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CHAFTER T

SUMMARY

The proposed method is a new approach to determine the number of
vehicles for a military motor pocl., I1 suggests Tirst that there be an
appraisal of the average number of requests per unit of time and the
average service time of each dispatehing, and then a reduction of these
two parameters to the requirement of vehicles through the use of a mathe-
matical model. It 1s believed that the planning stafl can make a better
appralisal on these parameters than on the number of vehicles required.
The answer reached through this method 1s likely to represent the true
transportation requirement of that unit based on standard waiting time.

However, the mathematical model used in this solution is a very
theoretical one. The practical case may have some deviations from the
model due to various influences. But it will be shown in a later
chapter that most of the influences tend to Tavor the operation of the
moetor pool. Therefore, if only the satisfactory operation of the motor
pool 1g considered, the number of vehicles determined through the theo-
retical model can meet the requirement of any influenced case.

I"inally, the answer obtained through this method may seem rather
high in comparison with the current authorizatlions of wehicles to the
Chinese military units. This is because the answer indicates the true

requirement of the unit. For many years, the transportation facilities






CHAPTHR 1T
INTRODUCTION

The purpose of this rescarch is to provide a new approach for the
military planning stafl in order to determine the optimum number of ve-
hicles assigned to the motor pool of a military unit. Motor pool service
is almeost a universally adopted system for military organizations to pro-
vide transportation to its officers and men for a field trip of duty.

But the adequate number of wvehicles for a particular unit is always a
subject of argument.

The current practice 1n determining the vehicle authorizaticn for
a unit is based mainly on a rough evaluatlion of its organizational level
and/or 1ts gize. This hasg long been a complaint of the planning staff
invelved because too many subjective factors are involved. In many
cases, even personal relations produce an effect on the determination.
However, there have not been any better methods propcsed heretofore.

Waiting line theory, or queuing theory as it is called by the
British, is an cperations research methoed which can be used to determine
the number of facilities a service station should have so as to meet a
specified demand for service. This theory 1is hereby intrcduced a8 s
golution to the motor pool problem.

The case of a military motor pool is compared to & gueuing prob-

lem as follows: the motor pool itself can be seen as a service station,



and the wvehicles in the pocl are servers. When a reguest for transpor-
tation comes to the motor pocl, a server 1s assigned Lo render the ser-
vice. If there 1s no empty server, then fthe request must go to the queue
until a server is available.

This represents a several-server queuing model. Based on the
assumption that the request arrivals follow a Polisscon distribution and
the service times follow a negative expeneuntlial distribution, the mathe-
matical relations between the number of servers In the station and vari-
ous queuing properties have been readily derived.

From the military point of view, people pay attention only to the
walting time, so that the activities of a unit will not be adversely af-
fected; the adeguacy of the number of servers in the station is thus
measured by the aversge waiting time. However, due fo the complicated
mathematlical expression for the average waliting time of the model and
various wvalues of the rate of reguest arrivals, A, and the rate of ser-
vice accomplished, W, invelved in practical application, charts are pre-
pared for use so that the correct number of vehicles resulting in standard
walting time for a motor pocl can be determined as soon as the values cof

A and u for that unit are agreed.



UHAPTER ITI
LITESATURE SUEVEY

Queuding theory was developed Iin order to provide models to pre-
dict the behavior of a system that attempted to provide services for
'randomly arising demands. However, the early phase of this theory was
to study problems of {elephone-traffic congestion. The ploneer inves-

tigator was A. K. Erlang,l who, in 1908, published Use of Waiting Line

. . 2 .
Theory in the Danish Telephone System. In 1930, Pollaczek studied the

Poisson-input, arbitrary-holding-time, single-channel case. In 1934,
he also tried to study the Peisson-input, arbitrary-holding-time, multiple-
channel problem.

In recent years, this thecry has gradually beccme a very useful
operations research technique and it has been widely used in almost any
problem where there are elements of input and elements of output involving
one or more points of sgervice.

Tn 1556, Russell T. Ackofro published a paper "Waiting Line Theory

" which descriptively introduces the application of

as a Management Tool,'
this Theory to management problems. He explained that a waiting line
problem involves changing the behavior of the arriving units, or the
gervice facilities, or both., To effect these changes regquires manipula-

tion or contrel of such factors as rate of arrival, crder of service,

number of service facilities, and so forth.
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He further explalned that there were two melhods of approach to
the solution of a waiting line problem: first, the mathematical approach,
and second, the simulated sampling method. This statement is still ap-
plicable.

In 1957, Thomas L. Saatyu collected all the well-developed mathe-
matical expressions for varicus gqueuing models and edlited them into Resume

of Useful Formulas in Queuing Theory. In this paper, many of tke formulas

are for single-channel models with various input distributions, holding-
time distributions and queuing disciplines, and the formulas concerning
multiple-channel mcedels are limited to the following four cases:

a. Pcisson irput, identical exponential holding times,

b. Poisson input, identical constant holding times,

¢. (Priority discipline) different Poisson inputs, a finite

number of priorities with the same exponential holding time,
d. (Limited source) exponential holding time.

A later operations research textbook, Introducticn to Operations

Research (1067) by F. 8. Hillier and G. J. Lieberman,5 states that,

Multiple-server models are inherently more difficult to ana-
lyze than single-server models. Therefore when s (number of chan-
nels) > 1, it is almost impossible to obtain useful results, ex-
cept when the service time distribution is exponential so that the
birth-death process is applicable., Certain limited resulfs have
been obtained for the constant gervice times, but the eguations
involved are loo complicated for routine computation.



CHAPTER IV

STATENENT OF YHE PROBLEM

In a military unit, transportation equipment for personnel is
always important because it has great effect on staff activities and in
turn on the coverall combat effectliveness of the unit. For thousands of
years, horses had played a very important role in military transporta-
tion. But, since World War T, things have changed rapidly and horses
in military organizations were replaced by motorized vehicles. Today,
new draftees to any branches of an armed force seldom sec any horses
and the term ncavalry" has long been deleted from the order of combat.

Motor vehicles are indeed indispensable equipment in military
units in thege days. Even the troops of the most backward countries
are equivpped with this convenience. However, In most of the Far Eastern
countries, wherein their industries are not capable to self-suppert their
troops’ requirements, the availability of the vehicles for their military
use 1s subject to many limiting factors such as the financlal condition
of the government military budget, and source of foreign aid, ete. As
the number of this equipment is likely to be limited, military people
naturally seek methods to make more effective use of thelr vehicles in
order Tc meet thelr transportation requirements.

The concept of a motor pool system is so designed so as to achieve

this goal. At present, the military organizations of almost all countries



over the world have adopted this system. Under this system, all vehicles
Tor cofficial use* in one unlt are pocled together in one station., Offi-
cers and enlisted men of the unit may request vehicles when there is an
official need.

50 far as effilciency 1is concerned, this system is the most ideal
one at this time. But, this system still presents a planning problem to
the less industrialired countries such as Thailand, Republic of Koresa,
and Republic of China in Taiwan--in these countries, because most of
their people cannot afford to have his own car. The dependence on govern-
ment vehicles as a means of transportation is rather vital. This is unlike
the case in tThe well-developed countries where nearly every officer or en-
listed man has his own car which can be flexibly used to alleviate any
overicaded condition of the motor pocol. Hence, an authorization of wve-
hicles in the motor pool of a military unit in these less industrialized
countries 1s more important because when the authorization is too low,
it will put adverse effects on i1ts military activities; while 1t is foo
high, it will cause unnecessary waste of national resources.

It is noted that the staff work of determining the vehicle authori-
zation for a unit has experienced many changes in the past decades. In
the Republic of China, the early phase of this staff work was to determine
the vehicle authorization based aimost entirely on the organizational level

of that unit. Ia the Alir Iorece, for example, ihe planning staff merely

* It is only vehicles for personnel transportaticn that are To be
pocled 1n the station. These are all jJeeps. Staff cars, 1f there are
any, are only for commardlng officers' use. The special purpose vehicles
guch ag fire trucks, tractors, and heavy engineering equipment, ete.,
present no need for poocling.



esgtablished the standard as how many vehicles should be assigned for a
wing, a group, or a squadron. Other operational units were authorized
with a number of vehicleg in reference to the estiazblished standard for
that level.

As time went on, it was experienced that units on the same or-
ganizational level did not necessarily represent the same requirement
for transportation. A base service squadron might have a strength sev-
eral times that of a combat squadron, their requirement of transportation
apparently would not e the same. Therefore, at a later date, lactors
such as the total strength of a unit, the nature of its function, its
relationship with friendly forces, etc., were all taken intoc considera-
tion. However, due to the wvariabiiity of the effect of these factors,
the welghts of thesge factors on the wehicle reguirement cannct be sgpeci-
fically determined. Hence, although the proposed factors for considera-
tion seemed %to be numerous, the equipment assigned to a unlt was still
determined by the judgment of the planning staff.

Recently, some units stated that they wished to have thelr vehicle
authorization increased based on geographical corsiderations. The argu-
ment was that the geographical condition of the stationed base does have
significant effect on the service time of each dispatch. In comparing
two units of approximately the same size and similar function, one is
likely to draw a conclusion that the two units would have the same re-
quirements for transportation gervice. 3Jut, this only means the same
number of requests. If one unit station is in a compact base, while the

other gtation is in a vast area with dispersed installations, the differ-
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CHAPTER V

PROPCSED METHOD OF SOLUTION

With reference to the above-staled problem in determining the
optimum number of vehicies for a mititary unit, the traditicnal prac-
tice seemed foo arbitrary and thus unable to give a satisfactory solu-
tion. As more and more factors are suggested for consideration, the
problem tends To become even more complicated.

The method of scolving this problem, as proposed in this study,
1s to reduce all these complicated factcrs, no matter whether they are
implicit or explicit, into twc parameters: (1) the average number of
requests per unit of time, (2) the average number of services which can
be completed by one server per unit of time. A queuing medel is then
introduced to determine the number of wehicles required under this con-
dition. This model is based on an established 1imit of average walting
time per regquest.

The reason for reducling all factors into two parameters is not
only because these two parameters are required in the queuing model to
be used in our problem, bul also because the various Tactors for con-
sideration can generally be sorted into two categories: (1) those fac-
tors affecting the rate of reguest, and (2) those factors affecting
service time. When the factors of each category are considered and
evaluated separstely, the planners are able to make better estimations

o each parameter than by making direct estimation of the number of ve-
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hicles required. As this is trus, the solution cobtained from the two
better estimated parameters through a mathematical analysis 1s certainly
more reasonable.

Before dealing with the mathematical medel to be used in this prob-
tem, two important assumptions must be examined 1n order that the motor
pool problem can be approximated by this meodel. One of the assumptions
1s that the reguests coming to a motor pool follow the Poisson distribu-
tion, and the other is that the service times follow the negative expo-
nential distribution. Of course, a realistic situation of the requests
coming fto a motor pool cannot be expected to follow exactly any theoreti-
cal distribution, and the actual distribution will also vary from unit
to unit and from time to time. However, due to the followlrg reasoning,
the Poisson distribution of regquest arrivals can be approximated without
gignificant error. This approximation is necessary since this study is
intended to suggest a method of soluticon for cases in general.

A review of the nature of the requests coming to a motor pool shows
that it generally agrees with the following conditions:

1. “The number of requests coming to a motcr pool during a non-
overlapping time period can be said to be independent and random. This
ig particularly true when the requests are coming from a large number of
stafi personnel.

2. he number of requests during any time interval depends only
on the length of that interval and not on the endpoints.

3. 1T the time Interval 1s sufficlently small, the probability

that a reguest comes during that infterval is directly proportional to
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the length of that interval.

4, If the time interval is sufficiently small, the probability
ot two or more requests 1s negligible.

5. There is no reguest at the starting hecurs of the motor pool.

These analyses are sufficlent to support the assumption that the
request coming to a motor pool ftends to follow the Polsson distribution.
(The derivaticn of the Poisson distribution based on the above five con-

ditions can be found in Introductory Probability and Statistical Appli-

-

cations by Paul L. Meyer, p. 152.)

Orie next examines the service times. Because each trip of a dis-
patch is independent from the other, the return time of the vehicles can
also be assumed as Peolsson. This 1s based on a similar reasoning to that
for the request arrivals. Hence, the distribution of the service time
can be approximated as a negative expenential. (The relation between
the Polsson process and the exponential service time can be found in

P
Tntroductory Probability and 3tatistical Applications by Paul L. Meyer,o

p. 214.)

Since it 1s permissible to assume the distribution of the requests
coming to a motor pool as Polisscon and the distribution of service times
as negative exponential, one 1s now ready to discuss the gueuing model
which will be used in the sclution to the stated problem. The following
1s a brief descripticn of the several-servers gueulng model.

Suppose there are k servers in the service station, each server
with an exponential service rate of mean u (u services completed per
unit of time), fed by a queue built up to Poisson arrivals with mean X

(XA requests for service per unit of time). The queuing discipline is
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that first come, first served, with one request goling into service at
the moment a server becomes empty. Lhen, various queuing propertles

can be expressed I1n terms of A, W, kK, and Py, the probability that no
service 1n the system. Ps 1s actually a functicon of A, W, and k. The

expression for Py 1in this model is

Pe

(1)

N k i ( Il] 1N Cky o
Zo ﬂ‘ k‘\u) k-
subject to kp > A. (If ku = ), the queue will never become stable.)
Among all the queuing properties, the most important one in the
problem is the average walting time of a reguest because this is a direct
indication of the adequacy of a motor paol's service. The eguation for

the calculation of the average waiting time is

k
Average walting time Blw) = p&ﬂ) ()
of & reguest (k-1)1 (kp-2)?

By applying these ftwo equations, for any given combination of A and
ks The E(w) corregponding to different values of k can be calculated.
Henee, the adequacy of a motor pool's service with k vehicles assigned
under fthe specified condition of A and u can be measured. After the
E{w)'s for various values of k are obtained, their relations can be plotted
into a set of charts for use.

In applying these charts to determine the number of vehicles for
a moter pool, the military planning staff can Tirst estimate the X and u

of a unit to be established or evaluate the X and p of a urit which al-
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CHAPTER VII

DISCUSSICN OF RESULTS

Analysis of Charts

In examining the charts plotted in the last chapter, one finds
that each chart contains a fanily of monotonically increasing curves.
Though the curve plotted begins from A = 2, it is apparent that regard-
less of the value of u, when A approaches zero, the corresponding E(w)
approaches zero, alsc. This 1s true because when no one asks for trans-
portation, the average waiting time must be zero. As the value of A
increases, Lhe curve representing each value of k has a vertical asymp-
tote when A = ku. The E(w) corresponding to that value of k tends to
go to positive infinity when A approaches ky. This is to say that if
A Z kp, the queue will build up to an Infinite length and the stable
condition of the gueue can never be achieved.

Next, one examines the slopes of the curves. As one can see in
the charts, the slopes of all curves at the higher values of E(w), say
50 minutes or above in the range of u and A, become very steep so that
this part of the curve is lesgs important. This 1s because, first, any
average walting time above 50 minutes will be considered as unsatisfac-
tory for a mctor pool service, and sgecond, the high slope of This part
of the curve means the high sensitivity of E(w) response to the change

in k. Hence, we would not censider the k values corresponding te this
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range of E(w) where a unit increment in k will gain tremendous reduction
in the average waiting time.

Neither is one interested in that part of the curve where E(w) is
below five minutes, because this represents the inert response of E(w)
to the change of k values. It i3 noted that once k has increased to a
value such that E(w) falls into this range, any further addition in k
will give only a small reduction in E{w}, and thus it is practically
unimportant. The increase in the number of vehicles under this condition
is likely to increage the 1dle time of the facilities with little con-
tribution to reduce the average waiting time.

Hence, the above analysis leads one’s attention to the E(w) range
from tive minutes tc 50 minutes, where the curves tend tc show mcderate
change in E(w) against k. This range of E{w) is particularly important
because it virtually covers most of the acceptable average walting times
fer various motor pools. However, because the restriction that the num-
ber of vehicles k must be an integer, 1t is impossible to apply an exact
value of E(w) to determine k for all units. One can see in the charts
that there are no more than three or four values of k which have E(w)
within this range, therefore the planning staff’'s choice is only those
values of k with corresponding E(w) values which are near to the estab-
lished standard values, rather than equal tc them.

One other point that must be mentioned here pertinent to the
charts is that they are plotted only in ten-minute intervals of the
average service times. TIn actual applicatlions, 1t 18 posslible that the

estimated average service time for a mofor pocl is not a value suitabile
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for the avallable charts. Therefore, one must consider the cases where
the estimated W 1s an intermediate wvalue.

To deal with these casgses, the method of interpolation is to be
used. It is suggested that the two k values corresponding to the two
neighbor values cf u, indicated on the charts plotted, ve determined
first, then the correct value of k corresponding tc the intermediate
value of u be calculated through interpolation and rounded into Integer
nunber. Thig is not to sgay that the change in k is directly in propor-
tion to the change in W, bdut the non-linearity would be well covered by
the integer-rounding procedure.

An example is glven below to show the proper way to apply the
charts to the problem of determining the vehicle reguirement of a motor
pool. BSuppose that after deliberate evaluation, investigation, and co-
ordination, the planning staff has decided that the estimated average
service time of the subject motor pool is 43 minutes, and the average
nunber of requests for a dispatching is 17 per hour. The approved aver-
age walting time standard has been established to be no greater than 20
minutes. Then the procedure of determining the correct value of k is to
find first the minimum allowed k values along the A = 17 coordinates in
both charts of g = 1.5 (average service time is 40 minutes) and u = 1.2
(average service time is 50 minutes) such that the corresponding E(w)'s
are below the 20 minute limit.

From the charts

1l

for p= 1.5, A = 17; k minimum is 13 with E{w) 12.9 < 20

16.6 < 20

b=1.2, A = 17; Xk minimm is 16 with E{w)

1l
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The k value for the motor pool with an average service time = U3

minutes and A = 17 can thus be obtained

L3 - o -
K:13+mx(16_13):13+.9:1h

Hence, k = 14 is the proper number of vehicles required in that motor

pool to provide the specified service,

Human Effect on the Distribution of A

The Polsson distributicon of the requests received by a motor pool
is based on the assumption that the requests are from a large number of
individuals and are completely independent. But in most reallistic con-
diticns, the human effect tends to influence this assumption so that the
actual distributicn of the regquests coming to & motor pecol varies from
the ideal Poisson pattern. This will surely cause certain differences
between the asctual k - E{w) relations and the k - E(w) relations derived
from our model.

Since cne is dealing with a problem concerning military motor
pools, it would be meaningful to make a discussion on the nature of the
human effect on the reguest arrival distribution in military units. BEx-
perience shows that the humen effect in military units is usualily pre-
sented in the form of coordination--the coordination among those pecple
who are going to request transportation. Although the degree of coordi-
nation which can be achieved is different from unit teo unit, it can be
imagined that the coordination which can be achieved 1s different from

unit to unit, it can also be imagined that the coordination is intended
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tc keep the regquest arrivals at its average rate. This is true because
in no cases would people purposely coordinate to send "salvo" requests
Lo the motor pool and waste thelr time in waiting.

Based on this understanding, 1t i1s reasonable to assume that the
effort of coordinaticon is to equalize the number of requests for each
period of time. Hence, the effect is simply to reduce the variance of
the distribution of A. When there is no coordination, the distribution
of request arrivals will follow a Polsson pattern, but when the coordina-
tion goes tighter, the distribution will "narrow'’ up and the probability
density will become higher and higher in the vicinity of A. The extreme
condition of the coordination would be the request arrivals becoming
equi-interval of A per unit of time. The tendency of the human effect
onn the disgtributicn of the requests coming to a military motor pocl 1s

shown in Iigure 5.

. ————Absolute coordination
(equi-interval)

/ ‘A/t,,/,__f—Paftial coordination
\

o coordinaticn
(Poisson)

Probability Density

A Requests/unit of time

Figure 5. Non-scaled Graph Showing the Tendency cof Human
Zffect on the Distribution of the Kequests
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In practical cases, a military unit can neither have no ccordina-
tion nor achieve absolute coordination. A sgituation which exists between
the two extreme conditions would be the result of the human effect. The
values of the E(w)'s under various degrees of coordination will also fall
between the two extremities.

The E{w) for the Poisson condition can be readily obtained through
the model developed in this thesis. The remaining values of E(w) are
the equi-interval conditions. There is no easy general formula to ob-
tain the E(w) under the condition of equi-intervaled request arrivals.
The Monte Carlo simulation is tThe only handy method to obtain fthese
values. Unfortunately, this method can only obtain one answer for each
time for a particular combination of W, A, nad k. Therefore, it is very
difficult to prove, on a general basis, that the E(w) values under egui-
interval conditions are less than those under Poisson conditions. Table
5 is a Monte Carlo sclution of E(w) under equi-interval conditions for
a random selected case w = 2, A = 10, and k = 6. One can see that 1t
is substantially less than the E(w) under Poisson conditions. Similar
results can be obtained for any other combination of w, A, and k.

In Table 5, the first 20 requests are used for bullding up the
gueue and are not included in the computation. The average walting time

of the last 30 requests is

%%? = 6.2 minutes

Compare this value with the E(w) value obtained through the model

developed in this thesis (17.8 minutes). The B(w) value under the equi-
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interval conditicn is much smaller than the E(w) value under the Poisson
condition 1s thus made clear. For other cases with coordination, though
one does not know what the degree of coordination is, one thing can be
assumed; that the E(w) value must be smaller than that without ccordina-
ticn. lHence, the k value obtained through the model can satisfy a unit
with any degree of coordination as the effect of coordination is only

to provide a larger margin for the coperation of the motor pool.

Effect on the Distribution of u Due fto Practical Conditions

When the destinations of dispatches are of a large variety of
distances from the motor peol and the trips of duty reguire various
lengths of time, the return time of the vehicles tends to be Polsson and
the service time 1s described as negative exponential. 3But, in practi-
cal cases the geographical condition may limit the dispatches mainly to
a Tew places, and a number of duties in similar nature may require almost
the same period of time. Thus, the actual distribution of the service
time of that motor peol 1s likely lto vary from the ldeal negative expo-
nential.

To investigate the effect of this variation on the average wait-
ing time is difficult because one does not know the extrems case of the
variation. However, there is cone indication to show the tendency of the
effect. That is a derived relation for a single server model of Polsson
input and arbitrary service time. The formula of expected waiting fime

for that model appears in Resume of Useful Formulas in Queuing Thecory,

Operation Research, Vol 5, 1957, p. 176.
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CHAPTER ViIT

RECOMMENDATTONS

Further Study of the Pricrity Assignment Problem

~n the proposed method, it has been assumed that all requesis are
of equal importance, so that the queuing discipline "first come, first
gerved” can be applied. DBut in actual military operations, this is not
always true because duty trips concerning some special activities such
as combat or intelligence, etc., must always be punctual or in time.

To deal with this problem, tnere i1s already a competent opera-
tions research technique which 1s the gqueuling model with priority assign-
ment. Alan Cobham' dlscussed this modsl in his paper "Priority Assign-
ment in Waiting Line Provlems.” The formulas for computing the expected

waiting times Tor reauests of varlcus levels of priority are shown in

Resume of Useful Feormulas in Queuing Theory by Thomas L. Saaty.u It is

recommended that further investigation be made on this problem by study-
ing how many priority levels are adequate, determining the proper por-
tions of A for different levels, and determining the average waiting
time for an arrival of each level. Thils problem together with other

managerial problems in a motor pocl are an area worthwhile of [urther

study.

Strengthening the Statistical Work in Military Organizations

Though the proposed method is a new approach to determine the
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correct number of vehicles required in a military unit, the suitability
cf the result is still much dependent on the accurste estimate of the
valuss of M ana u. In this regard, the experiences of the planning

gtaff are Important, but the statisfical records of the similar units

are even more important. Statistical records are virtually Texperienceg”
presented in a much more concrete and mathematical manner.

Statistics have been used by the Chinese military organizations
for a long period. More than thirty years ago, lmmediately after the
end of World War IT, siatistics offices were established in major com-
mands of the Chinesge Alr Ferce to handle this kind of work. Similar
units were socn established in the Chinese Army and the Chinese Navy.
However, the achievement of the statistical work is not remarkable be-
cause most of the work of these groups is limited to descriptive statis-
tics. It seems that the statistical werk in Chinese military organiza-
tiong is a2 show window on the progress of the military strength rather
than a means te improve military operations.

In making the above criticism, it seems that T have digressed
from the motcr pocl problem. However, I am concerned that, to insure a
better result from the use of the proposed method of determining the
proper reguirement of vehicles for a unit, improved statistical work in
military corganizations is absolutely necessary. Thisg 1s true not only
for this particular problem, but also for any cther military operations

regearch work.

Using the True Requirement as Loglstlc Planning Target

It has been mentioned before that the result obtained through the
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