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Summary

In this dissertation, we develop partial stability theorems for nonlinear continuous-time
and discrete-time dissipative feedback systems. Speci cally, by invoking additional structural
constraints on the forward loop and feedback loop system storage functions, we develop
feedback interconnection partial stability results for dissipative nonlinear dynamical systems.
Our results provide extensions of the positivity and small gain theorems for guaranteeing
partial stability of feedback interconnected systems.

In addition, we introduce the notion of strongly dissipative dynamical systems. In par-
ticular, we construct a stronger version of the dissipation inequality that implies system
dissipativity and generalizes the notion of strict dissipativity but unlike strict dissipativ-
ity, which for a closed dynamical system implies asymptotic stability, the closed dynamical
system possesses the property that system trajectories converge to a Lyapunov stable equi-
librium state in nite time. The results are then used to derive Kalman-Yakubovich-Popov
conditions for characterizing necessary and su cient conditions for strong dissipativity in
terms of the system functions of the dynamical system using continuously di erentiable stor-
age functions and quadratic supply rates. Furthermore, using strong dissipativity concepts
we present several stability results for nonlinear feedback systems that guarantee nite time
stability. For specic supply rates, these results provide generalizations of the feedback
passivity and nonexpansivity theorems that additionally guarantee nite time stability.

Next, we develop momentum-based adaptive update laws for parameter identi cation

and control to improve parameter estimation error convergence and control system perfor-

Xi



mance for uncertain dynamical systems. Speci cally, we introduce two novel continuous-
time, momentum-based adaptive estimation and control algorithms and evaluate their e ec-
tiveness via several numerical examples. Our proposed adaptive architectures show faster
parameter convergence rates as compared to the classical gradient descent and model refer-
ence adaptive control methods.

Building on our momentum-based adaptive theme, next we develop an online learning
algorithm for solving the Bellman equation for a ne in the control discrete-time nonlinear
uncertain dynamical systems. To ensure accelerated learning of our algorithm in generating
optimal control policies, we use an actor-critic structure predicated on higher-order tuner
laws. More speci cally, we construct a Nesterov-like architecture involving momentum-
based learning laws leading to an accelerated convergence of the optimal control policy.
The proposed online learning-based optimal control framework guarantees uniform ultimate
boundedness of the closed-loop system under the assumption that the system is persistently
excited.

Finally, using our strong dissipativity framework we develop adaptive controllers using
non-Lipschitzian update laws that guarantee nite time stabilization of uncertain dynamical
systems. Speci cally, we construct a rescaled-integral gradient algorithm and a momentum-
based rescaled integral gradient algorithm and use a composite architecture to develop novel

adaptive controllers with nite time stability guarantees.
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Chapter 1

Introduction

1.1 Motivation and Goals

Generalized system energy considerations are often used to study the behavior of various
dynamical systems in physics and engineering. Among these systems, dissipative dynamical
systems form an important class of systems wherein they satisfy a dissipation hypothesis
that imposes a fundamental constraint on their dynamic behavior. Dissipative dynamical
systems are distinguished by conservation, dissipation, and transport laws that dictate that
the stored energy of such a system cannot exceed the initial stored energy or the total energy
supplied by the environment. This implies that energy cannot be created within the system
and, as a result, the total energy stored in the system either remains constant or decreases
over time.

The foundations of dissipativity theory using a state-space formalism can be traced back
to the original work of J. C. Willems on continuous-time deterministic dissipative systems
[1,2]. Nonlinear extensions to deterministic discrete-time passivity and losslessness were rst
addressed in [3{5], with [6] providing a complete formulation of dissipativity and lossless-
ness for discrete-time nonlinear deterministic dynamical systems. An area of application of
dissipativity theory is that of providing conditions for the stability of dynamical systems as
well as designing stabilizing feedback controllers. However, this theory does not address the

analysis and design of stabilizing feedback controllers that guarantpartial stability or nite



Figure 1.1. Block diagram of an adaptive control system.

time stability.

Another important application area of dissipativity theory is adaptive control, which
involves controller design for uncertain systems with parametric uncertainties [7{10]. More
speci cally, adaptive controllers involve time-varying control gains along with a mechanism
for estimating the system parameters over time; see Figure 1.1 [9]. An adaptive controller
typically consists of an on-line parameter estimator (also known as adaptive lawor update
law) along with a control law which is dependent on parameters estimates [11]. The design of
the adaptive law is critical in guaranteeing stability and performance of the adaptive system.
This design task can be challenging since adaptive update laws typically introduce system
nonlinearities and time-varying behavior at the closed-loop system level [9].

The origins of adaptive control can be traced back to the 1950s when control system
engineers working on high-performance aircraft faced the challenges of dealing with a wide
range of operating conditions. This necessitated the development of controllers capable of
adjusting gain parameters in real-time [12]. In the early development of adaptive control,
the sensivity methodand the MIT-rule were used to address the servo control problem where
the goal was for the system output to track a given reference signal in the presence of system
parametric uncertainties. The sensitivity method is essentially gradient descent algorithm
wherein the parameter estimates are updated in the direction that minimizes a prescribed
cost function [11]. Since the gradients, also known a&ensitivity functions, depend on the

unknown plant parameters, an approximate sensitivity function was constructed using what



has become known as the MIT-rule [11]. Despite its popularity among practitioners, the
MIT-rule had several limitations, including robustness issues that could lead to instability
and unbounded signals [13].

To overcome these challenges, Lyapunov stability theory along with dissipativity theory
was merged with adaptive control. In this context, the adaptive law was chosen to be passive
so that the closed-loop system consisted of an interconnection of two passive subsystems
thereby ensuring closed-loop stability via passivity-based analysis [9].

Another approach to adaptive control involves the use of gradient-based algorithms or
recursive least squares algorithm@RLS) operating on cost functions that lead to sensitivity
functions amenable to measurement [11]. These adaptive laws share the common feature of
relying on cost function evaluations to guide in system parameter estimation while avoiding
the use of derivatives of the parameter estimates. While this simpli es the analysis, design,
and implementation of adaptive methods, it can lead to slower convergence in certain cases.

In optimization theory and machine learning, it is well-established thamomentum-based
methodscan accelerate convergence [14]. Momentum-based methods are a class of optimiza-
tion techniques that aim to speed up convergence and help avoid getting trapped in local
minima. These methods were inspired by the idea of momentum from physics, wherein an
object in motion tends to stay in motion unless acted upon by an external force. In the
context of optimization, momentum architectures aid the algorithm to \build up speed" in
directions that consistently reduce the objective function while suppressing oscillations in
directions that do not reduce the objective function. This is in contrast to standard gradient
descent algorithms which perform particularly poorly with ill-conditioned problems wherein
the objective function has steep gradients in some directions and at gradients in other
directions.

There are notable similarities between adaptive control and optimization in machine
learning as both include concepts of stability, performance, and learning [15, 16]. Building

on these connections, recent research has explored the use of higher-order tuners in online



learning algorithms to accelerate the learning phase [15,17{19]. Most of this research has been
focused on the standard gradient descent methods [17] with some recent work concentrating
on momentum-based recursive least squares algorithms used for the parameter identi cation
of discrete time systems [19]. However, the integration of momentum-based architectures
into robust adaptive update laws, such as RLS and integral gradient algorithms, has not
been explored for continuous-time dynamical systems. Additionally, these new update laws
have yet to be applied to the optimal control for uncertain systems, that isadaptive dynamic
programming[20].

While connections between dissipativity theory and adaptive control have been well-
established in the literature (see [7,21] and the numerous references therein), our research
aims to extend this connection through the framework of strong dissipativity [22]. In this
research, we develop a theoretical framework that address the problems of partial stability
and nite time stability for dissipative systems. Furthermore, we extend the framework
of [15] by providing three new continuous-time higher order tuners, based on the integral
gradient algorithm, the recursive least squares algorithm and a particular combination of
these two algorithms. Additionally, we provide accelerated learning in the context of the
optimal control problem for uncertain discrete-time systems. Finally, we merge our strong
dissipativity framework with our momentum-based adaptive control architecture to develop

adaptive controllers with nite time guarantees.

1.2 Outline of the Proposed Research

The contents of this dissertation are as follows. In Chapter 2, we use dissipativity the-
ory to develop partial stability for nonlinear continuous-time and discrete-time dissipative
feedback systems. Speci cally, by invoking additional structural constraints on the forward
loop and feedback loop system storage functions, we develop feedback interconnection partial
stability results for dissipative nonlinear dynamical systems.

In Chapter 3, we develop a stronger notion of dissipativity theory by constructing a

4



stronger version of the dissipation hypothesis where the closed system (i.e., when the system
inputs and outputs are set to zero) is nite time stable. Moreover, we develop new neces-
sary and su cient Kalman-Yakubovich-Popov conditions in terms of the drift, input, and
output functions for characterizing strong dissipativity. Finally, using the concepts of strong
dissipativity for nonlinear dynamical systems, we construct smooth Lyapunov functions for
nonlinear feedback systems by appropriately combining the storage functions for the forward
and feedback subsystems. General stability criteria are given for Lyapunov, asymptotic, and
nite time stability for feedback interconnections of nonlinear dynamical systems.

In Chapter 4, we develop momentum-based adaptive update laws for parameter identi-
cation and control to improve parameter estimation error convergence and control system
performance for uncertain dynamical systems. Speci cally, we introduce novel continuous-
time, momentum-based adaptive estimation and control algorithms and evaluate their e ec-
tiveness via several numerical examples.

In Chapter 5, we derive novel momentum-based update laws for approximate dynamic
programming of discrete-time partially uncertain systems and show that the proposed frame-
work provides accelerated learning of the control policy and the solution of the Bellman
equation by utilizing data gathered along the system trajectories while guaranteeing uni-
form ultimate boundedness of the closed-loop system states.

In Chapter 6, we develop adaptive update laws with nite time guarantees and use the
strong dissipativity framework introduced in Chapter 3 to guarantee nite time stabilization
of uncertain dynamical systems.

Finally, in Chapter 7, we discuss ongoing research and future extensions of the proposed
research.

The notation used in this dissertation is standard. Speci cally, we writeR" to denote
the set ofn 1 column vectors,R" ™ to denote the set ofn m real matrices, ()7 to
denote transposeZ. (resp.,Z.) to denote the set of positive (resp., nonnegative) integers,

vec() to denote the column stacking operator, andkQkr to denote the Frobenius norm



of the matrix Q 2 R™ ". The equi-induced 2-norm of a matrixQ 2 R™ " is denoted as
kQk = kQk, , P e (QTQ) = max(Q); where max() denotes the maximum eigenvalue
and ax() denotes the maximum singular value. We write ,in () (resp., min()) for the
minimum eigenvalue (resp., singular vaIue)%ﬁ(x) for the gradient of a scalar-valued function
V with respect to a vector-valued variablex, and f(s) for the Laplace transform off ( ), that

is f’\(s) , Lff(t)g= F\;l e Sif (t)dt. The transpose of the gradient of a scalar-valued function
V with respect to a vector-valued variablex is a column vector denoted by ,V(x). We
de ne the open ballB- (X¢) , X2 R" : kx Xx¢k <" g centered atx, with radius " in the
Euclidean norm, while the corresponding closed ball is denotedBgx.], and we write 'V (x)
for the di erence operator ofV : R" ! R at x. Finally, we write R(s) to denote the proper
rational functions with coe cients in R (i.e., SISO proper rational transfer functions) R[s]
to denote polynomials with real coe cients,L , to denote the space of measurable functions

for which the p-th power of the absolute value is Lebesgue integrable o 10), and L; to

denote the space of bounded Lebesgue measurable functions ¢ [0



Chapter 2

Partial Stability of Nonlinear Dissipative

Feedback Systems

2.1 Introduction

In control engineering, dissipativity theory provides a fundamental framework for the
analysis and control design of dynamical systems using an input, state, and output system
description based on system energy-related considerations [1,2,6]. The notion of energy
here refers to abstract energy notions for which a physical system energy interpretation is
not necessary. The dissipation hypothesis on a dynamical system results in a fundamental
constraint on the system's dynamical behavior, wherein the stored energy of a dissipative
dynamical system is at most equal to the sum of the initial energy stored in the system and
the total externally supplied energy to the system. Thus, the energy that can be extracted
from the system through its input-output ports is less than or equal to the initial energy
stored in the system, and hence, there can be no internal creation of energy; only conservation
or dissipation of energy is possible.

On the level of analysis, dissipativity theory involves conditions on system parameters
that render an input, state, and output system dissipative. Dissipativity notions can also be
used to analyze system stability robustness by viewing a dynamical system as an intercon-

nection of dissipative dynamical subsystems. On the synthesis level, dissipativity theory can



be used to design feedback controllers that add dissipation and guarantee stability robust-
ness allowing stabilization to be understood in physical terms. In particular, passivity-based

control architectures [6,23{25] are extremely appealing since the control action has a clear
energy interpretation which can considerably simplify controller implementation.

In many engineering applicationspartial stability, that is, stability with respect to part
of the system's states, is often necessary. Partial stability arises in the study of electromag-
netics [26], inertial navigation systems [27], spacecraft stabilization via gimballed gyroscopes
and/or ywheels [28], combustion systems [29], vibrations in rotating machinery [30], and
biocenology [31], to cite but a few examples. The need to consider partial stability arises
from the fact that stability notions involve equilibrium coordinates as well as a hyperplane
of coordinates that is closed buhot compact. Hence, partial stability involves motion lying
in a subspace of the state space.

In this chapter, we use dissipativity theory to develop partial stability for nonlinear
continuous-time and discrete-time dissipative feedback systems. Speci cally, by invoking
additional structural constraints on the forward loop and feedback loop system storage func-
tions, we develop feedback interconnection partial stability results for dissipative nonlinear
dynamical systems. These results provide a generalization of the small gain and positivity

theorems for guaranteeing partial stability of the feedback system.

2.2 Dissipative and Exponentially Dissipative Dynamical Systems

In this section, we recall several de nitions and properties of dissipative and exponentially
dissipative nonlinear continuous-time dynamical systems. Consider the nonlinear dynamical

systemG given by

F(x(t);u(t)); X(to) = Xo; t to; (2.1)

H (x(t); u(t)); (2.2)

x(t)
y(t)



where, for everyt 0,x(t) 2D R", D is an open set with 02 D, u(t) 2 U R™ with
02U,y(t)2Y R,F:D U! R andH:D U! Y. Forthe dynamical systemG
given by (2.1) and (2.2) de ned on the state spac®, U and Y de ne an input and output
space, respectively, consisting of continuous boundétvalued andY -valued functions on
the semi-in nite interval [0;1 ). The setU contains the set of input values, that is, for every
u()2U andt 2 [0;1 ), u(t) 2 U. The setY contains the set of output values, that is, for
everyy()2Y andt2 [0;1 ), y(t)2 Y.

The spacedJ and Y are assumed to be closed under the shift operator, that is,uf ) 2 U
(resp.,y() 2 Y), then the function de ned by ur = u(t+T) (resp.,yr = y(t+T)) is contained
in U (resp.,Y) forall T 0. We assume thatF(; ) and H( ; ) are Lipschitz continuous
mappings in &;u) and F(; ) has at least onepartial equilibrium [6]. Furthermore, for the
nonlinear dynamical systemG we assume that the required properties for the existence and
uniqueness of solutions are satis ed, that i3j( ) satis es su cient regularity conditions such
that the system (2.1) has a unique solution forward and backward in time.

For the dynamical systemG given by (2.1) and (2.2), a functionr : U Y ! Riscalled a
supply rateif r(u;y) is locally integrable for all input-output pairs satisfying (2.1) and (2.2),
that is, for every t 2 [to;1 ) and all input-output pairs u(t) 2 U and y(t) 2 Y satisfying
(2.1) and (2.2),r( ; ) satis es |:\:tfjr(u(s);y(s))jds <1,t;;t, O.

De nition 2.2.1  ([1,6]). A dynamical systemG of the form (2.1) and (2.2) is dissipative
with respect to the supply rate (u; y) if there exists a continuous nonnegative-de nite function
Vs;: D! R, called astorage function such that the dissipation inequality

Z'[
Vs(x(1))  Vs(x(to)) +  r(u(s);y(s)ds; t to; (2.3)

to

is satis ed for all to;t 0, wherex( ), is the solution of (2.1) with u(t) 2 U. A dynamical
system G of the form (2.1) and (2.2) isexponentially dissipative with respect to the supply

rate r(u;y) if there exist a constant" > 0 and a storage functionvs : D! R such that the



exponential dissipation inequality

Zt
e Vs(x(1)) e Ve(x(to)) +  e°r(u(s);y(s))ds; t  to; (2.4)

to
is satis ed for all tg;t 0, wherex( ), is the solution of (2.1) with u(t) 2 U.

De nition 2.2.2  ([6]). A dynamical systemG of the form (2.1) and (2.2) withm = | is
passive(resp., exponentially passiveif Gis dissipative (resp., exponentially dissipative) with

respect to the supply rater (u;y) =2u'y.

De nition 2.2.3  ([6]). A dynamical systemG of the form (2.1) and (2.2) isnonexpansive
(resp., exponentially nonexpansivef G is dissipative (resp., exponentially dissipative) with

respect to the supply rater(u;y) = 2u'u y'y, where > 0 is given.

If Vs(s(t; x;u)) is continuously di erentiable at t =0 for all x 2 D andu() 2 U, where
s(t; x; u) denotes the system state at time reached from the initial statex at time ty by
applying the input u to G, then an equivalent statement for the dissipativeness @ with

respect to the supply rater(u;y) is
Vs(x;u)  r(usH(x;u)); x2D; u2U; (2.5)

where \L(Xx;u) = %V(s(t;x; u)) ., denotes the total derivative ofVy(x) along the system
state trajectory s(t; x; u) of (2.1) through x 2 D with u() 2 U at t = 0. Furthermore, in this

case an equivalent statement for exponential dissipativeness®@fvith respect to the supply
rate r(u;y) is

V(x;u) + "Vg(x)  r(u;H(x;u)); x2D; u2U: (2.6)
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2.3 Partial Stability of Feedback Interconnections of Dissipative

Dynamical Systems

In this section, we consider feedback interconnections of dissipative dynamical systems.
Speci cally, using the notion of dissipative and exponentially dissipative dynamical systems,
with appropriate constraints on the system storage functions and supply rates, we construct
Lyapunov functions for guaranteeing partial stability of interconnected dynamical systems by
appropriately combining the storage functions for each subsystem. For generality, we allow
the nonlinear feedback system (i.e., compensator) to be of xed dimensiog = n¢; + N,
that may be less than the plant ordem = n; + ny; thatis, n;  n.

We rst begin by introducing some de nitions concerning di erent types of partial sta-
bility. Speci cally, consider the partitioned nonlinear autonomousclosed(i.e., u(t)  0)

dynamical system given by

fi(Xa(t);x2(t));  X1(0) = X130, t O (2.7)

fo(x1(t); x2(1));  X2(0) = Xa0; (2.8)

X1 (t)

X2(t)

where, for everyt 0, x3(t) 2 D, D R"™ is an open set such that @ D, x,(t) 2 R"2,
f,:D R" 1 R"™ is such that, for everyx, 2 R"2, f1(0;x,) = 0 and f(;x>) is locally
Lipschitz in x;, f, : D R"™ ! R" is such that, for everyx; 2 D, and f,(Xy; ) is locally
Lipschitz in x,. Note that under the above assumptions the solutionxg(t); x,(t)) to (2.7)
and (2.8) exists, is unique, and is forward complete [6].

The following de nition introduces ve types of partial stability de nitions, that is, sta-

bility with respect to the state x, for the nonlinear dynamical system (2.7) and (2.8).

De nition 2.3.1  ([6]). i) The nonlinear dynamical system (2.7) and (2.8) isyapunov
stable with respect to, if, for every " > 0, there exists = (") > 0 such that kxok <

implies that kx;(t)k <" forallt 0 and for all xo9 2 R"2.
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i) The nonlinear dynamical system (2.7) and (2.8) imsymptotically stable with respect
to x, if it is Lyapunov stable with respect tox; and there exists > 0 such that kx;ok <
implies that limy;  X1(t) = 0 uniformly in X310 and X, for all X, 2 R"2.

ili ) The nonlinear dynamical system (2.7) and (2.8) i€xponentially stable with respect
to x4 if there exist scalars; ; > 0 such thatkxqok implies that kx,(t)k kxioke ',

t 0, for all x,p 2 R"2.

iv) The nonlinear dynamical system (2.7) and (2.8) igllobally asymptotically stable with
respect tox; if it is Lyapunov stable with respect tox; and limy;  x3(t) = O uniformly in
X10 and Xy for all X192 R" and X, 2 R"2.

v) The nonlinear dynamical system (2.7) and (2.8) igllobally exponentially stable with
respect tox, if there exist scalars; > 0 such that kx,(t)k kxioke ', t 0, for all

X10 2 R" and Xo0 2 R"z,

Next, to address partial stability of feedback interconnections for dissipative systems, con-
sider the negative feedback interconnection of the nonlinear a ne in the control partitioned

dynamical systemG given by

xa(t) = fa(xa(t);X2(t)) + Ga(xa(t); X2())u(t); X1(0) = X10; t O (2.9)
X2(t) = fa(xa(t); X2(t)) + Ga(xa(t); X2(t))u(t); X2(0) = Xa0; (2.10)
y(t) = h(xa(t); x2(t)) + I(X1(t); X2(t)) u(t); (2.11)

where, for everyt  0; x(t) 2 R™, x,(t) 2 R"™ u(t) 2 R™, y(t) 2 R, f; : R"* R" ! R",
G,:R™ RM™! RM ™ f,:RM R™| R" G,:R™ RM"! R"™ M p:R™ RM"2I R

andJ :R™ R" 1 R!' ™ with the nonlinear partitioned feedback systenG. given by

Xe1(t) = fea(Xea(t); Xea(t)) + Gea(uc(t); Xea(t); Xea(t))uc(t);  Xc1(0) = Xe10; t 0; (2.12)
Xe2(t) = fea(Xca(t); Xea(t)) + Gea(Uc(t); Xea(t); Xea(t)) Uc(t);  Xc2(0) = Xcoo; (2.13)

Ye(t) = he(Ue(t); Xea(t); Xea(t)) + Je(Uc(t); Xcea(t); Xea(t)) Uc(t); (2.14)

12



where Kc1; Xe2) 2 R™ R"™2 u. 2 R, y. 2 R™, fo i Rt R"2 1 RM satis esfq(0; ) =0,
feo:RM™ RM™ 1 R Gg:R' R Rl Rl G,:R' R Rl Rt ! p:
R' R R" | R™satiseshy(0;0;)=0,and J.:R' R"™ R" | R™ ! \We assume
that f1(; ), Gi(; ), f2(3), Ga(), h(5 ), I(5 ) faa(s ) fea(5 ), Gl ;) Geaals3),
he(; ; ), and J¢(; ; ) are Lipschitz continuous mappings and the required properties for the
existence and uniqueness of solutions of the negative feedback interconnectio® ehd G
are satis ed. Note that for the negative feedback interconnection ¢ and G, u. = y and
Yc = U. Here and henceforth we assume that the negative feedback interconnectiorGof
and G is well posed, that is, detl, + Jc(Y; Xc1; Xe2)J (X1;X2)] 6 O for all y, (X1;X3), and
(Xe1; Xc2)-

The following results give su cient conditions for partial Lyapunov and partial exponen-
tial stability of the negative feedback interconnection ofc and G.. For the statement of this

result, recall the de nition of a classK function [6, p. 162].

Theorem 2.3.1. Consider the closed-loop system consisting of the nonlinear dynamical
systemsG and G. with input-output pairs ( u;y) and (uc; Y¢), respectively, and withu, = y
andy. = u. AssumeG and G, are dissipative with respect to the supply rates (u;y)
and r¢(uc; ye), and with continuously di erentiable storage functionsVg(; ) and Vs( ; ),

respectively, satisfying

(kx1k)  Vs(X1;X2) (kx1K);  (x1;x2) 2 R™  R"2; (2.15)

c(kXc1K)  Vse(Xc1; Xe2) o(kXc1K);  (Xc1; Xe2) 2 R™ R"e?; (2.16)

where (); (), <(),and () are clasK functions. Furthermore, assume that there exists
a scalar > 0 suchthatr(u;y)+ r ¢(uc;y¥e) 0. Then the following statements hold:

i) The negative feedback interconnection d& and G is Lyapunov stable with respect to
R, [XI;x4]T.

i) If G and G are exponentially dissipative with respect to supply rates(u;y) and
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r<(uc; ye), respectively, andVs( ; ) and Vs( ; ) are such that there exist constants; ; ;

and > 0 such that

kx1k?  Vs(X1;X2) kx,k?; (X1;X2) 2 R R"2; (2.17)

ckxclk2 Vsc(xcl; XCZ) ckxclkz; (Xcl; XCZ) 2 Rnﬂ Rﬂcz ; (2-18)

then the negative feedback interconnection @& and G. is globally exponentially stable with

respect toxy.

Proof. i) Consider the Lyapunov function candidate

V (X1; Xe1s X23 Xe2) = Vs(X1;X2) + V se(Xe1s Xe2) (2.19)

and note that

NKkR1K)  V(X1) Xc1; X2; Xe2) A(kklk); (X1; X2, Xe1; Xe2) 2 R™ R"™ Rt R"2: (2.20)

where \k&K) ,  (kxik) +  o(kxeak) and “(k&k) ,  (kxik) +  o(kxcik) are classK
functions. Now, the total derivative of V along the closed-loop system trajectories through

(X1;X2; Xc1; Xe2) 2 R™ R"2 - Rt R"2 js given by

V(X1 Xe1s X23 Xe2) = Ma(X13X2) + Vae(Xens Xe2)
r(u;y) + rc(Uc;ye)

0; (X1;X2;Xe1;Xe2) 2 R™ R" R R"e2; (2.21)

which, by ii ) of Theorem 4.1 in [6], implies that the negative feedback interconnection &
and G is Lyapunov stable with respect tox%.

i) If Gand G are exponentially dissipative andVg( ; ) and Vg( ; ) satisfy (2.17) and
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(2.18), then it follows that
minf ;. gkR1k? V(X1 Xe1) X2, Xe2)  maxf ; gkR.k? (2.22)
and

VL(X1;5 Xes X23 Xe2) = Va(X13X2) + Vae(Xeas Xe2)
"Vs(X1; X2) " ¢Vse(Xe1s Xe2) + r(u;y) + 1 c(Ue; Ye)
minf " " ogkRIK®  (X1iX2iXe1iXe2) 2 R™ R™ R R™

(2.23)

which, by viii ) of Theorem 4.1 in [6], implies that the negative feedback interconnection of

G and & is globally exponentially stable with respect tox{. O
The next result presents partial Lyapunov and partial exponential stability of dissipative

feedback systems with quadratic supply rates [2,6]. For the statement of the next resuif!

denotes the set off g symmetric matrices.

Theorem 2.3.2. LetQ2S,S2R' "M R2S", Q29" S.2R™!' andR.2 S.
Consider the closed-loop system consisting of the nonlinear dynamical syste@given by
(2.9){(2.11) and G given by (2.12){(2.14). AssumeG is dissipative with respect to the
quadratic supply rater(u;y) = y'Qy + 2y"Su+ u'Ru and has a continuously di eren-
tiable storage functionVy( ; ) such that (2.15) holds, andG. is dissipative with respect to
the quadratic supply raterc(Uc Ye) = YI Qcye + 2Y] ScUe + Ul RcUe and has a continuously
di erentiable storage function Vg( ; ) such that (2.16) holds. Furthermore, assume there

exists > O such that
2 3
Qiﬁ Q+ R S+ Sgg
ST+ S. R+ Q¢

0: (2.24)
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Then the following statements hold.
i) The negative feedback interconnection d& and G is Lyapunov stable with respect to
R1.
i) If Gand G are exponentially dissipative with respect to the quadratic supply rates
r(u;y) andrq(uc; ye), and Vy( ; ) and Vg( ; ) are such that there exist constants; ; ., and
¢ > 0 such that (2.17) and (2.18) hold, then the negative feedback interconnection®fand

& is globally exponentially stable with respect taxf.

Proof. The result is a direct consequence of Theorem 2.3.1 by noting that

2 3; 2 3

Uy * reuay)=9°" % 097 &,
Ye Ye

and hencer(u;y)+ r c(uc;y.) O. O
The following corollary is a direct consequence of Theorem 2.3.2 and generalizes the
small gain and positivity theorems for guaranteeing partial stability. For the next result, we

assume that all storage functions o6 and G, are continuously di erentiable.

Corollary 2.3.1. Consider the closed-loop system consisting of the nonlinear dynamical
systemsG given by (2.9){(2.11) andG; given by (2.12){(2.14). Then the following statements
hold.

i) If Gand G are exponentially passive with storage function¥s( ; ) and Vg( ; ), re-
spectively, such that (2.17) and (2.18) hold, then the negative feedback interconnection®f
and G is globally exponentially stable with respect tox{.

i) If Gand G are exponentially nonexpansive with storage functiong( ; ) and Vs( ; ),
respectively, such that (2.17) and (2.18) hold, and with gains> 0 and > O, respectively,
such that 1, then the negative feedback interconnection d& and G is globally

exponentially stable with respect tox4.

Proof. The result is a direct consequence of Theorem 2.3.2. Speci callyfollows from
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i) of Theorem 2.3.2 withQ= Q. =0, S= S, = I,,, R = R, =0, whereasii) follows from
i) of Theorem 2.3.2 withQ= 1,,S=0,R= 2l,,,Qc= I,S:=0,and Rc= Zl,. DO

Example 2.3.1. Consider the controlled spacecraft with one axis of symmetry [32] given

by
La(t) = Tog! o(0) a(t) 2l a()+ u(t); '1(0)="'1 t O (2.25)
Lo(t) = lagla()!a(t) 2l 2(t) + u(t); !2(0) = ! (2.26)
5(t) = u(t); !3(0)=!30; (2.27)
with output
y(t) = 1 a(t) + 1 o(t); (2.28)

where | 53 , % I, 1, and I3 are the principal moments of inertia of the spacecraft
satisfying O< 1, =1,<13,!4,!,, and! 3 denote the components of the angular velocity
vector with respect to a given inertial reference frame expressed in a central body reference
frame, u is the spacecraft control moment, ; and , are positive scalars re ecting dissipation
in the ! ; and ! , coordinates, andy is the measured system output.

Letx; =[!1;!,]" andx, = ! 5, and consider the candidate storage functiovk(x; X»; u) =

X1 x4, which satis es (2.17). Next, note that

Vs(X1; Xo;U) = 2] MX g + 2uy "Vo(X1; Xp) + 2 UY; (2.29)
2 3
1 0 _ : .
whereM = 2 E and" =2 pnin(M), which shows that (2.25){(2.28) is exponentially

0 >
passive.

Next, consider the rst-order dynamic compensator
Xc(t) = 40X(t) +5uc(t); Xc(0) = Xeo; t O (2.30)
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Figure 2.1: Uncontrolled angular velocities versus time.
Ye(t) = 6 Xc(1); (2.31)

and note that, with storage functionVs(Xc) = gxg satisfying (2.18),Vec(Xc; Uc) = 80Vse(Xc)+
UcYe, and hence, (2.30) and (2.31) is exponentially passive. Now, it follows frapof Corol-
lary 2.3.1 that the negative feedback interconnection of (2.25){(2.28) and (2.30) and (2.31)
is exponentially stable with respect taxf = [x];X]".
Let I, = 1, =100 kgm?, 13 =150 kgm?, | 1o = 10 Hz, ! 5o = 12:5 Hz, ! 30 = 10 Hz,

1 =0:05 Hz, , =0:1Hz, andx¢ = 0. Figure 2.1 shows the angular velocity versus time
of the uncontrolled system, whereas Figure 2.2 shows the controlled system response. Note
that ! 3 remains constant for the uncontrolled case and converges to a nonzero value for the

controlled case. 4

Example 2.3.2. In this example, we consider the control of thermoacoustic instabilities
in combustion processes. Engineering applications involving steam and gas turbines and
jet and ramjet engines for power generation and propulsion technology involve combustion
processes. Due to the inherent coupling between several intricate physical phenomena in

these processes involving acoustics, thermodynamics, uid mechanics, and chemical kinetics,
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Figure 2.2: Controlled angular velocities versus time.

the dynamic behavior of combustion systems is characterized by highly complex nonlinear

models [33,34]. The unstable dynamic coupling between heat release in combustion pro-

cesses generated by reacting mixtures releasing chemical energy and unsteady motions in

the combustor develop acoustic pressure and velocity oscillations that can severely a ect

operating conditions and system performance.

Consider the nonlinear dynamical system adopted from [6] and [33] given by

a®= 160  GOOSEGM) +3u0; 0= ai t 0 (232)
®() = 20(t)+ qi(t)cos@s(t) + u(t); (0) = to 6 0; (2.33)
a0=2: : I m snao: w0 g (234

with output

V(0 =360 + () (239

representing a time-averaged, two-mode thermoacoustic combustion model, whege> 0

and , > 0 represent decay constants,; and , 2 R represent frequency shift constants,
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= ( +1)=8 !, where denotes the ratio of specic heats and ; is the frequency of
the fundamental mode, andu is the control input signal. As shown in [33] and [34], only the
rst two states g and ¢ representing the modal amplitudes of a two-mode thermoacoustic
combustion model are relevant in characterizing system instabilities since the third statg
represents the phase di erence between the two modes [35]. Hence,Xet= [o; ] and
X = g, and consider the candidate storage functio¥s(x1; X2) = X1 X1, which satis es (2.17).

Next, note that

Vs(X1; Xp;U) = ZXI Mx 1 + 2uy "Vs(X1; X2) +2Uy; (2.36)
2 3

0
whereM = 9 ' % and" =2 nin(M), which shows that (2.32){(2.35) is exponentially
0

passive.

Now, consider the second-order nonlinear dynamic compensator

Xc1(t) = Xea(t);  Xc1(0) = Xe105 t O; (2.37)
Xeo(t) = [2+ (Xea(t) + Xea())A]Xea(t) + Xea ()] + Uc(t);  Xc2(0) = Xezo; (2.38)
Ye(t) = Xea(t) + Xea(t); (2.39)

and note that, with storage function Vise(Xc1; Xc2) = X2 + (Xe1 + Xc2)? satisfying (2.18),

Vsc(xcl; Xc2; Uc) = 2Xc2xcl + 2(X02 + Xcl)XCZ 2[2 + (Xcl + XcZ)z](XCZ + Xcl)2 + 2ucyc
4X02Xc1 + 2X§2 4(Xcl + XCZ)2 +2 UcYc
2X2 + 2(Xe1 + Xe2)? A(Xe1 + Xe2)® + 2UcYe

2Vsc(Xet1; Xe2) + 2 UcYe; (2.40)

and hence, (2.37){(2.39) is globally exponentially passive. Thus, it follows from of Corol-
lary 2.3.1 that the negative feedback interconnection of (2.32){(2.35) and (2.37){(2.39) is
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Figure 2.3: Uncontrolled amplitudes and phase versus time.

globally exponentially stable with respect tox? = [X]; Xc1; Xco]" -
Let =4rad, ,=32rad, =0:21,';=1Hz, =14, ;=15Hz, ,=3Hz
Guo = 2, Gho = 1, Ogo = 3, Xc10 = 0, and X9 = 0. Figure 2.3 shows the states versus time
of the uncontrolled system, whereas Figure 2.4 shows the controlled system response. Note

that x,(t) = a(t) is unstable for both the uncontrolled and controlled case. 4

2.4 Feedback Exponential Passivity and Partial Stabilization

In this section, we extend some of the results in [36] involving di erential geometric
methods and feedback passivation to construct exponentially passive systems with storage
functions satisfying (2.17). Speci cally, consider the square (i.an = |) nonlinear dynamical

systemG given by

f(x®)+ Gx(M)u(t);  x(©0)=x; t 0 (2.41)

x(t)
y(t)

h(x(t)); (2.42)

21



Figure 2.4:. Controlled amplitudes and phase versus time.

wherex 2 R", u;y2 R™, f :R"! R",G:R"! R"™ M andh:R"! R™. We assume that

f (), G(), and h() are smooth, that is, in nitely di erentiable mappings. Furthermore, for
the nonlinear dynamical systemG we assume that the required properties for the existence
and uniqueness of solutions are satis ed, that is( ) satis es su cient regularity conditions
such that (2.41) has a unigue solution forward in time.

The controlled nonlinear system (2.41) ideedback exponentially passivethere exist a
global invertible state transformationT : R" ! R" and a nonlinear feedback control law
u= (X)+ (X)v,where :R"! R™and :R"! R™ M satises det (x) 60, x2 R",
that transforms (2.41) and (2.42) into an exponentially passive system with a new input
v 2 R™. For simplicity of exposition, here we assume that(x) = I,.

For the statement of the next result, de ne theLie derivative of a scalar functionV (x)
along the vector eld of f (x) by

L V(x) 2 @é);)

f(x)
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and de ne

2 3
Lg,hi(X) Le,, hi(x)
Leh(x) = g : % ;
Lo, hm(X) Lg, hm(X)
whereG;, i = 1;:::;m, are the smooth column vector eldsofcandh;,i =1;:::; :m, are the

smooth components oh. Furthermore, recall the de nitions for a complete and involutive
vector eld given in [6] as well as the de nition of a minimum phase and relative degree
f1;1;:::; 1g system given by (2.41) and (2.42). Finally, recall that if (2.41) and (2.42) has

relative degreef 1; 1;:::; 19, then Lgh(x) is nonsingular for allx 2 R" [37].

Lemma 2.4.1 (37]). Assume (2.41) and (2.42) is minimum phase with relative degree
f1;1;:::;1g. Ifthe vector eld G(Lgh) !is complete and involutive, then there exist a global
dieomorphism T : R" ! R", an in nitely di erentiable function fo:R" ™! R"™ ™ and

an in nitely di erentiable function g:R" ™ R™ ! R ™ M gych that, in the coordinates

2 3
878700 ip2R" R (2.43)
Z
(2.41) is equivalent to
3 2 3
gYz_g Lh 7 gbehtdz (2.44)
z fo(2) + A(z;y)y 0

Letting z, [z{;Z]]", wherez; 2 R™ andz, 2 R(" ™ M andfy : R RM M Ny

R, fgo : Rm RO M mp ROLmM g - R ROLM N RpM | R Mognd g
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R R M niogmyp R M) n) m o3 44) can be equivalently written as

2 3 2 3 2 3
y Lt h(x) Lsh(x)

g 72| % = g fo1(z1;22) + h(z1; 22, Y)Yy § + g 0 %“: (2.45)
2 foa(z1;22) + p(z1; 227 Y)Y 0

Next, we present the main result of this section which gives a su cient condition for
rendering a nonlinear system of the form (2.41) and (2.42) feedback exponentially passive

with a storage function satisfying (2.17).

Theorem 2.4.1. Consider the nonlinear dynamical systerts given by (2.41) and (2.42),
and assume that (2.41) and (2.42) is minimum phase with relative degréd;1;:::; 1g.
If the vector eld G(Lgh) ! is complete and involutive, and there exists a continuously

di erentiable function V, : R" ! R satisfying

okzik?  Vo(z1)  okzik?; z1 2 R™; (2.46)

Vi(z1)f 01(21; 22) "oVo(z1); z12 R™; (2.47)

where o; o, and "y are positive constants, then the system (2.41) and (2.42) is feedback
exponentially passive with a continuously di erentiable storage functiorVs : R™*™ I R

such that

k2.k?  Ve(21)  k2k% 2,2 RMYM: (2.48)

wherezy, [z{;y"]" and ; are positive constants.

Proof. It follows from Lemma 2.4.1 that (2.41) and (2.42) can be equivalently written

as

y(t) = Lih(x(t))+ Leh(x(®)u(t); y@0)=yo; t 0 (2.49)
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z(t)

25(t)

for(z1(t); z2()) + au(za(t); z2(); (1) y(1);  z1(0) = Z1o; (2.50)

foa(za(t); Zo(1)) + G(za(1); Z2(1); Y(1))Y(1);  22(0) = Zzo: (2.51)

Now, since, by assumption, there exists a continuously di erentiable functioNy(z,), z; 2

R", such that (2.46) and (2.47) hold, it follows that
Vo(21;22) = V(@)[for(21;22) + (122 0)Y]  "oVo(z1) + Volza)@u(zi; 223 Y)y:
Next, using the state feedback transformation
U(z1:z2;y) = 3(Lch(x)) [ Lih(x) o (z1;z;y)Vy (z2) "1y + VI (2.52)
wherev 2 R™, and the storage functionVs(2,) = Vo(z1) + y'y; it follows that

u(21:22,v)  "oVo(z)  21yTy+2VvTy

"Vo(21) +2V'y; (2.53)

where" = min("; 2"1), which shows that (2.41) and (2.42) is exponentially passive. Finally,

note that (2.48) holds with = min( ;1) and =max( o;1). This completes the proofO

Example 2.4.1. The following example is adopted from [30] and considers the control
of a spinning top with a mass imbalance shown in Figure 2.5. The dynamics of the rigid,
xed-base, controlled spinning top are completely described by the Euler-Poisson equations

(see [38]) and are given by

)= J @) IHm+I T 9 oty 1o+ I )

kp(OK
1O0)=['10;! 20 a0]"; t O (2.54)
pi(t) = 1D+ pI()] + L a(t)pa(t)pa(t) + ! 2(t)p2(t);  Pu(0) = Puo; (2.55)
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Figure 2.5: Fixed-base spinning top.
R(t) = La(O[L+ po(0)] ! a(DPa(t)P2(t) ! a(B)pu(t);  p2(0) = poo: (2.56)
Furthermore, we assume that the system output is given by
y(£) =[1a(0) + kapa(t); ! 2(t)  kopa(D)]: (2.57)

Here,! (t) , ['1(t);!2(t);!s(D)]" 2 R% 1, [0;0;°] 2 R, and u(t) = [ua(t); uz(t)]" 2 R?
are, respectively, the angular velocity of the top, the position vector of the center of mass,
with * being the distance from the origin to the center of mass, and the control torque input;
and p(t) = [pu(t);p2(t);1]" 2 R® is a projection vector de ned by the time-varying unit
vector (t)=[ 1(t); 2(t); 3(t)]" 2 R in the negative gravity direction resolved in the body

coordinates withp, , = and p, , 2,3 is the inertia matrix of the top in the body frame,
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m is the mass of the topg is the gravity constant, k; and k, are positive constants, and

2 3

3

0

is the input matrix capturing the torque inputs u;(t) and u,(t) produced by two body- xed
torque actuators along thei- and j -axis. For this problem, we seek to partially stabilize the
top with respect to X, = [! 1;! 2;p1; p2]"-

First, we show that (2.54){(2.57) is feedback exponentially passive with a continuously
di erentiable storage function such that (2.48) holds. To see this, let

2 3
P1
zZ, g pz % ;
Jigl 1+ Jogl 2+ Jasl 3

whereJ; dencfegthe ;] )th entry of the inertia matrix J. Next, consider the transformation

T(x)= Tx= Syg wherex =[! 1;! ;! 3;p1; p2]" and

V4
2 3
1 0 O 0 kg
O 1 O ko O
T=80 0 O 1 ;
0O 0 O 0

Jl?: \]23 J33 0 0

and note that T (x) is a global di eomorphism that transforms (2.54){(2.56) into the form
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of (2.45). Furthermore, note that

z3=(Juu Ja)' 12+ J(13 1D+ (Jisl s Jaal 1) s (2.58)

Since the torque input does not appear in (2.58) (x) transforms (2.54){(2.56) into

? 3 2 3 2 3
2% L¢ h(x) Lsh(x)
9L 4 - -
=8 fou(ze;22:28) + w(z15 22123 y)y 7+ 0 u; (2.59)
V4]
fo2(z1; 22, 23) + (Z1; 22, 233 Y)Y 0
Z3
where
2 3
kozy(1+ z8) kwzaZd +(z3 + kid12zo  KoJ2sZ1)2o
fo1(z1;22; 23) = 2 ' 2 g ; (2.60)
k122(1 + Zg) kzZ%Zz (Z3 + li 1222 k2J23Z;|_)Z]_
and 2 3
212, Ji13Z 1+ 22) Iz,
(2222 21y) = 3 L £ (2.61)
1+ z5+ Jisza 212, + Jaszy
Next, taking Vo(z1;22) , 322+ 323, it follows that
Vlz1; 22)f01(z1; 22) = (KaZ5 + KoZ2)(1 + 2§ + Z3);
"Vo(z1; 22); (2.62)

where" = min( ky; k,), and hence, (2.46) and (2.47) hold. Thus, it follows from Theorem
2.4.1 that (2.54){(2.57) is feedback exponentially passive with a continuously di erentiable

storage function such that (2.17) holds. Now, with control input (2.52) and, = 1, it follows
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that 2 3 22 33

2
Y
2¥3 y §v1Z
Z V2
978 7 = E fou(z1;22:28) + u(z1i 22 23y)y 7+ : (2.63)
Z 0
foa(z1; 22, Z5)Y) + (215 225 Zs: Y)Y
Z3
Next, consider the second-order dynamic compensator
Xea(t) = Xea(t) + Uca(t);  Xc1(0) = Xe10; t O (2.64)
Xe2(t) = Xea(t) + Uca(t);  Xc2(0) = Xcoo; (2.65)
ye(t) = [Xea(t); Xea()]; (2.66)

and note that, with storage function Vse(Xc1; Xc2; Ue1; Uep) = xgl + x§2 satisfying (2.18),
Vae(Xe1; Xe2; Ue) = Vise(Xe1; Xe2) + 2U7 Yo, Where Ue = [Ue; Uco]™, and hence, (2.64){(2.66)
is exponentially passive. Thus, it follows from) of Corollary 2.3.1 that the negative feed-
back interconnection of (2.63) and (2.64){(2.66), wherei,1(t) = yi(t), ucx(t) = Vya(t),

Xe1(t) =  wi(t), and xo(t) =  vu(t), is partially asymptotically stable with respect to
2 = [Y; 21,22, Xe1; Xe2] T or, equivalently, ¥, = [! 15! 2; p1; P2; X1 Xeo] T

Letm=5kg, =0:1m,k; = k, =1 Hz,
2 3

0:1476 0 0:042
J=§ 0 0:3001 0 kg m?;

0:0427 0 08325

10 = 0 Hz, ! 20 = 0 Hz, ! 30 = 25 Hz, Pio = 0:5774, P20 = 0, Xc10 = 0, and Xc20 = 0.
Figures 2.6 and 2.7 show, respectively, the locus of the center of mass of the spinning top
and the angular velocities versus time with the control enabled after 1 second. Note that

the angular velocity! 3 converges to a nonzero value as expected. 4
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Figure 2.6: Locus of the center of mass (length dimensions normalized bl).

Figure 2.7: Angular velocities versus time.
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2.5 Partial Stability of Discrete-Time Dissipative Feedback Sys-

tems

In this section, we extend the result of Sections 2.2 and 2.3 to the discrete-time setting.
First, we recall several de nitions and properties of dissipative and geometrically dissipative
discrete-time nonlinear dynamical systems. Speci cally, consider the discrete-time nonlinear

autonomous dynamical systenG given by

x(k+1) = Fx(k);uk); x(ko) = x10; Kk ko; (2.67)

y(k) = H(x(k);u(k)); (2.68)

where, for every integek ko, x(k) 2D R",D isanopensetwith®D,u(k)2 U R™
with 0 2 U, y(k) 2 Y RLF:D U! R andH :D U! Y. We assume that
F(;)and H(; ) are continuous mappings and-( ; ) has at least one partial equilibrium
point. Note that since all input-output pairs u() 2 U andy() 2 Y of the discrete-time
dynamical systemG are de ned on the set of nonnegative integerZ,, the supply rate
r:U Y ! Rislocally summable for all input-output pairs satisfying (2.67) and (2.68),
that is, P 2 k) y(kK)j < 1, kyko 2 Zs

De nition 2.5.1  ([6]). A discrete-time nonlinear dynamical system of the form (2.67)
and (2.68) isdissipative with respect to the supply rate(u;y) if there exists a continuous
nonnegative-de nite functionVs: D! R, called astorage function such that the dissipation
inequality

X 1
Vs(x(K))  Vs(x(ko)) +  r(u(i);y(i); k1 ko (2.69)

i=ko
is satis ed for all ko;k 2 Z,, wherex(k), k 2 Z., is the solution of (2.67) withu() 2 U.
A discrete-time nonlinear dynamical system of the form (2.67) and (2.68) geometrically

dissipative with respect to the supply ratg(u; y) if there exist a constant > 1 and a storage

function Vs : D! R such that the geometric dissipation inequality
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1
kVs(x (K)) koV/s(x (ko)) + "L (u(i); y(i)); k 1 Ko (2.70)
i=ko

is satis ed for all ko;k 2 Z., wherex(k), k 2 Z., is the solution of (2.67) withu() 2 U.

An equivalent statement for discrete-time dissipativity ofG with respect to the supply
rate r(u;y) is

Vs(x;u)  r(u;H(x;u)); x2D; u2U; (2.71)

where Vi(x;u) £ V(F(x;u)) V(x). Alternatively, an equivalent statement for geometric

dissipativity of G with respect to the supply rater (u; H(x; u)) is

Vs(F(x;u))  Vs(x) r(u;H(x;u)); x2D; u2U: (2.72)

Next, we consider feedback interconnections of dissipative discrete-time dynamical sys-
tems. First, however, we need a discrete-time version of De nition 2.3.1. Speci cally, con-
sider the discrete-time partitioned nonlinear autonomous closed (i.au(k)  0) dynamical

system given by

X(k +1) f1(x1(k);X2(K));  x1(0) = X10; k2 Zs; (2.73)

Xa(k +1) fa(x1(k); x2(k));  x2(0) = X20; (2.74)

wherex; 2 D R", D is an open set with 02 D, x, 2 R"2, f; : D R" ! RM™is
continuous and for everyx, 2 R"2, f,(0;x,) =0, and f, : D R"2! R"2 js continuous.
Note that under the above assumptions the solutiorx((k); x»(k)) to (2.73) and (2.74) exists
and is unique overZ,. The following de nition introduces ve types of partial stability

de nitions for the nonlinear discrete-time dynamical system (2.73) and (2.74).

De nition 2.5.2  ([6]). i) The nonlinear discrete-time dynamical system (2.73) and

(2.74) isLyapunov stable with respect t&; if, for every" > 0, there exists = (") > 0 such
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that kxiok < implies that kxi(k)k <" for all k 2 Z, and for all x,0 2 R"2.

il ) The nonlinear discrete-time dynamical system (2.73) and (2.74) asymptotically stable
with respect tox, if it is Lyapunov stable with respect to x; uniformly in X,q and there
exists > 0 such thatkx;ok < implies that limy;; X1(k) = 0 uniformly in X3 and X, for
all xp0 2 R"2.

iii ) The nonlinear discrete-time dynamical system (2.73) and (2.74) ¢dobally asymptot-
ically stable with respect tak; ! discrete-time system if it is Lyapunov stable with respect
to x; and limyg;  x3(k) = 0 uniformly in x;9 and x50 for all x;0 2 R"* and x50 2 R"2.

iv) The nonlinear discrete-time dynamical system (2.73) and (2.74) geometrically stable
with respect tox; if there exist scalars; > 1, and > 0 such thatkx;ok < implies that
kxi(K)k  kxiok K, k2 Z,, forall xy0 2 R".

v) The nonlinear discrete-time dynamical system (2.73) and (2.74) gobally geometri-
cally stable with respect tx; if there exist scalars; > 1 such thatkx;(k)k kxiok K,

k2 Z,, for all x;02 R"™ and X 2 R"2.

Next, consider the negative feedback interconnection of the nonlinear a ne in the control

discrete-time partitioned dynamical systemG given by

Xi(k+1) = fi(xa(k);x2(k)) + Gu(xa(K); X2(K))u(k); X1(0) = X107 k2 Z.;(2.75)
Xo(k+1) = fa(xa(k); x2(k)) + Ga(xa(k);x2(k))u(k); X2(0) = Xo; (2.76)

y(k) = h(xa(k);x2(k)) + J(x2(k); x2(k)) u(k); (2.77)

where, for everyk 2 Z,, x; 2 R™, x, 2 R2u2 R", y2 R, f; : R R" 1 R",
G;:R" R"™| RM ™ f,:RM R RM™ G,:R™ RM2| RN M pKh:RMm RM2| R

andJ :R™ R" 1 R!' ™ with the nonlinear feedback systenG. given by

Xcl(k + 1) = fcl(Xcl(k); Xc2(k)) + Gcl(uc(k); Xcl(k); XCZ(k)) uc(k);

Xc1(0) = Xc10, K2 Zy; (2.78)
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Xea(K +1) = fea(Xcr(K); Xca(K)) + Gea(Uc(K); Xe1(K); Xea(K)) Uc(K);  Xc2(0) = Xeoo;  (2.79)

Ye(K) = he(uc(Kk); Xc1(K); Xc2(K)) + Je(Uc(K); Xc1(K); Xc2(K)) ue(K); (2.80)

where Kc1; Xe2) 2 R™ R"™2 U2 R, y. 2 R™, fo i Rt R"2 1 R" satis esfq(0; ) =0,
feo: R RM™1 R Gy :R R Rl R ! G,:R' R RMel| Rl
he : R R' R" | RM™satises h(0;0; ) =0, and J. : R" R"™ RMe2 | RM I
We assume thatf(; ), Gi(; ), f2a(; ), Ga(: ), h(5), I(5 ), fea(5 ) Fea(s ) Gea(5 5 ),
Gei(; ;5 ), he(; 5 ), and J¢(; ; ) are continuous mappings. Note that for the negative feed-
back interconnection ofG and G,, uc = y andy. = u. As for the continuous-time case, we
assume that the negative feedback interconnection &fand G. is well posed.

The following results give su cient conditions for partial Lyapunov and partial geometric

stability of the negative feedback interconnection o6 and G..

Theorem 2.5.1. Consider the closed-loop system consisting of the nonlinear discrete-
time dynamical systemsG and G, with input-output pairs ( u;y) and (uc; Y¢), respectively, and
with u; = yandy. = u. AssumeG and G are dissipative with respect to the supply rates

r(u;y) and r¢(uc; yo), and with storage functionsVy( ; ) and Vg(( ; ), respectively, satisfying

(kxik)  Vs(x1;x2)  (kxiK);  (X15%2) 2 R™  R™; (2.81)

c(kXc1K)  Vse(Xc1; Xe2) o(kXc1K);  (Xc1; Xe2) 2 R™ R"e?; (2.82)

where (); (), <(),and () are clasK functions. Furthermore, assume that there exists
a scalar > 0 suchthatr(u;y)+ r ¢(uc;y¥.) 0. Then the following statements hold.

i) The negative feedback interconnection d& and G is Lyapunov stable with respect to
R1, [XI:x41T.

i) If G and G are geometrically dissipative with respect to supply rates(u;y) and

r<(uc; ye), respectively, andVs( ; ) and V( ; ) are such that there exist constants; ; ;
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and . > 0 such that

kx1k?  Vs(X1;X2) kx,k?; (X1;%X2) 2 R™  R"; (2.83)

ckXe1k®  Vee(Xe1;Xe2)  ckXeak?,  (Xe1;Xe2) 2 R R"; (2.84)

then the negative feedback interconnection d& and G; is globally geometrically stable with

respect toxy.

Proof. i) Consider the Lyapunov function candidate

V (X1; Xe1 X2; Xe2) = Vs(X1;X2) + V se(Xe1; Xe2) (2.85)

and note that

NkR1K)  V(X1) Xe1; X2; Xe2) A(kklk); (X1 X2, Xe1; Xe2) 2 R™ R"™ Rt R"2: (2.86)

where Ak:K) ,  (kxik)+  o(kxek) and “(kR1K) ,  (kx:K)+  ¢(kxcik): Now, the total
Lyapunov di erence ofV along the closed-loop system trajectories throughx (; X»; Xc1; Xc2) 2

R"™ R" R" R" s given by

V(X1; Xe1; X2, Xe2) = Vs(X1:X2) + Vee(Xe1; Xe2)

r(u;y) + 1 e(Ucrye)

0; (X1;X2;Xc1;Xe2) 2 R R"™ Rt RN, (2.87)

which, by ii ) of Theorem 13.9 in [6], implies that the negative feedback interconnection Gf
and G is Lyapunov stable with respect tox%.

i) If Gand G are geometrically dissipative andvs( ; ) and Vg( ; ) satisfy (2.83) and
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(2.84), then it follows that

minf ;. gkR1k? V(X1 Xe1) X2, Xe2)  maxf ; gkR.k? (2.88)
and
V(Xl;xcl;XZ;XCZ) = Vs(Xl;X2)+ VSC(XCI;XCZ)
1 1
—Vs(X1; X2) Vsc(Xe1; Xe2) + (U3 y) + 1 o(Uc; Ye)
C
min —1; c 1 maxf ;  gkR k%

C
(X1, X2; Xe1; Xe2) 2 R™ - R"™ R R,

which, by vii) of Theorem 13.9 in [6], implies that the negative feedback interconnection of
G and G is globally geometrically stable with respect to{* O
The next result presents partial Lyapunov and partial geometric stability of dissipative

feedback systems with quadratic supply rates.

Theorem 252. LetQ2 S, S2R ™" R2S", Q.2 9", S:2R"! and R, 2
S. Consider the closed-loop system consisting of the nonlinear dynamical syste@given
by (2.75){(2.77) and G. given by (2.78){(2.80). AssumeG is dissipative with respect to
the quadratic supply rater(u;y) = y'Qy + 2y'Su+ u"Ru and has a storage function
Vs( ;) such that (2.81) holds, andG; is dissipative with respect to the quadratic supply rate
re(Uc; ¥Ye) = Y Qeye +2Yy] ScUe + Ul Reue and has a storage functionVse( ; ) such that (2.82)
holds. Furthermore, assume there exists> 0 such that

2 3
Q+ R S+ S/

oER] £
ST+ S, R+ Q.

(2.89)

Then the following statements hold.

i) The negative feedback interconnection o and G, is Lyapunov stable with respect to
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R1.
i) If Gand G, are geometrically dissipative with respect to the quadratic supply rates
r(u;y) and re¢(ue; ye), and Vs( ; ) and Vg( ; ) are such that there exist constants; ; ., and
¢ > 0 such that (2.83) and (2.84) hold, then the negative feedback interconnection®fand

& is globally geometrically stable with respect to{

Proof. The result is a direct consequence of Theorem 2.5.1 by noting that

2 3; 2 3

FUY)+ T c(Ueye) = 3 L a9 Y £
Ye Ye

and hencer(u;y)+ r (ug;ye) O. O
The following corollary is a direct consequence of Theorem 2.5.2 and generalizes the
discrete-time small gain and positivity theorems for guaranteeing partial stability. Here, we
note that the de nitions of passivity (resp., geometric passivity) and nonexpansivity (resp.,
geometric nonexpansivity) of a discrete-time system are analogous to the continuous-time

de nitions given in Section 2.2.

Corollary 2.5.1. Consider the closed-loop system consisting of the nonlinear dynam-
ical systemsG given by (2.75){(2.77) and G, given by (2.78){(2.80). Then the following
statements hold.

i) If Gand G are geometrically passive with storage functionSs( ; ) and Vg( ; ), re-
spectively, such that (2.83) and (2.84) hold, then the negative feedback interconnection®f
and G is geometrically stable with respect to{.

i) If Gand G, are geometrically nonexpansive with storage functiong( ; ) and Vs( ; ),
respectively, such that (2.83) and (2.84) hold, and with gains> 0 and > 0, respectively,
such that . 1, then the negative feedback interconnection & and G. is geometrically

stable with respect tox}.

Proof. The proof is a direct consequence of Theorem 2.5.2. Speci callyfollows from
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i) of Theorem 2.5.2 withQ= Q. =0, S= S, = I, R = R, =0, whereasii) follows from
i) of Theorem 2.5.2 withQ= 1,,S=0,R= ?l,,Qc= I,S:=0,and Rc= Zl,. DO

Example 2.5.1. Consider the nonlinear discrete-time dynamical system given by

zi(k+1) = 1zp(k)+In[1+ Z5(K)Ju(k) 2z1(0) = z10; K2 Zy; (2.90)
Zp(k+1) = 2z1(k);  22(0) = Zyo; (2.91)
za(k +1) = za(k) +[z(K)  za(K)]% Z3(0) = Zao; (2.92)
with output
y(k) = 2zo(K)In[1 + Z3(K)] + %In[l + 22(K)2u(k); (2.93)

where ;2 (0;1)and , 2 (0;1). Note that the candidate storage functiorVy(z;; z5; z3; U) =

z? + 72, satis es (2.83) with x; =[z;;2,]" and x, = z3. Next, note that

Vs(z1;22;23) = [ 1o+ In(A+ ZUP+( ,z1)° zF 7Z5

=In(1+ z5)u®> 2 1zIn(L+ Z3u+( 3 D5+ ( 3 1)z

1
Vs(z1; 225 23) + 2Uy; (2.94)

where , min —1%; —1§ , Which shows that (2.90){(2.93) is geometrically passive.

Next, consider the rst-order dynamic compensator

1 _
Xci(k +1) = Excl(k) + Uc(K);  Xc1(0) = Xc10; K2 Zy; (2.95)

Ve(k) = 2 Deeal) + U] (2.96)
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Figure 2.8: Uncontrolled states versus time.

and note that, with storage functionVs(xc1) = X2, satisfying (2.84),

1
. — 2
Vsc(xcl’ Uc) - éxcl + Uc Xc]_

3 2 2
Zxcl + Uc + XcluC

C

1
Vsc(Xc1) + 2 UcYe; (2.97)

c

where . =4, and hence, (2.95) and (2.96) is geometrically passive. Thus, it follows from
ii) of Corollary 2.5.1 that the negative feedback interconnection of (2.90){(2.93) and (2.95)
and (2.96) is geometrically stable with respect ta"= [X1; Xc1]".

Let ;= ,=0:95 X0 =1, X0 = 0:5, X390 = 05, Xc;0 = 0. Figure 2.8 shows the
states versus time of the uncontrolled system, whereas Figure 2.9 shows the controlled system

response. Note thatx,(k) = z3(k) does not go to the origin for both the uncontrolled and

controlled case. 4
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Figure 2.9: Controlled states versus time.
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Chapter 3

Finite Time Stability of Nonlinear Strongly Dissipative

Feedback Systems

3.1 Introduction

As discussed in Section 2.1, dissipativity theory is a system-theoretic concept that pro-
vides a powerful framework for the analysis and control design of open dynamical systems
based on generalized system energy considerations. In particular, dissipativity theory ex-
ploits the notion that numerous physical dynamical systems have certain input, state, and
output properties related to conservation, dissipation, and transport of energy, and involves
a dissipation hypothesis leading to a fundamental constraint on the dynamical system be-
havior [1,2,6,23,24]. One of the most important applications of dissipativity theory is the
fundamental role it plays in addressing Lyapunov and asymptotic stability of feedback inter-
connections [6,39]. Speci cally, dissipativity theory can be used to design feedback controllers
that add dissipation and guarantee closed-loop asymptotic stability allowing stabilization to
be understood in physical terms.

In this chapter, we develop a stronger notion of dissipativity theory by constructing a
stronger version of the dissipation hypothesis that implies system dissipativity and gener-
alizes the notion of strict dissipativity [6] while ensuring that the closed system (i.e., when

the system inputs and outputs are set to zero) is nite time stable [40{42]. Moreover, we
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develop new necessary and su cient Kalman-Yakubovich-Popov conditions in terms of the
drift, input, and output functions for characterizing strong dissipativity via continuously
di erentiable storage functions and quadratic supply rates. In the case where the supply
rate is taken as the net system power or the weighted input-output energy, the Kalman-
Yakubovich-Popov conditions provide generalizations of passivity and nonexpansivity for
characterizing strong passivity and strong nonexpansivity.

Finally, using the concepts of strong dissipativity for nonlinear dynamical systems with
appropriate storage functions and supply rates, we construct smooth Lyapunov functions for
nonlinear feedback systems by appropriately combining the storage functions for the forward
and feedback subsystems. General stability criteria are given for Lyapunov, asymptotic, and
nite time stability for feedback interconnections of nonlinear dynamical systems. These
results generalize the feedback interconnection results of [6,39], and for power and input-
output energy supply rates these results provide extensions of the classical feedback passivity

and nonexpansivity theorems to additionally guarantee nite time stability.

3.2 Strongly Dissipative Dynamical systems

In this section, we extend the notion of dissipative dynamical systems to introduce the

concept of strong dissipativity. Consider the nonlinear dynamical systei@ given by

x(t)
y(t)

F(x(t);u(t)); X(to) = Xo; t to; (3.1)

H (x(t); u(t)); (3.2)

where, for everyt 0, x(t) 2 D R", D is an open set with 02 D, u(t) 2 U R"
with 0 2 U, y(t) 2 Y RLOF:D U! R andH :D U! Y. We assume that
F(;)andH(; ) are continuous mappings in X;u) and G has at least one equilibrium so
that, without loss of generality, F(0;0) = 0 and H(0;0) = 0. For the dynamical systemG

given by (3.1) and (3.2) de ned on the state spac®, U and Y de ne an input and output
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space, respectively, consisting of continuous boundétvalued andY -valued functions on
the semi-in nite interval [0; 1 ). The setU contains the set of input values, that is, for every
u()2U andt 2 [0;1 ), u(t) 2 U. The setY contains the set of output values, that is, for
everyy()2Y andt2 [0;1 ), y(t) 2 Y.

The spacedJ and Y are assumed to be closed under the shift operator, that is,uf ) 2 U
(resp., y() 2 Y), then the function de ned by ur = u(t+ T) (resp., yr < y(t + T)) is
contained inU (resp.,Y) for every T 0. Furthermore, for the nonlinear dynamical system
G we assume that the required properties for the existence and uniqueness of solutions are
satis ed, that is, u( ) satis es su cient regularity conditions such that the system (3.1) has
a unigue solution forward in time.

For the dynamical systemG given by (3.1) and (3.2), a functionr : U Y ! R such that
r(0;0) = 0 is called asupply rate[1] if it is locally integrable, that is, for everyt 2 [to;1 )
and input-output pairs u(t) 2 U and y(t) 2 Y satisfying (3.1) and (3.2),r( ; ) satis es
F\:tlzjr(u(s);y(s))jds< 1,t, t; O.

De nition 3.2.1. A dynamical systemG of the form (3.1) and (3.2) isdissipative with
respect to the supply rate (u;y) if there exists a continuous nonnegative-de nite function
Vs: D! R, called astorage function such that V5(0) = 0 and the dissipation inequality

Zt
Vs(x(t))  Vs(x(to)) +  r(u(s);y(s)ds; t  to; (3.3)

to

is satis ed for all to;t 0, wherex( ) is the solution of (3.1) with u(t) 2 U. A dynamical
system G of the form (3.1) and (3.2) isstrongly dissipative with respect to the supply rate
r(u;y) if there exist constantsc > 0 and 2 (0;1); and a continuous nonnegative-de nite
function Vs : D! R such that V5(0) = 0 and the strong dissipation inequality
Z, Z,
Vs(x(t)) + ¢ . [Vs(x(s))] ds  Vs(x(to)) +  r(u(s);y(s))ds; t to; (3.4)

to
is satis ed for all to;t 0, wherex( ) is the solution of (3.1) with u(t) 2 U.
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Remark 3.2.1. Note that if G is strongly dissipative with respect to the supply rate

r(u;y), then Gis dissipative with respect to the supply rater (u;y).

Remark 3.2.2. Note that if G is strongly dissipative with respect to the supply rate
r(u;y) with a positive-de nite storage function Vs(x); x 2 Dnf Og, then G is strictly dissipa-
tive with respect to the supply rate(u;y) in the sense of [6, p.336]. Namely, & is strongly

dissipative with respect tor (u;y), then it follows from (3.4) that

Z t Z t
Vs(x(t))  Vs(X(to)) +  r(u(s);y(s)ds ¢ [Vs(x(s))] ds
Ztot to
<Vs(X(to)) +  r(u(s);y(s))ds: (3.5)

to

Thus, for positive de nite storage functions, strong dissipativity implies strict dissipativ-

ity; however, the converse is not necessarily true.

Remark 3.2.3. Note that if Vs(s(t;x;u)) is dierentiable at t = 0 for all x 2 D and
u() 2 U, wheres(t; x; u) denotes the system state at time reached from the initial statex

at time to by applying the input u to G, then the dissipation inequality (3.3) is equivalent to
Vs(x;u)  r(usH(xu)); x2D; u2U; (3.6)

where\(x;u) = %Vs(s(t; X;u)) .-, denotes the total derivative ofVs along the system state
trajectory s(t;x;u) of (3.1) through x 2 D with u() 2 U att = 0. Alternatively, if
Vs(s(t; x; u)) is di erentiable at t =0 for all x 2 D andu() 2 U, then the strong dissipation

inequality (3.4) is equivalent to
VL(x;u)+ cVe(x)  r(u;H(x;u)); x2D; u2U: (3.7)

The following theorem provides su cient conditions for guaranteeing that all storage

functions of a given dissipative (resp., strongly dissipative) nonlinear dynamical system are
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positive de nite. First, however, the following de nition is needed.

De nition 3.2.2  ([39]). A dynamical systemG is Zero-state observabl#, for all x 2 D,
u(t) Oandy(t) O impliesx(t) 0. A dynamical systemG is completely reachabld, for
all xo, X; 2 D, there exists a nite time t; and a square integrable controu( ) de ned on

[to; ts] such that the statex(t), t tp, can be driven fromx(tg) = Xo to X(tf) = Xs.

Theorem 3.2.1. Consider the nonlinear dynamical systen® given by (3.1) and (3.2),
and assume thatG is completely reachable and zero-state observable. Furthermore, assume
that Gis dissipative (resp., strongly dissipative) with respect to supply rate(u;y) and there
exists a function :Y ! U suchthatr( (y);y) < 0,y 6 0. Then all the storage functions

Vs(x), x 2 D, for G are positive de nite, that is, V5(0) =0 and V4(x) > 0,x 2D, x 6 0.

Proof. The proof for the case wher& is dissipative is given in [6, p. 335]. Since strong
dissipativity implies dissipativity, the second assertion is immediate. O

In the case whereG is a closed dynamical systengi.e., u(t) 0 andy(t) 0) with a
positive de nite and continuously di erentiable storage functionVs : D! R, the notion of
strong dissipativity implies nite time stability. To see this, consider the closed nonlinear

dynamical system given by

x(t) = F(x(1));  x(to) = Xo; t  to; (3.8)

where, for everyt  tg, x(t) 2 D R", f(0) =0, and f () is continuous inD. Here we
assume that all right maximal solutions to (3.8) exist on [0L ), and hence, we assume that
(3.8) is forward complete. Furthermore, we assume that (3.8) possesses unique solutions in
forward time for all initial conditions except possibly the origin. In this case, givex 2 D,
we denote by the continuously di erentiable maps*(), s(;x) the trajectory or the unique
solution curveof (3.8) on fo; 1 ) satisfying s(to; X) = X.

Next, we recall the de nition for nite time stability given in [41]. For this de nition,

B-(x) denotes theopen ballcentered atx with radius " in the Euclidian norm.
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De nition 3.2.3  ([41]). Consider the nonlinear dynamical system (3.8). The zero solu-
tion x(t) 0 to (3.8) is nite time stable if there exist an open neighborhood D of the
origin and a functionT : NnfOg! (0;1 ), called the settling-time function , such that the

following statements hold:

i) Finite time convergence. For every x 2 N nf Og, s*(t) is de ned on [0, T(x)), s*(t) 2
N nfOg for all t 2 [0; T(x)), and limy 1 s*(t) =0.

i) Lyapunov stability. For every " > 0 there exists > 0 such thatB (0) N and, for
everyx 2 B (0)nfOg, s*(t) 2 B-(0) for all t 2 [0; T(x)).

The zero solutionx(t) 0 of (3.8) isglobally nite time stableif it is nite time stable with

N =D=R"

Remark 3.2.4. Recall that if the zero solutionx(t) 0 to (3.8) is nite time stable, then
(3.8) has a unique solution ontp; 1 ) for every initial condition in an open neighborhood of

0, including O itself; see Proposition 2.3 of [41].

Theorem 3.2.2 ([41]). Consider the nonlinear dynamical system (3.8). Assume there
exist a continuously di erentiable functionV : D! R, real numbersc > 0 and 2 (0;1),

and a neighborhood D of the origin such that

V(0) =0; (3.9)
V(x)> 0; x2Mnf Og; (3.10)
VI)f (x) c(V(x)) ; x2Mnf Og: (3.11)

Then the zero solutionx(t) 0 to (3.8) is nite time stable. Moreover, there exists an open

neighborhnoodN M of the origin and a settling-time functionT : N ! [0;1 ) such that

TO0) gy (V) x2N: (312
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and T () is continuous onN . If, in addition, N = D = R", V() is radially unbounded, and

(3.11) holds onR"nfOg, then the zero solutionx(t) 0 to (3.8) is globally nite time stable.

Remark 3.2.5. Sincer(0;0) = 0, it follows that for a closed dynamical systemG with
a positive-de nite and continuously di erentiable storage functionVg(x); x 2 Dnf Og, the

strong dissipation inequality (3.4) collapses to
Vs(x;0) = W(x)  c(Vs(x)) ; x2D; (3.13)

where\(x; 0) = \(X) %V(s(t; X;0)) oo = VYX)f (x). In this case, it follows from Theorem
3.2.2 that strong dissipativity implies nite time stability of the zero solution x(t) 0 to

(3.8).

3.3 Specialization to Strongly Dissipative Systems with Quadratic
Supply Rates

In this section, we show that strong dissipativeness of nonlinear a ne dynamical systems

G of the form

x(t) = £ (x(t) + G(x(u(t); x(0) = xo; t O (3.14)

y(t) = h(x(t)) + J(x(D)u(t); (3.15)

where, for everyt 0, x(t) 2 R", u(t) 2 R™, y(t) 2 R, f :R"! R, G:R"! R" ™,
h:R"! R',andJ:R"! R' ™ are continuous mappings satisfying (0) = 0 and h(0) = 0,

can be characterized in terms of the system functiorts( ), G(), h(), and J(). For the
following result we consider the special case of strong dissipative systems with quadratic
supply rates. Specically, [etQ2 S, R2 S",andS 2 R' ™ be given, whereS? denotes the
setofq qsymmetric matrices, and assume(u;y) = y' Qy+2y" Su+ u' Ru. Furthermore, we

assume that the storage functiorVs(x); x 2 R", for the dynamical systemG is continuously
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di erentiable.

Theorem 3.3.1. LetQ2 S,S2 R ™ andR 2 S". Gis strongly dissipative with
respect to the quadratic supply rater (u;y) = y'Qy +2y"Su+ u'Ru if and only if there
exist functionsV; : R"! R, " :R"! RP,andW :R"! RP ™ and constantsc > 0 and

2 (0; 1), such that V() is continuously di erentiable and nonnegative de nite, V5(0) = 0,

and, for all x 2 R",

0 = VI)f () + c%(x)  hT()Qh(X) + *T(x)"(x); (3.16)

0 = ZVIAX)G(X) hT()(QI(X)+ S)+ T (X)W (x); (3.17)

0 = R+STI(X)+JT(X)S+JIT(X)QI(X) W T(X)W(X): (3.18)
If, alternatively,

N(X)Z R+ STI(x)+JT(x)S+JIT(X)QJI(x) > 0; x2R" (3.19)

then G is strongly dissipative with respect to the quadratic supply rater(u;y) = y'Qy
+2y"Su+ u'Ru if and only if there exists a continuously di erentiable functionVs : R" ! R
and constantsc > 0 and 2 (0;1) such that V() is nonnegative de nite, V5(0) = 0, and,

for all x 2 R",

0 VJ)f () + c\k(x)  hT(x)Qh(x) + [ 3V(x)G(x) hT(x)(QI(x)+ S)]

N X)EVIAX)GX)  h'(x)(QI(x)+ S)I': (3.20)

Finally, if G is zero-state observable and there exists a function: R' ! R™ such that

0)=0, r( (y);y) <0,y 860, then V5(x);x 2 R"nf0Qg, is positive de nite.

Proof. First, suppose that there exist functionsVs; : R" ! R, " : R" I RP  and
W :R"! RP ™ and constantsc > 0 and 2 (0;1), such that V() is continuously

di erentiable and nonnegative de nite, V5(0) = 0, and (3.16){(3.18) are satis ed. Then, for
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every admissible inputu( ), t;;t, 2 R, t,  t; 0O, it follows from (3.16){(3.18) that

Z, Z

2 r(u;y)dt
11 Ztltz
= h" (x)Qh(x) + 2hT (x)(S + QI (x))u
guT(JT(x)QJ(x)+ STJ(x)+ JT(x)S+ R)u dt
= t2[Vso(x)(f (x)+ G(x)u)+ cVe(x) + T(x)"(x)
EZ‘T(X)W(X)U + uTWT (X)W (x)u]dt

= 2[\le(X:U)Jf cVe(x) +[7(x)+ WO)UIT[(x)

t1

+%N (xX)u]]dt

¢ IVeX(O)] dt+ Ve(x(t2)  Ve(x(to)):

t

2

y'Qy+2y'Su+ u'Ru dt

where x(t), t 0, satises (3.14) and\4( ; ) denotes the total derivative of the storage
function along the trajectoriess(t; x;u) of (3.14) through x 2 R" with u() 2 U att = 0.
Now, strong dissipativity with respect to the quadratic supply rater(u;y) follows from
De nition 3.2.1.

Conversely, suppose thaG is strongly dissipative with respect to a quadratic supply rate

r(u;y). Now, it follows from De nition 3.2.1 that

Z,, Z,,
Vs(x(t2))  Ve(x(ta)) ¢ [Vs(x(1)] dt+  r(u(t);y()dt, tz to (3.21)

11 t1

for all admissibleu(t) 2 U. Dividing (3.21) by t, t; and letting t, ! t4, it follows that

Va(x(t); u(t)) + cWs(x(t))  r(u(t);h(x(t)) + I(x(®)u(®); t O (3.22)

wherex(t), t 0, satis es (3.14) and\s(x(t); u(t)) = VIX())(f (x(t))+ G(x(t))u(t)) denotes

the total derivative of the storage function along the trajectoriex(t), t 0. Now, witht =0,
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it follows from (3.22) that
Vxo)(f (%0) + G(Xo)u(0)) + cVa(xo)  r(u(0);h(xo) + J(xo)u(0));  u(0) 2 R™: (3.23)
Next, letd:R" RM™! R be such that
dou) = VA)(F () + G(X)u)  cVe(x) + r(u;h(x) + J(X)u): (3.24)

Now, it follows from (3.23) that d(x;u) 0, x 2 R", u 2 R™. Furthermore, note that

d(x;u) given by (3.24) is quadratic inu, and hence, there exist functions : R" ! R and

W :R"! RP ™ such that

dogu) = [T(x)+ WOQUI'[ (x) + W (x)u]

VOOIE () + G(x)u]  eVe(x) + r(u;h(x) + I (x)u)

VSOOIF (x) + GOul - eVs(x) +[h(x) + I(x)u]" Q[h(x) + J (x)u]

+2[h(x) + J(X)u]'Su+ u'Ru:

Now, equating coe cients of equal powers yields (3.16){(3.18).
To show (3.20), note that (3.16){(3.18) can be equivalently written as

2 3 2 3
A B T
g AM B Zz_ g T g

‘) W) 0 x2RY (3.25)
B"(x) C(x) WT(x)

whereA(x) £ VI)F (x) + cV(x)  hT(x)Qh(x), B(x) = 3VAX)G(x) hT(x)(QI(x)+ S),
andC(x) = (R+STJI(X)+JIT(x)S+JIT(x)QJ(x)). Now, for all invertible T 2 R(M*D) (m+1)
(3.25) holds if and only if T T(3:25)T holds. Hence, the equivalence of (3.16){(3.18) to (3.20)
in the case when (3.19) holds follows from the (1,1) block @f" (x)(3:25)T (x), where
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2 3

1 0
T(x) % 8 £
C (xX)B"(X) Im

Finally, if Gis zero-state observable and there exists a function: R' ! R™ such that
0)=0;r( (y);y) < 0; y 6 0; then it follows from Theorem 3.2.1 thatVs(x);x 2 R"nf0Og

is positive de nite. O

Remark 3.3.1. Note that if G, with a continuously di erentiable positive-de nite, radi-
ally unbounded storage functionVy( ), is strongly dissipative with respect to the quadratic

supply rater(u;y) = y'Qy +2y'Su+ u'"Ru andQ 0, then it follows that

Vo(x;0)) = Ws(x))  cVe(x) +y'Qy  cV(x) :

Hence, it follows from Theorem 3.2.2 that the zero solutiom(t) 0 of the undisturbed

(u(t) 0) nonlinear dynamical system (3.14) is nite time stable.

Next, we specialize Theorem 3.3.1 to strongly passive and strongly nonexpansive dynam-

ical systems.

Corollary 3.3.1. Gis strongly passive if and only if there exist functionds: R" ! R,
"R RPbandW :R"! RP ™ and constantsc > 0 and 2 (0;1), such that V() is

continuously di erentiable and nonnegative de nite, Vs(0) = 0, and, for all x 2 R",

0 = VI)f (x)+ cWe(x) + T (x)"(x); (3.26)
0 = 3VJAX)G(x) hT(x)+ T(X)W(x); (3.27)
0 = JX)+JT(X) W T(Xx)W(X): (3.28)

If, alternatively, J(x)+ JT(x) > 0, x 2 R", then G is strongly passive if and only if there

exists a continuously di erentiable functionVs: R" ! R and constantsc > 0 and 2 (0;1)
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such that V() is nonnegative de nite, V5(0) = 0, and, for all x 2 R",

0 VJOf () + cWe(x) +[3VX)G(x) hTOI[I(x) + IT(X)] [ZVX)G(x) hT(x)]":
(3.29)

Finally, if Gis zero-state observable, theWy(x); x 2 R"nf0g, is positive de nite.

Proof. The result is a direct consequence of Theorem 3.3.1 withr m, Q =0, S= I,
and R = 0. Specically, with (y) = vy it follows that r( (y);y)= 2y'y<0,y60, so

that all the assumptions of Theorem 3.3.1 are satis ed. O

Corollary 3.3.2. G is strongly nonexpansive if and only if there exist functiond/s :
R"! R, :R"! RP,andW :R"! RP ™ and constantsc > 0 and 2 (0;1), such that

Vs() is continuously di erentiable and nonnegative de nite, V5(0) = 0, and, for all x 2 R",

0 = VJ)f (x)+ cW(x) + hT(x)h(x)+ "7 (x)"(x); (3.30)
0 = IVIAX)G(X)+ hT(x)I(x) + T (X)W (x); (3.31)
0 = 2p JTX)IX) W TXOW(X); (3.32)

where > 0. If, alternatively, 21, JT(x)J(x) > 0, x 2 R", then G is exponentially
nonexpansive if and only if there exists a continuously di erentiable functiois : R" ! R
and constantsc > 0 and 2 (0;1) such that V5( ) is nonnegative de nite, V5(0) = 0, and,

for all x 2 R",

0 VJIF () + cW(x) + hT(x)h(x) +[3V(x)G(x) + h" ()3 (x)]

[Zlm ITC)I] V)G + T ()I ()] (3.33)

Finally, if Gis zero-state observable, theWs(x); x 2 R"nf0g, is positive de nite.

Proof. The result is a direct consequence of Theorem 3.3.1 wih= I,, S=0, and

R = 2l,. Specically, with (y)= ziy it follows that r( (y);y) = %yTy <0,y60,so

52



that all the assumptions of Theorem 3.3.1 are satis ed. O

3.4 Finite Time Stability of Feedback Interconnections of Strongly
Dissipative Dynamical Systems

In this section, we consider stability of feedback interconnections of strongly dissipative
dynamical systems. The treatment here parallels that in [6] with the key di erence be-
ing that we provide su cient conditions for guaranteeing nite time stability of feedback
interconnections. Speci cally, using the notion of strongly dissipative dynamical systems,
with appropriate storage functions and supply rates, we construct Lyapunov functions for
interconnected dynamical systems by appropriately combining storage functions for each
subsystem to guarantee nite time stability. For generality, we allow the nonlinear feedback
system (compensator) to be of xed dimensiom. that may be less than the plant ordem.

We begin by considering the negative feedback interconnection of the nonlinear dynamical

systemG given by (3.14) and (3.15) with the nonlinear feedback syste@ given by

fe(Xc(t)) + Ge(uc(t); Xc(t))uc(t); Xc(0) = Xeo; t O (3.34)

Xc(t)

ye(t)

he(ue(t); Xe(t)) + Je(Ue(t); Xe()) Uc(t); (3.35)

wherex. 2 R"™, uc 2 R™, y. 2 R, f. : R" | R" and satis esf;(0) =0, G.: R™ R" !

R" Me h,:RM R ! Rl and satiseshe(0;0) =0, J.: R™ R" 1 Rle M m =1,
and I; = m. Note that the negative feedback interconnection is given by, = y and

Ye = U. We assume thatf (), G¢(; ), he(; ), and J¢( ; ) are continuous mappings and
the required properties for the existence and uniqueness of solutions in forward time of the
negative feedback interconnection @& and G are satis ed. Here we assume that the feedback
interconnection of G and G is well posed; that is, det[,, + J.(y; X:)J(X)] 6 O for all vy, X,
and Xc.

The following results give su cient conditions for Lyapunov stability, asymptotic stabil-
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ity, and nite time stability of the feedback interconnection given above.

Theorem 3.4.1. Consider the closed-loop system consisting of the nonlinear dynamical
systemsG and G; with input-output pairs (u;y) and (uc; yc), respectively, and withuc =y
andy. = u. AssumeG and G are zero-state observable and dissipative with respect
to supply ratesr(u;y) and rc(uc;y.) and with continuously di erentiable positive de nite,
radially unbounded storage functionsvs( ) and Vs ( ), respectively, such thatVs(0) = 0 and
Vsc(0) = 0. Furthermore, assume there exists a scalar> 0 such thatr(u;y)+ r c(uc;y.) O.
Then the following statements hold:

i) The negative feedback interconnection d& and G is Lyapunov stable.

i) If G is strongly dissipative with respect to supply rater.(uc;y.) and rank[G.(uc; 0)]
= m, u. 2 R™¢, then the negative feedback interconnection @& and G is globally asymp-
totically stable.

i) If Gand G with either xo 6 0 or x,o 6 O are strongly dissipative with respect to
supply ratesr(u;y) and r.(uc; Ye), respectively, then the negative feedback interconnection
of Gand G is globally nite time stable and there exists a continuous settling-time function
T:R" R" 1 [0;1) such that

T (Xo; Xc0) (Vs(X0) + Vee(Xc0))™ 75 (Xo;Xe0) 2 R”  R"™; (3.36)

1
1 -)
wherec-> 0 and ~2 (0; 1).

Proof. The proofs ofi) and ii) are identical to the proofs given in Theorem 6.1 of [6]
using the Lyapunov function candidateV (x; X)) = Vs(X)+ V s«(Xc), and hence, are omitted.
To showiii ), note that since G and G, are strongly dissipative with respect to the supply
rates r (u;y) and r¢(uc; yc), respectively, it follows from De nition 3.2.1 and Remark 3.2.3

that there exist constantsc > 0; ¢, > 0, 2 (0;1), and .2 (0;1) such that
Vs(x;u) + cVs(x)  r(uy); (x;u)2R"™ R™; (3.37)
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Vao(Xc; Uc) + CeVec(Xe) © re(UeYe);  (Xeyug) 2 R™ R™e: (3.38)

Now, consider the Lyapunov function candidat®/ (x; X.) = Vs(X)+ V s(X¢) and note that the
total derivative of V along the closed-loop system state trajectories throug;(x.) 2 R" R"°

att =0 is given by

V(X Xc) = Va(X) + Vae(Xc)
cVs(X) CcVsc(Xc) c+ r(uy) + 1 c(Uc;ye)

cVs(X) CcVae(Xe) ¢ (X;xco) 2 R" R"; (3.39)

which implies that, for allt 0, V(x(t); xc(t))  V(Xo; Xco)-
Next, let ~, maxf ; g2 (0;1)and

e, minfcV(Xo; Xco) ; * °GV(Xo; Xco) 9> O; (3.40)

\ (XO; XcO) -

and note that by (3.39) we have

MVA(X(t); Xe(1)) c(Vs(x(1)))  co(Vse(Xe(1))) ©
Vs(x (1))
V (Xo; Xco)

Vise(Xc(t)  °
V(XO; XcO)

= oV (Xo; Xc0))

boecV (Xo; Xeo) ;too

Now, using the fact that, for eitherx, 6 0 or X, 6 0 and all t 0, =& 1 ang

’ V(XoiXco)
Vi) 1,and, forall1 p<qgandz2[0;1]; zo  za (see Figure 3.1), we obtain

Vs(X(1)) ™+ ( Vsc(X(1))) -

\ (XO; XCO) -

V(X(t);%e(t))  minfeV(Xo;Xeo) 5+ °GV (Xo; Xco) °Q

e(Vs(X(1)) + Vse(Xe(1)))
eV(X(t);x.(t) 5 t 0
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Figure 3.1: Visualization of y = z% andy = z% forl p<qgandz>O0.

where we used the fact that, for alz;22 Rand 2 (0;1),jz+%2] | zj +]2] [43]. Thus, it
follows from Theorem 3.2.2 that the negative feedback interconnection Gfand G; is nite

time stable, and hence, X(t); Xc.(t)) =0; t  T(Xo; Xc0), Where

1
o1 )

T (Xo; Xco) (V(Xo;Xeo)' 75 (Xo;Xeo) 2 R™  R™; (3.41)

is a continuous settling-time function onR" R". O
The next result specializes Theorem 3.4.1 to dissipative feedback systems with quadratic

supply rates.

Theorem 3.4.2. LetQ2S,S2R' ™M R2S", Q29" S.2R™!' andR.2 S.
Consider the closed-loop system consisting of the nonlinear dynamical syste@given by
(3.14) and (3.15), andG. given by (6.11) and (6.12), and assum& and G, are zero-state
observable. Furthermore, assum6 is dissipative with respect to the quadratic supply rate
r(u;y) = y'Qy + 2y"Su+ u'Ru and has a continuously di erentiable positive de nite,
radially unbounded storage functiorivs( ), and G is dissipative with respect to the quadratic
supply rate re(Uc; Ye) = Vi QcYe + 2Y! Scuc + Ul Rcue and has a continuously di erentiable

positive de nite, radially unbounded storage functionVs( ). Finally, assume there exists
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> 0 such that 2 3
. Q+ R S+ S

SEY! ° © g
ST+ S. R+ Q¢

0: (3.42)

Then the following statements hold:

i) The negative feedback interconnection o and G. is Lyapunov stable.

i) If G is strongly dissipative with respect to supply rater.(uc;y.) and rank[G(uc; 0)]
= m, u; 2 R™e, then the negative feedback interconnection d& and G. is globally asymp-
totically stable.

iii ) If Gand G, with either xo 6 0 or x.o 6 O are strongly dissipative with respect to the
quadratic supply ratesr(u;y) and r¢(uc; Ye), then the negative feedback interconnection of

G and G is globally nite time stable.

Proof. The result is a direct consequence of Theorem 3.4.1 by noting that
2 31 2 3

r(uyy) + rc(uc;yc)=9 Y £ Qﬁ Y £
Ye Ye

and hencer(u;y)+ r c(uc;y.) O. O
The following corollary is a direct consequence of Theorem 3.4.2 and generalizes the
feedback passivity and nonexpansivity theorems to guaranteeing nite time stability. For
this result, note that if Gis dissipative (resp., strongly dissipative) with respect to the supply
rate r(u;y) = u'y  "u'u "Y'y, where";™ 0, then, with (y) = ky, wherek 2 R is
such thatk(l "k) < ™ r(u;y)=[k(2 "k) ™"y'y < 0,y 6 0. Hence, if G is zero-state
observable, it follows from Theorem 3.2.1 that all storage functions Gfare positive de nite.
For the next result, we assume thatG and G. are zero-state observable, and all storage

functions of G and G are continuously di erentiable and radially unbounded.

Corollary 3.4.1. Consider the closed-loop system consisting of the nonlinear dynamical

systemsG given by (3.14) and (3.15), andx given by (6.11) and (6.12). Then the following
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statements hold:

i) If G and G with either xo 6 0 or X0 6 O are strongly passive, then the negative
feedback interconnection oz and G is globally nite time stable.

i) If Gand G with either xo 6 0 or X, 6 O are strongly nonexpansive with gains > 0
and . > O, respectively, such that . 1, then the negative feedback interconnection &

and G is globally nite time stable.

Proof. The result is a direct consequence of Theorem 3.4.2. Speci callyfollows from
Theorem 3.4.2 withQ = Q. =0, S= S, = I, R = R; = 0, whereasii) follows from
Theorem 3.4.2 withQ= 1,,S=0,R= 21,,Q.= |I,S.=0,and Rc= 2lp,,. O

Example 3.4.1. Consider the nonlinear dynamical system given by

X1(t) = j xa(0)j%sgn1(t))  xa(t)®+ xo(t) + u(t); X1(0) = X10; t O (3.43)

X2(t) = J X2(1)j%sgnia(t))  X2(t)®  Xa(t);  X%2(0) = Xzo; (3.44)

where sgn(), =j j; 60;and sgn(0), O; with output

y(t) = xa(t): (3.45)

Taking the candidate storage functionVs(x1;X2) = X2 + x3 and using the fact that, for all

p g 1,kxk, Kk xKq[44, Proposition 11.1.5], it follows that

Va(Xe; X2 U) = 2ixa)t® 2010 2§ 2x5 +2uxy
2kxkig +2uy
2kxk3® + 2uy
2(kxk3)%%° + 2uy

= 2Vs(X1;%2)%%° + 2uy;
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wherex = [x1;X2]", which shows that (3.43){(3.45) is strongly passive.

Next, consider the rst-order dynamic compensator given by

Xc(t) = ] Xc(t)jO:gsgn(Xc(t))"' Uc(t); Xc(0)= Xeo; t 0 (3.46)

ye(t) = Xc(1); (3.47)
and note that, with storage function Vse(Xc) = X2,
Vec(Xe; Uc) = 2jxcj1:3 +2UcXc 2Vsc(xc)0:65 +2UcYc;

and hence, (3.46) and (3.47) is strongly passive. Now, it follows fromof Corollary 3.4.1
that the negative feedback interconnection of (3.43){(3.45) and (3.46) and (3.47) is nite time
stable with settling-time function T (Xg; X¢o) ﬁ (V (Xo; Xeo))* ~, Wherexo = [X10; X20]",
~=0:95, ande= 2V (Xo; Xc0) 2.

Let Xeo = 0, X0 = 1, and Xy = 1. Figure 3.2 shows the controlled and uncon-
trolled rst state x; versus time, whereas Figure 3.3 shows the controlled and uncontrolled
second statex, versus time. Note that for the controlled caseX(t); Xc(t)) = (0;0) for
t = 3sec< T (Xo;Xc0) = 12:75 sec. The parameters, and . can be varied to reduce the
conservatism between thguaranteedsettling-time function T (Xq; Xco) and the achieved nite
time convergence. However, achieving faster nite time convergence comes at the expense

of a higher controller e ort. 4

Example 3.4.2. Consider the nonlinear dynamical system given by

X3(t) = X2(t);  X1(0) = X10; t O (3.48)

X2(t) = sgn2()ix2(t)is  sgn( (Xa(t); x2(D))i (xa(t); X2(t))iz + u(t);  X2(0) = Xao;
(3.49)
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Figure 3.2: Controlled and uncontrolled rst state versus time.

Figure 3.3: Controlled and uncontrolled second state versus time.
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with output

V(O = Ji Gl xa)iFsant (a®) + %0 + 7 (aixm)+ a0
(3.50)

where (X1;X3), X1+ %sgn(xz)szﬁ. Consider the candidate storage function
4. 7 6 o1
Vs(X1iX2) = =] (X1;X2)J* + —sgnka)jXal® + X2 (X1iX2) (3.51)

and note that V4(X1; X7) is positive de nite, continuously di erentiable everywhere, and ra-
dially unbounded (see [45] for details).

Next, note that

1. 1 1. 5 . 2. .4
VIAX1;X2)f (X13X2) = 2X5 5l (X X2)iz  X3j (XiX2)i% | Xai%] (X1;X2)js

1 . .1 5 . L4, 1
> (X1; X2)Sgn(X2)jX2j3 + ESQn(Xz (X1, X2))JX2)3] (X1;X2)j2;

wheref (X1;X2) = [ Xz; sgn(xz)szﬁ sgn( (X1;X%2))]j (xl;xz)j%]T. Furthermore, note that
(see [45] for details)
Vso(Xl; X2)f (X1;X2) CVs(X1; Xz)g; (3.52)

where

max VA 1; X2)f (X1;%X2)] > O (3.53)

(X1;%2)2f (X1;%2):Vs(X1,%2)=1 @
and where (6.83) is well-de ned sinc&y(Xy; X») is radially unbounded. Now, it follows that

@Mxl;xZ)u.
@x ’

1. .1 ,
= cV(xaixa)? +2u Sixaf¥] (xaixa)j#sgn( (xuixz)

Ve(X1; X2; U) = VX1 X2)f (X1;X2) +

R 1 s
+ X3+ 1 (X1;Xp) + Zx;

CVe(X1; X2) 7 + 2Uy; (3.54)
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which shows that (3.48){(3.50) is strongly passive.

Next, consider the rst-order dynamic compensator given by

Xe(t) = SONKe(D)iXe(i®  SINKe(D)iXe(DI?? + Ue(t); Xco(0) = Xeo3 t O (3.55)

Yelt) = SsanGee(t) (D (3.56)

4
3

and note that, with storage functionVs.(Xc) = jX¢j3,

4. 4 1
Voo(Xc; Ue) = §JXCJ§ +2UcYc éVsc(Xc)% +2UcYc;

and hence, (3.55) and (3.56) is strongly passive. Now, it follows fromof Corollary 3.4.1
that the negative feedback interconnection of (3.48){(3.50) and (3.55) and (3.56) is nite time

stable with settling time function T (Xo; Xco) ﬁ (V (Xo; Xeo))* ~, Wherexo = [X10; X20]",

6
= and

. s 4 1
—— min ¢V (Xo; Xc0)7; =V (Xo; Xco) 2
V (0 %) (Xo; Xco) 3 (Xo; Xco)

Let X¢o =0, X130 =0:8, and x,9 = 0:8. Figure 3.4 shows the controlled and uncontrolled
rst state x; versus time, whereas Figure 3.5 shows the controlled and uncontrolled second
state X, versus time. Note that for the controlled caseX:(t); X2(t); Xc(t)) = (0;0;0) for
t = 4:4 sec< T (Xo; Xco) = 7:74 sec. The parameters, and . can be varied to reduce the
conservatism between thguaranteedsettling-time function T (Xg; X¢0) and the achievednite
time convergence. However, achieving faster nite time convergence comes at the expense

of a higher controller e ort. 4
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Figure 3.4: Controlled and uncontrolled rst state versus time.

Figure 3.5: Controlled and uncontrolled second state versus time.
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Chapter 4

Momentum-Based Adaptive Laws for Identi cation

and Control

4.1 Introduction

One of the fundamental problems in feedback control design is the ability to address
discrepancies between system models and real-world systems. To this end, adaptive control
has been developed to address the problem of system uncertainty in control-system design
[9{11,46]. In particular, adaptive control is based on constant linearly parameterized system
uncertainty models of a known structure but unknown variation and, in the case of indirect
adaptive control, combines an online parameter estimation algorithm with a control law to
improve performance in the face of system uncertainties. More speci cally, indirect adaptive
controllers utilize parameter update laws to identify unknown system parameters and adjust
feedback gains to account for system uncertainty.

The parameter estimation algorithms that have been typically used in adaptive control are
predicated on two gradient descent type methods that update the system parameter errors
in the direction that minimizes a prediction error for a speci ed cost function. Namely, for a
gradient descent ow algorithm the cost function involves an instantaneous prediction error
between an estimated system output and the actual system output of the most recent data,

whereas for anintegral gradient descent algorithnthe cost function captures an aggregate
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of the past prediction errors in an integral form while placing more emphasis on recent
measurements [11].

Additionally, the recursive least squaregRLS) algorithm [11] has also been used for
parameter estimation and has been shown to give superior convergence rates as compared
to the classical gradient descent algorithms. RLS algorithms can be viewed as a gradient
descent method with a time-varying learning rate [19]. For static (i.e., time-invariant) cost
functions, momentum-based methogalso known ashigher-order tuners such as the Nesterov
method, have been shown to achieve faster parameter error convergence as compared to
traditional gradient descent algorithms [14]. Since faster convergence can lead to improved
transient system performance, there has been a signi cant interest in extending momentum-
based methods to time-varying cost functions, which naturally appear in adaptive control
formulations [17].

Speci cally, in [17] momentum-based architectures were merged with the standard gradi-
ent descent method using a variational approach to guarantee boundedness for the parameter
estimation and model reference adaptive control problems involving time-varying regressors.
Higher-order tuners were also shown to provide an additional degree of freedom in the de-
sign of adaptive control laws [47,48]. Given that integral gradient and recursive least squares
algorithms provide superior noise rejection properties and improved system performance to
that of standard gradient descent methods, there has been a recent interest in integrating
momentum-based architectures into adaptive laws for parameter identi cation and control
[17,19].

In this chapter, we develop three new continuous-time, momentum-based adaptive laws
for identi cation and control by augmenting higher-order tuners into the integral gradient,
recursive least squares and composite gradient algorithms. Speci cally, in Section 4.2, we
rst review existing gradient-based and momentum-based update laws and introduce two
new higher-order tuner architectures. Next, in Section 4.3, we show how these update

laws can be applied for parameter identi cation, and then, in Section 4.4, we introduce
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a momentum-based recursive least squares (MRLS) algorithm for model reference adaptive
control. Finally, Section 4.5 provides several numerical examples that highlight the improved

parameter error convergence rate of the proposed momentum-based update laws.

4.2 From First-Order to Higher-Order Tuners for Parameter Es-

timation

Consider the system given by

ym = T (1) (4.1)

where, fort 0, y(t) 2 R is the system output, (t) 2 RN is a time-varying regressor
vector, and 2 RN is an unknown system parameter vector. Here we assume that)
is bounded, and hence, can be normalized via the scaling factor k+(t)k so that, with a
minor abuse of notation,k (t)k 1; t 0. Since is unknown, we design an estimator
of the form ye(t) = (t) (t), where (t); t 0O, is an estimate of , so that the prediction
error between the estimated outputye(t);t 0, and the actual system outputy(t); t 0,

is given by

&), Ye() y®= T (1) y®)="T)" (); (4.2)

where T(t) , (1) is the parameter estimation error.

For the error system (4.2), consider the quadratic loss cost function
1
L(;t)= éez(t) (4.3)

and note that the gradient ofL with respect to the parameter estimate is given by% =
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(t)e(t). In this case, the gradient ow algorithm is expressed as

@I ;t)

w= =5

= Me); ©)= o t 0 (4.4)

where > 0 is a weighting gain parameter. As shown in [17¢2 L, \L , forall > 0.

It is well known that the rate of convergence for the gradient ow algorithm (4.4) can be
slow [14]. However, if the regressor vector( ) satis es a persistency of excitation condition,
then (t) convergesto exponentially with a convergence rate proportional to. Although
in this case the convergence rate can improve signi cantly, large values ofcan result in
a sti initial value problem for (4.4) necessitating progressively smaller sampling times for
implementing (4.4) on a digital computer. Furthermore, small sampling times can increase
the sensitivity of the adaptive law to measurement noise and modeling errors [11]. To address
these limitations, momentum-based accelerated algorithms predicated on higher-order tuner
laws are introduced in [17] to expedite parameter estimation error convergence.

In [49], an array of accelerated methods for continuous-time systems are derived using
a Lagrangian variational formulation. Building on this work, [17] extends the variational
framework of [49] to address a time-varying instantaneous quadratic loss function of the
form given by (4.3). Speci cally, a Lagrangian of the form

1

Rt
L(: zt)= et N (s)ds
(i st)=ew 2 N0

[ (1) £1) N (t)e(t)?] (4.5)

is introduced, whereN (t) , 1+ ()T (t); > 0, > O0is afriction coe cient ,and > 0,

and the functional

Z

J()= L(; +8)ds; (4.6)
T

whereT is a nite-time interval, is considered. A necessary condition for minimizing (4.6)
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is shown in [17] to satisfy

N-(t)

"+ N() N (D) 1) = N(t) (et); L0)= -« (0)= o t 0 (4.7)

Note that (4.7) can be rewritten as

(1) = (De®); V(O)= Vo, t 0 (4.8)
=[O VOING, ()= o (4.9)

whereV is an auxiliary parameter andV, = ﬁﬁ + . The stability properties of (4.8)
and (4.9) are given in [17]. Taking the limiting case as ! 1 , the gradient ow algorithm
(4.4) can be recovered as a special case of (4.8) and (4.9).

Rather than relying solely on the instantaneous system measuremeyft);t 0, the loss
cost function (4.3) can be modi ed to incorporate a weighted sum of past system measure-
ments. Speci cally, we can consider loss cost functions of the form (see [11])

Z,

L(;t)= e UIy() T ()Fd; (4.10)

NI =

0

where > 0 is aforgetting factor that prevents the degeneration of system information
updates in some direction by placing more emphasis on the more recent measurements. In

this case, the gradient of the loss cost function (4.10) is given by

Z
@I ;t) _ t t ) T
@ Oe () (t) ()1 ()d
= R(t) (1) + Q(t); (4.11)
where
Z t
R(1) , e ) () ()d; (4.12)

0
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Z,

Q. e ¢ y() ()e: (4.13)
Now, setting
()= @g”; 0= o t 0 (4.14)

we obtain the integral gradient algorithm([11])

= [RO O+QML ©O)= o t O (4.15)
RM)= RO+ (1) () RO)=0; (4.16)
QY= Q) vy (1), QO)=0: (4.17)

The stability properties of (4.15){(4.17) are addressed in [11, Thm. 3.6.7].
Next, motivated by the variational formulation of [17] we introduce a momentum-based

integral gradient algorithm. Speci cally, de ning the Lagrangian

T Niees_ 1L e 1Zt t ) T 2
L(; +t)= et No 20T N e CO00) T )%
(4.18)
where Ni(t) , 1+ KkR(t)k; 0, and using the Euler-Lagrange equation, a necessary

condition for minimizing (4.6) yields

N;(t)

M+ Ni(t) N (1)

1) = Ni(OR(®) O+ QM) L0)= - 0= ot O

(4.19)

where, fort 0, R(t) and Q(t) are given by (4.12) and (4.13). Note that (4.19) can be
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rewritten as

()= [R(t) O+ QM) V(O)= Vo, t O (4.20)
=[O VOIN®;, 0= o (4.21)
R(t)= R((t)+ (t) ()'; R(0)=0; (4.22)
Q= Q) y (1), Q@O)=0; (4.23)

whereV is an auxiliary parameter andV, = ﬁﬂ + . Furthermore, (4.20) and (4.21)

can be rewritten in terms of the parameter estimation errof(t); t 0, and the auxiliary

parameter estimation errorV(t) , V(t) as
Ht)= R(O)Tt); VO) == t O (4.24)
)= [ VOINit); T0)= T (4.25)

The following de nition and lemmas are needed for the main results of this section.

De nition 4.2.1. A vector signal :R! RN is persistently excited(PE) if there exist

a positive constant and a nite-time > 0 such that

Z,,
Y () ()'d; t> o0 (4.26)

t

Lemma 4.2.1. Consider the system (4.22). Then, the following statements hold:

i)
1
kR(t)k =; t O (4.27)
i) If () is persistently excited, then

e k ROk, t (4.28)
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Proof. To showi), note that it follows from (4.12) and (t) (t)T Iy;t O, that

Z, 1
R(t) e C)yd  Zly; t O
0

which proves (4.27). Next, to showi ), note that if () is PE, then

Zt Zt
R(t) = e &) () ()'d+ e ) () ()d

ZO t

t
e &) () ()'d

t Zt

e () ()'d
t

e In; t>: (4.29)

This proves the lemma. O

Lemma 4.2.2 ([10]). Letf :[0;12) ! R". Iff 2 L,\L,; andf-2 L,, then
Iimtgl f (t) =0.

Theorem 4.2.1. Let > 2, and consider the momentum-based integral gradient algo-
rithm (4.20){(4.23). Then, the following statements hold:

i) 2Ly, +%and( V )2L,,andlim, (t)=0.

i) If () is persistently excited, then (t) converges to exponentially ast!1  with

a convergence rate of, wherea, minfe ;2 0.

Proof. To showi), consider the positive-de nite functionV(V; ), VIV+(~ V)T(~ V)

and note that

UV Tt)=2VT#+2( V)T(= ¥
= 2V'R(t)” 2 k™ VK@A+ kRM®K+2 (T VTR~
2 TR()~ 2 k™ VK(1+ kR(HK)+4 k(= W)TRz(t)kkRz(t)k

2 TR()~ 2 k™ VK(1+ kR(HK)+4 k(= W)TRz(t)kkRz(t)k
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2
TR(M)~ 2 k= WK kRz()k 2k(~ W)TRz(t)k

TR()T 2 kT VK (4.30)

which, sinceR(t) 0;t O, implies\M(V;5t) O;t 0. Thus,V;7and (T V)2L;,.
Next, integrating \. over [0 1 ) yields

Z

CKREOTOK V(% 00) fim V(Y i) < 1
o t!

and hence,kR%“k 2 L, Similarly, k™ Vk?®2 L, and hence, T V) 2L; \L ,. Since
(4.27) implies thatkRk 2 L ; , it follows that kRzk 2L ;. Now, it follows from (4.24) and
(4.25) that %, =2 L, \L ,. Finally, sincekRk 2 L, , it follows that ¥, *2 L, , and, by
Lemma 4.2.2, it follows that lim;; k(t)k = 0.

Next, to showii), it follows from (4.28) and (4.30) that

\L(V; 7t) minf e ;2 9vV(V; ), ot
which implies that
V(V(t); 1) V(v e t oo (4.31)
Now, (4.31) implies that, for allt :
q___
KV(t)k V(Vo; o)e z;

q_
kTt) V(k  V(Vo; o)e 2

N
—

N[

and hence, using the triangle inequalitkk k Yk k = VK, it follows that

q__
kk 2 V(¥ o)e 2 t (4.32)
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which proves that (t) converges to 0 exponentially as! 1 with a convergence rate of.

O

Remark 4.2.1. Note that unlike gradient ow and recursive least squares algorithms, the
momentum-based integral gradient algorithm (4.20){(4.23) does not require the assumption

that () 2L, in order to guarantee that limy; (t) =0 [17].

Remark 4.2.2. Note that a time-varying forgetting factor can also be employed in (4.22)
and (4.23). In this case, the PE condition can be replaced with a less restrictive excitation

condition where (4.26) holds for a xed-timet and not for allt 0 [50].

Next, we consider the cost function

Z,
= o0) OO (O ()TFOCEO (O

+( () O)7 of () (O); (4.33)
where, for allt 0;F(t)isanN N nonnegative-de nite matrix function called thegeneral

forgetting matrix and o is an N N positive-de nite matrix. It can be shown that a

necessary condition for minimizing (4.33) gives therecursive least squarealgorithm ([51])

)= (1 Met); 0= o0 t O (4.34)
(= (DL O FOI(Y; 0= o (4.35)
Note that setting F(t) O andF(t) = H (t) = 1(t), where (t) is positive-de nite

forallt O (see [11]), we recover, respectively, thaure recursive least squaresand the
recursive least squares with exponential forgettirsggorithms discussed in [11].

Note that the RLS algorithm (4.34) and (4.35) does not involve a gradient ow archi-
tecture, and the variational formulation cannot be used to generate a momentum-based

recursive least squares (MRLS) algorithm. Despite this fact, higher-order tuner laws can
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still be incorporated into the RLS architecture to give the MRLS architecture

V()= (1) (Delt); V(O)= Vo t 0 (4.36)
)= (O VON®D;, 0= o (4.37)
(o= (DL @ @O FOI(Y:, 0= o (4.38)

where > OandN.(t), 1+ ()T (t) (t)=1+ k 2(t) (t)k3, > 0. Note that (4.36)

and (4.37) can be rewritten as

Ht) = (1) Delt); V(0)=Vo; t O (4.39)
X = () VOIN(); T0)= T (4.40)
In addition, let H(t) =  1(t) and note that since
dH® (1) _dl, _ :
ai = u 0= H(t)(t)+ H(t) Lt); (4.41)

it follows that H(t) satis es

H()= F@O+ () O, HO= 5 t O (4.42)

Lemma 4.2.3. Consider the system (4.42) withF(t) = H (t). Then, the following

statements hold:

i)

KHOk o, t O (4.43)

where 5, max( oD+ L.
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i) If () is persistently excited, then
1 KH@MK t 0 (4.44)

where ;, minfe ;e  mn( oHg.

Proof. To showi), note that it follows from (4.42) with F(t) = H (t) that

Z,

Ht)=e ' '+ e © ) () ()'d: (4.45)
0

Now, using (t) ()T In; t O yields
Z, 1

H(t) 01+ e t )INd max( ol)|N+_|N; t O;
0

which proves (4.43).

Next, to showii), note that if () is PE, then

Ht) e ' 3% e mn( oDIn; 0 t<; (4.46)
and z.
H(t) e () ()'d e Iyn; t>: (4.47)
t
Thus,
1 KH@®Kk t O (4.48)
This proves the lemma. O

Theorem 4.2.2. Let > 2, and consider the momentum-based recursive least squares
algorithm (4.36){(4.38). Then, e( ) given by (4.2) satis ese 2 L ,. Furthermore, the following

statements hold:
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i) If there exists ; > 0 such that (4.44) holds, thenv, 2L, . If, in addition, —_2 L,
then limy; (t)=0and limy; €(t) =0.

i) If F(t)= H (t) and () is persistently excited, then the zero solution{(t); Tt))
(0;0) to (4.39) and (4.40) is exponentially stable.

Proof. Consider the functionV(V; 7t), VTH{)V+(~ W)TH(t)(~ V) and note that

V(V; Tt) =2V TH()®+ VTH()V +2(~ O)TH@E)(= B+(~ VTHM(T V)

20TH(t) (1) (he+ V[ H()+ () )TV 2 (T V)TH)(™ VIN(t)
2 (T MTHO (L) e+ (™ W[ H@®+ ) OTC v)

VIF)Y (T WTFE)(T V) 20T (1) )T~ + V" (1) ()'V

2 (7 MTHOC MN(G 2 M) @) O

(MO OC WY

VIF@QV (T WTFOC (T WO OFC ) 2e1)°
2 (7 MTHOC IN(G 2 W' (@1 O

(MO OC W

VIFOV (T OTF@)(T V+2k(C )T (H)Kk*  2e(t)?
2 (T MTH@E(T VNG 2 O ) )~
VIFOV (T OTF)(T W+2k(C V)T (HK*  2e(t)?

2 (7 VTHOC WA+ k() k) +2k V)T (DKg:
Now, by the Cauchy-Schwarz inequality,

k(™ W) (Ok=k(~ WTHZ(t) 2() (HDk k HZ(O)(~ WKk (1) (k;
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and hence,

UV Tt) k Fz()VKRE k Fz(t)(~ W)K2+2(1 KHZ()(~ WKk 2(t) (DK®  2e(t)?
2 kKHz(t)(~ WKZ+2kHz(t)(~ WKk 2(t) (t)Kjej
k Fz()VK2 k Fz(t)(~ W)k 2kHz(t)(~ W)k%k 2(t) ()k® 2e(t)?
2 kHz(t)(~ VK2 k Hz(t)(~ W)k%k zk2+2kHz(t)(~ WKk z(t) ()Kjej
et)? k Fz()VIE k Ez(t)(~ W)k
2 kHz(t)(~ VK2 [KHz(t)(~ W)kk 2(t) ()k €
et)? k Fz()VIZ k Fz(t)(~ W)K?

o t O (4.49)

Next, integrating \. over [ 1 ) yields

Z

1 €()d V(Y :0) lim V(U(t); T)i) < 1;
0 t!

and hencee?2 L ».

To showi), note that (4.49) and (4.44) imply that V2L, and~ V 2L, . Inaddition,
(4.37) implies that =2 L, , and for —2 L, , it follows from (4.2) and Lemma 4.2.2 that
limy; St)=0and limy; e(t) =0.

Finally, to show ii ), note that if () is persistently excited, then (4.44) holds by Lemma

4.2.3. Now, using the fact that

kKVIZ+ kv K2=[V";:7]"P[V; T (4.50)
2 3

whereP 9 EZ;. is a positive-de nite matrix with eigenvaluesf =—-; =g, it follows

1 1
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from the Schur decomposition that

P p

Pz
3 Skvik+ k) k vie+ky « SO

2 2y .
5 S (kTR + kK); (4.51)

and hence,

|
3 Ps

5 1(KVK + kK% V(V;7t)

H(KTKZ + kK2): (4.52)

In this case, (4.49) gives

(T Tt) € Kk FZ()VIR k Fz(t) (™ W)K2

L (KT + kY )
!
3 Ps

! 2

(KVK? + kK?): (4.53)

which shows that the zero solution (t); (t)) (0;0) to (4.39) and (4.40) is exponentially
stable [6, Theorem 4.6].

O
Remark 4.2.3. Note that setting
8
5H(t); if KH (t)k .t 0
F(t) = 3 (4.54)
-0 otherwise

guarantees that (4.44) holds [51].

The constraints on the parameter in Theorems (4.2.1) and (4.2.2) limit the amount
of momentum that can be applied, thereby limiting the potential advantage gained from
using a momentum-based algorithm. In the context of static optimization, Lyapunov-like
functions are typically constructed as the sum of two terms; one term representing the norm

of the error of the parameter estimate and the other term corresponding to the loss cost
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function [49]. This structure allows for adjustments to the parameter estimat€, that may
not decreasekVk or kk, but can reduce the loss cost functioh.(7t) as shown in Figure

4.1.

Figure 4.1: Visualization of momentum-based learning for an ill-conditioned problem;~is updated
in a direction that increasesk™k while still decreasing the loss cost function.

In order to incorporate (4.10) in our Lyapunov function, we introduce thenomentum-

based composite gradient algorithm

v = (1) @et) S (ONORE O+ QML V()= Vo, t O (4.55)
)= [@® VOING;, 0= o (4.56)
(o= (L O O FOI(Y;: 0= o (4.57)

where R() and Q( ) are given by (4.12) and (4.13). Note that this composite update law

includes an integral gradient term as well as a recursive least squares term in (4.55).

Theorem 4.2.3. Let > 2, and consider the momentum-based composite gradient
algorithm (4.55){(4.57). Then, the following statements hold:

i) If there exists ; > 0 such that (4.44) holds, then 2L, +M;and( V )2L,,
and limy; (t) =0.
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i) If F(t)= H (t) and () is persistently excited, then the zero solution{(t); Tt))

(0; 0) to (4.55){(4.57) is exponentially stable.

Proof. The proof is similar to the proof of Theorem 4.2.2. Namely, consider the positive-

de nite function
V(V;7t), YTHOV+(™ WTH@)(™ ¥ +2L(7t) (4.58)

satisfyingVV(0;0;t) =0; t 0, and note that

~y. @UAT @L 5o 1 ..
L= St e ROS L+ Ze) (4.59)

Now, using (4.49) and (4.58), note that

UV Tt)  et)? k Fz()VKR k Fz(t)(™ W)k N,(t)VTR(t)™
+ Nt~ WTR@E)™ 27R(@) (T VN(t) 2L + et)?
k Fz()VK k Fz(1) (= W)K& 2 N(t)TR({M)~+2 N, ()~ W)TR(t)~
27R() (T WVIN(t) 2L

k Fz()VK k Fz(t)(~ W)k¥2 27R(t)~ 2L: (4.60)

i) now follows using similar arguments as in the proof of Theorem 4.2.2.
To show ii), note that if () is persistently excited, then (4.44) and (4.51) hold, and

hence, using the fact thatL (7t) 1k7k? we have

|
p_! p_!
3 . ° & (kVK+ KkKY) V(V:Th) 3+2 > liwvie+ kK + ke
5+p§!
5 (KVK? + kK?): (4.61)

Now, using (4.49) and (4.60) it follows that the zero solutionY(t); (t)) (O;0) to (4.55)
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and (4.56) is exponentially stable [6, Theorem 4.6].

4.3 System Parameter ldenti cation

In this section, we address the problem of parameter identi cation using the rst- and
higher-order tuner algorithms developed in Section 4.2 . First, however, the following de -

nition is needed.

De nition 4.3.1  ([11]). A signalu : [0;1 ) ! R is stationary and su ciently rich of
order n if the following statements hold:
i) The limit

Z to+ T
lim T u( Ju'(t+ )d (4.62)

T to

exists uniformly in to.

i) The support of the spectral measur&,(! ); ! 2 R, of u contains at leastn points.

Consider the stable single-input, single-output (SISO) plant, with outputy( ) and input

u( ) being the only available signals for measurement, given by

x(t) = Ax(t)+ Bu(t); x(0)=Xxq; t O (4.63)

y(t) = CTx(t); (4.64)

wherex(t) 2 R"; t O0,A 2 R" ", and B;C 2 R". Since there are an in nite number of
triples (A; B; C) yielding the same input-output measurements, we cannot uniquely de ne
the n? + 2n coe cients in (A;B;C). We can however determine then + m + 1 parameters
corresponding to the coe cients of the stable and strictly proper rational transfer function

G 2 R(s) given by

$(S) _ msS" + by as™ T+ 1y

CO= 49~ Sra s Ta (4.65)
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where, fors 2 C, ¥(s) is the system output, U(s) is the system input, and the coe cients a;,
0=1;::5;n 1,andb,j =0;:::;m wherem n 1, are unknown system parameters.
The goal of the system parameter identi cation problem is to identify the system parameter

vector
=[bnibn 1 hyan 150 &) (4.66)
containing the unknown coe cients of the plant transfer function that satis es
") = TY(s); (4.67)

where¥(s), [ F(s)0(s); T (s)9(s)]" and i(s), [s';s L;::::a].

Note that (4.67) has the form of (4.1) in the frequency domain; however, in most appli-
cations the only signals that are available for measurement are the inpu(t); t 0, and
the output y(t); t 0, and not their derivatives. To address this, we Iter (4.67) through
a stable lter ﬁ where ('s) is an arbitrary monic Hurwitz polynomial of degreen, to
obtain, for y(0) =0,

2s)=  T(s); (4.68)

T

whereZ(s) , <& and (s), [-2&a(s); L 9(s)]T. The time signals (t); t 0, and

z(t); t 0, can be generated by the state equations (11])

()= ¢ o)+ bu(t); o0)=0; t O (4.69)
1(t) = Po oft); (4.70)
»(t)= ¢ 2(t) hy(t); 2(0)=0; (4.71)
=0 1(t); 2017 (4.72)
z(t) = y(t)+ T at); (4.73)
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where, fort 0, o(t) 2 R", 1(t) 2 R™?, ,(t) 2 R", and

2 3
T

=9 £: n=[1:0:::;0; (4.74)
In 1j0(n 1) 1

Po=[Om+1) (0 m pj Imea] 2 R M= s o ol (4.75)

and where det6l, J=(s)=s"+ T . 1(s).

Theorem 4.3.1. Assume thatG 2 R(s) given by (6.54) has no pole-zero cancellations
and y(0) = 0. If u is stationary and su ciently rich of order n+ m + 1, then the adaptive
laws (4.20){(4.23), (4.36){(4.38) and (4.55){(4.57) guarantee that (t) converges to as
t!l

Proof. The proof follows from Theorems 4.2.1, 4.2.2 and 4.2.3 by noting thatuf ) is
stationary and su ciently rich of order n+ m+1 and G has no pole-zero cancellations, then

() is PE [11, Thm. 5.2.4]. 0

Remark 4.3.1. Note that if y(0) 6 0, then (4.68) would involve an additional bias error
term. As shown in [11], this term converges to the origin exponentially fast, and hence,

Theorem 4.3.1 remains valid.

4.4 Momentum-Based Recursive Least Squares and Model Refer-
ence Adaptive Control
Recursive least squares type algorithms were rst introduced in adaptive control in[52]
and extended in [11,18,53,54]. In this section, we show how the MRLS algorithm proposed

in Section 4.2 can be extended to the problem of model reference adaptive control for systems

with relative degree one.
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Consider the linear SISO system given by

¥o(s) = G(s)0p(s); (4.76)

where G(s) = kpgzg 2 R(s), Ny(s);Dp(s) 2 RI[s] are unknown polynomials,k, is an

unknown constant, u}(s) is the control system input, andyp(s) is the system output. As in
[53], we make the following assumptions.

i) G 2 R(s) is minimum phase and has relative degree one.

ii) The degree ofD,(s) is n.

iii ) The sign ofk, is known.

The control objective is to design an appropriate control law,(t);t 0, such that
all the signals of the closed-loop system are bounded amgg(t); t O, tracks the output

yi(t); t 0, of a reference model given by

¥:(s) = M (s)f(s); (4.77)

whereM (s) , —X— 2 R(s), a, > 0 and k, are known constants, and (s) is the Laplace

st ar

transform of a bounded piecewise continuous signeft); t 0.

To address this problem, consider the Iter system ([11])

vi(t) = Feva(t) + geup(t); va(0) = vig; t O (4.78)

Vo(t) = Feva(t) + QeYp(t);  V2(0) = vao; (4.79)

where, fort 0, vy(t) 2 R" 1, vy(t) 2 R" 1,
2 3

AT
Fo= 9 . LoRo D (n V%= 02 naii o e=[1;0::;0 2R L
In 2] 0n 2 1

(4.80)
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and det(sl, 1 F¢) = s" 1+ L 2(s) = F(s), whereF(s) 2 R][s] is an arbitrary monic
Hurwitz polynomial of degreen 1. Here, we use/,(t);t 0, andvy(t);t 0, to form the

regressor vector
(1) = [V (1); vz (1) yp(t); 1 (D] 2 R?": (4.81)

Note that the existence of a constant parameter vector =[ ,7; ,7; 5; ,]' 2 R® such
that the transfer function of the SISO system (4.76) withuj(s) = T A(s); where A(s) =

[2205(5); “EE290(5); 9p(5); 1(S)], matching the reference model transfer functioM (s) 2

R(s) is guaranteed by the choice oM (s) and Assumptionsi) il ).

Next, consider the control law
0p(s) = L(5)"7 () (s); (4.82)

where(s) 2 C", L(s), s+ 1; 1> 0,and’(s), L %(s)"(s) 2 C?", and note that the

tracking error &,(s) , $,(s) ¥:(s) satis es

&(9) = M(OLOK [0p(s) TS = M(S)L(Sk T (5)(s); (4.83)

k

wherek = (2. Note that (4.83) has a nonminimal state-space realization given by

e(t) = Anex(t)+ Bnk (1) (1); e0)=eo t O (4.84)

e(t) = Cme(t) + kik T (t) (t); (4.85)

whereey(t) 2 R® 2, A, 2 RG" 2 Gn 2 g = RE" 2 1 gndC, = R " 2. Further-
more, note that
Ki(s+ 1) _ Ke( 1 ar)+k'

M(9L(s) = = a s+ a ’ (4.86)

85



where, for 1> a,, % is a strictly positive real transfer function. In this case, it follows

from the Meyer-Kalman-Popov lemma [11, Lem. 3.5.4] that there existi3 2) (3n 2)

positive-de nite matrices P > 0 and Q > 0 such that

20; (4.87)

AlP+PA,

PB,=C':

m:*

(4.88)

Since for every nonsingular matrixS 2 RG" 2 Gn 2 gnd constant > 0, the realizations
(A;B;C)and (SAS !, SB, !CS 1)are equivalent, choosing = Qz and = kCpk we
can ensure that A ; Bm; Cr) is a realization that satis es (4.87) and (4.88) withQ = 13, »
and C,, is normalized so thatkC,k = 1.

Next, consider the recursive least-squares algorithm given by

)= sgnk ) (t) (Neu(t); ©)= o t O (4.89)
(o= () (DO O (), ©O= o (4.90)

where sgn(), =j j; 60;andsgn(), 0, > 0,and 0. Note that for =0, (4.89)
and (4.90) recover the recursive least-squares algorithm of [55].
Here, we modify the recursive least-squares algorithm (4.89) and (4.90) to construct our

MRLS algorithm as

V()= sgnk ) (t) (De(t); V(0)= Vo, t O (4.91)
= (O VON@®); 0= o (4.92)
(o= () (DO O (), = o (4.93)

where > 0, > 0, > 0, > 0,

Nn(t), 1+ ()T (t) ()=1+ k %(t) (t)k?; (4.94)
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and > 0. Note that (4.91) and (4.92) can be rewritten in terms of the error parameters

V();t O,and7t); t O;as

W)= sgnk ) (1) (Deu(t); V(O)=Vo V | t 0 (4.95)

)= (M) VOINm();, T0)= o (4.96)

Theorem 4.4.1. Consider the SISO system (4.76) with control law (4.82) and the MRLS

algorithm given by (4.91){(4.93) with > —t—and > 2(1+2JJ) where  minf1; i-g.

Thene, 2L,\L ; and™ 2L, If,inaddition, =0,then TV 2L, andlimy; e(t)=0.

Proof. Consider the function
V(TViest),  kVTHOV+ Yk (T WTH@E(T )+ ePe
whereP > 0 satis es (4.87) and (4.88), and note that

V(TVieit)= gPe+2jkj WTHOW+ k] WHOV+K] YT V)THO(T V)

+2ikj YT MTHOE W

= 2kek®+2elPBnhk 7 (t) 2k VT (t)er+ jk | VTH(H)V
+ikj T OMTHMCT W) 2k H(T WTHO(T VNm(Y)
+2k (T W) (He

= 2&kek?®+2(Cne)Tk T (1) 2k VT (t)er+ jkj WTH(t)V
+ikj T MTHMC W) 2k YT WTHO(T VNm(Y)
+2k (T V)T (e

= 2kek®+2(e; kk T )Tk T (1) 2k VT (t)e
+ikj WL FO+ O OTIv+jkj YT W F)+

O v 2jki (T WMTHOC YNk +2k (T 9 (e
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= 2kek? jkj KFz()VKR j kij IkFz()(~ WK 2k(k T (1)2
+dek (T W) )+ jkj YT O+ ik (T W (1))

2 jkj k(T WTH %(t)ksz(t); t O (4.97)
Next, using the Cauchy-Schwarz and Young inequalities we obtain

€= e ClCne+(kk 7 (1)2+2kk TelCp
K Cuk?kek® + (kk 7 (1)2+2kKkk T (t)kkel Ck
2kCrk?kesk? + 2(kk T (1))2

2kek? + 2(kk T (1)% (4.98)

Now, using (4.98) along with triangle inequalityjv"™ (t)j> j T (t)j?+j(~ ¥)T (1)j>t O,

it follows from (4.97) that

V(TVient) 21 )kek? e2+2 (kk T ()2 j kj KF()VK 2k (k T (1))?

j ki WkFIO(T WK +4jeik j(C )T O+ k] T (@)
+k(T W OK]+ k] N W )2

2 jkj k(= W)THzZ(t)K*Nm(t)

201 )kek?+ jk j( 2kijk j+2 kZjk j+ DT (1))

i kj kFz()VIK

[ID jei] ZMJF )T i+ 2k 1+4jk—j2 (IR ENOE

i kj WKEI()(T WK 2 jkj k(T V)THZOKN(L)

201 kek?+ jk j( 2Kk j+2 kFjk j+ DT (D))

i kj KFz(H)VK

-
vk 3D 5 kgt wTHIEP F) ok
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i kj KFz()(~ WK 2 jkj k(— WV)THz()k?
21 kek®+ jk j( 2Kk j+2 kPjk j+ DT (D))
i ki KFZ(VIR j k| KFz(t)(~ WK

2 jkj k(— WTHz(t)k?

o0 t O

which shows thatV (7 V;ey;t) 2L, . Hence,VTH{)V, (T W)TH@{)(~™ V)2L,;t O,
elPe 2L, . Next, integrating \. over [Q 1 ) yields

Z,

kex( )k?d  V(Vo; To; €20; 0) Jm V(V(t); 1) e(t);t) < 15
0 !

and henceg 2 L ,. Similarly, ™ 2L, and, sinceP >0, 2L .
Finally, if =0, then H(t) satis es

H()= () 17 HO= o5 t O (4.99)

or 7

H(t)= '+ t () ()'d: (4.100)
0

HenceH(t) > ,% t 0,andthus,¥V;~ 2L . Now,ife;~ 2L, then (4.85) implies that

e, 2L, and, by Lemma 4.2.2, lim; ey (t) =0. O

Remark 4.4.1. Note that unlike many MRAC schemes (e.g., [56]), (4.91){(4.93) does not
necessitate a projection operator to guarantee boundedness of the tracking error. However,
unlike [55], wherein only a lower bound is necessary fik j, we do require knowledge of a

lower and upper bound forjk j.

Remark 4.4.2. It is important to note that there exists an alternative MRAC frame-

work in the literature known as the normalized adaptive laws [11] whose design is not
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based on the tracking errore;( ) but rather on a normalized estimation error of a par-
ticular parametrization of the plant. For this framework, the momentum-based integral
gradient algorithm (4.20){(4.23), recursive least squares algorithms (4.36){(4.38) and com-
posite gradient algorithm (4.55){(4.57) can be used directly for strictly proper plants with-
out a relative degree restriction. In this case, the parametrization of the ideal controller
is given byu(s) = T (s), where satises As) = T'(s); 2(s) = M(s)up(s), and

"(s) = [M ()01 (9); 93 (8); M (8)95(S); o (S)]-

4.5 [lllustrative Numerical Examples

4.5.1 System Parameter Identi cation

Consider the third-order transfer function representing a servo control system for the

pitch control of an aircraft given by

bis+ by

S3+ ay,s2+ a;S8+ ag

$(s) = 0(s); (4.101)

wherey{s) 2 C is the pitch angle,(s) 2 C is the system input, andb,, by, a,, a;, ag > 0,
and ky 6 0 are the unknown system plant parameters. Note that, (4.68) giveq3) = (5—35)9(3)
with = [by; by a; as:80]" and "(s) = [ &50(s); S39(s)]"

Let ag = 0:1774,a; = 2:072,a, = 0:739,kph = 0:1774,b, = 1:151, u(t) = U[cos(4) +

cos(2) + sin(4t) +sin(t)], U > 0, and choose (s) = (s+ 1)3. Note that u() is a station-
ary and su ciently rich signal of order 5, and hence, Theorem 4.3.1 guarantees that the
estimated system parameters(t) will converge exponentially to ast! 1 using both
the momentum-based integral gradient algorithm (4.20){(4.23) and the MRLS algorithm
(4.36){(4.38).

First, we compare the performance of the RLS algorithm (4.34) and (4.35) with the
MRLS algorithm (4.20){(4.23). For this comparison, we setJ =10, (0) =3000 I, =0:1,
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=0:1, = 2, (0) =1][0;0;0;,0;0]", and V(0) = [0;0;0;0;0]". Figure 4.2 shows the
system parameter estimate versus time. It can be seen that for both the RLS and the
MRLS algorithms the parameter estimate (t) converges to as expected by Theorem
4.2.2. Moreover, as seen in Figure 4.3 the MRLS algorithm provides faster convergence of

the system parameters to the true values as compared to the standard RLS algorithm.

Figure 4.2: Parameter estimate values (t) versus time using the RLS and MRLS algorithms. In
both cases the parameter estimate values converge to the true values with the MRLS algorithm
converging faster.

Figure 4.3: Norm of the parameter estimate error (t) versus time using the RLS and MRLS
algorithms.
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Next, we compare the momentum-based composite gradient algorithm (4.55){(4.57) with

the composite gradient algorithmgiven by

)= () Ot 5 (ONOIRD) O+ QML (0)= o t O (4.102)

Let U =1, (0)=10001s5, =0:2, =0:1, = 2, (0)=1[0;0,0;0;0]", and V(0) =

[0; 0; 0; 0; O]". Figure 4.4 shows the system parameter estimates versus time. It can be seen
that for both the composite gradient and the momentum-based composite gradient algo-
rithms the parameter estimate (t) converges to as expected by Theorem 4.2.3. However,
as seen in Figure 4.5 our proposed algorithm provides faster convergence of the system pa-
rameters to their true values. In particular, the momentum-based composite gradient settles
around a value of 10% at t = 16 s as compared to 20 s for the composite gradient. Note
that the convergence rate due to the addition of momentum is more pronounced in the case

of the composite algorithm as compared to the RLS algorithm.

Figure 4.4: Parameter estimate values (t) versus time using the composite gradient and the
momentum-based composite gradient algorithm. In both cases the parameter estimate values con-
verge to the true values with the momentum-based integral algorithm converging slightly faster.
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Figure 4.5: Norm of the parameter estimate error (t) versus time using the composite and the
momentum-based composite algorithms.

4.5.2 Momentum-Based Recursive Least Squares and Model Ref-

erence Adaptive Control

Here we consider the short term dynamics of the aircraft example shown in Figure 4.6,
where is the angle of attack, is the ight path angle, and Ug is the equilibrium linear
axial velocity. The transfer function describing the short term dynamics of the reduced-order
longitudinal state equation of the aircraft with angle of attack output and elevator de ection

input is given by [57]

"(s) - ko(s+ bv)

Ns)  S2+ aS+ ag

(4.103)

wherek, = lZJ_e by = UeZ—, & = Mg+ 2y, anda = mgz, mMyUe, andm , m,, and mq are
the concise partial derivatives (see [57]) of the pitching moment with respect to the elevator
angle , the normal velocity w, and the pitch rate g. Moreover,z and z, denote the concise
partial derivatives of the normal force on the aircraft with respect to the elevator angle

and the normal velocity w. Here, we setk, = 0:1601,k, = 71:9844,& = 5:0101, and
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ao = 12:9988[57].

Figure 4.6: Schematic of an aircraft.

The desired system performance is to track the reference output

$i(s) = £(s); (4.104)

s+0:3

whererfs) is a reference command signal. Next, we use the Iter system (4.78) and (4.79)
with Fc = 2, andg. = 1, and the control law (4.82) whose state space realization is given

by

)= 1M+ (1), (©)=0; t O (4.105)

up(t) = T(t) O+ (1) (1); (4.106)

where (t) = [va(t); va(t); yp(t); r(t)]": For our simulations, we select the reference signal to
be a square wave with a frequency 2and amplitude 1. Furthermore, the system initial
conditions are set toy(0) = 0, yp(0) =0, y,(0) =0, and (0) =300 I4.

Next, we compare the RLS algorithm (4.89) and (4.90) with our proposed MRLS algo-
rithm (4.91){(4.93). For this comparison, weset ; =2, =1, =1, =5 =1, =0:3,

(0) = [0;0;0;0]", and V(0) = [0;0;0;0]". Note that all the conditions of Theorem 4.4.1
are satis ed. Figure 4.7 shows the system parameters versus time for the MRLS and the
RLS algorithms. It can be seen that in both cases the system parameters converge to the
true values with the MRLS providing faster convergence as compared to the standard RLS
update law. Figure 4.8 shows the response of the MRAC scheme for both the MRLS and

RLS algorithms as well as the trajectory of the reference model. Finally, Figure 4.9 shows
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the moving average of the absolute value of the tracking err@q( ) with a sliding window
of period 2 . Note that the MRLS algorithm provides slightly better tracking accuracy as

compared to the RLS algorithm after the rst 10 s.

[Parameter estimate
values (t) versus time using the RLS and MRLS algorithms.]

Figure 4.7: Parameter estimate values (t) versus time using the RLS and MRLS algorithms. In
both cases the parameter estimate values converge to the true values with the MRLS algorithm
converging faster.
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Figure 4.8: Response of the MRAC scheme for the RLS, MRLS algorithms, and the trajectory of
the reference model versus time.

Figure 4.9: Moving average of the absolute value of the errorey(t) = yp(t) y:(t) for the RLS
and MRLS algorithms with a sliding window of 2 . The tracking error for the MRAC scheme
predicated on the MRLS algorithm decreases faster than that predicated on the RLS algorithm.
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Chapter 5

Online Accelerated Data-Driven Learning for Optimal
Feedback Control of Discrete-Time

Partially Uncertain Systems

5.1 Introduction

In the design of feedback control systems for nonlinear dynamical systems, it is essen-
tial to ensure both stability and performance. Optimal control theory provides a powerful
framework for addressing closed-loop stability and performance by enabling the design of
controllers that optimize a user-de ned cost function [58]. In the in nite horizon optimal
control setting, the notions of optimality and asymptotic stability are intertwined [6, 59].
Speci cally, the optimal control strategy involves a state-feedback control law that estab-
lishes asymptotic stability while minimizing a given performance functional. To derive the
optimal control policy for a general nonlinear discrete-time system, the optimal cost function
(value function), which serves as a Lyapunov function for the closed-loop system, needs to
be determined. This requires the solution of a nonlinear di erence equation known as the
steady-state Bellman equation [6].

Since closed-form solutions of the Bellman equation are not always guaranteed nor are
they easily computable, approximate solutions become necessary. One such computational

approach involves approximating the value function using a Taylor expansion parametriza-
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tion and devising an algorithm to compute the unknown coe cients of the parametrized
value function [60]. Another approach employs a policy iteration scheme based on a second-
order approximation of the Bellman equation [61]. However, these methods are typically
performed o ine and su er from limited adaptability, as well as requiring complete knowl-
edge of the system dynamics.

Reinforcement learning [62] is a branch of machine learning that uses online adaptive
learning control algorithms to develop optimal control policies using measurements along
the dynamical system trajectories. The model-free nature of reinforcement learning tech-
niques makes them particularly appealing for characterizing optimal controllers in the face
of system uncertainty. Consequently, signi cant e orts have been made within the control
systems community to develop reinforcement learning techniques, giving rise to the eld of
approximate dynamic programming [63{67].

Approximate dynamic programming mergesoptimal [68] and adaptive control [9] by
incorporating adaptive learning mechanisms that enable the learning of optimal control so-
lutions using measured data along system trajectories [69{77]. These algorithms typically
involve an actor-critic structure comprising of two approximators; namely, aritic network
that evaluates the performance of a control policy and aactor network that computes the
control policy. The tuning of these networks can be performed sequentially using a policy
iteration algorithm or a value iteration algorithm. The authors in [78] provide a convergence
proof for an approximate dynamic programming problem under the assumption that the
value and policy update equations can be solved exactly.

In contrast, in this chapter we build on the work of [79] by adopting a synchronous
method [67] where both the critic and actor weights are updated at each time step. The
update laws used to tune the critic and actor networks are predicated on a least squares
problem with time-varying regressors. This problem entails an online parameter estimation
architecture which plays a fundamental role in adaptive control. Numerous techniques have

been developed in the literature to derive stable learning laws that, in some cases, converge to
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the optimal parameters. In particular, rst-order gradient descent algorithms, which solely
utilize the current parameter values and the gradient information at the current estimate,
are prevalent in adaptive learning laws. Their memoryless architecture makes them straight-
forward to implement and provides stability guarantees when dealing with time-varying
regressors [9].

For time-invariant (i.e., static) cost functions, it is well-known that momentum-based
methods also referred to ashigh-order tuners such as the Nesterov method, can achieve
faster parameter convergence as compared to gradient descent algorithms [14]. Since faster
convergence of the critic and actor weights can lead to improved system performance, it
is worth exploring the development of momentum-based methods for approximate dynamic
programming. Recent work by the authors in [80] investigated this line of research for
continuous-time systems and demonstrated that hybrid momentum-based update laws can
accelerate the learning process. However, a similar investigation for discrete-time systems
has yet to be explored.

Nesterov's algorithm and other momentum-based methods generally lack boundedness
guarantees for optimization problems involving time-varying (i.e., dynamic) objective func-
tions [15]. While [81] provides boundedness guarantees for the Nesterov method for a broad
class of objective functions, it assumes that the functions do not vary at each time step, and
hence, are not directly applicable to approximate dynamic programming problems. To ad-
dress this limitation, the authors in [82] proposed a momentum-based optimization method
that was shown to possess boundedness guarantees for regression problems with time-varying
regressors. This framework was subsequently used for the adaptive control of a class of non-
linear uncertain systems [83].

In this chapter, we build on the work of [82] to derive novel momentum-based update
laws for approximate dynamic programming of discrete-time partially uncertain systems and
show that the proposed framework provides accelerated learning of the control policy and

the solution of the Bellman equation by utilizing data gathered along the system trajectories
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while guaranteeing uniform ultimate boundedness of the closed-loop system states. More
speci cally, in Section 5.2 we state the discrete-time optimal control problem and then, in
Section 5.3, a critic-actor learning framework is developed for online learning of the optimal
control policy and cost function using a momentum-based update law. In Section 5.4, we
present our main result that shows that our proposed algorithm guarantees uniform ulti-
mate boundedness of the closed-loop system under the assumption of a persistent excitation
condition. An extension of our framework for near-optimal tracking is developed in Section

5.5, and Section 5.6 presents two illustrative numerical examples.

5.2 Discrete-Time Optimal Feedback Stabilization Problem

In this section, we present a discrete-time optimal control problem involving a notion of
optimality with respect to a nonlinear-nonquadratic cost criterion. Consider the nonlinear

a ne in the control dynamical system given by

x(k+1) = f(x(k))+ G(x(K)u(k); x(0)= xo; k2 Z,; (5.1)

where, for allk 2 Z,, x(k) 2 R" is the system state vectoru(k) 2 R™ is the control input,
andf :R"! R"andG:R"! R" ™ are continuous functions withf (0) = 0. The control
u( ) is restricted to the class ofadmissiblecontrols consisting of continuous functions.

For every xo 2 R" and admissible control inputu( ), de ne the performance measure

b
J(xo;u()) = L1(x(k)) + u(k)"R(x(k) u(k) ; (5.2)

k=0

whereL; :R"! RandR:R"! R™ ™ are continuous functions withR(x) > 0;x 2 R".

Furthermore, for everyxg 2 R" , de ne the set of regulation controllers for the nonlinear
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system (5.1) by

S(xo) = fu():u()is admissible,J (xo;u()) is nite, and x() given by (5.1)

satisesx(k)! Oask!1lg
The optimal stabilization problem involves the minimization
\Y min ; ; 2 R"; :
(XO) ) u( )ZSI (x0) J (X01 U( )) ' Xo ’ (5 3)

subject to (5.1). Note that the function V() is the value function and can be thought of as
the optimal cost (i.e., cost-to-go) from the system initial statexo.

Next, we present a key theorem for characterizing discrete-time nonlinear feedback con-
trollers that guarantee asymptotic stability for the nonlinear discrete-time system (5.1) and
minimize the nonlinear-nonquadratic performance measure (5.2). For R" ! [0;1 ), de ne

the Hamiltonian function
H(x;u; p(x)) £ Li(x)+ u"R(X)u+ p(f (x) + G(x)u)  p(x); (x;u)2 R" R™: (5.4)

Theorem 5.2.1 ([6]). Consider the controlled nonlinear system (5.1) with performance
measure (5.2). Assume that there exist a continuous, radially unbounded functiéh: R" !

R and an admissible control lanu : R" ! R™ such that

V() = 0; (5.5)

V(x) > 0, x2R";  x60; (5.6)

u (@ = 0; (5.7)

VEX)+ G)u (x)) V(X) < 0, x2R" x60; (5.8)
H(x;u (x);V(x)) = 0; x2RY (5.9)

H (x; u; V (X)) 0, (xu)2R" R™ (5.10)
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Then, with the feedback controlu( ) = u (x()), the zero solutionx(k) 0 of the closed-loop
system

x(k+1)= f(x(k))+ G(x(k))u (x(k)); x(0) = Xo; k2 Z,; (5.11)

is globally asymptotically stable, the performance measure (5.2) is minimized in the sense

that
J(Xo;u (x())) = u(rgisn(XO)J(xO;U( ); Xo2R"; (5.12)

and
J(Xosu (X())) = V(X0); %02 R™ (5.13)

Note that (5.9) and (5.10) imply
unZ1Fierr1n H(x;u;V(x))=0; (5.14)
which, using (5.1) and (5.4), yields the well-known Bellman equation
urglFi{Q [Li(x)+ u"TR(X)u+ V(f (x)+ G(x)u) V(x)]=0: (5.15)

Now, applying the stationary condition %ﬂ = 0 and assuming that V() is continuously

di erentiable, it follows from (5.15) that
1
u()= 3R YX)G)TT £+ aeou ooV (F(X) + G(X)u (x)): (5.16)

Note that (5.16) gives an implicit formula for the optimal feedback controu (x). Rewriting

(5.16) on the system state trajectories we obtain
1
uxky= 3R FX(KNG(X)TT iy V(X(K+1)); (5.17)
which shows that the optimal control is dependent on the future system state trajectory
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x(k +1).

In the next section, we present an online procedure that circumvents having to solve
the Bellman equation backwards-in-time while at the same time relaxing the assumption of
needing the explicit knowledge of the system dynamidq ) to solve for the optimal control

(5.16).

5.3 Accelerated Near-Optimal Regulation for Discrete-Time Sys-

tems

In this section, we develop an online accelerated learning-based algorithm for learning
online the solution of the Bellman equation by utilizing data gathered from the controlled
system trajectories. Speci cally, we employ a critic and an actor structure to approximate
the value function and the optimal controller. Namely, using the Weierstrass higher-order
approximation theorem [84], we approximate the value functiol (x) and the optimal feed-
back control policy u (x) over a compact setD, R" that includes the origin with neural

network approximators of the form

V(X)= W," (X)+ "o(X); x2Dg; (5.18)

ux)= W, (X)+ "a(x); x2Dg; (5.19)

whereW, 2 RNe and W, 2 RNa ™ are the optimal unknown (constant) weights satisfying
kKW.k, Wem and kW, k,  Way, respectively, wheréW,,, and W, are positive constants,
:D.! RNeand :D.! RNa are basis (or regressor) functions satisfying(0) = 0 and
(0) = 0, N and N, are the number of neurons in the hidden layer of the critic and actor
networks, respectively, and'¢( ) and ",( ) are bounded approximation errors. In addition,
we assume thatr ,"(x) is also bounded so that there exist,, > 0, "¢ > 0, and"%. > 0

such that j"¢(x)]  "cm; K'a(X)kz  "am, and kr \"c(X)ka "¢, for all x 2 D.. Here we

select the basis functions () and () so that they form complete basis sets i [85].
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Since the ideal weightdV, and W, are unknown, we consider a critic and an actor with

current estimatesW,(k) 2 RVe; k 2 Z,, and W,(k) 2 RN= ™: k 2 Z,, of the form

V(x(K); We(k) , We(k)T (x(K); k2 Z,; (5.20)

0.(x(K); Wa(k)) , Wa(k)T (x(k)) 2 R™; k2 Z,: (5.21)

Note that the ith component of the approximate optimal control input signal is given by

0, (X(K); Wia (K) , Wa ()T (x(K); i=1;:0m; (5.22)

closed-loop dynamical system is given by

x(k+1)= f(x(k))+ Gx(K)Wa(k)T (x(k)); x(0)= xo; k2 Z.: (5.23)

Our objective is to design a set of accelerated learning laws to identify the optimal critic and

5.3.1 Momentum-Based Learning Law for the Critic Network

As discussed in [20], the Hamiltonian function (5.4) can be used to evaluate the perfor-
mance of the approximate optimal control policyus( ; ). Speci cally, given an approximate
optimal control policy 0,( ; ) and an approximate value function¥( ; ), we de ne the tem-

poral di erence error e;( ) by

(k) . H(X(K); 0a(x(k); Wa(k)); ¥ (x(k); We(k))  H (x(K);u (x(k); V (x(k))
= L(x(K); Qa(x(K); Wa(K))) + ¥ (x(k +1); We(k)) ¥ (x(k); We(K))
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= L(x(K); 0a(x(K); Wa(k)) +  (x(K))TWe(k); k2 Z,; (5.24)
where
L (x(K); 0a(x(K); Wa(K))) , L1(x(K)) + Ua(x(K); Wa(K)) TR(X(K)) Da(x(K); Wa(K))

and  (x(k)), ((x(k+1)) (x(k)). The error (5.24) can be interpreted as a Bellman error
between the estimated and actual solution to the Bellman equation at each time step[20].

Next, for a givenN; 2 Z., de ne the auxiliary temporal di erence error vector by
Ec(We(k); k), Ye(k) + Xc(K)We(K); (5.25)
where

Yo(K), [Lx(K); 0a(K);L(x(k  1);0a(k  2));::5L(x(k Np);oa(k N 2 RN,
(5.26)

Xo(k), [ (x(k): (x(k 12));:::: (x(k Np))™ 2 RINerD Ne. (5.27)

representing the time history of the previousN; + 1) temporal di erence errors using the

current critic weight W,(k) at time k 2 Z, . Furthermore, de ne the loss function by
1
Le(We(k)i k), SE(We(k): k)T Ec(We(k); K) (5.28)

and note that

r . Le(We(k);K)

Wk +2) = We(l) oS

W.0)= W,,; k2Z; (5.29)

where . > 0 is a learning rate andN.(k) , 1+ kX(k)k3, minimizes L(W(k); k) with

respect to the weight parameters in the direction of the negative gradient af,(W,(k); k).
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If the loss function is time-invariant (i.e., static), then the gradient descent algorithm
guarantees that the loss function monotonically decreases foy < 2 [9]. Alternatively, if the
loss function is time-varying (i.e., dynamic), then uniform ultimate boundedness of the critic
weights is guaranteed under the assumption that the system is persistently excited with a
small enough learning rate . [79]. Gradient descent algorithms are often used in adaptive
control for their simple recursive structure as well as their convergence guarantees. However,
as is well known, gradient descent algorithms can have a slow convergence rate, especially
when the condition number of the regressor matrix (5.27) is small [14]. Accelerated versions
of the gradient descent algorithm, such as the Nesterov method, have been proposed in the
literature and have been shown to converge at a rate 6f( %) as compared to the rate oD (%)
for the standard gradient descent algorithm, where here denotes the iteration number[14].
In this section, we use a Nesterov-like method with approximate dynamic programming to
accelerate the convergence of the actor-critic parameters being estimated.

A direct application of Nesterov's algorithm for minimizing (5.28) yields

Wok +1) = VoK) o V°L|§I(\gf<()k); k); W.0)= W,,; k2Z; (5.30)
Vo(k+1) = (1+ IWe(k+1)  ~We(k); Ve(0) = Vg; (5.31)

where—. > 0 and . 2 [0;1] are hyperparameters with . quantifying the momentum i.e., a
parameter chosen to capture the e ect of the past trajectory in determining the next estimate
of W() at time k + 1) and V¢(k) 2 RN¢; k 2 Z,, is an auxiliary weight. The algorithm is
illustrated in Figure 5.1. Since (5.30) and (5.31) do not guarantee a monotonic decrease of
the loss cost function (5.28)[81], the weight parameteid/,( ) and V() do not necessarily
remain bounded for the time-varying loss function (5.28). This motivated the authors in [82]
to develop a Nesterov-like algorithm that guarantees boundedness of the weight updates in
the face of a time-varying loss function. This accelerated scheme is based on a particular

discretization of a continuous higher-order tuner and is given in [49].
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Figure 5.1: Visualization of Nesterov's algorithm. Note that unlike the gradient descent algorithm,
wherein repeated steps are taken in the opposite direction of the gradient of a function at a current
point, Nesterov's algorithm looks ahead to evaluate the gradient of the loss function.

Since (5.30) and (5.31) de ne a second-order system, it is necessary to introduce an

auxiliary critic weight vector V, 2 RN¢, which serves to capture the e ect of the past system

trajectory. The update law in this case is given by

We(k +1) = We(k)  [We(k) V o(K)]; We(0)= We,; k2 Zy; (5.32)
[ Wopy Le(We(k +1);K)
N (k) ’

Ve(k+1)= V(k) ¢ Ve(0) = Vq,; (5.33)

where > 0 is a learning rate, . > 0 is a momentum parameter, and

g, Le(We(K); K).
Nk

r o, Le(We(k)1 k) = Xe(k) "X () We(k) + Xc(K)T Ye(K):

We(k) = We(k) ¢ ¢

It was shown in [82] that, for a time-invariant loss function, (5.32) and (5.33) specialize to
the Nesterov algorithm (5.30) and (5.31) with = . cand =1 c

Next, de ne the critic and auxiliary weight errors as

We(k), Wek) W,; (5.34)
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VoK), Ve(k) W,; (5.35)
and note that (5.25) can be rewritten as

Eo(We(k);K) = X (K)We(k) +  o(K); (5.36)
where

oK), [ "ex(K));iiz "e(x(k N (5.37)

and "o(x(K)) , "c(x(k+1)) "o(x(k)). Now, sincej"«(X)j "em, it follows that k (K)ks

emi K2 Z,, where ¢, P 2(N; +1)"m. The weight error dynamics can now be written

as
Wo(k+1) = We(k)  o(We(k) Ve(K); Wo(0)= Wo,; k2Z.;  (5.38)
Ve(k +1) = Ve(K) chMLT\l(VZ;()kﬂ);k)i Ve(0) = Ve, (5.39)
where

My, Lo(We(K); k)
N (k) ’

My Lo(We(K)i k) = Xo(k) "X o(K)We(k) + Xo(K)T c(K):

Wo(k) = We(k) ¢

5.3.2 Momentum-Based Learning Law for the Actor Network

While the critic weight is updated to minimize the temporal di erence error (5.36),
the actor network is updated to minimize the approximation error of the optimal control.
Using (5.17) we can obtain the optimal control policy provided that the value functiov ()

is known. However, since we do not know (), the approximate optimal control input
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0c(x(K); k + 1) for the approximate value function ¥ (x(k); W¢(k)) is given by

0k +1) = TR KNGHKKNTT 5, I (x(k+ 1)

= %R FXRNGHKNTT ey (x(k + 1)) Wi(k + 1) (5.40)

where the notationr y here denotes a Jacobian matrix and not the transpose of a gra-
dient vector. The update law for the actor weightW,(k) seeks to minimize the di erence
between the current input (5.21) and the target input (5.40). Since the Bellman equation

is a backward-in-time di erence equation, (5.40) requires the knowledge of the staté) at
time k+1. However, since we do not assume knowledge of the system dynamics and do not
incorporate a network model to predict the future state values, we store the previous values

of the states and seek to minimize

ea(k) . Oa(x(k  1);Wa(k))  Oc(x(k  1);k) = Wa(k)" (x(k 1))+ A(x(k)) We(K);

(5.41)
where
Ax(K)) , %R Yx(k  1)G(x(k  1)Tr « (x(k)) 2 R™ Ne: (5.42)
The components of (5.41) are given by
e (k)= Wao (7 (x(k 1)+ Ai(x(K)We(k); i=1;:005m;
where, fori 2 f 1;:::;mg, Ai(x(k)) 2 RNc denotes theith row of A(x(k)).
Next, de ne the auxiliary actor network error vector by
Ea (Wa (K); We(k); k), Xa (KW, (K) + Yo (KWe(K); i=1;::;m; (5.43)
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where, fori =1;::::m,

Ya (k). [Ai(x(k  D)Aix(k  2))5 Ak Neo 1)) 2 RNeD Ney o (5.44)

Xo(K), [ (x(k 1) (x(k 2);:::; (x(k Ny 1)]" 2 RIN+D - Na: (5.45)

Note that (5.43) represents the time history of the previousN; + 1) actor network errors
using the most recent valuedV,, (k) and W,(k) at time k 2 Z, .

To minimize the square actor network error vector de ned by

Lo (W (K); We(k); k) | %Ea(\ﬂ/ai(k);k)TEai(Wm(k);k); i=1;::0:m; (5.46)

we introduce an auxiliary actor weight matrix V, 2 RNa ™ with columns V, 2 RN+; i 2
f1;:::;mg. In this case, the momentum-based update laws for the actor network weight
vectorsW,, and V., i =1;:::;m, are given by
Wok+1) = Wa(k)  aWa(k) Vak): Wa(@=Wa; k2Zi; (5.47)
iy, La(Wa (k+ 1) We(k + 1) k)
Va(k+1)= Va(k) o — , Va(0)= Va; (5.48)
Nai (k) 0
where
Na(K), 1+ kX, (K)K3; (5.49)
— rw. La (Wa (k+1); We(k +1); k)
Wo ()= Wa(k) g oo ; . (5.50)
Nai(k)
Fwy La (Wa (K); We(K); K) = X (K)T X o (K)Wa, (K) + X3 (K) Ya (k) We(K): (5.51)
Now, de ning the actor and auxiliary weight errors as
Wa(k) , Wak) W,; (5.52)
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Va(k) , Va(k)  Wg; (5.53)
it follows from (5.41) that

ea(k) = Ma(Wa(k);x(k 1)) u(x(k 1)+ u(x(k 1)) 0cx(k 1)k
= %R Yk 1)G(x(k  DTIr x (X(K)TW(K) + 1 <" o(x(K) ]
+ W (k) (x(k 1)+ "a(x(k 1))

= W, (k) (x(k 1))+ A(x(K))W(k) + *4(k); (5.54)

where

k), alx(k 1)+ AXEDN Ke(x(K) (5.55)

Next, denoting the ith columns of W,(k) and V,(k), respectively, asW, (k) and V,, we

obtain
Ea (Wa, (K); We(K); K) = Xa (KWa (K) + Yo (We(K) + Zo (K); i =1;::5m;  (5.56)
where
Zo(K), [k 1%k 2)::5%(k Ny DIF2RN. j=1;::0:m: (5.57)
Fori=1;:::;m, the actor weight error dynamics can now be written as
Wa(k+1)= Wa(k)  o(Wa(k) V a(K); Wa(0)= Wa; k2Zi; (5.58)

o La(Wa (k+ 1) We(k + 1) k)
Nai (k)

r.\Nai'k
Va(k+1)= Va(k) o—0

Va(0)= ¥, ; (5.59)
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Figure 5.2: Block diagram of the actor-critic control architecture.

where

[ Wy La (Wa (K+ 1) We(k +1) k)
N (560
|
My, Lo (Wa (K); We(k); K) = Xa (K)T X (K)Wa (K) + Xa (K)T Za(K) + Yo (K)W(K)

Wa(k)= Wa(k) o a

(5.61)

Finally, in light of the above analysis, the closed-loop dynamical system (5.23) can now be

rewritten as

x(k+1) = f(x(K)+ Gx(K)u (x(k) + Gx(K)WS (k) (x(k)) G(x(K))"a(x(K));

x(0) = Xo; k2 Z,: (5.62)

A block diagram showing the actor-critic control architecture is shown in Figure 5.2.
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5.4 Closed-Loop Uniform Ultimate Boundedness with Momentum-

Based Learning Laws

In this section, we show that the closed-loop system (5.23) with the critic and actor
update laws (5.32) and (5.33), and (5.47) and (5.48) are uniformly ultimately bounded. The

following de nition is needed for the main result in this section.

De nition 5.4.1  ([86]). A vector signal p(k); k 2 Z., is persistently excitedover N
steps if there existN 2 Z, and > 0 such that
kx+N
I p(K)p(k)"; ko2 Z,: (5.63)
k=ko+1
In the sequel, we assume that(k) 2 D¢; k 2 Z,; and hence, since (), (),andr , ()
are continuous functions ok, it follows from Weierstrass' theorem [6] that there exist positive

constants 1, m,and 2 such that

kK (X)ko m; X2Dg; (5.64)
k (xX)k m: X2Dg; (5.65)
kr x (X)ka O; x2D¢: (5.66)

In this case, ifkG(X)ke  gm; X 2 D; and R(x) lm, X2D¢ >0, then
KYa (K)k2  Ym; kZg(K)ka Zp, 1=1;::0;m; k2 Z.: (5.67)
(Nt+1)

whereZy , (Ny+1)"am + &gy 9%, and Yy, &g, 9. Finally, note that since,

by Theorem 5.2.1,u () stabilizes (5.11) for allxg 2 D, it follows that

kf (x)+ G(X)u (x)k5  pkxk3; x2Dg; (5.68)
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where , > 0.

Theorem 5.4.1. Consider the discrete-time nonlinear system given by (5.1) with per-
formance measure (5.2) andi(x(k); Wa(k)), k 2 Z,, given by (5.21). Assume that the
assumptions of Theorem 5.2.1 hold and (5.68) holds with, < 1. Furthermore, assume that

2

(x(k)); k2 Z,,and (x(k)); k 2 Z,, are persistently excited oveN, steps so that there

exist .>0and , > 0; i=1;:::;m, such that
X (k)T X (k) =
I — " k2Z; 5.69
c!'N¢ Nc(k) ( )
X4 (K)T X4 (k) =
N ' — =1;::::m; k2 Z,: 5.70
a 'Na Nai(k) ( )
Finally, assume that the hyperparameters., ¢, a,and ,; i=1;:::;m; satisfy
1( cy c) > 0; 2( cy c) > 0; 1( ai; ai) > O; 2( ai; ai) > O; (5-71)
where, for x = ¢ and x= a;,
10 x %) rzn[(iﬂ] Ps(; x5 x); (5.72)
: P25 xi x)?
x; x), Min yoxr X — 5.73
2( ) 2[0;1] pl( ) 1( X x) ( )
and
pl(; x; x); X (4 3 X )(1 X X )2+ X )% ; (574)
pZ(; x; x) y X [2 x(l X )(1 X X ) X +3(1 X)(l X X )]’ (575)
p3( 1 X; X) ] X[2 X X(l X )+ 2 X + 6 X(l X)] (576)

Then the solution (x(k); Wc(k); Vc(k); vec(Wa(k)); vec(WVa(k))); k 2 Z., of the closed-loop

system obtained through (5.23) and the momentum-based learning laws (5.32) and (5.33),
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and (5.47) and (5.48) is uniformly ultimately bounded for all Xo; Wq, ; Ve, ; vec(Wy,); vec(Vy,)) 2

D, RNe RNe RNam  RNam with ultimate bound ", that is,

lim supk[x" (k); W/ (k); V7 (k); vec(Wa(K)) T; vec(Va(k)) "1 kz < ™ (5.77)
k!l
and
KOa(Wa(k);x(K) — u (x(K)ke  "r; (5.78)
where
S 5 " #
2+ 2 ( s g X )
n gm n . p_ p . a
>  ——P= max am2 ¢ G t Gy, 12 ¢ cCa —, Coa s
2 2 1 2 b i=1 i=1 Cla i=1
(5.79)
|
xn B
" % m+ "am; (5.80)
i=1 1ai
LI q o i Lo ) _ Co
oo i=1 C4ai+ Cla: +1lclcl 2(Tp?)cl( cr c) cr C min Lﬁy

Mc . SUPgarn ok, 1gKINe ¢ cQ %kz, Cia ﬁfp?)"ai 1( ai a) ar Caa =

eZai Ym, eZa = ( zai 2)2 aj a.(2 + 3 aj + aj g,)(l + ai) + aj (6 4 ai)1 C4ai = €3ai Yn%;
32 t cc

&a = 5+ 5 a(2+3 442 4 )1+ )+ i a(6 4a) Ca, !é?,%[z ¢ c(2+3 ¢+

c DA+ )t (6 4] em s, [BEF 2 (243 42 ¢ DA+ )+ 2 (6 4 Q)] 2,

1, n . n H . 2( i i)
Cla s 5Py & 1l ar a) ay"a  MIn Lo, Mo, SURBQzre nkak, 19K

a aQ [hg?;a—?g;:;)kzl Coa = €2aZm, Caa = €24 Ym, Caq = €3 Yr7211 Css = 2€34 YmZm, and

Proof. To prove Theorem 5.4.1, rstde neV(x), x'x and note that by using Cauchy-

Schwarz inequality and (5.23) it follows that, for allk 2 Z, ;

V(x(K) = x(k+1)Tx(k+1)  x(K)Tx(k)
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2kf (x(K)) + G(x(K)u (x(k)K; +4kG(x(K))"a(x(K)) k3

+4KG(x(K) WS (k) (x(k)kz  x(K)"x(K):

Now, de ning

Vai (Wai ;vai) ’ 2kvai k% + kvai Wai kg = [vai ;Wai ]P [Vai ;Wai ]T;

2 3

3 17 . . o P P
whereP = 2 % is a positive-de nite matrix with eigenvaluesf 2 2,2+  2g, and
1 1

using the triangular inequality, we obtainkW, k3 Vi (W, ;Vy); i =1;:::;m.
P _
Next, using (5.64) and the fact thatkWa(k)k3 k Wy(k)k2 = T kW, (k)k3, k 2 Z,,

it follows that

Vx(K) (1 2 p)kx(k)k; + 4kG(x(K)kak"a(x (k) K3 + 407, 7 kWa(K)kE

X
(1 2 p)kx(K)k2+4"2 2 +40% 2 kW, (K)K3

i=1

(1 2 p)kx(KK3+4 200 + 40 & Va (Wa (K); Vs (K)): (5.81)

i=1

Now, de ne
Ve(Ve; W), 2KVckS + KV Wek3 = [ Vo W]P [V, W5
and note that by the Schur decomposition
2 P 2)KVKE + KWek3) V(Y Wo)  (2+ pé)(kvckg + KWK2): (5.82)

Computing  V(V;; W,) we obtain
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Ve(Ve(K); We(k))
= 2kVo(k + 1) K2+ kV(k +1) Wk +1)k3 2kV (K)k2 k V(k) W (k)k>

= 2kV(k) ° Wer Le(We(k +1); K)ks  2kV.(K)K3

Nc(k)

FRW(K)  oWe(k)  Ve(K)] Ve(k) + ot o Le(We(k + 1) K)K

c(k)
k Ve(k)  We(k)K3
2 4 c
=3 002N Wera Le(Welk+ )10k G s Te(K) Ty, Le(We(k + 1) K)
FRWe(k) V(K k We(k)  Ve(KE o2 JkWo(k)  Ve(k)K3
2 ¢ — _
N @ We(k) V(I vy, Le(We(k +1);K)
4 .
—3N (k)zkr Wer Le(We(k + 1) K)K3 NL(K) We(k+1)Tr . Le(We(k +1);K)
FKWo(k)  Vo(KE k We(k)  Vo(KE o2 JkWo(k)  Ve(k)K3
' 2(;)(1 W) Ve(kTT ., Le(Welk +1);K)
(k) (VoK) We(k+ 1) Tr - Le(We(k + 1) ;K);
_ 3¢ _
- C(k)WC(k 1)T 4'lN Nc(k)xc(k)Txc(k) ch;k+1 Lc(Wc(k"'l)’k)
3¢ . 3¢
* N0 (KX KT v, Le(Welk +1)3K) + N7k (K)K5
FRWe(k)  Vo(KE k We(k)  Ve(KE 2 JkWo(k)  Ve(k)K3
@ W) VT, LWk + 1K)
3¢
= c(k) We(k+1)T 4y, mxc(k)TXc(k) M o Le(We(k +1)5K)
3 2 3 g
N o(K) "X (K)F ., Le(We(k +1);K) + Nz %K) (K)K5
2 2
"N (k)zkr w, Lc(We(K); k)k3 z(lz) [We(k)  Ve(K)]'r , Le(We(k); K)

(2 OKW(K)  Ve(K)K3
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6 ¢

* N L DWe(K)  Ve(KITT ., Lo(We(k +1);K)
= Ny Wk DT A Ngc(f()xc(k)TXc(k) X o(K)T X o(K)We(K + 1)
Nl Wtk # DT 4l N?;((Il)x“k)TXc(k) Xe(k)T e(k)
¥ %;)z (KX KT vy, Le(We(k +1):K) + %E)kac(k) (K)K3
Nf(k%zkf w. Lc(We(K); k)k3 ZNCCC[WC(k) Ve(K) T o Le(We(K); K)
(2 OKW(K) Ve(K)K2
* %(k)c)[\ﬁc(k) V(1T oy Le(We(k +1);K); k2 Z,: (5.83)

Now, letting Ac(k) , % (5.83) becomes

Ve(Ve(k); We(k))

Cc

= N (k)Wc(k)TXc(k)T @Gln, 3 A Un. ¢ AcK)Z+ ¢ 2Ac(K) Xo(K)We(K)

o _
Ifl T VeI XK e ALK X(We(k)  Te(k)]
C h .

L [
+|3|(k) Wek) VoK) Xe()T20n A, o cAdK)  In]Xe(We(K)
2 2

S Wo(K)TAK) o2 OKW(K)  Ve(K)K3

Ne(k)
+%(k)c)[\ﬁc(k) Vo) X o) T, Ak X o(K)W(K)
%[\Em V(K] X (k)T X o(K)We(K)  Ve(K)]
L) Cn(llc(k) MW VXK o(K)
R DT (X 0TXe0) X9 ()
e X, Lk D)+ (T ERK ) (0
Nccz(kc;kxc(k)T o(K)KZ 2N°C°[Wc(k) V(K] "X (k) (k)
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222
N(k)2C

(k)T X (k)X (k)T X c(K)We(k + 1);
which, noting that

@2 ) VR DKW VI k2 Z

implies

Ve(Ve(k); We(K))
1

C(k)Wc(k)T (K P1(Ac(K); o c)Xc(k)We(K)

C(k)[Wc(k) Ve(K] "X o(k) T Ps(Ac(K); o )X c(K)We(k)  Ve(K)]

C(k)[WC(k) V(K" X (k) P2(Ac(K); o c)X o(K)We(k)
2

2243 ot o DRWK+Dkot S ot o6 4 QKWK Ve(lK em

where

PLAK); i o)y ¢ (Ane 3 AN, ¢ Ack)Z+ ¢ ZALK) ; (5.84)
P2(Ac(K); ¢ o), o[2 c(INC cAc(k))(INc ¢ Ac(k)) c
+31  one ¢ Ak (5.85)

pS(Ac(k); c c) ) c[2 c C(INC cAc(k)) + [2 ct 6 c(l c)]INc]: (5-86)
Next, recall Theorem 7.7 of [87], which shows that for a matridA 2 R" ",
specp(A)) = fp( ): 2 spec@)g; (5.87)

where spec( denotes spectrump(A) is ann n polynomial matrix with real scalar coef-

cients, and p( ) is a scalar polynomial version op(A) with the same scalar coe cients.
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Furthermore, de ne

1( ¢ o) rzr}gpl]ps(; & o) (5.88)

v
(e o), mnp(; ¢ o P25 e o)

2[0;1] 1( o ¢ . (5.89)

Now, using (5.87) and the fact that sincekA.( )k 1, specB.()) [0;1], it follows that

min (spec Ps(Ac(K); ¢ o)) 1( o o) (5.90)
min spec pi(Ac(k); ¢ «¢) pZ(AC((k);_ C;) o)’ o( o o) (5.91)
1\ ¢ ¢
Thus,
Vo(Te(K); We(K)
Cl(k)W(k)T (OTPLAK): o )X o(K)We(K)
2 W) Ve X (R TPa(AK); o o)X o(k)We(k)
No(K)
1( cr c) g
X OWE) Ve(lkG
b 2243 o+ )kW(k+1)k2+3—22 it o6 4 JKW(k) V(K e
. . 2
N X P e o AT ST agwo
1( ¢ o) — P2(Ac(K); ¢ ©) 2
X)) RSO EEX (gwi (0K
2 -
2243 ot o DRWKFDkot E ot o6 4 JKW(K) V(K o
2( c; c)
N kX o(K)We(K)k5
1( e ¢) o P2(Ac(K); o «¢) 2
X V)] PR (Wi (l0k
2 -
2243 ot o QKWK Dkt 28t o6 4 JKWk) V(K e

2( ¢ ¢ cch(k)kg
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pZ(AC(k); c c) 2
l( c c) WC(k)kZ

3 2 -

(e o) KWe(k)  Ve(K)]

(5.92)

2( ci )

Now, letting " min LW , Where

Mc| Sup klNc c CQ pZ(Q;—_C;C)kZ;
fQ2R" ":kQkz 1g 1( Cs c)

note that the the rst term of (5.92) can be bounded as

(6 ) KWK 1 6 o) ckiWe(k) V(K] pZ(A‘l’Esz : )\, (KK

o( ¢ o) KWe(k)K3

(o O ok Tu o Ak pZ(Ajk’f : ) Wk) V(K2

2( ¢ ¢) cch(k)k%

IIc 1( cr c) cch(k)ngfZ"c 1( cy c) cMcch(k)kaWc(k)kZ

% (o o) KW(K)K %"c (6 o) cKV(K)K

37 1l ) KRG +2 1( 6 o) MkVe(KkkWe(K)k;

2 ) KWK

:‘2L oo o) KW(K)K % 1( e o) kVe(K)K3

il e O KTk MKW Lo 6 ) 4 a6 IM]
:‘2L (o o) o[KWe(K)K2 + KWo(K)KZ]

m—jpi 1 e o) oVe(Ve(k); We(K)

1. Ve(Ve(K); We(K)); (5.93)
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— 1, n .
wherec,, = @7 1( ¢ o) o

The second term of (5.92) can be bounded as

3 2 I
2 c(2 +3 ct ¢ g)kw(k + 1) k2 TC em t c(6 4 C)kWC(k) Vc(k)k cm
[2 0(2 +3 ct ¢ 3)(1 c) + 0(6 4 c)]kW(k)kz cm

3
2 ¢ cR¥3 et ¢ Ot o6 4 KV(Kke omt SF Gy

onN

[2 c(2+3 ct ¢ cz)(l c)+ c(6 4 c)]kw(k)kZ cm

3
+[2 [« c(2+3 ct ¢ §)+ 0(6 4 c)]kv(k)kZ em t 7 gm

q

C

onN

Co.  Ve(Ve(k); We(K)) + cs.; (5.94)

wherec,, = @%%[2 ¢ c2+3 ¢+ ¢ DA+ )+ (6 4 )] mCa :[323"' g c(2+3 o+
2. 91+ o+ 2.6 4 )] &, andhence, using (5.92), (5.93), and (5.94), it follows that

cm?

q
Vc(vc(k);wc(k)) Clcvc(vc(k);wc(k))+ Co. Vc(vc(k);wc(k))"' Ca.- (5-95)

Analogously, using a similar argument as above, (5.67), and the fact th&w ks V.,

q —— q ——
Va (Wa ; Va,) Cia Va (Wa ; Vo) + Coa,  Va (Wa; Vo) + Caa Vo (W Va )kWe(K)k2

+ Csaq ch(k) kg + Csa; ch(k) k2 + Coa
q

- q q
Cia Vo (Wa ; Vo) + Coq Vo (Wa i V) + Caa Vo (Wa i Va)  Ve(Ve; We)
q —
+ Cag Vo(Ve; We) + Gsg V(s We) + Coa s (5.96)
Wherecla = 2(2__'_19?)"& 1( al; ai) a "ai mln l; ﬁ f

p: (Qv aii ai) —
Ma , SUBQ2rn nkok, 19 KING a aQ zl(aﬁk& Coa, = €25, Zm:

Ca = 9[52—1‘%—)2 a a+3 o+ a )1+ a)* a(6 4 4), G = €q Ym, Cia = € Y,

32
€a = 5+ 4 a(@+3 a4 +2 4 3)A+ a)* 2 a6 4a) Ga = 2€3% YmZm, and
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Next, consider the positive de nite function

X0

Cia..

V(%)= oo V() + Ve(Wei Vo) + Vo (Wa; ¥a); (5.97)
8gm m amax i=1

wherex-, [x";W/;V];vec(W,)";vec,)"]" and

i=1 Cia
Now, using (5.82) note that (5.97) satis es

~(kxkp) V(%) T(kxkp);
where ~kxk,) ,

and 2+ P

max

min Kx¥k3 and ~(kxky) ,  maxkxk3 are clasK functions with ., , 2 P

2. Using (5.81), (5.95), and (5.96), V(%) is given by

NI

Cia..
\v4 (X’) — 1amin

xXn
2 2 V (X) + Cc VC(W01 v(.‘,) + Va. (Wa. a Vai)
89m m @max i=1
#
Cianmin 2, An2 2 2 2 X
an2 2 (1 2 b)kaZ +4 amm T 4gm m a Vai (Wai ;vai)
8gm m 8@max " # i=1
xo g —
Ve(We, Vo) + G + Csq Ve(We; Vi) + cCs,
i=1
x5 a_—
+ chaa Vo (Wa; Vo) + Coq Vi (Wa; V) + Ceq
i=1
—Ve(We; Vo) 5 Cig Va (W4 Va)
i=1 C1a 2
1 2p)Ca Cia.
( . 2b) 1amin V(X) + ;—amun ugm VC(WCst)
--ng m @max # 2 m  @max
xo g —
+ cCo, + Csy, Ve(We; V) + cCs,
i=1
xn 1 q
+

51 Va (Wai; V) + Coa Vo (Wa; V) + Ceq
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1 2 b)Clam Clayn wo 3
n V + n n _V W ;v
89m m @max ( ) 2 I’%] Amax am 4 C( ¢ C)
2 q e n #3 2 mn #2
Ve(We; V) x xo
4# CCZC + CSa 5 + CCZC + CSa +
i=1 i=1
29 32
X Cig Va (Wa ; Va )
+ 292 Vo (Wo i V,) 4 >
i=1
CGa

+ 2y
Cra Coa ]

CC3C

1 2 - 1
( b)clamm Xk + CZIL "2 2 (KWeKE + KVek2)
..89m m  amax # 2 m  amax 4.

2

xn

Cray, X 2 2 S
cCo t Csa t cCg = KW k5 + KV K5 + =2 + Ceq
i=1 12 i=1 Cia

+

W (%);
where

W(X‘) ' (18922 2b)c"lamm k k2 Clamin

2
m  @max 2 m  amax

cCo; + Csa;
)(n n )(n # i=1
Cia. ' Cia.;
+ 1amin kWaké C’%_a. + Lamin kvak'2: C6a4-
12 C i=1 C:I_al 12 C i=1

" 1
2+ C(kVVCk% + kVck3)

chc
Hence, V(%) O for all x 2 D.nD;, where

De, fx2D, RY RV RWM RNang

D,, x2D. RNe RNe RNam RNam .

2Gn . p_— X p
kaZ pﬁ am chkZ 2 c cCZC + CSai ; kvck2 2

c cCSC
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! |
1 .%)

X2 2 xn
kvec(\W,)k, & . kvec(Va)ko Cea,
= Cla i=1
Finally, de ne
( 2 " X # X g X )
% , Mmax pgim"am;zp_c cCo. T Csa, ;Zp ¢ cCa; % Coa
1 2 b i=1 i=1 Clai =1
so that
O<W (%); x2 DB, (0)
and

Da., fx2D. RNe RNe RNam  RNaMm-g(x) gg;

wherea is the maximum value such thatD, D.. In addition, de ne

D, fx2D, RNe RNe RNam  RNam-g(%) g

where > ~( 4) = max 2: Now, to show ultimate boundedness of the closed-loop system
given by (5.23), (5.32), (5.33), (5.47), and (5.48) assum¢hat D D,. Then it follows
from Corollary 13.5 of [6] that the solution &(k); W¢(k); Vc(K); vec(W,(K)); vec(V4(K))) of the
closed-loop system given by (5.23), (5.32), (5.33), (5.47), and (5.48) is uniformly ultimately

bounded with bound

" ~1Y)= M (Xo; We,; Wy, ; vec(W,, ); vec(Vy,)) 2 De:

min

1This assumption is standard in the neural network litterature and ensures that, in the error spaceDs,
there exists at least one level seD D,. In the case where the neural network approximations hold in
R", this assumption is automatically satis ed.
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Finally, to show (5.78) note that

kOa(Waix) U (X)ks = KW, (X) + "a(X)ks
k W, (x)kz + K"a(x)ks
kK Wakok (X)kz + K"a(X)kz

k Wakek (x)kz + k"a(x)kz

[

X T2
C%a, + n
C m am
S
r
where" P % * + " This completes the proof
ro i=1 Ciq, m am- P p . O

Remark 5.4.1. Figure 5.3 shows the region for the hyperparameters satisfying (5.71).
In general, the region where, is high and  is low correspond to a faster learning rate with
a high momentum rate. Numerical experiments show that when we can tradeo between

increasing x and decreasing y, then it is preferable to increase .

A pseudocode describing the proposed accelerated data-driven learning control architec-

ture is given in Algorithm 1.

5.5 Accelerated Near-Optimal Tracking Control for Discrete-Time

Systems

In this section, we show how the proposed framework can be extended to address optimal
tracking. Here we seek to track a given reference trajectorfk) 2 R", k 2 Z,. For the
optimal tracking problem, we consider the system (5.1) with an additional feedforward term
in the controller that ensures perfect tracking. If the system system dynamiég ) are known

and G( ) has full column rank, then the feedforward part of the control signal can be obtained
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Algorithm 1 Approximate Dynamic Programming with High-Order Tuner

1: Input: initial conditions X, WCO, \/\\/ao, function G( ), basis functions (), (), cost
summandL( ; ), probing noiseuy (), hyperparametersN;, ¢, ¢ a4, and 4; i =
1::::m;
for k=1: Ny 1do
Apply  0a(x(k); W) + uy(K) to plant
Let A(x(k)) = 3R *(x(k  1)G(x(k 1)Tr x (x(k))
Collect  (x(k)); L(x(k); 0a(k)), (x(k)), A(x(k))
end for
Let We(Ny) = W, Wa(Ny) = W,
Let Vo(N¢) = W, Va(Ny) = Wy,
9: for k= N;:N{+1;::: do
10:  Apply  0a(x(K); Wa(K)) + Upr; (K) to plant
11: Let A(x(k)) = 3R *(x(k 1)G(x(k 1))Tr « (x(k))
12:  Collect (x(K)); L(x(K); 0a(K)), (x(Kk)), A(x(K))
13 Let X(K)=[ (x(k)); (x(k 1);:::; (x(k NO)IT
14:  Let Ye(k) = [L(x(K); 0a(K)); L(x(k  1);0a(k  1));::iiL(x(k  Np);0a(k N7
15:  Let N¢(k) =1+ kX(k)k3
16:  Letr y Le(We(k)ik) = Xo(K)TXc(K)We(k) + Xc(K)TYe(K)

_ r Lc(We(k)ik)
17 Let We(k) = We(k) ¢ o“le ™

18:  Update We(k+1)= We(k)  c[We(k) V ¢(K)]

19 Update Vy(k+1)= Vo(k) o e Lf:ff(kﬂ) "

20 fori=1:mdo

21: Let Xo (k) =[ (x(k 1); (x(k 2));:::; (x(k Ny )7

22: Let Y (K) =[Ai(x(k  1));Ai(x(k  2));::5Ax(k Ny )7

23: Let N (K) =1+ kX4 (K)K2

200 Letr g Lo (Wai We(k)iK) = Xa (K)TXa (KW, (k) + X (K)Ya, (K)We(K)

26:  Update Wa(k+1)= Wa(k) o(Wal(k) V 4(K)

" Wa., La; (Wa; (k+1) (Weekany )
2. Update Vo (k+1)= Va(k) kst t
28: end for
29: end for

© N gk wN

127



Figure 5.3: Visualization of valid hyperparameter region shown in yellow.

by setting x(k) = r(k) in (5.1) so that
ur(r(k);x(k)) = G (r(k)Ir(k+1) f(r(k)I; (5.98)

whereG* (r), (G(r)"G(r)) 'G(r)", and hence,G*" (r)G(r) = |,. The dierence between
the control signal and the feedforward control is given bye(k) , u(k)  us(k).

Next, de ning the system tracking error
ek), x(k) r(k); (5.99)
it follows that the system error dynamics are given by

ek +1) = fe(e(k);r(k)) + Ge(e(k);r(k))ue(k); €0)= x(0) r(0), e; k2Zi;
(5.100)
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where

fe(e(k);r(k)) , f(e(k)+ r(k))+ G(e(k) + r(K)G" (r(k))[r(k+1) f(r(k)] r(k+1);
Ge(e(k);r(k)) , G(e(k) + r(k));

and, for everyey 2 R" and admissible controlu( ), the performance measure to be minimized

becomes

A
Je(€o; Ue( ) = L 1e(e(k)) + Ue(k)T Re(e(k))Ue(k) ; (5.101)

k=0
whereL: R"! RandR¢:R"! R™ ™ are continuous functions withRe(e) > 0; e2 R".
Now, the optimal tracking problem can be cast as an optimal regulation problem with
dynamics (5.100) and cost function (5.101). Speci cally, in this case, the critic and actor
updates (5.32) and (5.33), and (5.47) and (5.48) can be used to approximate the optimal

feedback controlleru,( ) so that the control signal to be implemented is given by
u (k) = ug(k) + ug(k): (5.102)

Note, however, that this formulation requires knowledge of the system dynamit$ ), which
can be approximated by an additional neural network as shown in [79].
Alternatively, the authors in [88] directly solve for both the feedback and feedforward

parts of the control by assuming that the reference trajectory is given by
r(k+1)= f.(r(k); r@0)=ro, k2Z; (5.103)
wheref () is a smooth function satisfyingf ;(0) = 0, and considering the augmented system

z(k + 1) = f{z(k))+ G(z(K)u(k); z(0)= z9; k2 Zy; (5.104)

129



where

2 3
z) griern fr(r)g; (5.105)
fe(r)
2 3
G(z2) , QG(eJr r)g; (5.106)
0

andz, [e";rT]".

Now, for everyz, 2 R?" and admissible controlu( ), de ne the performance measure

b
Je(zo;u( ) = “ Lie(e(k)) + u(k)"Re(e(k))u(k) ; (5.107)

k=0

where 2 (0;1) is a discounting factor that is introduced to guarantee that the performance
measure is nite in the case whem(k) 9 Oask!1 . Here,Li:R"! RandR.:R"!
R™ ™ are continuous functions andRe(e) > 0 and Li(e) 0O; e2 R". In this case, the

Bellman equation becomes
min - Laie(e(k)) + u(k)"Re(e(k))u(k) + V (z(k+1)) V(z(k)) =0; (5.108)
which yields the optimal control
u (z(k)) = ERel(e(k))G(Z(k))Tr 2 V(Z(K+1)): (5.109)

Applying the framework developed for the regulation problem to the augmented system
(5.104) with performance measure (5.107) our proposed online optimal control framework
can be used to address the optimal tracking problem. This technique has the signi cant
advantage that it does not require knowledge of the system dynamit$ ) nor does it require
an additional neural network for approximating the unknown system dynamic$(). In

addition, this framework can be extended to address system input constraints as shown in
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[88] (see also [89] and the references therein for a related problem).

5.6 lllustrative Numerical Examples

In this section, we consider two numerical examples to demonstrate the e cacy of the
proposed online accelerated learning framework using momentum-based learning laws. First,
we consider a near optimal regulation problem for a nonlinear dynamical system. For this rst
example, we show that by a judicious change of variables the system can be transformed into
a linear system, and hence, the optimal control problem can be computed via the discrete-
time Riccati equation and can be used as a benchmark for comparing our online accelerated
learning framework with the standard gradient descent learning framework. Our second

example considers a near optimal tracking problem involving a nonholonomic mobile robot.

5.6.1 Near-Optimal Regulation of a Nonlinear Dynamical System

Consider the nonlinear discrete-time dynamical system given by

zi(k+1) = anzi(k)+ a2 z2(K) +sin zy(k)e 20° ; 2(0) = z10; k2 Zy; (5.110)
Zo(k+1) = ay 2zy(k)+sin zy(k)e 2®0° + ayz (k)

. . ; 21 (k)2
sinf[anzi(K) + ap(z2(K) + sin z(k)e 20%))e 2zl an zlkjrsin zilke =

+ bulk);  z2(0) = z; (5.111)

with a nonlinear-nonquadratic performance measure

b , 2
Jxo;u) = T z1(k)2+ zp(k) +sin zz(k)e 20" +2u(k)? : (5.112)
k=0

whereT > 0. Using the coordinate change of variables= T (z) = [ T1(2); T»(2)]", where

X1=Ti(2), zi; (5.113)
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X2 = Ta(2), z2+sin(z)e 4; (5.114)

the nonlinear dynamics (5.110) and (5.111) become ([90])

x(k+1) = Ax(k)+ Bu(k); x(0)= xo; k2 Zi; (5.115)
where 2 3 2 3
a1 a 0
A:QM 12%; B=2g;
dp1 A b

with (5.112) giving the quadratic performance measure
b3
J(Xo;u) = T xu(k)?+ x2(k)? + 2u(k)? : (5.116)
k=0

Solving the discrete-time Riccati equation fol =0:001,a;;, =1 T, a;,=30T,ay; = 10T,

a»=1 2T,andb= T, yields the optimal value function and control

V(X) = W, X5 + Wy, X5+ 2W, X1Xp; (5.117)

Ug(X) = W, X1 W, Xo; (5.118)

where W, = 0:1114W,_, = 0:378§W,, = 0:0155W, = 0:0244, andW,, = 0:6565 Thus,

the optimal value function and control policy for (5.110) and (5.111) that minimizes (5.112)

are given by
2
V(z)= W, ZZ+ W, 2 +sin(zy)e R 2W,,z1 7z +sin(zy)e % (5.119)
Us(2) = Wozm W, 2z+sin(z)e z (5.120)

To compare our proposed framework with the optimal solution (5.119) and (5.120) we

132



choose the basis functions for the critic and actor as

2
(2)= z% z+sin(z)ed 2z zp+sin(z)ed 2R3

(2) =[z1; 22 +sin(z)e Z]" 2 R%;

so that, with critic weight estimatesW, , [W.,; W.,; W,,]™ 2 R® and actor weight estimates
W, , [\f\‘/al; \/\\/az]T 2 R?, the estimates of the parametrized value function and the optimal

control input are given by

V(z;We) = W, 1(2)+ W, 2(2) + We, 3(2); (5.121)
0.(z; W) = Wa, 1(2) Wa, 2(2): (5.122)

Next, using the momentum-based update laws for our critic and actor weights we learn
the approximate optimal control law (5.122) predicated on the approximate value function
(5.121). For our simulations, we use, = [3; 1:87], W(0) = [0; 0; O], W,(0) = [0:02; 0:22T,
and N; = 150. For the momentum-based algorithm, the hyperparameters are chosen to be

c=0:45 ,=1, =253 and , =0:1, so that— =1:1385,—, = 0:1, _C = 0:65, and
. =0, and thus, (5.71) in Theorem 5.4.1 is satis ed. Note that to ensure that the critic
network parameters converge faster than the actor network parameters we choogeto be
smaller than . and ,to be greater than .. Furthermore, for the standard gradient descent
law given by (5.29), we choose a critic learning rate of. = 1:99, which is slightly smaller
than the maximum allowable value of 2 [9]. In order to provide a fair comparison for both
update laws, the learning rate for the actor network for the gradient descent law is chosen
to be , = 75 = 0:1. Finally, an exponentially decreasing probing noise is added to the
approximate optimal control input (5.122) to ensure a persistency of excitation condition.

Figures 5.4 and 5.5 show the weight parameters versus time for the critic and actor

generated by the momentum-based and standard gradient descent update laws. Note that
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both the critic and actor weights are uniformly ultimately bounded, as expected by Theorem
5.4.1. In addition, it can be seen from our simulations that when using the momentum-based
update laws, the weight parameters for both the actor and the critic network converge faster
to the true optimal values as compared to when using the standard gradient descent update
laws. Finally, Figures 5.7 and 5.6 show the absolute error between the actual and estimated
value functionjV(z1;z,) YV (z1; z2; W.(k))j for k = 200. Note that the error is signi cantly

smaller for the momentum-based update law as compared to the gradient descent law.

Figure 5.4. Critic weights versus time. Note that the momentum-based update law yields a faster
convergence to the true optimal parameter values as compared to the standard gradient descent
update law.

5.6.2 Near-Optimal Tracking of a Nonlinear Dynamical System

In this example, we consider a tracking problem for the nonholonomic mobile robot shown
in Figure 5.8. Hered denotes the distance between the center of mass of the robot platform
and the midpoint between the two driving wheelsb denotes the distance from the midpoint
of each wheel of the two driving wheels, and denotes the radius of each wheel. We also
denote bym. the mass of the robot platform without the wheelsm,, the mass of each wheel,
| the moment of inertia of the robot about its center of masd,, the moment of inertia of

each wheel about its axle, and,, the moment of inertia of the wheel about its diameter.
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Figure 5.5: Actor weights versus time. Note that the momentum-based update law yields a faster
convergence to the true optimal parameters values as compared to the standard gradient descent
update law.

Figure 5.6: Absolute value of the error between the actual and estimated value function
iV(z1;22) ¥ (z1;22; We(K))j at time k = 200 for the gradient-descent update.

The nonlinear discretized dynamics of the robot are given by (see [91,92])

vk +1) = v(k)+ Tf(v(k);qk))+ TM tu(k); v(0)=[Vre;Vi,]"; k2Z:; (5.123)

qtk + 1) = q(k) + TS(a(k)v(k); a0) =[xo;Yo; ol'; (5.124)

wherev(k) , [vr(k); v (K)]T 2 R?; k 2 Z,, with vg(k) and v (k) representing, respectively,
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Figure 5.7: Absolute value of the error between the actual and estimated value function
iV(z1;22)  V(z1;22; W¢(K))j at time k = 200 for the momentum-based update.

Figure 5.8: Nonholonomic mobile robot.

the angular velocities of the right and left wheels of the robotT is the sampling rate,
u(k) 2 R?is the control torque along thex- andy-axis, g, [x;y; ]' isthe robot state vector
with (x;y) denoting the Cartesian coordinates of a point of reference on the robot and

denotes the orientation of the robot with reference to th&-y plane,f (v;g) = M [V(v)v+
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