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1. Significant results

1.1. Kinetic theory. The Kac master equation is an excellent model for understanding cer-
tain aspects of non-equilibrium statistical mechanics, in particular the notion of approach to
equilibrium. Two problems in this area were addressed in this grant.

1.1.1. Bound on the gap. In [1] a bound, uniform in the number of particles, was given for

the gap of a model of hard-sphere collisions. More precisely, on L2(SN−1(
√
N)) consider the

quadratic form

E(f, f) =
1

(

N
2

)

∑

i<j

∫

SN−1(
√

N)

(v2
i + v2

j )
γ(f − f i,j)2dσ . (1)

Here 0 ≤ γ ≤ 1, σ is the uniform probability measure on the sphere SN−1(
√
N), and

f i,j(~v) :=
1

2π

∫ π

−π

f(Ri,j,θ~v)dθ , (2)

where Ri,j,θ is the rotation in the i, j plane by an angle θ. Define the gap ∆N by

∆N = inf{E(f, f) : f ⊥ 1 , ‖f‖2 = 1} . (3)

It is proved in [1] that
∆N ≥ c > 0 (4)

where c is a constant independent of N , the number of particles. Previous results on the gap
were only available for Maxwellian Molecules for which the scattering rate is independent on
the energy of the particles. Solving the problem for the model with hard sphere collisions
has been much more difficult because the scattering of particles at low energy is suppressed
and the high energy particles have, so to speak, make up for it. A large part of the work
has gone into computing reasonable bounds for the gap, and we were able to give a abound
that is about one order of magnitude smaller than the gap for Maxwellian molecules. The
questions concerning the gap were asked by Kac in 1956 and our result can be considered as
the capstone for this program.

1.1.2. Entropy production. It is well known that the gap does not give full insight for approach
to equilibrium. It gives useful results for states that are close to equilibrium, in a regime where
the dynamics for the marginals of the states can be described by the linearized Boltzmann
equation. In general, approach to equilibrium has to be understood in the sense of entropy.
Define the entropy production by

ΓN = inf
〈log (ψN ) ,LψN〉

HN(ψN)

where the infimum is taken over all probability densities ψN on SN−1(
√
N) which are symmetric

in all their components and L is the generator of the Kac semigroup. Villani proved that
ΓN ≥ 2

N
and conjectured that this was the right behavior. Amit Einav, a student of the PI,

proved in [7] that there is an upper bound of the same type. More precisely he showed the
following theorem:

1
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Theorem 1.1. For any β > 0 there exists a constant Cβ > 0 depending only on β such that

ΓN ≤ Cβ logN

N1−β
(5)

The proof of this theorem is via a trial state and it is a tour the force in asymptotic
expansions. The significance of this result is that there exist states whose entropy production
is very small.

1.2. Random displacement model. Another main outcome and in some sense the highlight
among the results of this proposal is the PI’s work on the random displacement model. As
described in the proposal, this model describes an electron that interacts with an array of
potentials that are randomly displaced from a regular lattice configuration. This way to
model structural disorder goes back to the late 80-ies. The ultimate goal is to prove that at
energies near the bottom of the deterministic spectrum, the electron states are localized, i.e.,
the transition from a localized state to a location at a large distance away is small uniformly
in time. Such a result has been proved for the Anderson model in the 70-ies and around
2000 for the poisson model, but for the Random Displacement model this has been open
except in one dimension. The problem is hard mainly because one of the main estimates, the
Wegner estimate depends crucially on the fact the eigenvalues move if the parameters of the
potential change. This is relatively straightforward for the Anderson model with sign definite
potentials, but to prove this for the Random Displacement model is a major obstacle. It is
therefore gratifying that jointly with Klopp, Nakamura and Stolz, the PI managed to prove
localization in the strong form in any dimension [8]. This is the culmination of a five year
long investigation.

The solution of this problem hinges to a large extent on a quantitative estimate of the
ground state energy as a function of the position of the potential. From this one deduces then
a Lifshitz tail estimate and a Wegner estimate, the key ingredients for a multiscale analysis.
The PI jointly with Klopp, Nakamura and Stolz wrote two review articles, a short one [13]
explaining the problem in simple terms, and a longer one [12] in an attempt to present all the
ingredients in a pedagogical way.

1.3. Sharp functional inequalities.

1.3.1. Symmetry in the Caffarelli-Kohn-Nirenberg inequalities. Symmetry breaking or the ab-
sence thereof is an important issue in many applications. It is very often easy to decide
whether certain optimizers are stable but it is much harder to decide whether this local sta-
bility translates into global stability.

It is very often the case that symmetric variational problems have symmetric minimizers.
There are a number of standard techniques for proving this, such as rearrangement inequalities,
the moving plane method and convexity. A number of problems, however, are not amenable
to these techniques. The sharp constant in the Caffarelli-Kohn-Nirenberg inequalities has
been a long standing problem in the Calculus of Variations with contributions for a number
of researchers.

(
∫

RN

|w|p
|x|b p

dx

)2/p

≤ CN
a,b

∫

RN

|∇w|2
|x|2 a

dx

for w in a suitable function space and for

p = p(a, b) :=
2N

N − 2 + 2 (b− a)
.



3

After previous efforts [21] the PI jointly, with Maria Esteban and Jean Dolbeault, established
the radial symmetry of optimizers in a large range for for the parameters a and b in [3]. No
results were previously available for this situation because standard techniques like rearrange-
ment inequalities cannot be applied. The authors prove a rigidity result for the Euler-Lagrange
equations for this functional, thereby establishing the symmetry of the optimizers.

1.3.2. Proof of sharp inequalities by means of flows. In joint work with Carlen, Carillo the PI
developped a novel proof for certain cases of the sharp Hardy-Littlewood-Sobolev inequality
orginally due to Lieb. One can use a fast diffusion flow to show on the relation of fast diffusion
flows and the Hardy-Littlewood-Sobolev inequality [20]. In joint work with Dolbeault and
Esteban, Loss [5] has been able to a porous medium equations on d-dimensional manifolds
that can be used to prove rigidity results for the equation

−∆u+
λ

p− 2
u = up−1

where

2 < p ≤ 2d

d− 2
.

Some of these cases have been treated by number of researchers, like Bidaut-Véron and Véron,
Licois and Véron, Bakry and Ledoux using fairly involved methods. The idea is to use a
porous medium flow to drive any function to the constant function while certain nonlinear
functionals decrease. In this fashion one obtains uniqueness results of certain non-linear partial
differential equations in addition also sharp inequalities on manifolds. A similar idea was used
previously by Demange but our proofs are considerably more transparent when compared
with the previous ones. In [6] these results were used to get spectral estimates for Schrödinger
operators on compact manifolds.

2. Additional outcomes

2.1. Sharp inequalities for fractional derivatives.

2.1.1. Sharp Hardy inequalities for fractional derivatives. In [18] the PI jointly with Sloane
graduate student proved a conjecture of Bogdan and Dyda. They proved that for any smooth
function of compact support in C

1

2

∫

C×C

|f(x) − f(y)|2
|x− y|n+α

dxdy ≥ κn,α

∫

C

|f(x)|2
dC(x)α

dx . (6)

Here 1 < α < 2,

κn,α = π
n−1

2
Γ(1+α

2
)

Γ(n+α
2

)

1

α

[

21−α

√
π

Γ(
2 − α

2
)Γ(

1 + α

2
) − 1

]

, (7)

C is an arbitrary convex domain and dC(x) is the distance from the point x ∈ C to the
boundary of C. In fact stronger inequalities hold, for details see [18].
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2.1.2. Sharp Hardy-Sobolev-Maz’ya inequalities for fractional derivatives. Craig Sloane, under
the PI’s supervision,derived Hardy-Sobolev-Mazya type inequalities for fractional integrals. In
[16] he proved the following theorem for functions supported in the upper half space Hn

1

2

∫

Hn×Hn

|f(x) − f(y)|2
|x− y|n+α

dxdy − κn,α

∫

Hn

|f(x)|2
xα

n

dx ≥ Cn,α‖f‖q , (8)

where q = 2n
n−α

and κn,α is the sharp Hardy constant.

2.1.3. Sharp trace inequalities. Jointly with his student Amit Einav, the PI managed proved
sharp trace inequalities for fractional operators. These include higher derivatives and traces
on hyperplanes of smaller dimensions. In particular they proved the following theorem.

Theorem 2.1. Let 1 ≤ j < n and j
2
< α < n

2
. For any f ∈ S (Rn) we define τjf (x′) =

f (x′, 0) where x′ ∈ Rn−j. Then

‖τjf‖2

L
2(n−j)
n−2α

≤ Cj,α,n (f, (−∆)α
f) (9)

where

Cj,a,n =
1

22απα

Γ
(

n−2α
2

)

Γ
(

2α−j
2

)

Γ (α) Γ
(

n+2α−2j
2

)

{

Γ (n− j)

Γ
(

n−j
2

)

}
2α−j

n−j

The work appeared in [11].

2.1.4. Hardy-Sobolev-Maz’ya inequalities on general domains. Related to this circle of ideas
is a result of Rupert Frank and the PI [15]. This concerns an extension of the Hardy-Sobolev-
Mazy’a inequality to general domains. let Ω be any domain. One among many results is the
following theorem.

Theorem 2.2. Let N ≥ 3. There is a constant KN > 0 such that for any domain Ω ( RN

and any u ∈ C∞
0 (Ω)

∫

Ω

(

|∇u|2 − |u|2
4D2

Ω

)

dx ≥ KN

(
∫

Ω

|u| 2N
N−2 dx

)
N−2

N

. (10)

Here

DΩ(x) :=

(

N |SN−1|−1

∫

SN−1

de(x)
−2 de

)− 1
2

,

where de(x) := inf{|t| : x+ te ∈ Ωc} for e ∈ SN−1 The constant KN does not depend on the
domain.

2.2. A new bound ont the indirect Coulomb term. In the atomic Hamiltonian, the
difficult many-body term is the Coulomb repulsion which involves two particle correlations.
It is a standard approach in density functional theory to try to replace this term by the
direct term with an estimate on the indirect term. In a famous paper, Lieb and Oxford were
able to bound the indirect by 1.68

∫

ρ(x)4/3dx where ρ(x) is the one particle density. The
constant was later improve to 1.63 by Chan and Handy using a computer approach. It has
been speculated in the chemistry literature that the estimate is better when the density ρ(x)
is nearly constant. In joint work with Rafael Benguria, the PI has succeeded in doing that
[10]. More precisely the indirect terms is bounded by 1.45

∫

ρ(x)4/3dx+ C(
√
ρ,
√
−∆

√
ρ).
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2.3. Reaction diffusion equations. Jointly with Depassier and Benguria the PI has proved
estimates on the speed of travelling waves of reaction diffusion equations [9]. Rigorous and
rather precise results in terms of upper and lower bounds on the speed for reaction equations
with cutoffs are obtained, thereby putting error bars on some of the asymptotic calculations
of the previous authors. The key tool is a variational formulation of this problem originally
invented by Benguria and Depassier. The PI realized that this variational problem can be
used to establish the existence of traveling waves under very general assumptions on the
non-linearity. In particular these results hold for non-linearities with cutoff.
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