SPECTRAL ANALYSIS OF TWO-VARIATE

STOCHASTIC PROCESSES

A THESIS
Presented to
The Faculty of the Graduate Division
by

Ingolf Meyer-Plate

In Partial Fulfillment
of the Requirements for the Degree
Master of Science

in the School of Industrial Engineering

Georgia Institute of Technology

June, 1968



SPECTRAL ANALYSIS COF TWO-VARIATE

STOCHASTIC PROCESSES

Approved:

S i
Chairman

NN O N
I R VI

Date approved by Chairman: A/E?ﬁf"i.éf’t.. /8/ I[fég



ii

ACKNOWLEDGMENTS

Dr. William W. Hines, the thesis advisor, introduced the author
to this problem which relates to hils own previcus research. His
detalled knowledge of the material proved most helpful and significant
in giving this study its direction and in commenting on the technical
centents and its organization. Dr. Hines' advice was highly appreciated
and is sincerely acknowledged.

Special credit is due to Dr. S. H. Coleman and Dr. J. J. Jarvis
for their suggestions on the manuscript.

The author is very appreciative of the aid given by Dr. R. N.
Lehrer and the School of Industrial Engineering, as well as by Dr.

B. M. Drucker and the School of Mathematics during certain periods of
his time in residence.

The author wishes to take this opportunity to gratefully ack-
nowledge the advice and enormous assistance given tc him by Dr. Paul
T. Eaton, his academic advisor, and Mrs. Eaton, in particular during
his initial period in residence as a newcomer to both the city and the
country.

This research was supported by the National Science Foundation

{Grant Number GK-1T3k).



iii

TABLE OF CONTENTS

Page
ACKNOWLEDGMENTS. & 4 v v v o v o v o e e e e e e e e e e e e i
LIST OF TABLES & + v + v v o v o v et e e e et e e e e e e e v
LIST OF ILLUSTRATIONS. + & v v v v v o v m e v e e e e e e e o . Vil
SUMMARY. v v v v v o b e e e e e e e e e e e e e e e s s s s,
Chapter
IT.  INTRODUCTION. + = v v v v oo e e e e e e e e e e e 1
II. LITERATURE SURVEY &+ + « v v o v v v e e e e e e e e e e b
III. MODEL DEVELOPMENT . &+ +v v « v v « o o « o o v v o v e v v . 25
Case I: U = Constant, V = EXP()\)
Case II; U = Constant, V = U(t) 5
Case IIT: U = Constant, V = N{p,07)
Case IV: U = EXP(A), V = N(j,02)
Case V: U = N(ug,0%), V = N(ul,oi)
IV. THE EVALUATION OF THE SPECTRAL DENSITY FUNCTION . . . . . . 42
V. THE INVERSE TRANSFORMATION:
DETERMINATION OF THE AUTOCORRELATION FUNCTIONS. . . . . . . 58
VI. CONCLUSIONS AND RECOMMENDATIONS . . « = « « « o &« « « « . . 137
APPENDIX
A e R
B . e e e . . e e . . 155
C . . e e e e e e . . e . 187

BIBLIOGRAPHY . v v v v v v v e e e e e e e e e e e e e e e e e, 207



Table

10.

11.

12.

13,

14.

15.

LIST CF TABLES

A Selection of Autocorrelations and Their Spectra . . . .

Values of Parameters Employed in Simulation with
Truncated Normal Distributions for Span Lengths

Values of Parameters Employed in Simulation
with Gamma Distributions for Span Lengths . . . . . . .

Values of Parameters Employed in Evaluation of
Spectrum for Case I--Distribution of Span Lengths . . . .

Tabulated Maxima and Minima of the Spectral Density
Function S{(w)} for U = Constant and V = EXP(R) . . . .

Values of Parameters Employed in Evaluation of
Spectra for Case II--Distribution of Span Lengths

Tabulated Maxima and Minima of the Spectral Density
Function S{w)} for U = Constant and V = U(t) . . . . . .

Values of Parameters Employed in Evaluation of
Spectra for Case III--Distribution of Span Lengths. . .

Tabulated Maxima and Minima of the Spectral Density
Function S{w) for U = Constant and V = N(u,02). . . . . .

Values of Parameters Employed in Evaluation of Spectra
for Case IV--Distributions of Span Lengths. . . . . . . .

Tabulated Maxima and Minima of the Spectral Density
Function S(w) for U = EXP(A) and V = N(p,02). . « . . .

Values of Parameters Employed in Evaluation of Spectra
for Case V--Distributions of Span Lengths . . . . . .

Tabulated Maxima and Minima of the Spectral Density
Function S${w) for U = N(uo,c%) and V = N(ul,oi) e e e

Numerical Values of Autocovariance and Autocorrelation
Function Obtained Through Spectral Analysis . . .

Algol Program: Plotting of the Spectral

Density Functions . . . + + « v « 4 & 4+ o« 4 o o 0w s .

iv

Page

12

16

17

Ly

435

47

49

50

51

53

54

55

56

154

156



Table

1s.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

Algol Program: Calculation of Autocovariance
and Autocorrelation Function for the Case of
Normal Distributions of Span Lengths. .

Autocovariance and Autocorrelation Function for

U = Constant and V = EXP(X) and for Indicated Parameters.

Autocovariance and Autocorrelation Function for

U = Constant and V = EXP(X) and for Indicated Parameters.

Autocovariance and Autocorrelation FTunction for

U = Constant and V = EXP(X) and for Indicated Parameters.

Autocovariance and Autocorrelation Function for

U = Constant and V = EXP(A) and for Indicated Parameters.

Autocovariance and Autocorrelation Function for

U = Constant and V = U{t) and for Indicated Parameters.

Autocovariance and Autccorrelation Function for

U = Constant and V = U(t) and for Indicated Farameters.

Autocovariance and Autocorrelation Function for

U = Constant and V = U(t) and for Indicated FParameters.

Autocovariance and Autocorrelation Function for

U = Constant and V = U{t) and for Indicated Parameters.

Autocovariance and Autocorrelation Function for
U = Constant and V = N(p,0?) and for Indicated
Parameters. . « « ¢ « ¢ 4+ o« ¢ e e s e 4 a4 4

Autocovariance and Autocorrelation Function for
U = Constant and V = N(M,GZ) and for Indicated
Parameters. . « ¢ ¢ v v i v a4 s 4 e e e e

Autocovariance and Autocorrelation Function for
U = Constant and V = N(u,c?) and for Indicated
Parameters. . « « + v ¢ v 4 4 4 e 0w e e e

Autocovariance and Autocorrelation Function for
U = Constant and V = N(u,c?) and for Indicated

Parameters. . . + « « « v ¢ &+ & 4 a4 4 4

Autocovariance and Autocorrelation Function for

U = EXP{)\) and V =~ N(p,c2) and for Indicated Parameters .

.

.

-

.

Page

188

189

190C

191

192

193

194

195

196

197

198

199

200

201



Table

30.

31.

32.

33.

3.

Autocovariance and Autocorrelation Function for

= EXP(A) and V = N(u,02) and for Indicated Parameters

Autocovarlance and Autocorrelation Function for
o N(uo,co) and V = N(ul,ol) and for
Indlcated Parameters. . . . e e e e .

Autocovariance and Autocorrelation Function for
U = N(ug,0§) and V = N(pj,0%) and for
Indicated Parameters. . . . . . . . .

Autocovariance and Autocorrelation Functicn for
U= N(uO,U%) and V = N(ul,o%) and feor Indicated
Parameters. . « ¢ + ¢« 4 4 i e s v e e v e e e

Autocovariance and Autocorrelation Function for
U = N(uo,o%) and V = N(ul,c%) and for Indicated
Parameters,

vi

Page

202

203

204

205

206



Figure

10.
11.
12.
13.
1y,
1s.
16.
17.
i8.
19.

20.

vii

LIST OF ILLUSTRATIONS

Pages
A Typical Sample Function of a Zero-Cne Process . . . . . 13
A Zero-One Sample Function. . . . . . « « v + ¢« « « « « . 18
Spectral Density Function S{w) = GQJihff . . 23
Autocorrelation Function p(1) = e_QT. e e e e e e e e e 23
Autoccorrelation Tunction p(t) for
U = Constant and V = EXP(A):
Parameters: u = 1, A = 1 ., ¢ « & 4 v o o v o s e a e 69
Parameters: wu = 2, A = 1/2 . . « + v 4« v 4 e e e e e 70
Parameters: u = 3, A = 1/3 . . + « . v ot v e v e e e 71
Parameters: u = 4, 2 = 1/% . . 4 v 4 v 0 v e v e e e 72
Parameters: U =1, A = 1/2 © « « v v vt 0 e e e e e e 73
Farameters: u = 2, A = 1/% . . . . .« ¢ o« 4 e 0 e 0 . 74
Parameters: U = 3, A = 1/6 + v & « 4 « 4 o 0 4 o 0 0 e 75
Parameters: u =4, A = 1/8 . . . . . . . . . 0 0.0 76
Parameters: U = 1, X = 1/3 . v 4 v v « « o 4 o v 4 4 o . 77
Parameters: u = 2, A = 1/B + « « v 4 4 4 4 4 v 4 4 4 o s 78
Parameters: U = 3, A = 1/9 . . « .« « v v v e v e u e 79
Parameters: u = 4%, *» = 1/12. v v v v v v 4 4 e e e e e . 80
Parameters: u = 1, A = 1/4 . . . . 0 0 0 o 0 e e e e 81
Parameters: u = 2, A = 1/8 . . « « . &« 4 v 4w e e 82
Parameters: u = 3, A = 1/12. . +© v v v v 4 4 s w e e = 83

Parameters: u = 4, A = 1/16. . « « « v 4 v 4 4 0 4 e 0 84



Figure

21.
22,
23.
24,
25,
26,
27,
28,
29.
30.
31.
32.
33.
3y,
35.
36,
37.

38.

39.
40.

41.

Autocorrelation Function p{t)
U(t):

U = Constant and V =

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

Autocorrelation Function p(1) for

u

and V = N(u,02):

Parameters:

Parameters:

Parameters:

u

u

u

1, u

1

12,

12. .

18.

16. .

24,

10. .

20,

30.

20,

40.

0. .

for

. . - - .

U = Constant

viii

Page

86
87
88
89
g0
gl
g2
g3
9y
95
96
97
98
99

100

101

102

103

108
109

110



Figure

42,
43,
4y,
45,

48,

b7,
43,
49.
50.
51.
52.
53.
S54.
55.

56.

57,
58.
58.
80.

51.

Autocorrelation Function p(1) for U

and V = N(u,02):

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

u

u

u

u

u

1}

Autocorrelation Function p(t) for

U = EXP(A)
Parameters:
Parameters:
Parameters:
Parameters:
Parameters:
Parameters:
Parameters:
Parameters:
Parameters:

Parameters:

and V

A

A

A

A

Autocorrelation Function

- 2 o
U = N(uo,co) and V N(ul

Parameters:

Parameters:

Parameters:

Parameters:

Parameters:

5, =5, ¢ = 1,0, ..
5, uw =10, o = 1.5. .
i, u=1, v =G.,1,
5, w =15 g = 1.0, .
5, w =20, o = 1.25
= N(p,0%):
1/8, w=1, ¢ = G.1.
1/16, p = 4, o = 0.1 .
1/9, w=23,¢=0,1.
/4, w=2,0=0.1.
1, p=1,06=0.1.
1, u=2,0=1.0
2, u=2,0=10.
1, u=u4,g=1.0
2, v ==u, o= 1.0
1, u=3,0=1.0
p{1) for
,Gi):

4, My = 1, 0y = 3.0,
10, My = 10, OO = 5.0,
10, My = 10, 9y = 1.0,

2, uy = 10, o, = 0.4,

3, My = 10, gy = 0.6,

Constant

ix

Page

111
112
113
114

115

117
118
119
120
121
122
123
124
125

126

129
130
131
132

133



Figure Page

Autocorrelation Function p(t) for U = N(u_,0%)
- 2y, ¢
and V = N(ul,cl).

62. P : = = = 1. =3.0 .. . .. 134

arameters uo 5, ul 10, UO 1.0, Ul 3.0
63. Parameters: Ho = g, My = 1, Ig = 0.9, 9, = 0.1 . 135
64, Parameters: uo = 10, ul = 10, UO = 1.0, Gl = 1,0 . 1386
BS. The Amplitudes of the Oscillations of the

Autocorrelation Functicns for U = Constant

and V Distributed Exponentlally, Uniformly,

and Normally. . . . . . . . . e e e e e e e e 4 a e e . o. 139
BE . Number of Completed Periods of Autocorrelation Function

Before Amplitude Falls Below Significance Level

(P(T) € 0.05) v v v v v v v v e e e e e e e e e .. 1l
67. A Different Sample Function of a Zero-One Process . . . . . 1u8
68. Comparison of Autccorrelation Functions

Determined Through Simulation and Through

Spectral Analysis for U = N(10,6) and V = N(10,6) . . . . . 152
69. Compariscn of Autccorrelation Functions

Determined Through Simulation and Through

Spectral Analysis for U = N(20,4) and V = N(4,1). . . . . . 153
70-77 Spectral Density Function S{w)[Y-Axis] over

wl¥-Axis] for U = Constant and V = EXP{(X) . . . . . . . .157-164
78-86 Spectral Density Function S(w)}[Y-Axis] over

w[X-Axis] for U = Constant and V = U{(t) . . . . . . . . .165-173
87-90 Spectral Density Function S(w)[Y-Axis] over

w[X-Axis] for U = Constant and V = N(p,02). . . . . . . .174-177
91-95 Spectral Density Function S(w)[Y-Axis] over

wlX-Axis] for U = EXP()) and V = N(u,02). . . . . . . . .178-182

96-99 Spectral Density Function S(w)[Y-Axis] cver

w[X-Axis] for U = N(HO’U%) and V = N(ul,oi) e« 4 » . . .183-188



xi

SUMMARY

The paper is concerned with the determination of autocorrelation
functions for zero-one stochastic processes. The length of time the
process persists in either one of its two states is assumed to be con-
stant or distributed either exponentially, normally, uniformly or
according to some combination thereof, Repeated reentries into any
state are expected and are assumed to be governed by the same proba-
bility laws and parameters which characterized previous occupations.

The process has the form of a random wave for which a power
density spectrum has been established. The inverse transform of the
spectral density function constitutes the autocorrelation function of
the process. Because of the unattainability of the inverse transform
by analytical means, methods of numerical integration were employed for
its determinaticon. Autoccrrelation functions were obtained for a total
of B0 parameter combinations. Attempts to draw conclusions from this
experimental evidence were made, Only gqualitative rules could be given
pertaining to the "damping" characteristics. With respect to the periods
of the autocorrelation functions a quantitative rule of high likelihood

was derived experimentally.



CHAPTER I

INTRODUCTION

Objective of Study

The objective of this study is to determine quantitatively the
correlation between two or more occurrences of a sampled, two-valued,
process activity. Imn the analysis of defectives, the evaluation of
machine breakdowns as well as in various other industrial systems an
activity can frequently be defined and subsequently sampled which has
berncullian characteristics: 1t occurs or it does not occur, it will
occupy only one of two possible states at a time. The length of time
which an activity spends in either one of the two states is a random
variable whose distribution depends on the particular system under con-
sideration. Under the assumption of multiple cccurrences of the
activity, the particular objective is then to determine the autocorrela-

tion functicns associated with the process giving rise to realizations.

Purpose of Study

In recent years the theory underlying the field of activity
sampling has been extended considerably. In particular, attempts have
been made to justify the use of systematic sampling procedures for the
occurrence of non-periodic activities. These attempts were based upon
a comparison of the variances of estimates obtained through random,

stratified random, and systematic sampling, the objective being to



demonstrate that the precision associated with systematic sampling is
higher than for the other two sampling procedures. A publication by
Davisl stated the mathematical mecdels for the computation of the esti-
mate variances. A decisive component in each of these models is the
process serial correlation. Davis points out that the proof of superi-
ority of systematic sampling as opposed to random sampling hinges upon
the availability of the correlation function.

Tt is therefore the purpose of this study to supply this possible

basis for a successful comparison of the known sampling procedures.

Scope of Study

This research is concerned with the determination of the autocor-
relation functions associated with various distributions of the span
lengths of the two states. Its results are intended to broaden the
basis for future research in the field of activity sampling. It does
not, however, concern itself with the problem of drawing conclusions
about the superiority of either of the sampling procedures on the basis

of its results.

Method of Procedure and Assumptions

The given situation is best to be described by a process whose
sample space consists of two possible states. A covariance stationary
zero-one stochastic process X(t) is therefore assumed, where a particular

realization of the process at time t is given by x(t), with

1. Davis, H., "A Mathematical Evaluation of a Work Sampling
Technique," Naval Research Logisties Quarterly, pp. 111-117.



x(t) = 1; for those instants, t, at (1.1)
which the activity occurs,
x(t) = 03 for those instants, t, at which

the activity does not occur.

The method of procedure rests upon a harmonic analysis of the process
under the following assumptions:

(a) The times between value changes are independent random
variables;

(b) The time it takes to change from 0 to 1 is distributed as a
random variable U, and the time it takes to change from 1 to 0 1is
distributed as a random variable V;

{c) The distribution functicns of U and V are Fo(u) and Fl(v),

respectively.



CHAPTER 1II
LITERATURE SURVEY

The basis for the general treatment of stochastic or random
processes and for the determination of their properties and charac-
teristics has been established by Norbert Wiener. Between the years
from 1925 to 1930, Wiener published a series of papers on Harmonic
Analysis of Irregular Motion which culminated in a paper on "Generalized
Harmonic Analysis.”2 Y. W. Lee3 extended Wiener's work and gave a com-
prehensive account on the statistical theory underlying the field of
communication. Lee applied the generalized harmonic analysis to
periodic, aperiocdic or transient, and random or stochastic processes.

Given a periodic function f(t) of the independent variable t,
which in general represents time, and expressing f{(t) as a Fourier

series, the Fourier transform of f(t) is found to be

o
2 .
F( ) = _1_ —jnwlt =
n) = 7 f(t) e dt, n = 0,%1,%2...., (2.1)
1
Y
2

where wy (radians per second) is the fundamental angular frequency,

2. Wiener, N., "Generalized Harmonic Analysis," Aeta Mathe-
matiea, 1930.

3. Lee, Y. W., Statistical Theory of Communication, pp. 5-14.



which is related to the pericd Tl (seconds) of the function by the
formula T1 = %i—. This Fourier transform is a representation of the
periodic time functicn in the frequency domain. Since F(n) is, in
general, complex, it is called the complex spectrum of f£(t). Since the
harmonic order n assumes only discrete values, the spectrum is a line
spectrum.

In the general theory of harmonic analysis, an expression of con-

siderable importance is the correlation which, in the case of periecdic

functicns, takes on the form

T

1
2 .
1 % _ Jnw T
— J £(1) « £ (t+0dat = [ [F (n) Ey(n)le . (2.2)
l T n:-m
__1
7

fl(t) and fz(t) are two pericdic functions having the same fundamental

angular frequency w, and T is a continuous time of displacement in the

1
range [ -«,=], independent of t. If fl(t) has the complex spectrum
Pl(n), and fg(t), FQ(n) then the Fourier transform of Equation (2.2) is

fl(n) . FQ(n). In fact, Lee shows that

1
2
% J fl(t) . f2(‘t+1)dt and fl(n) . Fg(n) (2.3)
h
2

are Fourier transforms of each other and he calls this relation the

correlation theorem for periodic functions.



The integral (2.2) Invelves a combination of three operations:

1. One of the periodic functions concerned, fz(t), is given a
time displacement T.

2. The displaced function is multiplied by the other pericdic
function of the same angular frequency.

3. The product is averaged by integration over a complete

period.

These steps are repeated for every value of T in the interval [-«,®] so
that a function is generated. This combination of the three operations,
namely, DISPLACEMENT, MULTIPLICATION, and INTEGRATION, is termed
CORRELATION.

If a function is correlated with itself, that is, if
fl(t) = fQ(t), then the autocorrelation function p{(t) is obtained: in

that case the integral (2.2) takes on the form

by
P .
1 <« 9 ]nwlT
p(”:%—J £ f(emdr = 1 R ml2e 1, ()
1 T n=-e
1
5

by definition. Let the Fourier transform of (2.4), the power spectrum,

be denoted by S(n). Then
= 2
S{n) = Fl(n) Fl(n) = ]Fl(n)] . (2.5)

Since the spectrum of the autocorrelation function is the square of the

absolute value of the complex spectrum of the given periodic function,



its phase spectrum is always zero for all harmonics. In other words,
all periodic functions having the same harmonic amplitudes but differ-
ing in their initial phase angles have the same autocorrelation function.

This property of the autocorrelation function holds according to
Lee for transient and random functions, and particularly with respect
to the harmonic analysis of random processes (ensembles of random func-
tionsu), where an infinite wvariety in waveform is an inherent attribute,
this property is of utmost importance.

The relation between the autocorrelation functions of random
processes and their spectra has been derived by Wiener and establishes
the Wiener Theorem for Autocorrelation. The derivation starts with the
autocorrelation theorem for periodic functions which follows from (2.4)
and (2.5) to

jnw., T

o(t) = J S(m)e T, (2.6)

n=-o

and inversely

dr. (2.7)

Combining (2.6) and (2.7) one obtains the single expression

4. Lee defines the infinite aggregate of messages or noise, or
of their combination, as "Ensemble,” and a specific function in the
ensemble as a "Member Function.”



1
© jnw. T —jnw. n
1
p(1) = ) e TAJ p(n) e 1 an. (2.8)
n=-« 1 T
-1
2

Associated with this Fourier expression for p(t) of a pericdic function

fl(t) is the definition of p{1) which is restated (2.4}:

a
p(1) = Tl— J fl(t) fl(t+'r) dat. (2.9)
1
_h
2

On this basis Wiener applies the following limiting processs: As we
allow the period T, to approach infinity, fl(t) is made to approach the

random function. Since l/Tl = wl/Qﬂ, expression (2.8) becomes

T

1
©  Jnw, T 2 -Jnw. n
1
p(t) == T e 1 .oy o) e T dn.  (2.10)
21 _ 1
n=-< T
-
2

As Tl tends to infinity, the fundamental angular frequency Wy becomes a
differential of angular frequency dw, and nw which is the nth harmonic
angular frequency, becomes the continuous angular frequency w, and the
summation over all harmonics becomes an integration over the entire con-
tinuous frequency range [-®,=]. The result of this limiting process is

that p(T) loses its periodic form and becomes an aperiodic function. We

have thus obtained formally and heuristically the autocorrelation

5. Lee, Y. W., Op. Cit., pp. 56-58.



function ¢f a random function in the form of the Fourier integral

1 jot —Jun
p{t) = 5= e dw p(n) e dn. (2.11)
Here we assume that
[ ety ar (2.12)
Tl
is finite. TFurthermore, with the substitution T = 5 the limiting form
of (2.9) is
T
p(t) = 1im 2 J f£.(t) £ (t+1) 4t, (2.13)
2T 1 1
Teo T

which is the autocorrelation function of the random function fl(t). If

a function S(w) is defined, such that

S(w) = J p(1) e 197 ar, (2.14)

-0

then the autocorrelation function (2.11) assumes the form

oo

p(T)= 5; J S{w} ejtJJT dw. (2.15)

-0

By (2.14) S(w) is defined ag the Tourier transform of p(t). Since p{(T)

is an aperiodic function, S(w) is the continucus spectrum of p(t). In



10

fact, Lee assert56 and proves7 that S(w) is the Power Density Spectrum
or Spectral Demsity Function of the random function fl(t).

The avtccorrelaticn function p(1) is a real and even function
and so is its spectrum. This fact permits the rewriting of Equations
(2.14) and (2.15) as cosine transforms:

(==}

plt) = é%‘ [ 8(w) cos wt duws (2.16)

- OO

o0

s(w) = [ p(1) cos wt dr. (2.17)

The Wiener Thecrem for autocorrelation states that

The autocorrelation function of a random function and the power

density spectrum of the random function are related to each

other by a Fourier Cosine Transformatien as given by (2.16) and

(2.17).
Lee as well a= Papoulis8 state and prove the properties of both the
autocorrelation function and the power spectrum. For convenience they
are restated here:

a. p(1) is a real and even function and so is its spectrum S(w},

that is

p(-1) = p(t), and S(-w) = S(w). (2.18)

6. Lee, Y. W., Op. Cit., p. 58.
7. Ibid., pp. 93-96.

8. Papoulis, A., Probability, Random Variables, and Stochastic
Processes, pp. 336-343,
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b. TFor a single process X(t) [Lee's notation: fl(t)], with
T = 0, Equation (2.16) becomes

o

p(0) = 2= [ s(w) dw = E{(|x(t)[*} > 0. (2.19)
Thus: The total area of S(w)/27m is nonnegative and equals the "Average
Power" of the process X(t). In fact, Papoulis8 proves that S(w) is non-
negative for all w.
c., pl(t) attains its maximum value for 1 = Q.

d. p(1) is zero if Tt approaches infinity, that is

lim p(t) = 0, (2.20)
T
if the process X(t) is truly random (i.e., contains no periodic com-
ponents).

Papou_lis8 illustrates the relation between the autoccorrelation
function and its transform for a number of processes. Table 1 is
reproduced at this place so as to visualize some of the properties of
p(t) and S{w) as stated above. Few publications are known which are

related specifically to that type of stochastic process with which

8., Ibid., pp. 336-343.



Table 1. A Selection of Autocorrelations and Their Spectra9

Table 10-2

0 T Q W
-
1
8} T 0 w
€05 woT
j T”
o] r —tg Q g w

Comment, The poxx;er spectrum  S{w) of a process x(f) can be
expressed directly in terms of its second-order density f(xi,z2; 7). To
this end we introduce the Fourier transform of f{a,22; 7} with respect to 7

L .
Gle,ae; w) = [_mf(xl,:cg; Tie~ T dr
Sintce

R} = [_Z f_: Tiref(x,xe; 7) dry dig

12

9. Papoulis, A., Op. Cit., p. 340.
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. . 10 . . .
this research is concerned. Parzen devoted a section in his book to
two-valued processes of which the zerc-one process is a member. A

typical sample function of a zero-one process i1s graphed in Figure 1.

T Hl—W ]
| | 11

——pe Time

e r—
s

Figure 1. A Typical Sample Function of a Zero-One Process

The defined process can be represented by

X(t), t 20 (2.21)

0, elsewhere,

and it is a zero-one process whose properties can be studied if two

assumptions are satisfied.

(i) The times between value changes are independent random

variables;

10. Parzen, E., "Two-Valued Processes," Stochastic Processes,
Pp- 35-40.



iy

(ii) the time it takes to change from 0 to 1 is distributed as
a random variable U, and the time it takes to change from 1 to 0 is

distributed as a random variable V.

On the basis of these assumptions Parzen elaborates briefly on the fol-
lowing two properties:

{a) The probabilities P{X{t) = 0} and P{X(t) = 1} that X(t) will
at time t be in each of its two possible states,

(b} The probability law of the fraction of time during the
interval [0,t] that the process has the value 1.

Parzen uses the limit theorems of probability theory to derive
his answers, assuming that it suffices to know the behavior of the
process after it has been operating for a long time (t » 0). This
assumption of a stationary process, in fact, can be validated since it
is applicable to many real world situations. Parzen's treatment of
Zero-one processes appears rather brief and its value for the object of
this research is therefore limited. The assumptions, however, will be
maintained throughout this study and Parzen's notation is used for the
sake of consistency.

In an effort to contribute to the theoretical basis of the field
of activity sampling, W. W. Hinesll made the first serious attempt to

acquire a knowledge about the autocorrelation functions associated with

11, Hines, W. W., "The Relationship Between the Properties of
Certain Sample Statistics and the Structure of Activity in Systematic
Activity Sampling," Ph.D. Dissertation, pp. 93-138.
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zero-one processes. In this work the term span length is used to denote
the time the process spends in either one of its two states. Hines con-
sidered a time period [0,T] during which the activity of interest occurs
more than once and assumes no initial knowledge pertaining to a possible
truncation of the distribution of span length at some value greater than

zero. The autocorrelation function given has the following form:

p(1) = B{X{(t) X(t+1)}, (2.22)
= P{X{t) = 1, X(t+1) = 1},
= P{X(t) = 1} = P{X(t+1) = 1|x(t) = 1},

where

aa

P{X(t+T) = 1|X(t) = 1} = | b OP{X(t+1) = 1,
o k=0

no.changes = 2k|X(t) = 1,y} fl(y) dy,

where the dummy variable y denctes the time that X(t) has been equal to
1l at time t, and where fl(-) is the density of the span length for the
process being in state 1. Evidently an analytical evaluation of
expression (2.22), in general, incurs severe difficulties which are
exclusively mathematical in nature, and since mathematicians consulted

did not have any knowledge of the existence of appropriate literature,
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Hines employed Monte Carlo Simulation Techniques to obtain his results.
For two different distributions of span length--gamma and truncated
normal--a total of 18 autocorrelation functions were obtained for vari-
ous parameter combinations. For easy reference Tables 2 and 3 provide
a survey of the parameters considered.

Table 2.12 Values of Parameters Employed in Simulaticn

with Truncated Normal Distributions for Span
Lengths of U (Subscript 0) and V (Subscript 1)

Approximate
Y Coefficient
— 2 2 . .
ul L uo ol UO of Variation
5.0 5.0 1.0 6.0 6.0 0.3u47
10.0 10.0 1.0 6.0 6.0 0,173
10,0 10.0 1.0 4.0 4.0 0.141
10.0 10.0 1.0 2.0 2.0 0.100
b.o 20.0 0.2 1.0 4.0 0.093
30.0 5.0 6.0 4.0 4.0 0.081
10.0 10.0 1.0 2.0 0.0 0.071
5.0 30.0 0.167 1.0 4.0 0.064
4.0 20.0 0.2 0.25 0.25 0.003

A brief discussion of the autocorrelation functions obtained by Hines on
the basis of the results of this research is given iIn Appendix A. Con-
sidering the feasibility of the chosen apprcach, simulation is an
adequate procedure from an engineering standpoint. A wide range of
application, however, appears prohibitive in light of the large amount

of computer time needed. The figures given were 25 to 104% minutes for

12. Hines, W. W., op. eit., p. 105,



each parameter set of the gamma distribution and 109 minutes per

parameter combination if the span lengths are distributed normally.

Table 3.1 Values of Parameters Employed in Simulation
with Gamma Distributions for Length of Span
U (Subscript 0) and V (Subscript 1)
A o N r rMiin Coefficiegt
1 1 0 0 0°"0 of Variation
0.40 2 0.08 2 25 0.2 1l.667
0.10 1 0.10 1 10 1.0 0.707
1.00 10 1.00 10 10 1.0 0.224
3.00 g 2.00 1u 7 0.43 0.212
4.00 16 4,00 16 L 1.0 0.177
2.00 20 2,00 20 10 1.0 0.150
5.00 30 4.00 16 4 1.5 0.149
4.00 B 4.00 16 4 4.0 0.112
10.00 50 10.00 30 3 1.67 0.112
5.00 50 5.00 50 10 1.0 0.1G6¢

A recent publication by Kumelu

same objectives that metivated Hines' research.

study.

Wiener's Thecrem of autocorrelation to zerc-one stochastic processes:
If X(t) is the process with mean p and variance o2, a Fourier trans-

formation yields an expression for the spectral density function of the

form

originated in pursuit of the
It underlies this

Starting with the assumptions given by Parzen, Kume applies

13.

14.

Ibid., p. 103.

Kume, Hitoshi, "On the Spectral Analysis of 0-1 Processes."



18

T .

. 1 -juwt

S(w) = UmE{ £+ | [ X(t) e 1WE g¢ |23, (2.23)
T 0

Considering now a realization of the process X(t), the sequence

{Ul’vl’UQ’VQ""} is a sequence cof independent nonnegative random vari-

ables where the U's have a common distribution with distribution function

Fo(u) and the V's have a common distribution functiocn Fl(V)- Kume

defines (Figure 2)

1 1 2 n-1 n
f T 1 f ! f
I B | ' ‘ '
| | |
[ I I '
| I I : ‘ |
g, | I, 1 | u |
0 1 2 J Lo -
1) Time t
! [ 1 ! l ) I
Yo% Bty T Yon-o Pon-1 top
Tigure 2. A Zero-0One Sample Function
3
thy = igl (U 4V, (2.24)

3
= § (U4V,) + U, . =t,.+U
101 1+

T, « s
. +
235+1 i21 1 27 j+l

and obtains a realization of X(t), x(t), given by



19

(2.25)

.
Iv
'_l

“

x(t) =

0, t . <t 2

-
23 S Thsepr 120

If Xgn(jm) is the Fourier transform of x(t)} in the interval [O’th]’

then
t?n _aut
X (Gu) = [ x(t) e T 4 (2.26)
0
becomes
2n -jwt
X, (o) = - = § (-1 e T, (2.27)
2n Jw
r=1
Defining the spectrum of X2n(jm) as
. 2
() e TERI N () (-3u) (2.28)
S. (w) = = X, (Ju) = X, (-jw), 2.28
2n t2n th 2n 2n
substitution of (2.27) into (2.28) yields
2n-1 2n-k Jwy - Juy
L+ o DR (&8 TRy e T TN
P k=1 p=1
82 (w) = T (2.29)
n 2 2n
w2 . =2
2n

with
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At this stage Kume applies a limiting process and obtains:

t u

0]
Lim 22 = 22 (2.30)
neo <0
The spectral density function
S{w) = lim E[S2 (w)] (2.31)
N n
2n-1 2n-k Juy -Juy
s ——2  lim |1 + 55- ) (-1)¥ T o(E(e TMtE(e T TH)
wz(u0+ul) noe k=1 r=1

where (2.30) follows from the strong law of large numbers, and p_ and y

0 1

are the expected values of U and V, respectively. Noting that

Juy
6, 1 () = Ele LS|

is the characteristic function of the distribution of Vo 2 and defining
L]

the characteristic functions of the distributions of U and V as ¢0(w)

and ¢l(w), respectively, Kume shows expression (2.31) to be equivalent

to

2656 = (6,107)
1 - 958,

2
. (uo+ul)

S(w) = 1 + Ref H, (2.32)
w2
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if

|¢O ¢l| < 1. (2.33)

The '"Re" denotes the real part of the expression in parentheses. When

the distributions of the U's and V's are the same

L 1-9 I }
pw?  (1+¢)(1+3)

S{w) =

s (2.34)

where ¢ = ¢0 = ¢l and u = N = My
As an example Kume determines the autocorrelation function of the
process if the U's and V's are distributed exponentially. Since this

case will not be treated in the text the example is stated here.

Let

fo(u) = A, e . fl(V) = A, e . (2.35)

1 1
M = 35— 5 Hy = 57—, (2.36)
0 AO 1 Al
b0 = (1-1 597, o (W) = (-1 7 (2.37)
0 1

Applying (2.35) and (2.38) to (2.32), the spectral density function

becomes
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2h, 0 A
1 1
S{w) = . (2.38)
(A _+A_) 2 2
01 w o+ (k0+kl)
and the inverse transform, the covariance function, is given by
2x., ¢ A 0
R(T) = (AOH )i [ S5 au (2.39)
01 0 w™ + (A +X.)
0 "1
AL A (A +x. )
= ___9__l§ v e 01 . (2.40)
(AO+A1)

As the process variance is Aoll/(le+kl)2, the autocorrelation function
is expressed by

(A +2. )T
p{t) = e 01 . (2.41)

For the parameter combination AO = A, = 1, Equation (2.37) has been

1
graphed in Figure 3 and Equation (2.40) in Figure 4,

Kume states yet another example, namely, the case where the U's
and V's are distributed normally.15 Here, after some computational
work, the spectral density function, S{(w), too, is relatively easily

to be cobtained, but Kume fails to elaborate on the method of finding the

inverse transform which involves an integration over an infinite interval

15. Kume does not state the limitations associated with this
case. It is, however, necessary to consider the remarks on p. 33 to be
able to validate his findings.
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of a rather complicated integrand. This difficulty seems to be
intrinsically associated with the procedure and it is therefore
necessary to develop means for the determination of the inverse

transform for a large variety of spectral density functions.



25

CHAPTER III

MODEL DEVELOPMENT

It has been stated before that the random variables U and V are
assumed to denote the time which the process X(t) spends in states 0
and 1, respectively. U and V can be distributed according to a variety
of probability laws for the process to be an appropriate representation
of certain real world systems. In other words, there exists in almost
all cases an industrial situaticon to which the process with particular
distributions of the random varilables is applicable. Considering the
fact that the case of both U and V being distributed exponentially is
treated in the existing literature already, this study depicts the fol-

lowing five combinations for further treatment:

Case I: U = Constant; V ¥ EXP(A)
Case II: U = Constant: V * U(t) 3
Case III: U = Constant; V % N(u,02) ;
Case IV: U ® EXP(A) ; V = N(u,a2) ;
. z 25. = 2
Case V: U N(uo,ao), v N(pl,al).

Model building, as understood here, then consists of determining the
spectral density function S{w) in each of the above five cases.

The expression for S(w) was given in (2.32) as:
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29,4, ~ (¢ +¢.)
L+ Re { —pt——ot) (3.1)
0 "1

2

S{w) = 5
W (u0+ul)

with

[og0, ] < 1. (3.2)

The quantities Yo and u, are the expected values of the random variables

1
U and V3 that is

My = E(U), My = (V). (3.3)
If the density functions of U and V are given by fo(u) and fl(v) and
the distribution functions by Fo(u) and Fl(v), respectively, then the

expected values are equally well tc be expressed by

E(U) = f u + £ (u) du = f u 4dr. (u), (3.4)
0 0
0 0
E(V) = [ v - £1(v) dv = [ v dF (v).
0 0

The most significant entries in (3.1) are the characteristic functions
associated with both randem variables, namely, ¢O(w) and ¢l(w) for U and
V, respectively. In general, the characteristic function ¢Y(w) of a
random variable Y, with density function f(y) and distribution function

F(y), is given by
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]}
=3
—~
©

¢Y(w) (3.5)

= I e]my f(y) dy,
and it is a complex guantity of a real variable w. The development of
the model requires the determination of ¢(w) for both U and V. Further-
more, since the validity of expression (3.1) depends on (3.2), the model

building process must include a check on the conditicn
[oo(w) = ¢ ()| < 1. (3.2)

The absolute value of a product, however, equals the product of the

absolute values, so that

{o,G) = 6 ()] = Jo ()] « Jo ()] <1,

Since both ¢0(m) and ¢l(w) are complex quantities, their absolute values
are given by their respective magnitudes.

The real part of the complex expression

2¢0(w) ¢l(w) - [¢0(m) + ¢l(m)]
1- [¢O(w) . ¢l(m)]

Re { Yo, (3.86)
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added to one, constitutes a multiplicand of the product which equals
S{w). Because of the very nature of expression (3.6) and of the whole
product (3.1) the distributions of U and V can be interchanged. 1In

Case IV, for instance, the same spectral density function will be

2

obtained for U * EXP(A), V * N(u,0%), as indicated, as will for

H

U ® N(p,02), V = EXP(X). This property extends the range of possible
applications of the results.

The real purpcse of the development of the model S(w) is to
transform the process from the time domain into the frequency domain,
bearing in mind that those transformations are an integral part of
general system's theory and frequently yield easier obtainable answers.
The final answer, i.e. the resulting autocorrelation function, however,
is expected to be represented in the time domain again so that an
inverse transformation has to be performed. The practical aspects of

this inverse transformation will be discussed in Chapter V.

Case I: U = Constant, V = EXP(}X)

Let u = constant and

I
p-
0]

£(v) , v >0, (3.7)

0, elsewhere,

then the means and variances are given by

B(U) = u =u, E(V) =y, = %\- , (3.8)
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Var{u) = og = 03 Var(V) = oi = f? (3.9)
The characteristic functions are
¢ (w) = (el = QJuU (3.10)
for constant U, and
¢ (w) = E(ejwv) = {: 1Y fl(v) dv (3.11)

X f e_()\_]w)V dv
0

-1

P s - D)

A= juw

for V exponentially distributed. Applying (3.2), (3.4) and (3.5) to

Equation (3.1), the spectral density function is found to

S(w) = 2X . 1l - cos wu . (3.12)

22(1 - cos wu)? + (w + A sin wu)?

For this expression to be valid the condition (3.2) has to be satisfied.

It is

jwul

log (@] = |e

and
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. W

with
1= 5 -‘i’- =1+ %51,
Hence |¢l(m)| < 1, and the product
|¢0(w)| |¢l(w)| <1, Q0.E.D.

Equation (3.12) attains an indeterminate form for w = 0. Repeated

application of L'Hospital's Rule yields

Au2
lim S(w) = — - (3.13)
w0 (1+xu)
Case 11: U = Constant, V = U{t)
Let u = constant and
f(v)=—:|3- 0<vet (3.14)
1 t? - - :

0, elsewhere,

then the means and variances are given by
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t
= = = = = 3.15
E(U) g = U5 E(V) KT s ( )
t2
L2 - S 3.16
Var{U) o5 0, Var{V) ol * 13 ( )

The characteristic functions are

bow) = E(eIY) = &I (3.17)
for constant U, and
9 (w) = £(e Yy - gm oWV £(v) dv (3.18)
= % ft ejmV dv
0
= Eﬁ;—(ejwt—l)

for V uniformly distributed.
Applying (3.15), (3.17), and (3.18) to Equation (3.1), the

spectral density function is cbtained to

S{w) = ———Ji———— (3.19)
(2utt) w?

{1 - cos mu)[w2t2 + 2 cos wt - 2]

{2(1 - cos wt) + 2wt[sin wu - sin w(u+t)] + mQtQ}

It 1is
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lo (@] = [ = 1,
and
jwt
_ e -1
|¢l(w)| = |___§BE—_| <1, (3.20)
since

Gut)? . Gut)®

ejmt -1 1+ jwt + =1 37—t -1
Jwt B Jwt
. .32 N
- jut | (Jwt) (Jut) ..
ST A Ry B
2.2 L.y 3,3 5.5
w't w t Lt ow w t
Q- -t ) 3Gt
Y -1 = qh.- w't? 't - ot + - e (3.21)
Jwt 12 T 7380 " 20160 ‘
- n (Mt)zn ‘)1/2
(3.21)

1l
3

(-1) (n+l)(2n+l)il 3

application of the ratio test tc the infinite series in (3.21) proves
absolute convergence for all values of wt. TFurthermore, the sum of
the series is less than one which proves relation (3.20). It is thus
established that condition (3.2) is satisfied and that (3.19) is the
spectrum of the process.

Through repeated application of L'Hospital's Rule (six times) the

limiting value of S{w) (3.19) for w=0 is determined to



2.2
1im S(w) = .ilLt_._ .

w0 3(2u+t)3

16
Case III: U = Constant, V ¥ N(u,c?)

Let u = constant and

The characteristic function for constant U is given by

ij) - ejmu.

¢O(m) = E(e

33

(2.22)

(3.23)

{(3.24)

(3.25)

(3.26)

The determination of the characteristiec function of V = N(u,Uz) requires

16. It is, of course, understood that the nonnegativity assump-
tion for the random variables U and V generally does not permit the
assignment of a normal distribution. For all practical purposes, how-
ever, this and all other combinations of distributions involving normal
densities can be considered feasible for proper choices of the param-

eters.
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. . . . 17
a derivation procedure which, as a sketch, was given by Parzen and
which, for completeness, will be outlined here:
Let

y = . (3.27)

Then Y iz distributed normally with mean 0 and variance 1, that is

Y * N(0,1). The density function of Y, f(y), is

fly) = —— e 2, (3.28)
vam
and the characteristic function follows as
by(w) = f eI £(y) dy (3.29)
. 1.2
=1 f - 2 dy.
Vom -

Expansion of eV into a Taylor series yields

by (w) -7 3 LJ_?:_)_ e 27 ay. (3.30)

2w = n=0

The following expression is obtained upon interchange of the order of

integration and summation

17, Parzen, L., Modern Probability Theory and Its Applicatiom,
p. 398,
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" n
%LJ__ [ v"e dy. (3.31)
n=0 ) Yom  —w

Il £~ 8

¢Y(w) =

The integrand in expression (3.31) is an odd function for odd values of

n, so that only the even values of n are retained and

f yn e Z dy = 2 f yn e 2 dy, n even. (3.32)
—c 0

Thus, a substitution n = 2m is valid, and

. om . L2
(Jw) 2 om 2
b (w) = ) o = f yT e dy. (3.33)
! mo MY
" r —ax2
An integral f X e dx has the general solution
0
® -ax2 r[r;lJ
[ x e dx = ——>=—, fora >0, r>-1. (3.34)
0 &)

2a

Applied to the corresponding expression in Equation (3.33) one obtains

1 2
” 7Y P(m + 1/2) o™
f Yzm e 2 dy = = — TI'(m + 1/2). (3.35)
Noting that
'(x) = T{x + 1/2) = “TgE;TT - T(2x), {(3.36)

2
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it is

Yo T{em) _ /7 (2m-1)!

I'(m + 1/2) = = (3.37)
2(2m—l) I'(m) 2(2m—l) (m-1)1
Applying Equation (3.35) and (3.37) to (3.33), ¢Y(w) results in
oo . y2qm m
opwy = ) HGOL L2 2/ (am (3.38)
m=0 Yo /2 2 2m(m-1)!
m
1l 2 1
I SR G S L
) ———= ] —7 - e

m=0 2" « m!  m=0

In order to find the characteristic function of fl(v), ¢1(m), one

observes that from relation (3.21)

Vv - U+ ooy (3.39)

and

¢l(w) = ¢v(w) ¢u(w) . ¢GY(m) (3.40)

ejmLJ . ¢Y(0m).

Combining {3.38) and (3.%#0), it is

. 1 2
(Jwu - quw )

¢l(w) = e {(3.41)
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Applying (3.2u4), (3.26) and (3.41) to Equation (3.1), the spectral

density function is obtained.

2.2
-wég
_ - u)
S(w) = 2 . (1 . e (1 cos_ W (3.42)
w (u+u) - = wzdz —0.)20'2
1 - 2e cos wlu+tu) + e
To validate S{w), one observes that
|¢ (w)] = |e]wu| =1
0
and
jup - = wég? - %—mzdz
|¢l(m)| = e = e <1, for |w| > 0. (3.u43)

Hence condition (3.2) is satisfied. The limiting value of S{w) (3.u42)
for w = 0 is determined through repeated application of L'Hospital's
rule (4 times). It is

24,2
lim S(w) = o .

w0 (ptu )3

Case IV: U ® EXP(A), V * N(u,02)

Let

fo(u)

il
>
©
" ]
e
LAY
o
w

0, elsewhere,
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e
£, (v) = 1 2ot (3.45)
Y27 ©
then the means and variances are given by
E(U) = p. = 3, E(V) = u, = q (3.486)
0 A2 1 ? ’

- g2 = L - gl o= g2

Var(U) = 9y = 33 Var(Vv) = gy =9 (3.47)

The characteristic functions for both distributions were derived in
Sections 3.1 and 3.3, respectively. On the basis of Equations (3.11)
and (3.41) cne cbtains

-1

$o(w) = (1 -3 %J (3.48)

(Fwp ~ %-ozmz)
¢l(w) = e . (3.49)

Since the absclute values of the characteristic functions have
already been determined in the respective sections it can be shown that
condition (3.2) is satisfied.

The spectral density function is there fore valid and under
application of expressions (3.46), (3.48) and (3.&9)-to Equation (3.1)

S{w) is obtained to
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_ 2x
Slw) = (Tro {3.50)
_ L 2g2
2
. 1l --e cosS UWw
1
2 } %’“202 - g’
AT(1 - e v cos uw)?® + (w + he » sin pw)?

Applying L'Hospital's rule twice one obtains

2,.,2
lim S(w) = Alo+u?) . {3.51)
w0 (1+un)3
Case V: U =~ N(u 02) V ~ N(u 02)
: 02— 120~
Let
2 2
1 —(u—uo) /200
fo(u) = e . (3.52)
v2m o
#]
2 2
1 —(v—ul) /20l
£(v) = —— e ,
Y2T o
1
then the means and variances are given by
E(U) = Hyo E(V) = Mo (3.53)
_ 2 2
Var(U) = Ops Var(V) = ay {(3.54)

Fcllowing the derivation in Case IIT the characteristic functions are

given by
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(g - 3 8o}
¢0(w) = e . (3.55)

. _ = 2.2

(Juuy - 5 wiop)

(3.56)

1
P

¢l(w) =

Following the evaluation in the same section, cenditicn (3.2} is found
to be satisfied. Applying expressiens (3.53), (3.55) and (3.56) to

Equation (3.1), the spectral density function is obtained to

S(w) = —F— - (3.57)

(uo+ul)w

~?(c%40%) -lw2e®  -w2e? 10202 202
o1 2 0 2 1 0
l-e -e (1-e Jces How-e {(l-e Jcos B
* s
- L w2(02402) ~w?(02+02)
T2 0 0791
1~ 2e cos(p. .ty Yo + e
01
or
2
S(w) = ———r——— » (3.58)
2
(u0+ul)w
inh EE,(62+62) - sinh(-(ﬂi 02] * COS m-—sinh[gi-dz] cos w
R ! 2 7 "o 2 %0 1
2
w 2 2
cosh ??-(00+61) - cos(u0+ul)m

Applying L'Hospital's rule four times, the indeterminate form of S(w)



for w

0 is resolved to

lim S{w) =
w+0

41

(3.59)
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CHAPTER IV
THE EVALUATION OF THE SPECTRAL DENSITY FUNCTION

The spectral density function for each of the five cases con-
sidered has been determined in Chapter III. It is, as mentioned before,
the representation of the given real world system—--the zero-one process--
in the frequency domain. The objective is to utilize this model repre-
sentation for the solution of the given problem in the time domain. It
will be accomplished by means of an inverse transformation. For the
latter to be performable, however, a detailed knowledge of the charac-
teristics of the model--the spectral density function S(w)--has to be
obtained, and it is to this end, that this chapter has been included.
The evaluation of S(w) progresses in three steps:

1. For each of the five cases a table is provided indicating the
parameter combinations considered. These tables contain in addition the
ratio of the means of the two contributing distributions, namely,

E(V) 1
(U

u
mean ratio = ——t = — 4.1)

and the coefficient of variation, defined by

oy = War(U+V) - War (U+V)
T E(U+V) E(U) + E(V)

(5.2
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Since the random variables U and V are assumed to be independent, the

coefficient of variation becomes

oV = Var(U) + Var (V) _ 0% to] (4.3)
E(U) + EBE(V) Wy *Hy ) )

2. A tabulation of the spectrzl density function S(w) is
obtained numerically and is evaluated with respect to the maxima and
minima of 5{w). These data enter Tables 5, 7, 9, 11, and 13. The
tables provide a possibility to quantitatively check on the periods and
amplitudes of the spectrum. Since S{w) is an even function its numerical
values are obtained for various positive values of w only, starting with
w = 0 and proceeding in increments of 0.0l up to a certain w, say W) s
and in increments of 0.1 thereafter. The choice of two different incre-
ments is due to the fact that certain spectra show very high amplitudes

with periods of 0.05 or less for smaller values of w. The chosen value

of wy is not unique for all cases. Since the tables do not indicate w

1°
information about its value can be derived by considering that entering
w--values are given with one or two decimals for w above or below W)
respectively.

In the tables the absolute maxima and minima are specifically
marked for easy inspection.

For a more qualitatively criented evaluation of S{(w) Appendix B
gives plots of the spectra obtained as output of an Algol program.

3. In the final step of the evaluation procedure a summary of

pertinent properties of the spectra is accumulated on the basis of beth

tabulations and plots.



Case I:

U = Constant, V =

EXP{})

Table 4 indicates the parameter combinations considered.

The

Ly

general expressions for the means and variances are given in (3.8) and

(3.9), for the mean ratics and the cocefficients of variation inm (4.1)

and (4.3).
Table 4. Values of Parameters Employed in
Evaluation of Spectrum for Case I--
Distributions of Span Lengths
Mean Coefficient
Ratio |of Variatiom
W 1
u0=u A = %—02 = olg? = N f%— (Au+1l)
22 (Mo

1 1 1 1

2 (1/2 2 y

3 |1/3 3 0 3 1 172

bo(1/4 4 16

1 11/2 2 4

2 |1/4 4 16

3 |1/ 6 0 36 2 2/3

4 |1/8 8 BY

1 ]1/3 3 9

2 11/8 B 36

3 1/9 g © 81 3 3/4

4 |1/12 12 14y

1 (1/4 ) 16

2 |1/8 8 BY !

3 11/12] 12 0 144 * H/5

4 11/16 16 256

Table 5 gives a listing of consecutive extrema cf the spectral

density function as extracted from the numerical tabulation.

The
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Table 5, Tabulated Maxima and Minima of the Spectral Density Function
S5(w) for U = Constant and V = EXP(})

| 2 3 4 u
| [ Va|ve|Val|lVa|Va|Ve|YVa| | Vs |Ye | Ya |Viz| | Va|Va|Via|lVie|l| A
u.mq 0.482/01406(0.1280 | 02%00/0 62814|0. as? omdllomn 03834 |QS000|04926(056/9/05156| |S(w=0)

o.uil o.Mt [|o.128 0.284| (008 [|o256 .444| CRETY RT3 059z [ossaliosia | s
o o o [ o ] (] y

o il o 0
0,115 1 0.250 0.375 |

agos )

‘Io.u 0.57 1844)

1 I, Od4 Q.7 w
=0 QO | =20 | mO PryT Ages

- L58( 1.98 | 1.68 | .58 | (umemw

= =0 =0 | =0

Q. ’ 0.064 | 0048 0.0%Y (0028 | 0.084| 2060 [A04E |0.0F7 | |4
3.14 7 3 |31 30 |30 24|23 |25 |23 | |,

F=0 [ =0 | %0 | =0 | P~5 1 =0 [=0 | &0 d
Ffs.m 314 | 204 | Zi4 M3y |30 | 31 30 AN

\ 2032 |0.022 o016 |o.0i8 | 3o

=0 | w) @0 | =D n)
4242 42 42 w

0.043 0.030 | 0025|0018 e}
47 4o | 46 | 49 MAX
i ' %0 | =0 | =0 | =G [‘lmngm.
47 47 47|47 L

0024|006 c0i12| 0010 ].sﬁu)
MAX

I | | §2|( 582 52| 52 w

=0 | =0 | &0 %0 | =0 | mO | ™~ ™0 | w0 | wG | =0 5h)

m_w.‘_m. ' ¢35 63 |e3ffl6s 63] 63 a3 s

0.0ls | 0.018 | 0.008] 0.007 )

7a 78 | 7A| 74 [x3

=0 | w0 | %0 | =0 ’ ARSQLUTE G2
Maa| 94| 0a | 0al MAXIMUM 3 MIN

0.022 | 0.015 | 0.011 | 0.009 laed)
MAX

84|92 92 | 9. { -

P=o T =0 | w0 | =& f ABSOLUTE MINIMUM | (&

12.6 | 12.6 I2.=£I-=JL§_H J e
2.008 | 0008 | 0.004 | 0.005 J | e
I5.7 | 156 | 155 | |55
) | %O | =D | «O | [ - i | %)

188 | 188 |58 |48
e = =

£

Mm

L o™
i,

20| 20| 20 | 20 lo|io | 16 | ig bbb | 66| 00 | 6.0 4949 (49| 449 439
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fellowing summary of general properties of the spectra S{w) can be
derived from Table 5:
S(w) is a positive and even function.

The first absolute minimum is attained at w = 27/u, the value of
S(w) at that peint being zero.

Consecutive absolute minima with 8{(w) = 0 are attained 2v/u units
apart.

S{w) is a smeoth function throughout with no superposed
variations.

S{w) is heavily damped.
S{w) is small (< u - 10‘2) after two periods.

An upper limit for S(w) depends almost exclusively on u. It can
for all practical purposes be approximated by

Case II: U = Constant, V = U(T1)

Table 6 indicates the parameter combinations considered. The
general expressions for the means and variances are given in (3.15) and
(3.16), for the mean ratios and the ccefficients of variatien in (4%.1)

and (4.3). The coefficient of variation for this case

has an upper bound which is attained if t approaches infinity.



Table 6. Values of Parameters Employed In
Evaluation of Spectra for Case II--
Distribution of Span Lengths

Mean Coefficient
Ratio of Variation
2|
. =u| t =£02‘O o2 = :C__Lz_‘_c___ .-.____..-_/3_
0 1 2|°¢ 1 12 Hy 2u {6_u+3]
t

1 2 1 0,333 1

2 by 2 0 1.333 1 0,289
3 6 3 3.000 1

1 b 2 1.333 2

2 8 0 5,333 2 0.385
3 |12 ) 12.000 2

1 & 3 3.000 3

2 12 6 0 12,000 3 0.u433
3 18 9 27.000 3

1 8 4 5.333 Y

2 |1s 8 0 21.333 b 0.462
3 ]24) 12 4g.000 b

1 10 5 8.333 5

2 20| 10 0 33.333 5 0.481
3 30| 15 75.000 5

1 |20 10 33,333 10

2 |#0| 20 0 [133.333 10 0.525
3 |B60O] 30 300.000 19

—

7
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The maximum value is given by

= 0.57735.

The lower bound clearly is zero.

An extract from the tabulation of the spectral density functicn
is given in Table 7. It includes a listing of consecutive optima. TFor
easy inspection of their magnitude the differences between maxima and
minima (or vice versa) of the spectra are indicated by the values of
AS{w). Plots of the functions are given in Appendix B.

The data contained in Table 7 give rise to the following summary
of general properties of the spectral density functions associated with
this case:

S{w) is a positive function.

The first absolute minimum is attained at w = 2n/u, the value of
that minimum being zero.

Consecutive absolute minima with S{w) = 0 are attained 2w/u
units apart.

Between w = 0 and the first absolute minimum the function oscil-
lates between various relative maxima and minima with irregular
periods. The number of those superposed variations increases with
an increasing coefficient of variation whereas their amplitude
decreases with increasing coefficient of variation.

These variations cease rapidly for S(w) beyond the first absolute
minimum, that is for w > 2n/u. S(w) attains a high degree of
smoothness for higher values of w.

S{w) is heavily damped.

S(w) is small (= 10_2) after three periods.



Table 7. Tabulated Maxima and Minima of the Spectral Density
Function S(w) for U = Constant and V = U(t).
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An upper limit for S(w) depends more heavily on u than on t and
can for all practical purposes be approximated by

T * U
max 10

=
It
[¥p]
—~
=
~—
12

Case III: U = Constant, V = N(u,0%)

Table 8 indicates the parameter combinations considered for this
case. The general expressions for the means and variances are given in
{3.24) and (3.25), for the mean ratios and the coefficients of variation

in (4.1) and (4.3).

Table 8. Values of Parameters Employed in
Evaluation of Spectra for Case III--
Distribution of Span Lengths

Coefficient
of Variation
u
_ e lw2onlg2 = 42| L _H v
Hou M TR 10g=01cy = @ Mo T u (u + u)
1 0 (1.0)2 0 1.00
1 1 (1.0)2 1 0.50
1 2 (0.3)2 2 0.10
5 51, (1.0)2 1 0.10
5 10 (1.5)2 2 0.10
1 1 (0.1)2 1 0.05
5 15 (1.0)2 3 0.05
5 20 (1.25)2 mn 0.05

From Table 9 and the plots in Appendix B the following general

properties of the spectral density function can be summarized:
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Table 9, Tabulated Maxima and Minima of the Spectral Density Function
S(w) for U = Constant and V = N(u,oz)

I 5 u
o i i 2 5 1o 15 20 o
| ! 0.l 0.3 ] 15 I 1.25 o
w | Sw) | w | SwH Wi swlw | Siwllw [SWi|w | S(W)w | stw! w |&(w)
o O | O |0125]| O |oooi2S O 00038) O (0025 | O |00166) O xs2y O loomas| S{wwo)
o Lo |
0 |0.as| o 000t [ 0 [0ces |06 [002s| 0 [0o7| 0 [00es o [oes| Min
B __|#=as 65355 /o3 | A3fw)
a2 | t4g]psa]e.sf 026 | 1846 | Max
9 124 629 L1806 | aS(w)
046 0.042 0.36 | 0040 | MIN
T x> 5 068 &27 A8/
| 2149 a6z |31l RS | 531 | max
] srar | asfn)
062 | 0.l48 0.62|0.063[ MIN
[ aGté 7. 0Cs a3<s [ asiw)
082 | 0.774 0.76|1.008| MAX
C. 1EL sy | | o | oded | asin
a80|0.042/090 0.038| MIN
[ & /45 0¥z o/ - livt
0.04|0.521 | L.oo |0.150 | MAX
T
16| ®0 [126] %0 [126] =0 [i26] ®0 || MIN M
] |
T
1.7 (0078 |16 |0.067( L5 [0.0x% | MAX
] | N i co¥s aces | Asfn]
1.7 |0036| Lo |0.028 | MIN
2. 040 0. 022 A8 (M)
6/0.507 Jo 2.284) 1.9 | 0433 1.9 |0.076|1.8 (0051 | MAX
ARG 48 (i)
x4 0030ff26| mo (25 =0 (25 | m0 |29 [ w0 ]| MIN asairm
14 | 8.i96] 31 (o042 | 3. 0027 | &1 |0021 |81 |0.0i6 | MAX
T A5 (w)
TUIRD
8 =0 (38 x0 [38][~0 [3.a] o | MmN stmim
414 |ossa MAX
[6.28] =0 [6.28] =0 [6.28 =0 623 zo‘| MIN
8.0 |0.047|0.0|0024 | 9.4 O.l03 |8.6|0.016 Max
% ABSOLUTE MAXIMUM OF S{w)
Fi2.6| ~0 [126] w0 [i26 | =0 [i26] =0 MIN
ARSOLUTE MINIMUM ]
155 (0016 |155 | 0008|187 [0.0!F 165 |0.005 MAX
Pisa] =0 isa] =0 [iaa] =0 |1aa] =0 MIN
HIGEAY W -Vl
20.0 20.0 20.0 20.0 3.9 3.9 3.9 39 it ntry
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S(w) is a positive and even function.

S{w) attains its first absclute minimum at w = 2mn/u, the value
of that minimum being zero.

Consecutive absolute minima are placed 2n/u units apart.

In the first period (0 < w < gﬂ), S(w) varies greatly with
amplitudes of up to 1000 times the base value and with periods
of less than 10-l. This characteristic is more pronounced for
higher values of u and ¥, and in those cases, too, a higher
frequency of these irregular variations is to be observed.
Although it appears to be certain that there is a definite
quantitative dependency between the height of the peaks of
those vibrations and the parameters considered, attempts have
not been made to establish such a relationship.

Case IV: U = EXP(A), V = N(p,02)

Table 10 surveys the parameter combinations considered in this

The general expressions for the means and variances are given

by (3.46) and (3.47), for the mean ratios and the coefficients of vari-

ation in (4.1) and (4.3). For the above parameter combinations $(uw)

has been tabulated and an extract of this tabulation is given in Table

11.

The data contained in that table give rise to the following summary

of general properties of S(w):

For a mean ratio of 1 and below the spectra oscillate roughly
with period 2n/u between two consecutive minima. These are
relative minima in that the spectrum is unegual zero at wm. .
However, in about the same way as the amplitudes are decréased
through damping, the numerical value of each consecutive minimum
is decreasing for increasing w, that is

S(in] 5 S(?ﬂ(i+l)}

For values of the mean ratio greater than 1, S{w) does not
oscillate at all but decreases monotonically after attaining a
low maximum at some value of w close to zero.
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Table 10. Values of Parameters Employed in
Evaluation of Spectra for Case IV--
Distributions of Span Lengths

Mean Coefficient
Ratio [of Variation
A fug = %.ulz ulo2 = Lig2 = o2 "1 A VA262 + 1
0,21l Ho (1 + 2w
1/8 8 1 B4 0.01 1/8 0.88¢9
1/16 16 4 256 0.01 1/u 0.8
1/8 9 3 81 0.01 1/3 0.75
1/4 y 2 16 0.01 1/2 0.6669
1 1 1 1 0.01 1 0.5025%
1 1 2 1 1.00 2 O.4714
2 1/2 2 1/u 1.00 L 0.u472
1 1 ) 1 1.00 L 0.2828
2 1/2 b 1/ 1.00 8 0.2485
1 1 9__J 1 1.00 g 0.1414

It is most apparent that there exist similarities between Cases
I and IV. In fact, the mean of the normal distribution has about
assumed the effect of the constant span length u. The characteristics
are not that pronounced as in the constant-exponential case, but the
general properties of the spectra are maintained. It is to be noted
that inferences from Case I to this case can only be drawn for similar

mean ratios, that is

E(VI) ) E(VIV)
E(UI) " E( )

UIV

if
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Table 1l. Tabulated Maxima and Minima of the Spectral Density Function
S(w) for U = EXP(A) and V = N(u,c?)

I 2 3 4 2 4 2 4 i ] M
ol o ol ol 1.0 1.0 .o 1.0 Ql Lo o
l a | Ve | Ye [ 1 2 2 s | | A
W | S| o | k) [0 | 80 w0 |S0) (oo |Slw) |w (6 |w |86 [w [Sha) | [3G0) | |3(w)
0O (0145 O (0287 D (o O |OSUE O (0005 O |0.)36]| 0 [G.080 0 [00ME O [qosar O |0.0H2 S{wwo)
o |o.204[0 [o.a22d[ 0 [0.52 0 [ooe MAX
o a6 0. (085 0 |0.3¢| 0 [0.080) 0 {0.047 o [co82] MIN
.:_ &2 0.5H MAX
Q77|0.042 MIN
] o284 [o.g] 0.l  122/0028|  MAX
157 (08005 __(1.50j0.043|  MIN
2070036 | 1.7%lo.Ns jlﬂa 0055 MAX
315 0.002 |210)0.001 | 3.14 000048 MIN
000,143 ysomaperoon) | | | | | MAX
4.18 00008 [4.71 |0.0047 | e MIN
4K57( 024 (52 |0.611 |55 006 - ] MAX
6.3 0005 |63 |0.002 (6% [00008( G5 |00 630001 MIN
77|0008|73|0006|7.00008| | | | | MAX
84000 78/ ] ] MIN
4| cola 8.4/0003 &6|0002 8.8 0.004 MAX
54| a.001 9.4 poood) | - | MIN
10.2/0 0018 ‘L"_ MAYX
5|0 11.0 00038 MIN
lna 0004 II.§ 0.002 |11.7)0001 N [ ) T MAX
127]0.063 | 2.6]0.001 12.6/000088/12.0 124/ 0000 MIN
W.o|0.002 12610001 |2.2|00008 N o T MAX
4:7|o.0o0n| K1 00ussd | MIN
152 0005 15.63 0,008, 14.910.000% | 150|0.061 MAX
™ mj{o ] 7 MIN
W 17.118.001 I..4(p MAX
16 8 Qo 17.3 poce26 l A omor con MIN
17.7|0.00064 18.0p.em37 # HICHEST w- VALUE TR& WHItH Max
183 0.002 |i8a|n.0ma |8 1RABom Sud MAT BEEN DETERMINGD 1a.xi0 goof MIN
Jasﬁﬁ a000% i MAX
20 |o.0023| 20 [0.0008|£0 (0.000d7 2o 0.coad JO [Boow7 | 20 | D00t |20 | 0.002| 20 [0.0011 |20 j0.00082 20 |6 *
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<
1

EXP(2), v

12

v EXP(A),

Lo
n

CONSTANT, U

1]

2
v N(u,0%).

LU= 2 ~ 2
Case Vi U = N(u ,02), V= N(u,,02)

Eight parameter combinations were considered in this case with a
coefficient of variation (4.03) ranging from 0.07 to 0.6, and a mean

ratio (4.01) between 0.1 and 5.0. Table 12 provides an account.

Table 12. Values of Parameters Employed in
Evaluation of Spectra for Case V--
Distributions of Span Lengths

Mean Ratio|Coefficient
of Variation
My VG% + G%
H H ag c — _—
0 1 0 1 Ho (uo + ul)
y 1 3.0 G0.5 0.25 0.6083
10 10 5.0 5.0 1.00 0.3536
10 10 1.0 5.0 1.00 0.255
2 10 0.4] 3.0 5.00 0.2522
3 10 0.61 3.0 3.33 0.2353
5 10 1l.0] 3.0 2,00 0.2108
9 1 0.9 0.1 0.11 0.0906
10 10 1.00 1.0 1.Q0 0.0707

An extract from the tabulation of S(w) is again provided in
Table 13. The contents of this table in addition to the plots permit
the following summary of general properties of the spectral density

funetion S{w):
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Table 13. Tabulated Maxima and Minima of the Sgectral Density Function
S{w) for U = N(uo,oé) and V = N(u ,0%).
4 9 10 o 10 5 3 2 Hao
1 l 10 10 {0 10 10 10 M
3.0 09 .0 1.0 50 .o 0.6 04 v 8
0.5 o.f Lo 50 5.0 30 30 J0 a,

w | swl|w |sw) | w |[Sw)|w (St lw [s0w) | w [slw) | w | Siw) w | s(w)
o104 0 |0.o0016] O |Do025| © |0.328 a625| 0 |o.0863| 00533 o |oo301| sS(o)

<
(-
o

0O |Q.104| 0 |cop2 | O (0025 O (0325 0 [0.628| O (oo0a6| O |0055| o [0.030| MIN
L7 x> SedT LO6E L7448 4783 osex | ssiw/
0631179 0381 | 24.77]10.28 | 3.37 (026|263 [jlad (2 4711212 B0S0 | 0.573] MAX

ane 162 2452 JI25 087c o33x| a5l

0.8 [0.017 (06 o.o:!; 0.63 |C.045 ] 073 |0372(076(0233( MIN
0£64 a9 2/55 2798 aoo 0009 | asiw/

[o.as|0.216]1.25 02a1|0.84091a [028]0.200 0800576089 |0.208 | MAX
azdq 0495 o665 4 80x)

] 1.55 |0.057] 1.26(0.024/1.26|6.035 1.29 |0.046 MIN
i acs2 2057 pazo agos| zsy as(n)

‘ 1.87 018 | 155 0075(150 |0.055 l.eo |6.054 MAX
| ao7e " ooss a ong aasg | Ast)

| |219|0.04a|L80]0.020] 1820 023 215 0019 MIN
l O0/8 0006 aovo/ ado<t 4s8u)

| 247! 0.067|214 [0.026]2.08!0.024 2670023 MAX
0064 AS (W)

629 [0.001 2322|0009 | MIN
ooz | aslw)

S
&.8 0.004 00/00U | MAX
1
12.6 Ogoo?| | Min
|
] 15.0(0.001 MAX

HEAMEET WAL
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S(0) is a relative minimum of the spectra.
No regular fixed period oscillations are to be observed.

After the relative minimum at w = 0, S{w) attains its absolute
maximum at some value 0 < w £ 1. The one oscillation leading
to the absolute maximum has very small period (< 10~1) but high
amplitude. The plots in Appendix B support this finding.

Once the maximum is passed, S{w) either decreases monotonically
towards zerc, or runs through a finite number of damped oscilla-
tions before it is for all practical purposes close enough to
Zero.

Hence, S{w) is very irregularly shaped and becomes a smooth
function only for higher values of w.
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CHAPTER V

THE INVERSE TRANSFORMATION:

DETERMINATION OF THE AUTOCORRELATION FUNCTIONS

The inverse transformation which transforms the spectral density
function S(w) in the frequency domain into the autocovariance R(t) in

the time domain rests on the following relation:

(=]

R(t) = %—f S(w) cos wt dw, (5.1)
0
= f flw,T7) dw,
0
with
1
flw,t) = ;—S(m) CO5 WT. (5.2)

Once the autocovariance, R(t), is obtained, the autocorrelation func-
tion, p(T), follows from the fact that both R(t) and p{t) are propor-
ticnal. Proportionality factor is the process variance which is a

constant because of the stationarity assumption. The relation is

p{T) = = R0y ° (5.3)

or in terms of the inverse transform (5.1)
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[==]

L [ s(w) cos wr dw
"0

p(t) = (5.4)

—i—é S(w) duw

In Chapter III the model development included the determination of S(w)
for each of the five cases considered. Since S{w) is therefore readily
available, f(w,T) can be determined with the help of relation (5.2). A
glance at the expressions for S(w) (3.12), (3.19), (3.u42}), (3.50), and
(3.57) convinces that the most elegant way of determining the autocorre-
lation function p{71) (5.4), namely by means of analytical integration
appears to be prohibitively difficult. 1In fact, a substantial part of
the time allotted for this study has been spent in an attempt to evalu-
ate the integral (3.57) analytically. The only known case in which
analytical iIntegration has been performed is the one discussed in some
detail by Kume.18

This study, therefore, contents itself with determining the
inverse transform by means of numerical integration. From an engineer-
ing standpoint this method is capable of yielding adequate results.

It is ap inherent property of the spectral density function that

lim S{w) = 0. (5.5)

18. Kume, H., "Cn the Spectral Analysis of Zero-One Processes."
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From the contents of this study relaticon (5.5) can be validated
intuitively by means of the plots in Appendix B and the tables in
Chapter IV. Both show S(w) to be basically decreasing. Quantitatively,
the relation (5.5) can be proved for each of the five considered cases
by simple substitution of w as w?», or, in case that substitution yields
one of the two indeterminate forms [0/0], [«/~], by application of
L'Hospital's rule. Relation (5.5) is taken to be valid throughout.

A numerical evaluation of the integral on the interval [0,=] is
possible when the upper limit is replaced by some estimated value, UL.

The compound form of Simpson's Rule is then utilized:

0= w, < w, < m2 < sse g w?n—l < m2n = UL

be a sequence of equally-spaced points in [0,UL]:
w, -~ w. = h; i=0,1,...,2n~-1.
Set fi = f(wi,T). Then the compound form of Simpson's Rule is given by

(5.6)

+ E .
n

UL
_h
é flw,t)dw = §E0+4(fl+f3+...+f2n_l) + 2(f HE oA E

£

2n-2 2n

Noting that N = 2n is the (even) number of subdivisions of [0,UL] the

length of the subintervals, h, becomes
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The remainder Bn is given by

5
E:_(_QH_

n 180 N7

f(q) (¢,7), 0 <& < UL,

Since the spectral density functions S(w) do have four continuous
derivatives the compound Simpscn's Rule converges to the true value of
the integral with rapidity N"Llr at worst. In practice, therefore, one
might expect that the use of ten subintervals would secure about four
decimal places. Tor any reasonable choice of N the magnitude of the
error En is therefore negligible in comparison to the error incurred

by cutting off the tail end of the function f(w,T) in (5.2) through the
estimation of UL.

Rather than dividing the interval [0,UL] by a predetermined
number of subdivisions N and thus arriving at the subinterval length h,
in this case h has been fixed first so as tec account for specific
irregularities of the function f{w,T).

The basis for the determination of h is given in Chapter IV. In
each of the five cases h will be chosen according to the characteristics
of the function to be integrated. Since S(w) is known to some detail,
and most of its properties will prevail after the multiplication with
a regular cosine function (except for the nonnegativity property),

sufficient knowledge about f{w,t) is at hand.

Estimation of the Upper Limit, UL

Given the relation (5.1) and separating it by splitting up the

interval of integration, one obtains
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UL @
R(1) = [  f(w,7) dw + [ £(w,7) duw. (5.7)
0 UL
UL has to be determined sc as to reduce the numerical value of the
integral on the right of the plus sign to a quantity less than some
desired accuracy a,» that is

[+

[ flw,t) dw = %— [ s(w) cos wr du < a . (5.8)
UL 0L ¢

If S(w) cos wt is a bounded Riemann integrable function on [UL,=], then

so is ]S(w) cos wt| and it is

%— f S(w) cos wr dw| < %— f ’S(m) cos wt|dw (5.9)
UL UL
l a0
<= [ sw) dw < a s

UL

since S(w) is a positive function. For each particular spectral density
function S{w), the expression (5.9) has to be approximated, so as to
arrive at a lower limit for UL. This value is used in a way that the
actual integration procedure is terminated when an even multiple of the
subinterval length h has surpassed that limit.

The accuracy wvalue a, has been fixed to 0.004. The value was
obtained as a compromise between the effects of different consideraticns
which tended to increase or decrease the error magnitude. Contributing

factors were:
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The amount of additional computer time required for a decrease
in error magnitude,

The requirement of a high reliability of the results {(the auto-

correlation functions)--particularly in those cases where the

amplitude of the first oscillation already dropped below a --

necessitated a decrease in error magnitude. v
It is to be noted that a, accounts exclusively for the error incurred by
cutting off the '"tail" of the integrand f{w,t). The error incurred
through application of Simpson's Rule is assumed to be negligible,
although no guantitative proof for the validity of this assumption will
be provided.

The integrand f(w,t) is a function of both w and t. The numerical
integration procedure reguires

a1t be fixed, say 1 = ¢,

the integral,

UL

f flw,c) dw,
0

to be integrated with respect to w,

a new T to be fixed and the process to be repeated until suffi-
cient data are at hand.

The question to be asked at this peint certainly is: What is the maxi-
mum value of ToT oy for which the autocovariance R{t) has to be
determined and in what size increments is T rax to be approached? The
answer to both parts of the question requires more knowledge on auto-
correlation functions than was initially available. Therefore, the

practical tests rather than mathematical theory provided most of the

answers at a later stage. The foundation regarding this question,
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however, was laid in the following manner:
According to (5.7) and (5.2) the autocovariance R(t) can be

approximated by

R(T) =%

UL
[ s(w) cos wr dw. (5.10)
0

If S(w) is a Riemann-integrable function on [0,UL], then the theorem of

Lebesque can be applied to (5.10) and one obtains

UL
lim R(t) = 1lim %- [ s(w) cos wr dw = 0. (5.11)
T+® Tre 0

Hence it can be concluded that there is a 1, say Thax® for which

Lebesgue's theorem is closely enough satisfied.

To compute T , it is
max
1 UL 1 UL
=~ [ s(w) cos wt dw| < o f /S(w) cos wt |dw (5.12)
0 0

In Chapter IV, in some cases an upper bound M of S(w) was determined,
where M is greater than or equal the value of the absolute maximum of

S{w). Using this notation, expressiocn (5.12) becomes

UL

1 S(w) cos wt dw

T cos wT |dw {5.13)

7N
|=
o —C

0

mT

1A

sin[w(UL)]'
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A

A
V]

mr T
max

Thus

max Ta (5.1%)
The determination of T requires thus the fixing of a significance
level a_

It depends exclusively on the autocorrelation functions whether
or not a knowledge of T ax is of advantage. TFor functions with a high
damping19 factor and therefore a small Thax® & knowledge of the latter
may lead to a meaningful determination of the incremental interval
length in steps of which 7t is to be used for the evaluation of p{1).
For autocorrelation functions with low damping characteristics a
knowledge of Trax is of little wvalue, because the function is well
enough described after, say, four completed oscillations, whereas T hax
may be attained only after a multiple of those oscillations are passed.
In this latter case the determination of the increments depends much
more on a knowledge of the periods of oscillation.

In general, the question of in which increments of 1 to determine
p{(t)} and where to stop has been answered for each particular case

separately, based on some acquired experience.

19. The term "damping'" in this context is deprived of its
mechanical impact. It is used to denote the property of scme auto-
correlation functions, which oscillate with unchanged frequency, but
with decreasing amplitude.
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Case I: U = Constant, V = EXP(}A)

The spectral density function S(w) is given in (3.12). Con-
sidering (5.4) the autocorrelation function is obtained as the result of

the evaluation of the following expression.

2) vL {l-cos wu) Ccos WT du
(1) = R(1) _ m(1tAu) 0 A%2(1-coswu)? + (wtisin wu)? (5.15)
° R(0) L .
22 (l-cos wu) d
m{1l+iu) w

0 A2{1-cos wu)? + {w+Aisin wu)?

For the determination of the upper limit UL expression (5.8) has to be

approximated. Given (3.12), (5.9) attains the fcrm

2A 2
Sw) s sy [

3|
O

LA _ -3
m(1+iu)UL ey 4e10 -

Hence

1000A

Ty {5.16)

UL

| Fa

The integrand in the numerator of expression (5.15) is a superposition
of S(w) and cos wrt. S{w) is a smooth function for all parameter combil-
nations used. It is considered sufficient to divide a complete period
of cos wt into 24 equidistant subintervals. For values of Tt > 1.0 the

subinterval length was therefore fixed to be h = 7/12t. For values of
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T < 1.0, h was determined to h = n/24 for v = 0.1,and h = /12 for
0.1 < 1 < 1.0.

The evaluation procedure of (5.15) computed the denominator
first, thus obtaining a numerical value for R{0) or the process vari-
ance, Here the numerical integration was performed in interval steps of
h=20.1, a Yalue which was proved to be sufficient by test evaluation of
R(0) with h = 0.01l. The autocorrelation function p{t)} (5.15) takes on
the value 1 for 1 = 0. Thereafter p(1) has been computed for values of
Tt starting with (0.1 + 0.25) * u and proceeding in increments <f the
same size. The upper 1limit of 1 was estimated with Tax - 10 = u , the
results show, however, that the amplitudes of the autocorrelation func-
ticns are far below the error magnitude <f 0.004 at values of 1 beyond
4u. It was therefore decided to terminate 1 at those values where the
amplitude of p(t) drops below the error limit. For the application of

Simpsen's Rule the value of the integrand

=

flw,T) = ;—S(w} cos WT
has to be computed at w = 0. As in the case of $(0), f(0,7) is an
indeterminate form which resoclves after repeated application of

L'Hospital's Rule to

A 2
lim flw,T1) = ___Ji__§ .
w0 m(1+iu)

Tor each of the parameter combinations listéd in Table 4 the
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autocovariance R(1) and the autocorrelation function p{(t) have been
tabulated for wvarious values of 1. This output is accumulated in

Appendix C. Graphs of the autocorrelation function are given in

Figures 5 through 20.

Case II: U = Constant, V = U(t).

For this case the spectral density function is given by [Equation

(3.19)]

2.2
S(w) = —2 ] (1 - cos wu) [w't® + 2cos wt - 2]

w2{2(l—cos wt) + 2wtlein wu - sin wlutt)] + w2t2}

Substitution of S(w) into a modified expression (5.4),

1 UL
= [ S(u) cos wt dw
"o

Mﬂ:i&:; - , (5.18)

1 UL
= [ s(w) de
"0

yields the basic relation for the autocorrelation function which is to

be evaluated.
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For the determination of the upper limit UL, expression (5.9)

has to be approximated. Given (3.19), (5.9) becomes

o 2 oo

1 f Bt dw

L oswyaws =28 . o
T L m{2u+t) UL (wt+2)2

8t _ -3
< n(2u+t) (ULt + 2] 28, T b= 10 .

Hence

UL > 2000

_ 2000 2
= w{2u+t) t

or

2000

With regard to the numerical integration leading to the determination
of R(0), it is to be observed that the spectrum oscillates heavily in
the range up to the first absolute minimum. The frequency of these
oscillations, however, is not so high that an interval length of h = 0.1
cannot sufficiently seize the amplitudes. TFor the evaluation of R(7) an
interval length of h = w/12 was maintained throughout for all chosen
values of 1. R(1) was determined for 1 starting with 1/10 or less and
proceeding in steps of T/10 until some value Toax'  Tmax @S reached
whenever either the amplitude of p{1) dropped below the error range or

the number of oscillations completed gave sufficient information for the

analysis of p(71).
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In order to successfully apply Simpson's Rule the indeterminate

form of the function
1
flw,t) = E—S(w) cos wt
at w = 0 has to be resolved. TFocllowing the methods which lead to

Bquation (3.20) one obtains

2.2
lim flw,T) =-—3ELE——§
w+0 3m(2utt)
The parameter combinations considered are listed in Table 6. TFor each

set of parameters autocovariance and autocorrelation function were tabu-

lated. Graphs of the latter appear in Figures 21 through 38.

Case III: U = Constant, V = N(u,oz)

Application of Equation (3.42) to formula (5.1} yields the

following expression for the autocovariance

(5.21)
2l
2 UL (1 -e" g ) (1 - cos wu) cos wWT
R(T) = s J = —— do.
0 m2{1—2e— 1/2 w®o cos wlutp) + e 9y
Clearly, the process variance is given by
) o (5.22)
R(0) = _2 IUL (1 - e-m ‘ ) (1 - cos wu) dw
m(utu) _ 2 2 2.2 )
¢ w2{l—2e 1/2 w'a cos wlu+u) + e wTeTy
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In order to determine the upper limit UL expression (5.9) can be

approximated on the basis of (3.u42). It is

Tl osw e s e f 5
UL L
2 _ . -3
Hence UL is determined to
500
UL > m (5.23)

With the limits determined, it only remains to fix the interval
length h before both expressions (5.21) and (5.22) can be evaluated. In
Chapter IV under this respective case it was stated that the spectrum
shows oscillations with very high amplitude but with periced less than
lO_l. This characteristic, it was stated, vanishes after completion of
one main period at 2n/u. It is this very behavior of the spectrum that
advises a double application of Simpson's Rule. It amounts to a split-
up of the integral

uL
. 1
R(t) = = f S(w) cos wt dw
0

into two integrals

2r/u 1 UL

f S(w) cos wt dw + = [  S(w) cos wr duw, (5.24)
m

0 2n/u

R{t} =

SN
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with the same method holding for the determination of R(Q). The first
integral in (5.24%) is then evaluated for a fixed 1 using an interval
length of h = 0.01 which is considered sufficient to seize the par-
ticular irregularities of this spectrum within the given interval length
of w. TFollowing, the second integral in (5.24) is determined for the
same fixed 1, using the usual subinterval length h = n/12t. Both
results are added, the sum is then divided by R(0) and one obtains the
numerical value of p(t) for a particular t. The results show that

p(t) oscillates smoothly with period equal to the sum of the means of
the two distributions. This characteristic suggested the evaluation in

increments of an even fraction of the sum of the means and it was chosen

- L
AT = 0 (utu) . (5.25)
T oax VW8S placed at a point where p(t) has completed five cscillations.
The relation
1
flw,t) = ;—S(m) cos wT

has again to be determined for w = 0. Through repeated application of

L'Hospital's Rule the resulting indeterminate form is resolved to

o2u?

lim flw,T) = (5.26)

w+0 ﬁ(u+u)3

Table 8 provides a listing of those parameter combinations for which
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both autocovariance and autocorrelation function were tabulated. The
following graphs on Figures 39 through 46 picture the latter for one

parameter set at a time.

Case IV: U = EXP(A)3 V = N{u,0%)

The spectral density function S{w) for this case is given in

(3.50). Applying S(w) to (5.4) the autocorrelation function is expressed

by
_ R(t) _
p(t) = O (5.27)
UL - 262
(QAA ) glz— e 1/2 w0 COS W) COS wT 4
m(1+ - - 2g2 v
H Az(l—e 1/2 wo cos wu)? + (w+ e 1/2 w?o sin wp)?
-1/2 wlg?
I l - e COs wy
“(1+A“) - 1/2 w2 1/2 202 o
A2 {(1-e cos we)? + (w + re wso sin wp)?

An approximation of expression (5.9) on the basis of (3.50) provides ah

estimate for the upper limit UL. It is

2A dw
—-f S(w) dw < ———————-I
UL a{1+ip)
23 L. ga-3
S TOPaUL S 3, T 10
UL follows to
UL 500X (5.28)

= w{l+ip)
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It is apparent that Cases I and IV have certain similarities. If the
mean of the normal distribution, u, takes the place of the constant u,
then the only difference between expressions (5.27) and (5.15) lies in
the term EXP(- %—wz 2)., The similarities are discernible also through
inspection of Tables 5 and 11 and of the respective plots in Appendix B.

Tor the numerical evaluation of (5.27) the same integration data
will therefore be employed, as were used in Case I.

The indeterminate form of

flw,t) = = S(w) cos w1

ST

at w = 0 can be resclved through repeated application of L'Hospital's

rule to

2.2
lim f(w,7) = 2OTHT) (5.29)
w0 r(1+iu)3

The autocorrelation function for each of the parameters combinations
listed in Table 10 has been determined and graphed in Figures U7

through 56.
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Case V: U = N(u:zc?), v = N(ullgil_

The expression to be evaluated is

UL 1 UL
[ flw,1) dw ={ S(w) cos wr dw
0 "o

p(t) = R{T) _ = , (5.30)

R(D) UL . UL
é S(w) dw ;—g S(w) dw

A |-

A |~

where S{w) is given in (3.57). The upper limit UL can be estimated, by

approximation of (5.9) with S(w) mentioned above. It is

1 J'w 2 = dw
= S(w) dw ¢ —=——— [ =
T UL mlugtuy) g w2
2 -3

<_.._...__..__<a:}+.lo_
< T =
ﬂ(uo ul)UL w

Thus

uL > —208 (5.31)

= mlHgtuy)
S{w) for this case shows the same characteristics as in Case III, namely
superposed variations with very high amplitudes but small periods. A
specified double application of Simpson's Rule was employed in that case
to cope with the specific irregularities of S{w). The same method is
used to provide an answer to (5.30) with the same pertinent data as in

Case ITT. The indeterminate form of fw,t) in {530) for w=0 is resolved
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through repeated application of L'Hospital's rule and the limit is

found to

2,2 2,2
i O¥1 * 91¥p
lim flw,t) = ————

3 (5.32)
w>0 ﬂ(u0+ul)

The combinations of different parameters for which both autccovariance
and autocorrelation function are tabulated in Appendix C and listed in
Table 12. The following Figures 57 through 64 are graphs of the auto-

correlation function for the parameters specified.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIGNS

In the two cases where the U's are constant and the V's are
distributed either exponentially or normally the sets of parameters
can be grouped into classes with constant coefficients of variation.
In the constant-exponential case four such classes are created with the
coefficient or variation (CV) ranging from 0.5 to 0.8 (see Table 4).
Each class consists of four parameter combinations, with u = 1,2,3,4,
respectively, and A = 1/nu, n being a constant. In the constant-
uniform case six classes are created with the coefficient of variation
ranging from 0.29 to 0.53 (see Table 6). Each class here consists of
three parameter combinations, with u = 1,2,3, respectively, and
t = 2nu with n being constant for the class. TFigures 5 through 38
reveal, by inspection, that the autocorrelation functions of all members

. 1 .
of a class are congruent in a p{(1)/1" coordinate system where
Tl= = (6.1)
u

This fact leads to the conclusion that there can be derived on the basis
of relation (6.1) a number of autocorrelation functions of processes
with the above distributions of span lengths, having one of the men-

tioned coefficients of wvariation.
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The difference between classes 1s a difference in coefficients
of variatien. It seems therefore advisable to study the properties
of the autecorrelation functions, p(t), on the basis of the varying
coefficients of variation, CV. p(1) starts at a value of 1 for t = 0
and decreases for increasing values of v until it attains its absolute
minimum. From there it oscillates around p(t) = ¢ with decreasing
amplitudes. For both cases considered here the amplitudes of the
cscillations, which are the magnitudes of the absolute minimum and
subsequent relative optima, are graphed over the coefficient of varia-
tion in Figure 65. The points indicating the magnitude of the absoclute
minimum can be connected by a straight line which passes through CV =1
in the constant-exponential case and through CV = v¥3/3 in the constant-
uniform case. The latter value is familiar from the evaluation of
CVmax for this case in Chapter IV. The values indicate that in the
constant exponential case, for instance, a cycle with coefficient of
variation of one leads to an autocorrelation function with absolute
minimum on the t-axis, as toc be verified in Figure 29. Points indi-
cating subsequent relative optima can be connected by a straight line,
too, although with a slightly smaller margin of exactness.

In general, the amplitudes of the autocorrelation functions for
these two distributicns of span length decrease rather rapidly. This
property is shown in Figure 65 by the straight lines--indicating
relative optima--entering the shaded p{t) < 0.05 region. It follows
from the graph that fer a higher coefficient of variation the oscilla-

tions damp out faster. In ncne of the censidered situations, however,
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does the autocorrelation function drop below the above-menticned
significance level after more than 1.5 periods. The fact that the
magnitudes of the optima lie on a straight line provides a possibility
to extrapolate those values for autocorrelation functions of processes
with different coefficients of variation. For the range of CV from 0.5
to 1.0 in the constant-exponential case and from 0.25 to 0.5 in the
constant-uniform case the straight line assumption seems to be suffi-
ciently correct. No knowledge, however, can be assumed whether or not
this trend prevails for smaller values of CV. In fact, inspection of
Graphs 39 through 46, pertaining to the case where the U's are constant
and the V's are distributed normally, gives a somewhat different
impression. The coefficients of variation in this case were CV = 1,
0.5, then three times each CV = 0.1 and CV = 0.05. However, the simul-
taneous occurrence of the same coefficient of variation in this case
does not indicate that the parameter sets are again linked by a clear
relation as it was previously observable. The parameter combination
vielding the same value of CV were not related at all and the resulting
autocorrelation functions had three different optimal magnitudes,
Figure 65 includes these values for comparison purposes.

The Periods of p(1)

In both the constant-exponential and the constant-uniform case
the autocorrelation function does not oscillate with a clearly defined
and regular period. In the former case an approximation can be given by

the relation

rp = u(l.6 + ) (6.2)

10X
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for the period between two consecutive maxima. It is to be noted that
the absolute minimum always occurs at a value of 7 = u.
In the constant-uniform case the period between two consecutive

maxima is roughly equal

= (0.4 + T)hu , {6.3)

a value which is found to be between the mean cycle length and twice the
mean cycle length. In this case, toco, it iIs to be noted that the abso-
lute minimum always occurs at an abscissa value of 7 = u. In general,
the autocorrelation functicns for the zero and uniform densities are
rather irregular functions. The cscillations are not symmetric about a
vertical axis through an optimum. This property is easily discernible
by inspection of Figures 21 through 38. In the case with zerc and
normal densities for values of CV < 0.1 the oscillations of the aute-
correlation functions are very pronounced, they are symmetric throughout
and attain a period between two consecutive maxima which is exactly

equal the mean cycle length

T = u+ U . (6.4)

The property that the period of the autocorrelation function is equal to
the mean cycle length is approached in the exponential-normal case for
coefficients of variation below 0.25 (Figures 55 and 56) and is repeated

in the case of normal densities for coefficients of variation less than
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0.26 (Figures 59 through t4). It is to be mentioned at this point that
the lowest CV attained in Case I was CV = 0.5, and CV = 0.29 in Case II.
In both cases the choice of parameter combination did not yield coeffi-
cients of variation low enough to permit the conclusion that the above
property of "period equal mean cycle length'" holds also in these cases.
There is a strong likelihood for such a conclusion to be reascnable,
however. It is mainly supported by the fact that in the constant-uniform
case the autocorrelation functions of the process with the lowest coeffi-
clent of variation (CV = 0.289) are close tc satisfy the property
(Figures 21 to 23).
With regard to the period of oscillation the following property

can be formulated:

The autocorrelation functions associated with processes with

normal, exponential, uniform cr constant distribution of span

length {or any combination thereof) oscillate with periods

between two consecutive maxima equal the mean cycle length of

the process, provided the coefficient of variation does not

exceed CV < 0.25.
This formulation clearly is a ccnsequence of experimental results and
lacks a rigorous mathematical proof. It is given as an experimental
guideline, which, for instance, would let it appear permissible to apply

its contents to other case distributions.

The Damping of o(t)

It has been pointed ocut before that the rapidity with which the
amplitudes of the autocorrelation functions decrease seems to depend on
the coefficient of variation. The higher the value of CV the fewer
oscillations it takes for the amplitudes to fall belowlo(r)|50.05. In

the case with normal densities for both U and V the autocorrelation
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functions for values of CV > 0.2 damped out after less than three full
periods (Figure 66). The amplitudes of the autocorrelation function for
CV = 0,09 4did not decrease below |D(T)| = 0.05 within the five observed
periods but showed the tendency to reach this limit within a few oscil-
lations. In the exponential-normal case the lowest attained ccefficient
of variation was CV = 0.1414. The graphs in Figures 47 through 56
revealed that the autocorrelation functions for all considered param-
eter combinations did damp out after a finite number of periods.
Figure 66 shows the number of oscillations perfermed before falling
below the |p(1)| = 0,05 limit in dependence on the coefficlents of
variation. The changing slopes of the two plots seem to indicate the
absence of a persistent narrow trend. The general trend, however, is
maintained and it appears certain that an increasing coefficient of
variation accelerates the damping of the oscillations.

This conclusion may appear rather vague and it definitely lacks
a rigorous mathematical foundation. In order to obtain the latter,
attempts should be made to derive envelopes to the autocorrelation
functions. Those envelopes would contain the optimal points of each
oscillation and would limit the function towards higher and lower values
of p{1). The spectral density functions seems to be the basis for the
derivation of the envelopes which are most likely exponential or
reciprocal functions. It is recommended to emphasize this problem since
the envelope function constitutes the damping factor. Knowledge about
the envelopes would determine the amplitudes of the autocorrelation

function and their behavior with respect to damping. TFor small
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coefficients of variation the period can accurately be calculated and it
is known that the autocorrelation functions are symmetric abcut verti-
cals through the optima. With the above information on hand it would
be possible to determine an infinite number of autccorrelation functions
for processes with certain span lengths distributions.

Seme natural extensions of this research are to be recommended.
At first it has to be acknowledged that there exist real world systems
which are described by a zerc-one process with distributions of span
lengths different from those with which this study was concermed. For

instance, a gamma distribution may be an accurate representation, that

is, let
A r -1 -i.u
v 0 0 0
= 0, elsewhere,
and
A r. -1 -kh,v
_ 1 1 1
fl(v) = P(rl) (Alv) e , Vv >0 (6.5)

0, elsewhere,

where T and r, are integers and greater than zero (r > ¢). The means

and variances are given by

1
E E(V) = Hd N
1 Al

C;WCF

E(U) =y, = {(6.6)

0
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T r
Var(U) = o2 = —il-, Var(V) = g2 = L . (6.7)
0 3 2 1 2 2

0 1

The characteristic functions are derived on the basis of expression

(3.5), that is,

1t
£
—~
(]
[}
1=
G
——
—
()]
[P
1=
[
H
[o]
~
o
—
[al
©

¢0(w)

Successive integration-by-part, (ro—l) times, yields

( mJ-rO
¢ (w) = {1 -9 — . (6.8)
0 AO
Likewise,
W _rl
$w) = (1 -3 . (6.9)
1

Applying (6.6), (6.8) and (6.9) to (3.1) the spectral density function

for this case is found to

(6.10)
2.2 2 5
2A A 1 - _ _ _ )
S(w) = 071 ] ajay - ag (1-al) cos re8y = a,(l-ay) cos r 6,
2 Atr. A _ o,
w (ro 1771 O) 1 anal cos(roeo+rlel) +agal
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with
Do h
2| 2 2| 2
a = |1 + — a. = |1+ —
0 32 ’ 1 A2 ’
0 1
8 = arc tan —- , 8. = arc tan —
o] AO 1 Al

On the basis of (6.10) autoccrrelation functions can be determined fol-
lowing the procedure outlined in Chapters IV and V.

There are other distributions which accurately encugh represent
real world situation and which can therefore be considered in this con-
text. The Weibull distribution, for instance, has a wide applicability
tc a variety of problems which are not necessarily confined to engineer-

ing or any particular subject. It has the density function20

|
o
—
»
|
m
P
T
‘_l
1
p:.k
111
mm
.
=

fx) = e X > €, (6.11)

where L and k are real valued parameters with £ > ¢ and k > 1. For this
particular application e would certainly be chosen as € = 0. The diffi-
culties associated with this case start already at the point where the

characteristic function is to be determined.

20. Parzen, E., Stochastic Processes, p. 169.
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There is a second natural extension to this study: It is imagi-
nable that each occurrence of the activity is characterized by a set of
parameters different from the previous one or by an altogether different
distribution. In this case a process is created (Figure 67}, in which

the activity occurs for the first time with span length equal to a random

—% time

Figure 67. A Different Sample Function of a Zero-One Process

variable V., it occurs for the second time with span length equal to a

l!
random variable VQ, with Vl # VQ, and so forth. If the same property
holds for the activity being in state 0, that is U, # U, # Uy vens then

the procedure starts with twe sums of random variables rather than with

two single random variables as before. The sums are

(6.12)

[¥p}
1l
c
+
[
+
c
+
+
c

-

on 1 2 3 T n

sln=vl+v2+v + -+ V. (6.13)

Rather than attempting to find the probability law of Sin and to deter-
mine the characteristic function from there, it is to be preferred to

proceed the opposite way., It is
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Jws JulU, +U+U_ 4+ - -+U ]
Ony - ge” L 23 oy, (6.14)

¢0(w) E(e

JwU
E(e

Jwl JuwU
l) - E(e 2

1}

) ... E{e

Hence, the characteristic function of the sum of independent random
variables is equal to the product of the characteristic functions of
each of the random variables separately.

This property facilitates the task of determining the character-
istic function. The expression for the spectral density function (3.1)
upon substitution of those products, however, will be further compli-

cated.
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APPENDIX A

It was indicated earlier that a brief comparison would be con-
ducted between the findings of W. W. Hines21 and the results of this
study. For the case where both the U's and the V's are normally
distributed two sets of parameters were singled out. Figure 68 repre-
sents the case where U = N(10,6) and V = N(10,6) and Figure 69 depicts
the combination U = N(20,4) and V = N(4,1). The correlogram from simu-
lation for both cases was taken from Hines' results.22 Figures 68 and
69 show that both methods, simulation and spectral analysis, lead to
about the same result. The differences are marginal. The method of
spectral analysis, however, provides more precise values for the various
optima of the initial oscillations. Since these two comparisons did not
show any differences and since Hines did not change his method of attack,
it can readily be assumed that an equally high degree of correspondence
will be factual for all 18 correlograms from simulation. Thus, the
results of this study and Hines' findings supplement each other
favorably.

There is, however, a vital difference between the methods
employed. Whereas for the simulation experiments each autocorrelation
function required 109 minutes to be determined, the respective figure

for the method of spectral analysis was 6-10 minutes.

21, Hines, W. W., Ph.D. Dissertaticn.

22. Ibid., pp. 118, 120.
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Table 14.

Numerical Values of Autocovariance
Function Obtained Through Spectral
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AFFENDIX B

This appendix contains the plots of the varicus spectral density
functions obtained as output of an algol program. The program utilized
is reproduced in Table 15. It consists of two parts, the actual plot
routine and the part taking account of the particular spectrum involved.
The former has been created by Richard Rosenbaum of the Rich Electronic
Computer Center, Georgia Institute of Technelogy. As for Table 15, the
latter pertains to the constant-normal case of span length distributions.
This latter part was subject to change and had to be reformulated for
each of the five considered cases.

The plots of the spectral density functions appear in Figures 70
through 99. There are two functions on each print distinguished by
characters A and B. The respective parameter combinations pertaining to
each of the curves are printed in the upper right-hand corner of each
graph. The output is based on an XY-coordinate system. The X-axis, the
abscissa, is the w-axis in this context, whereas the Y-axis as ordinate
stands for the spectral density function S(uw).

The plots serve as supporting evidence for the findings in
Chapter IV, In the context of the material presented there, the graphs
are widely self-explanatory. Consideration, however, has to be given to
the fact that apparent discontinuities of the function S{w) in the
graphical form are explainable as round-off errars associated with the

plotted numerical values of S(w).
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Figure 70, Spectral Density Function S{w) [Y-Axis] over w[Xwaié] for
U = Constant and V = EXP{)).
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APPENDIX C

This Appendix accumulates the computer output of the numerical
values of autocovariances and autocorrelation functions. The graphs in
Figures 5 through 64 were plotted on the basis of these results.

It is to be cbserved that the error magnitude of p(t) was fixed
to 0.004 or less and that numerical values can be affected by this error
to a differing degree. This is of particular impertance in those cases
where the absolute value of the autocorrelation function falls below
|p(t)}] < 0.004. No conclusions can be drawn about periods and ampli-
tudes at that stage, it is not even to be derived from the output
whether the autocorrelation function is positive or negative at any

particular instance.
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Table 17.

Autocovariance and Autocorrelation Function for U = Constant
and V = EXP()) and for Indicated Parameters.
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Table 18. Autocovariance and Autocorrelation Function for U = Constant
and V =~ EXP()) and for Indicated Parameters.
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Tahle 19. Autocovariance and Autocorrelation Function for U = Comstant and V = EXP(}) and for
Indicated Parameters.
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Table 20. Autocovariance and Autocorrelation Function for U = Constant and V = EXP(X) and for
Indicated Parameters.
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Table 21.

Autocovariance and Autocorrelation Function for U

and V = U(t) and for Indicated Parameters.
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Table 22. Autocovariance and Autocorrelation Function for U = Constant
and V = U(t) and for Indicated Parameters.
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Table 23, Autocovariance and Autocorrelation Function for U = Constant and V = U(t) and for
Indicated Parameters.
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5,5 -2.7T70=03 -1 .7TSAB=0? 11,0 «2./B298=01 ~1,79R@=07" 16,5 =7,8208%03 =1,T669=02
- - gty wal3riee0n “i.713We03 LT - - - 18,08 -5,6214-04 -8,1318=03
6.5 1,6258=03 1.0308m02 | 13,0 1,6618=07 1,0568=02 19,% !;661!-03 1,0378=02
' . =0 . w7 14,0 4,020R=01 2.,5550=02, . 21,0 4,0208-03 2,50968-07
7.5 5.5508=03 a.1478=02 | 15,0 6,5390403 8,1568~02 22,8 £,5398=07 4,0808=07
- RO 3, 277E=03 " S,BAIEEDT | 16.0 9.2278201 5.0640=02 28,0 _9.2278<0) 5,757M=03
BaS 8.931P=03 5.65a8e02 17.0 B.018801 5,679a=02 25,5 5, 036807 5,5768+02
TTTE.D 2.5898=03 1.4118902 ' 18,0 2,5088.01 1.6198+02 27.0 2,50A8=03 1,5%08=02
9,5 =3,7978=01 =2.a018e02 19,0  =3,79a8=01 =2,4118=02 28.5 =3,7928a0% -2,368a=02
10,0  =4,0B838=03 =5.AIARDT - . 20,0 =2,4838a03 =2,8498=02 30.0 . *4,3838=01 . =5,7978=02
10.5  =3.1618=03 =2.0018m02 21,0 =3,161%<01 =2.,0096=02 31,5  =3,1618203 =1,9728<02
- 11,0 =2.4828-03 ~1.5508002 ;;-g 'ffgg?"g‘ - ’%‘?%%:'32 - 33,0 =2]4670401_ ___=1,536p=02
11.5% =1,822P=013 =1,1548m02 ! 3, - P0=01 =1, =02 a -y, - - -
— 12,0  *{,ZD&F=03 " =7,43ABw03 ?"g ';:’gg:'°‘ "-:;;:'gg PRI A S 3 T 11
12,5 =6,0998=01 =4.1120e03 | 25, =5,8508-04 -a, =03 7 -g" - - .
. N = =T, = L 26,0 =1.STAMDa "1,0038=03 __;913 -E:;;::-g:_. -;::;g;:g:
13,5 2,61308=02 1.6508203 27,0 ?.6130=08 1.6610=03 40,5 2.6138=04 1.6308%03
15,0 5.97E8=0Q I7BANR0Y 28,0  5,974m=04 3,7988=03 I TN 5.974m.04 _3,7298.03
18,5 3,3868=-01 5,30A803 29,0 8.3848-00 5,3298-03 43.5 8384804 5.2329=01
TR0 9.7318=Da ——— &,1608=0% 30,0 9,7318~04 6.1828=03 45,0 2 73918401 &,0728=01
15,5 9.8888-04 £.,2608203 .0 2.88AR=04 £.2888=03 86,5 9.8888-04 4.1708=03
— . . . 32,0 ALTDOS=04 ___ 5,5308-0% _ 48, _B T020= 5.4308=03
16,5 6.0258=04 1.A1a8m013 33,0 6,0258-04 3.329@-33 uo-g__ 630335:35“’- 31722,-83
17,0 1 68R#=08 T UEO8OT __ L0 1,6B88=04 1,0738703 _ ” - -
17.5  =1.,8358=04 ~2,47A0e01 35,0 -3's35e200 -7.4370<03 g;:g _g aagf:gﬁ' :%:gggg_gg
IR erlwmeeeor—  -a.7atEnod o =7la8oe- ~8.7598" 54,0  =7,4B98.04 -4.6739-03
18,5 =4,8608=01 =4,3318803 37.0 =6 B6NnM-01 -4,3590=0% 55,5 <A BA0SJ04 -3,2800-0%
. . . v LAa.0 mala7oe=04 =2 TTAST0X _ 57,0 =8,3728<03 __ =3,7788e03
19.5 =2,501F=02a ~{.5R18=03 39,0 -2.5018.04 «1,56990-0% 58.5 =2.5018=04 “1,560P=03
- .- . TI1{1®=00 T =7;5338s04a . 80,0 _=1,1118=Dy __ =T.0598-04" 60,0 el.1118-04 =£+9310=04
PROCERS = 390,53333 SECS. PROCESS = 310, 21667 Spps, '‘PROCESS *  293,71887 SEAS.
70" = 6.00000 SETCS, R ¥4 I A,85000 SEFS, _ 1/0 » 8.,56667 SFPrS.
RUN TyNE = 397.43333 SECS. RUN TIME = 310.66667 SECS, . RUN TIMg = 302.28331 SECS,

G6T



Table 24.
Indicated Parameters
PARAMETERS: U o 1§ T e v
TAU R{TAUY RHDCTAL)
0,0 1,35698=01 1,0008+00
1,0 L8T98=02 *1,3730=53
. -0 -7,8108=07
i -9'2035-02 -6, 865P=07
4,0 =7,89Te=03 .5,8228=02
5,0 -5 TASE=03 -1,1980=02
5.0 : =7,6788=07
7.0 T, TR0
5,0 n,5530=03
%.0 3,903 03 2.A808=02
10,0 6,97a8=0) 5,0048=02 ,
11,0 1,9570=03 1,8338=02
1} =2,3998=02
7 ”iﬁruo-ns
0 . AR=D -9 =
TE It -a,T91p=03
16,0  =T7,214m=05 =5,260R=012
17,0 3,5808-08 2,6188=0)%
18,0 612818=01 a,5878=03
— 16,0 M 3£101T '8, 020F=0)
20,0 5 034804 3,6TB8=03
21.0 2,3978=0% 1,7a7P=0a
22,0 =3,9118=0}%
23,0 =2,5630-0%
24,0 1,615 -1, 1700=01
- '3%,0° -8 T3IoEiD4 =7 10BR-0%
PROCESS = 231,AN33% SEES,
170 4.58333 SEES,
RUN TINE = 238,AREAKT SECS. _
PARANETEREY Uy & 1 T = 20
. TAU RITAY RHOCTAUY ‘
0,0 3,0508-02 1,0008400;
2,0 =3,117#=03 =3,8T28=02
A0 =3,2208-01 -a,0118=02
B.0  =2,T7T73=03 =3, 4850=07
8,0 =2,2138=0) =2,7518=02
10,0 =1,500m-03 =1,980R=02
12,0  =9,27¢ma0p =1.3538=02
18,0 =2,1088=04 ~2.610p=0)
_AA.0 0 6,028 T.4888=03
18,0 1,183 1.ASaR=D2
T 2,4TARD) 2.0788=02
22,0 =1,0T4p=03 =1, 3%4p=0?
26,0  =%,0248-04 =6.,2018=03
_ 28,0 . .=2,T238=D2 =3.3828-0)
30,0  ~7,537p=0% =9,3870=04
.~ _%2.0 F.a690=-05 9.,27RR=04
34,0 1.70am=0a 2,1168=03
AbLO 2, 050001 2,5578=03
38,0 1,Pi7e=0a 2,1338=03,
40,0 A, 718D RYSLILITH
42,0 =1,7288409 =2.147m=0),
8,0 =1,136Be04 _ =1.4118=03,
6,0 =4, TLAR=05 ~5,B618=08
u [ 3,3088.07 2,3578=04
W0 2, 606p=0% 1,2860=04
PROCESS = zzmana SE2S, .
1/0 = 9410000 SECS,

RUN TIME =

231233233 SELS, .

Autocovariance and Autocorrelation Function for U

Constant and

u(t)

PARAMETFRST U » 2 T =26 PERARETERS Uded COF T30
TaU LISETIE RHQLTAUY | TAY RCTAUY RHO¢TAUY
G0 1;3688=01 1,0000400 0 .0 "
2.0 - SATOR=TD L ITIeTOT 2.5 ; ﬂ;“ 01, - ';:32‘,’7.83
4,0 =7.8188-02 5.0 =1,201me02 =9,0860=02 '
5,0 =5,8890~02 7.5 =1,0231me02 -7,7228=02
8.0 -5, 624802 10,0 -8‘853.-03 ~5,6820=02
10,0 =5 7458=03 -4, 1980-02 12.5 -8 ,5908-02
12,0 =3,6218=0) =2,6468=02 15,0 A678=02
19,0 17,5 =7, 9E0R=07
18,0 20,0 =1 ,6)88=02
18,0 3,93%m=013 2.4T88=02 22.% -8, 7T830=04
20,0 5,9T28=02 5.0958=02 25,0 1,5760=02
22.0 1,9628=01% 1.0308=02 27,5 33 p=02
24,0 \ 30.0 5. 2624=02
28,0 7.5 3.5318=03 2,987TF=07
28,0 : 35,0 =3,3268=03 -2,8358-07
30,0 =6 ,559804 -4,7938~-0) 37,5 *Z.5258=0] =1,%069=02
32,0 -r! JP1Ap=0% =5,2728=0A 10,90 =1{,84T0=03 =1,39a0=02
34,0 2.6168~ 03 42,5 1,2210=03 =9,215850%
36,0 0 45,0 =6,5590=0a =a,9518=01.
38,0 h ATIRSDa [1 % S a1
40,0 5,03a8=0a 3,6808+03 50,0 1,T204-03
42,0 7,3928-0% 1. T804 52,5 1,877
aa,0 -'i'ss-m .1 =3,9138~03 55,0 6 60804 5.054
46,0 2,868 37,5 &, 771804 s,(10803
a8, 0 - *1,1808=03 60,0 5.0346a04 300189
0.0 -v fraze-ns A7, 11T 0T 42,57 Tij250e-04 . =
PROCESS = 19A,12333Y SErS. 65,0 =a, 078804 =3,0788=03
/n = 5,13333 SEPS, 67,5 =5,07a8s04 -3,83
RUN TIWHE = 20358667 SECY. 10,0 =2,83a8-02 =2,13198=013
2.5 1,2750=04 =9,62%0=04
75,0  =9.7378e08 =7, 3458205
PROCESS 729, qT8sPSFES: — —————————
, L. T M1667 SEES.
PARANETENST — U v 7 \ X 1 RUN TIME = 235,8%333 $Fes,
TAY RETAUY RHNCTAUY
[ A 1348"p7 10009400 PARAMETERST U = 3 T = a0
U -3, = =T OTVEF02
e =3,2348=03 =1.9758=02 - - T
12,0 =2,755%=03 =3,3848=02 TaU RCTAUD RHALTAUY
18,0 =2,208P-D) =2, 71%0°02 - - ) e
20,0 =1,599%=53 ~i.0658=02 0,0 8,2878=07 1,0008400°
2.0 =9,339Mepy “L.184R=02 5.0  =q,2568-01 5. 1348=p)
v =T, = [Lid 19,0  =3,4148=03
12.0 L. 67 30=0a 7.4868=03 15.0 =3 Fazd-D3
36eD 1,89EP=0) 1.8368-02 20,0  =2,8830=01 =2.9968202
ap,0 2,471#=0} 3.0388=03] 25,0 =2.T888=D3 “*2,8018503
13,0 =1,077F=03 =1, IFAR=02 30.0  =1,5948=03 =1.923R=07
4RO ~T,0828-0a =2, 1988=0] 35,0 =1,051¢-03 “1.7488%02
——Sn =T Y7 Ye=OT— < = 90.0  =a,6748-04 5, 4420403
56,0  =2,7258-Dy =31.350#%01 4540 2.070R=0% ?.a%8R=03
&0,0 7, BANE=G% =9, 597#=04 50,0 a,8538=0 1,0688°02
64,0 T.2058=05 A asTewly - 5520 1, 6T6¥Fa03 T 1, 984R02
88.0 1.7290=00 2.1258=03 80,0 2,4700=03 2.0908=02
T2.0 ?,0BAR=0g 2.5670003 45.0 BEPLYLLE ) “t.162F0p
5.0 T, 58900y TLOTEETYY 70.0 =8,3940=04 =1,01318=02
80,0 3,536P=0%5 A,34T0=04 rs. R LAY T I T T PP
B3.,0  C1,713R-0% =2, TO8E*0) 80,0  "a,19680a =5,0848%03
48,0  =1,107F=p1 =1, 180803, a5.¢ =2, 8401p=04 La5Taedd
7.0 =4, TASP=5 5. 0348"0 20.0 “r,s53rk=gs “9,09508%04
96,0  T1.832R=0p =?.2520=05 95.0 ___5,03T@=05 A,0788=0a_

and for

96T
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Table 25. Autocovariance and Autocorrelation Function for U = Constant
and V = N(u,Gz) and for Indicated Parameters.

PARAMETERS U e 1 My = SIGHA = 1;oo| PARAMETERS!1 U= MU = 2 SIGMA = 0,30
ja(,.uzs' TAU RCTAUY RHDCTAD)Y | e e TRU L RCTAUR RHDCTAY?
0.0 9.3020=01 1,0008:00 ! 0.0 2,1878=01 1,0000+00
D1 R, 2R0P=0) ATQYImeD] i 0.3 1,2238=n1 5,6038=01
De2 T.3388"0] T.ARGP=0] | . Q.6 2.2810-02 . _ 1,0458=01
- 0.2 6.8178201 8,8008"01 9,9 =7,7448=03 =3.5099=0}
0.8 5,8958=01 5,5088=01 v R 192 _=1,1100=01 __ =~g,0a78-01
o .- 0,5 .. 8,5Tae-01 G, 91780 . 1.5 =1,0938-04 ®5,0108=01
0,8 3,6588+01 3.02A8e01 1,8 »9,5738=02 =4,3878=0%
Oat 2.73ap=01 2.939p=01 2el  =5.2438%02 p,ap38%01
0,8 1.819801 1,9518=01 I 248 2.4728=92 141339701
0.9 __B.9318"D2 ____ 9Ta01®=02 . . 2.7 1.U58%=01 4,8a88=01
1,0 =9,74%8=03 .1,0a88e0) L L340 1.08288m01 0 6,5348=01 .
1,1  _8,339P=03 __ _ A AASSeR] A 3.3 1,0598=01 4,855%8-01
1.2 1,1208=02 1,2048%02 3.6 2.4748=032 1,1368°01
1,3 1,7438=02 1,8748=02 3,9 =5,2308-02 =2.,3978%0;
1,4 2.27T68~02 2,0aT802 . L b2 =9,a334m0p 0 =4,3230701
1.5 CP.T148w02  p.qR0@ed? . _ 4,5 =1.0088=01 -4,6199-01
1.5 3,02p8"02 3,2548%02 - 4.8 _=8.1998=02 = =3,7588=01
; _ 1.7 3,2288=02 3 aTyes02 5.1 =3.8238=p7 -1.7528"01
1.8 3. 29zZ0=072 3.53198e02 5«8 2.5308"p2 1.1568-01
1.9 1,2888=02 1.8920eh? 5.7 8,5358=02 3,9118=01
2,0 3,0908=07 T, 324002 6,0 1,1028=01 5,0528=01
21 2.8498=02  3_08a0e02 643 8.5258=02 3,9078=09
2,2 2,5828=02 2. TT88=02 6.6 2,5488707 1,1678701
. . 2,3 2.27Ta&#w0Z 2,34%3m=02 - 6,9 =3,7058=p72 “1,6968=01
2.4 1,95%8«02 2.1018=02 | 7.2 =7,.786B=02 =3,5500=01
D WS -LEEL t 853R=02 7.5 =B.757#-0p =4,0138-01
2ot 1.4348=07 1.5808=02 . T8 "4, 9938=02 =3,2058"0}
TETT O 1.1688202 Ty 25iwen? ' 8,1 -2.9668-02 =1,3598°01
2.8 9,23am=0% 9,3378=03 LIX} 2,2958=92 1,052F=0}
T Ty rhTsee=03 T T,6060"03 8.7 §19058=07 3e1660=01
3,0 5,2320203 5,5248=0) 9.0 B, 762902 5,0168%0§
3.1 3, 684803 3,0408%01 9.2 5,9258=02 3.1748=01
3,2 2.8658=01 2. 681A=03 . 9.6 2,3628=02 t.0828701
3.3 1.4918=03"7 T 1, aD3e=D3 99  =2.T369-02 =1,2548°01
3.8 A, 0718=04 RiRTTR=01 10.2  =6.3248702 =2,8083=01
- 3,5 2,%168=Da 3.138R=n0 10,5  =7.3518=092 =3,3878-01
3,6 =8,8308-0¢ -a,7628=08 10.8 *=3.898R707 s2.7028701
3.7 -7.0538-08 =32.5078-0a 11.1 =2.4218-02 “1.110a-01
3.8 =2, 6040=04 a3 RONR=DA i . 118 1:9508=02 8,93508=02
- 1.9  =2.7778=04 -5 onsae00n ; 11.7 5.6250~07 2.5TR8=01
B0 =?,1400=08 % 91y18=Da . . 12,0 7.0758=02 3,242%~0¢t
4,1  =1,531d8=04 =y _gaae=08 12,3 §.657R=02 2,5938=01
4,2 =6.?708=05 =i 7TA1A=0S 1246 2.0768=02 9,5223=02
T, 3 1. 5558=0% 1. KRF@=05 12.9 =2.060%=072 ~9.439%=02
Lot 5,.3990ap5 G ELLEY T 13.2 =5,1358=02 *2,3538=01
4,5 " T1.029F=0a T, 527eepa 13,5  =8,1643-02 =2,8253~01
4,6 1,7498=02 {.RA1P=Da 13.8 =8.9588=03 =2,2T29=01
4, T  Ti.0798%04 T p;?3qp-on 14,1 =2.0128=92 "9.21%2=02
4,8 2,0118=p3 2183808 i 14,4 1,5158=02 7.,40a8=02
L,V P IEW=0] P X T 1] h 14,7 a.56608=02 2.1028=01
5,0 1.850m=04 1,9B98=0a 15,0 5.7408707 2,6319°01
542 1,3928=02 1,4978=04 b 15,3 a,6878=02 2,1308-014
5,4  B.8530+08 9,5308=05 . 1544 1.8078=072 . Be2R3I8=0?
5.6 4,6170=05 4,960B=05% 15+9  =1.5758=n2 =7.2198=02
e —._.5,B_  1,39pa=05. . 1,4958=05 L 16.2  cq.lRaec=g2  =q,9178701
5.0 .| ,7800=06 -1 BT58=08 PROCESS = 50B8,01487 SECS.
a2 =K TOZasDE =7,2118=06 _I1/0 » 6,66667 SECS,
6.8 =5,517ae06 =5,0319=06 “RUN TINE = 514.68333 SECS,
N o Byb =2 \RAR=DS . __ =2 352P=08 _ . _
6.8 1,357p=06 1,459p=06
_ XD 607806 3,921@eD6
7.2 3,6208-08 31,8928.06
r.4 1,A738=05K 2,014Pep6
Teb  wS5,.T138-07 =5,142007
e .. . TsB. __*P.,D28meDT =9, 70007
B,0 *3,1018-06 =3,3348.06
,,,,,,, _ 8.2 *3,07Ta=08 __=4,3838=06 _
8,48 *3,66728=06 ~3,237R=06
8,6 =2.099p=06 =2,25TR=06
8,8 ~2,0%08-06 =-2,2478-06
_ - 7,5728=08 8,181#=08 |
9,2 2,1524=08 2,3138=06
L 9,4 _ 3,5758e06 _ 3,8038=06
) 31.9830=086 4,2888-06
9,8 3.848p=06 4,137#=06
10.0 1.1008epn8 _3.0300=06
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Table 26. Autocovariance and Autocorrelation Function for U = Constant
and V = N(u,0?) and for Indicated Parameters.

PARAMETERST U w 5 MU = 5 SIGMA ¥ 1,00
TAU RCTAL)Y RHDCTAYY
0,0 2.8608=01 1,0008400
1.0 1. 5008=01 AL 100@P=~01
2.0 5,0108=02 2,08418=01
e e e 3,0 __ =0, 932R~02 . =2,0059«01 __
4.0 =1,8178=01 ~5,7638=01
R 5.0 =2,0838-01 L=B 4T18=01
6.0  =1,8178=01 =5,75638=01
r.0 =0,9128=02 =2,0058=01
8.0 4,B8R8=02 1,971m=01
. 9.0 . 1,3358=01  ___ 5,4268-01
10.0 1.7008a01 6,9308=01
. 11.0 1,33%@-01_ 5,8298-01
12,0 4,9718=02 2.0019=01
PARAMETERS: Ul My = 4 SIGMA = 1,00 13,0 =8,8338=902 =1,8028=01
. . - . e . 14,0 =1,21a8a0) - ,9568=01
I 15,0 . _=1,5398=01 _..=6,256m=01
_ . TAU_ __ RLTAMY . __. RHOCTALD 16,0 =1,2248«01 -0,9618=01
. 1740 __=8,5828=02 =1,6630=01
0.0 3,2038=01 1.0000+00 18,0 4,0043=02 1,666R=01
0.2 2.2548=01 7.,0399=01 19,0 1,1040=01 2,489m=01
. __Dak 1,3798701 . R.305801 20,0 14370801 5.5888=01
0.6 5.3188"02 1,5409701 . 21,0 1,1099-01. 4,5998-01_
.. D.B  =p,.T7BPTO02 . ... +~B.&874%"02 22.0 4,37n8=02 1,7778=01
1.0 =1.0818=D) ~3,2058701 . 23,0 =3,4188=02 _ =1,471s-01
1e2 =R.2070=0P *2.542%"0]1 24,0 .1,0038=01 -3,0738=01
o4 “5.7828*n2 =1.B0850%0]) 25.0 =1, 20agaiy =5 . 07ppeQd
- 1e86 _ =3,4838=02 . =1.0879-01 26,0  =1,0118=01 =4,1098a01
1.8 =1,5508=02 ~4,B388=02 R 27.0 _ *4,0128=02 =1.6318a01 _ -
I 2.0 "£,5288704 __T2,03B88°03 _ 28,9 3,2688=02 1.329m=01
2.2 $,0178=03 2.8159%p2 29,0 . 9,08a8=02. L 3.6TTa=01
248 1.4248°09 4,4453%02 30,0 1,1240=01 4,579a=01
2eb 1.5658=02 4,BA5R=02 31,0 9,1808=0% 3,7328aD1
_ 2eB __ 1.8328°02 __4,9700702 32,0 3,7Ta1a=02 1.5219=01
3.0 1,1068=02 3.4528702 .. _ 33,0 =2,8780e02 =1,1708=01
_ 3.2 5aT538202 L. .2.1219=02 33,0 «B,1780=02 =3,3258-01
3,8 2,4798=031 7.7388=03 . 35,0 _=1,0218=01 =4,1618=01
3.6 =1,0908=03 =3,4048"03 36,0 =8,3838=02 =3.400R=01
3.8 =3.2838%03 =1,0258=02 37,0 =3,8318=02 =1,3958=01
L840 =g, 12BR=03 ... m1,2R98"02 38,0 2.5778=07 1,0888=0t
4,2 =3,8250=03 =-1,1959=02 o 19,0 7,IR1E=02 3,0014=01
4.4  =3.0258=p3 =9,4469=03 ) 30,0 9,2558«00 3 76300
Be6  T1.GFB=N3 5,2418"03 . ... 81,0 T 6030=02 3.0918=01
94,8 *1,079R=03 =3,1588=03 32,0 3,1738=02 1.,2908=01
5,0 =1,913P=0Da -5, 9718=04 43,0 =2,2758=02 -9,2888-02
5.2 . 5.2718-04 1.5848=03 ‘ 44,0 =6,8498=02 a2,7116=01
5.4 1.,0578=03 3,1018=03 . 35,0 =B,4038=02 __ =3,4178=01
548 1,2198=03 _1,B063703 46,0 =6,9248-02 =2,B169=01
5.8 1.0328=03 1,2218=03 . . A7.0  =2,9118=02 __ ____=1,1B48=0}
5,0 flalB1R=04 1.92408=03 48,0 2.0300=02 B.254p=02
6,2 1.912%=04 £,9680"04 69 0 A DN2@g=NP 2. 0388=01
_ Salh | *4.7758°05  =1,4918°04 ! 50,0 7.6090-02 3.09q8=01
8.6  =1.2798704 =3,9539"04 ) 51.0 £,2908=02  _ _ 2.5618=01
6,8  =1,0038=-04  =3,1310%04 i 52.0 2,6830=02 1,0918=01
7.0 =1,5018=04 =4,6B59=04 e 5. =1,7978a02 _=7,3058=02  __
Te2 =2,1798=0a -6,8028-04 I 54,0 =%5.3378e02 =2 211e=01
Tva  =3,0058=04 -2,393P~04 | 55.0. _=6.9048=02 =2,8088=01
Tus  =2,2958%04 =7,1848%04 PROCESS = 356.50000 SEcS$, T T T
7.8 =H.3178=05 =2,5978=03 1/0 = $,90000 SECS,
e B0 y,dPaR=04 0 3,5098°04 0 AUN TIWE = 363,40000 SECS,
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Autocovariance and Autocorrelation Function for U =
N(u,cz) and for Indicated Parameters.

PARAMETERS1

us=3

199

Constant

Table 27.
and V =
PARAMETFRS! g w 5 W) = 10 STGMA & §.50 i
TAU ROTALY RHO(TAL)
.0 ?,166a=01 1,0008400
1.5 1.,21p8=01 5.5838=0}
1,0 2.1n9p=02 1,0108=01
_ 4,5 =7,7080=02 . =3,558p-0]
6.0 =1,098R=01 w5,0600=01
R —_ Ta5 =-1,079P=01 . =a,980m=0]
9.0 -9,4R00=02 =-8,376p=0]
10,5 _=5,2148=07 =2,0098=01
12.0 2.,42p9=02 1,121m=01
. 13a5 _ _1.0a4ym=py _ _ _4,B8328=0D1
15.0 1,4118=01 6,31a8=0D1
__._16,5  _1,0aa%=01 __ 4,8399=01
18.0 ?.4518=02 1,1318=01
19,5 =5,jSR8=DP =2,3818=0}
21.0 =9,3178=02 *5,2988=01
- - 22,5 -9.2418=02 _ _=4,58%8-01
24,0 -§,084R=02 =3,737m=01
_25:5 =3,7940=02  =1,7528=01
27,0 2.85TR=02 1.134p=01
28,5 8.3%uP=02 3.874p=01
30,0 1,0RA8=01 5.0219=01
. .. 31.5 . B.8POR=D2 3,8908=01.. . _
33,0 2,5318=02 {,158m=D1
- — 38,5 _=3,A330=02 ] ,6770A=0]
36,0 =7,6038=02 =3,5098=01
ar.s =5,5998=02 =3,9698-0]
39,0 w6,BRT8=02 =3.1798+0]
40,5 =2,%94pPpe02 . =1,3668.01 = __
42,0 2.2058=0D2 1,018m=01
_ 83,5 __&,75z8=02 __ 3,1170=01
45,0 B.5N20=D2 1,97 1A=01
46,5 6,814B=07 3,146m=01
48,0 2.354me02 1.087a=01
. . A9,5 =2,6338e02 =1,2158=01
51,0 =6, 1518=02 =-2,8398=01
. 52,5 =7 ,2250=02 =3,3356=01
58.0 =5, 7es8=0? “2.675m=0]
55.5 -2,081808=02 =1,1168=0}
57.0 1.,8a59=02 A,5148=02
_ 58,5 5,0818=D2 2,5118=01
0.0 6.RRSA=D2 3.178a=01
T -3 5.5448=02 _. 2.5608=0)
63.0 ?2.08R8=02 9.8370=02
£d L5 a) P3apedP =8, f4RmeDZ
66,0 LI TR LT LI =2,2828=01
675 -8 ,95688=07 L. =2aT550=01
59,0 =4,83148=02 =2.2318=0}
. L . T0,5.. . =2,0208=D2. »Q,3240=02
72,0 1,4728=07 6,795mm02
73,5 FPY.Y.Y L1} 2.01a8=01
75,0 L ,5330=02 2.55am=01
. T6.5 4,52a8=02 = __ 2.0880-01 .
T8,0 1.8180a02 a.3B1e=02
- o T9.5 ___=t.a2¥E=02 “5,5868202 .
81,0 =}, Fa40=02 =1,8218=01

PRDCESS = 307,45000 SEes,

170 =

4,96687 SEECS,

HUMN TIME =

312,41667 SECS.

MU = {5 SIGHA = |,00
1Ay RETEUY RHDCTAUY
e .0 1,9618~01 1,0000400
2.0 §,5128=02 4,1728=01
. NN ¢ B bt - A S WL ] b ) S
6.0 “5,0468=037 =3,4889%01
- 8,0 =3,8500"02 =2,46580%01
10.0 =3,29468=02 =-2,1123=01
T “12,0 " »3,9938%07 =-2,5568=01
14.9 =5.2138=02 =3,3a08=01
TOw v 1-'7'::? T 1.:3!.? 1
18,0 4,3290=02 4,0548=01
4 1, 2058=01 7.7278=01
22.0 6.5280=02 4.,161%=01
- 23,0 T®1.599R%02 Te1,02a8"0]
26,0 4 79TP=02 =3,0738%01
eV i LD YAl 4 =201
3900 kNI “2,097P=01
- 32.0 4093807 *2.6220%01
34,0 =3.8338=02 “3,0968=0]
- T 36,0 14574007 -1,010%=01
8.0 5+8510=02 3, 7a88=0}
el T+ Ul By OBL¥TUL
4240 52448707 4,0009=01
—- - 48.0 “BIFIB=CY -~ o=y 505802
a6.0 =3.0158=02 -2,572%=01
— TS0 T T L. 323807 =2,2578=01
50,0 "3, 2440702 =2,07880"0]
e J LIRS KLk bl P 2Lkl * D
58,0 =5,532m=02 =2,9048=01
- 5640 *1.3068%02 ~B.3450=02
5840 5.2618=07 3. Aa38-01
- 50,0 9,1458~02 5,8%588=0F
62,0 5, 8700=02 3,7608=01
——T Y . =T.
6640 =3,2998=)2 =2.1188=01
680 =3.,2528%02 =2,0838=01
70.0 =3,1878=02 =2,0428-01
TZ2.0 =5,085m=02 -2,6178=01
T4.0 “g.2948"02 =2,7518=01
TR S PR - F LAk SR P 1.1. g -
78,0 G TI78=02 3.0220-014
80,0 4,0998=02 5,18%8=01
32.0 5+8988=02 3,5220=01
e 8840 Z.803m=03 1.7968°02
B0 “2.6408=02 =1.6910=0}

— bbb et T

90.0 =3,0888=02 =-1,9788=01
9249 ~4,0318=02 =2,5828-01
9449 “4.1148=02 =2,6358=01
96,0 =1,1028=02 T, 04828%02
98.0 4,1798=02 2,6770=01
Toosw LA bl T T80T
10240 S.1460=02 3.2978=01
- 104,0 6 EFTE"0T 4., 3188=02
106,0 ~2,0348=0; =1,3030=01

110,0

10 »

) " —epi5gine0n -
B2,5  =4,B7abe02  =2,2508=01 R

=2.9460=07

“PROTESS '® ° 293,36587 SELS,
468333 SECS.

1 ,852801

=1,8878=01

RN TIWE =

JUUL,O500T SECS,
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Table 28. Autocovariance and Autocorrelation Function for U = Constant
and V = N(u,oz) and for Indicated Parameters.
PARAMETERS: Uali MY = 9 S51GMA = 0,10 PARAMETERSS Ues My = 20 S5I1GMA = 1,25
TAU RETAUY RHOCTAU} Tay R{TAUY RHDCTAU)
0.0 2,4598=01 1,0000+00 0.0 7,0088=-01 1.00084+00
Ga.2 1,.%308=01 A, 238B=D1 2.5 9,71aR=02 §,8058=01
0.8 a,8608=072 1.9768=01 5.0 =2,1419=02 =1,0778=01
I Dab . =5.1138=02 =2,0738=01 L Ta5 =5,1948=02 =2.5900=01
0.8 =1.04938=01 =6.0708"01 10,0 =7,7279=02 -3,852a=01
B 1.0 =2,293P=01 .. . ~g,3228=01 . l.._. 12,5 =B,B2R8=02 =4,4018=-01_
1.2 1. 4968"0] -6,0B818=01 15.0 =7, 9340=02 =-3,957@=0D1
128 =5,0t)P=n? =2,0389=01 17,5 =5,35RBe0p? =2,7219=01
146 4,9858"02 2.0278701 20,0 =6,474B=01 -3,228a8=02
. 1,8 1,4928°01 6,0658"01 . 22,5 9.5158402 4,7838=01
2,0 2,1010=01 8,5429=01 25.0 1.6a88=0} 8,2158=01
242 1.8018=01 6,0629-01 - e 27,5 .. 9.BA08=02_ _..  2,9058-01
Zat 5,0008"02 2.133%°01 30,0 =A,4038=02 -4,1898=03
2.6 =4,998R=0p =2,0328=0] 12,5  =3,8a08e02 =2,8130=01
2,8 =1,470P=D) =5,58788=01 15,8 =7,5319=02 =3, 754801
IO 3,0 =2,018P=03 =5,2058=01 37,5  =B,B46P=02 . =a,450R=01
3.2 =1+470%=01 =5,9788=01 40,0 =8,1528=02 =4,0640=01
I S 3ed "a.99187072 _*3,0308-0) 42.5 =5.5%48=02 =2.77Q8=01
3,6 4,9879=02 2,0289=01t 45,0 =1,0080e03 =5,0240=03
3,8 1,0099=04 5,89a8=0} 47,5 2,15318=02 4,5636=01
4.0 1.9358=01 7.8690=01 50,0 1,4Ra8=01 7,8008=01
N 4,2 1.4509%01 . 5.8948701 _ 52,5 __ 9.803e=02 ._4,B878=01__
4,4 4, 9R08=07 2,0298=01 55,0 1.0278=02 S.1198=02
_ 8.5 Ty, R508=D2 *2,0178=01 .. 3145 . =4,}168-02 . =2al528=01
8,8 =1.4218-01 -5,7R08=D1 60,0 =7,3358=02 “3,657m=01
540  =1,RB728%09 =7.5128%01 62,% =8,8833=02 =4,0288=01
5.2  =1,4218=01 w5, 7808=D1 65,0 =8,3608=02 “4,168@=01
- _5.8 u.%629=02 =2,0108=01) 67.5 =5,5808=02_ ___ _=2,782p=01
5.6 a,9380-07 2,0088=01 70,0 2.2100=03 1.1028=02
_ 5.8 1:39038=01 . 5.6858-01 12.5 8.7248=02  _ ____4,3508201
6,0 1,8088=0y 7.354B=01 75,0 1,3648=01 6.79¢a=01
6,2 1,393a=09 5. 6648°01 77.% 9.70pa=0p 4,B348e01
6at 4.9410=02 2,0088=01 80,0 1,91720-02 9,5318=02
GBa6  =4.BESE=02 -1, 9868=01 e .. B82.5 =3,7148=02 =1.8528=01
6.8  =1.3638-0] =5,5028=01 85,0 =7.1250e02 =3,5520=91
. Cl.0 =1,7558"01 _. =T, 1368201 o 87.5 =A.,9358-02 -4,4548=01
7,2 =1,363m=0] -5,5a28-01 90,0 =A,5548=02 -4,2658=01
7ol =4.8918=02 =1,9A%R=01 92,5 =5,509@af)? =2, 787@=01
76 4.8340=02 1.96508701 95,0 1,9658=01 1,977Ra02
o T.8 1.333R-01 5,02068=01 | .. 9745 8,2898=02 4,1320=01
5,0 1.7028=01 6.920P=01 | 100,0 1.2498=01 6,3278=01
e Be2  1.3338-0) 5,4208=01 102,5 9.5878=02 4,7706=01
8.4 3+0458702 1,9708"01 105,08 ?.,65n8=02 1.,2218=04
8,6 =4,7588=0p =1,%358=01 107,5 =3,0%q8=02 =1,5428=01
8,8 =1,3038"01 =5,2988=01 110,00 =56,8918=02 =3,835R=01
9.0 =1{.655%0=01 -4, 7280=0] 112.5 =8,9998=02 _=3,4860=01
9.2 =1.3p36=p4 =5,29849=01 115.0  =4,7448=02 =4,3608=01
el =f TTIE=0Z =1,.%018=01 11743 =5,41098=02 =2,7978=01
%6 n.6878=D> 1,5069=01 120.0 4,6888=01% 2.,137p=02
9,8 1,2738=p] 5.1768=01 122,5 7aB818=02 1,9200=01
1040 1+6078=01 6e5360=01 125,0 1.1938=01 5,9468-01
o 10.2 1.2738°0] 5.1762%01 - L.~ 12745  __ 9.,4B%8«02 4,T288=01
10,8 4.7118=02 1,9158=01 130,0 1,2828a02 1.6368=01
. 10,6 =4,5958=02 _ -1,8688"01 _ 132,58 =2,4738=02 _ +1,2338201
10,8 =1,203m=D1 =5 0558=01 13%,0 g, 5338a02 -3,3078=01
o 11,0 *1.5658"0) 4,3430=01 . _137.% «0,0738=03 =4,5238=01
PROCESS = 732,58667 SECS. PROCESS = 242,54647 SECS,
140 = 7T+38333 SFCS, L 1/0 = 5.93311 SFrS,
RUN TIME = 739,95000 SECS, [ RUN TIME = 248,50000 SECS.
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Autocovariance and Autocorrelation Function for U = EXP (i)

and V = N({p,o?
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Table 30. Autocovariance and Autoceorrelation Function for U = EXP(X)
and V = N{p,02) and for Indicated Parameters.
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Table 31. Autocovariance and Autocorrelation Function for U = N(uo,cé)
and V N(ul,o%) and for Indicated Parameters.
PARAMETERSS Murol = & SIGMAf0) = 3.0 PARAMETERSS  MULO) = 10  SIGMA[O] = 1,
NUTIT = 1 SIGMALLY -'0;5'; MULIT = 1o STGMAT1] = 5,0
Dabe 3| TAU RCTAU) RHOCTAUY TAY R¢TAUY RHOCTAUY
0.0 1,7248=01 1,0008+00 0,0 2,8978=01 .1,0008+00
0.5 71967802 4,8210~0D1 | 2.0 1.5678=01 6,2748%01
1,0 1,7B2F=02 1,0348=01 4,0 6,8220=02 2,5728=0q
1,5 =1,1078=07 '6.4!5"0? 6,0 =2,0508-02 -8,2098=02
2. =1.T208"02 “9,37T#=02 8,0 =9,3288=02 -3,7358=01
2:5  =1,6898-D2 =9, 7388=02 100 =1.3508=01 ~5,4048=01
3.0 =1,45 =B,4768=02 1240 =1,0408-01 = =5,1660-01
35 -1,10 =6,8018=02 14,0  =5,8238=02 =1,9318°0%
4,0 =& 92a!-03 =4,0168=02 16,0 4,5468=03 1,8208=02
4,5 =3,54087D3 =2.0548=p2 18,0 4.8518=02 1,7828=01
5,0 =1,2938-D3 =7.,8998=03 20,0 6,8010=07 2.5638=01
55 "1,9B78~01 =1,1538=01 2240 6.0808=02 2.0340=01
6,0 5,1158=04 2,967#=D3 ! 24,0  4,009P=02  1,6058=01
8¢5 I<2578%03 7 7.2938=03 28,0 1, 053807 a,2168=07
7a0 2.0878=03 1s211%=pD2 28,0  ~1,6998~D2 -6,8058=02
7.5 2.570#=03 1. 4918=02 3040 =3,3p48"02 =1,3560°01
B.D 2,3379-03 1.355%=02 32,0 =3,7098=02 -1,4858"01
B+5 1.5008=03 B.T04R=0) 38,0 =2,7508=02 “1.1178=0D1
9.0 4.89B88704 __2.B81%=02 35,0  =1,1688=02 = =4 6768=02
9.5 =1,0298=p3 Teg, 970804 3840 448738793 1.9518=02
10,0 =3,D668=04 =2,3598=03 40.0 1.6738=02 6.,7008702
10,5 2,5778=04 1.a959-03 22,0 2.,1078=02 8,3378"02
11,0 4,8168=0g 2.79a8=03 44,0 1,7868=03 7.1538=02
11,5 2,3198=05 1.3458=04 26,0 2.9418%03 3.9818"02
1240 =7.,7358=04 -qlparO°03 4840 367987048 _ _ 1,3738%03
12,5 <1,1198-03 =5,8938=03 50,0 ~7,a788=03 =-2,9648=02
13,0 =7,3538=04 =5,2658=03 52,0  =1,1358=02 “y,5460=02
13,5 9,467T8=05 5,491!-00 54,0 =1.1098"02 “4,31398=02
,4, 1840 §:T280=03 3.,5008%03 . 56,0 =7,3678=03 =2,9508=02
14,5 S.6110°04 1,2558=03 58.0 =2.0098=03 =g,0818=03
_ 15,0 =2,0458%05 _ _ =1,186%~04 6040 2,B018=03 __  1,1228=02
15,5 =5,2138=pg =3,0248%03 62,0 5, 508603 2,3650202
1640 =3,5028°02 =2,611870p3 | 64,0 6,5778=03 2,6348°02
16,5 7.9698=05 4,6228%08 66,0 4,9598=03 1,9860=02
1740 5.9508=0D4 31,451%%03 6840 2.2660%03 9,0730=03
1745 5.B823m=03 3,3768%03 70,0 =7,018B=0y =2,8108=03
1840 1.,0120%04 5.0838%04 12,0 =2,B818=03 =1,1548"02
18,5 =45,09508%G§ =2,6078=03 ! Ta.,0  =3,6498=03 =1, a6i@=02
19,0  =5,551m=04 =3,2708=03 Th.0 =3,2268%03 =1,2928°02
19.5  =1,.7308=04 =1,0048=03 76,0 =1,84080=03 =7,4500=03
2040 3,5350=04 2.0509%03 80,0  =1,0a98=04 “4,20180=04 |
20,5 5,1568=04 2,9918=03 82.0 1,2158=93 4,8648=03 "
21,0 2.,0260=0a 1.1?5F-03 _ 84,40 19978703  7.9988703
21,5 =2,7408=0, LTO5R=03 8640 2,0038%03 p,0238°03
22,0  =5,1918-04 -3 D118=03 8840 1.,2078%03 5,1948~01
22+5  =2.6108=D1a =1,5148~03 | 90,0 4,8610=04 1,7868=03
23,0 2,1548=08 1.,2498=03 " 92.0 =4.5018-04 “1,8028%03
23,5 4,9178=08 2,8528%02 94,0 =1,0a98°03 =4,2008°03
28,0  3,1038=0s _1,8008%03 96,0 =3,1178=03 _=4,4748-03
24:5  ={.,3008=0a =7.5938%p4 98,0 =9,0978=04 =3,6438=03
2550  ~4.5068=04 =2,6140%p3 « 100,0 =4,4288=04 «1,7730=03
2545  =3,3838=0a =1,7398~03 10240 1.8638%04 5,8578704
2640 7,2208=05 5,1888=00 104,0 4,5558=04 1.824803
26,5 5.1298=04 2,4068=03 106,0 6,5718=04 2,6318°03 .
2740 1,6448=04 2.11488=03 108,0 6,0830=04 2.,83468=02
27.% =3, 703806 =2,2008%0% 110,0 3, 0488=04 l.??ap'OS
PROCESS = 2493,318333 SECS, PROCESS ® 376.70000 SECS,
T/0 = F.01667 SECSe 170 = {0,16587 SECS,

RUN TIME = $03,30000 SECS, _RUN TIME = 386.88667 SECS,
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Table 32. Autocovariance and Autocorrelation Function for U = N(uo,c%)
and V = N(UI’U%) and for Indicated Parameters.

= [T : o

— PARAMETERSY  MUPnl = 2  SIcuAral =z 0,64,
MUT1) = 40 STGMAL1Y = 5,0 Mug1l = 19 SIAMAL1] = 3,0
|

oTau RI{TAU)Y RHDCTANY . TAY R{TAU) RHACTAY)
0.0 7.5310=01 T.0008,00 9,0 1 3408=03 4
2.0 1.6190201 6,3988=01 , 1,2 4,0358=07 ?,9929=01
Y Y 7.5900207 2,9998=01 ! 2.4 =5, 464R=0D =1,8278=01
5.0 4,3168.03 1,7058=02 3.6 =2,7089=02 =2,0088=01
T T8, =a,5258e05 =1,827a~01 . . 4,6  =7,4458=p2 =1,8138-01
10,0 -7,30208.07 =2.8858=01 6.0 =2,1658=02 - ,6058=01
I V-1 RS -5 8 | TY TR 3 1.1- T L) G A T PR EY TP PRy FT. P
14,0 =5,8070.07 =2.2988~01 8.8 =6,299R=03 -y A708=02
o Te,0  ~ =3,1128.02 T o=1,2308~01 9.6 3,2268%03 2,3929=0%
18,0 =3,1778-03 =1,2558=02 10.8 1 1978%05 B.ar7a=02
720,07 1,B138.02 0 7,1648-02 | 1240 1.5129=02 1.1718=01
22.0 ?.8B70202 1.1400=01 13,2 1,32208=072 9,8028-02
8,0 7, 709%.072 T ,I7I8SUYT =~ 44,4 7 340Rm3y s 4o7omfda
26,0 2267807 B,956m-02 15.6  =9,4088=04 -5,9758=03
28,0 T, 17990277 4,657a-02 . : 1648  =£,3608703 -4,7156702
30,0 1.1028.03 4,3550=03 18.0  -8,9738=03 -6,6539=02
732,007 =7,207%.D03 | =2.8478=02 19,2 8 3038=03 -5,1568=02
34,0 -1, 136807 -2 488802 2044 =u.5028=03 "3,3670"02
J&.n =1 ,13088-07 =X, 537e~02 _2lefk =9 sKeA=00 =7, 4679=03
38,0 =8,8208-03 v3,4858-02 2248 2.7078=03 7,0078%07
T 77 Tap,d T -4,5588.0% 7 =1,7998=02 28,0 4,7958=03 34555802
42,0 -2,6338-04 =1,0400=D13 2542 4,6178=03 1,4230707
- 44,0 ?,TA1B.0Y " 1,0998=02 2644 346549=017 2,709@8=07
46,0 4,5000a03 1.7788=02 2746 1.2A38=01 9,34618%03
' ’ - . = _— 28,8 =Q.g7n4ep4 - my . 321mp3
50,0 3,358e.03 1,3278=02 30,0 =2,1778=03 =1, h148=02
T 52,0 T1,8048.02 T.1380=03 33,2 ..=3,0p24=03 -5,2408=02
54,0 T.6268.05 3,013m=01 32,4 =2,246R-=03 -1,665a=02
- 56,0 T =y,{528.03 °  T=4,5508=03 N 33.6- =1,1018=0) -8,162a=03
56,0  =1,686%-03 *6,6608=03 3.8  =3,5478=05 -5,6458=04
50,0 =T,T90F.03 TIVOTIESODT) e t3ereegy 5o 4018m03-
52,0 =1.3130.03 =5,1878~01 17,2 1.4894-03 1,1088=02
- - 64,0  =5,23129.018 =2,4628=03 L 18,4 1.4888%03 1.0708=22
&6,0 =7, 973,05 =3,1508=04 31944 1.,03768=03 7.6R868=01
58,0 A,0228-04 1,5888-03 408 1.670a=05 1,2383=94
70.0 5.9238.04 2,7358=03 42.0  =3.6R08=04 =7.7288-03
TZ.0  B,515%=0T ST 03 a3,z =R agTa=py =5, 2338203
74,0 5,5540.04 2,1%3m=03 48 =9,959@=04 -7,3849=03
78,0 ?.4818202 9.8048=04 8508  m4.7628=n4 “31.53198-93
T8.0 =1 ,7978=058 =7.09A8=0%5 8648 “3.6308"0y4 =-2,6029=0)
BO.D =1 ,2688.04 =5,0118=08 48,0 1,8R08=04 1.304@=03
A2,0 =3,0588-04 =1,2080=03 | 49,2 S,0668=04 3,756a=03
- BE. T S, B17F.Um - ST, U37@sU3 0 5Q.4 0 3.7aB8=0n . 2,8088=03
86,0 =1,6318aD4 =6,8858=04 516 5.5514%04 4,1168%03
T 88,0 =-1,3390.04 =5,6R58=08 | 52.8 1.6568=04 1,2288=03
20,0 3,1158208 1.2318=04 5440 -4 ,3428=05 -5,1478=04
92,0 = 7,92BR.DBS T o3,{132a=04 55,2 “7 . 430@=0g o5 A5T8=04
94,0 7.308005 2,903e=08 Séad =4.1289-04 -3,06008"03
6,0 T, 0339002 5,680F=00 __ = 57,4 =9 037@=04 ey 4ag@=03
98,0 7.07808.,05% 2,7968=04 58,8 “1,3168=04 =4,75508=048
100.0 "1,5548.05 ’ 6.,1418=05 60,0 i A3HREDY - =4 ,0748=03
102,0 5,0178.08 1,082a=04 6147 2.2268=04 1.6518=03
T T IomD -E,OTARCDY C T =2,2008-02 6248  6,6908=05 8,9408=04
106,0 =3,10480.0% =1,2620= & A= 08=03
— T I0R,0 =P EEIPLO5 -2, 8TON=0S o :::agﬁ 71.605 !g: - ::1399193
110,86  =6,5509-05 =2,5888=04 66.0 -;:g;;:-os -5 7518204
PROCESS ¥ 323,085337 SETS,
I/0 = 19,20000 SECS, 1/0 = 15,23333 SECS.

RUN TIRE = 3n2,28333 SrC%. RUN. TIME = 483,.086667 SECS,
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Table 33. Autocovariance and Autocorrelation Function for U N(UO,O%)
and V N(ul,o%) and for Indicated Parameters.
4 x 0,6 " PAREMETERS! RUTOT @ 9  STGHMALO) = 0.9
MyL13 = 10 S5TaMAf1} = 3,0 MUTT] w1 STGHMALLY = 0,1
TAU R(TAUY RHDCTAUD TAU RCTAID RHOCTAN)
— DD 1 735@=03 ... 1.,.0D08a00 0,0 R S577R=02 1,0000.00
1,3 7.800P=07 4,4953=01 1.0 =4, 664R=03 =5,3380=072
245 =1.5098=07 ~B.(P5R=02 2.0 =-9,{3r0=03 =1, 085h=01"
3.9 =5.0378=02 =2,9038=01 3.0 =1,0848=02 «1,264a=01
5.2 =4,8558=07 -2,7588=01 8,0 -9 ,8708=03 =1,1520=01
645 =4,2309=07 =?,4388=01 5,0 =9 ,68290=03 «1,1298=01
—  Tef— =3, D248=fp5. . ..=4,T4IR=)L. 6,0 =1,0388=07 =1,2088=01
Bl =1.3p28"97 "7.6209702 7.0 “0,7110=03 =1,132a=01
10.4 6.2158=03 3,9858=02 .0 =&, 4ANAE=03 S5, T40R=02"
11.7 2,3699=07 1,3659-01 9,0 1. 38c@=0? 1,6158=01
13.0 3,1738=02 1,AN08=01 10,9 ?,9928=0? 3, 588a=01
1843 Pa10B=(p 1.5628=D1 11.0 1,9000=02 1,7519=01
Dp-——— T T BB 12.0 =4,7598=03 =5,5498=02
16,9 =2.47ta@=D3 “1,3958=D2 13,0 ~2,9178=03 *1,1548=01
18,2 =t 4694=07 =R, A658=02 r——__‘—————TI—U————V-EvIw—UI"——‘_“r'T?7B‘UT'
19.5 =t,9a4a=n> =1.,1218=01 15.0 =1 ,0070=072 =1,1758=0]
20.8 =1+6RIRTOP =g,7TN18"02 1640 =-1,00%9=0? =1,1728=01
22,1 =5,574P=n3 -5,5188=02 17,0 -7.2a95-03 =B,4438=02
— 234 8. {3jampy. . ap.QL7amdy 18.0 =2.1788=048 =2,481R=03
24,7 6,875R=0y 3,.9638=02 19,9 1.2120=07 1.816m=01
25,40 1,096@=07 6,3NTR=D2 ——————————ﬂHTTr———T—vVTI'Uv*"——— 7, 32SeS0T
27,3 1.0878=072 6.,26568=02 21.0 . Z2R18=07 1.4938=01
2B,6 7.2128=03 4,1578"02 22.0 -3.951u-oa =3 ,606a=03
29,9 2.036R*03 1,1748=02 23,0 =7,3820=03 «8,610a=02
31.2  =3.155a=n3 -4134os:oay 24,0 -5,4958=03 1,1076=01
32.5 =h.2258"03 =3.3RB8=92 5.0 =1,0098=07 =1.177a=01
33.8 "6.8618=03 =3,95a8=02 Z&.0 “F,BAFEA0NY T T =1,0I7E-TUT
35.1 =5,.1478=03 -2 ATR=02 27,0 -5 ,37728=03 4 ,263a02
364t =1 .9778=01 =1.,1408=02 - 28,0 {28700 1,453R=02
377 1.1n58=n3z 6.3698%53 29,0 1,0318=09 1.,2028=01
=03 23028202 - - 0.0 1,8938a02 1.,74008=01
40,3 8.1528=03 2.373R"D2 31,0 1,072008=07 1+199Ra0y
41 3. 4718203 2,0008=07 370 T O97e=0T T TASEw02
42.9 1.7R48=0} 1.07A8=02 33,0 =5,31nead} =6,1910=02
ka2 =3,5098=0) "1.4698=073 34,0 =R ,BAn0aD2 =1,0338=01
45.5 =1.,7308=03 -3,9723=03 35,0 =0,4438=03 =1,1018~01
o 48,8 a3 So8gmg3 ey g55a=0Q- 36,0 a7  899R=01 =8,974am02
481 =P.2432=03 “1.30a3=02 7.0 =4,7553=03 =4,9618=02
4.4 ~t.3538°03 "7.7999=03 T 38,0 I, tSveawOT 2 iheeeize
50,7 =2.0738=04 =1,1953=013 39,0 A,7938=0) 1.0258=01
52.0 9.1888=04 §,29638=03 40,0 1.1500=02 1,3528=01
53,3 toaniR=(a 8.0769=013 41,0 B.8R4R=03 9,8928=02
203 e A, HURARD3 42,0 7,2318=01 2.,6020=02
55,9 Y, 805a=0y 5,7033=013 83,0 -1,0818=013 ra,7110=02
57,2 2.8518=14 1,6438°03 ——aA.§ =T BTAWeN3 T =9 ITEWLD?
5R.5 =3,408%=04 -1,9643=03! L] =B, 3A30=03 =9,77a8=02
5%.8 ~B.5758=04 ~y,Pa2R=03" 44,0 5. BhAQa0Y =-8,0078=02
4141 =“R.ANER=NY “.7608%03 47,0 =3,4500a03 -4,0330202
— o §2.4— =7 2R4AmpA. .=y RTA=0]. 48,0 2.13310=03 2.,8B7@=02
63.7 ~2.,830@%04 =1,6318=03 49,0 T,.3938=021 B,6208=02
6540 1+4198=04 8.17%8=0a 0.0 q.,2308=03 T,0768501
6643 4.1219%04 2.3758703 51,0 T.2508=01 8.453m=02
6746 S,9288=04 3,49158=03 52.0 2,31eh=0) 2.7048=02
58,9 4,3R28°08 ?.5258=03 53.0 =1,2798=03 =3,8158=02
T0.2 2.730mepy 1.,5748=03 " — T 58,0 “5,6778=01% =7.7T96=02
PROCESS = 411,06667 SECS, 55,0 =7,3650s03 -8,5808=07
L r;———“?ﬂﬂtﬁ& ® S530,383331 SEeS,
RUN TIME = 418,68333 SECS, 170 = 22,03333 SECS.,

AN T ——SSESTEET SELS,
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Table 34. Autocovariance and Autocorrelation Function for U = N(UO’U%)
and V = N(pl,ci) and for Indicated Parameters.
8 PARAMETERSI Mutol = 1g SIgMALOD) = 1,0
Myri1l = 10 SIGMAL1I) = 3.0 MUg1l = 10 STaMALI] = 1,0
- - TAY R{TAY) RuD(TAY) TAU RCTAUY RHOCTAU)
gy P rEtRept 1 AB0R+00— 0,0 2,3888=01 1,0000+00
145 1+2308°0y 5,56438=01 2,0 1.4299=01 6,0719=01
3.0 2.3178=07 1,D83A=01 4.0 4.,8718=02 2,0408=01
4,5 =5.1R18=02 -2,8358=01 6.0 ™Q. 706802 =~1,9718=01
e} =G TH7O=0? ~, 470801 8,0 =1.,4278"0y =5,9T88=01
7+5  =8,9478=02 =4, 1039"01 10,0 =2,0358=01 =8,5228=01
—_— 9,0 =g AouE=fn  wo, 0B0A=HY 0 0 12,0 =1,4508=0f =5,0T10=01
1045 =2, 7958=07 =1,2828=01 18,0 =5.0198=02 ‘e2,1028"01
_ —— 1240 .- 1.8368=07 6«5ATR=N2 1640 §¢5038=02 1.,8869=01
13.5 2+9958°02 ?.2919701 18,0 1.3760=01 &, 7640=01
_ 15,0, _6.5368=02 ?.998P=01 20,0 1.8698=01 T.8280=01
16.5 5.,5708=0% 7,5589=01 22.0 1.8178=p1 5,9368=01
18.0 2. 600@=07 + ,234A=01.. . ___HZEJQ____§1198"02 2.,1778°01
195 =T.4a48"03 =3,4148=02 260 =3.,2R18=02 =1,7938"0}
21.0  =3,3408=D2 =1,5328"01 28.0  =1,3098=04 5, 45840701
22+5  "u,36368=07 =-2,0018=0¢ 3040 =1,7408=01 =7.2870=01
- 24,0 =3.7278=07 -1, 7098=01 32,0 =1,3728=0% -5, T4TB=01
2545 =7.0n20=02 -9,1R38=02 34,0 *5,3168702 =3,2278-01¢
= an3. 36,0 _a,0098=02 1,6798=01
28,5 1.8708=02 8,5759=02 38,0 1.2378=01 S.1818=01
- - -30,0 2:T798=0p 1,2740=01 4040 1,6338701 6.5208°01
31,5 2,6019=02 1,1919=01 42,0 1.3228=01 5,5398=01
- = - 3340 tabLEP=02 7.38798=02 44,0 5.3898=02 2,2578=01
45 1.8169=03 A,328%°03 46,0 =3,6708=02 .1,5178=0y
—_——— Sy = O F ARy, 85385 . 48,0 =1,1668=0{ =4,88280=01
37.5 1.8026=0p “8,2608202 50,0 =y,5388e0 =4,8838=01
-38+H- 1 TRER=DD -%,20182072 52,0 =1,2718=01 =5,3258a0)
40.5  =1,2088%D2 =5,5218°02 54,0 =5,4438=03 =3,2808=01
- 49,0 - =3,7R58"(03 =1, P7TR=02 5640 3.3138=02 1,3889=01
43.5 5,7840=03 2.6538=02 7 58,0 1.0058=04 4,5888=01
x 60,0 1,4518=01 6,0788=01
4645 1.2118=02 5.,5558=02 T 82«00 1.223F=A1 T E 1048551
. 4B, 0 A.8378=03 4,0538=07 6840 5,4708=07 2.2918=01
49,5 3.0158"013 1.3R38°02 66+:0 =2.9418-02 =1,232%=01
— - 51,0 =p,920@=03% =1,3428=02 68.0 =1,0258=9y =4,253801
52+5 =R 9%08=03 =3,2108=02 70,0 =1,3728=01 ~5,7460=01
= lh7R" = = 7240  m1e1778=0% “8,9298°01
5545 =5.3320=03 =2,9048=02 T T T&.0 T E=g,aF58<np 2,2938°01
_ 5740 =2,7688=03 =1,2708=02 76.0 2.5498=02 1,0688°01
5845 1.3509=03 f.1R92=D3 78,0 9.5758=02 4,0108=01
. S e 4,2189703 1,9348=02 80.0 1.298a~=01 5.4368=01
£1.5  5.461R=03 2.5050=02 l 82,0  1.1328°03 8.7818701
L U — . T T TY-T S— Y VY T1.1 R 84,0 5,4888°02 5 299meDy
64.5 2,3519=03 1,078®=02 86,0 =2.1578=072 =9, 0328°02
- 6+ -mu.8300=04 =2,215%=03 88,0  =§,9210=02 ~3,7368=01
6T«5  =2.AT08=03 =1,1339=02 90,0  =1,2278=01 =5,1400=01
690 -—=3,507a=py - ®9,6500°02 92,0  =1.0908=01 “4,5678=D1
70,5 ~3,0938=03 .1,48199=02 94,0 =5,5018=02 «3,3040°01
S APPSO T AL PO OT O 96,0 1.77308=02 7,4268°02
7345 2.6T708=05 1.2789=04 8.0 8.2768=02 3. 4660%01
7D - - 1s4570=D3 £,5433=03 10040 1.1618"01 4,8638°01
7645 2.3258=D3 1,0668=02 | 102,90 1.0518=01 4,8030=0y
78+8  -P51568=03%---— 9,4879-03 - 108,0 5,5128"02 2,3088=01
7945 1,8168=D3 6,8920=93 108.0° <=i,3808=02 =5,7818=02
e Bl.0 . 2.ig48%0s __ g9,023a=04 | _ _ ___ !{Og-g fT-gSOP'DE =3,2048=01
=5, a= -3, 2= 10 “1.0098=01 =3,6020=01
L dEes helseenon 3:7863703 Lo0CESS ® 509,91667 SECS.
1/0 = 7.05000 SECS, 1/0 = 10,36667 SECS, T

RUN_ ELME =

418+ 086867 SELS.

RUN TIME =

520428333 SECS.
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