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SUMMARY  

Hydrogen embrittlement is a long-standing issue in materials science and engineering 

with a multitude of competing hypotheses and theories. Despite advances in experimental 

and computational capabilities, common understanding of contributing phenomena has not 

yet been achieved. Hence, a more complete understanding of hydrogen embrittlement 

processes operating at multiple length and time scales is still an open challenge that justifies 

the current research. In this thesis, a unique approach is taken to incorporate a wide range 

of experimental, computational, and analytical approaches across multiple length scales to 

produce a mechanistically motivated hydrogen embrittlement model for fracture and 

fatigue. This research describes and simulates the complex interplay between hydrogen, 

hydrogen-related defects, dislocations, and dislocation substructures. The model is 

developed in a crystal plasticity context and implemented in a finite element framework to 

simulate the hydrogen embrittlement of austenitic stainless steels, structural materials 

important in energy applications. The proposed research extends current understanding 

through the development of: 

i. a physically-based crystal plasticity model developed to capture the evolution of 

dislocation substructure and material behavior during cyclic loading, 

ii. a hydrogen transport and trapping model that considers dislocation-mediated 

transport mechanisms and a more complete set of hydrogen traps, and 

iii.  a fully coupled chemo-mechanical model to capture the effects of hydrogen in 

reducing crack tip ductility, leading to embrittlement effects.
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Part 1 

 

Framing the Problem 

 

In Part 1, the problem that the thesis works towards resolving is described, and the 

tools and methodologies used to address that problem are presented. Chapter 1 gives 

historical background on the long-standing problem of the hydrogen embrittlement of 

metals and alloys. Chapter 2 discusses the mesoscale crystal plasticity methodology used 

to investigate hydrogen effects. Lastly, Chapter 3 provides an overview on the finite 

element methodology developed and implemented to model mesoscale hydrogen effects. 
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CHAPTER 1. INTRODUCTION  

In Chapter 1 of the thesis, the topic is introduced, historical approaches to the 

current research are reviewed, and the motivation for the work is discussed. The thesis 

objectives and structure are presented. 

1.1 The enduring hydrogen problem 

The deleterious influence of hydrogen on the mechanical behavior of metals and 

alloys is a long-standing issue that has garnered attention from a multitude of researchers 

spanning over a century [1]. Historically, so-called ñhydrogen embrittlementò of structural 

components, particularly in nuclear reactor elements [2], has motivated research devoted 

to understanding and designing for this phenomenon. More recently, the emergence of 

hydrogen as a viable energy source has redoubled interest in the topic [2]. Despite the 

attention devoted to hydrogen embrittlement, the unique and highly complex chemo-

mechanical characteristics of the subject have hindered development of common 

understanding of the governing mechanisms involved. 

The effect of hydrogen on metals and alloys was first formally documented in 1875 

by Johnson [1]. In this prescient paper, Johnson theorized that the large decrease in the 

toughness of iron and steels exposed to certain acids was due to the interaction of hydrogen 

with the material. Subsequent noteworthy work on hydrogen embrittlement was conducted 

by Pfeil in 1926 [3]. In this rigorous experimental study, Pfeil more formally investigated 

the decrease in the ductility of steel when exposed to hydrogen and initiated the ongoing 

interest in hydrogen embrittlement that continues today. The study by Pfeil [3] motivated 
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early macroscale experiments for a wide variety of hydrogen environments, material 

systems, and loading scenarios [4-8]. The overarching conclusion from these historical 

studies was that hydrogen caused a macroscopic loss of ductility and toughness. 

As the field of materials science evolved, so did the ability of researchers to probe 

the fundamental nature of hydrogen embrittlement. For example, an entire class of metals 

and alloys was found to readily form brittle hydrides, e.g., Ti [9, 10], Vb metals [11, 12], 

and Zr [13]; this phenomenon explained the decrease in desirable material properties. The 

embrittling mechanism of material systems where hydrogen existed in a state of solid 

solution, however, remained difficult to identify due to the inability of researchers to 

directly observe the phenomenon. Regardless, for this class of materials, it was broadly 

understood that hydrogen was absorbed by the material, migrated to regions near stress 

concentrations, and by some unclear process, was associated with increased propensity to 

generate and propagate cracks [14]. 

Within the past few decades, the development of novel materials characterization 

methods and substantial increases in computational power have given researchers more 

tools than ever before to ñtease outò the underlying nature and causes of hydrogen 

embrittlement. With regard to material characterization, techniques such as electron 

backscatter diffraction (EBSD) [15, 16] and transmission electron microscopy (TEM) [9, 

17] have been used to support investigation of hydrogen embrittlement. In the 

computational realm, calculations based on density functional theory have generated a 

large amount of data regarding the interaction of hydrogen with various crystalline defects 

[18-23]. In order to probe slightly larger length and time scales, molecular statics and 

dynamics have been employed [24-26]. Despite these advances, understanding hydrogen 
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embrittlement at scales ranging from Angstroms to microns to tens or hundreds of microns 

remains a challenge, especially when relating results to macroscale observations [27]. The 

lack of comprehensive understanding of hydrogen embrittlement mechanisms when 

interpreting either microscale calculations or macroscale observations has motivated a very 

recent shift in focus towards multiscale frameworks. These frameworks attempt to 

incorporate the information from tools and techniques that provide data corresponding to 

regimes that differ in length and time scales by multiple orders of magnitude [28, 29].  

The preceding paragraphs briefly highlight the wide range of investigations that have 

been conducted on hydrogen embrittlement, and these studies have motivated the 

development of a wide array of postulates and theories. The following section discusses 

specific models for hydrogen embrittlement that have stood the test of time and are still 

frequently cited. As may be surmised by the very existence of this thesis, however, these 

historical models have yet to provide a satisfactory explanation that can facilitate sustained 

progress towards analysis and mitigation of the enduring hydrogen problem. Moreover, 

combinations of these postulated mechanisms often plausibly act in concert to give rise to 

observed macroscopoic behavior. This thesis will focus on hydrogen effects on FCC Ni 

and austenitic stainless steels. However, a somewhat broader range of models and 

hypotheses are presented that may have relevance to other systems. These models 

systematically build on bottom-up behavior of defects in crsytals affected by hydrogen that 

manifest higher length and time scale behaviors, without appealing to classical postulates 

and theories a priori.  
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1.2 Historical hydrogen embrittlement models 

Material systems that are known to readily form hydrides are not considered here; 

accordingly, we focus on theories and mechanisms for the majority of situations in which 

hydrogen is in solid solution. The most widely cited hydrogen embrittlement theories 

include hydrogen enhanced decohesion (HEDE) [3, 30], adsorption induced dislocation 

emission (AIDE) [31-34], hydrogen enhanced localized plasticity (HELP) [35, 36], and 

hydrogen enhanced strain induced vacancy (HESIV) formation [37, 38]. 

These models can be broadly categorized based on the primary length scale of 

mechanisms to which they pertain and the assumed hydrogen embrittlement mediator, as 

shown in Figure 1. As can be seen in this schematic, HEDE and AIDE primarily focus on 

the atomic scale, proposing that hydrogen modifies the bonding of the crystal structure in 

some way. HELP and HESIV primarily focus on the scale of dislocations and their 

accompanying interactions, i.e., on the scale of microns. HELP assumes that lattice 

(interstitial) hydrogen is the primary mediator of hydrogen embrittlement while HESIV 

shifts the focus towards the hydrogen-assisted generation and stabilization of vacancies 

during plastic deformation. It is important to acknowledge that multiple theories can have 

validity in certain respects, perhaps of complementary nature. The following sections 

briefly review each proposed theory and its mechanisms and discuss the viability and 

validity of each, ultimately motivating the present work.  
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Figure 1. Schematic describing historical attributions of hydrogen embrittlement and 

showing the length scales at which those attributions primarily focus. 

1.2.1 Hydrogen Enhanced Decohesion (HEDE) 

Focusing on the atomic scale, HEDE attributes hydrogen embrittlement to the 

reduction in lattice cohesive strength due to the presence of lattice hydrogen [3]. The theory 

proposes the reduction in lattice cohesive strength occurs due to a modification of 

electronic structure and bonding. This modification results from hydrogen electrons 

entering the ñdò bands of metallic cores and increasing the repulsive forces between them 

[30, 39]. HEDE has also been proposed to reduce the cohesive strength of phase [40] and 

grain [41] boundaries in certain materials.  

Both experimental and computational studies have provided support for HEDE. 

Experiments have demonstrated that hydrogen can cause a loss in cohesion, ultimately 

producing a reduction in measured shear modulus [42]. A modification in the nature of 

crack growth, namely an increase in intergranular crack growth, has been cited as evidence 

of enhanced grain boundary decohesion in the presence of hydrogen [43]. Additionally, a 

reduction in the binding energy of surface atoms in a hydrogen environment has been 

observed using field-ion microscopy [44]; this experiment may be the only direct evidence 
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of HEDE, as most other experiments infer HEDE based on observations of higher-level 

collective phenomena [39]. Multiple computational studies have leveraged the embedded 

atom method to establish that enhanced decohesion is plausible in a nickel-hydrogen 

system [45, 46]. Further work using simulated molecular orbitals in specific atomic 

arrangements also support the fundamental basis of HEDE [47]. 

The main counterargument to HEDE maintains that the predicted hydrogen 

concentrations necessary for appreciable cohesive strength reduction are very high [39]. 

However, high concentrations of hydrogen are known to occur in the vicinity of crack tips 

due to hydrostatic stress-assisted hydrogen drift [48].  Furthermore, dislocations can play 

a role in promoting hydrogen transport well beyond levels attributed to lattice diffusion 

[49], one of the significant considerations addressed in this work.  

1.2.2 Adsorption Induced Dislocation Emission (AIDE) 

AIDE was initially proposed after researchers drew parallels between hydrogen 

assisted crack growth and liquid-metal embrittlement, suggesting an adsorption induced 

embrittlement mechanism [31]. Fundamentally, AIDE suggests that adsorbed hydrogen 

weakens interatomic bonds and facilitates shear movement at the crack surface. This, in 

turn, enhances dislocation nucleation/emission at the crack surface, ultimately mediating 

an increment in crack advance [50]. 

AIDE has been supported by experimental and computational observations. First, 

the adsorption of hydrogen on metal creates high concentrations of hydrogen on crack 

surfaces [51], and some observed crack velocities are proposed to be prohibitively fast for 

any embrittlement mechanism other than AIDE to occur [50]. Atomistic simulations have 
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found that adsorbed hydrogen increases dislocation emission, qualitatively supporting one 

of the fundamental AIDE concepts [45, 52].   

Despite the evidence supporting AIDE, there are still some uncertainties regarding 

this proposed mechanism. For example, not all adsorbed species produce embrittlement, 

suggesting that more work is merited in this area to understand the necessary conditions 

for AIDE to occur [39]. Furthermore, recent atomistic modeling studies have actually 

found the opposite of the governing AIDE principle to be true, namely that hydrogen 

suppresses dislocation emission from crack tips [53, 54]. 

1.2.3 Hydrogen Enhanced Localized Plasticity (HELP) 

While HEDE and AIDE focus on how lattice hydrogen alters atomic structure and 

associated energy, HELP focuses on length scales relevant to dislocation activity and 

associated interactions. As the name indicates, HELP suggests that lattice hydrogen 

enhances plastic deformation in localized regions where high hydrogen concentration has 

developed. HELP was initially proposed based on fracture surface images that the authors 

interpreted as revealing hydrogen enhanced localized deformation occurring ahead of the 

crack tip [35]. Birnbaum and Sofronis [36] presented a more unified understanding of 

HELP by connecting experimental observations with theoretical calculations. In this 

treatment, enhanced localized plasticity is due to hydrogen atmospheres that shield the 

elastic interactions between lattice defects such as dislocations, voids, and precipitates, 

ultimately enhancing localized dislocation activity.  

Specific experiments provide implicit support for HELP; several examples follow. 

TEM was used to observe a decrease in the spacing between dislocations in a pile-up 
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structure after hydrogen was added to the steel specimen [55]. ñQuasi-cleavageò and 

dimpled fracture surfaces were attributed to dislocation structures associated with HELP 

[35, 56, 57]. Lastly, plasticity-induced slip bands were observed beneath fracture surfaces 

in hydrogen charged specimens [49]. 

Despite the popularity of HELP as a significant underlying mechanism for hydrogen 

embrittlement, recent literature has unveiled some inconsistencies when considering lower-

length scale simulations. Certain atomistic studies contradict the underlying mechanism of 

HELP and suggest that hydrogen can impede dislocation motion via a solute drag or 

pinning mechanism [58]. Furthermore, this study found hydrogen did not significantly 

shield dislocations from other elastic centers. Additionally, one of the most widely cited 

experimental examples of HELP, the TEM imaging of dislocation spacing [55], has been 

argued to result from the inhomogeneous deformation associated with hydrogen charging 

of an extremely thin TEM sample, ultimately producing non-representative dislocation 

arrangements [27]. Lastly, the degree of elastic shielding required to have a marked effect 

on plasticity has been suggested to require a very high density of lattice hydrogen [38]. 

1.2.4 Hydrogen Enhanced Strain Induced Vacancies (HESIV) 

The HESIV theory stands apart from HEDE, AIDE, and HELP models in that the 

HESIV theory assumes the primary mediator of hydrogen embrittlement is not lattice 

hydrogen per se, but rather hydrogen-stabilized vacancies. This theory was first introduced 

after experiments revealed that a substantial increase in strong hydrogen trapping sites, 

assumed to be vacancies, were created during straining [59]. The HESIV model proposes 

that high vacancy concentrations are produced in the presence of hydrogen due to enhanced 
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edge dislocation annihilation processes [60] and/or a reduction in the formation energy of 

vacancies [48, 61]. The abnormally high vacancy concentrations are then expected to 

promote lattice instability through nanovoid creation or amorphization [38, 60]. These 

phenomena were reported to ultimately reduce crack growth resistance and cause a 

degradation of desirable mechanical properties [38].  

The HESIV theory has found further support in experimental and computational 

investigations. Extremely high concentrations of strain induced vacancies have been 

observed in a variety of material systems in the presence of hydrogen. Thermal desorption 

analysis has revealed increased vacancy content by monitoring the amount of hydrogen 

that remained trapped in the material after straining hydrogen-charged specimens [60, 62-

64]. Similarly, positron lifetime measurements have suggested abnormally high vacancy 

concentrations are produced during straining in the presence of hydrogen [37, 65]. Fracture 

surface topology also suggests the importance of vacancies in the failure process. The 

aspect ratio of fine dimples on imaged fracture surfaces was cited as evidence of nanovoid 

localization at the crack front, suggesting vacancy conglomeration and nanovoid 

coalescence mediate the damage precursors that promote fracture [38, 66].  

Lower-length scale simulations also support a vacancy-mediated hydrogen 

embrittlement mechanism. Effective medium theory was used to investigate the binding 

energy of hydrogen to vacancies [67-69]. The overarching conclusion of these works was 

that hydrogen is strongly trapped by vacancies and that vacancies can trap multiple 

hydrogen atoms. Density functional theory results shed new light on the interactions 

between hydrogen and vacancies through various works [70-75]. These studies provided 

guidance on the strength and number of hydrogen atoms that an individual vacancy can 



 11 

trap. These investigations are leveraged in subsequent chapters to describe the influence of 

hydrogen-vacancy complexes (e.g., arrangements of hydrogen-stabilized vacancies or 

nanovoids) on deformation behavior. 

The evolution of simulation and experimental characterization techniques along with 

the development of certain historical hydrogen embrittlement theories are summarized in 

Figure 2.  

 

Figure 2. Schematic showing the evolution of hydrogen embrittlement theories in 

parallel with the development of increasingly advanced experimental and simulation 

methods and tools. The important studies conducted in 1875 and 1926 correspond to 

the studies by Johnson [1] and Pfeil [3], respectively. 

1.3 Motivation and objectives 

Historical hydrogen embrittlement models and associated mechanistic attributions 

are varied, and each has a legacy of supporting literature. Cornerstone researchers 



 12 

supporting each theory have recently published stalwart defenses of their models [50, 76]. 

However, the true physical manifestations of hydrogen embrittlement likely does not 

exclusively hinge on any single mechanism that gives rise to embrittlement, but rather on 

a combination of alloy-specific mechanisms acting in concert across a wide range of length 

and time scales. In this sense, prior approaches to hydrogen embrittlement have tended to 

formulate the entire approach via focus on a single governing observation at one specific 

length and time scale, likely due to the complexity of convolving potential effects at 

multiple length and time scales. This thesis moves towards a more comprehensive, 

multiscale computational approach to hydrogen embrittlement in several key respects. 

Specifically, the current workôs objective is the development of a computational modeling 

framework that  

1) places particular emphasis on mesoscopic dislocation and dislocation 

substructure interactions, 

2) leverages data and observations from a wide range of length and time scales, and 

3) utilizes physically-based constitutive equations. 

In order to pursue the objectives outlined above, a unique chemo-mechanical mesoscopic 

crystal plasticity model is developed in this thesis. 

1.3.1 Mesoscale dislocation and dislocation substructure interactions 

With the exception of HELP, the dominant hydrogen embrittlement theories 

reviewed in Section 1.2 do not place particular emphasis on the interaction of hydrogen 

with dislocation activity. Furthermore, none of the hydrogen embrittlement theories 

comprehensively consider the interaction of dislocations with the relatively high stabilized 
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vacancy concentrations that are predicted with HESIV. Lastly, only a limited amount of 

work [77, 78] has been devoted to the interaction of hydrogen with dislocation 

substructures. One of the objectives of the current thesis is to study these latter mesoscopic 

interactions that have been insufficiently considered in prior work. 

1.3.2 Multiscale approach 

In order to move towards a more coherent hydrogen embrittlement theory with 

broader scope in terms of mechanisms, the current work utilizes a multiscale approach in 

which both lower-length scale simulations and measurements and macroscale observations 

are used to inform the theory. Multiscale efforts in a variety of fields including hydrogen 

embrittlement have recently begun to receive more attention as highlighted in Figure 2 and 

discussed by McDowell [79]. As mentioned in the preceding section, the current work 

distinguishes itself from prior efforts [28, 29] by its direct consideration of mesoscale 

processes, e.g., dislocation activity and interactions with substructures exiting on the length 

scales of a few hundred nm up to a few hundered ɛm. 

1.3.3 Physically-based approach  

As discussed by Castelluccio and McDowell [80], shifting focus from 

phenomenological constitutive model forms to physically-based equations i) limits the 

number of parameters that must be fit using experiments and ii) facilitates enhanced 

understanding of the role of underlying physical processes. Such physically-motivated 

constitutive frameworks attempt to directly leverage known physical constants as well as 

micromechanical parameters associated with unit process models based on lower length 
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scale models and/or simulations [81-84]. Hence, this thesis places emphasis on the 

development and use of physically-based constitutive equations. 

1.3.4 Crystal plasticity approach 

Due to the emphasis on a multiscale, physically-based framework that directly 

considers dislocation activity and dislocation substructures, a crystal plasticity modeling 

framework is developed in this thesis. As will be discussed in more depth in a subsequent 

section, prior works [80, 85] have demonstrated the ability of crystal plasticity frameworks 

to adequately model material deformation behavior considering dislocation activity and 

dislocation substructures. The multiscale nature of the work is achieved by leveraging 

results from lower-length scale simulations and measurements to inform the mesoscale 

crystal plasticity model that connects to macroscale observations. The crystal plasticity 

model introduces formulations motivated by micromechanics and physical considerations.  

To limit the scope, the model is developed with a specific focus on a subset of 

crystalline metals and alloys, specifically metals and alloys with a face-centered cubic 

(FCC) atomic structure. Due to the availability of literature data, results are presented for 

pure FCC Ni and austenitic stainless steels.   

1.4 Thesis structure 

This thesis is separated into four parts, each containing a number of chapters. The 

first part, titled ñFraming the Problemò, contains the current chapter as well as Chapters 2 

and 3. Chapter 2 provides background on the crystal plasticity method. Chapter 3 discusses 
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the implementation of crystal plasticity frameworks in the context of the finite element 

method. The remaining parts and chapters capture the evolution of the research conducted.  

Part 2, titled ñInitial Inroads into the Hydrogen Embrittlement Problemò presents the 

early, exploratory forays into the complex hydrogen embrittlement domain. Part 2 contains 

Chapters 4 and 5, corresponding to studies on hydrogen transport and trapping and the 

influence of hydrogen on simple load cases for single crystals, respectively. The work 

presented in these chapters was conducted with a crystal plasticity model developed 

recently by Castelluccio and McDowell [80], and these exploratory studies motivated the 

extension of the crystal plasticity framework to enable a more comprehensive consideration 

of hydrogen effects.  

Part 3, titled ñDevelopment of an Extended Crystal Plasticity Modelò, outlines the 

advanced crystal plasticity framework developed during the latter stages of this work that 

models the physical phenomena identified in Part 2, enabling a more complete 

consideration of various processes that contribute to hydrogen embrittlement. Part 3 

consists of Chapters 6, 7, and 8, presenting the crystal plasticity model development, 

additional considerations corresponding to elevated temperature scenarios, and exploration 

of the model at a crack tip, respectively. 

Part 4, entitled ñMultiscale modeling of hydrogen embrittlement at a cyclically-

loaded crack tip in austenitic stainless steelò, explores the full coupling between hydrogen, 

hydrogen-related defects, dislocation activity, and dislocation substructures in Chapter 9. 

Chapter 10 in Part 4 ends the thesis with conclusions and discussion regarding further work. 
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CHAPTER 2. CRYSTAL PLASTICITY METHODOLOGY  

This chapter introduces the crystal plasticity framework that is extended and 

employed in this thesis. First, a brief history of crystal plasticity is presented followed by 

a general description of crystal plasticity deformation kinematics. Two examples of rate-

dependent crystal plasticity models are then presented. The first corresponds to a simple 

phenomenological model while the second corresponds to a framework that strives to use 

physically-based constitutive equations. The physically-based crystal plasticity framework 

is the model used in Part 2 of this thesis. The techniques leveraged to obtain robust 

convergence in the numerical crystal plasticity framework are then described. 

2.1 Development of crystal plasticity  

Crystal plasticity is part of a broader class of models that attempts to describe the 

continuum-level deformation of a material. In this section, a brief review of internal state 

variable (ISV) theory with associated thermodynamics and materials science is presented 

to contextualize crystal plasticity.  

2.1.1 Thermodynamics and internal state variable theory 

 Early works in thermodynamics [86, 87] led to the development of state variable 

theory in the mid to late 1800ôs by household names such as Helmholtz and Gibbs [88-90] 

as a reduced order description of statistical thermodynamics. In the first part of the 20th 

century, the role of evolving internal state in irreversible processes was introduced by 

Onsager [91, 92]. This work introduced the notion of ISVs to quantify the evolution of the 

ñinvisibleò processes occurring within a thermodynamic system. In a very simple sense, 
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the theory of ISVs proposes that the observable state space consisting of temperature and 

deformation must be expanded to include additional internal state variables to define the 

Helmholtz free energy of a system undergoing an irreversible process [93]. In 1967, 

Coleman and Gurtin [94] published their groundbreaking work that rigorously related ISV 

theory with continuum mechanics and thermodynamics, formalizing admissible 

constitutive equation forms for modeling irreversible processes in solids, with clear 

applicability to evolving defects in crystals. 

The confluence of ISV and continuum deformation theories occurred shortly 

thereafter in the work of Teodosiu [95]. In this work, Teodosiu [95] used a description of 

the dislocation density as an ISV and utilized the Coleman-Gurtin framework to describe 

the inelastic response. The work of Kroner in the early 1960ôs [96, 97], published prior to 

the watershed paper by Coleman and Gurtin [94], qualitatively proposed dislocation 

density as a suitable ISV and should be mentioned in this regard. Following distinct 

evolutionary routes becomes difficult after these initial studies because of the subsequent 

explosion of work, and authors may differ on how to present their perspectives. One such 

perspective is briefly reviewed in the following.  

Use of ISV theory facilitated detailed analyses of deformation phenomena that were 

largely unaddressed prior to the late 1960ôs; a brief and certainly non-exhaustive list 

follows. Chaboche [98] and McDowell [99] studied cyclic plasticity. Schapery [100] and 

Arruda et al. [101] extended internal state theory to include viscoelastic materials. 

McDowell [102] and Olson [103] used ISV theory to generate new perspectives on 

multiscale modeling and the relations between material processing, structure, and 

properties. Design optimization [104] and uncertainty [105] have also been investigated in 
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the context of ISV theory. Finally, the development of modern crystal plasticity (the 

primary framework employed in this thesis) is also included in the academic windfall of 

the pioneering work of Coleman and Gurtin [94]. 

2.1.2 Materials science 

The physical basis for crystal plasticity is rooted in the theory of dislocations as the 

mediator of plastic deformation in metals and alloys. The nature of plastic deformation as 

occurring on specific close-packed slip systems in metal crystals was first rigorously 

examined by Schmid in the early part of the 20th century [106]. Subsequent works by 

Taylor [107] and Orowan [108] established that plastic deformation was primarily 

mediated by the glide of crystallographic defects termed ñdislocations.ò While the physics 

of dislocations were studied on a microscopic scale during this time frame [109], the 

anisotropic plastic behavior that results from dislocation activity was largely ignored in 

continuum-level analyses due to focus on deformation theories for bulk polycrystalline 

specimens. In experiments conducted on such polycrystalline specimens, the mesoscale 

anisotropy of individual metal crystals/grains is sufficiently spatially averaged so that the 

specimen can be considered mildly anisotropic or even isotropic on the macroscale, 

depending on the degree of crystallographic texture. The analysis of continuum plastic 

deformation becomes substantially more complex when directly considering discrete slip 

systems. It can be informed by understanding of unit processes involving dislocations at 

very fine scales, input from atomistic and discrete dislocation models, and from top-down 

experimental observations. This is a complex problem of information sciences involving 

multimodal inputs. 
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Following a period in the 1950s and 1960s concerned with measuring yield 

behavior and modeling polycrystalline behavior directly, in the 1970ôs the works of Kocks 

[110], Asaro and Rice [111], Asaro and Needleman [112], and Kocks et al. [113] focused 

attention on the physically-based process of plastic slip occurring along crystallographic 

slip planes due to dislocation motion. Dislocation activity at the slip system level was 

directly incorporated in continuum deformation analyses with the aid of numerical 

techniques. The availability of enhanced computational power ameliorated the complexity 

associated with i) discrete slip systems and ii) evolving ISVs. Following these works, so-

called ñmodernò crystal plasticity frameworks first appeared in works such as the studies 

conducted by Cuitino and Ortiz [114], Kalidindi [115], and McGinty [116]. These studies 

aimed at providing more richness of detail of slip processes and interactions, providing a 

basis to integrate knowledge from materials science. The crystal plasticity frameworks 

explored in the current thesis fall within this class of continuum deformation models. 

Overall, crystal plasticity models result from a confluence of fields, including 

continuum deformation, thermodynamics, and materials science as shown in Figure 3. 

More rigorous and complete reviews can be found elsewhere [93].  
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Figure 3. Schematic roughly plotting evolution of various scientific advances that 

ultimately led to the development of the crystal plasticity modeling methodology used 

in the current thesis. Adapted from Ref. [93]. 
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2.2 Kinematics of crystal plasticity 

2.2.1 Crystal deformation 

As discussed, early materials science efforts established dislocations as the primary 

carrier of plastic deformation of a lattice, a process considered to be primarily dominated 

by dislocation glide [107, 117]. A dislocation is a crystallographic line defect that 

constitutes an abrupt change in the otherwise regular ordering of the atomic lattice. The 

presence and movement of dislocations allow relatively significant material flow to occur 

through consecutive, as opposed to simultaneous, breakage of atomic bonds, significantly 

lowering the energy barrier for each increment of plastic deformation. 

Early theoretical studies regarding motion of dislocations established that the 

intrinsic lattice resistance to dislocation glide (Peierls Nabarro stress) was lowest along 

directions and on planes where the atoms were most closely packed [118]. Accordingly, 

plastic flow occurs most readily on certain close-packed ñslip systemsò that are defined by 

a slip direction vector s and slip plane normal vector m . The dependence of the Peierls 

Nabarro stress on atomic packing implies that different crystal structures manifest different 

slip systems on which plastic deformation primarily occurs.  

The 12 close-packed slip systems associated with the FCC crystals studied in this 

thesis are schematically shown with respect to a lattice unit cell in Figure 4. Here, the four 

close-packed slip planes for a FCC crystal are shaded and individually shown in Figure 

4(a-d). In part (a), the three slip directions as and slip plane normal am are identified for 

the shaded slip plane; 1,...,12a=  is introduced as an index to track distinct activity on the 

tha  slip system. In part (b), the atom configuration for a FCC crystal is shown by the green 
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and gray circles. The green circles denote the close-packed atoms associated with the 

shaded slip plane and accompanying slip directions. The gray circles denote the other 

atoms not associated with the shaded slip plane. Parts (c-d) show the two remaining close-

packed slip planes. Multiplying the number of slip planes (4) by the number of slip 

directions per slip plane (3) yields the total number of slip systems in FCC materials (12). 

 

Figure 4. Slip systems associated with a FCC crystal structure, shown with respect to 

a lattice unit cell. Part (a) shows the slip directions and slip plane normal. Part (b) 

shows the FCC atomic configuration. Parts (c) and (d) show the remaining two slip 

planes not highlighted in parts (a) or (b). 
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2.2.2 Kinematics of crystal plasticity  

Plasticity frameworks for FCC crystals attempt to relate the microscopic dislocation 

activity occurring on the close-packed slip systems defined in Figure 4 to macroscopic 

mechanical behavior. A variety of authors developed an appropriate set of kinematic 

relations (cf. [119-121]) to accurately describe how micromechanical dislocation behavior 

translates to a continuum; this approach simplifies the description of material deformation 

by considering two distinct aspects of deformation. First, plastic flow mediated by 

dislocation activity causes atomic planes to shift relative to each other, ultimately 

producing plastic shear. Second, the lattice upon which the material is embedded 

experiences elastic rotation and stretching. While in reality these two deformation 

processes occur simultaneously, the total deformation gradient is multiplicatively 

decomposed into elastic and plastic parts to facilitate continuum mechanics analysis. 

Mathematically, the sequential plastic Ÿ elastic deformation is described through a 

multiplicative decomposition of the total deformation gradient F  into elastic e
F  and plastic 

p
F  parts, i.e., 

 e p= ÖF F F .  (1) 

Note that for increments of plastic deformation, the rate form of Eq. (1) is consistent with 

the additive decomposition of the total strain increment into elastic and plastic parts [122]. 

The process described by Eq. (1) is shown in the schematic in Figure 5. 
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Figure 5. Schematic showing the decomposition of the total deformation gradient into 

elastic and plastic parts. Adapted from similar diagrams [116, 121]. 

 First, with regard to this multiplicative decomposition, we envision that the lattice 

is in some reference/original undeformed configuration defined by the slip direction and 

slip plane unit normal vectors 0s  and 0m , respectively. Next, the plastic deformation (as 

described by p
F ) corresponds to atomic planes moving relative to each other via shear to 

define an intermediate configuration in which the slip system vectors 0s  and 0m  are 

preserved. Finally, rigid body lattice rotation and elastic stretching of the lattice is applied 

(as described by eF ), leading to the current configuration and associated slip direction and 

slip plane normal vectors s and m . The slip direction and slip plane normal vectors in the 

current configuration are related to the respective quantities in the original configuration 

by 
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0

a a= Ös F s   (2) 

and 

 ( )
1

e

0

a a
-

= Öm m F   (3) 

We note that p
F  does not alter the orientation of the lattice, resulting in the specific choice 

of the intermediate configuration as isoclinic, having slip direction and slip plane unit 

normal vectors 0s  and 0m . 

 The dislocation glide processes that produce the plastic deformation described by 

p
F  are driven by resolved shear stresses at  that serve as thermodynamic driving forces for 

shearing rates ag  on each slip system. To relate these quantities, we first consider the 

material time derivative of the plastic deformation gradient. The slip system-level shearing 

rates ag  are related to continuum mechanics variables via the plastic velocity gradient in 

the intermediate configuration, i.e.,  

 
12

p p p 1

0 0 0

1

( ) ( )a a a

a

g -

=

= Ã = ÖäL s m F F   (4) 

where the dot notation refers to the material time derivative. The dyad 
0 0

a aÃs m  is the well-

known Schmid tensor [106]. As a final note, the total velocity gradient tensor is 

decomposed as e e p e 1

0 ( )-= + Ö ÖL L F L F  where the second term is the push-forward of the 

plastic velocity gradient p
0L  in the intermediate isoclinic configuration. 

The slip system shearing rates ag  are driven by the resolved shear stresses at ; at  

must similarly be related to continuum mechanics variables. The physical meaning of the 
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resolved shear stress at  can be understood by first calculating the traction vector T  acting 

on each slip plane, i.e., 

 a= ÖT ů m  (5) 

where ů is the symmetric Cauchy stress tensor in the current configuration. The resolved 

shear stress is then calculated as the projection of the traction along each slip direction, i.e., 

 a at= ÖT s  . (6) 

In practice, the resolved shear stress is determined via hyperelasticity in the intermediate 

configuration by first calculating the elastic Green strain e
E  as 

 ( )e e e1

2

T= Ö -Ⱥ F F I  (7) 

where I  is the 2nd rank identity tensor. Assuming infinitesimal elastic strain of the lattice 

(but including finite lattice rotation), the elastic Green Strain e
E  can be related to the 

second (symmetric) Piola-Kirchhoff stress PK2
ů  as 

 PK2 e

0 :=ů C E  (8) 

where 0C  is the 4th rank stiffness tensor in the intermediate configuration. Finally, at  is 

determined by resolving PK2
ů  onto slip planes and along slip directions as 

 PK2

0 0:a a at= Ãů s m.  (9) 

As outlined in the sections above and shown in Figure 6, crystal plasticity considers the 

crystal structure as well as kinematics of deformation and kinetic formulations rooted in 
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standard continuum mechanics, employing the aforementioned measures of stress and 

strain. In Figure 6, 
i

ax  is used to represent 1,...,i n=  unspecified ISVs. The relation between 

ag  and at  forms the basis of the so-called ñflow ruleò, and as will be discussed in the next 

section, the flow rule considers material hardening via the evolution of ISVs, 
i

ax . The flow 

rule and the ISV evolution equations comprise the kinetics relations for irreversible 

rearrangement of structure during inelastic deformation. 

 

Figure 6. Schematic showing how the crystal plasticity framework considers crystal 

structure, continuum mechanics, and a flow rule. Schematic adapted from Ling et al. 

[123]. Material hardening is considered in the evolution of ISVs 
i

ax .   

2.3 Crystal plasticity flow rules 

While the kinematics of crystal plasticity frameworks are generally well established, 

flow rules vary widely depending on material system, loading scenario, environment, 

physics of interest, etc. In the following sections, two rate-dependent crystal plasticity flow 

rules are presented. The first is characteristic of a phenomenological approach while the 

second presents a more physically-based methodology. This second crystal plasticity 
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framework is used in Part 2 of this thesis to conduct exploratory investigations of hydrogen 

embrittlement. 

2.3.1 Phenomenological approach 

Phenomenological constitutive frameworks attempt to describe deformation 

behavior using mathematical forms without appealing directly to micromechanical origins. 

These mathematical forms are developed or evolved based on the need to model complex 

deformation with an engineering model. The evolution of phenomenological isotropic and 

kinematic hardening forms to meet certain criteria is discussed in a subsequent section.  

Despite the lack of direct physical linkages to evolving microstructure, 

phenomenological frameworks are still quite useful. For example, phenomenological 

frameworks can be qualitatively related to microscopic processes and have the advantage 

of being relatively simple, easing the implementation in a numerical framework. 

Furthermore, a quantitative understanding of dominant underlying physical processes is 

not required if the goal of the framework is to simply model some macroscopic behavior. 

As an example, Raabe and Roters [124] used a rate-dependent phenomenological crystal 

plasticity flow rule and simple phenomenological hardening rules to model the orientation-

dependent earing that occurs during cup-drawing of aluminium (Figure 7). This result 

could not be achieved using a simple initially isotropic model, e.g., 2J   plasticity, and 

therefore highlights the utility of employing the kinematics of crystal plasticity even with 

phenomenological kinetics equations for the flow rule and hardening evolution. 
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Figure 7. Comparison between the simulated and experimental earing observed 

during the cup-drawing of aluminum from the study by Raabe and Roters [124]. 

While phenomenological flow rules take on a wide array of forms in literature, one 

of the most common rate-dependent versions is presented here, i.e., a power law flow rule 

that considers both kinematic and isotropic hardening. The power law flow rule relating 

the slip system resolved shear stress at  and shearing rate ag  is given by  

 ( )
1/

0 sgn

m

B
B

g

a a
a a a

a

t
g g t

-
= -   (10) 

where 0g is a reference shearing rate, ga is a measure of non-directional strengthening 

often related to drag stress or slip system strength, Ba is a measure of the 

kinematic/directional strengthening (back stress), m  is the strain rate sensitivity exponent, 

and sgn is the signum function. The strain rate sensitivity exponent m  approaches zero in 

the rate-independent limit. The importance of ISV theory in the development of crystal 

plasticity can be seen in the flow rule presented in Eq. (10) where both ga and Ba are (in 



 30 

general) evolving ISVs that define non-directional and directional slip system work 

hardening responses, respectively.  

Rate equations for the evolution of the ISVs 
i

ax  , e.g., ga and Ba in Eq. (10), are 

required to model the deformation response of the material. In general, the rate of evolution 

of an ISV 
i

ax  on the tha  system is assumed to proceed primarily driven by the slip system 

shearing rate bg , other ISVs 
i

bx , and temperature T , i.e., 

 ( ), ,i if Ta b bx g x=   (11) 

Here, b is a second slip system index, highlighting that the evolution of an ISV on slip 

system a can depend on values related to other slip systems b. A wide range of 

phenomenological laws have been proposed for non-directional slip system hardening 

[110, 125, 126]. Most take on a form similar to 

 
12

1

g ha ab b

b

g
=

=ä   (12) 

where hab is a symmetric 12x12 matrix. In scenarios where the off-diagonal terms in hab 

are all zero, Eq. (12) corresponds to self-hardening, i.e., shearing on a certain slip system 

a hardens only that same slip system a. The more general case where off-diagonal 

components of hab are nonzero corresponds to cross/latent hardening, i.e., shear strain on 

a certain slip system a can harden a different slip system b. It is noted that Eq. (12) 

resembles the well-known Taylor hardening relation [107].  
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 Many specific functional forms for hab have been proposed in literature. Two 

relatively simple examples are provided below followed by an approach that incorporates 

a dynamic recovery term in Eq. (12). First, Chang and Asaro [127] studied the shear 

localization in aluminium-copper single crystals and proposed hab as 

 1
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0 sech
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h

h h
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g

t t
=
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Here, 0h  is a reference hardening rate, satt  is the saturation strength, and sysN  is the number 

of slip systems. Kalidindi and Anand [128] studied evolution of crystallographic texture of 

oxygen-free high conductivity copper undergoing plane-strain forging using a power law 

hardening form that admitted latent hardening effects as 
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n
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where 0h  and satt  take on the same meaning as in Eq. (13), and (1 )q q qab abd= + - . Here, 

q  is one for coplanar slip systems and equal to a latent hardening ratio for other slip system 

pairs. Quantity abd  is the Kronecker delta symbol, and n  is a parameterizable constant. 

On the other hand, the non-directional hardening relation used by McGinty and McDowell 

in their study of oxygen-free high conductivity copper [116] takes on a hardening-dynamic 

recovery form, i.e., 
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where H  is a rate constant, and R is the dynamic recovery coefficient. 

 The three phenomenological non-directional hardening laws shown above are 

presented to emphasize the range of phenomenological hardening models available. 

Essentially, such relations can be used to correlate experimentally observed macroscopic 

material behavior. However, only loose, qualitative connections with lower-length scale 

phenomena can be made. Furthermore, comparing and contrasting model forms is largely 

meaningless owing to the lack of connection to specific unit process models or 

micromechanical models of lower length scale processes. In other words, these models are 

highly non-unique in terms of forms and parameters. This problem of model identifiability 

for such phenomenological crystal plasticity models is widely acknowledged. Essentially, 

while useful to compute engineering component responses (as in aforementioned earing 

example), such models are not particularly useful for distinguishing the role of lower length 

scale effects of dislocation configurations and interactions that are critical to the present 

work in hydrogen-assisted failure.  

Turning attention to directional hardening, one of the earliest and simplest models 

for the evolution of back stress is Pragerôs linear kinematic hardening model, developed in 

the 1950ôs [129]. Pragerôs model assumes that the kinematic hardening variable evolves 

collinear with the evolution of plastic strain. In the context of crystal plasticity, this is a 

self-hardening form written as  

 
1B ca ag=   (16) 

where 1c  is a phenomenological constant calibrated with experimental information. Linear 

kinematic hardening can capture some important phenomena such as the Bauschinger 
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effect in symmetric cyclic loading, but the strict linearity imposed in Eq. (16) is not 

observed in the great majority of experiments. Equally important, a linear hardening 

formulation precludes the observation of the cyclic accumulation of plastic strain during 

asymmetric stress-controlled loading, i.e., ratcheting. McDowell [130] was the first to 

show definitively using computer-controlled axial-torsion experiments that Eq. (16) is 

wholly inadequate to model directional hardening under non-proportional cyclically stable 

stress-strain hysteresis.  

The inability of Pragerôs linear kinematic hardening to describe more general cyclic 

loading scenarios motivated adoption of more flexible nonlinear approaches. An improved 

theoretical description of cyclic stress-strain hysteresis response was achieved earlier in 

1966 by Armstrong and Frederick (AF), with attention devoted to loading scenarios that 

produce ratcheting [131]. The AF model describes a nonlinear form of kinematic hardening 

through the addition of a dynamic recovery term that is linear in the back stress, written at 

the level of a given slip system here as  

 1 2B c c Ba a a ag g= -   (17) 

Here, 2c  is an additional phenomenological constant. We note that Armstrong and 

Frederick considered macroscopic plasticity models rather than the crystal plasticity format 

presented in Eq. (17). Here, the dynamic recovery term depends on Ba and scales with the 

magnitude of the plastic strain rate. Examination of Eq. (17) reveals that the AF model is 

nonlinear throughout plastic straining, and the saturation limit of Ba is controlled by the 

ratio 1 2/c c . While the AF model improves upon the inability of Pragerôs model to capture 

asymmetric cyclic plastic deformation responses, the AF model is known to overestimate 
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the severity of ratcheting [132, 133]. Chaboche improved upon the AF model by additive 

superposition of M  kinematic hardening variables, i.e., 
1

M

i iB Ba a

=
=ä  [134] written in the 

context of a single slip system in crystal plasticity. Although this approach increases the 

number of constants that need to be calibrated with experiments, it does improve the 

modelôs ability to capture experimentally observed responses under more general cyclic 

loading conditions. However, even this decomposition is limited in capturing lack of 

closure of stress-strain hysteresis response during asymmetric stress-controlled cycling. 

The limited ability of the AF model to capture cyclic ratcheting response motivated 

more complex model forms. An example of an improved model to capture ratcheting was 

proposed by Ohno and Wang (OW) in 1993 [132]. This model generalizes the evolution of 

the dynamic recovery term to predict less ratcheting when compared with the AF model 

and is written in the context of an individual slip system as  
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ç ÷

  (18) 

where 1m  is used to control the nonlinearity of dynamic recovery rate to bring the modelôs 

simulated ratcheting rate more in agreement with experiments. The OW back stress 

evolution equation enables modelers to exert control over the approach to saturation (and 

shape of initial yielding curve). For small values of 1m , the nonlinear behavior of the AF 

model is recovered. Alternatively, large values of 1m  exhibit nearly linear behavior similar 

to Pragerôs model just up to the point of back stress saturation. This flexibility in controlling 

the nonlinearity throughout the elastic-plastic transition is one of the key reasons the OW 

model is able to approximate experimental ratcheting behavior better than prior models. In 
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particular, it results in a bias of the nonlinearity in unloading and reloading responses, 

resulting in a lack of hysteresis loop closure when the material is subjected to asymmetric 

stress-controlled loading. Lastly, Eq. (18) can also employ a multi-component framework, 

i.e., 
1

M

i iB Ba a

=
=ä  [134]. This is also vitally important in accurately capturing the transition 

through initial yielding. 

The progression from Prager to OW models (and related models such as developed 

by Jiang and Sehitoglu [135]) was motivated by the inability of prior models to describe 

key deformation behaviors for a variety of load scenarios. However, these subsequent 

model forms ultimately increase the number of phenomenological constants that must be 

fit using experiments, from one constant (Prager) to two (AF) to three (OW). Furthermore, 

to improve predictions, the AF and OW models are commonly implemented using multiple 

components of back stress [136, 137], further increasing the number of material parameters 

according to the number of components M . 

2.3.2 Physically-based approach 

A physically-based crystal plasticity flow rule developed by Castelluccio and 

McDowell [80] is presented next in order to i) provide an example of a constitutive 

framework that makes contact with lower length scale defect densities and configurations 

and ii) describe the specific framework used in Part 2 of this thesis to conduct initial 

exploratory investigations of hydrogen embrittlement. Shifting focus from 

phenomenological mathematical forms to physically-based equations i) limits the number 

of free parameters that must be fit using experiments (improved model parameter 

identifiability) and ii) facilitates enhanced understanding of the underlying physical 
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processes and associated attributions to contributions to various mesoscale behaviors [80]. 

Such physically-based constitutive frameworks attempt to directly leverage constants that 

arise from first principles arguments and parameter ranges corresponding to underlying 

unit process models for defects, as well as values computed using lower length scale 

simulations [81-84]. 

Faithful modeling of FCC crystals that undergo dislocation cross slip (i.e., wavy 

slip), however, introduces a myriad of additional complexities owing to the experimentally 

observed development of heterogenous dislocation distributions that rearrange and evolve 

over the course of the loading history [138, 139], i.e., the so-called dislocation substructure. 

There are limited continuum-based approaches available in the literature that attempt to 

accurately predict and account for dislocation substructures [83, 84]; in this regard, the 

recent physically-based model for FCC crystals developed by Castelluccio and McDowell 

[80] can be considered as enabling the present work. This model is well-suited for initial 

hydrogen embrittlement studies because physically-based formulations provide estimates 

of evolving dislocation densities and substructures, all considered as essential when 

considering mesoscale response. A brief overview of the equations used in this framework 

is given below. To reduce repetition of content in this thesis, the in-depth justification for 

the equations can be found in the original paper documenting the development of the model 

[80] as well as in Part 3, where an extended and updated crystal plasticity model is 

presented.  

The physically-based flow rule describing the shearing rate of dislocations on slip 

system a follows a thermally-activated Kocks-Argon-Ashby relation [140], i.e., 
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where 
m

ar  is the density of mobile screw dislocations, l  is the mean free path of a 

dislocation between obstacle bypass events, b  is the Burgers vector, Bk  is the Boltzmann 

constant, and Gv  is an estimate of the attempt frequency. Furthermore, GD  is the required 

energy to bypass short range obstacles, and 
eff B Sa a a at t= - -  is the effective stress. 

Here, Sa is the non-directional athermal (long range) threshold stress and  denotes the 

Macaulay bracket function, i.e., 0g =  if 0g¢  and g g=  otherwise. 

The activation energy, GD , associated with dominant short-range barriers to 

thermally-assisted dislocation motion, is expressed as  
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  (20) 

where 0F  is the activation energy at zero effective stress, and p  and q  are profiling 

parameters. Parameter 0s  is the athermal limit of thermal slip resistance at 0 K, and m and 

0m  respectively denote the shear modulus at temperature T  and at 0 K. This relation must 

reflect the statistical distribution of barriers at the mesoscale via 0F  and profile parameters 

p  and q .  

The threshold stress, Sa, appearing in the effective stress accounts for the intrinsic 

lattice friction, the stress required to bow-out a dislocation, and the dislocation-dislocation 



 38 

self-interactions that result from collinear dislocations in pile-ups. The overall contribution 

of these three mechanisms of resistance can be expressed additively as  

 ( )
1
2
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2
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st t

m
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b
S S b A

d

a a a

aa

m
a m r= + +   (21) 

where LEa  is the dislocation line energy, Aaa is the self-interaction dislocation coefficient, 

and structd  is the characteristic dimension of dislocation wall substructures. Intrinsic lattice 

friction 
0Sa is quite small for FCC systems and is dominated by the short range barriers 

associated with thermal slip resistance 0s . 

In accordance with TEM images of FCC crystals, the crystal plasticity framework 

considers a heterogenous distribution of dislocations comprised of relatively dislocation-

dense walls separated by relatively dislocation-sparse channels. The back stress accounts 

for the directional internal stress acting on slip systems developed due to heterogeneity of 

plastic deformation within such dislocation substructures as proposed by Mughrabi [138]; 

this back stress ensures that the plastic strain in dislocation channels maintains 

compatibility with the assumed dominantly elastic strain in dislocation substructure walls. 

The back stress superimposes on the applied resolved shear stress to form the effective 

directional over stress. Assuming an Eshelby-type inclusion formulation [141], the back 

stress rate can be expressed as 
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where accomf  is the instantaneous macroscopic plastic deformation tangent, wf  is the volume 

fraction of dislocation wall substructures, and 1212S  is a component of the Eshelby tensor 

component [142].  

Description of the dislocation substructure relies on experimentally observed 

similitude relation of dislocation substructure to applied stress. Following previous works 

[143, 144], the characteristic dislocation substructure length scale is determined via  

 
max(| |)

struct
struct

K b
d

a

m

t
=   (23) 

where structK  is the constant of similitude and the max function in the denominator returns 

the instantaneous maximum slip system level resolved shear stress within a volume of 

interest.  

The mean free path for dislocation glide is evaluated as 

 
struct structl l dhº =  (24) 

where h is a parameter determining the aspect ratio of dislocation substructures. For 

example, 1h=  corresponds to dislocation cells while 50h=  corresponds to more elongated 

substructures such as dislocation veins. Quantity h is determined as a function of cyclic 

plastic strain ranges and takes on a constant value for monotonic loading. 

The last dislocation substructure parameter to be described is the volume fraction of 

dislocation-dense substructure walls wf . Here, a phenomenological relationship is 
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leveraged from prior work [145] to define the dislocation substructure wall volume 

fraction, i.e., 
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where inff  , 0f  , and pg  are constants that can be estimated by careful substructure 

characterization using tools such as TEM. Lastly, maxg  is the maximum shear strain over 

all slip systems.  

The mobile screw dislocation density evolution on slip system a is a result of the 

competition between dislocation multiplication, annihilation, and cross-slip. Following 

prior work [146, 147], the overall expression for the evolution of mobile dislocation density 

m

ar  on slip system a can be written as 

 | |m mult ann cs cs

a a a z a a zr r r r r­ ­= - + - .  (26) 

The multiplication rate is defined as 

 mult

struct

mult
bl

k aa gr =   (27) 

where multk  is a constant that depends on the type of expected substructure. The annihilation 

rate for monotonic loading is defined as  
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where ey  is the annihilation distance for edge dislocations.  
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The cross-slip term follows a probabilistic formulation from previous work [148], 

but considers a local shear stress that accounts for dislocation substructure shielding, i.e.,  
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where csv , IIIt , csj ,  and csV  are the characteristic cross-slip frequency, critical cross-slip 

stress at the onset of stage III hardening, cross-slip efficiency, and cross-slip activation 

volume, respectively. Indices z and a denote collinear slip systems that permit cross-slip.  

 Clearly, physically-based approaches introduce a significant degree of complexity 

to the constitutive framework. However, there is less ñguess workò when developing the 

mathematical forms describing the evolution of ISVs. Whereas phenomenological 

frameworks choose mathematical forms based on the need to model some macroscopic 

behavior, physically-based frameworks leverage micromechanical arguments to inform 

constitutive equations in a manner consistent with lower length scale dislocation processes. 

While the in-depth micromechanical justification for the equations presented above is not 

given in this section, they can be found in the original paper documenting the development 

of the model [80] as well as in Part 3, where an extended and updated crystal plasticity 

model is formulated. Overall, physically-based frameworks give the modeler an enhanced 

ability to identify and express physical phenomena that drive material deformation 

behaviors.  
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2.4 Numerical implementation of crystal plasticity 

2.4.1 Approach to numerical implementation 

The path-dependent nature of plasticity necessitates the full modeling of material 

response from its initial conditions through the history of loading. To accomplish this 

computationally, the total load history is segmented, and each load segment occurs over 

some time step tD . In displacement-based finite element codes, this corresponds to the 

deformation gradient being specified as a function of time. In the next section, the 

interaction of displacement-based finite element codes and the crystal plasticity framework 

is discussed in detail, including specifics regarding the evolution of the deformation 

gradient over the history of loading. This section describes the strategies used to increment 

the quantities known at the start of the time step at time 1t  to the updated values at time 2t  

( 2 1t t t= +D) in the isoclinic configuration where the shearing rates and internal state 

variables are updated; the Cauchy stress is later updated in the current configuration. 

More specifically, for a constant temperature, the stress and internal state variables 

describing the deformation state at time 2t  at the end of a time step must be determined 

given the deformation increment over the given time step (i.e., / t=D DŮ Ů  informed by the 

time-dependent evolution of the deformation gradient provided by the finite element 

program) and the initial stress state 1( )tů  and values of the ISVs 1( )tɝ  at the beginning of 

the time step. This problem is solved in the crystal plasticity code as a coupled set of 

differential equations in the isoclinic configuration and can be stated as    
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The problem defined in Eq. (31) can be solved in a number of ways. In the following 

section, explicit and implicit approaches are reviewed. Furthermore, two different types of 

implicit methods are presented describing exact analytical and approximate numerical 

implementations.  

2.4.2 Explicit time integration method 

The explicit Euler method is straightforward. Essentially, the shearing rate ag  is 

estimated based on 
1( )tat  and 

1)(i tax . This shearing rate is then used directly to update the 

values at time 2t . To illustrate this method, the phenomenological flow rule presented in 

Eq. (10) is used. First, the shearing rate over the time step is calculated using known values 

at time 1t  as  
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At this point, the stress and ISVs are updated using ag . First, we discuss the stress update. 

With the slip system shearing rates in hand, the plastic velocity gradient can be calculated 

in the intermediate isoclinic configuration using Eq. (4). The plastic velocity gradient p
0L  

is related to the rate of change of the plastic deformation gradient p
F  as p p p

0 1( )t= ÖF L F . 

Accordingly, 
2

p( )tF  is estimated using numerical integration as  

 p

2 0

p p

1) exp( ) )( (t tt= D ÖF FL .  (33) 

Here, it is noted that exact calculation of p

0exp( )tDL  is non-trivial. However, rather 

straightforward numerical approximations of p

0exp( )tDL  can be utilized, and the Padé 
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method is mentioned in this regard [149]. With 
2

p( )tF , the elastic deformation gradient at 

time 2t  can be easily computed using Eq. (1). Calculation of the end-of-step elastic Green 

strain 
2

e( )tE  and second Piola-Kirchhoff stress 
2

PK2 )(tů  naturally follow using Eqs. (7) and 

(8). Finally, the Cauchy stress at time 2t   is evaluated as  
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where eJ  is the determinant of eF .  

The ISVs are updated using the specific rate-form equations utilized in the 

constitutive framework. In the case of the phenomenological approach, the two ISVs 

corresponding to non-directional and directional hardening are simply updated as 

 
2 1( ) ( )g t g t g ta a a= + D  (35) 

and 

 
2 1( ) ( )B t B t B ta a a= + D. (36) 

While the explicit method outlined above is simple and relatively easy to implement 

in a computational framework, it is generally avoided due to numerical instabilities. 

Specifically, explicit methods require an extremely small time step to produce a result that 

is within reasonable error tolerances. If inappropriately large time steps are taken, the 

analysis diverges from the true solution and the errors from previous time steps compound; 

the compounding of prior errors can result in significant divergence from the true solution 

over the course of a simulated loading [150]. The disadvantages of explicit methods 
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motivate most crystal plasticity frameworks to utilize implicit integration methods such as 

those implemented in the pioneering crystal plasticity work of Cuitino and Ortiz [114]. 

2.4.3 Implicit integration scheme 

The fundamental difference between explicit and implicit methods is in the 

calculation of ag . As shown in Eq. (32), the explicit method calculates ag  using  known 

initial values at time 1t , i.e., 
1( )tat  and 

1)(i tax .  On the other hand, implicit methods 

calculate ag  using estimates at time 2t , i.e., 
2( )tat  and 

2)(i tax . Calculating ag  in this latter 

fashion ensures that the fundamental assumption of displacement-based methods is 

respected, i.e., ag  is constant over tD . Obviously, 
2( )tat  and 

2)(i tax  are not known, and 

an iterative procedure must be employed until convergence is achieved on their values. 

In order to solve the iterative procedure, the problem must be couched in an 

appropriate manner. Specifically, a target level function must be specified and set to zero; 

the ñzerosò of that function can then be determined using a suitable numerical method. 

Again using the phenomenological flow rule presented in Eq. (10) as an example, the target 

function targetf a  can be derived by inverting Eq. (10) as 

 2 2 2

0

( ) ( ) ( ) sgn( ) 0

m

targetf t B t g t
a

a a a a ag
t g

g
= - - =.  (37) 

At this point, any number of numerical methods can be used to solve for the zeros of the 

target function shown in Eq. (37). Closed methods such as the bisection and false-position 

methods as well as open methods such as fixed-point iteration and Newton-Raphson 

methods can be mentioned in this regard [150]. However, the Newton-Raphson method is 
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generally used to solve Eq. (37) because it is elegant and achieves quadratic convergence 

if exact analytical expressions are leveraged. 

 The Newton-Raphson method for solving for the zeros of an equation is easily 

understood by considering a one-dimensional graphical example as shown in Figure 8. 

Here, some function ( )f x  is shown. Given some initial guess of where the function is zero 

( 0x ), a line tangent to ( )f x  at 0x  ( 0'( )f x ) can be drawn back to the abscissa. The intercept 

of the tangent line ( 0'( )f x ) and the abscissa generates a new guess of where the function 

is zero ( 1x ). This process continues until some stopping criteria has been achieved and the 

function zero has been found within error tolerances.    

 

Figure 8. Schematic showing the Newton-Raphson method for finding the zeros of a 

one-dimensional system. 

Mathematically, the Newton-Raphson method can be easily derived from a Taylor 

series expansion of the function ( )f x , i.e.,  

 2

1 1 1( ) ( ) '( )( ) ( )i i i i if x f x f x x x O x- - -= + - + D  (38) 
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where the subscript i  denotes the iteration number and 2( )O xD  denotes higher order terms. 

Here, the desired function value at ix  is zero, i.e., ( ) 0if x = . Plugging this relation into Eq. 

(38) yields the next guess for the function zero as 

 1
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-
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= -   (39) 

or in a slightly different form as  

 1 1'( ) ( )i if x x f x- -- D = .  (40) 

With a basic understanding of the Newton-Raphson method, a direct analog can be 

made with the target function of the crystal plasticity method presented in Eq. (37). In the 

following, bold quantities denote vectors or matrices, e.g., ɔ or targetf . The iterative 

procedure can be described using indicial notation as 
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or in matrix notation as  

 target- D =J ɔ f   (42) 

where the partial derivative in Eq. (41) is evaluated at 
1i

ag-  and is called the ñJacobianò, i.e., 

J . Using the iterative procedure shown above, 
2( )tat  and 

2)(i tax  can be calculated while 

maintaining a constant shearing rate over the time step.  
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 While the Newton-Raphson method is relatively easy to qualitatively understand 

and circumvents the numerical issues associated with the explicit method, implementation 

of this method introduces some additional complexity. Specifically, use of this method 

requires determination of the 12×12 Jacobian 
( )

( ) targetf
J

a a
ab

b

g
g

g

µ
=

µ
 . Exact analytical and 

numerical approximations of this expression will be discussed in the following sections. 

2.4.3.1 Analytical Jacobian 

Analytical expressions for the Jacobian can be found for certain constitutive 

frameworks. The derivation of the analytical Jacobian for the phenomenological flow rule 

shown in Eq. (10) is presented as a specific example to highlight the approach. The 

analytical Jacobian can be simply written from the target function as  
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The specific forms of 2( )B ta

bg
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µ
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µ
 clearly depend on the underlying 

constitutive hardening relations and can be readily derived for simple frameworks. As 

described by McGinty [116], 2( )ta
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 can be determined via straightforward use of the 

chain rule for differentiation, yielding ( ) ( )0 0 0 0
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Use of an analytical Jacobian is ideal because it ensures quadratic convergence of 

the iterative procedure. However, certain scenarios preclude implementation of exact 

analytical Jacobians. First, complex constitutive frameworks pose a substantial challenge 
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to the derivation of an exact analytical Jacobian. The physically-based crystal plasticity 

model developed by Castelluccio and McDowell [80] can be mentioned in this regard. In 

this model, physical considerations are used that render the determination of the analytical 

Jacobian ambiguous or impossible. Furthermore, it is very difficult to calculate an exact 

Jacobian when the full breadth of constitutive relations describing the dislocation 

substructure and density evolution are considered. In addition to framework complexity, 

use of analytical Jacobians is ill-suited in scenarios where constitutive model forms are in 

a state of flux as they are developed. In other words, if multiple constitutive equation model 

forms are being tested for suitability, the Jacobian would have to be recalculated for each 

model form iteration. The work associated with deriving the appropriate Jacobian for each 

form could be substantial. In the present thesis, a relatively complex, physically-based 

constitutive framework was used and various postulated constitutive relations were tested. 

Due to these considerations, a numerical approximation of the Jacobian was used in the 

iterative procedure. 

2.4.3.2 Numerical approach 

Similar to the example accompanying the Newton-Raphson method, the numerical 

approximation of the Jacobian is easiest to understand by again considering a simple one-

dimensional example as shown in Figure 9. Here, the derivative of the function ( )f x  is 

numerically approximated at the point 0x  using a forward finite difference method. 

Graphically, estimating the derivative in this fashion simply involves drawing a straight 

line from the point of interest 0x  to a new coordinate a small increment h   away. The 
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derivative is then estimated as the slope of the straight line, i.e., /f xD D, as shown in Figure 

9. 

 

Figure 9. Schematic showing the numerical approximation of a derivative for a simple 

one-dimensional system using a forward difference method. 

The equation shown in Figure 9 can also be derived from a Taylor series expansion 

of the function ( )f x , i.e.,  
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Clearly, use of Eq. (44) introduces some error as the higher order terms ( )O h  are ignored.  

With a basic understanding of numerical differentiation methods, a direct analog 

can be made with the approximate Jacobian calculated for the Newton-Raphson method. 

Specifically, the Jacobian is estimated by evaluating the target function for small 

perturbations of the shearing rate, i.e., 
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While approximating the Jacobian in this fashion eliminates the need to derive an exact 

analytical expression, it requires 12 shearing rate perturbations and 12 evaluations of the 

target function for each iteration. Evaluating the target function 12 times adds 

computational overhead to the solution process and can significantly slow down simulation 

times for large finite element domains. Furthermore, better approximations of the 

numerical Jacobian can be conceived that leverage methods such as the central difference 

or second forward finite difference methods.  These methods provide a better 

approximation of the Jacobian, but require 24 evaluations of the target function, further 

slowing simulation times. Further discussion on such methods can be found in the thesis 

work of McGinty [116].  

 The numerical approximation of the Jacobian presented in Eq. (45) can be directly 

implemented with the Newton-Raphson method and used to solve crystal plasticity 

problems. However, this approach leads to appreciably longer simulation times, especially 

for large finite element domains. The crystal plasticity framework developed and utilized 

in this thesis employed a more advanced numerical method in an effort to balance the 

flexibility of the numerical Jacobian with the computational efficiency of the exact 

analytical Jacobian. Specifically, a modified Broydenôs method [151] was implemented. 

 Broydenôs method is preferable to a direct implementation of a numerical Jacobian 

in the Newton-Raphson method because it eliminates the need to calculate the Jacobian for 

each Newton-Raphson iteration. In other words, Broydenôs method provides an algorithm 

to update the approximated Jacobian throughout a time step without performing the 12 
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target function evaluations required using the Newton-Raphson + numerical Jacobian 

approach. This method uses the Jacobian from the previous iteration 1i-J  to approximate 

the Jacobian for the current iteration iJ . Broydenôs method has two criteria for updating 

the Jacobian, i.e., 

 1 1( ) ( ) ( )i i i target i target i- -- = -J ɔ ɔ f ɔ f ɔ  (46) 

and 

 
( )

1

1 0i i

i i-

-

=

- Ö =

J z J z

ɔ ɔ z
  (47) 

where z  is a dummy vector introduced to facilitate the Jacobian update.  

The criterion in Eq. (46) ensures that iJ  correctly maps the difference in the input 

1i i--ɔ ɔ into the difference in known target function values 1( ) ( )target i target i--f ɔ f ɔ. This 

criterion provides information regarding iJ  along the direction of 1i i--ɔ ɔ. However, this 

is not an adequate criterion to specify all elements of iJ , motivating the use of the criterion 

shown in Eq. (47). This criterion ensures that the independent vectors are mapped into the 

zero vector by 1i i--J J . While this criterion may seem arbitrary, it essentially requires an 

updated Jacobian iJ  that makes the smallest modification to 1i-J  subject to the criterion 

presented in Eq. (46).  

Use of Broydenôs method eliminates the computationally expensive calculation of 

the numerical Jacobian each iteration. Instead, the explicit calculation of the numerical 

Jacobian occurs once for the first increment and that initial estimate is then updated for 
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each iteration for the duration of the time step. As will be discussed in the following section, 

more nuance can be introduced to ensure a robust numerical procedure.  

A final modification to the numerical framework is noted. As can be seen by Eq. 

(42), calculation of the updated shearing rates requires taking the inverse of the 12×12 

Jacobian matrix, i.e., 

 [ ]
1

target

-
D = -ɔ J f.  (48) 

The inverse calculation similarly increases the computational overhead encountered during 

each iteration. As opposed to updating J  and taking its inverse each iteration, the matrix 

[ ]
1-

= -H J  is updated each iteration per the procedure developed by Sherman and Morrison 

[152]. This modification eliminates the need to take the inverse of J  each iteration and 

consequently reduces the computational expense of the iterative procedure. To the authorôs 

knowledge, this is the first-ever application of these methods in a crystal plasticity 

framework. 

2.4.4 Numerical implementation in current work 

The specific numerical framework used to solve for the shearing rates over tD  and 

the stress and ISVs at time 2t  is shown in Figure 10. Fundamentally, the numerical 

framework is comprised of an inner loop encompassed by an outer loop. The inner loop 

attempts to solve the problem given in Eq. (31) using Broydenôs method (blue loop). If the 

inner loop fails to solve the problem, the outer loop is activated. The outer loop attempts 

to solve the problem using the more robust Newtonôs method + approximate numerical 

Jacobian (red loop).  
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Starting from the top of the schematic shown in Figure 10, the code first determines 

if this is the first time step of the simulation. If it is, J  is approximated numerically and 

inverted to obtain H . If it is not the first time step of the simulation, H  is taken from the 

previous time step. This portion of the code further limits the number of target function 

evaluations by eliminating the need to numerically estimate J  at the start of every time 

step. With H , the shearing rate over the increment is computed using Eq. (48), and the 

error is calculated. If the error is within the prescribed tolerance, the problem has been 

solved, and the simulation moves on to the next time step. If the error is greater than the 

prescribed tolerance, H  is updated per Broydenôs method with Sherman-Morrison 

extension. Again, the shearing rate over the increment is computed, and the error is 

calculated. If the error is within the prescribed tolerance, the problem has been solved and 

the simulation moves on to the next time step. If the error is greater than the prescribed 

tolerance, the inner loop (blue loop) continues to attempt to solve the problem. If the inner 

loop continues to be unable to solve the problem, the inner loop counter 1n  will eventually 

equal the prescribed maximum number of attempts for the inner loop 1N . At this point, J  

is numerically recalculated from scratch, 1n  is set to 0, and the inner loop begins again. If 

this process (red loop) repeats itself to no avail, the outer loop counter 2n  will eventually 

equal the prescribed maximum number of attempts for the outer loop 2N . At this point, the 

numerical procedure has failed to solve the problem, and the code requests a smaller time 

step from the parent program. 
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Figure 10. Schematic showing the specific numerical procedure implemented in order 

to solve the path-dependent crystal plasticity problem. 

Overall, the numerical procedure outlined in Figure 10 is implicit, flexible, and robust. We 

next briefly discuss each of these three aspects. 
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An implicit approach is preferable to explicit methods. While the implementation of an 

explicit approach is simple, the small time steps required to achieve an adequately 

converged solution make it impractical for many simulation frameworks. Furthermore, 

errors compound in explicit integration schemes, as opposed to implicit schemes in which 

solver errors are guaranteed to remain within some prescribed threshold.  

The developed solver is flexible. As discussed, the Newton-Raphson method leverages 

the Jacobian J  (Eq. (45)). While analytical derivations of J  ensure quadratic convergence, 

the complex constitutive equations associated with physically-based crystal plasticity 

frameworks can present substantial challenges to an accurate and reliable derivation. 

Furthermore, any modifications or extensions to the underlying constitutive equations 

would require a rederivation of J . To avoid these difficulties during the implementation 

and development of the crystal plasticity frameworks presented in this thesis, a numerical 

approximation of J  was used. In a nutshell, using a numerical approximation of J  permits 

enhanced framework flexibility and rapid implementation of postulated constitutive 

equations. 

Lastly, the framework shown in Figure 10 is robust. Specifically, the highly efficient 

Broydenôs method with Sherman-Morrison extension is used to solve the problem. This 

procedure greatly reduces the number of computationally expensive target function 

evaluations. If this solution method fails, the program reverts to an explicitly evaluated 

numerical approximation of J . This multi-level solution process provides redundancy in 

the numerical solver and limits extensive time cutbacks during crystal plasticity 

simulations. 
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 To highlight the utility of the implemented crystal plasticity solver, a single 

integration point (assuming homogenous deformation) was uniaxially loaded in tension to 

1%, 5%, and 20% strain at a strain rate of 10-3 s-1 at room temperature. The crystal structure 

was loaded along a multi-slip orientation that produces the equivalent activation of eight 

slip systems, i.e., 001 . The crystal plasticity framework tested corresponds to the 

complex, physically-based framework presented earlier in this section, i.e., the framework 

developed by Castelluccio and McDowell for Ni [80]. The simulation was conducted using 

Abaqus 6.14 on a single Intel Xeon Gold 6226 processor The computer clock time per 

increment was averaged for each simulation and time step and is plotted in Figure 11. In 

this plot, the computer clock time per increment for the Newton-Raphson + numerical 

Jacobian approach is shown on the left. The pure Broydenôs method, i.e., without the outer 

loop redundancy shown in Figure 10, is shown in the center. The full numerical procedure 

shown in Figure 10 is shown on the right and is termed the ñmodified Broydenôs methodò. 

As can be seen in Figure 11, updating the Jacobian via Broydenôs method as opposed to 

recalculating the numerical Jacobian each increment results in ~6x increase in solution 

speed. Incorporating the additional outer loop that recalculates the numerical Jacobian from 

scratch every 1N  loops provides an additional increase in solution efficiency.  



 58 

 

Figure 11. Bar plot showing the increase in efficiency that can be achieved using 

Broydenôs method or modified Broydenôs method, even in simple loading scenarios. 

Data correspond to the uniaxial tensile loading for a single integration point. 

While results are not explicitly presented here, the increase in solution speed 

achieved when using the modified Broydenôs method is amplified in scenarios where the 

evolution of ISVs is particularly stiff, e.g., in high gradient regions near stress 

concentrations such as crack tips, or where many integration points need to be evaluated, 

e.g., in refined finite element meshes. In both cases, the modified Broydenôs method has 

proven adequate. 

2.5 Summary 

This chapter presented the crystal plasticity methodology used to investigate 

hydrogen embrittlement. First, the origins of crystal plasticity were traced back to its roots 

in continuum plasticity, internal state thermodynamics, and materials science fields. 

Following, the kinematics of crystal plasticity were introduced. Specifically, the 

underlying FCC crystal structure was introduced along with the accompanying 

mathematical description of its deformation due to dislocation glide, i.e., invoking the 
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multiplicative decomposition of F  into elastic and plastic parts. The next section 

introduced two broad classes of crystal plasticity flow rules: phenomenological and 

physically-based, and a characteristic example of a rate-dependent flow rule for each class 

was introduced. The physically-based flow rule introduced corresponds to the framework 

utilized in Part 2 of this thesis to conduct initial studies on the hydrogen embrittlement 

problem. Lastly, the numerical implementation of crystal plasticity was considered. In this 

section, both explicit and implicit integrative schemes were presented. Due to framework 

complexity and computational efficiency considerations, a flexible and robust implicit 

integration scheme, i.e., modified Broydenôs method, was implemented for the crystal 

plasticity frameworks used in this thesis.  
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CHAPTER 3. FINITE ELEMENT METHODOLOGY  

This chapter introduces the finite element methodology employed in this thesis. First, 

the implementation of crystal plasticity in the finite element software Abaqus is discussed. 

Then, the chemo-mechanical coupling of hydrogen transport with mechanical fields is 

considered, and an approach is implemented to model coupled hydrogen effects on a 

stationary crack tip field. 

3.1 Crystal plasticity impl ementation in Abaqus 

Abaqus is a commercial finite element program that is commonly used in research 

because it allows for a wide variety of user-coded subroutines that interact with the parent 

finite element program [153]; it has been widely used, verified, and validated over the 

years. The User MATerial subroutine (UMAT) is particularly relevant here because it 

allows the user to define constitutive laws governing the behavior of a material and permits 

the use of solution-dependent ISVs. In this section, the incorporation of crystal plasticity 

frameworks in Abaqus is discussed. First, we describe the overarching handoff of various 

continuum-level deformation field quantities between Abaqus and the UMAT. Following, 

more specific details are provided regarding computed quantities required by Abaqus to 

solve finite element problems for general loading histories and geometries.  

3.1.1 Crystal plasticity and the UMAT 

The function of the UMAT can be understood by examining the values that Abaqus 

provides and expects back with each call to UMAT; the UMAT is called at every 

integration point for each time increment 2 1t t tD = -, where 1t  is the time at the start of the 
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step. Abaqus provides the known deformation gradient 1( )tF , Cauchy stress tensor 1( )tů , 

and ISVs at time 1t . In addition, Abaqus provides a guess for the deformation gradient at 

time 2t , i.e., 2( )tF , based on the prescribed loading conditions and path-dependent solution 

up to that point in the simulation. The user-coding of the UMAT must then generate certain 

quantities that Abaqus requires to solve the finite element problem. Specifically, Abaqus 

requires the updated Cauchy stress tensor 2( )tů  at time 2t  and the tangent stiffness tensor 

( )
( )

µ D

µ D

ů

Ů
. Here, it should be noted that  

( )
( )

µ D

µ D

ů

Ů
 serves as the Jacobian for the 

numerical procedure executed for the global finite element domain by Abaqus. However, 

to avoid confusion with the internal Jacobian J  used in the crystal plasticity numerical 

implementation, the term ñtangent stiffness tensorò is used. In addition, the UMAT must 

also update the solution-dependent ISVs. Abaqus does not use the ISVs in its solution 

procedure, but it does store them and provide them to the UMAT to facilitate updates 

during the next time increment. The interaction between Abaqus and the UMAT is shown 

in Figure 12.  
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Figure 12. Schematic showing the interaction between the UMAT and the parent 

finite element program Abaqus. ISVs refers to internal state variables. Adapted from 

similar diagrams [116]. 

3.1.2 Values returned to Abaqus 

Abaqus requires 2( )tů , 
( )

( )
µ D

µ D

ů

Ů
, and updated ISVs from the UMAT. 

Determination of 2( )tů  is straight-forward and is calculated directly from the resolved 

shear stresses 
2( )tat . Both 

2( )tat  and the updated ISVs are provided by the converged 

solution calculated using the modified Broydenôs method. Calculation of the tangent 
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stiffness tensor 
( )

( )
µ D

µ D

ů

Ů
 requires some explanation. The following derivation follows 

that of McGinty [116]. 

First, the numerator and denominator of the tangent stiffness tensor are divided by 

tD  to more easily relate to the continuum mechanics measures utilized in the crystal 

plasticity framework, i.e., 

 
( )

( )

( )

( )

/

/

t

t

µ D µ D Dµ
= =

µ D µ D D µ

ů ů ů

Ů Ů D
  (49) 

where D   is the rate of deformation tensor. The rate of deformation tensor D  can be found 

by differentiating the hypoelastic constitutive law ( )
o

p:= -ů C D D with respect to D  where 

C  is the fourth order stiffness tensor and p
D  is the rate of plastic deformation tensor, i.e., 

 
p

:
è øµ µ µ µ

= À- Ö Öé ù
µ µ µ µê ú

ů D ů ů
C

D ů ů D
  (50) 

where À is the fourth order identity tensor. The quantity /µ µů ů can be simplified 

assuming a fixed orientation as / ( ) tµ µ = Ã Dů ů I I where I  is the second order identity 

tensor. Plugging this simplification in and rearranging results in  

 

1

1
p

t

-

-è øµ µ
= + Dé ù

µ µê ú

ů D
C

D ů
.  (51) 

Up to this point, the derivation has remained general and has used broad continuum-level 

deformation descriptors. From here onwards, Eq. (51) is specialized for the case of crystal 
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plasticity. Specifically, /pµ µD ů is evaluated using the shearing rates and resolved shear 

stresses from the crystal plasticity framework as  

 
p p a a

a a

g t

g t

µ µ µ µ
=

µ µ µ µ

D D

ů ů
  (52) 

where the chain rule is used. From inspection, p
D  and ů are the tensorial versions of the 

slip system-level quantities ag  and at , respectively. Accordingly, /p agµ µD  and /atµ µů 

are equal to the symmetric part of a aÃs m . The value of /a ag tµ µ is derived from the 

specific flow rule of interest, e.g., the phenomenological and physically-based flow rules 

presented in the previous chapter (Eqs. (10) and (19), respectively). 

Substituting Eq. (52) back into Eq. (51) yields the tangent stiffness tensor. With this 

quantity, 2( )tů , and the updated ISVs, Abaqus can check for global equilibrium. If global 

equilibrium is achieved to within some tolerance, the simulation proceeds to the next time 

step. If not, a new guess for 2( )tF  is generated and the process repeats itself. Subject to the 

specific iteration parameters defined at the Abaqus program level, once an excessive 

number of iterations has failed to produce global equilibrium, the simulation is considered 

to have failed.   

3.2 Coupled chemo-mechanical simulations 

Results pertaining to coupled chemo-mechanical simulations are discussed in 

subsequent chapters. These simulations were pursued to investigate the interaction between 

mechanical deformation and hydrogen transport and trapping. This section discusses the 

development and implementation of coupled chemo-mechanical simulations in the finite 
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element code Abaqus. First, the utility of the User-coded MATerial Heat Transfer 

subroutine (UMATHT) is discussed in the context of mass transfer. Next, certain nonlocal 

considerations are presented. 

3.2.1 UMATHT 

A fully coupled framework that can account for both mass diffusion and mechanical 

deformation is not currently implemented in Abaqus [154]. However, heat transfer can be 

exploited as an analog for mass diffusion, and the fully coupled thermal-mechanical 

deformation framework provided in Abaqus can be used instead. Specifically, the user-

coded subroutine that defines the thermal constitutive behavior of a material is considered 

for this purpose, i.e., UMATHT. UMATHT solves the heat transfer continuity equation for 

finite element domains, i.e., 

 0q q q

U
r

t
r
µ
+ÐÖ + =

µ
J   (53) 

where qr  is the mass density, U  is the internal thermal energy per unit mass, t  is time, qJ  

is the heat flux, and qr  considers internal heat generation.  

The function of UMATHT can be understood by examining the values that Abaqus 

provides and expects to be returned with each call to UMATHT [153]; UMATHT is called 

at every integration point for each time increment 2 1t t tD = -. In the call to UMATHT, 

Abaqus provides the internal thermal energy per unit mass 1( )U t  and ISVs at time 1t . The 

user-coding of UMATHT must then generate certain quantities that Abaqus requires to 

solve the finite element heat transfer problem (or in this case the mass transfer problem). 
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Specifically, Abaqus requires the internal thermal energy per unit mass 2( )U t  at time 2t . 

Furthermore, Abaqus requires the variation of internal thermal energy with respect to 

temperature /U Tµ µ, where T  is temperature, the variation of internal thermal energy with 

respect to temperature spatial gradients / ( / )U Tµ µ µ µx , the heat flux vector qJ , the 

variation of the heat flux vector with respect to temperature /q Tµ µJ , and the variation of 

the heat flux vector with respect to temperature spatial gradients / ( / )q Tµ µ µ µJ x . Lastly, 

UMATHT can also update solution-dependent ISVs as necessary.  

The similarities between heat and mass transfer can be clearly seen by writing the 

continuity equation for hydrogen transport, i.e., 

 0H
H

C

t

µ
+ÐÖ =

µ
J   (54) 

where HC  is the concentration of hydrogen and HJ  is the hydrogen flux vector. The model 

forms shown in Eqs. (53) and (54) are identical if 1qr=  and 0qr = . As discussed more 

thoroughly in a subsequent chapter, the concentration of hydrogen is assumed to be 

comprised of mobile and immobile concentrations, i.e., MH IC C C= +  where MC  and IC  

denote mobile and immobile concentrations, respectively. Each of the values that Abaqus 

requires to solve the heat transfer problem has a mass transfer analog, as shown in Table 

1.  
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Table 1. Analogy between heat transfer and mass transfer. 

Heat transfer Mass transfer 

U  
HC  

T  MC  

qJ  HJ  

qr  0 

/U qµ µ /H MC Cµ µ  

/ ( / )U qµ µ µ µx  0 

/q qµ µJ  /H MCµ µJ  

/ ( / )q qµ µ µ µJ x  / ( / )H MCµ µ µ µJ x  

As can be seen by examination of Eq. (54), the constitutive modeler must develop 

relations describing MH IC C C= +  and HJ . The specific formulae describing the transport 

of hydrogen on the continuum level are discussed in Chapter 4. 

UMATHT is called by Abaqus following each UMAT call as shown in Figure 13. In 

this figure, the mass transfer analogs to the heat transfer problem are shown. Once 

UMATHT has been called, UMAT and UMATHT return the required quantities to Abaqus. 

At this point, Abaqus checks for both chemical and mechanical global equilibrium. If either 
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are not achieved, subsequent iterations are performed until global equilibrium has been 

achieved.  

 

Figure 13. Schematic showing the interaction between the UMAT, UMATHT, and the 

parent finite element program Abaqus. ISVs refers to internal state variables. 
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3.2.2 Hydrostatic stress gradient calculation 

Chapter 4 describes the physical mechanisms and formulations implemented in the 

UMATHT framework described above. However, it is pertinent to discuss a specific aspect 

of hydrogen transport and trapping because consideration of this phenomenon requires 

special attention in the UMATHT implementation. Specifically, the transport of hydrogen 

in the material system of interest has a stress-dependent component as discussed in the 

work by Sofronis and McMeeking [155]; the transport of hydrogen is dependent on the 

hydrostatic stress gradient HsÐ  where ( )22 311 3
1
3Hs s s s= + + . However, Abaqus does 

not provide HsÐ  during the course of a simulation, motivating the development of the 

following additional code architecture to facilitate the calculation of this quantity at each 

integration point. 

The hydrostatic stress gradient in three dimensions( , , )x y z , is defined as 

 

/

( , , ) /

/

H

H H

H

x

x y z y

z

s

s s

s

µ µè ø
é ù

Ð = µ µ
é ù
é ùµ µê ú

.  (55) 

Clearly, calculating HsÐ  at each integration point of a finite element requires knowledge 

of how the hydrostatic stress functionally varies across the space. Due to the nature of finite 

element calculations, the functional form of the hydrostatic stress variation depends on the 

type of element under consideration and the associated shape functions [156]. The 

following derivation pertains to a linear brick element, but the process is general and can 

be extended to higher order elements.  
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The order of a finite element determines how variables vary across the element after 

having been determined at the elementôs integration points. For example, linear elements 

assume a linear variation across the element, quadratic a quadratic variation, and so on. A 

linear brick element has eight nodes, and therefore, requires eight shape functions to 

describe how a variable fluctuates across the element. The gradient of a quantity, including 

Hs , can be calculated by differentiating the appropriate shape functions with respect to 

space. This approach maintains consistency with the stress field calculated by Abaqus at 

the domain-level. However, each element in a finite element simulation has a unique set of 

shape functions that depends on their location in the global configuration. To prevent the 

differentiation of an untenable number of shape functions, a master element configuration 

is used to calculate the hydrostatic stress gradient before being mapped back to the global 

configuration.  

A master element is a characteristic element of its type (linear, quadratic, etc.) for 

which the shape functions are known and easily differentiable with respect to the master 

element coordinate space. Consider the linear brick master element taken as an example 

here. This linear brick master element is defined in the master coordinate space ( , , )x h z in 

a convenient orientation for analysis. For a linear brick master element with center at 

(0,0,0) and edge lengths of two, the shape functions are  
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where the subscripts correspond to the master element shown in Figure 14. 

 

Figure 14. Example master element for a linear brick element. 

Therefore, using the Abaqus-provided hydrostatic stress, the master element hydrostatic 

stress gradient can be found by evaluating the gradient on the master element where the 

shape function spatial derivatives (evaluated at the integration points) are known, i.e., 
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To cast the gradient of the hydrostatic stress in the global coordinate system ( , , )x y z , the 

Jacobian matrix describing the partial derivatives of the global coordinates with respect to 

the master element coordinates elemJ  is used, i.e., 

 1( , , ) ( , , )H H Mas eele rm tx y zs s xhz-

-Ð = ÖÐJ   (58) 

where elemJ  is defined as 
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Calculating the hydrostatic stress gradient using the above procedure requires 

nonlocal information that is not available at the integration point level in an Abaqus finite 

element simulation. In order to resolve this, the Abaqus utility subroutine URDFIL is 

leveraged. Inclusion of URDFIL causes Abaqus to automatically call the subroutine at the 

end of each increment to access the results file during an analysis. By using URDFIL, the 

nonlocal hydrostatic stress, nodal coordinates, and nodes associated with each element can 

be used to calculate HsÐ  for use in UMATHT.  

3.3 Finite element modeling of stationary crack tips  

A significant number of the simulations and studies conducted in this thesis relate to 

the loading of a cracked body, focusing on the crack tip field. The near tip field is of 

particular interest because the detrimental effect of hydrogen is most intense near crack 
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tips due to the i) availability of hydrogen in the environment and ii) the intense stress and 

strain gradients associated with the crack tip singularity, as discussed extensively in 

subsequent chapters. In this section, the methodology used in following simulations is 

motivated by both fracture and fatigue considerations. Specific details regarding the 

implementation in a finite element framework are presented. 

Analyses of fracture processes often rely on the characterization of crack tip stress 

and strain fields. Initial analytical attempts at characterizing crack tip stress and strain fields 

assumed isotropic linear elastic material behavior, leading to the development of Linear 

Elastic Fracture Mechanics (LEFM) [157-159]. While LEFM has proven useful in a wide 

variety of practical scenarios, it is unable to account for nonlinear material responses. 

Hutchinson [160] and Rice and Rosengren [161] presented a subsequent asymptotic 

analytical solution relevant for nonlinear elastic materials (HRR fields). This solution can 

also be considered as an Elastic Plastic Fracture Mechanics (EPFM) approach for the 

monotonic loading crack tip field response of isotropic elastic-plastic materials undergoing 

proportional loading. Both LEFM and EPFM approaches have domains of applicability 

when considering appropriate geometric and crack configurations [162], i.e., the -K  and 

-J  dominated zones, respectively. However, both approaches assume isotropic material 

behavior and fail to appropriately characterize crack tip fields for materials exhibiting 

significant anisotropy. Most crystalline materials demonstrate some degree of anisotropy 

when considered below a certain length scale. Rice [163] developed an asymptotic solution 

for both FCC and body-centered cubic (BCC) lattice structures assuming elastic-ideally 

plastic material behavior, which sheds light on the effects of anisotropy. 
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While they provide important theoretical insights, the closed-form asymptotic 

solutions highlighted above have limited utility because analytical solutions can only be 

derived for the simplest geometries and material models, e.g. isotropic linear elastic 

(LEFM), isotropic nonlinear elastic (EPFM), and elastic-ideally plastic for certain 

orientations in single crystals (Rice analysis [163]). Compiling a comprehensive and 

complete set of analytical crack tip solutions is likely intractable; accordingly, many 

fracture studies utilize computational methods. 

 Computational approaches to fracture can be broadly categorized based on the 

underlying numerical framework. The finite difference, boundary integral, and finite 

element methods can be mentioned in this regard. The finite difference method involves 

dividing a domain into a connected series of discrete nodes. The nodes then act as the 

sampling points for the solution and are coupled to the governing equation by finite 

difference operators [164]. This method was widely used in the 1960s but is limited in its 

use because it is difficult to implement for general geometries containing crack tip 

singularities [165]. Finite difference methods are now more commonly associated with 

fluid mechanics than solid mechanics [166]. The boundary integral method solves a 

boundary value problem using known Greenôs function solutions [167]. This method is 

relatively easy to implement because only the geometry surface needs to be discretized, 

but this method tends to be more computationally expensive for singular problems and is 

poorly suited for problems with extensive nonlinear material behavior due to the lack of 

available Greenôs functions [165]. The finite element method is the most commonly used 

numerical tool for fracture and the one that is used in the current thesis. The finite element 

method discretizes a domain into elements that are connected at nodes. Variational 
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expressions are then used to solve the governing equilibrium equations for the system. The 

finite element method is generally considered to be superior for modeling crack tip singular 

fields, general geometries, and nonlinear material behavior when compared with either 

finite difference or boundary integral methods [165].  

 The computational approach to fracture can be further subdivided into various 

categories as shown in Figure 15 [168]. First, approaches can be classified based on the 

method by which the crack or crack nucleation process is represented in the modeling 

framework, i.e., via geometric or nongeometric representations. Geometric approaches 

explicitly model the crack using the actual model geometry and accompanying domain 

discretization. Nongeometric approaches model fracture processes via an intense 

localization of strain in the constitutive or kinematic model forms. 

 First, constrained shape methods are described. Fracture frameworks where crack 

shapes and growth trajectories are restricted to analytical shapes are known as ñprescribed 

methodsò. These frameworks introduce a crack into the domain and subsequently decouple 

nodes as some critical crack growth criterion is met. This approach has been used to model 

fracture in scenarios ranging from large macroscale structures such as dams [169] to more 

idealized scenarios such as simple beams [170]. Clearly, a major drawback of this approach 

is the prescribed nature of fracture, although more modern applications using refined 

meshing techniques have increased the generality of this approach [171]. Analytical 

geometry methods use superposition and the so-called ñalternating finite element methodò 

to solve fracture problems. Essentially, the finite element method is used to calculate the 

stress and strain distribution at the crack location. Following, weight functions for the 

analytical solution in an infinite body are developed to ensure the crack faces are traction 
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free. Application of this method is limited by the iterative procedure required and the 

dependence on analytical solutions, but the method has found utility in certain scenarios 

[172, 173]. Lastly, known solution methods can be considered. These methods use known 

solutions from either LEFM or EPFM to inform crack propagation in a computational 

framework. This approach is restricted by the non-generality of LEFM or EPFM but is 

nonetheless the underlying method used in commercial fracture solvers such as NASGRO 

[174]. 

Arbitrary shape approaches do not prescribe any shape or path to the crack and 

include meshfree, adaptive meshing, and lower-length scale simulation techniques [168]. 

Meshfree methods remove the influence of domain discretization on fracture processes by 

removing any notion of a ñmeshò from the simulation. The two dominant meshfree 

methods use kernel expressions and moving least square approximations to eliminate the 

need for element connectivity. Meshfree methods are discussed at length by Belytschko et 

al. [175], and their use in fracture is discussed by Askes et al. [176]. Adaptive meshing 

techniques dynamically refine the mesh about a growing crack to ensure the crack shape 

or path is not appreciably influenced by the mesh geometry as in prescribed approaches. 

While this approach introduces complexity, it couples naturally with finite element 

modeling techniques and has found utility in a variety of theoretical and engineering 

scenarios [177-179]. Lastly, lower-length scale simulation techniques can be mentioned in 

regard to arbitrary shape approaches. In these approaches, the fundamental unit of fracture 

is substantially smaller in length scale than the structure being modeled, e.g., bond 

breakage in atomistic simulations [180, 181], and the crack geometry is inherently 

unrestricted at this extreme length scale. 
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Nongeometric constitutive representations of fracture include smeared crack, 

element extinction, and computational cell methods. Smeared methods model cracks by 

artificially reducing the stiffness of ñcrackedò elements. While the crack geometry is not 

explicitly modeled, the effect of a damaged continuum is still incorporated. This approach 

is relatively well established in the framework of continuum damage mechanics [182] and 

has been used in a variety of settings [183]. Element extinction methods can be considered 

an extreme version of smeared crack methods [168]; this method simply removes elements 

that have achieved the critical criterion for crack advance. The method of computational 

cells is also related to smeared crack/element extinction approaches but incorporates the 

physics of crack advance more directly. In this approach, specially formulated finite 

elements are arranged directly at the crack tip and utilize specific constitutive relations 

describing the fracture process considered, e.g., void nucleation and growth [184] or 

inclusion cracking [185]. Once these so-called cohesive zone elements achieve some 

fracture criterion, they are deleted from the model.   

Nongeometric kinematic representations of fracture alter the fundamental element 

equations in a finite element approach to implicitly account for the crack tip singularity. 

Enriched element methods refer to a class of models that change the variational finite 

element formulation by introducing singular basis functions, stress-intensity nodal 

variables, or mapping-induced singularities [168, 186-189]. The extended finite element 

method (XFEM) developed by Belytschko and Black [190] is one of the more broadly used 

enriched element methods. This method is even included in some commercial finite 

element solvers, i.e., Abaqus [153]. XFEM essentially modifies the intra-element 

displacement/strain field by introducing a discontinuity representative of a crack. This 
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method has the potential to capture the severity of the crack tip singularity expressed via 

geometric representations while eliminating the need for significant remeshing [168]. 

However, additional complexity is added to the simulation framework due to the inclusion 

of enriched elements and associated considerations.  

 

Figure 15. Schematic showing the decomposition of finite element approaches to 

fracture into various categories and methods. Adapted from [168]. The red boxes 

denote the approach taken in this thesis. 

The brief overview of computational fracture methodologies presented above and 

shown in Figure 15 contextualizes the approach taken in the current thesis. As has been 

discussed up to this point, the computational framework must be able to facilitate 

simulations that: 
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i) utilize a complex, physically-based crystal plasticity material model and 

ii)  permit implementation of fully-coupled chemo-mechanical constitutive 

equations. 

These considerations motivate a hybrid approach employing an initial prescribed crack 

geometry followed by a smeared crack method for crack advance in which element 

stiffness degradation occurs once some critical internal state has developed. The two 

computational fracture tools used are highlighted in Figure 15. An approach utilizing an 

initial prescribed crack geometry is selected because the boundary conditions of the 

chemical problem must be prescribed on a physical model domain, i.e, the surface of the 

prescribed crack. Furthermore, prescribing the initial crack geometry permits simulation of 

particular crystal orientations with respect to the crack tip and crack plane. Smeared crack 

methods are used in this work to model the loss of load-carrying capacity due to damage 

accumulation because explicit prescribed crack growth algorithms, e.g., nodal release 

approaches, can introduce significant numerical instability in the complex chemo-

mechanical simulation framework.  

3.3.1 Prescribed crack geometry 

Crack tip singularities are modeled in the current framework using a predefined 

initial crack that is geometrically defined in the finite element domain. As in prior studies 

modeling a prescribed crack geometry [191-193], the current work utilizes a modified 

boundary layer (MBL) approach. The MBL approach uses a disk-shaped mesh to model a 

single-ended crack in an infinite medium. The boundary conditions of the simulation are 

tractions or equivalent displacements as determined from the first two terms in Williamôs 
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LEFM solution [159], i.e., K  and T . Mode I boundary conditions are specified as 

displacements (or equivalent tractions), 1u  and 2u , on the outer boundary of the domain, 

i.e., 
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where r  and q correspond to polar axes with the origin at the center of the initially 

semicircular notch used to represent the finite radius crack tip. Axis q is measured positive 

counterclockwise from the crack plane ahead of the notch root, and Eqs. (60) and (61) are 

evaluated at the finite element nodes on the outer edge of the modeled domain, i.e., Dr  in 

Figure 16. Quantity E  corresponds to the Youngôs modulus as measured at the macroscale 

where polycrystalline materials with random texture can be treated as effectively isotropic. 

For the studies presented in this thesis, plane strain conditions are simulated and therefore 

3 4vk= - .  Relevant quantities in Eqs. (60) and (61) are shown in Figure 16.  

Williamôs LEFM crack tip displacement solution [159] was derived for linear 

elastic isotropic materials. Clearly, the crystal plasticity model manifests both elastic and 

plastic anisotropies; application of Eqs. (60) and (61) directly to the crystal plasticity model 

domain is strictly incorrect, albeit the practical consequences are likely limited. Patil et al. 

[193] ignored elastic anisotropy in their model formulation, an assumption argued to be 

valid for Al single crystals and employed a sufficiently large simulation domain to ensure 

purely elastic behavior occurred at the boundary where displacements were applied. Deka 
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et al. [191] argued that for materials with Zener ratios (defined as 44 11 122 / ( )Z C C C= - ) 

substantially greater than unity, elastic anisotropy must be explicitly accounted for in the 

boundary condition expressions and subsequently implemented expressions suggested by 

a variety of authors [194, 195]. However, implementation of these complex boundary 

condition expressions appeared to have a very limited influence on the crack tip response, 

especially when considering general trends. In the current thesis, a somewhat different 

approach is taken; the crystal plasticity domain is embedded within a much larger isotropic 

linear elastic domain. This domain is defined by elastic constants E  and v , and application 

of Eqs. (60) and (61) at the boundary of this domain is consistent. We can consider this 

approach as representative of a crack tip lying within a large grain having specific 

crystallographic orientation embedded within a larger polycrystalline structure, effectively 

defined by linear elastic and isotropic material behavior. The crystal plasticity domain size 

must be large enough such that plastic deformation is entirely encapsulated in this domain. 

The MBL approach to modeling a stationary crack is shown in a qualitative form in Figure 

16. This approach suffices for our considerations. 
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Figure 16. Schematic depiction of the MBL boundary conditions, various model 

regimes, and relevant geometrical quantities. Not to scale. 

3.3.2 Smeared crack method 

The accumulation of damage at the original prescribed crack tip is modeled in the 

simulation framework using a smeared crack method, a method often considered in the 

framework of continuum damage mechanics [182]. As will be discussed in a subsequent 

section, experimental evidence suggests damage in hydrogenated materials of interest is 

mediated by the development of nanovoids [37, 59, 196], motivating the following 

approach. 

Traditionally, damage theories in metals consider void initiation due to decohesion 

of inclusion-matrix interfaces (i.e., debonding) or inclusion fracture [197]. The resulting 

voids are much larger than the scale of lattice vacancies. These voids are then free to grow 
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by the necking and shearing of material matrix between voids. The linking of voids 

eventually leads to damage and fracture [198]. This mode of failure is generally 

accompanied by observation of ñdimplesò on fracture surfaces, where the dimples 

correspond to one-half of a void once the material has fractured [182].  

A simple schematic depicting the deleterious effect of void volume fraction on the 

response of a bar under uniaxial tension is shown in Figure 17. Here, a bar with cross-

sectional area 0A  is subjected to a uniaxial tensile load F . Once under the load, some 

damage state evolves with the loading and is described by the state variable D  as shown 

in Figure 17(b). In this case, the damage state D  can be thought of as some measure of the 

void volume fraction in the material. The presence of voids in the material decreases the 

effective area able to sustain the load F , motivating the definition of an ñeffective areaò, 

i.e., quantity DA  in Figure 17(c). This ñeffective areaò corresponds to a similar bar 

undergoing the same tensile load but with a decreased diameter.  
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Figure 17. Deformation and damage of a bar under uniaxial tension. Adapted from 

[199]. 

Assuming the damage state quantifies the fractional decrease in the area able to 

sustain loading, the following definition can be made 

 (1 )DA
D

A
= - . (62) 

Implicit in Eq. (62) is the definition of the completely damaged and completely undamaged 

material states, i.e., 1D=  and 0D= , respectively. Using Eq. (62) and the definitions in 

Figure 17, the stress in the damaged state can be related to the undamaged state as 
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From this simple example, it can be seen that the damage in the material (0 1D< <)  serves 

to elevate the stress in the ñeffectiveò material. Equation (63) can be extended by 

considering an isotropic and elastic material with Youngôs modulus E. Using Hookeôs 

law, 
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where 0/L Le=D  is the uniaxial strain in the direction of loading. As can be seen in Eq. 

(64), the damage D  can also be interpreted as decreasing the stiffness of the material 

(1 )effE D E= -  [182, 200]. 

Consideration of the 3D case introduces additional complexities, but the intuitive 

implications of damage as shown in Figure 17 and Eqs. (63) and (64) are useful. As one 

example, considering damage in a fully anisotropic 3D continuum requires definition of a 

4th rank damage tensor [201]. There are multiple theories relating damaged and undamaged 

material states in an elastic continuum. One of the most broadly accepted theories, and the 

one presented here, is the principle of strain equivalence [200]. This theory supposes that 

both the stress in the damaged and ñeffectiveò state produce the same strain. Extending 

Eqs. (63) and (64) to the fully general case yields 
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where bold quantities denote tensors and the subscript D  denotes the damaged 

configuration. Furthermore, À is the 4th rank identity tensor and C  is the 4th rank stiffness 

tensor. Eq. (65) shows that the stiffness in the damaged configuration is decreased as a 

function of the damage tensor. While Eq. (65) represents the most general expression of 

damage when adopting the strain equivalence principle, implementing it in practice poses 

substantial difficulty. As pointed out by others [202], coupling of strongly anisotropic 

stiffness and damage tensors can lead to non-convex elastic potential energies. 

Furthermore, the misalignment of stresses and nodal forces as well as elastic snap-back can 

generate non-convergent simulations. 

 Instead of modeling damage using the full damage tensor D , a simpler physically-

motivated approach is taken where damage is represented by a reduction in the available 

slip plane area to carry a shear load. Accordingly, damage acts to increase the resolved 

shear stress on slip system a as  
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D
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a t
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-
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This approach has been used in similar scenarios to model the impact of damage on a 

continuum [201, 203] and is directly related to the expression shown in Eq. (63). The 

expression shown in Eq. (66) expresses a modification to the effective shear stress driving 

plastic flow on each slip system. Accordingly, damage is accounted for in an inherently 

anisotropic fashion in accordance with the FCC crystal. Implementation of Eq. (66) can 

introduce numerical instabilities in the simulation framework, especially as D  increases to 
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significant levels (D  ranges from 0 (undamaged) to 1 (fully damaged)). The specific 

constitutive laws dictating the evolution of damage are discussed in subsequent chapters. 

 In the current work, the phenomenon of strain softening associated with damage 

development leads to undesirable levels of strain localization in simulations. In a local 

finite element framework in which field quantities are computed at element integration 

points, any notion of a limiting characteristic material length scale is lost. In other words, 

while strain localization in real materials is limited by physical material restrictions of 

nonlocal character, the discrete nature of finite element calculations and the assumption of 

local action naturally precludes observation of realistic strain localization distributions. 

Accordingly, there is mesh sensitivity, and material response localizes at the scale of the 

integration point volume or element size. To address this critical limitation in modeling 

damage evolution in the presence of hydrogen and hydrogen-related defects, the concept 

of an ñintrinsic length scaleò needs to be explicitly accounted for via an appropriate 

nonlocal scheme to regularize the computational solution, removing mesh sensitivity.  

In the current study, a nonlocal averaging approach is used to model nonlocality 

associated with hydrogen-related strain localization behaviors (discussed in Part 4). The 

nonlocal counterpart is typically found by performing a weighted average over a spatial 

neighborhood in the model, appealing to the early works of Eringen [204, 205]. For 

example, if ( )f x  is a local field in the domain V , the corresponding nonlocal field is 

defined as [206] 

 ( ) ( , ) ( )
V

f x x f dx x x= Rñ   (67) 
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where R is a nonlocal weight function, x is the source point, and x  is the receiver point. 

Commonly used nonlocal weight functions include the Gaussian function and bell-shaped 

function, respectively represented as [206] 
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where nlr  is the nonlocal interactions radius, related to the internal length nll . One of the 

main differences between Eqs. (68) and (69) is the Gaussian function has unbounded 

support, i.e., every point in the domain is part of the average. Conversely, the bell-shaped 

function is only non-zero within the interaction radius, nlr . In the current framework, we 

leverage the bell-shaped function described by Eq. (69). The quantities that are treated in 

a nonlocal sense due to both numerical and physical considerations are discussed in more 

depth in Part 4.  

3.4 Summary 

In this chapter, implementation of the crystal plasticity model in the finite element 

software Abaqus was presented. The user-coded subroutine UMAT was discussed and the 

interaction between UMAT and Abaqus described. Following, the methodology required 

to execute coupled chemo-mechanical simulations was outlined. Here, mass transfer was 

introduced as an analog for heat transfer and the corresponding relationship between model 

forms discussed in the context of the user-coded subroutine UMATHT. The code 
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architecture required to calculate the hydrostatic stress gradient was then presented, 

motivating the use of the utility subroutine URDFIL. This chapter concluded with a 

discussion of the finite element framework developed to model crack tip behavior. The 

approach utilized in this thesis was contextualized in the broader field of continuum 

fracture mechanics, and considerations specific to modeling hydrogen effects with a 

physically-based crystal plasticity model motivated a hybrid approach leveraging a 

prescribed crack geometry/smeared crack approach. The prescribed crack geometry 

approach leverages a MBL method, and the smeared crack method was introduced in the 

context of continuum damage mechanics to address crack extension. Overall, the finite 

element framework utilized in this thesis is a sophisticated multiphysics framework with 

extended capabilities. 

  



 90 

Part 2 

 

Initial Inroads into the Hydrogen Embrittlement Problem  

 

In Part 2, the micromechanical crystal plasticity model developed by Castelluccio 

and McDowell [80] described in Chapter 2 of Part 1 is used to conduct initial studies on 

the hydrogen embrittlement problem. Chapter 4 discusses hydrogen transport and trapping 

on the mesoscale, and Chapter 5 discusses the influence of hydrogen and hydrogen-related 

defects on early plastic flow of single crystals. The content presented in Chapters 4 and 5 

has been published and can be found in Refs. [207] and [208], respectively. These studies 

motivate the development of the crystal plasticity model described in Part 3. 
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CHAPTER 4. HYDROGEN TRANSPORT AND TRAPPING  

The diffusion of hydrogen in metals is of interest due to the deleterious influence of 

hydrogen on material ductility and fracture resistance. It is becoming increasingly clear 

that hydrogen transport couples significantly with dislocation activity. In this chapter, a 

coupled diffusion-crystal plasticity model is employed to incorporate hydrogen transport 

associated with dislocation sweeping and pipe diffusion in addition to standard lattice 

diffusion.  Moreover, we consider generation of vacancies via plastic deformation and 

stabilization of vacancies via trapping of hydrogen. The proposed hydrogen transport 

model is implemented in the physically-based crystal plasticity model presented in Chapter 

2 to model the interaction of dislocation substructure and hydrogen migration. In this 

chapter, focus is placed on hydrogen transport and trapping within the intense deformation 

field of a crack tip plastic zone. We discuss the implications of the model results in terms 

of constitutive relations that incorporate hydrogen effects on crack tip field behavior and 

enable exploration of hydrogen processes and embrittlement mechanisms. 

4.1 Intr oduction to hydrogen transport and trapping 

Literature regarding the influence of hydrogen on metals dates back to 1875 [1]. 

Many subsequent experimental and theoretical studies have investigated the effects of 

hydrogen on the mechanical response of metals [209]. Complete understanding remains 

elusive despite this rich history of investigation, and resolution of the problem remains 

desirable due to the common exposure of structural metals to hydrogen in a variety of 

energy applications [2, 210]. 
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Hydrogen fundamentally changes the effective response of a material, most 

frequently causing components to exhibit loss of ductility and increased susceptibility to 

fatigue failure [211]. Lower length scale investigations often reveal more complex 

interactions between hydrogen and the host material, e.g., competition between material 

hardening and softening [212]. To effectively design for the influence of hydrogen based 

on a broad range of experimental observations, a wide variety of mechanisms have been 

proposed.  The most commonly cited mechanisms include hydride precipitation, HELP 

[36, 213], AIDE [31-33, 214], HEDE [3, 215], and HESIV creation [37, 38]. While each 

mechanism has a reasonable basis, experimental investigations are typically based on 

averaged, macroscale behavior, precluding direct observation of the proposed 

mechanism(s) at appropriately small length and time scales.  Therefore, accurate 

computational modeling at operative sub-micron length scales is key to elucidating the 

governing processes.  

Regardless of the mechanism(s) subscribed to, the deleterious effects of hydrogen 

are directly linked to the elevated concentration of hydrogen in small volumes of material 

in critically stressed or strained regions such as notches and crack tips.  Faithful 

representation of the hydrogen distribution is prerequisite to more complete consideration 

of the mechanistic aspects of hydrogen embrittlement. Computational simulations of 

hydrogen transport and trapping are therefore essential. Sofronis and McMeeking [155] 

considered the distribution of hydrogen ahead of a crack tip, accounting for diffusion 

driven by the hydrogen chemical potential. This approach has been adopted by a number 

of researchers in a variety of computational frameworks [216-220].  These works, 

applicable to length scales well above those of dislocation substructure, do not capture 
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important mesoscale transport and trapping processes. These processes, affected by the 

evolution of certain material defect populations, have been experimentally observed to 

increase the rate of hydrogen transport. Saintier et al. [221] found enhanced hydrogen 

transport at a crack tip in FCC stainless steel, attributed to dislocation-mediated processes 

due to the lack of appreciable martensitic transformation. Dislocation transport processes 

were partially accounted for in the recent computational work of Dadfarnia et al. [222] via 

introduction of the convective transport of hydrogen via mobile dislocations. Dadfarnia 

and coworkers [222] found that accounting for this mechanism enhanced the hydrogen 

transport, supporting the notion that mesoscale transport processes play an important role 

in the overall distribution of hydrogen at sufficiently small length scales. This chapter 

extends the current state-of-the-art computational hydrogen transport framework to more 

comprehensively account for a variety of line and point defect populations and their 

influence on the distribution of hydrogen ahead of a crack tip in an FCC metal. 

4.2 Hydrogen transport 

4.2.1 Mesoscopic hydrogen transport mechanisms 

As noted in the experimental observations of Murakami et al. [223] and Nagumo 

[38], dislocations and vacancies play an important role in the hydrogen distribution 

problem. As such, we consider mobile dislocations, dislocation wall substructures, and 

vacancies to be among possible hydrogen traps. Grain boundaries are not considered in this 

treatment. We label the hydrogen concentration according to respective sites, namely in 

the lattice LC , at mobile dislocations HMDC , at dislocation wall substructures HWDC , and 
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trapped in hydrogen-vacancy complexes HVaC . Furthermore, we label the mobile hydrogen 

concentration MC  and the total hydrogen concentration HC . 

Estimation of the hydrogen distribution via computational techniques requires 

knowledge of operative hydrogen transport mechanisms. As discussed, these include 

mechanisms commonly addressed, such as hydrogen diffusion driven by the chemical 

potential, i.e., the lattice concentration gradient [155, 224] and hydrostatic stress gradient 

[225, 226]. Furthermore, we consider additional transport mechanisms that operate on the 

mesoscale; these include pipe diffusion of hydrogen along the cores of edge dislocations 

[227, 228] and sweeping of hydrogen through the lattice via migration of mobile screw 

dislocations [222, 224, 229, 230]. These various modes of hydrogen transport are important 

to consider at appropriate length scales as dislocations play a role in hydrogen transport 

[230]. Dislocation-mediated transport mechanisms operate on different components of the 

overall hydrogen concentration. Namely, the dislocation pipe diffusion mechanism is 

related to HWDC  while the convective dislocation sweeping mechanism is related to HMDC .  

As a first order approximation, it is assumed that the time scales required for 

significant time dependent relaxation of sessile dislocation structures and diffusion of 

vacancies are much longer than the time scales required for hydrogen diffusion [231]. 

Sweeping of hydrogen by mobile dislocations does not fall into this category and must be 

considered. Furthermore, strain-induced vacancies are considered to be strong traps for 

hydrogen while mobile screw and wall edge dislocations are considered to be relatively 

weak traps by comparison. This approximation is justified from a thermodynamic 

perspective when considering the binding energy of each trap type. In nickel, the hydrogen-
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dislocation binding energy has been found to be between 0.04 and 0.13 eV [232, 233], and 

the hydrogen-vacancy binding energy proposed to be between 0.27 and 0.44 eV [68, 234]. 

Overall, the literature values vary slightly, but the trends are consistent; hydrogen-vacancy 

binding energies are four to six times greater than hydrogen-dislocation binding energies. 

Considering vacancies to be the strongest trap in the system is further justified from 

a kinetics/mobility perspective. The interaction distance of a dislocation with its impurity 

field can be estimated as 30b  where b  is the Burgers vector [109]. This distance is 

significantly larger than the spatial variation in background electron density associated with 

vacancy trap sites, on the order of b . As such, we treat vacancies as relatively localized 

traps when compared to the more diffuse nature of dislocation trapping sites. The diffuse 

nature of hydrogen-dislocation binding sites, along with lower binding energies, supports 

their treatment as relatively weak traps, with hydrogen having higher probability to exit the 

trap. Both thermodynamic and kinetic arguments are qualitatively depicted in Figure 18, 

where 0E  is the energy of hydrogen in the lattice, dislE   is the energy of hydrogen in a 

dislocation, VaE   is the energy of hydrogen in vacancies, and r   is the distance from the 

trap of interest. The factor of 5 shown in the equation in Figure 18 results from the ratio of 

hydrogen-vacancy binding energy to hydrogen-dislocation binding energy, as reviewed in 

the preceding paragraph. 
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Figure 18. Trap binding energy as a function of distance from the trap. 

The foregoing argument implies that hydrogen is not ñtrappedò at edge or screw 

dislocations per se, but rather is subject to different transport mechanisms compared to 

hydrogen in the lattice LC  . Hydrogen resident in edge dislocation cores HWDC  is subject to 

pipe diffusion, whereas hydrogen ensnared by screw dislocation segments HMDC  is subject 

to transport via dislocation sweeping. By comparison, we consider that hydrogen-vacancy 

complexes are stable despite interaction with mobile dislocations based on atomistic 

simulations by Li et al. [235] in iron. These considerations imply that the mobile MC  and 

total hydrogen concentration HC  can be described as M L HWD HMDC C C C= + +  and 

H M HVaC C C= + , respectively. The arguments outlined above can be summarized via three 

governing assumptions: 

1. Mobile screw dislocations and edge wall dislocations weakly trap hydrogen, i.e., 

do not ñlockò hydrogen in place. Weak traps are also considered to be diffuse, and 

hydrogen can escape to encounter a different type of trap. 

2. Vacancies strongly trap hydrogen and inhibit further diffusion; the rate of vacancy 

diffusion is also significantly reduced. 



 97 

3. Weak and strong traps are each in local equilibrium with lattice hydrogen, and traps 

do not interact with each other. 

4.2.2 Mesoscale continuity condition 

The governing continuity equation for hydrogen concentration can be written as  

 0H
H

C

t

µ
+ÐÖ =

µ
J   (70) 

where HC  was defined previously and HJ  is the flux of hydrogen [236]. Proper application 

of Eq. (70) requires the development of constitutive equations that explicitly consider 

hydrogen trapping and transport.  First, partitioning the hydrogen trapped at various defects 

will be addressed. Subsequently, the constitutive equations for the hydrogen flux HJ  will 

be discussed. Lastly, the effective hydrogen diffusivity in the crystal will be considered. 

4.2.3 Hydrogen trapping  

The problem of hydrogen trapping has been previously studied [155, 222]. To extend 

these treatments, we follow the framework of Ref. [155] and invoke the governing 

assumptions associated with the mesoscopic hydrogen transport mechanisms identified in 

the previous section. Doing so yields simple equilibrium relations between the trapped 

hydrogen concentrations TC  and background mobile concentration MC  , i.e., 

 
, ,

( 1)

T T M T
T HWD HMD HVa

M T L
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b
= =

- +
  (71) 
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where Ta  is the number of hydrogen atoms per trap site, b is the number of hydrogen 

atoms per normal lattice site, TN   is the number of hydrogen traps per reference volume, 

and TK   is the associated equilibrium constant. The equilibrium constant, TK , is written as 

a function of the binding energies for each trap type, i.e., ( )exp /T TK E RT= -  where R  is 

the universal gas constant, T  is the absolute temperature, and TE  is the trap binding energy. 

Eq. (71) is applied for each trap type proposed to be operative in the current case. For 

dislocations, a ñtrap siteò does not correspond to a single atomic site, but rather a more 

diffuse region encompassing the region of tensile stress produced by the presence of the 

dislocation. 

The notation used in Eq. (71) and in the definition of MC  requires some clarification 

as the trapped hydrogen concentrations HWDC  and HMDC  seemingly appear on both sides of 

Eq. (71). This notation results from the assumed temporal evolution of immobile and 

mobile hydrogen concentrations. Based on our qualitative examination of hydrogen-trap 

binding energies, we expect hydrogen trapped by dislocations to have a high probability 

for trap escape. In other words, at time t , MC is partitioned amongst the various trap types. 

If hydrogen is trapped by vacancies, it is considered to be immobile. On the other hand, if 

hydrogen is trapped by a dislocation, it is considered to remain mobile with a high 

probability for trap escape. Consequently, at time t t+D, the hydrogen trapped by 

dislocations are susceptible to be trapped by other trap types as determined by the 

hydrogen-trap binding energies. 
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4.2.4 Hydrogen flux 

Prior hydrogen transport frameworks considered the chemical potential as driving 

hydrogen flux through the hydrogen concentration and hydrostatic stress gradients [155]. 

This can be written in terms of the effective lattice diffusivity effD  and mobile components 

of hydrogen concentration exclusive of HMDC , i.e., 

 ( )L eff L HWDD C C=- Ð +J   (72) 

 
( )eff L HWD H

H

D C C V

RT
s s

+
= ÐJ   (73) 

where Hs   is the hydrostatic stress and HV   is the partial molar volume of hydrogen in solid 

solution. Here, Hs  is defined as the trace of the stress tensor divided by three. These fluxes 

involve LC  and HWDC , owing to our assumption that pipe diffusion along dislocations 

enhances the effective lattice diffusivity at the mesoscale.  

As discussed, an additional flux term should be included to account for hydrogen 

transport via migration of mobile screw dislocations, as considered in the recent work of 

Dadfarnia et al. [222]. The hydrogen flux attributed to dislocation motion is given by 

 ( )( )D D

HMD HMD H DD MN Cq= =J V V  (74) 

where HMDN  describes the number of available trap sites at mobile dislocations, D
V  is the 

dislocation velocity vector, and HMDq  
 
describes the number of occupied mobile dislocation 

traps per total available dislocation traps. The dislocation velocity vector D
V  corresponds 

to the average dislocation velocity considering the dislocation velocity on each slip system 
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obtained via Orowanôs equation, i.e., /v ba a ag r= . Here, ag and ar  are the shearing rate 

and dislocation density on a particular slip system a and b  is the Burgers vector.  Due to 

the dependence of D
V  on the dislocation density of each slip system, any dislocation 

processes such as cross-slip accounted for in the accompanying mechanical model are 

automatically considered here. Combining the flux contributions from hydrogen 

concentration gradient, hydrostatic stress gradient, and dislocation flux yields the 

expression for hydrogen flux as DL s= + +J J J J . 

4.2.5 Effective diffusivity 

Hydrogen diffusion through a deformed crystalline lattice can be enhanced via the 

high diffusivity pathways associated with dislocation cores, previously discussed as pipe 

diffusion [227]. The effective diffusivity in the presence of pipe diffusion has been 

accounted for with rule of mixture approximations [237] as (1 )eff d L d PDD f D f D= - + . Here, 

df  is the volume fraction of dislocation cores, LD  is the lattice diffusivity, and PDD  is the 

dislocation core diffusivity. As explained by Chen and Schuh [238], the rule of mixtures 

approach does not capture the geometric complexity of random dislocation networks. Chen 

and Schuh [238] invoked percolation theory to justify raising the df  term to a positive 

power to reduce the idealized rule of mixtures diffusivity to account for the path tortuosity 

of random dislocation distributions. When considering non-random, ordered dislocation 

structures, however, it is difficult to justify the use of a similar power scaling value from 

percolation theory. In moderate to highly strained crystals, dislocation substructures 

develop, and these structures are highly ordered and interconnected, i.e., past the critical 

percolation limit. Additionally, previous literature [239] has proposed that dislocation 
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networks are always at the percolation limit given that they cannot terminate in a perfect 

crystal. 

As opposed to applying the lattice and pipe diffusion diffusivities to individual 

hydrogen populations, the high probability for trap escape prompts an averaged approach 

utilizing an effective diffusivity effD . As such, we adopt a rule of mixtures assignment, 

where the pipe and lattice diffusivities are weighted by the associated hydrogen 

concentration fractions, i.e., 

 HWDL
eff L PD

M HMD M HMD

CC
D D D

C C C C
= +

- -
  (75) 

4.2.6 Transport and trapping model parameter estimation 

Application of the hydrogen transport framework in the example FCC system, 

nickel, requires the estimation of several parameters. First, considering the number of 

dislocation traps in Eq. (71), we follow the assumption that there is one trap per atomic 

plane threaded by a dislocation [240, 241], i.e., 3 /T TN ar= .  Here, the factor Ѝσ is related 

to the FCC lattice, a  is the lattice parameter, the subscript T denotes the type of dislocation 

trap, and Tr  is the dislocation density as calculated by the crystal plasticity model. The 

number of vacancy traps is more complicated to estimate and will be presented in the next 

section as an extension to the crystal plasticity framework described in Chapter 2. 

Next, the trap binding energies are considered. The binding energy of hydrogen to 

vacancies in nickel is defined to be 0.44 eV as measured by Fukai [242]. Following Kocks 

et al. [140], we assign the bulk of mobile dislocations to be of screw character, prompting 
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the assignment of the binding energy of hydrogen to mobile dislocations to be 0.07 eV, a 

simple average of the values calculated by Angelo et al. [233] and Wen et al. [232]. Under 

the assumption that the majority of wall dislocations are of edge character, as outlined by 

Mughrabi [243], we assign the value of the binding energy of hydrogen to wall dislocations 

to be 0.115 eV, again an average of the values calculated by Angelo et al. [233] and Wen 

et al. [232]. 

Subsequently, we estimate diffusivity values by first presenting the general form of 

the temperature dependence of diffusion, written as ( )0 exp /DD D H RT= -  where 0D   is the 

diffusion coefficient and DH   the activation energy for diffusion. For hydrogen in bulk 

nickel, 0D  and DH   were measured by Louthan et al. [244] as 7.0×10-7 m2/s and 39.6 kJ/mol, 

respectively, with similar values being found by other researchers [245].  The estimation 

of the parameters governing hydrogen diffusion in a dislocation core is more difficult due 

to the lack of data in the literature. However, based on preliminary EAM calculations [246], 

the activation energy for screw dislocation core diffusion was found to decrease on the 

order of 1.6 relative to the lattice; edge dislocations would likely result in even greater 

decreases for core diffusion. Pending more accurate calculations, 0D  and DH  for pipe 

diffusion are set to be 7.0×10-7 m2/s and 24.7 kJ/mol, respectively. The diffusivity is 

relatively sensitive to the value of DH  due to the exponential dependence, and the DH  

values described above are considered as characteristic values. Any deviations in these 

values would be expected to scale the flux components driven by the chemical potential 

gradient, and the expected change in response can be guided by the discussion related to 

Figure 24 and Figure 26 to follow. 
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The number of hydrogen atoms resident per trap depends on the type of trap 

considered. Following Liang et al. [247], we consider an atmosphere of hydrogen atoms 

trapped in the tensile region of the stress field associated with a dislocation and assign the 

value of Ta  in Eq. (71) to be 10 for both mobile and wall dislocation traps. With regard to 

vacancy traps, Zheng et al. [248] suggests a value of 6 hydrogen atoms per vacancies, with 

other researchers suggesting similar values [68, 249].  We consider these approximations 

to be appropriate for a mesoscopic model. 

4.2.7 Hydrogen transport and trapping model overview 

Overall, the hydrogen transport model partitions the hydrogen concentration into 

weakly trapped, mobile (HWDC , HMDC ) and strongly trapped, immobile hydrogen 

concentrations (HVaC ) according to hydrogen-trap binding energies. Subsequently, the 

partitioned hydrogen concentrations are used to calculate the quantities required to solve 

the hydrogen transport continuity equation. The influence of each mechanism on the 

transport of hydrogen is outlined in Table 2. The values used in the application of the model 

for nickel at 300 K are outlined in Table 3. 

Table 2. Transport mechanisms and proposed equations for the hydrogen transport 

problem. 

Transport Mechanism Proposed Equation 

Chemical Potential 

Gradient 

( )L eff L HWDD C C=- Ð +J  

Hydrostatic Stress Gradient ( )eff L HWD H

H

D C C V

RT
s s

+
= ÐJ  
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Table 2 continued. 

Mobile Screw Dislocation 

Sweeping/Convection 

D

HMDD C=J V  

Edge Dislocation Pipe 

Diffusion 
HWDL

eff L PD

M HMD M HmD

CC
D D D

C C C C
= +

- -
 

Table 3. Hydrogen transport model parameters for nickel. 

Property Symbol Ni 

Dislocation Trap Number 
  

Lattice site number 
  

Lattice parameter  0.352nm 

Binding energy to mobile 

dislocations 
 

0.07eV 

Binding energy to wall 

dislocations 
 

0.115 eV 

Binding energy to vacancies 
 

0.44eV 

Lattice diffusivity (300K) 
 

14 29.27 10 m / s-³  

Dislocation core diffusivity 

(300K) 
 

11 23.50 10 m /s-³  

 

 

,HWD HMDNN 3 /T ar

LN 1/ MV

a

HMDE

HWDE

HVaE

LD

PDD
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Table 3 continued. 

Sites per dislocation trap 
 

10  

Sites per vacancy trap 
 

6  

Sites per host atom 
 

1 

Partial molar volume of 

hydrogen 
 

6 32 10 m / mol-³  

Molar volume of host lattice 
 

6 36.59 10 m / mol-³  

4.3 Application of the hydrogen transport and trapping model 

4.3.1 Vacancy production in the crystal plasticity model 

Implementation of the hydrogen transport model requires relatively detailed 

information at the length scale of self-organized dislocation substructure, which is 

generally somewhat below the spacing of integration points in the corresponding finite 

element model. The crystal plasticity model described in Chapter 2 developed by 

Castelluccio and McDowell [80] (MS-CP model) is used to couple stress and deformation 

with hydrogen transport in single crystals. This model employs a multiplicative 

decomposition of the deformation gradient and a Kocks-Argon-Ashby thermal-activation 

type flow rule [140]. The model incorporates microscale and mesoscale mechanims and is 

informed by bottom-up simulations and lower-length scale simulations as well as 

laboratory specimen-scale experiments. This model is ideal for use with the proposed 

mesoscopic hydrogen transport framework because it explicitly models the evolution of 

,HWD HMDa a

HVaa

b

HV

MV
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defect densities and dislocation substructure while simultaneously limiting 

phenomenological approximations, improving its capabilities to predict transient processes 

near notches and crack tips. 

The crystal plasticity model was calibrated to experimental data from a nickel 

single crystal loaded along the <167> direction to 7% strain [250], as shown in Figure 19. 

Full constitutive modeling and parameterization details for the MS-CP model appear in the 

paper devoted to the development of the model [80], and a brief overview of constitutive 

details is provided in Chapter 2.  

 

Figure 19. Stress-strain curve comparison between models and experiments [250] for 

a nickel single crystal loaded in uniaxial tension along the <167> direction at a strain 

rate of 9×10-5s-1
 at 300 K. 

While the MS-CP model describes the evolution of both dislocation density and 

substructure, the hydrogen transport model requires estimation of the excess vacancy traps 

produced during plastic deformation. To this end, the crystal plasticity framework is 
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extended to include vacancy generation. The vacancy generation model presented here was 

developed by Georgia Tech PhD graduate Luke Costello, and a more thorough presentation 

of the model can be found in Ref. [251]. Non-equilibrium vacancy concentrations 

significantly higher than typical equilibrium lattice concentrations are often observed in 

metals at high plastic strains.  Production of large numbers of vacancies is believed to be 

associated with the activity of dislocations [252, 253], which are then stabilized by 

hydrogen [242], acting to lower the vacancy formation energy.  One particular model 

ascribes the production of excess vacancies to dislocation activity via persistent slip bands 

(PSBs), based on a previously developed dislocation bowing and passing model [254-256]. 

In a PSB, planar dislocation rich walls are separated by dislocation sparse channels. Under 

an applied stress, dislocation loops may bow out from the walls into the channels.  The 

loops can cross the channel completely, with the leading-edge segment being absorbed into 

the adjacent wall, leaving behind two screw segments spanning the channel.  Alternatively, 

if two opposite sign loops come within some annihilation distance of each other, the 

leading-edge segments will annihilate, forming a row of point defects.  This process will 

leave behind two jogged screw segments spanning the channels.  These segments can then 

move away from each other, leaving behind a line of point defects created by the non-

conservative dragging of the jogs.  

Polák and Sauzay [253] proposed a model for the balance of vacancy concentration 

in PSBs.  In their model, they take the vacancy production rate to be independent of the 

current vacancy concentration and the vacancy annihilation rate to be a linear function of 

the current vacancy concentration, i.e., /Va VaC N p ACµ µ = -  where p is the production rate 
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parameter, A  is the annihilation parameter, VaC  is the vacancy concentration, and N  is the 

cycle number.  The vacancy concentration is then calculated as ( )/ 1 exp( )VaC p A AN= - - . 

While this approach is appealing in its simplicity, the production and annihilation 

parameters are unclear.  In the following, we propose a model in the spirit of the work of 

Polák and Sauzay [253], but directly account for the statistics of the dislocation bow out 

processes. To more clearly define the vacancy production term, we consider the statistics 

of dislocation bow out and annihilation processes. Following the approach of Davoudi and 

Vlassak [257], we consider a collection of sources with their activation strengths being 

normally distributed. If the probability density for the source strength, aY , obeys a normal 

distribution, then the cumulative distribution function on slip system a is given by  
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Here, is the average activation stress, at   the slip system resolved shear stress, and s 

the standard deviation of the activation stress. The density of activated sources can then be 

estimated assuming single slip as 

 0

act

a ar r= Y  (77) 

where 0r  is the total source density. The source activation rate ar+  can then be written as  

 
s
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v
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a
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where sl   is the distance a loop must travel from a source before that source can emit 

another loop and va is the average dislocation velocity, obtained on each slip system from 

Orowanôs equation, i.e.,bva a ag r= . Assuming the sources are spatially distributed 

according to a uniform random distribution, the probability of two loops annihilating in the 

channel can then be written as  

 ( )
2

edge

ann snp C ya ar+=   (79) 

where  is a normalization factor related to material density with units of m3 and edge

sy  is 

the annihilation distance for an emitted dislocation. Finally, the rate of vacancy 

concentration production is given by 

 
naVa ann nC pa a

+=F   (80) 

with annF  an estimate of annihilation efficiency. As is observed in experiments, VaC  

eventually saturates, requiring consideration of vacancy annihilation [258, 259]. Therefore, 

we require a balance of vacancy production and annihilation, i.e., 

 
Va Va VaC C Ca a a

+ -= -  . (81) 

As a simple first order approximation, we adopt the approach of Polak and Sauzay [253], 

where 
Va VaC ACa a

-= , with A  being an adjustable model parameter. Overall, this model 

provides an estimate of VaC  for use in the MS-CP model. 

The vacancy production model uses input information about the local state from the 

MS-CP model, e.g., at , ag , and ar .  The source density is taken to be a value smaller 

nC
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than the initial dislocation density in the walls, and the critical bow out length is estimated 

from experimental results and simulations [260]. The value of A  was motivated based on 

the experimentally observed saturation of the vacancy concentration [253] and was chosen 

based on parametric studies to generate reasonable vacancy concentrations. The source 

parameter s is more difficult to obtain, as measurements do not exist. Further, discrete 

dislocation dynamics (DDD) calculations which could potentially assess the source 

properties require prohibitively large dislocation densities. Due to these limitations, we 

consider choices for the source parameters as approximations and choose values consistent 

with Ref. [257]. The remaining model parameters are consistent to first order with values 

in similar work [253, 257]. The parameters in this section are relevant for 300 K and are 

presented in Table 4.   

Table 4. Vacancy concentration evolution parameters for nickel. 

  
    

 

100MPa 20MPa 10 210 source/m 95 10 m-³  3 34 mb  1000 0.1 

4.3.2 Finite element model 

The hydrogen transport and trapping and extended MS-CP models were 

implemented in the finite element software Abaqus [261] through the user coding of the 

subroutines UMATHT and UMAT, respectively. Gobbi et al. [154] provide a detailed 

description of using the heat transfer user subroutine UMATHT in the solution of mass 

diffusion problems, and the use of UMATHT in concert with UMAT is described in 

Chapter 3. 

t s 0r sl nC annF A
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The finite element model mesh was developed to represent a mesoscopic, blunt 

crack tip under generalized plane strain conditions as described in Chapter 3. To maintain 

computational efficiency for the resource-intensive MS-CP crack tip problem, the mesh 

uses Abaqus C3D8RT elements coupled with varying mesh density. These elements are 8-

node thermally coupled bricks with reduced integration and hourglass control. The mesh 

density at the crack tip is shown in Figure 20. It should be noted that the full domain shown 

in Figure 20 is considered because under general load conditions and arbitrary 

crystallographic orientation, the MS-CP model exhibits both elastic and plastic anisotropy.  

 

Figure 20. Mesh employed near the crack tip with the measurement location for 

subsequent plots marked by the thick black line. 

The initial-boundary value problem consists of the simultaneous solution of the 

coupled mechanical and chemical initial-boundary conditions. The mechanical boundary 

condition uses a Mode I K-field applied as a time-dependent boundary condition at the 

outer boundary of Figure 20, as discussed in relation to the MBL model framework in 

Chapter 3. For all simulations except for the notch acuity study, a crack tip radius of 8 ɛm 
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is assumed, and the crack length is assumed to greatly exceed the crack tip radius. Lastly, 

all simulations are performed at 300 K. 

The crack is oriented with respect to the FCC lattice such that the crack plane is 

 and the crack front aligns with the  direction. This corresponds to the crack 

plane being parallel to an FCC unit cell face and the crack tip lying along an FCC unit cell 

face diagonal, as shown in Figure 21. 

 

Figure 21. Crack orientation with respect to the FCC unit cell. 

The chemical problem prescribes a constant hydrogen concentration 0C  of 1.24 

mol/m3 at the crack surface, corresponding to the surface material being in equilibrium 

with H2 gas at 1 atm [244, 262]. The material is hydrogen-free initially, facilitating solution 

of a transient transport problem. The boundary conditions are representative of pressurized 

hydrogen containment vessels assuming rapid equilibration of the surface hydrogen with 

gaseous hydrogen.  

(001) [110]
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The combination of a constant hydrogen concentration at the crack surface, 

relatively low diffusion coefficients in FCC crystals, and a sufficiently large domain size 

preclude a focus on steady state solutions. Furthermore, the crystal orientation dependence 

of the MS-CP model increases the complexity of simulating and interpreting hydrogen 

transport and trapping. Accordingly, analyses will concentrate on the heterogeneity of 

fields and parametric comparisons pertaining to the transient solution. To assist in the 

analysis, many figures (e.g., Figures 6, 7, and 11) plot the variable of interest around the 

crack tip along a semi-circular curve to capture spatial heterogeneity. In these plots, the x 

axis corresponds to the thick black line in Figure 20 where the axis is normalized so that 1, 

0, and -1 correspond to the top, tip, and bottom of the initially semi-circular, blunted crack 

tip. The x-axis normalization is used instead of angles to prevent confusion with 

measurements regarding slip system activity with respect to the crack plane. The chosen 

extraction location is taken as a characteristic example of behavior manifested in the crack 

tip region of intense plasticity and note that the trends observed at this location are 

representative of behavior throughout the crack tip region. Furthermore, when ñaveragedò 

results are referenced, the average is taken with respect to values extracted along this curve. 

Overall, we consider variation of coupled fields around the periphery of the crack tip as 

opposed to the radial distance, focusing on the orientation dependence of fields arising 

from elastic and plastic crystal anisotropies. 

4.4 Exercising the hydrogen transport and trapping framework 

The coupling between hydrogen transport and trapping is key to the proposed model. 

As shown by Sofronis and McMeeking [155], the presence of traps lowers the ñeffectiveò 

or so-called ñobservedò diffusivity of hydrogen, obsD . Note that this ñobservedò diffusivity, 
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derived mathematically from the hydrogen transport formulation, differs from the effective 

diffusivity that incorporates pipe diffusion presented in Eq. (6). The derivation of obsD , 

previously reported in literature [155, 222], makes clear the role of strong hydrogen traps 

in decreasing the rate of hydrogen diffusion, i.e., 

 1
(1 )

obs L
L

L T T

D C
for

D C C
q

q+
=

-
  (82) 

where D  is the diffusivity of mobile hydrogen, Tq  is the fraction of occupied immobilizing 

traps, and Lq  is the fraction of occupied lattice sites. For the current model, effD D= , 

T HVaC C= , and T HVaq q= . Equation (82) shows that the hydrogen diffusion rate is lowest 

when all traps are empty and highest when all traps are filled. In other words, empty 

hydrogen traps serve as sinks for mobile hydrogen that lower the observed diffusivity. 

Therefore, the transient distribution of hydrogen depends on the production of vacancy 

traps as well as the ability of mobile hydrogen to move to those traps. 

The production of strain-generated vacancies depends on the activity of dislocation-

mediated slip. As such, the vacancy trap distribution ahead of the crack tip is expected to 

depend on the orientation of the crack plane and crack front relative to the crystal. Vacancy 

generation was studied by loading the crack to a stress intensity factor of 20 MPa-m1/2 over 

200 s, after which VaC  was extracted around the crack tip, as shown in Figure 22(a). In this 

plot, VaC  is separated into four curves based on the FCC slip plane activity that generated 

the vacancies: , , , or . From inspection of Figure 22(a), the slip 

planes that dominate the vacancy production are and . The slip system activity 

agrees with the results of Rice [163], who showed the primary active slip systems in the 

(111) (111) (111) (111)

(111) (111)



 115 

prescribed crack orientation belong to the  and  slip planes, shown in Figure 

21. Furthermore, while the results in Figure 22 pertain to a fixed radial distance from the 

blunt crack tip surface, the vacancy field contours extend into the material at angles of 

approximately 55 degrees from the crack plane, closely matching the theoretical 54.7-

degree angle expected from the orientation of the and  slip planes.  

The same dislocation slip activity responsible for the production of vacancies is 

also expected to enhance hydrogen transport. The dislocation density around the crack tip 

is shown in Figure 22(b). Similar to VaC  in Figure 22(a), the largest dislocation density is 

achieved along the and  slip planes. However, unlike VaC , the dislocation 

density experiences a more uniform distribution around the crack tip. The more uniform 

dislocation density about the crack tip is primarily due to intense regions of localized slip 

promoting cross-slip to less active slip systems [263]. This phenomenon, while influencing 

the dislocation density, does little to increase VaC as the intense slip system shearing rates 

remain localized on the and  slip planes.  A shift is expected upon dislocation 

source saturation or sufficient forest dislocation entanglements. 

(111) (111)

(111) (111)

(111) (111)

(111) (111)
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Figure 22. a) Dimensionless VaC  and b) dislocation density on the four FCC slip plane 

families at final mode I stress intensity factor of 20 MPa-m1/2. Abscissa in both plots 

corresponds to thick black line demarcated in Figure 20. 

Figure 22 shows the distribution of vacancies and dislocations ahead of a crack tip, 

hypothesized to influence the distribution of hydrogen due to trapping and transport, 

respectively. While the values shown in Figure 22 are for a specific crack tip load, the 

trends are consistent throughout the simulation. As a final note, the vacancy concentrations 

shown in Figure 22 are of the same order of magnitude as those computed using large scale 

molecular dynamics simulations in iron [235] and are consistent with observations related 

to HESIV generation [37, 38]. 

The same loading used to generate the point and line defects shown in Figure 22 

was used to investigate the competition between hydrogen transport and trapping.  The 

normalized mobile hydrogen concentration, 0/MC C , around the crack tip is plotted in 

Figure 23. For the simulations shown in this plot, the vacancy production was suppressed 

entirely (No VaC ), allowed to evolve according to the proposed model (Parameterized VaC

), and artificially elevated by a factor of 10 (High VaC ). Furthermore, the locations of 
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maximum and minimum HVaC  and maximum dislocation density r from Figure 22 are 

plotted on the 0/MC C  curves to assist in the analysis. 

In accordance with Eq. (82), increasing levels of vacancy production limit the 

amount of mobile hydrogen available for transport. The dotted curve, corresponding to the 

elevated vacancy production case, has appreciably lower MC  compared to the other cases. 

Conversely, suppressing the vacancy trap production entirely produces the dashed line 

which exhibits the largest MC  available for transport. This observation highlights the role 

that vacancy traps play in decreasing MC . 

Superimposing the maximum and minimum values of the internal defect 

populations shown in Figure 22 on the mobile hydrogen curves in Figure 23 highlights a 

shift in dominant mechanism upon varying defect population intensities. We start by 

examining the two vacancy production extremes: no vacancy production and artificially 

enhanced vacancy production. The dashed curve, corresponding to no production of 

vacancies, is dominated by dislocation-mediated transport mechanisms as evidenced by the 

maximum mobile hydrogen concentration coinciding with maxr  (diamond marker). The 

combined effect of high shearing rates and large dislocation densities enhance the transport 

of hydrogen on active slip planes. In short, the increase in effective diffusivity due to pipe 

diffusion and the additional flux due to sweeping of hydrogen by dislocations are most 

evident in the absence of vacancy traps.  

Examination of the other extreme, that of high vacancy production, shows 

altogether different results. The dotted curve, corresponding to high vacancy production, 

is dominated by strain-generated trapping behavior as evidenced by the maximum MC  
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coinciding with min

HVaC  (circle marker). In other words, the absence of vacancy traps produces 

a relative increase in MC . Furthermore, the dotted curve has a local minimum and 

maximum corresponding to max

HVaC  (triangle marker) and maxr  (diamond marker), 

respectively. Here, the slight increase in MC  (diamond marker) is due to the additional 

dislocation-mediated transport mechanisms mitigating the effect of the strong vacancy 

traps in the same localized area (triangle marker). 

Understanding the two extremes of vacancy production guides the interpretation of 

the dot-dashed curve in Figure 23, corresponding to the parameterized vacancy production 

model. Here, the distribution of MC  is not dominated by either transport or trapping, but 

rather a competition between the two. The local maxima of the dot-dashed curve closely 

aligns with the locations of maxr  (diamond marker) and min

HVaC  (circle marker), previously 

shown to enable hydrogen transport. On the other hand, the local minima of the dot-dashed 

curve closely aligns with max

HVaC  (triangle marker), previously shown to suppress hydrogen 

transport. The overarching takeaway from the result shown in Figure 23 is the competition 

between transport and trapping in the transient distribution of MC  ahead of the crack tip. 

The increased mobility of hydrogen due to the dislocation-mediated pipe diffusion and 

dislocation sweeping mechanisms is offset by the production of strain-generated vacancies. 

The solution provides valuable insight into the relationship between various model 

components, pertinent in the analysis of later results.  
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Figure 23. 0/MC C  distributions for varying vacancy defect concentrations. Abscissa 

corresponds to thick black line demarcated in Figure 20. 

The result in Figure 23 shows a snapshot of the transient solution, but the trends are 

consistent throughout the loading. Deviations from these trends are expected upon 

adequate slip system hardening and HVaC  saturation. With regard to strain hardening, the 

most active slip systems undergo localized hardening due to forest dislocation 

entanglements and dislocation source exhaustion, triggering secondary slip system 

activation [264, 265].  The defect concentrations will evolve to accommodate the newly 

activated slip planes and ultimately influence the distribution of hydrogen ahead of the 

crack tip. In accordance with experiments, VaC  is expected to saturate [258, 259]. Once 

vacancy production has ceased, the transport-suppressing vacancy sinks are expected to 

saturate, restoring the ability of hydrogen to be transported further from the crack tip. With 

enough time, the distribution is expected to approach that of the dashed line in Figure 23, 

corresponding to no vacancy traps, or equivalently, completely saturated hydrogen-

vacancy complexes. Depending on the mechanism of hydrogen embrittlement suspected to 
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be active, however, the defect concentration of interest may shift from MC  to HVaC . In this 

regard, while the MC  distributions may be identical upon sufficient time for diffusion, the 

HVaC  distributions created during the transient solution remains vastly different between 

the two scenarios. 

As a final exploration of the hydrogen transport and trapping model, the time 

dependent aspects were investigated. For this purpose, the crack was loaded to 20 MPa-

m1/2 over 200 s, after which the load was held constant for 200 additional seconds. This 

loading history results in the cessation of meaningful dislocation and vacancy generation 

once the load is held constant and remnant viscoplastic effects terminate. To facilitate study 

of the dominant transport mechanisms, the average contribution of each flux component 

magnitude about the crack tip is plotted as a function of simulation time in Figure 24(a). In 

this case, the ñaverage contributionò refers to the average flux magnitude measured at the 

location demarcated by the thick black line in Figure 20. As a measure of the spatial 

heterogeneity of the flux terms, the standard deviation of each flux component magnitude 

about the crack tip is plotted as a function of simulation time in Figure 24(b). Similar to 

the average contribution, the standard deviation refers to the standard deviation of the flux 

components measured at the location demarcated by the thick black line in Figure 20. 

Considering Figure 24(a), the lattice and dislocation flux components dominate 

during the loading portion of the simulation, i.e., 0-200 s. This is consistent with the results 

of Sun et al. [266], who experimentally determined that the effect of hydrostatic stress 

gradient driven flux, sJ , is less important in the presence of straining. All three flux 

components are dependent on the applied load level and increase accordingly with 
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dislocation generation and substructure development during loading. Once the load is held 

constant, however, significant dislocation emission from the crack tip ceases and the flux 

component due to dislocation sweeping, DJ , drops to zero as expected. While dislocation 

emission from the crack tip effectively stops, the dislocation substructure developed over 

the loading regime remains. In other words, while DJ  becomes inconsequential, the 

contribution of pipe diffusion through an enhanced diffusivity, effD , is still active. Note the 

relatively constant magnitudes of sJ  and LJ  once loading has ceased. The slight decrease 

in LJ when the load is held constant is due to decreasing driving force for lattice diffusion 

as hydrogen continues to diffuse ahead of the crack tip. If the load was held longer, the 

hydrogen concentration gradient would continue to decrease and sJ would begin to 

dominate, creating a relative increase in the concentration of mobile hydrogen at the 

location of maximum hydrostatic stress as previously demonstrated [155, 222]. 

Figure 24(b) shows the standard deviation of the flux component magnitudes about 

the crack tip. The standard deviation is plotted as a measure of spatial heterogeneity, i.e., a 

higher standard deviation corresponds to more localized flux activity. As can be seen, DJ  

clearly exhibits the most intense local activity when compared with either sJ  or LJ . While 

all flux components depend on dislocation activity, DJ  also has a functional dependence 

on the slip system shearing rates, which remain highly localized on the  and  

slip planes, increasing the heterogeneity of DJ  during loading. Conversely, sJ  and LJ  

depend on the dislocation substructure density and associated pipe diffusion. As previously 

mentioned, the cross-slip ahead of the crack results in more homogenous dislocation 

density evolution and subsequent dislocation substructure development about the crack tip. 

(111) (111)
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The overall takeaway from Figure 24(b) is the increasing spatial heterogeneity of hydrogen 

flux in the loading regime and the subsequent return to more homogenous hydrogen flux 

upon cessation of loading.  

 

Figure 24. a) Average flux components and b) standard deviation of flux components 

as a function of time. Loading occurs from 0-200 s up to the maximum mode I stress 

intensity factor of 20 MPa-m1/2. The load is held constant from 200-400 s. 

The total hydrogen distribution is driven by heterogeneity in both transport and 

trapping mechanisms. The results in Figure 24, pertaining to hydrogen transport, provide 

insight into the differences between the proposed hydrogen transport model and classical 

formulations like those of Sofronis and McMeeking [155]. The results of Sofronis and 

McMeeking [155] suggest that lattice hydrogen preferentially segregates to the location of 

maximum hydrostatic stress with hydrogen being substantially trapped at regions of high 

plastic strain. Indeed, a similar result is achieved with the current model if dislocation-

mediated transport is suppressed and crystal orientation accounted for. Introduction of both 

dislocation-mediated transport and vacancy-mediated trapping increase the spatial 

heterogeneity of the resulting hydrogen distribution compared with the results of Sofronis 

and McMeeking [155] as shown by the large standard deviation of the dislocation flux 
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component shown in Figure 24(b) (transport) and the VaC  distribution (trapping) shown in 

Figure 22(a). As suggested by the experimental results of Sun et al. [266], capturing the 

enhanced spatial heterogeneity of hydrogen distributions associated with crystallographic 

orientation becomes essential at sufficiently small length scales. 

4.4.1 Loading rate effects 

The viscoplastic nature of the crystal plasticity model is able to capture strain rate 

dependent material behavior, and hydrogen transport and trapping behavior has also been 

shown to be dependent on strain rate [267]. To investigate the influence of load rate, the 

crack tip was loaded to a stress intensity factor of 20 MPa-m1/2 over a range of times 

corresponding to loading rates of 0.08, 0.13, and 0.4 MPa-m1/2/s. Decreased loading rates 

clearly result in longer loading times, and while longer loading times naturally result in 

more time for diffusion to occur, important observations can still be made.  

Vacancies produced via the annihilation of dislocation loops bowing out from 

dislocation dense walls [253] depend on the slip system shearing rates, accumulation of 

dislocation emission sites, and buildup of vacancies over time. The functional dependence 

of the vacancy production model on both slip system shearing rates and the evolution of 

loop emission sites creates a competition between the load rate and the overall time elapsed, 

as seen in Figure 25(a). In this plot, VaC ahead of the crack tip is plotted as a function of 

simulation time for the three loading rates. The curves end at different points because the 

faster loading rates achieve the maximum load of 20 MPa-m1/2 quicker. As can be seen, 

the maximum VaC  is obtained for a loading rate of 0.13 MPa-m1/2/s. While faster loading 

rates correspond to increased slip system shearing rates and high rates of vacancy 
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generation, there is not sufficient time to accumulate the loop emission sites or vacancies 

required to match the VaC  produced at 0.13 MPa-m1/2 /s. Below the 0.13 MPa-m1/2 /s 

loading rate, however, the slip system shearing rates are not adequate to produce 

appreciable dislocation emission despite the longer overall time required to achieve the 

maximum load.  

 

Figure 25. a) Dimensionless VaC and b) obsD ahead of the crack tip as a function of 

simulation time until the maximum applied stress intensity factor of 20 MPa-m1/2 is 

reached. 

As discussed in the previous section and demonstrated in Figure 23, vacancies 

provide a saturable trap for mobile hydrogen, ultimately limiting hydrogen transport. Based 

solely on Figure 25(a), the loading rate of 0.13 MPa-m1/2 /s would be expected to 

demonstrate the least intense mobile hydrogen concentration ahead of the crack tip due to 

the elevated vacancy concentration generated. The time dependent nature of diffusion, 

however, mitigates the effect of the enhanced vacancy production as more hydrogen is able 

to diffuse to and saturate vacancy traps. The average observed diffusivity, as defined in Eq. 

(82), is shown in Figure 25(b). Here, obsD   is plotted as a function of simulation time for 

the different loading rates. The decrease in obsD with increasing strain rate aligns with 
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previous thinking regarding the strain rate dependence of hydrogen transport and trapping 

[224].  From this plot, it can be seen that despite generating the highest vacancy 

concentration, the loading rate of 0.13 MPa-m1/2 /s does still offer a relatively favorable 

environment for further hydrogen transport.  

The dislocation-mediated transport mechanisms assisting hydrogen transport are 

influenced by loading rate. The flux of mobile dislocations that sweep hydrogen is directly 

linked to slip system shearing rates through Orowanôs equation. Furthermore, the increased 

loading rate will enhance dislocation activity and subsequent development of dislocation 

substructure that increase the effective diffusivity via pipe diffusion. The average 

magnitudes of the dominant flux components, DJ  and LJ , are plotted in Figure 26 as a 

function of simulation time for the three loading rates. The magnitude and rate of both DJ  

and LJ  increase with higher loading rates, consistent with the higher levels of dislocation 

flux and dislocation density.  
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Figure 26. a) Average magnitude of dislocation flux DJ  and b) average lattice flux LJ   

magnitude ahead of the crack tip evolving as a function of simulation time to the 

maximum load of 20 MPa-m1/2. 

The results shown in Figure 25 and Figure 26 demonstrate the strain rate 

dependence of the coupled model. The overall manifestation of these dependencies in the 

transient solution of the hydrogen transport model results in the 0/MC C   distributions 

around the crack tip shown in Figure 27(a). In this plot, 0/MC C  is plotted for a range of 

loading rates at the maximum load of 20 MPa-m1/2. Here, higher loading rates are 

represented by darker curves.   

As seen in Figure 27(a), higher loading rates result in more heterogeneous hydrogen 

distributions. At higher loading rates, the curve shape approaches that of the high vacancy 

production case shown in Figure 23. As discussed, the distribution in this case is dominated 

by the distribution of vacancies. The increased heterogeneity is due to the two-fold 

influence of increased vacancy production at faster loading rates and the decreased time 

available for mobile hydrogen to diffuse to and saturate the vacancy traps. Conversely, the 

trends of the slower loading rate curves approach that of the suppressed vacancy production 
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case shown in Figure 23. The distribution of hydrogen in this case is dominated by the 

distribution of transport enhancing dislocation populations.  

Overall, the strain rate sensitivity of the transport and trapping model manifests 

itself through a transition in dominant mechanism, from transport-dominated at low strain 

rates to trapping-dominated at high strain rates. While this transition seems to occur 

monotonically with loading rate, the defect distributions ahead of the crack tip demonstrate 

more complicated behavior. The competition between higher loading rates (producing high 

vacancy concentrations) and the time required for hydrogen to diffuse to those vacancy 

traps produces rather non-intuitive evolution of fields. If one assumes a hydrogen 

embrittlement mechanism similar to the HESIV mechanism, the hydrogen concentration 

of interest shifts from MC  to HVaC . For the range of loading rates considered, the maximum 

average HVaC  is observed at the intermediate load rate of 0.13 MPa-m1/2/s, as seen in Figure 

27(b). The complex trapping behavior as a result of varying the strain rate highlights the 

non-intuitive, complex nature of hydrogen transport and trapping in the presence of strain-

generated traps.  This provides some insight into why the spatial distribution of hydrogen 

concentration is difficult to estimate without employing coupled approaches. 
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Figure 27. a) 0/MC C as a function of distance around the crack tip and loading rate to 

the maximum stress intensity factor of 20 MPa-m1/2, and b) 0/HVaC C  as a function of 

loading rate at 20 MPa-m1/2. Abscissa in a) corresponds to thick black line demarcated 

in Figure 20. 

4.4.2 Notch severity 

Crack blunting occurs in ductile materials in order to relieve the stress 

concentration experienced at the crack tip [162]. Regardless of the active crack propagation 

mechanism(s), e.g. void coalescence or cleavage through work hardened material, the crack 

will experience variations in acuity as it propagates in the material [268]. For void 

coalescence, the eventual linking of voids generated via internal necking results in a crack 

increment with more intense notch acuity [269]. For cleavage, dislocation emission 

exhaustion results in crack advances upon sufficient crack tip blunting, resulting in a sharp 

crack [270, 271]. Overall, the variation in crack tip acuity throughout a crack growth 

process is expected to change and influence the transport and trapping of hydrogen.  

The influence of notch acuity on the transport and trapping of hydrogen was studied 

by loading the crack to 40 MPa-m1/2 over 200 s for a range of notch root radii: 8, 18, 28, 
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and 38 ɛm. The applicability of Irwinôs singular elastic field for plane strain conditions at 

a sharp crack tip decreases with increasing crack radii, and, to ensure validity, the notch 

root radii were chosen to fall below the blunted crack tip radius predicted by LEFM (40 

ɛm). Furthermore, the mesh density and overall domain size were scaled with notch root 

radii. While the same loading was applied to each crack radius, the volume available to 

accommodate plastic deformation decreases, ultimately resulting in hydrogen transport and 

trapping behavior variation. The variation in response due to various crack radii can be 

considered to be an analog to the variation in response due to crack tip blunting and the 

associated change in mechanical response. 

The influence of notch blunting was investigated by comparing behavior 

localization. Characteristic model parameters capturing hydrogen transport and trapping 

behavior as a function of distance away from the crack tip along the  slip plane are 

shown in Figure 28. While the results shown in Figure 28 pertain to the  slip plane, 

the same trends are demonstrated around the crack tip, albeit to a lesser extent due to the 

relative inactivity of the slip planes at those locations. The trends exhibited in Figure 28 

reveal that for both the total hydrogen flux magnitude and normalized HVaC , ñsharperò 

cracks result in more intense localization. Considering this to capture transport and trapping 

behavior, respectively, sharper cracks can be considered to localize hydrogen transport and 

trapping behavior. The results in Figure 28 suggest that the ability of the crack tip to blunt 

during deformation would mitigate the accumulation of defects ahead of the crack tip. 

Depending on the hydrogen embrittlement mechanisms assumed to be active, this could 

have real consequences for the propagation of the crack in the material.   

(111)

(111)
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Figure 28.  a) Total hydrogen flux magnitude and b) normalized HVaC  as a function of 

distance away from the crack tip along the (111) slip plane. 

4.5 Discussion on the hydrogen transport and trapping framework 

Specific characteristics of the proposed hydrogen transport and trapping model have 

been explored, i.e., the competition between hydrogen transport and trapping in highly 

strained regions, the influence of load rate on the model, and the localization behavior 

associated with blunted cracks of various radii. The results presented provide insights into 

how this model can be used to support exploration of hydrogen embrittlement. The 

coupling of the hydrogen transport and trapping and MS-CP material models enables the 

exploration of orientation dependent behavior. While the results presented here were 

limited to a symmetric crystal orientation relative to the crack plane and crack front, the 

alignment of transport and trapping behavior with active slip planes demonstrates the 

ability of the model to capture heterogeneous behavior. When compared with classic 

approaches, such as J2 plasticity approaches, the proposed model enhances predictive 

capability by modeling the heterogeneity of both hydrogen transport and trapping. In the 

current model, the transient distribution of lattice hydrogen and steady-state distribution of 

trapped hydrogen is dependent on slip system behavior and associated plastic strain 
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heterogeneity. The dependence of most proposed hydrogen embrittlement mechanisms on 

hydrogen-related defect concentrations implies that capturing the influence of 

crystallographic orientation is highly relevant to modeling hydrogen embrittlement.  

This chapter has proposed a more complete hydrogen transport model that extends 

previous formulations [155, 222] to include dislocation-mediated transport and various 

modes of trapping of hydrogen. The model was exercised on a mesoscopic crack tip under 

a variety of load scenarios, exhibiting appreciable sensitivity to variations in loading rate 

and severity of the crack tip radius. Near the tip of a blunted crack, the proposed hydrogen 

transport model has been found to produce: 

¶ distributions of vacancy traps that depend on slip system activity and loading 

schedule, 

¶ distributions of both mobile and trapped hydrogen that depend on slip system 

activity and loading schedule,  

¶ a competition between trapping- and transport-dominated hydrogen distributions, 

and 

¶ descriptions of point and line defect concentrations in the material that facilitate 

exploration of a range of previously proposed hydrogen embrittlement 

mechanisms. 

In particular, the results presented here point to the importance of accounting for the 

enhanced trapping and transport of hydrogen via dislocation-mediated mechanisms. The 

defect concentrations generated ahead of the crack tip are expected to localize deformation 

behavior and cause a self-sustaining cycle of defect generation and strain localization. 
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Overall, the distributions of hydrogen and associated defect concentrations near the crack 

tip are difficult to probe experimentally, and the proposed hydrogen transport model 

provides a computational pathway for exploring the wide variety of hydrogen 

embrittlement mechanisms proposed in literature.  

While the results presented pertain to monotonic loading, some preliminary 

observations can be made regarding model response under cyclic loading of the cracked 

body. The enhanced trapping and transport formulations depend on sustained plastic flow 

in order to generate dislocations and vacancies.  At the tip of a crack, the cyclic plastic 

strains can be quite significant, giving rise to an important role for vacancy generation due 

to dislocation-dislocation interactions and dislocation-enhanced hydrogen transport.  

Future chapters will address these aspects.  

Mechanical constitutive equations with a functional dependence on the concentration 

of hydrogen-related defects are expected to further influence the transport and transport 

behavior of hydrogen in the material. Modification of the MS-CP model in the context of 

hydrogen embrittlement has been briefly explored before by Castelluccio et al. [85]. In that 

work, the modification of the constitutive model resulted in an increased initial yield 

strength followed by a region of decreased work hardening when compared with the 

hydrogen-free model. It is difficult to know a priori how this coupling will change transport 

and trapping behavior because of the complicated interplay between the transport model 

and slip behavior. Regardless, the exploration of model forms presented here will guide 

the interpretation of model results when the mechanical constitutive equations include full 

dependence on hydrogen-related point and line defect concentrations, a focus of future 

chapters.  
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CHAPTER 5. INFLUENCE OF HYDROGEN -RELATED 

DEFECTS ON INITIAL PLASTIC FLOW OF SINGLE 

CRYSTALS 

Understanding of and accounting for various mechanisms that affect inelastic 

deformation of crystalline metals in the presence of hydrogen remains an unsettled issue. 

Macroscopic experimental observations contradict limited atomistic simulations, 

complicating the situation. In this chapter, a recent physically-based crystal viscoplasticity 

framework is extended to include constitutive equations with a direct dependence on 

relevant hydrogen and hydrogen-related defect concentrations. Focusing on initial yield 

and post yield strain hardening, we consider hydrogen solute drag on mobile dislocations 

as well as the role of dilute concentrations of hydrogen-vacancy complexes as obstacles to 

dislocation motion. Furthermore, the evolution of hydrogen and hydrogen-affected defect 

concentrations is explicitly considered via evolving hydrogen trap concentrations. The 

resulting framework is used to investigate hydrogen effects on the quasistatic, monotonic, 

strain-controlled uniaxial loading of single crystal stainless steel 316L (SS316L) smooth 

specimens at room temperature in an attempt to connect atomistic insight and the resulting 

mesoscale model framework with experimental interpretations. Attributing the primary 

role of hydrogen in this manner is shown to produce good agreement with experiments in 

the initial yield and post yield regime. The dominance of various hydrogen effects 

mechanisms is discussed. 
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5.1 Introduction to the influence of hydrogen-related defects on initial plastic flow 

As previously mentioned, a wide range of hydrogen embrittlement theories have 

been proposed [3, 31-33, 36-38, 214, 215, 272]. While each proposed mechanism has a 

reasonable experimental basis, conclusions are typically based on averaged, macroscale 

behavior, precluding direct observation of the proposed mechanism(s) at appropriately 

resolved length and time scales. Furthermore, atomistic simulations specifically designed 

to explore the aforementioned hydrogen embrittlement mechanisms have led to 

contradictory conclusions regarding the effects of hydrogen [273]. Therefore, coupled 

chemo-mechanical mesoscale computational modeling is key to connecting atomistic 

simulations with observed macroscopic behavior. 

In this chapter, we leverage the MS-CP model developed by Castelluccio and 

McDowell [80] (described in Chapter 2) to explore the effect of hydrogen and hydrogen-

related defects on the crystal deformation of single crystal SS316L. We note that this model 

has been used to explore the influence of lattice hydrogen on single crystal nickel [85] 

where hydrogen effects were investigated via relatively coarse parametric variation of 

certain model parameters. In the present chapter, we extend this work to explicitly consider 

dislocation interactions with hydrogen and hydrogen-related defects, considering details of 

concentration effects. Here, we do not subscribe to any proposed hydrogen embrittlement 

mechanism per se, but instead aim to develop an independent framework that can be used 

to link with various postulates and theories. We assign the most relevant effects of 

hydrogen on single crystals subjected to quasistatic loading to the distinct interactions of 

mobile dislocations with hydrogen atmospheres and hydrogen-stabilized vacancies.   
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5.2 Hydrogen and hydrogen-defect interactions 

Hydrogen is known to interact with a variety of crystal defects such as grain 

boundaries, precipitates, vacancies, and dislocations [209, 274]. Our focus on single crystal 

SS316L allows us to eliminate the obfuscating effects of grain boundaries and precipitates 

and focus solely on the interactions of hydrogen with vacancies, dislocations, and 

dislocation substructures.  

5.2.1  Hydrogen trapping 

Crystal defects have long been known to provide trapping sites for hydrogen as 

observed by thermal desorption analysis [275-278]. Hydrogen trapping by crystal defects 

produces a non-uniform hydrogen distribution in the crystal with hydrogen preferentially 

segregating to the defects (traps) containing energetically favorable binding sites [38, 279, 

280]. As such, proper treatment of hydrogen-defect interactions requires partitioning of the 

total hydrogen concentration to account for the presence of hydrogen traps with relative 

strengths. 

As discussed in Chapter 4, hydrogen-trap binding energies take on a range of values 

in the literature. In pure nickel, the hydrogen-dislocation binding energy has been found to 

be between 0.04 and 0.13 eV [232, 233], and the hydrogen-vacancy binding energy 

proposed to be between 0.27 and 0.44 eV [68, 234]. Data for hydrogen-trap binding 

energies in SS316L are more scarce, but the hydrogen-dislocation binding energy has been 

found to be between 0.094 eV and 0.16 eV experimentally [281]. Based on the dependence 

of trap strength on dislocation character in nickel [232], we expect edge dislocations to be 

on the upper end of this range and screw dislocations to be on the lower end. The hydrogen-
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vacancy binding energy in SS316L has been calculated as 0.39 eV [282]. As such, 

vacancies are considered to be stronger hydrogen traps when compared with dislocations. 

In accordance with the work of Mughrabi [138], we assume that screw and extended 

dislocations are the primary purveyors of plastic deformation with edge dislocations 

forming increasingly refined dislocation substructures upon straining. Based on a recent 

study in cold-worked Armco iron [283], well-formed dislocation cells trap hydrogen with 

a larger binding energy than either dislocations or vacancies, suggesting the nature of 

dislocation traps changes with sufficient substructure refinement. Upon intense plastic 

straining, initially loose tangles of wall dislocations gradually take on the character of low 

angle tilt boundaries [284], and the hydrogen-trap characteristics are expected to evolve 

accordingly [285]. In the current chapter, where focus is placed on the relatively low plastic 

strain regime, dislocation substructures remain relatively loose and unrefined. As such, the 

binding energy of hydrogen to dislocation wall structures is taken to correspond to the 

binding energy of hydrogen to individual edge dislocations.  

In addition to the magnitude of the hydrogen-trap binding energy, we also consider 

the spatial characteristics of the energy landscape for hydrogen binding that affects the 

capture distance, related to the probability of trapping as a function of proximity. 

Fundamentally, the two traps considered here, dislocations and vacancies, trap hydrogen 

via different mechanisms. Edge and extended dislocations generate tensile stress fields 

where hydrogen preferentially segregates, producing the well-known Cottrell atmosphere 

[286]. On the other hand, the segregation of hydrogen to vacancies has been attributed to 

variations in background electron density using effective medium theory [209, 234]. The 

capture distances for these traps vary accordingly. 
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The difference in trapping mechanism translates to substantially different interaction 

distances for dislocation and vacancy traps. The interaction distance of a dislocation with 

its impurity field can be estimated as 30b , where b  is the Burgers vector [109]. This 

distance is significantly larger than the spatial variation in background electron density 

associated with vacancy octahedral sites, on the order of b . As such, we treat vacancies as 

relatively localized traps as compared to the more diffuse nature of dislocation trapping 

sites.  

The lower binding energy magnitudes and extended spatial gradients associated with 

dislocation traps support their treatment as being relatively weak when compared with 

vacancy traps. Both thermodynamic and kinetic arguments are qualitatively depicted in 

Figure 29, where dislE  is the hydrogen-dislocation binding energy and VaE  is the hydrogen-

vacancy binding energy. In summary, hydrogen in the Cottrell atmosphere surrounding 

mobile dislocations has a high probability to be trapped by other, stronger traps that are 

encountered as the dislocation moves in the crystal. 
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Figure 29. Schematic showing hydrogen potential energy profiles in the vicinity of a 

dislocation trap (top) and vacancy trap (bottom). Note that this schematic is not to 

scale. 

5.2.2  Hydrogen-vacancy complexes 

Trapped hydrogen stabilizes vacancies, thereby decreasing mobility. As shown by 

Wang et al. [231] using first-principle calculations for nickel, hydrogen-containing 

vacancies are substantially immobilized. Notably, the ratio of vacancy diffusion 

coefficients for hydrogen-vacancy complexes and empty vacancies was found to be as low 

as 4/ 10HVa VaD D -=  at a hydrogen atomic ratio of 0.1. These first-principle results are 

consistent with experimental observations in irradiated niobium [287] and aluminum [288].  

The decrease in vacancy mobility upon hydrogen trapping combined with the low vacancy 

diffusivity in FCC systems motivates the approximation of hydrogen-vacancy complexes 

as immobile for timescales relevant for quasistatic loading at room temperature. 
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In accordance with the defactant concept proposed by Kirchheim [289], the 

formation energy of vacancies is reduced in the presence of hydrogen. Multiple studies in 

a range of material systems have reported a decrease in vacancy formation energy in the 

presence of hydrogen [70, 74]. The decrease in formation energy is commonly cited as the 

impetus for producing elevated concentrations of hydrogen-vacancy complexes and 

fracture surfaces characteristic of a vacancy coalescence and growth failure mechanism 

[37, 38, 59, 62, 64, 196]. These studies largely focused on polycrystalline specimens 

undergoing uniaxial, monotonic loading to high plastic strains. Fracture due to vacancy 

coalescence and growth is primarily expected to occur at high plastic strains and is not 

considered here, but the stabilized, nonequilibrium vacancy concentrations produced via 

dislocation-dislocation interactions preceding coalescence and growth should be accounted 

for [253, 290]. Overall, the decrease in vacancy formation energy and corresponding 

increase in the concentration of hydrogen-vacancy complexes due to hydrogen stabilization 

motivates the current treatment of stabilized hydrogen-vacancy complexes as a substantial 

mediator of hydrogen effects in the dislocation dynamics of hydrogenated metal crystals. 

5.2.3  Hydrogen-vacancy complexes as barriers to dislocation motion 

Both atomistic simulations and experimental studies suggest that hydrogen-vacancy 

complexes act as barriers to dislocation motion and produce an increase to the flow stress. 

Xie et al. [291] studied hydrogenated aluminum single crystals and ascribed the observed 

increase in flow stress to the pinning effect of hydrogen-vacancy complexes on 

dislocations, a notion supported by accompanying atomistic simulations. In a similar vein, 

Zhu et al. [292] used atomistic modeling to simulate the interaction between a moving 

dislocation and various hydrogen-vacancy complex configurations in a-iron; this work 
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found that hydrogen-vacancy complexes act as obstacles for mobile dislocations with the 

critical shear stress for depinning increasing with decrease of the distance between 

hydrogen-vacancy obstacles. Additional atomistic studies, investigating the interaction 

between mobile dislocations and defect structures considered to be analogs to hydrogen-

vacancy complexes, have similarly found that hydrogen-vacancy complexes act as barriers 

to dislocation motion and subsequently produce an increase in the flow stress [293, 294]. 

In light of these studies, hydrogen-vacancy complexes are treated as barriers to dislocation 

motion that increase the stress required to drive dislocation motion. 

Solute strengthening is a well-known phenomenon [295]. Generally attributed to 

solute-dislocation elastic interactions stemming from size and modulus misfits, a host of 

analytical and numerical models have been proposed [109, 296, 297]. With vacancies 

producing a size misfit in FCC lattices, it is considered relevant in the present case to 

describe the role of hydrogen-vacancy complexes as barriers to dislocation motion. In 

addition, solute strengthening theory has been previously used to study hydrogen-vacancy 

complexes. Tehranchi et al. [298] used atomistics to simulate a straight dislocation 

sampling a random field of vacancy and hydrogen-vacancy complexes and found an 

increase in the athermal flow stress that scales with the concentration of hydrogen-vacancy 

complexes, HVa compC - , to the power of 1/2. Subsequent atomistic simulations [78] found 

similar results, with the exception that the scaling of athermal flow stress was proportional 

to 2/3

HVa compC - . This difference in the scaling with HVa compC -  stems from different simulation 

configurations but can be understood in the framework of solute strengthening statistics. 

As described by classic Friedel-Fleischer (FF) statistics, hardening of a material due to 

dilute, strong obstacles is expected to scale with the solute concentration raised to the 1 / 2 
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power [299, 300]. Alternatively, when the hardening is due to concentrated, weak 

obstacles, the strength is expected to scale with the solute concentration raised to the 2 / 3 

power according to Mott-Nabarro-Labusch (MNL) statistics [301].  

5.2.4  Hydrogen drag on mobile dislocations 

Sufficiently mobile solute atoms are known to produce a drag force on mobile 

dislocations [296, 302, 303]. Early works by Cottrell [286] and Cottrell and Bilby [280] 

first studied stationary dislocations in dilute solute concentrations and established that 

solutes preferentially segregate to regions of tensile stress around edge dislocations, as 

schematically depicted in Figure 30(a). Subsequent studies [302, 303] established that the 

presence of an impurity field around a sufficiently slow dislocation generates a drag force, 

opposing dislocation motion. These later studies found that the solute mobility must be 

high enough to enable the impurity field to remain trapped by the moving dislocation, 

prompting Cottrell [303] to define a critical dislocation velocity, cv , above which the drag 

force decreases with increasing dislocation velocity. The original work by Cottrell and 

coworkers has been extended to consider solute concentrations beyond the dilute limit 

[304] and dislocation velocities substantially higher than cv  [109]. The historical studies 

briefly discussed vary in the magnitude of drag force calculated but agree on the qualitative 

aspects of the force-velocity curve, as shown in Figure 30(b). 
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Figure 30. (a) Schematic showing the Cottrell atmospheres associated with edge (top) 

and extended (bottom) dislocations. (b) Plot showing qualitative aspects of solute drag 

vs. velocity curve. Adapted from Sills and Cai [305]. 

The ability of hydrogen atmospheres to produce a drag force on mobile dislocations 

has been proposed to be operative in BCC systems such as tungsten [306], niobium [307], 

and a-iron [58] as well as FCC systems such as nickel [308] and austenitic stainless steels 

[305]. The wide range of crystal structures and hydrogen diffusivities for which hydrogen 

solute drag is proposed to be active suggests this phenomenon is relevant for single crystal, 

monotonic loading subjected to quasistatic loading conditions at room temperature. 

5.3 Extension to crystal plasticity model 

In this section, the crystal plasticity model developed by Castelluccio and McDowell 

[80] (described in Chapter 2) is extended to include a direct dependence on hydrogen and 

hydrogen-related defects. Hydrogen effects are considered through modification of eff

at . 

Here, eff

at  is the effective stress that drives barrier bypass at the slip system level and is 

given by eff B Sa a a at t= - - . Moreover, Sa is the non-directional athermal threshold 
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stress and  corresponds to the Macaulay bracket notation, i.e., 0g =  if 0g¢  and 

g g=  otherwise. As will be discussed in subsequent sections, hydrogen effects relevant 

in the current context are treated as non-directional and are therefore implemented by 

adding additional components to Sa. Specifically, we consider additional components 

resulting from i) hydrogen solute drag, dragt , and ii) hydrogen-vacancy complex barriers, 

HVat . Consideration of these components yields the following expression for the non-

directional athermal threshold stress as  

 HE drag HVaS Sa a a at t= + +   (83) 

where Sa is the non-directional athermal threshold stress accounting for strengthening 

mechanisms active in the absence of hydrogen, described in Chapter 2. 

5.3.1 Hydrogen concentration partitioning 

This study focuses on austenitic SS316L that has been pre-charged with hydrogen 

prior to mechanical testing. As such, we must partition hydrogen in accordance with the 

number density and strengths of hydrogen traps, including new vacancies and dislocations 

as they are generated during plastic deformation. Since we are interested in room 

temperature deformation at quasistatic strain rates we treat desorption of hydrogen to be 

minimal, i.e., the total hydrogen concentration in the sample remains constant. The total 

hydrogen concentration is then written as 

 H HWD HVaLC C C C= + +   (84) 
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where HC  is the total hydrogen concentration introduced during pre-charging, LC  is the 

concentration of hydrogen residing in normal interstitial lattice sites, HWDC  is the 

concentration of hydrogen in edge dislocation wall traps, and HVaC  is the concentration of 

hydrogen in vacancy traps. Consistent with the work of Oriani [309] and Sofronis and 

McMeeking [155], we assume that the lattice hydrogen is in local equilibrium with the 

hydrogen bound in each type of trap, i.e., 

 
1 1 L

T L
T

T

E
q q

q q
=

- -
  (85) 

where TE  is the hydrogen-trap binding energy, which is assigned according to type of trap 

(e.g., dislocation substructure or vacancy), and Lq  and Tq  describe the occupancy of 

hydrogen in either normal interstitial lattice sites or defect-related traps, respectively. 

Hydrogen occupancy can be related to the concentration of hydrogen in the lattice or in 

traps via the expression JJ J JC Na q= . Here, Ja  describes the number of hydrogen atoms 

resident per interstitial site (J L= ) or trap (J T= , ,T HWD HVa= ) and JN  describes the 

corresponding number of interstitial sites or traps per lattice volume. The number of lattice 

interstitial sites is calculated as 1/L mN V=  where mV  is the molar volume of the material. 

The number of vacancy traps per lattice volume is directly informed by the vacancy 

generation model, and the number of traps associated with dislocations is estimated by 

assuming that a trapping site is generated for each close-packed atomic plane threaded by 

a wall dislocation [222, 241], i.e., 3 /HWD iN ar=  for FCC structures. Here, the dislocation 

density is informed by the MS-CP model, and a  is the lattice parameter of the material. 

Using the relations described above and Eqs. (84) and (85), the distribution of hydrogen in 
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interstitial lattice sites and traps is found as the simulation progresses by using Newtonôs 

root-finding method. The parameters used to describe the partitioning of the hydrogen 

concentration are shown in Table 5. 

Table 5. Hydrogen partitioning parameters for SS316L. 

La  suba  HVaa  subE  HVaE  

1 [305] 10  [247] 6 [248] 0.1 eV [281] 0.4eV [282] 

5.3.2  Solute drag due to hydrogen impurity field 

The non-linear nature of the partial differential equations governing solute drag 

precludes robust closed-form solutions beyond slow-moving dislocations and dilute solute 

concentrations. As such, we base our model on an existing analytical model fit to numerical 

solutions that has been previously exercised on a stainless steel-hydrogen system [305]. 

The model reproduces the qualitative trends demonstrated by classic solute drag models 

shown in Figure 30(b) and defines an additive component to the athermal threshold stress 

presented in Eq. (83) as 
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  (86) 

where drag

at  is the increase in the athermal flow stress, 
maxF is an estimate of the peak force 

exerted by the solute drag mechanism, and qa is a function of the average dislocation 

velocity, va, on slip system a. Parameters 'c  and cq are functions of the dimensionless 

solute concentration available for drag 0c  and a measure capturing the misfit strain induced 

by the solute y . More specifically, 0c  is defined as the normalized background lattice 
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concentration, i.e., hydrogen not trapped by vacancies or wall dislocations. Explicit 

consideration of hydrogen traps yields the following expression for 0c  as  

 
( )
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max max
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C C
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= =   (87) 

where maxC  is the maximum lattice hydrogen concentration, corresponding to 1Lq= . The 

functional forms for 
maxF , 'c  , cq , and  y  are written as 
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with full details provided in the paper by Sills and Cai [305]. 

The MS-CP model informs the solute drag model through the dimensionless 

parameter qa, expressed as 

 
1

12 1B

v b v
q V

Dk T v

a
a m

p

+
= D

-
  (92) 



 147 

where va is the average dislocation velocity, D  is the bulk diffusivity of the solute in the 

solvent lattice, and VD  is the change of volume due to the presence of the solute. The other 

variables in Eq. (92) have been defined previously.  

The model presented in Eqs. (86) and (92) specifically corresponds to a moving 

edge dislocation in a field of mobile solutes in the steady state. In accordance with the 

assumption that screw and extended screw dislocations are the rate-limiting carriers of 

plastic deformation in SS316L, we multiply drag

at by a pre-factor of 0.3 to account for the 

decrease in tensile stress fields as suggested in prior work [305]. The dynamic behavior of 

solute drag was explored by Epperly and Sills [310] using a similar numerical framework 

as the one used to generate the model presented in Eqs. (86) and (92). In this work, the 

minimum shear strain rate and minimum shear stress required to produce significant 

dynamic effects was determined by assuming various dislocation velocity-time profiles for 

a stainless steel-hydrogen system; they were found to be around 210g -= s-1 and 100t=  

MPa for 1010mr=  m-2 at room temperature. The strain rates explored in this work, around 

59 10-³  s-1, are significantly lower than the minimum rate; as such, we treat the model forms 

presented in Eqs. (86) and (92) as adequate for describing the quasistatic strain rates of 

interest. The values used to describe hydrogen drag are shown in Table 6. 

Table 6. Hydrogen drag parameters for SS316L. 

VD  D  at 300 K 

2.24 3 [311] 162.4 10-³  m2/s [228] 
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5.3.3  Solute-strengthening due to hydrogen-vacancy complexes 

As previously briefly mentioned before, solute strengthening can be described using 

either FF or MNL statistics. The predicted increase in athermal threshold stress using the 

FF model can be written as [299, 300] 

 ( )
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b
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Gè øè ø
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  (93) 

where maxf  is the maximum interaction force between the obstacle and dislocation and G 

is the line tension. We note that the concentration of hydrogen-vacancy complexes is 

related to the concentration of hydrogen in vacancy traps, HVaC , through a multiple of 1 / 6 

as we assumed 6 hydrogen atoms were trapped per vacancy [248]. Alternatively, the 

predicted increase in athermal resistance to flow using the MNL model can be written as 

[301, 312] 
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  (94) 

where w  describes the interaction distance of the obstacle and dislocation. Proper choice 

of strengthening model is determined using b, a dimensionless parameter that describes 

key spatial and strength characteristics of the solute state. Parameter b can be shown to be 

[301, 312] 
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The correct choice of strengthening model, described by either Eqs. (93) or (94), 

depends on the magnitude of the dimensionless parameter b [301, 312]. When b is much 

larger than 1, the strengthening is considered to be mediated by a dilute concentration of 

strong obstacles, described using Eq. (93). On the other hand, when b is much smaller 

than 1, the strengthening is considered to be facilitated by a concentrated solution of 

relatively weak obstacles, described using Eq. (94).  

To estimate b, we take w  to be between 1.5b  and 3b  [297, 313]. Assuming that 

hydrogen-vacancy complexes primarily interact with mobile screw or extended 

dislocations, we adopt the line tension approximation by Patinet and Proville [314] as  

( )( )( )20.61 / 2 1 / 1b v vmG= + -. The maximum interaction force is estimated by assuming 

the primary strengthening contribution stems from the misfit interaction of the hydrogen-

vacancy complex with the dislocation. Based on analytical treatments of solute interactions 

with screw dislocations, the maximum interaction force can be written as 0.082max sf Bk= G

where B  is a parameter that ranges from 0.3 to 1.0 as estimated by Stehle and Seeger [315] 

for copper, a characteristic FCC structure, and /s r rk=D  is the misfit modulus [297] where   

r  and rD  are the atomic radius and change in atomic radius respectively. With regards to 

a reasonable estimation of the hydrogen-vacancy complex concentration, we refence the 

numerical study by Cuitino and Ortiz [290]. Here, a FCC single crystal oriented for single 

slip undergoing uniaxial, monotonic loading generated a maximum dimensionless vacancy 

concentration of 41.5 10VaC -= ³  at a strain of 0.375. While we expect higher hydrogen-

vacancy complex concentrations to be achieved when hydrogen is present to stabilize 

vacancies and multiple slip systems are activated, we treat this concentration as a reference 
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value in order to estimate b. Using the equations described above and material constants 

typical of SS316L at room temperature, b can be plotted as a function of  / 6HVaC   (the 

concentration of hydrogen-vacancy complexes) as shown in Figure 31. As can be seen in 

this plot, b is much greater than 1 for the range of material behavior expected for uniaxial, 

monotonic loading of a single crystal. As such, the FF model described by Eq. (93) is 

appropriate for the current study. The values used to implement Eq. (93) are shown in Table 

7. 

Table 7. Parameters used in FF model for hydrogen-vacancy complex barriers in 

SS316L. 

w  G B  /r rD  
maxf  

1.7b  93.1 10-³  N [314] 0.3 0.20 [298] 111.5 10-³ N [297] 

 

Figure 31. Dimensionless parameter b plotted as a function of hydrogen-vacancy 

complex concentration. 
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5.4 Application of crystal plasticity model 

5.4.1 Finite element model 

The constitutive equations were implemented using an ABAQUS User Material 

(UMAT) subroutine [153]. The simulation framework was developed after similar work 

using the MS-CP model [80, 85]. A simple mesh of 625 reduced integration brick elements 

(C3D8R) was used; the mesh and relevant dimensions are shown in Figure 32. Multiple 

elements were used as opposed to a single integration point to make the framework more 

general and applicable for future polycrystalline simulations. Displacement boundary 

conditions were specified along the x-axis, along which periodic boundary conditions were 

imposed. The positive and negative y and z faces were treated as free of net traction (using 

multi-point constraints, mimicking a uniaxial loading condition. 

 

Figure 32. Finite element mesh of a single crystal specimen comprised of 625 C3D8R 

elements. 
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5.4.2  Comparison with experimental data 

Experimental data from Yagodzinskyy et al. [250] and simulated data using the 

proposed framework are shown in Figure 33(a) and Figure 33(b) respectively. To facilitate 

comparison, both experimental and simulated data correspond to the engineering stress-

strain response of room temperature, monotonic, uniaxial loading of a single crystal 

SS316L along the [110] direction at a strain rate of 59 10-³  s-1. Two curves are shown; the 

solid lines correspond to material behavior in the absence of hydrogen, and the dashed lines 

correspond to a specimen pre-charged with hydrogen to an average hydrogen concentration 

of 33 wt. ppm before mechanical testing. It should be noted that the charging conditions 

used in [250] generally produce a heterogeneous hydrogen distribution in the material 

[316]. In addition, hydrogen is expected to spatially redistribute in a heterogeneous fashion 

on the mesoscale due to convective dislocation-mediated hydrogen transport [222] as well 

as hydrogen transport along dislocation cores, i.e., pipe diffusion [227]. In this work, we 

do not attempt to resolve the specific heterogenous distribution resulting from the 

considerations above and assume the continuum-level response is adequately described 

considering the average hydrogen concentration (33 wt. ppm) listed in [250]. A more 

nuanced approach could be conceived in which these factors are accounted for and 

references [155, 222, 227, 316] provide a basis by which this could be accomplished. 
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Figure 33. Engineering stress-strain response of SS316L single crystals monotonically 

loaded along the [110] crystallographic direction corresponding to a) experiments 

from Yagodzinskyy et al. [250] and b) simulations using the current crystal plasticity 

framework. The ñhydrogen pre-chargeò corresponds to a hydrogen concentration of 

33 wt. ppm. 

As can be seen in Figure 33, the simulated response exhibits the same qualitative 

characteristics as those observed in experiments. Compared to the case with no hydrogen, 

the hydrogenated material exhibits a higher apparent yield point followed by an extended 

plateau in flow stress. Eventually, however, the hydrogenated material begins to harden at 

similar rates as the case with no hydrogen. Both cases (no hydrogen and hydrogen pre-

charge) exhibit initial departure from linearity at the same stress level, but the presence of 

hydrogen and hydrogen-related defects result in a rapid increase in stress post-yield and 

manifestation of an increased apparent yield point.  

In particular, there is good agreement between experimental and simulated data 

early in the loading. The consistency is highlighted by the engineering stress-strain 

behavior post-yield as plotted in Figure 34. The stress-strain response of SS316L with no 

hydrogen exhibits a clear yield drop, as expected of a material with low initial dislocation 
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density. Despite being subjected to the same initial conditions, the material pre-charged 

with hydrogen exhibits a rapid increase in stress after the yield point. Upon further 

straining, however, the hydrogenated material shows a clear plateau in yield stress, 

exhibiting behavior akin to perfect plasticity. The results shown in Figure 34 reveal the 

complex behavior that results from explicit consideration of evolving hydrogen and 

hydrogen-related defect concentrations. 

 

Figure 34. Engineering stress-strain behavior specifically extracted for post-yield 

behavior. Dashed lines correspond to the hydrogenated material behavior while solid 

lines correspond to standard material behavior. Blue lines correspond to simulation 

while black lines correspond to experiments [250]. 

Hydrogen-induced softening has often been explained using HELP, which proposes 

that hydrogen decreases the elastic interactions between dislocations, thereby enhancing 

localized plasticity. This theory is primarily supported by experimental observations, 

particularly TEM [55, 317]. Despite wide-spread adoption of this theory, atomistic 

simulations investigating unit process interactions between hydrogen and dislocations 
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question the underlying mechanism responsible for experimental observations [273]. In the 

current framework, hydrogen and hydrogen-related defects only cause hardening per Eqs. 

(86) and (93), consistent with atomistic insight, and post-yield hydrogen-induced softening 

is still observed. Otherwise, there are no direct effects of hydrogen in the crystal plasticity 

model parameters, as was explored for example by Castelluccio et al. [85]. 

The increase in athermal threshold stress due to hydrogen drag and hydrogen-

vacancy complex obstacles is plotted as a function of shear strain g  in Figure 35(a). In the 

following plots, the data were extracted from one of the primary equivalently activated slip 

systems in the crystallographic orientation of interest, and as such, the superscript a 

denoting the slip system index has been dropped for clarity. In this plot, the dotted line 

corresponds to the additional stress required to overcome solute drag dragt , the dot-dashed 

line corresponds to the additional stress required to bypass hydrogen-vacancy obstacles 

FF

HVat , and the solid line corresponds to the total increase in athermal resistance to flow due 

to the presence of hydrogen and hydrogen-vacancy complexes totalt . To assist in the 

analysis of Figure 35(a), the evolution of relevant components of hydrogen concentration 

is plotted in Figure 35(b). In this plot, each of the hydrogen concentrations is normalized 

by the total hydrogen concentration in the sample and are plotted as a function of shear 

strain.  
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Figure 35. a) Increase in athermal resistance to flow and b) normalized hydrogen 

concentration plotted as a function of shear strain on one of the primary slip systems 

in the simulated crystallographic orientation. 

First, we consider the evolution of the drag stress dragt . Upon straining, dragt rapidly 

increases, achieving a maximum value of around 4.5 MPa at a very low g, before steadily 

decreasing throughout the remainder of the simulation. The rapid increase and subsequent 

decrease in dragt with straining can be understood using the qualitative observations from 

classic solute drag theory shown in Figure 30(b), the dislocation velocity curve plotted in 

Figure 36(a), and the mobile dislocation density evolution plotted in Figure 36(b). In Figure 

36(a), the dot-dash curve and ordinate on the left correspond to the dislocation velocity 

calculated using Orowanôs equation, and the solid curve and ordinate on the right 

correspond to dragt . All quantities in Figure 36 are extracted from the same primary slip 

system as in Figure 35 and are plotted over the first portion of straining to highlight 

evolution early in the loading. Lastly, based on SS316L material parameters at room 

temperature, the critical dislocation velocity for maximum drag force, cv , can be estimated 

as 610cv -=  m/s. The significance of cv can be seen in Figure 30(b) and is plotted as a 

horizontal, dotted line in Figure 36(a). 
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As can be seen by the dot-dash curve in Figure 36(a), the average dislocation 

velocity rapidly increases to around 510v -=  m/s upon onset of plastic deformation. As the 

dislocation density begins to increase, as shown in Figure 36(b), v decreases in accordance 

with Orowanôs equation and rapidly approaches the condition for maximum drag force (

cv v= , shown by the horizontal dotted line). As v  approaches cv , dragt increases as 

expected. After sufficient mobile dislocations are produced, the v  curve crosses the cv  line 

with the intersection aligning closely with the maximum drag stress as highlighted by the 

vertical dotted line. Past this point, dragt decreases as the average dislocation velocity 

deviates further from the cv v= condition. 

In addition to the influence of dislocation velocity, the lattice hydrogen 

concentration that mediates the solute drag mechanism declines as hydrogen is trapped by 

strain-induced vacancies and dislocation wall structures. In other words, as dislocations 

move in the material, the solute cloud generating the drag force becomes less concentrated 

as new, stronger traps form and are encountered. Interestingly, when vacancy and 

dislocation substructure traps are not considered in the hydrogen trapping model 

framework, the extended flow stress plateau seen in Figure 33(b) and Figure 34 is not 

observed, suggesting that the evolution of dislocation behavior and hydrogen 

concentrations must both be considered to obtain adequate softening.  

In the above discussion, the origin of the yield point elongation for the 

hydrogenated material was considered. However, the uncharged material also exhibits 

softening directly following yield as can be seen by the solid curves in Figure 34. In 

contrast to the hydrogenated material, the post-yield softening of the uncharged material 
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results from the well-known yield point behavior of crystals with a relatively low initial 

dislocation density. As discussed by Johnston [318], the resistance to flow drops as the 

mobile dislocation density rapidly increases post-yield, but eventually, the strain hardening 

associated with the dislocation density evolution begins to dominate. Examination of the 

dislocation density evolution and comparison of the post-yield flow stress evolution for 

both cases reveal that the post-yield softening of each case is due to entirely different 

mechanisms.    

The evolution of FF

HVat  is more straight-forward and tracks directly with the 

concentration of hydrogen-vacancy complexes, / 6HVac , in accordance with Eq. (93). 

Furthermore, the dimensionless concentration of hydrogen-vacancy complexes at the end 

of the simulation is 5/ 6 2.4 10HVac -= ³ . While the simulations pursued here simulated a 

multi-slip orientation, the hydrogen-vacancy complex concentration is of the same order 

of magnitude as the vacancy concentrations computed by Cuitino and Ortiz for uniaxially 

loaded single crystals oriented for single slip [290]. 
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Figure 36. a) Dislocation velocity (dot-dash, left ordinate) and increase in athermal 

resistance to flow due to hydrogen drag (solid, right ordinate) plotted as a function of 

shear strain and b) mobile dislocation density calculated using the crystal plasticity 

model plotted as a function of shear strain. All values were extracted from one of the 

primary slip systems in the simulated crystallographic orientation. 

5.4.3  Strain rate  

The drag stress produced by hydrogen atmospheres trapped by mobile dislocations 

introduces a direct dependence of hydrogen-mediated strengthening on strain rate as 

described using Eq. (86). The influence of strain rate on dragt was investigated by room 

temperature, monotonic uniaxial loading of a SS316L single crystal along the [110] 

direction at strain rates of  54.5 10-³  s-1 , 59 10-³  s-1 , and 49 10-³  s-1. 

Drag stress as a function of slip system shear strains are plotted for all strain rates in 

Figure 37. Data were extracted from one of the primary slip systems in the simulated 

crystallographic orientation as in previous plots. As can be seen in this plot, increasing the 

strain rate leads to i) peak drag stresses that occur at higher slip system shear strains and 

ii)  a decrease in the magnitude of the peak drag stress.  
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First, we discuss the shift in peak stress to higher shear strains with increasing strain 

rate. This can be understood through examination of qualitative solute drag characteristics, 

shown in Figure 30(b). Note that this plot is not to scale and is simply meant to aid in 

understanding the qualitative aspects of the hydrogen drag variation with strain rate. 

Recalling Orowanôs relation and the relatively low initial dislocation density, cv v>  at the 

onset of plastic deformation for all strain rates tested. As such, the drag force experienced 

by mobile dislocations is initially to the right of the peak drag force in Figure 30(b). As 

loading continues, the dislocation density rapidly increases and the average dislocation 

velocity drops accordingly, causing the drag force for all strain rates to shift to the left 

along the curve in Figure 30(b). The shift in drag stress to the left along the curve produces 

increasing drag force with straining until cv v= , after which the drag force begins to 

decrease with straining. The lowest strain rate (red) crosses the cv v=  threshold first with 

the highest strain rate (blue) crossing the threshold last. In other words, increasing the strain 

rate shifts the dot-dash curve in Figure 36(a) upwards, causing the crossover of the v and 

cv curves to occur later in the straining. 

The decrease in the magnitude of the peak drag stress is due to strain-mediated 

development of hydrogen traps. As shown in Figure 35(b), the concentration of hydrogen 

trapped by vacancies and dislocation wall structures steadily increases upon onset of plastic 

deformation. The magnitude of the drag stress is a function of the lattice concentration of 

hydrogen that mediates the solute drag mechanism. As discussed above, higher strain rates 

produce peak drag stresses that occur later in the loading, and the development of strain-

induced traps before cv v=  decreases the hydrogen concentration available for solute drag. 
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In short, the shift in peak drag stresses with higher strain rates allows for more hydrogen 

trap development, and the magnitude of the peak drag stress decreases accordingly. 

 

Figure 37. Solute drag force plotted as a function of shear strain for three different 

strain rates. Data were extracted from one of the primary slip systems in the 

simulated crystallographic orientation.  

The trends observed in Figure 37 were explained using the concept of cv  and the 

evolution of v . The dependence of drag stress on strain rate through the average dislocation 

velocity is clear when Orowanôs relation is rearranged as ( )/ mv bg r=  where the 

superscript a is dropped for clarity. In addition to strain rate, v is also a strong function of 

mobile dislocation density. As has been discussed, the low initial dislocation density in the 

simulations pursued here produces a rapid increase in drag stress upon the onset of plastic 

deformation. For a relatively constant g typical of strain-controlled loading, one can define 

a critical mobile dislocation density that produces the peak drag stress. For an imposed 

strain rate of 59 10-³  s-1, the critical mobile dislocation density required to achieve the peak 

drag stress is around 112.2 10³  m-2. For some material processing pathways, the initial 

mobile dislocation density may be well above the critical mobile dislocation density, 
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precluding observation of the cv v=  crossover and subsequent dragt  evolution. The 

applicability and effectiveness of a hydrogen solute drag mechanism is dependent on both 

loading condition and initial material state, producing another consideration in the 

interpretation of experimental results. 

5.4.4 Hydrogen concentration 

The effectiveness of both solute drag and hydrogen-vacancy obstacles to harden the 

material depends directly on the total pre-charge hydrogen concentration HC . As HC  

increases, the hydrogen available for solute drag or vacancy trapping similarly increases. 

The influence of varying HC  was investigated by monotonic, strain-controlled uniaxial 

loading of a SS316L single crystal along the [110] direction at pre-charge hydrogen 

concentrations of 26 wt. ppm, 33 wt. ppm, and 40 wt. ppm. 

The influence of the total hydrogen concentration in the sample due to pre-charging, 

HC , on dragt and FF

HVat can be seen in Figure 38. In this figure, both dragt  and FF

HVat  are plotted 

as a function of slip system shear strain, and both are extracted from the same primary slip 

system as in previous plots. Figure 38a shows that increasing HC  produces an increase in 

dragt of around 1 MPa at the beginning of the simulation that gradually dwindles to around 

0.25 MPa at the end of straining. In contrast, increasing HC  produces a negligible increase 

in FF

HVat  at the beginning of the simulation that gradually increases with straining. Based on 

these plots, HC  variation appears to produce the largest change in material behavior at the 

beginning of loading and upon sufficient vacancy production after ample straining. 
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Figure 38. a) dragt and b) FF

HVat plotted as a function of shear strain with varying HC . 

Data were extracted from the same active slip system in each simulation. 

5.5 Discussion on the influence of hydrogen-related defects on initial yield 

5.5.1  Secondary mechanisms 

The constitutive framework presented in this study explicitly models the evolution 

and influence of various hydrogen and hydrogen-related defect concentrations. In this 

work, hydrogen drag and hydrogen-vacancy complex obstacles were considered to produce 

the strongest first-order effects on material behavior for the given case, i.e., monotonic, 

strain-controlled uniaxial loading of SS316L single crystal at room temperature. For 

completeness, we discuss secondary mechanisms that may become important in certain 

loading scenarios. 

Both simulations and experiments have produced elastic constant degradation in 

the presence of hydrogen and/or hydrogen-vacancy complexes. Psiachos et al. [319] 

performed density-functional theory calculations and found a linear decrease in elastic 

constants with increasing interstitial hydrogen concentration in a-iron. Numerical 
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investigations in nickel by Ledbetter and Reed [320] found a decrease in elastic constants 

on the order of 0.1% per atomic % hydrogen. Significantly more intense elastic constant 

degradation has been observed in experiments as exemplified by the nanoindentation 

studies by Lawrence et al. [321]. The different results achieved by numerical and 

experimental studies was explicitly addressed by Hachet et al. [322]. In this work, the 

influence of interstitial hydrogen on the elastic constants was found to be insignificant 

when compared with that of vacancy clusters. Based on these studies, the concentrations 

of hydrogen and hydrogen-vacancy complexes found in the current treatment were not 

large enough to produce more than a ~1% decrease in elastic constants, supporting its 

treatment as a secondary effect. 

As discussed previously with regards to vacancy formation energy, the defactant 

concept proposed by Kirchheim [61] predicts a decrease in defect energy in the presence 

of interstitial hydrogen. A decrease in dislocation line tension has been proposed to result 

from this interaction [42, 323] and has been observed using TEM [324]. Following prior 

work [85], a decreased line tension of 85%LE LEa a=  was implemented in the current 

framework and very little variation in material behavior was observed when compared with 

the influence of solute drag and hydrogen-vacancy complex obstacles. As such, for the 

material state and loading scenario considered here, we treat the decrease in line tension as 

a secondary effect. 

In addition to an increase of the athermal flow stress, we expect the presence of 

hydrogen-vacancy complexes to promote planar bypass of obstacles. Chen et al. [293] used 

the free-end nudged elastic band (FENEB) method to demonstrate an increased propensity 

for dislocations to bypass stacking fault tetrahedra (SFTs), an analog for hydrogen-vacancy 
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complexes, in a planar fashion as opposed to cross-slipping. Furthermore, the increase in 

the number of depth excursions prior to yielding in hydrogen-charged nickel subjected to 

nanoindentation has been attributed to restricted cross-slip [325]. The influence of 

hydrogen-vacancy complexes on cross-slip was not considered in the current study due to 

the specific loading orientation investigated. In situations where cross-slip becomes 

important, such as polycrystal samples or certain single-crystal orientations, the cross-slip 

restriction should be accounted for. Furthermore, a transition to increasingly planar slip in 

the presence of hydrogen-vacancy complexes could restrict dislocation recombination at 

substructure walls and enhance the development and severity of dislocation pile-up 

structures [326]. 

5.5.2  Cyclic loading and high strain levels at notches and crack tips 

The interplay of the mechanisms considered in this chapter with stress-strain 

behavior are expected to manifest somewhat differently under cyclic loading conditions, 

particularly at sharp notches or crack tips that enhance the cyclic plastic strain amplitude. 

In contrast to monotonic loading, dislocation substructure refinement and intense 

hydrogen-vacancy complex concentrations are expected to shift the major influence of 

hydrogen away from solute drag at initially low dislocation densities towards the impact 

of stabilized hydrogen-vacancy complexes. Cyclic loading at crack tips is expected to 

produce different material behavior due to enhanced hydrogen-vacancy complex 

generation and associated shifts in both elastic and plastic behavior; cyclic loading will be 

considered in a subsequent chapter. 
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5.5.3  Conclusions 

This chapter explicitly considered the influence of hydrogen drag and hydrogen-

vacancy obstacles on the monotonic deformation of single crystal SS316L at room 

temperature. Additional constitutive equations describing hydrogen drag and solute 

strengthening were implemented in the physically-based crystal plasticity model presented 

in Chapter 2 [80], with hydrogen-mediated strengthening mechanisms dependent on 

various components of the total hydrogen concentration that evolved consistent with 

Orianiôs theory of local equilibrium [309]. Finally, results achieved using the proposed 

model were compared with experimental data from Yagodzinskyy et al. [250]. 

Good agreement was found between simulation and experimental data. In 

particular, the model was able to capture material behavior at initial yield and directly after 

yield by appealing to phenomena known to be operative in the current context through prior 

atomistic and experimental investigations. Our model did not subscribe to any commonly 

accepted mechanism for hydrogen effects but rather focused on a bottom-up approach. 

Despite this, the model is able to make connections to previous attributions of hydrogen 

effects. For example, the model predicts generation of hydrogen-stabilized vacancies, 

consistent with HESIV. Furthermore, the post-yield flow stress plateau observed in 

simulations can manifest as localized plasticity, especially in polycrystalline material 

where defect distributions are more heterogenous and different crystal orientations produce 

wide ranges of dislocation velocity. In this case, given certain loading conditions and frame 

of reference, localized regions of plastic deformation would form, consistent with 

macroscopic observations that motivate HELP. 
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Chapter 9 will address cyclic loading and high strain conditions that are most likely 

to be encountered in a crack tip damage process zone where hydrogen embrittlement effects 

are most pronounced. 
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Part 3 

 

Development of an Extended Crystal Plasticity Model 

 

In Part 2, initial studies of the hydrogen embrittlement problem were conducted. 

Chapter 3 presented a hydrogen transport and trapping model that depends directly on the 

dislocation activity and density in the constituent channel and wall phases of the dislocation 

substructure. Chapter 4 presented an initial exploration of the interaction between 

hydrogen, hydrogen-related defects, dislocations, and dislocation substructure walls for the 

case of monotonic, uniaxial loading of single crystals and postulated that these interactions 

likely dominate in the damage process zone of a cyclically-loaded cracked body. These 

studies, as well as the overall focus of the current thesis on cyclically-loaded cracks, 

motivated the development of an extended MS-CP model that more comprehensively 

considers the evolution of dislocation substructure during early stages of cyclic loading. 

Chapter 6 discusses the development of an extended crystal plasticity model with a 

micromechanical back stress evolution equation that can model the nonlinear back stress 

development observed in experimental studies. Chapter 7 further extends the crystal 

plasticity model by considering temperature-dependent phenomena that are experimentally 

observed for austenitic stainless steels and related FCC alloys. Chapter 8 presents a case 

study demonstrating the utility of using physically-based models in the exploration of 

mechanical cyclic crack tip behavior. The content presented in Chapters 6, 7, and 8 has 

been published and appears in Refs. [327], [328], and [329] , respectively   
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CHAPTER 6. MICROMEC HANICAL CRYSTAL PLASTICITY 

MODEL FOR EARLY CYCLIC LOADING  

This chapter discusses the development of a micromechanical crystal plasticity 

model for FCC metals and alloys that can be applied to early cyclic loading scenarios. The 

framework is based on the MS-CP model developed by Castelluccio and McDowell [80] 

(presented in Chapter 2) but with several key extensions. The framework discussed in this 

chapter utilizes a novel micromechanical back stress evolution equation that can more 

accurately model the mechanical material behavior during early cyclic loading, a key focus 

of the current thesis. Furthermore, the model considers the evolution of additional ISVs, 

supplying valuable information that can be used in the consideration of hydrogen 

embrittlement within the crack tip field under cyclic loading. 

First, the motivation driving the development of the novel micromechanical back 

stress evolution relation is discussed. Following, the comprehensive crystal plasticity 

framework is presented. To conclude the chapter, the model is exercised and shown to 

achieve good agreement with a wide variety of experimental loading scenarios for smooth 

polycrystalline SS316L specimens at room temperature. 

6.1 Introduction to constitutive modeling of back stress 

Continuum constitutive models are essential to support stress and failure analyses for 

engineering applications. Improved computational capabilities have permitted 

consideration of underlying intragranular structural heterogeneity, including dislocation 

substructure. Within the context of thermodynamically admissible evolution of ISVs [94], 
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rather sophisticated phenomenological constitutive equations have been established to 

model complex hysteresis behavior under cyclic loading [330]. Successive generations of 

such back stress evolution models have been developed that build on the prior generation(s) 

by adding terms or modifications. Model parameters are typically tuned to available 

experimental data, with limited predictive capabilities. This chapter focuses on building a 

more predictive approach to back stress evolution in metal plasticity that addresses both 

the first order Bauschinger effect and second order lack of closure of unloading-reloading 

response that leads to ratchet strain accumulation under cyclic loading with mean stress. 

This necessitates modeling of transient evolution of dislocation substructure during 

monotonic and cyclic deformation. The proposed framework strives to rely on parameters 

that can be measured or computed, e.g., using atomistics or DDD. 

The mechanical response of FCC metals and alloys such as SS316L to monotonic 

and cyclic loading is characterized by several key phenomena. One of these is the well-

known Bauschinger effect [331, 332] that reveals the presence of long-range directional 

internal stress (back stress) that develops during loading; during unloading, the back stress 

acts to reduce the yield stress in the reverse direction [138]. Symmetric, completely 

reversed strain-controlled loading of initially annealed FCC crystals typically results in 

cyclic strain hardening, characterized by a stress amplitude that increases with the number 

of cycles [333]. The hysteresis loop shape is affected by the back stress evolution, which 

reflects the role of dislocation substructure. In addition to development of the back stress, 

cyclic strain hardening is associated with the accumulation of defects in the material that 

contribute to non-directional hardening (e.g., threshold stress) [334]. Lastly, we highlight 

the cyclic accumulation of plastic strain during asymmetric stress-controlled loading in the 
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direction of the mean stress, also known as ratcheting or cyclic creep [333]. Ratcheting 

behavior has generally been interpreted as resulting from a lack of closure of hysteresis 

loops under stress cycling with a mean stress and is commonly modeled using back stress 

forms that evolve nonlinearly with plastic strain [131, 132]. This is a kind of second order 

response. While the underlying origin of the threshold stress is generally well understood 

as related to accumulation of dislocations and dislocation debris, the lack of appeal to 

specific physical mechanisms that drive the nuanced nonlinearity of the back stress in 

models has yet to be fully addressed. 

TEM of certain FCC single- and poly-crystals subjected to monotonic and cyclic 

deformation has established that heterogeneous dislocation patterns form at sufficient 

levels of straining [335-338]. This so-called dislocation substructure is characterized by 

relatively dislocation-sparse regions (channels) surrounded by regions with significantly 

higher dislocation density (walls) [138]. Several works [138, 336] proposed that the 

development of long-range directional internal stresses was due to the presence of the 

dislocation substructure, suggesting the difference in the short-range non-directional 

strengths leads to different inelastic behavior in the two regions. Consequently, the back 

stress develops in response to plastic incompatibility between the two phases. This theory 

has been supported by carefully performed experiments. For example, Pham and coworkers 

[339] captured TEM images of SS316L subjected to strain-controlled, fully reversed 

loading and found the back stress could be directly correlated to the degree of substructure 

development as well as the spatial characteristics of the formed substructure. In a similar 

fashion, Gaudin and Feaugas [338] investigated the ratcheting behavior of SS316L and 

proposed that ratcheting rates were driven by the evolution of intragranular strain 
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incompatibilities due to the presence of substructure as well as the dislocation 

rearrangement and recovery in substructure walls.  

Despite Mughrabiôs arguments [138] and experimental observations [338, 339], 

many mesoscopic continuum models rely on back stress models with an unclear 

micromechanical connection to substructure [340, 341]. Two approaches that may be 

considered are the micromechanical back stress models developed by Sauzay [82] and 

Castelluccio and McDowell [80]. These models have utility for fully-reversed loading but 

are limited in their application to cases of cyclic loading with mean stress. In the present 

chapter, we develop a physically-based crystal plasticity model that uses a 

micromechanical back stress model similar to the form developed by Castelluccio and 

McDowell [80] with the important distinction that nonlinearity in the back stress evolution 

is generated by plastic deformation occurring in the wall phase. The work is organized as 

follows. First, commonly used back stress forms are briefly reviewed and the justification 

for their forms discussed. The back stress model form pursued in the current work is then 

derived. Next, the crystal plasticity model is discussed in detail. Finally, the model is 

applied in a case study of the uniaxial, room temperature deformation of SS316L subjected 

to a variety of load histories, including monotonic and cyclic loading. 

6.1.1 Phenomenological back stress forms 

As discussed in Chapter 2, one of the most commonly used phenomenological class 

of models is based on the AF form [131]. The AF model describes nonlinear kinematic 

hardening through competition of direct hardening with dynamic recovery terms. With the 

bold notation corresponding to the full tensorial representation of a quantity, the rate of the 
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back stress tensor B  is written for initially isotropic plasticity theory for polycrystals in the 

form  

 
1 2 1 2

pC C p C p C p= - = -B B n BŮ   (96) 

where p
Ů is the plastic strain rate tensor (or more generally, the rate of deformation tensor) 

and the Euclidian norm of the plastic strain rate tensor is defined by :p p pp= =Ů Ů Ů. 

Quantity /p p=n Ů  is the unit normal vector in the direction of the plastic strain rate, 1C  is 

the direct hardening coefficient, and 2C  is an additional dynamic recovery coefficient. The 

dynamic recovery term is collinear with B  and scales with the norm of the plastic strain 

rate p. Pragerôs classical model [129] is given by the first term only (e.g., 2 0C = ) and 

corresponds to a linear kinematic hardening form. The AF model is known to overestimate 

the severity of ratchet strain accumulation while Pragerôs model is unable to capture ratchet 

strain accumulation at all for stress-controlled cycling with mean stress [132, 133]. 

Chaboche proposed an additive superposition of M  kinematic hardening variables, i.e., 

1 i

M

i=
=äB B  [134], to better fit the elastic-plastic transition after initial yield; however, this 

modification alone does not substantially improve the description of ratcheting behavior.  

Several variations of the AF model have been introduced expressly to better model 

lack of closure of unloading-reloading hysteresis response and associated ratchetting rate 

for cycling under mean stress. The OW model [132] introduced a modification of the 

dynamic recovery term to introduce additional nonlinearity to limit the rate of ratcheting, 

i.e.,  
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B Ů Bn

B
  (97) 

where :=B B B .  Here, m  ( 0 m¢ ¢¤) is a parameter that controls the degree of 

nonlinearity as B  approaches the saturation limit 1 2/C C . In the dynamic recovery term 

of the OW model, the value of m  is used to reduce the rate of ratcheting to agree more 

closely with experiments. As 0m­ , the nonlinear behavior of the AF model is recovered. 

Alternatively, large values of m  exhibit linear behavior aligning with Pragerôs model prior 

to a rapid nonlinear approach to saturation of the back stress. Additional studies have 

proposed further modifications, leveraging the general form shown in Eq. (97), and the 

model of Jiang and Sehitoglu [135] is mentioned in this regard. Note that Eq. (97) can also 

employ a multi-component framework, i.e., 
1 i

M

i=
=äB B . The AF and OW models are often 

implemented using multiple components of back stress [136, 137], further increasing the 

number of phenomenological fitting constants required. 

6.2 Model development 

6.2.1 Micromechanical back stress derivation 

As discussed by Castelluccio and McDowell [80], shifting focus from 

phenomenological forms to physically-based equations i) limits the number of parameters 

that must be fit using experiments and ii) facilitates enhanced understanding of the role of 

underlying physical processes. Such physically-motivated constitutive frameworks attempt 

to directly leverage known physical constants as well as micromechanical parameters of 

unit processes based on lower length scale simulations [81-84]. 
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The remainder of this chapter focuses on intragranular back stress evolution 

associated with dislocation substructure in crystal plasticity. The isotropic strengthening 

component, denoted by S, is commonly considered in crystal plasticity frameworks that 

explicitly evolve dislocation density r by using the so-called Taylor hardening relation 

[342], i.e.,  

 S b Am r=   (98) 

where m is the shear modulus, b  is the magnitude of the Burgers vector, and A  is a 

coefficient that describes the interaction strength between dislocations. Continuum models 

that consider dislocation density evolution seek to incorporate key aspects of dislocation 

multiplication, annihilation, and cross-slip into the constitutive framework [80, 146, 147, 

256, 343].  

Many continuum models that attempt to relate back stress evolution to physically 

observed phenomenon still rely on kinematic hardening functional forms with unclear 

micromechanical origins. For example, certain dislocation-density based crystal plasticity 

models [340, 344] explicitly model the evolution of dislocation density to develop the 

isotropic hardening variable, but still rely on the AF model form and parameterizable 

constants to evolve the back stress. Similarly, the crystal plasticity model developed by 

Ren et al. [341] tracks the density of multiple dislocation populations, but still uses only 

the varying dislocation populations to scale the pre-multiplying terms in a 

phenomenological nonlinear back stress form.  
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In contrast, the back stress models developed by Sauzay [82] and Castelluccio and 

McDowell [80] are formulated based on micromechanical approaches that consider the 

influence of dislocation substructure. Both of these models consider the continuum to be 

composed of an elastoplastic phase (channels) enclosed by an elastic phase (walls). This 

interpretation of the dislocation substructure is presented in Figure 39(a). In this schematic, 

a top-down view of a slip plane is shown where a single elastoplastic channel phase 

(denoted by label B) is surrounded by an elastic wall phase (denoted by label A). Note that 

the periodic nature of the substructure is omitted for clarity. Following prior work that 

leverages Eshelbyôs ellipsoidal inclusion analysis [141, 142], the back stress evolution in 

the elastoplastic channel phase on a specific slip system a takes the form 

 ( , )
1

m
w

w

c acco

f
B f f

f

a a ah g=
-

  (99) 

where ( , )accomf f ah  is a function derived using Eshelbyôs inclusion analysis that depends on 

the shape of the channel phase, h, and the degree of plastic accommodation at the interface 

of the two phases, 
accomf a . Eq. (99) also depends on the volume fraction of the elastic phase, 

denoted by wf , i.e., the volume fraction of dislocation-dense walls. Finally, Eq. (99) shows 

that in this model framework, the back stress on slip system a is driven by the plastic 

shearing rate on slip system a, denoted ag . Factor
accomf a  is defined as the instantaneous 

plastic deformation tangent at the slip system level, i.e., 
1

2
accom

d
f

d

a
a

a

g

t
= . 



 177 

 

Figure 39. (a) Schematic of an orthogonal projection of a single dislocation channel, 

assumed periodic, considering a slip system for which an elastoplastic channel phase 

B is surrounded by an elastic wall phase A. This is the dislocation substructure 

approximation assumed by prior approaches that derive micromechanical 

descriptions of the channel phase back stress [80, 82]. (b) The same projection of a 

slip system for which an elastoplastic channel phase B is surrounded by an 

elastoplastic wall phase composed of mobile wall dislocations (dashed, C) and a 

substantially less mobile wall dislocation core region (hatched, A). 

If one considers a sufficiently slow rate of substructure evolution such that wf  and 

h can be considered constant on a cycle-by-cycle basis, as done by Castelluccio and 

McDowell [80], the back stress evolution form at the slip system level presented in Eq. 

(99) can be recognized as a linear or direct hardening form, akin to Pragerôs linear 

kinematic hardening. Castelluccio and McDowell [80] applied Eq. (99) in a crystal 

plasticity framework to model symmetric, strain-controlled cyclic loading with the goal of 

modeling the stress-strain response and corresponding substructure at relatively high cycle 
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counts. By using the back stress form shown in Eq. (99) and adopting approximate 

expressions describing substructure development, Castelluccio and McDowell [80] were 

able to obtain good agreement with experimental stress-strain responses. However, linear 

kinematic hardening forms are ill-equipped to capture ratcheting responses under cycling 

with mean stress. 

In the following, we take a similar approach to Sauzay [82] and Castelluccio and 

McDowell [80] but relax the assumption of purely elastic deformation occurring in the wall 

phase. Relaxation of this assumption corresponds to the consideration of a more general 

case in which plastic deformation can occur in either phase. Specifically, we adopt a 

dislocation substructure interpretation similar to that of Hasegawa et al. [345]. This 

dislocation substructure treatment is shown in Figure 39(b). In this schematic, a top-down 

view of a slip plane is shown where an elastoplastic channel phase (denoted by label B) is 

surrounded by an elastoplastic wall phase comprised of loosely-tangled, mobile wall 

dislocations (dashed, C) and a tightly-tangled, substantially less mobile wall dislocation 

core (hatched, A). Using this qualitative interpretation as a guide, we start from Hillôs 

differential approach [346] and following Berveiller and Zaoui [347], write 

 1Ĕ Ĕ'( )( )c

-= + -À -ců ů L S Ů Ů  (100) 

where ců and cŮ are the stress and strain rates in the channel phase, considered to be an 

analog for an Eshelby inclusion, and Ĕů and ĔŮ are the stress and strain rates for the effective 

medium. 'L  and S  are the constraint and Eshelby tensors, respectively. By decomposing 

the strain into elastic and plastic components and assuming linear elasticity with a stiffness 

tensor C  [348], Eq. (100) can be rewritten as  
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 ( )1 1 1Ĕ Ĕ'( ) '( )( )cc

p p- - -è øÀ+ -À - = -À -ê úL S C ů ů L S Ů Ů  (101) 

where the superscript p  corresponds to plastic behavior and À corresponds to the rank 

four identity tensor. At this point, the expression in Eq. (101) can be simplified for use in 

a crystal plasticity context by making some assumptions regarding loading mode and 

channel shape. Due to the complexity of the Eshelby solution, closed-form solutions exist 

for only a limited number of dislocation substructure geometries. Following Castelluccio 

and McDowell [80], we assume a prolate spheroid channel phase undergoing pure shear. 

While other shapes can be assumed, the current work is more focused on exploration of the 

driving force for back stress development, and investigation of alternate channel phase 

shapes is left to future work. In this case, the prolate spheroid shape and size are 

respectively defined by two quantities, h and structd . Here, h defines the ratio of major to 

minor axis lengths while structd  approximately defines the length of the minor axes. For 

large values of h, the prolate spheroid resembles a dislocation free channel associated with 

vein or PSB-type substructures. Conversely, for 1hº  the prolate spheroid resembles a 

sphere and can be considered to approximate equiaxed cell substructures. By assuming that 

the channel structures can be approximated as a prolate spheroid with some aspect ratio h 

subjected to pure shear [141, 142], Eq. (101) can be applied to a specific slip system a as  
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where the at  values denote resolved shear stresses and the ag  values denote plastic 

shearing rates, both evaluated for slip system a. Again, the subscript c  denotes a quantity 

associated with the channel phase and the overhat ^ corresponds to the effective medium. 

In Eq. (102), the quotient on the right takes into account the channel aspect ratio h and the 

accommodation of the interface between channel and wall phases through a component of 

the Eshelby tensor, 
1212Sa , and modified shear modulus, 

m

am ; 
1212Sa  is defined using a shape 

factor, shapeK , and modified Poissonôs ratio, pva ,  as [142] 
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The quantity 
m

am  is defined [347] as 

 
1 2

m

accomf

a
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m
m
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+

.  (106) 

For sake of presentation efficiency, we replace the quotient on the right in Eq. (102) with 

( , )accomf f ah  as done in Eq. (99). Doing so yields the more manageable expression  

 ( )ĔĔ ( , )c accom cf fa a a a at t h g g- = - .  (107) 
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Following Castelluccio and McDowell [80], we consider the plastic shearing rate over the 

effective medium to have contributions from the plastic shear strain rate of the wall and 

channel phases, proportional to their respective volume fractions, i.e.,  

 Ĕ
ww c cf fa a ag g g= +   (108) 

where the w  subscript corresponds to the wall phase and the c  subscript corresponds to 

the channel phase as before. By assuming that the channel and wall phases comprise the 

entire effective volume, i.e., 1c wf f+ =, Eq. (108) can be simplified as 

 Ĕ (1 )w w w cf fa a ag g g= + - .  (109) 

By combining Eqs. (107) and (109) and recognizing that the difference between the stress 

rate on the effective medium and the stress rate in the channel phase corresponds to the 

back stress, the final expression for the channel phase back stress evolution rate on slip 

system a is derived as  

 ( )( , )c acc cw om wB f f fa a a ah g g= - .  (110) 

Here, we note that assuming a different channel phase shape would only modify the term 

( , )accomf f ah , and the general form shown in Eq. (110) is invariant to assumed channel phase 

shape. Comparing Eqs. (99) and (110), we see that by allowing plastic deformation in the 

wall phase, we modify the driving force for back stress evolution. In Eq. (99), the back 

stress in the channel phase is driven by the plastic shearing rate, ag , whereas in Eq. (110)

, the back stress is driven by the difference in the channel and wall plastic shearing rates, 

c w

a ag g- . Considering that the back stress is self-equilibrated [138], the net back stress rate 
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vanishes, i.e., (1 ) 0w c wwf B f Ba a- + =. The corresponding directional stress in the wall phase 

is 

 
1

w

w
w

c

f
B B

f

a a-
=-   (111) 

where it is clear that the directional internal stress in the walls acts in the opposite direction 

to that in the channels.  

The back stress model described by Eqs. (110) and (111) depends on the slip system 

shearing rates in both the channel and wall phases. In this approach, nonlinear back stress 

evolution arises naturally as a consequence of Eqs. (110) and (111), as well as from distinct 

strengths in the channel and wall phases. This is useful in avoiding an undue degree of 

phenomenology.  

6.2.2 Crystal plasticity model 

The viability of the slip system level back stress form derived in Eq. (110) was 

studied through implementation in a crystal plasticity model for SS316L. The crystal 

plasticity model uses many elements of the microstructure sensitive crystal plasticity model 

developed by Castelluccio and McDowell [80] for substructure development in fully 

reversed loading, but is modified to consider plastic deformation in both channel and wall 

phases. The goal of the current model is to describe stress-strain behavior exhibited from 

several to tens of cycles for both fully reversed loading and stress-controlled cycling with 

mean stress. First, the flow rule will be established. Next, the evolution of dislocation 

densities will be defined. The formulations describing substructure evolution are then 

presented, followed by parameter estimates for SS316L at room temperature. 
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6.2.2.1 Flow rule 

To implement the back stress evolution equation proposed in Eq. (110), we extend 

the previous crystal plasticity framework to consider both 
c

ag  and 
w

ag . To do so, some 

assumptions must be made regarding the kinematic behavior of the composite structure of 

walls and channels. First, the deformation gradient is assumed to be the same for channels 

and walls, akin to the assumption of compatibility of deformation in Mughrabiôs treatment 

[138]. Furthermore, we consider the plastic shearing rate over the effective medium to have 

contributions from the shearing rates in the walls and channels, consistent with Eq. (108).  

The standard crystal plasticity model expresses the plastic velocity gradient in the 

isoclinic intermediate configuration in terms of the slip system shearing rates, i.e., 
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= ÃäL s m   (112) 

where 
0

a
s  and 

0

a
m  are the slip direction and slip plane normal unit vectors in the reference 

configuration for slip system a. In the current framework, Eq. (109) is used with Eq. (112) 

to define 
0

p
L , i.e., 
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The slip system shearing rates obey the model forms described by Asaro [121] for both 

channel and wall phases. We assume that the plastic deformation is rate-limited by the 

dislocation bypass of short range obstacles as described by the Kocks-Argon-Ashby [113] 

thermally activated flow rule, i.e., 
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where ,0c

ag  and ,0w

ag  are reference shearing rates, ,c eff

at  and ,w eff

at  are the effective stresses 

driving dislocation bypass, 0F  is the activation energy for short range dislocation barrier 

bypass, Bk  is the Boltzmann constant, T  is the absolute temperature, 0s  is the thermal slip 

resistance at 0 K, and @0Km  is the shear modulus at 0 K. Note that we use Eq. (111) to 

express 
wBa in terms of 

cBa in Eq. (115). Strictly speaking, 0F  may differ between wall and 

channel phases upon sufficient dislocation densification in the wall phase acknowledging 

potentially different dislocation reactions. However, lacking details of such distinction, we 

treat 0F  as the same for both phases and model the hardening in the wall phase through the 

evolution of dislocation density using a Taylor-type relation [107]. 

The reference shearing rates follow the argument of Kocks et al. [113]. The channel 

phase reference shearing rate is written as 

 ,0 c Gc c l bva ag r=   (116) 

where 
c

ar  is the mobile dislocation density in the channel phase, cl  is the mean glide 

distance for dislocations in the channel phase, and Gv  is an estimate of the bypass attempt 

frequency [349]. Similarly, the wall phase reference shearing rate is written as 
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 ,0 , Gw w m wl bva ag r=   (117) 

where ,w m

ar  is the mobile dislocation density component of the total wall dislocation density

w

ar  and wl  is the mean glide distance for mobile dislocations in the wall phase. The 

decomposition of the total wall dislocation density into mobile and immobile components 

will be discussed in a subsequent section. 

The effective stresses driving thermally-activated dislocation bypass of barriers 

account for scalar threshold and directional back stresses [138, 330]. The effective stresses 

in the channel and wall phases are written as  

 
,c eff c cB Sa a a at t= - -   (118) 

 ,

1 w

w

w eff c w

f
B S

f

a a a at t
-

= + -   (119) 

where at  is the resolved shear stress and again we use Eq. (111) to express 
wBa in terms of 

cBa. The  denote Macaulay brackets, i.e., 0g =  if 0g¢  and g g=  if 0g> . Note the 

distinction of the threshold stresses in the channels (
cSa) and in the walls (

wSa).   

6.2.2.2 Threshold stress 

In accordance with experiments, we assume that threshold stress hardens with the 

accumulation of dislocations and can be described using a Taylor-type relation similar to 

the one presented in Eq. (98) [81]. Accordingly, 
cSa is defined as  

 c cS b Aa a

aam r=   (120) 
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where Aaa corresponds to the self-interaction coefficient as a subset of the full 12×12 

interaction matrix Aaz [81, 350, 351].  In the definition of 
cSa, only the self-interaction of 

dislocations is accounted for, essentially corresponding to two opposing pile-ups 

developing within the same substructure unit [80], shown schematically in Figure 40(b). In 

this schematic, dislocation pile-ups with the same sign meet in the center of the channel 

structure at the location denoted by ñ4ò, generating self-interactions consistent with the 

Aaa component of the full interaction matrix.  Neglect of interactions of dislocations on 

different slip systems is consistent with experimental evidence that the channel phase has 

a relatively low dislocation density and is largely absent of dislocation locks [352-354]. 

Consideration of the full interaction matrix in the channel phase overestimates the degree 

of hardening when compared with macroscopic stress-strain curves for nickel [80].  

On the other hand, the dislocation density in the walls is higher than in the channels 

[138, 354], and the interactions of dislocations on different slip systems cannot be ignored. 

While we assume that edge dislocation components are deposited in the wall phase (as will 

be discussed shortly), the dislocation tangles formed within the wall phase from previously 

deposited edge dislocation components tend to stack on top of each other in order to relax 

the stresses associated with concave-loop groups [345, 355].  Non-planar interactions need 

to be considered and accordingly, 
wSa is defined as  

 
12

1

w wS b Aa z

az
z

m r
=

= ä   (121) 

where the full 12×12 interaction matrix Aaz is considered [356-358]. The full 12×12 

interaction matrix is defined by six independent coefficients due to the symmetry of the 



 187 

FCC system that correspond to interactions for self-hardening dislocations (i.e., Aaa), 

coplanar dislocations, collinear dislocations, and dislocations that form various locks 

[358]. 

Furthermore, the values of the six coefficients defining Aaz can be determined 

using DDD simulations [359-361]. While additional terms can be added to Eqs. (120) and 

(121) to account for other isotropic hardening mechanisms such as the presence of (almost 

negligible) FCC lattice friction or dislocation bow-out stress [336, 362], we focus on the 

broadly-used isotropic hardening forms presented in Eqs. (120) and (121) to highlight the 

use of the proposed back stress evolution equation. 
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Figure 40. Schematic of orthogonal projection of dislocation substructure showing 

several dislocation bow-out processes in a single channel/wall unit. (a) Configuration 

1 shows a dislocation bow-out event from the wall phase. Configuration 2 is reached 

when the dislocation strikes the adjacent wall, depositing an edge dislocation segment 

in the wall and generating screw dislocation segments that span the channel. At 

configuration 3, the resulting screw dislocation segments traverse the length of the 

dislocation channel phase and produce shear strain. (b) Upon reaching configuration 

4, opposing dislocation pile-ups are observed within the same structure. The meaning 

of A, B, and C labels are provided in Figure 2. 

6.2.2.3 Dislocation density evolution 

The evolution of the channel and wall dislocation densities directly influences the 

threshold stresses via Eqs. (120) and (121). The channel dislocation density is assumed to 

be comprised of primarily mobile screw dislocations while the evolved wall dislocation 

density is considered to be dominated by dislocations with primarily edge or mixed 

character [138]. Clearly, this assumption is a simplification of the complex and intricate 

dislocation activity occurring on the sub-micron scale. However, consideration of 

characteristic material behavior occurring over several microns and multiple substructure 

units permits the current averaged approach. We consider the dislocation densities on each 
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slip system to evolve in accordance with several dislocation processes: multiplication, 

annihilation, cross-slip, and rearrangement during load reversals. 

6.2.2.4 Dislocation multiplication 

The channel (screw) and wall (edge) dislocation densities are produced via the same 

mechanism: dislocation bow-out from the walls spanning the substructure channel [363-

365]. This process has been proposed by multiple works [256, 365] and is schematically 

described in Figure 40(a) for configurations labeled 1, 2, and 3. At configuration 1, a 

dislocation bows-out from the wall phase. Upon meeting the adjacent wall, an edge 

dislocation segment is deposited in the wall phase and screw dislocation segments are 

produced that can then glide the length of the channel phase as shown at configuration 3 

[365]. Following the dislocation multiplication functional form of Mecking and Kocks 

[366], we write the multiplication rate for channel and wall dislocation densities as  

 ,

,

c mult

c

c mult c

k

bl

a ar g=   (122) 

 ,

,

w mult

c

w mult c

k

bl

a ar g=   (123) 

where 
,c multk  and 

,w multk  are constants that control the production of dislocations, and as 

before, cl  refers to the mean glide distance of channel dislocations (to be defined later). As 

can be seen in Eqs. (122) and (123), dislocation multiplication phenomena are driven solely 

by the shearing rate and mean glide distance associated with the channel phase, consistent 

with the mechanistic process shown in Figure 40. 
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6.2.2.5 Dislocation annihilation 

The channel and wall dislocation densities are assumed to decrease when 

dislocations of opposite sign spontaneously annihilate once within some critical distance 

of each other [366, 367]. However, whereas both dislocation density multiplication 

functions were driven by the shearing rate in the channel phase, the annihilation processes 

in each phase are driven by different shearing rate components, i.e.,  

 
,

2
c ann c c

sy

b

a a ar r g=   (124) 

 
,

2
Ĕ

w ann w
ey

b

a a ar r g=   (125) 

where sy  and ey  are the annihilation distances for screw and edge dislocations, 

respectively. The annihilation in the wall phase is driven by both channel and wall shearing 

rates to account for annihilation occurring due to limited wall plasticity as well as any 

recombination processes occurring as edge dislocations driven from the channel phase 

interact with wall dislocations. The smaller annihilation distance of edge dislocations 

produces a significantly larger wall dislocation density, consistent with experiments [354]. 

6.2.2.6 Dislocation cross-slip 

Dislocation cross-slip is only relevant for the channel dislocation density owing to 

our assumption that the channel dislocation and wall dislocation densities are primarily 

comprised of screw and edge dislocations, respectively. The cross-slip transfer rate of 

channel screw dislocations considers the transfer of screw dislocations between cross-slip 

systems a and z, i.e., 
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 1 1
2 2

| |cs cs cs

a a z a a a zr r r­ ­= -   (126) 

where the factor of ½ stems from our assumption that annihilation processes are considered 

separately in Eq. (124); Eq. (126) considers conservative dislocation cross-slip. In other 

words, the factor of ½ corresponds to dislocations being transferred between cross-slip 

systems without a reduction in channel dislocation density. The cross-slip rate of 

dislocations from slip system z to slip system a is estimated using probabilistic 

formulations [368-370] that have been extended to consider the stress shielding from 

dislocation substructures [80], i.e.,  
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where csv  is a frequency term, csd  is a reference cross-slip distance, csa  refers to the slip 

system z from which screw dislocations can cross-slip to, 
csVa is the associated cross-slip 

activation volume, and IIIt  is the critical cross-slip stress. Note that , |c cs

a a zr ­  is identical in 

form to Eq. (127) but with the slip system indices swapped; this rate represents the cross-

slip activity of dislocations from slip system a to slip system z.  

The statistical average of the cross-slip activation volume is estimated as 

 
0

cs
cs

V
Va

at
=   (128) 
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where 0

csV  is the reference cross-slip activation volume and has been estimated as 

30320 1800csb V b< <  for SS316L [371-375]. The critical cross-slip stress is estimated using 

the same process as Brown [376], i.e.,  

 
4

III

s

b
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m
t

p
= .  (129) 

6.2.2.7 Dislocation rearrangement due to load reversals 

Load reversals are expected to alter both channel and wall dislocation densities as 

observed in experiments [345]. As briefly mentioned in presenting Eq. (120), the channel 

hardening 
cSa owes to self-interactions of pile-ups with the same sign. Upon quasi-elastic 

(i.e., initial phase) unloading with a shear stress reversal, some proportion of these pile-up 

dislocations collapse back towards the channel center and subsequently annihilate. This so-

called ñunpilingò of dislocation pile-up structures has been observed and considered in a 

variety of prior works [377-380]. The reduction in channel dislocation density directly after 

a load reversal has been modeled previously [381, 382], and here we follow the 

micromechanically driven approach of Castelluccio and McDowell [80]. This approach 

utilizes the classic analytical description of dislocation pile-ups by Cottrell [331] in concert 

with the substructure parameterization pursued in the current work, i.e., characterized by 

h and structd . Namely, the number of dislocations in a pile-up of length L  within the 

channel associated with the pile-up on slip system a can be estimated as [331] 
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p t
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=   (130) 
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where 
c cBa a at t= - , i.e., the channel back stress is included as a long range stress field.  

The dislocation pile-up length is assumed to span the substructure major axis (structL dh= ) 

and the individual dislocation length is assumed to span the substructure minor axis (structd

). As such, the dislocation density is described by the total dislocation length (structnd ) 

within the overall channel structure volume (struct struct structd d dh³ ³ ). Combining the above 

relations estimates the associated pile-up dislocation density as 

 
struct
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c
bd
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p t

r
m
= .  (131) 

Differentiating with respect to time and considering that this mechanism operates only 

during quasi-elastic unloading yields the anelastic annihilation rate of channel dislocations 

on slip system a  immediately following a load reversal as 
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Here, the function 1 = during quasi-elastic unloading and 0 = otherwise, i.e., 1 = if 

sgn( ) sgn( )B Ba a a at t- ¸ -  and 0 otherwise [80].  

While the unpiling of dislocations in the channel phase interior occurs during initial 

quasi-elastic unloading during a load reversal, the rearrangement of wall dislocations 

occurs at a point further in the reverse loading process as plastic strain begins to accumulate 

in the reverse direction. Careful TEM images performed on aluminum revealed a 

substantial decrease in the wall dislocation density following a load reversal and straining 

in the reverse direction [383] as shown in Figure 41. In this Figure, the TEM images b, c, 
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and d correspond to points A, C, and D on the stress-strain curve. As seen in the TEM 

images, the dislocation substructure formed during the initial loading to point A rapidly 

untangles/dissolves upon unloading before reforming as plastic straining occurs in the 

reverse direction at point D. Note that some dislocation wall remnants remain in image b 

and the characteristic dislocation substructure dimension is similar for dislocation 

substructures formed in both forward and reverse directions, suggesting that memory of 

the substructure dimension is retained during the process [345, 383]. Similar observations 

regarding the rearrangement/dissolution of wall structures have been made using TEM to 

observe copper substructures [384, 385]. Furthermore, Gaudin and Feaugus [338] and 

Gaudin et al. [386] specifically studied the impact that dislocation substructure formation, 

dissolution, and reformation has on the cyclic response of materials, primarily focusing on 

the asymmetric load scenarios that produce ratcheting. In their work, they found that the 

ratcheting rate was directly related to the dissolution of wall structures and that the back 

stress evolution was affected by substructure formation, dissolution, and reformation 

process.  
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Figure 41. TEM images taken from aluminum before and during a load reversal. 

Images b, c, and d correspond to points A, C, and D on the stress-strain curve. 

Diagram and TEM images reprinted with permission from Hasegawa et al. [383]. 

This experimentally observed substructure untangling/dissolution upon load 

reversal motivates the proposed model framework. As discussed, the threshold stress in the 

walls depends on the wall dislocation density, and a decrease in the wall dislocation density 

following a load reversal would subsequently increase the limited plasticity occurring in 

the wall phase. Variations in the difference between channel and wall plastic shearing rates, 

i.e.,  
c w

a ag g- , produce the back stress evolution per Eq. (110) that we previously categorized 

as necessary to adequately describe ratcheting transients. 
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To address partial substructure dissolution and reformation, the wall dislocation 

density is assumed to be comprised of immobile/irreversible (,w im

ar ) and mobile/reversible 

( ,w m

ar ) densities with the total wall dislocation density described as  

 , ,w w im w m

a a ar r r= + .  (133) 

The immobile/irreversible dislocation density corresponds to the heavily-tangled wall 

dislocations in region A of Figure 39(b) and Figure 40 as well as the remnant dislocation 

wall structure still observable in Figure 41(c). The mobile/reversible dislocation density 

corresponds to the loosely-tangled wall dislocations in region C of Figure 39(b) and Figure 

40 as well as the dislocations that disappear and subsequently reappear in Figure 41(c)-(d). 

The multiplication of each density is described, consistent with Eq. (123), as 

 , , , , ,(1 )im ilw mult w mu t w mult w im m w mP Pa a a a ar r r r r= + - = +  (134) 

where , ,w im w mulim tPa ar r=  and , ,(1 )w m wim multPa ar r= - . Parameter imP  is the fraction of dislocations 

subsumed by the dense dislocation wall core during the bow-out process that subsequently 

become substantially less mobile and irreversible. Estimation of imP  is difficult, but 

Kitayama et al. [387] approximated this quantity by comparing monotonic stress-strain 

curves with shear reloads at various levels of pre-strain. This procedure revealed that for 

shear strains less than 30%, the majority of dislocations were reversible, i.e., 0imP º , 

consistent with other works [388, 389]. Past this point, imP  increases nearly linearly to 

around 0.5 at shear strains of around 60%. To avoid undue complexity in our model, for 
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the range of cyclic strain relative to applications of interest we assume a constant imP  value 

somewhat greater than 0. This assumption can be refined as necessary in future work. 

Furthermore, following several other researchers [387, 390, 391], we partition ,w m

ar  

into two densities in order to account for load reversals and accompanying strain path 

changes. In accordance with our discussion of Figure 41, we consider strain path changes 

to progressively untangle and reduce the mobile, reversible wall dislocation density that 

contributes to the isotropic wall threshold stress. To account for strain path changes, 

without loss of generality, we distinguish the evolution of ,w m

ar  dislocation density based 

on whether it associates with shearing in + or ï directions along an assumed slip direction 

vector. In other words, 
w

ag  can be either + or ï depending on the arbitrarily assigned slip 

direction vector, and positive and negative 
w

ag  act to generate either ,w m

ar+  or ,w m

ar- , 

respectively. Consistent with our discussion regarding Figure 41, ,w m

ar+  and ,w m

ar-  are 

considered to be loosely tangled in a reversible fashion, and when the strain direction 

reverses they untangle, reducing 
w

ar  as the loose tangles re-form in the opposite direction. 

This treatment assumes that the mobile wall dislocations developed when 
w

ag  has a given 

sign progressively untangle or recombine upon strain reversal when the sign of 
w

ag  changes. 

This aspect of dissolution or partial reversibility influencing the mobile wall dislocation 

density is expected to be most influential during early loading cycles and is associated with 

back stress nonlinearity and the intense ratcheting transients observed for cycle counts on 

the order of tens of cycles, depending on the stress amplitude. Diminishing substructure 

dissolution is expected to occur as the immobile wall dislocation density ,w im

ar  increases.  
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The proposed sequence of events has been explored qualitatively before [345, 383], 

and the amount of ñfreeò rearrangement strain accompanying the partial 

untangling/dissolution of dislocation walls is envisioned to relate to the wall dislocation 

density, i.e., ,wcf mbla ag r= . Rearranging the dislocation density evolution rate from this 

expression shows that it closely resembles the dislocation multiplication rate in Eq. (123). 

Consistent with this logic, we assume that directly following a load reversal, the 

corresponding reversible mobile wall dislocation density is reduced at a similar rate as that 

of the dislocation tangling processes that preceded the reversal. 

6.2.2.8 Substructure evolution 

We assume the dislocation substructure is described using three parameters: structd , 

h, and wf . These three parameters describe the assumed prolate spheroid size and shape 

as well as the volume fraction of the wall phase. Parameter structd  describes the minor axis 

length, h is the ratio of the major to minor axis lengths, and wf  is the volume fraction of 

the wall phase. Parameter structd  is used to estimate the mean free path for channel 

dislocations and to calculate the evolution of both channel and wall densities. Parameter h 

is used to estimate the mean free path for channel dislocations, calculate the back stress 

evolution rate, and update the channel and wall dislocation densities. Parameter wf  is used 

to calculate the back stress evolution rate and the shearing rates in channel and wall phases. 

Lastly, the mean glide length of both channel and wall dislocations is discussed in this 

section.   
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There is a substantial body of work suggesting an inverse relationship between the 

characteristic substructure size and flow stress in both monotonic and cyclic deformation 

of materials that deform via wavy slip [363, 392]. As such, the characteristic substructure 

length, structd , is assumed to follow a similitude scaling law [143, 363, 393], i.e.,  
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where structK  is the constant of similitude that can be parameterized via TEM images and 

the denominator corresponds to the difference between the maximum absolute value of the 

resolved shear stress across all slip systems and the resolved shear stress at initial yield for 

the given initial material conditions and deformation temperature. Parameter 0t is constant 

and is estimated from uniaxial, monotonic single crystal simulations. Quantity structd  takes 

on a characteristic value when ( ) 0max at t¢ . 

The ratio of major to minor axis lengths in the prolate spheroid structure, h, can be 

considered to define the ñtypeò of dislocation substructure in the material. For example, 

for large values of h, the spheroids comprising the channel structure are extremely 

elongated and can be considered to correspond to PSB or vein-type substructure. On the 

other hand, smaller values of h correspond to labyrinth or equiaxed cell-type substructure. 

Prediction of the dislocation substructure is a grand challenge, especially in continuum, 

mesoscopic modeling frameworks [394]. Castelluccio and McDowell [80] developed an 

accelerated scheme to assign h for symmetric cyclic load cases and stabilized hysteresis 

loops that accompany relatively high cycle counts. This scheme determined the expected 
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dislocation structure on a cycle-by-cycle basis by evaluating and comparing the cyclic 

plastic shear strains on slip systems known to produce certain dislocation interactions such 

as Hirth locks or cross-slip. This scheme is shown in the decision tree in Figure 42. Here, 

maxgD  is the maximum cyclic plastic shear strain amplitude among all slip systems, HirthgD  

is the cyclic plastic shear strain amplitude on slip systems that can form Hirth locks, and 

CrossgD  is the cyclic plastic shear strain amplitude on slip systems between which 

dislocations can cross-slip. pl

MgD  and pl

PSBgD   are parameters fit with experiments that define 

the cyclic plastic shear strain expected to produce certain dislocation substructures. 

 

Figure 42. Parameter h determination scheme used by Castelluccio and McDowell 

[80] for cyclic symmetric loadings. Diagram reprinted with permission from 

Castelluccio and McDowell [80]. 

This scheme was successfully used to predict dislocation substructures and 

stabilized hysteresis loops in nickel for symmetric, strain-controlled loading [80]. 

However, since maxgD , HirthgD , and CrossgD are evaluated on a cycle-by-cycle basis, the 
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evolution of h is not a smooth function and jumps directly between discrete values, e.g., 

progressing directly from veinsh  to cellh . This approach artificially accelerates dislocation 

substructure development and limits the use of the scheme shown in Figure 42 to predict 

transient cyclic behavior that occurs from several cycles to tens of cycles. Furthermore, 

this approach depends on determination of the shear strain range, a quantity that may be 

difficult to define in general loading scenarios. 

To address this, a smooth functional form is proposed to drive transient substructure 

development in accordance with the target steady state substructures shown in Figure 42. 

A simplified expression is used to represent the role of relative slip system activation in 

the development of substructure, i.e.,   

 
,

0( )expinf inf

u

p

eff c m

kr

e
h h h h c

è ø
= + - -é ù

é ùê ú

  (136) 

where 0h  corresponds to the initial substructure type, likely on the order of 50 for single 

crystals at low to moderate strain levels and is limited by grain size in the case of 

polycrystals due to grain boundaries reducing the mean glide distance of mobile 

dislocations. Furthermore, infh  is the saturation limit for h, corresponding for example to 

equiaxed cell structure, c is a normalization constant, ,

p

eff cume  is the cumulative effective 

plastic strain, and kr is a function of the relative dislocation activity on various slip 

systems. The parameter ,
p

eff cume  drives the evolution of h and is written as 
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where  t  is the simulation time and ct  is the simulation time at which h is being evaluated. 

The function kr controls the rate at which  h approaches infh . Smaller values of kr 

correspond to more rapid evolution of h and vice versa. The parameter kr is defined by  
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where the numerator corresponds to the maximum mobile channel dislocation density over 

all slip systems and the denominator corresponds to the total mobile channel dislocation 

density. Here, we note that Eq. (138) is a stand-in used to estimate the degree of multislip 

or cross-slip occurring, as discussed below. Equation (136) is a phenomenological form 

that attempts to approximate substructure evolution by assuming the substructure 

development is driven by the cumulative plastic strain and evolves at a rate determined by 

the severity of multi-slip or cross-slip observed. [354]  

In this framework, we make a simple argument that when multiple slip systems are 

activated or cross-slip occurs, the substructure (and h) evolves more rapidly towards cell-

type structures, consistent with experimental observations [354, 395]. Conversely, if only 

a single slip system is activated the substructure evolves significantly slower. This is 

captured by Eq. (138) in the following way: take two single crystals, one oriented along a 

multi-slip direction such as 001  and the other oriented along a single-slip direction such 

as 123 . Eight slip systems are equivalently activated in the crystal oriented in the 001  

loading direction, producing equivalent values of 
c

ar . This leads to 1/ 8krº . On the other 

hand, only one slip system is activated in the crystal loaded in the 123  direction. Here, 
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the maximum 
c

ar  is experienced on the one activated slip system and is virtually equivalent 

to the total channel dislocation density, producing 1krº . In this case, since kr is much 

smaller for the crystal oriented for multi-slip, the substructure develops in a significantly 

more rapid manner as expected in this case. The function kr also takes into account the 

role of cross-slip in substructure development. For example, if we take our 123  single 

slip case and assume that favorable conditions for cross-slip arise, the maximum 
c

ar  would 

decrease relative to the total channel dislocation density, decreasing kr and accelerating 

substructure development. The normalization constant c is then used to produce 

reasonable substructure development rates for both crystals when compared with 

experiments. 

The substructure evolution method proposed in Eq. (136) is only applicable for load 

cases producing significant cyclic plastic strain. As seen experimentally [243, 396], cyclic 

plastic strain ranges on the order of 10-5
 to 10-2 generally stabilize some intermediate 

structure between loose, ill-defined substructures such as veins/braids and refined equiaxed 

cell structures. This regime is identified on cyclic stress-strain curves by a clear plateau. 

Clearly, Eq. (136) would not be able to resolve this plateau as any cycling that produces 

plastic deformation would continue to push h towards the equiaxed cell limit, however 

slowly. Nonetheless, as is observed experimentally [397], sufficiently high stresses and 

strain or asymmetric load cases almost always form cell structures, particularly in favorably 

oriented grains or at notches or crack tip stress risers. With our focus being on early cyclic 

plastic deformation situations that produce relatively significant cyclic plastic strains (e.g. 

transition fatigue, low cycle fatigue, and cyclic crack tip fields), we consider the simple 
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phenomenological approach proposed in Eq. (136) to be adequate. To capture stabilized 

hysteresis loop behavior in the plateau region of the cyclic stress-strain curve, the ñlookup 

tableò approach shown in Figure 42 may be more appropriate.  

The evolution of the wall volume fraction follows a similar approach as that 

adopted by other researchers [80, 145] and follows a similar functional form as Eq. (136), 

i.e., 
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where 0f  is the initial volume fraction of walls, inff  is the saturation limit, and fk  is a rate 

constant. Eq. (139) is a monotonically decreasing function, producing wf  behavior that 

may appear to be at odds with experimental results. For example, Feaugas [354] found wf  

to increase from 0 to around 40% before beginning to monotonically decrease for 

monotonic, uniaxial loading of SS316L at room temperature. Here, we highlight that the 

wf  quantity described by Eq. (139) corresponds to material regions containing primarily 

edge dislocations and differs from the wf  quantity extracted from TEM. In this way, 

assigning an 0f  value of 0.5 corresponds to an initially homogenous distribution of edge 

and screw dislocations [138]. 

The mean glide distance of channel dislocations is assumed to be limited by the 

mesoscale dislocation substructure [80], i.e.,  

 c structl dh= .  (140) 
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On the other hand, the relatively high dislocation density in the walls severely limits the 

glide distance of wall dislocations. The mean glide distance is defined as [398]  

 1
w

w

l
r

= .  (141) 

The functional forms used in the mesoscopic substructure evolution framework are 

phenomenological in nature and are intended to capture broad trends in each of the three 

variables. Recent advances in lower length scale simulation capabilities, for example via 

continuum dislocation dynamics (CDD), potentially provide pathways for improving 

substructure evolution equations for CP implementation [370, 399-401]. 

6.2.3 Model overview  

The model presented in the current chapter extends prior approaches. The equations 

governing the plastic deformation in the channel phase and the mesoscopic description of 

dislocation substructure resemble the approach used by Castelluccio and McDowell [80]. 

The equations governing the limited plastic deformation in the wall phase, evolution of 

wall dislocation density, and transient evolution of dislocation substructure are new 

additions. The true novelty of the present updated framework, however, stems from the 

micromechanical back stress formulation that considers the plastic deformation in both 

channel and wall phases. 

6.2.4 Parameter estimation 

Model parameters are specific to an initially well-annealed SS316L specimen deformed 

at room temperature and are separated into four categories as listed in Table 8: 
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1. direct parameters that are linked to underlying physics, 

2. parameters related to atomistic mechanisms,  

3. parameters related to mesoscale dislocation structures, and 

4. initial conditions characterizing the well-annealed specimen structure. 

The direct parameter set can be estimated from bottom-up simulations or experiments 

and is considered to include Bk , Gv , b , and the elastic constants. The attempt frequency Gv  

is estimated in a manner similar to that of Langer et al. [349]. The elastic constants 

comprising the elasticity tensor C  take on values typical of x-ray diffraction measurements 

[402, 403].  The shear modulus m is computed based on the Hershey polycrystal average 

[404, 405]. 

The parameters 0F  and 0s  are determined via calibration with the yield point in single 

crystal experiments (as will be seen in the results section). The profiling parameters p  and 

q  take on values typical of energy barriers considered in FCC crystal plasticity [121].  The 

annihilation distances for edge and screw dislocations are estimated from experiments 

[354] and atomistic simulations [406], respectively. 
0

CSV  is estimated in a similar manner 

as other researchers [371]. Parameter csd  is assumed to be on the order of the characteristic 

substructure distance. imP  is approximated as 0.15 in accordance with the discussion of Eq. 

(134). The dislocation interaction coefficients comprising Aaz were determined using 

DDD simulations of FCC crystals at a reference dislocation density of 1×1012 m-2 [81, 407]. 

The locations of the Aaz coefficients in the interaction matrix depend on the order in which 

the slip systems are evaluated, but an example FCC interaction matrix can be found in the 

paper by Franciosi and Zaoui [408]. 
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The constant of similitude structK  has been estimated from TEM images in a variety of 

contexts. Single and polycrystalline SS316L cycled at a variety of temperatures produced 

similitude constants ranging between 2 and 3 [143, 354, 393, 409]. The origin of 0h  and 

infh  has been discussed previously and corresponds to loosely tangled veins and refined 

cell structure, respectively. Parameter c is fit using single crystal simulations as will be 

seen in the results section. An initial wall volume fraction ( 0f ) of 0.5 is assumed. If we 

consider an initially annealed, homogenous material state, we assume that at the beginning 

of loading, 0.5w cf f= =  and a homogenous distribution of both edge and screw 

dislocations exists in the material. The saturation limit and rate constant for wf  are 

estimated from experimental data [354, 386, 410, 411]. Clearly, additional DDD, CDD, or 

TEM data would be helpful in further refining these estimates. As a specific example, the 

CDD simulations executed by Xia et al. [412] were able to predict full, three-dimensional 

dislocation substructures comparable to TEM images. Targeted CDD simulations of this 

nature have the potential to inform the dislocation substructure parameter estimates.  

The current study specifically investigates SS316L specimens that have been suitably 

processed to be characterized by a low initial dislocation density; we assume the initial 

dislocation density is 1×1010 m-2. In addition, Eq. (135) is only valid once ( ) 0max at t> ; 

prior to this point, we assume structd  is on the scale of  1-10 ɛm similar to prior work [80]. 

Parameter 0t, used in Eq. (135), is approximately 80 MPa as estimated from the resolved 

shear stress at initial yield for single crystal simulations. Lastly, the Boltzmann constant 

takes on the typical value of 1.38×10-23 J/K. 
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The philosophy of the developed framework was to root constitutive equations in 

physically-based mechanisms and micromechanically-motivated expressions. 

Accordingly, the majority of parameters are either physical constants or quantities 

measurable from lower-length scale simulations and experimental measurements. 

However, some phenomenology remains in the substructure evolution estimation. In this 

sense, some optimization was performed to improve the agreement between experiments 

and simulations. Specifically, the parameters dictating the initial yield point, i.e., 0F  and 

0s , as well as the substructure evolution normalization constant c were optimized using a 

trial and error method with experimental data.  

Table 8. Parameters for an initially annealed SS316L specimen subjected to 

deformation at room temperature. 

Direct parameters 

Gv  b  
11C  12C  44C  44@0KC  m 

1012 s-1 2.5E-10 m 232 GPa 154 GPa 118 GPa 129 GPa 76.8 GPa 

Parameters related to atomistic mechanisms 

0F  0s  p  q  
ey  sy  csd   

0

CSV  imP  

1.87 

eV 

280 

MPa 

0.66 1.5 3 nm 13 nm 10-5 m 1000b3 0.15 

Interaction matrix coefficients 

Self Coplanar Hirth Glissile Lomer Collinear 

0.122 0.122 0.07 0.137 0.122 0.625 
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Table 8 continued. 

Parameters related to substructure evolution 

structK  0h  
infh  c 

0f  
inff  fk  

,c multk , 

,w multk  

3 50 1 400 0.5 0.25 2 2 

Initial conditions 

,0structd  
,0c

ar  ,0w

ar  

10 ɛm 1×1010 m-2 1×1010 m-2 

6.3 Exercising the developed crystal plasticity model 

The framework was tested in uniaxial load scenarios for SS316L single and 

polycrystals undergoing monotonic and cyclic deformation at room temperature. The 

constitutive equations were implemented using an ABAQUS User Material (UMAT) 

subroutine [153]. The simulation framework was developed after similar work using 

UMAT models [80, 85]. The single crystal simulations were performed using a single 

reduced integration brick element (C3D8R). The polycrystal simulations used a simple 

mesh of 500 reduced integration brick elements (C3D8R); the polycrystal mesh and 

relevant dimensions are shown in Figure 43. For the polycrystal simulations, each element 

is assigned a random crystal orientation. The grain size is 50 ɛm, relevant for solution 

treated SS316L. The influence of grain size variation is not explored in the current work, 

but a discussion on the influence of grain size on a similar numerical framework is available 

in the literature [80].  Boundary conditions were specified along the x-axis, along which 

periodic boundary conditions were imposed. The positive and negative y and z faces were 
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treated as free of net traction using multi-point constraints, mimicking a uniaxial loading 

condition. In the following, both monotonic and cyclic loading results are presented. While 

the utility of the novel back stress formulation is most apparent in cyclic loading scenarios, 

monotonic results are presented to highlight the unifying ability of the model framework 

to capture a range of loading conditions as well as to cross check the evolution of certain 

ISVs.  

 

Figure 43. Finite element mesh used for polycrystal simulations comprised of 500 

C3D8R elements. 

6.3.1 Monotonic single crystal deformation 

Single crystal simulations were carried out with loading applied in three 

orientations: two orientations that promote multi-slip ( 001  and 111 ) and one single slip 

( 123 ). Crystals were subjected to uniaxial strain-control at a strain rate of 5×10-5 s-1 at 

room temperature. These orientations and load parameters were chosen to facilitate 

comparison with the experimental data of Karaman et al. [395]; The true stress-plastic 

strain curves are shown in Figure 44. Here, the simulated stress-strain curves are 
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represented with a solid line while the experimentally measured stress-strain curves are 

represented with a dotted line. 

 

Figure 44. Comparison between simulated and experimental data for SS316L single 

crystals subjected to monotonic uniaxial tension, with strain-controlled uniaxial 

loading in a specific crystallographic direction at room temperature. Experimental 

data are from Karaman et al. [395]. 

As seen in Figure 44, the initial yield point of all three orientations shows good 

agreement with the experimental data, suggesting the parameterization of 0F  and 0s  is 

reasonable. While the hardening rates are underestimated for all orientations, particularly 

the single slip 123  orientation, the qualitative trends are still present. Namely, the 111  

orientation exhibits the highest rate of hardening while the 123 orientation exhibits the 

lowest. Better agreement between experimental and simulated data can likely be achieved 

with a more comprehensive characterization of the initial material structure. 
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The differences in hardening rate among loading directions can be attributed to the 

relative activation of slip systems and corresponding dislocation substructure development 

in each orientation. As observed via TEM images performed by Karaman et al. [395], the 

specimens loaded along the 001  and 111  directions were characterized by multi-slip 

and a tendency towards cell formation with characteristic substructure distances on the 

order of 0.1 to 1 ɛm at a true plastic strain of around 10%. On the other hand, only one 

system was primarily activated in the specimen loaded in the 123  direction, producing a 

material state largely absent of a well-organized dislocation substructure. Consistent with 

the mesh length theory of strain hardening [364], the mean dislocation glide distance is 

substantially limited by the dislocation substructure for the specimens loaded along the 

001  and 111  directions, producing the higher rate of work hardening. To demonstrate 

how the proposed framework captures this phenomenon, the mean glide distance for 

channel dislocations, cl , is plotted as a function of true plastic strain as shown in Figure 

45. Here, the multi-slip conditions experienced in the specimens loaded along the 001  

and 111  directions produce rapid substructure development in accordance with Eq. (136)

. For these loading orientations, the h value approximates channel dislocation 

substructures at a true plastic strain of roughly 10%. Alternatively, the single slip 

conditions experienced in the specimen loaded along the 123  direction precludes 

significant dislocation substructure development with the h value approximating 

something akin to loose veins or braids at a true plastic strain of roughly 10%.  
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Figure 45. Mean glide distance for mobile channel dislocations as a function of true 

plastic strain. 

6.3.2 Polycrystal monotonic deformation 

A simulated polycrystal was subjected to room temperature, strain-controlled 

loading using the same loading parameters as Kang et al. [333], i.e., a prescribed strain rate 

of 2×10-3 s-1. The engineering stress-strain curves for both simulated and experimental data 

are shown in Figure 46. Here, the simulated stress-strain curve is represented with a solid 

line while the experimental stress-strain curve is represented with a dotted line. 
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Figure 46. Comparison between simulated and experimental data for SS316L 

polycrystals with random orientation distribution subjected to strain-controlled 

uniaxial tension deformation at room temperature. Experimental data from Kang et 

al. [333]. 

As can be seen in Figure 46, the averaged, macroscale response of the single crystal 

behavior exhibited in Figure 44 matches closely with experimental data when a sufficient 

number of crystals are sampled. The proposed framework can be further examined through 

comparison with the in-depth investigation of uniaxial, monotonic SS316L deformation 

conducted by Feaugas [354]. To facilitate comparison, the strain-controlled loading was 

changed to match the loading condition used in this study, namely a prescribed strain rate 

of 4×10-4 s-1.  

First, the percentage of grains exhibiting particular dislocation substructures can be 

qualitatively compared as shown in Figure 47. In Figure 47(a), the percentage of grains 

exhibiting certain dislocation structures as determined via TEM is plotted as a function of 

plastic strain. Note that Feaugas [354] distinguished between three different types of 
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characteristic substructures, i.e., tangles, walls, and cells. Here, we note that while the term 

ñwallsò generally refers to the dislocation-dense phase, Feaugas [354] used this term to 

refer to something akin to a vein substructure. Pham et al. [339] similarly used the terms 

ñwallsò and ñveinsò interchangeably. In Figure 47b, we assume that h is a surrogate for 

these substructures and discretely bin h in order to make a comparison with experimental 

data. While we note that the limits used to bin the continuous h evolution are relatively 

arbitrary for the wall/vein and tangle substructures, the purpose of this comparison is to 

show the h evolution rate described by Eq. (136) is reasonable when qualitatively 

compared with the evolution of substructures measured in experiments.  

 

Figure 47. Percentage of grains exhibiting certain dislocation substructure 

characteristics in (a) experiments and (b) simulations. Experimental data from 

Feaugas [354]. 

The dislocation densities in channel and wall phases are also compared with 

experiments, as shown in Figure 48. This plot shows the relevant dislocation densities 

plotted as a function of plastic strain. The simulated dislocation densities correspond to the 
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total dislocation density over all slip systems and averaged over all grains. As can be seen, 

simulations exhibit order of magnitude agreement with experimental results. 

 

Figure 48. Dislocation density in channels and walls as a function of plastic strain. 

Solid lines plot the total average dislocation density over all simulated grains.  Dashed 

lines plot experimental data from Feaugas [354]. 

Clearly, the proposed model contains substantial information regarding dislocation 

substructure and its evolution with respect to underlying crystallography during imposed 

deformation.  

6.3.3 Polycrystal fully reversed strain-controlled cyclic loading 

A simulated polycrystal was subjected to room temperature, fully reversed strain-

controlled cyclic loading using the same loading parameters as Kang et al. [413], i.e., a 

strain rate of 2×10-3 s-1 and a strain amplitude of 0.7%. The stress amplitude vs. cycle 

number data and a characteristic hysteresis loop extracted at cycle 10 are shown in Figure 
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49. It should be noted that the yield point is less sharp in the experimental hysteresis loop 

when compared to the simulated one in Figure 49(b). This insufficiency in the model 

framework has been recognized in prior work [341, 344] as owing to the inclusion of only 

a single back stress component. Multiple components of back stress considering short- and 

long-range transients can be introduced to resolve the initial elastic-plastic transition, but 

this is not a focus of the current work. 

 

Figure 49. Comparison between simulated and experimental results for fully reversed 

strain-controlled cyclic loading of SS316L polycrystals in the absence of a mean stress. 

Experimental data from Kang et al. [413]. 

6.3.4 Polycrystal stress-controlled loading with a mean stress 

A simulated polycrystal was subjected to room temperature, stress-controlled cyclic 

loading with a positive load ratio and associated mean stress, using the same loading 

parameters as Kang et al. [333], i.e., a prescribed stress rate of 400 MPa-s-1 and a variety 

of stress amplitudes for a mean stress of 70 MPa. The ratchet strain vs. cycle number curve 

data are plotted in Figure 50. Note that the ratchet strain is defined as max min( ) / 2re e e= +  
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where maxe  and mine  are the maximum and minimum engineering strains in each cycle, 

respectively.  

In addition to the ratchet strain vs. cycle number data, the hysteresis loop evolution 

for the 70±330 MPa load history is shown in Figure 51. Note that both experimental and 

simulated hysteresis loops are rounded near the maximum tensile stress due to viscoplastic 

effects. As seen in these two figures, the proposed model appears to predict the ratchet 

behavior relatively well for the simulated load histories. 
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Figure 50. Comparison between simulated and experimental results for stress-

controlled asymmetric cyclic loading of SS316L polycrystals with constant mean 

stress. Experimental data from Kang et al. [413]. 

 

Figure 51. Comparison between experimental (a) and simulated (b) hysteresis loop 

evolution for cycles 1-5, 10, and 50 for the 70±330 MPa load history. 

A second set of simulations were conducted assuming a constant stress amplitude 

of 350 MPa with several values of mean stress and a loading rate of 400 MPa-s-1. The 

results from these simulations are shown along with experimental data from Kang et al. 
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[333] in Figure 52. As seen in Figure 52(a), the prediction of ratchet strain accumulation is 

less accurate at lower mean stresses. Indeed, while the simulations predict a nearly constant 

ratchet strain achieved from cycle 5 onward for the 30±350 MPa case, the experimental 

data suggest a relatively high level of steady state ratchet strain accumulation.  

Lower accuracy of simulated ratchet strain accumulation for low mean stresses is 

likely due to the simple approximation adopted for the imP  parameter. As discussed in 

presenting Eq. (134), we assumed that imP  was constant and somewhat greater than 0 based 

on the work of Kitayama et al. [387]. However, imP  effectively modulates the degree of 

substructure dissolution and reorganization upon a load reversal; assuming a constant value 

regardless of pre-strain and loading parameters is likely an oversimplification. Kitayama 

et al. [387] suggested that imP  steadily increases as a function of strain preceding a load 

reversal due to the accumulation of dislocation debris and for low pre-strains is nearly 0. 

Gaudin and Feaugas [338] suggested that the severity of substructure dissolution at low 

mean stresses is a more complex phenomenon that results from the competition between 

the degree of reverse plastic strain and required stress to break wall dislocation patterns. 

Specifically, while low mean stresses produce high amounts of reverse plastic strain, aiding 

in the dissolution process, the low mean stress produces local stresses that are more likely 

to remain below the threshold required to break wall dislocation configurations.  

While we do not pursue a more rigorous formulation for imP  in the current work, 

we demonstrate in Figure 52(b) that the proposed modelôs prediction of low mean stress 

ratcheting behavior is improved upon proper choice of the imP  parameter. In this plot, three 

ratchet strain vs. cycle number curves are plotted for three different imP  values for the 
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30±350 MPa case. The red, green, and blue curves correspond to imP  values of 0.15, 0.05, 

and 0.025, respectively. Note that a imP  value of 0.15 corresponds to the imP  value used in 

the other simulations presented herein. As can be seen in Figure 52(b), decreasing imP  

(increasing degree of dissolution) increases the quality of the model prediction and can be 

interpreted as being representative of the pre-strain arguments of Kitayama et al. [387] or 

mean stress arguments of Gaudin and Feaugas [338]. Accordingly, this chapter has 

established that the ratcheting rate is clearly linked to dissolution parameter imP . 

Further parameterization of imP  is likely difficult to achieve from a top-down 

approach using additional macroscopic experiments. On the other hand, lower-length scale 

simulation techniques such as atomistics or DDD are likely limited in their usefulness due 

to both length and time scale restrictions. However, CDD simulations such as the ones 

performed by Xia et al. [412] have demonstrated an ability to predict three-dimensional 

dislocation substructures and extract metrics that can be useful in mesoscale crystal 

plasticity frameworks. A more rigorous formulation for imP  can likely be developed using 

CDD simulations of this nature. 
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Figure 52. (a) Comparison between simulated and experimental results for stress-

controlled asymmetric cyclic loading and a constant stress amplitude for SS316L 

polycrystals. (b) Influence of imP  on the rate of ratchet strain accumulation for stress-

controlled cyclic loading with low mean stress. Experimental data from Kang et al. 

[413]. 

6.3.5 Single crystal asymmetric stress-controlled loading 

The foregoing has demonstrated that the proposed model can adequately predict a 

range of material behavior pertaining to monotonic and cyclic loading of single crystals 

and polycrystals. In this section, we elucidate how the back stress model is able to predict 

ratcheting behavior without relying on common phenomenological kinematic hardening 

forms and associated fitting parameters. To this end, we load a SS316L single crystal along 

the multi-slip orientation investigated earlier, i.e., 001 , for stress-controlled loading 

defined by 50±285 MPa at a stress rate of 400 MPa s-1. The ratchet strain vs. cycle number 

and true stress vs. true plastic strain curves are shown in Figure 53.  
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Figure 53. (a) Ratchet strain plotted as a function of cycle number and (b) True-stress 

plastic strain curve for a SS316L single crystal loaded along the 001  direction for 

stress-controlled loading at 50±285 MPa and a stress rate of 400 MPa s-1 at room 

temperature. 

The wall and channel slip system shearing rates as well as the channel back stress 

evolution are plotted as a function of cumulative plastic shear strain specifically for cycles 

2 and 3 in Figure 54(a) and (b) respectively. In these plots, the data were extracted from 

one of the activated slip systems in the chosen multi-slip orientation. The choice of slip 

system for data extraction is arbitrary due to the activation of multiple equivalent slip 

systems in this highly symmetric loading orientation. In addition to the plotted curves, blue 

arrows are provided to differentiate between load segments, i.e., distinguishing between 

reverse loading to compression and forward loading to tension. 

The evolution of the values shown in Figure 54 reveal the fundamental model 

behavior that produces ratcheting. Simply put, the lack of plastic deformation in the wall 

phase during reverse loading to compression produces a relatively fast and linear evolution 

of the channel back stress per Eq. (110). On the other hand, the moderate amount of plastic 

deformation in the wall phase during forward loading to tension produces relatively slow 
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and nonlinear evolution of the channel back stress. Ignoring more complex variable 

evolution, this can be written symbolically as ( , )( )c accom c wwB f f fa a a ah g g= -  and for the load 

scenario considered here, ( ) ( )
eforwarc w c w r ver ed s

a a a ag g g g- < - . In essence, the difference in the 

channel back stress evolution in forward and reverse directions due to the wall phase plastic 

behavior produces ratcheting in the proposed model. 

 

Figure 54. Slip system shearing rates and back stress in the channel phase as a 

function of cumulative plastic shear strain. 

The ratchet strain transient observed in Figure 50, Figure 52, and Figure 53(a) is 

associated with progressive stabilization of the dislocation substructure and subsequent 

decrease in the degree of substructure dissolution with each load reversal. As the wall 

dislocation density becomes increasingly tangled and immobilized, plastic deformation 

becomes more difficult to initiate and the wall plasticity to which we attributed the 

ratcheting behavior diminishes. This process was briefly discussed in relation to Figure 52 

and is now highlighted in Figure 55. Here, the ratchet strain and maximum slip system 

shearing rates over each cycle are plotted as a function of cycle number for two different 

imP  values. In this case, we consider imP  to represent the severity of substructure dissolution 
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with larger values corresponding to faster stabilization of the substructure via faster 

evolution of the immobile/irreversible wall dislocation density ,w im

ar .  

As can be seen in Figure 55(a), the nonlinearity in both curves is exhausted by cycle 

20 and can be directly correlated to the variation in slip system shearing rates shown in 

Figure 55(b). For the case of imP = 0.15 (solid curve), 
w

ag  approaches a very low shearing 

rate until it is negligible at around cycle 20. This corresponds directly to the effective 

cessation of meaningful ratchet strain accumulation. On the other hand, for the case of imP

= 0.1 (dotted curve), 
w

ag  is larger than for the imP = 0.15 case and results in the steady 

accumulation of cyclic creep strain observed. In terms of dislocation substructure 

stabilization, the degree of substructure dissolution diminishes to a negligible amount for 

the imP = 0.15 case while it reaches some non-zero steady state value for the   imP = 0.1 case. 

The observations regarding dislocation substructure stabilization were based on the 

different shearing rate behavior noted at higher cycle counts in Figure 55. 
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Figure 55. Ratchet strain (a) and maximum slip shearing rate over each cycle for both 

channel and wall phases (b) plotted as a function of cycle number for two different 

imP  values. Data were extracted along one of the equivalently activated slip systems in 

the current single crystal load configuration. 

Taken together, Figure 54 and Figure 55 shed light on how the model is able to capture 

ratcheting. Essentially, the model predicts nonlinear back stress evolution and associated 

ratcheting based on the degree of plasticity occurring in the wall phase, intimately related 

to the threshold stress in both phases, 
cSa and 

wSa .  The extent of transient ratchetting 

behavior is due to accumulation of irreversible, heavily tangled wall edge dislocations. 

Steady state cyclic creep conditions can be achieved due to a stabilization of the dislocation 

substructure dissolution and formation processes accompanied with low-level, continued 

plastic wall deformation.  

6.4 Discussion regarding the newly developed crystal plasticity model 

This chapter builds on previous micromechanically-based back stress formulations 

[80, 82], further attributing complex cyclic plasticity responses such as ratcheting under 

stress-controlled cycling in the presence of mean stress to the relative ability of both 
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channel and wall phases to plastically deform. The proposed micromechanical back stress 

evolution does not rely on phenomenological forms such as the AF model, and naturally 

evolves as a function of the plastic flow behavior in channel and wall phases.  

In addition, the proposed model framework removes phenomenological fitting 

constants in the back stress formulation where they have unclear micromechanical origins 

and instead limits the majority of phenomenology to the approximation of substructure 

shape and size which can be directly informed via TEM imaging or simulated using CDD. 

In this way, the proposed model has enhanced utility as a scientific tool to investigate 

dislocation substructures and activity occurring on the mesoscale. 

We applied the proposed back stress model to explore possible mechanisms 

responsible for the ratcheting behavior in SS316L. We attribute the ratcheting behavior of 

SS316L (and by proxy a multitude of FCC materials that deform by means of wavy slip) 

to the cyclic formation, dissolution/rearrangement, and reformation of dislocation 

substructures. This attribution is consistent with: 

i) the in-depth experimental studies by Gaudin and Feaugas [338], Feaugas 

[354], and Hasegawa et al. [383] amongst others, 

ii)  the qualitative treatment of dislocation substructure pioneered by Mughrabi 

[138] and Hasegawa et al. [345], and 

iii)  strain-path dependent dislocation evolution considered by a variety of authors 

[387, 390, 391]. 

By accounting for the evolution of dislocation substructure morphology and its resistance 

to dislocation plasticity, the proposed framework introduces wall plasticity and 
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corresponding back stress behavior associated with wall dissolution and reformation that 

reproduced experimental ratcheting data well. In addition, the model was shown to have 

good agreement with monotonic single crystal experiments as well as monotonic and cyclic 

polycrystal experiments that considered both fully reversed strain-controlled cycling and 

stress-controlled cycling with mean stress.  

Finally, we note that the incorporation of the substructure dissolution based on the 

sign of the slip system shearing rate is bound to have ramifications for modeling 

deformation-induced anisotropy of crystalline response for changes of loading path, which 

has long been a substantial challenge to modeling with crystal plasticity and reduced order 

anisotropic yield surfaces. Application of the present formulation to complex 

nonproportional strain histories is likely to produce non-intuitive and physically 

meaningful results, serving as a potential area for subsequent framework extension and 

application. 
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CHAPTER 7. CRYSTAL PLASTICITY MO DELING OF 

TEMPERATURE -DEPENDENT PHENOMENA IN AUSTENITIC 

STAINLESS STEELS 

This chapter discusses the crystal plasticity modeling of temperature-dependent 

phenomena in austenitic stainless steel. The crystal plasticity model developed in the 

previous Chapter is extended in order to model temperature-dependent behavior observed 

in the temperature range of 300-1000 K; a novel framework is developed that attributes 

temperature-dependent variations in material behavior to altered mesoscale dislocation 

structures in the presence of mobile solutes.  

First, prior attempts to model temperature-dependent behavior in austenitic stainless 

steel are discussed. Following, temperature-dependent extensions to the crystal plasticity 

framework developed in the prior Chapter are presented. To conclude, the model is 

exercised and shown to produce good agreement with a wide variety of experimental 

loading scenarios for smooth stainless steel 304 (SS304) specimens at a variety of 

temperatures. 

7.1 Introduction  to temperature-dependent modeling 

The deformation response of FCC alloys such as austenitic stainless steels at elevated 

temperatures is of interest due to their use in nuclear and hydrogen energy applications 

[414, 415]. Despite advanced experimental characterization techniques and the 

development of a wide array of computational models that span length scales ranging from 

the atomic to the macroscopic [79], the deformation behavior of FCC alloys remains an 
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open area of research, especially when considering behavior over a wide range of 

temperatures. FCC alloys loaded at elevated temperatures exhibit anomalous deformation 

behaviors that invite further study. Specifically, complicated recovery [416] and strain 

hardening [417] behavior, as well as observations of serrations in stress-strain curves [418] 

can be considered. While there is broad understanding that the elevated temperature 

phenomena listed above are produced in some fashion by enhanced solute and vacancy 

diffusion processes [418, 419], the full coupling between enhanced solute and vacancy 

mobility, dislocations, and dislocation substructure requires additional investigation. 

Monotonic, uniaxial experiments performed on austenitic stainless steels at certain 

combinations of loading rate and temperature produce serrations in the stress-strain curve 

[418]. As an example, Figure 56 provides a flow property map for SS304 plotting the strain 

rates and temperature combinations where serrations have been observed. The origin of 

these serrations is generally attributed to dynamic strain aging (DSA); DSA ascribes 

serrations in stress-strain curves to the sequential locking and unlocking of spatially and 

temporally coupled dislocation populations by mobile solutes. Initial understanding of 

DSA was established in early works by Cottrell and coworkers [280, 302] and Louat [420]. 

Here, anomalous behavior at elevated temperatures was attributed to the ability of solutes 

to diffuse to regions of tensile stress about edge dislocation components. The solute 

atmospheres that form then act to increase the resistance to dislocation motion [280]. 

Subsequent work more rigorously explored the sequential locking and unlocking of 

dislocations by solute atmospheres in the context of serrated flow and DSA [421, 422]. 

The observation of serrated stress-strain curves in certain alloys implies that DSA is 

occurring, but the converse is not true. In other words, DSA does not always manifest at 
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the macroscale as serrated flow [423-425]. To observe serrations, some degree of spatio-

temporal coupling must occur amongst a sufficient number of locked dislocations in order 

to produce a strain burst that is detectable at the macroscale upon unlocking [426-428]. The 

locking and unlocking of dislocations by solutes in an uncoupled fashion without spatio-

temporal coupling still leads to DSA, but in this scenario, serrated stress-strain curves 

would not be observed at the macroscale. The specific strain rate and temperature 

envelopes that produce serrated stress-strain curves (Figure 56) create unique mesoscopic 

conditions of strong spatio-temporal coupling of dislocation populations. 

 

Figure 56. Flow property map plotting the strain rate and temperature combinations 

where serrated flow has been observed in SS304. Schematic adapted from [429]. 

Besides serrated stress-strain curves, DSA has been used to explain temperature-

sensitive variations in stress (s), work hardening rate ( /q s e=D D), Hall-Petch slope (Ke

) , ductility, and strain rate sensitivity ( / lnz s e=D D ) [418]. Qualitative variation of these 
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values is plotted in the schematic shown in Figure 57, adapted from Rodriguez [418]. 

Experimental observations show DSA produces significant changes in an alloyôs 

deformation behavior at elevated temperature, consistent with Figure 57. Two studies by 

Kang et al. [417, 430] explored the response of SS304 to cyclic loading for a range of 

temperatures. A remarkable increase in cyclic strain hardening was observed as the 

temperature increased from room temperature to 873 K for fully-reversed, uniaxial, strain-

controlled loading, a result consistent with similar studies on austenitic stainless steel 

[424]. Above this temperature, the cyclic strain hardening rate decreased substantially. 

Additionally, the rate of cyclic accumulation of plastic strain during stress-controlled 

loading in the direction of a mean stress, i.e., ratcheting, decreased substantially as the 

temperature increased from room temperature to 873 K. Sarkar et al. [431] similarly noted 

that DSA reduced the accumulation of ratcheting strain. 

The enhanced mobility of solutes in the DSA regime has been observed to modify 

mesoscale dislocation structures. As one example, TEM of cyclically loaded stainless steel 

316LN showed a dramatic change in characteristic dislocation substructure in the DSA 

regime [424]. Cyclic deformation at room temperature produced a heterogenous 

dislocation distribution characterized by dislocation-dense walls separated by dislocation-

sparse channels, consistent with other work [339]. For the specimens loaded in the 

temperature range of 773 to 873 K, a more homogenous dislocation substructure was 

produced, characterized by a large number of dislocation loops, dipoles, and pinned 

dislocations in the channels between dislocation-dense walls. Similar dislocation 

substructures have been observed in other studies related to elevated temperature cyclic 

loading of austenitic stainless steels [432-434]. Mannan [425] specifically suggested the 
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transition in characteristic substructure from cells to a more homogenous dislocation 

distribution produces the enhanced cyclic hardening observed in experiments. 

Lower-length scale computational modeling efforts have provided additional 

insight into DSA phenomena. The atomistic simulations by Curtin et al. [435] suggest that 

enhanced diffusion via ñcross-coreò processes are active and enable DSA to occur. Sills 

and Cai [305] produced a useful non-dimensionalized dislocation force-velocity expression 

that was developed based on a numerical model of dislocation solute drag. A similar 

modeling framework was subsequently utilized by Epperly and Sills [436] to explore the 

transient nature of solute drag and strain aging. Despite the utility of these lower-length 

scale models in understanding unit processes contributing to DSA, it is somewhat unclear 

how the results can be used to understand the macroscale behavior outlined in Figure 57. 

Regarding larger material volumes, the coupled dislocation-solute dynamic model 

developed by Fressengeas et al. [426] can be considered. This model was able to predict 

typical features of DSA such as negative strain rate sensitivity and critical strain thresholds 

by considering the different time scales for dislocation and solute dynamics. Furthermore, 

a number of meso- to macroscale continuum crystal plasticity models have been developed 

in an effort to bridge between micro- and macroscale regimes. The crystal plasticity model 

developed by Marchenko et al. [437] added a phenomenological, time-dependent 

hardening component to the flow stress for which the time dependence was related to the 

characteristic aging time, e.g., time required for diffusion of certain solutes. Gupta et al. 

[438] modified the evolution of mobile and immobile dislocation densities in a dislocation-

density based crystal plasticity model, similar to prior work by Fressengeas et al. [426]. 

Cyr et al. [439] considered a strain burst associated with DSA to occur if some critical 
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resolved shear stress threshold was met in a crystal plasticity model. Clearly, all of these 

models considered DSA in a different fashion. Aside from the work by Cyr et al. [439], 

these crystal plasticity studies focused on monotonic loading and did not attempt to 

describe material deformation behavior over a range of temperatures, instead focusing on 

one characteristic temperature where DSA had been observed. However, several isotropic 

2J  plasticity frameworks leveraging phenomenological constitutive equations can be 

mentioned in this regard [440-442].   

The current chapter extends prior crystal plasticity studies of DSA through direct 

consideration of evolving dislocation densities and their heterogenous distribution in 

cyclically loaded austenitic stainless steels for a wide range of temperatures. Specifically, 

the enhanced cyclic hardening and reduced ratchet strain accumulation observed in the 

DSA regime are attributed to the shift in characteristic substructure and dislocation 

distribution as observed via TEM [424, 432-434]. Considering DSA in this manner is also 

shown to reproduce the negative strain rate sensitivity and stress-strain serrations observed 

at elevated temperatures. The work is organized as follows. First, the crystal plasticity 

model developed in the preceding chapter is extended to account for additional processes 

occurring at elevated temperatures. Lastly, a case study is presented demonstrating that 

attributing DSA in the proposed manner is able to produce the enhanced cyclic hardening, 

reduced ratchet strain accumulation, negative strain rate sensitivity, and stress-strain 

serrations experimentally observed in the DSA regime.  
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Figure 57. Qualitative variation of certain material properties with temperature 

(adapted from [418]). The temperature region associated with DSA is shown, e.g., 

around 400 K ï 900 K for austenitic stainless steel [418]. The meaning of the symbols 

is described in the text. 

7.2 Extension of the crystal plasticity model to elevated temperatures 

While the baseline crystal plasticity model described in the previous Chapter 

considers the influence of temperature on the thermally-activated plastic processes of 

dislocation glide and cross-slip, the impact of mobile solutes on dislocation activity at 

elevated temperatures is not considered. Accordingly, the so-called ñbaselineò crystal 

plasticity model is extended in the following to consider the interaction of solute 

atmospheres and dislocations. 




















































































































































































































































































































































































































