In presenting the dissertation as a partial fulfillment of
the requirements for an advanced degree from the Georgia
Institute of Technology, I agree that the Library of the
Institute shall make it available for inspection and
circulation in accordance with its regulations governing
materials of this type. I agree that permission to copy
from, or to publish from, this dissertation may be granted
by the professor under whose direction it was written, or,
ir his absence, by the Dean of the Graduate Division when
such copying or publication is solely for schelarly purposes
and does not involve potential financial gain. It is under-
stcod that any copying from, or publication of, this dis-
sertation which involves potential financial gain will nct
be allowed without written permission.

\

7/25/68



INTERINDUSTRY ANALYSIS

WITH LINEAR PROGRAMMING

A THESIS
Presented to
The Faculty of the Graduate Division
by

Felix Antonio Ulloa

In Partial Fulfillment
of the Requirements for the Degree

Master of Science in Industrial Engineering

Georgia Institute of Technology

December, 1968



BOUND- BY THE NATIONAL LIBRARY Bj:N:DER—_Y:_-GO-._ OF GA,

e e e e —— 1

INTERINDUSTRY ANALYSIS W

~LINEAR PROGRAMMING

Approved:

ITH

e

ate apolly

Chalrman(\b\ Py e

/

ed by, Chairman: Nov. 8, 1968




To my patient and loving wife

MARIA



iii

ACKNOWLEDGMENTS

It is a pleasure to acknowledge my iﬁdebtednes_s to Dr. Jéseph Krol for
his guidance, inspiration-. and .friendship. His willingness to share freely his
-wide experience and knowledge has contributed to the cotnplet_ion of this work.
Dr., Paul T. Eaton é.nd Dr. George E. Maddox, members of the Reading Committee,
deserve special credit for their advicé in this res,ear_ch.

I am specially grateful to Mr. Tee H., Hiett Jr., whose untiring cheer,
patience and friendship have served as a source of encouragéménf during my

studies in Georgia Tech., -



"TABLE OF CONTENTS

ACKNOWLEDGMENTS & & 4 « o o+ o o0 o o o « « o »

LIST OF TABLES + 4 « o « o o v s o o 50 o o o o

LIST OF ILLUSTRATIONS . + & v v o ¢ o o v o o « o .

Chapter
L INTRODUCTION & v v o v v o o o e ve o v s
I. THE INPUT-OUTPUT MODEL .

The Accountlng Framework -

The General Assumptions of the Input—Output Model -

 The Formal Logic of Input—Output Tables
II.  THE LINEAR PROGRAMMING APPROACH . . . .
Intermdustry Analysis a.nd L1near Prog'rammlng
Implications in the Use of Linear. Programming

Programmlng Solutions

IV.  CONCLUSIONS .« + v oiv o o' v o o o o o n o

LITERATURE CITED. « « o« o cvsov v s o o v oo s o

OTHER REFERENCES + « + v v cov o anin o o 0 o s

iv

Page
iii

20

50
53

54



"LIST OF TABLES

Table o - - Page
1, 'Interinduétry Transactions Table. . o v v v v v s o o o o o 10

2. Suggested Compi'omise's Bétween Input-Output
Analysis and Linear Programming . + + « « + &+ «iv o« + = 26

3, Choice Among Final USES « « « o v = o « » o v o 0.0 « o « 28
4' : ChOiceOfTecmoloﬁr:;o .-co- . . :' ‘ "" o '.‘ ;". . » 33

5. - Production Activities in:Labor Input Units. « + + o o s o o 40

6. - Summary of Price SOIUtion, « v v o o o o o s o o o ai o 47



LIST OF ILLUSTRATIONS

FlowsofCash. . . .. L R e PR R N Y
| Restrictions (Acti.vity Axe‘s);. e e .
Restrictions (Output Axes) . . . ... .
- Isoquants (Input Axes) . . .

Efficient Activities (Labor Units) . .,

L B L | L] - LI ] -

et . 8 & e ® w e =

30

32

35

41



CHAPTER I
INTRODUCTION

Interindustry analysis is one of the most .fruitfui methods of 1i11éar econo-
mics and its contribution fo botl} ;gheqretical aﬁd empirical economics is trans-
cendental, exercising a stimulating iﬁﬂuéqcé_' on ecouomiéfé and statisticians in
many copntries. : | |

-Originally, the interiﬁdustrgg a.nalysiswas aeveloped by Pfof_éssor Wassily
Leontief with the name of "input-output ana1y§i‘s. " Leontief published the first
clear statement of tl_ng _mqthod_‘.,_?inul%fi_ . Iu 1ts _o;:iggnal version, input-output
analysis dealt with an entirelj cldsed economy.syslt'eml'where all goods were
intermediate goods, consumables being regarded as the intermediate goods needed
inthe production of personal services. After World War II a different view of
Leontief's model has been developed, considering final demaild as being exoge-
nously determined and using input-output analysis 1_:0‘ find levels of activity in thé
various sectors of the economy consistent with the specified pattern. of final demand.
In particular, it studies the mtefrelations among producers as buyers of reach out-
puts, as users of scarce resources, and as sellers to final consumers.

Obviously, one Qf the most worthy contributions of the first Leontief study
was to stimulate empirical work on interindustry ‘felations in different countries

such as Norway, Denmark, the Netherlands and Italy. Furthermore, as new



countries 1n Agia, Africa, and Latin Améri_ca -embarked on development programs,
they mostly used inl?,ut—_output techniques. |

On the other hand, linear prog‘ramming. was de‘vei;aped by George B,
Dantzig in 1947 as a technique for planning the diversified activities of the U, S,
Air Force. As itis discuséed in Chapter III, there are a number of important
similarities between these two branches of linear economics; in each case there
is an end-means connection. Input-output analysis may be thought of as a special
case of liﬁ_éar' programming in whlch there .is no scope for choice once the desired
pattern of final cutputs has been determined, Linear programming offers a way
of getting around the restrictive assﬁmption of constant. input coefficients in each
sector, while retaining a formulation which perrﬁits statistical measurement.

The importance of the study of.interindustry analysis with linear program-
ming is due to the fact that it is a powerful tool for development programming in
underdeveloped countries. As Chenery has pointed out in a paper presented at
the third international input-output conference in Geneva in 1961, there is a com-
promise between the two methods and he suggests joint use of them so as to check
and to modify each other's results.

Economists in many countries are concerned with the _'practiéa.l application
of the input-output médel to national éConomic planning and they agree with the
combination of programming and input techniques. Probably the most complete
mathematical discussion about the combination of linéar programming and input-
output analysis was done by Dorfman, Samuelson and Solow in their Linear

Programming and Economic Analysis. Chenery and Clark in Interindustry




Economics present interesting findings in reseurce allocation and projection of.
the economic structure in different countries such as Italy, Japan, Argentina,
and Colombia, where input-output analysis and linear programming has made
urique contribution. Finally, to summarize the immense _literature concerned

with this topic, A. Ghosh in Experiments wi_th‘Input-Output Models, analyzés

empirically the structure of production in post-war Britain based on the input-
output table for 1948 and suggests tentatively how production models and alloca-
tion models could be combined for programming purposes and how this approach
may lead to formulating a linear programming modei whereby the coefficients in
an input—butput matrix would be modified under the pressure of changes in final
demand.

Bésides all of the great #:tﬁlﬁantages of interindustry analysis, Derfman in

his paper "The Nature and Significance of Input-Output" in The Review of Econo-

mies and Statistics, No. 2, Vol. .36, May 1964, p'p.l 121-133, pointed out that it

appears now that input-output is pot likely-‘ to supplant traditional metho.ds for
studying industrial or pﬁce problems, -or even to replélée th"é Wa;lratsian concept-
ual fr@ework for thinking in terms of gé_neral equilibrium. Interiridﬁétry analy- -
sis in its present imperfect form is a promising approach to the analysis of our
complicated indu_sfrial structure and the most feasible technique yet developed

for over-all industrial planning.



CHAPTER II
THE INPUT-OUTPUT MODEL

Accord.ing'to the purpose of this study, the analysis of the input-output

model is referred to as the Leontief opén, static model because it is the core of
- all forms of interindustry analysis. This model, in general, determines the
relations bétween autonomous demands and levels of production. In other words,
this model is based on the premise that it is possible to divid'e all productive
activities in an economy into sectors whose interrelations can be meaningfully
expreséed in a set of simple input functions. It shows sales to all intermediate
customers as well as sales to final deman_d. - S0 long as there is at least one sec-
tor remaining in the autonomous category the input-output system will be an open
-model; if all of the sector outputs are regarded as dependent Varigbles, the system

will be a closed model. The input-ocutput model is basically a théory of production.

The Accounting Framework

The purposé of aceounting is to select the relevaﬁt aspects of economic
events, record them, and subsequently to 'Qrgahize" and suinxharize these records
for mrthef"analysis; : Thus, the coﬁsolidation of accou_n‘ts-r of.-bﬁsinesé:es to form
any industry a'ccéunt is accomplishedbyﬁadciing up similar asset, iialéility,- and
net worth i-1:e;ns or similar debit and credit items and entering the sums in an

industry account with a similar format. The source and use accounts for all firms



in an industry may be consolidated to form an industry source and use account,
The source-and use accounts for several industries may be arranged in a speeial
table called an input-output table, sometimes called an interindustry account.

The Accounting Conventions

There are some accounﬁﬁg cdnventions required for the construction of
the input-output model, These ha_vé been stated succinetly by Chenery and Clark
as follows:

(1) Transactions are usually recorded at the producer's price rather than

at the purchaser's cost, which means that trade and transpert margins are -
~ ascribed to the using sectors.

. (2) In principle, the flows should correspond to the use of inputs for cur-

rent production rather than to the {ime when they are purchased. The dif-

ference between purchase and use are reflected in stock changes, which are

part of final use.

(3) Purchases on capital account are normally charged entirely to final -
use, and depreciation allowances are therefore included with primary inputs (1}.

The input-output model could be reggrdéd_ as a simple transaction medel
and consequently, it could be best viewed within the framework of the ﬁaﬁonai
accounts 2). |

The model involves a matrix of transactions representing the flows of com-
modities between the ind_ustrie,s erigaged_ in c_t_lgrgnt production, -a matrix of injec-
tions showing the demands placed on-._the; pro’dﬁcing sectors by the non-producing
sectors, and a matrix of dependent responses base.d on the assumption of functional

dependence bef:v‘}een the inputs and the j:dtal_fbraqéactions of thef',:in_tegindustry‘block-.



_The General Assumpﬁ_ons éf the Input-Output Model
.The,Leontief input-output model is concerned with the procedure of

explaining the magnitudes of the interindustry flows in terms of the levels of pro-
duction in each secfor. But several assumpﬁons are required for such a procedure
in order to be theoretieally meaningful (3), The hypothetical economy described
for this model statés that its main purpose is to produce. a number of different com-
modities, each qf which is manufactured by a different industry. Each industry
uses only one process of production, and each process is one of simple addition in

which a set of inputs is combined in fixed proportions to produce certain output.

Basic Assumptions of t}}e Open Model

In order to obtain reasonable and practical results with the model under
consideration, it is ﬂecé‘ssary to make a number of assumptions which will cover
certain specified areas. These assumptions may be summarized as follows:

(a) Each commodity is supplied by a single industry or sector of production.

(E)r The inputs purchased by each sector are a function onlyestf the level

- of output of that sector.
(e) The total effect of carrying:'on several types of i)i'éductiOn is the sum

of the sepa_ra_te effects (4).

The Formal Logic of Inpui—Output Tables

The analysis of a basic table of an input-output system —— as a formal eco-
nomic model -- "i‘s-re;iéte‘d with thélaséfﬁMiitiohgclébdﬁt éc’bnomi:c'béhaﬁ'or' and

definitions of the variables in the model. The level of aggregaﬁdn of such a table



is determined by data availability rather than by any set of rules. As a system
of transactions the input-output table is best viewed within the framework of the
national accounts, Thus the reduction of_ the combination between the assumptions
and the accounting definitions to algebraie form, will set up the structure of the

input-output medel.

Differences Between the_Input-Oﬁtput 'Té.‘bleé and Input-Output Analysis - -

In any interindustry analysis there is an analytical system to which is re-
lated an input-output ‘table. The tab_le"is fhe 'éta;ﬁstieal deseﬂpﬁon -- double—entry
bookkeeping opera‘gidn —l- of the inputs and ou_’_cputs of the different"prenches-of an
economic system during a pa_rticulai peri.'ojc.l ."'ef time. The input—output_rsystem is
the theoretical scheme, the set of srimultaneus linear equations in wliieh the un-
knowns are the I'evel-s of output of the various branchee,. and in which the par.e.—
meters are to be empirically estimated from the information contained in tﬁe input-

-output table.

Flow of Goodg and Services in the Input-Output Model

Three types of organization -- households, productive organizations (ﬁ'rlﬁs
and farms), and government -- and the rest of the world interconneeted by'the ﬁow
of goods-and services give the ‘be_st picture of an input-output table. Figure 1
demonstrates the interconnecteci flows which take place, Tt .should be noted that the
direction of cash flows and the flows of goods and services, if any, are opposite to
each other,

The Transactions Table

The transactions table, which is called transactions matrix, contains all
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Figure 1. -Filows of Cash.



the goods and SérviceS' produced in an ecohomy and is the basis of all input-output
analysis. This table can be described symbolically and scheinatically as 1n Table 1
which shows thé formal properties of the accou;lting syste.m.- The economic system '
is considered as a number of éeCtdrs'each of which is represehted in the table by-

a row and c‘olu.m,il.'- The output of a sectdr is distributed é.long each row, while the
corrésponding column records the cﬁr_r-ent inputs to that sector. Thé entfy in the
cell at the intersection of the ith row and jth column represents the.quantity of the
output of sector i absorbed as input by sector j. Thﬁs the symbol Xij represents

the transaction between .twp sectors of production, while the fotal output of sector i
is written Xi'

The secfbrs of the input-output table are divided into two groups: the
Iproduction of intermediate sectors; on one hand and the final sectors on the other.
This leads to four types of transactions, which are shown in the foui"=quadrants of
Table 1.

Quadrant I, All of the columns in this quadrant are referred to collectively
as the final demaﬁci sector, When Qﬁadrant I is considered alone it is oﬁen'referred
to as the '""bill of goods™ to.disting'uish it from final demand which consist of;both
Quadrants I and IV, . ' ;

Quadrant II. This sector of a transactions table is typieally known as the

processing sector. It _ShQWS the interindustry transactions, or the sales of inter-
mediate goods and services. The general term, Xii’ shows the sales by- the ith

sector at the left to the jth sector at the"tqp', or conversely it shows purchases by

the jth Es,epto‘r from the ith sector, The t(l‘)tal'-'il_ntermediate use of any-?éommodity



Table 1., Interindustry Transactions Table
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is identified as Wi" and the total purchases from other sectors by a given industry

as U..
] .
Quadra_.nt II. The rows in this sector are referred to collectively as the

payment sector., Corresponding to the final demand columns there are rows show-

ing the primary inputs. These inputs are "primary'' because they are not part -of
the output of current production, . Primary inputs into current production represent
the value added in each‘ sector of production as well as imports. The term value
added (Vj) will be employed for the total use of primary inputs,

: Quad_rant IV, This guadrant is sometimes- omitted from published tables.
It records the primary inputs info final demand sectors, including such typiéal_
rentries.as the income of government employees and imports'consu_méd directly
by heuseholds.

The Input-Output System

The input-output system is derived from a set of accounting identities and
from a special assumption concerning the relations between the sectors of produc-
tion in an economy. Thus, affer baving described the table of transactions, it is
appropriate to have a look at the underlying theoretical scheme.

The Accounting Symbols. The basic elements of the formal structure of

the input-output aceounts are defined as follows:

Xi . = Total producﬁon of commodity 1i.

_ Mi' = Import of commodity 1.

.Xij = Amounts of commodify i used. 1n Sector ji-
Y. = Final demand for commodity i.
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W, = Total intermediate use of commodity 1.
: Uj - = Total use by sector j of inputs purchased from other industries.
: V]. = Total use of primary inputs in sector j.

It is important to emphasize that these variables represent flows which in
theory are ﬁhyéigﬁai uhi‘ts!,"and‘ hot'i.in rh;aﬁéy.vaiﬁe. Not:‘:fonljzpi'é;iuet flows, but
also the pr-imﬁfy inputs of factor ser‘vicés;?: are considered to be measured in physi-
cal units, - e

In o-rdef to ‘sgf-u_p"the ba.l'a_;-n:c.._e- of _t-h'e; .fabl‘-e, two equations all"e obtained. The
first correspondiné' té fhé— i:iéiv-s_)'s, WIHChStatGS!Zhat for eaéh'cq}ﬁr;modity, total supply

is equal to tetal demand (interlﬁedial;g demand plus total demand):

n
Z.=M.+X.=z X +Y =W +7Y, (1)
i i i =1 ij i i i _
Supply Demand

The second eqy_aﬁo:i T-is felated to the columns and i—t_statésthat the fotal |
proeduction in each sector is equal to the value of the inputs purchased from other

sectors plus value added in the secior:

S T T R T o |

=1

Relationship Between Inp};t—'onfpuii Accéunts- and Naﬁbﬁaﬁl ‘Income Aggregate.

From equation (1) the final deman,_‘.d_‘_ (Y i')" is defined as the difference between the

total 'supply of a comniodity available and the amount used up in production and
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hence it includes changes in stocks. -E.r;o'm equaﬁon (2) the value of primary inputs
_(Vj) is defined as the difference bethee.n the value of productiop in a sector and pay- -
menfs for inputs pl_lrc.hased from other pro_d_uctive sectors.
. Thus these .definitions gré closely reléted with thé c'o'llacepts of final output
_an-d'--value added used in national inco_mé an'alysis'.__ |
Adding up each row 1n equatibn (1) and considering imports as a deduction

from final demands, it follows that: -

z X, = =Y Yx_+) ¥, -7 oM ®)
i L i &y
i=1 i=1 j=1 =1 i=1 c ]
-~ p n n
X, =z in.+ Z Vv, - 4
AR Y FE ) ,
- and since z Ay = Z Xj (5)
i=1. j:l : :

Comﬁining"'équati'ons (3), (4) and (5) the exp'x"ession for the b_asid national

account is obtained:

non ,, o
Z Yi"z Mizz Yy 7_ | . ®)

The Input~Output Ahalyﬁéal Medel. The-"tfans%ctions table described above

isa co’in-pleté and detailed accounting system for an economy. For analytical purpose,
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however, it is necessary to go beyond this table and compute a table of technical

coefficients, which ére compuied for processing sectors only, and are defined as

the direct puxi_t;hases by each sector from every other sector per dollar of output,
Given an economy divided into n sectors, then the total disposition of the

physical output of each sector can be described by the following set of n equations:

X =X11+X12+‘.'....+%n+Yl

M
[

X, +X 4.0, +X, +Y. (1)
il i . : in i ‘

2

X  +X _+.eis X +Y.
n an an. ST xnn -Yn

',‘_>4‘
!

The ith equation in this systex;:;" :s.tafes that the totall 'output of sector i is

" equal to the sum of the quantities conéumed by each production sector, including
sector i itsel_f,‘ plus the quantity consumed by all components of final demand.
This row balance is necessary whatever unité are chosen for eaeh sector. How-
ever, it.should be noted that it is impossible to sum the elements of each column '
since each represents different .physical units.

As noted above, one of the assumptions of the input-output model is that
the input from productibn éector i to production sector j is directly proportional
to the output of sector j. This assumption can be eXpre_ssed in the following
equation:

X . =3a X (8)



15

where aij are the technical coeffiéieh‘;s or margi‘naiinput coéfﬁcients_.

The set of 1_12 such e_quatioq_s is known aé the set of str.uctural equaﬁons,
while the n equations (7) are known as balance equations.

Combining. equations (1) and (8), the original Leontief model is obtﬁined.

Thus the balance equation for each commodity or sector is:
n
X - Zl a X =¥, -M, _ (9)

. In this system of n equations, the:re are .n unknown production levels (X_j),
n2 parameters (éij) describiﬁg the ‘input functions, and two sets of n autonomous
variables (Yi and Mi) whose values are specified for a given prbblem.

When trade is important, it is often desirable to make imports dépendent
vériable.s. As a first approximation, it can be assumed that the level of imporfs
: (Mi) is a function of the total supply of that commodity (Zi) and hence is related to
the level of domestic production (Xi)' Assuming a linear function over a certain

range, we obtain: . -
i

M, =M +mX . _ (10)
1 1 1 " : B ' . .

where m is the import coefficient.

Combining equations (9) and {10), we obtain:

n o )

1 + . X_ bl Z = !
( ml) T . aij X;i Yi | o (1L
)=
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where

Thé variable fﬁi is the total aufonomous demand which is equal to fiﬁal
demand (Yi) when the other $wo terms_.-are zero. The term )-(ij is a constant which
includes any*fixed—cdst elements which do not vary with the level of output. Thus
eguation (11) is the basic equation of the interindustry system in general case.

The general solution for the n unknown X's in terms of the given Y's can

be written:

= + R +r. Y (i=l... .
X =t ¥ +r, ¥, r. ¥ (=l...n) (12)

.where each coefficient I-‘ij is deri__vedrfrom'aij and mi'and represents the an__lount
of sector i required directly and indirectly to satisfy one unit of final demand of

sector j.

The Input-Output Model in Matrix: Form. From equations (7) and (8) and

solving for Yi’ we obtain:

X1 @t e e T A X ) =Y
X - (a X o Xt ta X )=Y, - (13)
(a X 1+ aanI12 + annxm) = _Yn

In matrix form this expression becomes:

X-AX=Y
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since IX =X (I=1, unit matrix)
then X-AX=(I-A)X=Y (14)

which is equivalent to:

- ) — - _
(1 all) B eences a., Xl ’"Yl
-aﬂ (1 - aiz) sesrese -ain Xi =1 Yi
Lo 0 TRz @) [ X Yy

The matrix (I - A) is called the Liontief matrix.

When imports are added to the system as in equation (11), the corresponding
matrix form is: -

@eM-MX=Y (15)

The general solution for equation (14) gives:

X=(- A)"lY
or .
- - - - -
% Y1112 T | | Y1
X T T _eeses T Y
n nl n2° " nn n
- -— . — - pa—
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where the elements r_, correspond to the inverse matrix

a-a1t-r
In the general system which ‘includes induced imports, the matrix form is:
- 1
R=(I+M-A)" (17)

The matrix 'representaﬁons"-of the interindustry system showed here are
only elementary considerations.

- Economic Meaning of the Inverse Matrix. The inverse matrix plays a cen-

tral part in the analysis_ of intérindustry models. This inverse matrix is also known

‘as the Leontief's matrix multiplier and like Keynes's scalar multiplier, is conver-

gent and can be expanded as an infinite series:
(I—A)_1=I+A+A2+.A37+.... (18)
Thus /solving for X in (14) it gives:
X=(I—A)_JY=(I+A+A2+A3+;..)Y (19)

The coefﬁ'qiénté of the ﬁaﬂix"_mulﬁpliér:__bell""us;lllow‘r-hﬁ'ch output any indus-
try is.t(H) p'rpduce in‘orlder that a specific: a-i;ndi:g_nt of ﬁnal‘ demand may be saﬁsﬁed.
Thus the final output of any industryl, saycoal, ﬁll require for its production cer-
tain inpufs _and-rthe:s'_e in_pqts in their turn: w111 'HreQuire coal for tﬁéi’r .p.iléduction. .In
this way a Specific--a:g:noﬁnt Qf_-ﬁﬁal démand for coal will gei;éfé.te a series of indirect

outputs, represented by the appropriate elements in the matrix sum
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a+aZsa®s 0
Any vector of final d_émand Y will in turn, generate a total demand
(I+A +"A_2 ”+,A3 Foieaed) Y

each stage in the series rep;ese'nﬁng tfie inputs required by the earlier stage un-
til it comes to the final demand itself. -

- The calculation of output requirements for a given vector of final demand
=]

can be obtained either by faking a sufficient number of terms in the sum Z An

n=0
or by inverting the Leontief's matrix (I - A).
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CHAPTER I
THE LINEAR PROGRAMMING APPROACH

Interindustry Analysis and Linear Programming

In the preceding chapter it was assumed that the use of the open, static
Leontief's model does not exclude the possibility that the choice of technology,
source of supply and pattern of demand are independent of the outcome of the ana-
lysis. The use of thé' Leontief system assumes that these chéi_ce‘_s- are not ‘depen_
dent on the level of output in each sectof-a’nd can, therefore, be fixed in advance.

In this chapter it will be assumed 'tha’_c the system under consideration
takes account of the fact that there are many different ways of producing goods
and satisfying wants and the choices in one part of the economy may be dependent
on choices on other parts. In order to handle this general assumption, it is
necessary to use the mathematical fechnique of linear programming.

- With regard to the relationship between input-output theory and linear pro-

gramming, Dorfman, Samuelson, and Solow pointed out that:

The theory of input-ouiput can also be regarded as a peculiarly simple
form of linear programming: in the simplest Leontief system, in which
no substitutions of inputs are technologically feasible, the optimizing solu-
tion is the one and only efficient solution possible; but in more general
models, in which substitutions are possible, the system can be made
determinate only by solving an appropriately formulated linear-programming
problem (or by requiring the solution to satisfy some restrictive outside

conditions) (5).

For the foregoing considerations so far pointed out, it is important to see
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that the linear progTaIﬁ.Ini.ng approé.ch -includes alternative sources of supply as
separate activities, and the level at'whicli each is utilized bécomes a variable in
the model. . Thus the system appears to have more variabi'eé than equations and
many possible solutions. - Upon these c_ircumsté.nces- a criterion for preferring one
solution to another should be established. This ériterion may be cost minimization,
welfare maximization, or any other fuﬁction of the activity levels.

The Activity Matrix Form

In the linear programmjﬁg ahaijréis‘ any p_ossible ‘fransformation of fixed
proportions of commodity output is calléd an aétivii_:z and the extent to which an
activity is utilized is called the activity level.

An éctivity, as in the input-output ﬁlbdel, coul.d bé represented matile-
matically by a column of coefficients with one coefficient for each input and each

output. Thus activity j is represented as the column vector:

alj
a2j

The positive coefficient represents an outbut and a negative one an input.
If alrl'-thé'poséib'le activities 'ai‘e Qathéré'd together, the next matrix is

obtained:
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B1) Bygreeeee B
A= (AIAZ; . 'Ari) =, . . m commodities |
—am’l amzu PP, amn-_
' - n activities

 The above matrix is.called the technology matrix.

The amount of commodity iused in sector j, as‘represented in the input-
output system (Xij), will repreiselglt_l the total of each input.used ot eutput produced:
by the activity with outputs positiiré and inpu_tshegative. - It gives the same equation

. as in (8):

where Xj represents the activity levels and the set of such activity levels is called

- & program.

Restrictions or Constraints -

It is not possible .to carry out any arbitrafy program. There are facts
‘which have to be taken into ﬁécoﬁnt. Cons_traiﬁts are the mathematical formulations
-ofl facts which limit the arbitrary choice of programs. They include not only the
final demands of input-output but also 'the:_ quantities of resources available. Thus
each type of commodity has a restr_ictibn: which will .be positive for final outputé,
negative for primary inpufs,. aﬁd zero for ihtermediate commodities,

The set of restrictions may be written as the column:
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The Linear Programming Model -

The general problem of preduction planning c__a-ri be expressed. as that of

selécﬁng from among the feasible -alternafives one which is ecogpmically optimal,

In the area of inferindustry analysis, a typical programming prﬁBIem is the choice
of produetion techniques,
The standard form for the"programwng‘ problem consists of three parts:

1) The function.{i.e., proﬁ-té or costs) whose value is to be mé.kirﬁiz_ed

or minir'nizer_l, which is called the objea;tiy_é function, being“a:-furiéﬁqn of the activ-

ity levels. - Mathematically; the ob'j‘éctiv_e function is written as:

" C = ZCJX] | - | (20)
'The'objeétiv_e function w111 permlt tochoose one s“ol'"'-“i:-l:c;n'as bétter than

anothé_r. I.n inferindustry analysis i:he..objectiire is generally to maximize tofal

output or to minimize cost.

2) The ordinary structurél cons"traints-' whi_ch set up the limitations of the

inputs in accordancé with the requirements of the outputs. . They can be written as:
n ' '

zl a; X, > By (i=1l...m) ' (21)

= ~ o '
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3)- The nonnegative conditions on the variables (or the activity levels) can

be written as:
Xj > 0(=1......n) (22)

- Any set of activity levels which satisfies only Eqs. (21) is called a solution.
If, in addition, it satisfies the nminéga;tive conditions of Eqs. (22) it is a feasible

solution. The feasible solution which maximizes the objective function, Eq. (20},

is called the optimal solution.
In order to establish the programming equivalent of the Leontief systém it
is necessary. to recall that interindustry programming distinguishes between the
two types of restrictions: the final demands (Y i) and the available supply of primary
factors (f‘h). Thus considgring the demand analysis, the ine(iual_ities of {(21) can

be written in the form of equations:

[~

a X bl D - Y i= 1. s lll 23
j 1

, |
z-fhjxj -D, = E (h=m+l....ms) (24)
=1

where Y, > 0 and F, <o

. Equations (23) are the programming equivalent of the Leontief system.

Differences and Similarities Between Linear Programming and Input-Output Models

Taking into account the assumptions of the input-output model stated in

Chapter II under Basic Assumptions of the‘-‘(l)pen Model, and the requirements of
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the lineqr‘ programming model, th_é following comparisons can be made:
| © (1) Input-Output: Each commodity is supbli_ed by a single sectbr of
production,
. Linear Programming: Any commodity can be produced by any number
of "a-c‘ﬁ,\lvif_;i'esx and each actnuty may have se;e_f;i 6{itputs;- o
(2) I_nput-O,utppt:' Linearity is a_ééume_d in the inputé used by an activity
ﬁ as function of the level of thét_ activity.
" Linear royanﬁhing: Prépoxitidh'ality is agsumed cdﬁsidéring tﬁat‘a
linear -homogene'ou_s flm_c'ﬁbn"is ,re!qiiiréd.r
(3) In both models the additivity property is considered.
(4) - In both models the nonnegative condition of activity levels is conéidered.
Thus, we can sée that the main difference is in the first assumption, . Further-
.more, the linear programming model is more general because it can be applied to

choices which are not considered by the input-output theory.

Implications in the Use of Linear Programming

~From the preceding section it was pointed out that linear programmmg differs
from Leontief's inpuf-output model in its consideration of alternative sources of sup-
ply for given commodities and in its use of a comprehensive optimizing procedure to
determine the best combination of supply activities. | |
It is .é general agreemgnt among many authorities in ;economic science -
Chenery, Dorﬁnan, Stone, Sen.gupta, and -others —- that the Leonﬁef's input-output

model works better as an instrument of planning than as a tool for analyzing the



26

operation of a free economy. Thus, Chenery,' for the purposeg- of development

programming, shows how the input-output and the programming techniques may .

be used jointly, particularly to the long-term development of non-industrial

* countries. Chenery establishes 2 compromise between the original input-output

formulation and the linear programming (6)

Table 2. Suggested Compromises Between Input-Output
Analysis and Linear Programming

Nature of Model -

‘Price Calculations

Choice Criterion '

Feasibility of
Qua‘ntiil:y Solution

1. Input-Output

-2, . Mixed

3. Mixed

4. Linear
Program—..
ming

' Shadow prices

_ None

Exogeneous deter-
mined accounting

prices for foreign
exchange, labour,
capital.

~Accounting prices
. calculated from . - -

the model for faec-
tors only.

for factors and

k commodities cal-
culated from the

model. -

Partial analysis for
iz each sector. .
Profitability of pro-
jects using account-
ing prices for direct
inputs,

~ Same

| Profitability of
- (Simplex Crite-

rion).

Commodities
only.
Conimodities .
only. -

Commniodities and

primary factors.

Con}{m_;pfd‘ities
and factors.

The first step toward linear programming is the assumption of a number

of activities for producing or importing the commeodities included in a given indus-

trial sector. The second step is the application of a uniform criterion to the choice
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of ac,tiviﬁes- in eac__h. Séc‘tbr. The next step ;;oWard linear -fprbg-_r;amfning is the
further adjusting of thé ch-'oi'ée of é(;ﬁﬁtie‘é-to;_be'iconsistel-n.t .With the factor limi-
tations. The last stepis the: céhlpufétion of 'the shadow prices for commédities
as well as for primary :inputs. . In this ‘n}ay_ the simplex ériterion of linear pro-
gramming can be applied fo all inputs instead of considering only the costs of
the factors used directly.

The cheice between a pfedetérmin_ed Le.q'ni_:ief-t&be. model 6rf change and
a programming formulation would seem to depend primarily_ oﬁ whether the pur-
pose is prediction or plaﬁning. Itis posSible that a model _whi_ch allocates
resources in the most efﬁcien_t manner will_ approximate the actual behavior of
some sectors of the economy. On the other hand, where the model is to be used
as a guide to government policy, it is desirable to include those choices over
which the government has some control whenever government action d-ep]ends‘ to

some extent on the nature of the selution.

Programming Selutions

In order to facilitate the discussion of the linear programmin_g' app_rqach
to. interindustry ana‘lysié so far explained, it will bé useful to have a look at some
numerical .examples. whose data will be présented in Table 3 én_d Table- 4 The
choices to be coﬁsidered will be on the demand side and on the supply side with a
graphical interpretatibn and fhe explanation of fhe simplex method.

Graphical Analysis

For the sake of simplicity we will consider a Leontief model with only two



Table 3. Choice Among Final Uses

Disposal Activities

Production Unused Resource Final Use
Activities Activities Activities
. ’ Iy A ‘ ;. . e
Equations Commeodities 1 A 2 A3 A 4 A’S A7 Restrictions
1) Commodity 1 1.0 -0.5 -1 0
(2) Commodity 2 ~0,25 1.0 -1 0
3) - Labor (L) -7.5 -5.0 -1 -2000
(4) " Capital (K) | .1,25  -2.5 -1 - 600
(5) Natural
"~ Resources (N) -1.0 - 180
(6) Objective
Funection (C) 0 0 0 0 1.25 1.0 Maximum
Activity Lfevel_ Xl Xz X3 X 4 X 6 X7

82
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activities, i.e., two produced commeodities and one primary input:

LOX - 0.6X, =Y,
—0.25X1+ 1.'0X2 = Y2
-7.5X, - 5.0X, = -L

o Y1'-
or A1X1+ AZXZ = Yz'
-L

where the numerical values correspond to A 1 and A 2 from Table 3 and to A2 and
A5 from Table 4.
| If the activity levels are used as axes and assunﬁng Y1 = 10 and Y2 = 50,
then the -Solui;-_idif is given for X 1= 40 and X2 = 60 qorresponding tq fhe po_int's in
Fig'ui'e 2, The equatio.n whi.c'h de;term.ines. thé uée of labor gfive'sj ?rfamil_y of |
straigﬂt:_'liﬁes for consta_nt -ljabéf rSﬁﬁﬁijes.' "For L = 660, Va iirie sho‘:"ws otﬁer com—..
biﬁz;;:ions of the two activity“le;r'el‘é wh10h would use the same alt;;d;nt of labor and
include_s thg solution for the gifren_ vallues'tof.,Yi .al,l.dcYgi' Smularly, any cherpri-.
mary input c;.ﬁ be éilowh in the same way a-.-'.slllab;)r-. : Forg iexél_lhple, for-capital use
(from Table 3):
-1. 25X1 -2, 5X2 = =K

The capital‘ required by the given' solution is K = 200 and the iiﬁe shows-
other cqpﬁbinaﬁoﬁs of acﬁvity levels. |

In order to show the alternative final output it is necessary to take Y1 aﬁd

Y2 as variables and eliminate the activity levels from the system becauée-they
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only illustrate the meaning of the restraints in linear programming.

After an algebraic manipulation we obtain:

L = 10.0Y, + 10.0Y

K = 2.143Y1 + 3.971Y

2

2

Figure 3, with Y1 and Y2 as final output axes, shows the graphs of laibor
and capital use equations. The original solution for Y 1= 10, and Y:2 =50, is
again given at point s, The other solution for Y i and Y2 yiéld for K = 200 and
I1=600. For these values of labor and capital, the maximum amounts of outputs
that can be produced are determined by whichever factor is exhausted first, offer-

ing in this way the production possibility curve and all the feasible solutions lie

in the area 0ash0 (please see either Figure .2 or 3). The line asb represents
the transformation function for the economy and an optimum combination for Yl
and Y2 can be found from this diagram knowing the valuation assigned to each

commodity.

The isoquant or production function is another useful graphical repre-
sentation for the production possibilities. This kind of diagram shows alternative

ways of producing the same output. Thus, for instance, from Table 4 we have:

[ -0.2] T-0.5] -~ [-0.8]
ay=| nof L oAg= [ 10|, ag= | Lo
~15.0 5.0 . -4.0|

The isoquant corresponding to commeodity 2 is based on the inputs Y1 and

L as axes and the values of Xij = ainj. The isoquants for three levels of output



Figure 3. Restrictions (Output Axes).
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Table 4. Choice of Téchnology

Criterion '(C) 0 _ 0

- _ Disposal
_Production Activities Activities
7 : Unused -~  Final
Industiry 1 Industry 2 Resources Use
Commpd1t1es A 1 A2 A3 A 4 A5 A 6 A7 A 3 Ag_ AlOl : Reg;trlguons
(1) Commodity 1 1,0 1.0 1,0 -0.2 -0.5 -0.8 -0.75 -0.667 0
(2} _Coﬁi_niodity' 2 -0.25 -0,50 1.0 1.0 1.0 1.0 -0.333 0
&Y - - |
(3) Labor (L) -12,5 -7.5 -6.0 -15.0 -5.0 -4,0 -4.5 -1 L
(4 Capital -(-K) -1.10 -1,25 -0,30 -1.0 -2,50 -0.60 -0,80 -1 R
(5) 0 0 0o 0 0 0 0 L0 Maximum

g8
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of commodity 2 are shown in Figure 4.

. In a general sense, the choice of the axes-for.graphiéal analysis is deter-
mined by the problem and the nature of the model. Thus, activity axes are used -
to represent any numbei' of restrictions in two variables or in general, for models
in which the number of éq-uations (inCluding’ the slack variables) is two less than
the number of variables. With respect to the commodity axes, .they ‘are useful
when there is a greater number of‘activities and the problem can be expressed
in two or three 'restrictions.-— Any other type of medel Whiéh—does' not conform to
these épecifications caﬁ.not be represénted in tWo dimensions, alfhough sometil;nés

-a part of the‘_opﬁmiza‘:cion -f;rol_jlém can be;analyzed graphically as, Hfor example,
in Figure 4.

The Programming Model with Alterpaﬁvé Demands and Rés’oux_!ce' Limiiations

The forfmqlat_:ion or testing of ego#dfhiq‘-prOgrams by means of ihterindustry
~ analysis is 'concerﬂed with éhbices'rél;atéd to the l-éyellanq‘:l-féélgi‘position of the final
. output that .caﬁ be i)rodUc_ed. Thuf’:.,the inliut;;utpli-t systenﬁ can be trans'formet::l'
into a programming model with alternative.demands and rescurce limitations. - In
such cases, the following additional requirements should be considered: 1) A
set of equati!ons for resource use —— Eq. 24 -- with dispc;sal @ﬁﬂtiés to measure
the amount of each resource not used; 2) Disposal activities o measure the finél
use of each éomi_nodity; 3). An objective function stating the value placed on the
final use of each commpdity.

The meodel of this type is shown on Tablé 3. There are six eguations where

each column represents an activity, the first two being Leontief production
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activities and the others disposal aétivjﬁes for the resources and final products.
" The total output for final use is represented- by the activity levels XG and X7 and

the two equations for the input—qutput system are now: -

(1) 1.0X - 0.5%,-X = 0

(2) -0.25X, + 1.0X, - X_ =0

The resource equations have restrictions representing the total amount

of each resource available:

(3) -7.5X, - 5.0X, - X, = -200 (L)
(4) -1.25X - 2.5X, - -X, = -600 (K)
() -X, X, = -180 (N)

The objective function is given by:
(6) C= 1'25X6 + 1.0X,7

because the activities A_ through A_ do not produce final output.

1 5

Furthermore, the objective function can be expressed in terms of Xl and

X2 substituting from equation (1) and (2) in equation (6):

() C=X, +0.375%,

where the new coefficients are related to the value added in producing each of the
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two commodities.
If it is desired, a feasible program can be found and later on alternative

combinations of final output can be considered. Using the same values for A1
and A o 88 in the graphical analysis before, and substituting values, the objective
function is detérminéd, and :iga.in, a graphical solution can be obtained.

- Upto thié point the Leontief assumptions have not been ab_an_doned and only
addifional activities have been added io describe possif)le combinati.ohns of demand
and to insure a féasible solution,

Choice Among Possible Supply Activities

Under the considerations of the choices among possible supply activities
the original Leontief model does not provide 2ll the necessary assumptions for a
complete analysis.
The choices on the supply side can be summarized as follows:
1) In expanding productive capacity, a choice can be made among the
alternative productioﬂ i:ea'hniqqes.
2) A choice can be made _be'twéen the ,imi)érts andld_o‘rﬁestic_-production.
. ..(This cﬁ;)ice is often considered in _develqpmeﬁt pla:nmng)
.' 3) Whén considering supplieé’ from éxisting plants or regién,-' \#hich
choice of proportions should bemade
4) The choice between current?pfqdlibftion and ‘depletion of inventory.
Each type of choice affects a particular set of parameters in the input-
output model: (1) thé input coefﬁcieﬁts; (2) the imports coefficients; (3) regional

supply coefficients; and (4) capital coefficients.
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All these types of choice together with the -c-hdices on the demand side
convert the input—outpuf model into a general activity analysis. Thé data pre-
sented in Table 4 is related only to the choice amongvprbduction acﬁﬁﬁes and
it is the model thét will be considered for our illustration. As before, the objec-
tive is the maximizaﬁon of national income and it is é.ssumed that tﬁe proportion
required for thé two coinmodities is equal to two units of commpdity 1to oﬁe unit
of commodity 2.

The analysis of this model is carried out in three stages. First, only one
primary factor is considered taking intb account the Leontief's assumption of é.
single output per activity. Thus, the activities can be grouped into industries
and the maximizing prob‘_lem can be broken down into a choice of technique in each
industry.  Second, the effieient set of activities for an industry and later for the
whole econofny, is consic.ler_er.i; Finally, the assumption of a single primary'fgc-
_ tor is ab}gndoned to riﬁvestigate- -the productmn function for the whole economy in

terms of the-tht primary inputs.

Derived Acf:'lvi_t;ies. and Technological Efflc1ency W1th1nan Industry. From
‘Table 4, ignoring the capltal 1nputs andcon51der1ng only theﬁrst thre.e-_lcoefﬁcients
in each activity, | it is possible i:o use the actiﬁties to genérate a whole set of iéq_
quants because of the assunied properties of divisibility and additivity. For iﬁ-'
stance, if it is desired to produce 50 units 6f commedity 2 by activity 4 and 50
by activity 5, ea.cil coefficient of each aéﬁ_vity is multiplied by 50 and the results

are added to form a new derived activity:
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-10 -_25 -35

SR -0.2] - [-0.5
50A4+50A5= 50 1| 1.0 + 50| 1.0 = 50| + 50| = 100
-15.0 -5.0

-750 -250 ~1000

In order to construct a production function for each activity it is necessary

to use the concept of derived activities and the definition of technological efficiency.

It can be said that an activity or combination of activities is technologica-lily ineffi-

cient and should be excluded if there exists some other combination of activities
which will produce a given output with less use of one. input and no greater use of
others. 7 The technological aspect is related to the omission of relative prices from

| the exclusion. If a graph of the isoquants is desired, we plot all the points producing
a given output and draw straight lines connecting those that lie closest to the origin.

- The points lying above this line can be shown to be inefficient.

Technological Efficiency for the Economy. The main difference between

the efficiency of a single industry and the whole economy is that for the whole
economy it is necessary to consider se{reral oﬁtputs at the same time and it is
more convenient to take combinatio_ns_-of activities with a constant input of the
single'-:primary factor raﬁher than censtant output cdmbinations. It can be done
if in Table 4 the production activities are transformed sétting the labor input at

- a convenient level, let us say 1000 units, and increasing the other coefficients
proportionately. 'The new values are shown in Table 5.

The activities for both industries can be plotted in the same diagram with

commodity axes since the labor input is now held constant, Figure 5 shows in the

fourth quadrant all the activities in industry 1 with positive coefficients for
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Table 5. Production Activities in Laboxr Input Unifs

Industry 1 Industry 2
Inputs A1 A2 A3 A4 A5 A6 A7
(1) Commodity 1 80 - 133 167 ~-13 -100 -200- -167
(2) Commodity 2 0 -33 -83 67 200 250 222
(3) Labor (L) -1000 -1000 -1000 -1000 -1000 -1000 -1000

commoq;!;¥:1 and negative ones for coi_nmedi_ty 2; in the second quadrant are all
activities in industry 2. Because of the joint producfion, no activities can occur
inside | the first quadrant.

. The line comprising efficient combinations in each industry can be found
as explained before. The line Od_ef in Figure 5 shows the effect of diminishing
returns in industry 2 beyond poiﬁt d as 1_:he~ input of qommodity 1 is increased, as
does Oabc in indusiry 1

. 'Obviou_sl‘y, any combination Qf 6ﬁe of th;e three activitiés in iildl‘.llstry 1 with
one of the industry 2 will yield somé positive output of both commoditiéé lying in
the first quadrant. Any movement away from the origin constitutes an improve-
ment since it is an increase in the availai)ilities of one or both final products with

. a given amount of labor input. . Thus, line be, representing combinati_ons of A 2
and A5, is superior to any other combination; - Also, the segment rs contains all
the efficient combinations of Y 1 and Y2 that can be produced with 1000 units of

labor and the available technelogy. The equation for this production possibility
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Commodity 2

Commodity 1
-200 -150 -100 -5 200
+-100 ¢
Industry 1
1-150
-200

Figure 5. Efficient Activities (Labor Units),
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curve can be derived from Table 5:

I
v

133X, - 100X5

2 1

—33X2+-2()0?(5 _.= S'Ez
.-1000x2-1000x5 = ~1000

‘Hence, 10Y, + 107, T =100

This transformation function has the property that the particular combi-
nation of final demands has no effect on‘the ch_;oic'e' of aetiﬁtig:s. - Se, the input
coefficients are fixed in this case despite the fact that other technological choices

exist. This result is known as the substitution theorem which is a remarkable

implication of the Leontief system that even if there were available severai dif-
ferent processes for each industry, only one of them_ should ever he observed,

It does mean that vﬁth a given technology there is one preferred set of inputs
ratios which will conﬁnue to b’e preferred no matter what the desired bill of final
cl_on_sumption happen to be, It does not ﬁxean that changes -in r_(lala;tive prices will
not induce changes in fproportidns.. These prices do ﬁot depend on the levels of
each activity but only on the input coefficients. Thus, the prices are determined

as follows froem Table 4:

P1 - O.25P2—7.5PL= 0

—0.5P1-1~P2--5.0PL =0
For PL= 1.0

Then, P, = 10,0 and P2'= 10.0

1
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Using the price of commodity 2, for instance, it is easy to defermine the

cost of production for each industry from Table 4:

Industry 1 Industry 2

Activity - A, A, A, A, AL AL A

Unit Cost 12.5 10.0 11,0 .17.0 10,0 12,0 12,0

This calculation is valid for .all combination of final demand since it does

not involve the levels of output. Activities A 3 and A, provide the most efficient

4

combination and commodity 2 is more expensive than commodity 1.

Solution by the Simplex Method. The simplex method is the most practical

procedure suitable to the solution of a wide range of linear programming problems.,
With regard to interindustry problems which involve production functions with two
primary factofs where there may be more possible activities than restrictioné,
Chenery and Clark preSEht é. revised version of the Dantzig's. two basic theorems
of linear programming ().

The Dantzig's revised simplex method applied to interindustry models
‘using prices can be stated in the fbllowing steps:

1. Find feasible basis (th'osé satisfying the restrictions of Equations 21
and Equations 22) and compute the corresponding activity levels.

2. Determine the shadow prices of the. basis. The units in which shadow
prices are measured are .those of the criterion function. 1t the problem is as one

of cost minimiza_tion, the gross value of an activity is defined as the excess of
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the value of its ocutput over the cost of its purchased inputs, all valued at the

shadow prices of a given basis:

- n _n ’
Z = )aP+) £P | (25)
J i=1 i 2y -ch h

where Zj =" Gross value of activity j.
‘_Pif = ‘Price of téaéh co:'mmodity VYi; :
P, = Price of each priiﬁai'y factor F

h h*

The shé_.dbw price of a factor is a measure of its opportunity.cost or its

marginal product.

In an interindustry prog‘rammmg model the shadow prices for all commodi-

ties and factors can be defined by tile expression:

c, + z a P + z P =0(i=1l....m) ' (26)
) i 'k (h=m+L, . . .m+])
(j=1....n)
- where cj is the direct effect of activity j on the criterion funetion C;

(m+1) = n is the number of unknown priceé;

ai'j are the coefficients of the outputs of each a,c_‘tivity j and they
are pogsitive;

fhj are the coefficients of the direci: use of priinary faétor h by

sector j and they are negative.

. 3. Use the shadow prices to evaluate the profitability of the activities not
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included in the basis, and select the most proﬁtable one to introduce into the. next
basis.
The profitability of any activity is -fhe difference between gross value and -

direct cost (minimizi_ng- problem):

i = Z. - e, ‘- (27)

SRR
Unit Gross . Direct

profit value cost

In a maximizing problem the criterion cj reverses its sign.

4. . Determine the activity to be replaced in forming the new basis.

The four steps above can be grouped in two parts: ﬁrst, sf:eps 1and 4
called the quantity solution; and second, steps 2 and 3 called the price solution.
Both im'rolve'solutibn to the set of (m + 1) simultaneous equations. The price solu-
tion and its economic signi.ﬁcance will be considered in this case. |

Computation Applying the Simplex Method. The data used is that

from Table 4. The problem is one of minimizing the use of capital. The level
of final output is 150 and the corresponding activity level, Xl 0’ is equal to this
value, The restrictions are 100 units of commodity 1, (Bl) and 50 of commodity 2,

- (B The labor restriction, (B3), is 2000 units with negative sign. The capital

2)°

restriction is dropped and the capital coefficients become the coefficients of the
objective function. Aectivities A7 (inefficient) and A 9 (disposal activity for capital)
are dropped.

The shadow prices and the profitability are computed from Table 5.
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Ir'i‘:any_ interindustry model it is always possiblé to find a basis that is
feasible in tl_le‘icomm,odity equations byf-,sélgé'fing one activity per i:'n:dil‘stry plus
‘the disposal activities for the prin”iaﬁry ;f_l_aetpr‘sl

The activity levels A ALA aTe the rstai"ting feasible basis (step 1) shown

in Table 6, section Iil, row a (first basis).
To obtain the shadow prices (step 2) it is necessary to solve the three

simultaneous equations of the form of (26). They are:

1.

P1 - 0.25P2 = 7.5P,.

3

1.25  (for A,)

3

-0.5P, + P, -5.0P, = 2.5  (for A )

- P3

0.0 (for AS_)

Solution: |
P = 2.14 P, =3.57 and P, = 0

These values are recorded at the right of the section I, row a in Table 6.

~ The profitability of the remaining activities A pAgs A, and A (step 3)

4
is calculated using equations (25) and (27). For example, the pfofit for A 3 is:

= 1(2.14) - 0.5 (3.57)- 6:(0) - 0.3=0.06

Uéing the data frém Table 6'this,_caléq1ati6n is c_arﬁed--oﬁt 'fn the foilowing-
way: 1): multiply the priees at the right by the corréspopdihg' input cpefﬁcients
for the activity, 2) add down the column, and 3) subtract c_:j frem this total.
Finally, the mqst-proﬁtable activity is selected (A 4) for intréducing into the next

basis which implies that one of the cld activities is drépped out to retain a basis



Table 6. Summary of Price Solution

‘\'\\,

Total
Prices Capital

Restric-

tions

Activities

Basis
No.

PB,

1

‘1

i

P

Inputs

Price Analysis

L.

214
520
324
203
260

2,14
5.20
3.24

100

11,91
-4,16
-2,59

-0.8

-1, 07
-2.60
-1.62
-1, 02
-1.30

-0.5

-0.43
-1,04

-0.2

1.0

2,14
5.20
3.24

1.0

2,14
5.20
3.24
2.03
2,60

1.0

2.14
5.20
3.24
2,03
2,60

alj

-0.65
=0,41
-0.52

C

(1) Commodity 1

2.03
2.60

-1.62-
-2.08.

2.03
2.60
-0.5

(23, Py)

50

1,0

1.0
3. 57
6.63

1.0

3.57
6.63
3.76

-0.25
-0.89
-1.66
-0, 94

3.57 -

179
. 332

3.57
6.63
3.76

-1.79
-3.32
-1.88

a 2j

6.63
3.76

3.76

188

c

(2) Commodity 2

[{aliea]
[ B L)
-
ol ©
[Tl |
o o
[A I e]
iy
™ o
[ ]
Ly =4
oo
N o
[Tol |
PR
o ®
[~ I T
— -
| I}
[~ B 7]
w -
S o
I 1
o o
By

bl )
ol
]

=

-2000

~1.0

-7.5 -6.0 -15,0 -5.0 -4.0

-12,5

3]

-1,53
-0.71
-0. 37
-0.60

2.5

-3.83
-1,76
-0.93
-1.50

-612
-218

0.306
0.141

-0, 31
-0.14
=0.07
-0.12

-4.59

-2. 30
~1. 06
~0..56
~0. 90
1.25

b

-1.22

-1, 84
-0. 85
-0.45
-0, 72

c -2,12 -0.56
-1,12
1,80

d
e

(3) Labor

(f35P3)

-149
-240

0.074
0.120

-0, 30
-0.48.

0.6

10

0.3

1.10

(4) Capital (cj)
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Table 6. Summai'y of Price Solution (Continued)

Total
Prices Capital

Restric-
tions

Activities

Basis -

P

B,

PB,

-1

1

1

No.

Inputs

0.06-
0. 25

1.26
0.65

0

2,14

0
0

-1.04
- 0.28
0.38.
o
0

II. Profit (TTj)

-0.31
-0.14
-0.07
-0.12

500, 0

0

0

-1, 07
-1.37
-1,24

85.7

0.22
0.02

0
0

. -0.16

142,9

o. 0 0
0 7.4 8.2 0
0 13.5

118.3
124.3

0
0
0

M. Activity
Level J)

67.6

35,7
100.0

14,3

131.4 0
0
178.6

d

0

0
214.3

0

100. 0

80. 0

IV. Total Capital

393
240

20.4

1.4

148.0

213
180
178

67.6 8.1
21.4

14,3

155.4

(chj)

144.6

d

60.0

1 30.0

'88. 0

48
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solutio_ﬁ. ’fhe ac-tivity that is replaééd'-ﬁ;ust be either another acﬁﬁty in the
same industry. Thus the second basis (b)*bécomes A 2A 4A5.
The remaining rouﬁds are comput'ed' in 'the same way and the quantity solu-
_- tion can be found by substitution, iteration, or using the inverse. The procedure
continues in the same way until. all of the exclﬁded activities'become unprofitable.
The simplex method guarantees that thlS reggi-_t represents the optimum -sélution.
So far the a.naljrsis has been caxfri_ed- éut with the pu-rpdse to facilitate hand |
calculation of illustrative progfamining models; - Any realistic interindustry model

will probably require electronic computer facilities.
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CHAPTER IV
CONCLUSIONS

From the analyéis carried out between inter'indu-stry models and linear
programming modelé, the es_sential point is the fact that there is nd inherent
contradiction between the two .approa'c-hes, and that they can be combined when-
ever it seems both desirable and praé.tiéable. A given set of parameters in an
input-output model presents one of many possible solutions to a2 more general
linear programming model and the choice of a.ctivifies can be either predeter-
mined or based on.'a criterion funciion or these a.lternativés caﬁ be used for
different sectors in- the same model.

Input—output analysis has two important'(-)bjectives. The first is to de-
velop a speéia.l kind of accounting’ sy_ster’n. in which the transactions of the indus-.
trial sectors are given a full and'detgiled' treatment, and the second is to develop

‘a simple econometric in'odel for the economy as a whole. Thué the accounting
frmeﬁork supplies_the empirical basis on which the model is built by assurning
relationship of proportionality between the inputs and the outputs of individual
industries. |

Input-output analysis is a]labve.lall__':a;f analytical tool. The static, open
Leontief- iﬁo_del is 'opera-t_ional as it 'sfarilélsjrrfor a wide variety of purposes. . It has

“won internati'onal. acceptance as an anélyﬁcaltool which 'is“a,_lrimpor.tént guide to

policy-makers. The main problem facmg input-éutput analysts is the collection
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and processiﬁg of data for the Cc;nstfuéﬁon of the transac.tioﬁstabie, but the
development of high-speed electronic computers makes possible the practical
applications-rof: ihﬁut;oﬁtput models to ;ampix;icé.i' pfobléms. ) |
- On the other hand, the principé_l ;objéctions to the téchndlogical% postulate

of the :;{;Lbdel- can be summarized as f_QlloWSz (a} There is a problém of time
because tile usual fnpqt;output quel abétraéts from the @%@évsequence of pro-
duction and exchange and 11: applies only to a stationary 'eq_uilibrium; (b) There
is an aggregation problem beca;é'é{i‘f is permitted that a;njr indusiry iﬁciudes
firms whose technical methodé or products .ar.e not identical; (¢) There is a
substitution problem_ because the conéiitions of production are ‘such that once the
level of output of each sector is given the quantity of each of its inputs is uniquely
determined, but the production theory postulates. fhat the amount of each inpﬁt
used ir; producing a ,given. output will respond to changes in relative input prices;
and (d) There. is an investment problem because all purchases made by a produc-
tive sector may be classified into purchases for purposes of current production
“and purchases-for purposes of investment, which means an increase and'repla,ce—
ment of eapital plant and equipment.

Besides these objections, the most valu;ble char'acteristi.c of the inpuf—
output model is the vast amount of organized empirical knowledge concerning
the interrelations of industrial sectors; and the informafion related to where the
products of various industries go and where -theif raw materials come from,

If it is true that 'the. fheoretical interindustry analysis and linear progi'am-

ming are very closely related, the model loses much of its sharpness when it
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descends from the levei of abstract theory to tha.t of application. Input-output

has several advantages for descriptive analysis but linear programming requires

a lot more information than will be available for many sectors in the near future
and its assumption of optimization as a way of describing the ‘complex effects of
actual market forces is as yet untested. But, as a matter of fact, linear program-
ming is clearly the better formulation in choosiné‘, ‘among’ altemative decision

policies because it provides a- systematic method for reaching an optimum solution,



(1)

(2)

(3)

(4)
()

(6)

o

53

LITERATURE CITED

H B. Chenery and P. G. Clark,. IntermdustQEconelmcs, N.Y., John
Wiley and Sons, Inc., 1959, p. 15.

Richard Stone and J. E. G. Utting, ""The Relatlon between Input—Output
Analysis and National Accounting, " InLt-Output Relatlons {ed. by the
Netherlands Economic Institute), Leiden: H.. E. Stenfert Kroese, 1953,
pp. 195-224,

. W. Leontief, The Structure of the American Economy, 1919-1939, second

ed., Oxford University Press, New York, 1951, pp. 35-38.
H. B. Chenery and P. G. Clark, ©p. Cit., pp. 33-34,

R. Dorfan, P. Samuelson, and R. Solow, Linear Programming and

.Economic Analysis, N. Y., McGraw-Hill, 1958, p. 204.

Hollis B. Chenery; "Interindustry Analysis in Development Programming, "
Structural Interdependence and Economic Development, (ed. by Tibor

Barna, St. Martin's Press), 1963, p. 15,

H. B. Chenery andP G, Clark OE Clt., p. 116



54

OTHER REFERENCES

Baumol, W. J .y The Elements of Input-Output Analys1s, Random House, N.Y.,
1965.

Barna, Tibor, (ed.) Structural Interdependence and- Economlc Development,
Proceedings of an international conference on Input-Output techniques, Geneva,
September 1961, St. Martin's Press Inc., N.Y. , 1963,

- Chenery, H, B., "Development 'Policies and 'Pro'.grammes,'" -Economic Bulletin
for Latin Ameriea, Vol. 3,- No. 1, March 1958,

Ghosh, A., E}gpenments with Input Output Models, Cambridge University Press,
London, 1964,

Ghoesh, A,, "Input-Output Approach in an Allocatien System,' Economica, Vol. 25,
No. 97, 1958,

- Isard, Walter and Cumberland, John H., (eds.), Regional Econonﬁc_: Planning,
Techniques of Analysis for less Developed Areas, The Eurepean Economic
Cooperation, 2 Rue Andre-Pascal, Paris 16 e, 1960.

Koopmans, Tjalling C., (ed.) Activity Analysis of Production and Allccation,
John Wiley and Sons, Inc., N.Y., Chapman and Hall, London, 1951.

Kornai, Janos, Mathematical Planning of Structural Decisions, North-Holland
Publishing Company, Amsterdam, 1967. '

Lissowski, Witold, Capital-Outpui-Employment Ratios in Industry Programming,
Pergamon Press, Oxford, 1965.

Lewis, W. Arthur, Development Planning, The Essential of Economic Policy,
George Allen and Unwin Ltd., London, 1966.

Miernyk, William H., The Elements of Input-Output Analys:ts Random House,
N.Y., 1965. |

Miernyk, William H., Impact of the 'Space Program on Local EconOmy. An Input-—
Output Analysis, McClain Printing Company, Parsons, West Virginia, 1967.




65

OTHER REFERENCES (CONTINUED)

Manne, Alans and Markowitz, Harry M., (eds.) Studies in Process Analysis,
Economy-Wide Production Capabilities, The Cowles Foundation for Research
in Economics at Yale UniverSity, April 1961,

Stone, R1chard Input-Output and National Accounts, Organization for European
- Economic Cooperation, June 1961,

Torre, Mario Jorge, An Overview of Input-Output Analysis, Master Thesis in
Industrial Engineering, Georgia Institute of Technology, 1966. .

United Nations,. Problems of Input-Output Tables and Analysis, N.Y., U.N.,
1966, (Series F, No. 14),

Van Arkadie, Brian and Fra,nk'Jr.',, Charles R., Economic Accounting and
Development Planning, Lusaka, Oxford University Press, 1966,




