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MODELING ELECTRICAL
INTERCONNECTIONS IN
THREE-DIMENSIONAL STRUCTURES

This application claims the benefit of U.S. Provisional
Application No. 60/982,505, filed Oct. 25, 2007.

BACKGROUND

The present invention relates generally to electrical inter-
connection modeling apparatus, methods, software and tech-
niques, and more particularly to electrical modeling appara-
tus, methods software and techniques employing cylindrical
conduction mode basis functions for modeling system-in-
package (SiP) modules, including coupling, wire bonds and
three-dimensional interconnects, and the like.

A popular choice for realizing miniaturized multimedia
system in today’s microelectronics is integrating various sub-
modules in a single package. Compared to traditional multi-
chip modules (MCM), modern package-based system
achieves a higher density of integration by employing stacked
integrated circuits (IC) technology, which is known as three-
dimensional integration or system-in-package modules. With
the additional benefits of simple design and efficient IC pro-
cessing, such as those discussed by R. R. Tummala, “SOP:
What Is It and Why? A New Microsystem—Integration Tech-
nology Paradigm—Moore’s Law for System Integration of
Miniaturized Convergent Systems of the Next Decade,” I[EEE
Trans. Advanced Packaging, vol. 27, pp. 241-249, May 2004,
system-in-package modules are gaining popularity among
package manufacturers since it offers better electrical perfor-
mance through shorter interconnect lengths at lower cost.

However, the commercialization of system-in-package
modules is facing difficulty in achieving the desired electrical
performance, which is due to the unexpected coupling and
loss from complicated three-dimensional interconnections
such as bonding wires (FIG. 1) and through-silicon via (TSV)
interconnections, such as is discussed by E. Awad, et al.,
“Stacked-Chip Packaging: Electrical, Mechanical, and Ther-
mal Challenges,” in Proc. IEEE 54th Electronic Components
and Technology Conference, vol. 2, pp. 1608-1613, June
2004. FIG. 1 shows exemplary three-dimensional bonding
wire integration. Thus, efficient electrical modeling of three-
dimensional interconnections is becoming a critical issue in
system-in-package interconnection design.

A major difficulty in modeling three-dimensional intercon-
nections involves the need to obtain the entire coupling model
of'a large number of three-dimensional interconnections. In a
typical system-in-package module that includes several
stacked ICs, the number of bonding wires or through-silicon
via interconnections are close to a thousand, as discussed by
M. Dreiza, et al., “Stacked Package-on-Package Design
Guide,” Chip Scale Review, July 2005, causing coupling
between interconnections due to criss-crossing of the wires.
Thebond wires are also distributed a vertically and in parallel.
Furthermore, the coupling model should include frequency-
dependent losses caused by skin and proximity effects, which
are especially significant in high frequency applications that
require matched interconnection impedance. Therefore, for
accurate electrical design of system-in-package modules cov-
ering wide frequency range for radio frequency (RF), analog,
and digital applications, a frequency-dependent coupling
model of several interconnections is required.

Current modeling methods have limits in their applicabil-
ity to characterize large three-dimensional interconnections.
For example, measurement based methods are complicated
due to the complexity of probing the three-dimensional struc-
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2

tures, such as is discussed by C. T. Tsai, “Package Inductance
Characterization at High Frequencies,” I[EEE Trans. Compo-
nents, Packaging and Manufacturing Technology Part B:
Advanced Packaging, vol. 17, pp. 175-181, May 1994.

Other available modeling approaches utilize analytical
expressions of either partial inductances. Such as are dis-
cussed by H. Patterson, “Analysis of Ground Bond Wire
Arrays For RFICs,” in IEEE Radio Frequency Integrated
Circuits (RFIC) Symposium Digest, pp. 237-240, June 1997,
and F. W. Grover, Inductance Calculations—Working Formu-
las and Tables. Mineola, N.Y.: Dover Publications, 1946, or
segmented transmission lines discussed by F. Alimenti, et al.,
“Modeling and Characterization of the Bonding-Wire Inter-
connection,” [EEE Trans. Microwave Theory and Tech-
niques,vol. 49, pp. 142-150, January 2001 to extract coupling
model with low computational cost, but these simplified
approaches do not capture high-frequency losses.

Accurate high-frequency models are provided by numeri-
cal methods such as full-wave electromagnetic methods dis-
cussed by C. Schuster, et al., “Electromagnetic Simulation of
Bonding Wires and Comparison with Wide Band Measure-
ments,” IEEE Trans. Advanced Packaging, vol. 23, pp. 69-79,
February 2000, 1. Doerr, et al., “Parameterized Models for a
RF Chip-to-Substrate Interconnect,” in Proc. IEEE 51st Elec-
tronic Components and Technology Conference, pp. 831-838,
May-June 2001, and J. Y. Chuang, et al., “Radio Frequency
Characterization of Bonding Wire Interconnections in a Mod-
eled Chip,” in Proc. IEEE 54th Electronic Components and
Technology Conference, vol. 1, pp. 392-399, June 2004, or
quasi-static parasitic extractor such as FastHenry, discussed
by M. Kamon, et al., “FASTHENRY: A Multi pole-Acceler-
ated 3-D Inductance Extraction Program,” [EEE Trans.
Microwave Theory and Techniques, vol. 42, pp. 1750-1758,
September 1994. However, the use of these approaches is
limited to solving mostly one or two interconnections
because of their increased cost for solving large size prob-
lems.

To model three-dimensional structures, existing simula-
tion methods, such as the well-known partial element equiva-
lent circuit (PEEC) method, require large amount of memory
and has a long simulation time. A method developed by L.
Daniel et al. is a partial element equivalent circuit method
using conduction mode basis functions (CMBF). This is dis-
cussed in “Interconnect Electromagnetic Modeling using
Conduction Modes as Global Basis Functions,” Topical
Meeting on Electrical Performance of Electronic Packages,
EPEP 2000, Scottsdale, Ariz., October 2000.

Since a conduction mode basis function is a global function
over a conductor cross-section, no discretization process is
needed. With a small number of Cartesian coordinate con-
duction mode basis functions, the Daniel et al. procedure
describes high-frequency effects with the same accuracy as
the classical partial element equivalent circuit method. Sim-
plified equivalent circuits are another benefit of the Daniel et
al. approach. However, conduction mode basis functions con-
structed on Cartesian coordinates are not geometrically suit-
able for modeling bond wire structures.

The trend of current electronic packaging is to integrate
multiple functions in a three-dimensional structure, such as a
system-in-package (SiP) module. Since the density of the
three-dimensional integration is higher, electrical modeling
of interconnects becomes more difficult. The number of bond
wires or through-silicon via interconnections in typical three-
dimensional integration is over one thousand, which also
results in stronger electrical coupling between neighboring
interconnects. With the need for a wide-band model to realize
various functions in system-in-package modules, construct-
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ing a full coupling model of a large number of interconnects
for a wide band is a main design requirement for advanced
packaging designs.

For the purpose of finding a large coupling model in three-
dimensional integrations, modeling methods should manage
the issue of accuracy, speed, and memory more deliberately.
The Daniel et al. modeling method uses global basis functions
on a conductor cross section to solve the electric field integral
equation (EFIE). A few global conduction mode basis func-
tions capture skin and proximity effects, so the Daniel et al.
CMBF-based method reduces the size of the partial imped-
ance matrix considerably compared to the classical partial
element equivalent circuit (PEEC) method developed by A. E.
Ruehli. However, the Daniel et al. CMBF-based method,
which was for the modeling of micro-strip type interconnects
on a printed circuit board (PCB), is not geometrically suitable
for the modeling of wire bonds or other three-dimensional
structures with circular cross sections. A more important
issue in using conduction mode basis functions on Cartesian
coordinates is the required additional procedure of construct-
ing basis functions to describe arbitrary current crowding.

There is therefore a need for improved apparatus, methods,
software and techniques for modeling electrical interconnec-
tion structures, and the like. It would be desirable to have
electrical modeling apparatus, methods, software and tech-
niques employing cylindrical modal basis functions for mod-
eling of system-in-package (SiP) modules, including cou-
pling, wire bonds and three-dimensional interconnects, and
the like.

BRIEF DESCRIPTION OF THE DRAWINGS

The features and advantages of the present invention may
be more readily understood with reference to the following
detailed description taken in conjunction with the accompa-
nying drawings, wherein like reference numerals designate
like structural elements, and in which:

FIG. 1 illustrates exemplary three-dimensional bonding
wire integration;

FIG. 2 illustrates examples of cylindrical conduction mode
basis functions at 10® Hz and their combination to generate a
current density distribution

FIG. 3 illustrates an N-cylindrical conductor system;

FIG. 4 defines the orientation parameters between two
separate cylinder segments;

FIGS. 5a and 56 show equivalent circuit examples, where
two proximity-effect mode (PE-mode) basis functions are
included for each conductor, and wherein FIG. 5a shows an
equivalent circuit comprising two coupled cylinders and FIG.
5b shows an equivalent circuit comprising two bonding wires;

FIG. 6 is a conceptual diagram of efficiency enhancement
schemes;

FIG. 7 is a graph that shows Relative error boundaries that
defines the required cylindrical conduction mode basis func-
tions at 10 GHz (from copper two-parallel-conductor experi-
ment;

FIG. 8 is a graph that shows error thresholds of using the
thin-filament approximation as a function of diameter per
length at 10 GHz;

FIG. 9 is a flow chart that illustrates an exemplary three-
dimensional resistance, inductance, conductance, capaci-
tance (RLGC) extraction tool comprising exemplary electri-
cal modeling apparatus, methods and software employing
cylindrical conduction and accumulation mode basis func-
tions;

FIGS. 10a and 105 show the geometry associated with
three parallel cylindrical copper conductors;
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4

FIG. 11 illustrates discretized approximate model of cylin-
drical conductors in FastHenry;

FIGS. 124 and 125 respectively illustrate loop resistances
and inductances of cylindrical conductors with various geo-
metric conditions;

FIG. 13 illustrates an exemplary copper through-hole via
array configuration;

FIGS. 14a-14c are graphs that illustrate a scalability analy-
sis of the method with a through-hole via array model,
wherein the number of frequency points is 30, and the left
graph shows a pitch of 30 pm, and the right graph shows a
pitch 50 pm, and wherein FIG. 14a shows the number of
non-zero elements, FIG. 145 shows total absolute simulation
time, and FIG. 14¢ shows total relative simulation time;

FIG. 15 shows a sparsity pattern of a system matrix of the
20-by-20 through-hole via problem after applying efficiency
enhancements;

FIG. 16a-16d illustrate current density distribution at dif-
ferent frequencies in a 20-by-20 through-hole via array;

FIGS. 17a and 17b are graphs that show resistances and
inductances of diagonal conductors in 20-by-20 through-hole
via array;

FIG. 18 illustrates gold bonding wires on three stacked
integrated circuits; and

FIGS. 19a and 195 are graphs that show extracted bonding
wire parasitics at 10 GHz with a wire in class 2 grounded.

DETAILED DESCRIPTION

In order to address issues relating to modeling intercon-
nections in large three-dimensional structures, disclosed are
efficient modeling techniques, which may be implemented in
the form of apparatus, methods or software, that extract
equivalent network from the formulation of the mixed poten-
tial integral equation (MPIE). The techniques are based on the
same framework as the partial element equivalent circuit
(PEEC) method generally discussed by A. E. Ruehli,
“Equivalent Circuit Models for Three-Dimensional Multi-
conductor Systems,” /[FEE Trans. Microwave Theory and
Techniques, vol. 22, pp. 216-221, March 1974, but it is dif-
ferent in the use of a global conduction mode basis function.
L. Daniel, et al. used the conduction mode basis function to
improve efficiency for modeling planar interconnections.
However, it is not suitable for cylindrical geometries, which
are necessary for modeling cylindrical conductors used in
three-dimensional integration. Therefore, a cylindrical modal
basis function is employed in the present techniques.

The cylindrical modal basis function with its classification
is discussed below, including formulation of the electric field
integral equation combined with the basis functions. The
formulation procedure also includes the computation of par-
tial impedances and admittances and the construction of
equivalent circuits. Implementation of the apparatus, meth-
ods and software with two schemes to achieve the capability
required for a large number of three-dimensional intercon-
nections. Several application examples are discussed that
validate the accuracy and efficiency of the apparatus, methods
and software.

Formulation of a Mixed Potential Integral Equation with
Cylindrical Modal Basis Functions

Discussed below are modal basis functions and their clas-
sification. The cylindrical modal basis functions enable
description of current and charge density distribution. These
basis functions are used to construct a equivalent circuit equa-
tion. Several techniques for computing partial resistances,
inductances, conductances, and capacitances are also dis-
cussed.
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Cylindrical Conduction Mode Basis Functions (for Cap-
turing Current Density Distribution and Resistance-Induc-
tance (R-L) Extraction)

The main feature of the conduction mode basis function is
that it globally describes the current density distribution in a
cross section of a conductor. Using this global nature of the
conduction mode basis function reduces the required number
of basis functions, which can be large when using localized
constant basis functions as discussed in the A. E. Ruehli
paper. A smaller number of bases has a merit for reducing the
size of partial impedance matrix, as is discussed regarding the
use of the conduction mode basis function for rectangular
geometries by L. Daniel, et al., “Using Conduction Mode
Basis Functions for Efficient Electromagnetic Analysis of
On-Chip and Off-Chip Interconnect,” in Proc. ACM/IEEE
38th Design Automation Conference, pp. 563-566, June
2001.

The cylindrical conduction mode basis functions are con-
structed from the following current density diffusion equa-
tion.

VxVx J+aZJ=0 n

where T is current density (A/m?),

ﬂ)z

0,/2=—ja)/,(0'=—( 5

o=2nf if is angular frequency (rad/sec), u=4nx107" is the
free-space permeability (H/m), o is conductivity (S/m), and
d=1/Vrfuo is skin depth (m). One assumption of deriving
equation (1) from Maxwell’s equation is that the mediumis a
good conductor (0>>we). The other assumption about the
current density is that it flows in an axial direction without any
longitudinal variation. These assumptions are valid for thin

conductors used in practice. By inserting T:Jz(p,q))i, equa-
tion (1) may be simplified to the following equation in cylin-
drical coordinates.

107 aJ, )

[ ] 1 8%,
——|p=—|+
papl’ap

p? 3¢?

+a2d, =0.

By using the separation of variables, i.e. J_(p,0)=R(p)D(¢),
equation (2) may be separated into the following two ordinary
differential equations:

PR (p)+pR'(p)+(c2p>~v?)R(p)=0. 3)

D @+ D)0, *

Since the current density distribution should be continuous
over the conductor cross section, the solutions of equation (4)
are periodic (harmonic) functions, and v should be an integer
n. Substituting v by n® converts equation (3) into a Bessel
differential equation of the order n. Therefore, the basis func-
tions, which are the solutions of the diffusion equation, have
the following form.

cos(n(P-Po) M, (ap) n=0,1,2,..., (5)

where I (ap) is the n? order Bessel function or Kelvin func-
tion, the asymptotic behavior of which is the exponential
function of p. For the use of equation (5) as basis functions, a
proper classification of the order n and the orientation ¢, is
necessary.
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Physical behaviors of the bases with different orders clas-
sify the cylindrical conduction mode basis functions into
skin-effect (SE) and proximity-effect (PE) modes. The skin-
effect-mode basis is the fundamental order (n=0) function,
which shows the same behavior as that of the skin effect
current distribution in a circular cross section. The proximity-
effect modes are the remaining higher order (n>0) basis func-
tions, which have sinusoidal behaviors in their angular varia-
tions. The collection of the harmonic angular functions in
proximity-effect modes enables the description of current
crowding caused by proximity effects. Considering that a
Fourier series expansion can express any periodic function of
¢, two orthogonal basis functions are classified for each order
of the proximity-effect modes. Thus, the cylindrical conduc-
tion mode basis functions are classified into the following
groups for the i conductor in the global coordinates.

Skin-effect (SE) mode (n=0):

% i ©)
- { ——JolaF=F)-p) FeV,
Wio =1 Aio
0 elsewhere,
Proximity-effect, direct (PE-d) mode (n>0):
Z Y e . . €]
- —— Jnl@(F = F;) - py)cos(ng;) FeV,
Wing =9 Ain
{ 0 elsewhere,
Proximity-effect, quadrature (PE-q) mode (n>0):
®

Apn

N = du(@(F=F;)-psin(ng;) FeV;
Wing =
0 elsewhere,

e T P . . h
where r=xX+yy+zz is a point in the i” conductor,

- A ~ A . <th
I =X,0X+Y,0¥+7,07 1s the center point of the i” conductor, and
A,, is the effective area. A, is a constant that normalizes the
basis function so that the integration of the function over the
cross section equals unity. If n=0, the effective area can be

found as follows.

®

27 p;
Ajo = T‘Jl(wpi)-

However, the integrations of the higher-order basis func-
tions (nZ1) should be zero due to the harmonic component in
the ¢ direction. Thus, the normalization is re-defined as fol-

lows.
f W dS =
s Wxn - 2}’[’

i

10

where S,, is a part of the cross section occupied by a half
period of the harmonic function. By inserting (7) or (8),

_ 227}1 o P;ZM

n n 1 (1D
e .. n 122
in = a el 1F2(1+2,{2+2,1+n}, ozp]

47y

where ,F, is one of the forms of the generalized hypergeo-
metric functions.
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A main advantage of using the cylindrical conduction
mode basis function is that the orthogonal proximity-effect-
mode bases automatically capture current crowding in any
orientation. This feature makes the techniques free from pre-
constructing the shapes of the basis functions based on con-
ductor geometry or the generation of proximity templates, as
discussed by L. Daniel, et al., “Proximity Templates for Mod-
eling of Skin and Proximity Effects on Packages and High
Frequency Interconnect,” in Proc. IEEE/ACM International
Conference on Computer Aided Design, pp. 326-333,
November 2003. Thus, the cylindrical conduction mode basis
function may be applied for more general 3D interconnection
problems, where many conductor segments are located com-
plicatedly. For example, FIG. 2 illustrates how the linear
combination of skin-effect- and proximity-effect-mode basis
functions describes a specified current density distribution
induced by the vicinity of nearby conductors.

Cylindrical Accumulation Mode Basis Functions (for Cap-
turing Charge Density Distribution and Conductance-Ca-
pacitance (G-C) Extraction)

The cylindrical accumulation mode basis function captures
the charge density distribution on the surface of cylindrical
conductors, which are governed by the following Laplace’s
equation,

V2V=0. (12)

Using a similar procedure, in the case of cylindrical con-
duction mode basis functions, the fundamental and higher-
order accumulation mode bases are obtained as follows.

Skin-effect (SE) mode (n=0):

1 13
{— 7ES; ( )
vio =19 Si

0 elsewhere,

Proximity-effect, direct (PE-d) mode (n>0):

1 R (14)
—cos(ng;) FES;
Vind =13 Sin
0

elsewhere,

Proximity-effect, quadrature (PE-q) mode (n>0):

. 5 (15)
—_sm(ngo;) res;

1
vinq:{s
0

The cylindrical accumulation mode basis functions have
the same harmonic variations as the cylindrical conduction
mode basis function. On the other hand, the accumulation
mode bases are different from the conduction mode bases in
that they are scalar functions defined on the conductor sur-
faces. In addition, cost of computing integrals including the
accumulation mode bases is much lower than the cost related
to the conduction mode bases since the accumulation mode is
frequency independent.

Formulation of the Partial Element Equivalent Circuit

The previously defined cylindrical conduction and accu-
mulation mode basis functions are inserted into the mixed
potential integral equation and forms equivalent voltage
equations, which include modal partial impedances (series
resistances and inductances) and admittances (parallel

elsewhere,
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capacitors and conductances) of each conductor. The formu-
lation procedure is discussed below, including calculation of
impedances and admittances and construction of an equiva-
lent network.

1) Voltage equation: As in the classical PEEC method
discussed by A. E. Ruehli and the original CMBF-based
method discussed by L. Daniel, et al., the disclosed tech-
niques approximate the following mixed potential integral
equation.

T w 16)

a

+jwﬁf GF PN, wdV' = -VOF, w)
4n Jyr

1 ’ - -
— f GG, P, w)dV' = O, w),
4dneo Jyr

where ®(T,w) is electric potential (V) and G(r,r")=
e 757" 1Y -7 is Green’s function. An assumption in this
paper is that the maximum size of the problem space is much
smaller than the wavelength of the maximum modeling fre-
quency, so retardation term (e~ """} is negligible as in the
(L,; R) PEEC method discussed by A. E. Ruehli and A. C.
Cangellaris, “Progress in the Methodologies for the Electrical
Modeling of Interconnects and Electronic Packages,” Pro-
ceedings of The IEEE, vol. 89, pp. 740-771, May 2001.
FIG. 3 defines a general N-conductor system to be dis-
cussed in this section. As discussed in the previous section, a
major difference of the CMBF-based method from the clas-
sical PEEC method is that the integral equation is not dis-
cretized to volume filaments but to globally-defined conduc-
tion modes. However, each cylindrical conduction mode
basis function is actually localized to each conductor, as
shown in equations (6) to (8). Therefore, for the approxima-
tion of current density on a conductor segment j, basis func-
tions that belong to the conductor are combined as follows.

T ) = Lgg 7. ). an

nq

Similarly, the approximate charge density distribution is
the linear combination of the accumulation mode basis func-
tions.

Py B =Y Qg virwg . 18)
o

By inserting the approximations equations (17-18) into the
current and charge density terms in equation (16) and apply-
ing the following inner product based on Galerkin’s method,

(W sl 7,0, %) g (F ) F ¥

< Vitm ’d’(7x m),x) :fs\’i'mw(7x ®)xdS,

the voltage equation is obtained containing the following
partial resistance, partial inductance, partial coefficient of
potential, and modal voltage difference.

(19)

Z Ling R ima, jng + jwz LingLPimd, jng = AVig 20
ng nq
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-continued

E Qg Pt st prtg = V/ wld!>
o
where

RPid jng =

1 "
—f Wina Py ©) - Wijng (7, 0) AV,
oy,

LPid, jng = 4ﬂff Wi Fi» ) wj,w(r‘,w)| dVdV‘,
1 -
PPt g —Eﬁﬁvf/m/d/(ri w)vj/n/q/(r/ )
i}
——dSydSy,
|7 =74l

NG _fq)(;i)wrmd(;i, w)- dA;,

d

and

i - " -
Vi =— f QG Wi, (Fr ) dS;.
S‘-/

After applying the same inner products with other basis
functions in the i” conductor, all voltage equations may be
combined into the following submatrix equation that repre-
sents the interactions between all modes in two conductors i
and j.

(R + joLpl; = AV 2

,
— v
PiyQy=Vvi,
where
Rpiojo  Rpiojia Rpj0,iNg
Rpiajo  Rpiajia Rpita, jNg
Ry = ,
Rpimgjo Rpimgjia - Rpirg.ing
Lyjojo  Lpiojid Ly jo0,jng
Lyigjo  Lpitd jla Ly i1a,ivg
Ll_/_ 5
Lomgjo Lpivgjia - Lpimgjng
o T
1j=(1J0 Ijld IJNq) >
and
) o -
o S J 4
AV =(Vib Vg - Vikg ) -

Finally, all the submatrix equations between conductor
segments form the global impedance and admittance matrix
equation that contains loss and inductive coupling in the
entire conductor system. The size of the global impedance
matrix is approximately (NN, )x(N_N,,), where N_and N,
are the number of conductor segments and the required num-
ber of modes for a conductor, respectively. N,, is one when
only the skin-effect-mode is used, and is more than one when
additional proximity-effect modes are used. Since practically
sufficient number of proximity-effect-mode basis pairs is two
or three for an accurate description of current crowding, the
required memory is considerably reduced compared to that of
the classical PEEC method. Controlling the number of prox-
imity-effect bases to be discussed below further reduces the
computational cost.
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2) Partial impedances and admittances: The calculations of
partial resistances and inductances in equation (20), which
are involved with sixfold integrals of frequency-dependent
integrands, may be computationally expensive. In order to
reduce calculation time, this section discusses analytical
expressions and other numerical integration techniques.

For the partial resistances, indefinite integrals are easily
found, and the mutual resistances vanish because of the local
and orthogonal properties of the cylindrical conduction mode
basis functions. Therefore, the global matrix of partial resis-
tances becomes diagonal.

78 pil; . 22
53 (@dg(@p)di(ep) i=jm=n=0
alAiol
Rpimd,jng =4 78pil; 3 i=jm=n#0,
o ; I i) (@p;
20'|A‘m|2 St (@i m(ap;) d=gq
0 otherwise

The partial resistance from the skin-effect-mode is actually
identical to the analytic internal resistance formula of a cyl-
inder discussed in a book by C. R. Paul, Analysis of Multi-
conductor Transmission Lines. New York, Wiley, 1994.

In contrast to the partial resistances, fully closed-form
expressions of the partial inductances are not found, so a
complicated numerical multiple integral is required. How-
ever, analytic integrations over three variables reduce the
original sixfold integral to the following triple integral.

Ly = “ fp‘ fp‘ fhr J (wp)J .(ozp ) Lsldon do’ dp, 23)
where
87 —4pa m=n=0
2 =n=+0,
2(27 — a)eos(ng,s) + ;Sin(”‘)%) d=g
A(= 1y T msin(men) — m#n,
lpslpa) = fnz[ nsin(nga) } d=g(PE-d)
4(=1ym L[ nsin(men ) — m#n,
W[ msin(ng,) } d=q(PE-¢q)
0 otherwise,

B+ B +D?

LD, =2 \/ \/12+D2 +llog
+4/F+D?

and

DXp, o, on) = p° +p”* = 200 cos[poa — (Pima = Ping)].

D? (p,p',0,,) is the distance between two points on the cross
sectional plane. ¢, is a new angular variable that is obtained
from the following coordinates transform of ¢ and ¢', which is
useful for both reducing computational cost and avoiding
singularity during numerical integrations.

(26700

@4
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Since Green’s function is not a function of ¢y, indefinite
integral over ¢, reduces one of the six numerical integrals.
During the remaining numerical integrals, singular points of
the integrands are concentrated on a line where both ¢ ,=0 and
p=p' hold, so the numerical integration can easily avoid the
singular line.

For the calculation of the partial mutual inductances, the
inductance formula in equation (20) may be rewritten with the
following frequency-dependent and frequency-independent
parts.

ﬂf Inlap)ylap)) (25)
Loy = H Lodpdp;,
p,imd, jng i pj'piptpj AfmdAjnq 79 ALIAL
where
Iz,w(Pian):f cos(@i — @i.a)cos(@) — @jq) X
9.0
iz

f —— dzdz;deidg;.
25,5 |1 = 7]l

J

The frequency-independent I ,(p,,p,) is composed of ana-
Iytic integral over (Zi,Zj) and the other numerical integral over
(2,,2,).

Fé)r the calculation of the analytic integral, the distance
between two points in two different conductor segments
should be formulated with defined orientations. In FIG. 4,
translations and rotations (based on Euler angles) can be
determined from the defined global coordinates. Then, each
point in a conductor is specified with the local cylindrical
coordinates, which are actually related to the cylindrical con-
duction mode basis functions. With the calculated distance,
indefinite integrals for axial variables (z,,7,) can be obtained.
This analytical expression is more generalized than that of the
two thin conductor filaments discussed by S. Ray, et al,,
“Closed Form Expression for Mutual Partial Inductance
between Two Skewed Linear Current Segments,” in Proc.
Antennas and Propagation Society International Symposium,
pp- 1278-1281, July 1999, since it contains local coordinate
variables that represent the inside of the two conductor seg-
ments.

To reduce total frequency sweep time, the frequency-inde-
pendent integrals can be computed before a sweep simula-
tion. During the numerical integration over (p,,p,), the pre-
computed frequency-independent I, , will be multiplied by
the frequency-dependent integrands. One issue of this
approach is that storing the values of I, ;s for every point of
(p»p;) requires a large amount of memory. Fortunately, the
memory requirement can be reduced by using the property
that I, ,(p,,p;) is a “smooth” bivariate function. That is, the
variations in the frequency-independent part of the integrand
are smaller than those in the frequency-dependent Kelvin
functions. Therefore, after computing integration values for
the small number of data points, the following simple inter-
polation formula can be used.

Lo pp) = (1 =1 =Dl + (26)

S(L=D1p gy + (1 =)ty + Stpi1ge1s

where 0=s, t=1 are interpolation parameters, and L, , are
sampled points near (p,,p,). The total number of the sampled
points is determined adaptively according to the variation of
Green’s function. For integrals over the remaining four vari-
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ables (p;,p,;,¢,), several numerical quadrature techniques
such as adaptive Lobatto quadrature discussed in a book by
W. H. Press, S. A. Teukolsky, et al., Numerical Recipes in
C—The Art of Scientific Computing, 2nd ed. Cambridge, U.
K., Cambridge Univ. Press, 1995 are used.

Self and mutual partial coefficients of potential
PP, i in equation (20), which are combination of par-
allel conductances and capacitances, can be computed in a
similar way as it is done for the partial inductances. Actually,
the computational cost is reduced since the multiple integrals
are involved with four variables (¢,,0,,,,Z,), and the accumu-
lation bases are frequency independent. The capacitance cal-
culation using similar harmonic modal bases can be found
from J. B. Fariaand M. G. das Neves, “Accurate Evaluation of
Indoor Triplex Cable Capacitances Taking Conductor Prox-
imity Effects into Account,” /[EEE Trans. Power Delivery,
vol. 21, pp. 1238-1244, July 2006. Compared to the original
work, the proposed method is more generalized for the
capacitance calculation of arbitrary oriented conductors and
is able to extract modal capacitance network. In case of mod-
eling through-silicon via interconnections, partial conduc-
tances can be found by using complex permittivity (e=e'—je"),
which represents lossy media.

3) Equivalent circuit: In addition to the calculated partial
resistances and inductances, the following modal voltage dif-
ference should be considered to generate the global imped-
ance matrix equation and corresponding equivalent circuit.

@n

J
Vima = Z Vind»
J

where V, /s are modal voltages induced by the j* current
density in equation (20). Since the integral over the lateral
surface of a cylinder is zero, V,,,, may be simplified to the
integral over the inlet and the outlet planes (S, and S,*,
respectively) as follows.

PR — SRR — 28
Ving = — f OO Wy Ty ) - dS = f Oy (7. ) dSp.
si b

where the potentials CI)(?+) and CI)(?_) are assumed to be
constant over the cross sections.
When the skin-effect-mode basis is involved, the integrals

of w,,, * in equation (28) are unities since the basis functions
are normalized, as discussed above. Thus, the modal potential
difference becomes the actual voltage difference between the
two nodes. In the case where the proximity-effect-mode bases
are involved, the modal potential difference becomes zero
since the integrals of the harmonic functions in the higher-
order bases vanish. Thus, the global impedance matrix equa-
tion is expressed as follows:

Zss Zyp \( s (AV;]
Zps pr (IP]_ 0oy

where 7, Z,,, 7, and 7, are partial impedances grouped
by skin-effect and proximity-effect modes, I, and I, are skin-
and proximity-effect currents, and AV, is the voltage differ-
ence across a conductor segment.

In the viewpoint of circuit topology, the equivalent circuit

generated from the proximity-effect-mode basis function

@29
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forms a closed loop like a shielded conductor, which is induc-
tively coupled with the other circuits. In an example of the
equivalent circuit of two conductor segments (FIG. 5a), two
branches are generated from the skin-effect-mode partial
components, and eight loops come from four orthogonal pairs
of two proximity-effect modes. The number of proximity-
effect-mode loops is variable according to the strength of the
proximity effect. Extending the two-conductor model, FIG.
55 illustrates a general equivalent network of coupled three-
dimensional bonding wires. The wires are approximated to
the connections of several straight conductors, and the physi-
cal connection nodes are identical to the circuit nodes of the
skin-effect branches.

By combining the resistance-inductance (R-L) network in
FIG. 5 with parallel conductance-capacitance (G-C) net-
works, multiport network parameters such as Z- and S-pa-
rameters can be obtained. Currents in the final resistance,
inductance, conductance, capacitance (RLGC) network are
related by the following Kirchoft current law (KCL) equa-
tion, which comes from the continuity equation of conduction
and displacement currents.

Z fio + jwQyo = 0. 30

Efficiency Enhancement and Implementation

The techniques discussed above have the benefit of the
equivalent network’s system matrix (29) being much smaller
than the matrix of the classical PEEC method. However,
calculation of the partial impedances using equation (20) for
each frequency step is more complicated than the classical
PEEC method. Therefore, for the modeling of real three-
dimensional interconnections in system-in-package mod-
ules, the further reduction of computational cost is necessary.

Controlling the Number of Proximity-Effect-Mode Basis
Functions

One of the ideas for reducing computational cost is to use
the number of higher-order (proximity-effect-mode) bases
differently for each neighboring conductor, such as is dis-
closed by the present inventors in “Wideband Electrical Mod-
eling of Large Three-Dimensional Interconnects using Accel-
erated Generation of Partial Impedances with Cylindrical
Conduction Mode Basis Functions,” in Proc. IEEE MTT-S
International Microwave Symposium, pp. 1297-1300. A dif-
ferent number of higher-order bases can be assigned to each
conductor, because calculations related to the higher-order
basis functions are not necessary when the distance between
two conductors is sufficiently large, or when the coupling
coefficient is small enough. In other words, to maintain accu-
racy, conductors are grouped according to different coupling
levels as illustrated in FIG. 6. Besides reducing computa-
tional cost, memory for storing non-zero elements can be
saved, because such grouping enables the higher-order sub-
matrices (Z,,, Z,,,, and Z, ) of the partial impedance matrix
become sparse, as discussed below (see FIG. 15).

The two key parameters that determine the number of
proximity-effect-mode basis functions are the initial coupling
coefficient and the aspect ratio of diameter to length of cyl-
inders. The higher initial coupling coefficient, which is
obtained with skin-effect-mode bases only, requires higher-
order proximity-effect-mode basis functions, as found in
numerical experiments of two parallel cylindrical conductors
with various diameters and pitches. Comparably, conductors
having the larger aspect ratio need more number of basis
functions. Computing relative errors in coupling coefficients
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for various aspect ratios and initial coupling coefficients,
boundaries may be drawn in FIG. 7 that indicates required
number of basis functions under a defined error bound (1073
for example).

Multi-Function Method

In addition to the proximity-effect-mode order reduction,
approximate integrals can be simplified for reducing the com-
putational cost to generate Z_.. Since the approximations are
frequency-independent, the number of 7 elements to be
calculated is reduced during frequency sweep. Therefore, the
computational effort of generating the dense matrix becomes
that of generating a banded matrix.

When the two conductors are sufficiently separated (FIG.
6), the variations of current density in conductors are negli-
gible. Thus, the following thin-filament approximation can be
used instead.

Lis= 1 [ [ 6@z, oo
o 471. Z Zj

The integrand in the above double integral does not contain
frequency-dependent conduction mode basis functions, and
can be calculated in analytic way for any orientation of two
straight conductor segments, such as is discussed by S. Ray, et
al., “Closed Form Expression for Mutual Partial Inductance
between Two Skewed Linear Current Segments,” in Proc.
Antennas and Propagation Society International Symposium,
pp. 1278-1281, July 1999. The accuracy of the thin-filament
approximation is ensured when the distance between conduc-
tors are sufficiently large. The numerical experiments of two
parallel cylinders with various dimensions show that the rela-
tive error of the thin-filament approximation from the exact
integral depends on the aspect ratio of diameter to length of a
cylinder, as in the case of the proximity-effect-mode order
reduction. FIG. 8 shows the boundary where the thin-filament
approximation is available for maintaining the relative error
less than 1073, The threshold pitch of using the frequency-
independent approximations is usually higher than that of
reducing higher-order bases.

For a conductor system occupying a very large dimension,
the following center-to-center approximation proposed by G.
Antonini and A. E. Ruehli, “Fast Multipole and Multifunction
PEEC Methods,” IEEE Trans. Mobile Computing, vol. 2, pp.
288-298, October-December 2003 is also available.

o ki (32)

An R;j’

Prind =

where1,,1,, and R,; are the length of the i and the j* conduc-
tor, and the distance between the centers of the two conduc-
tors, respectively. From a similar numerical experiment, the
relative pitch (with respect to length) where the center-to-
center approximation is available is about 9.12, regardless of
the cylinder lengths.

Implementation of the Modeling Tool

Based on the discussed impedance calculation and effi-
ciency enhancement schemes, an inductance extraction tool
was developed. FIG. 9 is a flow chart that illustrates an exem-
plary three-dimensional inductance extraction tool compris-
ing exemplary electrical modeling apparatus 10 (or computer
10), methods 20 and software employing cylindrical conduc-
tion mode basis functions. The flow chart shown in FIG. 9
illustrates how procedures for controlling proximity-effect-
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mode bases and the multi-function method 20 are combined
with the basic impedance computation routine.

In the beginning of the procedure, the availability of using
the multi-function method is tested for every pair of conduc-
tors. The conductor geometry is refined based upon the
desired modeling frequency in step 21, wherein, depending
upon frequency, individual conductor segments are dis-
cretized as required. Error bounds and initial distances are
defined between the pair of conductors in step 22. The dis-
tance between the conductors is compared to the defined
threshold distance in step 23. If the distance between the
conductors is larger than the defined threshold distance, a
thin-filament approximate integral is computed to define the
frequency-independent mutual inductance in step 25. If the
distance is not large enough for the approximation, sampled
values of the frequency-independent integral I, are com-
puted in step 24 before a frequency sweep simulation. The
frequency sweep simulation comprises a frequency-depen-
dent routine 26 and a frequency-independent routine 32. The
frequency-dependent routine 26 calculates conduction mode
basis functions and the frequency-independent routine 32
calculates accumulation mode basis functions.

During the frequency sweep simulation 25, and in particu-
lar during the frequency-dependent routine 26, impedances
from skin-effect-modes (Z,) are computed in step 27. Cou-
pling coefficients found from Z_; determine the required num-
ber of proximity-effect-mode basis functions (PE bases) in
step 28 by using the diagram shown in FIG. 7. The total
number of proximity-eftect-mode bases determine the size of
skin-effect and proximity-effect impedances 7, and 7,
which values are computed at the latter part of the frequency
sweep in step 29. Finally, conductor and wire impedances (7,
and Z,) (i.e., resistance and inductance) are found from
matrix equation (29) in step 31.

During the frequency-independent routine 32, the coeffi-
cient of potential (P,,) is computed in step 33. Coupling
coefficients found from P determine the required number of
proximity-effect-mode basis functions (PE bases) in step 34.
The total number of proximity-effect-mode bases determine
the size of P, and P, ,, which values are computed in a latter
part of the frequency sweep in step 35. conductance and
capacitance values are calculated in step 36. Finally, S-pa-
rameters (corresponding to the equivalent circuit) are deter-
mined in step 37, which may be achieved in a conventional
manner, such as by using equations disclosed in the book by
C.R. Paul “Analysis of Multiconductor Transmission Lines,”
John Wiley & Sons 1994, for example.

Validation

The accuracy of the disclosed method may be validated
from a comparison with an existing simulation tool. Also, the
efficiency of the disclosed method is demonstrated show the
efficiency of the disclosed method with its applications to
large interconnection structures.

Accuracy Validation

This section demonstrates simple three-conductor prob-
lems for evaluating the accuracy of the disclosed approach.
The test structure is shown in FIGS. 10a and 105, where two
conductors are connected at the far end with the other con-
ductor grounded. Since the accuracy of the disclosed method
should be examined for arbitrary orientations of conductor
segments, variations in rolling angle (0,), yawing angle (0;),
and parallel shift (L,) of the conductor 1 were applied.

Loop resistances and inductances from these various situ-
ations are compared with the results from FastHenry dis-
cussed in the M. Kamon, et al. paper, which is an inductance
extracting tool based on the PEEC method combined with fast
multipole method (FMM). Since FastHenry uses brick-type
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filaments for modeling interconnection geometry, an
approximate cylinder model was constructed with the brick
elements, as shown in FIG. 11. FIGS. 124 and 125 show that
the loop resistances and inductances obtained from the dis-
closed method and FastHenry are well matched for all geo-
metric variations. Although high-frequency values in the case
of the shifted conductor are a little different from two simu-
lations, the error can be removed by segmentation in the axial
direction. Compared to the parallel aligned configuration, all
other loop inductances are higher due to the smaller mutual
inductances.

Scalability Analysis with a Through-Hole Via Array

This section shows required speed and memory for the
modeling of the through-hole via array in FIG. 13 with
increasing number of interconnections for two different
pitches (30 and 50 um). The through-hole via array is a good
configuration to perform the scalability analysis of the dis-
closed method since it suffers from strong inductive cou-
plings caused by the small pitch sizes. In addition, the elec-
trical parameters of the through-hole via array are useful for
predicting the characteristics of emerging interconnection
structures such as through silicon via (TSV) and ball grid
array (BGA) interconnections.

The dominant factor that determines simulation speed of
the method 20 is the time for generating the system matrix,
the measured values of which are shown in FIGS. 14a-14¢ for
two different pitches. FIG. 14a shows the number of non-zero
elements in the system matrix. Although the submatrix Z_,
should be dense, controlling the number of proximity-effect-
mode basis functions reduces the number of non-zerosinZ,,,
and Z,,, as shown in the sparsity pattern of the system matrix
of 20-by-20 through-hole via array problem (FIG. 15). The
number of non-zero elements directly influence on the time
for generating the system matrix in FIG. 145, where times for
performing separate tasks are indicated as well. Generating
Z,, and 7, takes more time than generating Z,  because
numerical quadratures involving higher-order basis functions
requires more time. In addition, the multi-function method
reduces computation time for generating Z . Finally, the
relative time associated with increased number of conductors
in FIG. 14c¢ indicates that the computation time of the dis-
closed method is increased to between O(N*-6) and O(N*-%),
where N is the number of conductors.

The overall computational cost is actually a function of the
strength of inductive coupling. Compared to the case of 30 um
pitch, the increased pitch (50 um) requires much less simu-
lation time. Although today’s design trend is to reduce the
pitch size among interconnections, the pitch of 50 pm
between conductors with the interconnect diameter of 25 pm
is sufficiently small in current technology.

FIG. 16a-16d show current density distribution of 20-by-
20 through-hole via array with an ‘E’-shaped differential
excitation. As frequency increases from 107 to 10° Hz, skin
and proximity effects become dominant, resulting in current
crowding along the boundary of the differently excited con-
ductors. FIGS. 17a and 175 show resistances and inductances
ot 19 diagonal conductors with an edge conductor grounded.
Different proximity effects and ground effects make the large
variety of high-frequency resistances and inductances.

Large Three-Dimensional Bonding Wire Interconnection

In this section, parasitic elements of close-to-real bonding
wires on three stacked ICs are extracted. The bonding wire
structure in FIG. 18 is obtained approximately from the
model of a triple-chip stacked chip-scale package (CSP) dis-
cussed by Y. Fukui, et al., “Triple-Chip Stacked CSP,” in Proc.
IEEE Electronic Components and Technology Conference,
pp- 385-389, May 2000. Wire diameter is 25 pum, and the pitch



US 8,352,232 B2

17

between adjacent wires is 60 pm, which comes from an esti-
mation of the state of the art, discussed by E. Milke, et al.,
“New Bonding Wire for Fine Pitch Applications,” in Proc.
IEEE FElectronics Packaging Technology Conference, pp.
750-754, 2007. 34 wires are mounted for each stack, and all
wires are in parallel. The approximate lengths of wires are
1.26 mm (class 1), 0.82 mm (class 2), and 0.48 mm (class 3),
respectively.

FIGS. 194 and 195 show resistances and self inductances
of'all bonding wires at 10 GHz, with one conductor of class 2
grounded. The ground conductor influences on adjacent wires
as well as upper and lower wires, so the resultant high-fre-
quency resistances and inductances become different. FIGS.
19a and 195 also show small variations of wire impedances in
the edge of the structure, whose proximity effects are smaller
than those in the middle of the structure. Capturing these
parasitic variations at high-frequencies is useful for an effi-
cient design of high-density three-dimensional interconnec-
tions for wide-band applications.

Thus, efficient methods, apparatus and software have been
disclosed to extract frequency-dependent impedances and
admittances from a large number of interconnections that are
used in today’s three-dimensional packaging. Unlike conven-
tional techniques, the disclosed techniques improve the effi-
ciency by using cylindrical modal basis functions, whose
global property reduces the size of the system matrix. In
addition, the orthogonal property of the cylindrical conduc-
tion mode basis functions enables automatic capture of cur-
rent and charge crowding caused by skin and proximity
effects. The application of such cylindrical conduction and
accumulation mode basis functions to the mixed potential
integral equation and details for computing partial resis-
tances, inductances, capacitances and conductances have
been discussed. Furthermore, two enhancement schemes
were disclosed that accelerate computation of mutual induc-
tances, so that the speed to fill the system matrices is
improved to O(N'®). Finally, the disclosed modeling tool
demonstrates good accuracy and capability for solving large
three-dimensional interconnection structures. Therefore, the
disclosed method provides a solution to the industrial need for
wide-band electrical modeling of practical high-density inter-
connections arising in system-in-package or three-dimen-
sional integration.

Thus, electrical modeling apparatus, methods and software
have been disclosed that use cylindrical modal basis functions
to model inductance, resistance, capacitance, and conduc-
tance in system-in-package (SiP) modules, and the like. It is
to be understood that the above-described embodiments are
merely illustrative of some of the many specific embodiments
that represent applications of the principles discussed above.
Clearly, numerous and other arrangements can be readily
devised by those skilled in the art without departing from the
scope of the invention.

What is claimed is:

1. Electrical modeling apparatus for electrically modeling
three-dimensional circuit structures having cylindrical con-
ductors, comprising:

a computer; and

software that runs on the computer that comprises:

a first code segment that defines a plurality of cylindrical
conduction mode basis functions constructed on cylin-
drical coordinates;

a second code segment that defines a plurality of cylindri-
cal accumulation mode basis functions constructed on
cylindrical coordinates;

15

20

25

30

35

40

45

50

55

65

18

a third code segment that linearly combines selected cylin-
drical conduction mode basis functions to approximate a
current density distribution over a cross section of a
cylindrical conductor;

a fourth code segment that linearly combines selected
cylindrical accumulation mode basis functions to
approximate a charge density distribution over the cross
section of the cylindrical conductor; and

a fifth code segment that constructs equivalent circuit equa-
tions from the selected cylindrical conduction and accu-
mulation mode basis functions.

2. The apparatus recited in claim 1 wherein the cylindrical
conduction mode basis functions define skin and proximity
effects of currents in the cylindrical conductors.

3. The apparatus recited in claim 1 wherein the cylindrical
accumulation mode basis functions define skin and proximity
effects of charges on the cylindrical conductors.

4. The apparatus recited in claim 1 wherein a zero order
basis function describes skin effects of the cylindrical con-
ductors.

5. The apparatus recited in claim 4 wherein a higher order
basis function describes proximity effects of the cylindrical
conductors.

6. The apparatus recited in claim 1 wherein the software
further comprises:

a code segment that defines error bounds and thresholds

between the cylindrical conductors;

a code segment that defines an initial distance between
each of the cylindrical conductors;

a code segment that compares the distance between the
cylindrical conductors to the defined threshold distance;

a code segment that, if the distance between the cylindrical
conductors is larger than the defined threshold distance,
computes the thin-filament approximate integral for fre-
quency-independent mutual inductance; and

a code segment that, if the distance is not large enough for
the approximation, computes sampled values of the fre-
quency-independent integral;

wherein the first and third code segments perform a fre-
quency sweep simulation by computing impedances
from skin-effect-modes (Z,,), determines required prox-
imity-effect-mode basis functions using initial coupling
coefficients found from Z_, determines skin-effect and
proximity-effect impedances (Z,, and Z,,) from the
proximity-effect-mode basis functions, and computes
conductor and wire impedances; and

wherein the second and fourth code segments perform a
simulation by computing admittances from skin-eftect-
modes (P,,), determines required proximity-effect-
mode basis functions using initial coupling coefficients
found from P, determines skin-effect and proximity-
effect conductances and capacitances (P, and P ) from
the proximity-effect-mode basis functions, and com-
putes conductor and wire conductances and capaci-
tances.

7. A method, operable on a digital computer, for electri-
cally modeling three-dimensional circuit structures having
cylindrical conductors, comprising:

instructing the digital computer to define a plurality of
cylindrical conduction mode basis functions con-
structed on cylindrical coordinates;

instructing the digital computer to define a plurality of
cylindrical accumulation mode basis functions con-
structed on cylindrical coordinates;

instructing the digital computer to linearly combine
selected cylindrical conduction mode basis functions to
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approximate a current density distribution over a cross
section of a cylindrical conductor;
instructing the digital computer to linearly combine
selected cylindrical accumulation mode basis functions
to approximate a charge density distribution over the
cross section of the cylindrical conductor; and

instructing the digital computer to construct an equivalent
resistance, inductance, conductance, capacitance
(RLGCQ) circuit from the selected cylindrical conduction
and accumulation mode basis functions.

8. The method recited in claim 7 wherein cylindrical con-
duction mode basis functions define skin and proximity
effects of currents in the cylindrical conductors.

9. The method recited in claim 7 wherein cylindrical accu-
mulation mode basis functions define skin and proximity
effects of charges on the cylindrical conductors.

10. The method recited in claim 7 wherein a zero order
basis function describes skin effects of the cylindrical con-
ductors.

11. The method recited in claim 7 wherein a higher order
basis function describes proximity effects of the cylindrical
conductors.

12. The method recited in claim 7 further comprising:

instructing the digital computer to define error bounds and

thresholds between the cylindrical conductors;
instructing the digital computer to define an initial distance
between each of the cylindrical conductors;

instructing the digital computer to compare the distance

between the cylindrical conductors to the defined thresh-
old distance;

if the distance between the cylindrical conductors is larger

than the defined threshold distance, instructing the digi-
tal computer to compute the thin-filament approximate
integral for frequency-independent mutual inductance;
and

if the distance is not large enough for the approximation,

instructing the digital computer to compute sampled
values of the frequency-independent integral;

wherein the cylindrical conduction mode basis functions

are defined and combined by performing a frequency
sweep simulation and computing impedances from
skin-effect-modes (Z,,), determining required proxim-
ity-effect-mode basis functions using initial coupling
coefficients found from 7, determining skin-effect and
proximity-effect impedances (Z,, and Z,,) from the
proximity-effect-mode basis functions, and computing
conductor and wire impedances; and

wherein the cylindrical accumulation mode basis functions

are defined and combined by performing a simulation
and computing admittances from skin-effect-modes
(P,,), determining required proximity-effect-mode basis
functions using initial coupling coefficients found from
P,,, determining skin-effect and proximity-effect con-
ductances and capacitances (P, and P_) from the prox-
imity-effect-mode basis functions, and computing con-
ductor and wire conductances and capacitances.

13. A computer readable memory storing a plurality of
computer-executable instructions for electrically modeling
three-dimensional circuit structures having cylindrical con-
ductors, the plurality of instructions comprising:

a first code segment that defines a plurality of cylindrical

conduction mode basis functions constructed on cylin-
drical coordinates;
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a second code segment that defines a plurality of cylindri-
cal accumulation mode basis functions constructed on
cylindrical coordinates;

a third code segment that linearly combines selected cylin-
drical conduction mode basis functions to approximate a
current density distribution over a cross section of a
cylindrical conductor;

a fourth code segment that linearly combines selected
cylindrical accumulation mode basis functions to
approximate a charge density distribution over the cross
section of the cylindrical conductor; and

a fifth code segment that constructs equivalent circuit equa-
tions from the selected cylindrical conduction and accu-
mulation mode basis functions.

14. The computer readable memory recited in claim 13
wherein cylindrical conduction mode basis functions define
skin and proximity effects of currents in the cylindrical con-
ductors.

15. The computer readable memory recited in claim 13
wherein cylindrical accumulation mode basis functions
define skin and proximity effects of charges on the cylindrical
conductors.

16. The computer readable memory recited in claim 13
wherein a zero order basis function describes skin effects of
the cylindrical conductors.

17. The computer readable memory recited in claim 13
wherein a higher order basis function describes proximity
effects of the cylindrical conductors.

18. The computer readable memory recited in claim 13
wherein the computer-executable instructions further
include:

a code segment that defines error bounds and thresholds

between the cylindrical conductors;

a code segment that defines an initial distance between
each of the cylindrical conductors;

a code segment that compares the distance between the
cylindrical conductors to the defined threshold distance;

a code segment that, if the distance between the cylindrical
conductors is larger than the defined threshold distance,
computes the thin-filament approximate integral for fre-
quency-independent mutual inductance; and

a code segment that, if the distance is not large enough for
the approximation, computes sampled values of the fre-
quency-independent integral;

wherein the first and third code segments perform a fre-
quency sweep simulation by computing impedances
from skin-effect-modes (Z,,), determines required prox-
imity-effect-mode basis functions using initial coupling
coefficients found from Z_, determines skin-effect and
proximity-effect impedances (Z,, and Z,,) from the
proximity-effect-mode basis functions, and computes
conductor and wire impedances; and

wherein the second and fourth code segments perform a
simulation by computing admittances from skin-eftect-
modes (P,,), determines required proximity-effect-
mode basis functions using initial coupling coefficients
found from P, determines skin-effect and proximity-
effect conductances and capacitances (P,, and P))
from the proximity-effect-mode basis functions, and
computes conductor and wire conductances and capaci-
tances.



