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No, emptiness is not nothingness. Emptiness is a type of existence. You must use this
existential emptiness to fill yourself.

Liu Cixin, The Three-Body Problem
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SUMMARY

Let GG be a graph and ag, a1, as, b1, and by be distinct vertices of G. Motivated by their
work on Four Color Theorem, Hadwiger’s conjecture for Kg, and Jgrgensen’s conjecture,
Robertson and Seymour asked when does GG contain disjoint connected subgraphs G4, G,
such that {ag, ar,as} C V(Gy) and {b1, b2} C V(G2). We prove that if G is 6-connected

then such GGy, G5 exist. Joint work with Robin Thomas and Xingxing Yu.



CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Introduction to Hadwiger’s conjecture and 2-3 linked graphs

The Four Color Theorem [1, 2, 3] asserts that every loopless planar graph admits a
vertex 4-coloring. The related problem was first put forward by Francis Guthrie in 1852,
who asked whether it is true that any planar map can be colored with four colors such that
adjacent regions receive different colors. In 1976, Appel and Haken [1] claimed a proof of
the Four Color Theorem with the help of a computer. However, some computer-free parts
of their proof are complicated and tedious to verify. In 1997, Robertson, Sanders, Seymour,
and Thomas [2, 3] gave a much simpler proof for the Four Color Theorem.

According to Kuratowski’s theorem [4], a graph is planar if and only if it contains
no Ks-subdivision or K3 3-subdivision. Moreover, it is well known that any 3-connected
nonplanar graph other than K5 contains a K3 3-subdivision. Hence, as an extension of
the Four Color Theorem, it is natural to ask whether every graph without K5-subdivision
is also 4-colorable. More generally, Hajos [S] conjectured that for any positive integer
k, any graph containing no K}, -subdivision is k-colorable. This conjecture is true for
k < 3, but Catlin [5] found counterexamples to this conjecture for each £ > 6. However,
the cases for & = 4 and k£ = 5 are still open. Efforts have been made to resolve Hajos’
conjecture for £ = 4. Yu and Zickfeld [6] proved that a minimum counterexample to Hajos’
conjecture when k£ = 4 must be 4-connected. Moreover, Sun and Yu [7] showed that if G
is a minimum counterexample to Hajos’ conjecture and S is a 4-cut in G then G — S has
exactly two components. In fact, if one can show a minimum counterexample to Hajos’
conjecture for k = 4 is 5-connected, then Hajos’ conjecture for £ = 4 will immediately

follow from the Kelmans-Seymour conjecture [8, 9]: Every 5-connected nonplanar graph



contains Kj-subdivision. This Kelmans-Seymour conjecture was recently proved by He,
Wang, and Yu [10, 11, 12, 13].

While Hajés’ conjecture concerns the chromatic number of graphs with no Kj ;-
subdivision, Hadwiger [14], in 1943, conjectured a far-reaching generalization of the Four
Color Theorem in terms of K, ;-minor: For any positive integer k, if a graph contains no
K 1-minor then it is k-colorable.

It is easy to prove that Hadwiger’s conjecture holds for £ < 2. Hadwiger [14] and
Dirac [15] proved the case for £ = 3. For k£ = 4, Hadwiger’s conjecture is equivalent to the
Four Color Theorem by the result of Wagner [16], which characterized graphs containing
no K5-minor and showed that Four Color Theorem implies that graphs containing no K-
minor are 4-colorable. The case k = 5 can also be reduced to the Four Color Theorem, as
shown by Robertson, Seymour, and Thomas [17]. However, this conjecture remains open
for k > 6.

In fact, there are also many other interesting results related to Hadwiger’s conjecture.
Suppose Hadwiger’s conjecture is false for some &, and let G' be a minor minimal coun-
terexample. Dirac [15] showed that GG is 5-connected when k& > 5, and Mader [18] showed
that GG is 6-connected when k£ > 5, and 7-connected when k£ > 6. Kawarabayashi and G.
Yu [19] proved that G is (2k/27)-connected, improving upon an earlier bound in [20].

Let the stability number o(G) of a graph G denote the size of the largest stable set in G.
Then every n-vertex graph G has chromatic number at least [n/«(G) ], and should contain
a clique minor of this size if Hadwiger’s conjecture is true. In 1982, Duchet and Meyniel
[21] proved that every n-vertex graph G has a Kj-minor where £k > n/(2a(G) — 1).
Moreover, there has been a subsequent improvement by Fox [22]. And then Balogh and
Kostochka [23] further improved the result, and showed that every n-vertex graph GG has
a Kj-minor where k£ > 0.51338n/a(G). Later, in 2007, Kawarabayashi and Song [24]
proved that every n-vertex graph G with a(G) > 3 has a Kj-minor where k > n/(2a(G) —

2).



For an n-vertex graph G with «(G) = 2, the Duchet-Meyniel theorem implies that
there is a Kj-minor with & > n/3, which was strengthened by Bohme, Kostochka and
Thomason [25] in 2011. They proved that every n-vertex graph with chromatic number ¢
has a Kj-minor where k > (4t — n)/3.

A graph is claw-free if no vertex has three pairwise nonadjacent neighbours. So graphs
with stability number two are claw-free. Fradkin [26] showed that every n-vertex connected
claw-free graph G with «(G) > 3 has a Kj-minor where & > n/a(G). Furthermore, in
2010, Chudnovsky and Fradkin [27] proved that every claw-free graph G with no Ky -
minor is |3k/2]-colorable.

Since line graphs are claw-free, these results about claw-free graphs are related to a
theorem of Reed and Seymour. They showed [28] that Hadwiger’s conjecture is true for
line graphs (of multigraphs).

We say that H is an odd minor of GG if H can be obtained from a subgraph G’ of G by
contracting a set of edges that is a cut of G’. Clearly, a graph contains K3 as an odd minor if
and only if it is not 2-colorable. In 1979, Catlin [5] showed that if G has no K, odd minor
then G is 3-colorable. A fully odd K, in G is a subgraph of G which is obtained from K
by replacing each edge of K, by a path of odd length in such a way that the interiors of
these six paths are disjoint. Zang [29] in 1998 and, independently, Thomassen [30] in 2001
proved the conjecture of Toft [31] that if GG contains no fully odd K then G is 3-colorable.
In 1995, Gerards and Seymour conjectured a strenthening of Hadwiger’s conjecture (see
[32]) that for every k > 0, if G has no K}, odd minor, then G is k-colorable, which is
known to be true for £ < 3. More interesting results and open problems about Hadwiger’s
conjecture and its variations can be found in [33], which was written by Seymour in 2016.

Now, we come back and spend a bit more space on the £ = 5 case of the Hadwiger
conjecture. As we mentioned, Mader [18] proved that any minor minimal counterexample
to the Hadwiger conjecture for k£ = 5 is 6-connected. Jgrgensen [34] conjectured that every

6-connected graph contains a Kg-minor or has a vertex whose removal results in a planar



graph. Therefore, if Jgrgensen’s conjecture holds, then Hadwiger’s conjecture for £ = 5
easily reduces to the Four Color Theorem. In 2017, Kawarabayashi, Norine, Thomas, and
Wollan [35] showed that Jgrgensen’s conjecture holds for sufficiently large graphs.

In their work [17], Robertson, Seymour, and Thomas proved that Jgrgensen’s conjec-
ture holds for each 6-connected graph in which some edge is contained in four triangles.
(However, they were not able to resolve the Jgrgensen conjecture. Instead, they explored
different structures of a minimum counterexample to the Hadwiger conjecture.) It is natural
and useful to extend this result to graphs in which some edge is contained in three triangles:
Given a 6-connected graph G and triangles a;b1b2a; for i = 0, 1,2 in GG, can we prove that
G contains Kg-minor or has a vertex whose removal results in a planar graph?

A first step is to prove that 6-connected graphs are two-three linked: If G is a 6-
connected graph and ag, a1, as, by, by are distinct vertices of GG, then G contains disjoint
connected subgraphs G, G such that {ag, a1,a2} C V(Gq) and {by,b2} C V(G3). In
fact, Robertson and Seymour asked for a characterization of two-three linked graphs. We
believe that we have such a characterization except that it is quite complicated (even to

state) and its proof is long.

1.2 A main theorem about 2-3 linked graphs

For convenience, we use (G, ag, a1, as, by, bs) to denote a graph G and distinct vertices
ag, a1, as, by, by of G, and call it a rooted graph. A cluster in a graph G is a set X of disjoint
subsets of V' (G) such that each member of X’ induces a connected subgraph of G. We say
that a rooted graph (G, ag, a1, ag, by, by) is feasible if there exists a cluster { X7, X3} in G

such that {ag, a1, a2} C X7 and {b1, b2} C X,. We can now state our result as follows.

Theorem 1.2.1 Let (G, ay, a1, as, by, ba) be a rooted graph, and assume G + bybs +{a;b; :

i=0,1,2and j = 1,2} is 6-connected. Then (G, ag, ay, as, by, bs) is feasible.

We may view the problem of characterizing feasible rooted graphs as a generalization



of the following problem of characterizing 2-linked graphs: Given a graph G and four
distinct vertices aq, as, by, bs of G, when does G contain disjoint paths from a;, as to by, ba,
respectively? Several characterizations of 2-linked graphs are known in [36, 37, 38, 39]
and have been used extensively in the literature for proving important structural results on
graphs (e.g., in the graph minors project of Robertson and Seymour).

Suppose v := (G, ag, a1, as, by, be) is an infeasible rooted graph such that b1b, ¢ F(G),
abj ¢ E(G)fori=0,1,2and j = 1,2,and G* := G + b1by + {a;b; : i =0,1,2and j =
1,2} is 6-connected. A B-bridge of G is a subgraph of GG induced by all edges in a com-
ponent of G — V(B) and all edges from that component to B.

In Chapter 2, we will present the proof of our main theorem, and in Chapter 3, some
future works will be introduced.

In fact, in section 2.1, we show that for some i € {0, 1,2}, G has an a;-frame A, B in
(G, ag, ay, as, by, by), that is G — a; has disjoint paths A from a;_; to a;; and B from b; to
by (with a_1 = as, a3 = ag). Moreover, given an a;-frame A, B for some i € {0, 1,2}, we
will prove some useful properties. For example, we prove that the B-bridge of GG containing
a; can be drawn in a disk in which no two edges cross, and by, by, a; occur on the boundary
of the disk.

In section 2.2, we further show that  has a good frame and an ideal frame. For an ideal
a;-frame A, B in ~, roughly speaking, we group the (A U B)-bridges of GG not containing
a; into slim connectors and fat connectors.

In sections 2.3 and 2.4, we deal with the case when there exists at least one fat connector
in A, B. In section 2.5, we solve the case when there does not exist any fat connector. In
this case, G — A can be drawn in a disk in which no two edges cross, by, by, a; occur on the
boundary of the disk, and any A-B path in G is induced by a single edge. So the structure of
G is quite simple in some sense. However, in both cases, we will try to find a configuration
consisting of paths with special properties, and use them to force a small cut in G or show

that (G, ag, a1, as, by, by) is feasible.



For readers’ convenience, we also draw Figure 1.1 containing the illustration of struc-
tures of some important special graphs, which shows a sketch of our proof idea.

Finally, we end this chapter with some notation and terminology. Let GG, G5 be two
graphs. We use GG1 UG}, (respectively, G5 NGy) to denote the graph with vertex set V (G1)U
V' (Gs) (respectively, V(G1) NV (G5)) and edge set E(G1) U E(G3) (respectively, F(G1)N
E(G3)). Let G be a graph, a separation in G is a pair (G, G3) of edge-disjoint subgraphs
G1,Gs of G such that G = Gy U Go. And |V (G1) NV (G2)]| is the order of the separation
(G1,Gs). Let P be a path, and let u,v € V(P). Then we write Plu,v) := Plu,v] —
v, P(u,v] :== Plu,v] — u, and P(u,v) := Plu,v] — {u, v}. For any positive integer m, we

let [m] == {1,--- ,m}.



(G, ap, a1, as, by, be)
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Figure 1.1: A flow chart of proof
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CHAPTER 2
THE PROOF OF MAIN THEOREM

2.1 Frames

In the first section of this chapter, we state some known results and prove some lemmas
that we will use. In particular, we show that an infeasible rooted graph must contain a
“frame” which consists of two disjoint paths.

A result we use often is Seymour’s characterization of 2-linked graphs [37] (with equiv-
alent versions in [36, 38, 39]). To state this result we introduce several concepts. A disk
representation of a graph G is a drawing of G in a disk in which no two edges cross. A 3-
planar graph (G, A) consists of a graph G and a set A = { A, ..., A;} of pairwise disjoint
subsets of V' (G) (possibly A = @) such that

(i) for1 <i <k, |Ng(A;)| <3,and

(iii) if p(G,.A) denotes the graph obtained from G by (for each 7) deleting A; and adding
edges joining every pair of distinct vertices in Ng(A4;), then p(G,.A) can be drawn in

the plane without crossing edges.

If, in addition, by, by, ..., b, are vertices in G such that b; ¢ Afor0 < i < nand A € A,
p(G, A) can be drawn in a closed disk with no edge crossings, and by, by, ..., b, occur on the
boundary of the disk in this cyclic order, then we say that (G, A, by, by, ..., b,) is 3 -planar.
If there is no need to specify A, we may simply say that (G, by, b1, ..., b,,) is 3-planar. If
A = (), we say that (G, by, b1, ..., b,) is planar. Moreover, we say that a face of (the disk

representation of) G is finite, if the face is inside the disk.



Lemma 2.1.1 (Seymour, 1980) Let GG be a graph with distinct vertices x1, xo, T3, 4. Then
either (G, x1, X2, T3, x4) is 3-planar, or G has a cluster { X1, Xo} such that {z,,x3} C X4

and {x9, 24} C Xo.

We say that a sequence (ay, - - ,ay) is larger than (3y,- -, 5,,) with respect to the

lexicographic ordering if either
(i) m<nanda; = B; forv =1,--- ,m,or
(ii) there exists j € [min(m,n)] with a; > f; and o; = f3; for all ¢ < j.

We will also use the following lemma to modify paths.

Lemma 2.1.2 Let G be a connected graph and P be a path between vertices u, and uy of

G, and let C' denote a component of G — P. Then one of the following holds:

e G has a separation (G, G) such that |V (G1NG3)| < 2, V(C)U{ug,us} C V(Gy),
and |V(G2 — Gl)‘ Z 1, or

e (G has an induced path Q) from uy to us such that G — @ is connected with C' C

(G —Q).

Proof. We choose a path () in G from u; to us and label the components of G — @) as
Ci,...,Cypsuchthat C C C) and |V (Cy)| > -+ > |V(C,,)|, and, subject to this, s(Q) :=
(IV(CY)|, [V(Co)l, -, |V(Cy)|) is maximum under the lexicographical ordering. Note
that () is well defined because of P.

Then () is an induced path in G. For, otherwise, let Q' be the induced path in G[Q)]
from u; to us then s(Q') > s(Q), a contradiction. If n = 1 then the assertion of the lemma
holds. So assume n > 2.

Letl,,r, € Ng(C,)NV(Q) such that Q[l,,, r,] is maximal. We may assume there exists
C; with j < n such that Ng(C;) N Q(l,,, rn) # 0; otherwise, G has a separation (G, G2)
such that V(G N Gy) = {l,, .}, V(C) U {uy,us} CV(Gh), and V(C,,) C V(Ge — Gy),

a contradiction.



Now let ' be an induced path between u; and us in G[QUC,,] such that Q'NQ(1,,, r,,) =

(). Clearly, s(Q") > s(Q) under the lexicographical ordering, a contradiction. O

In the remainder of this paper, we will always assume that

o v := (G,ag,a,as,by,by) is a given rooted graph such that b1b, ¢ E(G), ab; ¢
E(G)fori=0,1,2and j = 1,2, and

o GF:=G+bby+{a;bj:i=0,1,2and j = 1,2} is 6-connected.

When we write a;;, we understand that the subscript ¢ + j is taken modulo 3. In the next

two lemmas, we show that G does not admit certain separations.

Lemma 2.1.3 G has no separation (G, G) such that V(G1NG2) = {c1, ¢, ¢3, ¢4, C5, C },

V(Gy — G1)| > 2, {ap, a1,a9,b1,b2} C V(Gy), and (G, 1, o, 3, ¢4, C5, C6) is planar.

Proof. For, otherwise, let G, := Gy + {c1¢2, cacs, c3¢4, C4C5, C5C6, CoC1, C1C3, C3Cs5, C5C1 |
which is planar as (G, ¢1, ¢o, 3, 4, C5, Cg) is planar.

Since G* is 6-connected, (G5 has at least one edge from each ¢; to V(G5 — G1) and,
hence, the number of edges in G with at least one end in V(G — G ) is at least (6|V (G2 —
G1)|+6)/2 = 3|V(Gy — Gy1)| + 3 = 3|V (Gs)| — 15. Thus, G} has at least 3|V (G2)| —
1549 = 3|V(G,)| — 6 edges.

Thus, G is a planar graph with exactly 3|V (G%)| — 6 edges and each ¢; has a unique
neighbor in G, — G;. Note that G, must be a planar triangulation. Therefore, the neighbors
of ¢1,- -+ , ¢ in Gy — G are the same. Hence, since G* is 6-connected, |V (Gy — Gy)| =1,

a contradiction. O

Lemma 2.1.4 G has no separation (G, Gs) such that |V (G, N Gs)| = 4 and for some
permutation w of {0, 1,2}, ar), az1),b; € V(Ga — G1),
V(Gh), and (G, ax(0), bj, axq), V(G1 N Gy)) is planar.

V(GQ — G1)| > 4, Ar(2)s bg_j €

Proof. Suppose to the contrary that such a separation (G, G3) exists in G and let V(G N

Gg) = {61702,03,64} such that (GQ,CLﬂ-(o),bj,aﬂ(l),04,03,62,61)) 18 planar. Let X =

10



V(G — G1) — {ax(0); axq1),bj}. Since G* is 6-connected, we see that G, has at least
two edges from b; to X and at least three edges from a,(;) to X fori € {0, 1}.

Further, for any i € [4], ¢; has a neighbor in X. For, otherwise, suppose, for some i €
[4], ¢; has no neighbor in X . Then by applying Lemma 2.1.3 to the separation (G[V (G1) U
{ci}], G2 — ¢;) in G, we see that | X'| = 1. It then follows from planarity that b; has at most
one neighbor in X, a contradiction.

Hence, the number of edges in G with at least one end in X is at least (6| X |+1+1+1+
14343+2)/2 = 3| X|+6. So G := Ga+{c1¢a, Cacs, C3C4, CaGr (1), An(1)bj, bjGr(0), Ar(0)C1,
Calr(0), C2bj, Cacy, c4b;} has edges at least 3|.X| + 6 + 11 = 3(|X| + 7) — 4. On the other
hand, since G is planar (as (G2, ax(0), bj, Gr(1), C4, C3, C2, ¢1) is planar), G, has at most

3(]X| + 7) — 6 edges, a contradiction. O

Fori € {0,1,2}, an a;-frame in -y consists of disjoint paths A from a;_; to a;;1 and B
from b; to by in G — a;, such that A is induced in GG, G — A is connected, and the B-bridge
of GG containing a; does not contain A. The next lemma says that if 7 is infeasible then it

has a frame.
Lemma 2.1.5 [f~ is infeasible then there exists i € {0, 1,2} such that v has an a;-frame.

Proof. Since G* is 6-connected, G — {ao, aj, as} contains an induced path P from b; to by
such that G — {ag, a1, as} — P # (). By Lemma 2.1.2, G — {ay, a1, a2 } has an induced path
Q from by to by such that C':= G — {ag, a1, a2} — @ is connected and C' # ().

Note that there exists a permutation 4, j, k of {0, 1,2} such that Ng(a;) N V(C) # 0
and Ng(ar) N V(C) # 0, or Ng(a;) N V(C) = 0 and Ng(ag) NV(C) = (. In the
former case, G — a; contains disjoint paths from by, a; to by, ay, respectively. In the latter
case, Ng(a;) N V(Q(br,be)) # 0 and Ng(ax) NV (Q(b1,b2)) # 0; so we have a path in
G[Q(b1,b2)+{a;, ax}] from a; to aj, and a path from by to by in G—{ag, a1, as} —Q(by, ba).

Hence, there exists i € {0, 1,2} such that G — a; has disjoint paths A* and B from

a;_1,b1 to a;y1, by, respectively. Since 7 is infeasible, a; and A* are contained in different

11



components of G — B. Hence, a; and B are contained in a component of G — A*. So by
Lemma 2.1.2, G has an induced path A between a;_; and a;,, such that G — A is connected
and B+a; C G — A. Since 7 is infeasible, the B-bridge of GG containing a; does not contain

A. Hence, A, B is an a;-frame in 7. |

In the next two lemmas, we derive useful information about frames in -, seen at Fig-

ure 2.1.

a

SE N F I AE N E AN

Qo

Figure 2.1: An ag-frame

Lemma 2.1.6 Suppose -y is infeasible and A, B is an a;-frame in . Let A;(B) denote the
B-bridge of G containing a;, and let V(A;(B)NB) = {dy,- -+ ,d;} suchthat by, dy, - - - , dy,

by occur on B in this order. Then (A;(B)U B, a;,by,dy, -+ ,dy, by) is planar.

Proof. Let G' = G/A, and let ¢’ denote the vertex representing the contraction of A.
Since ~ is infeasible, G’ has no disjoint paths from «’, b to a;, be, respectively. So by
Lemma 2.1.1, there exists a set S of pairwise disjoint subsets of V' (G’), such that (G', S, d/,
b1, a;, by) is 3-planar.

Note that for any S € S, a’ € Ng/(.S). For, otherwise, N¢(S) is a cut in G* separating

S from {ag, ai, as, by, ba }, a contradiction as G* is 6-connected.
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Thus, for any S € S, we have |Ng/(S) N V(B)| < 2. Hence, SN A;(B) = 0.
For otherwise, since a’ € Ng/(S), there exists u € V(A;(B) N B), such that u € S.
But then G — A contains three internally disjoint paths from u to by, bo, a;, respectively,
a contradiction to the existence of cut Ng/(S). Therefore, A;(B) C G’ — UgesS, and
G' — UgesS has a disk representation with by, by, a; on the boundary of the disk. Thus,
A;(B) U B inherits a disk representation with by, by, a; occurring on the boundary of the
disk. Since A;(B) U B — B has only one component, (A;(B) U B, a;, by,dy, -+ ,d;, bg) is

planar. O

Suppose A, B is an a;-frame in 7. Let A;(B) denote the B-bridge of G containing a;.
By a double cross in A, B we mean a pair of disjoint connected subgraphs A’, B’ (in this
order) of G — (A;(B) — B) for which there exist a/, a, € V(A) and b/, b, € V(B), such
that V' (A’) includes a, a}, and at least one vertex of B(b}, b,) and is otherwise disjoint from
AU B[by, by U B[b), by], and V (B’) includes 0}, b/, and at least one vertex of A(a},a)) and
is otherwise disjoint from BU Alay, a}]U A[ah, as]. The vertices a, aj, b, b} (in this order)

are called the ferminals of the double cross.
Lemma 2.1.7 If vy is infeasible then there is no double cross in .

Proof. Without loss of generality, assume A, B is an ag-frame in . Suppose A’, B is a
double cross in A, B with terminals a}, ab, b}, 0. Let H = A(a}, ab) U B(b},b5) U (A" —
{a},ay}) U (B — {V},b,}). Consider the graph G’ obtained from G by contracting H to a
single vertex h.

Since G* is 6-connected, then, combined with the existence of four disjoint paths
Alay, ay], Aldy, as], Blby, V)], Blb,, bs] and Menger’s theorem, G’ contains five vertex dis-
joint paths between {a}, ab, b}, b,, h} and {ag, a1, as,b1,b2}. So G contains five disjoint
paths P, i = 1,...,5, (also internally disjoint from H) joining a}, a}, b}, b, and H to
{ao, a1, as,by,by}. Without loss of generality, assume that a; € V(Py), ay € V(P),

bl S V(Pg), bg € V(P4), and ag € V(P5)
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Let Sl = (V(Pl U P2 U P5)) N ({a’l, CLIQ,bll,bIQ} U V(H)), and SQ = (V(Pg U P4)) N
({a}, al, by, b5} U V(H)). Using the properties of a double cross, we can show that H
contains a cluster { H1, Ho} suchthat S; C V(H;),i = 1,2. Let X; := H UV (P UP,UP)

and X, := V(P; U P;) U Hy. Then { X7, X5} is a cluster in GG, a contradiction. |

We conclude this section by considering intersections of special cuts in a planar graph,

and investigating when they force another cut or interesting structures of the graph.

Lemma 2.1.8 Let v be infeasible with an ag-frame A, B, and let Gy be obtained from G*
by deleting the component of G* — B containing A. Suppose (Go, ag, by, B, by) is planar,
and Gq has 3-cuts {ay, by, b} and {aj, b, b5} separating {ag, b1, be} from B}, b,] and
Bb, by, respectively, such that by, b, by, b5, b, by occur on B in order, by # b3, and
Gy contains a path from B(by,b3) to ay and internally disjoint from B. Then one of the

following holds:
(i) {b],b,} is contained in a 3-cut of G separating {ao, by, by} from B[bY, b,).
(ii) {b],03} = {b1, b}, and afy = af = ao.

(iii) {ag, b}, b5} = {ag, b, b2}, b is a cut vertex of Gy separating by from {ay, b1}, and

/ " / // . . . .
ag, ag, by, U5 are incident with some finite face of G.

(iv) {ay, by, b5} = {ag, b1, ba}, b} is a cut vertex of Gy separating by from {ag, bs}, and

/ " / // . . . .
ag, ag, by, 0] are incident with some finite face of G.

Proof. We may assume a, # aj. For, otherwsie, since (Gy, ag, b1, B, by) is planar, ei-
ther {ag,by,0,} is a 3-cut in G separating {ag, by, b2} from B[b,b,] and (i) holds, or
{ay, by, by} = {ao, b1, b2} and (ii) holds.

For i € [2], let F be a finite face of G incident with both b} and a;, and let F" be a
finite face of Gy incident with both b and ag. Since aj, # ag, by, b7, b, b, by occur on B in
order, and G contains a path from B(b}, b,) to ag and internally disjoint from B, we have

F! = F! for some i € [2].
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By symmetry, we may assume F] = F'. Then ay, ag, b/, b are incident with some finite
face of G. Thus, either {ay, b7, b5} is a 3-cut of Gy separating {ayg, by, b2} from B[b], b)),
or {ay, by, b5} = {ao, b1, bo} and b] is a cut vertex of G separating b, from {ag, b2}. So (i)

or (iv) holds, a contradiction. O

Lemma 2.1.9 Let v be infeasible and A, B be an ay-frame in v, and let G be obtained
from G* by deleting the component of G* — B containing A. Suppose (Gy, ag, by, B, bs) is
planar, and Gy has four distinct vertices b, b}, b5, by with by, b, b}, b5, b, by on B in order,

and b, by are incident with some finite face of G,.

(i) If {0}, 5} is a 2-cut in Gy separating B[b', bS] from {ao, by, ba}, then b, b}, by, b, are
incident with some finite face of Gy, and {b7, by} is a 2-cut in G separating B[bY, )]

from {ag, by, by }.

(ii) If there exists a vertex a) in Gy, such that {aj,b},b,} is a 3-cut in Gy separating

BIb, bS] from {ag, by, by}, then one of the following occurs:

(a) ag, by, b, by are incident with some finite face of Gy, and {ag, b}, b5} is a 3-cut

in Gy separating B[b, by from {ao, b1, b2} or {ay, by, by} = {ag, b1, ba};

(b) ag, b, by, b, are incident with some finite face of Gy, and {b,b,} is a 2-cut in

G separating B[V}, b}] from {ag, by, b }.

Proof. Let F" be a finite face of GGy incident with b7, b. To prove (i), we let F” be a finite
face of GG incident with b/, b5,. Since by, b7, b}, b5, b5, b occur on B in order, F’ = F”, and
so (1) holds.

Next, we prove (ii). For each i € [2], we let F] be a finite face of G incident with both
b; and aj,. Since by, b7, b}, by, b, be occur on B in order, then F] = F” or F; = F". Now, if

F| = F”, then (a) of (ii) holds; if F}, = F”, then (b) of (ii) holds. O
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2.2 Good frames and ideal frames

In this section, we fix v = (G, ag,aq, as,b1,bs) and G* = G + bibs + {a;b; = i =
0,1,2and j = 1,2}, assume that ~ is infeasible, and then show that - has a special frame

with good properties. For an a;-frame A, B in vy, we fix the following notation:
e a(A,B) = |{b; : Ng(b;) NV (A;(B) —a; — B) # 0}, and

o ¢(A,B)=|{v e V(Ai(B)NB) —{b1,ba} : {v,a;} separates b; from b, in A;(B) U

B}|.

Figure 2.2: a(A, B)

c¢(A,B)=1 c¢(A,B) =0

ay ay ay as

14

/\

e
G

ag

by

Figure 2.3: ¢(A, B)

We say that an a;-frame A, B in 7y is good (seen at Figure 2.4), if among all the frames

in 7,

(i) a(A, B) is maximum,
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(ii) subject to (i), ¢(A, B) is minimum,

(iii) subject to (ii), A;(B) is maximal.

Figure 2.4: A good frame and its connectors

Lemma 2.2.1 Suppose A, B is a good frame in . Leti € {0,1,2} and A’, B’ be disjoint

paths in G — a; from a;_1, by to a;1, by, respectively.

(i) If, for some j € [2|, G has a path By from a; to b; that is internally disjoint from

A", B, then a(A, B) > 1

(ii) If {a;,b1,b2} is contained in a component of G — (A’ U (B’ — {b1,b2})), then
a(A,B) =

(iii) If G has a path B” from by to by that is internally disjoint from A', B', then (A, B) =
2and ¢(A, B) = 0.

Proof. We first prove (i). We see that B’, B, are contained in some component of G — A’.
By Lemma 2.1.2 and the existence of A’, there exists an induced path A* from a;_; to a; 1,

such that G — A* is connected, and B’, By C G — A*. Since 7 is infeasible, A* and a;
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are in different components of G — B’. So A*, B’ is a frame. By the existence of By,
a(A*,B’) > 1,and so a(A, B) > 1.

Similarly, for (ii), let C' be the component of G — (A" U (B’ — {b1,b2})) containing
by, bs, a;, we may assume there exists an induced path A* from a; ; to a;y1, such that
G — A* is connected, and B',C C G — A*. So A*, B’ is a frame. By the existence of C,
a(A*,B") =2,and so a(A, B) = 2.

For (iii), since + is infeasible, B’ U B” + a; must be contained in a component of G — A’.
Hence, we may assume that B” +a, is contained in a component of G—(A'U(B'—{by, b2})).
So by (ii), (A, B) = 2. Now by Lemma 2.1.2 and the existence of A’, there exists an
induced path A* from a;_; to a; 1, such that G— A* is connected, and B'UB"+a; C G—A*.
So A*, B'is a frame. Since B”+aq; is contained in a component of G—(A'U(B'—{by,bs})),

we see that ¢(A, B) = 0. O

For a frame A, B in 7, an A-B bridge is an (A U B)-bridge of G that intersects both
A and B. Let M be an A-B bridge, I,7 € V(AN M), and I',;r" € V(B N M), such
that A[l,r] and B[l',r'] are maximal. Then we say that [, are the extreme hands of M,
and that ', " are the feet of M. We say that M lies on B[}, b}] for some 0}, b, € V(B), if
B[l',r'] C B}, b,]. We say that M is fat if |V (MNB)| > 2 and non-fat if |V (MNB)| = 1.

Lemma 2.2.2 Suppose A, B is a good ag-frame in y. Let {dy,--- ,d;} = V(B N Ay(B))
such that by, dy,--- ,di, by occur on B in order, and let dy = by,d; 1 = by. Then the

following conclusions hold:

(i) Foranyi € [t], G — (Ao(B) — (B — d;))) does not contain disjoint paths from ay, by

1o as, by, respectively.
(ii) For any A-B bridge M, M N B C Bld;_1,d;] for some i € [t + 1].
(iii) Let N be a B-bridge of G not containing A or ay, then |V(N N B)| > 4, and

N N B C Bld;_y,d;] for some i € [t + 1].
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Proof. First, we note that (ii) and (ii1) follow immediately from (i). So we prove (i). Sup-
pose (i) fails, and let A*, B’ be disjoint paths in G — (Ay(B) — (B — d;))) from ay,b; to
as, by, respectively.

Then Ay(B) U B’ is contained in a component of G — A*. By Lemma 2.1.2 and the
existence of A*, there exists an induced path A’ from a; to as, such that G— A’ is connected,
and Ag(B)UB' C G — A’. So A’, B' is a frame in 7. Now, due to the existence of d;, the
B-bridge of GG containing ag is properly contained in the B’-bridge of GG containing a,, a

contradiction. O

An a;-frame A, B in 7 is ideal if A, B is a good frame such that
(i) the union of B-bridges of G not containing A or a; is maximal,
(ii) subject to (i), the union of fat A-B bridges is maximal,

(iii) subject to (ii), the number of non-fat A-B bridges is minimum.
Lemma 2.2.3 Suppose A, B is an ideal ag-frame in . Then all A-B bridges are fat.

Proof. Let M be a non-fat A-B bridge with extreme hands [, r and foot u. Then V(M N
A(l,r)) # 0, to avoid the cut {l, 7, u} in G*. Note that M — u — A(l, r) has a path from
[ to r. Hence, by Lemma 2.1.2, M U A[l,r] — u contains an induced path P from [ to r,
such that M U A[l,r] — u — P is connected with A(l,r) C M U A[l,r] — u — P. Let
A" := Alay,l]U P U Alr, as]. We show that A’, B contradicts the choice of A, B.

Clearly, A’, B is a good frame, and the union of those B-bridges of GG not containing
A or ay is equal to the union of those B-bridges of G not containing A’ or ay. Moreover,
A(l,r) is contained in a non-fat A’- B bridge; otherwise, the union of those fat A’- B bridges
properly contains the union of those fat A-B bridges, a contradiction.

Let M, --- , My, be the A-B bridges such that for each i € [k], M; N A(l,r) # 0,
M; # M. Then k # 0; otherwise, G has at least two disjoint edges from A(l, ) to B (as

G* is 6-connected), which contradicts that A([, r) is contained in a non-fat A’-B bridge.
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Since M;NA(l, 1) # O fori € [k], U,y Mi and A(l, ) are contained in a same non-fat
A’-B bridge; so My, . .., My are non-fat A-B bridges. Now, since M U A[l,r] —u — P is
connected with A(l,r) € M UA[l, r| —u— P, then {J;c; M; and M U A[l, 7] —u— P are
contained in one single A’-B bridge. Hence, the number of non-fat A’- B bridges is strictly

smaller than the number of non-fat A-B bridges, a contradiction. d

Let A, B be a good a;-frame in v, let {dy,--- ,d;} = V(BNA;(B)) with by, dy, - -+, dy,
by on B in order, and let dy = b; and d;,1 = by. Forany ¢ € [t + 1], we let J be the
union of Bld;_1,d;], all the edges between A and B[d;_1, d;], all those A-B bridges M
with M N B C B[d;_1, d;], and all those B-bridges N of G with (A + a;) " N = () and
NN B C B[d;_1,d;]. Letuy, us € V(AN JF), such that ay, uy, ug, ay occur on A in order
with Afuy, us] maximal. Then we say J; = G[V (J; U A[uy, us))] is an A-B connector, and
Uy, uy are the extreme hands of J;. We say that d;_1,d; are the feet of J;. Note that our
definition does not require J; N J; = ) for i # j.

An A-B connector J (with feet vy, vy and extreme hands uy, us) is slim if (J — Afuq, us),
Blvy,v9]) is planar, and each edge of .J with exactly one end in A[u, us] has its other end
in B|vy,vs] (seen at Figure 2.5). Thus, no slim A-B connector contains an A-B bridge. If
J is not a slim connector, we say that .J is a far A-B connector (seen at Figure 2.6).

Ul e 0 U2

V1o e U2

planar

Figure 2.5: A slim connector
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Ule » U9

planar

U1 (%)

Figure 2.6: A fat connector

Lemma 2.2.4 Let A, B be an ideal ay-frame in vy, and J be an A-B connector with feet

v1, Uy and extreme hands uy, us, such that V (J)\{uy, uz, v1,v9} # (. Then

(i) wy # us, there exists a unique j € 2] such that G has an A-B path from B|b;, v;) to

A(uq,uz), and (J — v;, Aluy, us], vs_;) is planar, and

(it) if J is fat then Ng(v;) N V(J —v; — A) € L, for p € [2], where L, denotes the
subpath of the outer walk of (J — v;, Alui, us], vs_;) from w, to vs_; without going

through usz_p,.

Proof. Since V (J)\{u1, uz,v1,vo} # () and G* is 6-connected, then u; # uy and G has an
A-B path from B — B[by, by to A(uy,uy). By Lemma 2.1.7, there exists a unique j € [2]
such that G has an A-B path from B[b;, v;) to A(u,us).

To prove (J — v, Aluq, ug], vs—;) is planar, let 7" be an A-B path from ¢’ € B[b;, v;) to
t € A(uy,ug). If J — v; contains disjoint paths A*, B* from uy, t to us, v5_;, respectively,
then A" := Alay, uJUA*UA[us, as] and B’ := Blb;, t'|UTUB*UBvs_;, bs_;] are disjoint
paths in G — v; — (Ag(B) — B) from ay, b; to as, by, respectively; which contradicts (i)
of Lemma 2.2.2. So assume that such A*, B* do not exist. Then by Theorem 2.1.1, there
exist m > 0 and a set D = {Dy,---,D,,} of pairwise disjoint nonempty subsets of
V(J —v;) — {u1,us,t,vs_;} such that (J — v;, D, uy,t, us, v3_;) is 3-planar. We choose
Dy, ..., Dp, such that (¢, D; is minimal. Then forall p € [m], G[D,UN,_,,;(D,)] does
not have a disk representation with N;_, (D)) occurring on the boundary of the disk (or

else, D, could be chosen to be empty). Obviously, |D,| > 2.
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Note that J — v; — Aluy, usg] is connected. For, otherwise, let C' be a component of
J — v; — Aluy, ug] disjoint from B(v;, vs_;]. Then Ng(C') C V(Afuy, us]) U {v,}. Since
G — A is connected, v; € Ng(C); hence, G[V(C) U Ng(C)] — E(A) is a non-fat A-B
bridge, contradicting Lemma 2.2.3.

If m =0then D = 0, and (J — v;, uy, t, uz, v3_;) is planar; so (J — v;, Aluy, us, v3—_;)
is planar as J — v; — Aluy, us] is connected. Hence, m > 1. Since G* is 6-connected,
for all p € [m], Nj_,,(Dp) U {v;} is not a cut of G separating D,, from other vertices.
So D, N V(A) # 0. Since Dy, N {u1,uz,t,v3_;} = 0, [Ny, (Dp) N Al > 2. Moreover,
since A is an induced path and G[D,UN;_, (D,)] does not have a disk representation with
Nj_y,;(D,) occurring on the boundary of the disk, D, Z V(A). Thus, N;_, (D,) € V(A)
as J — v; — Aluy, up] is connected. So |N;_,,(D,)| = 3 and |N;_,,(D,) N A] = 2.
Moreover, if we let {s1, 52,5} = Nj_,,(D,) such that s ¢ V(A) and uy, 51, 52, uy occur
on A in order, then J — v; has a path D from s to vs_; disjoint from A; or else, there
exists a non-fat A-B bridge with foot v;, or G — A is not connected. Moreover, since G* is
6-connected, G has an A-B path R from 1’ € V(B — Blvy, vs]) tor € V(A(s1,s2)). By
Lemma 2.1.7, " € B[b;, v;).

Let H := G[D, U N;_,,(D,)]. If H contains disjoint paths X', R, from sy, 7 to sy, s,
respectively, then the paths A’ := Alay, s1] U X" U A[sy, as] and B’ := Blb;,r'|URUR; U
D U Blvs_j,bs—;] in G — (Ag(B) — B) — v; from ay, by to as, by, respectively, contradict
Lemma 2.2.2. So such X’ and R; do not exist. By Lemma 2.1.1, there exist n» > 0 and a
set V = {Vi,---,V,} of pairwise disjoint subsets of D, such that (H,V, s1,r, sq,s) is 3-
planar. However, we see that { Dy, -+, D,, }\{D,} U {V1,-- -, V,} contradicts our choice

of {Dy,..., D,,}. This completes the proof of (i).

Next, we prove (ii). Since J contains disjoint paths A[uy, us] and Blvy, vs], Ng(v;) N
V(J —v; —A) # 0. Suppose Ng(v;) NV (J —v; — A) C L, for some p € [2]. Letu €
Nelv;]NV (L), such that u # u,, and L, |u,, u] is minimal. Since (J — v;, A[uy, us], v3—;)

is planar, J — v; — Afuy, ug] is also planar. Let P’ denote the subpath of the outer walk of
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J —v; — Aluy, ug] from w to v3_; with P’ C L,,. Then Ng(v;) NV (J —v; — A) CV(P).
Let B' = B[bj,v;] U {vju} U P’ U B[vs_j,bs_;]. Then A, B’ is a good frame. The union of
those B-bridges of GG not containing A and ag is contained in the union of those B’-bridges
of G not containing A and ay, which forces B = B’ by the choice of A, B. Moreover, by
Lemma 2.2.3 and the planarity of J — v, each edge of .J with exactly one end in Au;, us]

has its other end in Bluvy, vs]; so J is a slim connector, a contradiction. O

2.3 Core frames

In this section, we consider the situation when there is a fat connector for some ideal
frame in 7 (seen at Figure 2.7). The first two lemmas study the structure inside fat con-

nectors, and show that each fat connector has a core in which we can find various disjoint

a1 “ o (12

bl\ ]R %bg
\EZANEPZ N\
N

N /U\l U2
N \ﬁ7
Figure 2.7: An ideal frame with a fat connector
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Lemma 2.3.1 Suppose A, B is an ideal ag-frame in . Let J be a fat A-B connector with

feet vy, vy and extreme hands uy, uy, such that (J — vy, Aluy, us|, vo) is planar, ay,uy, us, as
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occur on A in order, by,v1,v,by occur on B in order, and G has an A-B path from
A(uy,uy) to Blby,v1). Then there exists a separation (H, L) in J of order 4 (we allow

H = J and L consists of uy, us, v and no edges), such that

(i) V(HN L) = {v1,x1, T2, Yy}, U1, T1,Te, uy occur on A in order, vy, s, vy occur on

B in order, Alxy,x5] U Blvy,y2] C H, and {uy,us, v} C V(L);

(ii) (L — A, Blya,vs], v1) is planar, and each edge of L with exactly one end in A has its
other end in V (Blya, ve]) U {v1 };

(iii) (H — vy, Alxq, 22|, y2) is planar, H — vy — Alxy, x5 is connected, x1ys,x2ys ¢
E(H), H — A(xy1,15) — {vix1, 1122} contains disjoint paths from vy, ys to 1, T,
respectively, and disjoint paths from vy, ys to T4, x1, respectively, and V (X; N X3) =
{y2} and Ng(v1) NV (H — A) € V(X;) fori € [2], where X, is the path from x; to

Yo on the outer walk of H — vy without going through vs_;.

Proof. Note that by Lemma 2.2.4, if we take H = J and let L consist of u, us, v and no
edges, then (H, L) satisfies (i) and (ii) (with z; = wu; for i € [2] and y, = v3). Hence, we
choose (H, L) satisfying (i) and (ii) and, subject to this, H is minimal. We show that (iii)
holds.

Since (J — vy, Aluy, us), ve) is planar, (H — vy, A[z1, 23], y2) is planar. Note that H —
vy — Alxy, x9] is connected; for otherwise, let C' be a component of H — v; — Az, 25 not
containing ¥, which is also a component of J — v; — Afuy, us]. Then either it contradicts
the definition of frame that G — A is connected, or it contradicts Lemma 2.2.3 that all A-B
bridges are fat. By the minimality of H, we see that x1ys, T2y ¢ E(H).

For + = 1,2, let X; denote the path in the outer walk of H — v; from g5 to x; not
containing z3_;. Then V' (X; N X5) = {y2}. For, otherwise, H has a separation (H;, H>)
such that |V (H, N Hs)| = 1, yo € V(H; — Hs), and Alxy, 23] C Hs. Since G* is 6-
connected, V(H; — Hs) = {y2}. Let y5, € V(H; — yo). Now it is easy to check that the

separation (H — y», G[L + y5]) contradicts the choice of (H, L) (that H is minimal).
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Next we show that Ng(v;) N V(H — A) € V(X;) fori = 1,2. For, suppose this is
false and, by symmetry, that Ng(v;) NV (H — A) C V(Xs). Let y, € Ng(v1) NV (Xy)
with X[y}, yo] minimal. Let B’ denote the path in the outer walk of H — A from ¢} to y
not containing Xs[y5, y2]. We could choose B so that B’ C B. However, this shows that ./
is not fat, a contradiction.

It remains to show that for j € [2], H — A(xy,z3) — {v121,v122} contains disjoint
paths from vy, ¥y, to x3_;, x;, respectively. For, otherwise, we may assume by symmetry
that H — A(xy,22) — {vi21, v122} does not have disjoint paths from vy, ys to 1, xo, re-
spectively. Hence, H — A(xy,z5) — X5 — {v121, v122} has no path from v; to 1. Since
(H — vy, Alxy, 25, Xo, X7) is planar, there exist 2] € V(A(xq,22)), yy € V(X3), and
a 2-separation (Hy, Hy) in H — vy such that V(Hy N Hy) = {2,945}, ©1,y2 € V(Hy),
Alx, x9] C Hay, and Ng(vy) NV(H) C V(Hy U Alzy, 23] U X5). Then we see that the
separation (Hs, G[Hy U L]) of J contradicts the choice of (H, L). O

With the notation in Lemma 2.3.1, we say that H is an A-B core or a core of the fat
connector J. Moreover, we say that x|, o are the extreme hands of H, vy, y, are the feet
of H, and ys is the main foot of H. For convenience, we write y; := v;. By symmetry, we
may always assume that ay, 1, T2, as occur on A in order, and that by, y1, ¥, by occur on B
in order. Note that y; € V(Ay(B)) and G has a path from a, to y; internally disjoint from
B. Fori € [2], let 2 € V(A(xy,22)) such that x}, x; are incident with some finite face of
H — vy, and H — y; has a path from z, to y, and internally disjoint from A. And fori € [2],
let X/ be the path from y, to 2, on the outer walk of H — {y;, z;} without going through

Tr3—;-

Lemma 2.3.2 Suppose A, B is an ideal ag-frame, and H is an A-B core with extreme
hands x, x5 and feet vy, ys, where 1o is the main foot. Then the degree of vy in H — 1 is

at least 2 and, for i € 2],

V(Xi(zi,y2))| > 1and V(X; N X, ;) = {y2}. Moreover, if,
for some i € [2], H does not contain disjoint paths from y,, ys to x;, x45_,, respectively, and

internally disjoint from A, then the following are true:
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(i) No finite face of H — v, is incident with both y, and a vertex of A(x1, x2).

(ii) Foranyv € Ng(y1)NV (H) withv ¢ X ,UA(z;, v3-;], there exist ¢y € A(x;, 2_;)
and co € X;_,(xh_,,ya), such that {cy,co} is a cut in H — {y1, x3_;} separating v
from x;, and there exist internally disjoint paths from v to c1,ce in H — {y1,x3_;},

respectively, which are internally disjoint from X}_, U Alx;, z%_,].

(iii) H has disjoint paths from y,,ys to x3_;, x}, respectively, and internally disjoint from

A.

Proof. By Lemma 2.3.1, V(X; N X3) = {y2} and z1yo, x2y> ¢ E(H); so the degree of
yo in H — yy is at least 2 and |V (X;(z;,92))| > 1. Moreover, V(X; N X}_,) = {y2} for
i € [2]; for, suppose there exists ¢ € V(X; N X% ;) — {ya}, then {c, y1, v, 23—} is a cut in
G separating V' (X3_;) from {ag, a1, as, by, b}, a contradiction.

By symmetry, we may assume that H does not contain disjoint paths from v, y> to

x1, Th, respectively, that are internally disjoint from A.

To prove (i), suppose there exists vy € V(A(x1,z2)) such that vy, y, are incident with
some finite face in H — y;. Since (H — y;, A[z1, x2], y2) is planar, H — y; has a separation
(Hy, Hy) such that V(H; N Hy) = {y2,v0}, X1 C Hy, and Xy C Hy. Now, we further
choose vy so that H; is minimal.

Now, we see that H, contains a path P, from y, to x5, and internally disjoint from A;
for otherwise, V (Hy N A) = {3} and, hence, {y1, y2, 22} is a cut in G* separating V' (X3)
from {ag, a, as, by, ba}, a contradiction.

Now, let P, be the path from y; to 21 in H—V (A(x1, x2])U{ys} (by (iii) of Lemma 2.3.1).
Since vg # x1, V(P N Hy) = (), and so V(P; N P,) = (). However, the existence of Py, Ps
contradicts that H does not contain disjoint paths from v, y> to x1, x5, respectively, and

internally disjoint from A. This completes the proof of (i).

To prove (ii), let v € Ng(y1) N V(H) such that v ¢ X, U A(zy,x5]. Since (H —

{1, 22}, Alxy, b)) U Xi[2), yo]) is planar and H — y; — A(z1, x2] U X, does not have a
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path from v to xy, there exist c1,co € V(A(z1, 5] U X)) such that {cy, 2} is a cut in
H — {y1, x5} separating v from 1. We may assume ¢y, ¢ occur on A(xy, x5 U Xi[xh, yo]
in order.

Note that ¢; ¢ V (X)), to avoid the cut {c1, c2, y1, 2} in G*. Moreover, co ¢ A(z), ya);
orelse, H — V(A) U {y, } is not connected, contradicting (iii) of Lemma 2.3.1.

We choose ¢, ¢y such that Afcy, 2] and X}[x}, co] are minimal. Then H — {y;, 22}
contains internally disjoint paths from v to ¢y, co, respectively, and internally disjoint from

AU X/. Moreover, by (i), ¢a # yo. This completes the proof of (ii).

To prove (iii), observe that V' (X|NX}) = {y2}. For otherwise, let c € V(X]NX}) with
¢ # yo. Since ys has degree at least 2 in H — y; and 1y, xoye ¢ E(H), {x1, 22, ¥1, Y2, ¢}
is a cut in G* separating V(X U X3) from {ayg, a1, as, by, bo }, a contradiction.

Now, let ug € V(X3N XY%) such that X;[xo, us] is minimal. Moreover, let v € Ng(y1) N
V(H —A). Ifv e V(X)) then let P, = v = ¢o; and if v ¢ V(XY) then by (ii), there exist
c1 € V(A(xy,2h)) and ¢ € V(X5(2h,y2)), such that {c1, 0} is acutin H — {y1, 2}
separating v from z, and there exists a path P, from v to ¢y in H — {y1, 22}, which is
internally disjoint from X/, U A[zy, 25]. Since V(X{NX}) = O and (H —y1, Az, 22] U X))
is planar, P, is disjoint from X|. Now, X/ and y;vU P, U X/ [ca, us] U Xa[us, x5] are disjoint

paths from ys, y; to &, xo, respectively, in H, which are internally disjoint from A. a

The next lemma describes interactions between cores from different connectors and
finds a path B’ so that A, B’ is a good frame in  which will eventually be used to form a

special frame A’, B’ in .
Lemma 2.3.3 Let A, B be an ideal ay-frame in vy, and let H?, j € [m], be the A-B cores
in v such that H7 has extreme hands x’, ) and feet il , . Then

(i) for any distincti,j € [m), Az}, 23] C Alxl, 23] or Al2], )] C Alz?, 23],

(i) for any j € [m], H? — Alxy, xy) has a path P; from y] to yj such that |V (P;)| > 3,

HI — P; is connected, and P; is induced in G — 1y},
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(iii) A, B' is a good ag-frame and Ay(B') = Ao(B), where B’ is obtained from B by

replacing Byl y3] with the path P; in (ii) for j € [m], and

) wit as the grapn ovtained from y deleting the component of G— D" containing

(iv) with Gy, as th h obtained G by deleting th G-B ni
A, (G, a9, by, B', by) is planar and, for any v € B'(y],v}), the degree of v in G} is
2.

Proof. To prove (i), assume for some distinct 7, j € [m] with i # j, we have A[z}, 23] €

Al 2}], and A[z],x}] ¢ Alz}, x5]. Without loss of generality, let by, i, yb, 1, 3, b

occur on B in this order, and ay, 2%, 73, as occur on A in this order with 2%, 2] € A(x}, x3).

By Lemma 2.3.1, H* — A(z}, x%) has two disjoint A-B paths Py, P, from yi, y5 to z%, '},
respectively, and H? — A(z], 23) has two disjoint A-B paths Pj, Py from 17,13 to @, 27,
respectively. Therefore, P;, P,, P;, P, form a double cross in A, B, a contradiction.

For (ii), let j € [m]. Since H’ is a core, HY — 4y} — A has a path T} from %] to yj. So
by Lemma 2.1.2, H’ — y}y} has an induced path P; from ¢/} to v} such that H7 —yly) — P;
is connected and A2}, 23] C H7 — yly) — P;.

To see (iii), we observe that Ay(B’), the B’-bridge of G containing ay, is the same as,
Ap(B), the B-bridge of GG containing aq. So A, B’ is also a good ag-frame.

To prove (iv), let C' denote the component of G — B’ containing A; so Gy = G — C.
By Lemma 2.1.6, (Ao(B’), ag, b1, B, by) is planar. Thus, to show that (Gj,, ao, b1, B, b) is
planar, it suffices to show that for any A-B connector J with feet vy, vy, (J — C, B'[vy, v9])
is planar. This is clear when .J is a slim connector. So assume .J is a fat connector. Then .J
has a separation (H, L) satisfying (i), (ii), and (iii) of Lemma 2.3.1. By (ii) of Lemma 2.3.1,
(L— A, B'N L) is planar. Since H — B’ C C, we see that (J — C, B'[v, v5]) is planar.

Moreover, for any v € B'(y], 1), since B'[y], )] is a path in the core H7, then, com-

bined with (ii) that P; is induced in G — y,y», the degree of v in G, is exactly 2. O

In the remaining parts of this section, suppose A, B is an ideal frame in v. By (i) of

Lemma 2.3.3, there exists an A-B core H with extreme hands x1, x5 and feet y;, yo (- as
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the main foot), which is also an A-B’ core, such that for any core H’ with extreme hands
z], 23, we have A[x), 2] C Alzy, x2). We call such a core H a main A-B’ core or a main
A-B core. We also use B’ to denote the path in (iii) of Lemma 2.3.3 and G, to denote the
graph in (iv) of Lemma 2.3.3. By (iii) of Lemma 2.3.2, for i € [2], we let P, ;, P»3_; be
disjoint paths in H — A(z, x2) from xq, x5 to y;, y3_;, respectively.

We consider the structure of G outside H. Let r; € V(B'[b1,y1)), such that B'[by,r;)
contains no foot of A-B’ cores in vy, G has no A-B’ path from A(xy,x2) to B'[by,71), and
subject to these conditions, B’[by, 1] is maximal. Then G has a path R; from 7, to some
r € V(A(zy,x2)) and internally disjoint from A such that Ry = r1r or R; is contained in
some A-B’ core H' with r; as a foot and does not contain the other foot of H’.

For notational convenience, we let t; := ry and ¢, := y,. We derive useful structure of

G outside A[fL’l, .I‘Q] U B/[tl, tQ]

Lemma 2.3.4 G has no A-B’' path from A(xy,x5) to B' — B'[ty,ts] or from B'(t1,t5) to
A— A[l‘l, ZEQ].

Proof. By the maximality of B’[b;, 7], G has no A-B’ path from A(zy,z5) to B'[by, t;).
Since no double cross exists in A, B (by Lemma 2.1.7), G has no A-B’ path from A(xy, z5)
to B'(t2, by]. Moreover, G has no A-B’ path from B'(t1, t2) to Alay, x1)UA(z2, as]; to avoid

forming a double cross in A, B with R, and one of { Py 5, P 1},{ P11, P2}. O
Lemma 2.3.5 Let es = agbg, es = agzby € E(G) with as, a4 € V(A) and b3, by € V(B/)

(i) If for some i € [2], az € V(Ala;,x;)), b3 € V(B'[ta, b)), as € V(A(as,z;)),
and by € V(B'[by,t1)), then Gy has a 3-cut {ay, ), b} with by, € B'[by, by and

by € B'[ta, bs], which separates B'[b}, ] from {ag, by, bs} in GY,.

(ii) If for some i € [2], a3 € V(Ala;,z;)), bs € V(B'(by,t1]), ays € V(A(as, z;]), and
by € V(B'(t2, ba]), then one of the following holds:
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(a) G{ has a 3-cut {aj, b, b} with b € B'[bs,t1] and by € B'[by, bs], which sepa-
rates B'[b}, by from {ag, b1, by} in Gy,

(b) G{, has a 2-cut {y,,by} with b, € B'[by,bs], which separates B'[y,, by from
{(lo, bl, bg} lI’L G6

(iii) If az € V(Alay,21]), ays € V(A|xe,as]), and bz, by € V(B'(b1,t1)), then G}, has a
3-cut {af), b}, by} with b, € B'[bs, by] and by € B'[ts, by, which separates B'[b}, b}

from {ag, by, by} in Gy,

(iv) If a3 € V(Ala1, x1]), ag € V(A[z2, as]), and bs, by € V(B'(t2,by)), then one of the

following holds:

(a) G{ has a 3-cut {aj, b, b} with b} € B'[by,t1] and by € B'[bs, by, which sepa-
rates B'[l}, by from {ao, by, b2} in Gi;

(b) G{, has a 2-cut {y,,b,} with b, € B'[bs,bs|, which separates B'[y,, by from
{(10, bl, bg} in G6

Proof. Suppose (i) fails. Then, since (G}, ag, by, B, by) is planar and y, is the main foot
of H, there exist disjoint paths B, Aj, in G, — (B'[b1, bs] U B'[ys, bs]) from by, ag to yy, 1,
respectively. Now, Ala;, as|Ues U B'[ys, b3|U Ps_; s UA(x;, as—;]U Ry U Ay and B'[by, by]U
eqs U Alay, z;) U P U BY show that v is feasible, a contradiction.

Now suppose (ii) fails. Then, since (Gj, ag, by, B’,by) is planar and y» is the main
foot of H, G, — (B'[bs, 1] U B'[bs, b2]) contains two disjoint paths B}, Aj from by, ag to
Y1, Y2, respectively. Now Ala;, as] U es U B'[bs, 1] U Ry U A(x;,a3—;] U Ps_; 2 U Aj and
By U P, U Alay, z;] U eq U B'[by, bo] show that  is feasible, a contradiction.

If (iui) fails then, since (G, ag, b1, B',be) is planar and y, is the main foot of H,
Gy — (B'[bs, bs] U B'[ts, bs]) has disjoint paths B}, Aj from by, ag to 71,31, respectively.
Moreover, by Lemma 2.3.2, for some p € [2], H contains disjoint paths Y7, Y5 from Tp, xg_p
to Y1, Y2, respectively. Thus, Alai, z1] U ez U B'[bs, by] U eq U Alxg, a] U'Y; U Af and

B U Ry U A(xy,22) UYy U B'[ta, by show that 7 is feasible, a contradiction.
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Finally, suppose (iv) fails. Then, since (Gj, ag, b1, B’, b2) is planar and y5 is the main
foot of H, G, — (B'[by,11] U B'[bs, by]) has disjoint paths B), A} from by, ag to ya, y1,
respectively. Thus, Afay, z1] U e U B'[bs, by] U ey U Alza, as] UY; U Aj and B'[by, | U

Ry U A(xy, z5) U Y, U B show that 7 is feasible, a contradiction. O

Lemma 2.3.6 G|, does not have 3-cuts {ag, b}, ba} and {ag, by, b} with by € V(B'(by,t1])
and by € V(B'[ta,be)) such that {ay, b}, bs} separates B'[b},bs] from {ag, by, by} and

{ag, by, by} separates B'[by, by] from {ag, by, ba}.

Proof. For, suppose both 3-cuts exist. We choose {aj, b}, ba} with B’[by, b}] minimal, and
choose {a(, by, by} with B’[b], bs] minimal. Then, since Gj, has a path from «a, to y; and

internally disjoint from B’, it follows from Lemma 2.1.8 that
(1) (ii) or (iii) or (iv) of Lemma 2.1.8 holds (and so ¢(A, B") > 1).

By the minimality of B[b,, b|] and B[}, bs], it follows from (1) and planarity of (G, ao,
bl, B,, b2) that

(2) Gy — B'(by, b)) — B'(by, ba) has disjoint paths B}, By, Aj from by, by, ag to by, b5, y1,

respectively, which are internally disjoint from B’.

Also by the minimality of B[by,b]] and B[b}, by], it follows from (iii) and (iv) of

Lemma 2.3.5 and Lemmas 2.1.8 and 2.1.9 that

(3) G hasno edge from B’(by, b)) to Alay, z1] or no edge from B’(by, b)) to A[zs, as]; and

G has no edge from B’(bj, by) to Alay, z1] or no edge from B'(by, by) to Az, as).
Next, we claim that
4) a(A, B < 1.

For, suppose «(A, B’) = 2. Then, by (1), ag = a;, = ag; so ¢(A, B') > 2. For convenience,

let s; := 0} and sy := bjj. Now, since a(A, B') = 2, G}, has a path A} (for each i € [2])
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from ag to b; and internally disjoint from B’. Hence, since G* is 6-connected, B'(b;, s;) # ()
fori € [2].

We claim that there do not exist e = ab, €’ = a'l/ € E(G), such that for some ¢ € [2],
a,a’ € Ala;,x;), b € B'[by,s1), and b/ € B'(sg,by]. For, otherwise, (A, B') = 2 and
¢(A, B") = 0 by Lemma 2.2.1, because of the path B'[b;,b] Ue U Ala,a’] U e’ U B[V, by]
from b; to by, the path By U B'[b}, ] U Ry U Alz;, x3_;) U P, 2 U B'[ys, by] U Bj from by
to bo, and the path Aj U P3_; 1 U A[zs_;, as—;] from ag to as—,. This is a contradiction.

Since G* is 6-connected, G has at least three pairwise disjoint edges from B’(b;, s;) (for
each i € [2]) to Alay, x1] U A[za, as]. By (3), for each i € [2], we may assume for some
J € [2], G has no edge from B'(b;, s;) to Ala;, z;]. Now, by symmetry, we assume G has
no edge from B'(by, s1) to Alzs, as].

By Lemma 2.1.7, G has no cross from Alaq, z1] to B'(by,s1). So, let f; = w;v; for
i € [3] be pairwise disjoint edges of G with u; € Alay,z1] and v; € B’(by, s1), such that
a1, Ui, Us, Uz, ag occur on A in order, and by, vy, v3, V9, by occur on B’ in order. We choose
f1, f2 so that Aluy, ug| U B'[vq, v9] is maximal.

Then G has no edge from B’(sq,bs) to Alay,x;]. For otherwise, G has no edge from
B'(sg,b9) to Alxs, as] and, hence, has at least three pairwise disjoint edges from B’(ss, bs)
to Alay, x1]. Therefore, G has an edge from A(ay, x;) to B'(sz, bs), which together with f3
contradicts our claim above.

Thus, G has three pairwise disjoint edges from B’(sg, by) to A[za, as]. Since G has no
cross from A[xs, as] to B'(sg,by) (by Lemma 2.1.7), we let f; = u;v; for j € {4,5,6} be
pairwise disjoint edges of G with u; € A[z, as] and v; € B'(s9, by), such that ay, wg, ug, us,
as occur on A in order, and by, vy, vg, V5, by occur on B’ in order. Choose f4, f5 so that
Alug, us) U B'[vg, vs] is maximal.

Now by the maximality of A[uy, us], G has an edge f7 = uyv; with uy € A(uq, us) and
vy € B'[ty, bo], to avoid the cut {uy, us, by, $1,a0} in G*. Similarly, by the maximality of

Aluy, us|, G has an edge fs = ugvg with ug € A(uy,us) and vy € B'[by, t1]. Now, by the
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claim above, v; € B'[ty, so] and vg € B'[s1,t1]. Hence, fs, f4, f7, fs form a double cross,
contradicting Lemma 2.1.7. O

For i € [2], let a € V(A[a;, z;]) with Ala;, ;] minimal such that o] = z; or G has an
edge from a; to B'(b}, by). Then G has an edge e, = asby with ay € A(a}, x1) U Alz,, a))
and by € Bl[by,b)); for, otherwise, {ag, a, a}, b}, by} would be a 5-cut in G* separating H

from {ag, a1, as, by, b2}, a contradiction. By symmetry, we may assume
(5) a4 € A(a}, x1].

Let e3 = asbs € E(G) with ag = (1/1 and b3 € B/(b/l, tl] U B/[tg, b2) Since eg3, e4 and

the paths in H do not form a double cross (by Lemma 2.1.7), we have
(6) by € B[ty bs).

Lete = ab € E(G) witha € Alay, az) and b € B'[bs, bs], such that B[b, bs] is minimal,
and subject to this, Afa;, a] is minimal. Further, let ¢’ = a't/ € E(G) with @’ € Alay, a4

and O’ € B’[by, by], such that B'[b;, b'] is minimal, and subject to this, Ala;,a’] is minimal.

Similarly, for each i € [2], let a! € V(A[a;,x;]) with Ala;, a?] minimal such that
a! = z; or G has an edge from a to B'(by, by). Since G* is 6-connected, there exist j € [2]
and e = aghs € E(G) such that as € A(aj, ;] and bs € B'(by, bo]. Since aj # xj,

it follows from Lemma 2.1.7 that there exists e5 = asb; € E(G) such that a5 = af and

bs € B/(bl,tl].
(7) be B(b,by).

For, otherwise, b ¢ B’(b3,by]. Then, j = 2 and ag € A|xs, a}) by the choice of e. Hence,
bs € B'[by, by] to avoid the double cross e3, e4, €5, €. So bs = by by (3), a contradiction to

bs € B'(by, ). O

If @’ # z; then o(A, B') = 2 by Lemma 2.2.1 and the following paths: the path

Alay,d'] U e U B'[by,b] from a; to by, the path A[a;,a] U e U B'[b, by] from a; to bs, the
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path BY U B'[b},r1] U Ry U A1, 22) U Py 2 U B[y, b3] U B; from by to be, and the path
A5 U Pay U Alxg, as) from ag to az. This contradicts (4).

So a’ = z;. Hence, by the choice of ¢’ and Lemma 2.1.7, G has no edge from Afa;, 1)
to B'[by,t1]. Thus, G has an edge from a; to B'[ty, by]. So by the choice of e and by
Lemma 2.1.7, a = a; and, hence, b # b,.

We claim ag € A[xq,ay). For, otherwise, ag € A(a},z1]. Then as € Alay,zy).
Now, e;5 contradicts the choice of €/, or e5, €/, P, 5, P, ; form a double cross, contradicting
Lemma 2.1.7.

Thus, by (3), bg = bs. Moreover, b5 € B’[by, V] to avoid the double cross e, €, es, €.

Now, by (3), we may further assume b5 = by, a contradiction to b5 € B’(by, t1]. ]

Lemma 2.3.7 Let {a{, V|, b5} be a cut in G, separating B'[b},b,| from {ag, by, by}, with
by € B'lby,t1] and by € Blta, by]. Then b} = by, by # by, ay = ag, Y1 is a cut vertex in G|,
separating by from {ag, b1}, by has degree 1 in G|, and for some p € (2|, G has an edge

from by to x,, and no edge from by to A — x,,

Proof. Fori € [2], let a] € V(Ala;, x;]) with Ala;, a;] minimal such that a; = z; or G has
an edge from a to B'(b}, b,). Since G* is 6-connected, there exist ¢, j € [2] such that G
has an edge e, = a4by with a4 € A(a}, x;] and by € B'[b;, b;) By symmetry, assume i = 1.
Then a # x; and let e3 = azbs € E(G) such that a3 = a) and by € B’ (b}, t1] U B'[t, b}).
Now b3 € B'[t3_;,b5_ j), to avoid the double cross formed by es, e4 and two paths in H (by
Lemma 2.1.7).

First, we show that
(1) by = by.

For, suppose b # b;. Choose the 3-cut {ay, b, b5} with O} # by, such that B[b), by] is
minimal and, subject to this, B[by, b}] is minimal.
Observe that by € B[b;,b}). For, otherwise, by € B(b,,bs]. Then by € B(b},1].

Now, by Lemma 2.1.9 and (ii) of Lemma 2.3.5, G{, has a 3-cut contradicting the choice of
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[, b, By}

Then b3 € B'[to,b),). Hence, because of es, ey, it follows from (i) of Lemma 2.3.5 that
Gy has a 3-cut {ag,b], b5} with b € B’[by, by and b € B'[ty, bs], separating B'[b], b}
from {ao, b1, b2 }. By Lemma 2.1.8 and the choice of {ay, b, b5}, we have b} = b;.

By Lemma 2.3.6, b}, # by,. Hence, by Lemma 2.1.8, there exists a; € V(Gj), such
that {b, b}, a5} is a 3-cut in G, separating {ao, b1, b2} from B'[b],b,]. For i € [2], let
al! € Ala;,x;] with Ala;, o] minimal such that o/ = x; or G has an edge from a} to
B'(b], b).

Since G* is 6-connected, there exist k € [2] and e5 = azb; € E(G) with as € A(aj, xx]
and b5 € B'(,, by]. Let es = agbs € E(G) with ag = a, and bg € B'(b],t1] U B'[t2,1}).
Then bg € B'(b/,t1], to avoid the double cross formed by es, e and two paths in H.
Because of e; and eg, it follows from (ii) of Lemma 2.3.5 and the choice of {ay, b, b}
that G, has a 2-cut {y, b5} with b5 € B'[bs, bs], separating B'[yy, b5] from {ayg, b, b2 }. But
then, by Lemma 2.1.9, {y1, b5} and {aj, b],b,} force a 3-cut in Gj,, which contradicts the

choice of {af, b}, b5}. O

Since G* is 6-connected, it follows from (1) that by # b5,. We choose {ay, b}, b, } so that
Blbs, by is minimal. Then, by (1) and (i) of Lemma 2.3.5, G}, has a 2-cut {y, b5} with
by € B'[by, by, separating B'[y, by] from {ao, by, by}

Moreover, by = by; for, otherwise, by Lemma 2.1.9, {y;, b5} and {ay, b}, )} force a
3-cut in Gy, which contradicts the choice of {ag, b}, b,}. Hence, y; is a cut vertex in G,
separating b, from {ag, b; } and a(A, B’) < 1. And (for any choice of {ay, b}, b, },) af, = ao;
or else, since y; is a cut vertex in G, separating b from {ag, by }, {b1, ay, by, ba} is a cut in
G separating ag from {a;, as}, a contradiction.

So by (1), Gy — B'(b1,t,) U B'(y1, by] has disjoint paths B}, A; from by, ag to t1, yi,
respectively, such that Aj is internally disjoint from B’. By the choice of {aj, b}, 0,},

Gy — B'(b), by) has a path B from b, to bf,.

(2) For i € [2], if G has an edge from B’(b),, by] to Ala;, z;), then G has no edge from
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A[(li, ZL‘Z) to B/[bl, tl)

For, suppose for some ¢ € [2], G has an edge e from b € B'(b}, bs] to a € Ala;, x;) and an
edge € from o’ € Ala;, z;) tot/ € B'[by,1;).

Then, a(A, B') = 2, by Lemma 2.2.1 and the following paths: Ala;,a’| Ue' U B'[by, V]
from a; to by, the path Ala;, a] UeU B’[b, by] from a; to bs, the path Bf U Ry U Alx;, x3_;) U
P, 5 U B; from b; to by, and the path A5 U Ps_; 1 U A[zs_;, ag_;] from ag to as_;. This is a

contradiction. O
(3) B'(bl,by) = (), and so b has degree 1 in GY,.

For, suppose B’'(b),,by) # (. Then, as G* is 6-connected, G has edges from B’(b}, by) to
Alay, x1) U Alza, as).

Indeed, G has an edge e3 from B’(b,, by) to Alay, x1], and an edge ey from B’(b, by)
to Alzy, as]. For otherwise, there exists i € [2], such that all edges of G from B’(b), by)
to A end in Ala;, z;]. Let uy,us € V(Ala;, z4]), such that G has edges from B’(b}, by) to
u1, ug, respectively, and, subject to this, Afu;,us] is maximal. Now, by Lemma 2.1.7, G
has no edge from A(uy, us) to B'[t, b,). Moreover, by (2), G has no edge from A(uy, us)
to B'[by, t1). But then, {¢1, uy, us, b, bo} is a cut in G separating V' (Afuy, us] U B'[bl, bs))
from {ao, ai, az, by, b2}, a contradiction.

Now Alay, x1|UesUB’ (b, bo)UegsUA[xo, as] UY1UAS and B'[by, r1]U Ry U A(21, 9)U

Yy U B'[ye, b] U B show that ~ is feasible, a contradiction. O
(4) G has no edge from by to Alay, x1) U A(za, as).

Suppose for some i € [2], G has an edge e from by to a € Ala;, x;). Let e’ = a0’ € E(QG)
with b’ # t;. Obviously, b’ ¢ B'[ty, by); otherwise, e, €’ and two disjoint paths in H force a
double cross, contradicting Lemma 2.1.7.

So b € Blb,t1). Now (A, B') = 2 by Lemma 2.2.1 and the following paths: the

path ¢/ U B'[by, V'] from a; to by, the path Afa;,a] U e from a; to by, the path B} U R, U
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A[l’i, Ig_i) U R,Q U B/[yg, bg] from b1 to bg, and the path AS U Pg_z‘71 @) A[I‘g_i, a,g_i] from

ap to as_;. However, this is a contradiction. O

Now, since the degree of b, in G is at least 2, it follows from (4) that G has an edge from
by to x,, for some p € [2]. If G has no edge from b, to z3_, then we are done. So assume
bax1,boxy € E(G). Then a; # 7 and as # x2. Now, by Lemma 2.1.7, G has no edge
from {ay,as} to B'[ty, by). Since G* is 6-connected, G has edges ey, es from B’(by,t1) to
ay, as, respectively. But then, it follows from (iii) of Lemma 2.3.5 that G}, contains a 3-cut,

which contradicts (1). O
Lemma 2.3.8 H is the unique main A-B’ core in 7.

Proof. Suppose for a contradiction that H” is a main A-B’ core with H” # H, and let
wy, ws be the feet of H” (with wy as the main foot). Then, by Lemma 2.1.7, wy = r; and
by, wa, w1, Y1, Yo, by occur on B’ in order.

Recall the definition of z}, X/ before Lemma 2.3.2. Fori € [2], let 2/ € V(A(z1,x))
such that z/, x; are incident with some finite face of H” —w;, and H” — w; has a path from
x! to wy and internally disjoint from A. So for i € [2], let X be the path from w, to 2/ on
the outer walk of H” — {wy, x;} without going through z3_;, and, moreover, let X* be the
path from x; to w, on the outer walk of H” — w; without going through x3_,;. And let A
be a path in G from q to y; and internally disjoint from B’.

Suppose H contains disjoint paths from y;, y> to xo, x), respectively, and internally
disjoint from A, as well as disjoint paths from v, y> to x1, x5, respectively, and internally
disjoint from A. Then, by Lemma 2.1.7, for any i € [2], H” does not contain disjoint paths
from wy, ws to x;, x%_,, respectively, and internally disjoint from A. This contradicts (iii)
of Lemma 2.3.2.

Hence, by symmetry, we may assume that /7 contains no disjoint paths from vy, y» to
x1, xh, respectively, and internally disjoint from A. Then by Lemma 2.3.2, H contains

disjoint paths Y/, Y] from v, y, to xo, 2, respectively, and internally disjoint from A.
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Then by Lemma 2.1.7 and 2.3.2, we may further assume H” contains disjoint paths
Y/, Y] from wy, ws to x4, 27, respectively, and internally disjoint from A, but no disjoint
paths from wy, ws to xq, 5, respectively, and internally disjoint from A. Moreover, by
(i) of Lemma 2.3.2, H — {y1,y2} U V(A(z1,22)) contains a path D’ from z; to 5, and

H" — {wy,wy} UV (A(x1, 25)) contains a path D” from z; to z5.
(1) There is no A-B’ path in G from A(z1,z5) to B (wy,y1).

For, suppose that P is an A-B’ path from p € V(A(xy,x2)) to p’ € V(B'(wy,y1)). Then
G}y, — B'(wy,w;) — B[y, by] does not contain disjoint paths B}, A% from by, aq to p', y1,
respectively; otherwise, Alay, x1]U D" U A[xy, as] UY] U Af and Bf UPU A(xq, x2) UY5 U
B'lya, by show that 7 is feasible, a contradiction. Hence, there exists w’ € V(B'(ws, w)),
ay, € V(Gy), and by € V(B'[yz,bs]), such that {w', ay, by} is a 3-cut in G, separating
B'[w', by] from {ag, by, by }.

Now b; = w,. For, suppose not. Since wy, ws are feet of H”, wy, ws are incident with
some finite face of Gf,. Therefore, {w,, af, b5} is a 3-cut in G}, separating B'[ws, by] from
{ag, b1, b2}, a contradiction to Lemma 2.3.7. Similarly, by the symmetry between H and
H", we can also prove by = .

Now, since by, € V(B'[ya, ba]), by = ba. So afy = ag; or else, {by, aj, by} is a 3-cut in G,
separating ag from B’(by, bs), a contradiction. Then ag, by, w’, w; are incident with some
finite face of Gj,. Similarly, by the symmetry between H and H", ag, by, y; are incident
with some finite face of G{,, which implies a(A, B') = 0.

By Lemma 2.3.2, V(XJ N X}) — {ws} = 0. Now a(A, B’) > 1 by Lemma 2.2.1 and
the following paths: the path AgUY{ U A[z2, as] from ag to as, the path XJ U A(z1, 22) UYy

from b; to by, and the path Afa;, x1] U X from a; to b;. This is a contradiction. O
(2) a; = I and Ao = T9.

Recall that for i € [2], P, ; and P»35_; are disjoint paths from x;, x5 to y;, y3_;, respectively,
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in H — A(xy,x9). Fori € [2], let @1, Q23-; be disjoint paths from 1, x5 to w;, ws_;,
respectively, in H” — A(xq, z5).

We claim that for ¢ € [2], G has no edge from A[a;, z;) to B’(by, ws]. For, suppose
there exists ¢ = da'l/ € E(G) with @’ € Ala;, x;) and b’ € B’(by,ws]. Then by # ws.
By Lemma 2.3.7, Gy — B'[V/, wo| — B'[y2, b contains disjoint paths B}, A} from by, ag to
wy, Y1, respectively. Now Aa;, a'| U e’ U B[V, ws] U Q3_;0 U Alxs_i, as_;] U Ps_;1 U A
and B} U Q;1 U P, 5 U B'[ys, by] show that 7 is feasible, a contradiction.

Due to the symmetry between H and H”, with the same argument above, we can
show that for i € [2], G has no edge from Ala;, z;) to B'[y, bsy). Thus, (2) follows from

Lemma 2.3.4 and the assumption that G* is 6-connected. O

(3) H” — X} U X contains a path Q)" from w; to A(x1,x9); and H — X; U X, contains

a path @ from y; to A(xq, 7).

By the symmetry between H and H”, we only prove the existence of ()”. Suppose for a
contradiction that )" does not exist.

We see that (Ng(wq) N V(H")) C V(XY U A(xq,x2]). For, otherwise, by (ii) of
Lemma 2.3.2, there exists v” € Ng(wy) NV (H"), ¢ € A(xy,275), and ¢ € X (ah, ws),
such that v ¢ X7 U A(xy, xs), {c],cy} isacutin H” — {wy, 2} separating v from z,
and there exists a path P}’ from v” to ¢{ in H” — w; — x5, which is internally disjoint from
XY U Alxy, 24]. But then, wiv” U P/ is a path from w; to A(zy,2z2) in H” — X7 U X3, a
contradiction.

Now, since Q” does not exist, combined with (N (w,)NV (H")) C V(X§UA(x1, x9]),
we may further assume (Ng(wy) NV (H”)) C V(X}), contradicting (ii7) of Lemma 2.3.1.

O
(4) b1 = W2 and bg = Ys.

By the symmetry between H and H”, we only show b; = w,. Suppose for a contradiction

that b1 7& wy.
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Since w;, w9 are incident with some finite face of GY,, it follows from Lemma 2.3.7 that
Gy — B'[wse, w1) — B'[y2, by contains disjoint paths By, A% from by, ag to wy, y1, respec-
tively.

Now, Alay, z1|UXTUXSUA[zg, as)UYUAS and BfUQ"UA(z1, 22) UYS U B’ [ys, by
show that -y is feasible, a contradiction. O

Note that G’ has no A-B’ path from a; to B’(wy,y;), as such a path together with
Yy Y], Y, forms a double cross, contradicting Lemma 2.1.7. So by (1) and (4), {b1, by, w1,

Y1, a2} is a cut in G separating a, from a,, a contradiction. O
We now use A, B’ to form a new frame A’, B’, called core frame.
Lemma 2.3.9 Let M, denote the union of all the A-B’ bridges that are disjoint from H —

A — yy. Then there exists an induced path A’ C (AU My) — B’ from a; to as in G, such

that A'la;, x;] = Ala;, z;) for i € [2] and the following hold:
(i) A', B"is a good frame in .
(ii) Each A'-B’ bridge lying on B'[ry, 1] is contained in some A-B' bridge.
(iii) There exists an induced subgraph H* in G, such that A'lxy, o] U H C H*, all A’-

B’ bridges not lying on B'[ry,y1] are contained in H*, and H* is separated from

{a0> ai, ag, by, b2} by V(A’[wl, 552}) U {Z/byz} in G.

(iv) Foranyv € (V(H*) — V(A) U{w}), H* — yy contains a path from v to ys and

internally disjoint from A’.

(v) If l,r are the extreme hands of an A'-B' bridge lying on B'ry,y,]| then {l,r} #
{1,229}, and H* — y; does not contain a path from yy to A'(l,r) and internally
disjoint from A’

Proof. We choose the induced path A’ so that A’ C AU M, — B’ is from a; to as, such that
A'la;, z;] = Ala;, z;] for i € [2], (i)-(iv) are satisfied, and, subject to this, H is maximal.

Note that such A’ exists, as A satisfies (i)-(iv).
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To prove (v), let M be an A’-B’ bridge M lying on B’[rq,y;| with extreme hands [, r
and feet I, r'. If {l,r} = {x1, 25} then, since M is contained in an A-B’ bridge (by (ii)), M
is contained in a main A-B’ core, a contradiction to Lemma 2.3.8. Hence, H — y; contains
a path Y from ys to v € A’(l,r) and internally disjoint from A’.

Let 7" be an induced path in M — A’({,7) U B'[l',7'] from [ to r, and let C}, Cs, ..., C),
be the components of M U A'[l,r]U B'[l', '] — T not containing A’(l, ) and not containing
B'[l';r']. We choose T', such that [T'| := (—[V(U,c,y Co)l; [V(CO| V(Co)l, ..., [V(Ch)])
is maximal with respect to the lexicographical ordering.

We claim n = 0. For, suppose n > 0. Let [,,, 7, € Ng(C,,) N V(T) such that T[l,,, r,]
is maximal. Since G* is 6-connected, there exists another component C' of M U A'[l,r] U
B'[l';r"| =T, such that No(C)NT'(1,,,7,) # 0. Now, let 7" be an induced path in G[T'UC,,]

between [,, and 7, such that 7" N T'(I,,,,,) = 0. Clearly,

T >|T

, a contradiction.

Now, let A” be obtained from A’ by replacing A’[l,r] with T. Clearly, A"[a;,x;] =
Ala;, x;] for ¢ € [2]. Since T is induced, A” is induced. Moreover, since n = 0, then any
component of G[V (M UA'[l,r|UB'[l',r'])] =T contains A’(l,r) or B'[l', 1], and so G — A"
is connected. Hence, A”, B’ is a frame. Since Aj(B’) = A{(B') = Ao(B’), we see that
A", B’ is a good frame in .

Next, we show that G has no A’-B’ path from A’(l, ) to B'[by, y1) and disjoint from 7.
For otherwise, let S be an A’-B’ path from s € A'(l,r) to s’ € B'[b1, y1) and disjoint from
T. Then A” and B'[by, s'| U S U A'[s, y5] U Yo U B'[ya, bs] are disjoint paths from ay, b, to
as, by, respectively, in G — (Ay(B’) — B’) — y1, a contradiction to (i) of Lemma 2.2.2.

Hence, there does not exist an A’-B’ bridge N lying on B’[ry, y1], such that N # M,
NNA(l,r)#0,and N N B'[by,y1) # (. So each A”-B’ bridge lying on B’[ry, y;] must
be contained in some A’-B’ bridge and, hence, contained in some A-B’ bridge. So A”, B’
satisfies (ii).

And V(A" [z, 22]) U {y1,y2} is a cut in G separating V (H) from {ag, a1, ag, by, by }.

Now, we let V" be the set of vertices of A” U B'[by, y1| U B'[ys, by]-bridge of G containing
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A'(l,r),and let H" := G[V" UV (A”[x1, x2])]. Then clearly (iii) and (iv) holds for A”, B'.

However, H” properly contains H, a contradiction. a

2.4 Inside the main A’-B’ core

We use the notation of the previous section, in particular, Lemma 2.3.3 and 2.3.9: v is
infeasible, A’, B’ is a core frame, and let H' := H* — {12, X2y}, where B’  t1,1s, Ry, 11
are defined as in or after Lemma 2.3.3, A’, H*, x1, T2, Y1, y» are defined as in Lemma 2.3.9.
We also say that H’ is the main A’-B’ core in v with extreme hands x1, x5 and feet yy, yo
(such that y, is the main foot).

We now study the structure of GG inside H'.

Lemma 2.4.1 (H' — yy, A'[x1, 23|, y2) is planar, the degree of y, in H' — yy is at least 2,
and H' — y, — A'(x1, x3) contains disjoint paths from yy,ys to x;, x3_,, respectively, for
i € [2]. Moreover, fori € [2], let X; be the path from x; to y, on the outer walk of H' — 1

without going through x3_;, then Ng(y1) N V(H —y, — A') € V(X;) fori € [2].

Proof. We can apply the same proof in Lemma 2.2.4, and show that (H'—yy, A'[x1, 23], y2)
is planar, and Ng(y,) N V(H —y, — A') € V(X;) fori = 1,2.

Moreover, since V (H —y;) C V(H' — ), then, by (iii) of Lemma 2.3.1, the degree of
yo in H' — vy is atleast 2, and H' — A’(x1,22) — {y121, Y122} contains disjoint paths from

Y1, Yo tO x1, o, respectively, as well as disjoint paths from y;, y5 to x5, x1, respectively. O

Lemma 2.4.2 Let R be an A'-B’ path from r € V(A'(x1,x9)) to ' € V(B'[r1,y1)) such

that B'[ry,7'] is minimal. If v’ # ry then the following conclusions hold:
(i) There exists an A-B core Hy with ry as a foot.

(ii) Let ro be the other foot of Hy, then there exists an A'-B' bridge with r1 as a foot,

intersecting A’ only at x; for some j € [2], and lying on B'[rq,14].
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(iii) r' € B'(r1,72), and G has an A'-B' bridge with feet |, r}, which is internally disjoint

from R and intersecting A’ only at x;, such that v’ € B'(l}, r}).

(iv) If Gi, has a cut {af, b}, by} separating B'[b}, bS] from {ag,by,bs} such that V) €
V(B'(r1,r']) and by € V(B'[ys, bs)), then r1 = by, aj, = aoy, G§, has no path from a

to by and internally disjoint from B, and a(A’, B') < 1.

Proof. To prove (i), assume that r; is not a foot of any A-B core. Then by the definition of
r1, G has an edge from ry to o’ € V(A(z1,x3)). Since v’ # 11, a’ ¢ A'(xq1, x2). Moreover,
a’ is not contained in any A’-B’ bridge lying on B’[r1,y;], as any such A’-B’ bridge is
contained in an A-B’ bridge (by (ii) of Lemma 2.3.9). Soa’ € V(H' —y;) \ V(A’). Hence,
by (iv) of Lemma 2.3.9, H' — y; has a path Y5 from a’ to y» and internally disjoint from A’.
Therefore, A" and B'[by, 1| U ria’ U Yy U B'[ys, by] are disjoint paths from ay, by to as, bs,
respectively, in G — V(A{(B’) — B') U {y }, contradicting (i) of Lemma 2.2.2.

Now, we prove (ii). By Lemma 2.3.4, r, is the main foot of H;. Hence, by (iii) of
Lemma 2.3.1, 7 has two neighbors u;, uy in H; — ro — A. Since B'[ry,rs] is induced in
G — {rire} (by Lemma 2.3.3), u, ¢ B’ for some p € [2|. Moreover, u, ¢ A'(z1,22)
since 1’ # r1. Thus, u, must be contained in some A’-B’ bridge M, lying on B'[ry, 3],
which must have r; as a foot and cannot have both x; and z- as extreme hands (by (v) of
Lemma 2.3.9). Hence, since r’" # ry, this A’-B’ bridge intersect A’ only at z; for some
Jj €2

Obviously, since G* is 6-connected, ' € B’(r1,79) to avoid the cut {ry, 3, 1,22} in
G* separating V' (H;) from {ao, a1, as, by, b }. Let [, 7, be the feet of M, with [, = r; and
T, € B'[r1,rs]. For, suppose (iii) fails. Then r' € B'[r{,rs]. Since x3_; ¢ V(H, N A)
(by Lemma 2.3.8), then by the definition of 7/, {z;, 1,7’} is a cut in G separating M, from
{ao, a1, az, by, by}, a contradiction.

To prove (iv), we observe that B’[ry, 73] is on the boundary of a finite face of Gj.
Therefore, since ' € B'(rq,12), ap and r; are also incident with that finite face. Suppose

r1 # by or afy # ag. Then {ay, r1, by} is a 3-cut in G, separating B'[r1, b}] from {ag, by, b2 }.
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By Lemma 2.3.7, r; = by. So aj, # ag. Then, by Lemma 2.3.7, {af, b1, b}, b2} isacutin G
separating ag from {a;, as}, a contradiction. So, r = b; and a; = ag. Hence, G, has no

path that is from ag to b; and internally disjoint from B’. In particular, «(A’, B') < 1. O

Since G* is 6-connected, G has two disjoint A’-B’ paths P, Q) from p, g € V(A'(x1, z3))

top',q € V(B'[r1,y1)), respectively. We choose P, () so that
(i) A'lp,q] is maximal,
(ii) subject to (i), B'[by,p'| N B'[b1, ¢'] is minimal, and
(iii) subject to (ii), B'[p/, ¢'] is maximal.
By the symmetry between a; and ay, we may relabel a;, x1, 2, as so that

® ay,I1,p,q, T, as occuron A’ in order, and by, 1,9, ¢, y1, bo occur on B’ in order.

Lemma 2.4.3 Any A'-B’ path from B'[r,p") to A'(x1,x5) must be disjoint from P,(Q),
and end in A'(p,q). Moreover, if H — y; contains a path from u € A'[q, xs) to y, and
internally disjoint from A’, then all A'-B' paths from A’ (u, x3) to B'[r1,y1]| and internally

disjoint from H' — vy, are edges ending in {r', y, }.

Proof. First, assume S is an A’-B’ path from s’ € V(B'[ry,p')) to s € V(A (xy1,x2)).
Then V(SN (P UQ)) = 0; for otherwise, let v € V(S N (P U Q)) with S[s’, v] minimal
then P’ := S[s',v] U P[v,p| and @ (when v € V(P)) or P and Q' := S[s',v] U Q[v, ¢
(when v € V(Q)) contradict the choice of P, Q). Hence, s € A'(p, q) as otherwise S, P or
S, () contradict the choice of P, ().

Now let Y5 be a path in H' —y; from u € V(A'[q, x2)) to y2 and internally disjoint from
A’. We first see that G has no path from A’(u, x5) to B'[ry,y;) — p’. For, suppose not. Let
S be an A'-B’ path from s € V(A'(u,xq)) to s’ € V(B'[r1,y1) —p'). Then V(SN P) # 0,
or else, P, S contradict the choice of P, (). Since s’ # p/, S, P are contained in an A’-B’

bridge. However, by u € A'(p, s), the existence of Y5 contradicts (v) of Lemma 2.3.9.
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Now let S be an arbitrary A’-B’ path from s € A'(u,xs) to s’ € B'[ry,y1]. Suppose
S has length at least 2. Then S is contained in some A’-B’ bridge N with feet n/, n/, and
extreme hands ny, no. Then n/, n}, € {p/,y1}. By (v) of Lemma 2.3.9 and the existence of
S and Ys, A'[ny,no] C Alu, xs]. Let hy, hy € A'[xq, x5], such that A'[nqy,ny| C A'lhy, hal,
H' — y; does not contain a path from A’(hq, hy) to y, and internally disjoint from A’,
and subject to this, A’[hy, ho] is maximal. Clearly, A’(hy, hy) C A’(u,x5), and for i € [2],
H'—1y; contains a path from h; to y» and internally disjoint from A’. By (v) of Lemma 2.3.9,
{h1, he,p’, 11} is a cut in G* separating V (N) from {ag, a;, as, b1, by }, a contradiction.

Thus, S must be an edge. To complete the proof, we need to show ' = p’. For, suppose
r’ # p'. By (i), R is disjoint from P, Q) with r € A’(p, q), and so R, P, S, Y, force a double

cross in A, B, contradicting Lemma 2.1.7. ]

Let R = Pifr’ = p/, and if v’ # p’ then by Lemma 2.4.3, R is disjoint from P, () with
r € A'(p, q) (seen at Figure 2.8). By Lemma 2.4.1, for i € [2], we let P, ;, P 5_; be disjoint
paths from x1, x5 to y;, y3_;, respectively, in H' — y; — A'(xq, z3).

a1 o r q T9 as

ap

Figure 2.8: A core frame

We now use the structure inside H’ to derive further structure outside H’.
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Lemma 2.4.4 (i) G hasno edge from B'(by,r1] to A’ (x4, as] and no edge from B'[ys, by)

to Allay, x1).
(ii) G has no edge from by to A'[ay, x1] U A'[xs, as] and no edge from by to A’[ x4, as).
(iii) ry = by implies x1 = ay, and y = by implies v = as.

(iv) If yo # by and vy is a cut vertex of Gy, separating by from {ag, b1}, then Ng(by) =
0

{y27 901}, a1 75 1, and as = To.
Proof. By Lemma 2.3.7 and (iv) of Lemma 2.4.2, we may assume that

(1) when by # ry, Gy — B'(by, '] — B'[ys, bs] contains disjoint paths Bf, A} from by, ag
0 1,4

to ¢', y1, respectively.
(2) G has no edge from A’(xq, as] to B'(by, r1].

For, let e = ab € E(G) with a € A'(x9,as] and b € B'(by,7]. Then by # r1; so B, A§
exist by (1). Now A'[ay, rJURUB'[b,r'|UeUA[a, as] U P, 1 UAS and By UQU A'[q, z3]U

P, 5 U B'lys, bs] show that v is feasible, a contradiction. O
(3) G has no edge from by to A'[z4, as).

For, let e = aby, € E(G) with a € A’[xg,as]. Then a # ay and let € = axb’ € E(G)
with b’ € B'(by,bs). Now V' ¢ B'[y2, b2) to avoid the double cross e, ¢/, P, o, P»1. Hence,

b € B'(b1, ], contradicting (2). O
(4) G has no edge from A’[ay, x1) to B'[ys, b).

Otherwise, let e = ab € E(G) with a € A'[ay,z1) and b € B[y, by). Then G has no edge
from by to {z1, 2 }; as such an edge must be byx; by (3), which forms a double cross with
e, P11 and P, 5, contradicting Lemma 2.1.7.

Hence, by Lemma 2.3.7 and (iv) of Lemma 2.4.2, G, — B[by, r'| — B'[y2, b] has disjoint

paths By, Ay from by, ag to y1, ¢/, respectively. But then, A'[ay,a] Ue U B'[y2,b] U Py 5 U
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A'lg,a2) U Q U Ag and B'[by,r'| U R U A’[zy,7] U P11 U By show that v is feasible, a

contradiction. O
(5) (1) and (i1) hold.

For, suppose not. Then G has an edge e = bya with a € A'[ay, z1] U A'[z4, as).

Suppose a € A’[ay, x1]. Then a # ay, and let ¢ = a1l € E(G) with b/ € B'(by,bs).
Now V' ¢ B'(by, 1] to avoid the double cross e, €', P 2, Py 1. So b’ € B'[ys, by), contradict-
ing (4).

Hence, a € A’[xs,as]. Then a # as, and let ¢/ = axl/ € E(G) with /' € B'(by,bs).
Now &' ¢ B'(by, 1] to avoid the double cross e, €', Py 1, Py». Hence, b/ € B'[ys, by).

If G has an edge ez from by to {x1, 22} then, by (3), it ends with z1. So a1 # x4,
and G has an edge e, from a; to B'(by,by). But now, e, €, e3, e4 force a double cross, a
contradiction.

So G has no edge from by to {z1,x2}. Hence, by Lemma 2.3.7, G, — B'[by, 1] —
B'[ys, V'] has disjoint paths By, Ay from by, ag to 41, ¢/, respectively. But then, A'[aq, q] U
Py U By, 0] U UQU A and e U A'[xe,a] U Pay U By show that v is feasible, a

contradiction. O

Since G* is 6-connected, it follows from (2) and (4) that (iii) holds. It remains to prove
(iv). So assume yo # by and y, is a cut vertex of G|, separating by form {ag, b, }. Then
alA',B') < 1.

Suppose B’(y2,bs) # (. Then, since G* is 6-connected, it follows from (4) that G
has edges from B’(ys, b2) to distinct uy, us € V(A'[x2, as]), and we choose u, us so that
A'luy, us] is maximal. Now, by (2) and (3), {u1, ug, y2, b2, z1} is a cut in G* separating
B'(ya, by) from {ag, ay, as, by, by }, a contradiction.

So B'(ys,by) = ). Then ay = x; for otherwise, since G* is 6-connected, G has an edge
from ay to B'(by, 1], contradicting (2). We may assume that there exists e = bea € E(G)

with a € A'(ay,z1); as otherwise, (iv) holds. Let ¢/ = a1b' € E(G) with b’ € B’(by, by).
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Then b’ € B'(by, 1] by (4); so by # 11, and By, Aj exist by (1). Now, by Lemma 2.2.1,
we derive a(A’, B') = 2 with the following paths: the path ¢’ U B’[b, V'] from a; to by, the
path A’[ay, a] U e from a; to by, the path Bf U Q U A'[z1, q] U Py 2 U B'[ys, by] from b; to
b, and the path A} U P, ; from a to ay. This contradicts a(A’, B') < 1as A’, B" is a good

frame. U

Let H, denote the minimal union of blocks of H' — y; — A’[q, x| containing X, let W/
denote the path between z; and y,, such that IV is contained in the outer walk of H, and
for any vertex v € V(W — A’), there exists a vertex u € V(A’[q, x3]), such that u, v are
incident with a finite face of H' — y;, and let wy, € V(A’ N W) with A’'[z1, w;] maximal.

We further study the structure inside H'.

Lemma 24.5 (i) Hy= H' —y; — A(ws, x2], and each vertex in W (w1, yo| has at most

two neighbors on A'(q, xs], inducing a subpath of A’ with at most two vertices.
(ii) H — {y1,y2} — A'(x1,x2) contains a path from x; to xs.

Proof. Suppose (i) is not true. Then H' — y; has a (Hy U A’[q, x5])-bridge J which has
exactly one vertex in W (w1, yo] (by definition of H, and since G — A’ is connected) or
some vertex w € V(W (wy,y2]) has two neighbors on A’[g, z5] such that the subpath of
A" between them has at least three vertices. In the first case, let w € V(J N Hyp) and
u,v € V(JNA") suchthat JNA" C A’[u, v]; and in the second case, let u, v be the neighbors
of w on A’[q, x5] such that A’[u, v] is maximal. Then by Lemma 2.4.3, {u, v, w,y;,r'} is a
cut in G*, a contradiction.

Now suppose (ii) is not true. Then there exists vy € V(A’(z1,x2)) such that y,, vy are
incident with a finite face of H' — y;. We further choose vy so that A'[vg, 2] is minimal,
and let (L, Lo) be a separation in H' — y; such that V(L N La) = {y2,v0}, x1 € V(L1),
and x5 € V(Ly).

By Lemma 2.4.1, for each j € [2], H' — A’(x1, z5) contains disjoint paths from y;, yo

to x;, x3_;, respectively. So for j € 2|, G[V(L;) U {y1}] — y2 contains a path 7} from y;
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to x; and internally disjoint from A’.

We see that ys, vy are not incident with some finite face of H,. For otherwise, vy €
A'(zy,wn], 1 # wy, and Wwy,ya] € Lo. Hence, 11, Wwy,ys|, P and @ are disjoint,
which form a double cross, a contradiction to Lemma 2.1.7.

Now, by the minimality of A’[vg, 22 and planarity of H' —y;, vy € A’[q, x3). Therefore,
by Lemma 2.4.3, {vg, 2,7, y1, Y2} is a cut in G* separating V' (L) from {aq, a1, as, by, b},

a contradiction. d
Lemma 2.4.6 w, # x1, and Hy is 2-connected.

Proof. Suppose this is false. Let 2 € V(Hj) such that z = z; (when x; = wy) or z is a cut
vertex of Hy and, subject to this, W{zy, 2] is maximal. Then V(W [z, y2] N X1) = {z,92}.
Note that z € X[z1, y2).

Let w € W(z,y2] and u € Ng(w) N V(A'[q, x5]) such that A'[u, z5] U Ww, ys] is
maximal. Moreover, let K denote the {z, u}-bridge of H' — y; containing A'[u, z5] U Xo,
and let K* := G[V(K) U {y1 }].

By (v) of Lemma 2.3.9 and by the existence of W [ys, w] U wu,

(1) no A’-B’ bridge outside H' has one extreme hand in A’[z;,u) and the other in

A (u, xs).

Thus, since {y1, y2, 2, u, 2} is not a cut in G* separating K from {ag, ai, as, by, b},
G has an A’-B’ path from A’(u,z3) to B'[r,y:1) and internally disjoint from H’. By
Lemma 2.4.3,

(2) all A’-B’ paths from A’(u, z5) to B’[r1,y;] and internally disjoint from H' are edges

from A’(u, x5) to {1, 41 }.

Solete = ar’ € E(G) with a € A’[u, x5), and choose a such that A'[u, a] is minimal.
Let L denote the path on the outer walk of K between y» and u not going through x5, and

let Ly := L U A'[u, a]. Then
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(3) V(Lo N X2) = {y2} and Ne(y1) N V(K) C V(Ly).

First, suppose there exists v € V(Lo N X3), such that v # yo. Then {v, y;,u, x9,7'} is a
cut in G* separating V' (A'(u, z3)) from {ay, a;, ag, by, by }, a contradiction.

Now suppose there exist v € Ng(y;) N V(K) such that v ¢ V(Ly). We claim that
K* — Lg has a path Y; from y; to x5. For otherwise, by the planar structure of K, there
exist ¢1, co € V(Lg), such that ¢y, ¢ are incident with a finite face of K, and {c1,c2} is a
2-cut in K separating v from 5. Thus, by (2) and the choice of a, {c1, ¢, y1,u, 2} is a cut
in G* separating v from {ao, ai, az, by, b2 }, a contradiction.

If G has an A’-B’ path T' from A’(z1,u) to B'(r’,y;] and internally disjoint from H’,
then 7', e, L, Y7 force a double cross, a contradiction. So 7" does not exist. Then v = ¢ and,

by (1), {x1,u, z,7’} is a cut in G* separating r from {ag, a1, as, by, b2 }, a contradiction. O

We will need the following claim.
(4) G, contains a path A} from B'(r’,y;) to ag and internally disjoint from B'.

For otherwise, there exists 0] € V(B'[by,7']), such that {b],y, } is a 2-cut in G}, separating
B'by, y1] from {ag, b1, bo}. Furthermore, {0}, y1, 42} is a 3-cut in G}, separating B'[, yo]
from {ao, by, b2}. We choose b so that B[by, ;] is minimal. By Lemma 2.3.7 and (iv)
of Lemma 2.4.2, b} = by, and {by, 41, y2, b2} is a cut in G* separating a from {aq,as}, a

contradiction. O

Let y;,y} € V(Ly) N Ng(y1) such that a, v}, y;, y2 occur on Ly in order and, subject to

this, Lo[y}, ;] is maximal.
(5) yil S LO[Z7U)‘

For, otherwise, v/ € Lo(z,y2]. Then vy} ¢ Lo|z,ys]; otherwise, G has a separation
(G1,Ga), such that V/(G1 N G2) = {r',u,z,y1,y2, 22}, {ao,a1,a2,b1,02} C V(Gy),

Go = K*, and (G, 7", u, 2,1, Y2, T2) is planar, which contradicts Lemma 2.1.3.
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We claim that K — L[y}, a] U Lo[ys, y{] contains a path X’ from x5 to z. For otherwise,
by (3) and the planar structure of K, there exist ¢; € V(Lo[y}, a]) and co € V (Lo[yz, y7]),
such that ¢y, ¢o are incident with a finite face of K, and {c;, co} is a 2-cut in K separating
xo from z. If ¢; € A'[u,a] then {cy, c2, Yo, x2, 7'} is a cut in G* separating V' (X3) from
{ao, a1, as, by, by}, a contradiction. So ¢; ¢ A’[u,a]. Then G has a separation (G1, G3),
such that V(G1 N Gs) = {r',u, c1, ¢, y2, 22}, {ag, a1, as,b1,b2} C V(Gy), V(A'[u, xo] U
Xy) CV(Gy), and (Ga, 7', u, ¢1, ¢, Y2, T2) is planar. This contradicts Lemma 2.1.3.

Now, the following paths give a contradiction to (i) of Lemma 2.2.2: the path A’[a;, x1]U
Xilxy, 2] U X' U A'[z9, as] from a; to as, the path B'[by, '] U e U Lo[a, y1] U viy1 Uyiyf U

Lolyy, yo] U B'[ya, by from by to by, and the path Af from B'(r’, y;) to ag. O

Now y; € A'(u, al. For, otherwise, v}, y5 € Lo[z, u]. Now, G has a separation (G, G2),
such that V(G1 N Gy) = {r',u,y1, 2, Y2, 22}, {ao, a1, as, b1, b} C V(Gy), Go = K*, and
(G, 1", u, 41, 2, Y2, T2) is planar. This contradicts Lemma 2.1.3.

Moreover, K — Ly[y, a] U Lo[ys, y}] contains a path X’ from z to u. For otherwise,
by (3) and the planar structure of K, there exist ¢; € V(Lo[y], a]) and co € V (Lo[yz, ¥1]),
such that ¢y, ¢o are incident with a finite face of K, and {c;, ¢} is a 2-cut in K separating
xo from u. If co € Lo[ys, 2] then {c1, ¢2, Yo, T2, 7'} is a cut in G* separating V' (X,) from
{ao, a1, as, by, by}, a contradiction. So ¢y ¢ Lo[ys, z]. Then G has a separation (G1, G3),
such that V/(G1 N Gy) = {r', ¢1, o, 2, Yo, T2}, {a0, a1, as, by, ba} C V(Gy), V(A [eq, o] U
X2) CV(Gy), and (Ge, 1, ¢1, 2, 2, Yo, T2) is planar. This contradicts Lemma 2.1.3.

Hence, the following paths contradict (i) of Lemma 2.2.2: the path A'[a;,u] U X' U
A'lxo, as] from a; to ag, the path B'[by, r'|UeU Lo[a, y; |Uy v Uy y{ U Lo [y, yo] UB'[y2, bs)

from b; to by, and the path Aj from B'(1’, y1) to ao. O

Lemma 2.4.7 Let 21,25 € V(W) with Wz, 25| is maximal, such that x1, z1, z, Yy occur
on W in order, and for each i € [2|, G[Hy + y1| has a path Z; from y, to z; and internally
disjoint from W. Then, Ng(y,) NV (X1[z1,92)) = 0 and Z; N (X1 U Xs) = 0.
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Proof. By Lemma 2.4.6, w; # x1 and Hy is 2-connected. So V(X; N W) = {z1,y2}.

If No(y1) NV (Xq[z1,92)) # O or Zy N X, # 0 then Z; U X contains a path S from
y1 to x; and disjoint from W wy, yo]. Now S, Wwy, ys|, P, and @ force a double cross,
contradicting Lemma 2.1.7. So Ng(y1) NV (Xi[z1,92)) = O and Z; N X; = 0.

Moreover, Z; N X, = (). For, otherwise, by the choice of z; and Z;, it follows from the
planarity of H' — v that z; € V(X3). But then, H' — A’(z4, x2) contains no disjoint paths

from y,, Y5 to x1, xs, respectively. This contradicts Lemma 2.4.1. ]

Let wy, - - - , w,, be the vertices on W in order from z; to y, such that fori € {2,--- ,m},

Ng(wl) N V(A’[q, l’g]) 7é Q)

Lemma 2.4.8 ay = x9, and if yo # by then yy, yo are cut vertices in G|y separating by from

{ao, b1}, Ng(bs) = {y2, 21}, and a1 # x1. Moreover, one of the following holds:

(i) there exists a 2-cut {2}, 25} in Hy with x1, 2}, 21, 29, 25, yo on W in order such that

W (z1,24) # 0 and 2z}, 2} are incident with a finite face of Hy, or
(ii) Na(y1) NV (Hy) C V(Wwy,ys)) and, for any i € [m], w; ¢ W (zy, 22).

Proof. By Lemma 2.4.6, wy, # w1, and Hy is 2-connected. If yo = b,, then by (iii) of

Lemma 2.4.4, we have ay, = .

Now assume y, # by. We claim that Gy, has a 3-cut {ag, b}, y2} with b}, € B'[by,r1],
which separates B'[b], y2| from {ay, b1, bo}. For otherwise, by (iv) of Lemma 2.4.2, G|, —
B'[by,1"] — yo contains disjoint paths Ay, By from ag, by to ¢, 31, respectively. Let Y7 be a
path in Z;UW 2y, w1 |UA'[wy, r| from y; to r. Note that r ¢ A’[q, x2] and, by Lemma 2.4.7,
Yi N (Ag, x5] U X3 U X) = 0. Now, A'lay, z1] U X3 U Xo U A'[q,as] UQ U Ay and
B'[by, "] U RUY; U B,y show that v is feasible, a contradiction.

Thus, when y, # by, we may apply Lemma 2.3.7 (with b, = y5), and conclude that
by = by, ay = ag, and yy, y2 are cut vertices in G, separating by from {ag, b1 }. By (iv) of

Lemma 2.4.4, we have Ng(by) = {y2, 21}, a1 # x1, and ay = x.
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We now show (i) or (ii) holds. First, suppose z; = 2. Then Ng(y1) NV (Hy) = {z1};
or else, there exists v € Ng(y1) NV (Hy) with v # z1, and {21,y } is a cut in G separating
v from {ag, ay, as, by, by }, a contradiction. Clearly, z; € V(W (w1, y2)), and so (ii) holds.

So we may assume z; # 2o. Now suppose W (z1, 22) N {ws, ..., wy,} = (. Then (ii)
holds or there exists v € Ng(y1) NV (Hyp) such that v ¢ V (V). In the latter case, there
exist ¢y, ¢y € V(W (x1,y2]), such that {c1, co} is a 2-cut in Hy separating v from z1; since,
otherwise, Hy—W (x1, y»] contains a path T from v to 1, and y, vUT, W w1, o], R, @ force
a double cross, contradicting Lemma 2.1.7. Now, {1, ¢1, ¢2} is a cut in G*, a contradiction.

Hence, we may assume W (z1, 29) N {wy, ..., w,} # (. Now suppose (i) fails. Then
by the planar structure of Hy, Hy — W (x1, 21] — W]zs, yo] contains a path X' from z; to
W (21, 22) and internally disjoint from W.

We claim that X’ must be disjoint from Z;, Z,. For otherwise, let z* € V(X' N Z;)
for some j € [2]. As X', Z;, Z, are all internally disjoint from W, Z;[s;, *] U X'[z*, 24]
implies that z; = x1, contradicting Lemma 2.4.7 that V (Z; N (X1 U X3)) = 0.

We claim w; € W (zy, 22). For otherwise, w; € W (z1, z9) for some i > 2. Let v; €
Ne(w;) NV (A'[q, x2]) with A’[v;, o] minimal. By Lemma 2.3.7 and (iv) of Lemma 2.4.2,
there exists a path A in Gf, from ag to B'(r’,y;), which is internally disjoint from B’.
Now A'lay, x1] U X U W (21, 29) Uwv; U A'[q, as) UQ U B'(1', 1) U A and B'[by, r'| U
R U A'[r,wy] U Wlwy, 2z1] U Z1 U Zy U Wzg,y2] U B'[y2, by] show that  is feasible, a
contradiction.

So z; € A'(z1,w;). Moreover, r ¢ A'(x1, z1]; otherwise, A’[ay, x1] U X' UW (21, 29) U
Allwy, as)lUQUB' (1, y1 ) UAS and B'[by, r'|URUA[r, z1|UZ1UZy UW |29, yo|U B[y, be]
show that ~ is feasible, a contradiction. But now, A'[a;, z;| U Z; U B'(r',y1] U A U Q U
A'lq,as] and B'[by,r'] U R U A'[r, wi] U Wlwy, yo] U B'[ys, bo] show that ~ is feasible, a

contradiction. |

Lemma 2.4.9 Suppose (i) of Lemma 2.4.8 holds, and the 2-cut {z{, z4} in Gj, is chosen

with W[z, 2] maximal. Then z| € A'[x1, w] (seen at Figure 2.9).
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Qo

Figure 2.9: Structures in a core frame |

Proof. For, suppose 2, ¢ A'[ry,w;]. By Lemma 2.4.5, let v/, u” € V(A'[g,22]) and
v " e V(W (2], 24)) such that z1,u,u”, x occur on A’ in order, u'v', u"v" € E(G),
and, subject to this, A’[«/, u"] is maximal and then W[/, v"] is maximal. Then H' — y; has
a separation (K, K') such that V(K N K') = {«/,u", 2], 25}, W[z1, 2] U A'[u/, "] C K,
and Wz, 21| U X, C K.

By (v) of Lemma 2.3.9 and by the existence of paths from ys to u’, u”, respectively, in

H' — y, that are internally disjoint from A’,

(1) no A’-B’ bridge outside H’ has v’ or u” as internal vertex of the subpath of A’ be-

tween its extreme hands.
Therefore, since {y1, 2}, 25, v, u”} does not separate K from {ag, aj, as, by, by} in G*,

(2) A'(u',u") # 0, and G has an A’-B’ path from A'(u’,v”) to B'[rq,y;) and internally

disjoint from H' — y;.
Recall from Lemma 2.4.3 that

(3) all A’-B’ paths from A’(v',u") to B'[ry, y1] and internally disjoint from H' — y; are

edges from A’ (v, u") to {r', y; }.
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By (2) and (3), let e = ar’ € E(G) witha € V(A'[v/,u")) and A’[v/, a] minimal. Note

that
(4) G, contains a path Aj from B'(r', y;) to ao and internally disjoint from B’'.

For otherwise, there exists bj € B’[by, 7], such that {b},y:} is a 2-cut in G}, separating
B'[b}, y1] from {ag, b1, bo}. Furthermore, {0}, y1, 42} is a 3-cut in G}, separating B’[, yo]
from {ag, b1, b }. By Lemma 2.3.7 and (iv) of Lemma 2.4.2, b, = by, and {by, y1,y2, b2} is

a cut in G separating ag from {a1, as}, a contradiction. O

Since 2| ¢ A'[z1,w;], no finite face of K’ incident with 2z} is incident with a vertex of

A/[[Eh wl]. ThllS,
(5) K' — A’[xq, /] contains a path Y from y, to 2| and internally disjoint from A’.

Let L denote the path on the outer walk of K from 2] to «’ without going through u”,

and let Lo := L U A'[v/, a]. Note that 2}, ¢ V(Ly).
(6) Na(y) NV(K) € V(Lo) U {z5}.

For, suppose Ng(y1) NV (K) C V(L) U{z,}. Then V(L) N Ng(y1) # 0; otherwise,
{u',u”, 2], 25, r'} is a cut in G* separating K from {ao, a1, as, by, b}, a contradiction.

Let y1, vy € V(Lo) N Ng(y1), such that a, yi, yf, 21 occur on Ly in order and L[y, v/
is maximal.

We first claim y; € Lo(u/,a]. For otherwise, y},y5 € V(Lolz1,u']). Now, G has a
separation (G, Gs), such that V(G N Gy) = {r', v/, 11, 21, 25, 4"}, {ag, a1, as,b1,b2} C
V(Gh), V(K) C V(Gs),and (Ge, r', v, 11, 21, 25, u”) is planar, contradicting Lemma 2.1.3.

Next, i € Lo[z1, ). For, suppose y| ¢ Lo[z},u'). Then y € L[/, a]. Now, G has
a separation (G, G3), such that V(G N Gy) = {r',y1, v/, 21, 25, u"}, {ao, a1, as, by, be} C
V(Gy), V(K) C V(Gs),and (Ga, 7", y1, v/, 21, 25, u”) is planar, contradicting Lemma 2.1.3.

We further claim K — 2z — Lo[21, y{] — Lo[y}, a] contains a path X’ from " to u’. For

otherwise, by the planar structure of K, there exist c; € V(Lo[y}, al), co € V(Lo|z1, y7]) U
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{z4}, such that ¢y, ¢, are incident with some finite face of K, and {c;, ¢} is a 2-cut in K
separating u' from u”. By the existence of the path v”v” U W[v”,v'] U v'v’ from u” to
u’, we may assume ¢, = v’. Moreover, v' # v”; otherwise, {v', v/, u",r',y;} is a cut in
G* separating A'(u/, u") from {ao, a1, as, by, bo}, a contradiction. Now G has a separation
(G1,Gs), such that V(G N Gs) = {1, c1,v, 21, 25, u"}, {ao,a1,a2,b01,b} C V(Gy),
V(A ey, u"]) U{v"} C V(Gy), and (G, 17, c1,0', 21, 25, u”) is planar, which contradicts
Lemma 2.1.3.

Now, the path A'[ay, v'|UX"UA'[u", as] from a; to ag, the path B [by, 7'|UeU Ly|a, y;|U
yiyr Uy U Lo[yl, 21] UY U B'[ya, bo] from by to by, and the path Aj from B'(r',y,) to

ap contradict (i) of Lemma 2.2.2. O
(7) GIK + 11| — V(Lo) U {z5} contains a path Y] from y; to u”.

Note that, by (6), there exists v € Ng(y1) NV (K) such that v ¢ V(Ly) U {z}}. So if (7)
fails then, K’ — z, — Lg has no path from v to u”; so there exist ¢1, co € V(L) U {25}, such
that ¢y, o are incident with some finite face of K, and {c;, co} is a 2-cut in K separating
v from u”. Thus, by (3) and the choice of a, {¢1, ca,y1, v/, 21} is a cut in G* separating v

from {ag, ai, as, by, by}, a contradiction. O

(8) by = r = 1/, and G has no A’-B’ path from A'[ay,u’) to B'(r’,y;] and internally

disjoint from H'.

First, G has no A’-B’ path from A’[a;,u’) to B'(r’, 1] and internally disjoint from H’, to
avoid forming a double cross withe, Y U L, Y.

Next we show b; = r; (and so a; = x; by (iii) of Lemma 2.4.4). For, suppose b; # 7.
By Lemma 2.3.7 and (iv) of Lemma 2.4.2, G|, — ' — B’[ys, bs] contains disjoint paths
By, Ap from by, ag to ¢, y1, respectively. Now, A'[a;,r] U RUeU A'[a,as) UY; U Ap and
B UQUA[q,v'|ULUY U B'[ys, by] show that v is feasible, a contradiction.

Moreover, r; = r’. For, suppose r; # r'. By (iii) of Lemma 2.4.2, there exists an A’-B’

bridge M with feet [*, 7*, such that M is internally disjoint from R, and ' € B'(I*,r*). Let
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P* be the path from [* to * in M and internally disjoint from A’, B’, and let Aj, be the path
from ag to 3 in G}, and internally disjoint from B’. Then A'[ay, r|URUeUA’[a, as]UY;UA;
and B'[by, l}] U P*U B'[r}, ¢ UQ U A’[q,u'| U LUY U B'[y,, by] show that ~ is feasible,

a contradiction. O

Now, by (1), (3), (8), Lemma 2.4.3, and Lemma 2.4.8, {by, v, as, 41, b2} is a cut in G*

separating a, from a,, a contradiction. O

Lemma 2.4.10 y, is a cut vertex in G|, separating by from {ag, b1}, (A, B') = 1, and
Gy — B'(by, '] — A}, has a path By from by to ¢, where A} is the path from ag to y1, which

is in the outer walk of G|, and disjoint from B' — y;.

Proof. Recall the path Z; from Lemma 2.4.7. We claim that H' — {y;, y»} contains a path
Xy from z; to x9 and disjoint from Z; U Wzy, wq] U A’(xy, 25). For otherwise, by the
planar structure of H' — y;, there exists a vertex v € V (Z; U Wz, wy| U A'(z1, x2)), such
that y», v are incident with some finite face of Hy. By Lemma 2.4.5, v ¢ A’(x,x2), and
sov € V(Zy UW ][z, wy]). If v € W[z, w;] then (i) of Lemma 2.4.8 holds and the 2-cut
{#], #,} can be chosen with 2z, = y; so z; € A’[z1,w;] by Lemma 2.4.9, contradicting
Lemma 2.4.5. Sov € Z; — 7, which implies that y; has a neighbor in Hy — W; so (i)
of Lemma 2.4.8 holds and the 2-cut {z], z}} still can be chosen with 2}, = y,. Again,
21 € A'[x1,w,] by Lemma 2.4.9, contradicting Lemma 2.4.5.

Now suppose y; is not a cut vertex in Gj, separating by from {ao, b; }. Then y, = by by
Lemma 2.4.8. If Gj — B'[by, '] — B'(y1, b2) contains disjoint paths A, By from ag, by to
¢, y1, respectively, then A'[ay, z1] U XoU A'[q, a2]) UQU Ag and B'[by, r'|URU A'[r, w;] U
Wlws, z1]) U Z1 U By show that «y is feasible, a contradiction. Thus, such paths do not
exist. Then by planarity, G|, has a 3-cut {ay, b}, b} with b} € B'[by, '] and b}, € B'(yy, bs),
which separates B’(b], by) from {ag, by, bs}. Since y1, by, by are incident with some finite
face of G, then ay, by are incident with some finite face of Gf, and so {0}, ay, by} is a

3-cut in Gj,. Moreover, since y; is not a cut vertex in G, then aj, # ay. But now, by (iv)
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of Lemma 2.4.2, b}, ¢ B'(ry,7’], and therefore, b| € B’[b,r1]. Now, by Lemma 2.3.7,
b, = by. Then {by, by, ay} is a cut in G* separating a, from {aq, as}, a contradiction.

Thus, ¥, is a cut vertex in Gy, and, hence, a(A’, B’) < 1. Indeed, o(A’, B’) = 1. To
see this, let A}, be the path from g to y;, which is in the outer walk of Gj, and disjoint
from B’ — y;. When yy = by, let B* := A'[ay, z1] U X;; when y, # by, by Lemma 2.4.8,
x1by € E(G), and we let B* := A’lay, x1] U x1by. Then by Lemma 2.2.1, the following
paths show a(A’, B') = 1: the path A{, U B'[¢, y1] U Q U A'[q, as] from ag to as, the path
B'lby, | URU A'[r,w, ] U W wy, ya] U B'[ys, by] from by to by, and the path B* from a, to
bs.

Finally, suppose G, — B’ (b, '] — Aj has no path B} from b; to ¢’. Then by planarity,
G} has a 2-cut {ag, b} } with ay € V(Ap), b, € V(B'(by,7']), and aj), b cofacial, which sep-
arates by from ¢'. Hence, {ag, b}, b2} is a 3-cut in G, separating B'[}, by from {ag, by, bs }.
By Lemma 2.3.7, 0] ¢ B’(by, 7], and so b} € (r1,7’]. But, by (iv) of Lemma 2.4.2, r; = by,
ay = ap, and Gj, has no path from ao to b; and internally disjoint from B’. Therefore,

a(A’, B") = 0, a contradiction. O

Lemma 2.4.11 Suppose (i) of Lemma 2.4.8 does not hold and (ii) of Lemma 2.4.8 holds.
Then N¢(y1) NV (Hy) C V(W wy, ws)) (seen at Figure 2.10).

Proof. Note that in this case, y121,y220 € E(G). Since z; ¢ V(X3) (by Lemma 2.4.7),
21 & Wwp, yo]; so (ii) of Lemma 2.4.8 implies the existence of j € [m — 1] with z1, 2, €
W w;,w;41] and zo # w;. We may assume j > 2 as otherwise the assertion holds. Thus,
since (i) of Lemma 2.4.8 does not hold, Hy — Wz, wi] — W|za, w,,] contains a path
Y, from ys to wy. Recall from Lemma 2.4.8 that a; = x5, and recall paths B}, A}, from

Lemma 2.4.10.

(1) by = yo.

For, suppose by # 1y,. Then by Lemma 2.4.8, G has an edge from b, to x1, and a; # 1.
Let a1b € E(G) with b € V(B'(by,1]). Now a(A’, B') = 2 by applying Lemma 2.2.1
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ao

Figure 2.10: Structures in a core frame II

with the following paths: the path Aj U y; 20 U W22, wy,] U wy,as from ag to as, the path
BiuQU A'wy, gl UW [wy, we] UYeU B[y, by from by to by, the path a;bU B'[by, b] from
a; to by, and the path A'[ay, 21] U x1by from a; to by show that (A’ B') = 2, contradicting

Lemma 2.4.10. O

Let us € Ng(wy) NV (A") with A'[ug, as] is maximal. Then

(2) up # .

For, suppose uy = w5. Then G has an A’-B’ path T from t € V(A'[ay,w;)) to ' €
V(B'[by,y1]) and internally disjoint from H’; as otherwise, {a, wy, z2, 41,2} is a cut in
G* separating Hy from {ag, a1, as, by, by }, a contradiction. We choose 71" so that B'[by, '] is
minimal and, subject to this, A’[a;, t] is minimal.

Then t' € B'[by,7’] and G has no A’-B’ path from A’[ay,t) to B'[by, y1] and internally
disjoint from H'. For, if ¢ € B’(r’, y] then, by the choice of T, we have TN R = () and
r € Alwy, q); now T\, R, y120 U Wlza, wy,] U wyxe, and Yo U W wsy, wy]| form a double
cross, a contradiction. Now if G has an A’-B’ path S from s € A'[a;,t) to s’ € B'[by, y1]
and internally disjoint from H’, then by the choice of 7, TN S = () and s € B'(t',11]; so

T, S, y122 U W29, W] Uwy,xs, and Yo U W wsy, w;| form a double cross, a contradiction.
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Now V(T N Q) = 0. Otherwise, T, Q) are contained in a same A’-B’ bridge. Since
wy € A'(t, q), the path from w; to y, in H' — y; contradicts (v) of Lemma 2.3.9.

Next, we show that Hy — (A'[z1,t] U Xi[z1,y2) U W]z, w,]) contains a path Y from
Yo to wy. For otherwise, by the planar structure of Hy, there exist ¢; € V(W [z, w;]) and
ey € V(A'xy1,t]) UV (Xy[x1,y2)), such that {c, co} is a cut in H, separating yo from wy.
Recall that j < m and z; ¢ V(X3), and so z; € Ww;,w,,). In fact, co € A'(xy,1];
as otherwise {c1,c2,91, Y2, T2} is a cut in G* separating w,, from {ag, a1, as, by, b2}, a
contradiction. Hence, t € A’(zy,w;). Since G has no A’-B’ path from A’[a;,t) to
B'[by, 1] and internally disjoint from H’, G has a separation (G4, G2) such that V(G; N
Go) = {x1, Y2, T2, Y1, C1, 2}, {ag,a1,a2,b1,b0} C V(Gy), V(X7 U Xy) € V(Ge), and
(G, x1, Yo, T2, Y1, C1, C2) is planar, which contradicts Lemma 2.1.3.

Hence, by Lemma 2.2.1, the path A U 2191 U Wz, w;] U w;as from ag to as, the path
BiUQU A [wy, q]UY from by to by, the path A’[ay, t]UT U B’[by, t'] from a, to by, and the
path A'[ay, z1] U X; from a; to by show that o(A’, B') = 2, contradicting Lemma 2.4.10.

|

(3) G has no A’-B’ path from A’(usg, as] to B'(by,7’].

For, suppose G has an A’-B’ path S from s € A'(uz, as] to s € B'(by,r']. Then, A’[ay, 7] U
RUB'[¢', r'|USUA[s, 3] Uzaw,, UW [w,,, 22]Uzoyy UAL and B{UQUA'[q, us] UuswyUYs

show that ~y is feasible, a contradiction. O

(4) G has no disjoint A’-B’ paths C, D from ¢, d € V(A'[x1,2z3)) tod,d' € V(B'[b1,y1])
/

and internally disjoint from H’, such that a1, ¢, d, as occur on A" in order, and by, d’, ¢,

y1 occur on B’ in order.

For, suppose such C, D exist. Then ¢ ¢ A'lay, uz); otherwise, C, D, yy2z2 U W|zg, w;,| U
WmTa, and Yy U wouy form a double cross, a contradiction. So d € A'(usg, 3).

Then, by Lemma 2.4.3, D = dd’' and d’ = r'. Moreover, by (3), by = r’.
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Now, G has no A’-B’ path from A’[a;, us) to B’(by, y1] and internally disjoint from H’;
otherwise, replace C' by this path we have a contradiction to our claim that ¢ ¢ A'aq, uz).
But then, by Lemma 2.4.3, {by, bs, y1, us, az} is a cut in G* separating a; from a, a con-

tradiction. O
(5) Hy — A'(z1,wq1] — W]z, y2] has a path X’ from z; to w;.

For otherwise, by planarity of Hy, there exist ¢; € V(A'(z1,w;]) and co € V(W 29, 12]),
such that {c;, co} is a cut in H, separating x; from w,. But then, (i) of Lemma 2.4.8 holds,

a contradiction. O
(6) Hy — (A'[z1,wi] U Xq[z1,y2) U W29, w,,)) contains a path Y5* from s, to ws.

For otherwise, by planarity of Hy, there exist ¢; € V(W |z9,wy,)) and co € V(A'[z1, wy])U
V(X1[x1,12)), such that {ci,cs} is a 2-cut in Hj separating y, from wy. Now ¢y €
Xi|x1,y9); as otherwise co ¢ A’[z1,w;] and (i) of Lemma 2.4.8 holds, a contradiction.

Letw; € W (cy, y2) such that ¢ is minimum, and let u; € Ng(w;)NV (A’) with A'[ug, u;]
minimum. Then G has an A’-B’ path S from s € V(A'(u;,x2)) to s' € V(B'[b1, y1]) and
internally disjoint from H’; otherwise, {u;, ¢1, ¢a, Y2, 2} is a cut in G* separating w,,, from
{ag, a1, as, by, by}, a contradiction.

By Lemma 2.4.3, S is an edge with s € {r/,y;}. If s = r/ then S, Q) contradict (4).
So " = y;. Then A'[ay, wr] U Wwy, 2] U z1y1 U Aj U s's U A'[s, az] and B'[by, ¢'] UQ U

A'lg, u;) U wjw; U Ww;, yo] show that 7y is feasible, a contradiction. O
(7) z1, x4 are incident with some finite face of H' — y;.

For otherwise, there exist k € {j + 1,--- ,m} and a vertex u, € V' (A’[ug, x2)), such that
wrug, € F(G). We choose k with & minimum and choose uy, so that A’[uy, as] is maximal.
Clearly, k = j+1lork =7+ 2.

Suppose G has an A’-B’ path S from as to s" € V(B'[b1,y1]). By 3), s ¢ B'(by,1”].

Moreover, s' ¢ B'(1’, y1]; otherwise, S, R, upwy, U Wwg, yo], and X' U Ww;, 21| U 214
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force a double cross. So s’ = b;. Note that |V(S)| > 3 as axby ¢ E(G); so S is contained
in an A’-B’ bridge N and let n1, no, be the extreme hands of V. Since we forced s’ = by,
we see that b; is the only foot of N. By Lemma 2.4.3, V(N N A'(uy,x5)) = (). By (v)
of Lemma 2.3.9, ny ¢ A'la;, us), and so ny = uy. But then, {ny,ny, b1} is a cutin G
separating V' (V) from {ag, a1, as, by, b2}, a contradiction.

Then G has no A’-B’ path from ay to B’[by, 1] and internally disjoint from H’. Since
the degree of ay in G is at least 4, G has an edge from ay to some w € V(W [wg, wy,)).
We derive a(A’, B') = 2 by Lemma 2.2.1 and the following paths: the path A'[a;, 7] U RU
B'[by, '] from a4 to by, the path A’[aq, x1] U X3 from a; to by, the path By UQ U A'[q, us] U
uswy U Y5" from by to be, and the path asw U Ww, 25] U z9y; U Af, from ay to ag. This

contradicts Lemma 2.4.10. O

(8) Letv; € Ng(w;) NV (A") with A'[v;, as] is minimal. Then G has two disjoint A’-B’

paths from A’(xq,v;) to B'[by, y1] and internally disjoint from H'.

For otherwise, there exists v € V(G) such that G — v does not contain any A’-B’ path
from A'(zy,v;) to B'[by, y1] and internally disjoint from H’. But then, combined with (6),
G has a separation (G, G3), such that V(G N Ga) = {v, 1, Y2, 2, u, v;} with u = y;
(when 2z # zp) or u = z; (when 21 = 23), {ao, a1, a2,b1,b2} UV (A'vj,25]) C V(Gy),
and A'[z1,v,;] U Xy C Gs.

By Lemma 2.1.3, (G2, v, 21, Y2, 2, u, v;) is not planar. So, clearly, v ¢ A’, and there
exists an A’-B’ bridge N with feet n/, n, and extreme hands ny, n, such thatv € N. By (v)
of Lemma 2.3.9, H'—y; does not contain a path from A’(nq, ny) to y» and internally disjoint
from A’. Suppose v ¢ B’. Then N has a separation (N, N”) of order 1, such that V' (N’ N
N") ={v}, ni,ne € V(N' = N"),and n,ny € V(N" — N'). Now V(N') = {ny, na, v};
or else, {ny,nq,v} is a cut in G separating V' (N') — {ny, ny, v} from {aop, a1, as, by, b2},
a contradiction. This implies that (Go, v, 21, Y2, T2, u, v;) is planar, a contradiction. So

v € B'. But then, by (v) of Lemma 2.3.9 and the definition of v, n| = n), = v and there
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exist n; € A’[ay,n;] and n} € A’[ng, as], such that {n}, n} v} is a cut in G* separating

V(N) from {ao, a1, as, by, ba}, a contradiction. O

By (8), let 77, T5 be disjoint A’-B’ paths from ¢1,t, € A'(z1,v;) to t},t, € B'[b1, y1],
respectively, which are internally disjoint from H’, such that B'[t},¢}] is maximal and,
subject to this, A’[t1, 2] is maximal. We may choose notation so that a4, t1, t2, as occur on

A’ in order. Then by (4), by, t}, t}, by occur on B’ in order.

(9) t| € B'[b1,7’], and there exist ¢; € V(B'[by,t}]) and co € V(B'[t}, y1]) such that

c1, ¢2 are incident with some finite face of Gf,.

First, suppose such {c;, co } does not exist. Then G, contains a path from a, to B'(t}, t},) and
internally disjoint from B’. This contradicts Lemma 2.2.2 along with the path A'[a;, 2] U
X' Uwjv; UA v, as] from a; to as and the path B'[by, t}|UTy U A'[t, to] UTL U B'[th, y1 | U
Y120 U Wzg, yo] from b to bs.

Now suppose t| ¢ B'[by,r']. Thent| € B'(r’, y1]. First, assume R is internally disjoint
from T3, T,. If r € A'(t1, x2] then R, T contradict (4). So r € A’[ay,t1] and, then, R, T,
contradict the choice of T3, T5. So there exists v € V(RN (T3 U T5)), and we choose v so
that R[r’, v] is minimal. If v € V(T7), then R[r’, v] U T} [v, t1], T, contradict the choice of

Ty, Ty; if v € V(Ty), then Ty, R[r', v] U Ty[v, t] form a cross, contradicting (4). O
Now, we further choose ¢y, ¢2 in (9) so that B'[c, ¢;] is maximal.

(10) Gfy — Ay — B'(by, ¢1) U B'[ca, y1] contains a path Bj, from b, to ¢1, and G, — A, —

B'(by1,co) U B'(ca, y1] contains a path B{ from b, to c,.

Suppose By, does not exist. Then B’(by,¢1) # () and, by planarity of G}, there exist b} €
V(B'(by,¢1)) and ayy € V(B'[c2, 11]) UV (Af) such that b), aj, are incident with some finite
face of Gj,. If a; € B'[ca,y1] then b}, aj contradict the choice of ¢y, ¢o; if ay € Ajf then

{b}, aj, ba} is a 3-cut in Gy, contradicting Lemma 2.3.7.
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Now suppose B{| does not exist. Then by planarity of Gj, there exist b} € V(B'(b1, ¢2))
and ay € V(B'(c2,11]) U V(A}), such that b}, ay are incident with some finite face of
Gy. Now, if ay € V(B'(ca,y1]) then b, af or ¢, af, contradict the choice of ¢1,cs. So
ay € V(A[). Then b| € B'(cy,¢2) and by = ¢y; otherwise, {b, ag, ba} or {c1, af, ba} is a
3-cut in Gj,, contradicting Lemma 2.3.7. But now, ay, by, b/, ¢, are incident with some finite

face of Gi{j; so a(A’, B") = 0, a contradiction to Lemma 2.4.10. O

(11) G has no A’-B’ path from B'(b,¢;) to A, but G has an A’-B’ path T" from ' €

B/(C%yl) tot € A,[.Tl,l'g]-

Note that ¢; € B’'[by, ], since ¢; € B'[by,t}] and ¢} € B’[by,r1]. Thus, if G has an
A'-B' path from B'(by,¢;) to A’, it should be an edge ab with b € V(B'(by,¢1)) and
a € V(A'lay, z1])U{az}. By (3), a € A'lay, x1]. Now by Lemma 2.2.1, the following paths
show «o(A’, B') = 2: the path A’[ay,a] U abU B'[by, b] from a, to by, the path A'[ay, z;] U
X, from a; to by, the path Ay U B'[¢/,y1] U Q U A'[q, as] from ag to ay, and the path
By U B'[er, '] U RU A'[r,wy] U W [wy, ya] from by to by. This contradicts Lemma 2.4.10.

Now the path 7" must exist; otherwise {b;,c1, co, y1,b2} is a cut in G* separating ag

from {ay, as}, a contradiction. O

We choose 7" in (11) so that A’[¢, as] is minimal. Then
(12) t # ag, T is internally disjoint from 77,75, and t = uy = v;.

First, suppose there exists v € V(T'N (11 U T3)), and choose v with T[v, | minimal.
If v € T then T[t1,v] U T, '], T, contradict (4); if v € T, then Ty, T [te, v] U T[v, ']
contradict the choice of 77, 75. So T is internally disjoint from 77, 75.

Now suppose ¢ = as. By Lemma 2.2.1, the following paths show that o(A’, B') = 2:
the path A’[ay, 6] U T, U B'[by, 1] from a; to by, the path A'[a;, z1] U X from a; to bs, the
path TU B'[t', y;] U A from a5 to ag, and the path Bj U B'[to, o] UTy U A'[t, us| U ugwy U

W ws, y2] from by to by. This contradicts Lemma 2.4.10.
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By (4),t € A'[ts, as). By the choice of T1, T, t ¢ A'[ts,v;). By Lemma 2.4.3, we have

t ¢ Al(ug,az),and sot = uy = v;. O
(13) tl € A’[al,wl).

For otherwise, t; € A’[wy,v;). Suppose that G has no A’-B’ path from A’(zq,w;) to
B'[by, y1] and internally disjoint from H'. By (7) and uy = v; in (12), G has a separation
(G1,Gs), such that V(G1 N Gg) = {x1, w1, us, u, x9,yo} with u = y; (when z; # 25) or
u = z1 (When z; = 29), {ag, a1, az,by,bo} UV (A'[ug, 25]) C V(Gy), X1 U Xe C Gy, and
(G, 1, w1, Ug, u, To, yo) is planar. This contradicts Lemma 2.1.3.

So G has an A’-B’ path Tj from ty € A'(xy, w ) tot, € B'[b1, y1] and internally disjoint
from H'. If T is disjoint from 77, T5 then either Ty, T3 contradict the choice of 17, T, or
To, T} contradict (4). So there exists v € V(To N (T UT3)), and we choose v with Tj[v, (]
minimal. If v € T} then T}[t1,v] U Ty|v, ty], To contradict the choice of 11, T5; if v € Ty

then 77, To[ta, v] U Ty|v, t;] contradict (4). O

Now, by (13) and Lemma 2.2.1, the following paths show «(A’, B") = 2: the path from
A’[al, tl] U T1 U B,[bl, tll] from ap to bl, the path A/[(Zl, .131] U X1 from ap to bg, the path
A'lt, a2l UT U B'[t', y1] U Af, from ay to ag, and the path B U B'[ty, o] UTo U A'[wy, to] U

W wy, y2] from by to by. This contradicts Lemma 2.4.10. O
Lemma 2.4.12 There is no fat A'-B’ connector in +.

Proof. For, otherwise, (i) or (ii) of Lemma 2.4.8 holds. Then

(a) if (i) of Lemma 2.4.8 holds then, by Lemma 2.4.9, we may choose the 2-cut {z}, z}}

so that 2} € A'[zy, w].

(b) if (i) of Lemma 2.4.8 does not hold but (ii) of Lemma 2.4.8 holds then, by Lemma 2.4.11,

Ne(y1) NV (Hy) C V(W wy,ws]) and let 2] := wy and 2} 1= 2.

(1) 25 & V(X).

65



For, suppose 2, € V(X3,). Since z; ¢ V(X3) by Lemma 2.4.7, (a) holds. Then 2] = xy;
or else, it contradicts Lemma 2.4.1 that H' — A’(x1, x2) contains disjoint paths from y;, yo
to x1,x9, respectively. But now, {xy, 1., 25} is a cut in G* separating X;(z1,ys) from

{ag, a1, as, by, by}, a contradiction. O

By (1), w,, € W(zh,y2). Let h € {2,--- ,m} be minimum with w, € W (z}, y»), and
let up, € Ng(wp) NV (A[q, z2]) with A'[q, up,] minimal. Let Yo := W{ys, wp] U whup,

which is a path from y5 to wy,.
(2) G[Ho + 1] — A'(21, w;] contains a path Y; from y; to z; and disjoint from Y5.

Let v € Ng(y1) N V(Hp) such that v ¢ A’. Them v ¢ Wwy, yo]. If Hy — Wwp, y2] —
A’(x1,wq] contains a path Y from v to x; then Y Uvy; gives the desired Y;. So assume such
Y does not exist. Then, by the planar structure of Hy, there exist 2} € V(A'[xy, 21]), 24 €
V(W [wp, yo]) such that 27, 24 are incident with some finite face of Hy, and {2}, 25} is a

2-cut in Hy. But then, {27, 2§} contradicts the choice of {2}, z5}. O

Let Y/ := Zy U W2y, wy,] U wy, vy, which is a path from y; to z5. Then
(3) Hy — Y] has a path Y from y, to 2} and internally disjoint from A’.

For otherwise, by the planar structure of Hy, we may assume there exist 2] € V(A'[z4, 2])),
2l € V(W|z2, w,,]) such that 27, 2 are incident with some finite face of Hy, and {2/, zJ

is a 2-cut in Hy. But {27, 2§/} contradicts the choice of {2}, z5}. O
Now, the following statement holds to avoid forming a double cross with Y, Y3:
(4) G has no disjoint A’-B’ paths from ¢,d € V(A') to ¢,d € V(B'[b1,11]), re-

spectively, and internally disjoint from A’ U B’ U H’, such that ¢ € V(A'[ay, 21)),

de V(A(c,xz3)), and by, d’, ¢, y; occur on B’ in order.

(5) If up, # x5 and G has an A’-B’ path S from s € A'(up,x5] to s’ € B'[by, 1] and

internally disjoint from H’, then by = r; =1’ = ¢’ and S is an edge from s to s'.
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Firs, S N R = (); otherwise, S, R are contained in some A’-B’ bridge, which contradicts
(v) of Lemma 2.3.9 due to the path uj,w;, U Wwy, yo] from wuy, to yo. Now, s’ € B'[by, r'];
otherwise, S, R, Y7, Y, form a doublecross as we assume u;, # x3. Thus, G has no A’-B’
path from A’(uy, 22 to B'(r’, 1], which further implies that S N Q = ().

We claim b; = r; and so a; = x; by (iii) of Lemma 2.4.4. For, suppose b; # r;. Then
s’ = by; otherwise, s = 25 = as, and S = ayby, a contradiction. But then, A'[a;, 7] U R U
B'[s,r'|USUAs,a2) UY; UAjand B} UQ U A'[q, up] U Ya U B'[ya, be] show that 7 is
feasible, a contradiction. (Recall B}, A} from Lemma 2.4.10.)

Now suppose 7 # r'. By Lemma 2.4.2, there exist an A-B core H” with feet 11,9
and " € B'(r1,72), and an A’-B’ bridge M with extreme hands [y, 7o and feet [}, r(,, such
that R is internally disjoint from M, |y = rq = x; for some i € [2], and ' € B'(lj), ().
Since G has no A’-B’ path from A’(uy, x2] to B'(r', 1], then ¢ = 1, x; is an extreme hand
of H”, and S is internally disjoint from M. If s’ = 1’ then let P* be the path from [{ to r{,
in M and internally disjoint from A’, B’; now A’[ay, 7] U RU S U A’ (up, az) UY; U Af and
B'lby, )] UP*UB'[r}, ] UQU A'q, up) UY; show that  is feasible, a contradiction. Thus,
s' € B'[ry,r") and s = x5 (by the definition of 7’). Now, we see that S is not contained
in an A’-B’ bridge. For otherwise, by (ii) of Lemma 2.3.9, S is contained in H”, which
further implies x5 is an extreme hand of H”. So H"” is a main core of A, B, a contradiction
to Lemma 2.3.8. So S = xy5". If s € B'(ry,7’) then S € E(H"), which implies that =
is an extreme hand of H”, still a contradiction to Lemma 2.3.8. So s’ = r; and S = x50y,
which implies as # x5, a contradiction to Lemma 2.4.8.

Therefore, by = r; = ' = §’. To complete the proof of (5), we need to prove that
S = ss'. For, suppose S # ss’. Then S is contained in some A’-B’ bridge N, and let nq, ny
be the extreme hands of N. Note that V(N N B’) C {b1}, as by = r = s = r/ for any
choice of S. Moreover, by Lemma 2.4.3, V(N N A’ (uy, z2)) = 0. Hence, ny € A'[x1, up]
and ny = 5. By (v) of Lemma 2.3.9, H' —y, does not have a path from A’(n;, ns) to y, and

internally disjoint from A’. So, by the existence of path Y3, ny ¢ A'[xy,us). So ny = uy,.
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But then, {n,ns, b} is a cut in G* separating N from {ag, ay, as, b1, b}, a contradiction.

O
(6) I 7£ Zi, and b2 = Y.

First, suppose x; = 2]. Since w; # x; then (a) holds. Now G has an A’-B’ path from
A'(up, z3) to B'[by,y1] internally disjoint from H' — y;; otherwise, {x1, 2}, up, T2, Y2}
is a cut in G* separating {ag, aj, as, by, by} from V(X; U X5), a contradiction. Hence,
A'(up, ) # 0 and, by (5), by = r1 = r' and a; = x; (by (iii) of Lemma 2.4.4). But then,
G has a separation (G1, G5) of order 6, such that V(G N Gy) = {1, 25, up, T2, Yo, b1 },
{ag, a1,a9,b1,b2} C V(Gy), V(X1 U Xs) C V(Gs), and (Ge, 1, Yo, T2, by, up, 25) is pla-
nar, a contradiction to Lemma 2.1.3.

Now suppose by # yo. By Lemma 2.4.8, Ng(by) = {y2, 21} and ay # z1. Let a1’ €
E(G) with O/ € V(B'(by,1m1]) U V(B'[y2,b2)). By (i) of Lemma 2.4.4, V' € B'(by,ry].
Since z; # z|, we have a(A’, B') = 2 by Lemma 2.2.1 and the followin paths: the path
Ay UY] U A'[xs, as] from ag to ag, the path B} U Q U A’[z1, ¢] UY; U B'[ys, by] from b to
by, the path a1’ U B’'[by, b'] from a; to by, and the path A’[a;, x1] U e from a; to by. This

contradicts Lemma 2.4.10. O
(7) G has an A’-B’ path from A’[ay, z]) to B'(by, 1] and internally disjoint from H'.

For, suppose (7) fails. Then by Lemma 2.4.10 and by (5) and (6) (by = ), if (a) holds
then {b1, bo, 21, 25, up } is a cut in G* separating a,, a; from ag, a contradiction; if (b) holds
then {by, be, 21, y1, up} (When z; # wy) or {by, by, 21, 21, up } (When z; = wy) isacutin G

separating a1, as from ag, a contradiction. O

(8) If uy, # o, then G has no A’-B’ path from A’(uy, 23] to B'[by,y;] and internally

disjoint from H’.

For, otherwise, it follows from (5) that by = r; = r = s’ and G has an edge sb; with

s € V(A(up, x2]). So s # as. Now sb; and a path from (7) contradict (4). O
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(9) G has disjoint A’-B’ paths from A’[a;, 27) to B’[b1, y1] and internally disjoint from
H'.

For otherwise, there exists a vertex v € V(G) such that G — v has no A’-B’ path from
A'lay, 2}) to B'[by, y1] and internally disjoint from H'. Then by (8), there exists a separation
(G1,Gs) in G such that V(G N Go) = {v, 21, u, up } (with u = 2} if (a) holds and v = 1,
if (b) holds), b1, ap € V(G4), and aq, as, by € V(Gs).

Suppose (G, v, 21, u, up, ag, by, ay) is planar. If v = ay, up, = as then {v, 21, u, up, ba }
is a cut in G* separating V' (X; U X5) from {ao, a1, as, by, bs}, a contradiction; if v #
ai,Up = ag Or v = ai,up # as, then Lemma 2.1.3 applies; if v # aq,up # ao, then
Lemma 2.1.4 applies.

So (Ga, v, 24, u, up, as, by, ay) is not planar. Clearly, v ¢ A’, and there exists an A’-
B’ bridge N with feet n,n} and extreme hands n;,ny, such that v € N. By (v) of
Lemma 2.3.9, H' — y; does not contain a path from A’(n,ns) to y, and internally dis-
joint from A’. Suppose v ¢ B’. Then N has a separation (N’, N”) of order 1, such
that V(N' N N") = {v}, ny,ny € V(N' — N”), and n},n, € V(N” — N’). Now
V(N') = {ny,nq,v}; or else, {n1,ne,v} is a cut in G separating V(N') — {ny,n9, v}
from {ag,as,as, by, be}, a contradiction. This implies that (G, v, 2, u, up, as, bs, aq) is
planar, a contradiction. So v € B’. But then, by (v) of Lemma 2.3.9 and the definition of
v, ny = ny = v and there exist n] € A’[ay,n;| and n} € A'[ny, asl, such that {n}, n3, v} is

a cut in G* separating V' (N) from {ao, ai, as, b1, by }, a contradiction. O

By (9), let T, T, be disjoint A’-B’ paths from t1,ty € A'[ay, 2]) to t},t, € B'[by, y1],
such that aq, t1, t3, as occur on A’ in order, 77, T3 are internally disjoint from H’ and, sub-
ject to this, A'[ty,ts] U B'[t},t}] are maximal. Then by (4), by, t,t5,y; occur on B’ in

order.
(10) t} € B'[by,r'], t, ¢ B'(¢',y1], and @ is internally disjoint from 77, T5.

Suppose () is not internally disjoint from 7 for some j € [2], then (), T} are contained in
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some A’-B’ bridge. But then, the existence of the path from z] to y, in H' — y; contradicts
(v) of Lemma 2.3.9.

So @ is internally disjoint from 77, 75. Hence, by (4), t, ¢ B'(¢',y1]. Now suppose
ty e B'(r',t,). If RN (Ty UTy) = 0, then R, T contradict the choice of 77, T» (when r €
A'lay, t1]) or Ty, R contradict (4) (when r € A'(t1, q)). So there exists u € V(RN(T1UTy)),
and we choose u so that R[r’, u| is minimal. If u € T3, then R[r’, u]UT[u, t1], T, contradict

the choice of 71, Ts. If u € Ty, then T4, R[r', u| U T [u, t5] contradict (4). O

We let Qg be an A’-B’ path from gy € A’(z], as] to ¢, € B'[b1, y1] and internally disjoint

from H’, such that B[q(, 1] is minimal. By the existence of Q, ¢, € B'[¢, y1].

(11) No finite face of Gy is incident with both a vertex of B’[by,t]] and a vertex of

B/[Q67y1]-

For, suppose ¢; € V(B'[by,t}]) and co € V(B’[q), y1]) such that ¢, ¢ are incident with
a finite face of G;. We choose ¢, ¢y so that B'[cy, ¢o] is maximal. Since ¢} € B'[by, '],
¢1 € B'[by,r’"]. We may further assume ¢; € B'[by, r1]; otherwise, ' # ry, ¢; € B'(ry, 1],
and by (iii) of Lemma 2.4.2, ' € B'(ry,ry) for some o € V(B'(r',11]) and 7/, 71,75 are
incident with some finite face of Gj,, implying ¢; € B’[by, 1] by the choice of ¢y, ¢, a
contradiction.

Note that G has an A’-B’ path T} from t € B'(by,c1) U B'(¢q,y1) to t3 € A’, to avoid
the cut {by, bs, c1, co, y1} in G*, separating ag from {a;, as}.

Note that t;, € B'(ca,y1). For, suppose t; € B'(by,c1). Then t; € B'(by,r1) and, by
the choice of 77,75 and by (4) and (8), we have t3 = u, = ay. Thus, A’[ay,t;] U Ty U
B'[th, t1]UT5UY/ U A} and B UQU A’[2], q] UY; show that ~ is feasible, a contradiction.

Moreover, t3 = 2!, as t3 ¢ A'(2], as] (by the choice of @), and t3 ¢ A’[ay, z}) (so that
T3, ()9 do not contradict (4)).

If Gy, — B'[t}, qj] — A}, contains a path B3 from by to t}, then A’[ay, t;|UTy U B'[t}, ¢j] U

Qo U A'[qo, as] UY] U Aj and B U T3 U Y] show that + is feasible, a contradiction.
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So such B} does not exist. Then, by the maximality of B’[cy, cs], there exists c3 €
V' (Ajf) such that {cs, c3} is a cut in G separating b; from ¢}, and there does not exist any
A’-B' bridge with one foot in B’[b;, ¢2) and another in B’(c, y1]. Hence, {2/, c2, ¢3, 91} is

a cut in G* separating t5 from {ao, a1, as, by, b2}, a contradiction. O

(12) Gy — B'(by,t)] — (B'[q, y1] U Aj) contains a path B from b to B'(t, q).

For otherwise, b; # ], and there exist ¢; € V(B'(by,t}]) and c; € V(B'[q), 11]) UV (Af)
such that ¢y, ¢y are incident with a finite face of G,. By (11), ¢co € Aj,. By Lemma 2.3.7,
¢ & B'(bi,r1]. Soc; € B'(ry,r'] ast| € B'[by,r']. Hence, by (iv) of Lemma 2.4.2,

¢y = ag, by = r1, and a(A’, B') = 0, contradicting Lemma 2.4.10. O

(13) If (a) holds then H' — y; — 2z, — X;[x1, y2) has a path Y5" from z] to y» and internally

disjoint from A’.

For otherwise, there exists u € V (A'[z1, 21)UX[21, y2)), such that u, 2} are incident with a
finite face of H' —y;. By the choice of {21, 25}, u € V(X1 (21,y2)). Now {u, 25, up, x9, ya}

is a cut in G* separating X, from {ag, ai, as, b1, b2}, a contradiction. O

(14) If (a) holds then H" — y; — A'(x1, 27) — W2}, y2] has a path X* from x; to z1; if (b)

holds then H' — y; — A'(xy, 2}) — W22, yo] has a path X* from z; to z].

For otherwise, let v = 2z, when (a) holds; and let v = z3 when (b) holds. Then there exist
z) € V(A'(xy, 7)) and 2 € V(W |v, ys]) such that 27, 2 are incident with a finite face of

Hy. Hence, (a) holds, and {2z, zJ'} contradicts the choice of {2, z5}. O

(15) G —T) — Qo has no A’-B’ path from A'(t1, 21] to B'(t}, qp)-

For, suppose G — T} — Qo has an A’-B’ path T from ¢t € V(A'(ty, 2}]) tot’ € V(B'(t}, ¢))-
When (a) holds, we let B* be the path from b, to by in B} U B'(t, qp) UT U A'[t, 21| U Y5
when (b) holds, we let B* be the path from b, to by in Bf U B'(t},q) UT U W|t, ys]. By
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Lemma 2.2.1, the following paths show that a(A’, B’) = 2: the path B* from b, to bs, the
path A’[qo, as] U Qo U B'[q}, y1] U A}, from as to ay, the path A’[aq, t,]UTy U B'[by, t}] from

a; to by, and the path A'[ay, z1] U X from a; to by. This contradicts Lemma 2.4.10. O
(16) t, = qp, t) = r’, and G has an A’-B’ path R* from r’ to A'(z1, 2]).

For, suppose t, # ¢,. By (15), T3, Q) are contained in an A’-B’ bridge. But the existence
of the path from 2/ to y» in H' — y; contradicts (v) of Lemma 2.3.9.

Note that G has an A’-B’ path from 7’ to A’(xy, z}); for otherwise, R N Ty = (), and
R, T, contradicts (4).

Next ¢} = r’. For otherwise, ' € B'(t}, q},). Now, by (15), R* N (T} U Qo) # . By the
definition of 7/, R* N'Ty = (). Thus, R*, (), are contained in some A’-B’ bridge. But then,

the path from 2} to y, in H' — y; contradicts (v) of Lemma 2.3.9. O

Now, the path A'[a;, ;] U X* U A’[2], as] from a; to ay and the path B'[by, '] U R U
A'lr, to)] UTo U B'[th, y1| U Zo UW |29, yo] from by to by show that G, does not contain a path
from B’(t},t}) to ag and internally disjoint from B’; or else, it contradicts (i) of Lemma
2.2.2. So, there exist ¢; € B'[by,t]] and co € B'[t}, y»], such that ¢y, ¢o are incident with

some finite face of G, a contradiction to (11). O

2.5 Slim connectors

In this section, we let v := (G, ag, a1, as, by, b2), and assume that +y is infeasible and no
ideal frame in  admits a fat connector (seen at Figure 2.11).

Recall that biby ¢ E(G), ab; ¢ E(G) fori = 0,1,2 and j = 1,2, and G* :=
G + byby + {a;b; :i=0,1,2and j = 1,2} is 6-connected. Let A, B be an ideal ap-frame
iny. Let Gy := G — A. By Lemma 2.1.6 and the structure of slim connectors, G has a
disk representation with B and ay occurring on the boundary of the disk, and any A-B path

in GG is induced by a single edge.

Lemma 2.5.1 Let a_, := as and a3 := ag. Then the following statements hold:
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Figure 2.11: An ideal frame with only slim connectors

(i) G cannot be obtained from a planar graph H by identifying two vertices of H, such

that by, by and two of {ag, a1, as} are incident with a face of H.

(ii) Foranyi € {0,1,2}, (G — a;_1, a;,b1,a;41,02) or (G — @11, a;,b1,a;_1,bs) is not

planar.

(iii) There do not exist a permutation © of {0,1,2}, a graph H and distinct vertices
s, t, st € V(H), such that (H, ar), b1, arq), 5,1, 8,1, az2), b2) is planar, and G

is obtained from H by identifying s with s’ and t with t', respectively.

Proof. Let n = |V(G)|. Since G* is 6-connected, |E(G)| > 3n — 7. First, we see that (i)
holds. For, otherwise, there exist ¢ € {0, 1,2}, graph H with (H,a;_1, by, a;11, be) planar,
and distinct s, s’ € V(H ), such that GG is isomorphic to the graph obtained from H by iden-
tifying s with §'. Then |E(H)| > |E(G)| > 3n—"7,and H' := H +{a;_1b1, a;_1b2, a;11b1,
a;y1b2, b1bo} is planar. However, |E(H')| > 3n — 2 = 3|V (H')| — 5, a contradiction.
Now suppose (ii) fails. Then for some i € {0, 1,2}, both (G — a;_1, a;, b1, a;41,b2) and

(G — a1, a4, b1, a;_1, be) are planar. Without loss of generality, we assume i = 0 and that
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dg(al) S d(;<a2). Let G/ =G + {agbl, agbg, aobl, a0b27 blbg}. Then G/ — ax is planar.
Since G* is 6-connected, d¢r(az) > dg(ar) + 2, der(ag) > 6, der(bj) > 5 for j € [2], and

de(z) > 6 forall x € V(G') \ {ao, a1, az, by, by }. Hence,

|IE(G' —a1)| = (6(n—5)+6+5+5+2)/2=3n—6=3V(G' —a))| -3,

contradicting the planarity of G’ — a;.

Finally, suppose (iii) fails. So there exists a permutation = of {0, 1,2}, a graph H
and distinct vertices s,t¢,s',t' € V(H), such that (H, a (o), b1, ar1), 5,1, 8", 1, ar(2), b2) is
planar, and G is obtained from H by identifying s with s’ and ¢ with ¢, respectively. Now
\E(H)| > |E(G)| > 3n — 7, ax0)azq), Gr0)0r(2), Ax0)l, @z)s ¢ E(H), and H' :=
H + {biar(0), b1ary, b2ax(0), b2r(2), Gr(0)Ar(1), Cr(0)0r(2), Ar(0)t, Ar(0)S'} 18 planar. Thus,

[V(H")] =n+2and |E(H'")| > 3n+ 1= 3(n + 2) — 5, contradicting planarity of H'. O

We now investigate the edges between A and B. Let a't/,a"V" € E(G) with d’,a" €
V(A) and V', 0" € V(B) all distinct. We say that o'/, a”b” form a cross (w.r.t. A, B) if
ay,a’,a”, as occur on A in order, and by, b”, V', by occur on B in order. We say that a’t/, a”’b”
are parallel if ay,a’,a”, ay occur on A in order, and by, b', 0", by occur on B in order.

Two sets of edges of G between A and B play critical roles in the remainder of this
section. For i = 5,6,7, let ¢; = a;b; € E(G) with a; € V(A) to b; € V(B); we say
that (es, g, €7) is a 3-edge configuration if bg € B(bs,b7) and ay, as, a6 ¢ Alas, az|. For
i = 3,4,5,6,7, let e; = a;b; € E(G) with a; € V(A) and b; € V(B); we say that

(e3, €4, €5, €6, €7) i a 5-edge configuration (seen at Figure 2.12) if

e (e5,e4,€7) is a 3-edge configuration,
[ A[a5, CL7] Q A(ag, CL4), and

o b3, by € B(b;,b5) N B(bj, by) for some j € [2].
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Figure 2.12: (es, ey, €5, €6, €7) is a 5-edge configuration
Lemma 2.5.2 There exists a 5-edge configuration.

Proof. (1) Fori € [2], G has a cross from A — a; to B.

For, suppose G has no cross from A — a; to B and, without loss of generality, let
i = 2. Letd't/ € E(G) with @’ € V(Ala1,az) and b’ € V(B[by, bs]), such that B[V, by
is minimal. Then G has an edge from ay to B[by, V'), as otherwise, (G, ay, ag, ba, ag, by)
is planar, contradicting (i) of Lemma 2.5.1. Let asu; € E(G), with u; € V(B[b}, b)) for
i € [2], such that Bluy, us] is maximal and by, uy, us, by occur on B in order.

Then there exists ab € E(G) with b € V(B(uj,us)) and a € V(A[ay,az)). For,
otherwise, let H be obtained from G by splitting as to s, s, such that H has no edge from
Bluy,us] to s’ and no edge from B[V, by] to s. Now (H, ay, bs, ag, by) is planar and G can
be obtained from H by identifying s and s, contradicting (i) of Lemma 2.5.1.

We see that a = a;. For, otherwise, let a;0* € F(G) with b* # b. Since G has no cross
from A —as to B, b* € B(by,b). Now, (a1b*, ujas, ab, usas, a’'t’) is a 5-edge configuration.

So all edges from B(uy, us) to Alay, as) end with a;. But now, (G — ay, as, ba, ag, by)

and (G — ag, ay, be, ag, by) are planar, contradicting (ii) of Lemma 2.5.1. O
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We let b}, by € B[by, by], such that by, b}, b, by occur on B in order, G has an edge from
b, to A for each ¢ € [2], and subject to this, B[b], by] is maximal. By relabelling notation,

we may assume that
(2) G has no edge from b} to A(a;,ay), and has an edge e3 := b/ a;.

First, suppose there exist ba, € E(G) with a; € V(A(aq,az)) for each i € [2]. Since
dg(a;) > 4 for i € [2], there exists a;b] € E(G) with b € V(B(b},b,)). Now b}a), bhal,
blay, byas form a double cross in 7, a contradiction.

Thus, for some ¢ € [2]|, G has no edge from b, to A(ay,a2). By symmetry, we may
assume ¢ = 1 and bja; € E(G). O

By (1), there exist e, = a4by, e5 = asbs € E(G) withay, as € V(A(ay, as]) and by, by €
V(BIb), ba]), such that ey, e5 form a cross, and by, by, bs, by occur on B in order. We further
choose ey, €5 so that B[}, by]U A[ay, as] is minimal and, subject to this, B[bs, ba]U A[ay, as]

is minimal. Then

(3) G has no edge from Blby, by) to A(as, as], no edge from A(aq, as) to B(by, bs], no

edge from by to A(ay, az], and no edge from as to B(bs, bs).
To avoid forming a double cross with ey, €5,

(4) G has no cross from B|[by, by to Alay, as] or from B[bs, bo] to Alay, as].
(5) G has no edge B(bs, bo] to A(ay, ay), or no edge from B(by, b5) to A(ay, ay) — as.

For, suppose there exists ab,a't’ € E(G) with b € V(B(bs, bs]), a € V(A(ay,a4)), b’ €
V(B(bg, b5)) toa’ € V(A(ay, as) —as). By 3), a,a’ € A(as, as). Now (es, eq,b'd’, €5, ba)
is a 5-edge configuration. O

Let e} = asb;, € E(G) with b, € V(B(by, bs]) such that B[bL, bs] is maximal. If G has
an edge e from B(b}, bs) to A — as, then (e3, e4, €%, €, e5) is a 5-edge configuration. Hence,

we may assume that
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(6) G has no edge from B(b, bs) to A — as.

We may also assume that
(7) G has no cross from B[bL, by to A(as, as] not involving the possible edge a4bf.

For, suppose G has a cross ¢’ = a'b', " = a”b" avoiding a4b%, with o', a” € V (A(as, as)),
b, b e V(B bo)), and as,a’,a”,ay on A in order. Then a” € A(as, ay), to avoid the
double cross ey, e%, ¢, ¢”. Hence, we may assume b” = bL; as otherwise, (e3, €4, e, €”,¢')
is a 5-edge configuration. Then a” € A(as, a4), as €’ # a,bf.

Let e* = a"b* € E(G) with b* € V(B[by, bo]). Since G* is 6-connected, we can choose
e* so that b* ¢ {V/,b",bs}. Now b* € Blby,bs], to avoid the double cross e*, €, e, er.
If b* € B(by,bs) then (e, eq, e, ek, €') is a 5-edge configuration. If b* € B(bf,b') then
(e, eq, €5, €% €') is a 5-edge configuration. If b* € B(V,by] then (e3,eq,e”, €' e*) is a

5-edge configuration. O

If ay # as then there exist ] = ajbf € E(G), i € [2], with af € A(ay,as] and
bf € V(B(by, bs]), and we choose them so that B[b}, b5 is maximal, and by, b7, b3, bs occur

on B in order.
(8) If ay # as, then G has no edge from B(b7, b3) to as.

We show that if (8) fails, then the desired 5-edge configuration exists, or splitting a; or bs
results in a graph H such that (H, ay, be, ag, by ) is planar, contradicting (i) of Lemma 2.5.1.
So assume a4 # as and that G has an edge ef from b € B(b}, b}) to a;. We see that
b # by. For otherwise, by = by and a} # as. By (3), G has no edge from ay to B[by, by],
and so G has an edge from ay to B(by, b2), which together with ey, €3, e forms a double
Cross.
We may assume that G’ has no edge from B(by, b]) to Alay, as] — a4. For otherwise, let

e =abe€ E(G)withb € V(B(by,b})) and a € V(A[ay, as] — a4). Then by the definition
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of b, b5, we have a ¢ A(ay, as]. Moreover, a # a; to avoid the double cross e, ey, €3, €.
But then a € A(ay,a4), and so (es, 4, €, €], €f) is a 5-edge configuration.

Hence, by (3) and (4), we may assume that G has no edge from B[by, b}) to A(ay, as]
and G has no cross from Blby, b}) to Alay, az).

We may also assume that G has no edge from B(b}, by] to Alay, as]. For, suppose G
has an edge e from b € B(b3, bs] to a € Alay, as]. Note a # a4 to avoid the double cross
eq, €}, ek, e, and a ¢ A(ay, az] by the definition of b3, b5. If a = a, then (e, €5, €%, €7, e4) is
a 5-edge configuration. If a € A(ay, a4) then (e3, eyq, X, €5, ) is a 5-edge configuration.

Moreover, we may assume that G — {a;,b5} — a4b] has no edge from B[b},b}] to
Alay,a4). For, suppose there exists e = ab € E(G) with e # a4bi, a € V(Alay,aq] —
as), and b € V(BI[b;,b5] — bt). First, assume b € B(b:,b5]. Then a € Alaj,as) to
avoid the double cross ey, ef, e,ef. Hence a = a; by (3), and (e}, e, e}, e}, e4) is a 5-
edge configuration. So b € BI[bf,bi). Then a € A(as,ay] to avoid the double cross
ey, €5, e,e;. We may assume b = b7; or else, b € B(b],b%), and (e}, ef, e, e}, eq) is a 5-
edge configuration. Since e # a4bf, a € A(as,a4). Let eg = aby € E(G) with by €
V(Blb1, b2]) \{b4, b7, b5} (as di(a) > 6). By (3), by ¢ B[b1,bs). Now by ¢ B(b7, bs] — bt as
b =bj,and by ¢ B(b5, by] as G has no edge from B(b}, bo] to Alay, as]. So by € B(by, b}),
and (es, eq, g, €7, €1) is a 5-edge configuration.

We may further assume that G has no cross from A(ay, as] to B[b},b5) U B(b:, b).
For, suppose G has a cross ¢ = d't/,e” = a"V" with d’,a"” € A(ay,as] and V', 0" €
B[bt, b%) U B(b, b3], such that ay,a’,a”,as occur on A in order. Then b’ € B[b}, b;) to
avoid the double cross ey, ef, ¢, €”, and so V' € B[b},bi). Moreover, ay € Ala”, as] to
avoid the double cross eq, ef, €’ e5. But now, (e3, ek, €', ", ey) is a 5-edge configuration.

Let ¢ = d'V,e¢" = d"V" € E(G) with b/ € V(B[b},b%)), b € V(B(b;,bs]), and
a,a" € V(A(ay,as)), such that B[/, b"] is minimal. Then there exists eq = biag € F(G)
with ag € V(Alay,d’)) UV (A(a”,az]) \ {as}; for otherwise, by (6) and above claims, we

can split a5 to obtain a graph H from G such that (H, ay, by, ag, by ) is planar, contradicting
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(i) of Lemma 2.5.1. In fact, ag € Alas, a’) to avoid the double cross €X, eg, €”, ey.

We may assume that G has no edge from a; to B(by, bo] — b (and, hence, b5 = b). For,
suppose e = azb € E(G) with b € V(B(by, bo] — b%). If b € B(b:, by] then b € B(bf, b
by (6) and ap € A(as,a’) to avoid the double cross ey, €, e4, €’; now (€5, e, e, €', e4) is a
5-edge configuration. We may thus assume b € B(by, bf). Then ay € Alay, a;) to avoid the
double cross e, ey, eq, €. Let eg = asbg € E(G) with bg ¢ {by, V', b}. Then bg ¢ B(b, b
to avoid the double cross eg, g, €4, €¢'. Moreover, bg ¢ B(l', b;); or else, (€5, g, €6, €, €4) is
a 5-edge configuration. By (6), b ¢ B(by,b'). So bg € B[b, bs). But then (e, e, €, €4, €5)
is a 5-edge configuration.

Hence, by above claims, we can obtain a new graph H from G by splitting b? such that

(H,ay, by, ag, by ) is planar, which contradicts (i) of Lemma 2.5.1. O

We let uy, uy € B[by, bo], such that by, uy, us, by occur on B in order, G has an edge f;

from as to u; for ¢ € [2], and subject to this, Bluy, us] is maximal. By dg(az) > 4, uy # us.
(9) If ay # a9, then G has an edge from ay to B(bs, bs).

For, suppose a4 # as and G has no edge from as to B(bs, by]. By the choice of ey, uy,us €
B(by, bs).

We may assume that G has no edge from B(uq,us) to Ala,as). For, suppose there
exists ab € E(G) with b € V(B(uy,us)) and a € V(Alay,az)). Then a # as by (8),
and a € A(as,ay) to avoid the double cross e, ey, 5, f1. If by # by then (e5, fo, €, f1, €4)
is a 5-edge configuration. So b5 = by. Then uy # bs and (es, fi, e, f2,e5) is a S-edge
configuration.

We may also assume that G has no cross from Afay, as) to B[by, uy]. For, suppose there
exist ¢ = a'b/, e’ = d"V' € E(G) with «’,a” € Alay,as) and V', 0" € Blby,u], such
that ¢/, ¢” form a cross, and a4, a’, a”, as occur on A in order. If b € Blby, by) then by the
choice of e4, e5, we have a” € Alay, as] and o’ = ay; now €, €”, ey, e5 form a double cross,
a contradiction. So 0" € Blby, uy]. Let f denote an edge from ay to B(uq, uz). Thena’ # a4

to avoid the double cross €, f, ey, e5. Now (es, €” €, f, e5) is a 5-edge configuration.

79



By (i) of Lemma 2.5.1, (G, a1, by, ag, by) is not planar. So there exist ¢/ = a'b/, e’ =

a't € E(G) with /,a” € V(Alay,a2)) and V', 0" € V(B[ug, by]), such that €', ¢” are
parallel, and a,, a’, a”, as occur on A in order. Now o’ € Alay, as) to avoid the double cross
e e’ ey, f1, and V" € Blus, bs] to avoid the double cross e5, e”, ey, f1. We may assume
bs = by; otherwise, (e5,€”, ¢, f1,e4) is a 5-edge configuration. So uy # bs. Now, let e =
a’b € E(G) with b ¢ {b',b",b5}. Then b ¢ B|by, u] to avoid the double cross e, ¢”, fa, €.
We may assume b ¢ Blusg,b'); otherwise, (es, f1,e, €', e”) is a 5-edge configuration. Since
G has no edge from B(uy,us) to Alai,az), b € B(V,bs). But now, (e3, f1,€',e,e5) is a

5-edge configuration. O

(10) G has no edge from B(bs, bs] to A(ay, ay).

For, suppose there exists ¢ = ab € E(G) withb € V(B(bs, bs]) and a € V(A(ay,a4)). We
choose e so that B[b, by] is minimal. By (3), a € A(as, a4). By (5), G has no edge from
B(byg, bs) to A(ay,as) — as. Moreover, since the degree of a in G is at least 6, then we let
ep = aby with by € B[by, by] and by & {bs, b5, b}. Now, by (3) and (5), and by the definition
of b, we have by € B(bs,b).

G has no edge from A(ay, as] to Blby,b). For, suppose there exists ¢/ = a'b/ € E(G)
with @’ € A(ay,az) and V' € Blby,b). Then by (3), b ¢ Blby,bs]. So b’ € B(by,b). But
then, ¢, €/, e4, e5 form a double cross.

G has no edge from b, to A(as, ay) or no edge from a4 to B(by, b); otherwise, such two
edges together with es, e form a double cross, a contradiction.

Now, we see that G has an edge ¢’ from a; to O’ € B(by, by]; otherwise, since G has
no edge from b, to A(as, ay) or no edge from ay to B(by, b), then combined with (3), (4),
(6), and (7), we can obtain a new graph H from G by splitting a4 or by as s, s, such that
(H,ay, as, by, ag, by ) is planar, a contradiction to (i) of Lemma 2.5.1.

We also see that G has no edge from a, to B(b%, b); otherwise, such an edge together

with es, ey, er, e forms a 5-edge configuration, a contradiction.
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Hence, V' € B(by,bs] U B[b,bs]. We further choose €’ so that B[b', by is maximal.
Moreover, we let ¢’ = a1V € E(G) with b € B(by,bs] U B[b, by| so that B[V, by] is
minimal.

Now, assume b” € B(by,b;]. Then by the choice of ¢”, G has no edge from a; to
Blb, bs]. Moreover, GG has no edge from B[b, by) to A(ay, as]; otherwise, by (3), such an
edge must end in A(ay, as], which together with €’ e4, e5 forms a double cross. Hence,
G has an edge eg from a4y to bg € B(bg, bs); or else, we can obtain a new graph H
from G by splitting by as s, s’, such that (H, ay, as,bs, ag,by) is planar, a contradiction
to (i) of Lemma 2.5.1. Now, G has no edge from b, to A(ay,a4); or else, such an edge
together with es, €/, eg forms a double cross. So we may assume ay; # a4; otherwise,
(G — ay,a9,bs,0a9,b1) and (G — ay,aq,bs,ag,by) are planar, a contradiction to (ii) of
Lemma 2.5.1. Then uy € B[b, by| (by (7) and (9)). Moreover, bg ¢ B(V', bs]; otherwise,
(f2, e, €6, €, e4) is a 5-edge configuration. So G has no edge from a, to B(V', b;]. Therefore,
we can obtain a new graph H from G by splitting a4 as s, ', such that (H, a1, as, bs, ag, by)
is planar, a contradiction to (i) of Lemma 2.5.1.

So we may assume b” € B[b, by]. Now, ay = ay4; otherwise, us € B[b, bo] (by (7) and
(9)) and (f2,€”, e, es5, €4) is a 5-edge configuration.

We also claim that G has an edge eg from ag € A(aq,as) to bg € Blby, by]; other-
wise, (G — ay, ag, be, ag, by) and (G — asg, aq, b, ag, by) are planar, a contradiction to (ii) of
Lemma 2.5.1.

Then bg ¢ Blby,bs); otherwise, ag € A(ay,as)], and (e, €”, es, 4, €6) is a 5-edge con-
figuration. Hence, bg = by, and G has no edge from a5 to B[by, by), which further implies
b # bs (as the degree of a5 in G is at least 6).

Now, we may assume uy ¢ B[b, by]. For, suppose not. Then G has no edge from
{a1,as} to B(by, bs); otherwise, such an edge together with fo,€”, es5, e forms a 5-edge
configuration. Moreover, ag ¢ A(as, as); otherwise, (fo,€”, e, €5, €6) is a 5-edge configu-

ration. But now, (G —ay, as, by, ag, by) and (G —ay, ay, b, ag, by ) are planar, a contradiction
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to (ii) of Lemma 2.5.1.

Since uy ¢ BIb, bs], then G has no edge from ay to B[b, bs]. By (7), G has no edge
from asy to B(b,b). By (3), G has no edge from ay to B[by, by). Since the degree of as in
G is at least 4, then G has an edge €/, from ay to B(by, bf). Now, ag ¢ A(as, as); other-
wise, eg, €5, €, €5 form a double cross. Moreover, i’ ¢ B(by, b) to avoid the double cross
¢, e, es, e. Hence, combined with (6), we can obtain a new graph H from G by splitting

ay as s, §', such that (H, ay, by, ag, by) is planar, a contradiction to (i) of Lemma 2.5.1. O

Now, by (3), (8), (9), and (10), we have

(11) G has no edge from A(ay, as) U A(ay, as] to B(by, bs) and no edge from B[b, by) U
B(b5, bg] to A(CL5, a4).

We may assume that
(12) G — {asby, a4bs} has no parallel edges from A|as, a4] to Blby, bs].

For, otherwise, let ¢’ = a'b', " = a"b" € E(G) be parallel with o', a” € V (A[as, a4)) and
b',b" € V(Blby, bs]), such that a;, a’, a”, as occur on A in order, €’ # asby, and €” # a,bs.

We may further assume " = b, for any choice of €/, ¢”. For, suppose b’ # by. If b # by
then (e3, eq, €', €”, e5) is a 5-edge configuration. So assume b” = bs. Then a” # ay4. Since
dg(a”) > 6, there exists e = a”"b € E(G) with b € V(B[by,ba]) \ {bs,0’,05}. By (11),
b € B(by,bs) — . Ifb € B(by,V') then (e3,e4,¢,¢',€"”) is a 5-edge configuration. If
b e B(l,bs) then (e3, ey, €, e, e5) is a S-edge configuration.

Thus, G — a4b; has no parallel edges from B(by, bs] to Alas, a4]. Now, since €’ # a,bs
and dg(a”) > 6, then by (11), we may choose €” so that b € B(by, bs). Since €’ # asbs,
a € A(as,aq). Moreover, since di(a’) > 6, there exists e = a'b € E(G) with b €
V(Blb1,ba]) \ {ba,b",b5}. By (11), b € Blbg, bs]. If b € B(by, V") then (e3, eq,€,€”, e5) is
a 5-edge configuration. So assume b € B(b", bs).

We may assume that G has no edge from ay to B[bs, bo|; otherwise, (f2, e5,¢e,€”,€’) is

a 5-edge configuration. Hence, a, = a9 (by (9)). Moreover, GG has no edge from a; to
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B(by, bs), to avoid forming a double cross with €', e5, ¢”. Therefore, since G — a4bs has no
parallel edges from B(by, bs| to Alas, a4], it follows from (3), (4), and (11) that there is no
cross from B[by, by] to A and no parallel edges from B(by, bo] to A. Now (G, ay, by, ag, b )

is planar, contradicting (i) of Lemma 2.5.1. O

If G has no edge from a, to B(by, bs] then by (3), (4), (11), and (12), we can split as, a4
to s, s’ and t, ¢, respectively, in GG to obtain a graph H such that (H, ag, by, a1, s,t, s, 1, as,
by) is planar, contradicting (iii) of Lemma 2.5.1. So let ey = a1by with by € V (B(by, ba]).
Choose ey with B|bg, by] maximal, and let e{, = a;b;, € E(G) with b, € B(by, bo] so that

BIbj, by] is minimal.

(13) a4 = ay implies A(as, as) # 0.

For, suppose a4 = as and A(as,az) = (). Then there exists ¢ = ab € E(G) with b €
V(Blbi,bs]) and @ € V(A(ay,as)); or else, by (3), (4) and (6), (G — a1, as, b, ag, by ) and
(G — ag, ay, b, ag, by) are planar, contradicting (ii) of Lemma 2.5.1.

Suppose there exists ¢/ = ab’ € E(G) with b’ € V(B(by,bs)). Then G has no edge
from a; to B(by, bs), as such an edge would form a double cross with e, ¢, e5. So by €
Blbs,by]. Now G has an edge e* from ay to B(b%, bs]; otherwise, by (3), (4) and (6),
(G, a1, b, ag, by) is planar, contradicting (i) of Lemma 2.5.1. Hence, (e*, e, €5, €', ¢) is a
5-edge configuration.

So assume that G has no edge from ay to B(by,bs). Then, since dg(as) > 4, us €
B(bs, by].

Assume by € B(bg, bs). Then b ¢ B[by, by) to avoid the double cross e, e, e4, €5. Since
dc(as) > 6, then b # bs, and there exists ef = azb? € E(G) with b € V (B(b5, bs)). By
(6), by € B(byg,bt]. We may assume that G has no edge from a, to B[bs, by]; otherwise,
such an edge together with fs, e, e, e forms a 5-edge configuration. Hence, by (3), (4)
and (6), we can obtain a new graph H from G by splitting b, such that (H, aq, as, ba, ag, by)

is planar, contradicting (i) of Lemma 2.5.1.
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Therefore, by ¢ B(by, bs) for any choice of by. Then G has an edge from B[b;, bs) to
A(aq, as; otherwise, (G—ayq, az, be, ag, by) and (G—ay, ay, by, ag, by) are planar, contradict-
ing (ii) of Lemma 2.5.1. Hence, we may choose e so that b € B[by, by). If b, € B(bs, bs] or
bi # b then (fa, €, €5, e4, €) is a 5-edge configuration. So assume by = b = bs. Then we
can obtain a new graph H from G by splitting bs such that (H, ay, as, be, ag, by) is planar,

contradicting (i) of Lemma 2.5.1. O
(14) We may assume a4 # as.

For, suppose ay = as. By (13), let ag € V(A(as,az)). Since dg(ag) > 6, there exist
distinct e = aghy, e = agby € E(G) with by, b € V(B) \ {by,bs} such that B|b, b;]
is maximal. Without loss of generality, assume by, b, b, b2 occur on B in order. By (11),
b, b € B(by, bs).

Suppose there exists ¢’ = b"a” € E(G) with b € V(B[by, by]) and a” € V(A(ay, as)).
Then by ¢ B(by, b;] to avoid the double cross eg, €¢”, e5, ef. We may assume by ¢ B(b;, bs);
otherwise, (es, e4, €5, €9, €5) is a 5-edge configuration. Hence, by € B|bs, by] and G has
no edge from a; to B(by,bs). We also see that G has no edge from a; to B(bs, by] or no
edge from ay to B(bs, by]; otherwise, such two edges form a 5-edge configuration with
es, e, €”. By (3), (4), (11), and (12), we can obtain a graph H from G by splitting a, such
that (H, a1, by, ag, by) is planar, contradicting (i) of Lemma 2.5.1.

Thus, we may assume that G has no edge from B[b,by] to A(ay,as]. Hence, by
(11) and (12), (G — ay,as, by, ag,by) is planar. Now, by (ii) of Lemma 2.5.1, (G —
as, ai, be, ag,by) is not planar; hence, there exist e = a1b, ¢’ = d't/ € E(G) with b €
V(B(bg,b5)), b € V(B[b1,b)), and ' € V(A(a1,az)). We may assume b ¢ B(bj, bs),
as otherwise (e, ey, €5, €, €5) is a 5-edge configuration. Moreover, G has no edge from a
to B(by, bs), as such an edge would form a double cross with e, ¢/, e5. Since dg(as) > 4,

us € Blbs, bs]. But now, (fo, €5, €5, €,€’) is a 5-edge configuration. O

Now, by (9) and (14), us € B(bs, bs]. By (3), (11) and (14), G has no edge from as to
B[b1, b5), and so u; € B[b5, bg]
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(15) by € B(by, bs).

For, otherwise, by € B[bs, by]. Note that b, # bs; otherwise, by = b, = bs, and by (3),
(4), (11), (12), and (14), we can obtain a new graph H from G by splitting a, such that
(H,aq, a9, by, ag, by) is planar, contradicting (i) of Lemma 2.5.1.

We may assume that G has no edge from Blb;, by) to A(ay, as), as such an edge forms
a 5-edge configuration with f, ef, e5, es. Hence, A(aq,a5) = () and, since dg(as) > 6,
bi # bs. We may thus assume that G has no edge from Bbs, b)) to Alay, as), as such an
edge forms a 5-edge configuration with f, ), €5, 4. We may also assume that if byas €
E(G) then G has no edge from B(by,bs) to A(as, as], as such an edge forms a 5-edge
configuration with fs, ef, €5, byas.

Suppose u; ¢ B[bs, bj). Then by definition, G has no edge from B[bs, bj)) to Afay, as).
Now, by (3), (4), (11), (12), and our previous statements, we can obtain a new graph H from
G by splitting a1, a4 as s, s and ¢, t/, respectively, such that (H, ag, by, a1 = s,t,5',t', as, by)
is planar, contradicting (ii1) of Lemma 2.5.1.

So uy € Blbs,by) and, hence, G has no edge from Blbs, by] to Alay, as). By (3), (4),
(11), (12), and our previous statements, (G — ay, as, by, ag, b1) and (G — as, a1, by, ag, by)

are planar, contradicting (ii) of Lemma 2.5.1. O

Suppose there exists a € V(A(as, aq)). Since dg(a) > 6 and because of (11), there
exists e = ab € E(G) with b € V(B[bg, bs]) \ {bs,b5,b0}. If b € B(by,by) then
(es, €4, €, €9, €5) is a S-edge configuration; if b € B(by,bs) then (fo,e5,¢€,€eg,€4) is a 5-
edge configuration.

So we may assume A(as, ay) = (). Then G has no edge from A(ay, as) to Blby, by), as
such an edge would form a double cross with eg, e4, 5.

Then we may assume that G has no edge from B(by, b;)) to A(ay, as]. For, suppose there
exists e = ab € E(G) with b € V(B(by, b)) and a € V(A(a1, az]). If by € B(bs, ba], then
(f2,€h, €5, €0, €4) is a S-edge configuration. So assume by € B(by,bs]. Then b € B(by, bs)

and, by (11), a € Alas, ay]. But then, (fa, €), €, €g, €4) is a 5-edge configuration.
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If G has no edge from a4 to B(by, bs) then, by (3), (4), (6), (11), and our previous state-
ments, we can obtain a new graph H from G by splitting b, such that (H, aq, as, ba, ag, by)
is planar, contradicting (i) of Lemma 2.5.1. So let e = a4b € E(G) with b € V(B(by, bs)).
We may assume b ¢ B(by, bs); otherwise ( f2, es, €, €9, €4) is a 5-edge configuration. More-
over, GG has no edge from b, to as, to avoid forming a double cross with e5, ey, e. Now by
(3), (4), (6), (11), and our previous statements, we can obtain a new graph H from G by

splitting a4 such that (H, ay, as, by, ag, by ) is planar, contradicting (i) of Lemma 2.5.1. O

Lemma 2.5.3 Suppose (es, eq, es5, €6, €7) is a 5-edge configuration in an ideal ay-frame
A, Binywithby, bz, by, bs, b, b7, bs on B in order. Let Gy := G—A, where (G, ag, b1, B, bs)
is planar. Then Gy has a separation (G, G2) with |V (G1) N V(G2)| < 3, {ag, b1,b2} C
V(G1), and B[b},b,] C G,

V(G1 — G3)| > 1, such that one of the following holds for
by, b € V(G) NV(Gy):

(i) |[V(G1) NV (G2)| = 3, b} € Blbs, b4, by € Blbs,bs], and Gy has a path from a to
B(b, by) and internally disjoint from B.
(i)) [V(G1) N V(Ga)| =2, b, € Blbs, bi), and by € Blor, bo).
(iii) |V(G1) N V(Gg)| =2, b/1 € B[bg, b4], and b/2 € B[b(g, b7)

(iv) |V(G1) N V(Gg) =2, b/l < B(b4, 65], and b/2 S B[b7, bg]

Proof. By planarity of Gy, it is easy to see that if the assertion fails then Gy — (B|bs, by] U
Blb7, bs]) contains disjoint paths By, Ag from by, ag to bs, b, respectively. Now (A —
Alas, az]) Uez U Blbs, by] UeyUeg U Ag and By U es U Alas, a7| U e U Blby, by] show that
~ is feasible, a contradiction. (See Figure 2.13.) O

In the remainder of this section, we will assume the following: P := (es, e4, €5, €6, €7)
is a 5-edge configuration in A, B, where ¢; = a,;b; € E(G) witha; € V(A) and b; € V(B)
fori = 3,4,5,6,7, such that a1, as, as, as occur on A in order, by, b3, by, bs, bg, b7, by occur

on B in order, and the following are satisfied in order listed:
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€6 (&

7 \AE €5 e7

Figure 2.13: A 5-edge configuration with a 2-cut or a 3-cut

Blby, br] is maximal,

Blbg, b7] is minimal,

e Blby, bs| is minimal,

e Alas, ar] is minimal,

e Alag, ay] is maximal,

e Blby, bs] is minimal, and

o Alag, as] N Alag, ar] is maximal.

Lemma 2.5.4 Suppose a; € Alay, as], a6 € A(as, as), and G has no edge from B(by, bs) to

Alay, as) or from Blby, by| to A(as, as]. Then Gy admits no separation (G, Gs) such that
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V(GlﬂGQ) == {bT, b;} with bT S V(B[bl, b4]) Cll’ldb; € V(B[bﬁ, bQD, {CL07 bl, bg} Q V(Gl),

Proof. For, suppose such a separation does exist. Then we choose such (G, G5) so that
BIb;, b3] is maximal. Note that G has no parallel edges from Blbg, bs] to Alay, as], as such
edges and e5, eg would form a double cross.

Next, we show that all edges from A(as, as] to B must end in Blby, bg]. For, suppose
there exists e = ab € E(G) with a € V(A(as,a2)) and b € V(B) \ V(B]bs, bg]). Then
b € B[by, by); for, otherwise, b € B(bg, b7) (as G has no edge from Blbr, bs] to A(as, as))
and, hence, (e3, ey, €5, €, e7) contradicts the choice of P. If a € A(as, a4) thenb € Blbs, by)
to avoid the double cross e, e3, e4, €5; thus by # by and (es, e, e, €g, e7) contradicts the
choice of P. Hence, a € Alay, as]. Then b = by as, otherwise, (es, €, e5, g, €7) contradicts
the choice of P. Now a # as and there exists ¢’ = asb' € E(G) withb' € V(B) —{by, ba}.
Note that &’ ¢ B[br, by| as G has no edge from B[b7, bo] to A(as, as]. But then e, €, e3, e7
form a double cross, a contradiction.

Let eg = agbs € F(G) with ag € V(Alay, as]) and bg € V/(B(b7, b3)), so that Alay, as]
is minimal. Since G* is 6-connected, there exists e* = a*b* € E(G) with a* € A(as, as]
and b* € B — BIb;, b5]. Since all edges from A(as, as] to B end in Blby, bg], a* € A(as, as]
and, hence, as € Alay, as).

Moreover, by € B(bi,bs) U Blbg, b3). For otherwise, bg € B(by,bgs). Since ag €
Alay, as) and G has no edge from B(by, bs] to Alay, as) (by assumption), by € B(bs, bs).
Then ag € Alaz, as) to avoid the double cross es, eg, €7, es. Since a* € A(as, as], we have
b* € Blby, b}) to avoid the double cross es, e*, es5, e, and b* ¢ B[by, bs) to avoid the double
cross es, €, eg, e7. Hence, bs, b* € B(by, bs), and (e3, €*, eg, €6, €7) contradicts the choice

of P.

Case 1. by € Blbg,b5). So b* € B[by,b}) to avoid the double cross eg, ¢*, e5, €.
We claim that G has no edge from B(b}, by] to Alay, as). For suppose e = ab € E(G)

with a € Alay,a5) and b € B[b}, by. Note that b} and b} are feet of some connector ./, and
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BI[b;,b5] C J. Let uy, up denote the extreme hands for J. Note that e* is from A(xq,x2)
to B[by, b}); so we know (J — b, uy, A(uy, uz), ug, bl) is planar by Lemma 2.2.4. But this
cannot be the case because of ¢, ey, e5.

Let (G, GY) be a separation in G such that V(G| NGY) = {b], b, } with b}, b}, by, bg, b,
b5 on B in order, B[b|,b] C G, and {ao,b},b5} C V(G,). (Possibly G, = G, for
i = 1,2.) We choose (G, G') such that B|bg, by] is minimal and, subject to this, B[b}, b} ]
is minimal.

Let ey = agby € E(G) with ay € Alay,as] and by € B(b),b,), and choose e so
that Alaq, a}] is minimal. Since G* is 6-connected, there exists ¢/ = a'b’ € E(G) with
a € A(ag,as] and V' € B — B[b|,b]. Then by € Blbg,b,) (by the claim above) and
b' € Blby,bi] — b (to avoid the double cross €5, g, €5, €'). So (eg, €6, €5, €4, €') is a S-edge
configuration. By Lemmas 2.1.9 and 2.5.3, GGy has a cut that contradicts the choice of

(G1, G) or (G, GY).

Case 2. by € B(bj,by]. Then b* € B(b}, bo] to avoid the double cross eg, e*, ey, es.

We claim that G has no edge from Blbg, b5) to Alay, as). For suppose e = ab € E(G)
witha € V(Alay,as5)) and b € V(Blbg, b3)). Note that b and b} are feet of some connector
J, and B[bi,b5] C J. Let uy,us denote the extreme hands for J. Note that ¢* is from
A(uy, uy) to B(bh, byl; so we know (J — b5, uy, A(uq, uz), ug, b}) is planar by Lemma 2.2.4.
But this cannot be the case because of e, e5, eg.

Let (G, GY) be a separation in G such that V (G|NGY) = {b], by} with b}, b, by, bg, b,
b5 on B in order, B[b, b,] C G, and {ao, b7, b5} C V(GY%). We choose (G, GY) such that
BIV), b] is minimal and, subject to this, B[b), b3] is minimal.

Let ey = agby € F(G) with ay € Alay,as] and by € B(b),1,), and choose e so
that Alay, a}] is minimal. Since G* is 6-connected, there exists ¢/ = a'b’ € E(G) with
a € A(ay,as] and b € B — By, b,]. Then by € B(l},bs] (by the above claim) and
b' € Blbs, by] — bl (to avoid the double cross €, eg, e4, €5). So (eg, €4, €5, €6, €') is a 5-edge

configuration. By Lemmas 2.1.9 and 2.5.3, GG has a separation that contradicts choice of
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(Gl,Gg) or (G&,GIQ) O

Lemma 2.5.5 Suppose Gy has a 2-cut {b},b5} with b, € Blby,by] and b, € B|bs,br)
separating B}, by from {ag,b1,b2}. Then Gy has a separation (G, Gs) with |V (G N
Go)| < 3 and bi,b5 € V(Gy N Ga) N V(B) such that bt € Blby, by, b5 € Blbs, bs),
{ag, a1,a2} C V(Gy), B[b;,b35] C Go, and if by € Blbg, b7) then |V (G1 N G2)| = 2 and G

has no edge from B(b,b7) to A — ar.

Proof. We choose {0),b,} such that {b|,b,} is a 2-cut (with b} € Blby,by] and b}, €
Blbs, b)) separating B[b], bS] from {ag, by, b}, subject to this, B[}, b,] is minimal and,
subject to this, B[b), by] is minimal.

Clearly, we may assume b, € Blbg,b7), and there exists es = agbs € E(G) with
ag € V(A —a7) and by € V(B(b,, b7)). We choose eg so that Afag, as] is minimal. Note

that ag € Alas, az), for otherwise, (e3, e4, €5, e, e7) contradicts P.

Case 1. a5 € A(az, ag].
Then G has no edge from A(as, as| to B[b;, bs) to avoid forming a double cross with
es, es, e4. Also G as no edge from A(as, as] to B(by, b}); for suppose e is such an edge then

(es, e, es, €g, €7) contradicts the choice of P.
(1) G has no edge from A(as, as] to B(bl, by) + by.

For, suppose there exists ¢ = ab € F(G) with a € A(as,as] and b € B(b,,by) + b;.
If b = by then a # ay and there exists es = agb/ € E(G) with & € B(by,by); now
b’ € B[br, by) to avoid the double cross e, e3, e7, e and, hence, (e, €7, e5, 3, €) contradicts
the choice of P.

Thus, b € B(b},bs). In fact b € B[br, bs), otherwise, a € A(as, as] (by the minimality
of Alas,as]) and (es, eq, €5, €, e7) contradicts the choice of P. Now a € A(as,as], as
otherwise (es, e4, €5, €6, €) contradicts the choice of P. Hence, (e, e7, e, €6, €5) is a 5-edge
configuration. By Lemmas 2.1.9 and 2.5.3 and by the choice of {4/, b, }, G, has the desired

separation. O
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(2) G has no edge from A(az, as] to bs.

For, let e = aby € FE(G) with a € A(az, as]. Then a # as. Moreover, a € A(as,as); as
otherwise, (e3, e4, €5, €6, €) contradicts the choice of P.

Suppose a € Alay, as). Then let eo = axll, € E(G) with by € V/(B) — {by, b2}. Now
by, € B(by,bs] to avoid the double cross ea, e, €4, €5. So (e3, €2, €5, €4, €7) contradicts the
choice of P.

Thus a € A(as, as). Now by = by, or else (es, e4, €5, €7, €) contradicts the choice of P.
Moreover, ag = as, or else (es, e, €5, s, €) contradicts the choice of P.

Suppose ag € Alay,ar). Let e) = a;b, € E(G) with b, € V(B — b;). Then b/, ¢
Blby, be) to avoid the double cross eg, e, e, es. If O = bg then (es, ey, €%, eg, e7) contradicts
the choice of P. If b, € B(bg, by) then (e, ey, €5, €4, e7) contradicts the choice of P.

So ag € A(as, as] for all choices of eg. Then ag € Alay, as], or else (es, ey, €6, €3, €)
contradicts the choice of P. Let ¢/ = al’ € E(G) with b’ € V(B — by). Then b/ # bg as
ag € Alay, as] for all choices of eg. So b’ € B(bg, bs) to avoid the double cross eg, eg, €, €'.

But then (e3, ey4, €5, €/, e7) contradicts the choice of P. O

(3) There exists eg = aghy € E(G) with ag € Alay, ag) and by € B(b], b,].

For, suppose such an edge does not exist. Then ag € A(as, as] and G has no edge from
B(by, bs) to Alay, as) by the choice of P. Note that we have a5 # a7 and a; € Alay, as)
and that, by (1) and (2), G has no edge from Blb;, by] to A(as,as]. This contradicts

Lemma 2.5.4. O

(4) by € B(by,bh] and ag = as; so all edges from B(b), b,] to Alay, as) must be from

B(b4, bé] to as.

First, suppose by € B(b),bs]. Then (eg, ey, €5, €4, €5) is 5-edge configuration. Thus, by

Lemma 2.1.9 and 2.5.3 and by the choice of {4/, b}, G¢ has the desired separation.
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So we may assume by € B(by, by]. Suppose ag # as. Then ag € A(as, ay), to avoid the
double cross e3, eg, 5, €7. But now (e3, ey4, €9, €3, e7) is a 5-edge configuration contradicting

the choice of P. O

Suppose a4 # as. Let el = agb; € E(G) with b5 € V(B). Then b5 € B(by, by] to avoid
the double cross e, e4, €9, es. Now (e3, €, es, g, €7) contradicts the choice of P.

Thus, G has no edge e from B[by, b)) tov € V(A(as, as]); for, if v # ay thene, eg, €5, €4
would form a double cross, and if v = a, then (e3, €, e5, €5, e7) contradicts the choice of P.

Hence, by (1) and (4), G has a 5-separation (H;, Hs) such that V/(H NHy) = {b], b}, as,
as,as}, V(Alas, as] ) UV (B, b)) U{as} C V(Hy), and V(Alas, ag])U{ag, a1, as, by, ba}

C V(H,), a contradiction as G* is 6-connected.

Case 2. a5 € Alay, ar).
Then ag ¢ A(ay,as) to avoid the double cross ey, g, €5, e7, and ag ¢ A(ar,a4) as,

otherwise, (e3, ey, €6, €3, €7) contradicts the choice of P. Hence, ag € Alay, as) or ag = ay.
(1) For some v € {a4, by}, all edges from A(asg, as] to B(b/, b}] are incident with v.

To prove (1), we first claim that G has no edge from A(as,as] — ay to B(b,b5] — by.
For otherwise, suppose there exists eg = agby € E(G) with ag € A(asg, as] — ay to by €
B(b), by —by. If by € B(b},bs) then ag € A(ay, as] to avoid the doublecorss ey, e4, €7, €55 SO
(es, eg, €5, €6, €7) contradicts the choice of P. Hence, by € B(by,b),). Then ag € A(as, ay)
to avoid the double cross ey, ey, €3, 7. Now (€3, ey, €9, €s, €7) contradicts the choice of P.
Next, observe that, by the choice of P, any edge from b, to A(asg, as] — a4 must end in
Al(asg, ay), and any edge from a4 to B(b, by] — by must end in B(by, b5]. Thus, G has no
edge from b, to A(as, as] — a4 or no edge from ay to B(b], by] — by; as such two edges and

er, egs would form a double cross, a contradiction. O

Define a) € V(A[ay,as]) such that G has no edge from Ala;,a)) to B(b},b,] and,
subject to this, Afa;, a}]| is maximal. By the definition of a/, there exits e; = a}b € E(G)

with b € B(b), b5).
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We claim that o € Alas, as). For, suppose a] € Alay, a3). Then b € B(by, bs] to avoid

the double cross ey, e3, €4, es. Now (e, e4, €5, €6, e7) contradicts the choice of P.

(2) G has no edge from A(a}, ag) to B — B[b), bS].

For, otherwise, a} # ag, and there exists eg = agby € E(G) with ag € V(A(a},as)) to
by € V(B) \ V(BI[b),b5]). Then by ¢ B[by, b)) to avoid the double cross ey, eg, €4, €7.

We claim by = by and ag ¢ Alas, ag). For, if by € B(b),, b7) then ag € A(a), as) by the
choice of eg (that Aas, ag| is minimal); now (es, ey, €5, €9, e7) contradicts the choice of P.
Hence, by € B[b;, bo]. Thus, ag ¢ Alas, ag); as otherwise (es, e4, €5, €3, €9) contradicts the
choice of P. Now suppose by # by. Then (e7, e, e, €6, €5) is a 5-edge configuration. Thus,
by Lemmas 2.1.9 and 2.5.3 and by the choice of {0}, )}, G has the desired separation.

Now ag = as; otherwise, (e3, 4, €5, €3, €9) contradicts the choice of P. Moreover, a, =
as; for otherwise, G has an edge €’ from ay to B, then either (e3, €/, e5, eg, e7) contradicts
the choice of P or ¢, ey, e5, e; form a double cross.

Next, we claim that all edges from A(as, as) to B must end in {by, bo}. Note that G
has no edge from A(as, az) to by, to avoid forming a double cross with e7, e3, e4. G has no
edge from A(ag, as) to B(by, by); otherwise, such an edge together with e3, e5, €1, eg forms
a 5-edge configuration contradicting the choice of P. G has no edge from A(asg, as) to
B(by, bg); otherwise, such an edge together with e3, e4, s, e7 forms a 5-edge configuration
contradicting the choice of P. G has no edge from A(as, as) to Blbs, by); otherwise, such
an edge together with es, ey, e5, eg forms a 5-edge configuration contradicting the choice of
P.

Therefore, since a; € A(as,as), {as,as, be,bs} is a 4-cut in G separating a; from

{ag, a1, ag, by, by}, a contradiction as G* is 6-connected. O

By (1) and (2), G has a separation (H;, Hy) such that V (H; N Hy) = {b), b}, as,a’, v},

bs € V(Hy — Hy), and {ag, a1, as, by, ba} C Hy, a contradiction as G* is 6-connected. O
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Lemma 2.5.6 Suppose Gy has a 2-cut {b},b,} separating B[}, by from {ag, a1, as} with
b, € B(by,bs] and by € Blbs, bo). Then Gy has a separation (G, Gs) with |V (G1NGs)| <
3and b}, b5 € V(G N Gy) NV (B) such that by € Blby, bs], b5 € Blbs, ba), {ao, a1,a2} C
V(Gy), B[b},b5] C Ga, and if by € B(by, bs] then |V (G1 N Go)| = 2 and G has no edge
from B(by,b}) to A — ay.

Proof. We choose {b},b,} such that {b},b5} is a 2-cut (with b} € Blby,bs] and b}, €
Blbz, b)) separating Blb),b,] from {ag,b1,bs}, and, subject to this, B[b},b,] is maxi-
mal. Clearly, we may assume b, € B(by,bs], and there exists eg = aghbs € F(G) with
ag € V(A — a4) and bg € V(B(by, b))).

We claim that ag € Alay, as] U A(ay,as]. For, suppose ag € A(ag,ay). Then ag €
Alaz,ag] and ag ¢ Alaz, as|; for otherwise (es, ey, €3, €6, €7) contradicts the choice of P.
Therefore, as ¢ Alag, ag| (since ag ¢ Alas, az]). So (es, €4, €3, €5, €6) is a 5-edge configu-
ration. Thus, by Lemmas 2.1.9 and 2.5.3 and by the choice of {7, b,}, G, has the desired

separation.

Case 1. ag € A(ay, as).
Choose eg so that Alag, as] is minimal. Note that ag € Alag, as] and a; € A(as, as),

since, otherwise, ey, eg and two of {es, eg, €7} force a double cross.
(1) G has no edge from A(as, as] to B[by, by) U B(bg, ba).

For, let e = ab € E(G) with a € A(as, as] and b € B|by, by) U B(bg, ba).

Suppose b € B(bg, bs]. Then a € Alas, as] to avoid the double cross e, ey, €5, es. So
b € Blbs,bs], or else (e3, e, €5, €, e7) contradicts the choice of P. If b = by then a # as
and there exists ¢’ = asb' € E(G) with 0’ € V(B(b1,b2)); es, €5, e, ¢ form a double cross
(when b/ € B(by, by)) or (e3, €, e5, g, e7) contradicts the choice of P (when b’ € B(by, by)).
Thus, b # by. Now (e, e7,es5, €5, e4) is a S-edge configuration. Hence, by Lemmas 2.1.9

and 2.5.3 and by the choice of {0/, 1)}, G has the desired separation.
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Thus, b € Blby,bs) for every choice of e = ab. If a € A(as, ay) then either es, ey, €5, €
form a double cross, or (es, e, es5, €, e7) contradicts the choice of P. So a € Alay, as).
Then b = by, or else, (e, e3, €5, €6, e7) contradicts the choice of P. Now, since GG has no
edge from B(bg, ba] to A(as, as], G has an edge from ay to B(by, b7), which forms a double

cross with e, e3, e;. O

(2) G has no edge from B(by, b3) to A.

For otherwise, let e = ab € E(G) witha € Aand b € B(by,bs). If a € Alay,as),
then (e, ey, es, €6, e7) contradicts the choice of P; if a € A(as, ay), then e, e3, €4, €7 form a

double cross; if a € Alay, as], then (e, €, e5, €6, e7) contradicts the choice of P. O

(3) by, = by and G has a separation (G, G,) that V(G N GY) = {b1,05, a0}, b €
B(bll, bé), B[bl, bg] g Gll, and {CL07 bl, bg} Q V(GIQ)

First, suppose b; € B(b),0,) and there exist e = asbi, el = atb; € E(G) with
ag € Alay, ag) and by € B(b, b)) such that a; # a5 and b # bs. Then e, eZ form a cross
to avoid the double cross €%, e?, eq, es. Hence, by € B(bs, b}) by the choice of P, and so
(eq, €5, €2 e, e4) is a 5-edge configuration. By Lemmas 2.1.9 and 2.5.3 and by the choice
of {},b,}, we see that (3) or the assertion of the lemma holds.

So the above case will not happen. Then we claim that there exists v € {as, b5} such
that all edges from B(b}, b)) to Alay,as) in G contain v. For, otherwise, there exists
e = ab € E(G) such that a € V(A[ay,as) — as) and b € V(B(b},b,) — bs). Suppose
b € B(by,bs). Then a € A(as,ag) to avoid the double cross e, es, ¢4, €g, and, hence,
(€6, €5, €, €5,€4) is a 5-edge configuration. Now by Lemmas 2.1.9 and 2.5.3 and by the
choice of {00}, (3) or the assertion of the lemma holds. So assume b € B(bs,b,). Then
a ¢ A(as,ag) to avoid the double cross ey, €5, eg, e. Hence, (e, eg, €5, €s, €4) is a S5-edge
configuration. Again by Lemmas 2.1.9 and 2.5.3 and by the choice of {005}, (3) or the

assertion of the lemma holds.
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Now, since {v,as, as, b}, b5} is not a cut in G*, there exists e = ab € FE(G) with
a € V(A(as,az)) and b € V(B — B[b},b]). By (1), b € Blby,b}). Now b = by by the

choice of eg. Hence, (e3, ¢, €5, €5, €7) contradicts the choice of P. O

By (3), a(A4, B) < 1. Choose by so that B[b}, b;] is minimal. We may assume

(4) b ¢ Blbs, bsl, and either b; = by (in which case let By = B[b}, by]) or by # by and
Go — (Blb1,by) U Blb7, by)) has a path B, from b} to bs.

Clearly, b ¢ B[br, bo] as otherwise the conclusion of the lemma holds. Now suppose b; #
by and the desired path By in Gy — (B[by, b) U Blb7, bs)) does not exist. Then there exist
by € V(B[br,b2)) and a separation (Hy, Hy) in G such that V/(H; N Hy) = {b1, b3, ap}; so

the conclusion of this lemma holds. O
(5) G has two nonadjacent edges from B(b), bo] to Alay, as].

For otherwise, b} = bs, and there exists v € {ar, b7} such that all edges in G from B(b, b]
to Alay, as] are incident with v. Then G has no edge from B(b], bg] to A(as, as), to avoid
forming a double cross with ey, e5, eg. Since {v, b}, b, ag, as} is not a cut in G*, it follows
form (1) that there exists e = ab € E(G) with b € V(B]by,b})) and a € V(A(as, as]). By

the choice of eg, b = by. But then, (e, ¢, e5, ¢4, €7) contradicts the choice of P. O

Note that no two edges of G from B(b], bo] to Alay, a4] can be parallel, as such edges
would form a double cross with e4, es. Therefore, by (5), G has two nonadjacent edges
ey = agby, eg = agby with ay,ay € Alay,as] and by, by € B(b), be] such that by, by, by

occur on B in order, and a4, ag, agq occur on A in order. We further choose e, g so that

Alay, az] U B[by, by| is minimal. Because of e7, we have ay € Alar, as] and b € Blbr, by].

(6) G has two parallel edges ¢/ = a'b/,e” = a"b” with /0" € V(B(b3,b})), d',a" €
V(Alay, as]), and by, b', 0", by on B in order.

We may assume b; = b,; as otherwise ey, eg give the desired edges for (6). Let e =

arb € E(G) with b ¢ {bl,bg,bg,b7}. Then b §é B(bl,bg); otherwise, (6,64,65,66,67)
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contradicts the choice of P. Moreover, b ¢ B(bs, b7) to avoid the double cross e, ey, 7, €.
So b € B(by,by).

Now, since (e, eg, €5, €3, €4) is a S-edge configuration, b, € B[bg, b7); or else, the de-
sired separation of G follows from Lemmas 2.1.9 and 2.5.3, the choice of {b], b, }, and the
choice of 0.

Now, let a* € Alay, as], such that G has an edge e* from b* € B(by,b;) U B(b7, bs) to
a*, subject to this, A[a*, as] is minimal, and subject to this, B[b}, b*| is minimal.

We claim that a* ¢ A(as,as]. For otherwise, suppose a* € A(as, as]. Now, if b* €
B(bY, br), then (e, 4, €5, €*, e7) is a 5-edge configuration contradicting the choice of P. So
b* € B(br,be). If a* € A(as, ag), then ey, e5, es, €* form a double cross; if a* € Alasg, as),
then (e, €*, es, €3, e4) is a 5-edge configuration contradicting the choice of P.

We further claim that G has no edge from A(ay,a*) to Blby, b3) U B(bs, b). (Recall
that b3 = b,.) For otherwise, let ¢’ = a't/ € E(G) with @’ € A(ay,a*) and b’ € Bby, b3) U
B(bs,by). Then b’ ¢ B(bs,by) to avoid the double cross ey, eg, €', e*. So b’ € B[by, bs3).
But then ¢’ ¢ A(as,a*) to avoid the double cross es, e4,€’,e7. So a' € Alay,as), and
(€', e4, €5, €6, €7) is a 5-edge configuration contradicting the choice of P.

We may assume G has an edge ¢/, from b7 to a; € A(a*, as] and an edge €} from b3 to
ay € A(ay,a*). For otherwise, G has a separation (H;, Hy) of order 5, such that V/(H; N
Hy) = {ay,a*, 0,05, b}, v € {bs,br}, {ao,a1,as,b1,b} C V(Hy), and V(Alay,a*] U
B[bS, bs]) C V(Hy), a contradiction.

Then G has a separation (H;, Hy) of order 6, such that V (H, N Hy) = {ay, a*, bs, b, by,
ba}, {ao, a1, as,b1,be} C V(Hy), and V(Alay, a*] U B[S, by]) C V(Hs). Any two edges
from Alay, a*] to B[y, be] are not parallel; or else, such two edges together with ey, eg form
a double cross. Moreover, by the choice of P, we can further assume a’, € A(as, as).

Now, assume b* ¢ B(bj,b;). Then since any two edges from Alay, a*] to B[bY, bo]
are not parallel, then, combined with the choice of e*, we have (Ha, ay, by, a*, by, by, bs) is

planar, a contradiction to Lemma 2.1.3.
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So b* € B(by,b;). But then (e, e, €%, eg, €3) is a 5-edge configuration. Now, by Lem-

mas 2.1.9 and 2.5.3 and by the choice of b}, G, has the desired separation. O

We choose €', ¢” in (6) such that B|bs, b'] is minimal and, subject to this, B[b", ] is
minimal.

Suppose Gy — B(by, bs] — B(b!, bo] has disjoint paths Py, P, from by, ag to V', b, respec-
tively. Let A’ := P, U e” U A[a",az] and B’ := P, U ¢’ U Alay, '] U ey U Blby, b] U By.
Now, since A, B is a good frame, the existence of A’, B', Alay,ag] U ey U B|by, bs], and
Alay, as] Ues U B[by, bs] shows a(A, B) = 2, a contradiction.

Thus, such P;, P, do not exist. Then G has a separation (Hy, Hy) with V(Hy N Hy) =
{b}, b5} such that b} € B(by,bs], B[b},b"] C Hy, and {ag, by,be} C H,. We may assume
by € B[V, b)) as otherwise G has the desired separation.

Since G* is 6-connected, {b1, b, b3, b}, ap} is not a cut in G; so there exists ey = agby €
E(G) with by € V(B(b3,b))) and ay € V(A). By the choice of ¢/, ¢”, ag € Alay,a”). So
(es,€”, eq, €6, €7) is a 5-edge configuration. Now, by Lemma 2.1.9 and 2.5.3, and by the

choice of {b/, b} and the existence of {b}, b5}, G has the desired separation.

Case 2. ag € Alay, a3).

Note that if b3 = b, we have symmetry between e3 and e4; so by Case 1, we may assume
that if b3 = b, then there exists eg = asby € E(G) with by € B(by, b}). Next, G has no
edge from B(bs, b7) to Alay, as3), to avoid the double cross es, eg, €', e7 (When b3 = by) or
es, ey, €, €7 (when by # by). So ag = as, and all edges from B(by, b}) to A must end in
{as, as}. Moreover, G has no edge from B(by4, b7) to A(a4, as] to avoid forming a double

cross with ey, e7, es. So ag ¢ A(ay, as).
(1) For some v € {a4, by}, all edges from B[b;, b)) to A(as, as] are incident to v.

Now, we claim that G has no edge from Blby, by) to A(as,as]. For, let e = ab € E(G)
with b € B[by,bs) and a € A(ag,as]. Then a € Alay,as], to avoid the double cross

€, e4, €5, 3. SO b = by by the choice of P. Then a # as; so G has an edge e; = asb’ with
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b € B(by,bs). Then b’ € Blbr, bs) to avoid the double cross e, e7, es, €'. If by # by then
(eq, €7, €4, €3, €) contradicts the choice of P. So b3 = by. Then ey is defined by (2.2.1).
Hence, (e9, e7, €9, €3, €) contradicts the choice of P.

Thus, suppose (1) fails, since all edges from B(by, b}) to A must end in {as, as}, then
there exist ¢/ = a4l, ¢” = a"by with a” € A(as,as] — ay and b’ € B(by, b)). By the choice

of P,ad"” € A(ag,ay). So eg, €', e”, e; form a double cross, a contradiction. O

(2) a; = as.

For, suppose a; # as. Then there exists e; = a1b € E(G) withb € V(B(by, bs)). Note that
b ¢ B(bs,b7) by observation above (1), and b ¢ B(by, by as otherwise (eq, ey, €5, €6, €7)
contradicts the choice of P. So b € Blbs,by). Moreover, b3 = by, for, otherwise,
(e7,e1, €5, €4, €3) contradicts the choice of P. Thus the edge ey is defined, and hence
v = ay.

Now G has no edge from B[b/, b;) to A(ay, ay). For such an edge and ey, e7, g, €3 form
a 5-edge configuration. Hence, by Lemmas 2.1.9 and 2.5.3 and by the choice of {0}, b} },
(G has the desired separation.

Thus, ag € A(az, aq] by (1). So (eg, €1, €5, €9, €3) is a S-edge configuration. If b, # by
then by Lemmas 2.1.9 and 2.5.3 and by the choice of {¥}, b} }, G, has the desired separation.

So b, = by. Since G* is 6-connected, {by, be, b}, as, as} is not a cut in G. Hence, there
exists e* = a*b* € E(Q) with a* € V(Alay,as]) \ {as,as} and b* € V(B(by,b))).
By (1) and by the existence of ey, a* € Alai,a3). Then b* ¢ B(by,bs]; otherwise,
(e*, eq, €5, €6, €7) contradicts the choice of P. But then, b* € B(bs, b)), and e, e3, ¢4, €7

form a double cross. O

Let e = abt) € E(G) with a, € V(A) and V' € V(B(b],b))), such that Alas, aj]
is minimal. Since G* is 6-connected, {b/, b5, a;,as} is not a cut in G; so there exists
€y = aobo € E(G) with ag € V(A(Cbl, CL/2>> and bo € V(B — B[bll, blz])

We claim that by € B[b, b)) for every choice of e;. For, otherwise, by € B(b}, bs].
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Then ag € A(ay,a4) to avoid the double cross ey, eg, €3, €9. Also, ag € Alas, ag]; oth-
erwise (es, e4, €5, €6, €g) contradicts the choice of P. Moreover, a; € Alag, agl; or else
(e3, €4, €6, €7, €9) contradicts the choice of P. But this shows that ag € A[as, as|, a contra-
diction.

Therefore, by (1), {ai,ah, b}, b, v} is a cut in G* separating {ao, ai, as, by, by} from

Alay, ab] U B[b}, b,], a contradiction. O

Thus by Lemmas 2.5.3, 2.5.5, and 2.5.6, G has a separation (G4, Gs) with |V (G7) N
V(G2)| < 3, |V(G1 — Gg)l > 1, {ao,al,ag} - V(Gl), and B[bll, b/Q] - G2 where b/l,bIQ S
V(G1) NV (Gy), such that one of the following holds:

(@) |V(Gy) NV(Gy)| = 3, b, € Blb1,bsl, by € Blbs,bs], and G has a path from ag
to B(b), by) and internally disjoint from B. In this case, let t; := b/, to := b}, and

a6 = to € V(Gl N GQ) \ {bll, blz}

(b) [V(G1) NV (Gq)| =2,V € Blby,bs), and by € Blbr, by]. In this case, let tg = t; :=

b}, and ty := bj,.

©) |V(Gy) NV (Gs)| = 2,V € Blbi,b4], b, € Blbg,br), and G has no edge from
B(b}, b7) to A— ay. In this case, let t; := b} and ty = b5,. Moreover, if G has no edge
from B(b), b7) to a7 then let to := br, and if G has an edge f from b5 € B(b), b7) to
a7 then let ty := ar, B(ty,ts) := B(b}, by] and B(ts, bs] := B[br, by].

d) [V(Gy) NV (Gs)| = 2, ) € B(by,bs], ty € Blbr,bs], and G has no edge from
B(bg, b)) to A—ay. In this case, let ty := b} and ¢, := b},. Moreover, if G has no edge
from B(by, b)) to a4 then let t; := by, and if G has an edge f, from bj € B(by, b)) to

ay then let tl = Qy, B(tl, tg) = B[bll, blz) and B[bl, tl) = B[bl, 64]

We choose b/, b, so that b, b, satisfy (a) or (b) whenever possible, subject to this,

Blby, b}] is minimal, and subject to this, B|br, by] is minimal.
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Let fi = ajb; € E(G), i € 2], with a] € V(A) and b} € V(B(ty,t2)) such that
Ala},al] is maximal. Then Alas,ag] C Alaj,a3]. Without loss of generality, we may

assume that a4, aj, a3, as occur on A in order.
Lemma 2.5.7 G — e4 has an edge from B|by, 1) to A(a},a}).

Proof. For, suppose G—e, has no edge from Blby, t;) to A(a}, al). Then, since {t¢, 1, t2, a],
a3} is not a cut in G* separating A(aj, ay) U B(t1,t2) from {ag, a, as, by, ba }, there exists
es = agbg € E(G) with by € V(B(tg,bs]) and ag € V(A(a},al) — t3). Obviously,
bs € B(by, bs] N Blbr, bs).

We claim that ag € A(as,ay). For, otherwise, ag € A(ay,as] U Alag,az). If ag €
A(ay, agl, then aj € Alay, as), and so es, f1, es, es force a double cross, or ( f1, e4, €5, €6, €7)
contradicts the choice of P. Therefore, as € Alay,az). Then by € B(V},bs]; otherwise
ey, €5, fa, es force a double cross. But now, (e3, f2, €5, €6, €7) contradicts the choice of P.

If bs € B(br, by] then (e3, ey, e5,66,e3) (When ag ¢ Alas, ag]) or (es, ey, €, €7, €5)
(when ag € Alas, ag]) contradicts the choice of P.

Hence bg = b; and, thus, t; = ar # as and G has an edge f; = a;b; with b5 €
V(B(by,b7)). Let e = agh € E(G) with b € V(B]by, ba]) \ {bs, b7}, which exists as G* is
6-connected.

We claim that b € Blby, by). Note that b ¢ B(b,,b7) (as to = ay) and b ¢ B(br, bo]
(as bg = by). So if the claim fails then b € B(by, by]; now (es, e4, €, f7, es) contradicts the
choice of P.

Thus, ag € A(as,ar) to avoid the double cross e, e4, f7,es. Then a; € Alay,asl;
otherwise, (es, 4, €5, f7, €s) contradicts the choice of P. Now ag € A(as, as, for, if ag €
Alay, ag) then ey, eg, es, e form a double cross, and if ag € Alas, ay) then (es, ey, e, f7, €3)
contradicts the choice of P.

Suppose there exists eg = aghy € E(G) with ag € V(Alay,as)) and by € V (B(by, bs)).

Then ag ¢ Alay, ag) to avoid the double cross e, e4, eg, 9. Moreover, ag ¢ Alas, az), or else
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(e3, €4, €9, f7, €s) contradicts the choice of P. So ag € Alar,as). Now (e, ey, €9, €5, €7)
contradicts the choice of P.

Hence, G has no edge from B(by, bs] to A[ay, as). By Lemma 2.5.4 and by the existence
of {0}, by}, there exists eg = aghy € E(G) with ag € V(A(as, as]) and by € V (B[br, ba)).
Then (ey, es, f7, €6, €5) is a 5-edge configuration. Then G has a cut {b7, b5} or {b7, b}, af)
satisfying the conclusion of Lemma 2.5.3 (with respect to (ey, €3, f7, €6, €5)), such that
by, b, b5, by occur on B in order. But then, by Lemma 2.1.9, G has a cut that would

contradict the choice of {b], b} }. O

Thus, by Lemma 2.5.7, there exists eg = agbs € E(G — e4) with bg € V(B[by,t1)) and
as € V(A(CL){, Cl;)) Note that bg € B[bl, b4] N B[bl, bll)

Lemma 2.5.8 as € A(a], as).
Proof. For otherwise, ag € A(as, a}), and we choose eg so that Alag, as| is maximal. Then
(1) bg & B(by, by for all choices of bg.

First, suppose bs € B(b1, bs). Then ag ¢ A(as, ar] to avoid the double cross eg, e, €5, €7.
Now, by = by and ag € Alay, ayq); otherwise, (es, es, €5, €6, €7) contradicts the choice of P.
But then, e, e4, e7, eg form a double cross.

Now assume by = by. Then t; = a4 and there exists f; = asb; € F(G) with b} €
V(B(by, b})). Note that ag € A(as, ay); otherwise, by eg # €4, we have ag € A(ay, as] and
(es, es, es, €6, €7) contradicts the choice of P.

G has no edge from A(as, ay) to B(bs, bs], to avoid forming a double cross with es, eg, fi.
Hence, a; € A(as,as] and ag ¢ A(as,ay). Moreover, ag ¢ Alay, a7) to avoid the double
Cross eg, €7, es, f1. S0 ag € Alay, as].

Since dg(ag) > 6, there exists eg = aghy € E(G) with by € V(BIby,bs]) — {b1, b4, bs}.
Since bs ¢ B(b1,bs) and G has no edge from A(as, ay) to B(bs, bo], then by € B(by, bs).

But then, (es, e4, €, €6, €7) contradicts the choice of P. O
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Hence, by = by and b # b;. Now, ag € Alay, a}) to avoid the double cross eg, ey, €3, €7.
And b5 € Blbs,b,) to avoid the double cross es, f2, e3,e7. Then by = by; otherwise,
(f2, €7, €4, €3, eg) contradicts the choice of P.

Note that a5 € Alay, az], or else (f2, er, es5, €3, eg) contradicts the choice of P. More-
over, ag € Alay, as), as, otherwise, es, €4, €3, e7 (When ag € A(as, as]) would form a double

cross, or (fo, €7, €6, €3, €3) (When ag € Alas, ag]) contradicts the choice of P.

(2) G has no cross from Blbg, bs] to Alas, as] and G has no edge from B(bg, bo| to
A[al, a5).

Note that G has no cross from Blbg, bs] to Alas, as], to avoid forming a double cross
with e5,e6. Now suppose there exists e = ab € E(G) with b € V(B(bg,bs]) and
a € V(Alay,as)). Then b = by; or else, (e3,ey,e5,e,e7) (When b ¢ B(bg,b7)) or
(fa,€,e5,€3,es) (when b € B[br, by)) contradicts the choice of P. But then a # a;, and

e, eg and two edges from ay, as to B(by, by) would form a double cross. O
(3) G has no edge from B(by, b3) to A.

For, otherwise, let ¢ = ab € E(G) witha € A and b € B(by,b3). Then a € Alay, as);
or else, (fa, €7, €4, €, eg) contradicts the choice of P. But now, (e, e3, e5, €6, e7) contradicts

the choice of P. O
(4) G has no edge from A(ay, as] to B(by, b7).

For, otherwise, let ¢ = ab € E(G) with a € A(ay,as] and b € B(by,b7). Then b ¢
B(by, b7) to avoid the double cross ey, g, €7, €. But then b € B(by, by|, and (e, e3, es, g, €7)

contradicts the choice of P. O

Let e* = asb* € E(G), such that b* € B(by, bs), and B[b*, bs] is minimal. Then by (2)
and (4), b* € Blbr, by) and G has no edge from B(b*, by] to A.

Let ¢/ = d't/ € E(G) with @’ € A(as,as] and b’ € B(bg, bs], such that B[V, bs] is

maximal. Note that ¢’ exists because of e*. And b’ € Bl[br, b*] by (2).
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Now, by (2), (4), and the choice of e*, ¢/, we have

(5) G has no edge from B(b*, by] to A and no edge from B(b, V') to A(as, as].
(6) G has no edge from b; to Alay, ag).

For, suppose there exists ¢ = ab; € E(G) with a € V(A[ay, ag)). Then, by the choice of
es, a ¢ A(as,as). Hence, a € Alay,as]. Since a # ay, there exists eg = a1by € E(G)
with by € V(B(b1,bs)). Then by € Blbs,by) to avoid the double cross e, e4, €7, €. So

(o, €*, es5, €4, €) contradicts the choice of P. O

(7) If there exists f; = agby € E(G) with af € V(Alas, as]) and by € V(B (bg, bs]), then
G has no edge from B(by, b}) to A(a, as.

For, suppose such f§ exists, and let f§ = agby € E(G) with ay € A(ag,as) and by €
B(bg, b3). Then by ¢ B(bs, bg) to avoid the double cross es, eg, f3, f5. So by € B(by, bs).
Moreover, by ¢ B(by, bs); otherwise, (es, eq, f§, €5, €7) contradicts the choice of P. So
by = bs. Now, we see that a; € Alas, ay); or else, (es, ey, f3, €, e7) contradicts the choice

of P. But then (e, ez, fi, e3, eg) is a 5-edge configuration contradicting the choice of P. O

(8) There do not exist b € V(Blbg,']) and a cut S of Gy such that |S| < 3, {b3, 0"} C
S, and S separates B|bs, b"] from {ag, by, b2 }.

For, suppose such b” and S do exist. Let f§ = ayby € E(G), such that ay € V(Alay, az)),
by € V(B(bs,b")), and subject to this, Alag, as] is minimal. Then ay € Alas, as], by the
existence of es.

We claim that ag ¢ A(as, az], and so by (6), G has no edge from b, to Afay, ay). For
otherwise, by ¢ B(bs, by) to avoid the double cross eg, e7, s, f5. But then by € Blb7, 1),
and f§ contradicts the choice of ¢'.

By (2) and (7), G has no edge from B(b”, bs] to Alay, ag). Thus, S U {ay,ay} is a cut

in G* separating Alay, ag] U B[bs, b"] from {ao, ai, as, b1, by }, a contradiction. O
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Since (€, eg, €5, €3, €3) is a 5-edge configuration, G has a cut S” := {b7,05} or §" :=
{b7], b5, ay} satisfying the conclusion of Lemma 2.5.3 (with respect to (€, eg, e5, €3, €3)),

such that by, b}, b}, by occur on B in order.

Case 1. Conclusions (7), or (i), or (i7i) of Lemma 2.5.3 holds for 5" and (¢/, e, e, e,
es).

Since (e, €4, €5, €q, €7) is a 5-edge configuration, Gy has a cut S# = {b7 b7} or
S# .= {b b7 4]} satisfying the conclusion of Lemma 2.5.3 (with respect to (es, e4, es, e,
ez)), such that by, bf, b#, by occur on B in order.

We may assume conclusion (iv) of Lemma 2.5.3 holds for S# and (es, ey, €5, €6, €7),
and so b7 € B(by,bs] and b € B[br, by]. For otherwise, assume conclusions (i), or (i7),
or (ii7) of Lemma 2.5.3 holds for S# and (e, e4, €5, €6, €7). Then by the choice of {}, b}
and b} # by, and by Lemma 2.1.8 and 2.1.9, we could find a cut {bs, b"} or {bs, b", "} with
b" € Blbg, b'] in G, which separates B[bs, b"] from {ao, by, b2}, a contradiction to (8).

Suppose conclusion (i) of Lemma 2.5.3 holds for {b/,b},a(} and (¢, eg, €5, €3, €5).
Then b, € Blbg, b7) by b} # by and the choice of {b},b,}. Moreover, by Lemma 2.1.9,
b = by, and b b, by, g are incident with a finite face of Gy. Let f; = aibl € E(G)
with af € V(Alay,as]) and by € V(B(b3,by]), such that Alag, as] is maximal. Now, by
(2), (3), and (7), G has a separation (H;, Hy), such that V/(H; N Hy) = {by, by, by, b, ag},
{ag, a1,b1,be} C V(Hy), and V (Alag, as] U B[y, by]) C V(Hs), a contradiction.

Now suppose conclusion (ii) of Lemma 2.5.3 holds for {4, b5} and (¢, eg, e5, e3, €5).
So b = by and b € Blbg,V]. Then by Lemma 2.1.9, {by, b} } is a cut in G separating
Blby, b¥] from {by, by, ag}, which contradicts the choice of {b;, b,} (as b, # by).

So conclusion (7i7) of Lemma 2.5.3 holds for {5, b5} and (¢, eg, €5, €3, e5). Now b €
B(by,bs] and b € Blbg,']. Then by Lemma 2.1.9, {0”,b¥} is a cut in G, separating
B[V, b¥] from {b1, by, a0}. Let f} = ahby € E(G), with a) € V(Alay,as]) and b, €
V/(Blbs, b¥)), such that Alal), as] is minimal. If G has no edge from B(b7 , by] to Alay, a})

then {by,b”,b¥ al} is a cut in G* separating {ag, az, by, by} from Alay, ay] U B[b!, b¥],
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a contradiction. So there exists fi = aiby € E(G) with aj € V(Alar,ay)) and b €
V(B(b¥,by]). Then aj ¢ Alas, as); or else, (es, 4, €5, €6, €}) contradicts the choice of P.
So a; € Alay, as] by (2), and by = by by (7). But now, (es, f§, es, €6, €7) contradicts the

choice of P.

Case 2. Conclusion (iv) of Lemma 2.5.3 holds for S’ and (¢/, eg, €5, €3, €3).

Then b € Blbs,bs), b] = by, and {by,b5} is a cut in G, separating B[by, bj| from
{ao, b1, b2}. By Lemma 2.1.9, the choice of {b},b,}, and b} # by, we have b, = by, b, €
B(by, bs], and b}, by are cut vertices of G separating by from {ag, b2}. So a(A, B) < 1.

Recall e* = ayb* with B[b*, by| minimal. If b* = by, then, by (4) and (5), {b1, b7, a4}
is a cut in G* separating {ag, aj, b1, bo} from A(ay, as], a contradiction. So b* # b;. Then
b* € B(br,bs]. Note that no finite face of Gy is incident with both b and some vertex
u € B[b*, by); or else, {b], b5, u} is a 3-cut in Gy separating B[b], u] from {ag, by, ba},
contradicting the choice of {b/, b} }.

We claim that Gy — B[by, by] — B[b*, be) has disjoint paths By, Ay from by, ag to by, bg,
respectively. For otherwise, since we may assume that Case 1 does not hold, it follows
from the planar structure of G and the choice of {b], b, } that there exist ug € V(Gy), ug €
BI[b*, by), such that {b], ug, us } is a cut in G separating B[], b5)U B(bj, uy) from {ag, ba }.
By (5), {b5, ug, us} is a cut in G* separating {ao, b2} from {ay, as, b }, a contradiction.

Now, let A" := Alay,a6] U eg U Ag and B’ := B[by, bs] U e5 U Alas, az] U e; U Bs.
Then the existence of A’ B, eg U Alas, as], and e* U B[V, by| implies o(A, B) = 2 (by

Lemma 2.2.1), a contradiction. O

Thus by Lemma 2.5.8, ag € A(a}, as| for all choices of eg. Choose eg so that Alag, as]
is minimal and, subject to this, Blbs, b}] is minimal. Then G has no edge from B|b;, by N

B[bl, bll) to A((Ig, a§)
(1) G has no cross from B[by, by to Alay, as]; so bg € Blbs, by).

For, such a cross would form a double cross with ey, e5. O
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(2) G has no edge from B(bg,b7) to Alai,as) N Alay,az); so by € Blbr, by) if ag €
Alay, aq].

For, such an edge would form a double cross with ey, e7, es (When bg # by) or fy, e, es

(when t; = a4 and bg = by). O

(3) a7 € Alay, as).

For, suppose a; € A(as,as]. Then b € Blbr, bs) by (2). So by # by (as b # by). Now,
we may assume t; = a4 and bg = by; otherwise, by € Blby, by) and (f1, er, €5, €4, €3)
contradicts the choice of P. But then (fi, er, €5, fi, es) is a 5-edge configuration. So by

Lemmas 2.1.9 and 2.5.3, Gy has a cut contradicting the choice of {4/, t,}. O

(4) G has no edge from B(bs, b7) to Alay, a7), and so ag € A(as, as].

For, otherwise, let eg = agby € E(G) with ag € V(A[ay, a7)) and by € V(B(bs, b7)). Then
ag € A[al, (19] and b? S B[b7, bg) by (2) So b7 7£ b2 (as bT # bQ) and (fl; €7, €9, f4, 68) is
a 5-edge configuration. Now t; = a4 and bg = by; otherwise, (f1, er, €9, €4, €g) contradicts

the choice of P. So by Lemmas 2.1.9 and 2.5.3, GG has a cut contradicting the choice of

{07, 05} O
(5) G has no edge from B(by, b5 to Alay, as).

For, otherwise, let eg = agby € F(G) with ag € V(Alay,as)) and by € V (B(by, bs]). Then
ag ¢ Alar, as); otherwise, (e, €4, fo, €6, €7) contradicts the choice of P. Moreover, ag €
Alay, ag] and by € B[by, by) by (2). So by # by (as b # by) and (f1, ez, €9, fa,€5) is a 5-
edge configuration. Now, ¢; = a4 and bg = by; otherwise, (f1, e7, €9, €4, eg) contradicts the
choice of P. But then, by = b; and by Lemmas 2.1.9 and 2.5.3, (G has a cut contradicting

the choice of {4, b,}. O
(6) G has no edge from B(bg, by to A(as, as).
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For, otherwise, let eg = agby € E(G) with ag € V (A(as, as]) and by € V(B(bg, bo]). Then
by € Blbs, bs; or else, (e3, e4, €5, €9, e7) contradicts the choice of P.

Suppose by = by. Then ag # ay and let e = axb € E(G) with b € V(B(by, by)) and
b # by. If b € B(by,by) then (e, €, €5, fi1, e9) contradicts the choice of P; if b € B(by, by)
then eg, eg, f1, e form a double cross, a contradiction.

So by € Blbs,by) and by # by, So (eg,er,es5, eq,e5) (When a; € Alay,ag)) or
(eg, f1,€5,€4,€3) (When ag € Alay, a7] and by (2)) is a 5-edge configuration. Hence, by
the choice of P, t; = a4 and bg = bs. Now by Lemma 2.1.9 and 2.5.3, GG has a cut

contradicting the choice of {4}, b,}. O
Now, by (3)—(6) and by Lemma 2.5.4,
(7) Gy does not contain a cut {b7, bV} separating B[b7, b5] from {ag, b1, by} with b} €
Blby, by and bl € Blbg, b].
By (7), we have

(8) (b) and (c) do not hold.
(9) G has no edge from B[b, by) to A(as, as).

For, suppose there exists e = ab € E(G) with b € V(B[by,b4)) and a € V(A(as, as]). If
b € B(by,bs) then a € A(as, aq) and by € B(b, by]; or else, (es, e, e5, €6, €7) contradicts the
choice of P. But then e3, ¢4, €, e5 form a double cross.

So b = by and, hence, a # as. Let eg = asby € E(G) with by € V(B(by, b2)). By (6),

by € B(by, b7). But then ey, ¢, e3, e; form a double cross, a contradiction. 0

(10) G has no parallel edges from A[ay, ag] to B|b4, bo] and no parallel edges from Afa;, as]
to B[bﬁ, bg]
For, such parallel edges would form a double cross with ey, eg or es, eg. O
Let ef = aLl. € E(G) with a, € Alay,a;] and b, € Blby, by], such that Afay, a’] U
B, by is minimal. Then
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(11) a% € Alay, ag), and G has no edge from B(b%, by to A.

For, if al. ¢ Alay, ag) then, since af € Alay,ag), b € B(bs, %) by the choice of €.; so
es, €4, f1, €, form a double cross, a contradiction. Thus, by (6) and (10) and by the choice

of e7, G has no edge from B(l, by to A. O

Let ¢/ = a'b € E(G) with o' € Alay,as] and v/ € B[by,t1), such that Alay,a’] U

Blby, V'] is minimal. By (1) and (9) and by the choice of ¢/, we have

(12) €, eg do not form a cross, and G has no edge from B[by, V') to A, and no edge from

B(b/, bg) to A[al, Cl/) U A(Clg, (1,2].

(13) If (d) holds then there does not exist a 3-cut {4/, b5, ag} in Gy with b} € B[by, by| and
by € B(bs,by), which separates B[b, by] from {ag, by, b }.

For, suppose (d) holds and the cut {0},05, ag} in (13) exists. Then b} € B(by,bs], b, €
Blbz, by], and G has no edge from B(by, b}) to A — as. Now, by the choice of {b],b,} and
by Lemma 2.1.9, b} = by, b5 € B(bs, b7), ay = ag, by = by, and a(A, B) < 1.

By the choice of {b], 0, } and by the planar structure of Gy, Gy — ag — B[V, b2) contains
a path By from by to b. Let €}, = aub) € E(G) with b, € Blby, b)) such that B[b), b}] is
minimal. Since bg € Blby, t1), then bg # b),.

We claim that if b, # b, then G has no edge from Blb, b)) to A(as,as] — a4. For,
suppose b, € B(by,b}) and there exists e = ab € E(G) from b € V(B[by,b})) to a €
V(A(as,as] — ayg). Now b = by by (9) and (d). So a € A(as, as) by the choice of P. Let
ep = aby € E(G) with by € V(B[by, bs]) \ {b4, b5}. Then by ¢ B[by, bs) by (9). Moreover,
by ¢ B(bs, by to avoid the double cross e, ey, €}, 5. So by € B(by,bs). If ag € A(as, ay)
then e, eg, €/}, e5 form a double cross; if ag € Alay, as] then (e3, ey, €, €6, €7) contradicts
the choice of P.

Hence, by the choice of es, (1), (9), and (d), if b, = by, then G has no edge from
B(bs, b)) to A; if b, # by, then G has no edge from B(bs, b)) to A — ay.
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Now ¢’ is not adjacent with eg. For, suppose v is a vertex incident with both ¢’ and
es. Then, by (12), (d), and our previous analysis, {b1,v, by, b],be} (when b, = by) or
{b1, v, a4, b}, by} (When b # by) is a cut in G* separating a, from A, a contradiction.

Go—B(by, V'] — B[b), b contains disjoint paths By, Ay from by, ag to bg, b, respectively.
For, suppose there exists a cut vertex v in Go — B(by, V'] — B[b), bo| separating {b;, ap} from
{bs, b, }. Then v ¢ B[V, bg]; otherwise, v and b are incident with some finite face of Gy,
and so {v, b}, b} is a 3-cut in Gy separating B[v, b,] from {ao, b1, b2}, contradicting the
choice of {b/,b,}. Moreover, v ¢ B[b),b]; for otherwise, there exists v; € V(B(by,b'])
such that vy, v are incident with some finite face of GG and, by (12), (d), and the choice of
e}, {v1,v,b,} is a cut in G separating {ao, b1} from {a4, as, b2}, a contradiction. Hence,
v ¢ V(B) and there exists v; € V(B(by,b']) such that vy, v are incident with some finite
face of Gy, and v, b are incident with some finite face of G. But then, by (12), {vy, v, b} }
is still a cut in G separating {ao, by } from {ay, az, b2}, a contradiction.

Now, by Lemma 2.2.1, we have a(A, B) = 2 by the follwoing paths: the path B; UegU
Alag, as] U es U Blbs, by U By from by to by, the path Alay, as| U e, U Ag from as to ag, the
path Alay,ad'| U e’ U B[by, V'] from a; to by, and the path Afay, a%] U e, U B[b, bo] from ay

to b,. This is a contradiction. O

(14) (a) holds, bg # by, and G has no edge from B[b;, b)) to A(as, as).

First, (a) holds. For, otherwise, (d) holds by (8). So b, € B(by, bs| and b, € B[b7, bs]. By
(1) and (5), b7 € B(bs,bs). Hence, (f1, e, €5, €4, e5) (When t1 = by) or (f1,es, €5, f1, €s)
(when t; = ay) is a 5-edge configuration. However, by Lemma 2.1.9 and 2.5.3, G has a
cut contradicting (13) or the choice of {0/, b, }.

Thus, b € Blby,by]. Since bg € Blby, b)), bs # bs. By (9), G has no edge from
Blby, b)) to A(as, az]. Now, by the choice of eg, G has no edge from B[by, b)) to A(as, as].

O

(15) G has no edge from B(bs, bg) to Alay,as), and so (f1, eg, €5, €4, €3) is a 5-edge con-
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figuration with b} € B|bg, bs).

First, suppose there exists e = ab € E(G) with b € V(B(bs,bs)) and a € V (Alaq, ag)).
Then a; € A(ay,al to avoid the double cross ey, e7, es, e. But now, since a3 € Alay, ar),
then bs € B(by, bs] by (1), and so (e, es, €, €g, e7) contradicts the choice of P.

Thus, b € Blbg, b2) and, hence, (f1, €6, €5, €4, €g) is a 5-edge configuration. O

We choose f; so that Blbg, b;] is minimal. Moreover, we let ef = aib, € E(G) with
as € A(aj,ag) and by, € Blbs, bg) so that B[, bs] is minimal. Now, since ( f1, eg, €%, €4, €3)
is a 5-edge configuration (by (15)), G has a cut S# := {b¥ 0¥} or S# = {b7 b¥ af'}
satisfying the conclusion of Lemma 2.5.3 (with respect to (fi, eg, £, €4, €g)), such that
b1, b#, b;/#, b, occur on B in order.

By (7), we have

(16) Conclusions (i7) and (4ii) of Lemma 2.5.3 do not hold for S# and ( f1, eg, €5, €4, €3).

Case 1. (i) of Lemma 2.5.3 does not hold for S# and (fi, es, €}, €4, €g).

Then b7 € Blby, bs] and b} € B[V, bg). By Lemma 2.1.9 and by the choice of {/, b},
we have b” = by, b, = by, ag = a}), and a(A, B) < 1. We further choose {b7", b} } so that
B[b¥  by] is minimal.

By the choice of {4/, b, } and the planar structure of Gy, Gy — ag — B(by, b)) contains a
path By from b, to b,. Let e = ajbj, € E(G) with ajy € A(as, ay)] and b, € B(b¥, bg], such
that A[bf, bo] is maximal.

Now G has no edge from B(b%, by) to A. For, suppose G has an edge from B(b, b)) to
some a € V(A). Then a € Alay, as] by the choice of e, and a ¢ A(a7, ag) by the choice
of €. So a € Alay, af], contradicting (15).

Let A, be the path from aq to b} on the boundary of Gy — Blby, b} without going
through b,. Since we are in Case 1, Ay N B(bg, by] = 0 by the choice of {67, b7 }.

Note that there exists e = ab € F(G) with a € V(Alay,as)) and b € V(BIY), ba]) \

{bs}, such that e and €, are nonadjacent. For, otherwise, by (1) and (10), there exist u €
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{a%,b-} and a separation (G1,G5) in G, such that V(G N Gs) = {b1, V], as, bg, u,a;},
Alay, ag) U Blby,b] C Gy, {ag,a1,a2,b1,b2} C V(G2), and (Gy, by, b}, as, bg, u, ay) is
planar. This contradicts Lemma 2.1.3.

Then there exists e7 = a7V € E(G) with af € V(A(a%, ag)) and b7 € V (B(bg, b,)).
In fact, b ¢ B(bg, bg) by (15) and, hence, b € B(bg, bs]. Thus, by (10) and the choice of e,
a € A(as,as) and b € B(bg,,). So e gives the desired €.

We further choose e with af € A(a’, ag) and b7 € B(bg, V,) so that Ala, a] is max-
imal. Then o € A(d’,as). For otherwise, a7 € Alay, da’]. By (10), (15), and the choice of
e, {b1,b),d ,as, bg} is a cut in G* separating A[da’, ag) U B[by, V] from {ag, a1, az, by, ba},
a contradiction.

Note that Gy — Ay — B[V, b2) contains a path Bs from b, to b7. For otherwise, 0} # b,
and there exist v; € V(Ap) and vy € V(B[ by)), such that vy, v are incident with
some finite face in Gy. If v; = ag then {vy, v9, bo} is a cut in G* separating N¢(b2) from
{ag, a1, as, by, by}, a contradiction; if v; # a then by (11), {b1, bf, v, g, by} is a cut in G*
separating ag from {a, as}, a contradiction.

Hence, o(A, B) = 2 by Lemma 2.2.1 and the following paths: the path B, U B[b], bs| U
es U Ala?, as| U e U By from by to by, the path Alag, as] U e U Ay from as to ag, the path
Alay,d'|U e U B[by, b'] from a; to by, and the path Alay, a’] U el U B[V, b] from ay to bs.

This is a contradiction. O

Case 2. (i) of Lemma 2.5.3 holds for S# := {b7 ¥ o'} and (f1, €5, €}, €4, €5).

Then b € Blby,bs] and b} € B[bg, bt]. Moreover, we choose {b, b7} so that
B[b?, b7 is maximal. By (7), G, contains a path from ag to B(by, bs) and internally dis-
joint from B. Then by Lemma 2.1.8 and the choice of {¥}, b}, we have b7 = by, b, = by,

and one of the following holds:
(N1) ag = a) = af, and so ¢(A, B) > 2.

(N2) af = ao, bY is a cut vertex of G separating by from {ag, b}, al, al, b b, are
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incident with some finite face of G; so a(A, B) < 1.

(N3) a}, = ag, b, is a cut vertex of G separating by from {ag, by}, aj, ail , b7 | b/, are incident

with some finite face of Gy; so a(A, B) < 1.

In particular, there exists a vertex a; € {al), al’ }, such that {¥}, b7 a*} is a 3-cut in G,
separating B[V, b7 from {ag, b1, by}. Let eg = aghy € E(G) with by € B(b,,b¥) and
ayg € Alay,as], such that Afay, ao] is minimal. There also exists ey = agby € E(G) with
aly € V(Alag, ay)) and by € V(B[by, b,)) UV (B(bY , by]); for otherwise, {af, b, b, ag, as}
is a cut in G separating Alayg, as] U B[b], bf | from {ay, a1, as, by, bo}, a contradiction.

Note that ag ¢ Alay,ag); for otherwise, by ¢ B(bs,bs) by (15) and, hence, by €
Blbg, b¥), contradicting the choice of f;. Next, b, € B(b¥ , by]; as otherwise, al) ¢ A(as, as]
by (9) and, hence, a; € A(ag, as), contradicting the choice of eg. By (6), ay ¢ A(as, asl;
s0 ay € Alag, as). Furthermore, by € B(bi, b;]; or else, (e, ey, 5, €6, €}) contradicts the
choice of P.

Now, since ay € A(ag, as|, ag # as; so0 ag € Alas, az). Moreover, by ¢ B(b5,bf) to
avoid the double cross e, es, €5, €9. By (5), by & B(by, bs]. So by € B(b}, by].

We choose €, so that B[bY, b)] is minimal. Since af, € A(ag, as), a5 # ag. Then we

will derive a contradiction by showing that (A, B) = 2.

Subcase 2.1. (N1) holds.

By the choice of {4/, b, } and the planar structure of Gy, Gy — B(by, b}) — ag contains a
path B, from b; to b,. Moreover, by the choice of {b7, b7 } and by planar structure of Gy,
Gy — B (b2#, by) — ap contains a path B, from bf to b,.

Note that there exist fs = a3bs, fo = aiby € E(G) with a}, a5 € V(A(ay,as))
and bg, b5 € V(B(b},by]) such that af # af and b # b5. For otherwise, there exist
v € V(G) and a separation (G, G2) in G, such that V(G N Gy) = {b, ag, b1, a1,v,as},
{ag, a1, a9,b1,b2} C V(Gy), A(a,as) U B(b1,b)) C Go, and (Ga, b, ag, by, a1, v,ag) is

planar. This contradicts Lemma 2.1.3.
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Now b}, b5 € Blbg, ba] by (15), and fs, fo form a cross by (10). So ay, a}, aj, as occur
on A in order, and by, b§, bg, by occur on B in order. We further choose fs, fo with Alag, aj]
maximal. By the existence of ¢, and by (10), b € B(b¥, by).

There exists f5 = a;bi with b € V(B[by,b))) and af € V(A(ay,af)). For otherwise,
all edges from B[by,}) will end in {a, } U V (Alas, as]). By the choice of fg, fo, G has no
edge from A(aj, ag) to B(bs, bo]. Hence, G has a separation (G, Gi3), such that V(G N
Gs) = {b, ap, b1, a1, a5, as}, {ap, a1, a2,b1,b2} C V(Gy), A(ag, as) U B(by, b)) C G, and
(Ga, b, ag, b1, a1, a3, as) is planar. By Lemma 2.1.3, |V (G, —G1)| = 1. So V(Gy — Gy) =
{bs}, and G has edges from bg to b}, ag, b1, ay, aj, as, respectively. But then, b; has degree
1 in G, a contradiction.

By (7), there exists a path Ay from ag to B(by, bg) in G and internally disjoint from
B. Now, o(A, B) = 2 and ¢(A, B) = 0 by Lemma 2.2.1 and the following paths: the path
By U B[, bg] U eg U Ala, ag] U fo U B[b%, b U By from by to by, the path B[by, b] U f5 U
Alat, af] U fs U B[b§, by] from by to by, and the path Ay U B(by, bg) U e5 U Alas, as] from

ap to aq. This is a contradiction.

Subcase 2.2. (N2) holds.

Then there exists e/ = aZb? € E(G) with af € V(Ala1,as)) and b7 € V(B(b], bs))
such that a7 # a- and 0] # U.. For otherwise, by (1), (10) and (15), G has a separation
(G1,G3), such that V(G N Gy) = {v,as, by, ai} with v € {as, b5}, ag,a1,by € V(Ga),
|V (Gy — G1)| > 4, as, by € V(Gy), and (Go, ag, by, a1, v, as, b}, ay) is planar. This contra-
dicts Lemma 2.1.3 (when v = a/, = a;) or Lemma 2.1.4 (when v # a,).

By (10) and (15), % € A(a%,ag) and V) € Blbg,b’). We further choose €/ so that
Alay,a?] is maximal. Then a7 € A(d’,ag). For otherwise, a” € Alai,d’] and, by the
choice of €7, G has no edge from A(d’,ag) to B(b},bs]. Hence, G has a separation
(G1,Gs) such that V(G N Gy) = {d/, as, b, ay, ag, b1}, {ao, a1, az,b1,b2} C V(Gy), and
(Go, d, ag, b, af, ag, by) is planar. This contradicts Lemma 2.1.3.

By the choice of {a{ , b7 b¥} and the planar structure of Gy, Gy — B[b, by) contains a
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path B, from b, to b#. Let Ay be the path from ag to B(by, bg) in G, which is internally
disjoint from B. Moreover, we further choose A, such that Ag[ag, ap] is on the boundary
of Gy without going through b;.

Then Gy — B(by, 0] — Ag contains a path B; from b, to b}. For otherwise, b} # b,
and there exist vy € V(Aplao,ap]) and vy € V(B(by,V']), such that vy, vy are incident
with some finite face of G. Now, by (12), {by, v1,v9,bo} (if v1 # ag) is a cut in G*
separating ag from {aq,as}, or {vy,ve, b1} (if v1 = ap) is a cut in G* separating N¢(b;)
from {ao, ai, as, by, bo}. This is a contradiction.

Hence, a(A, B) = 2 by Lemma 2.2.1 and the following paths: the path B, U B[V, by| U
egUA[al, ag)Uel U B[, b U B, from by to by, the path AgU B(by, bs) Ues U A[as, as] from
ao to ag, the path Afay, a’'|Ue’ UBJby, V'] from a; to by, and the path Ala,, a%]Ue, U B[, bs).

This is a contradiction.

Subcase 2.3. (N3) holds.

Then there exists e/ = a/b7 € E(G) with af € V(A(d',ag)) and b € V(B(bY, bs)),
such that a” # a’, and b # b’. For otherwise, by (10) and (15), there exist v € {a’, 0.} and
aseparation (G1, Gy) in G, such that V/(G1NG2) = {v,d’,as, by, b} }, Ald, ag)UB[by, b}] C
G1, and {ag, a1, az, by, by} C V((Gs), a contradiction.

By (10) and (15), a7 € A(a%,as) and b € B[bg, b,). By the choice of {ay, b}, b,} and
the planar structure of G, Gy — B(by, V'] contains a path B; from b; to b}. Let A be the
path from ag to B(by, bg) in G, which is internally disjoint from B, and we choose A, such
that Ay[ag, al'] is on the boundary of G without going through b.

Then Gy — B[V, by) — Ay contains a path By from by to b’;. For otherwise, 0, # bs,
and there exist v, € V(Aglag,al]) and vy, € V(B[b,, b)), such that v, v, are incident
with some finite face of Gj5. Now, by (11), {by,v1,v9,be} (if v1 # ag) is a cut in G*
separating ag from {aq, as}, or {vy,ve, b2} (if v1 = ap) is a cut in G* separating N¢(bs)
from {ao, ai, as, by, bo }. This is a contradiction.

Now, a(A, B) = 2 by Lemma 2.2.1 and the following paths: the path B; U B[b], by] U
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€9UA[GI7/, CLg] UB{;UB[b?, b;’t] U32 from b1 to bg, the path AOUB(b4, b6>U€5UA[CL5, CLQ] from
ao to ag, the path Alay, a’'|Ue’UB[by, V'] from a; to by, and the path Alay, a%]Uer U B[V, bs).

This is a contradiction. d
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CHAPTER 3
FUTURE WORK

3.1 A characterization of two-three linked graphs

In fact, Robertson and Seymour asked for a characterization of two-three linked graphs.

Here, we believe we have such a characterization, although it is quite complicated (even to

state) and its proof is longer.

We say that (G, ag, ai, as, by, by) is reducible, if one of the following holds:

(R1) G has an edge e with one end in {ag, a;, as} and one end in {by, b2 }.

(R2) There exists a separation (G, G») in G of order at most 1.

(R3) There exists a separation (G, Gs) in G of order 2, satisfying one of the following

properties:

(@) {ag,a1,as,b1,bs} CV(Gy) and V(Gy — Gy) # 0; or
(b) |V(G2 — Gl) N {ao,al,ag, b17b2}| =1and ’E(Gz)’ > 3; or
(c) for some ¢ € {0,1,2} and some j € {1,2}, V(G N Gs) = {c1, ¢}, a;, b5 €

V(G2 — Gl), {ao,al,ag, bl,bg} — {CLi,bj} Q V(Gl), and (Gg,ai,bj,c%cl) is

planar; or

(d) for some j € {1,2} and some permutation 7 of {0, 1,2}, V(G1 N Gy) =
{c1; 2}, ano), ar(ry, b € V(G2 — G1), ar2), bs—; € V(Gh), and (Gg, ax(0), bj,
r(1), C2, C1) is planar; or

(e) for some i € {0,1,2}, V(G N Gy) = {c1,¢}, a;,b1,00 € V(Gy — Gy),
{ag, a1, as,b1,bo} — {a;,b1,b2} C V(Gy), and (G, by, a;, by, c2, ¢1) is planar.
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(R4) There exists a separation (G, G5) in G of order 3, satisfying one of the following

properties:

(a) {CL(), ap, ag, bl, bQ} - V(Gl) and V(GQ - Gl) 7é Q); or

(b) V(GiNG2) = {c1, ¢, c3}, {d} = {ao, a1, az,b1, b2 }NV(G2—Gh), (Ga, d, c3, o,
c1) is planar, and |V (G — G1)| > 2; or

(c) forsome i € {0,1,2} and some j € {1,2}, V(G1NGy) = {c1, ¢, 3}, a4, b; €
V(G2 - Gl)’ {a07 ay, a2, b17 62} - {ai7 b]} - V(Gl)’ (GQJ ag, ij C1, C2, 03) is
planar, and |V (Gy — G1)| > 3; or

(d) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, 2, c3}, ar(0), ar1), bj €
V(G — Gh), ar(2),bs—j € V(G1), and (G2, ax(0), bj, ar(1), C3, C2, 1) is planar;
or

(e) for some i € {0,1,2}, V(G NGy) = {c1,¢2,¢3}, bi,a;,by € V(Gy — Gy),
{(lo, az, CLQ} — {CLZ} g V(Gl), and (GQ, bl, a;, bg, C3, Co, Cl) is planar.

(RS) There exists a separation (G, G5) in G of order 4, satisfying one of the following

properties:

(a) let W be a graph with V(W) = {wo, wy, we, ws, wys}, E(W) = {wow;;i =
1, 2, 3,4} U {wl'LUQ,U)l’lUg}, then agp, a1, g, bl, bQ € V(Gl), V(GQ — Gl) 7& (Z),
and (5 is not a subgraph of W; or

(b) V(G1 N GQ) = {Cl, Co, C3, C4}, agp, a1, Ay, bl, bg € V(Gl), V(G2 — Gl) = {C},
G has edges from c to ¢y, ¢, c3, ¢4, G has edges from c¢; to co, c3, and for some
i € {0,1,2} and some j € {1,2}, a;,b; € V(G N Gy); or

(c) for some ¢ € {0,1,2} and some j € {1,2}, V(G1 N Gs) = {c1,¢2,a4, b5},
ag, ai, az, by, be € V(Gh), V(Ge — G1) = {c}, G has edges from c to ¢y, s, a;,

b;, and G has an edge from c; to cy; or
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(d) V(G1 N Gs) = {c1, 9,3, ¢4}, ag,a1,a2,b1,ba € V(Gy), V(G — Gy) = {c},
G has edges from c to ¢y, s, c3, ¢4, G has an edge from c; to ¢, and for some
permutation 7 of {0, 1,2}, {ax), axa)} € V(G1 N Gs) and {ax (o), axa)} N
{c1,c0} # 0; or

(e) forsomei € {0,1,2}, {a;} = V(Gy—G1)N{ag, a1, az,b1, b2}, V(G1NGy) =
{b1,bs,c1, ¢}, (Go, a;,by, 1, o, by) is planar, and |V (Gy — G1)| > 2; or

(f) for some permutation 7 of {0, 1,2} and some j € {1,2}, {b;} = V(G2—G1)N
{ao, a1, a2,b1,02}, V(G1NG2) = {ax1), ar(2), €15 C2}5 (G2, b5, arr), €1, C2, Ar(2))
is planar, and |V (G2 — G1)| > 2; or

(g) for some permutation 7 of {0, 1,2} and some j € {1,2}, {ar0)} = V(G2 —
G1)N{ao, a1, az, b1, ba}, V(G1NG2) = {b;, ax(1y, c1, 2}, (Ga, an(o), by, €1, An(a),
¢9) is planar, and |V (G — G1)| > 2; or

(h) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, ¢, 3, Gr(0) }> (1), bj €
V(GQ - G1>, Qr(2), bg_j € V(Gl), (G27 C1, C2, Ax(0), C3, Ax(1)s bj) is planar, and
‘V(GQ — Gl)l 2 3; or

(i) for some permutation 7 of {0, 1,2}, V(G1NGs) = {c1, €2, C3, An(0) }> An(1), bj €
V(GQ - G1>, CLW(Q), bg_j S V(Gl), (G27 Az (0), bj, Qr(1), C3, C2, Cl> is planar, and
|[V(Gy — Gh)| > 3; or

() for some i € {0,1,2} and some j € {1,2}, V(G N Gs2) = {c1,¢2,¢3,b;},
ai7b37j € V(Gz - G1), {al,a2,a3} —a; C V(G1), (G27b37j7ai7 bj703702701)
is planar, and |V (G2 — G1)| > 3; or

(k) for some permutation 7 of {0, 1,2}, V(G N G2) = {c1, ¢a, €3, ca}s (o), Arn),
bj € V(G2 — Gl), GW(Q),bgfj € V(Gl), (Gg,aﬂ-(o),bj,aw(l),C4,Cg,C2701) 18
planar, and |V (Gy — G1)| > 4; or

(l) V(Gl N GQ) = {01762763704}9 ai7b17bQ € V(G2 - G1>’ {a17a27a3} — a; g
V(G1), (Ga,b1,a;,be, ¢4, 3, o, ¢1) 18 planar, and |V (Gy — G1)| > 4; or
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(m) for some permutation 7 of {0, 1, 2}, ax(0); ax(1), b1, b2 € V(G1), {ar(0), ar1), b1,
bo} NV (G2) # 0, are) € V(G2) — V(G1), and G has a disk representation
in which a (o), b1, ax(1), b2 occur on the boundary of the disk in the order listed

and the vertices in V(G1) N V(Gs) are incident with a common finite face.

(R6) There exists a separation (G, G) in G of order 5, satisfying one of the following

properties:

(a) V(Gl N GQ) = {61,02703704705}, {ao,ah a2751752} C V(G1), E(G[{Cl,C%C?ﬂ
Cy, 05}]) g E(Gl), (GQ, C1,C9,C3,Cy, C5) is planar, and |V(G2 — G1)| Z 2; or

(b) V(Gl N Gg) = {Cl, Co,C3,Cyq, 05}, {ao, ai, as, b17 bg} Q V(Gl), and for some
permutation 7 of {0, 1,2}, G has a disk representation with the vertices a (), b1,
ar(1), b2, r(2), C1, C2, C3, C4, c5 drawn on the boundary of the disk in the order

listed; or

(c) for some permutation 7 of {0, 1,2}, V(G1NG2) = {c1, 2, b1, b2, az(1y}, ar2) €
V(G1 — G2), ax) € V(G2 — G1), (Ga, b1, ¢1, ar1), C2, ba, ax() is planar, and
|[V(Gy — Gh)| > 4; or

(d) for some j € {1,2} and some permutation 7 of {0, 1,2}, V(G; N Gy) =
{c1, e, ¢35, a701), 05}, angey € V(G1—G2), a0y, bs—j € V(Ga—Gh), (G, axy,

C1,Co,C3, bj, aﬂ(o), bgfj) is planar, and ’V(GQ — G1)| Z 3.

Actually, we can prove that if (G, ag, ai, as, by, by) is reducible, then we could either
easily determine whether or not (G, ag, a1, as, by, by) is feasible, or reduce (G, ag, a1, as, by,
by) to (G, ag, a}, ab, by, b)) with (|[V(G)|, |E(G)|) > ([V(G")],|E(G")|) in lexicographic
order, such that (G, ag, ay, as, by, be) is feasible iff (G, af), a’, a), b, b}) is feasible.

With all these, we can state our main result.

Theorem 3.1.1 Let (G, ag,ay,as,by,by) be a rooted graph. Then one of the following

conclusions holds:
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(C1) There exists a cluster { X1, X5} in G such that {ag, a1, a2} C X and {b1,b3} C Xo.
(C2) (G, agp,ay,as,by,bs) is reducible.

(C3) Forsomei € {0,1,2}, G—a; has no cluster { X1, Xo} such that {ay, a1, as}—{a;} C
X1 and {bl, bQ} Q XQ.

(C4) There exist a permutation 7 of {0, 1,2}, a graph H and vertices s,t,s',t' € V(H)
such that G is obtained from H by identifying s with s' and t with t', respectively, and
H has a disk representation with the vertices a ), b1, ar(1), b2, ar(2), 5, 1, s, t' drawn

on the boundary of the disk in the order listed.

(C5) G has a separation (G, Gs) in G of order 4, such that V(G1NGy) = {¢1, 2, ¢3, ¢4},
ap, ai, az, by, be € V(Gy), and there exist a permutation 7 of {0, 1,2}, a graph H
and vertices cy, cy € V(H), where (31 is obtained from H by identifying c,, with c},
(H, ax(1y, b1, ar(0), b2, r(2), Cy, Ca, C3, C5, ¢1) is planar, and cy € V(Gy) is the vertex

obtained by identifying c,, with .

3.2 Clarifying (C3)

Note that if (C4) or (C5) holds, then (C1) will not hold. However, if (C3) holds,
(G, ag, a1, as, by, by) may be feasible or may be infeasible. Although by using 2-linkage
algorithms, it is easy to judge whether (G, ag, a1, as, by, by) admits (C3), we want to give a
more precise characterization of feasible rooted graphs when (C3) holds.

We will still assume G is not reducible. So by applying Seymour’s version of 2-
linkage theorem in [37], when (C3) holds, there exists ¢ € {0, 1,2}, such that (G —

a;, a;y1, b1, a;_1,be) is planar. So G actually is an apex graph.
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3.3 A practical algorithm

Another possible future work is to develop a practical polynomial time algorithm for
the two-three linkage problem.

Note that the existence of such an algorithm with polynomial running time is guaranteed
by the work of Robertson and Seymour in [40]: Given a graph G and & > 1 pairs of
vertices {s;,t;},7 =1, -+, k of G with k fixed, there exists a polynomial time algorithm
for deciding if there are £ mutually internally vertex-disjoint paths in G joining s; and ¢;,

1 =1,---, k. In fact, to resolve the two-three linkage problem, we just need to check:

(i) whether for some i € {0, 1,2}, G contains 3 mutually internally vertex-disjoint paths

joining the pairs {by, b2}, {a;_1,a;} and {a;, a;41}; or

(ii) whether for some vertex v € V(G) — {ag,a1,as,b1,b2}, G contains 4 mutually

vertex-disjoint paths to join the pairs {b1, b2}, {v, a0}, {v,a;} and {v, as}.

Clearly, the answer is yes iff (G, ag, a1, az, by, bs) is feasible. The disjoint paths algo-
rithm of Robertson and Seymour has running time O(|V(G)|?). So the above algorithm
runs O(|V(G)[*) time.

However, the disjoint paths algorithm of Robertson and Seymour is not practical, since
it involves an enormous constant. Hence, it is meaningful to come up with a practical
algorithm for the two-three linkage problem. In fact, to the best of our knowledge, Tholey
[41] found the O(|E(G)| + |V(G)|a(|V(G)|, |V (G)|))-time algorithm, the currently best
known nearly linear time bound, of 2-linkage problem, where « denotes the inverse of
the Ackermann function. By repeatedly using 2-linkage algorithm, we expect to obtain a

O(|V(G)[?)-time two-three linkage algorithm.

3.4 A related conjecture

A graph G is apex if G — v is planar for some vertex v € V(G). Jgrgensen [34]

conjectured that every 6-connected graph with no K4-minor is apex.
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In the two-three linkage problem, we only consider finding disjoint connected sub-
graphs Gy, Gy such that {ag, a1,a2} € V(Gy) and {by, b2} C V(G3). However, it is also
natural to ask whether we can find such disjoint connected subgraphs G, GG, satisfying

additional properties. For example, we have the following conjecture.

Conjecture 3.4.1 Any 6-connected non-apex graph G with distinct vertices ag, a1, as, by,
by € V(Q) contains disjoint connected subgraphs G1, G such that {ag, a,,a2} C V(Gy),

{b1, b2} C V(Gs), and the following properties hold:

(P1) there exists a vertex v € V(G1) — {ag, a1, a2} such that Gy has three internally

disjoint paths from v to ag, ay, as, respectively;
(P2) foreachvertexv € Gy, {ag, a1, a2} —{v} are contained in one component of Gy — v.

One observation is that if (G —ayg, a1, by, az, be) is planar, then there do not exist disjoint
connected subgraphs GG1, Gs in G such that {ag, a1, a2} C V(Gy), {b1,b2} C V(G3), and
(7 satisfies (P1) and (P2). Note that such G is apex, and G can be 6-connected.

If Conjecture 3.4.1 is true, we may prove that given a 6-connected graph G and triangles
a;bibea; for i = 0,1,2, G — biby — {a;b; : i = 0,1,2and j = 1,2} contains disjoint
connected subgraphs G, G5 such that {ag, ai,a2} C V(Gy), {b1,b2} C V(G3), and G4
satisfies (P1) and (P2). Such properties could be useful in resolving Jgrgensen’s conjecture

for 6-connected graph in which some edge is contained in three triangles.
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