 (CA)) 2 ey

Theorem 1.1 is proved.

4 Proof of Theorem 1.5

Sufficiency. Assume that 1b) is true. Then, for the sequence a, = EM,, or a, =
my(My,), Chebyshev’s inequality implies that sup, P{|M,, — an| > A} — 0, as b —
+o0. Hence, the property 4) of Proposition 2.1 holds true. Therefore, the function U,
generates a finite modulus on the interval [0, 4 00). The assumption 2b) is just 1b) for
the sequence (—£,), n > 1, hence, again by Proposition 2.1, the function U, generates
a finite modulus on the interval (—oco,0]. As a result, U, generates a finite modulus on
the whole real line. It now remains to make use of Theorem 1.3 to obtain the sufficiency
part of the proof.

Necessity. As before, let M, = max{&;, - -,&}. Let (., n > 1, be a sequence of
independent random variables with common (logistic) distribution v, and let Z, =

max{(s,---,(n}. Since U, transforms v into p, M, and U,(Z,) are identically dis-
tributed. Therefore,

E[M, — M,|* = E|Uu(Zn) — Uu(Z,)I% (4.1)

where (M}, Z!) is an independent copy of (M,, Z,). By Theorem 1.3, there exist con-
stants a,b > 0 such that |U,(z) — U.(y)| < a + blz — y|, whenever z,y € R. thus, for
all @ > 1, the left-hand side of (4.1) is bounded when n — oo, if the same is true of Z,
instead of M,,. That is, we reduced our tentative proof to the case y = v. So, one may
assume that &, = (,, and that M, = Z,, for all n. By Remark 1.4 (in the particular case
where f(z) = maxi<k<n €x), there exist Lipschitz functions L, : R — R, such that the
random variables M,, and L,(&;) are identically distributed (of course, in this particular
case, this is easily verified directly). Therefore, for all n > 1,

E[M, — M,|* = E|Ln(&) — La(&)1* < E & — &% = Ca,
where ¢ is an independent copy of &;. Now by Hélder’s inequality,
E|M, — EM,[" = E[E'(Ma(w) - My)|* < B |M, — MLJ" < C,

where E’ is taken with respect to the random variable M'. This proves 1b). The
property 2b) is proved in a similar way, taking into account that v is symmetric about

0.
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In order to prove the last statement on the quantiles, one can apply (1.2) to the
cubes {z : z; < const for all : < n}. This gives

P{M,, — my(Mn) > h*} < P{(1 — my((1) > R},

P{My — mp(My) < —h"} < P{G —my(G1) < —h},
for all p € (0,1), h > 0. Since h* < a + bh, these inequalities immediately imply that

sup E |M,, — my(M,)|* < +o0.

Theorem 1.5 follows.

5 Concentration of maxima in L'-norm

Again, let &,, n > 1, be a sequence of independent random variables with a common
distribution function F' (which is assumed right—continuous). The associated measure
will be also denoted by F', and again M,, = max{{;, -, &}
The function

F~'(p) =inf{z € R: F(z) > p},
which is the minimal quantile of order p of F, is well-defined on (0, 1), non—decreasing
and left—continuous. It therefore generates a non-negative Lebesgue-Stieltjes measure
on (0,1) which we also denote by F~'. In particular, F~*([a,b)) = F~!(b) — F~!(a), for
0 < a <b< 1. For example, if F' = §, (as measures) is a unit mass at a point z, then

F~Y(p) =z, for all p € (0,1), hence as a measure, F~* = 0. If F' is a Bernoulli measure,

F = 36+ 36, = <y, and then F~! = (y — z)61/2.

2
We return to Theorem 1.5 to express the property 1b), for & = 1, in terms of F7!.

Theorem 5.1 The following are equivalent:

1) sup, E|M, — EM,| < +o0;

2) " (1-p)dF(p) =0 (), asn— oo

3) Jo p(1—p)dF~t(p) < +oo, and there exist a,b > 0 such that, for all1/2 <p < g <1,

F(q)~ F7(p) < a+tblog; (5.1)

The condition (5.1) in 3) expresses the fact that the function U(z) = F~1(1/(1 +
exp(—z)) generates a finite modulus on the interval [0, +00). This implies that E & <
+00, and moreover E exp(e&;) < +o00, for some £ > 0. But this says nothing about the
behavior of F' at —oco. This behavior is regulated by the first condition in 3) which is
equivalent to E [§;]| < +o0.
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Before proving this theorem, we prove an elementary lemma. Below, the right integral
in (5.3) is taken over the semi-open interval [p'/" 1) (the measure F~' can have an
atom at the point p'/™); while the right integral in (5.4) is taken over the open interval

(0, p*/™).
Lemma 5.2 Let M! be an independent copy of M, p € (0,1). Then,

E|M, - M| = 2/01 (1 — ) dFY(2). (5.2)
E (M, — my( M)+ = /,, () dF ). (5.3)
E (M, — my(M,))” = /0 " dF1(2). (5.4)

Proof. We use the following identity

1 )
[ wE e = [ ™ h(o) dF(a), (5.5)
where h is an arbitrary non-negative Borel measurable function on the real line. To
prove (5.5), it suffices to verify it on the indicator functions A = X(z,}, © < y. The
right-hand side of (5.5) becomes F(y) — F(z), while the left-hand side is the length of
the interval of all points ¢ € (0,1) such that z < F~!(¢) < y. But, by the very definition
of 7!, these inequalities are equivalent to F(z) < ¢t < F(y). This proves (5.5). Now by
(5.5),

E|M, - M| — //|az—y|dF( "dF(y _2//y—azdF P dF(y)"
— 9 / / (F~Y(s) — F7Y()) di*ds™.

Since F~'(t) is left—continuous, an integration by parts over ¢ while s € (0,1) is fixed,
and taking into account that ¢tF~1(¢) — 0, as t — 0T, gives

/0 (FYs) = FY(8)dt™ = /0 T dFY(1).

Hence, by Fubini’s Theorem,

// (F~Y(s) — F~Y(¢)) di"ds™ // tn gF-1 _/ (1 — ) dFY(2).

0<t<s<1 0<t<s<1
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This, in turn, proves (5.2). Analogously, since my(M,) = F~1(p'/™),

1

B(M—my(Ma)) = [ (= F(@m) dF(e)y = [ (F7(t) = F(p")) der

pl/'n.
= 1 —t™)dF(1).
~/[pl/",1)( ) ( )

1/n

= /0 t"dF (1),

and the lemma is proved.

Proof of Theorem 5.1. The conditions 1), 2) and 3) require E |¢;| < 400, so this is
assumed throughout. In particular, (1 —¢)F~*(¢) > 0,as ¢t — 0" and as t — 1™.
1) < 2). Clearly, for all t € (0, 1),

nt? (1 —t) <M1 — ") < nt™(1 —t). (5.6)

Therefore, by (5.2), the property 2) is equivalent to A = sup, E|M, — M]| < +oo.
Indeed, by the right inequality in (5.6), 2A < B = sup,, [n Sl —1) dF_l(t)]. Now,
by the left inequality in (5.6), for £ = 2n — 1 odd,

k/ol (1 2)dF1(t) < Zn/l 211 4y dF1 () < 2/01 (1 — ) dF () < 4,

0

while for £ = 2n even,
k/ol (1 — 1) dF1(t) < k/ol #1(1 — ) dF1 (1) = 2n /01 £r1(1 ) dFY () < A,
as above. Therefore, B < A. Then, it remains to note that
E|M, —EM,| <E|M,— M| <2E|M, — EM,|

1) = 3) This is clear from Proposition 2.1, since the property 9) holds with o = 1.

3) = 1). By Theorem 1.5, this result is true for F' symmetric about a point, and
we have reduced the general case to the symmetric one. Let p = 1/2. Let F, be the
distribution function which (as a measure) is symmetric about the median m = my(¢;)
and such that Fy(z) = F(z), for all £ > m. Therefore, F;'(t) = F(¢), for all
t € [1/2,1). By assumption, the function Up(z) = F5'(1/(1 + exp(—=2)) generates a
finite modulus on the interval [0, +00), hence, since Us(—z) = —Up(z), for all z real, it
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generates a finite modulus on the whole real line. Hence, by Theorem 1.5, the property
1) of Theorem 5.1 holds true with respect to Fo. Thus,

supE |@Qn — Q)| < 400,

where @, = max{(i, --,(n}, where ({n)n>1 are independent random variables with
common distribution function F,, and where @ is an independent copy of @,. As
well-known, for p = 1/2,

E |Qn - mP(Q”)| < E |Qn - EQH|7

hence, sup,, E |@, — m,(Qr)| < +00. Thus, (5.3) and (5.4) imply that for some constant
C, and for all n,

B(Qu—mu(@))" = [ (1-MdF W <C, (5.7

1/n

E(Qn—my(@) = [ dR () <C. (5.8)

Since p*/™ > 1/2, we have Fy*(t) = F~Y(t), for all ¢ € [p*/™ 1), and therefore (5.7) is
satisfied for M,, and F instead of @, and F,. For similar reasons, the sequence

1/n 1/m

p
/ " dF;'(t) :/ t"dF(¢)
1/2 1/2

is bounded. But

1/2 1/2
/ t"dF(t) < / tdF~'(t) = E¢] < +oo,
0

0

hence, (5.8) is also satisfied for M,, and F instead of @, and Fy (maybe with a different
constant C'). Again, by (5.3) and (5.4), we have that the sequence

B My — my(Ma)] = E (Mo — mp(Ma))* + E (Mo — my(Ma))"
is bounded. As a result,
E[M, — M| < E My, — my(My)| + E[M, — mp(My)| = 2E | My, — my(My)]

is also bounded, and so is the sequence E |M,, — E M,,|. Theorem 5.1 follows.
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6 Proof of Theorem 1.6

We start by proving another elementary lemma.

Lemma 6.1 For any non—negative Lebesque—Stieltjes measure A on (0,1), there ezists
a distribution function F such that F~' = )\ (as measures).

Proof. Let H(p) = A([1/2,p)), for 1/2 < p < 1, and let H(p) = —A([p,1/2)), for
0 < p <1/2. Clearly, H is non—decreasing and left-continuous. Now, it suffices to find
a distribution function F' with F~'(p) = H(p), for all p € (0,1). But, one can choose

F(z) = sup{p € (0,1) : H(p) < z},

(with the convention sup® = 0). The sup above can be replaced by max, since H is
left—continuous. Therefore, F(z) > p <= H(q) < z, for some ¢ > p, hence

F_l(p) =min{z € R: F(z) > p} = min{z € R: H(q) < z, for some g > p} = H(p).
Lemma 6.1 follows.

Let us now come back to the proof of Theorem 1.6. By Lemma 6.1, it is possible to find
F such that the Radon—Nikodym derivative

dF(p)
—— =1 1
dF_l(p) p) 0 < p < ?

and then, the equivalence between (1.3) and (1.4) becomes the equivalence between
the properties 2) and 3) in Theorem 5.1. Thus, Theorem 1.6 immediately follows from
Theorem 5.1.

7 Appendix

Let (X, p, ) be a metric space equipped with a Borel probability measure p. As in
Section 1, define the open h-neighbourhood of a set A C X as

AP ={z € R™: p(z,a) < h for some a € A}, h >0,
and the associated (”integral” isoperimetric) function

3 h
Bu(p) = inf w(A%), 0<p<l,

where the infimum is taken over all the Borel sets of measure u(A) > p.

Theorem 7.1 Ry(p) — 1, as h — 400, whenever p € (0,1).



DIMENSION FREE WEAK CONCENTRATION 15

Proof. First note that, given a random variable ¢, there always exists a concave in-

creasing function U : [0, +00) — [0, +00), with U(0) = 0, U(400) = +00, such that
E(U(6)) < +oo.

Now, take ¢ = p (as a random variable on the probability space (X X X,y ® u)) and
take such a U. Since U is a modulus of continuity, the function d(z,y) = U(p(z,y)) is
also a metric, and the enlargement AY(?) (with respect to the metric d) coincides with
the enlargement A" (with respect to the metric p). Hence, one can assume in Theorem
7.1 (replacing p by d if needed) that

ﬁz%&Aﬁ@wM%@W@<+w-

In particular, on the probability space (X, p),

1
Var(f) = 5 [ [ 17(&) = f(@)I* du(e)du(y) < o* < +oo,
for any Lipschitz function f on X (with Lipschitz constant < 1). The functions
fa(z) = dest(z, A) = inf{p(a,z) : a € A}

are Lipschitz, of Lipschitz constant at most 1. Therefore, Var(f4) < o2, and by defi-
nition p{z € X : fa(z) = 0} > p, if u(A) > p. But, it is easy to verify that for any
non-negative random variable ¢ with Var(¢) < o2, and p{¢ = 0} > p,

B¢ < c(p) =0y [
l—p
Hence, by Chebyshev’s inequality, for all A > 0,
o?
plha > elo) + 1} < 7. (7.1)

Since the right-hand side of (7.1) does not depend on A, and since A* = {z € X :
fa(z) < h}, we have, for A > ¢(p),

1 — Rp(p) <

— 0, as h — +oo.

(h—c(p))?
This proves Theorem 7.1.

The statement of Theorem 7.1 remains true if the metric is replaced by a pseudo—metric
p such that p(z,y) < 400, for almost all (z,y) with respect to measure p® p. In Section



DIMENSION FREE WEAK CONCENTRATION 16

1, the concentration property inf, Rg") (p) > p could be expressed as Rn(p) > p, for the
space X = R* equipped with the pseudo—metric

Poo(,y) = sup |z; — yi,
12>1

and the product measure p®. In this case, p(z,y) = +oo, for almost all (z,y) with
respect to p*°, whenever the measure y has non—compact support, on the real line.
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