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SUMMARY 

Variational formulas have been developed and applied to the 

analysis of complicated electromagnetic structures where conventional 

techniques are difficult or impossible to utilize. Although these 

variational approaches make difficult problems tractable, they usually 

give rise to a system of nonlinear equations describing the structure. 

These nonlinear equations become increasingly difficult to solve as a 

more and more accurate analysis is attempted. To retain the advantages 

of a variational approach, yet avoiding the difficulties of nonlinear 

equations, a new variational principle which produces linear equations 

is presented in this dissertation. Solving the linear equations ob­

tained from this new approach will require less work than solving the 

nonlinear equations from other approaches to the same problem. 

The new approach is used to analyze a general class of antenna 

problems, and the detailed analysis for a particular antenna, namely 

a coated rectangular waveguide slot, is performed. The rectangular slot 

is in a ground plane that is transverse to the axis of the waveguide. 

The general equations presented in this thesis apply to plasma as well 

as dielectric coverings, to lossy as well as lossless coverings, and to 

loaded as well as unloaded waveguides. Thus, they apply to a wide 

variety of important antenna problems. The application of the general 

equations to any of these configurations would only require a change in 

integration scheme. 



IX 

Numerical calculations are performed on four X-band slot antennas, 

each having an infinitely wide ground plane and a lossless dielectric 

covering. The calculated admittance and far field pattern of each 

antenna is compared with experimental measurements on similar antennas 

with finite ground planes. The success of the experimental verification 

Indicates that the new procedure is practical and has wide applicability. 

One, three, and ten mode calculations are performed for each antenna. 

The test cases considered show that usually a minimum of three modes is 

necessary for accurate admittance predictions. 

The predicted patterns are smooth curves which decrease monoton-

ically from the maximum value, which is in a direction normal to the 

aperture. The measured patterns have ripples superimposed on the pre­

dicted curves. The predicted patterns tend to give the average value of 

these ripples. On the basis of the test cases considered, a one mode 

analysis seems adequate for pattern predictions. 



CHAPTER I 

INTRODUCTION 

Solution of Electromagnetic Problems 
by Variational Techniques 

The classical method of analyzing any electromagnetic problem is 

by solving Maxwell's equations subject to the boundary conditions of 

the system. Although such an approach is conceptually simple for any 

geometry, it Is only for elementary configurations--those formed by 

coordinate system surfaces—that the mathematical analysis is also rela­

tively easy. For such configurations It is usually possible to find a 

simple solution of Maxwell's equations that satisfies all of the bound­

ary conditions. However, as the geometry becomes more complicated, the 

mathematical analysis also becomes more difficult. For such geometries, 

a simple solution usually cannot be found, and a Fourier type series 

approach must be used in which the fields are expanded in terms of a 

complete set of functions with proper weightings. Typical examples of 

such expansion functions are sinusoidal and hyperbolic functions in the 

solution of Laplace's equation In rectangular coordinates, and spherical 

harmonics in the solution of the wave equation in spherical coordinates. 

This expansion technique also becomes very difficult to apply for 

the even more complicated geometries which often arise in practice. For 

such configurations, the variational approach is still analytically 

tractable. Collin (1) and Harrington (2) give good accounts of this 



approach, which has been extensively applied to practical electromag­

netic problems during the past 30 years. 

The variational approach converts a field theory problem into a 

calculus of variations problem by showing that the true field which 

exists in a system is the one that makes some particular integral sta­

tionary. A stationary formula is one that is relatively insensitive to 

variations in an assumed field about the correct field. The advantage 

of such an approach is that approximations to field quantities, as for 

example propagation constant and input impedance, can be obtained rela­

tively rapidly and with much less work than is required by conventional 

techniques. In the variational approach a trial function containing 

several adjustable parameters Is used to approximate the true field. 

By adjusting these parameters so that the integral in question is sta­

tionary, the best possible approximation to the field is obtained from 

among the class of functions being considered. Inclusion of more trial 

functions produces more accurate results but increases the effort needed 

to solve the resulting equations. 

Variational principles have been associated with Maxwell's equa­

tions for some time. The initial principles, however, had theoretical 

rather than practical value. In 1900 Larmor (3) showed that the differ­

ence between the stored magnetic and electric energy densities possessed 

a stationary property analogous to similar expressions for mechanical 

systems. Henschke (M-) in 1913 showed that Maxwell's equations could be 

derived from a particular energy function. After Henschke, most authors 

interested in stationary formulas for electromagnetic problems concen­

trated on deriving Maxwell's equations from various energy functions 
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rather than on solving problems associated with particular geometries. 

It was not until the 1940?s that variational formulas found wide 

acceptance in the solution of practical problems. The variational method 

introduced by Schwinger (5) permits the handling of a large variety of 

problems which were very difficult, if not impossible, to solve by con­

ventional techniques. Stationary formulas for discontinuities in wave­

guides and for the resonant frequency of cavities began to appear in the 

literature. Later, scattering problems and antenna problems were formu­

lated in terms of variational expressions„ 

This dissertation presents a new variational formula having the 

singular characteristic of giving rise to linear algebraic equations. 

This characteristic is quite significant because comparable variational 

approaches produce nonlinear equations which rapidly become unmanageable 

as the number of adjustable parameters is increased. The linear equa­

tions resulting from this new approach9 however, are still manageable as 

the number of parameters is increased, thus making possible a more pre­

cise analysis of a broad class of problems. The new approach is used to 

analyze a general class of antenna problems. The detailed analysis for 

a particular antenna, namely a waveguide slot, is demonstrated, and the 

experimental verification of the theoretical results is provided. 

Background of the Antenna Problem 

Many antennas being used today have dielectric coverings over 

them. Antennas under radomes and antennas under heat shields on space 

vehicles are two such examples„ The dielectric covering is usually 

provided to protect the antenna from the external environment, but it 



4 

also influences the electrical behavior of the antenna. 

In the case of space vehicles which must travel through the 

earth's atmosphere, a heat shield is placed over the vehicle to protect 

it and its antennas from the re-entry heat. As the vehicle re-enters 

the atmosphere, the heat shield is ablated away, causing the thickness 

and the dielectric constant of the coating to change. It is important 

to know what influence the change In dielectric constant and the change 

in dielectric thickness will have upon the performance of the communica­

tion system connected to the antenna0 In particular, it is necessary to 

know what sort of Input impedance variations these changes produce in 

order to design matching networks for the transmitter. In addition, any 

change In the radiation pattern must be known in order to predict the 

performance of the communication system. 

Because of aerodynamic considerations, a common choice of antenna 

for re-entry vehicles is one that can be mounted flush with the surface 

of the vehicle. Representative of this group is a waveguide slot 

antenna which uses the surface of the space vehicle as a ground plane. 

Such an antenna provides a wide radiation pattern giving good coverage 

even if the vehicle rotates somewhat. It is this antenna configuration 

which motivates the particular problem to be studied in this disserta­

tion. The antenna will be analyzed using the new variational principle. 

Before the advent of variational techniques, the field distribu­

tion in an antenna's aperture had to be assumed instead of being 

analytically calculated. For example, Silver (6) almost always assumes 

the form of the aperture distribution, even though it is known that 

these assumptions are Incorrect and produce errors. However, the 
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difficulty encountered in attempting to derive the true distribution 

usually prevents an exact analytic approach. Even in some recent 

studies (7) of slot antennas and coated slot antennas, the aperture 

distribution is still assumed instead of being analytically calculated 

using existing variational techniques. The predictions from such 

approaches are open to question since the assumed aperture distribution 

is not exact. 

Variational Approaches for Slot Antennas 

Several variational formulas have been developed for slot 

antenna problems. All of these formulas give rise to nonlinear equa­

tions when the trial field in the aperture is expanded, using more than 

one waveguide mode function. 

Lewis (8) in 1951 presented a stationary formula for the input 

admittance of an open-ended rectangular waveguide with an infinite 

flange (ground plane) having no dielectric coating. His formula is in 

terms of the aperture distribution of the antenna which can have an 

arbitrary form. For numerical calculations, however, he assumes that 

only the dominant mode is present. This aperture distribution simpli­

fies his nonlinear equation to a linear one. 

Galejs (9-11) has applied Lewin's technique to plasma-covered 

slot antennas. His equations are nonlinear, as are Lewin's. He uses a 

two-term trial function, having only one adjustable parameter, for the 

aperture distribution. His results indicate (12) that the aperture 

distribution can differ significantly from that of the dominant mode 

alone. 
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In 1951 Cohen et al. (13) developed a stationary formula for a 

dielectrically-loaded rectangular waveguide radiating into half-space. 

The development was based on Schwinger' s (1M-) approach, and the result­

ing variational formula was nonlinear. A dominant mode approximation 

was made to the aperture fieldc 

Villeneuve (15) applied Rumsey's reaction concept (16) to slot 

antennas and also obtained nonlinear equations. The results he presents 

assume that the dominant mode alone is present. 

Compton (17) in 1964 developed a variational formula similar to 

Lewin's for a rectangular waveguide radiating through a dielectric slab. 

This work was corrected by Croswell et al. (18) in 1967 to account for 

surface waves that Compton had neglected. Both Compton and Croswell 

assumed that only the dominant mode was present. Croswell made experi­

mental measurements which show that the aperture distribution can differ 

markedly from dominant mode. Croswell (19) has recently extended his 

earlier work to include plasma, as well as dielectric, coverings. This 

new study uses a two mode instead of just a single mode trial field. 

A single mode analysis of a dielectric coating on a circular 

waveguide has recently been made by Bailey and Swift (20). For a 

single mode trial field they show that the input admittance of the 

antenna can be expressed as a single integral in the circular waveguide 

case instead of a double integral, as in the rectangular waveguide case. 

Thus, the computation is simpler for the circular waveguide. 
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Purpose of Research 

In contrast to the above approaches, this dissertation presents 

a variational formula which produces a system of linear instead of non­

linear equations. This new variational principle is presented in 

Chapter II. 

The resulting simplification produced by these linear equations 

permits a multimode instead of just a one or two mode analysis to be 

made of a dielectrically-coated slot antenna. This analysis is pre­

sented in Chapters III, IV, and V and is based on the variational 

principle of Chapter II. 

Next, the far field of the slot antenna is determined using the 

multimode analysis of Chapters III through V. This result is presented 

in Chapter VI. 

Finally, in Chapter VII an experimental verification is made of 

the analysis presented in Chapters III through VI. 



CHAPTER II 

THE VARIATIONAL PRINCIPLE 

Notation 

In this chapter a new variational formula will be presented, and 

a proof of its stationary character will be given. This formula applies 

to the general antenna configuration shown in Figures 1, 2, and 3. The 

antenna consists of an irregularly shaped, perfectly conducting feed 

structure terminating on an Infinitely large, perfectly conducting 

sheet. The feed structure in Figure 1 may, for example, be a rectangu­

lar, circular, or elliptical cross section waveguide. The proof for a 

coaxial type feed structure can be handled in the same manner as used 

for this feed arrangement. An aperture composed of one or more irregu­

larly shaped holes, as shown in Figure 2, is cut in the conducting sheet 

to let energy out of the feed region. 

Covering the sheet is a series of linear, isotropic, and homo­

geneous slabs, each of which extends radially outward in a transverse 

plane to ±°°. In each region V. (i = 1,2,...,M) the electrical param­

eters y., e., and a. are all considered to be scalar constants. The 
l i I 

conductivity, a., may or may not be zero and y. and e. can be greater 

than, less than, or equal to their free space values. By assumption, 

there is no free current or free charge anywhere. Conduction current, 

however, may be present. 



perfectly con 
ducting sheet 

perfectly conducting 
feed structure 

2 ~3 ~4 "i "i+lwM-l 

Figure 1. Side View of Antenna 
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intersection of feed structure 
and perfectly conducting sheet 

aperture, S_ 

Figure 2. Front View of Antenna 
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i+1 

Figure 3. A Typical Volume V-j_ for i = 2,3,...,M-1 
The Bounding Surface of V-j_ is Z-̂ , Which 
Consists of S S. n and S. 

l+l I 



In Figure 3, E. (I = 1,2,...,M) is defined as a closed surface 

bounding the volume V., and n„ is a unit outward normal to E.. In par-& 1 1 I
 r 

ticular, the first closed surface E is composed of the open surfaces 

S , S , the perfectly conducting feed boundary, and that portion of the 
-L a 

perfectly conducting sheet which covers the waveguide-like feed. For 

theoretical purposes S may be arbitrarily placed relatively to S . For 
J. a 

practical applications, however, S is placed many feed-structure wave­

lengths from S to facilitate constraining the trial electric field over 

a 

V 
For i = 2,3,...,M-1, E. is composed of the open surfaces S., 

S. , and 5., as shown in Figure 3. The closed surface E is composed 

of surfaces S and S . For convenience, a hemispherically shaped sur­

face of radius R is drawn about some point on S . The surface S. 

(i = 2,3,...,M-1) is the ribbon-like surface sliced off the hemisphere 

by the boundaries S. and S. _, of V. . Surface S.. is that portion of the 
J l l+l l M ^ 

hemispherical surface which lies in V . The unit vector a points in 

the radially outward direction and is normal to each S.. 

The radius R in Figure 1 is initially chosen to be finite. Later, 

R is made very large so that each S. is in the far field of the antenna, 

where the radiation condition (21) applies. 

In each region V. (i = 1,2,...,M), E. and H. denote, respectively, 

the trial electric field and the trial magnetic field which approximate 

the true electric field E, and the true magnetic field H. The true 

fields are the ones that satisfy Maxwell's equations and all the bound­

ary conditions. For purposes of this analysis, Maxwell's equations in 



13 

rationalized MKS units will be used, and e time variations will be 

assumed. 

Statement and Proof of the Variational Principle 

For the antenna configuration shown in Figures 1, 2, and 3, it 

will now be shown that the energy expression 

c I j ) ( i E i X H i ) * n i d a + I jj ^ E i x F y * %da (2-^ 
E. S. 
i l 

is stationary about the true fields provided that the trial fields 

satisfy the following conditions: 

(1) In each region V., H. is obtained from E. by 

V*E. 
H. = . ^ (i = 1,2,...,M) 
l -jwy. 

(2) Each E. is a solution of the complex vector wave equation, 

V x V x E. = -jwu.(a.+jw£.)E., in its respective region V. (i = 1,2,...,M) 

(3) Each E. satisfies the radiation condition in its respective 
l 

region V. (i = 2,3, ... ,M) 

(4) The tangential components of the trial electric fields are 

continuous, i.e. n. x (E. ,-E.) = 0, at each point on S and at each 
l l+l l a 

point on S. (i = 2,3,...,M-1) 

(5) n x E = 0 at each point on the perfectly-conducting, 

large, ground surface S - S 
2. a 



(6) n x E = 0 at each point on the perfectly-conducting, 

feed-structure boundary E - S - S 
J. i a 

(7) n x E = n x E at each point on S . 

If, in addition, it is required that 

(8) The tangential components of the trial magnetic fields are 

continuous, i.e. n. x (H.-H.) = 0, at each point on S. . 
l l+l I r l+l 

(i = 2,3,...,M-1), 

then the stationary energy function W assumes the simpler form 

Wc = - [J (jE^Hj • nxda - H (i^xHj • n^a (2-2) 
Sl Sa 

or 

where 

- a ^M2XH2) * v a 

u) 

W = W + W + W (2-3) 
C Cl °2 C3 

W = - // (jExH ) • n da (2-4) 
1 S 

Wc = - // (i^xHj • nxda (2-5) 

a 

Wc = - // (^E2xH2) • n2da (2-6) 
o o 

a 
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Notice that the above eight conditions on the trial fields are 

all conditions which the true fields must satisfy. No conditions have 

been imposed on the trial fields which make them violate the behavior 

of the true fields. However, not all the conditions that the true 

fields satisfy have been imposed on the trial fields. If all of these 

conditions could be imposed, then it would be possible to solve the 

problem as a boundary value problem. This, however, is not possible. 

To prove that W is stationary, let SE. be the corresponding 

variation of E. about E; that is, let SE. = E. - E. Let 6W be the 
1 1 1 c 

variation, to first order in 6E.'s, of W about E. Then, since the var-
1 c 

iation of a sum is the sum of the variations, it follows from Equation 

(2-1) that 

M M 
6W = J SW. + V 5W. (2-7) 

i=l i=2 

where 

SW. = 6 Q (-- E.xH.) • n.da (2-8) 
l Jj 2 I iv l 

E. 
l 

and 

SW. - 6 If fi-E.xH.l • a da (2-9) 
I

 J
Q

J 2̂ I iJ r 
lJ o 

1 

It will be expedient to first show that 
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6W. = ~r 
1 -]mi J 

(n.x6E.) • (VxE)da (2-10) 

l 

and 

I e. a. 
5W. = If — - j — — (a x6E.) • (a xE)da 

V I ii. J ooy. r i 
o • ^ 1 1 
1 

r 
(2-11) 

To this end, it will be noted that condition one transforms 

Equation (2-8) to 

5W. = 6 C11 
l 

I. 
l 

-E. x (VxE.) 
l l 
-j2wui 

n.da 
I 

j2wyi j 
6E. x (VxE) + E x (Vx5E.) n.da 

l 
I. 
I 

The subscript "i" was dropped from E. in the last equation because the 

variation was taken about E. = E. Applying the divergence theorem to 

the last integral in the last equation and a routine vector identity to 

the first, yields 

5W. = ̂ r 4 
1 j2b)\l. J 

(n.xSE.) • (VxE)da (2-12) 

l 

+ -
1 

D2Wy. v_ 
I 

/// V • [Ex(Vx6E.)]dv 

The integrand of the volume integral of Equation (2-12) may be expanded 

as 
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V • [Ex(Vx6E.)] = (VxE) • (Vx6E.) - E • (VxVx6E.) (2-13) 

Equation (2-13) may be modified by noting that 

V • [6E.x(VxE)] = (Vx<5E.) • (VxE) - 6E. • (VxVxE) (2-14) 
i l l 

which, when substituted into Equation (2-13), yields 

V • [Ex(Vx6E.)] = V • [6E.x(VxE)] (2-15) 

+ SE. • (VxVxE) - E • (V-xV-xSE.) 
l l 

Representing the true field, the vector E satisfies the vector wave 

equation and, by assumption, so does E.. Hence, the difference 

5E. = E. - E also satisfies the vector wave equation since this equation 

is linear. Equation (2-15) thus becomes 

V • [E*(Vx6E.)] = V • [6E.x(VxE)] (2-16) 

+ 6E. • C-jtoy. (a.+jwe. )E] 

E • [-jojy.Ca.+jtoe. )6E.] 

V • [6E.x(VxE)] 
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Now, substituting Equation (2-16) into the integrand of the 

volume integral in Equation (2-12) and applying the divergence theorem 

once again gives 

5W 1 
i :2wy J'J 

Z. 

_ _ l 
(n.x6E.) • (VxE)da + -rr 

I i ]2ooy. J J 

[6E.x(VxE)] • n.da 

j coy. 
(n1x6E.) • (VxE)da 

which p r o v e s E q u a t i o n ( 2 - 1 0 ) . 

E q u a t i o n ( 2 - 1 1 ) w i l l be p roved n e x t . S u b s t i t u t i n g 

H. = V x E . / - i w y . i n t o E q u a t i o n ( 2 - 9 ) g i v e s 
I l i 

6W. = <5 / / 
1 S. 

I — 

V x E. 

- E. * [-r-r) 2 i -jwy 
I 

a da 
r 

( 2 - 1 7 ) 

•32coy 
i S, 

lj 6E.x(VxE) + Ex(Vx5E i ) a da 
r 

The t r u e f i e l d E s a t i s f i e s t h e r a d i a t i o n c o n d i t i o n ove r S., which i s 
l' 

in the far field of the antenna. By assumption three, E. also satisfies 

the radiation condition over S. . Hence, by linearity, so does 6E.. 

Thus, over S. 

V x E = -i/a)2y . e . -icoy.a. a x E 
1 1 1 1 V 

(2-18) 

V x 5E. = - j / c o 2 y . e.-jooy . a . a x 6E. 
i i i J i i r I (2-19) 

An extension of the standard radiation condition to a lossy 
c 

medium is used here with e m the standard condition replaced by e-n—. 
J it) 
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Substituting Equations (2-18) and (2-19) into Equation (2-17) yields 

<W. = 
I 

-ivw^y.e.-jwy.a. 
l i l i 

-:2a)y. 
// [6E.x(a X E ) + Ex(a *6E.)] • a da o i r r I r 
i 

E- a-
— - j -i- J J (a *6E.) • (a x£)da 
p. coy. c- r i r 
I I ^ • 

which p r o v e s E q u a t i o n ( 2 - 1 1 ) . 

E q u a t i o n s ( 2 - 1 0 ) and ( 2 - 1 1 ) may now be used t o e x p r e s s E q u a t i o n 

( 2 - 7 ) a s 

5W 
M 

I 4 
i = l 

( n . x 6 E . ) 
I l ^ n ajy . J 

l 

M I e . a . 
+ V ff _ i _ j -L- ( a x6E . ) • (a xE)da 

i=2 5 J y i Wyi r X 

i 

Since Z. - S. + S. ., + 5 . f o r i = 2 , 3 , . . . , M , t h e l a s t e x p r e s s i o n f o r 6W l l l + l i 5 5 5 5 r c 

may be w r i t t e n a s 

6W 
•VxE VxE C (n xfiE.) • ( 4 - H d a + (n x6EQ) • ( 4 - ^ - ) da ( 2 - 2 0 ) 

JJ 1 1 3^y ; J J 2 2 ^ c o y ; 

M - l 

+ I / / 
i=2 S i + 1 

- - , / V X K \ - - „ f V * t > 
n . x 6 E . • ~ i ~ + n . x6E. n • ( / * 

I I ^]a)y. ; l + l l + l ^ w y . ^ 
da 



I I! 
i = 2 S. 

1 

( n . x 6 E . ) 
<VxE > 
^jwyJ 

1 

M i 

a. 
- j — ^ ( i xfiE.) • (a xE) 

J wy. r 1 r 
da 

I t w i l l now be shown t h a t the f i r s t sum in Equation (2-20) i s ze ro . To 

VxE . - VxE 
this end, it will be recalled that H = 

-jcoy. 
in region V., H = 

-:wi+1 
in region V. n , and that n. _, = -n. over S. _, . Thus, the first sum in & l+l l+l l l+l 

Equation (2-20) becomes 

M-l 

I U 
1 = 2 s i + i L 

-(n.x8E. ) • H + (n.x5E. n ) • H 
l l l+l 

da (2-21) 

Since n. x 6E. and n. x 8E. _, are strictly tangential to S. n , then 
i l l l+l J & i+l' 

(n.x6E.) • H and (n.*6E. -,) * H involve only the tangential components 

of H. Since the tangential components of the true field are continuous 

over S. , H may be factored out of Equation (2-21) and that equation 

rewritten as 

M-l 

y // [n.x6E. . - n.x§E.] L J J i i+l i 
i = 2 s 

i+l 

H da (2-22) 

The tangential components of the true, and by assumption four, 

the trial electric fields are continuous over S. _, : hence, 
i+l 

n. x (SE. n - 6E.) = 0 at each point on S. ,. Thus, Equation (2-22) is 
l i+l l l+i 

zero and hence, the first sum in Equation (2-20) is also zero. 

Next, it will be shown that the second sum in Equation (2-20) is 

zero. By Equation (2-18), the second sum in Equation (2-20) may be 



written as 

M 

I // 
i=2 S. 

1 

(n.x6E.) 
1 1 

-jVw a 
r 

xE -jVw 2y. e . - i w y . a . 
I I J 1 1 

a 
r 

xE 

j(oy1 

e. a. 
+ I — " j —^- (a x6E.) • (a xE) 

y. coy. r I r 
i i l 

da = 0 

since n. = a over S.. Thus, the second sum, as well as the first sum, 
l r l ' 

in Equation (2-20) is zero. As a result, the amended form of Equation 

(2-20) is 

5W 
J J 

(n^^) * (Si") da + 
1 1 •nwy. 

-VxE 
(n x6E_) • (4-Hda (2-23) 

•]wy 

Now, because of condition six and the fact that n x E = 0 over 

£ - S - S , n x 6E = 0 at each point on the perfectly conducting 

waveguide wall surface. The first integral in Equation (2-23) can be 

simplified, accordingly. The second integral can also be simplified 

since n„ x 5E = 0 over Srt - S . This is true because of condition five 2 2 2 a 

and the fact that n0 x E = 0 over S_ - S . The net result is that Equa-
2 2 a ^ 

tion (2-23) becomes 

6W = / / (n xfiE.) • (^-)da + / / ( n ^ E ) • (¥*-) da 
c JJ 1 1 ^ w y ; J

S
J 1 1 ^ w y ^ 

1 J a 

( 2 - 2 4 ) 



Now, n x SE = n x (E -E) = 0 over S by condition seven; hence, 

the first integral in Equation (2-2M-) is zero. Additionally, it will be 

VxE - V*E 
recalled that H = —: m region Vn , H = —- m region V_, and that 

-1^1 1 -:wy2
 & 2' 

n = -n over S . These facts permit Equation (2-24) to be written as 
2 1 a 

6W = -// (n x6E ) • H da + // (n *6E ) • H da (2-25) 
c s 1 1 g 1 2 

a a 

In this equation n x 5E and n x 6E are strictly tangential to S , 
1 1 1 2 a 

and the integrands thus involve only the tangential components of H, 

which are continuous at S . Hence, the two integrals in Equation (2-25) 
a 

can be combined, with H as a common factor of the integrands. By condi­

tion four and the fact that the tangential components of true fields are 
continuous at S , it now follows that nn x <5En - nn x 6E at each point 

a' 1 1 1 2 r 

on S . Consequently, 

6W = 0 
c 

which is the assertion that was to be proved. 

If, in addition to conditions one through seven, condition eight 

is also satisfied, then W can be considerably simplified. First, it 

will be noticed that the surface integrals over S. in Equation (2-1) 

cancel with their corresponding parts from the integrals over Z.. This 

permits Equation (2-1) to be written as 



'1 = r, fr 1 s r, 
W = - M ? (o"EixfU ' M a - I to" V H o ) ' n0da (2-26) c ]] l2 1 1J 1 

£1 S2 

•2 2 2; 2 

M - l i _ _ i 

' I II &E.XH. - T T E . xH. J • n.da 
,f;0 J/

 v2 I l 2 l+l i+l; I 
1 = 2 i+l 

where the relation n. n = -n. on S. was used in the summation. But 
i+l l i+l 

conditions four through eight require that the tangential components of 

the trial electric and trial magnetic fields be continuous at each point 

on each S. (i = 3,4-, . . . ,M). Hence, the summation in (2-26) is zero. 

Furthermore, since the tangential components of the trial electric 

fields are zero over the perfect conductors (conditions five and six), 

it follows that Equation (2-26) may be rewritten as 

W = - / / & E X H J . n d a - / / £ E X H J • n i a 
Sn S 

1 a 

" / / ( j E2xH2) • n2da 

a 

which concludes what was to be shown. 

Comments on the Variational Principle 

It should be noticed that Equation (2-2) is a stationary formula 

since it requires the same seven conditions that Equation (2-1) does, 

and since condition eight is not needed to make Equation (2-1) 
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stationary. It should also be noticed that the expressions T-E, x H. , 

which appear in the generally complex functional, W , are not Poynting's 

vectors since the latter contains a conjugate of H, that is — E x H*, 

while the terms in W do not. A variational principle using Poynting's 

vector is discussed by Paris and Hurd (22). 

The variational principle states that the trial fields will 

adjust themselves as closely as possible to the true fields so that W 

is as close to its true value as possible. The best approximation to 

the fields and to W is obtained when there is no further change in W 
c c 

for further small changes in the trial fields. 

This gives a method of obtaining approximations to the true 

fields by using trial fields containing several adjustable parameters. 

These parameters are adjusted to that set of values at which perturba­

tions of the parameter values will produce no additional change in W . 

Then W is stationary. This is the same as requiring that the partial 

derivative of W with respect to a parameter be zero for each parameter. 

An approximation to the true fields is obtained by adjusting the param­

eters to the values so determined. Once the fields are known, all of 

the electrical characteristics of the antenna can be calculated, in 

principle at least. 

More precisely, if trial fields of the form 

E. = I a e (2-27) 
l m m 

m 

are used, where (e } is a set of known mode functions and {a } is a set 
m m 

of unknown mode amplitudes, then E. will be a linear combination of the 
I 
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unknown a 's. The trial magnetic field, H., will also be a linear com-
m 1 

bination of the a rs since it is obtained from H. = VxE./-jcoy. . Thus, 
m 1 1 1 

W in Equation (2-2) will be a quadratic function of the a 's. To find 
c m 

the set of a 's that makes W stationary, the partial derivative of W 
m c J ^ c 

with respect to a is set equal to zero. Repeating this process for 

each a produces a system of equations in terms of the unknown a 's. 

It is important to note that this system of equations will be linear 

since taking the partial derivative of the quadratic expression for W 

will reduce the quadratic expression to a linear one. Since the system 

of equations for the a 's is linear, matrix techniques can be used to 

solve them, resulting in a considerable savings of time. 

Comparable techniques (23-26) use stationary formulas of the form 

// f(E.,H.)da 
S ' 1 X X 

Y = — — (2-28) 
// f (E.,H.)da 
S ^ i i 
a 

where Y stands for the admittance of the antenna and f and f represent 

two functions. If Equation (2-27) is used for E. in Equation (2-28), 

then a 's will appear both in the numerator and in the denominator of Y. 
m ^ 

Nonlinear equations will be produced when partial derivatives of Y with 

respect to the a ' s are taken. Solving these nonlinear equations is 

much more time consuming than solving the linear ones obtained by using 

the approach presented in this chapter. 

In addition to these comments about the new variational principle, 

a comment about condition seven is in order. To make n * E = n x E over 
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S , a surface S must be found such that the tangential component of 

the true field is known over that surface. Then the tangential com­

ponent of E must be forced to be equal to that tangential field over 

S . Hence, n x E = n * E over S and condition seven is satisfied. 

There is one common situation which allows S to be easily located, 

and that is when it is known that only a single mode exists in a certain 

region of the waveguide. Then S is placed in this region, and the 

tangential component of E is forced to be equal to the tangential 

component of that mode over that surface. 



CHAPTER III 

ANALYSIS OF A DIELECTRICALLY COATED SLOT ANTENNA 

Description of the Antenna 

The variational principle of Chapter II will now be applied to a 

particular practical problem, namely the waveguide slot antenna shown 

in Figures 4 and 5. This antenna consists of a perfectly-conducting 

rectangular waveguide terminating on an infinitely large, perfectly-

conducting ground plane. A rectangular slot is cut in the ground plane 

to couple energy from the waveguide region into the region z > 0. The 

portion of the ground plane that covers the waveguide is assumed to be 

infinitely thin. Two planar layers of linear, isotropic, and homogene­

ous materials cover the ground plane. One layer fills the region 

0 < z < d and the other layer fills the region z > d. The medium fill­

ing the waveguide is also assumed to be linear, isotropic, and homo­

geneous. All three regions of space are assumed to be charge free. 

The antenna just described simulates a slot antenna under a heat 

shield of a re-entry vehicle. The ground plane represents the surface 

of the vehicle, region V represents the heat shield, and region V 

represents free space. 

The antenna is operated in the following manner. A transmitter, 

producing a dominant mode (TE ) field, is connected to the left end of 

the waveguide. The dominant mode wave produced by the transmitter 

travels undistorted through the waveguide region until it encounters 
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the discontinuity in the physical structure at z = 0. This discontinu­

ity causes some of the incident energy to be reflected back down the 

waveguide and part of the energy to be transmitted into V . 

The reflected field in the waveguide consists of the dominant 

mode plus higher order modes . The higher order modes are needed to .make 

the tangential component of the electric field zero over the perfect 

conductor that covers part of the waveguide. In normal operation the 

higher order modes are evanescent; that is, they decay exponentially 

with distance away from the discontinuity. Thus, as the reflected wave 

moves toward the transmitter, the higher order modes decrease in ampli­

tude until they are negligible and only the dominant mode remains. The 

higher order modes affect the value of the reflected dominant mode and 

they also affect the field radiated by the antenna. Thus, the ampli­

tude of these modes must be determined in order to evaluate the behavior 

of the antenna. 

Other variational approaches to this slot antenna problem have 

neglected the higher order modes and assumed that only the dominant mode 

is present. In contrast, an arbitrary number of modes can be included 

in the method described In this dissertation. 

Before the variational principle of Chapter II can be applied, 

trial fields are needed in regions V , V , and V . 
i Z o 

The Waveguide Region 

The trial electric field in V must have a zero tangential com­

ponent over the perfectly conducting waveguide walls. In addition, this 

field should: (i) represent a dominant mode initiated from the left end 



of the waveguide; (ii) represent higher order modes that are evanescent 

from z = 0; and (iii) contain a reflected dominant mode. A set of the 

trial functions having all of these characteristics is the set of rec­

tangular waveguide modes whose x and y components may be expressed as 

where 

a z 
E = V P cos(A x) sin(B y) e m'n (3-1) 
xn

 L m,n m n 
1 m,n 

E = (I e j 3 z + R e+j3z) sin(Anx) (3-2) 
*1 X 

a z 
+ T Q sin(A x) cos(B y) e m , n L m,n m n 
m,n 

A = ™1 (3_3) 
m a 

and 

niT 

n = b 
(3-4) 

The quantities a and 3 in Equations (3-1) and (3-2) are the 
m,n 

attenuation and phase constants for the various modes. These constants 

are complex numbers in general and must be chosen in such a way that E 

will satisfy the complex vector wave equation. They will be specified 

shortly. The parameters A and B have been chosen to make the tangen­

tial component of the electric field zero on the waveguide walls, in 



accordance with condition six of the variational principle. The usual 

TE and TM modes of rectangular waveguide theory have been combined, in 

Equations (3-1) and. (3-2) since they have the same transverse variations 

The subscript "1" in E and E indicates that the fields are in region 

V 
x i * i 

The mode amplitudes I, R, P , and Q are complex constants r m,n' nun 

that must be determined. They are the complex amplitudes, that is the 

magnitude and phase, of the various mode functions. The analysis that 

follows is aimed, at evaluating these constants. Once they are known, 

a complete picture of the antenna's field, and hence its electrical 

characteristics, will have been obtained. The summation indices m and 

n take on all positive integer values except m = n = 0, which is the 

trivial case, and m = 1, n = 0, which is the dominant mode and is 

included separately. 

Next, E and Hn will be obtained from E and E . Condition 
z i x xi ?i 

two of the variational principle requires E to satisfy the vector equa­

tion, namely 

V x V x E = k^ E ( 3 - 5 ) 

where 

2 
k = -jojij (a +ja>e ) ( 3 - 6 ) 

Taking the divergence of Equation (3-5) and remembering that the diver­

gence of the curl is always zero yields 



V • E = 0 (3-7) 

Thus, if a field satisfies the vector wave equation, it must have zero 

divergence. This fact will be used again in V and V . 

In rectangular coordinates, Equation (3-7) is 

9E 8E 9E 
Zl , Xl , yl 

dz 8x 9y 

Using Equations (3-1) and (3-2) in the last equation gives 

9E 
z a z 

-5-̂ - = J [-AP -B Q ] sin(A x) sin(B y) e m'n 

3z L m m,n n m,n m nJ 

m,n 

Integrating this last equation yields 

E = I 
1 m,n 

A P + B Q 
m m,n n m,n 

m,n 

a z 
sin(A x) sin(B y) e m'n (3-8) 

m n 

All three rectangular components of the trial field E have now been 

established. To apply the variational principle, E must satisfy the 

vector wave equation. 

The conditions, in addition to Equation (3-7), that the vector 

wave equation imposes on E will now be determined. By using Equation 

(3-7), Equation (3-5) may be simplified, in rectangular coordinates, to 

-VZE = k7E 
1 v. 

(3-9) 
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where v = x, y, or z. For v = x, Equation (3-9), with the aid of Equa­

tion (3-1), becomes 

m,n 

a z 
(A2 + B2 - a2 - k?) P cos(A x) sin(B y) e ™'n = 0 m n m,n 1 m,n m n (3-10) 

If Equation (3-10) is to hold for any x, y, z in the waveguide and for 

any set of P ' s, then it is necessary that J m,n 

a = /A2 + B2 - k? 
m,n m n 1 

(3-11) 

In order that E represent higher order modes that decay or propagate 

with decay in the -z direction, the square root in Equation (3-11) must 

be chosen so that 

Re(a ) > 0 
m,n 

(3-12) 

Im(a ) > 0 m,n 

where Re and Im mean real part and imaginary part, respectively. Equa­

tions (3-11) and (3-12) specify the constant a 
m,n 

For v = z, Equation (3-9) again requires that Equation (3-11) 

hold. For v = y, Equation (3-9), with the aid of Equation (3-2), 

becomes 

r- 2 

S + 3 - k! T -jBz jBz 
Ie + Re sin(A x) (3-13) 
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ct z 

+ T [ A 2 + B 2 - a 2 - k 2 ] Q s i n ( A x) c o s ( B y ) e m , n = 0 
L m n m,n 1 m,n m n 

m,n 

The summation in Equation (3-13) is zero because of Equation (3-11). 

Hence, if the remaining term in Equation (3-13) is to be zero for arbi­

trary x,z in the waveguide and arbitrary I and R, then 

© (3-14) 

In order that E represent a dominant mode wave propagating in the +z 

direction, either with or without attenuation, the square root in Equa­

tion (3-14) must be selected so that 

Re(3) > 0 (3-15) 

Im(3) < 0 

The constant 3 is specified by Equations (3-14) and (3-15). Equations 

(3-11) and (3-14) are the conditions that must be imposed for the chosen 

E to satisfy the vector wave equation. 

The trial magnetic field in region V is obtained by using 

H = VxE /-jcoy . The rectangular components of this equation are 

9E dE 

•Dooy. 9y dz 
(3-16) 



y-
1 

-]coy 

9E 3E 
X l Z l 

9z dx 
( 3 - 1 7 ) 

Since H is not needed in any future calculations, it will not be 
z i 

evaluated. Substituting Equations (3-8) and (3-2) into Equation (3-16) 

yields 

x i r y i 

A B P + B Q 
V i" m n m,n n m,n 
L m 

m,n 
a 
m,n 

a Q } sin(A x) 
m,n m,n m 

a z 
cos(Bny)e

 m , n + (j3Ie_JM" - j3ReJM") sin(A x) 
-j&z .OD l3z 

Equation (3-11) transforms the last equation to 

H = (^-) 
*1 w y ^ 

-0(le : P z - Re : B z) sin(Ax) (3-18) 

A B P +(k?-A2)Q a z 
V r m n m,n 1 m m,n -, . ,. s ,_. >. m,n 

+ i ) { - — }sm(A x)cos(B y)e 
L a m rr 

m,n m,n 

Next, substituting Equations(3-1) and (3-8) into Equation (3-17) yields 

A P + A B Q a z 
H = —-— ) { a P - — } cos(A x)sm(B y)e 
v, OJU

 J L m,n m,n a m n 
J l 1 m,n m,n 

which in view of Equation (3-11) becomes 
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( k ? - B 2 ) P +A B Q a z 
TT ( ~~h v r I n m,n m n m,n •, ,. , . rr. N m,n ,„ ., ̂  s 

H = ——J ) { - — }cos(A x ) s i n ( B y ) e ( 3 - 1 9 ) 
yn ^ajy./ L a m nJ 

1 1 m,n m,n 

The Constraint at S 

Condition seven of Chapter II requires that the trial fields E 
Xl 

and E be exactly equal to the true fields E and E at each point on 
yx * y 

S . First, however, a surface must be chosen for S . If S is selected 

to be a plane at z = -L where L -> °°, then all higher order modes will be 

zero over S.. This follows because exp(a z) = exp(-a L) will be 
1 m,n r m,n 

negligibly small for each higher order mode. Hence, over this surface 

S only the incident and reflected dominant mode fields will be present 

for both the trial and the true fields. Since the form of the electric 

field is now known over S , only its amplitude need be set in order to 

fix nn x E over Sn . The magnitude and phase of n,
 x E at z = -L can be 

1 1 1 

chosen to be any convenient value. This follows from the fact that the 

system is linear and scaling the magnitude and phase of n x E at 

z = -L will simply scale the magnitude and phase of all the fields by 

the same amount. Another way of saying this is that n x E at z = -L 

is the magnitude and phase reference for the system, and it may be 

selected to be any convenient value. For convenience, this magnitude 

and phase reference will be chosen as 1 volt/meter and 0 degrees, 

respectively. Thus, the tangential component of the true field at 

z = -L is 
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E (x,y,-L) = 0 (3-20) 

E (x,y,-L) - 1 sin(A_,x) 
y 1 

Now, n x E must be made equal to n x E over S . Over this 

surface Equations (3-1), (3-2), (3-18), and (3-19) reduce to 

E = 0 (3-21) 
Xl 

E = (Iej6L + Re"j3L) sinCA.x) 
yi 1 

H = - -^-(Ie j 3 L - Re"j3L) sin(Anx) x ooy 1 

H = 0 
yi 

All higher order modes are negligibly small at z = -L as L ->• °°. 

Equations (3-20) and (3-21) show that the tangential components 

of the electric fields over S are equal provided 

Ie j 6 L + Re" j e L = 1 (3-22) 

This relation allows the coefficient I to be set equal to 

(exp(-jSL) - R exp(-j26L)) in all future equations. 

Several other relationships between I and R that will be useful 

later can be obtained from Equation (3-22). They are 
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l e ^ - R e-i
B L = 1 - 2Re-^L (3-23) 

I + R = e"j6L + R(l - e"j2BL) (3-24) 

and 

I - R = e~jBL - R(l + e~j23L) (3-25) 

Evaluation of W 
CT 

The groundwork is now ready for evaluation of the first integral 

in Equation (2-2), namely 

W = -// [\ E^Hj • nxda 
1 bl 

Equation (2-2) rather than Equation (2-1) will be used to calculate W 

in this chapter since the former equation is simpler. Since n = -a 

over S , this last equation becomes 

b a 
W = ̂  // / (E H - E H ) 
Cl 2 0 0 Xl Yl Yl Xl 

dxdy 

z=-L 

Substituting Equation (3-21) into this last expression gives 

W = ^ / ^ {-$-) ( l e j 3 L + R e - j 3 L l [ l e j 3 L - R e ' j 6 L ) s i n 2 ( A x )dxdy ( 3 - 2 6 ) 
c 2 03U J v } K J 1 

1 0 0 M l 



Using Equations (3-22) and (3-23) and evaluating the integrals in Equa­

tion (3-26) yields 

2cou. 
^ - (ab3e^3L)R (3-27) 

Equation (3-27) represents the desired expression for W 

'1 

The Aperture Field and the Evaluation of W 
C2" 

Next, the second integral in Equation (2-2) must be evaluated, 

namely 

w =- / / (K x V • V a 

Z. o 

Since nn = a over S , 
1 z a 

yQ+b' xQ+a' 

y 0
 xo 

(E H -E H ) 
xl ?1 ^1 xl 

dxdy 

z=0 

(3-28) 

Now the surface S will be defined as the cross section of the waveguide 
o 

at z = 0. Before Equation (3-28) can be evaluated, the appropriate 

parts of conditions four and six of the variational principle must be 

applied to E., over S . In particular, E and E must be made zero 
1 g x l y l 

over the perfect conductor S - S , while over S they must be made equal 
g a' a 

to the x and y components, respectively, of the field in the aperture. 

It is convenient to introduce a separate representation for the aperture 
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field to facilitate the application of the above boundary conditions. 

Let the x and y components of the aperture electric field be 

E = I P? , , cos(A' ,x») sin(B' ,y?) (3-29) 
x ,u , m ,n' m' n' 
a m'.n' 

where 

and 

E = Q' sin(A'x') + T Q\ .sin(A' ,x' )cos(B',y') (3-30) 
y 1,0 1 , , m ,n' m' n' J a mT,nT 

A\ = 2 ^ (3-31) 
m' aT 

n1 b' (3-32) 

The subscripts m',nr cover the same range of integers that m,n do. The 

form of the trial aperture field was selected by analogy with the trial 

waveguide field. The aperture was viewed as the limiting case of a 

rectangular waveguide with dimensions aT by b' and a length approaching 

zero. The x',y' coordinate system is shown in Figure 5. The aperture 

mode amplitudes Q' . Q', ,, and P', , are complex constants that must 
1,0 m?,n' m ,n' 

be determined in the process of finding the waveguide mode amplitudes. 

Since E = E and E = E over S , Equation (3-29) may be x1 x y, y a 
1 a J1 •'a 

used for E and Equation (3-30) may be substituted for E in Equation 
Xl yl 

(3-28). Making use of Equations (3-18) and (3-19) then yields 
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x +a 

2wy. 

Vb' 
•g ( I -R)Q ' { s i n ( A x ) s i n ( A j x ' ) d x } • { dy} ( 3 - 3 3 ) 

- I e ( i - R ) Q ' , , { 
m' n ' 

x +a' 
r 0 

y 0 + b -
f u 

s in (A n x ) s i n ( A ' f x ' )dx} • { cos(B' ,y ' )dy} 
1 mT J n ' 

+ J 
m,n 

2 2 
k , -A 

1 m 

a 
m,n 

Q Q' ( i n , n U , 0 J 

x + a ' 
fV

b' 
s i n ( A x ) s i n ( A ' x ' ) d x } • { 

m 1 
cos (B n7)dy) 

+ : I I 
m , n m ' , n ' 

2 2 
k:-A 

1 m 
a 

m , n 
Q Q ' I ,i m , n mT , n ' ) " '" 5' 

• x o + a 

s in (A x ) s i n ( A T , x ' ) d x } 

V b 

cos (B y ) c o s ( B T , y ' ) d y } 
n n ' 

+ j X 
m,n 

A B 
m n 

a 
m5n 

x^+a 
r 0 

P Q' { m , n v l , 0 
s i n ( A x ) s i n ( A ' x ' ) d x } • { 

m 1 

V b ' 
cos (B y ) d y } 

+ : i I I 
m,n m' ,n r | _ m , n 

A B 
m n 

P Q ' , ,< 
m , n m , n ' j 

V a 
s i n ( A x ) s i n ( A ' , x ' ) d x } 

m nv 

Vb ' 
cos (B y ) c o s ( B ' , y ' ) d y } 

n nT 

+ : I I 
, 9 ?1 
k,- -B 

1 n 
a 

in , T I _ | 

x„+a 

P P ' { 
m,n m ' , n ' ) u i n •>• 

cos(A x ) c o s ( A ' , x ' ) d x } 
m m' 



Vb ' 
s i n ( B y ) s i n ( B T , y ' ) d y } 

n ' l I 
m , n m ' , n ' 

|A B 
m n 

a 
_m,n_ 

Q P \ J , 
m,n mT , n ' J 

va' cos(A x ) c o s ( A T , x ' ) d x } 
m m 

V b ' 
s i n ( B y ) s i n ( B ' , y ' ) d y } 

n nT 

The integrals in Equation (3-33) are evaluated in Appendix A. Using 

the notation adopted there and Equation (3-25) transforms Equation (3-33) 

to 

2ojy. 
-Be J3LInt3(l,l)Int4(0,0)Q^ Q (3-34) 

+ I (-B)e j3LIntq(l,m')Int (0,n')Q
T
 f , 

m',n' 6 4 m 'n 

+ 3(l+e":2eL)Int3(l,l)Int4(0,0)RQ| Q 

+ I 6(l+e~D23L)Int.(l,m')Int fO,n')RQ' 
o M- Til 5 Ti tn' , n ' 

+ I i 
m,n 

2 2 kf-A 
1 m 

a 
m,n 

Int3(m,l)Int4(n,0)Qm;nQ';0 



44 

I I 
m,n m',n' 

r? , ?1 
^,--A 

i m 
a 

m > n _ 

Int^Cm^Mlnt.fn^^Q Q'f , 
m,n m ,n 

I I 
m,n m',n' 

A B 
m n 

m,n 

Int(m,m')Int0(n,n')Q P', , 
1 m,n m',n 

+ I i 
m,n 

A B 
m n 

a 
m,n 

IntQ(m,l)Int.(n,0)P Q' . 
3 4 m,n 1,0 

m,n m',n' 

A B 
m n 

m,n 
Int (m,m')Intu(n,n

,)PTn Q' , . o 4 m ,n m ,n 

I I 
m,n m',n' 

, 9 9 
kV -K 

1 n 
a 

m > n _ 
Intn(m,m')Intn(n9n')P P', , 1 2 m ,n m',n' 

Equation (3-34) represents the desired expression for W 
C2 

It should be noted that Equation (3-34) contains both aperture 

mode amplitudes (primed Q's and P's) as well as waveguide mode ampli­

tudes (unprimed Q's and P's, and R). However, when the variation is 

taken, W must be expressed in terms of waveguide mode amplitudes 
C2 

alone. Thus, a relationship between the two sets of mode amplitudes 

must be obtained so that the aperture mode amplitudes can be eliminated 

from W . This relationship can be derived by matching the tangential 
C2 

components of E, and E over S and making nn x En = 0 over S - S , r l a a & 1 1 g a' 

consistent with conditions four and six of the variational principle. 

Matching the x and y components of these two fields gives, respectively, 
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(3-35) 

y p cos u m,n m 
m.n 

(A x)sin(B y) = < 

y P' ,cos(A' .x1 sin(B',y' over S 
V , mT,nT m' n' a 
mT ,n T 

0 over S - S 

and 

(I+R)sin(A,x) + T Q sin(A x)cos(B y) L m,n m n (3-36) 

m.n 

Q' -sm(A.!xT) + y Q?, ,sin(A' ,x' )cos(BT ,y' ) over S 
1,0 1 , , m ,n' ur n' a 

m ,n' = < 

over S - S 
g a 

Equations (3-35) and (3-36) are Fourier type series for the 

tangential electric fields over S . To find relationships between the 
g v 

individual amplitudes, which do not depend on x and y, Equation (3-35) 

must be multiplied by cos(A x) sin(B y), and the resulting equation 

must be integrated over S . The subscripts r and s are integers desig-

nating a particular waveguide mode. Similarly, Equation (3-36) must be 

multiplied by sin(A x) cos(B y) and the resulting equation integrated 

over S . These two operations give, respectively, 

ba 
I P // cos(A x)cos(A x)sin(B y)sin(B y)dxdy 

m ,n , 
m,n 00 

(3-37) 

m'Tn' 

Vb' rVa' 
cos(A x)cos(A',x')sin(B y)sin(B',y')dxdy 

r m' s nT 
yo xo 
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and 

b a 
(I+R) / / sin(A1x)sin(Avix)cos(Boy)dxdy 

0 0 
'1 ' r 

(3-38) 

b a 
+ ) Q I I sin(A x)sin(A x)cos(B y)cos(B y)dxdy 

u rn,n •: i m r n s J 

m,n 0 0 

Q i , o . 

y +b' xQ+a-

sin(A x)sin(A'x')cos(B y)dxdy 
r 1 s 

yo xo 

+ ^ ^m' n' 
vb' ,va' 

m' ,n 

sin(A x)sin(A ,x')cos(B y)cos(B',yf)dxdy 

yo xo 

From Fourier series theory (27) it is known that 

/ cos(A x)cos(A x)dx = / cosf 1 cosf—-] dx (3-39) 

m,r 

1 + sign(r) 

/ sin(A x)sin(A x)dx = / sin f — ) sin f — ) dx (3-40) 

2 m,r 
sign(r) 

b b 
J cos(B y)cos(B y)dy = J cos (—r—jcos( - j dy (3-41) 

n ,s 

1 + Isign(s) 



b b 
/ sin(B y)sin(B y)dy = / sin (—-̂-J sin [——J dy (3-42) 

where 

^ 6 n , s | s i g n ( s ) 

5 = < m,n 

1 if m = n 

0 if m i n 

is the Kronecker delta function and 

sign(x) = < 

+1 i f x > 0 

0 i f x = 0 

- 1 i f x < 0 

If r and s are non-negative integers, as they are in the summations 

being used here, then the absolute value signs can be removed from all 

of the sign functions in Equations (3-39) through (3-42). Next, using 

Equations (3-39) through (3-42) to simplify the summations over m,n and 

the integrals of Appendix A to simplify the summations over m',n' allows 

Equation (3-37) to be written as 

ratn |~sign(s) 
r ,s ^2 ; | l + s i g n ( r ) m' , n ' 

P ' t , I n t ( r , m ' ) I n t _ ( s , n ' ) ( 3 - 4 3 ) 
m ,n 1 2 


