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SUMMARY

This dissertation can be essentially divided into two parts. The first, consisting
of Chapters I, II, and III, studies the graph theoretic nature of complex systems. This
includes the spectral properties of such systems and in particular their influence on the
systems dynamics. In the second part of this dissertation, or Chapter IV, we consider a
new class of one-dimensional dynamical systems or functions with an eventual negative
Schwarzian deriwvative motivated by some maps arising in neuroscience.

To aid in understanding the interplay between the graph structure of a network
and its dynamics we first introduce the concept of an isospectral graph reduction in
Chapter I. Mathematically, an isospectral graph transformation is a graph operation
(equivalently matrix operation) that modifies the structure of a graph while preserving
the eigenvalues of the graphs weighted adjacency matrix. Because of their properties
such reductions can be used to study graphs (networks) modulo any specific graph
structure e.g. cycles of length n, cliques of size k, nodes of minimal/maximal degree,
centrality, betweenness, etc.

The theory of isospectral graph reductions has also lead to improvements in the
general theory of eigenvalue approximation. Specifically, such reductions can be used
to improved the classical eigenvalue estimates of Gershgorin, Brauer, Brualdi, and
Varga for a complex valued matrix. The details of these specific results are found in
Chapter II. The theory of isospectral graph transformations is then used in Chapter
1T to study time-delayed dynamical systems and develop the notion of a dynamical
network expansion and reduction which can be used to determine whether a network
of interacting dynamical systems has a unique global attractor.

In Chapter IV we consider one-dimensional dynamical systems of an interval.



In the study of such systems it is often assumed that the functions involved have
a negative Schwarzian derivative. Here we consider a generalization of this condi-
tion. Specifically, we consider the functions which have some iterate with a negative
Schwarzian derivative and show that many known results generalize to this larger
class of functions. This includes both systems with regular as well as chaotic dy-

namic properties.
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CHAPTER 1

ISOSPECTRAL GRAPH REDUCTIONS

1.1 Introduction

Real world networks, i.e. those found in nature and technology, typically have a com-
plicated irregular structure and consist of a large number of highly interconnected
dynamical units. Coupled biological and chemical systems, neural networks, social
interacting species, and the Internet are only a few such examples [4, 23, 24, 42, 46, 50].
Because of their complex structure, the first approach to capturing the global proper-
ties of such systems has been to model them as graphs whose nodes represent elements
of the network and the edges define a topology (graph of interactions) between these
elements. This a principally a static approach to modeling networks in which only
the structure of the network’s interactions (and perhaps weights associated to them)
are analyzed.

An additional line of research regarding such networks has been the investigation
of their dynamical properties. This has been done by modeling networks via interact-
ing dynamical systems [1, 6, 17]. Important processes studied within this framework
include synchronization [16] or contact processes, such as opinion formation and epi-
demic spreading. These studies give strong evidence that the structure of a network
can have a substantial impact on its dynamics [7].

Regarding this connection between the structure and dynamics of a network, the
spectrum of the network’s adjacency matrix has recently emerged as a key quantity
in the study of a variety of dynamical networks. For example, systems of interacting
dynamical units are known to synchronize depending only on the dynamics of the

uncoupled dynamical systems and the spectral radius of the network adjacency matrix



[31, 30]. Moreover, the eigenvalues of a network are important for determining if the
dynamics of a network is stable [6, 1].

To aid in understanding this interplay between the structure (graph of interac-
tions) and dynamics of a network here we introduce the concept of an isospectral graph
transformation. Such transformations allow one to modify a network at the level of
a graph while maintaining properties related to the network’s dynamics. Mathe-
matically, an isospectral graph transformation is a graph operation that modifies
the structure of a graph while preserving the eigenvalues of the graph’s (weighted)
adjacency matrix.

We note here that besides modifying interactions, such transforms can also reduce
or increase the number of nodes in a graph (network). As not to violate the funda-
mental theorem of algebra, isospectral graph transformations preserve the spectrum
of the graph (specifically number of eigenvalues) by allowing edges to be weighted by
rational functions.

We note that by allowing such weights it may appear that our procedure is trading
the complexity of the graph’s structure for complex edge weights. However, this is
not the case. In fact, it is often possible isospectrally reduce a graph in such a way
that the reduced graph’s edges weights belong to a particularly nice set e.g. positive
integers, real numbers, or for unweighted graphs the weight set {1} (see theorem
1.3.4).

For a graph G with vertex set V' this is done by reducing or expanding G with
respect to specific subsets of V' known as structural sets (see section 1.3.1 for exact
definitions). As a typical graph has many different structural sets it is possible to
consider different isospectral transformations of the same graph as well as sequences
of such transformations as a reduced graph generally will again have its own structural
sets.

In this regard, the flexibility of this procedure is reflected in the fact that for a



typical graph G it is possible to sequentially reduce G to a graph on any nonempty
subset of its original vertex set. This follows from an existence and uniqueness result
regarding sequences of isospectral reductions. That is a typical graph G can be
uniquely reduced to a graph on any nonempty subset of its vertices (see theorem
1.3.8 and theorem 1.3.10). Because of this uniqueness, isospectral graph reductions
can be used to induce new equivalence relations on the set of all graphs under some
mild assumptions. Namely, two graphs (networks) are spectrally equivalent if they
can by isospectrally reduced to one and the same graph. The implication then is that
this procedure allows for the possibility of studying graphs (networks) modulo any
graph feature that can be uniquely defined.

This itself is motivated by the need when dealing with complex systems to find
ways of reducing complexity while maintaining some important network characteris-
tic(s). Such reductions amount to course graining or finding the right scale at which
to view the network. Isospectral graph transformations, specifically reductions, serve
this need by allowing one to view a network as a smaller network with essentially
the same spectrum. Finding the right scale here then amounts to finding the right
structural set over which to reduce the network.

Chapter I is divided as follows. In section 1.2 we present notation and some general
definitions. Section 1.3 contains the description of an isospectral graph transformation
and results on sequences of such transformations. Graph transformations over fixed
weight sets and spectral equivalence are treated in 1.4. The proof of results contained
in sections 1.3 and 1.4 are then given in section 1.5. Section 1.7 contains some

concluding remarks regarding the applications presented in chapters IT and III.

1.2 Preliminaries

In this chapter we are primarily interested in the topology (graph structure) of dy-

namical networks. Here, we consider the most general class of networks (with fixed



topology i.e. the graph of interactions does not change in time), namely those net-
works whose graph of interactions are finite, directed, with loops and with edge
weights in the set W. Such graphs form the class of graphs we denote by G. A graph
G € G is an ordered triple G = (V, E,w) where V and E are the vertex set and
edge set of G respectively. Moreover, w : E — W gives the edge weights of G where
w(e) = 0 if and only if e ¢ W.

The set W is defined as follows. Let C[)\] be the set of polynomials in the complex
variable A with complex coefficients. The set W is the set of rational functions of
the form p(A)/q(A) where p(A), ¢(A) € C[A], p(A\) and ¢(A) have no common factors
(roots), and ¢(\) # 0. Here, we note that the set W is a subfield of the field of
rational functions over C.

The vertex set of the graph G = (V, E,w) is given the labelling V' = {vy,...,v,}
where we denote an edge from v; to v; by e;;. The matrix M(G) = M (G, \) defined
entrywise by

M(G)ij = w(ey)

is then the weighted adjacency matriz of G. The spectrum or eigenvalues of a matrix

A(X) € W™ are the solutions including multiplicities to the equation
det(A(X) — AI) = 0. (1)

For the graph G we let o(G) be the spectrum of M (G).

The spectrum of a matrix with entries in W is therefore a generalization of the
spectrum of a matrix with complex entries. Moreover, as det (M (G) — M ) is the
ratio of two polynomials p(A\)/q(\) € W we let o=(G) be the solutions including
multiplicities of the equation g(A) = 0.

Note both o(G) and 07!(G) are lists of numbers. That is,

U(G):{<Uz,nz)1§2§p, O'iE(C, anN}



where n; is the multiplicity of the solutions o; to (1) i.e. eigenvalues, p the number of
distinct solutions, and (o;,n;) the elements in the list. The list 0~(G) has a similar

formulation.

1.3 Isospectral Graph Reductions and Expansions

In this section we formally describe the isospectral reduction process and the associ-
ated isospectral graph expansions. Once this is in place we then give some specific
examples of this method and present some results regarding sequences of isospectral

reductions and spectral equivalence of graphs.
1.3.1 Setup

As a typical graph G € G cannot be reduced over any arbitrary subset of its vertices
(by means of a single reduction) we define the set of structural sets of a graph or
those vertex sets for which this is possible. If S C V where V is the vertex set of a
graph we write S =V — S. Also, a loop is an edge that begins and ends at the same

vertex.

Definition 1.3.1. For G = (V, E,w) let ((G) be the graph G with all loops removed.
The nonempty vertex set S C 'V is a structural set of G if £{(G)|g contains no cycles

and w(e;) # X for each v; € S.

We denote by st(G) the set of all structural sets of G. To describe how a graph
G = (V, E,w) is reduced over the structural set S € st(G) we require the following
standard terminology.

A path P in the graph G = (V, E,w) is an ordered sequence of distinct vertices
Vi,...,Uy € V such that e;;41 € E for 1 <7 < m — 1. In the case that the vetices
Vo, ..., U,_1 are distinct, but v; = v,,, then P is a cycle. Moreover, we call the vertices

Va,...,Um_1 Oof P the interior vertices of P.



Definition 1.3.2. For G = (V, E,w) with structural set S = {v1, ..., vy} let B;;j(G; S)
be the set of paths or cycles with no interior vertices in S from v; to vj. Furthermore,

let
Bs(G) = U B;(G; S).
1<i,j<m

We call the set Bs(G) the branches of G with respect to S.

If 6=wy,...,0, for € Bs(G) and m > 2 let

m—1

Pu(B) = w(e2)

1=2

W(ei,iJrl)

If m = 2 then P,(8) = w(ei2). We say P, () is the branch product of 3.

Definition 1.3.3. Let G = (V, E,w) with structural set S = {vy ...,vn}. The graph
Rs(G) = (S, &, 1) where e;; € € if Bij(G;S) # 0 and
ple) = Y, Pu(B), 1<ij<m (3)
ﬁEBij(G;S)

15 the isospectral reduction of G over S.
Theorem 1.3.4. If S € st(G) then 0(Rs(G)) = (0(G) Uo7 (Gls)) — 0(Gls).

To make sense of the formula in theorem 1.3.4 we note that

det (M (Glg) — M) = ] (w(ew) = A) (4)

U,L‘ES'

since the graph G|g contains no (nonloop) cycles. Hence, 0(G|g) are the values at

which the loops weights of S equal A and 0~!(G|g) the values at which these weights

are undefined. Hence, both o(G|g) and 07!(G|g) can be read directly from G.
Figure 1 gives an example of an isospectral reduction of the graph G over the

set S = {v1,v3}. Here, using our list notation, one can compute that the spectrum

o(G) = {(2,1),(~1,1),(1,2),(0,2)}. As S has loop weights w(eg) = 1 ,w(es) =



0, w(ess) = 1, and w(egs) = 0 it also follows that o(Glg) = {(1,2),(0,2)} and
o7!(G|s) = 0. Theorem 1.3.4 then implies that o(Rs(G)) = {(2,1), (—1,1)}.
We note that it is also possible to reduce a graph without losing any eigenvalues.

For instance, if K,, = (V, E,w) where M(K,);; = 1 for 1 < ,j < n then o(K,) =

{(n,1),(0,n —1)}. Hence, for any v € V, 0(Ry_{}(K,)) = o(K,) since o(K,|,)
{(1,1)} and 07 Y(K,|,) = 0.

In terms of matrices an isospectral reduction of a graph can be described as follows.
If S € st(G) then the vertices of G can be ordered such that M (G)— Al has the block

form
A B
M(G) =\ = (5)
¢ D
where A corresponds to the vertices in S and is a triangular matrix with nonzero
diagonal. The matrix A can be made triangular by virtue of the fact that G|g contains
no (nonloop) cycles whereas the nonzero diagonal follows from the condition that

w(ey) # \ for v; € S (see Frobenius normal form in [12]). Hence, A is invertable.

Using the identity
A B
det = det(A) - det(D — CA™'B) (6)
D

it then follows that

det(M(G) — AI)

det(D — CA™'B) = —— 0

Given D — CA™'B = R — M, for some R € WISIXISI the isospectral reduction,
Rs(G) is the graph with adjacency matrix R (see proof of lemma 1.5.3 in section 5).
Moreover, as A corresponds to the vertex set S then by equation (4)

det(A) = [T (wlew) — A).

Uieg

Consequently, it is natural to define an isospectral graph expansion of a graph G

as a graph H where Ry (H) = G for some T' € st(H). Such expansions can be carried



Figure 1: Reduction of G over S = {v1,v3} where each edge in G has unit weight.

out by simply expanding edges into branches or multiple branches with the correct
products and sums (e.g. (2) and (3)). However, in contrast to graph reductions, such

expansions are nonunique. For unique expansions see section 4.1.
1.3.2 Sequential Reductions

As any reduction Rg(G) of a graph G € G is again a graph in G it is natural to
consider sequences of reductions of a graph as well as to what degree a graph can be
reduced. To do so we extend our notation to an arbitrary sequence of reductions.

For G = (V, E,w) suppose S, C Sy—1 C --- € S; C V such that S; € st(G),
R1(G) = Rs, (G) and

SiJrl S St(Rl<G)) where RS (Rz<G>> = Ri+1(G), 1 S 1 S m — 1.

i+1
If this is the case we say Si,..., S, induces a sequence of reductions on G with final

vertex set S,, and write R,,(G) = R(G;S1,...,Sn).

Theorem 1.3.5. (Commutativity of Reductions) For G = (V,E,w) suppose
S € st(G). If Sy € Spo1 C--- €Sy CV then Sy,...,Sm_1,Sm induces a sequence

of reductions on G where R(G; Sy, ..., Sm-1,5m) = Rs,, (G).

That is, the final vertex set in a sequence of reductions completely specifies the
reduced graph irrespective of the specific sequence of reductions if this vertex set is a
structural set. To address whether a graph G = (V| F,w) may be reduced via some
sequence of reductions to a graph on an arbitrary subset V C V we note the following.

If w(e;) # A for some v; € V then V — {v;} € st(G) since v; induces no cycles in

¢(G). Hence, any single vertex with this property can be removed from the graph. If



it is somehow known a priori that no loop of G' or any sequential reduction of G' has
weight A then GG can be sequentially reduced to a graph on any subset of its vertex

set. To give such a condition we define the set G.

Definition 1.3.6. For p()\),q(\) € C[A] and w = p(N)/q(A\) € W define the function
m(w) = deg(p) — deg(q). Let G, C G be the set of graphs with the property that
G € Gy if 1(M(G);;) <0 for each entry of M(G).

Lemma 1.3.7. If G € G, and S € st(G) then Rs(G) € G,. In particular, no loop

of G and no loop of any reduction of G can have weight \.

By the reasoning above, if G € G, then G can be (sequentially) reduced to a

graph on any subset of its vertex set. Moreover, the following holds.

Theorem 1.3.8. (Existence and Uniqueness of Reductions Over Any Set
of Vertices) Let G = (V,E,w) be in G,. Then for any nonempty V C V any
sequence of reductions on G with final vertexr set V reduces G to the unique graph

Ry[G] = (V,E, ). Moreover, at least one such sequence always exists.

The notation Ry[G] in the previous theorem is intended to emphasize the fact
that )V need not be a structural set of G. Moreover, this notation is well defined given

that there is a unique reduction of G over V in the sense of theorem 1.3.8.

Remark 1. If M(G) € C"" then G € G,. Therefore, any graph with complex
weights can be uniquely reduced to a graph on any nonempty subset of its vertex set.
This is of particular importance for the estimation of spectra of matrices with complex

entries in [14] which is presented in chapter II.
1.3.3 Unique Reductions

Here we consider specific types of vertex sets that are defined independent of any

graph of G. Our motivation is that every nonempty graph in G, will have a unique



reduction with respect to this type of vertex set. This will in turn allow us to partition
the graphs in G, — () according to their reductions.

Recall that two weighted digraphs G; = (Vi, Fy,wy), and Gy = (V,, Es,ws) are
isomorphic if there is a bijection b : V; — V5 such that there is an edge e;; in Gy
from v; to v; if and only if there is an edge €;; between b(v;) and b(v;) in Gy with
w2(€;;) = wi(e;;). If the map b exists it is called an isomorphism and we write
GGy ~ G5. Moreover, we note that if two graphs are isomorphic then their spectra are

identical.

Definition 1.3.9. Let G and H be graphs such that Rs(G) = Rp(H) for some

S e st(G), T € st(H). Then we say G and H are spectrally equivalent.

As an example, the graphs G in figure 1 and H in figure 4 are spectrally equivalent
since Rg(G) = Rs(H) for S = {vy,v3}.

Theorem 1.3.10. (Uniqueness and Equivalence Relations) Suppose for any
graph G = (V, E,w) in G, — () that 7 is a rule that selects a unique nonempty subset
7(G) C V. Then 7 induces an equivalence relation ~ on the set G, — ) where G ~ H

if Re()|G] = R [H].

That is, the relation of being spectrally equivalent under some rule 7 is an equiv-
alence relation on the nonempty graphs in G,. As an example consider the following
rule. For a graph G = (V, E,w) where G € G, let m(G) C V be the set of vertices
of minimal out degree. If m(G) # V then by theorem 1.3.8 Ry _,()[G] is uniquely
defined and this process may be repeated until all vertices of the resulting graph have
the same out degree. As the final vertex set of this sequence of reductions is uniquely
defined then the relation of having an isomorphic reduction via this rule induces an
equivalence relation on G,.

Note that the relation of simply having isomorphic reductions is not transitive.

That is, if Rs[G] ~ Rr[H] and Ry[H] ~ Ry[K] it is not necessarily the case that

10
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Vg v ‘\/.114 i
G H K

Figure 2: G = Rg[H| and Rr[H] = K for S = {vy,v,} and T = {v3,v4} but the
graphs G and K do not have isomorphic reductions.

there are sets X and Y, subsets of the vertex sets of G and K respectively, such that
Rx[G] ~ Ry[K]. For instance, in figure 2 both Rg[G] = Rs[H] and Rr[H] = Rr[K]
where S = {vy, v} and T = {v3,v4}. However, one can quickly check that for no
subsets X C S and Y C T is Rx|[G] ~ Ry[K].

Therefore, a general rule 7 that selects a unique set of vertices from each graph
is needed to overcome this intransitivity. However, once a general rule is given this
allows us to study graphs (networks) modulo some particular graph structure. In the
example above this structure is the vertices of strictly minimal out degree.

As an example of a reduction of a real world network, the (unweighted) graph
on the left hand side of figure 3 represents part of the gene interaction network of
a mouse lung [32]. The graph on the right hand side of figure 3 is the isospectral
reduction this network over the its hubs (shown in red) or the vertices with large
in or out degree relative to the other vertices. Alternately, this reduction could be

viewed as reducing the network modulo its non-hub vertices.

1.4 Reductions and Expansions Over Fixed Weight Sets

The graph reductions and expansions of the previous section modify not only the
graph structure but also the weight set associated with each graph. That is, if G =
(V,E,w) and Rs(G) = (S,&, ) then typically w(E) # u(€). Thus, one may think
that our procedure simply shifts the complexity of the graph’s structure to its set of

edge weights. However, this is not the case.
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Figure 3: Gene interaction network of a mouse lung (left) reduced over its hubs
(right).

In this section we introduce a procedure of reducing and expanding a graph while
maintaining its set of edge weights where, as before, the procedure preserves the
spectrum of the graph up to a known set (list). Such transformations are of particular

importance in chapter III where dynamical network expansions are discussed.
1.4.1 Branch Expansions

Given a graph G = (V, E,w) and S € st(G), two branches «, 3 € Bg(G) are said to
be independent if they have no interior vertices in common. Moreover, if the branch

B =1v1,...,0, let Q(F) be the ordered sequence

Q(B) = wler),wlen), ... wlei—1,),wleq),wleiirt)s - - wWem—1m—1)s W(€m—1.m)-

Definition 1.4.1. For G = (V, E,w) with structural set S = {vq,...,v,} let Xs(G) =
(X, &, ) be the graph where S € st(Xs(G)) and the following holds:

(i) There are bijections b;; : B;;(Xs(G); S) — Bij(G; S) for all 1 <i,j < m such that
if bij(v) = 3 then Q(y) = Q(B).

(ii) The branches in Bs(Xs(G)) are pairwise independent.

(i1i) Each vertex of Xs(G) is on a branch of Bs(Xs(G)).

As this uniquely defines Xs(G), up to a labeling of vertices, we call this graph the

12



Figure 4: An expansion Xs(H) of H over S = {v;,v3} where each edge in H and
Xs(H) has unit weight.
branch expansion of G over S. Essentially, Xs(G) is the graph G in which every pair

of branches with respest to S have been made independent.

Theorem 1.4.2. Let G = (V, E,w) and S € st(G). If each vertex of G is on a branch
of Bs(G) then G and Xs(G) have the same weight set, Rs(Xs(G)) = Rs(G), and
|Xs(G)| > |G|. Moreover,
det (M(Xs(G)) = AI) = det (M(G) — AI) T (wlew) =\
v; €S

where n; is the number of branches in Bs(G) containing v;.

As an example of a branch expansion consider the graph H in figure 4 where
S = {v,v3}. Given that o(H) = {(2,1),(—1,1),(1,1),(0,1))} one can compute
o(Xs(H))=0(H)U{(1,1),(0,1)} via theorem 1.4.2.

1.4.2 Transformations Over Fixed Weight Sets

Using techniques from both isospectral graph reductions and branch expansions it is
often possible to reduce a graph over some fixed subset of weights U C W while again
preserving the graph’s spectrum up to some known set (list). To make this precise

we require the following.

Definition 1.4.3. If G and H are spectrally equivalent, |H| < |G|, and both G and
H have weight sets in some subset U C W we say H is a reduction of G over the

weight set U. If |H| > |G| then H is an expansion of G over the weight set U.
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Figure 5: Lg(K) is a reduction of K over S = {vy,v9} with weights in Z.

For G = (V, E,w) and any U C W containing w(F) an example of an expansion of
G over the weight set U is any branch expansion of G. Finding reductions over some
set U is more complicated. However, if U is a unital subring of W and we restrict our
attention to specific types of structural sets it is often possible to simply construct a

reduction of G over the set U as follows.
The L£-Construction

For G = (V, E,w) let sty(G) be the collection of all structural sets of G such that
S € sto(G) if w(ey) = 0 for each v; € S. Suppose G = (V,E,w) and S € sto(G)
where each vertex of G is on a branch of Bg(G). If S = {vy,...,v,} then for

Bi(Xs(@) = |J Bij(¥s(G); 9)
1<i<m

let 37 € B;(G) be a branch of maximal length for each 1 < j < m.

As a first intermediate step let X be the graph Xg(G) with all but the branches
37 removed i.e.

Bs(X,8) = {3',.... 5™},

Suppose each (37 is denoted by the sequence of vertices ﬁgj, ey ﬁg where ¢/ = |37 -1
is the length of 3/ or number of edges. Note each ﬁgj € S and ﬁg = v;. We then
reweight the edges of X in the following way.

Make the edge from ﬁgj to ﬂgj_l have weight A% 1=2P,(57) for each j and set all
other edges of X to weight 1. Next, for each branch v € B;(Xs(G)) — 47 from v; to

v; attach an edge from vertex v; to vertex ﬁfﬂﬁ in X with weight AN=2P, (). If two
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or more branches correspond to the same edge we reduce these to a single edge with
weight equal to the sum of the corresponding branch products.
We call the resulting graph Lg(G) or the £ — Construction of G over S. By

construction, if G has weights in U, some unital subring of W, then so does L5(G).

Theorem 1.4.4. Let G have weights in the unital subring U C W and S € sto(G).
Then G and Ls(G) are spectrally equivalent and have the same nonzero spectrum.
Moreover, if |G| > m + 37", (|7] — 2) then Ls(G) is a reduction of G over U

otherwise it is an expansion.

An example of an £ — Construction is the graph Lg(K) in figure 5, which is
constructed from the graph K over S = {v;,v2} € sto(K) having weights in the

unital subring Z C W.

1.5 Matrix Representation of Isospectral Graph Reductions
and Proofs

In this section we give proofs of the theorems and lemma in sections 3 and 4 of this

chapter. Our strategy will be to develop an analogous theory of matrix reductions

from which such results will follow.

Definition 1.5.1. Let M € W™ and Z C {1,...,n} be nonempty. If the set
T = {i1,...,im} where i; < i1 then the matriz M|z given by (M|z)ge = M,,;, for

all 1 < k, 0 <m <n is the principle submatriz of M indexed by Z.

In what follows, we will use the convention that if Z = {iy,...,4,} is an indexing
set of a matrix then i; < 7;41. Moreover, if D = M|z is the principle submatrix of

M € W™ indexed by Z then there exists a unique permutation matrix P such that

PMP ' =
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where A = M|z is the principle submatrix of M indexed by Z = {1,...,n} — Z.

Assuming A is invertable, then by (6)
det(M) = det(PMP~') = det(A) det(D — CA™'B).

If this is the case we call the matrix D — CA~'B the reduction of M over Z and
write r(M;Z) = D — CA™'B. In the case that Z = {1,...,n} we let the matrix
r(M;Z) = M. Moreover, if r(M;Z) can be reduced over the index set J we write
the reduction of r(M;Z) over J by r(M;Z,J), and so on.

We formulate the following lemma related to the reduction of matrices.

Lemma 1.5.2. Let M € W™ and T C {1,...,n} be nonempty. If M|z is upper
triangular with nonzero diagonal and the sets T, C Z,,_y C --- C 7y C {1,...,n}

then r(M: Ty, ..., Ton_1,In) = 1(M; T,).

Proof. Without loss in generality suppose Z,, C {1,...,n} such that the matrix M

has block form

A B
M =
C D
where A is an upper triangular principle submatrix of M indexed by Z,, with nonzero

diagonal. Then for Z,, C Z; C {1,...,n} there exists a unique permutation matrix

P such that
Ay By B

PMP™ = Co A By

Cy, Cy D
where Ag, A1, and D are the principle submatrices indexed by {1,...,n}—71,7; —Z,,,
and Z,, respectively. Moreover, both Ay and A; are upper triangular matrices with
nonzero diagonal as they are principle submatrices of A and are therefore invertable.

It then follows that
A1 - CoAalBo Bl - CoAalBQ

r(M;Z,) = . (7)
C) — CoAy'By D — CyA; ' By
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The claim is then that the matrix CyA; ' By is an upper triangular matrix pos-
sessing a zero diagonal. To see this let the sets {1,...,n} — 77 = {iy,..., i},
i — Ty = {j1,---,ji}, and (Ag1)ij = uj. As the inverse of an upper triangular
matrix is upper triangular a;; = 0 for ¢ > j. Hence,

s P
(CoAg'Bo)ow = > Y (Aji,agpdiy,) 1<k <t
p=1 g=1
As 1 < g < p then each i, <1,. For each £ < £ note that similarly j; < j,. Moreover,
if jp <, then A; ; = 0 since A is upper triangular. If j, > 4, then i, < j, implying

A,,i. = 0 for the same reason. Then, as jj # i,, it follows that

jéiq
(CQAo_lBo)gk =0forall </

verifying the claim.
Ay — CyAy' By is therefore an upper triangular matrix with nonzero diagonal.

Hence, A, —Cy Ay By is invertible and r(M; Z;) can be reduced over Z,,. In particular,
r(M;Z1,Z,) = D — CoAy ' By — (C1 — CoAy ' Bo)T(By — CoAy' Bs) (8)

where I' = (Al — C(]AalBo)_l.
To verify that r(M;Zy,Z,,) = r(M;Z,,) note that M has block form
Ao By

A B
M = and QAQ™! =
C D Co 44

where (@ is the principle submatrix of P indexed by Z,,. Therefore,
~1

Q=Q"
Co Ay —FilcoAal -t

AQ B() (A() — B()Al_lc())il —Angoril

Afl — Qfl

Note the matrix (Ag — BoA;'Co) ™! = Ayt — A BoI'Cy Ay by the Woodbury matrix
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identity [29] and is therefore well defined. From this
-1

Ay B
r(M;T,)=D—-CcQ | " | @B

Co Ay
(Ag — BoAT'Co)™t —Ay' B! By
o[ ]
—T1Cp A" -1 B
:D - CQ(Aal - AalB[)FCOAal)BQ - 01FCOA6132—
Cy Ay ' Bol' Co Ayt By + CiT'By.
From (8) it follows that r(M;Z,,) = r(M;Zy,Z,,)

For Z,, C 7, C 7; the same argument can be repeated to show
T(T(M;Il);fm) = T(T(M;Il);fg;fm)

as r(M;Z;) has the same form as M, i.e. its upper left hand block is an upper
triangular matrix with nonzero diagonal. Hence, r(M;Z,,) = r(M;Zy,Z3;Z,,). The
lemma follows by further extending Z,,, C Z, C Z; C {1,...,n} to the nested sequence

Zyw CZp C--- CTIy C{1,...,n} by repeated use of the above argument. O

To establish that graph reductions are analogous to matrix reductions we prove

the following lemma.

Lemma 1.5.3. If S = {v;,,...,v;,} is a structural set of G € G then Rg(G) is the

graph with adjacency matriz r(M(G) — X; {iy, ..., ip}) + AL

Proof. Without loss in generality let S = {v1, ..., v,,}. From the discussion in section

1.3.1, if S is a structural set of G = (V, E,w) then M(G) — AI has the block form

where A is the principle submatrix of M(G) — Al indexed by {1,...,m} and is an

upper triangular matrix with nonzero diagonal.
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With this in mind, let Vi, = {vpy1, ..., v, and Z, = {k+1,... ,n} for 1 <k <m.

If M(G);; = w;; for 1 <14, j <n then, proceeding by induction, for k =1

1
T(M(G) - )\],Il) = (Dl - [ng, Ce ,wnl]Tw )\[wlg, e ,wln])
11 —

where Dj is the principle submatrix of M(G) — Al indexed by Z;. Hence,

HM(G) — LTy — {0 T/ e A (9)
wij +witwi /(A —wi)) = A =7
for 2 <i,5 <n.

Conversely, note that the set B,;;(G;V;) consists of at most the two branches
BF = wv;,v1,v5 and B = v;, vj i.e. the branches from v; to v; with and without interior
vertex v1. As P,(87) = wy; and P, (87) = wiwij/(A—wq1) if the branches §~ and g7
are respectively in B;;(G; V1) it then follows from (9) and (3) that r (M (G)—A[;Zy) =
M(Rv,(G)) — AL

Suppose then for some k < m that r(M(G) — A[;Z;_1) = M(Ry, ,(G)) — AL
Since the principle submatrix of M(G) — Al indexed by Z is upper triangular with

nonzero diagonal and Z, C 7, 1 C {1,...,n} an application of lemma 1.5.2 implies

that r(M(G) — A;Zy) = r(M(G) — M;Z_1,Zy). Hence,
P(M(G) = AL T) = r(M(Ry,_,(G)) — AI:TL).
Letting M = M(Ry,_,(G)) then by the argument above

Mij + MMy /(A — Myy) i £
r(M(G) = A Zy)i; =
MU + Mszkj/<)\ — Mkk) - 9 Ij
for k+1<14,j <n. As M;; = M(Ry,_,(G));; then the entries of M are given by

Mij - ZﬂGBu‘(G;kal) ,Pw(ﬁ)
Observe that

Yo PB= ), PO+ D, PulB)

BEB;i; (G;Vi) BEB;(G;Vi) BEBL(G;VE)
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where B;(G; Vi) and Bj;(G; V) are the branches in B;;(G; Vi) that contain and do
not contain the interior vertex v, respectively. It then immediately follows that
On the other hand, any (§ € B;;(G;Vk) can be written as 8 = v;, ..., v, ..., 7,
where 81 = v;,..., v € Bix(G; V1) and B = vg,...,v; € By;i(G;Vi—1). Hence,

equation (2) implies

Pw(ﬁl)Pw(ﬁQ)
> onp- Y DR (0
Wkk
BEB(GiVi) BEBS(GiVi)

Conversely, if 81 = v;,..., v € Bip(G; Vi) and By = v, ..., v; € By (G; Vi_q)
then 8 = v, ..., 0, ...,v; € Bf(G;Vi). This follows from the fact that §; and [,
share no interior vertices since otherwise G|y, would contain a cycle, which is not

possible given Vj, € st(G). Therefore,
SRR = Y PG Y PG ()
BEBL(G;VE) B1EBik (G;Vi—1) B2€By; (G5Vi—1)

Moreover, wgr = My since By (G; Vi—1) contains at most the cycle vy, vy as
Vi—1 € st(G). From (10) and (11) it then follows that
Mij+ MM /A= M) = Y Pu(B)
BeB;;(G; Vi)
implying (M (G) — M;Z;,) = M (Ry,(G)) — L.
By induction it follows that r(M(G) — A[;Z,,) = M(Rs(G)) — M by setting
kE=m. ]

If S ={vi,...,v,} is a structural set of G then let {iy,...,i,} be the index set
associated with S. Hence, if S € st(Q) is indexed by Z then S is indexed by Z and

there is a unique permutation matrix P such that

P(M(G) = XI)P~' =
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where A is the principle submatrix of M(G) — A indexed by Z. Therefore, A =
M(G|g) — A and it follows from lemma 1.5.3 and (6) that

det (M(G) — AI) = det (M(G|3) — M) det (M(Rs(G)) — AI). (12)

Letting det(M(G|g) — M) = p(A)/q(N\) € W then theorem 1.3.4 follows by observing
that 0(G|g) and o71(G|g) are the solutions to p(\) = 0 and q(\) = 0 respectively.
We now give proofs of the theorems on isospectral transformations. For a proof

of theorem 1.3.5 we have the following.

Proof. Suppose S,, C S,,.1 C --- € 57 C V where 5,, is a structural set of G =
(V,E,w) and let Z; be the index set associated with S; for 1 < i < m. By lemma
1.5.3 the graph R(G;S;) has adjacency matrix r(M(G) — M\ ,Z;) + Al. Hence, and

another application of lemma 1.5.3, the graph R(G; S, .S2) has adjacency matrix
r(r(M(G) = ALT) + (A= N 1) + M = r(M(G) — ATy, 1) + Al

Continuing in this manner, it follows that R(G; Sy, ..., S,,) has adjacency matrix
given by r(M(G) — A\, 1y,...,Z,) + A which by lemma 1.5.2 is equivalent to the
matrix (M (G) — A\[;Z,,) + AI.

Given that r(M(G) — AI;Z,,) + Al is the adjacency matrix of Rg,, (G) then again
by use of lemma 1.5.3 it follows that Rg,, (G) = R(G; S1, ..., Sm). O

We now give a proof of lemma 1.3.7.

Proof. Let wy = p1/q1 and wy = pa/qa be in W such that 7(w;), m(wq) < 0. As

m(wy + ws) = W(W) < max{m(w;), 7(ws)} <0,
1G2
m(wiwy) = W(%) = m(wy) + m(wy) < 0, and
1 il
= —— <
(= w1> 7r<(q1)\ _m) < m(w) <0

then the result follows from equation (2) and (3). O
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In order to prove theorem 1.3.10 we require the following lemma that essentially
implies that the order in which any two vertices are removed from a graph G € G,

does not effect the final reduced graph.

Lemma 1.5.4. Suppose G € G, with vertex set V. = {vy,...,v,} for n > 2. If
T = {vy,va} then R(G;V — {1 },T) = R(G;V — {w},T).

Proof. Let G € G, and M(G);; = w;; for 1 < i,j5 < n. Then M(G) — Al can be
written in the block form

wip — A W12 By

M(G) =\ = Woi  was — A\ By where A =

Wi — A W12

W21 Wag — A

Ch Cy D

is the principle submatrix of M (G) — A\ indexed by Z = {1,2}.

Note the assumption G € G, implies that both w;; — A, wes — A # 0. Moreover,
if det(A) = 0 then wgyy = wisws (w11 — A) + \. However, equation (9) implies in this
case that

W21Wi2

M(vavl(G))22_)\:w22+ \ —A=0.

— W11
Hence, M (RV,U1 (G))z2 = ), which is not possible as it contradicts the conclusion of

lemma 2.3.2. Therefore, det(A) # 0 implying

1 wjj —A (,L)ji wij

- _(p_-_—~ opB _ o VB — g
i ( Wjj—)\cj ’ det(A)(Cl %‘j—/\oj)( Cow— A J)>

is a well defined quantity.

Letting Z; = Z U {i} for i # j and 4,5 € Z then repeated use of (6) implies R;; =
r(M(G)—AI;Z;,T). Moreover, as R12 = Ry then it follows that the graphs R(G;V —

{1}, T) =R(G;V — {vy},T) since they have the same adjacency matrices. O

To simplify the proof of theorem 1.3.10 we note the following. If Sy, ..., S,, induces
a sequence of reductions on G = (V, E,w) then R(G; Sy,...,Sn) can alternately be

written as Rem(G; Sy — Si,...,Sm-1 — Sm) for V.= S;. This notation is meant to
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indicate that at the ith reduction we remove the vertices S;_; — S; from the graph
Rem(G, SO — Sh ey Si_g — Si—l) for each 1 S 1 S m where S_l - SO = @

With this notation in place we give a proof of theorem 1.3.10.

Proof. It G = (V,E,w) € G, and {v1,v,,} C V then by the discussion in section
1.3.2 the graph Rem(G;{vi},...,{vn}) is defined. Moreover, for any 1 <1i < m, let
G; = Rem(G;{v1},...,{vi_1}) where G; = G. Then by lemma 1.5.4 it follows that
Rem(Gi; {vi}, {viﬂ}) = Rem(G,-; {vis1}, {vl}) which in turn implies that

Rem(G; {o}, - {vih {via)s - {Um}) -

Rem(G;{vi}, ..., {visi}, {vits - {vm}).

By repeatedly switching the order of any two vertices as above it follows that for any

bijection b : {vy, ..., v} — {v1,...,0m}
Rem(G;{vi}, ... {vn}) = Rem(G;{b(v1)},... {b(vm)}). (13)
Suppose Si,...,S,, induces a sequence of reductions on G. If Sy = V and each

Si—1 —S;={v{,..., v} } then theorem 2.3.5 implies
Rem(G; Sy — S1,...,Sm-1— Sm) =
Rem(G;{vi}, ... . {vp, }, .. {0} {0l D).
If Ty, ..., T, also induces sequence of reductions on G where Ty = V' and each set
Tioy — Ti = {9},...,0; } then similarly,
Rem(G; Ty — Ty, ..., T,-1 — 1) =
Rem(G; {01}, ..., {0y}, {01}, ... {oh }).

If S, =T, then S,, = Ui, (Si,l — SZ-) =, (Ti,l — TZ) There is then a bijection
b: S, — S, such that Rem(G;{v}},...,{v" }) = Rem(G; {5(@})},,{5(65p)})
implying R(G; S1,...,5) = R(G; Ty, ...,T,-1,S) by use of equation (13) complet-

ing the proof. O]
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The notation Rg,, [G] = R(G; S1, ..., Sm) is then well defined for any graph G =
(V, E,w) in G, and nonempty S,, C V. Moreover, if for any G € G, — 0, 7(G) C V
is nonempty then the relation G ~ H if R;)|[G] ~ Rm)[H] is an equivalence
relation on G,. To see this, note that as the rule 7 specifies a unique nonempty
graph R, (¢ [G] for any G € G, — 0, then ~ is an equivalence relation given that =~ is
reflexive, symmetric, and transitive. Hence, theorem 1.3.10 holds.

We now give a proof of theorem 1.4.2.

Proof. Let G = (V,E,w) and S € st(G) such that each vertex of G is on a branch
of Bs(G). It follows then that each e € E is part of the ordered sequence () for
some (3 € B;;(G;S). Given the bijection b;; : B;j(Xs(G); S) — Bi;(G;S) in definition
1.4.1if X(G) = (X, &, p) then w(e) € u(€). Hence, w(E) C p(€). Similarly, as each
vertex of Xs(G) is on a branch of Bg(Xs(G)) then u(€) C w(F) implying the weight
sets of G and Xs(G) are equal.

Moreover, the assumption that each vertex of G and Xs(G) lies on a branch of
Bs(G) and Bg(Xs(G)) respectively implies together with (i) in definition 1.4.1 that
Rs(G) = Rs(Xs(G)). Similarly, |Xs(G)| > |G| follows from the fact that branches
of equal length in Bs(G) and Bs(Xs(G)) are in bijective correspondence and that the
branches in Bg(Xs(G)) are independent.

To compare the spectrum of G and its expansion Xs(G) note equation (12) and

the fact that det (M (Rs(G) — AI)) = det (M (Rs(Xs(G)) — AI)) together imply

det (M(G) = AI)  det (M(Xs(G)) — AI)
det (M(Gls) — M) M(Xs(G)|g) — AI)

By (4) it then follows that det (M (Xs(G)) — M) =

[exs (nlew) =) [ev_s (Wlea) =2)"
HUZEV_S (W(eu) - )\) H’UiEV—S (w(eii) - )\)

where n; is the number of distinct branches in Bg(G) containing v;.

det (M(G) — M) = det (M(G) — AI)

This completes the proof. Il
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For theorem 1.4.4 we give the following proof.

Proof. Let G = (V,E,w) and S = {vy,...,v,} € sto(G) where each vertex of G
is on a branch of Bg(G). By construction, it follows that there exists bijections
by : Bii(Ls(G);S) — Bij(G;S) for all 1 < i,j < n such that if b;;(y) = 3 then
Q(y) = API=2P,(3),0,1,...,0,1 and |y| = |B]. Hence, if L5(G) = (X, &, i) then

Pu(v) = P.(B) implying

VEB;(Ls(G):S) BEB;;(G;S)
Therefore, Rg(G) = Rs(Ls(G)) or G and Lg(G) are spectrally equivalent.

As S € sto(G) and S € sto(Ls(G)) then o(Glg) and o(Ls(G)|g) are lists of zeros
and both ¢7!(G|g) and 07!(Ls(G)|g) are empty. By theorem 1.3.4 it then follows
that o(G) and o(Lg(G)) differ by at most a list of zeros.

Moreover, since in the construction of Lg(G), |X| = |£s(G)| then we have that
1Ls(G)] = |S|+ D70, (|67] — 2) as each (/ has |37| — 2 interior vertices and is
independent of the branch 3° for each i # j and 1 < j < m. As |S| = m then Lg(G)
is a reduction of G over U if |G| > m + 37", (|| — 2) and an expansion otherwise

for any unital subring U C W containing w(E). O

1.6 Concluding Remarks

The goal of this chapter is foremost to introduce the notion of isospectral graph trans-
formations. Specifically, this chapter describes the general process of isospectral graph
reductions in which a graph is collapsed around a specific set of vertices as well as the
inverse process of isospectral expansion. We then considered sequences of isospectral
reductions and showed that under mild assumptions a typical graph could be uniquely
reduced to a graph on any subset of its vertex set.

As is shown in the following chapter, such reductions and sequences of reductions

can be used to improve each of the eigenvalue estimates of Gershgorin et al. [10,
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11, 27, 28, 48] for the general class of matrices with complex entries. That is, such
eigenvalue estimates improve as a graph is reduced using the method of reduction
introduced in this chapter. In this application of isospectral transformations, the
flexibility and commutativity of such reductions is particularly useful.

Additionally, isospectral reductions are also relevant to the theory of networks as
they provide a flexible means of course graining networks (i.e. viewing the network
at some appropriate scale) by introducing new equivalence relations on the space of
all networks. That is, viewing networks modulo some specified graph (or network)
structure.

The second type of transformations we presented in this chapter were isospectral
graph transformations over fixed weight sets. Such transformations allow one to
transform an arbitrary (weighted) graph while preserving the graph’s set of edge
weights along with the its spectrum.

Motivated by this procedure, we will introduce dynamical network expansions in
chapter III. Dynamical network expansions modify a dynamical network in a way
that preserves network dynamics but alters its associated graph structure (graph of
interactions). In this chapter I1I we will demonstrate that this procedure allows one
to establish global stability of a more general class of dynamical networks than those
previously considered.

Lastly, the results of the present chapter introduce various approaches to simpli-
fying a graph’s structure while maintaining its spectrum. Therefore, these techniques
can be used for optimal design, in the sense of structure simplicity of dynamical net-
works with prescribed dynamical properties ranging from synchronizability to chaotic-

ity [1, 6].
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CHAPTER 11

IMPROVED EIGENVALUE ESTIMATES

2.1 Introduction

A remarkable theorem due to Gershgorin [25] states that if the matrix A € C"*" then

the eigenvalues of A are contained in the union of the n discs

n

U{)\EC:|)\—AZ‘¢| < Z | Aij}-

i=1 J=Lg

This simple and geometrically intuitive result moreover implies a nonsingularity result
for diagonally dominant matrices (see theorem 1.4 in [48]), which can be traced back
to earlier work done by Lévy, Desplanques, Minkowski, and Hadamard [34, 22, 39, 27].
More recently, this result of Gershgorin has been improved upon by both Brauer and
Varga [10, 48] whose results are similar in spirit to Gershgorin’s in that each assigns
to every matrix A € C™" a region of the complex plane containing the matrix’s
eigenvalues. Moreover, the same holds for a result of Brualdi [11] with the exception
that the associated region is define for a proper subset of the matrices in C**".

These improvements can be summarized as follows. If A € C"*" let T'(A), K(A),
and B(A) denote the associated regions given respectively by Gershgorin, Brauer,
and the improvement of Brualdi’s theorem given by Varga. If ¢(A) denotes the
eigenvalues of A then it is known that o(A) C B(A) C K(A) C I'(A) for any complex
valued matrix A (see [48] for details). Furthermore, if the region br(A) associated
with Brualdi’s original result is defined then o(A) C B(A) C br(A) C K(A).

The main goal of this chapter is to improve upon each of the estimates of Gersh-
gorin, Brauer, Brualdi, and Varga by considering reductions of the weighted digraphs
associated to each matrix A € C"*". To do so we first extend these classical re-

sults to a larger class of square matrices with entries in W consisting of complex
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rational functions. The motivation for considering this class of matrices arises from
the isospectral graph reductions introduced in chapter I along with the observation
that in the study of dynamical networks an important (dynamic) characteristic of a
network is the spectrum of the network’s adjacency matrix [1, 6, 40, 42] (see chapter
I11).

Recall that one of the main result of the previous chapter is that the eigenvalues of
the adjacency matrix of a graph and the adjacency matrix of any one of its reductions
differ at most by some set, which is known in advance (see theorem 1.3.4). What is
novel about this process is that it equivalently allows for the reduction of an arbitrary
matrix A € C"™" to a smaller matrix R € W™*™ (where m < n) such that the
eigenvalues of A and R again differ by at most some set, known in advance.

In the present chapter we show that by using such graph reductions (equivalently
matrix reductions) one can improve each of the eigenvalue estimates associated with
Gershgorin, Brauer, and Brualdi. Specifically, for M(G) € C"*" the regions in the
complex plane associated with both Gershgorin and Brauer shrink as the graph G
is reduced (see theorems 2.5.1 and 2.5.3 for exact statements). For the estimates
associated with Brualdi and Varga we give sufficient conditions under which such
estimates also improve as the underlying graph is reduced (see theorems 2.5.4 and
2.5.5).

We also note that, for a given graph (equivalently matrix), many graph reductions
are typically possible. Hence, this process is quite flexible. Moreover, as it is possible
to sequentially reduce a graph G, graph reductions on G can be used to estimate the
spectrum of M (G) with increasing accuracy depending on the extent to which G is
reduced.

With this in mind chapter II is organized as follows. Section 2.2 introduces the

notation used in this chapter. Section 2.3 extends the results of Gershgorin, Brauer,
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Brualdi, and Varga to the class of matrices with entries in W. Section 2.4 then sum-
marizes and expands the theory of isospectral graph reductions of chapter I developed
in [14] which will be used to improve the eigenvalue estimates of section 2.3. Section
2.5 contains the main results of the chapter demonstrating that isospectral graph
reductions allow for improved eigenvalue estimates using the methods of Gershgorin,
Brauer, Brualdi, and Varga. Section 2.6 gives some natural applications of the theo-
rems of section 2.5. These include estimating the spectrum of a Laplacian matrix of
graph, estimating the spectral radius of a matrix, and determining useful reductions

to use for a given matrix (or equivalently, graph of a network).

2.2 Notation

In this chapter, as in the previous, we consider two equivalent mathematical objects.
The first is the set of graphs consisting of all finite weighted digraphs with or without
loops having no parallel edges and edge weights in the set W of complex rational
functions (described below as well as in chapter I). We denote this class of graphs by
G where G" C G is the set of graphs with n vertices. The second set of objects we
consider are the weighted adjacency matrices associated with the graphs in G. That
is, the class of matrices W™*" for all n > 1.

As before we let the weighted digraph G € G be the triple (V, E,w) where for
V = {v1,...,v,} the edge from v; to v, is given by e;;. Furthermore, the set of weights
W are the set of rational functions of the form p(X\)/q(\) where p(A), qg(\) € C[A]
such that p(A) and ¢(\) have no common factors and the polynomial ¢()) is nonzero.
Additionally, the spectrum associated to a graph G € G are the solutions to the
equation det(M(G) — AI) = 0 including multiplicities.

As we are mainly concerned with the properties of the adjacency matrix of graphs
in G we note, as we have previously suggested, that there is a one-to-one correspon-

dence between the graphs in G" and the matrices W"*". Therefore, we may talk of a
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graph G € G" associated with a matrix M = M(G) in W™*" and vice-versa without

ambiguity.
2.3 Spectra Estimation of W"*"

Here we extend the classical results of Gershgorin, Brauer, Brualdi, and the more
recent work of Varga (see for instance [48]) to matrices in W"*™. To do so we will

first define the notion of a polynomial extension of a graph G € G.

Definition 2.3.1. IfG € G" and M(G); = pij/qij where pij, qij € C[A] let Li(G) =] [_, ¢

for 1 <i <n. We call the graph G with adjacency matriz

the polynomial extension of G.

To justify this name note that each M (G);; is an element of C[\] or M (G) has complex

polynomial entries. Moreover, we have the following result.

Lemma 2.3.2. If G € G then o(G) C o(G).

Proof. For G € G™ note that the matrix M(G) — A is given by

_ Li(G)M(G)y 7] .
(M(G) = A);; = for 1 <7 <n.

The matrix M(G) — M is then the matrix M(G) — Al whose ith row has been
multiplied by L;(G). Therefore,

det (M(G) — AI) = (ﬁ Li(G)> det (M(G) — AI)

=1

implying ¢(G) C o(G). O
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2.3.1 Gershgorin-Type Regions

As previously mentioned, a theorem of Gershgorin’s, originating from [25], gives a
simple method for estimating the eigenvalues of a square matrix with complex valued
entries. This result is the following theorem which we formulate after introducing the

following.

If AeCM™ let

n

r(A) = > JAyl, 1<i<n (14)
7=1, j#i

be the #th row sum of A.

Theorem 2.3.3. (Gershgorin [25]) Let A € C"*". Then all eigenvalues of A are

contained in the set

I'(A) = O{)\ €C: A=Ayl <mi(A)}

i=1
In order to extend theorem 2.3.3 to the class of matrices W™"*™ we use the following

adaptation of the notation given in (14). For G € G" let

ri(G) = ) IM(G)ylfor 1<i<n

j=Li#i
be the ith row sum of M(G).
Note that as M(G) € C[A\]"*", for any G € G, we can view M(G) = M(G, )\) as

a function

M(G,-) : C — Cmn

or entrywise M(G,");; : C — C. Likewise, we can consider r;(G) = r;(G,\) to be
the function r;(G, ) : C — C. However, typically we will suppress the dependence of
)

M(G) and r;(G) on \ for ease of notation.

Theorem 2.3.4. Let G € G". Then o(G) is contained in the set

BWr(G) = O{)\ € C: |\ — M(G)i| <ri(G)}.

i=1
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Figure 6: The graph G (left) and BWr(G) (right) where o(G) = {—1, 1,2, —i,1} is
indicated.

Proof. First note that for a € o(G) the matrix M(G,a) € C*". As Lemma 2.3.2
implies that « is an eigenvalue of the matrix M (G, ) then by an application of
Gershgorin’s theorem the inequality | — M (G, a)y4| < ri(G, ) holds for some 1 <

i < n. Hence, o € BWr(G). O

Because it will be useful later in comparing different regions in the complex plane,

for G € G™ we denote
BWr(G); ={NeC: A= MGyl <r(G)} where 1 <i<n

and call this the ith Gershgorin-type region of G. Similarly, we call the union BWr(G)
of these n sets the Gershgorin-type region of the graph G € G.
As an illustration of theorem 2.3.4 consider the following example. Let G € G be

the graph with adjacency matrix

Al 1 A+l
A2 A A

M@= | 3 1 (15
0 1 0

As det(M(G,\) — M) = (=X° + 203 + 2X% + 3\ + 2)/()\?) it follows that o(G) =

{—1,—1,i,—i,2}. The corresponding Gershgorin-type region BWr(G) is shown in
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figure 6 where

B ED LEEp CEy A3 A3
M(G) = 203 4 \2 D U W
0 1 0

We note here that BWr(G) is the union of the three regions BWr(G)1, BWr(G)s,
and BWr(G)s whose boundaries are shown in blue, red, and tan (if given in color).
Additionally, the interior colors of these regions reflect their intersections and the
eigenvalues of M(G) are indicated as points. We will use the same technique to

display similar regions in what follows.
2.3.2 Brauer-Type Regions

Following Gershgorin, Brauer was able to give the following eigenvalue inclusion result

for matrices with complex valued entries.

Theorem 2.3.5. (Brauer [48]) Let A € C"*" where n > 2. Then all eigenvalues

of A are located in the set
KA) = |J {reC:x—Aux— Ayl < ri(A)ri(A)}. (16)

1<i,j<n

i#]
The individual regions given by {A € C : |X — Au||A — 4j;| < ri(A)r;(A)} in
equation (16) are known as Cassini ovals and may consists of one or two distinct
components. Moreover, there are (’g) such regions for any n x n matrix with complex

entries. As with Gershgorin’s theorem we prove an extension to Brauer’s theorem for

matrices in W"*",

Theorem 2.3.6. Let G € G" where n > 2. Then o(G) is contained in the set

BWe(@) = |J (AeC: A= M@ullr — M(G)] < ri(G)ry(G)).

Also, BWi(G) € BWr(G).
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Figure 7: Left: The Brauer region K(G) for G in figure 6. Right: IC(G) C I'(G).

Proof. As in the proof of theorem 2.3.4, if a € o(G) then a € o(G) and the matrix

M (G, ) € C™". Brauer’s theorem therefore implies that
o = M(G, a)islla = M(G, a)j5] < ri(G,e)ri(G, )

for some pair of distinct integers i and j. It then follows that, a € BWy(G) or
o(G) C BWk(G).

Following the proof in [48], to prove the assertion that BWi(G) C BWr(G) let
BW(G)yy = ) € C: 1A= M(G, NallA = M(G, ] < (G NG N} (17)

for distinct ¢ and j. The claim then is that BWi(G);; € BWr(G); U BWr(G),. To
see this, assume for a fixed A\ that A € BW(G);; or

|)\ — M(G, )\)“H)\ — M(G, )\)jj| S TZ‘(G, )\)Tj(é, )\)

If 7,(G,\)r;(G,\) = 0 then either A — M(G,\);; = 0 or A — M(G,)\);; = 0. As
A= M(G,\);; implies A € BWr(G); and A = M (G, )\);; implies A € BWr(G); then
A € BWr(G); UBWr(G);.

If 7,(G, \)r;(G,A) > 0 then it follows that

<]A—M(G,)\)ii|)<|)\—M(G A

, A)jil
Tz‘(é, /\) T’j(é, /\) ) S L

Since at least one of the two quotients on the left must be less than or equal to 1 then

A € BWr(G); UBWr(G),; which verifies the claim and the result follows. O
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We call the region BWy(G) the Brauer-type region of the graph G and the region
BWy(G);j given in (17) the ijth Brauer-type region of G. Using theorem 2.3.6 on the
graph G given in figure 6 we have the Brauer-type region shown in the left hand side
of figure 7. On the right is a comparison between BWy(G) and BWr(G) where the
inclusion BWx(G) € BWr(G) is demonstrated.

2.3.3 Brualdi-Type Regions

In this section we first extend a result of Varga [48], which is itself an extension of
a result of Brualdi [11] relating the spectrum of a graph with complex weights to its
cycle structure. We then show that the same can be done for the original result of
Brualdi. To do so we require the following.

Recall a path P in the graph G = (V, E,w) is a sequence of distinct vertices
U1, ...,Uy € V such that ¢;;41 € E for 1 <i < m — 1. In the case that the vertices
vy, ...,0, are distinct, with the exception that v; = v,,, then P is a cycle. If v is
a cycle of G we denote it by its ordered set of vertices. That is, if ;41 € E for
1<t <m-—1and e, € F then we write this cycle as the ordered set of vertices
{v1,..., v} up to cyclic permutation. Moreover, we call a cycle consisting of a single
vertex a loop.

A strong cycle of G is a cycle {vy,...,v,} such that m > 2. Furthermore, if
v; € V has no strong cycle passing through it then we define its associated weak cycle
as {v;} irregardless of whether e; € E. For G € G we let C5(G) and C,(G) denote
the set of strong and weak cycles of G respectively and let C'(G) = Cs(G) U Cy(G).

A directed graph is strongly connected if there is a path from each vertex of the
graph to every other vertex. The strongly connected components of G = (V, E) are its
maximal strongly connected subgraphs. Moreover, the vertex set V' = {vy,...,v,}
can always be labeled in such a way that M(G) has the following triangular block

structure
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M(S1(G)) 0 . 0

0

I * x  M(S,(@)) |
where S;(G) is a strongly connected component of G and * are block matrices with
possibly nonzero entries (see [12], [28], or [48] or for more details).

As the strongly connected components of a graph are unique then for G € G" we

define
F(G) = Y IM(Se(G))yl for 1< i<

JEN,jFi

where i € N, and N, is the set of indicies indexing the vertices in S,(G). That is, 7;(G)
is 7;(G) restricted to the strongly connected component containing v;. Furthermore,
we let 7(G) = 7;(G, \) where we again consider 7;(G, ) : C — C

If A e C™™ then we write 7;(G, ) = 7;(A) where A = M(G). This allows us to
state the following theorem by Varga which, as previously mentioned, is an extension

of Brualdi’s original theorem [11].

Theorem 2.3.7. (Varga [48]) Let A € C™™. Then the eigenvalues of A are

contained in the set

= |J (rec: [T IN-4al <[] 74
veC(A) v; €Y v €Y

As with the theorems of Gershgorin and Brauer this result can similarly be ex-

tended to matrices in W™*" as follows.

Theorem 2.3.8. Let G € G. Then o(G) is contained in the set

BWp(G) = | {reC: J[IN- MGl < []7(G) (18)

~eC(G) vy viEY

Also, BWB<G) - BW}c(G)
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For G € G we call BWg(G) the Brualdi-type region of the graph G and set
BW5(G), ={ e C: J[IN— M(G)ul < [] 7(G)}
V€Y V;EY

the Brualdi-type region associated with the cycle ~.

Proof. For G € G" let G = G()\) where for fixed a € C, G(a) is the graph with
adjacency matrix M (G, a) € C™". Moreover, for any v = {v,...,v,} in C(G) and
fixed o € C let y(a) be the set of vertices {vy,...,v,} in the graph G(a).

Using this notation, if a € o(G) then by lemma 2.3.2 and theorem 2.3.7 there
exists a 7' € C(G(a)) such that

I o= M(G,a)ul < ] 7(G. o). (19)
viey! i€y
There are then two possibilities, either v/ € C(G) or it is not. If 4/ € C(G) then the
set of vertices 7/(a) is also a cycle in G in which case equation (18) and (19) imply
a € BW3p(G). Suppose then that 7/ ¢ C(G).

Note that if v/ € C5(G(v)) then as M (G, a);; # 0 implies M (G, \);; # 0 for i # j
then + € Cy(G), which is not possible. Hence, v € C\,(G(a)) or 4/ must be a loop
of some vertex v; where the graph induced by {v;} in G(a) is a strongly connected
component of G(a). Therefore, equation (19) is equivalent to |a — M(G,a);;] < 0
implying o = M (G, a);;.

As some cycle v € C(G) contains the vertex v; then « is contained in the set

eC: I = M@G Nl < [] (G V)
vi€y vi€y
implying that o € BWg(G).
To show that BWpg(G) C BWi(G) we again follow the proof in [48]. Let v €

C(G). Supposing that vy € C,,(G) then v = {v;} for some vertex v; of G and

BW5(G), = {A € C: |A— M(G, Nl = 0}
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Figure 8: The Brualdi-type region BWg(G) for G in figure 6.

as v; is the vertex set of some strongly connected component of G. It follows from
(17) that BWg(G), C BWik(G);; for any 1 < j <n where ¢ # j. In particular, note
that if 7;(G,A) = 0 then A € BWg(G),; for any 1 < j < n where i # j.
If on the other hand, v € Cy(G) then for convenience let v = {vy,...,v,} where
p > 1 and note that
p p
BWg(G), ={reC: [[ 1A= M(G, Nl < [[7(G. M} (20)
=1 =1
Assuming 0 < 7;(G, \) for all 1 < i < p then for fixed \ € BWg(G), it follows by

raising both sides of the inequality in (20) to the (p — 1)st power that

A= M(G, N)iil|]A = M(G, \);]
I ( EIEBNAERY ) <1 (21)

1<i,j<p
G

As not all the terms of the product in (21) can exceed unity then for some pair of

indices ¢ and k where 1 < ¢,k < p and ¢ # k it follows that
A = M(G, Nix|[A = M(G, Ne| < (G, N)7(GLN). (22)

Using the fact that 7;(G,\) < r;(G,\) for all 1 < i < n we conclude that A\ €

BWi(G)ye completing the proof. n

The Brualdi-type region for the graph G with adjacency matrix (15) is shown in
figure 8. We note that BWg(G) = BWy(G) in this particular case.
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We now consider Brualdi’s original result which can be stated as follows.
Theorem 2.3.9. (Brualdi [11]) Let A € C"*" where C\,(A) = 0. Then the eigen-
values of A are contained in the set

= |J (e [T -4al < [[ Q)

v€C(A) vi €Y vi€Y

As with the theorems of Gershgorin, Brauer, and Varga this result generalizes to

matrices with entries in W as follows.

Theorem 2.3.10. Let G € G where C,(G) = 0. Then o(Q) is contained in the set

BWy, (G U {)\E(C ITIr—= MGl < ] i@ (23)

veC(G v; €Y v; €Y

Also, BW5(G) € BWi,(G) C BW;C(G).

Proof. Note for any graph G € G that 7;(G) < r;(GQ) for all A € C. Hence,

BW3(G U{)\G(C [[1x= MGl <[] riG)

~eC(G v €Y v EY

Theorem 2.3.8 then implies that o(G) is contained in the set BW,,.(G). Furthermore,
if 7;(G) is replaced by 7;(G) in the proof of theorem 2.3.8 then in particular (22)
implies that BW,,.(G) C BW(G), completing the proof. O

We will refer to the region BW,,.(G), given in (23), as the original Brualdi-type

region of G.

2.4 Sequential Reductions and Principle Submatrices

In this section we extend the theory of isospectral reductions developed in chapter I.
Specifically, to understand how sequential reductions effect the eigenvalues of a graph

(or equivalently matrix) we prove the following.

Theorem 2.4.1. If G = (V,E,w) € G, where V C V is nonempty then

det (M (G) — AI)
det (M (Gly) = AI)’

det (M(Ry[G]) — M) =
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As a special case, if M(G) € C™" we have the following immediate corollary.

Corollary 1. Let G = (V, E,w). If M(G) € C"*" then for any nonempty V C V,
o(Ry[G]) = 0(G) — o(Gly).

In terms of matrices theorem 2.4.1 can be stated as follows. If M € W™*" then

det(M — )\I)
det(M|z — AI)

det (r[M;Z] — M) =

for any sequence of indexing sets Z C Z,,_; C --- C Z3 C {1,...,n} for which the
matrix r[M,Z] = r(M;Zy,...,Zyn_1,Z) is defined.

For a proof of theorem 2.4.1 we give the following.

Proof. For G = (V,E,w) € G and V = {vy,...,v,} let V,, = {v1,..., v} for some
fixed 1 < m < n. For 1 <k < m denote the matrices My, = M(Ry, (G)) and

M* = M(G)|{u}- As Vi € st(G) then equation (12) implies that
det(M — M) = det(M; — M) det(M" — ).

As both M; = M(Ry,(G)) and Vy € st(Ry,(G)) equation (12) can again be
used to infer that det (Ml — )\I) = det ((M1)2 — /\I) det ((M1)2 — )\[). Given that

(My)y = M; by theorem 1.3.10 then this implies
det (My — M) = det (Ma — A1) det ((M;)* — ).

As V; € st(Ry, ,[G]) for 1 < i < m repeated use of both equation (12) and

theorem 1.3.8 then imply
det(M — XI) = det(M,, — \I) H det ( — ) (24)

where My = M.
Denoting the principle submatrix M|y, = M then, by the same argument, the

characteristic equation of the M is given by

det(M — ) Hdet — ). (25)
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where My, = M. The claim then is that (M;_1)" = (M;_;)" for all 1 < i < m. To
verify this we proceed by induction.

First, note that (M) = (M), for all 1 < j,k < m as M, is the principle
submatrix of M, consisting of its first m rows and columns. Therefore, assume that

the entries (M;);x = (M;) ;1 for 1 < j,k <m —i and ¢ < £ < m. For the case i = { it

follows from this assumption that

(Mg-1) 1110 (Mo—1)1,641

(Me)je = (Mp—1) 41041 + = (M = (26)
Y (Mf—l)j-f-l I(Mf—l)l k+1 ~
(My—1) 141 + — —— = (My) k (27)
s )\ - (Mf—l)ll !

for all 1 < j,k < m — ¢ where each quotient of (26) and (27) is defined on the basis
that G € G,. Hence, (M,);; = (MZ)];C for 1 < j,k <m —iand i < m. This verifies
the claim that (M;_;)" = (M;_;)" for all 1 < i < m.

Since det ((M;_1)'—AI) = det ((M;_1)'—AI) for 1 < < m equation (24) together
with (25) imply

det(M — A1) = det(M,, — X ) det(M — \I).

As M = M(G), M,, = Ry, [G], and M = M(G|y,,) this verifies the proof once it is
known that det(M(G|y,,) — AI) # 0.

To see this, note that each matrix M;_; = M(Ry,_,[G|y,,]). Given that the graph
Ry, . |Gly,.] € G, then by lemma (1.3.7) the entry (M;_;)" # X. Hence, equation (25)
implies that det(M (G|y,,) —AI) # 0 since the product of a number of nonzero rational

functions (in this case (M;_1)* — X\ written in the appropriate form) is nonzero. [

2.5 Mawn Results

In this section we give the main results of this paper. Specifically, we show that a
reduced graph (equivalently reduced matrix) has a smaller Gershgorin and Brauer-

type region respectively than the associated unreduced graph. Hence, the eigenvalue
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estimates given in section 2.3.1 and 2.3.2 can be improved via the process of isospectral
graph reduction.

However, for both Brualdi and original Brualdi-type regions the situation is more
complicated. For certain reductions the Brualdi-type (original Brualdi-type) region
of a graph may decrease in size similar to Gershgorin and Brauer-type regions. In
other cases the Brualdi-type (original Brualdi-type) region of a graph may do the
opposite and increase in size when the graph is reduced. We give examples of both
of these possibilities in section 2.5.3. Following this, we present sufficient conditions
underwhich such estimates improve (see theorems 2.5.4 and 2.5.5) as the associated

graph is reduced.

2.5.1 Improving Gershgorin-Type Estimates

We first consider the effect of reducing a graph on its associated Gershgorin region.

Our main result in this direction is the following.

Theorem 2.5.1. (Improved Gershgorin Regions) Let G = (V, E,w) where V is
any nonempty subset of V. If G € G, then BWr(Ry[G]) C BWr(G).

Gershgorin’s original theorem can be thought of as estimating the spectrum of
a graph by considering the paths of length 1 starting at each vertex. Heuristically,
one can view graph reductions as allowing for better estimates by considering longer
paths in the graph through the vertices which have been removed.

Theorem 2.5.1 together with theorem 2.4.1 have the following corollary.

Corollary 2. If G = (V, E,w) € G, and V is a nonempty subset of V' then
0(G) C BWr(Ry[G]) Ua(Gly).

In order to understand in which situations BWr(Ry[G]) is strictly contained in
BWr(G), i.e. under which conditions we have a strict improvement in approximating

o(G), consider the following. For G € G2 let

OBWr(G)i ={AeC: A= M(GQ)y| =ri(G)} for 1<i<n.
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Figure 9: Left: BWr(Gy). Middle: BWr(G;). Right: BWr(G,), where in each the
spectrum o(Gy) = {—1,—1, —i,4,2} is indicated.

We note here that the notation OBWr(G); meant to signify the boundary of the
region BWr(G); is in fact an abuse of standard notation as the true topological
boundary of this region may be a strict subset of IBWr(G);. However, the set
OBWr(G); always contains the boundary of the region BWr(G);.

Theorem 2.5.2. Let G = (V, E,w) be in GI' and suppose the subset of the boundary

oBWr(G):\ | BWr(G);
j=1,5#i

contains an infinite set of points. Then BWr(Ry[G]) C BWr(G) for any V C V with

the property that v; ¢ V.

Note that for a typical G € G, there is generically some region BWr(G); whose
boundary is not contained in the union of the other jth Gershgorin regions. In the
nongeneric case this boundary can be a finite set of isolated points but otherwise,
removing v; from the graph G via an isospectral reduction strictly improves the esti-
mates given by theorem 2.5.1.

As an example, consider the graph Gy € G, with adjacency matrix

0010 1
00011
MGy)=101 00 0




If Gi = Riv1,v0,05}1G0) and Gy = Ry, 1,3[G1] then one computes

M1 1 AL
A2 A Al 2241
2 N2
M@G)= |20 1 1 | and M(G)=
A A 2+l A+l
\2 N2
0 1 0

The Gershgorin regions of Gy, G;, and Gy are shown in figure 9. Moreover, as

OBWr(Go)s \ | BWr(Go); and 9BWr(G1)s \ | BWr(G1);

j=1 j=1

consist of curves in C (as can be seen in the the figure) this implies the strict inclusions
BWr(G2) C BWr(G1) € BWr(Gy).

In addition, if G = Go|vs,05) and G? = G0 | {vs,04,05) then

00 0
1 00 2
M(G") = and M(G*)=10 0 0
0 1
110

implying ¢(G') = o(G*) = {0} (not including multiplicities). As the point 0 is
contained in both BWr(G;) and BWr(Gs) then both BWr(G,) and BWr(Gs) contain
a(Go) by corollary 2. (Note here that M(G,) = M(G) where M(G) is given by (15).)

Also, an important implication of theorem 2.5.1 is that graph reductions on some
G € G, can be used to obtain estimates of o(G) with increasing precision depending
on how much one is willing to reduce the graph G.

With this in mind, suppose v € V' is a vertex of G where M(G) € C™". Then
the graph Ry [G] = ({v}, &, 1) consists of a single vertex v and possibly a loop.
Moreover, BWr(Ry,}[G]) is a finite set of points in the complex plane. As o(G|{y\v})

consists of at most n — 1 points this can be summarized as follows.

Remark 2. If G = (V, E,w) where M(G) € C"" and v is any vertex in V then

o(G) is contained in the finite set of points 0(R,}|G]) U o(G|pv\wy). Furthermore,

44



1e D ‘\o 2

Figure 10: Left: BWy(Go). Middle: BWi(G1). Right: BWy(Gs), where in each the
spectrum o(Gy) = {—1,—1, —i,4,2} is indicated.

o(G) and 0(Ry[G)) differ at most by the set o(G|py\vy) which contains less than n

points.

As an example, let G5 = Ry,3[Go] and G° = G|(va, v, v4,v5}. It follows that
7(Gs) = {~1,—1,—4,4,2} and o(G?) = {0,1.3247, —.6623 £ 0.5622i}. Corollary 2
then implies 0(Gy) C {—1, —4,4,2,0, 1.3247, —.6623 + 0.5622i}. We note that in this
particular case 0(Gy) = 0(Gs) or the spectrum of the reduced graph and the original

are exactly the same.
2.5.2 Improving Brauer-Type Estimates

We now consider Brauer-type regions for which we give similar results.

Theorem 2.5.3. (Improved Brauer Regions) Let G = (V,E,w). If G € G,

where V C V' contains at least two vertices, then BWi(Ry[G]) € BWk(G).
Theorem 2.5.3 has the following corollary.

Corollary 3. If G = (V,E,w) € G, and V C V contains at least two vertices then

o(G) € BWk(Ry[G]) Ua(Gly).

Continuing our example, the Brauer-type regions of Gy, G, and Gy are shown in
figure 10 where by theorem 2.5.3, BW(G2) € BWg(G1) € BWk(Gy). Moreover,
theorem 2.3.6 implies BWy(G;) € BWr(G;) for i =0, 1, 2.
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We also note that if a graph is reduced from n to m vertices then there are
(;‘) — (’;‘) less 7jth Brauer-type regions to calculate. Hence, the number of regions

quickly decrease as a graph is reduced.
2.5.3 Brualdi-Type Estimates

Continuing on to Brualdi-type regions we note that in the example we have been
considering it happens that we have the inclusions BWpg(G2) € BWg(G1) € BWg(Go)
(see figure 11). However, it is not always the case that reducing a graph will improve
its Brualdi-type region.

For example, consider the following graph ‘H € G, given in figure 12. If H is

reduced over the sets S = {vg, v3,v4} and T = {vy, vo, v3} respectively then

s 1w 0 3 0
M(Rs(H))= |1 o 1| and MRr(H))=| 1 0 1
0 1 0 0 1 0

In this example we have the strict inclusions (see figure 12)
BWB(RT(H)) C BWB(H) C BWB(RS(H))

In particular, as BWg(H) C BWpg(Rs(H)) then reducing the graph H over S in-
creases the size of its Brualdi-type region. It follows that graph reductions do not
always improve Brualdi-type estimates.

In order to give a sufficient condition under which a Brualdi-type region shrinks
as the graph is reduced we require the following terminology. First, let G = (V, E, w)
where V' = {vy,...,v,} for some n > 1 and where G has strongly connected compo-

nents S;(G), ..., S, (G). Define
E*={eec E:ecS/(G),1<i<m}.

The cycle v € C(G) is said to adjacent to v; € V' if v; ¢ v and there is some vertex

v; € v such that e;; € E°.
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Figure 11: Left: BWg(Gy). Middle: BWg(G;). Right: BWg(G,), where in each the
spectrum o(Gy) = {—1,—1, —i,4,2} is indicated.

Second, for any v; € V' denote
A(v;, G) = {y € C(G) : v is adjacent to v;}.

Moreover, if C(v;, G) = {y € C(G) : v; € v} then let S(v;, G) C C(v;, G) be the set
containing the following cycles.

For G € G” and fixed 1 < i < n, let v = {va,,-.., 0, } be a cycle in C(v;, G)
where n > m > 1 and v; = v,,. If m = 1, that is v = {v;}, then v € S(v;, G).
Otherwise, supposing 1 < m < n relabel the vertices of G' such that v, is v; for
1 < j < m and denote this relabelled graph by G, = (V,, E,.,w,). Then v € S(v;, G)
if ey ¢ B, for 1 < j <m and e, ¢ EZ for m < k <n.

As it will be needed later, we furthermore define the set S, (v;, G) to be the set
of cycles in S(v;, G) where v € Sy (v, G) if €j1 ¢ E, for 1 < j < m and e, ¢ E, for
m<k<n.

With this in place we state the following theorem.

Theorem 2.5.4. (Improved Brualdi Regions) Let G = (V, E,w) where G € G,
and V' contains at least two vertices. If v € V such that both A(v,G) = 0 and

C(v,G) = 8(v,G) then BWg(Ri\(G)) € BW5(G).

That is, if the vertex v is adjacent to no cycle in C(G) and each cycle passing

through v is in S(v, G) then removing this vertex improves the Brualdi-type region of
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Figure 12: Top Left: BWpg(H). Top Middle: BWg(Rs(H)). Top Right:
BWpg(Rr(H)) where S = {vq,v3,v4} and T = {vy, v9,v3}. o(H) is indicated.

G. We note that for the graph H in figure 12 the set A(vy, H) = {v2,v3} # 0. Hence,
theorem 2.5.4 does not apply to the reduction of H over S.

However, the vertex vy in H has the property that both A(vy, H) = () and
S(vy, H) = C(vg,H). Therefore, reducing H over the vertex set 7 = {vy,vq,v3}
improves the Brualdi-type region of this graph which can be seen on the upper right
hand side of figure 12.

As an example for why the condition C'(v,G) = S(v, G) is necessary in theorem

2.5.4 consider the following. Let J,Rs(J) € G be the matrices given by

0100
010
0010
M(T) = , then M(Rs(J))= |1 0 1
1 0 01 .
$ 00
10 00

where S = {vg,vs,v4}. For this graph one can compute that BWg(Rs(J)) €
BWg(J). Moreover, note that A(v,J) = 0 but S(vy,J) consists of the cycle
{v1, va, v3} whereas the cycle set C(vy, J) = {{v1, v2,v3}, {v1, v2, v3, 04} } 6. C(v1,T) #
S(v1, J).

Graph reductions can furthermore increase, decrease or maintain the number of
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cycles a graph has in its cycle set. For instance the graph G, in our previous example
has 12 cycles in its cycle set whereas G; has 3 and G, has 1 (see figure 11). Conversely,

let P, Ry(P) € G with adjacency matrices given by

01 000 - -
01 0 0
00 001
Lo L
A A
MP)=100 01 01|, and M(Ry(P)) =
0 0 0 1
0 0 01 ) )
=+ 0 £ 0
10100 - AT T

where U = {vy, ve,v3,v4}. Here C(P) = {{v1,v2,vs}, {vs,v3,v5}} whereas
C(Ru(P)) = {{v1,va}, {vs, v4}, {v1,v2,v3,v4}}. That is, reducing P over U increases
the number of cycles needed to compute the associated Brualdi-type region from 2 to
3. Hence, reducing a graph may increase the number of regions needed to compute
its Brualdi-type region. This is in contrast to Gershgorin and Brauer type regions
which always decrease in number as the associated graph is reduced.

In adopting the result of theorem 2.5.4 to the case of Brualdi’s original result
(theorem 2.3.10) we must deal with the following complications. First, for a given
graph G € G, where C,(G) = 0, it may not be the case that Cy(Ri\,(G)) = 0.
Furthermore, as the edges between strongly connected components play a role in the
associated eigenvalue inclusion region (see (23)) this also complicates whether or not
estimates given by the original Brualdi-type region improves as the graph is reduced.

However, the following holds.

Theorem 2.5.5. (Improved Original Brualdi Regions) Let G = (V, E,w) be
in G, wherev e V. If A(v,G) =0, C(v,G) = Sp(v,G) and both of the sets C,(G)
and Cy(Rv\o(G)) are empty then BWy,(Rv\»(G)) € BWh, (G).
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2.5.4 Proofs

In order to prove the theorems in section 2.5.1, 2.5.2, and 2.5.3 we will need to

evaluate functions at some fixed A € C. In each case we consider such functions first

as elements in W with common factors removed then evaluated at the value A\. In

fact most of these functions, once common factors are removed, will be polynomials

in C[\].

Moreover, to simplify notation we will use the following. For G = (V, E, w) where

G € G2 and n > 2 first note that the vertex set V' \ {v1} € st(G). Therefore, let

Ry (G) = Ra, Li(G, ) = Li, Ly(R1, \) = Li, A=wir, = A and M (G, Ny = wiy.

Also, let wrs = pre/qre for pre, gre € C[A] where we assume g = 1 if wgy = 0. Lastly,

set Rk(G) = ZE:I,[;&k ’wkak‘

Before proceeding we state the following technical lemma.

Lemma 2.5.6. ]fG c G;L fO’f’ n Z 2 then Q11Q¢1Li1 = (%‘1(911/\ — pu))n_lLlLi.

Proof. First, note that

_ PiaPydiiqu + 4 q1jPij (g — p11)

M(Rq, N
( ' >j QiIQIjQij(QH)\ —Pn)

,2<ij<n

from which L,Ll = H 4i19159i; (Q11>\ — pu). Therefore,
j=2

n n
L} = (Qil(QIl/\ - pn))n_l H q15 H dij-
=2  j=2

As L, = H qr; for 1 < k < n the result follows by multiplication of ¢i1g;:.

j=1

A proof of theorem 2.5.1 is the following.

Proof. Suppose that A € BWrp(R4); for fixed A € C and 2 < i < n.

M(Rl)i]’ = Wiy + w“wlj/)\n for 2 S j S n then

n
WilWi; WilWij

i = S L < 37w + )L

J=2,5F1

20

(28)

As each



Multiplying both sides of this inequality by |A11¢11¢:1| implies, via lemma 2.5.6, that

n

Qi(G)|>\11L1)\iiLi - WilwliLlLi’ < QZ(G) Z ‘(WijAn + W@'lwlj)LlLi|

=25
where Q;(G) = | (g (q11A — p11)) "' If Q:(G) # 0 then, by the triangle inequality,

n n

|)\11L1)\iiLi‘ - ‘wilwliLlLi‘ < Z ’)\nLlwijLi|+ Z |wilLiwle1‘-

J=2,j#i J=2,j#1
Therefore,

|)\11L1/\iiLi| - Z |)\11LlwijLi| < Z |Wi1W1jL1Li’ - ‘WilLi)\llL1|-

J=Lj#i Jj=2

By factoring
MLl (MLl = Ri(@)) < fwounLal (Ra(G) = A Lal). (29)
If we assume A ¢ BWr(G); U BWr(G); then both
|INiLi]| — Ri(G) >0 and Ri(G) — |A1L1]| <O.

These inequalities together with (29) in particular imply that A1 L; = 0. However,
this in turn implies that A € BWr(G),, which is not possible.
Hence, A € BWr(G); U BWr(G); unless Q;(G) = 0. Supposing then that this is

n

the case, i.e. Q;(G) = 0 then note that if L;; = H gie for 1 < 4,7 < n then
(=10

n

BWF(G)k == {)\ c C. |ka(Qkk)\ _pkk)| S Z |pkijj|} for 1 S k S n. (30)
J=Lj#k

Under the assumption Q;(G) = (qil(qn)\ — pn))n_1 = 0 note that if ¢;; = 0 then
L;; = 0 implying A € BWr(G);. If g1\ — p11 = 0 then A € BWr(G); again by (30).
Therefore, BWr(R1); € BWr(G), U BWr(G); implying BWr(R,) C BWr(G).
The theorem follows by repeated use of theorem 1.3.8 as it is always possible to

sequentially remove single vertices of a graph in order to remove an arbitrary set V

from V. OJ
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We now give a proof of theorem 2.5.2.

Proof. Let A\ € C be fixed such that

A € OBWr(G); \ | BWr(G);. (31)
=2
Then both
[(A11) La| = Ra(G), (32)

Supposing A € BWr(Ry); for some fixed 1 < i < n and that Q;(G) # 0 then (29)
holds. Combining (29) with (32) it follows that

i Lo <|)\u~Li| . RZ-(G)> <0.

Moreover, as |\;L;| — R;(G) > 0 from equation (33) then this together with the
previous inequality imply that A;;L; must be zero. However, given that \;;L; is a
nonzero polynomial given that G € GI' then this happens in at most finitely many
values of A\ € C. Similarly, the polynomial Q;(G) = 0 on only a finite set of C, hence

the assumption that

OBWr(G); \ U BWr(G),;

is an infinite set in the complex plane yields a contradiction to assumption (31)
for infinitely many points in this set. Hence, the result follows in the case that
{v;} = V. By sequentially removing single vertices of V from the graph G repeated

use of theorem 1.3.8 completes the proof. O
Next we give the proof of theorem 2.5.3.

Proof. Let G = (V, F,w) where G € G and n > 3. The claim then is that

BWi(R1)i; € BWi(G)1; UBWi(G)1; U BWk(G)ij (34)
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for any pair 2 < 1,5 <n where i # j.

To see this let A € BWy(R4);; for fixed ¢ and j from which it follows that

WilWig Wji1wis
| (N — )Lill (A== =) L5l <
A1 A1
35
(St ) (Sl s 22 )
575’ Z#J
Multiplying both sides of (35) by [A11¢11¢i1| and |A1¢11¢41], lemma 2.5.6 implies
[T @@ Mk diiLi Ly — wwip Ly L] <
k=i,j
1T @x@) < D [(wredn + winwie) LlLk|)-
k=i,j =2
£k
Assuming for now that Q;(G)Q;(G) # 0 then from the triangle inequality
H <|>\11L1/\kkLk| - |W1kL1Wk1Lk|) <
k=i,j
n n (36)
H (Z [ A Lawge L[+ Z |wleL1wk1Lk:\>-
k=ij (=2 (=2
£k Gk

Suppose A & BWic(G)1;UBWi(G)1;. Then [Aj1 Ly|| A Li| > Ri(G)Ry(G) for k =1, j.
Moreover, if |A11L1]| < Ri(G) then from (36)

[T (Ri(@RG) — lomLiwn Ll ) <

k=i,j
n n (37)
H <R1(G) Z |wieLi| + Z !wk1L1w1eLk|>
k=i, j —2 =2
£k =k

From the fact that
Ri(G)Ri(G) — |wi1 Liwix L | =
Z |wre L | + Z |wg1 Liwre Ly

ik it
it follows that (37) cannot hold. Therefore, if A € BWi(R1)ij, Qi(G)Q,;(G) # 0, and

(38)

A é BW}C(G)M U BW}C(G)U then |)\11L1| > Rl(G)
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Proceeding as above, we assume again that A € BWy(R1);;, so in particular (35)
holds. Note that if \j; = 0 then A € BW(G)1; U BWi(G)1; and claim (34) holds.
In what follows we therefore assume that A\;; # 0. Moreover, if Q;(G)Q;(G) # 0 then

multlplylng both side of (35) by |)\11Q11Qi1| and |)\iiLz’QHQj1‘ gives

NiiLi
<’)\11L1)\iiLi| — |w1iL1wi1Li|) <|>\iiLi/\ijjL1| w1 Liwji Lj—— |> <

A1
(Z | A1 Lywie Li| + Z |wieLiwir L ‘)
— (39)
0#i Z;éz

i L;
<Z |)\uszj€L L1| + Z |w1€L1W]1L )\ |>
= %

by use of the triangle inequality.
Furthermore, supposing that A ¢ BWy(G)1;UBWg(G);; then both R, (G)R;(G) <
|/\11L1)\”Ll| and RZ(G)R](G) < |)\uLz/\]jL]| This together with (39) 1mphes

)\ZZL’L
(Rl(G)Ri(G) - |w1,-L1wZ-1Li|> <Ri(G)Rj(G) — Jwi Liwji L |) <

A1
(Z |11 Lywie L;| + Z |wieLywir L; |>

(=2
i Z;éz
A’L’L Z
(ML (RA(C) = o Lyl) + o L 5= (B (@) oy ) ).
i L;
<R1(G)R1(G> — |u)1¢L1u)Z’1LZ’|> (RZ(G)R](G)Ll |w1]L1w]1L )\ |) <
(Z | A1 LawieL;| + Z \wieLywi L ‘) (40)
%75% Z;éz

(RAGHEN (B (G) = o yl) + o L~ (Ra(©) e L))

The claim then is that if A ¢ BWy(G)1; UBW(G);, which implies |A\11L1| > R1(G)
by the above, then the second terms in each product of (40) have the relation
Aii L
Ri(G)R(G) — ey Liwp Li——] =
11

RAGILI(B(G) — L L) + o Ly (B (G) = oy ).

(41)
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To see this note that this is true if and only if

R (G)
||

As this is true if and only if |A1L1|R;(G) > Ri(G)|\;;L;| this verifies that (41) holds

Ri(G)|wji L Ly| > |wji LjAi L

since both R;(G) > |A\i;L;| and |A11L;| > Ry(G). Then (40) and (41) together imply
Rl(G)RZ<G) - \wuLlwﬂLi] < Z ‘)\11L1WML¢| + Z |W1£L1W¢1Li|. (42)

7 =
Rewriting the right-hand side of this inequality in terms of Ry (G) (for k = 1,4) yields

Rl(G)RZ(G) < |/\11L1‘RZ(G) — |)\11L1wi1Li] + ]w21L1|R1(G)

This in turn implies that Rl(G) (Rl(G) — |)\11L1|) < |w11Lz|(R1(G) — |)\11L1|). How-
ever, then

RZ(G) = Z |wi€Li| < |wi1Li|,
(=10
which is not possible.

Therefore, if both Q;(G)Q;(G) # 0 and A & BWi(G)1; U BWi(G)1; U BWi(G);;
then |\;L;| > R;(G). Moreover, as this argument is symmetric in the indices i and j
then it can be modified to show that if both Q;(G)Q;(G) # 0 and it is the case that
A ¢ BWi(G)1: U BWi(G)1; U BWi(G);; then [N, L;| > R;(G).

With this in mind, by multiplying (35) by |¢11¢:1| and |¢11¢;1| and assuming once

again that Q;(G)Q,;(G) # 0, then the triangle inequality implies

Weiw
TT (el [24] = 222 L L) <

k=i, 1
- . WE1Wie WE1W1E <43)
H (Z |wkZLk||L1| — |wk1LkL1| + Z| LkL1| — | LkL1|)
k=i,j (=1 =2 A1t A1
=1,] Z;k =

Hence, if A ¢ BWy(G)1;UBWy(G)1;UBWi(G);; then from the previous calculations

Ri(G) < | Mg Lg| for k = 1,4, and j implying together with (43) that

[T (Ru(@)ILi] = 5 1)) <

11

k=i,j
’(G) |1k
|)\11| A11

[T (RG] = s LiLa| + fora L

k=i,j

LkL1\>.
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Hence, for either k =1 or k = j it follows that

Ri(G)
| A1

—|wk1LkL1| + \wlek| > 0.

Therefore, Ri(G) > |A11L;1| which is not possible. Note that this implies that A\ ¢
BWi(G)1; U BWi(G)1; U BWi(G);j, unless Q;(G)Q;(G) = 0. Therefore, suppose
the this product Q;(G)Q;(G) is in fact equal to zero.

Then note that by modifying equation (30)

BWi(G)ij ={N € C: ] [mnlaund — o) < [ ( > |ijij|>}

k=i,j k=ij  j=1,j#k
for 1 < k < n. Hence, if Qx(G) = 0 for either k = 4, j then by calculations analogous
to those given in the proof of theorem 2.5.1 it follows that A € BWy(G)ix. This then
verifies the claim given in (34).
As in the previous proofs, theorem 1.3.8 can then be invoked to generalize this

result to the reduction over the set V C V. O

In order to prove theorem 2.5.4 we first give the following lemma.

Lemma 2.5.7. Let G € G” for n > 2 and suppose both A(v1,G) =0 and C(vy,G) =
S(v1,G). Moreover, let v = {v1,...,0n} and v = {vo, ..., 0} for m > 2. If
v € C(G) and v =€ C(R1(G)) then BWgp(R1(G)) € BWg(G).

Proof. Suppose first that the hypotheses of the lemma hold. We then make the
observation that the edges e € E*° are not used to calculate BWg(G). Furthermore,
any cycle of G is contained in exactly one strongly connected component of this graph.
This implies that the Brualdi-type region of the graph is the union of the Brualdi-
type regions of its strongly connected components. Therefore, we may without loss
in generality assume that G consists of a single strongly connected component.
Suppose that both v = {vy,...,v,} and 6 = {vy,v,,} are cycles in C(vy,G) for
some 1 < m < n. Note the fact that v € C(v,G) implies, in particular, that

v =A{vy,..., vy} is a cycle in C(Ry).
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From the assumption that v; has no adjacent cycles it then follows that w,,; = 0
for 1 < i < m since otherwise {v;, vi11,...,vm} € A(v1,G). Also, as v € C(v1,G) =
S(v1,G) then wy =0 for 1 < i < m as well as wy,; = 0 for m < i < n as G is assumed

to have one strongly connected component. Therefore,

m m—1

BW5(G), ={A e C: [[1Milil < lwmLnm| [] Ri(G)}, (44)
=1 =1

BW5(G)s = {X € C: [M1Li || AmimLn| < |wmi Lo | R1(G)}. (45)

Suppose then that A € BWg(R1),. It then follows from this that

m—1 m—1 m—1

Wm1Wim Wm1W1i

|(Amm — ;111 Vol TT il < |ﬁL3n| I] ric). (46)
1=2 =2 1=2

Here, L} = L; for 1 < i < m since for each such i the edge e;; ¢ E.

Multiplying both sides of (46) by |q11¢1mA11| along with the triangle inequality

implies
m—1
Qm(G> <|)\11L1>\mmLm| - |w1mL1wm1Lm|> H |)\11Lz| S
:m71 (47)
Q) (Jmi L R1(G) = 1 Lrmn L) TT Bl
i=2

Now by use of equation (30) we have
BWs(@)s = heC: I 1utawr —pw)l < TT (30 Ikl 1
k=1,m k=1,m  j=1j#k
Hence, if @,,(G) = 0 then by calculations analogous to those given in the proof of
theorem 2.5.1 it follows that A € BWg(G)s. Therefore, assume that Q,,(G) # 0.
Then if [7," R:(G) = 0 it follows from (47) that either [["," [\iLs| = 0 or that
M1 LA Lin| — |wmi Liwim Ly | = 0. If the first is the case then A € BWg(G),. If
the latter then A\ € BWp(G)s since |win L1 < R1(G).
If both []"," Ri(G) # 0 and [Ay1 Ly A L | — [wWim1 L1 Ln| # 0 then (47) implies
IT7" il < |WmiLin| Bi(G) = |wim Lawm L
175 Ri(G) — [AM1Lidmm L] — |wm1 L1iwim Lo

1=2

(48)
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Note that if
|wm1Lm|R1(G) - |W1mL1wm1Lm|) < |Wm1Lm|R1<G)
|)\11L1/\mmLm| - |Wm1L1w1mLm| - |)\11L1/\mmLm|

then it follows from (48) together with (44) that A € BWg(G),. On the other

hand if this inequality does not hold then |A11L1|[ApmLim| < |wmi Lm|R1(G) implying

A € BWg(G)s. Therefore, BWg(R1)y € BWgp(G), UBWgE(G)s € BWg(G).
Conversely, if 6 ¢ C(G) then wy,, Ly = 0. Equation (47) together with (44) then

imply that BWg(R1), € BWg(G),. Hence, BWg(G), € BWg(G). O

We now give a proof of theorem 2.5.4.

Proof. First, as in the previous proof, suppose G consists of a single strongly con-
nected component. Moreover, for the vertex v; € V suppose both A(v,G) = ()
and C(vy,G) = S(v1,G). Also let v/ = {wvy,..., v} be a cycle in C(Ry) for some
1<m<n.

As A(vy,G) = 0, if v/ € C(GQ) then M(G,\);; = M(Ry,\);; for 2 < i < m and
1 < j < n since 4/ would otherwise be adjacent to v;. From this it follows that
BWg(R1)y = BWp(G)y € BWE(G).

On the other hand, if v ¢ C(G) then at least one edge of the form e;_;, for
3 <1< mor ey, is not in . If this is the case then without loss in generality

assume for notational simplicity that e,,; ¢ E. Furthermore, let
I:{i:ei_ugéE, 3§Z§m}U{2}

We give the set Z the ordering Z = {iy,...,%} such that i; < i if and only if

j < k. Then for each 1 < j < ¢ the ordered sets

Y5 = {1, Vijy Vij41s - - - ;Uja} (49)

are cycles in C(vy, G) where j, = ij41 — 1 and ¢, = m. Moreover, by removing the

vertex vy from G it follows from (49) that each of the ordered sets
’)/j, = {Uij, Uij—f—lv Ce 7Uja}
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are cycles in C(Ry). As both A(vy,G) = 0 and C(v1,G) = S(vy1,G), lemma 2.5.7
therefore implies that

¢
U BWg(R1), € BWE(G).

i=1

The claim then is that the region

l
BWs(R1)y C | BWs(R1),. (50)
j=1
To see this, let A}, = (A — wy; — u)ilw”)L} and R} = Z |M(Ry, A)ij|. Then
H j=2,5i
BWg(R1)y ={ e C: [[IN;I <[] R} and (51)
=2 =2
BWp(Ry)y ={ e C: [[ NI <[] R} for 1<i<t. (52)
1€ 1€7;

As the vertex set 7' is the disjoint union of the vertex sets of the cycles 7; then
the assumption that A ¢ BWp(R1), for each 1 < j < £ implies A ¢ BWp(R1), by
comparing the product of (52) over all 1 < j < £ to (51). This verifies the claim given
in (50), which implies that BWg(R1), € BWg(G).

As 4/ was an arbitrary cycle in C(R;) then it follows that BWg(R1) C BWg(G).

This completes the proof. O
A proof of theorem 2.5.5 is the following.

Proof. 1f the conditions given in the theorem hold for v = wv; then both BW,,.(G)
and BW,.(R1) exist since it is assumed that C,,(G) = ) and C,,(R1) = (). Moreover,
if S(vy1, G) is replaced by Sy.(v1, G) and BWpg(:) by BW,,.(+) then the conclusions of
lemma 2.5.7 hold by the same proof with the exception that GG is not assumed to have
a single strongly connected component. As the same holds for the proof of theorem

2.5.4 the result follows. ]
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Figure 13: Left: BWr(L(H)). Right: BWr(Rs(L(H))), where in each the spectrum
o(L(H)) ={0,1,2,4,5} is indicated.

2.6 Some Applications

In this section we discuss some natural applications of using graph reductions to
improve estimates of the spectra of certain graphs. Our first application deals with
estimating the spectra of the Laplacian matrix of a given graph. Following this we
give a method for estimating the spectral radius of a matrix using graph reductions.
Last, we use the results of theorem 2.5.2 as well as some structural knowledge of a

graph to identify particularly useful structural sets.
2.6.1 Laplacian Matrices

It is possible to reduce not only the graph G but also the graphs associated with both
the combinatorial Laplacian matrix and the normalized Laplacian matrix of G. Such
matrices are typically defined for undirected graphs without loops or weights but this
definition can be extended to graphs in G (see remark 3 below). However, here we
give the standard definitions as these are of interest in their own right (see [20, 21]).

Let G = (V, E) be an unweighted undirected graph without loops, i.e. a simple

graph. If G has vertex set V = {wy,...,v,} and d(v;) is the degree of vertex v; then
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its combinatorial Laplacian matriz Mp(G) of G is given by
(

d(v;) if i=j
Mp(G)ij = { -1 if ©# j and v; is adjacent to v;
0 otherwise

\

On the other hand the normalized Laplacian matriz M, (G) of G is defined as

/

1 if i=jand d(v;) #0
Me(G)ij = ﬁ if v; is adjacent to v;
v; )d(v;
0 otherwise

The interest in the eigenvalues of M (G) is that o(M(G)) gives structural in-
formation about G (see [20]). On the other hand knowing o(M.(G)) is useful in
determining the behavior of algorithms on the graph G among other things (see [21]).

Let L(G) be the graph with adjacency matrix M (G) and similarly let £(G) be
the graph with adjacency matrix M, (G). Since both L(G), L(G) € G, either may be
reduced over any subset of their respective vertex sets.

For example if H € G, is the simple graph with adjacency matrix

000O01
0011
0011

=

=

Il
o o o

1 101
11110

then the graph L(H), has the structural set S = {vy,vq,v3,v4}. Reducing over this
set yields Rg(L(H)) where

A—3 1 1 1

A—4 A4 x4 x—4
1 227 1 —A5

=4  A—4 -4 A—4

M (Rs(L(H))) =

1 1 2A-7  —A+5

=4 A= A—4 —4
1 =25 —A+5 3a—11

| =4 =4 —4 A—4
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Figure 13 shows the Gershgorin regions for L(H) as well as Rg(L(H)).

Note that the adjacency matrix of H is symmetric so its eigenvalues must be real
numbers. With this in mind we note that the Gershgorin-type region associated with
simple graphs and their reductions can be reduced to intervals of the real number

line.

Remark 3. It is possible to generalize M (G) to any G € G if G has no loops and
n vertices by setting M (G);j = —M(G)y; fori # j and Mp(G)y =" M(G);;.

J=1,5#1

This generalization is consistent with what is done for weighted digraphs in [52] for

example.
2.6.2 Estimating the Spectral Radius of a Matrix

For G € G, the spectral radius of G, denoted p(G), is the maximum among the

absolute values of the elements in o(G) i.e.

G) = Al
p(G) = max |\

For many graphs G € G, it is possible to find some structural set S € st(G) such
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Figure 15: Left: The graph N. Right: BWrp(N).

that each vertex of S has no loop. Via corollary 2, if S is such a set then o(G) and
0(Rs(G)) differ at most by some number of zeros implying that p(G) = p(Rs(G)).

For example, in the graph K shown in figure 14 the vertices vs, v4, vg are the ver-
tices of K without loops. As {vi,vs,v5} € st(K) then p(K) = p(Riv; vss}(K)).
By employing the region BWr(K) we can estimate p(K) < 3. However, using
BWr (R (v, 03,05} (]C)) our estimate improves to p(/) < 2 (see the top left and right of
figure 14).

It should be noted that for a given graph there is often no unique set of vertices
without loops which is simultaneously a structural set. Therefore, there may be many
ways to reduce a graph such that at each step only vertices without loops are removed

ensuring, as above, that the spectral radius is maintained.
2.6.3 Targeting Specific Structural Sets

As a final application we consider reducing graphs over specific structural sets in
order to improve eigenvalue estimates when some structural feature of the graph are
known. To do so consider G = (V, E, w).

If the sets BWr(G); for 1 < i < n are known or can be estimated by some
structural knowledge of GG then it is possible to make decisions on which structural

sets to reduce over. That is, it may be possible to identify structural sets V C V such
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that v; ¢ V and

oBWr(G): € | BWr(G);.
JFi
If this can be done, theorem 2.5.2 implies that a strictly better estimate of o(G) can

be achieved by reducing over V.

For example consider the graph N' = (V, E,w) in the left hand side of figure 15
where V' = {vy,...,v,} for some n > 5. If it is known for instance that A is a simple
graph such that d(vy) = 4, d(vy) = d(vs) = d(v4) = d(vs) = 3 and d(v;) € {0,1,2,3}
for all 6 < i < n then the sets BWr(G); are each discs of radius either 0,1,2,3 or 4

(see right hand side of figure 15). Moreover, as
OBWr(G)1 € | BWr(G)i ={A € C: |\ =4}
i=2

then theorem 2.5.2 implies that R\ (y,}(N) has a strictly smaller Gershgorin-type
region than does N which can be seen in figure 16. Considering the fact that n may
be quite large this example is intended to illustrate that eigenvalues estimates can be
improved with a minimal amount of effort if some simple structural feature(s) of the

graph are known.

2.7 Concluding Remarks

The major goal of this chapter is to demonstrate that isospectral graph reductions can
be used to improve each of the classical eigenvalue estimates of Gershgorin, Brauer,
Brualdi, and the more recent extension of Brualdi’s theorem by Varga. Of major
importance is the fact that these graph reductions are general enough that this process
can be applied to any graph with complex valued weights (or equivalently matrices
with complex valued entries). Hence, the aforementioned eigenvalue estimates of all
matrices in C™*" can be improved via the process of isospectral graph reduction.
Additionally, this process can be repeated to improve such eigenvalue estimates to

whatever degree is desired.
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Figure 16: Left: R\ ,3(N). Right: BWp(Ry\fu,}(NV)).

Aside from this, graph reductions computationally do not seem to require much
effort. In fact, the number of calculations required by such estimates may even be
reduced by our procedure since nontrivial reductions typically produce fewer regions
used to estimate the graph’s spectrum.

Moreover, this chapter also raises new questions related to graph reductions and
eigenvalue estimates. For instance, what algorithms related to choosing structural sets
and sequences of structural sets can be developed to improve the speed or accuracy

of such estimates, etc.
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CHAPTER II1

DYNAMICAL NETWORK EXPANSIONS

Of primary interest is the fact that the isospectral network transformations developed
in chapter I suggest other useful transformations on networks of interacting dynamical
systems i.e. dynamical networks. An important example introduced in this chapter
is a dynamical network expansion in which a dynamical network is modified in a way
that essentially preserves its dynamics but alters its associated graph structure.
Such transforms provide a new tool for the study of the interplay between the
structure (topology) and dynamics of dynamical networks. Much as general dynami-
cal systems are investigated via change of coordinates, isospectral network transforms
introduce a mechanism for rearranging the specific (graph) structure of a system while
preserving its dynamics in an essential way. By so doing the original network’s dy-
namics can be investigated by studying the transformed dynamical network. This will
allow us to generalize the results given in [1, 3] by demonstrating that the existence
of a globally attracting fixed point of a network can be established by investigating

one of its expansions when direct investigation of the network does not.

3.1 Dynamical Networks and Global Attractors

Dynamical networks or networks of interacting dynamical systems are composed of
(i) local dynamical systems which have their own (local intrinsic) dynamics, (ii) in-
teractions between these (elements of the network) local systems, and (iii) the graph
of interactions (topology of the network).

Let i,j € Z={1,...,n} and T; : X; — X; be maps on the compact metric space
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(X, d) where X; = X, and

d(Ti(z;), T; (y;
Li = sup ( Z(:L‘Z)7 Z(yl)) < 0.
T Y € X d(xu yz)

Let (T, X) denote the direct product of the local systems (7}, X;) over Z on the

compact metric space (X, dyqr) Where dq, is the £° metric.

Definition 3.1.1. A map F : X — X is called an interaction if for every j € I there

exists a nonempty collection of indices Z; C 1 and a continuous function

that satisfies the following Lipschitz condition for constants A;; > 0 :

d(F;({w:}), F({y}) <D Ayyd(wi,yi) (53)
for all {x:}, {yi} € Dier, Xi where {x;} is the restriction of x € X to Pz, Xi-

Then the (interaction) map F is defined as follows:
F(ZL’)] = F’]({.CCZ}), j S I, 1€ Ij.

The constants A;; in definition 3.1.1 form the matrix A € R"*" where the entry
A;; =0ifi ¢ Z,. Asin [1] we assume that interactions are Lipschitz. That is, each A;;
can be thought of as a Lipschitz constant of the function F' measuring the maximal
expansiveness of the function Fj in the ¢th coordinate. In particular, if the interaction

F' is continuously differentiable on X then the constants
Ay = max |(DF);:(x)
satisfy condition (53) where DF' is the matrix of first partial derivatives of F.

Definition 3.1.2. The superposition N = F o'l' generates the dynamical system

(N, X) which is a dynamical network.
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Let My = AT - diag[L,, ..., L,] ie.

A11L1 e Anan
My =
ALy o0 ALy

Moreover, for any A € W"*™ let p(A) again denote the spectral radius of the matrix
A.

Theorem 3.1.3. If p(MN) < 1 then the dynamical network (N, X) has a globally

attracting fixed point.
Proof. Forz,y€e X and 1 <j<n

d(N(x);, N(y);) =d(F;({T(2):}), F;({T(y):}))
< Z Niyd(Ti(z;), Ti(ys))

< ZAijLid(xia Yi)-
It then follows that enterywise
d(N ()1, N(y)1) d(w1,41)
< My

d(N (@), N(y)n) d(zn, yn)

d(N2(z)1, N2(y),) d(N ()1, N(y)1) d(z1,91)
As : < My z < My

d(N2(JZ)n, N2(y)n) d(N(x)mN(y)n) d(xn’y")

then by induction

maz (N*(2), N*(y)) < |IMR[d(21, 1) - . d(@n, 50)]" ]

for all £ > 0.
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Note that limg ., M% = 0 if and only if p(My) < 1 (see [28] chapter 8). Then
for any x,y € X,
Amaz(N*(2), N*(y)) — 0 as k — oo

under the assumption that p(My) < 1. Hence, dyaz(N*(z), N¥*1(2)) — 0 as k — oo
implying the sequence { N*(x)};>; is Cauchy and therefore convergent. If N*(z) — 7

then it follows that N*(y) — 7 for all y € X completing the proof. O

For an interaction F': X — X we say that F' stabilizes the local systems (T, X)
if the local systems are unstable i.e. max;ez{L;} > 1 but the dynamical network
N = F oT has a globally attracting fixed point. If max;ez{L;} <land N=FoT
has a globally attracting fixed point we say F' maintains the stability of (T, X). The

following is then a corollary to theorem 3.1.3.

Corollary 4. For the dynamical network N = F o T let maxer{L;} = L. If the
inequality Lp(A) < 1 holds then the interaction F stabilizes (or maintains the stability
of ) the local systems (T, X).

Before proving this we require the following. For A, B € R™*" we write

We note that if 0 < A < B then p(A) < p(B) (see chapter 8 of [28]). We now

give a proof of corollary 4.

Proof. As 0 < AT - diag[Ly, ..., L,] < LAT then p(My) < p(LAT). Moreover, given
that LAT = {LX: X\ € o(AT)} then p(LAT) = Lp(A). This in turn implies p(My) <
Lp(A). Hence, if Lp(A) < 1 then by theorem 3.1.3 the interaction F stabilizes the

local systems (T, X). O

The constant p(A) related to the interaction F' can then be thought of as an

estimate of the interaction’s stability factor or its ability to stabilize a set of local
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systems (7', X). In the following section we will develop techniques similar to branch
expansions (see section 1.4.1) to obtain improved estimates on whether a dynamical

network has a single global attractor.

3.2 Improved Stability FEstimates via Dynamical Network
Expansions

The goal of this section is to develop a method of transforming a general dynamical

network to one with a different graph of interactions but dynamically equivalent to

the original system in the sense described below. The transformed network can then

be investigated in order to infer dynamical properties of the original untransformed

network.

For N = F oT the dynamical network N can itself be considered to be the inter-
action Fi,y,p = F'oT, ie. the composition of the local systems and their interaction.
For simplicity then, in this section we consider only the dynamical network F' (or
equivalently interaction F') with the understanding that all results extend to general
dynamical networks of the form N = FoT.

To every dynamical network F': X — X and some choice of constants A;; satis-
fying (53) there is a corresponding graph of interactions I'p which is the graph with
adjacency matrix A. We note that as the entry A;; = 0 if and only if ¢ ¢ Z; then at
the level of an unweighted graph each I'p is equivalent for any choice of constants A;;
satisfying (53).

For S € sty(I'r) we let Zg be the index set of S and let
C = max{|3| — 2 : 3 € Bs(I'n)}.
Moreover, for x € X let ¥ = F(2*) where 20 = .

Definition 3.2.1. For j € Zg let (F|g); be the function Fj({xf’;}) where each a:fo 18

replaced by F;, ({z$~'}), each z{ " by F;, ({5 *}), and so on for all indices i, ¢ Ls.

1
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We call the function

Fls = @ (Fls);

J€Ts

the restriction of the dynamical network F to S. As I'p|g contains no cycles this
recursion cannot continue indefinitely, hence (F|g); is well defined. Furthermore, the
restriction of F' to S is given by F|s : Xg¢ — X|s where
X|S = @Xj, and XS = {(Iols,...,xc|s) T E X}
J€Ls

As an example consider the dynamical network H given by

Here, H has the graph of interactions I'y = (V, F,w) given in figure 17 (left) where
ei; € IJ'if H; is a function of the variable z; and each e;; € E has weight A;;. That
is, v; € V' corresponds to the variable z; where ¢;; € E if F; depends on ;.

As S = {Ul,UQ} € Sto(FH) with C = 2 then

Hy(x9)
H|s(2"]s, 2|5, 2°|s) =

Hy (2, Ha(xy, Hs(2Y)))

Importantly, the function H|g : Xg — X|g is not strictly speaking a dynamical
network as its range X|g is not a subset of its domain Xg. However, the functions H

and H|g have the same dynamics restricted to S in the following sense.

Lemma 3.2.2. For the dynamical network F suppose S € sto(I'r). Then for any
reX

F’S($k|s, Ce ,$C+k‘s) = F($C+k)‘5

for k > 0.
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Figure 17: The interaction graphs of H (left) and its expansion XsH over S =
{v1,v9} (right).

Proof. Let z € X and j € Zs. Note that by construction """ = F; ({z"}). Hence,
if each Fy,({z7"}) nested in (F|g); is recursively replaced by "' for all i, ¢ Zs then

the result is the function F;({z{}) where
Fi({2}) = (Fls);(2°]s, ..., a%s)-

As Fls = @;cr,(Fls); then Flg(a’[s,...,2%s) = F(29)|s. As z € X was

arbitrary, replacing it by z* for fixed k& > 0 implies
F|S($k|g, e ,$C+k|5) = F($C+k)|5
completing the proof. Il

We now proceed to define the expansion of a dynamical network F with respect
to S in terms of its restriction F'|g. To do so we first index the interior vertices of
Bs(I'r) by

int(S) = {(8,0) : B € Bs(T'p), 1 <L <[ -2}
and let the map 7 : int(S) — {n+1,..., N} be a bijection. By abuse of notation we
set n(6,0) =i if B € B;j(I'x; S).

For j € Zg define V; to be the variables that appear in the function (Flg); in-
cluding multiplicities. Then each x{' € V; is nested in some sequence of functions
F;,,... F, , F; inside of (F|g); corresponding to the branch

m?
B = Vig, Viy - -, Vi, Uj S BJ(FF,S)
Hence z} = x (5,0)°
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Modify the function (F'|g); by changing this Tpig0) — Tn(s,L-m)- 1f this is done
over all variables in V; we call the resulting function F] and set

Fq = @ﬁ’j and

J€Ls

Fs= P Fupo(rnpi)

1<e<|8-2

where each Fy¢ = Id for 1 < ¢ < || — 1. Here Fg =0 if |5] = 2.

Definition 3.2.3. For the dynamical network F suppose S € sto(I'p). We call the

function

XsF=Fs € Fy
BeBs(T'r)

the expansion of F over S.

An expansion is then the dynamical network XsF : X|g @ Bs — X]|s @ Bg

where

Bs= P X,

n+1<j<N

Again, consider the dynamical network H with structural set S = {vy,v2} in
sto(T'y) (see figure 17). For this network () = vy, vy, v9; fo = vy, V3, Vg, Va; B3 = Vg, U1;

and (4 = v, vy constitute the set Bs(I'r). Hence,

Znt(S) = {(517 1)’ (ﬁ?a 1)7 (ﬁ% 2)}
Letting n(5;, ) = 3+ i + ¢ then

HS _ Hl(ftg)
Hy (21, Hy(ws, H3(27)))

where Hg, = Hs(x1), Hg, = He(x1) @ Hr(x6), and Hg, = Hg, = (. The expansion
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of H over S is then given by

=

(2)

(w1, Hy(ws, Hs(27)))
XsH(x) = Hs(xq)

(

(

1

H7(zg)

If the constants /L-j satisfy condition (53) for XgH then I'y, g is the graph in figure
17 (right) where Mg, Agr, A5 = 1, as each of Hy, Hg, H; = Id. Moreover, we note

that as unweighted graphs I'y g is the branch expansion of I'y with respect to S.

Theorem 3.2.4. For the dynamical network F suppose S € sto(I'r). Then the
following hold:

(1) For x € X let b € Bg where by = %C(E,Zo)' If i€ = 2%|s @b then the restriction
XsF (20 |s = F(x“t%)|g for k > 0.

(2) If F satisfies (53) for the constants A;; then there are constants /~\Z-j for XqF

satisfying (53) such that p(A) < p(A).

We prove parts (1) and (2) of theorem 3.2.4 separately. For part (1) we give the

following.

Proof. Let j € Zg and k > 0. Then by changing each variable Tys0) € V;j to Ty 3,0-m)
in (F|g); we get the map (Fs);. However, note that b, = :z:g(/gfo). Hence, evaluating
(Fs); at @* is equivalent to changing each (s, to a:g(geo) for each variable x, ) of
the function (Fy);.

As this sequence of operations changes each Tp6.0) 1O Tpis 0 then, for z* € X, it
follows that

F\S(mklg, e ,$C+k|5) = XsF(i‘C—HC”S.

Lemma 3.2.2 then implies that Xg(F(Z°))|s = F(z°T*)|s for k > 0. O
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Before giving a proof of part (2) we introduce the following notation. For the

branch 8 = vy, ..., v;,,v; € Bs(I'r) let

Lig,.sim,j — Tn(B,|8|-2)

Moreover, for j € Zg define the sets 7; N Zg = I;“, Zj—1s=1;,and
Bl = {8 € B;y(T(F):S) : |8] = ¢+ 1}.

Lastly, define Fil’j to be the function in the i; argument of F] Similarly, define Fz‘z,il,j
to be the function in the iy argument of Fihj, and so on. We now give a proof of

theorem 3.2.4 part (2).

Proof. For z,y € Xg @ Bs and 3 € B;;(I'r; S)

d<xi7yi) (=1
d(Fys.0({xi}), Faso({vi})) =
d(Tye-1) Ynpe-1)) 2|8l —1

as each Fyg0)(2npe-1)) = Id. As Fypp = XsF'; for some choice of (3,0) € int(S)

then the constants

. 1 if Fy = Fi(x;)
Aij - ’ ’ (55)

0 otherwise
satisfy condition (53) for XsF for each j € {n + 1,...,N'}. Before considering the

case where j € Zg we first observe the following.

Let I'r = (V, E,w). As S € sty € st(I'r) then for g =v;,...,v;

m

[Bl-1 A
Pw(ﬁ) = Kz/l\—w‘_;, el .
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For j € Zg it follows that

d(E5({xi}), F({yi}) < Y Magd(Fn ({2, Fas({wi})

7,1€I

Nigd(i, oy ) + Y Ny gd(F i ({2id), By ({u))

11€Ij

I
o

Al
+

<

(]

Pw(ﬁ)d(l“n(ﬁ 0), Yn(8,0))

@
m
3

> A (X Auad(Pus(2), Fros s (0}) ).

i1 EI] 12 eIzl

As the sum

Z Z Azzn 11] 12 Z1J({xz}>’Fiz,ihj({yi})) =

i1 EI 12€T;,

E E Azz i14341,5 xm,imﬁ yi27i17j)+

i€y meﬁ
Z Z Alz i1 n] 12 11j<{xl})vﬁiz,i1,j({yi})) =
ileI ’LQEI

Z Po(B)A d( xn B.1)s Yn(s 1))—|—

BEBZ

>N Miid(Foy i({ai}), Foa s ({wi)

ilez lQEI i

then continuing inductively

B

d(Fj({za 1), Fi({ya ) <D0 PulBN2 d(wys,81-2) n(a81-2))-

=1 pect

As XsF;({z;}) = F;({z;}) then for j € Ty the constants

§ PL(B)NOI=2 i =n(3,18] - 2)
0 otherwise

satisfy condition (53) for XsF'. Therefore, (55) and (56) give a complete set of the

constants ]\ij for XqF.
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Let Tygr = (V, &, ). By construction there are one-to-one correspondences
7ij : Bij(Lr; §) — Bij(Lxsr; S)

given as follows.
Suppose 7;;(6) = 7. If || = 2 then 8 = v;,v; = . Hence, 4,j € Zg implying

A;j = Ay by (56). Thus, P,(8) = Pu(v). If |3] > 2 then 7 is the branch corresponding

to Fjs. Equations (55) and (56) then imply
Q(7) =1,0,1,...,0, P, (B)N2.

As |B] = |y] then P, (8) = Pu(v). Therefore, Rs(I'r) = Rs(Txgr)-
As S € sto(I'r) and S € sto(I'xyr) by construction then theorem 1.3.4 implies

that I'r and 'y, have the same nonzero spectrum. Hence, p(A) = p(A) for this

choice of constants. This completes the proof. m

Part (1) of theorem 3.2.4 states that the dynamical network F' and its expansion
XgF' have the same dynamics if we restrict each to the coordinates indexed by S.
However, as there is no such correspondence between the coordinates indexed by S
what is unclear is if the systems F' and XsF' share any dynamic properties. With this

in mind, part (2) of theorem 3.2.4 has the following important interpretation.

Remark 4. Suppose A;; are constants satisfying (53) for F. Then there always

exist better constants Aij satisfying (53) for the expansion XsF in the sense that

p(R) < p(A).

Therefore, if one can show that F has a globally attracting fixed point via the
condition p(A) < 1 then XgF also has a globally attracting fixed point. Moreover,

the converse of this statement holds.

Theorem 3.2.5. If p(A) < 1 where A;; are constants satisfying (53) for XsF then

F' has a globally attracting fixed point.
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Proof. Note that XsF' = XgF o T where T' = id. As each

Li= sup d(Ti(x;), Ti(vi))/d(wi yi) = 1
T Y €X;

then L = max;er L; = 1. Assuming then that p(/~\) < 1 corollary 4 implies the
expansion XgF has a globally attracting fixed point z € X|s@ Bs. For z € X

define ¢ = 2|5 @ b where b, = xf(}%,ﬁo) as in part (1) of theorem 3.2.4. Hence,
XsF(i’C-HCNS = F($C+k)|5 for k Z 0.

As XgF (i°F)|s — |g then similarly F(29**)|s — Z|s as k — oo.

From definition 3.2.1 it follows for each j € Z that the function

(Fls); = (Fls);(@"]s,...,a%]s)

for any 2 € X. Here C; + 2 is the maximal length of any path or cycle from v; to v,
with interior vertices in S where v; is taken over all i € Zg.

By an argument similar to that in lemma 3.2.2 we have

o = (Ps);(2¥]s, ..., 5). (57)

From the observation that z*™|g — Z|s as k — oo for all 0 < ¢ < C} then this

together with (57) implies

= (Flg);(@lss - .., Zls)

for all j € 7 as (F|g); is continuous over its domain. Hence, F' has a globally

attracting fixed point. m

Note that we now have two ways for determining whether or not a given dynamical
network F' has a globally attracting fixed point. The first is by finding constants A;;
that satisfy (53) for F and computing p(A). The second is by finding constants Ay

that satisfy (53) for XsF and computing p(A). If either p(A) < 1 or p(A) < 1
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then theorem 3.1.3 or theorem 3.2.5 respectively imply that F' has a unique global

attractor.
However, given constants A;; for F'it is always possible to find constants ./L-j for the
expanded network XgF such that p(A) < p(A;;) (see remark 4). This has the following

immediate and important consequence that any dynamical network expansion XgF'

can be used to obtain improved stability estimates of any dynamical network F'.

Example 1. Let L(z) = 4x(1 — x) be the standard logistic map and let the map

Q(z) = 1 — 2% where both are restricted to the interval [0,1]. Consider the network

H given in (54) for

1L(x2)
H(x) = iQ(ﬂfl) + %5(934)
iQ(fFl)
i iQ(ﬂh) + %Q@?’) ]
Note the constants \;j = max,ex [(DH);i(x)| satisfy equation (53) for H and are

given by
0 1/2 1/2 1/2

1 0 0 0
0 0 0 1/2

0 1 0 0

As p(A) = 1.08 theorem 3.1.3 does not imply that H has a globally attracting fized

point. However, the expansion over S = {vy,v2} of H given by

B
5
N

= =
0

8

—

S—

+

L(2Q(xs) + 10(2 (7))

W=

1
4

XsH(l’) =

= F
8 8
s 22

8
o

g
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where Hs(x1), Hg(x1), H7(26) = Id has constants Ay given by

[0 1/2 11 0 —
1 0 0 0O
A=10 025 0 0 0|, satisfying equation (53).
0 0 0 0 1
0 0012 0 0 O

Here, as before, Nij = max |(DXsH);i(x)|. As p(A) = 0.90 theorem 8.2.5 implies that

H does in fact have a globally attracting fixed point.

As a final remark, we note that it is possible to sequentially expand a dynam-
ical network and thereby potentially improve ones estimate of whether the sys-
tem has a globally attracting fixed point. Moreover, sequential expansions can
also be used to obtain better estimates of an interaction’s stability factor. For in-
stance, if the network XsH in example 1 (considered as an interaction) was again

~

expanded over the vertex set 7' = {vy,vs, v, v7} then p(A) = 0.76 for the constants

A = max(|DXp(XsH);i(x)|). That is, from this calculation the interaction H has a

stability factor less than or equal to 0.76.

3.3 Time-Delayed Dynamical Systems

The dynamical network expansions of the previous section also have implications to
time-delayed dynamical systems. This is because the restrictions used to define such
expansions are themselves time-delayed systems. Using this connection as a starting
point our goal is to study how time delays effect the dynamic stability of an arbitrary
dynamical system.

One of the main results we obtain in this direction is that the introduction or
removal of time delays does not in fact have an effect on a system’s stability. Moreover,
since any restriction of a dynamical network is itself a delayed dynamical system this

will allow us to define dynamical network reductions by removing these delays.
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As with dynamical network expansions such reductions will allow us to obtain
improved estimates of the original network’s dynamic stability i.e. whether it has a
globally attracting fixed point. However, as the removal or addition of time-delays
to a dynamical system does not correspond to any isospectral transformation the
main obstacle in developing this theory is in determining how time delays effect the
eigenvalues associated with such systems. Moreover, before we can do this we must
first connect the theory developed in section 3.1 for dynamical networks to the more

general class of time-delayed dynamical systems.

Definition 3.3.1. A delayed dynamical system is a function of the form
AR N (i R N

for a fized integer T > 0 where each ¥7 € X = @), X; for X; a compact metric
space. Moreover, the orbit of the initial condition (x=T, 2T+ ... 2% € @, X is

the sequence {x'};>_7.

R=T gh=TH+L . 2¥) there is a cor-

For each delayed dynamical system F' = F(z
responding undelayed dynamical network which can be constructed as follows. Let
V;(F) be the variables of the form ¥~ appearing in Fj(x*~7, 2*=T+1 . 2¥) for all

0<m<Tand 1< 4,5 <n. Furthermore, let

In F} replace each ™™ € V;(F) by '™ and each ¥ by x;. If this is done over
all 1 < j <n we call the resulting function F*. We then define the function
NE=F D F
(i,4,1,m)EL(F)

mf—1
ij

ml—1

where each F(z ) =" and 27}° = x;. Moreover, let

Xp = {33' eX @ XZM : xMIe = 'xmﬂ (ivjlafv ml)a (i7j27£7m2) € I(F)}

ijl ijg Y
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Figure 18: The graph of the dynamical network N'F. Here dashed paths correspond
to the delays in the original system F' = F(xF=2 2%~1 o)

We note that N'F : Xp — Xp by observing that each Fg“(xm’é_l) = 27!, Hence,

v )

: m1l m12 mi1mi mol mo?2 momsa
both the sequences of functions Fj;'", F'5, ... FJ and F72° F25 o FU
: : m1l [ mi2 mimi
sequentially pass the value of z; through the coordinates @7, 27217, ... 273" and

xg.‘;l, ZjQ,...,xZ‘jm in my; and my steps respectively. Hence, if § € Xp then
mil(~mi1,l—1 mal [ ~ma,f—1 .. .o . .
) = gy ) for (@41, €,ma), (4, g2, £,me) € Z(F) implying that
F(y) € Xp.

We call the function N'F' : Xp — X the undelayed dynamical network associated
with F'. As an example consider
Fi(z3% 23"

Fz(l'l)

F(:L‘k_Q, l‘k_l, :L‘k) —

The undelayed dynamical network associated with F'is then given by

Fy ()1, 437)
Fy(z1)
NF(z) = | F}l(zy)
F3i (x2)

F3¢(a31)

where FJ](x9) = 29, F3l(19) = 29, and F32(231) = x3}. The graph Ay r corresponding

to N'F is given in figure 18.

The motivation behind this construction is the following. Recall that the func-

tions ', F{7?,..., F/*™ sequentially pass the value of z; through the coordinates
;1:%11, :L’?J?Q, oo, xfi™ in m steps which is the same function performed by the variable
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zF™ € V;(F) in the time-delayed system F = F(x~7, ... x¥). Hence, the substi-

tution of #7¥™ for 2§ ™ in F} with the addition of the functions F/M*, /2, ... Fmm
removes the delay associated with 2¥~™ from F. Moreover, we note that there is
a one-to-one correspondence between the domain of the delayed system F' and the
dynamical network N'F. This can be seen as follows.

For F = F(z*7,... %) let § : Xp — @, X be the function given by 6(7)? = 7,
and §(9);¢ = gt for all (i,7,¢,m) € Z(F). As the value of any g7 depends only
on the indicies ¢ and ¢ then the function ¢ is a bijection. This together with the
discussion above implies that for any § € X where (y=7,y~ 71, ... y°) = 6(7), then
the component Fj(y=7,y~ 7+ ... 4°) = NFj(g) for 1 < j < n. This can be phrased

as follows.

Lemma 3.3.2. Let F = F(zF1 ... 2%). Then FF(y=1, 4= T . %) = NF*g)|y

for V.=Avy,...,v,} and any (y~T,y~ T, ... 4% = 6(7).

That is, the dynamical network N F restricted to its first n coordinates has the
same dynamics as the delayed dynamical system F'. Recall that the original motiva-
tion behind the construction of N'F was to study delayed systems using the theory
established in sections 3.1 and 3.2.

With this in mind, a fized point of a delayed dynamical system F' = F (2T, ... 2%)
is a point € X such that z = F(z,%,...,Z). Moreover, the point & € X is a global

attractor of the delayed system if for any initial condition (y=%,y~7*!

oy we
have

klim 19" — #||oo = 0.

Theorem 3.3.3. The delayed dynamical system F = F(2*=T ... 2*) has a globally
attracting fized point if and only if the dynamical network N'EF has a globally attracting

fixed point.

Proof. Suppose T € Xr is a global attractor of N'F. Then for any i € X this implies
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in particular that

lim d(NEF(§),2;) =0 for 1<i<n.

k—o0
By use of lemma 3.3.2 it follows that Z|y is a global attractor for the delayed system
F.
Conversely, suppose T € X is a global attractor of F'. Then for any y € Xr where

5(g) = (y=T,...,4°) we have

lim d(Ff(y",...,y"),2) =0 for 1<i<n

k—oo

implying by lemma 3.3.2 that lim;_..c NEF(7) = Z;.

As (./\/'Fk(g]))fjm = NFF(g) for each (i,7,¢,m) € Z(F) then similarly it follows
that limy_ (./\fF";(g}))f;ﬂ = 7;. Hence, the point 67 *(z,...,Z) € Fy is the unique
global attractor of N'F. O

Because of theorem 3.3.3 it is possible to investigate the dynamic stability of any
delayed dynamical system F' via its associated dynamical network N'F. However,
before doing so we note the following.

Let F' = F(z*T,...,2%). If we say A;; are constants satisfying equation (53) for
NF then by definition 3.1.1 we mean that for z,y € Xp

=1

FTm eV (F)

7

and  d(NF} (), NF () < (AN d(al ™y, Gy, 6m) € I(F),

i WL

m2

In particular, the constants of the form (AZ’E)j, (Ai)gﬁ, and (Az;ifl)mf that do not

appear in these inequalities are zero.

Theorem 3.3.3 then has the following corollary.

Corollary 5. For the delayed dynamical system F = F(2*=T ... 2%) suppose A, are
constants satisfying (53) for NF. If p(A) < 1 then F has a globally attracting fized

point.
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The main goal of this section is to extend as well as improve upon this condition
by investigating how modifying the delays of a dynamical system effects the systems

dynamic stability.

Definition 3.3.4. For the delayed dynamical system F = F(ak=T oF=T+L . 2k) et

Ur : X — X be the undelayed dynamical network given by Up(z) = F(x,z, ..., T).

Simply put, the system Up is the delayed dynamical system F' with its delays
removed. The following result relates the dynamic stability of the undelayed system

Ur to the delayed dynamical system F'.

Theorem 3.3.5. Let F' = F(aF T 2F=T+ 2F) be a delayed dynamical system.
If A;j are constants satisfying (53) for NF and p(A) < 1 then Up has a globally
attracting fived point. Coversely, if /N\Z-j are constants satisfying (53) for Up and

p(A) < 1 then NF has a globally attracting fixed point.

That is, if either of the dynamical networks N'F or Ur are known to have a single
global attractor (via theorem 3.1.3) then the same holds for the other as well as for
the original delayed system F'. Moreover, the converse of this statement holds in the

following sense.

Definition 3.3.6. The function F = F(zF=T 28T+ 2%} is a delayed version of

the dynamical network H : X — X if H(x) = F(x,z,...,x).
An immediate corollary of theorem 3.3.5 is the following.

Corollary 6. If A;; are constants satisfying (53) for the dynamical network H and

p(A) < 1 then any delayed version of H has a globally attracting fized point.

To summarize, if a system is known to have a unique global attractor via theorem
3.1.3 then the removal or addition of delays does not change this property. In order
to prove this we will use the well known theorem of Perron and Frobenius and the

following standard terminology.
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If A € R then A is said to be irreducible if the graph associated with A is

strongly connected. Moreover, A is nonnegative if A > 0.

Theorem 3.3.7. (Perron-Frobenius) Let A € R™" and suppose that A is irre-
ducible and nonnegative. Then

(a) p(A) > 0;

(b) p(A) is an eigenvalue of A;

(c) p(A) is an algebraically simple eigenvalue of A; and

(d) the left and right eigenvectors x and y associated with p(A) have strictly pos-

itive entries.

Recall that if a graph is not strongly connected then it has strongly connected

components given by S(G); ..., S(G)y where

o(G) = Jo(s:(@))- (58)

We call a strongly connected component Sy(G) trivial if it consists of a single vertex
without loop in which case o (S, (G)) = {0}.
For G = (V, E,w) with V = {vy,...,v,} and e;; € E define

G;?(t, 9) = (V U {Un-i-la s 7Un+m}? 57 :u) for t € [07 1]

as the graph G in which the weight w(e;;) is replaced by (1 — t)w(e;;) and a path
Uiy Upg1s - - - Untm, U5 18 added with weights p(e; 1) = 0, p(€nti—1,n+¢) = 6 for each
1 <0 < m and p(epimj) = tw(e;;) (see figure 19). In the following if we write
G (t,0) we will implicitly assume e;; € E. With this in place we state the following

lemma.
Lemma 3.3.8. If M(G) > 0 then p(G) = p(G2(t, p(G))) for all t € [0,1].

Proof. For simplicity let Gi3(t, p(G)) = G7;(t). For m = 1 the claim is that p(G) €

O’(Gzlj(t)) for all t € [0,1]. To see this suppose that the graph G is strongly connected
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(1 = tw(esy)

w(eij) 9 9 . 0 tw(eij)
V; G Vj V; Un+1 G?}(t, 9) Un+m v

Figure 19: The edge e;; of G (left) and its replacement in GI7(t, ) (right).

)

i.e. M(QG) isirreducible. Since the Perron-Frobenius theorem implies that the spectral
radius of any nonnegative irreducible matrix is a strictly positive eigenvalue of the
matrix then both p(G) > 0 and det(M(G) — p(G)I) = 0.

Note that as reducing G};(t) over V = {vy, ..., v,} implies

(1_75(1_@))]\4«;)199 for p=1i, q=7

M (Ri(Gl(1)),, = (59)
M(G),, otherwise

then for A = p(G) it follows that
det(M (Ry (G};(t))) — M) = det(M(G) — AI) =0

or p(G) € o(Ry(Gj;(t)). Hence, p(G) € o(Gj;(t)) forall t € [0, 1] since o(Ry (Gj;(t)) =
o(G;(t)) — {0} by theorem 1.3.4. By use of equation (59) this furthermore implies
that the spectrum o(Gj;(0)) = o(G) U {0} and in particular that p(Gj;(0)) = p(G).

Next, the assumption that G is strongly connected implies that G}j (t) is also
strongly connected for all ¢ € (0,1]. Therefore, as p(G) > 0 then M(Gj;(t)) is a
nonnegative irreducible matrix and the Perron-Frobenius theorem implies

(1) p(G;(t)) > 0;

(ii) p(Gzlj(t)) is an eigenvector of M(G%j (t)); and

(iii) p(G%j (t)) is a algebraically simple eigenvector of Gzlj(t)
for all ¢ € (0,1]. Additionally, (i), (ii), and (iii) hold for ¢ = 0 since M(G) satisfies
the conditions of the Perron-Frobenius theorem and J(ng(())) =o(G)U{0}.

Let A1(t),..., A\y1(t) denote the eigenvalues of G}j(t) for t € [0,1]. Then (i)

through (iii) imply for fixed ¢ € [0, 1] that p(G};(t)) = A,(t) where A,(t) is the unique
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eigenvalue such that Rel,(t) > Re\,(t) for all ¢ # p. Hence, as each Re),(t) is a

continuous function of ¢, then assuming the ordering
p(G) = ReAi(0) > ReAs(0) > -+ > ReA,11(0)

there can be no first ¢; € [0, 1] such that Re),(t1) = ReA; (1) for all ¢ > 1. Therefore,
ReMi(t) > Re)g(t) for ¢ > 1 and t € [0, 1] implying that Ay (t) = p(Gj;(t)).

Moreover, as p(G) € o(Gj;(t)) for all t € [0,1] and p(G) = A1(0) then the conti-
nuity of each Re),(t) coupled with the fact that \i(t) > Re),(t) for ¢ > 1 implies
that \i(t) = p(G) for all t € [0,1]. Hence, p(Gj;(t)) = p(G) for t € [0,1] under the
assumption that G is strongly connected.

If G is not strongly connected then it has strongly connected components given
by Si...,Sn. If the edge e;; belongs to the strongly connected component S, where
p(Sk) = p(G) then the previous argument implies that (Si)j;(t, p(G)) = p(G). Given

that
N

o (G(1) = o (St p(@)) | a(Se) (60)

0=1,0+k

then in this case p(Gj;(t)) = p(G). However, if the spectral radius p(Si) < p(G) we
note the following.

For a square matrix M < 0 and a > 0, p(aM) = ap(M). Hence, if T is
the graph S; where each edge weight is scaled by the constant p(G)/ p(Sk) then
p(T) = p(G). As T is strongly connected on the basis that Sy is strongly con-
nected then p(TL(t, p(G))) = p(G). However, given that p(G)/p(Sk) > 1 then
M(TH(t, p(G))) > M((Sk)i;(t, p(G))) > 0 from which it follows that the spectral
radius p(T}, (¢, p(G))) > p((Sk)i;(t. p(G))) (see chapter 8 [28]). Therefore, p(G) >
p((Sk)i;(t, p(G))) and equation (60) again implies that p(Gj;(t)) = p(G) for t € [0, 1],

Lastly, if e;; does not belong to a strongly connected component then it follows
that p(Gj;(t)) = p(G) since G and G;(t) have the same nontrivial strongly connected

components. This completes the proof for the case m = 1.
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If m = 2 consider the fact that for H = Gj;(t) the graph

Gt p(G)) = Hi, 1 (1, p(G)).

Therefore, p(G%(t, p(G))) = p(G) by the previous argument. If we continue in this

manner the result follows for any finite m. m

Hence, G73(t,0) is a graph transformation that preserves the spectral radius of
the graph G if § = p(G). However, to relate such transformations to adding and

removing time delays to a given dynamical system we will need the following lemma.

Lemma 3.3.9. Suppose A, B € R™™ where B is nonnegative and irreducible. If

0<A<Band A.s < B,s for some 1 <r,s <n then p(A) < p(B).

To prove this lemma we use the following theorem from [28] (see theorem 6.3.12)
which we restate here for completeness. Here, the notation y* denotes the conjugate

transpose of the vector .

Theorem 3.3.10. Let A(1) € R™™™ be differentiable at 7 = 1. Assume that \ is an
algebraically simple eigenvalue of A(1) and that () is an eigenvalue of A(T), for
small T, such that \(1) = X. Let x© be a right eigenvector of A and let y be a left

eigenvector of A. Then

_y A )z

=

By way of notation, if A € R™" let A,¢(7) be the matrix A in which the rs-entry

X(1)

A, is multiplied by 7 € R. With in place we give a proof of lemma 3.3.11.

Proof. Suppose that M € R™"™ such that the entry M,; > 0. Under the assumption
that M € R™ " is nonnegative and irreducible then the same holds for M,¢(7) for any
7 > 0. Then the Perron-Frobenius theorem implies that p(M,.(7)) is an algebraically
simple eigenvalue of M, (7) with strictly positive left and right eigenvectors y(7) and

x(7) respectively. Via theorem 3.3.10 it follows that

y(r) My, (7)z(7)

o ()2 (t) for 7> 0.

pl (Mr‘s (T)) =
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As both y(7)"M, (7)x(T) = y.(T)M,sz5(7) > 0 and y(7)*z(7) > 0 it follows that
0 (Mr5(7')) > 0. The lemma follows by noting that if 0 < 71 < 75 then this implies
that p(Mrs(ﬁ)) < p(Mrs(T2>). O

Hence, the spectral radius of a nonnegative irreducible matrix depends monoton-
ically on each of its nonnegative entries. With this in place we prove the following

lemma.

Lemma 3.3.11. Suppose M(G) > 0 and 0 > 0. Then p(G) < 0 if and only if
p(GP(t,0)) < 0.

Proof. For G = (V, E,w) such that M(G) > 0 denote G = G (t,p(G)). Lemma
3.3.8 then implies that p(G) = p(G). For # > 0 and assuming 0 < p(G) let G(c) be
the graph G in which every edge weight has been multiplied by ¢ = 6/p(G) > 0. As
cM(G) = M(é(c)) >0 and ¢ > 0 then it follows that p(G(c)) = cp(G) = 6.

Next, observe that the matrix M(G(c)) is given by

. cM(G(t,0)),, L1<pg<nandp=n+m, ¢=j
M(G(c))pg = (61)
M (G, 6’))pq otherwise

from which it follows that G(c) is strongly connected if and only if GI(t,0) is
strongly connected. If both G(c) and Gi3(t,0) are strongly connected then there
exist 1 < r,s < n such that M(G(c))ps = cM(G?}(t,H))TS > 0 as G(c) and G(t,0)
would otherwise contain no cycles. In this case lemma 3.3.9 together with (61) imply
that

(I) if ¢ > 1 then p(é(c)) > p(G(t,0)); and

(IT) if ¢ < 1 then p( ¢)) < p(G(t,0)).
As ¢ = 0/p(G p( ¢)) = 6 then it follows that p(G) < 6 if and only if
p(G(t,0)) < 0.

If G(C) is not strongly connected it has strongly connected components given by

S1...,Sy where (58) holds. Hence, if e;; belongs to the strongly connected component
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of S it follows by substituting Si for G in (I) and (II) that
(1) if p(Sk) < @ then p((Sk)i(t,0)) < 6; and
(IV) if p(Sk) > 6 then p((Sk)i(t,0)) > 0.
Suppose then that p(G) < 0. As p(Sg) < p(G) then (III) implies p((Sk)7(t,60)) < 6.

Given that
N

o (G (t,0)) = o((Su)pt.0) | oS

=10k

then p(Gy(t,0)) < 6 since maxy <<y p(S¢) = p(G). Similarly, if p(G) > 6 then from
(IV) it follows that p(Gy(t,6)) > 0. Hence, p(G) < 0 if and only if p(G2(t,0)) < 0
in G(c) is not strongly connected.

If e;; does not belong to any strongly connected component then p(G) = p(Gg?(t, 9))
as both graphs have the same nontrivial strongly connected components. In this case
the conclusion of the lemma follows immediately.

For the case when p(G) = 0, note that by the Perron-Frobenius theorem a matrix
M (G) > 0 has spectral radius 0 only if G has no cycles since G would otherwise have
a nontrivial strongly connected component with positive spectral radius. Given that
G has no cycles if and only if G7}(t,0) has no cycles it follows that p(G) = 0 if and
only if p(G?;(t, 0)) = 0. Again, this implies p(G) < 6 if and only if p(G?}(t, 0)) <6

completing the proof. O

The major idea behind lemma 3.3.11 is the following. Adding delays to a system
corresponds to modifying the network’s graph structure as in figure 19 from G to
G (t,1). Conversely, removing delays from a system has the opposite effect (see the
following proof). Lemma 3.3.11 is then the statement that the removal or addition
of time delays does not change the dynamic stability of the system.

Before we give a proof of theorem 3.3.5 we introduce the following. For ease of
notation if NF : Xp — Xp let v; = v}, v; = v;?’mH for all zF~™ € V;(F). A proof

of theorem 3.3.5 is the following.
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Proof. Suppose F' = F(z*7 ... 2%) and A;; are constants satisfying equation (53)
for NF. Let F be the function F in which the variable 2t~™ € V;(F) is replaced by

z; and let the constants A be the matrix given by

_ Apg 1<p,g<n, p#i, q#]
Apg: and

Apg (Amm>g;m+1 p=ti, q=J

(ZZ;’Z_I) = (A7t 1) for all 2™ € Vy(F) and zero otherwise. The claim then is
pq

that A, are constants satisfying (53) for N'F.
To see this note that as F' and F are identical with the exception that the variable

zF~™ € V;(F) has been replaced by ; in F then this claim follows immediately apart

)

from showing that A;; = Ay + (A7™)7r "+ satisfies equation (53). To see that this

holds as well we note that under the assumption that the constants A,, satisfy (53)

for NF then for z,y € Xp

d(./\/’]'?]( )NF ZApjd xp7yp)_'_ Z (AMM)MM+1d( MM’yz]?\;[M)

PJ

As substituting z; for 25~™ € V;(F) in Fj substitutes z; for 2™ and y; for yii™ in

the previous inequality then for z,7 € Xz
ANF;(@), NF;() <(Aiy + A5 )d(@:, 5i)+
Z Mppd(Tp )+ D (A @M M)
p=1,p#i (p,j,M,M)EI( )
verifying the claim.
Moreover, note that the graphs I'yp and I'yz with adjacency matrices A and A

respectively satisfy the relation

(Amm)Zb ym+1

F_/\[F = (F_/\f]:)zn(t, 1) for t= mom

Lemma 3.3.11 then implies that if p(A) < 1 then p(A) < 1.
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Note that if each variable of the form xf_m € V;(F) is replaced by z; in F' then by
repeated use of lemma 3.3.11 the resulting dynamical network Up(x) = F(z,...,z)

has the following property. The constants

]\pq = Npg + Z (A%M)?J/'[’MH for 1<p,g<n
eV, (F)

satisfy equation (53) for Ur and moreover p(A) < 1. Hence, under the assumption
that p(A) < 1 it follows that the undelayed network U has a globally attracting fixed
point.

Conversely, suppose A, are constants satisfying (53) for Up such that p(A) < 1.
Let U be the function Up in which the z; in mth slot of (Ur); is replaced by xf‘m.

Since each NU?}Z(IZ’LI) = xij’kl for all 1 < ¢ < m then

d(f\/uy;f(x?;’“),Nug?ﬁ(yg?’“)) = d(a;m’gfl ym’gfl) for z,y € Xp.

Hence, the constants (AZ’K_l)Z’»J’T‘E = 1 satisfy (53) for NU for all 1 < ¢ < m.

Then, by the previous calculations, the matrix of constants A given by

Ny 1<pg<n, p#i, q#

=pg )

(1—-t)Ayy p=1i, ¢g=7

1 1</¢<m

0—1\mt ;
(é;? )ij = , and zero otherwise

satisfy (53) for NU. Again, the graphs I'yy, and 'y, with adjacency matrices A and

A respectively have the relation Iy, = (T've)i3 (¢, 1). Therefore, under the assumption

that p(A) < 1 it follows that p(A) < 1 via lemma 3.3.11.

Therefore, by sequentially replacing each x; in (Up); with the appropriate variable

zF=™ € V;(F) it follows that AN'F has a globally attracting fixed point if p(A) < 1.

)

This completes the proof. n
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Combining the ideas present in this and the previous section it is possible to define
a dynamical network reduction of a dynamical network F': X — X. This is similar

to defining a restriction of a dynamical network and is done as follows.

Definition 3.3.12. Let S € sto(I'r) for the dynamical network F : X — X. For
J €Zs let (RgF); be the function F;({x;,}) where each x;, is replaced by Fy ({4 }),

each z;, by F; ({xi,}), and so on for all indices iy ¢ Ts. We call the function
Rsp : Xlg — X’S
the reduction of the dynamical network F over S.

As an example, for the dynamical network H given in equation (54) the reduction

of the dynamical network H over S = {vy, v} is given by

H1 (I’Q)
RsH(l'l, 1'2) =

Hy (1, Hy(x1, Hs(1)))

Theorem 3.3.13. For S € sto(T'r) suppose Ay are constants satisfying (53) for

ReF. If p(/NX) < 1 then the dynamical network F has a globally attracting fixed point.

Proof. Let S € sty(I'r) for the dynamical network F'. Lemma 3.2.2 then implies that
XSF‘S(ZL’kiT‘S,...,‘Tﬂs) = (XSF(xk))]g (62)

for some T" > 0. Hence, if the expansion XsF' has a globally attracting fixed point
then the same holds for the restriction XgF|g.

Conversely, suppose that XsF'|s has a globally attracting fixed point. If this point
is given by (Zls, ... #|s) € @,_, X|s then by (62)

lim (XsF*(y))|s = &|s for any y € X.

k—o0

Note that for any ¢ € Tz that v, lies on a § € B;j(I'r, S). By construction then

Xng(I’k+T) = zF for all £ > 0 and some T < T. Hence, limj_ XsFy,(y) = 7
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implying XsF has a globally attracting fixed point. Therefore, XsF'|s has a globally
attracting fixed point if and only if XgF' has a globally attracting fixed point.

As theorem 3.2.4 implies XsF|s = F'|s then by theorem 3.3.3 the network N'(F|g)
has a globally attracting fixed point if and only if the expansion XsF' has a globally
attracting fixed point. Suppose then that the constants /~\ij satisfy equation (53)
for RgF such that p(A) < 1. As Up, = RsF, which can be seen by comparing
definitions 3.2.1 and 3.3.12, then the second half of theorem 3.3.5 implies N (F|s)
has a globally attracting fixed point. This in turn implies that XgF has a globally
attracting fixed point.

Lastly, the argument in the proof of theorem 3.2.5 shows that if XsF' has a globally

attracting fixed point the same holds for F'. This completes the proof. O]

Theorem 3.3.14. Let S € sto(I'r) and suppose A;; are constants satisfying (53) for
the expansion XsF. If p(A) < 1 then there exist constants Aij satisfying (53) for

RsE such that p(A) < 1.
Proof. Let A;; be constants satisfying (53) for XsF'. By modifying the argument in
the proof of theorem 3.3.5 it follows that the constants

Aj=Ai+ ) Ag

BEB;j(TxgF,S)

satisfy (53) for Up|, where Ag denote the weights of the final edge on the path f3.

Moreover, from the same argument it follows that if p(A) < 1 then p(A) < 1.
As Up|y, = RsF the result follows. O

In the previous section, dynamical network expansion were introduced to give
improved estimates of a dynamical network’s stability. Theorem 3.3.13 together with
theorem 3.3.14 imply that dynamical network reductions can be used for the same
purpose. However, the main advantage to using a reduction rather than an expansion

is that RgF' is much easier to construct then XsF making it easier to find p(A) verses

p(A).
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As an illustration let H(x) be the dynamical network given in example 1 of section

3.2 where again S = {vy,vy}. Here, it can be computed that

lﬁ(l’g)
RsH(z1,72) = j 1p(1 101
19(x1) + 1L(1Q(a1) + 1Q(:Q(x1)))
- 0 3/4
having the associated matrix of constants A = satisfying equation (53).
1 0

The constants A;; = max |(DRsF);i(z)| from which it follows that p(A) = %2 < 1.

IS

Theorem 3.3.14 then implies that H does in fact have a globally attracting fixed point.

Note that as with dynamical network expansions it is possible to sequentially
reduce a network to gain better stability estimates. However, if A;; are constants
satisfying (53) for the expansion XsF and p(A) < 1 then using RsF to estimate the
stability of F' may give worse estimates than simply using F' itself.

Q(w2)

For example let K (z1,xq) = in which case the matrix of constants

L(x1)

A= satisfy (53) for K. Hence, p(A) = /8 ~ 2.828.

Q(L(x2))

For S = {v} the expansion XsK (z1,22) = where the matrix of
T1
0 3.079

constants A = satisfy (53) for XsK. Note that here p(A) = 1.754.
1 0

However, the reduced dynamical network RgK(z1) = Q(L(x1)) in which case the

best we can do is p(A) = 3.079.
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3.4 Concluding Remarks

The major goal of this chapter has been to use the theory of isospectral graph trans-
formations developed in chapter I to investigate dynamical networks. This has ad-
ditionally lead to investigations of time-delayed dynamical systems specifically the
effect of such delays on the system’s dynamics.

Of particular interest in this section is the fact that to both the graph reductions
and graph expansions of chapter I there are analogous dynamical network reductions
and expansions. Moreover, both network transformations are useful in obtaining
improved estimates of the dynamical stability of any given network. In this way both
types of transformations can be seen as a new tool for investigating interplay between
the dynamics of a network and the network’s structure.

Additionally, as time delays naturally arise in such dynamical network transforma-
tions, this provides a framework for investigating the strictly larger class of systems
with time delays. As it is shown in the second half of this chapter time delays do not
effect the dynamic stability of a system. That is, the addition or removal of delays

to a system does not effect whether the system has a globally attracting fixed point.
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CHAPTER IV

EVENTUALLY NEGATIVE SCHWARZIAN SYSTEMS

4.1 Introduction

Singer was the first to observe that if a function has a negative Schwarzian derivative
then this property is preserved under iteration and moreover that this property puts
restrictions on the type and number of periodic orbits the function can have [45].
These properties, as well as those results derived from them, essentially rely on the
global structure functions with a negative Schwarzian derivative have. For a full list
of such properties see [38].

Later it was found that such functions also possess local properties useful in estab-
lishing certain distortion bounds. For the most part these properties are concerned
with the way in which functions with a negative Schwarzian derivative increase cross
ratios. Because of these special properties some results are known only in the case
where a function has a negative Schwarzian derivative. An exception, however, to this
is the result by Kozlovski [33] where it was shown that the assumption of a negative
Schwarzian derivative is superfluous in the case of any C® unimodal map with nonflat
critical point. For such functions there is always some interval around their critical
value on which the first return map has a negative Schwarzian derivative. That is
locally all such C? maps behave as maps with a negative Schwarzian derivative. More
recently using the same technique van Strien and Vargas have generalized this result
to multimodal functions [47]. Also Graczyk, Sands and Swiatek have shown that any
C® unimodal map with only repelling periodic points is analytically conjugate to a
map with a negative Schwarzian derivative [26]. The main purpose of these results

is to relate functions without a negative Schwarzian derivative to functions with this
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property.

In this chapter we consider those C? functions on a finite interval of the real line
having some iterate with a negative Schwarzian derivative. This class, which we call
functions with an eventual negative Schwarzian derivative, was originally introduced
by L. Bunimovich (2007) in an attempt to describe some one-dimensional maps which
appear in neuroscience [36, 37]. It is noteworthy that this class of functions is broader
than those previously considered in the study of unimodal and multimodal maps re-
lated to functions with a negative Schwarzian derivative (see for example [33, 47, 26]).
To demonstrate this we will present examples of such functions and further exam-
ples can also be found in [35]. Moreover, as having an eventual negative Schwarzian
derivative is not an asymptotic condition, verifying whether a function has this prop-
erty can often be done by direct computation. Hence, the concept of an eventual
negative Schwarzian derivative has potential to be very useful in applications.

Since this class of functions contains functions with a negative Schwarzian deriva-
tive as a subset we do not attempt to prove stronger results then have already been
proved for this smaller class of functions. With this in mind the large majority of
the results we will present in this chapter will simply be restatements of those al-
ready known with the modification that only some iterate of our function need have
a negative Schwarzian derivative. We note that this by no means is meant to be an
exhaustive list of such results as the purpose of this chapter is to give further evidence
that the useful properties possessed by functions with negative Schwarzian derivative
are not limited to this family of functions.

This chapter is organized as follows. In the next section we formally introduce
the class of functions we are considering and present our main results. Section 3.3
presents the proof of those results that are topological in nature. Specifically, we
prove an analogue of Singer’s theorem in [45] and mention some important concepts

and corollaries that will be useful in what follows. Section 3.4 is comprised of those
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proofs which are more measure theoretic. Specifically, we generalize the main results
in [13, 41, 49] to this larger class of functions. In section 3.5 we give a partial
characterization of functions that have an eventual negative Schwarzian derivative as
well as some examples. The next section is devoted to an application of these results
to a one-parameter family of maps that model the electrical activity in a neuronal
cell near the transition to bursting [36, 37]. Section 3.7 contains some concluding

remarks.

4.2 Iterates and the Schwarzian Derivative

Here we consider only C? functions f : I — I on some nontrivial compact interval I
of real numbers having a nonempty but finite set of critical points C(f) and use the

notation f’ to denote the derivative with respect to the spacial variable.

Definition 4.2.1. A C? function f : I — I is said to have a negative Schwarzian

derivative if on any open interval J C I, not containing critical points of f, |f'|~'/?
15 strictly conver on J.
If f:1— Iis C® then its Schwarzian derivative is defined off of C(f) by
@) 3" (@)\?
S = S 63
(D@ =% = 5(Fa) (63)

If S(f)(z) is strictly negative on open intervals not containing critical points of f then
| f'(z)|71/% is strictly convex on these sets or f has a negative Schwarzian derivative.

However, the converse does not always hold.

Definition 4.2.2. We say a C? function f : I — I has an eventual negative
Schwarzian derivative if there exists k € N such that f* has a negative Schwarzian

deriwative. The smallest such number k is said to be the order of the derivative.

Definition 4.2.3. A C? map f : I — I is called S-multimodal if:

(i) C(f) is nonempty and finite.
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(ii) For every ¢ € C(f), ¢ is nonflat. That is, there ezists some { € (1,00) and
L € (0,00) such that
/
tim L _ (64)

r—e |z — 1
where £ is the order of the critical point.
(iii) f has a negative Schwarzian derivative on I.

If f has a single critical point ¢ we call the map S-unimodal.

Definition 4.2.4. A function f : I — I is S*-multimodal if there exists a smallest
k € N such that f*(x) is S-multimodal. If f is unimodal and has this property we say

it is S*-unimodal

Note that by the terminology above S-unimodal functions are special S-multimodal
functions and S*-unimodal functions are special S*-multimodal functions.

In what follows we will make use of the following standard terminology. The basin
of a periodic point x is the set of points that converge to the orbit of z, and z is
said to be attracting if its basin contains an open set. The immediate basin of x is
the union of connected components of its basin that contain a point of the orbit of
x. Furthermore, we say that the periodic point = of order p is a hyperbolic attractor
if [(fP)(x)] < 1, a hyperbolic repeller if |(fP)'(x)| > 1, and neutral if |(f?)'(z)] = 1.
Note that it is possible for neutral periodic points to be attracting from one or both

sides. We now state the main results of this chapter.

Theorem 4.2.5. If f : I — I is S*-multimodal, then the immediate basin of at-
traction of any attracting periodic point contains either a critical point of f or a
boundary point of 1. Furthermore, any neutral periodic point of f, except possibly on

the boundary of I, is attracting and there exist no interval of periodic points.

This type of theorem, often called Singer’s theorem as it resembles the result in
[45], is proved in [38] under the assumption that f is C* with S(f)(z) < 0. In [1§]

theorem 4.2.5 is proved in the case that f is S'-multimodal.
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We note here that theorem 4.2.5 indicates a few of the properties that sets this
collection of functions apart from those considered elsewhere. In fact the property of
having an eventual negative Schwarzian derivative cannot be generalized by looking
at first return maps in the sense that it is global in nature and as first return maps
generically introduce discontinuities, i.e. more boundary points, this global structure
is not preserved.

The next result is not a generalization of a known result rather it is a corollary
to the main result in [13] using the restriction on the periodic orbits obtained in the
previous theorem to simplify the hypothesis.

Denote D, (c) = |(f")(f(c))|. Also, for some measure p let ¢ and ¢ be bounded

Holder continuous functions on I and denote the n'* correlation function by

Co = Culip, 1)) = '/(w o f" Y — /sodu/wdu‘ .

Furthermore, if for a multimodal f : I — I there is a closed proper subinterval J of
I and an n > 2 such that

(i) the interiors of J, ..., f*~!(J) are disjoint,

(ii) fm(J) C J, f(0J) C dJ,

(iii) at least one of the intervals J, ..., f*~1(J) contains a point of C(f),

then f is called renormalizable on any set J where J - J c .

Theorem 4.2.6. Let f : [ — I be C? with an eventual negative Schwarzian deriva-
tive, and a finite nonempty critical set C(f). If every point of C(f) has order ¢ €

(1,00) and f satisfies
Z DYV (¢) < 0o for all c € C(f) (65)

then there exists an f-invariant probability measure p with support supp(u) abso-
lutely continuous with respect to Lebesque measure (an “acip”). Furthermore, if f is
not renormalizable on supp(p) then (supp(w), p, f) is mizing and C, decays at the

following rates:
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Polynomial: If there is C' > 0, a > 2¢ — 1 such that D,,(c) > Cn®

for all c € C(f) and n > 1, then for any & < $= — 1 we have C,, = O(n™%).

Ezxponential: If there is C > 0, 3 > 0 such that D,(c) > CeP"

for all c € C(f) and n > 1, then there is a 3 > 0 such that C,, = O(eP).

In the original result given in [13] the function f was assumed to have no attract-
ing or neutral periodic points. In effect, the previous theorem says that instead of
requiring the function to have no such periodic orbits we may assume that it has
an eventual negative Schwarzian derivative. The advantage here is that having an
eventual negative Schwarzian derivative is a nonasymptotic condition so it is poten-
tially easier to verify a function has this property than to show it has no attracting
or neutral periodic points by some other means.

However, if all that is needed is the existence of an acip, we have different orders
of critical points, or the function is C? but not C? then we may use the following
result which generalizes the main result in [41] to functions with an eventual negative

Schwarzian derivative.

Theorem 4.2.7. If f is an S*-multimodal function and satisfies the condition

Z DY Emas)(¢) < oo for all ¢ € C(f) (66)

where lppqy 1S the largest order of the critical points in C(f) then f admits an absolutely

continuous invariant probability measure.

The next theorem deals with one-parameter families of maps. In the theory pre-
sented in [49] there is a special class of functions denoted by M having strongly ex-
pansive properties. This set of functions is helpful in proving under what conditions
one-parameter families of functions have absolutely continuous invariant measures for

positive Lebesgue measure sets of parameters. Specifically, a technical but generically
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satisfied transversality condition in the parameter which will be denoted by (PT) is

required for this to be the case. We refer the reader to the article for details.

Theorem 4.2.8. Let f, : I — I be a one-parameter family of C? functions where a
belongs to some interval A of the real line. If, for some parameter value 3 € A, fgs
has a finite nonempty critical set C(fs) and

(i) fs has an eventual negative Schwarzian derivative of order k

(i1) 5(c) 0. ¢ € C(Jy)

(i) of T (x) = ., then |(£5) ()] > 1

(i) infiod(f5(c),C(fs)) > 0, c € C(f5)

then fz has an absolutely continuous invariant measure. In particular fg e M and if
fg satisfies the condition (PT) then on a positive Lebesgue measure set of parameters

the family of functions f, has an absolutely continuous invariant probability measure.

Theorem 4.2.8 is an extension of the results in [49] with the modification that we
require only an eventual negative Schwarzian derivative of order £ > 1 instead of a

negative Schwarzian derivative.

4.3 Topological Properties

In this section we prove theorem 4.2.5 along with some corollaries that will be needed
in the following sections but are of interest in their own right. We now give a proof

of theorem 4.2.5.

Proof. Let f : I — I be an S*-multimodal function of order & > 1. From the proof
of Singer’s theorem in [18] the results of theorem 4.2.5 holds for f*. Hence, if 7 € [
is an attracting periodic point of f* then in its immediate basin of attraction B(%)
there is either an endpoint of I or a critical point ¢ of f*. Since any point that is
attracted to the orbit of # under f* is also attracted to the orbit of # under f the

immediate basin of attraction of Z under f contains B(Z) hence either an endpoint
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of I or é&. As the critical set of f* is given by
C(ffY={xel: 3 0<i<k—1where fi(z) € C(f)}

then ¢ is the preimage of some critical point of f and the first and second statement of
theorem 4.2.5 follows from the fact that f has an attracting periodic orbit containing
7 if and only if the same is true of f*. Since this is true for general periodic points

the result follows. O]

Definition 4.3.1. Let f : [ — I be a C* map with nonempty critical set C(f). Let
o= mE{/"(€): c€ C(N}b=sup{f"(c) s c € (1))
We call the interval [a,b] the critical interval of the function f. That is, the smallest

closed interval that contains the forward orbit of all critical points of f.

By a simple argument it follows that if f has a critical interval I then f (f ) C I.

A more complicated result is the following.

Lemma 4.3.2. Let f : I — I be C* with a nonempty critical set. Then the endpoints
of the critical interval of f are either attracting periodic points of period 1 or 2 that

attract some critical point of f or else lie on the orbit of a critical point of f.

Proof. For simplicity let I = [0, 1] which can always be achieved by some affine change
of coordinates. Let [ = LUCU R where C' = [, ¢,] is the smallest interval containing
C(f), L=10,¢], and R = [¢,,1]. AlSO ¢jner and ¢, are the critical points of f with
largest and smallest function values respectively. For the critical interval [a, b] suppose
in the following cases that b is not on the orbit of any critical point.

Case 1: Let f be increasing on L and R. If f%(Cjaz) < f(Cmaz) then it follows
that f([0, f(cmaz)]) € [0, f(Cmaz)] s0 either b = f(cpaz) or b = c,, which violates
the supposition. As it follows then that f%(cpez) > f(Cmaz) then ¢, < f(Cmaz)

implying that f is strictly increasing on [f?(¢naz),1]. Hence, by monotonicity any
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orbit containing a point in [f?(¢naz), 1] is attracted to a fixed point of this interval.
The least of these fixed points p must be b since ¢4, is attracted to it and as f([0, p]) C
[0, p].

Case 2: Let f be decreasing on L and R. Consider f? where we define L2, C?,
R? ¢, analogous to L,C, R and ¢, for f2. Note that f2(c?,..) = f(Cmaz) < b.
Also if f? is decreasing on L? this implies that f(L) C [c, ¢,] and f? decreasing on
R? implies that f(R) C [¢,¢,]. If either of these is the case then either f(cpqez) or
f2(Cmin) is equal to b. As neither of these is possible then f? is increasing on both L?
and R? and the analysis reduces to that of Case 1. Therefore, ¢ _ is attracted to b

maxr

which implies the critical point ¢,,., of f is attracted to a two cycle of f containing
b.

Case 3: Let f be decreasing on L and increasing on R. If f2(¢rnar) < f(Cmaz) and
F2(Cmin) < f(Cmaz) then F([F(Cmin)s f(emaa)]) € [ (€min)y F(cmas)] implying b lies on
the orbit of ¢4z Or ¢, which violates the supposition. If f?(¢pez) > f(Cmaz) then as
in Case 1 either ¢, O Cpae is attracted to a fixed point in the interval [f2(cnaz, 1)]
which must be b. If f?(cpin) > f(Cmaz) DUt f2(Cmaz) < f(Cmae) then f2(ciin) = b.

Case 4: Let f be increasing on L and decreasing on R. This however implies that
b= f(Cmaz)-

Repeating this argument with appropriate modifications implies the same is true

for the endpoint a. [

Corollary 7. An S*-multimodal map f can have at most |C(f)|+2 attracting periodic
orbits. If no critical point of f is attracted to a periodic orbit then all periodic points

wn the critical interval are hyperbolic repelling.

Proof. The first statement is immediate from theorem 4.2.5. To prove the second
note that lemma 4.3.2 implies f* restricted to its critical interval I has the property
that each of its attracting periodic orbits attracts a critical point. Hence, if no critical

point of f* is attracted to a periodic orbit, f* can have no attracting periodic points
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in its critical interval, in particular no hyperbolic attractors as well as no neutral
periodic points in the interior of I. If an endpoint of I is a neutral periodic point not
on the orbit of a critical point it attracts an open set of points in the critical interval
and the corollary follows for f*. Hence, all periodic orbits of f in I are hyperbolic

repelling and as the critical interval of f is contained in I the proof follows. m

4.4 Measure Theoretic Properties

In this section we prove theorems 4.2.6, 4.2.7, and 4.2.8, that is those results that are
more measure theoretic in nature. We also give some related corollaries that will be
used in section 3.6 in our discussion of neuronal models. We now give the proof of

theorem 4.2.6.

Proof. Assuming condition (65) on f implies the critical interval of f is not a single
point as a critical point of f cannot be a fixed point of the function. Let f be the
restriction of f to its critical interval and suppose T is either a hyperbolic attracting
or neutral fixed point of f. Then theorem 4.2.5 together with lemma 4.3.2 imply
that some critical point ¢ € C(f) is attracted to . In both the hyperbolic attracting
and neutral case there is an N and a closed interval J 3 & on which |(f)(z)| < 1

containing f”(é) for n > N. Hence, there is a finite C' > 0 such that for n > N,

D,(¢) < C implying

ZDgl/(Qéfl)(é) > Z Cfl — 50.

n>N

As this violates (65) it follows that every fixed point of f is hyperbolic repelling and
a slight modification of this argument implies the same for all periodic orbits of f as
well. The main result of [13] then implies the result of the theorem for f. This result

can then be trivially extended to f. O

For the proof of theorem 4.2.7 we require the following lemma.
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Lemma 4.4.1. Let f be C' with a finite critical set. If for some k € N there is
an fF-invariant probability measure p absolutely continuous with respect to Lebesque
measure (acip) then f admits an invariant measure also absolutely continuous with

respect to Lebesgue measure.

Proof. Suppose f, k, and p are as above. Consider the measure v given by

To see that v is f-invariant note

LN p IS H(A)
v(f7HA)) = z Zﬂ(f_z(A)) t— =3 ZM(JH(A)) e = v(A).

For absolute continuity of the measure note that a C! function with a finite critical
set is non-singular. Therefore, absolute continuity of the measure v follows from that

of . =
We now give the proof of theorem 4.2.7

Proof. For any ¢ € C(f*) only one of ¢, f(¢), f2(¢), ..., f¥71(¢) can be a critical point
of f since if f eventually maps any point of C(f) back to this set then condition
(66) does not hold. Hence, for any ¢ € C(f*) there exists a unique m < k such that

f™(¢) = ¢ where ¢ € C(f). Consider

kY (o k-1 1My

it |7 — o

x—»c |[L’ — C|£ T . : (67>
i=0,i#m

Let A= HZ 0.im | /' (f1(€))] which is strictly positive and note that

/ m /!
P R
a—e | fm(x) — fm(e)] v fm (@) o — fm(C)]
where the inequality follows from definition 2.3(ii). Setting this limit to B, the right

>0

side of equation (67) is

L) =g (1760 101

a=c |[fr(e) — @t e =ttt I |z =]
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An application of L’Hospital’s rule implies that this limit is strictly positive. That is,
the collection of orders of C(f) is the same as those for C(f*) implying their maximum

lmaz 18 equal. In what follows let

Dyi(@) = [((F5)"Y (FH @)1,
k— 1

Costd) =TI 1770

(2
and note by repeated use of the chain rule that

nk—m—1

Cre(@Dus(@ = [ 1£(£()] = Duk—m-i(c), n > 1.

i=1
The important observation here is C,, x(¢) # 0 and does not depend on n. Since all

the quantities involved are positive it follows that
_émaz - _emaz - “tmazx
Cm,k (C) Z Dn,k (C) < Z an (C) <00
n n

or f* satisfies condition (66). This implies f* has an acip via the main result in [41]

and lemma 4.4.1 implies the same for f. O]
We now proceed to the proof of theorem 4.2.8.

Proof. As each point in C( fg) is the preimage of some critical point ¢ of fz then
infi~od((f5)"(c),C(f})) > 0 for all ¢ € C(f5) as this would otherwise violate condition
(iv) on f. Second, for ¢ € C(f3) note that (f5)"(c) # 0 implies ¢ is nonflat with order
¢ =2. As infisod((f5)'(c),C(ff)) > 0 for all ¢ € C(ff) then the same argument used
in the proof of theorem 4.2.7 implies that the critical points of fg are also nonflat of
order ¢ = 2. Therefore, (f5)"(c) # 0 for all ¢ € C(ff). Also note that property (iii)
of theorem 4.2.8 means fz(x) has no attracting or neutral periodic orbit. But this is
true if and only if f5(x) has none itself.

From the assumption that fg has a negative Schwarzian derivative it follows from

[49] that fg € M. In particular, f* admits an invariant absolutely continuous measure

109



i And an application then of lemma 4.4.1 implies that fz also has an acip. Moreover,
if fg satisfies (PT) then on a positive Lebesgue measure set of parameters the family

of functions f* has an acip and lemma 4.4.1 can again be used to show the same for

Ja O

As we will be concerned specifically with unimodal maps in section 3.6 we give

the following corollary.

Corollary 8. Let f : I — I be C? and S*-unimodal with critical point ¢ of order
¢ =2 to the left of which f is increasing and to the right of which is decreasing. If the
orbit of ¢ contains a repelling periodic orbit and f has no fixed points on the boundary

of its critical interval or outside of its critical interval then f* € M.

Proof. Assuming these conditions then f(c) > ¢ since ¢ is otherwise attracted to the
rightmost hyperbolic attracting or neutral fixed point of f. Also if f?(c) > ¢ the
forward orbit of ¢ is contained in the interval [c, f(c)] so ¢ is attracted to a fixed point
or a periodic cycle neither of which can be repelling. Similarly, if f3(c) < f?(c) then
c is also attracted to a nonrepelling fixed point, this implies that the critical interval
I of fis [f*(c), f(e)].

Note that if f has no fixed points on the boundary or outside I then there is some
n € N such that for all z € T\ I, fi(x) € I since I is forward invariant and all orbits
fall on this set after some bounded number of iterations. Therefore, f has no periodic
points outside I and the proof of theorem 4.2.6 implies that on I, f satisfies condition
(iii) of theorem 4.2.8 as ¢ is mapped to an unstable periodic orbit. Condition (iv)
follows for the same reason, (ii) follows from the proof of theorem 4.2.8 and condition

(i) is assumed to hold. O

4.5 Characterizing S*-multimodal Functions

As not every C? function has the characteristics given in theorem 4.2.5 it is not

the case that every function will be either a function with a negative Schwarzian
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derivative or have an eventual negative Schwarzian derivative. That is, it is possible
for a function to have a Schwarzian derivative that is mixed for all of its iterates. If
however a function does have an eventual negative Schwarzian derivative it would be
useful to have a way of identifying this. Specifically, we would like to have sufficient
conditions under which a function has this property.

The simplest case to consider is the one in which | f/|~*/2 is convex but not strictly

convex. To do so we mention the following.

Definition 4.5.1. Let g : J — K be continuous and monotone where U C V C J
are open bounded intervals in K. If V\ U consists of the intervals L and R the cross

ratio of the intervals U and V is given by

_ U]

CR(U,V) = A

The function g is said to expand cross ratios on J if for any intervals U C 'V in J,

CR(U,V) < CR(g(U),g(V)).

Suppose f is C? on the open, bounded interval J containing no critical points
of f. It is known that f increases cross ratios on J if and only if it has a negative
Schwarzian derivative on this set (see [18]). Furthermore, if a function is a M&bius
transform, that is a function of the form ¢g(z) = (ax +b)/(cx + d) where ad — bc # 0,
then this function preserves cross ratios i.e. CR(U, V) = CR(g(U), g(V)) (see [38]).

Proposition 1. Let f : I — I be C?. Suppose M C I is a finite union of closed inter-
vals on which f is a Mobius transform and off of which f has a negative Schwarzian
deriwative. Furthermore, assume there is a k > 2 such that for every x € M,
{fi(z) : 1 <i < k}nNI\M # (. Then f has an eventual negative Schwarzian

deriwative of order less than or equal to k.

Proof. If B are the boundary points of M let B¥ = {z € I : f{(z) € B for some 0 <

i < k}. Let J C I be an open interval containing no points in C(f*) or B*. Then
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there is a first 0 < ¢ < k such that f¢(J) € I\ M. As the composition of a Mdbius
transform with itself is again such a function then f¢(x) restricted to J does not
change cross ratios. However, f¢(J)NC(f) =0 and f“(J) C I\ M on which f has a
negative Schwarzian derivative implying f**! increases cross ratios on J. Since cross
ratios on J are either maintained or increased by further iteration of f it follows that
f* also increases cross ratios on J or |(f*)/|71/2 is strictly convex on J. Note that as
|(f*)/|~1/2 is C* on J it then has a strictly increasing derivative on this interval. Since
B* is a finite set it follows that on any open interval of I, not containing critical points
of f*, |(f*)'|71/? is also strictly convex or f* has a negative Schwarzian derivative on

I. [l

It follows directly from this proposition that the C? family of unimodal functions

(x —1/2) + a, x €[0,1/2]
fol@) = (68)
—42a+1)(z —1/2) + (x —1/2) +a, z € (1/2,1]
has an eventual negative Schwarzian derivative for a € (1/2,7/8] (see Fig. 1). A C3
example of a similar family is given by g,(z) = (ax — 1/4) + (ax — 1/4)* + 4a/11 for
x €1]0,1] and a € [1,11/8]. The reason for (68) is that it serves as a simple example
of a family of functions for which many results, which refer only to C* functions, are
not applicable. For example, as f,(x) is only C? it is not directly possible to use the
main results in [26] to show this family is conjugate to a function with a negative
Schwarzian derivative.

It is also worthwhile to recall, as mentioned in the introduction, the motivation
as well as the inspiration for the study of this new class of functions with eventual
negative Schwarzian derivatives comes from the analysis of one-dimensional maps
which appear in some models in neuroscience. These maps, given in [36, 37| in
particular, have a part that is linear (or almost linear). Therefore, our example above

also includes this feature although, as implied by proposition 1, this is not a necessary
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Figure 20: f = f7/s in equation (68)

condition to have an eventual negative Schwarzian derivative.

From (63) it follows that if f is C® then

e

-1

SUH@ =X (@) (S00e). (69)

7

Il
=)

Note that if in the previous proposition the function was assumed C® with S(f)(z) <
0 on I\ M, this equation would have immediately implied the result. However, this
equation suggests a method for identifying C? functions which have an eventual neg-
ative Schwarzian derivative.

If I = J;, I;, where the I; are nonintersecting intervals, let A = (a;;) be the
transition matriz of this partition with respect to f. That is, a;; = 1 if there is an
x € I; such that f(x) € I; and a;; = 0 otherwise. Let a sequence T = (xoz122. .. Tk_1)
of length k be admissible with respect to this partition if each x; € {1,2,...,n} and
x; can follow x; in this sequence if and only if a,,.; = 1. Let T'(i) = sup,; {S(f)(z)},

m(i) = infuer {|f'(2)[?}, M(i) = sup,e; {|f'(2)|*} and for some admissible Z of length
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k and 0 < j < k define

[T1 o m(@)]T(x;), T(x;) <0

[Hg;é M (z;)]T(x;), otherwise

R;(7) =

letting Ry(Z) = T'(zo). From equation (69) we have the following proposition.

Proposition 2. Let f : I — I be C® and I = J;_, I; a partition of I. If there is a

k > 1 such that for every admissible sequence T of length k,

then f has an eventual negative Schwarzian derivative of order less than or equal to

k.

Using this proposition it can be shown that the one parameter family of functions
T 2
go(r) =1 —atan (Zx >, z € [-1,1], (70)

which mimics the logistic function, has an eventual negative Schwarzian derivative of
order k = 2 in a parameter neighborhood of a = 1.7. This can be done by using the
partition with endpoints {—1, —0.95, —0.7, —0.47, —0.18,0.18,0.47,0.7,0.95, 1} for in-

stance.

4.6 Application to a Neuronal Model

The motivation for considering functions having some iterate with a negative Schwarzian
derivative comes from a model for the electrical activity in neural cells specifically in
behavior described as bursting. This model given first in [36] and later in [37] is a
reduction of a system of three nonlinear differential equations to a 1-d map.

The model is initially given by the following fast-slow system of three differential

equations which describe the dynamics of the membrane potential v and two gating
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variables 1 and w of a neuronal cell:

et = f(v,n,w;0) (71)
n=g(v,n) (72)
w = Bh(n,w) (73)

Here the parameter ¢ can be viewed as a control parameter of the full system where § €
[0mins Omaz]- Also the time constant (3 represents the slowest time scale in the dynamics
of (10)-(12) so in the limit # — 07 the system uncouples into a fast subsystem (10),
(11) and a slow subsystem (12). As is explained in [37] the trajectory of the full
system is drawn towards a surface foliated by periodic orbits of the fast subsystem
where the evolution along this surface is determined by the dynamics of the slow
subsystem.

As the state of the fast subsystem depends on the value of the slow variable w, it is
sufficient to know how w changes after each oscillation of the fast subsystem. Knowing
these changes is precisely the reduction of the system to a 1-d map denoted by Fj.
To achieve this a Poincaré section Pj is placed transversal to the surface of periodic
orbits and the map is defined by Fs(w,) = wpi1 where w,.1 is the w-coordinate of
the next point on the flow to pass through Pj.

In [36] F} is shown to have the following properties (see Fig. 2):

I For fixed 6, Fs(x) is a piecewise C° map with two intervals of continuity,

I, = I UI° and I, = I, between which there is a single discontinuity

d(5).

IT F§ is unimodal on 0 < x < d(6) = I, with critical point ¢(d) of order

(=2

III Fj is nearly linear on its left outer region I~ with slope slightly less than

1 and in the limit 3 — 07 is linear with slope 1.
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Fg(!L’)

Figure 21: First Return Map Near Bursting 6 ~ ¢,

IV On the inner region I°, F; is unimodal with slope tending toward —oco as

d(0) is approached from the left.

V In the second region I'" the function is nearly constant and between 0 and

F5(c(9)).
VI Fj has a unique fixed point «(§) continuous in ¢ on the interval I°.

VII There is a dg € (Omin, Omaz) Where a(dy) = ¢(do) and for 6 € (o, Omaz),
c(0) < a(9).

VIII There is a 0, € (do, Omaz) such that Fs, (c(dp)) = d(d) and for § € [dg, Ip),
Fs(c(0)) < d(9).

IX There is a d,, > 0y such that for § € (9,, ), Fj(a(d)) < —1.
Remark 5. As the map Fs depends on the placement of Ps then locally Fs also
corresponds to this placement. This variability in the placement of Ps is one of the

main obstacles in verifying whether Fs has an eventual negative Schwarzian derivative.

However, at a global level the nearly linear part of Fs on I~ and the fact that orbits
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leave this interval in a finite number of iterations suggests that if off I~ the function
has a negative Schwarzian derivative then for 3 small enough Fys will have an eventual

negative Schwarzian derivative (see (68) for the linear case).

Our aim in this section is to give sufficient conditions under which this one pa-
rameter family of functions has an acip for a positive Lebesgue measure set of its
parameters. Also under what conditions these functions exhibit a mixing property
with respect to these measures. These conditions will ultimately include the assump-
tion that Fjs has an eventual negative Schwarzian derivative in order to illustrate the
usefulness of this concept.

To simplify notation denote Fj*(c(d)) = ¢"(0), F; restricted to its critical interval
by Fs, and let O = {(6,z) : § € (80, 8), = € (0,c(5))}. In what follows we will often
consider Fs(z) = F(0,x) to be a function of two variables on O. It will be the set O
on which we will focus our attention. The reason being is that for parameter values
0 < dp the map Fj has a global attracting fixed point and for parameters larger than
dp the map Fj is not continuous so the previous theory does not apply. Specifically,
we make the observation that so long as § € (g, dp) then ¢!(d) < d(§) implying the
critical interval Zs of Fjy is either
(i) [e(0), ' (8)] if ¢(0) < ¢3(6) in which case Fy is a diffeomorphism or
(i) [c2(8), ¢1(8)] if ¢(6) > () and Fj is unimodal.

The following lemma is meant to establish basic continuity properties of the family

of functions Fjs under variation of parameters.

Lemma 4.6.1. Suppose Fs(x) = F(d,x) is C* on O and there exist a closed interval
J with endpoints 81,05 € (8o, 0) such that for all § € J, () < «a(d). If there is
also an m € N where ¢™(8;) = ¢'(8;) and c™(62) = a(dy) then on an infinite set of
parameters A C J the orbit of ¢(d) contains a(0).

Proof. 1t § € J then ¢(d) > ¢*(d) implying Zs; = [¢*(9), ¢'(§)] on which F} is unimodal.

Also every point in (a(d),c'(d)) has exactly two preimages; one preimage in [(d) =
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(c2(8),c(d)) and the other in 7(6) = (c(d), a(d)). As every point in [(§) and r(d) has a
unique preimage in s(8) = (a(d), c'(d)) it is possible to specify a preimage of a(d) by
some finite sequence made up of [, r, and s which stand for whether the fixed point is
reached by tracing its forward orbit through these sets in this manner. We say a finite
sequence of [, 7, and s is admissible if and only if an s separates every [ or r, s does
not follow itself, and the sequence ends with an [. This corresponds to the structure
above and uniquely defines a preimage of «(d). Note we need not assign a symbol to
c(9), c*(8), 2(8) € Zs since no preimage of «(d) with an admissible sequence has an
orbit containing these points for § € J.

Under the assumption that Fs(z) = F(d,z) is C? the Implicit Function Theorem
applied on the open set {(d,z) : § € (do, ), = € (0,a(d))} guarantees that ¢(d) is a
C! function of & € (dy, dy) as the critical point of Fj is to leading order quadratic. As
this implies O is open, similar calculations imply the same is true for a(6), and ¢™(6)
for all m > 1. Also important is that this is true for any preimage of «(9) having an
admissible sequence. This follows as well from the Implicit Function Theorem using
the fact that the orbit of these particular preimages cannot contain the critical point.

As there are infinitely many sequences which can end in either [, r, s then infinitely
many admissible preimages of the fixed point «(d) are in each of (), r(d), and s(J)
and each vary continuously in 0. As the first letter in the sequence of a preimage
determines whether it is in I(d), 7(J), or s(d) it must stay in that interval for all
deJ.

Continuity, specifically of the admissible preimages in s(¢d), and the assumption
that ¢™(d;) = c(d;) and ¢™(ds) = a(dz) then imply the existence of the infinite set
A C [d1,09) on which the orbit of the critical point ¢(d) contains the fixed point

(). O

Theorem 4.6.2. Suppose Fs(x) = F(§,x) is C° on O and assume that there are

91,02 € (09, 0p) and m > 3 such that
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(i) c(81) < (),
(i) ¢™(09) < c(d2) and 3(d2), ™ T(8y) < a(da).
Then there is an infinite set A C [01,02] on which the orbit of c¢(d) contains a(J).
Furthermore, if for some § € A
(iii) F5 has an eventual negative Schwarzian derivative of order k and
(iv) 6 > 0, then the following is true:

(A) Fs has an acip.

(B) If Fs is C3 in x then some iterate of Fs is mizing with exponential decay of

correlations.

Proof. As in the proof of lemma 4.6.1 the assumption that Fs is C? implies a/(6), ¢(6),
and c¢*(§) for ¢ > 1 all vary continuously in the parameter. Without loss in generality
if §; < 09 since both ¢(d;) < ¢™(61) and ¢™(d3) < ¢(dy) then there is a largest
. € [01,02] such that c(d,) = ¢™(d,). As this implies c'(d,) = ¢™"1(4,) then &, # Js.
Note that if at some 8 € [0, da], ¢3(3) > a(3) the assumption ¢*(dy) < a(dy) implies
there is a v € [, 0] at which ¢*(y) = a(y) in turn implying ¢™(y) = a(y) > c(v)
contradicting the maximality of d,. Lemma 4.6.1 therefore guarantees the existence
of the set A C [0y, ] as ¢™T1(d,) = c'(d,) and ¢™T1(dy) < a(dy).

If 6 € A and condition (iv) holds then there is C' > 0 such that D,(c(d)) =
C|F}(a(8))[* for n large enough where |Fi(a())| > 1. Hence, inequality (66) of
theorem 4.2.7 holds. This together with condition (7i) implies (A4) via theorem 4.2.7.

For (B) if Fs is C® in z then from the calculation of D,,(c(6)) above theorem 4.2.6

implies some iterate Fs is mixing with exponential decay of correlations. O]

Corollary 9. For § € (dg,0p) let hs(xz) = (bs — as)x + a5 where [as, bs] is the critical
interval of Fy. Also denote by Hy - [0,1] — [0, 1] the family of functions s conjugated
by hs. If Fy satisfies conditions (i)-(w) of theorem 4.6.2, is C®, and for some § € A,

HY has property (PT), then on a positive set of parameters Fs has an acip.
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Proof. Note that the one parameter family of functions Hs = h(;_1 o Fs o hs when
restricted to the interval [0, 1] is a linearly scaled version of the family Fj restricted to
their critical intervals. It follows by a simple calculation that S(HY)(x) = S(EFF)(hs(z))
or the property of having an eventual negative Schwarzian derivative is preserved un-
der this change of coordinates. Furthermore, HY has a finite number of nonflat critical
points and as the orbit of ¢(J) contains a(§) corollary 8 implies that HY € M. It
follows directly from [49] that if H¥ satisfies property (PT) then on a positive set of

parameters Hs has an acip which implies the same for Fj. Il

Numerically, as 6 — ¢, the number of iterates the orbit of a point can stay on
Zs() I~ increases from 1 near dy to around 5 near 4, (see Fig.3 in [37]). From this
point of view conditions (i) and (7i) of the previous theorem are a natural way to
ensure this family of maps have a parameter set A mentioned above. More than this,
however, it allows for some latitude in selecting how close A is to ¢, which is useful
since for parameters near d;,, the map Fjy is more likely to have a repelling fixed point.
Again, because of the variability in the placement of Pj it would take some work to
verify whether or not for a particular placement condition (%i:) holds.

It should be noted that functions with the property that their critical points are
mapped to repelling periodic orbits, often called Misiurewicz maps, are very rare
both in a topological and metric sense [44]. From this the previous theorem seems to
imply that mixing is a rare event for Fs. However, the conditions of theorem 4.2.6 are
generically satisfied on a larger set of parameters than just A. The problem which is
generally encountered is in showing for a particular parameter value or set of values
that the derivatives along the orbits of the critical points have the requisite growth.
However, one reason to expect that (B) holds for a much larger set of parameters

than just A is the very large negative slope of Fs near d(0), for 6 ~ 0.
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4.7 Concluding Remarks

The goal of this chapter was first and foremost to study a general class of functions
that behave in significant ways like those with a negative Schwarzian derivative. It is
surprising that this class of functions with an eventual negative Schwarzian derivative
has not been previously considered as it naturally combines the nondynamic condition
of having a negative Schwarzian derivative with the dynamics of the function. One
result is that this enlarges the class of known functions with local and global properties
similar to those of a function with a negative Schwarzian derivative. Moreover, as
having an eventual negative Schwarzian derivative is not an asymptotic property,
verification of this can often be done by direct computation. This last property makes
functions with an eventual negative Schwarzian derivative a potentially useful tool in
dealing with applications. Recall, that the introduction of this class was motivated

by the maps arising in some models in neuroscience.
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CHAPTER V

FUTURE WORK

In the preceding chapters we have considered principally two types of results; those
related to isospectral graph reductions and those related to functions with an eventual
negative Schwarzian derivative. For the latter it is possible that many other results
known to hold for functions with a negative Schwarzian derivative could be extended
to this larger class of functions. Following the pattern established in Chapter IV,
the most natural way of establishing such results would likely involve proving that a
certain property of f* can in some way be pulled back to the original function f if
f € Sk-multimodal. We note that this strategy would almost certainly lead to further
resultsin this direction.

However, the research that seems the most promising involves exploring appli-
cations and extentions of our theory developed in chapters I, II, and III. Natural
extensions of isospectral transformations include transformations that preserve spe-
cific subsets of a graph’s adjacency matrix as opposed to its entire spectrum. An
important example currently being investigated are so called isoradial graph transfor-
mations that modify a graph while preserving its spectral radius (a subset of which
are discussed in section 3.3). Such transformations have potential to lead to more
general mechanisms than those considered in chapter III for investigating the stabil-
ity of dynamical networks. More general graph transforms that preserve or modify
subsets of a graphs spectrum would moreover have implications for instance in the
study of finite Markov chains as the spectrum of such chains influences important
aspects of such processes.

In terms of applications of isospectral graph reductions one of the most natural is to
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systematically investigate the statistics of real as well as theoretic graphs modulo some
structure. For instance, isospectral graph reductions could be used to investigate the
statistical properties of scale-free networks reduced over their hubs as is demonstrated
in figure 3.

Other current research involves extending the work done in chapter III to con-
tinuous time dynamical networks i.e. systems of differential equation. This would
again involves determining under what conditions such continuous time systems have
a unique global attractor which includes investigating systems of delayed differential
equations. However, we note that the major difference in investigating such systems
is that time delays in this setting corrrespond to path of infinite length. Hence, a our
theory would need to be extended to a framework involving the spectrum of infinite
graphs.

Moreover, as network synchronization can be interpreted as a globally attracting
fixed point of an associated dynamical network it is possible to investigate this type of
dynamic behavior via the theory developed in this dissertation. However, the graph
theoretic nature of such investigations is different than in the networks studied here
requiring some new theory.

Additionally, one of the main objectives in future work is to use isospectral graph
transformations and the transforms they induce on dynamical networks to investigate
how the structural evolution of a network influences its dynamics. This is natural
for two reasons. The first is that isospectral transformations and those they induce
evolve the structure of a dynamical network. Second, such transformations preserve
characteristics associated with the dynamical behavior of the network much as real
networks to large degree preserve their functionality as their structure evolves. In
this way, isospectral transformations may provide a useful tool in understanding the
structural evolution of networks.

Beyond this, it is possible to investigate open dynamical systems or systems in
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which orbits can escape through holes using techniques developed for network analy-
sis. This is possible since any open system with a Markovian hole can be considered a
dynamical network in which orbits escape through particular nodes [2]. Specifically,
future work here would involve using techniques analogous to the dynamical network
expansions of chapter III to estimate the survival properties in such open dynamical
systems.

Lastly, many computational questions related to isospectral graph reductions have
yet to be resolved. For example, how to optimally select structural sets when esti-
mating the spectra of a matrix by Gershgorin, Brauer, and Brualdi-type methods or

minimizing the difference between the spectrum of a graph and its possible reductions.
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