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SUMMARY

This work is concerned with the two dimensional capillary gravity water waves of finite
depth x5 € (—h,0) linearized at a uniformly monotonic shear flow U (z5). We focus on the
eigenvalue distribution and linear inviscid damping. Unlike the linearized Euler equation
in a fixed channel at a shear flow where eigenvalues exist only in low wave numbers k
of the horizontal variable x,, we first prove that the linearized capillary gravity wave has
two branches of eigenvalues —ikc™(k), where the wave speeds ¢*(k) = O(+/|k|) for
|k| > 1 have the same asymptotics as the those of the linear irrotational capillary gravity
waves. Under the additional assumption of U” # 0, we obtain the complete continuation of
these two branches, which are all the eigenvalues of the linearized capillary gravity waves
in this (and some other) case(s). In particular, —ikc™ (k) could bifurcate into unstable
eigenvalues at ¢~ (k) = U(—h). In general the bifurcation of unstable eigenvalues from
inflection values of U is also obtained. Assuming there are no singular modes, i.e. no
embedded eigenvalues for any horizontal wave number k, linear solutions (v (¢, x), n(t, z1))
are considered in both periodic-in-z; and z; € R cases, where v is the velocity and 7 the
surface profile. Each solution can be split into (v?,7?) and (v¢,n°) whose k-th Fourier
modes in x; correspond to the eigenvalues and the continuous spectra of the wave number
k, respectively. The component (v?,1”) is governed by a (possibly unstable) dispersion
relation given by the eigenvalues, which is simply k — kc* (k) in the case of 7; € R and
is conjugate to the linear irrotational capillary gravity waves under certain conditions. The
other component (v°,7°) satisfies the linear inviscid damping as fast as |vf[z2, 7|z =
O(y;) and [v5|1; = O(3) as [t| — oco. Furthermore, additional decay of tvf, t*v5 in L2 L,
q € (2,00], is obtained after leading asymptotic terms are singled out, which are in the
forms of ¢-dependent translations in x; of certain functions of x. The proof is based on

detailed analysis of the Rayleigh equation.



CHAPTER 1
INTRODUCTION AND BACKGROUND

The chief purpose of this thesis is to study the long-time asymptotic behavior of incom-
pressible inviscid gravity-capillary water wave in R?. Particularly, the focus is on mono-
tone shear flows. The results in this thesis include the eigenvalue distribution and invis-
cid damping. In this chapter, we present our frame work, some background about the
two-dimensional incompressible Euler equation, and some classical results about the linear

instability of shear flows.

1.1 2d incompressible inviscid capillary gravity water wave

In our frame work, the fluid is assumed to be incompressible, inviscid and has finite depth
under the influence of gravity and surface tension. The density of the fluid is constant. It is

normalized to be 1.

ST~

Figure 1.1: Capillary gravity water wave

—h

In this two dimensional capillary gravity water wave problem, we let

Uy ={(z1,29) € Ty xR | —=h <zy <n(t,x)}, T,:=R/LZ, L >0,



or

Uy = {(z1,22) ERXR| —h <y < n(t,z)}.

be the fluid domain at time ¢ > 0. Here T, := R\ LZ, L is the period. We consider the

case where the free surface S; is given as the graph of a smooth function 7.

Se =A{(t,2)|x2 = n(t,21)}.

The constant 2 > 0 is fixed and describes the location of water bed. For z € U, let
v = (vi(t,2),v2(t, z)) € R? denote the fluid velocity and p = p(t, z) € R be the pressure.

By the Newtonian’s second law, they satisfy the following 2d Euler equations:

0w+ (v-V)v+ Vp+ géy =0, xr € Uy, (1.1.1a)

where g > 0 is the gravitational acceleration. By the incompressibility of the fluid, v

satisfies divergence free condition.

V.-v =0, xr € Uy, (1.1.1b)

The motion of the surface satisfies the kinematic boundary condition which means that v

restricted to the free surface .S; is a boundary velocity.

om(t, 1) = v(t,z) - (—0u,n(t,z1),1)T, x €S (1.1.1¢)

We also impose the dynamic boundary condition.

p=ok(tz), xELS, (1.1.1d)
where o > 0 is a fixed material constant, x(t, x) = —(177”%1)3 is the mean curvature of S;
tNnz,)2



at = which corresponds to the surface tension. The rigidity of the water bed implies the slip
boundary condition.

vo(t,x1,—h) =0, Ty = —h. (1.1.1e)

The local well-posedness theory of the water wave system has been studied extensively.
Nalimov [58] proved a local well-posedness result for irrotational gravity waves in the case
of infinite depth with small initial data in Sobolev spaces. Without surface tension, Ebin
[17] proved that the problem is ill-posed without the Rayleigh-Taylor stability condition.
In the breakthrough works of Wu [65, 66], she established the well-posedness for irrota-
tional gravity wave without surface tension in Sobolev spaces locally in time in both two
and three dimensions. Later, Lindblad [45] proved the local existence of solutions for the
rotational water wave equations in the absence of surface tension. Coutand and Shkoller
[15] proved the local well-posedness of rotational fluids with surface tension and without
surface tension. Other references include [8, 1, 2, 14, 54, 55, 36, 53, 69, 49, 37]. Wu
[67] and Germain-Masmoudi-Shatah [21] proved the global well-posedness without sur-
face tension for irrotational small data. Ionescu-Pusateri [33] proved the global regularity
for the 2d irrotational water waves problem with surface tension for irrotational small data.
Other references about global well-posedness for irrotational small data include [32, 3, 25,

28,59, 33, 60].

1.2 Linearization near shear flows

It is well known that shear flow is a class of steady state of incompressible Euler equation.
In a shearing flow, adjacent layers of the fluid move parallel to each other. Particularly, we

consider the following parallel shear flows in x-direction.

Uy 1= (U(xg),O)T, Sy = {(t,x)|xe = ni(x1) =0}, Vp. = —géh. (1.2.1)



Our primary goal is to analyze the capillary gravity water wave system linearized at a

monotone shear flow satisfying

UeCh([=h,0]), lp>3, U'(xs) >0, Yay € [~h,0]. (H)

The two aspects of this linearized system are the eigenvalue distribution and inviscid damp-
ing. We first derive the linearized system of (1.1.1) at the shear flow (v, = (U(z3),0)", 9, =
0) given in (1.2.1) satisfied by the linearized solutions which we denote by (v, 7, p). Let

(S5, ve(t, z),p°(t,x)) be a one-parameter family of solutions of (1.1.1) with

(SP,0°(t, ), pOt, ) = (S, v, ps).

Differentiating the Euler equation (1.1.1a) and (1.1.1b) with respect to € and then evaluating

itate = 0 yield

O + U(22)0p,v + (U (22)v2,0)T +Vp =0, V-v=0, a5¢€(—h,0). (1.2.2a)

Taking its divergence and also evaluating the above linearized Euler equation at x5 = —h,

we obtain

—Ap =2U"(22)0p,v9, 3 € (—h,0), and 9,,p|zy=—1n = 0. (1.2.2b)

From the kinematic boundary condition (1.1.1c), we have

aﬂ] = U2’x2:0 — U(O)@zln (122C)

Finally differentiating (1.1.1d), where the left side is p®(¢, x1,n°(t, 1)), and using 0,,p. =
—g, we obtain

p=gn—odin, atz,=0. (1.2.2d)
The above ((1.2.2a) — (1.2.2d)) form the linearization of the capillary gravity water wave

4



problem (1.1.1) at the shear flow (v., S, p.) with initial values (vio(z), vao(x), 70(21)). In
fact it can be reduced to an evolutionary problem of the unknowns (v, 7), while p can be

recovered by the boundary value problem of the elliptic system (1.2.2b) and (1.2.2d).

1.3 Backgrounds and motivations

Due to its physical and mathematical significance there have been extensive studies of the
Euler equation linearized at shear currents. Many of these works were done for a finite

channel flow which satisfies
(1.1.1a)—(1.1.1b) with g = 0, (1.3.1a)
and slip boundary conditions
vo(t, x1,0) = vo(t, x1,—h) =0, (1.3.1b)

and some of the results have been extended to free boundary problems such as the gravity
waves. The spectral analysis is naturally a crucial part of such linear systems. Eigenvalues
yield linear solutions exponential or oscillated in time, while the continuous spectra often
lead to algebraic decay of solutions, the so-called inviscid damping due to the lack of a
priori dissipation mechanism of the Euler equation.

e Eigenvalues. Since the variable coefficients in the linearized Euler system depend
only on x4, the subspace of the k-th Fourier mode is invariant under the linear evolution for
any k£ € R. Hence it is a common practice to seek eigenvalues and eigenfunctions in the

form of

v(t, x) = eklzi—et) (vlo(azg), voo(22)), n(t,z1) = e*@=ep (1), (1.3.2)

in the free boundary case, where apparently the eigenvalues take the form A = —ikc with



the wave speed ¢ = cp + ic; € C. The linear system is spectrally unstable if there exist
such ¢, which appear in conjugate pairs, with ¢; > 0 and £ > 0. Solutions in the above
form with ¢ € U(|—h,0]) are in a subtle situation and are referred to as singular modes
(see Definition 2.2.1 and Remark 4.1.1 for singular and non-singular modes). In seeking
solutions in the form of (1.3.2), the wave number k& € R is often treated as a parameter.
Classical results on the spectra of the Euler equation (1.3.1) in a channel linearized at a

shear flow include:

e Unstable eigenvalues are isolated for any wave number £ € R and do not exist for

k| > 1.

e Rayleigh’s necessary condition of instability [51]: unstable eigenvalues do not exist

for any k if U” # 0 on [—h, 0] (see also [18]).

e Howard’s Semicircle Theorem [24]: for any k # 0, eigenvalues exist only with ¢ in
the disk

(CR - %(Uma:r: + Umzn))2 + C? é i(Umax - Umzn)2 (133)

Particularly, the unstable wave speed must lie in an upper semicircle.

Umin * Unmax

Figure 1.2: Howard’s Semicircle Theorem

e Unstable eigenvalues may exist with ¢ near inflection values of U (Tollmien [57]

formally, also [38]).

Many classical results can be found in books such as [16, 46] etc. For a class of shear
flows, the rigorous bifurcation of unstable eigenvalues was proved, e.g., in [19, 39, 41,

42]. In particular, Friedlander and Howard demonstrated the instability of Kolmogorov
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flow U(xzs) = cos(mas). This is also an example of a nonlinearly unstable inviscid flow
according to [20]. Lin showed that for a certain class of shear flows, the neutral limiting
wave speed must be an inflection value of the velocity profile and proved the global bifur-
cation of unstable modes from neutral modes rigorously. He also provided some sufficient
conditions of linear instability for several classes of shear flows.

It has been extended to the linearized free boundary problem of gravity waves (i.e.
g > 0and 0 = 0in (1.1.1)) at shear flows (see [68, 26, 52, 27] etc.) that: a.) assuming
U' > 0and U” # 0 on [—h,0], there are no singular neutral modes in U ((—h,0)) (i.e.
solution in the form of (1.3.2) with ¢ € U ((—h, 0))); b.) the semicircle theorem still
holds; and c.) for a class of shear flows, singular neutral modes may exist at inflection
values of U and the bifurcation and continuation of branches of unstable eigenvalues were
also obtained. Compared to channel flows with fixed boundaries, new phenomena of the
linearized gravity waves include: a.) in addition, critical values of U, where U’ = 0, and
¢ = U(—h) may be limiting singular neutral modes; and b.) there are non-singular neutral
modes, i.e. ¢ € R\U([—h, 0]). Another related result is Miles’ critical layer theory [48, 11]
on the instability of shear flows in two-phase fluid interface problem due to the resonance
between the temporal frequency of the linear irrotational capillary gravity waves at the
completely stationary water and the shear flow in the air in the above.

o Inviscid damping. The analysis of the inviscid damping phenomenon started with the
Euler equation in a fixed periodic channel (1.3.1) linearized at the Couette flow U (x2) = xs.
In 1907, Orr [50] observed that the linearized vertical velocity v,(t, z) tends to zero as
t — oo. Some explicit calculations were done by some mathematicians(see, e.g., [12, 43]).

It has been proven that under the assumption f Eh v1o(21, x2)dxy = 0, which means that the



shear flow component of the linear solutions is removed, as ¢ — oo,

wo € L? = |v|2 = o(1),
wo € H' = |v|p2 = O(), (1.3.4)

l¢]

wy € H? — |’U2|L2:O(#),

where wy denotes the initial vorticity. More general shear flows in a fixed channel have also
been studied extensively. For a class of general stable shear flows, Bouchet and Morita [9]
predicted similar decay estimates of the linearized velocity as well as the vorticity depletion
phenomenon. For monotone shear flows without infection points, an O(|t|™") decay of the
stream function was proved in [56] and then the (1.3.4) type decay in [70, 71] under a
smallness assumption of LU” (also wyl,— 50 = 0 in order for the O(¢~2) decay of v3). A
significant contribution is [61] by Wei-Zhang-Zhao where the (1.3.4) type estimates were
obtained for general monotone shear flows without singular modes. In the follow-up works
[62, 63, 64], vorticity depletion and velocity decay (as well as an L? decay if wy € L?
only) were also obtained for a class of non-monotone shear flows. As the decay rates in
(1.3.4) are basically optimal, some leading order effects from both the interior and the
boundary were identified for the stream function and velocity in [70, 35]. In the absence of
boundary impact, for compactly supported initial vorticity, linear inviscid damping near a
class of monotone shear flows was also obtained in Gevrey spaces [34]. In [23], a different
approach using methods from the study of Schrodinger operators was successfully adopted
to analyze inviscid damping. See also [6, 31] for important developments for the linear
inviscid damping at circular flows in R2,

While we focus on the linearized capillary gravity waves at shear flows, among the
rich literatures on the related nonlinear dynamics of the 2-d Euler equation on fixed do-
mains we refer the readers to [4] for nonlinear Lyapunov stability of steady states based
on energy-Casimir functions by Arnold. In recent years, there are some results on the non-

linear instability of steady states. Under a spectral condition, Friedlander-Strauss-Vishik



[20] proved that linear instability in L? implies nonlinear instability in H*, s > % + 1in
d—dimensional space. For a class of shear flows, of which the maximal Lyapunov expo-
nent is zero, Grenier [22] proved that in two dimension, linear instability implies nonlinear
instability with growth in L? and L*°. Bardos-Guo-Strauss [5] proved nonlinear instability
reflected in growth of the vorticity in L? if the linear growth rate is higher than the maximal
Lyapunov exponent of the steady flows defined on bounded domains in two dimension.
Lin improved this result and showed nonlinear instability in L”-norm of velocity (p > 1)
without any restriction on the growth rate [40, 42] in 2D. Lin-Zeng [44] proved, in any di-
mensions, the existence of the unique local unstable manifold of a steady state under certain
conditions and thus its nonlinear instability. There are also some results on the remarkable
asymptotic stability of shear flows in Gevrey class [7, 29]. Recently, Ionescu—Jia [30] and
Masmoudi—Zhao [47] independently proved nonlinear inviscid damping for more general
monotonic shear flows in two dimenson, with compactly supported vorticity, in Gevrey
class based on the linear inviscid damping.

e Intuitions and goals on linearized capillary gravity waves. Whether the Euler equa-
tion is in a fixed domain or with free boundaries, the vorticity is transported by the fluid
flow in the interior of the domain, hence it is natural to expect linear inviscid damping of
the linearized free boundary problem at a shear flow. In contrast to the linearized Euler
equation on a fixed domain where non-singular modes do not exist for large wave number
k, in the linear free boundary problems they exist for all |k| > 1, which can be seen in the
linear irrotational case — a dispersive problem. Therefore in the linearized free boundary
problems it is less reasonable to ignore these eigenfunctions of infinite dimensions to focus
on the inviscid damping only. For the linearized capillary gravity wave (1.2.2) at a shear
flow U(z2), our main goals are to obtain both the eigenvalue distribution and the linear
inviscid damping of the solutions after projected to the components corresponding to the
continuous spectra.

For an illustration, some explicit computations of the linearized capillary gravity wave



(1.2.2) at the Couette flow U(x2) = x5 are given in Section subsection 2.1.2. There it is
easy to see that, on the one hand, the linear inviscid damping (1.3.4) holds for the rota-
tional part of the solutions. On the other hand, there exist two branches of neutral modes
ci(k) (see (2.1.4)) approaching infinity at the same rate as (2.1.5) of the linear irrotational
capillary gravity wave. They form two branches of the dispersion relations of irrotational
waves contained in the linearized water wave system at the Couette flow, which is linearly
stable. At a general shear flow U (), natural questions are a.) linear inviscid damping, b.)
what happens to these branches of non-singular modes, c.) where spectral instability could
occur, efc. Compared to purely gravity waves, it is natural to expect that spectral properties
with surface tension may be a.) similar if such properties are local in the wave number
k; and b.) different if large wave numbers are involved. Motivated by the results on the
linearized gravity waves [26, 52, 27], for monotone shear flows one may imagine unstable
modes arising from ¢ = U(—h) and inflection values of U. The possible bifurcation of
unstable modes at the end point value U(—h) is particularly subtle due to the regularity

issues of the bifurcation equation.
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CHAPTER 2
MAIN RESULTS AND PRELIMINARIES

2.1 Main results

2.1.1 Eigenvalue distribution

We first give the main theorem on the eigenvalue distribution. The results on the linear
inviscid damping are somewhat more technical and only roughly outlined here. Their more
precise statements are given in Theorem 2.1.2 and Theorem 2.1.3 in subsection 2.1.3. See
Definition 2.2.1, Lemma 4.1.1(5), and Remark 4.1.1 for what are referred to as singular
and non-singular modes. Particularly, by slightly adjusting the same argument as in [24,
68], the Semi-circle Theorem still holds for the linearized system (1.2.2) of the capillary

gravity water waves at shear flows. We shall take this as granted in the rest of the paper.

Theorem 2.1.1. (Eigenvalues.) Suppose U € C3 and U’ > 0 on [—h, 0], then the following
hold.

1. There exists ko > 0 such that for any k € R with |k| > ko, there are no singu-
lar modes and exactly two non-singular modes ¢ (k) € (U(0),4+00) and ¢~ (k) €

(—o00, U(—h)) which correspond to semi-simple eigenvalues —ikc* (k). Moreover,
(a) c*(k) are even and analytic in k and c* (k) can be extended for all k € R with
ct(k) > U(0);
(b) limyy o0 = (k) //0|k] = £1;

(c) if U(—h) is not a singular mode for any k € R, then ¢~ (k) can also be extended

to be even and analytic in all k € R with ¢ (k) < U(—h); and

(d) if singular modes do not exist Vk € R, then ¢*(k) are the only non-singular

modes of (1.2.2) which is linearly stable.

11



(e) ¢ (k) (and c= (k) < U(—h) as well if it can be extended for all k € R) has
either none or exactly one non-degenerate critical point for k > 0 under con-
ditions (4.1.14) and (4.1.15), respectively. Consequently, if ¢~ (k) can also be
extended for all k € R and (4.1.14) holds for both c*(k), then on the closed
invariant subspace in {(v,n) € H" x H"™'}, 0 < n < [y — 1, generated by the
eigenfunctions of —ikc* (k) for all k € R, through an isomorphism, the linear
system (1.2.2) is conjugate to the irrotational capillary gravity waves linearized

at zero.
2. There exists g4 > 0 depending only on U and o such that the following hold.

(a) If g > gy, then the non-singular modes ¢~ (k) < U(—h) can also be extended

to be even and analytic in all k € R and £(c*=(k)) > 0 for k > 0;

(b) g4 = 0 if and only if

o z/ (U(xa) — U(=h))*da,. (2.1.1)

—h

3. IfU" # 0 on [—h, 0] is also satisfied, then there exists g, > 0 such that the following
hold.

(a) The only possible singular mode is ¢ = U(—h).

(b) If g > g then there are no singular modes and ¢~ (k) can be extended as an
even analytic function such that ¢~ (k) < U(—h) for all k € R. Moreover ¢*(k)

are the only non-singular modes and thus (1.2.2) is spectrally stable.

(c) If g = g4 and U € C° then there exists ky > 0 such that ¢~ (k) can be
extended as an even C** function (for any o € [0, 1)) for all k € R. Moreover
¢ (k) < U(—h) is analytic for all k # tky, and ¢~ (£ky) = U(—h). For each
k € R, ¢t(k) are the only singular or non-singular modes and thus (1.2.2) is

spectrally stable.
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(d) If g < g4 and U € C° then there exist k:;; > ky > 0 such that we have the

following.

i. Assume U"” > 0 on [—h,0], then ¢ (k) can be extended as an even C'*
function (for any o € [0, 1)) for all k € R and analytic except at k = iki

such that

¢ (£ky) = U(=h),
¢ (k) <U(=h), VIk| & [k, kL], ¢ (k) >0, VIk| € (ky, k).

Moreover, for each k, all singular and non-singular modes are exactly

¢t (k), ¢ (k), as well as = (k) if |[k| € (ki k}). Consequently, (1.2.2)
is spectrally unstable iff A.) x1 € R or B.) x1 € T and there exists m € 7
such that = € (k,, k).

ii. Assume U” < 0 on [—h,0], then c™ (k) can be extended as an even C*
real valued function (for any o € [0,1)) for |k| ¢ (ky, k%), analytic in
kif |k & [ky, k], and c‘(iki) = U(—h). Moreover, all singular and
non-singular modes are exactly ¢* (k) and c=(k), if |[k| ¢ (ky, k), and

(1.2.2) is spectrally stable.

(e) g4 = 0if(2.1.1) holds and consequently the above (3b) holds.
4. IfU € C% and U"(z9) = 0 for some w39 € (—h,0). Let co = U().

(a) There exists oq > 0 such that for any o € (0,0y), there exists k > 0, unique

among large k’s, such that cq is a singular neutral mode for +k.

(b) If U"(x99) # 0 and cq is a singular neutral mode for ko > 0, then, under
a non-degenerate condition (verified by the one obtained in (4a) for small o),

there exist unstable modes near cg for k close to ky on one side of k.

Remark 2.1.1. Due to symmetry, the case of U < 0 is completely identical except the
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signs of U" in (3d) should be reversed. Theorem 2.1.2 and Theorem 2.1.3 on linear inviscid
damping also hold under U’ # 0 on [—h, 0].

The existence of the unbounded branches of non-singular neutral modes ¢* (k) are in
contrast to the gravity waves or the Euler equation on fixed channels. In fact, the geomet-
ric multiplicity of —ikc® (k) occurs only among different k. These temporal frequencies
—kc* (k) are asymptotic to those (see (2.1.5)) of the irrotational capillary gravity waves lin-
earized at zero. Moreover, after normalizing the L2, of the v component of the eigenfunc-
tion to be 1, the L? and H'! differences in the v and 7 components, respectively, between
the eigenfunctions of (2.2.1) and the linearized irrotational waves are of order O(|k|~2)
as |k| — oo (see Remark 6.1.1). While the strong surface tension condition (2.1.1) en-
sures the branch ¢~ (k) staying in (—oo, U(—h)), it might reach U(—h) otherwise. Subtle
bifurcation of ¢~ (k) occurs at ¢ = U(—h), the boundary of the domain of regularity of
the bifurcation equation. In particular, the sign of U” determines whether c(k) becomes
unstable or disappears at U(—h).

The spectral stability in the case U” < 0 can also be obtained by directly modifying the
usual proof of the Rayleigh theorem in the fixed channel flow case, as done in [68] for the
gravity wave. Our proof provides a complete picture of the eigenvalue distribution as in the
above theorem, however.

While U(0) is never a singular mode, just like the Rayleigh’s theorem in the channel
flow case the change of sign of U” turns out to be necessary for the existence of interior
singular modes, which is also sufficient if o < 1. In the contrast this may not be sufficient

if the stabilizing gravity g and surface tension o are strong, see Remark 4.3.1.

Outline of the Proofs of Theorem 2.1.1

In the preliminary analysis in section 2.2, we first apply the Fourier transform in x; to
(1.2.2), resulting in decoupled systems for each wave number k. The problem can be

further reduced to the evolution of 0s(¢, k, 2), the Fourier transform of v,. The Laplacian
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transform V5 (k, ¢, x5) of 05(t, k, x2), where s = —ikc is the Laplace transform variable,
satisfies a non-homogeneous boundary value problem (2.2.6) of the Rayleigh equation,
solutions to the associated homogeneous problem of which correspond to eigenvalues and
eigenfunctions.

A careful analysis of the homogeneous Rayleigh equation (3.0.1), carried out in chap-
ter 3, lays the foundation of the study of both the eigenvalue distribution and the inviscid
damping. We first study the Rayleigh equation away from the singularity for |U(z3) — c| >
O(u) where = <% — (1 + k%)~ =. Near the singularity for |U(z5) — ¢| < O(y), different
from those in, e.g., [61, 35], our approach is an improved version of the one in [11] based
on the ODE blow-up and invariant manifold method [13]. Solutions to the homogeneous
Rayleigh equation are expressed pointwisely through a transformation involving an explicit
log(U — ¢) and depending on (k, cg, 22) smoothly. We focus on a pair of fundamental solu-
tions y+ (k, ¢, x2) to the homogeneous Rayleigh equation which satisfy the corresponding
homogeneous boundary conditions (2.2.6b)-(2.2.6¢) in (2.2.6) at x5 = 0, —h, respectively
(boundary condition (2.2.6¢) reflects the free boundary setting). For 1., we establish a.)
their a priori bounds; b.) the convergence to their limits yo+ (k, cgr, x2) as ¢; — 0+; and c.)
the smoothness of 3., particularly, in cz. Recall U € C%, we prove 1o+ is C~3 in cp
except at cg = U(—h), U(0). Due to the analyticity of y in ¢ with ¢; > 0, the estimates of
Yo+ also yield those of y4 for c; > 0. Eventually general solutions to the non-homogeneous
boundary value problem (2.2.6) of the Rayleigh equation are expressed using .. Finally,
the quantity Y (k, c) = 0,,y—(k,¢,0)/y_(k,c,0) related to the Reynolds stress is carefully
studied, which plays an important role in the analysis of the Rayleigh equation. This chap-
ter is a little lengthy, but we believe the studies on the Rayleigh equation could be widely
useful for various purposes.

In chapter 4 we prove the results on the eigenvalue distribution based on the detailed
analysis in chapter 3. We first obtain ¢*(k) for |k| > 1, followed by an argument based

on analytic continuation and index calculation. Bifurcations may occur at inflection values
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of U and particularly subtle at ¢ = U(—h), which are on the boundary of the analyticity
of the bifurcation equation F'(k,c) = 0. The regularity obtained in chapter 3 implies,
when restricted to ¢; > 0, F € C 3 atc € U((—h,0)) and F € C* at ¢ = U(—h).
This makes the bifurcation analysis possible near ¢ = U(—h) and much easier even in the
relatively classical case near inflection values of U.

Among the results in Theorem 2.1.1, in statement (1), ¢ (k) are obtained for large |k| in
Lemma 4.1.2(3) with more detailed estimates, the extension of ci(k:) in Corollary 4.1.3.1,
and the semi-simplicity of the eigenvalues —ikc* (k) in Lemma 4.1.2(3), Proposition 4.1.4,
Corollary 4.1.3.1, and Corollary 6.1.2.1. Under the additional assumption of non-existence
of singular modes, the non-existence of other non-singular modes is proved in Proposi-
tion 4.1.4. The analysis of the critical points of ¢*(k) is given in Lemma 4.1.7. The
conjugacy to the linearized irrotational waves is proved in Proposition 6.3.2. See also
Remark 6.3.1. With the strong surface tension assumption (2.1.1) in statement (2), the
existence of gy is proved in Lemma 4.1.6, along with the existence of ky and/or k:;; in
statement (3). The rest of statement (3) is proved at the end of section 4.2 after a series of

lemmas. Statement (4) is proved in section 4.3 with more details.

2.1.2 Motivation from the Couette flow

Before stating the main theorems we describe two main relevant properties using the Cou-
ette flow U(zy) = x5 as an illustration. The linearized velocity can be decomposed

uniquely into the rotational and irrotational/potential parts (see e.g. [54])
rot ir,rot __ O

v=0v"4+0v"" where V-v =0,

where

Uir = VSO, ASO = 07 Ty € <_h> 0)7 and aﬂmgp‘ﬂw:—h = O’
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rot

and v"°" satisfies

rot rot
Vo' =0, v——no=0.

In particular, the rotational part can almost be determined by the vorticity w in the same
way as in the Euler equation (1.3.1) in the fixed channel 25 € (—h,0) with slip boundary

condition
UrOt — (_ax27 axl)TA—lw —|— (a, O)T, and w = V XV = azIUQ - axzvla (212)

where a is a constant and A™! is the inverse Lapacian in the 2-d region x5 € (—h,0) (L-
periodic in x; or z; € R) under the zero Dirichlet boundary condition along zo = —h, 0. In
the periodic-in-x; case, the constant @ may be non-zero and is determined by the physical
quantity circulation.

L. Inviscid damping. From the 2-d Euler equation (1.1.1a), one often also consider the

corresponding vorticity formulation
Ow+v-w=0. (2.1.3)

Linearizing it at w, = —1 which is the vorticity of the Couette flow yields the linearized
vorticity

w(t, ) = wo(ry — 22, 72)

expressed in term of its initial value wy. Since v"*" component of the linearized capillary
gravity waves (1.2.2) at the Couette flow corresponds to the divergence free velocity field
determined by its vorticity w by (2.1.2) which is the same way as in the fixed boundary
problem of the channel flow, the inviscid damping (1.3.4) of the latter (in the periodic-in-

x1 case) implies

1 >
UrOt — Z(/_é ’Uldfﬂl)el .

Nl

, < O+t Hwolnz,  [v5™ [z < C(1+[t])~*|wol ae.
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II. Singular and non-singular modes. Unlike the Euler equation in a fixed channel,
there is the additional surface profile 7 coupled to the irrotational part v of the velocity,

which may not decay. In fact, for any £ € R, let
v(t,z) = (1+ kz)%eik(“_ci(km)_lmh(z' cosh k(zs + h),sinh k(zs + h)) + c.c.
n(t, z1) = i(1 + k)1 e* @ EN-Whginh kh/(ket (k) + c. c.

sinh kh
kct(k)

z2
— k/ (z, — ¢=(k)) sinh k(2 + h)dmé) +c.c.
0

sinh kh
ket (k)

— ¢*(k) cosh kh + k™' (sinh k(25 + h) — sinh kh)) +c.c

p(t,x) =i(1 + k?)iekler=et (W) -lkihn <(g +ok?)

—i(1 + k?) 3k —c(B)n)~Iklh <(g + ok?) — (w9 — ¢=(k)) cosh k(zy + h)

where “c.c.” denotes “complex conjugates” and

=1+ /1+4k(g + ok?) coth kh
B 2k coth kh (2.1.4)

— F(k,c) = ckcothkh +c— (g + ok?®) = 0.

c* (k)

Even though we write down these formulas based on Lemma 2.2.1 in the below, it is straight
forward to verify that they are solutions to ((1.2.2a)—(1.2.2d)) for the Couette flow. There-
fore —ikc* (k) are eigenvalues of the linearized systems associated with the above eigen-
functions. These solutions do not grow or decay as ¢ — oo, often referred to as neutral
modes.

It is worth paying slightly closer attention to the wave speed ¢*(k) and the function

F(k, c), all of which are even in k. We make the following observations.

1. limg_oo ¢*(k)/(o]k])2 = =1, so for |k| > 1 the dispersion relation kc*(k) is

asymptotic to those of the irrotational capillary gravity waves linearized at zero so-
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lution (system (1.2.2) with U = 0 and V x v = 0) given by —k:cf; with

= +/k (g + ok?)tanh kh, C ' <|cE(k)| < C(1+k>)"1, (2.1.5)

which can be obtained through direct calculation based on Fourier transform.

. ¢ (k) > 0 forall £ € R, so it is a branch of non-singular neutral modes, namely,

wave speeds outside [—h, 0], the range of U.

. While ¢ (k) < —h in (2.1.4) as seen in the above observation (1) for large k, it can
be happen ¢~ (k) € [—h, 0] for 0 < g, 0 < 1 and thus becomes singular modes (those

in the range of U).

. Since k coth kh > h~! with “=" achieved at k = 0, for g, o > 1, ¢=(k) ~ cﬁ(k;) =
\/% and thus both ¢*(k) ¢ [—h, 0] are non-singular modes. Moreover, one
may verify -£|ct(k)| > 0 forall k > 0if ¢ > g > 1. In particular, in the case
of x; € R, this implies that a.) the dispersion relations k& — —kc™(k) determine
a linear dispersive wave system formed by the superposition of these non-singular
modes and b.) this dispersive system is conjugate to the irrotational capillary gravity
waves linearized at zero, whose the wave speed is given by (2.1.5). The conjugacy
isomorphism can be constructed by associating the modes ki of (2.1.4) and ki of
(2.1.5) if they have the same temporal frequency ki c* (k) = k3 ci (k3 ). Moreover,

—ikc* (k) would turn out to the only eigenvalues for the linearization at the Couette

flow for g, 0 > 1 (see Proposition 4.1.4(2)).

Generalization to general shear flow U(x)? From the above discussion, one sees

that solutions to the capillary gravity water waves linearized at the Couette flow exhibit

inviscid damping in their rotational parts while there are infinite non-singular modes with

irrotational eigenfunctions determined by two branches of dispersion relations. However,

several complications arise in the linearization at a general shear flow U(x3) including at
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least the following.

e The crucial function F'(k,c) defined in (2.1.4) which determines the wave speed ¢
and consequently the dispersion relations, while analytic for all c € C\ U([—h,0]),
may become rather singular for ¢ approaching U ([—h, 0]). What regularity of F'(k, c)

can one expect?

e Consequently, if a branch of non-singular modes approaches U([—h, 0]), possibly
very subtle bifurcations may occur at the boundary of analyticity of /. Can instability

be generated?

e The inviscid damping (still of the rotational parts?) becomes much more involved,

even in the case of the channel flow (see e.g. [61] Zillinger, Jia, ... ).

In this thesis, we address these issues, with some results even more explicit and detailed
than the above, through careful analysis starting at rather fundamental level under reason-

able assumptions.

2.1.3 Linear inviscid damping

In this subsection, assuming there are no singular modes, we present the theorems on
the splitting and linear inviscid damping of linearized system (1.2.2) of the capillary-
gravity water wave problem (1.1.1) at the shear flow (v,, S.,p.). See Definition 2.2.1
Lemma 4.1.1(5), (4.1.5), and Remark 4.1.1 for singular and non-singular modes. Accord-
ing to Theorem 2.1.1(3e), (2.1.1) combined with U” # 0 is sufficient to rule out singular
modes. In this case, we shall prove that any linear solution (v, 7) to (1.2.2) can be decom-
posed into the parts (v?,nP) corresponding to the non-singular modes and (v¢, 1) to the
essential spectra due to U ([—h, 0]). This splitting is invariant under (1.2.2) and (v°, 7°) is of
the order O(|¢|™!) (and the vertical component v5 = O(¢~2)) as |t| — oo. In fact, we iden-
tify their asymptotic leading order terms so that the remainders decays even faster. These

leading order terms are in the form of horizontal translations of three functions {2¢, Ap, and
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Ar, which represent the contributions from the interior vorticity and the bottom and top
boundary conditions. Their Fourier transforms are given explicitly in (6.1.9), (6.1.16), and
(6.1.15), respectively, using the initial vorticity wy, the fundamental solutions y (k, ¢, z5)
to the homogeneous Rayleigh equation, and {2¢ also by the Laplace transform of v,. The

results are stated for the cases of 1 € Ty and x; € R separately in the following.

Theorem 2.1.2. (Inviscid damping: periodic-in-x, case) Suppose 1 € T. Assume
UeCh,ly>3 U >0on [—h, 0], and there are no singular modes (see (4.1.5) and
Lemma 4.1.1(5)) for any k € %N. For any ¢; € [2,00], g2 € (2,00}, € > 0, n; €
R, and integers ny > 0, there exists C' > 0 depending only on q1, qo, €, and U, such
that, for any solution (v(t,x),n(t,z1)) of (1.2.2) with initial value (vy(x),no(x1)) and the
corresponding initial vorticity wy(z), there exist unique solutions (vi(t, z),n'(t,z1)), t =
p, ¢ to (1.2.2) and functions Q°(z), Ap(z), and Ar(z) determined by (vo,n0) linearly

(depending on U as well) such that

(Uﬂ?) = (Ucvnc) + (Upﬂ?p)

and the following hold.

1. Assume U € C*, then (v¢,n°) satisfy the following estimates

|a?0/UC’H;11L§2Lgl(R) §C(‘770|Hn0+n1+%7ﬁ + ’UlO('aO>|Hno+n1—%—ﬁ

1 1

+ |w0| n0+n1—%—%+e 9 )7
Hy, L3,

|3f0770|H211L51(R) SC'(|770|HZS+TL1717% + |vio(+, 0)] Eﬁnrzfﬁ

1
q1 L2

|t8”°vc} 3
t 2| ,n1—%5
Hyy 2L3,L{Y(

R) + [t OTIC’Hg’le LI (R)
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SO(|770| ng+m—1- L T |U10('70)| no4ng—3— L T |w0| ng+nq—2— L 4e
1 . 1 . 1 . L%Q

+ ‘85020‘)0‘ n0+n1737%+6 )7
Hg, 1 L2,

|07 (b5 — U (2) 70,1 Q% (21 — U (w21, 22))

n q
Hyi L3, L% (R)

+ |0 (w — Q°(21 — Ulz2)t, 22))

—1
|H;11 L2, L{ (R)

+ ‘8?0 (832115 — Oy, (1 — U(xg)t,asg))

—2
HL L2, L2 (R)

SC(|7]0| n0+n1+%7% + |'U10(',0)| 'rL0+n17%7qL + |CL)0| n0+n17%7qi+s
o 2 - 2 o 2 L%Q

)

8 w 3_1
+’ 2 0’H97311()+n17776+e[/%2

and if. in addition, U € C°, then

\8;0 (tzvg — U’(xQ)ﬂa;lch(xl — Ul(xo)t, x9) — Ag(z1 — U(=h)t, 25)

— AT(I'I — U(O)t, .%'2))

Hg| L2, L{?(R)
SC’(|770|Hn(,+nl+%7E + |vio(, 0)|Hn0+nrg,$ + |uJ0|Hn0+n1,;

_1
27 a9 JreL2
T x1 ] )

+ ‘azgwo‘ n0+n1*%*L+

+ |0y, w 31
’ T2 0’ not+ny—35 q2+éL2 a2 EL%Q

x] z9 T
2. Assume U € C4, then for any ny = 0,1, and q € [1,00), it holds
’QC_WO‘H;?L%2 S C(’T]O‘Hgll _'_ ‘vl()(-’o)‘H;zll—Q + ‘WO‘H;’Lll—l-‘—EL%Q),

|3IQQC — a$2w0’H;11L%2 SC(|7]0|H;111+1 —+ |’U10("0)|H;L1171 —+ |WO|H:}11+€L%2

+ |8x2w0|H£11—1+eL%2 ),
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161" 052 Aslizra, < Clon(s=h)| wpingsots 1K™ 52 ATliers,

1

C(|w0('a O)|Hn1+n2717% + |770|Hn1+n271,% ),

where f (k,z2) denotes the Fourier transform of a function f(x1,xs) with respect to

x1. Moreover, Ay, t = B, T, satisfy AT(k =0,29) = 0and

—(U — U(O))AAT + U”AT =0, To € (—h, 0),
AT('rla _h) = 07 8961AT($17 O) = U,<O)_2(U”(O)770(3717 O) - wO(xla 0))1
(2.1.6a)
.
(U = U(=h))AAp + U"Ap = 0, 25 € (—h,0),

Op, AB(-, —h) = =U'(=h)2wo(x1, —h),
(U(0) ~ U(~h)) s, Ap(21,0) — (U(0)(U(0) ~ U(~h)) +g — 002, ) Ap(1,0)

=0.
(2.1.6b)

3. There exist \og > 0 and integer N > 0 (given in (6.2.3)) such that, for any n; € R

and ny € [1, 1),

|an1+1 — D10(k =0, )) 2 Hp27! + ‘anfvg(t’ >|L?: Hzj

17%2

SC@AOM(l + ’t‘Nﬁl)(’no‘H:11+n2+1 + ’Ulo(', O)‘H;?JWQ,% + ‘WO‘H:11+77.2—1L%2),

7 () = 10(0) gz < CeX M+ (1m0l +1va0 -, 0)] g 1ol a2z )-

Tl

4. Let

XP={(w" )0 | all (vo,m0)} € H' (T x (=h,0)) x H*(Tr), t=c,p,
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then they are invariant closed subspaces of H'(T, x (—h,0)) x H*(Ty) under

(1.2.2). Moreover (1.2.2) is also well-posed in the L? x H' completion of X?.

Remark 2.1.2. 1.) The above estimates also imply pointwise-in-t decay of v and n as
t — 00. 2.) The function Q°(x) is referred to as the scattering limit of the vorticity in [70,
61, 35]. 3.) The assumption of non-existence of singular modes is satisfied if the horizontal

period L is small (by Theorem 2.1.1(1)) or if U” # 0 and (2.1.1) (by Theorem 2.1.1(2b)).

In the above results, the assumption of the non-existence of singular modes, which is
equivalent to the absence of embedded eigenvalues of (1.2.2) for each wave number £, turns
out to yield the spectral decomposition of the phase space of (1.2.2) into the invariant sub-
spaces corresponding to the non-singular modes/point spectra and the continuous spectra
—ikU([—h,0]) for each k € R.

The component (v, 7°) corresponds to the continuous spectra and enjoys algebraic
decay as in the case (1.3.1) of the Euler equation in a fixed channel. Additional to the
above L{ bounds, derivatives-in-t estimates are also given in Theorem 2.1.2 and Theo-
rem 2.1.3 which also imply pointwise-in-t decay. Compared with (1.3.4), these additional
L} estimates represent an improvement of roughly an order of O(t_é) (after appropriate
time-dependent translations in x; of some asymptotic leading terms are identified and sin-
gled out in the cases of tv§, t2v5, etc.). For the Euler equation in a fixed channel (1.3.1), a.)
when wy € L?, the || L2 estimates was also obtained in [62, 64]; b.) comparable asymptotic
leading terms were identified for the vorticity w(¢, ) in Lemma 3 of [70]; and c.) asymp-
totic leading terms were obtained for v(¢, z) in Lemma 5.1 in [35]. The Fourier transforms
(in x1) of these leading terms €2¢, Ar, and A g are given explicitly in (6.1.9), (6.1.16), and
(6.1.15), which represent the impact of the interior flow and the top and bottom bound-
aries, respectively. See also (2.1.6) for singular elliptic boundary value problems satisfied
by Ar and Ag. In particular, the free boundary effect is explicitly reflected in the boundary
conditions (2.2.6¢) of the corresponding Rayleigh equation (2.2.6) and the form of A7.

From (6.1.16) and (6.1.15), (4.0.1), and Lemma 3.6.1(2), /A\B;p(O, x9) = 0 and the ellip-
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tic boundary value problem (2.1.6b) has a unique solution A g, while (2.1.6a) has a unique
solution A7 under the assumption of the non-existence of singular modes. Moreover, ac-
cording to the definitions (6.1.15), (4.0.1), (3.3.1), (3.5.1), and Lemma 3.4.1, 0,,Ap and
0., Ar exhibit logarithmic singularity at zo = —h and 0, respectively. In particular, Az = 0
vanishes if the initial vorticity wg|,,—_, = 0, while Az = 0if U”(0)n9 — woles—0 = 0. The
error estimates in addition to these leading asymptotic terms also justify that the estimates
of tv; and t2v in (1.3.4) are optimal. Moreover, the precise asymptotic leading terms could
also be useful for further anaysis.

It is also interesting to observe that, on the one hand, in the upper bounds of the damping
estimates the regularity assumption on the initial surface 7 and surface velocity v10|.,—0
remains unchanged while faster decay requires more regularity on the initial vorticity wy.
On the other hand, in the higher regularity estimates of (v?,n?), the requirement on the
regularity of wy in x5 remains in L?CQ. Compared with the above example of the linearization
at the Couette flow, conceptually this phenomenon is due to the fact that the component
(v, 1) is mainly the rotational part of the solution which depends on the vorticity more
heavily, while (v?,7?) more like the irrotational part. In this paper as we focus on the
damping estimates with additional L] decay of (v,n) after the leading order terms are
singled out, we adopted L2 based norms to somewhat simplify the calculations. If the
decay in other L! or L:° based norms is necessary, some basic estimates in these norms
are also given in section 5.1 and one may make an attempt following the procedure as in
chapter 5 and chapter 6. To avoid more technicality, the assumptions on the regularity of
wp 1n 71 in the theorem may not be close to optimal, particularly when ¢; and ¢, are away
from 2, see Remark 6.1.2(b). Moreover, the small ¢ may not be necessary, see e.g. [62, 64]
in the fixed boundary case. The assumptions on the more essential regularity of wy in
are optimal even in the existing results in the fixed boundary case.

The component (v, nP) are given by superpositions of the eigenfunctions of those non-

singular modes, which is governed by a (possibly unstable) multi-branched dispersion re-
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lation given by k& — kc for all non-singular modes c of the k-th Fourier modes in x;. Ac-
cording to the above eigenvalue analysis, this dispersion relation is asymptotic to that of the
linear irrotational capillary gravity wave for |k| > 1. In the case of x; € R, in the absence
of singular modes, all non-singular modes are given by ¢* (k) which are neutral/stable. Un-
der the additional assumptions (2.1.1) and 0 € U([—h, 0]), the conjugacy of (v?, n?) to the
linear irrotational capillary gravity waves implies that it decays at a slower rate. Hence the
dynamics of (1.2.2) has two layers: faster inviscid decay of (v°,n°) leaves the remaining
(vP,mP) decaying at a slower rate due to the dispersion like a linear irrotational wave.

In the periodic-in-z; case, as the non-existence of singular modes is assumed only
for k € %’TN, there can still be other non-singular modes besides ¢*(k) which may have
bifurcated from U(—h) or inflection values of U([—h,0]) at some k ¢ 2*N. In particular
instability may appear in finitely many dimensions in low wave numbers. In the estimates
of the component (v?, 7)?), the possible exponential growth (if Ay > 0) is caused by unstable
modes, where )\ is the maximum real parts of the eigenvalues and N is the maximum
multiplicity of those eigenvalues of the maximal real parts. Due to Theorem 2.1.1(1),
growth does not occur for |k| > 1. It is also worth pointing out that the the regularity of
nP is % order better than that of v” restricted to the surface x5 = 0, which is consistent with
the regularity results of capillary gravity waves in the existing literature.

The estimate in statement (3) at ¢t = 0 implies the boundedness of the projection onto
XP, whose kernal is X°. Some more detailed information of this projection can be found in
Lemma 6.1.2 and Theorem 6.2.1. In fact the subspace X? is generated by the eigenfunction
of all non-singular modes for all k£ € R.

The inviscid decay estimates in the case of z; € R is slightly subtle due to the presence
of small wave number |k| < 1. Certain stronger decay for |k| < 1 (for long waves) is
assumed on the initial values, see Remark 2.1.3. We use similar notations in the following

theorem.
Theorem 2.1.3. (Inviscid damping: 7, € R case) Suppose 1 € R. Assume U € C%, [, >
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3, U' > 0 on [—h,0], and there are no singular modes (see (4.1.5) and Lemma 4.1.1(5))
for any k € R. For any ¢ € [2,00], ¢ € (2,00], € > 0, ny € R, and integers
ng > 0, there exists C' > 0 depending only on q1, qo, €, and U, such that, for any so-
lution (v(t,z),n(t,z1)) of (1.2.2) with initial value (vo(x),no(x1)), there exist solutions
(W1 (t, ), (t,21)), T = p, ¢, to (1.2.2) and functions Q°(x), Ag(x), and Ay () determined

by (v, no) linearly (depending on U as well) such that

(U777) = (UCﬂ?C) + (Upﬂ?p)

and the following hold.

1. Assume U € C*, then (v°,n°) satisfy the following estimates

_ 1
lafoa;lfﬂﬂLgLfl ®) T ’afoa;lf 1(1 - 331)2051L3L31<R)

< C(Ham’no-i-m_indlf% + “811‘n0+n1_i010(.’0>‘11*
31

Tl

(S

N T

|8n06n1 c| a <C(H8 |n0+n1—ﬁ | ‘I’“a |no+n1—iv ( 0)}
t x T] L%lLtl(R) = 1 770 H;11 1 10\"» H;12

1

1
no+ni—_-

+ ||al“1’ 1 Wo

H;;2L§2)

n0 AN 1 ¢ no Qn 3 ¢
|tatoax11(1 - 8£1)2U2‘L3L31(R) + |tatoax11+1(1 - ail)“? |L§.1L§1(R)

<C (]|, "™ g

no+ni— -
‘34—}8 ql’Ulo-0|71
szl | $1| ( Y ) Hzlg
nO‘i’nl*i n0+n1fi
+ “8331| ol erd o, + ||am1’ 1 Oy, Wo g )
T T T k)

|8t"08;‘11+1 (t?}f — U’(xg)_lﬁglch(xl — U(ZL’Q)t, 1'2))

|L§L‘§2 (R)

+ |8ZL08211 (WC - QC({L'l - U(JTg)t,l’z))

‘L%sz (R)
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+|0room (92,08 — 0, Q1 — U(2)t, 72))

‘LgL? (R)

<O([|0n "™ 50| g + 10 "™ 010 (-, 0)| 4
HZ Hay,
(185, ™ g (100 " O]y )

1
€t3 19 €272
Hyy 212, Hyy 212,

and if, in addition, U € C°, then

}afo@;lll-i—l (tZUg - U,(Ig)_Qa;llQC<CC1 - U(Z)’Jg)t,l‘g) - AB<JZ1 - U(-h)t,l’g)

— AT(ZEl — U(O)t, 1'2))

’ L3L{(R)

<C(00 "™ 0|y + (100" 010, 0)]

| 3 1
HZ =’
no+ni——= no+ni—=
+ ||a$1‘ 2Wo H€+%L2 + “8931| 72 Oy, Wo e
xq zo 1 T2
no+ni—+ 52
+ Haml‘ 2 axzwo Hf—%Lz )
xq To

2. Assume U € C4, then for any ny = 0,1, and q € [1,00), it holds
€ — W0|H;}11L32 < C(’UO‘HZJ; + ‘U10<'70)|H;;11—2 + \WO\H;%—HGL%Q),

+ |ax2w0|H;11171+eL.’2z2),

1K™ 052 Ap| s, < ClO wo(, =h)| o1,
£

2

™ 0 Bz, < CUOE w0(, 0)| pmy 108 0] 0oy
and At and N satisfy (2.1.6).

3. Foranyn; € R,
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‘v’ng S [0,[0 - 1]7

030207 (8 )iz < C107 Mol Gpnas + 1051010 O,

|8n1WQ|2 n2 1L2 ),
x1 T2

Vng & [0, lo],

103, O3 (¢, )Lz <C (107 ol fpre + 105 010 0) g

zp

2

8n1+1 o )
| Hzn12 2L%2 I

|77p(t,.)@g11 < C(\noﬁﬁle + |8;;11v10(-,0)|2_% + 10w, 2L:%).

r1

4. Let
X' = {(v" 0= | all (vo,m0)} € H'(R x (=h,0)) x H*(R), = c,p,

then they are invariant closed subspaces of H' (R x (—h,0)) x H*(R) under (1.2.2).
Moreover (1.2.2) is also well-posed in the L*> x H* completion of XP. If, in addition,
(2.1.1) holds and 0 € U([—h,0]), then (1.2.2) restricted to the L* x H' completion
of XP, or XPN(H™ x H" ™) withn < ly—1, is conjugate through an isomorphism to
the irrotational capillary gravity waves linearized at zero (characterized by its wave

speed (2.1.5)).

Remark 2.1.3. Taking ny = ny = 0 in the above estimates, the |3x1|_é applied to the

initial values indicates some stronger decay assumptions for wave number |k| < 1.

Outline of the Proofs of Theorem 2.1.2 and Theorem 2.1.3

The proof of Theorem 2.1.2 is completed in section 6.2. Under the assumption of the ab-
sence of singular modes, general solutions yz(k, ¢, z5) to the non-homogeneous boundary

value problem (2.2.6) of the Rayleigh equation are studied in chapter 5, which are expressed
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in the variation of parameter formula using y. obtained in chapter 3. We establish the basic
a priori and convergence (as c; — 0+) estimates in section 5.1. The latter is often referred
to as the limiting absorption principle (e.g. [62, 35]). For the inviscid damping estimates, it
is crucial to obtain the smoothness of 5 in ¢ (in section 5.2). Since singularity occurs along
¢ = U(xy), &yg, j = 1,2, behaves badly there. Instead we apply a differential operator
D, to the Rayleigh system (2.2.6) which differentiates along the direction of ¢ = U(x3),
hence D’yp satisfies another boundary value problem of the Rayleigh equation in the form
of (2.2.6) and enjoys better estimates. Essentially this approach is similar to those used in
[34, 64] for the Euler equation on fixed channels. The main results of section 5.2 are the
estimates of 910,,yp, j1 = 1,2 and j, = 0, 1, with the most singular terms identified.
The splitting and the linear inviscid damping estimates of solutions (v,7) to the lin-
earized capillary gravity waves (1.2.2) are obtained in chapter 6. While the vorticity w is
not sufficient to recover the whole solution (as in e.g. [71, 61]), the solutions are expressed
in terms of the inverse Laplace transform of V5(k, ¢, xz2), where V5 is the Laplace trans-
form of v,(t, k, x5), which is estimated in chapter 5. We use the following Mellin’s inverse

formula to compute the inverse Laplace transform (see [10]).

1 y+ip3
ft) =L HF(s)}t) = =— lim e F(s)ds,

211 B—o0 N—if

where -y is greater than the real part of all singularities of F'. Unlike e.g. [61, 35], techni-
cally we do not immediately push the contour integral (in c) of the inverse Laplace trans-
form to the limit spectra set U([—h, 0]), but first keep it along the boundary of a small
neighborhood of it in the complex plane. This allows easy integration by parts in c to es-
tablish the decay estimates in ¢ after the leading asymptotic terms are obtained by applying
the Cauchy integral theorem to the most singular terms of 97V3, j = 1, 2. In fact, in deriv-
ing the decay estimates of v, 7, tvy, and tn where the leading asymptotic terms were not

involved, a priori estimates, but not the limiting absorption principle, is sufficient.
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The above approach to obtain the inviscid decay also applies to the Euler equation in
a fixed channel linearized at a shear flow U(z). Similarly, while the asymptotic leading
order terms of tvy, w, and 9> ,vz are all generated by the asymptotic vorticity )¢, that of
t?vy involves two additional functions 2 and 5 due to the contributions from the top
and bottom boundaries. We give a brief summary of the results for the channel flow in
section 6.4 and see also Remark 6.4.1.

The proof of Theorem 2.1.3 is completed in section 6.3. Most of the remarks after
Theorem 2.1.2 are also valid. In particular, there are only two branches of non-singular
modes corresponding to eigenvalues ikc* (k) of both algebraic and geometric multiplicity
two, hence there is no growth at all. The conjugacy of the dynamics of (v?, 7?) to the linear

irrotational capillary gravity waves is basically a restatement of Theorem 2.1.1(2b).

2.2 Preliminary linear analysis

To analyze the linear system (1.2.2), we first reduce it to an evolution problem of the Fourier
transform of vy in 1, which in turn determines vy, 1, and p. We then apply the Laplace
transform in ¢ to obtain a non-homogeneous boundary value problem of the well-known
Rayleigh equation in x5 € (—h,0) with a non-homogeneous Robin type boundary condi-
tion at x5 = 0 due the boundary conditions at the free boundary. The main analysis will
focus on the Rayleigh equation.

Consider the Fourier transforms of the unknowns (v(t, z),n(t, x1), p(t, z)) in 24

U(:E): Z @(k‘,l‘g)eikm7 ’I’}($1>= Z ﬁ(k,)eik:m’ p(l‘): Z ﬁ(k,l‘g)eilml,

21 2 2
k’ETZ kETZ kETZ

in the case of z; € T}, and

1 .
() = %/R@(k:,xg)ezkxldk,
1 .
n(e) = & / A(k)e dk,
27T R
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1

plx) = o

/ Pk, zo)e™ dk,
R

in the case of ;1 € R, where we skipped the variable ¢t. The Fourier transform of the

linearized system (1.2.2) takes the form

Oy0 + ikU (z2)0 + (ikp, )T =0, ikt + 05 = 0, zy € (—h,0)
(k* = 92,)p = 2ikU’ (5) s, 19 € (—h,0)
O = —ikU(0)n) + 0(t, k, zo = 0),

p(t. k. 0) = (g + ok?)7,

Og(t, k,—h) =0, p'(t,k,—h) =0,

(2.2.1)
where ’ denotes the derivative with respect to x5 as in the rest of the paper. Due to the

divergence free condition on v and the boundary conditions, it is easy to see

@2(t7 07 1‘2) = 07 ﬁ(tv 07 1'2) =9, '&1(t7 07 xQ) = 'Ul()(oa x?)a ﬁ(ta O) = ﬁO(O) (222)

For k # 0, 01 can also be determined by v, using the divergence free condition, 7} by
the third equation of (2.2.1), while p by 95 and 7 by solving the elliptic boundary value
problem. So we shall mainly focus on 5.

Combining the equation of 9 acted by k* — 9> , and the one of p acted by J,,, we obtain

(0 + ikU) (k> — 02,)00 + ikU"05 = 0, x5 € (—h,0), (2.2.3a)
which is the linearized transport equation of the vorticity (as defined in (2.1.2))
O = ikiy — 0] = i(l{:z — 852)@2
in its Fourier transform. In addition to the above equation, we need its boundary infor-
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mation to completely determine v5. Applying 0., to the first equation of (2.2.1), then

evaluating at zo = 0, and using the equation of p, we have

(0; + ikU(0))04(t, k,0) — ikU'(0)dy(t, k, 0) + k*(g + ok*)i(t, k) = 0.

Finally applying 0; +ikU (0) to the above equation and using the third equation of ((2.2.1)),

we obtain
(00 + kU )0y — ik U (0 + kU )ia + k(g + 0k*)ba) [ _ =0,  Dolsp=—n = 0, (2.2.3b)
where we also included the boundary value of 0, at x5 = —h.

To analyze the evolutionary problem, we apply the Laplace transform L to the un-

knowns

Vi(s) = (Vils), Va(s)) := L{0}(s),  P(s):= L{p}(s), 7= L{n}(s). (224
An often used change of variable for k # 0 is
c:=1is/k = cr+icy (2.2.5)

with ci and c; being the real and imaginary parts. From (2.2.3), our main unknown
Va(k, ¢, z5) satisfies the following non-homogeneous Rayleigh equation
u” (k* = 02,)020 o

vy — 220 _ _
V. ik(U —¢) U-c’

V) + (K* + Ty € (—=h,0), (2.2.6a)

with boundary condition

Va(—h) =0, (2.2.6b)

where & = wy(k, x2) is the Fourier transform of the initial vorticity and we skipped the k
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and c variables of V5. Similarly, the Laplace transform applied to the boundary equation
(2.2.3b) and evaluated at x5 = 0 imply

(U =0V = (U'(U = ¢) + (g + 0k*))V2) |

x2=0

= — L (8,0l — ickdh + 2ikUdy — ikU"ty)

}t:{rg:o

= — 15 (0 + kU )0y — ikU" 0y + k(U — )05)|,_, -
Therefore we obtain

(U—=c)*V3—(U"(U—c)+(g+ak*)Va)| g+0k*)fo—L(U(0)—c)ih,(0), (2.2.6¢)

xo=0 = (

The last boundary condition can be viewed as the dispersion relation which is highly non-
local. The Laplace transforms of 1/, and 7} of ©; and 7 can be recovered from the divergence
free condition and the third equation of (2.2.1)

. Va(e, k, 0) + Ao (k
V= ek =

(2.2.7)

Hence in the most of the paper we shall focus on the non-homogeneous boundary value
problem (2.2.6) of the Rayleigh equation. The main goals of the analysis are the eigenvalue
distribution of linear system (1.2.2) and the inviscid damping of its solutions.

System (2.2.6) is a boundary value problem of a non-homogeneous second order ODE
with coefficients analytic in £ € R and ¢ € C \ U([—h,0]), so it has a unique solution
analytic in k& and c except for those (k, ¢) for which the corresponding homogeneous system
of (2.2.6), where 59 = 0 and 7y = 0, has non-trivial solutions. Such singular (&, c) also

give the eigenvalues of (2.2.6) in the form of —ick. In fact we have the following lemma.

Lemma 2.2.1. For k € R\{0}, there exists a non-trivial solution (c,Vs(z2)) with ¢ ¢
U([—h,0]) to the corresponding homogeneous problem of (2.2.6) (namely, with vsg = 0

and 1)y = 0) if and only if —ikc is an eigenvalue of the linearized capillary-gravity wave
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system (1.2.2) associated with the linear solution in the form of (1.3.2) given by

vl(t,m) _ E€Zk($l_0t)‘/;(x2), vg(t,m) _ ezk(xl—ct)v'?(x2)’

n(t,xy) = etk(@1—ct) V2(0)

(U (0) — )
p(t, ZE) — tk(z1—ct) <%%(O) — Zk/o (U — C)V2d$/2>

Proof. On the one hand, it is straight forward to verify that the above v, 7, and p satisfy
(1.2.2¢), (1.2.2d), 01, p|zy=—n = 0, and V - v = 0. The Poisson equation of p in (1.2.2b) is
a consequence of the linearized Euler equation in (1.2.2a), the v, equation of which is also
easily verified. Hence we only need to consider the v; equation in (1.2.2a). In fact, that

equation holds for the above (v, n, p) if

g+ ok?

(U c)VQ—i-UVQ—i—U(O)_C

T2
V2(0) + k:2/ (U — ¢)Vadaly, = 0.
0

The x4-derivative of this function is equal to 0 due to the Rayleigh equation (2.2.6a) and its
boundary value equal is to 0 at zo = 0 due to the boundary condition (2.2.6c).

On the other hand, suppose (k, ¢, v9(t, ), n(t, z1), p(t, x)) is a solution to (1.2.2) in
the form of (1.3.2) with k¥ # 0 and ¢ ¢ U([—h,0]). Equation (2.2.3a) implies that V5
must be a solution to the corresponding homogeneous equation of (2.2.6a), while (2.2.3b)
yields the homogeneous boundary conditions of the types of ((2.2.6b)-(2.2.6¢)). Therefore
(¢, Va(x9)) have to be homogeneous solutions to (2.2.6). Subsequently, v; is obtained from
V - v = 0, n from the third equation in (2.2.1), and p from the v, equation in (2.2.1) along

with its boundary value at 2o = 0. [l

Definition 2.2.1. (k,c) is a non-singular mode if ¢ € C\ U([—h,0]) and there exists a

non-trivial solution V,(x5) to the corresponding homogeneous problem of (2.2.6) (thus also

yields a solution to (1.2.2) in the form of (1.3.2)). (k, c) is a singular mode if ¢ € U([—h, 0])
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and there exists a H2, solution y(z) to
(U —o)(—y"+Ky)+U"y=0 (2.2.8)

along with the corresponding homogeneous boundary conditions of ((2.2.6b)—(2.2.6¢)).

(See also Remark 4.1.1.)

After acquiring good understanding on the homogeneous problem of the Rayleigh equa-
tion (2.2.6) (chapter 3) and its eigenvalues (chapter 4), we proceed to analyze the general
non-homogeneous problem of (2.2.6) (chapter 5), in particular, the dependence of solutions
on c. Finally in chapter 6 we apply the inverse Laplace transform to estimate the solution

to the linear system (1.2.2). Recall the inverse Laplace transform

1 y+ioco |]€‘ +oo+% "
ft) == / e F(s)ds = — e~k P(—ike)de, (2.2.9)

270 Jy—ioo 2m —oo+

where v is a real number so that F'(s) is analytic in the region Res > 7 and the change
of variable (2.2.5) was used in the second equality. Due to the analyticity, the integral can
be eventually carried out along contours enclosing U([—h,0]) C C and the non-singular
modes of (1.2.2). Assuming there is neither singular modes in U ([—h, 0]) nor nearby non-
singular modes, we shall eventually obtain the decay in ¢ of the component of the linear
solution corresponding to the integral along the contour surrounding U([—h, 0]) by inte-

gration by parts in c.
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CHAPTER 3
ANALYSIS OF RAYLEIGH EQUATION

In this chapter, we shall thoroughly analyze the homogeneous Rayleigh equation
—y'(12) + (K + Frsl ) y(wa) =0, @5 € [, 0], (3.0.1)

where

keR, c=cr+iceC, /:8@.

Throughout this chapter (except for some lemmas in section 3.6), we assume
U'(xg) >0, Vap€[—h,0]. (3.0.2)

As pointed out in the introduction, due to the symmetry of the reflection in x; variable, the
case of U’ < 0 can be reduced to the above one. Hence all results under (3.0.2) hold for all
uniformly monotonic U (z3), namely those U satisfying U’ # 0 on [—h, 0].

To some extent, we will also consider the non-homogeneous Rayleigh equation
—y"(z2) + (K* + %)y(@) = ¢(k,c,23), w5 € [—h,0] (3.0.3)

More detailed forms and conditions of ¢(k, ¢, z2) will be specified when we obtained de-
tailed estimates in chapters chapter 5 and chapter 6.As in typical problems of linear esti-
mates based on density argument, we shall mostly work on ¢ with sufficient regularity, but
carefully tracking its norms involved in the estimates.

The solutions to the Rayleigh equation (3.0.1) are obviously even in £ and thus £ > 0

will be assumed mostly. Similarly complex conjugate of solutions also solve (3.0.1) with
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c replaced by ¢, so we will restrict our consideration to ¢; > 0. We have to consider the
cases of ¢ € C away from U(|—h,0]), near U([—h,0]), and then finally ¢ € U([—h,0]),
separately. Due to small scales in x5 created by k£ >> 1, the dependence of the estimates on
k > 1 will be carefully tracked. Recall U € C'. For technical convenience we extend U

to be a C' function on a neighborhood [—hg — h, h| of [—h, 0], where

hooinf ]U’
T 04
ho = min { 7. 4|U”|CO }>0, (3.0.4)

such that, on [—hg — h, ho),

U/ b~ 1nf U/< ) ‘U/|Cl071([7h07h,h0]) S 2‘U/|Cl071([7h,0])' (3.0.5)

In the analysis of the most singular case of ¢ close to the range U([—h, 0]), we let 2§ be
such that

cr = U(xS), if cg € U([—ho — h, hy)). (3.0.6)

We also extend the non-homogeneous term ¢(k, ¢, x2) for o € [—ho— h, ho] while keeping

its relevant bounds comparable.

3.1 Rayleigh equation in the regular region

In the initial step we consider the rather regular case where k*|U — c| is bounded from
below. For not so small k, we first transform the homogeneous Rayleigh equation (3.0.1)

into a system of first order (complex valued) ODEs. Let
ze =y & |kly,

and then (3.0.1) takes the form of the coupled equations

"

2 = Elk|zx 4+ 38(k, ¢, x2) (24 — 22), Bk, c,zs) = ‘k‘(U - (3.1.1)
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Lemma 3.1.1. There exists C' > 0 depending only on |U’|c1, and |(U") ™Y co, such that for

any p € (0,1], k # 0, and T = [x9;, x2,] C [—ho — h, ho] satisfying
1 2 % -1
m S pk (1 + ’U |CO([*hO*h7h0D> , Vmg - I,
and any solution z = (z,z_)T to (3.1.1) with
|24 (w2) | = [z (1),

it holds, for xo € Z, |z, (x2)| > |2—(x2)| and

‘z+(:c2) _ €|k|($2*wzz)Z+(x2l)‘ + ’27@2) _ e"k‘(“*”l)z,(xglﬂ

<C|k| " log (1 + Cpk?(zy — xa))elFl@2220) |2 ()],

Moreover, for any solution with

|24 (z2r)| < |2 (22r)],

we have, for xo € T, |z (x2)] < |z_(22)] and

24 2) — M52 ()] () — e M52 ()

<Clk| " log (1 + Cpk?(wa, — m2)) 72 772) |2 (19,.)].

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

While (3.1.3) provides some technical convenience, indeed some assumption of this

type on the initial values is needed to ensure estimates of solutions such as (3.1.4). For

example, if || < k, the standard ODE theory implies that there are two solutions behaving

like e**(®2=221) corresponding to the Lyapunov exponents close to 4k, then the decaying

solution may not satisfy (3.1.4) with C' uniform in k£ > 1.

Proof. We start with the observation of a simple consequence of (3.1.2). Namely, one may
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compute straight forwardly

(2 = [2-[2) = 2lk|(J2 ]2 + [=-]?) + ReBlzy — 222 0. (3.LD)

This monotonicity along with boundary conditions yields an order relation between |z |
which can be used to control terms in (3.1.1).

We shall focus on the case under assumption (3.1.3), which ensures

24| > |22], Vg €. (3.1.8)

By factorizing 2, on the right side of (3.1.1), its solutions satisfy

zZ__ I,
1 [r2 ﬁ(k,c,a:é)(l— +E£,§;)dax’2 B

2y (1) — elfl@2=22)  (30)) = (e : 1)e|k|(""”2’m”)z+(fngl). (3.1.9)

If cp € U([—ho — h, hgl), let 25 be defined as in (3.0.6) and we use (3.1.2) to estimate

X2 C . 1
/ |B(K, ¢, a5)|da Sm/ (Joh — x5)* + )~ 2dd)
Z2]

x21

_¢
K|

Ty — 25 + /(19 — 25)2 + 2

Toy — 15 + \/(xgl —a5)? + ¢

log

Y

where the last equality is the exact integral. If 2§ < x9; < 29, then the numerator in the
logarithm is greater than the denominator. Applying the triangle inequality to x5, x4 and

¢, we obtain

02— 25+ @ BT 3
Ty — 25 + /(29 — 25)2 + 2

log <

log (1 + Clas — z2) ) ‘

Lo — l’% + |U(£L’QZ) - C|

<log (1 + Cpk*(z3 — z2)).

If 9 < 29 < 2§, multiplying the top and bottom of the quotient by their conjugates and
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proceeding much as in the previous case, we have

x5 — xo + \/(xgl — x5)? + 2

2§ — o + +/(v2 — 25)2 + 2

xz—x§+\/(:c2—x§)2+c§

Ty — 2§ + /(v — 25)2 +

log

<log (1 + Cpk* (29 — 5621)).

Finally, in the case zo; < x5 < 2, by splitting the interval at 2§ and applying the above

estimates on the two subintervals, we obtain

Ty — 25+ /(22 — 25)2 + 2
Ty — 2§+ \/(zor — 25)2 + 2

$2—$§+\/(I2—$5)2+03~+log 1] :
|C[‘ To] — SL’% -+ \/(372[ — 1’5)2 + Cy

log

= |log

<log (1+ Cpk*(zs — z5)) + log (1 + Cpk* (2§ — z1)) < 2log (1 + Cpk®(z2 — za)).

Therefore the desired estimate (3.1.4) on z, follows from (3.1.9) and (3.1.8) and

1 [*2 gk c:p’)(lfzf(zé))dm’
et 24 (z) 2_1

<c / Bk, ¢, %) da

Z2]

<C|k| " log (1 + Cpk? (s — 2a1)),

as C|k|™ log (1 + Cpk*(zs — x)) is bounded uniformly in all k # 0. If cg ¢ U([—ho —
h, hg]), one can bound |3| by % min{1, pk*} which is also bounded for all k¥ # 0. If
pk? < 1, then pk?(zo — x9;) is bounded by C'log (1 + pk*(zy — l'gl)). If 1 < pk?, then

To — x9 < Clog (1 + X9 — ZL‘Ql) < C'log (1 + pk’Q(xg - IEQl)).
Therefore in both cases we have

/ |B(k, ¢, zy)|dxly < %min{l,pk‘z}(ﬂtg — Ty) < % log (1 + pk*(z2 — 221))

21
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and thus (3.1.4) for z, follows from (3.1.9) and (3.1.8).

Turning attention to z_, from the variation of parameter formula, we have

1 [*2 /
2o (ma) — e MEmm0) () = 5/ e M=) Bk, ¢, ) (24 (wh) — 2 (a5)) dah,

2]
(3.1.10)
which along with (3.1.2), (3.1.4) for z,, and (3.1.8), implies

x2
o () — e M 202 ()] < CelHo2=220] 2, ()] / 1B(k, ¢, )|,
x2]

The desired estimate on z_ follows from the above inequality on [ |3|. The estimates on
24 (2) with initial condition z4 (z5,) satisfying (3.1.5) can be derived in exactly the same

fashion. O

In the following we use the above lemma to analyze some solutions to the homogeneous

and non-homogeneous Rayleigh equations (3.0.1) and (3.0.3).

Lemma 3.1.2. Consider
(©1,05) € {sinh, cosh}?\ {(cosh, sinh)}.

There exists C' > 0 depending only on |U'|c1 and |(U')™Y|co, such that, for any k # 0,
€ (0,1], Cy > 0, and interval T = [x9), X9, C [—h, 0] satisfying (3.1.2),

1. if a solution y(z2) to (3.0.1) satisfies

|[k|y(z2) — sinh [k|s| < CoO1(|k]s), |y (za) — coshks| < CoOs(|k|s), s >0,
G.1.11)

then it holds that, for all x5 € T,
||k|y(z2) — sinh [k|(z2 — zo + )|
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<C(Co+ (1+Co)(p + k[ log(1 + Cpk?)) ) O1([k| (x2 — 2o + 5)),
|y (22) — cosh k(xg — a9 + 5]

<C(Co+ (1+ Co)(p+ |k log(1 + Cpk?)))Oa(|k|(z2 — 221 + 5));

2. if a solution y(x5) to (3.0.1) satisfies

||k|y(22,) — sinh |k[s| < CoO1(|ks|), [y (x2,) — coshks| < CoOs(|ks]), s <0,
(3.1.12)

then it holds that, for all x5 € T,

|[kly(z2) — sinh |k|(z2 — 22, + 5)|
<C(Co+ (14 Co)(p + k[~ log(1 + Cpk?)) ) O ([k(ws — 2y + 5)]),
|y (x9) — cosh k(zy — 9 + 8|

<C(Co+ (14 Co)(p -+ [k log(1 + Cpk?))) Onl[k(wz — . + 5)]).

3. Moreover, the solution y(x2) to (3.0.3) with y(xs) = y'(xe) = 0 for some x99 € T

satisfies
[Ikly(z) = [ ¢(k,c,ah) sinh [k(ws — a})|drt
20
+ |y (z2) — o(k, ¢, xy) cosh k(xg — ) dx, (3.1.13)

20

<C(p+ k| " log(1 + Cpk?))

2
/ ¢(k, c, xy) sinh |k(zy — of)|da)|.

20

Proof. We first consider the special solution y(z2) to the homogeneous (3.0.1) satisfying

(3.1.11) with Cyy = 0, namely, with the initial values

y(xo) = |k| ' sinh|k|s, v'(zy) = cosh|k|s, s >0,
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+|kl|s

whose corresponding form in terms of z1 with initial values zy (zq) = € satisfies the

assumptions of Lemma 3.1.1. On the one hand, for |k|(z5 — %) < 1, it holds

k| telkl@2=a2) 160 (1+ Cpk?(z2 — 1)) < Cplk|(z2 — z2) < Cpsinh |k|(z2 — z2),
while, for |k|(xe — z9;) > 1, we have

k| telkl@2ma20) 150 (1+ Cpk? (o — z1)) < Clk| log(1 + Cpk?) sinh |k|(zs — z2).
Therefore Lemma 3.1.1 and p € (0, 1] imply

|Z+(ZL'2) _ €‘k|($2—$2l+8)’ + |Z_(l'2) - €—|k|($2—m21+s)|

<C(p+ k| log(1 + C’pk:Q))eWS sinh |k|(xe — x9).

Recovering y(z2) and 3/ (z5) from z4(x5), we obtain the desired estimates in the case of
©; = O3 = sinh under the additional assumption Cy = 0.

In the following we prove the estimates for a homogeneous solution y(x2) to (3.0.1)
under (3.1.11) with general Cy > 0. Let Yi(z2) and Y5(z3) be solution to (3.0.1) with

initial values
Yi(zy) = |k| ' sinh 1, Y{(29) =coshl; Ya(wy) =0, Y)(ze)=1.
Clearly Y; and Y satisfy the above estimates with s = |k|~! and s = 0, respectively, and
y(w2) = |k[(sinh 1) "'y (22) Y (22) + (y'(w2r) — [K](coth 1)y(a)) Ya(w).
Therefore, for z5 € Z,

||k|y(x2) — sinh [k|(z2 — 22 + 5)|
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(st 1)1 [y ) (K175 2) — simb [kl (2 — a20) + 1)
+ ([Kly(wz) — sinh [k]s) sinh([k] (z2 — 22) + 1))
+ (sinh 1)~ sinh |k|s sinh(|k|(zo — 29) + 1)
+ (¥ (z2) — (coth 1)|k|y(za)) (|k|Ya(x2) — sinh |k](z2 — 2))
+ (¥ (z2) — cosh |k|s — (coth 1)(|k|y(z2) — sinh [k[s)) sinh |k|(z2 — z2)
+ (cosh |k|s — (coth 1) sinh |k|s) sinh |k|(xe — z9) — sinh |k|(xe — zo + s)‘

In the above summation, all the hyperbolic trigonometric combinations without y(zg;) or
Y1 2(x2) are eventually cancelled and the remaining terms can be estimated by the using the

assumptions on the initial values and the already obtained estimates on Y; and Y5. We have

||k|y(x2) — sinh [k|(z2 — 2 + 5)|
<((1+Co)(p+ k| log(1 + Cpk?)) + Co) (O1(|k|s) sinh(|k|(z2 — ) + 1)
+ cosh |k|ssinh |k|(zs — )

<((L+Co)(p + k[ log(1 + Cpk?)) + Co)O1|k|(w2 — war + 5),

where the last inequality was obtained by considering the two possible cases of O, spearately.

The inequality on y(x2) can be obtained similarly as

|y’(x2) — cosh |k|(xg — xg + s){
<(sinh 1) (Irly ) (147 ) — cosha(b{ (2 — ) + 1)
+ (|kly(xq) — sinh |k|s) cosh(|k|(xy — z9;) + 1))
+ (sinh 1) " sinh |k|s cosh(|k|(zo — x9;) + 1)
+ (/ (w2) — (coth 1)[k[y(wa)) (k]Y3 (22) — cosh k] (z2 — z21))
+ (' (w21) — cosh |k|s — (coth 1)(|k|y(z2) — sinh |k|s)) cosh |k|(z2 — z2)
+ (cosh |k|s — (coth 1) sinh |k|s) cosh |k|(xe — z9;) — cosh |k|(xe — zg) + s)‘
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and thus

}y'(xg) — cosh |k|(xg — @9 + s)|
§((1 + CO)(p + |l<:|_1 log(1 + C’ka)) + C’O) (@1(|k|s) cosh(|k|(xe — xg) + 1)
+ cosh |k|ssinh |k|(zs — z) + Oa(|k|s) cosh |k|(zs — z))

S((l + Cg)(p + |l€|_1 log(l + Cpk’2)) + Co)@g“f’(ﬂfz — T9 + S).

This proves the desired estimates under the assumption (3.1.11). The proofs of the inequal-
ities under assumption (3.1.12) are similar and we omit the details.
Using the variation of parameter formula, we can write the solution y(xz5) with y(x9) =

y'(x90) = 0 to the non-homogeneous Rayleigh equation (3.0.3) as

Y 2 0
(xq) = / o(k, c,x5) S (w2, ) dr),
y’ 20 1
where S(zo, 2) is the 2 x 2 fundamental matrix of the homogeneous equation (3.0.1) with
initial value S(x%, z4) = I. Therefore,

0 y(xo, !
Sty ] = |

1 Zj/(ﬂﬁz, '77,2)

where ¢(-, z},) is the solution to (3.0.1) whose initial value is given by g(x5, z5,) = 0 and
g(xh, z4) = 1. The desired estimates follow from applying the above estimates in the

homogeneous case with s = 0 = Cjy and ©; = Oy = sinh. O

Practically the above estimates are more effective for £ bounded from below. To end

this section, we give the following simple estimate of the Rayleigh equation for £ bounded
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from above, which compares y(x2) to the free solution (where the U term is removed)

yr(22) = (cosh k(zy — 20) ) y(wa0) + k™" (sinh k(za — 399) )y (z20).

Here k! sinh ks|z—o = s is understood.

Lemma 3.1.3. For any k*, M > 0, there exists C' > 0 depending only on h, k*, and M

such that for any |k| < k*, Cy > 0, x99 € T = [x9, To,| C [—h, 0] satisfying

SOOSM, \V/J/’QEI7

‘U—c

and any solution y(x2) to (3.0.3), it holds

[y(22) — yr(z2)| + |y (72) — Yp(22)| < C<Co(|y($20)||ff2 — 0| + 9/ (20)| |22 — w20]?)

+ ) /;2 lo(k, ¢, zy)|daly >

Proof. The proof is based on some straight forward elementary argument and we shall only

outline it. Let § = y — yr. We can write the solution y(x2) using the variation of constant

formula
y(x x2 /N k=1sinh k(zy — 2
(o) S P
7' (z2) 20 - ¢ cosh k(xg — )
2 Uy k= 'sinh k(zy — 2!
20 — ¢ cosh k(xq — )
It implies

|9(z2)| 4 |7 (22)] §O<Co(|y($2o)||1?2 — 0| + |y (w20)| |22 — @20[?)

T2 €2
/ (6(k, ¢, )| d / (e
20

20

+

>+C%
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and the estimates on y — yr and y’ — y}. follow immediately from the Gronwall inequality.

]

3.2 Rayleigh equation near singularity and its convergence as c; — 0+

In the rest of the chapter, we shall mostly focus on the case when (1+ k2)2|U — ¢| is small,
S0

cr=U(x3), a5 € [=5ho — N, 5hol, (3.2.1)

will always be assumed, while the domains of U and ¢ have been extended to [—hg —
h, ho]. Due to complex conjugacy, we only need to consider ¢; > 0. In particular, if
25 € (—h,x,), the strong singularity in (3.0.1) will lead to y(cg + i(0+), k, z2) ¢ R even
if y(—h),y'(—h) € R. Even though some estimates are stated for ¢; > 0, most of the
inequalities are mostly uniform as ¢; — 0+ and thus hold for the limits.

In order to obtain estimates uniform in k € R, rescale

n = <k>_1 = \/ﬁa To = ZE; + U, Cr = W, w = (w17w2)T = (/'L_lya y/)T € C27

(3.2.2)
where x§ satisfies (3.2.1) as well as in the above. Equation (3.0.1) becomes
0 1 0
w, = S o) w— | , (3.2.3)
1—#2—1—/;](365_’_—;7_),; 0 qﬁ(,u,c,T)
where
o(p,c,7) = po(k,c, x5 + pr).

We shall consider this ODE on intervals 7 € [— M, M] such that
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is that U is well-defined when |7| < M. As ¢; — 0+, one would naturally expect w(7) to

converge to solutions to

0 1 0
W, = S U . (32.5)
=12 + freiees O ¢ (4, cr,T)

However, this limit equation becomes singular at 7 = 0 and conditions have to be specified

there.

e Fundamental matrix of the homogeneous Rayleigh equation. Its construction is

adapted from the one used in [11]. Let

pU" (x5) 72, 2 /T ipeUs(7") /

I'(p, cr,e,7) = (1 — D+ 20 60(U? + €2) + ,CR,€,T)+ —dT’,
(1, cr ) =01-4) 20" (x5) & ) mser ) _m U(T")? 4 €2

(3.2.6)

where, for j = 1, 2,

Uj(cRa Ly T) :<dd_xj§U)(x§ + /LT), U(CR7 H, T) = i(U(ng + ILLT) - CR)

(3.2.7)
= (U2 + p1) = U(25)),
and the remainder v of I' is given by
IU/(Ul(O)UQ — UQ(O)Ul)U 2 ,UUQ
,CR,€,0) =0, T = = ,:>F7-:1— 4+ =—.
Y1, cr,€,0) v AOGEYS O
(3.2.8)

It is not hard to see that v(u, cg,0,7) is C*~2 in 7 and y and C~3 in cg. We often skip
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writing the explicit dependence on those variables other than 7. Denote

Co(p, cr, 7) = lim T'(p, cr,€,7)
e—0+

pU" (x5)

T(s) 81U+, cr,0,7) (3.2.9)

=(1 — ) +

where we note that the integrand of the imaginary part of I' converges to a delta mass
as € — 04 and produces a jump in I'y at 7 = 0 (see Lemma 3.2.1 in the below). Let

B(u, Cr,€,7T) be a2 x 2 matrix given by

. I'(p,cr, e, 7 1 . .
B, — (1, cr,7) B, B(ucre,0)=loo,  (32.10)

—T(p,cpy6,7)* —T(1, cry€,7)

and

- (1, e, 7) o (9 .
O(p,c,7) = ¢ ¢, 7B, cg, ”,T) dr’.  (3.2.11)
Oy (1, c,7)

It is worth pointing out that Iy is real for 7 < 0 and imaginary for 7 > 0. To keep the
notations simple we often skip the arguments other than 7. In the following lemma we
collect some basic estimates of I' and B where we often bound the log |7| singularity in T’

by |7]7%, o > 0, for simplicity.

Lemma 3.2.1. For any M > 0 satisfying (3.2.4) and o, € (0,1) with a + o/ < 1,

there exists C > 0 depending only on M, «, o, |U’|c2, and |(U") 7| co, such that, for any

0 < € < M, the following hold for |T| < M,

det B=1, |B—1I|<elHCU ™) _y |51 _ 1 < 4(erHCrtnrln) _ ).

(3.2.12)
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D(e,7) = To(7)] < Cpa(pae|log | + =57 + log(1 + £5)) (3.2.13)

T2

B(e, 7) — Bo(7)| < Cpmin{e®(|7|*=% + u|7|®), e(1+ |loge| + plog®e)}  (3.2.14)

where BO(,u, cr,T) = lim._o4 B(,u, CR,€,T). Moreover, general solutions of (3.2.3) with

cr > 0 is given by

-1
py(w2) 1 0\ . .
= w<7—> = B(M7CR7€77-) (b_ @(/,1,7 ¢, T))7
y/(xQ) F(/'L7CR7 677—) 1
(3.2.15)

b
b= | | ec?

by

Remark 3.2.1. Even though € > 0 is assumed in the above and the remaining statements
in this and the next sections, as C' > 0 is independent of ¢ = (k)c; € (0, M| in a priori

estimates and thus they hold even as e — 0+.

Expression (3.2.15) essentially is the variation of parameter formula including the fun-
damental matrix of the Rayleigh equation. Due to det B = 1, it is possible to extend the
definition of B to include all 25 € [—hy — h, hy], but its bound would be non-uniform in

k> 1 for |zo — 25| > p.

Proof. Since I has a logarithmic singularity at the worst even if ¢ = 0, B is obviously
well-defined. The zero trace value of the coefficient matrix in (3.2.10) yields det B = 1.
The form (3.2.15) of general solutions of (3.2.3) for ¢; > 0 follows from straightforward

verifications.
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Equation (3.2.10) implies
(B=1),| <1412+ (1+T9)|B - 1|,

where 1 + I'? is the operator norm of the coefficient matrix. From Gronwall inequality, we

obtain

1B — 1| < eltlomarl _q,
It is clear from the definition of v that

U.

2(7_/) /

<o /?’“—dT
V| < Cp '_MU<T,

e < Cp.

The definition of I, the boundedness of \U |, and the estimate on ~, imply that, for 7 €

[—M, M],

/ 2dr!
0

where C' is a generic constant determined by M and k, and the Holder inequality was

< C(r|* + p*)lr| + Cp? < C(I71* + 1|7]%),

/ log?(|7'| + €)dr’
0

used to obtain |7|*, for any o € (0,1). The desired estimate in (3.2.12) on B — I follows
immediately which along with det B = 1 in turn yields the estimate on B~ — I.

The definition of v implies

T opre 2 1 7]
|v(e,7) —~(0,7)] < ‘/0 de’ = Cpu’etan P
Regarding the imaginary part of I', we observe
/T Up(7') Uz(0) i
U2+ e Ui(0)2(7)? + €

/T Us(7) (U1(0)2(7')? + €2) — Un(0)(U(7')? + 62)‘ )
< _ dr
ny (U(7)2 + ) (U1 (0)2(7')? + %)
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T ’7-/’ /
<C ——d7 < Cu(l 1
< u/_ G 7 < Cu(l+ |logel),

where we used the smoothness of U; and Us in pr. It implies

)/ ’“UQ a7 — 102(0) (tan_l GO f)‘ < Cpe(l + plloge]), (3.2.16)
2+ 62 2

Ul(O) €
and thus
/,LGUQ ’ W/LUQ(O) ’ . —1
——d7t’ — n(7) 4+ 1)| <Cu(pe|loge| + min{l, e|r
[, i = T sant) )| <Cnlpel el + min1, lr| 1)

1
<Cu(pelloge| + T ‘T‘)

€

The error estimate (3.2.13) follows consequently.

Proceeding to consider B(e,7) — By(7) where By(u, cr, 7) = B(u, cg, 0, 7), we have

~ ~ Fo T 1 ~
aT(B(E,T) — BO(T)) — (7)
[(e,7) — To(7) 0 N
—T(e,7)2 +To(1)*> —T(e,7) + Lo(7)

Recalling that By(7) is the elementary fundamental matrix of the above corresponding

homogeneous ODE system, the variation of parameter formula implies

_ = o (. n\—1 F(Ea T/) - FO(T/> 0 > / ’
= / By(1)Bo(7") B(e, 7")dr
0 —T(e, 7))+ To(7)? —T(e,7") + To(7)

/OT (1 +|T(e, 7| + |F0(7")|)|F(e,7") —To(r")|dr’

<C

<C '/0 (1 + s log [7][) [T(e, ') — To(+)ldr’
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<C|1+ pllog()l] 1 IP(e,) = Do)l 1

The second desired upper bound in (3.2.14) of B — B, follows from direct estimating the
above integral without using the Holder inequality. For the first upper bound there we use,

for any ||, || < M,

|F<E> ')_FO(')|LP[71,TQ] S C,MEE, P € (17 +OO)7 |F(€7 ')_FO(')|L1[71,TQ] S OIUE(l—FHOgED,
(3.2.17)

which can be verified by straight forward computation. The proof of the lemma is complete.

O

e A priori estimates. A direct corollary of the form (3.2.15) of the general solution to the

Rayleigh equation (3.2.3) is an estimate of w(7) in terms of b and ®. Let I'(7) denote

2 pU"(@5) (1, = o L U@
P(r) = 22 WT2) 2, fan—! 20T | Ty
(7) 0 (5) (2 og(U(1)* 4+ €°) + tan - + 2)
Corollary 3.2.1.1. Forb € C? and |7| < M, let
- 1 0} . - 1 0 .
b(T) = B(1)b, bo(r) = By(7)b,
I(r) 1 Fo(r) 1

then under the same assumptions of Lemma 3.2.1, it holds, for any o € [0,1 — «),
[b1(7) = bu| < C(rl + @2|7|*) ], [ba(7) = (ba + 0L (7)) | < C(I7] + pl(|7]* + %)) o]

161(7) = bo (7)| < Cpae® (|7]]] + min{| ', €'~ (1 + [log ] }[bu]).

Bo(7) — Doa(7)] < (7] [b] + (5 + log (1 + €5)) b1])-

Proof. The estimates on b follows from straight forward calculation based on (3.2.16) and
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the bound on B — I given in Lemma 3.2.1 and we omit the details.
Regrading b(7) — by(7), let B;; denote the entries of B. Using Lemma 3.2.1 where the

estimates are uniform in € > 0, we have

[b2(7) = boa(7)| < (L + [To|)|B — Bollb| + |T = To| (| Bial[ba] + | Buz||b2])
<C((1+ | log |7|)|B — Bollb| + T — To|([ba] + (7] + pl7|*)[ba])

<Cu( b + (57 +log (1+ S5)) (1l + 71 ea))).

Since

(i +log (149)) <0 fe(0.1] 3219

the upper on by (1) — boz(7) follows accordingly.
To derive the estimate on by (7) — byy (7), we notice by (0) = by; (0) = by and the desired

estimate follows from integrating 8T(1~)1 — 501) = by — byy using (3.2.17). O

Remark 3.2.2. The above estimates imply, that for any solution w(t) to (3.2.3)

[wn(7) = (b = 2(7))| < C(Ir| + p?[7[*)[b — &(7)

5 (3.2.19)

wy(r) = (b = Ba(r) + T(7) (by = &1(7)) )| < Ol + pllrl +€)) o — &)

(3.2.20)

The following lemma gives another estimate of w(7) in terms of some initial value

w(79) which we shall used mainly for 7, away from 0.

Lemma 3.2.2. For any M > 0 satisfying (3.2.4) and o € (0, 1), there exists C > 0

depending only on M, «, |U’|c2, and |(U')~Y o, such that, for any 0 < ¢ < M, and
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T0, T € [—M, M), the following hold for any solution w(t) to (3.2.3):

|w1(r) — wl(To)’ <C|r — 70| (|w(7'0)| + ,LL| log (702 + €2> } ]w1(70)|)
+ Cpulr — To|a(|w(70)| + }‘E() - ci)l(To)}Loo[TM]) (3.2.21a)

+C|@(-) — &

TO) ‘Ll [10,7]’

|w2(7) — (wQ(TO) + @2(70) — Cj)g(T) — f(Tg)wl(To) + f(T)(wl(Tg) + <i>1(7'0) — (1:)1(7')))|
< C (171 + )| B(r0) = B(r)| + (e + |71 + 70| (1 + pllog(72 + €)])) e (7o)
+ ulr|2log(78 + ) llw (70)] )

(3.2.21b)

Proof. We shall first estimate b — ®(7p) based on w(7p) and then apply Corollary 3.2.1.1.

From (3.2.15) and det B = 1 which allows us to write B~ explicitly, we have

~ B22 —312 1 0 B22 + FBH —312
b— (1) = ) } w| = ] ) ) w| .
—By1 Bn -I' 1 o —Byy —I'By1 Bis 0
(3.2.22)
Using Lemma 3.2.1, one may estimate
by — ®1(79) — wi(70)| < C(|70] + p1l70]*) w (7o), (3.2.23)

by — Py (10) + L(10)wr (10) — wa(mo)| < C(|mol + p(|70]™ + €))|lw(m)|,  (3.2.24)

where we also used (3.2.16). Combining these inequalities and Corollary 3.2.1.1, we obtain

|wa(7) = (wa(7o) + P2(70) — Da(7) — T(70)wi(7o) + T'(7) (wi(70) + P1(70) — @1(7)))]
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<C (7l + u(lr|™ +e)[o = B(7)] + C (|70l + p(|70]* + )
+ D) (7] + pl70]*)) (o)
<O(7|* + pe ) (|D(70) = (7)] + [w(70)| + |F(70) w1 (70)])
+ C (e + o] (1 + pl log (7% + €))) [w(7o)|
<C (71" + )| (ro) = B(r)| + (e + I71* + [ (1 + pallog(72 + €2)])) (7o)

+ | og (78 + ) llun (7))

where o € («,1). This yields inequality (3.2.21b) of wy(7). The estimate of w(7) is

obtained through integrating that of wy(7) = wy, (7). O

e Convergence estimates as c; — 0+. As ¢ = pu~'c; = (k)e; — 0+, from Lemma 3.2.1,
it is natural to expect that the limit of solutions to the non-homogenous Rayleigh equation
(3.0.3) is also given by formula (3.2.15) with I, B, and ® replaced by I'y, BO, and éo =
lim, o P.

With the above preparations, we are ready to obtain the convergence and error esti-
mates of solutions to the Rayleigh equation (3.2.5). While the limits of non-homogeneous
Rayleigh equation under appropriate assumptions on ¢(k, ¢, z5) can be studied in the frame-
work in this chapter, we shall just focus on the homogeneous case, i.e. with ¢ = 0+, and
leave the non-homogeneous one to chapter 5. In fact, (3.2.9) and Lemma 3.2.1 imply
that, as ¢c; — 0, wy(7) would converge to a Holder continuous limit, while ws(7) devel-
ops a jump proportional to w;(0) and a logarithmic singularity at 7 = 0. More precisely,
the limit W (7) of solutions should (see the proposition in the below) satisfy the Rayleigh

equation (3.2.5) with ¢ € R for 7 # 0 and satisfy at 7 = 0,

Wy e CO([-M, M]), W, e CO([-M,M\{0}),
(3.2.25)

hmTHOJr (W2(T) - WZ(_T)) = iﬂ-MU”(mg)Wl (O)

U'(z3)
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It is worth pointing out that the existence of the limit of W5(7) — Ws(—7) does not imply a
simple jump discontinuity of W5, which actually has a symmetric logarithmic singularity.
In the distribution sense, the limit homogeneous Rayleigh equation (3.2.5) (with ¢ = 0)

along with (3.2.25) can be written as

0 1 0
W, =(P.V.), W+ 5(7).  (3.2.26)

2U" (x T irpU" (x5
1 - 'u’ + ;i U(z§ S_j:)“ c) 0 g/(a:( Wl (O)

Here §(7) denotes the delta function of 7 and “(P.V'.),” indicate the principle value when
the corresponding distributions are applied to test functions of 7. They occur in W5, only.

In terms of the original unknown y(z5), the limit of (3.0.3) as ¢; — 0+ is

" Ry (PV. ), (L) = _WUU,;“ 22y (25) 0, (w2 — 25), (3.2.27)

where the subscript -,, indicates the distributions as generalized functions of x5. For
c; — 0—, the parallel results hold except with the complex conjugate. It also means that

homogeneous Rayleigh equation takes different limit as ¢; — +0.

Lemma 3.2.3. General solutions of homogeneous (3.2.5) (with ¢ = 0) along with (3.2.25)

are

1 0\ . b
W(r) = Bo(u,crom)bo, bo=| | e (3.2.28)

FO (,LL, CR, T) 1 bgg
Moreover, W(7) € C° if W1(0) = 0.

Proof. On [—M,0) and (0, M], (3.2.5) is regular and thus Lemma 3.2.1, in particular the
form (3.2.15) of the general solutions implies the above (3.2.28) with parameters b =
(b%,b5)T € C2. The continuity of W;(7) and the estimates of I' and B in Lemma 3.2.1
immediately yields bj; = by,. Finally bg, = by, follows from the jump condition of W5(7)

at 7 = 0 after writing by, using (3.2.22) and again using the estimates of I" and B.
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Finally, the continuity of W (7) under the assumptions W;(0) = 0 follows from (3.2.28),

the Holder continuity of B, and the logarithmic upper bound of T',. [
The following proposition provides the convergence estimates.

Proposition 3.2.4. For any M > 0 satisfying (3.2.4) and o, o/ € (0, 1), there exists C' > 0

depending only on M, «, o/,

U'|c2, and |(U") 7Y co, such that, for any 0 < € < M,
T € [=M, M), and solutions w(7) and W (1) to (3.2.3) and (3.2.5) (with ¢ = 0) in the

forms (3.2.15) and (3.2.28) with parameters b, by € C?, respectively, the following hold:

wi (7) = Wi(7) = (wi(0)=W1(0))] < C(|7|(|b2 — boa| + 1€ bo2l)
+ (7] + 7)) w1 (0) = Wi (0)] + €l |~ [W1(0)]),

(3.2.29)

[wa(7) — Wa(7)]

<O (e |2 (WA(0)] + [boal) + (1 -+ s o] + €)Y ua(0) ~ Wi(0)]  (3:230)

by = boal + (55 + log (1+ %)) W (0)]).

Moreover, for any 7,7y € [—M, M|, let 7. = min{|7|, |79|} > 0, we have

[wi (1) — Wi(T) — (wi(70) — Wi(70))]
SCpe|T — 70| |W(10)| + Cl7 — 70|*|w(70) — W(70)|
(3.2.31)
+ C/L<|T — 7'0|(—€+|€TO| + log (1 + CT—ZQ)) + e T — 7-0|1_"‘>

X (W1 (r0)] + |70|*|W (10)]),
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wa(r) = Wa(r)| <C((1 + pllog(e + )} lewo(ro) — W (ro)]

e | W (10)] + (= +og (1+ ) (IWamo)| + ol [ W (o)1) ).

€+Tx

(3.2.32)

Remark 3.2.3. When the above convergence estimate is applied in the rest of the manuscript,
it always holds that |W(1)| < M|1o|* for some oy > 0 which makes the right sides of

(3.2.31) and (3.2.32) converging to 0 as € — 0 locally uniformly in T # 0.

Proof. We first work on the error estimates in terms of W (0) and bs. Let

1 0] -
w(r) = B(u, cr, €, 7)bo.

D(p, cr,e,7) 1

Controlling wy — wy and wy — W5 by Corollary 3.2.1.1 (wy — w9 by (3.2.19) and (3.2.20)

in particular), where we recall the estimates are uniform in € > 0, we have

[ws(7)=Wa(7)| < fun(7) = (7| + s (7) = Wa(7)]
<C(Ib = bol + () 1br = bor| + 71| + (o + 10g (1+ %)) lbon )
<C(Ibz = boa| + (14 p| og(|7] + ) un (0) = Wi 0)

+ (57 + 1og (1+ S5)) WA (0)] + e[| (W (0)] + [boal) )

(3.2.33)

where o € [0,1 — «) and we also used
W1 (0) = b()l, w1 (0) = bl.

This completes the proof of inequality (3.2.30). The estimate (3.2.29) on w; — W is derived
by integrating 0, (w; — W;) = wy — W5 and using (3.2.17) and (3.2.13).
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In the following, based on (3.2.33) we establish the error estimates in terms of initial

values given at some 7y # 0. From formula (3.2.22) we have

b — b() — (Fo(To)Wl (T()) — F(To)wl (T()))(O, 1)T
:(B—1<w W)+ (B — Byhw o+ (r0<w1 —wy)(By = 1)+ Towy (By — BY)

+ (Do — D (B! — 1)) (0, 1)T)

70

From (3.2.18) and Lemma 3.2.1, one may estimate
Co(r0)||B(70) ™" = 1| < C(1+ p|log |7ol]) (I70] + 42|70 ™) < C(|70] + pal7o]*),

Coll By = B[, < C(1+ pllog |70 e ([7o] ' + pl0|™) < Cpae®|mol™,

Do = TIB™ = 1|| <Cullmo| + w?|mo|*") (nel log e| + i + log(L + &)

Scueah_ﬂ’ala

where a; € [0,1 — «). Therefore we obtain

‘bz — boz — (FO(TO)Wl(To) - F(To)wl(To))‘ + |bl - 501|

<C(I(w = W)(7o)| + pe*|7o|* W (70)]).
Applying (3.2.23) and (3.2.24) to control by in (3.2.33), we can estimate

|wa(7) = Wa(7)| SC((l + pflog(e + [7])]) (lw(ro) — W(mo)| + pe®[mo] ™ [W (70)1)

+ [(CoWy — Dwy)(70)| + pe® (|W (70)| + 11| log |7o]| Wi (70)1)

+ (5 +1og (14 %5)) (Wi (o)l + ol W (o)) )
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Inequality (3.2.32) is obtained by simplifying the above. In particular, we used

e|log7,| < Ce® if 7, > min{1, €’} and

log (1 + (’;—i;) > log (i—Q%) > |log 7| if 7, < min{1, *},

to absorb the term £%€%| log |70 || W1 (70)]-
Again we integrate (3.2.32) to derive (3.2.31). The only non-trivial terms are those

involving 7,

T € Cle2
'/ Tty + 1o (U + s ) 4
<Ce*|r — 7o) + ||7] - |7'0|‘(ﬁ +log (1 + (’;—?))

e -« € Ceé?
<Ce*|T — 79| —I—|T—7’0‘(m—|—log<1+¥)),
which are obtained by considering whether |7/| > || and using (3.2.17). O

3.3 Two fundamental solutions to the homogeneous Rayleigh equation

In this section, we analyze and derive the basic estimates of two fixed solutions y. (k, ¢, z5)

to the homogeneous equation (3.0.1) with initial values

Do) - (3.3.1)
and y,(0) = (g(—i-)—akg)’ Y, (0) =1+

which also depend on parameters k£ and ¢ € C. The initial condition of y, at x5 = 0 is
motivated by the linearized capillary gravity water wave problem (2.2.6). (If it had been
the linearized Euler equation at a shear flow in the channel, then naturally the boundary
condition would be ¥, (0) = 0 and ¢/, (0) = 1.) As throughout this chapter, we often skip
the arguments rather than x,. Particularly when working near z§ = U~'(cg), we shall

continue using the notations introduced in section 3.2, like cg, i, €, etc. The following

62



lemma is standard. Due to conjugacy, we only consider ¢; > 0.

Lemma 3.3.1. For ¢ ¢ U(|—h,0]) and x5 € [—h,0), the solutions y.(k, c,x5) are even in

k, analytic in k? and c, and is C**2 in zy. Moreover y.(k, ¢, x2) = y+(k, ¢, x2).

In the next step we give a priori estimates of y.(k, ¢, z5). In particular, we consider up

to three subintervals,

1 5 4
I :: r = _h7 0 : Trr/_ N 2 M - . )
2= () {xz €l | U(z2) — ¢ - o 2} Po ho inf(_po—n,he) U’
(3.3.2)
T, = [—h,za), I3= (x,0] (3.3.3)

Here = (k) as in (3.2.2). Clearly [—h, 0] = Z; U Z, U Z3 and any of these subintervals
may be empty. If Z, = (), then [—h, 0] is considered as Z; for y_ and as Z3 for y, in
the statement of the following lemma. The choice of the above constant py and the fact

0 < u <1 ensure

cr € U([—1ho — h, 1he) if I # 0. (3.3.4)
Lemma 3.3.2. Forany « € (0, %) there exists C' > 0 depending only on o, M, |U’|c2, and
|(U") | co, such that, for any ¢ € C\U([—h, 0]), the following hold:
|ty (29) — sinh(pu ™ (zy + h))| < Cpu®sinh(u~(zg + h)), (3.3.5)
|y (22) — sinh(p ™ a)| < C(p® + plcf?) cosh(p ™ z,), (3.3.6)
for all x5 € [—h,0]. Moreover, if I, = 0, then for all x5 € [—h, 0],
|y (23) — cosh(p ' (zy + h))| < Cpu®sinh(u~"(xy + h)), (3.3.7)
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|y, (w2) — cosh(p"aa)| < C(u® + plc]?) cosh(p"as). (3.3.8)

If otherwise I, # (), then

/ B Cu“sinh(u=(xa + h)), z €,
ly" (z2) — cosh(p™ (z2 4+ h))| < (3.3.9)

Cu®cosh(pu(xg +h)), 92 €13

|y, (22) — cosh(p " @)| < Cu® cosh(p " z2), x9 € Ty U, (3.3.10)
and for xy € I,

U”(x5)

o/ (@2) = cosh(w™" (@2 + ) = 77

y—(x9)log |U(xs) — c||

< Cp® (1 + p|log |U(x2) — cf|) cosh(p (z2 + h)),

(3.3.11)

U”(x5)
U'(5)

|4/ (22) — cosh(p™"xz) — Y+ (w2r) log U (x2) — ]

(3.3.12)
< Cp®(1+ pllog|U(x2) — c||) cosh(pu"zs).

Remark 3.3.1. Even though the lemma assumes ¢ € C\U(|—h,0]), the estimates are
uniform in c and thus they also hold for the limits of solutions as c; — 0+, while the limits

as c; — O0— are the conjugates of those as c; — 0+.

It is possible that x5 ¢ [—h, 0] as the domain of U has been extended. However, the
constant C'in (3.3.7), (3.3.8), (3.3.9), and (3.3.10) are independent of the extensions of U

satisfying (3.0.5).

Proof. The estimates of y. can be derived in exactly the same procedure by reversing the

direction of the variable x5. We shall focus on y_(k, ¢, z5) and give a brief description
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on the argument for y, afterwards. The cases of z, close to and away from x¢§ will be
considered differently based on Lemma 3.1.2 and Proposition 3.2.4, respectively.

Step 1. Assume Z; # (). We consider k in two cases. The first on is for those larger |k|
such that

p = poit” 2k 2 (1 + [U")co(o—nopy) < min{1, Cpuz}, (3.3.13)

where (3.1.2) is satisfied and Lemma 3.1.2 is applicable. Observe

pt—k=vV1+Ek —k=——¢c(0,pu), (3.3.14)

w4k

and

|sinh(p ! (w + h)) — sinh(k(zq + h))| =2sinh ffffk cosh($(u™" + k)(z2 + h))
<Cpsinh(p~ (2o + h)),

(3.3.15)

where the last inequality could be derived by considering whether p~!(zo + h) > 1. The
same upper bound also holds for cosh. Therefore applying Lemma 3.1.2 on Z; with s = 0
and Cy = 0, we immediately obtain the desired estimates (3.3.5), (3.3.7), (3.3.9) on y_ and
y" on Iy, respectively. Otherwise in the case of smaller |k|, the desired estimates follows
from Lemma 3.1.3 with ¢ = 0.

Step 2. Assume T, # () and x5, > x4 otherwise step 1 has completed the proof. In this

case, 75 € [~ — h, 1] due to (3.3.4). Let
M = pg|(U")Heo = Fho, (3.3.16)
which implies

T C [25 — uM, 25 + pM] C [a§ — 2uM, 25+ 2uM] C [=ho — b, ho).  (3.3.17)
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Therefore results in section 3.2 in the corresponding rescaled variables wy »(7) and xy =

x5 + pr given in (3.2.2) are applicable. Moreover the definition of Z, further yields
7| = p Yo — 25| < Cuz, Vay €Iy

Let

Ty = M_l(f@l — T5).

Lemma 3.2.2 (with ¢ = 0) implies that, for any z, € Z,

U (x$ Top)—cC
Y. (22) + Ty () log J5E8=2 — o/ ()

<C(1+ % | og U (wa) = cl] )y ()|

O + ol [10g U () —el]) (0™ - (0] + Iy ().

for any o/ € (0, 1). Moving the log |U(z9) — ¢| term to the right side, we obtain

" C)

Y. (22) — Gy (ea) log U (w2) — ¢ =y ()

<C(1+ |log |U(za) — cl]) ly—(z2)] (3.3.18)

+C(pT + plro|* [ log U (z2) — ) (1 y—(za)| + |y (1))

Notice that, no matter whether Z; = () or not, (3.3.5) and (3.3.7) are satisfied at x9; due
to either the initial condition of y_(xz5) or the above step 1. On the one hand, regarding
the above first term on the right side, it holds that either y_(z9) = 0 if oy = —h or
,u% < C|x§ — xg| if 29y > —h, hence this term would only contribute an error term of at
most O(u“"” ly_(x9)|), for any «” > 0, in the upper bounds. On the other hand, 0 < x5 —
2o < Cps implies that replacing the above 111y (4, v/ (z2;) and cosh(p = (2o +h)) by

cosh(p~!(z2+h)) would also only produce an error terms of at most O (u%l cosh(p=(zo+
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h))) in the upper bounds. Therefore we have

[y (w2) — cosh(p ™" (s + h)) = Trity (war) log [U(w2) — ]|
<C(p* + ,u|7'0|a/‘ log |U(2) — cl|) cosh(p™ " (z2 + h)),

(3.3.19)

and thus (3.3.11) follows by letting o' = 2a.

Integrating (3.3.19) over [z, 5] C Z,, we have, for o’ € (2a, 1),

[y (22) — sinh(u™" (22 + b))

. _ c [* .
<Oy sin(u (o 1) + = [ -Gl (1+ | 10g 7, — a5
2]
+ (M% + M|70]a/’ log |z5 — 5| |) cosh(p ™! (2 + h))d,

<Cp®sinh(p~(z2 + h)) 4+ C|70|* cosh(u™ (2 + h)) / | log |2 — x5||da.

21

where we used (3.3.5), |23 — 29| < Cu%, and and the first term of the right side of (3.3.18)
was incorporated into others as remarked just below (3.3.18). For |z — xg| < %‘Zﬁgl — x5,

we have

T2
[0l / | log oy — a5 |daty <p=wy — 25| [w2 — 22| (1 + | log [z — 25 )
X

21

<Cu®|zy — gy,

while for x5 — o] > 3|z — 25|,
/ r2 / ’ 1.7
|70 / | log [a, — a§||daty < Cp=wy — 25| |2y — 2" 7572 < Cplay — za.
Z2]

Therefore we obtain
|ty (22) — sinh(p ™" (22 + h))|
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<Cp®(sinh(u~" (22 4+ h)) + |22 — x| cosh(p ™ (zo + 1))

<Cp®sinh(u~ (2 + h))

which proves (3.3.5) on Z,.

Step 3. Assume Z3 = [z3.,0] # (), which implies xo. > —h. In this case, surely
T, # () either and 2 < C|U(z,) — c|. With (3.3.5) for y_ and (3.3.11) for ¢//_ established
at xo = o, y_(x2) satisfies assumption (3.1.11) for the interval Z3 with ©; = sinh,
Oy = cosh, and Cy = C'p“.

As in the step 1, for larger |k| so that (3.3.13) holds, the desired estimates (3.3.5) and
(3.3.11) in Z3 follow directly from (3.3.14), (3.3.15), and Lemma 3.1.2.

For smaller k, say, |k| < ki, we express y_(z3) and 3’ (z3) in terms of w(71), 7 €

(W (=h —z5), —p'25), as in (3.2.2). Let

M=1+k)2(2ho+h), 7o=p "(—h—15).
Since Z, # (), otherwise [—h, 0] = Z; for y_(x2), it along with (3.3.4) and |k| < k; implies
x5 € [—ho—h, ho] = |h+a5], |75| < 2ho+h = [ ' (=h—2a5), —p~'as) C [-M, M].

Namely, the domain of w(7) is contained in [—M/, M|. Applying (3.2.21b) (with ¢ = 0),

using w (79) = 0, wa(19) = 1, and
Ty £ 0= py'pt = |Ulza) — o <|U(z2) — ¢, Vay €T,
we obtain |y’ (z2)| < C on Zs. It in turn implies

|~y (25) — sinh(u ™" (22 4 h))|

<My (wa) — y—(w2r)| + |ty (wa,) — sinh(p (22, + 1))|
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+ |sinh(u™" (2, + ) — sinh(p~ (z2 + 1))

<C(|za — o] + sinh (™ (22, + h))) < Csinh(p™ ' (z2 + h)).

Therefore (3.3.5) and (3.3.9) hold on Z; due to |k| < k.

Estimating vy, Finally, we give a brief sketch of the argument for y,, for which we
proceed from Z3 to Z;.

Suppose Z3 # (). The initial values of y, at x5 = 0 satisfy (3.1.12) with ©; = Oy =
cosh and Cy = C(1 + |¢[*)p. For larger |k| so that (3.3.13) holds, the desired estimates
(3.3.6) and (3.3.8) in Z3 follow directly from (3.3.14), (3.3.15), and Lemma 3.1.2. The
estimates for smaller k is again a consequence of Lemma 3.1.3.

Suppose Z, # () which implies |¢| < C. Inequality (3.3.18) with xy replaced by o,

still follows from exactly the same argument, namely, for x5 € Z, and any o € [0, 1),

1" C)

U (x
Y (22) = Tty (war) log [U (w2) — | = oy (2,)

§C’(1 + ‘ log |U(z2,) — C|‘)‘y+($2r)|

+ O (% + ol | log [U(23) — el|) (1 oy (20| + /s (20)]).
If 9, = 0, then
[ 10g |U (o) — el |ly(22:)| = |1og [U(0) — el [+ (0)] < Cp* cosh iz,
Otherwise, 9, < 0 and thus, for any o € (0, 1),
U(za) — e = py 'z = |log |U(wa,) — el ||y (2,)| < p’ cosh ™'y,

where (3.3.6) at zo = x5, was also used. These estimates, along with (3.3.6) and (3.3.8)
at ro = x9, yield (3.3.12) on Z,. Inequality (3.3.6) follows from direct integrating the

estimate on y/_, actually without going through the technical argument at the end of step 2
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for y_ since the cosh, instead of sinh, is in the upper bound in (3.3.6).

Suppose Z; # () where it must hold Z, # () and |c¢| < C'. From step 2, y () satisfies
assumption (3.1.12) for the interval Z; with ©; = ©, = cosh, and Cy = C'u®. For larger
|k

, the desired estimates (3.3.6) and (3.3.10) follow from Lemma 3.1.2 and for smaller |k|

from Lemma 3.1.3. [

3.4 Limits of solutions to the homogeneous Rayleigh equation with c; = 0+

Now that the convergence of solutions of the Rayleigh equation as ¢; — 0+ has been
established in Proposition 3.2.4, in this section, we shall focus on the analysis of the limit
equation (3.2.5) along with the jump condition (3.2.25) at the singularity 7 = 0. In this
section we consider ¢ = U(z§) € U([—3ho — h, 1ho]) unless otherwise specified. As
transformation (3.2.15) was rather helpful in the proof of Proposition 3.2.4, its limit would
also turn out to be an effective tool in the study of (3.2.5). However B(7) as well as
BO(T) appears only Holder in 7, or equivalently in z5. In the notations given in (3.2.2)
in section 3.2, we first prove the following lemma to isolate the singularity in B,. Recall
U € C', x5 and c correspond to each other via (3.0.6), U, U, € C= ! and U, € Ch—2

are defined in (3.2.7), and T'o(i, ¢, 7) = I'(p, ¢, = 0, 7) in (3.2.9).

Lemma 3.4.1. There exists a unique continuous real 2 x 2 matrix valued B(u, ¢, T) satis-

fying

0 1 0 0
B, = B-B , B, c,0) = Lo, (3.4.1)
0

Moreover the following hold.
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1. The matrix B(p, ¢, ) is C*"2incp € U([—3ho — h, 1 ko)), 7, and p and

_ pU"(x5) 1
det B=1, B.(u,c,0)= U'(3)
_ouU"(@5)?  pU”(af)
U'(x5)? U'(x5)
cosh7 — 7sinh7 sinht coshtT sinh7 1 0
B(0,¢,7) = =
sinh7 — 7coshT cosht sinh7 cosht —7 1

Moreover for any M > 0 satisfying (3.2.4), there exists C > 0 depending only on

\U"| cio—1 and |(U") 7Y o, such that | B|cie—2 < C.

2. Band By are conjugate, namely,

0
B(p,c,7) = Bo(, ¢, 7) : (3.4.2)

3. General solutions to (3.2.5) satisfying (3.2.25) are

Wi(r) =

Wit 1 0 5
") = B(u, ¢, 7) (b — Po(p,c, 7)),
Wa(7) Lo(p,c,7) 1

(B11 + T'gBi2)(by — (i)m) + Bya(by — &)02)
(B +T'gBag) (b1 — ‘i)m) + B (by — (i)oz)

, (3.4.3)

h e C?,
by

where By, ;, are the entries of B and by = (ém, @OQ)T = lim o4 ® with ® given in

(3.2.11).

4. If ¢ = 0, the general solution W (7) to (3.2.5)—(3.2.25) with b € C? as in (3.4.3)
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satisfies Wy € C. for any o/ € (0,1), W1(0) = by, and

. 11(pC c Z7T
lim (Wa(7) = by = W1(0) 58 (Log(U"(a5)I]) + 5 (sgn(7) + 1)) = 0.

T—0

5. Finally, W (1) are C"2 in p, cg, and 7 if ¢ = 0 and b; = W1(0) = 0.

Remark 3.4.1. If needed, higher order Taylor expansions of B can be obtained based on

(3.4.4) through rather standard calculations in the analysis of local invariant manifolds.

One is reminded that both I'y(7) has a logarithmic singularity and a jump at 7 = 0 which
leads to such singularities of 1¥5(7) there even in the homogeneous case. Since I'y ¢ R
form > 0, BO should not be real for 7 > (0. Hence it is a non-obvious statement that this
conjugate matrix B is real. The above lemma isolates the singularity of B, into the explicit
['y along with the smooth B. Conceptually, the smoothness of B in cp is related to the
smoothness of the spectral resolution of the identity with respect to the spectral parameter,
and thus would play crucial role in proving the partial inviscid damping to the linearized

Euler equation at the shear flow U(x).

Proof. The construction of B(yu, ¢, 7) is adapted from the one in [11], where the main issue
is to handle the singularity caused by U (i, ¢,0) = 0. We first make (3.4.1) autonomous by

changing the independent variable an auxiliary one s such that 7, = 7 and thus we have

f

(1—p?)T + &UUQ 0 (1—p?)T + &UUQ 0 (3.4.4)

Ts =T.

Obviously solutions to (3.4.1) corresponds (up to a translation in s) to those to the (02
ODE system (3.4.4) of 5-dim which converge to (I3x2,0) as s — —oo, namely those on

the unstable manifold of the steady state (/5.2, 0). The linearized system of (3.4.4) is given

72



. 0 1 00 00
B, =2 AB + 1 ,  where AB = B-B ,

U’ (x5)
00 10 10

Ts = T.

It is easy to compute that, on the one hand, an eigenvector associated to the eigenvalue 1 is

_ pU"(x5) 1
(Bla]->7 Bl = v'tes)
_okPU"(x5)?  pU"(x5)
U’ (x5)2 U'(z$)
On the other hand, one may verify
10 1 0
e*B = B
s 1 —s 1

which implies that in the 4-dim center subspace {7 = 0} there is no any decay backward
in s. Therefore there exists a unique C*~2 unstable manifold of 1-dim which corresponds
a unique solution B(u, ¢, 7) satisfying B(u,c,0) = I and B, (u,c,0) = By and C*~2 in
all its variables. In fact, the 4-dim center subspace {7 = 0} is also invariant under the
nonlinear system (3.4.4), where the flow is given by the above non-decaying linear flow
of conjugation. Therefore this B(y, cg, 7) is the only solution to (3.4.1) decaying to I as
s — —o00, or equivalently 7 — 0+. Even though this construction is local in 7, the domain
of B can be extended due to the linearity of equation (3.4.1). The property det B = 1
follows directly from its equation (3.4.1).

With the existence of the C~2 solution B(u, ¢, 7) to (3.4.1) established, letting p = 0
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in (3.4.4) and then transforming back to (3.4.1), we have

01 0 0
B.(0,¢,7) = B(0,¢,7) — B(0,¢,T) . B(0,¢,0) = Ioyo.

10 10

This equation can be solved explicitly to yield

B(0,e.7) — cosh7 sinhr 1 0 _ coshT —7sinh7 sinh7
sinh7 coshr -7 1 sinh7 — 7cosh7 coshrt

The conjugation relation is the consequence of the facts that both B and the right side
of (3.4.2) a.) both are equal to [ at 7 = 0, b.) both satisfy the same ODE system (3.4.1)
for 7 # 0, c.) are both continuous in 7 due to the construction of B and (3.2.12) in
Lemma 3.2.1, and d.) the uniqueness of solutions to (3.4.1) satisfying a.)—c.), which is
obtained in the above construction based on the local invariant manifold theory.

Formula (3.4.3) of the general solutions follows from the conjugacy relation (3.4.2)
and Lemma 3.2.3. Under the assumption ¢ = 0, since W5(7) has at most logarithmic
singularity at 7 = 0 and Wy, = W,, the Holder continuity of W in 7 follows. From
formula (3.4.3) and |B(u, ¢,0) — I| = O(|7|), we obtain W;(0) = b;. The limit property of
Wo(7) — by also follows from similar calculation. Finally, the C*~3 smoothness of W (7)
under the assumptions ¢ = 0 and b; = WW(0) = 0 is again obvious from the representation

of the solution (3.4.3). The proof of the lemma is complete. O

Forc € U([—% —h, 22]), with the help of B(u, ¢, 7) and Lemma 3.4.1 we shall analyze

the 2 x 2 fundamental matrices in two different forms of the homogeneous problem (3.2.5)
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with the condition (3.2.25) at 7 =0

10
SO(M’ C7 T) = B(u? C7 T) Y

FO (M7 ¢, T) 1
(3.4.5)

1 0
S(,U7Ca7—a7_0) = B(M,C, T) B(,U,C, 7_0)_17
FO(Mvcv T) - FO(/JH Cy TO) 1

where 7 in S is the initial value of the independent variable and hence S(u, ¢, 79, 79) = I.

To analyze S° and S, let

- 0 0 B ,e,7) O
S%(p, e, 7) =B(u, ¢, 7) _ | Pelen) ,
10 Boo(p,c,7) 0
- 00 .
S(luaca7_>7—0) :B(M,C, 7_) B(IU,C, TO) (346)
10

B12(M7 ¢, T)B22(M7 ¢, 7'0) —312(,“7 ¢, T)Blz(u, C, 7'0)

)

B22(/L7 C, T)BQQ(N> C, 7_0) _B22(,u7 ¢, 7—)312(,u7 ¢, TO)

where det B = 1 was used to compute the more explicit form of S in the above, and

cosh7 sinht

U// xg ’i7T ~
SO =80 ' - “U,(ig)) (log|7| + Z(sgn(r) +1))5°,
sinh7 coshr
S - cosh(r — 79) sinh(7 — 79) (3.4.7)
sinh(7 — 79) cosh(7 — 7p)
pU" (x5) G

U7(a5) (1Og !:—0\ + %T(sgn(T) — sgn(To)))S.

The following lemma provides some very basic estimates on .S. More detailed ones on S);

will be derived when needed.

Lemma 3.4.2. Assume U € Cb, ly > 3. The fundamental matrices S°(u,c,7) and
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S(p, ¢, 7,70) and their entries SY and S;,j, satisfy the following.

1. SO is C%=3 in its variables if T # 0 and S is C"=3 in its variables if T # 0 and
T0 ?é 0.

2. Sgl, 5’?2, and 582 are C%in 7 and C" =3 in pand c. If 7y # 0, then Sy, and S.» are

C%in 1 and C*=3 in u, ¢, and .
3. If T # 0, then Si and Soy are C® in 7y and C=3 in p, ¢, and 7.
4. Sio and 70511 are C® in 1y and T and C*~3 in 11 and c.

5. Serr and S° . are C=3 in their arguments.

6. Assume ly > 5. For any M satisfying (3.2.4), there exists C' > 0 depending only on
M, |U'|cio—1, and |(U") ™Y co such that for any 7,79 € [—M, M],

|8i1D1...Dszerr‘ < C|T_TO‘7 |8/J$18g250

err

| < Crl,

forl S]l S l0—4, 0 Sjg S l0—4—j1, anle,...Dj S {(90,@(37—1—870)},
and

|D1”'Dj2ser7’| < OM|7—_7—0|7 |ag25é)rr| < CU|T|a
forl < js <ly—5.

The reason we consider 0, + 0,, of S instead of individual O, or J, is not only that
it yields better estimate. Recall the change of variables 7 = p~'(zy — x5). The above

fundamental matrix is in the form of S(u, ¢, ™ (22 — 2§), w™* (229 — x3)). Therefore 9, —

0 +0-,
pU’ (x5)

corresponds to the partial differentiation with respect to ¢ in the (¢, z5) coordinates.

Here we also used

0es = sy (3.4.8)
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Proof. The argument for S° and S are very similar and we shall mainly focus on S. Let

1 0
S#(M,C,T,TO) = B(uaca T) B(IU,C, 7-0)717 (349)

g#(/L,C,T,T()) 1

where

g#(:u7 T, TO) :FO(:Uv ¢, 7-) - FO(“) ) TO) - u[[]]/(;(fg%) <10g |7—_7;]‘ + %(Sgn(T) - Sgn(TO))>

:(1 - :U’2)(T - TO) + 7(”) C, 07 T) - ’y(luv c, 07 TO)

WU (8) 1|y Ulahur)—Ua5)
t T 198 | 7 Tlashumo)0G5) | -

Clearly we have

S = S# + “g,lgsg) <log ‘%| + Z(sgn(r) — sgn(ro)))g. (3.4.10)

The C%~3 (and C%~2 in ) smoothness follows from that of I'y and B. The C'® Holder
regularity in statements (2)—(4) is due to Bys(u, ¢,0) = 0.
From the definition (3.2.8) of v, we have v = 0 if y = 0. Straight forward computation

based on Lemma 3.4.1 yields

cosh(7 — 7 sinh(m — 7
S#(O,C,T,To) = ( 0) ( 0) , S#(u,c, T0,70) = 1.

sinh(7 — 79) cosh(T — 79)

Therefore

Se?"r(,ua C, T, TO) - S#(,u7 ¢ T, 7—0) - S#<07 ¢ T, 7—0)'

By mimicking f(u, s) = f(0,s) + ufol Ju(6140,0) + s fol Jus (0141, 025)d0dB;, we have

|S#(M,C,7',To) - S#(O’C’T’TO)|
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=p|T — 70l

1 1
/ / GM&S#(HW, C,To + 92(7' — 7'0), To)d92d91
0 0

<Cplt — 70].

Moreover, for 1 < jo < ly —5and Dy,...D;, € {0. (0 + Or,)}, we have

’U’(:p
Dy...D;,S* =0, if p =0, 9,Dy...D;,S* =0, if T = 7.

A similar procedure yields

Dy ... D, S* (e, 7,70)|

1 1
/ / (9H3TD1 e DjQS#(Glu, C,To + 92(7’ — T()), 7'0)d92d91
0 0

=tilr

<Cu|t — 70].

Finally, since S7 is C'~3 in all variables, for [y > 5,1 < j; < [y — 4, and 0 < j, <
lo— j1 —4, the estimate on QJ}Dl ... D}, Ser, follows from its C ! smoothness and vanishing
at T = 1.

To analyze S, parallelly we consider

“ 1 0
SO (/JH ¢, T) = B(M,C, T) ’

Gox(p,c,m) 1

where

gos (11, ¢, 7) =To(p, ¢, 7) = ‘i (log 7| + Z(sgn(r) + 1))

(z5+p7)—U(x5)
uU' (x§)T

—(1 = i) + (1, ,0,7) + S log |
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Subsequently we have

U" (x5 c s Q
S0 = S + S (log U (57| +  (sgn(r) + 1)),

cosh7 sinhr

S(?)ﬂ,u:o = s S#’T:() =1.
sinh7 cosht

The rest of the proof follows exactly as in the case of S. [

Recall the expressions (3.4.3) of a solution W (7) to the non-homogeneous Rayleigh
equation (3.2.5) along with (3.2.25) at 7 = 0. We can use this formula to solve for the
parameter b from W () for some 7, € [—M, M| and then rewrite 1V (7) using the funda-

mental matrix S(u, ¢, 7, 7) as

1 0y . .
W(T) :S(/% T, TO)W<T0) - B(lua Gy 7—) ((I)O(,U7 Cy 7—) - qDO(:ua ¢, 7_0)) :
F()(,LL, C, T) 1
(3.4.11)
3.5 Dependence in c and % of the fundamental solutions with c; = 0+
In this section we revisit the two fundamental solutions to (3.0.1)
Yor(k,c,z2) = lim yi(k,c+icr,x2), 9 € [—h,0], (3.5.1)

cr—0+

of the homogeneous Rayleigh equation (3.0.1) for ¢ € U ([—% —h, hz—o]) satisfying initial
conditions (3.3.1). We often skip the dependence on ¢ and k (or equivalently, on p =
(1+ k2)_%) when there is no confusion. The following lemma is a summary of results

from Proposition 3.2.4, Lemma 3.4.1, and Remark 3.2.2, where z is defined in (3.0.6).

Lemma 3.5.1. Assume U € C, ly > 3. For c € U([—% — h, ™)) and x5 € [—h, 0], the

following hold.
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1. Ascr — 0+, y+(k,c+icr, z2) — yor(k, ¢, x2) uniformly in x4 and c.

2. As cr — O+, Yy — you locally uniformly in {U(zxy) # c} and also in L° L}, and

L2 LT forany r € [1,00).

z2c

3. Foreach ¢, yo—(x2) € Rif U(x2) < ¢, yo4 (22) € RifU(x2) > ¢, yor € C([— 2 —

h,12]) for any a € [0,1) and C" in x5 # x5,

4. Moreover,

1 T 1 0 1 x5

N e e a5)) asl7) )

Yo (T2) Lo (s c, (9 — z5)) 1 box
where

boy = xllgic (y(l)i(m)——%,((jg))yoﬂxg)(log (U Ejré) ’g:g—azg\)+%T(sgn(x2—x§)—|—1))>,

2
exists.

Remark 3.5.1. When c takes the end point values U(—h), according to the above repre-

sentation formula and the smoothness of B, actually yo_ € C([—hg — h, ho)).

Remark 3.5.2. Suppose ¢ € U((—h,0)) and y(k, ¢, z2) = lim_,o1 y(k, ¢ + i€, x5) where
y(k,c + i€, x5) is a solution to the homogeneous Rayleigh equation (3.0.1) with y(—h),
y'(—h) € R. The above analysis in section 3.2 implies that a.) y(k,c,x3) € R for xy €
[—h, z§]; and b.) if U"(z5) # 0, an imaginary part Imy(k, ¢, x2) occurs for xo > x5 which
satisfies the homogeneous Rayleigh equation (3.0.1) for xo € [x5, 0] with initial condition

U (2 c
(z3) ( )

Imy(x;) =0, Imy'(x3) = g y(as).

The main goal of this section is to analyze the differentiation of y,_ in c. Even though

most of the results also hold for y,, the proof is slightly more technical. We shall skip
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those analysis of ¥ as they are not necessary for the rest of the paper. See Remark 3.5.3.
The proof of the following lemma would be embedded in those of the three subsequent

lemmas, actually mainly Lemma 3.5.4.

Lemma 3.5.2. Assume U € C, Iy > 4. For k,c € R, it holds that
a.) yo_ is locally C* in both k and c for any o € [0, 1);
b.) (Yo—,yy_) are locally C* in both k and c for any « € [0,1) at any (k, ¢, x5) satisfying
Ul(xs) # ¢
c.) (Yo, yy_) are C=3 in both k and c at any (k,c, zs) satisfying U(xy) # ¢ and ¢ #
U(—h);
d.) yo_(k,c,25) is C3incand k if c € U([—h,0]);
e.) (yo_,ys_) are C=2 in k, at any (k,c, x5) except for v, at c = U(xy);
1) assume ly > 5, then, for any l = 0,1, j1,72 > 0, j1 +jo < lp — 4, r € [1,00), and
x9 € [—h,0],
(U(=h) = )0 0204, yo- (k. ¢, 22),

are locally LW in c for ¢ near U(—h).

To obtain the estimates, for fixed ¢ € R near U([—h, 0]), as in Lemma 3.3.2, we divide
[—h, 0] into subintervals
Toi= (v, ve) = {w2 € [-0,0) by > 2} o= [howal, Ty = [22,,0)
(3.5.2)
where p, is defined as in (3.3.2). Z; is an interval due to the monotonic assumption of U.
Clearly [—h,0] = Z; U Z, U Z; and any of these subintervals may be empty. If Z, = (),
then [—h, 0] is considered as Z; for yo_ and as Z; for o, . If Z, # (), then (3.3.4) holds and
x5 € [—%ho — h, %ho} is well defined. In the next three lemmas, we obtain the estimates
on yy_ on subintervals in the order of Z;, Z,, and Z3. The proof of Lemma 3.5.2 is mainly

contained in that of Lemma 3.5.4 as the smooth dependence of solutions to the Rayleigh
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equation on k and c and the initial values is trivial on Z; and Z3. While we mainly focus
on 7y_ in the following lemmas, we shall also just outline the estimates on 0,.yo,, which

would be enough for the rest of the paper.

Lemma 3.5.3. Assume ly > 3 and I, # (). For any k € R and any ¢ € R, the following

estimates hold for x4 € 1, and j1, jo > 0 with j; + j2 > 0,

w0 02 yo (w2)| + |07 02y (w2)] <Cj gopt(|U (w2) — €| ™2 + [U(=h) — ¢ 72)
X (14 p 7" (zo + h)") sinh(p " (22 + h))
SC’jhhlublijlij2 SiIlh(,U,il(l’Q + h)),

(3.5.3)

where C;, ;, > 0 depends only on j1, ja, |U'|c2, and |(U')~ Y co. Moreover, it also holds,

forany x5 € I3
W0y (2)| + |Ocyo (w2)] < C(sinh p™ o] + pu(1 + [e]) cosh ™ ).

The above estimate holds in a neighborhood of Z; actually.

Proof. 1t is obvious that, for xo € Iy, yo_ is analyticin c and k. Let K = k* = p=2 — 1.
One may compute that 8%}(9g2y0_(x2) satisfies the non-homogeneous Rayleigh equation
(3.0.3) in the form of

" Ja—1

. U . o
—0R0PYy + (K + 55— ) OR0yo- = —jr0g "0 yo- = D
J'=0

J1

"
m]é»J"U o aj’yo
(T = iy Ok 0 o

(3.5.4)
with some constants m, ;. Note that the definition of Z, implies that (3.1.2) is satisfied on

7, with

p=popt k(L 4+ U |co((—ho—nno))) = Pok ™ V1 +k=2(L+ |U"|co((—ho—hno))- (3:5.5)
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We shall estimate the derivatives of yo_ with respect to ¢ and k for large k£ and small &
separately.
For any k, > 1 sufficiently large so that p < 1, we shall apply (3.1.13) with zgs = —h
to prove
o OROP Yo ()] + |01 02 Yo ()]

(3.5.6)
<Cjy jot(wa + ) (|U(22) — €| + |U(=h) — ¢| ) sinh(p " (22 + h)),

for any |k| > k., j1,j2 > 0 with j; + jo > 0. The proof is a simple mathematical induction
in j1 + Ja.

Since (3.5.6) does not include the case j; = j» = 0, there are two base cases (j1, jo) =
(0,1) and (51, j2) = (1,0), which we have to consider separately. For 0.y,_, from (3.5.4),
(3.1.13), Lemma 3.3.2, and the definition of Z,, we have, for any z5 € 7,

2 s sinh(u=(zh + h))

o (a2)| + 1035 (22)] <C [ coshiu™ (s = ) P

x2 1
< inh (g h — dx!
<Cpsinn (e + ) [ e

<Ou(|U(2) — | + [U(=h) = ¢ ") sinh(u~ (@5 + b)),

/
dz,,

where (3.3.14) and (3.3.15) are also used for k > k, to convert the estimates in terms of &

into those in terms of . Similarly, Jxyo_ satisfies

€2

k|Oryo- (w2)| + 10k Yo (22)] <Cp / cosh(p™" (g — a5)) sinh (™ (2 + h))da}
—h

<Cu(zy + h)sinh(u~(xy + h)).

With the estimates in the base cases established, for j; + jo > 1, using the induction

assumption (and Lemma 3.3.2 for j; = j' = 0 in (3.5.4)) and proceeding much as in the
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above, we obtain

k| 00072 yo— (2)| + |09:0%yh_ (22))]

<Cpusinh(p ™ (z9 + h)) /

2

i@y + ) (U (y) = e ™2 + U (=h) — o)
h
+ (@ + R U (23) — o (U (25) — e 72 + [U(=h) — c|'~7)day,

and (3.5.6) follows consequently.

For |k| < k., as . ~ 1, we apply Lemma 3.1.3 to (3.5.4) on [—h, 5] with
Co = max{(U(=h) — )", (U(x2) =)'} < pop™! < C.

Following a similar induction procedure and using Lemma 3.1.3, we obtain, for x5 € Z;,
[l =0,1, and jq, jo > 0 with j; + jo > 0,

|02 0L, yo— ()| <Cjy gy (w2 + WY (|U (22) — ] 72 + [U(=h) — | 7).

T

Therefore (3.5.6) holds for all £ € R.
Since

Op = 2k => 0 = Y k! 20y

0<i<i
for some constants 725, (3.5.6) implies (3.5.3) on Z; (actually in a neighborhood of 7).
Estimating 0.yo, on Z3. Let y;(z2) be solutions to the homogeneous Rayleigh equa-

tion (3.0.1) with initial values

y1(0) = =2(U(0) — ¢)/(g + ok?),  41(0) = =U"(0)/(g + ok?),

and y»(z2) be the solution to the initial value problem of the non-homogeneous Rayleigh
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equation

/

—Yy + (k’2 U/C)ZJ(H ﬁyw; y2(0) = 15(0) = 0.

On Z3, y5 can be estimated much as yy_ on Z;, while y; much as in the proof of Lemma 3.3.2.
When Lemma 3.1.2 is used to estimate y; for large |k, we set s = 0, ©; = Oy = cosh, and

Co = Cu(1 + |c|). The desired inequality on 0,y follows from O.yo+ = y1 + Yo. O

Lemma 3.5.4. Assume U € C%, [y > 4, and I, # 0, then Lemma 3.5.2a.)—e.) hold for
xo € Ty. Moreover, if lg > 6, then there exists C' > 0 depending only on |U'|c1,-1, and

|(U")"Y o, such that, for any k € R and any c € R, the following estimates hold.

1. For any zo € Lo, we have

U () — €|

1 L S VA
%810 () — ¢

1 Oeyo— (z2)| <C (1 +

) sinh(p (2o + h)), (3.5.7)

() + g; ; PVl =) + iU ) = ) (a9

(3.5.8)

|U(22) — ¢

19, < 141
ot £ (14 ox =5

) cosh(p'as),

Oua2) + G (P VDl o) + iU ) = ) 09)]
SC(l + ‘ log % ) cosh(p '),

and for2 < j <ly—5and ¢ # U(zz) and ¢ # U(—h),

w o (22)] C(U () — ¢+ |U(=h) — ") sin(u " (wy + h)), (3:5.9)
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|02yo— (22)] <CplU(22) — | (|U(22) — [
(3.5.10)

+|U(=h) — | ) sinh(u™" (22 + 1)),
2. For1 <j <ly—5,

199 (o (ky e, %)) | < O~ cosh(u™" (a5 + 1)), ifas € [<h,0.  (B.S5.1D)

In the above lemma §(-) denotes the delta mass supported at 0 and (P.V.). and 6.
emphasize them as distributions of the variable c. Near U(x3) = c or U(—h) = ¢, singular
distributions of &y, and &y, _ at the level comparable to those negative exponents in
(3.5.9) and (3.5.10) would occur. The quantities with [og upper bounds are L? functions

for any p € [1, 00).

Proof. Since I, # (), it is easy to prove that (3.3.4) holds and z§ € [—1ho — h, $ho]
is well defined. Let M be defined as in (3.3.16) and (3.3.17) still holds. This allows
us to work in the 7 = p~!(xy — 25) coordinate and apply Lemma 3.4.1, Lemma 3.4.2,
and Lemma 3.5.1. It is natural to express yo_ using the fundamental matrix S(u, ¢, 7, 7)
defined in (3.4.5). One is reminded that z5; depends on c. To study the regularity of y,_
and y(,_ with respect to ¢ at some ¢, € U([—3ho—h, $ho)), we fix some x99 € [—h, z9(c.)]

in a O() neighborhood of 9 (c,). For ¢ near c¢,, o € Z,, we can write

wtyo— (ky ¢, z2) o (k,y ¢, o)
= S(ﬂ) 077—77_0) ;
Yo (k, ¢, z2) Yo (K, ¢, v90) (3.5.12)
721‘2—1'27 TOZxQO_xZ,
fu u

Note that 7 = ' (3 — 25) = 0iff U(xy) = cand 70 = p~ ! (w9 — x5) = 0iff U(ze9) = ¢,

the latter of which happens iff U(—h) = c,. Clearly y_(z2) and 3’ () are smooth in ¢
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and k£ either due to the initial conditions or due to the smoothness of the Rayleigh equation
on Z;. Hence the regularity statement (c) of Lemma 3.5.2 follows from statement (1) in
Lemma 3.4.2. If ¢ # U(x3) is close to U(—h), then we could fix x99 = —h. In this case,
yo— and y{,_ involve only S5 and Sy due to yo—(—h) = 0, and thus statement (b) follows
from statement (3) in Lemma 3.4.2. When c is close to U(z3), the C regularity of y,_ in
k and c is a consequence of statement (2) in Lemma 3.4.2, unless ¢ = U(z3) = U(zy) =
U(—h). Near the last exceptional case, the C* regularity of y_ in k and c¢ is due to (4)
of Lemma 3.4.2. Statement (e) of the C*~2 in k of (yo_,,_) also following from the
properties of S given in Lemma 3.4.2.

We shall derive the estimates of the differentiation by 0, at ¢, in two cases.

* Case 1: xo(c,) > p — h. In this case, let x99 = x9(c,) which implies —C'ry >
1. Hence sgn(ry) = —1 and log |7y| as well as its derivatives are of order O(1) when ¢
varies slightly. Therefore the 7, related terms can be estimated easily. From the estimate
at x9o derived in Lemma 3.5.3 (or from the initial condition at x» = —h), (3.4.8), and

Lemma 3.4.2, for 1 < j <[y — 5, it holds on Zs,

1 o (22)

Yo (72)

8—,—+87— i’ U// x$ T T -~
- Z (ac - uU’(zgo))] (HU'(igi) (log |T_0| + F(sgn(7) — 39”(7'0)))8(7'7 7'0))

J'=0
-1
N T T }
x 0277 o-(720) + O(ul_J sinh(p ™! (2q + h)))
Yo (20)
J -1
Or 405 \J' (( pU" (25 in & [ 2 o (220)
= Z (9 — ;LU'(gggO))J (MU’(:E@?) (log || + Fsgn(r))S(r, TO))ag ’ /
g'=0 Yo (720)

+ O(p' 7 sinh(p" (22 + h))),
where S is given in (3.4.6) and the constant C' in the O(-) terms depends only on |U’|¢s
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and |(U’)™!|co. We also used that sinh and cosh are comparable at “H—*h for zo € 7, in this

case.

For j = 1, keeping the most singular terms arising from the derivatives of log and sgn

in the distribution sense, we have

-1
1Yo (x2) " -
Oc = 5'(502)% (P.V.(3) +imd(7)) S(T,70)

+O0((1 + | log =24l |) sinh (" (2 + 1))

Using (3.4.6), (3.4.3), the smoothness of B and B(u, ¢,0) = I, one may compute

(Baa(m0), —Bia(10)) (1 yo— (w20), yy_(w20)) " = 11~ o (x5),

-1
= 1 Yo (20) _ . Bia(p, ¢, 1)
S(7,70) =1 yo—(5)

Yo (T20) Bas(p, ¢, )

—1 c 0
=1~ Yo (73) +0(7) |,

Due to the Holder continuity of y,_ in x5 and

(1) = 0. (222) = 6, (Sl2lc) = U (25)8.(U (22) — ¢),

pU’ (z5)

o (wa0)

Yo (72) Yo (720)

(3.5.13)

(3.5.14)

(3.5.15)

where .(-) emphasizes the delta function with the variable ¢, we obtain the desired esti-

mates for j = 1 in this case.

Similarly, at x5 # z§ for 2 < 5 < [y — 5, keeping the worst term and using (3.5.14), we
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have

The desired inequality (3.5.9) in case 1 follows.

To finish the analysis in this case, we consider yo_(k, ¢, z5). From (3.5.13) we obtain
C=2 smoothness in k and c. Differentiating (3.5.13) in ¢ and using Lemma 3.4.1 and
Lemma 3.5.3, one may estimate, for 1 < j <[y — 5,

J
> (@ = 2z Baa) (e, 1) o (€ 220)
/=0

— (8, — MU?&S))J'—J"BH) (¢, 70) yy_(c, xQO)) ‘

<O cosh(~ (a5 + ).

|02 (y(e,25))| <

which proves (3.5.11) in case 1.

* Case 2: —h < x9/(cx) < p — h. In this case, let x99 = —h. While we have to deal
with possibly very small 7 in (3.5.12), the initial values of (yo_(z20), y5_(20)) = (0, 1).
Hence from Lemma 3.4.2 we obtain, for 0 < j < [y — 5, x5 € Io,

& Yo (w2) _ (8 040 )j

S12(7, 7o)
th. () T St m)
S1o(7,70) (3.5.16)
Sao (T, 70)

Or+075\J U (z§ T i
—(0 — Zrre) (4 (tog 121 + 5 (sgn(7) — sgn(r))

+ O(/f*jh' — 70))-
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From (3.4.6) and Lemma 3.4.1, % and ST—QOQ are C©~* and C'~3 functions, which could

be used to reduce some singularity. As u|T — 79| = |2 + h|, one can compute for j = 1,

w00 (12) = g,l;(% 5—(8 + 0, )(TTO(log | =]+ Z(sgn(r) — sgn(m))))

+ O(‘TTD(lOg ‘%| + %r(sgn(T) — sgn(To))) |> +O(p g + h).

We use the following elementary inequalities to handle the above log terms:

[I7] = I7ol]

S A L) <|r— 2 mi

which also imply
[rrolog | Z]| < Clr —mol, (I7] + Imo) | log | L] < |7 — 70l (2 + [ log | Z ).

The delta functions produced by differentiating sgn are cancelled by 77,. Finally sgn(7) —
sgn(7o) # 0 only when —h < 2§ < x5 which implies p(|7o| + |7|) = 22 + h. Summarizing

these estimates we obtain
1 oo (2)] < Cp~ a4+ Bl (1 + | log | 2] ).

If f —h > zy(c.) > —h, then S < x5(c,) — xy(e,) < —pro < Cu, while p|ro| =
|[w2(c.) — x5(c.)| if 221(c.) = —h. Hence | log || — log a2 (c.) — 25(c.)|| < C, which
along with the estimate in case 1 yields (3.5.7).

Much as in the above, we estimate 0,y;_(x2) in case 2 using (3.4.6) and Lemma 3.4.1

ety (w2) = — s 3270(0; + O, ) (log | Z | + Z (sgn(r) — sgn(r)))
+ O(l + ! log |Tl||)

= — 58 (P.V. (1) +imd(r)) + O(1 + |log | Z|)

90



= Bia(mo) (P V- (2) +imd (7)) + O(1 + | log | Z]).

It along with (3.5.15) and (3.5.13) implies (3.5.8).

Similarly, for 7 # 0, 79 # 0, and 2 < 5 < [y — 5, one may compute

5 1 o (2)

c

Yo (2)
J

SC’Ml—J’(Z (0, + 8To)j/ <log |T_T0| + %(SQTL(T) — sgn (7)) o > + |7 — 7'0|).

j/:0 7—0

For j > 3, we have

(9 + 0, Y (7o log | 5]) <C(I7*7 — 7|+ |7 + ollr ™ — 777 | + |7l — 7571)
<Clrrollr™" = ([ + [ lml "+ + [mol )

<Clr = 7l(|7" + [mo] ).

If 7 = 2, the first term on the right side of the first inequality would be log |TT—O| which as
shown previously also satisfies the above final estimate. Similarly, one can also calculate,

forT #0,7 #0,and j > 2,

(97 + 0y )Y (1o1og | 5 1) <C(I7 7 — 77| + Imol |77 = 7571
<Clrollr™ = 7 ([ + [P fmo| ™ 4+ 1m0l )

<Clr[Hr = 7l(I7['"~7 + 7] ")

The cases of 5 = 0, 1 have been considered earlier and would only make minor contribu-
tions. Therefore (3.5.9) and (3.5.10) are satisfied in case 2 as well.

Regarding yo_(k, ¢, x5), much as in case 1, but with much simpler initial value at 7 =
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c
—h—x§

, we have

y(ku c, 3’35) = _/’LBIQ(:M7 C, TU)

which also yields its C'~2 smoothness. Differentiating in ¢ and using Lemma 3.4.1 and

Lemma 3.5.3, one may estimate, for 1 < 5 <[y — 5,

02 (y(k, ¢, 25)) | =) (0. — =25 ) Bua) (1, ¢, 7o) | < Cp' .
M (2)

which proves (3.5.11) in case 2.

Estimating 0.y, on Z,. In this case Z, # () implies |¢| < C. Much as in the above
argument for y,_, we consider the estimates related to 0.y, at some ¢, € [—%ho —h, %ho].
Observe that, as an expression of solution to the homogeneous Rayleigh equation, (3.5.12)
also applies to yo+ on Z, with x5 chosen near xs,.(c,). In the case of z5,(c,) < —pu, the
same arguments yields the desired estimates of 0.y .

In the case of xo,(c,) € [—pu, 0], we take x99 = 0 and proceed roughly as in the above

case 2. Due to the initial condition (3.3.1), equation (3.5.16) is replaced by

Yo4- (T Yo (0
8c : 0+( 2) = (ac - 5;;}2%0)) S(T,Tg) a 0+< )
Yoo (22) 5. (0)
—1
Or 40+ U (z§ T I =~ H y0+(0)
=(0: — res) | g (o 2] + 5 (sgn(@) = sgn(m))S(rm) [ ©
y0+(0)

+ O(|T - TOD?
where (3.4.7) and Lemma 3.4.2 are used. Let

W (r,m) = (Wi, Wa)T = S(7.70) (1 50+ (0), 46, (0)) "
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Recall from initial condition (3.3.1)

o+ (0)] < Cr®ry,  yo, (0) — 1] < CpP|mol.

On the one hand, from (3.4.6),, and Lemma 3.4.1, we have that

(B By (B2 ) (B 22 - Brl) )

)
TTo 7o HTo 70

are smooth function with bounds uniform in ¢ and ;.. Hence the estimate on 0.y, (2) is
obtained much as that of 9.y, (0). On the other hand, as (3.5.14) and (3.5.13) also apply

to o4, it holds

Wy = 1™ yoq (25) Baa(7) = (1 4+ O(|7])) ™ o (25).

With these estimates, the desired estimate on 0.y, (z2) follows much as that of 0.y, (z2).

This completes the proof. U

Lemma 3.5.5. Assume lo > 4, T, # 0, and Iy # (), then Lemma 3.5.2a.)—e.) hold for
xo € I3. Moreover, if ly > 6, then there exists C > 0 depending only on |U’|q1y—1 and
|(U")7|co, such that, for any k € R and any ¢ € R, the following estimates hold for

To €13

w00 (2)| + 10:y6_(x2)] < C(l + log ) cosh(p ™ (zy + h)),

(3.5.17)

1
min{yu, [U(—h) — c[}
and for2 < 5 <ly— 5,

02y~ (w2)] + 102y (2)]

<O+ p M U (=) = e*T 4 p2 U (=h) — | ") cosh(~ (s + ).
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Moreover, if T, # () and I, # 0, then it also holds for x5 € I,

-1 ! <C(1+1 a h(p 'zy).
7 0o (22)| + 0ty (2] < O (1 +log ey ) cosh(a2)

Proof. The assumption Z, # () and Z3 = [xs,., 0] # 0 imply 5, > —h and ! (U(l’gr) —c)
is uniformly bounded from above and below away from 0. The regularity of yo_ and y(_ in
c and k for x5 € Z3 follow directly from such smoothness at x5, obtained in Lemma 3.5.4.

Their estimates at x», can be summarized into

7 0etio- (ar)| + 1094 (220)| < C (1 + log ) cosh(u~" (w2 + ),

I
min{y, [U(—=h) —c[}

and for2 < j <[y —5
1 yo— (zar)| + 107y (w2,)] < C(p' ™7 + |U(=h) — ¢|*7) cosh(p™ (z2r + h))

where we also used 1 < p~!(zy, + h) as zo > —h. Much as the proof of Lemma 3.5.3,
we shall obtain the estimates inductively in j by considering the cases of small and large k
separately.

As po > 0, we take k. > 1 such that p < 1 (defined in (3.5.5)) for |k| > k. and
thus (3.1.2) is satisfied on Z3 with p < min{1, C'u}. We shall obtain the estimates for this
case of |k| > k, by splitting 0.yo_ into homogeneous and non-homogeneous parts. For
j > 1, let y;(x2) be the solution to the homogeneous Rayleigh equation (3.0.1) with initial

condition

yl(fEQr) = 553/0_(9627»), yi("”?r) = 35@/6_(@7«)7

and y»(x2) be the solution to the non-homogeneous Rayleigh equation (3.0.3) with the zero

initial conditions at x5 = z9, and the non-homogeneous term given by the right side of

94



(3.5.4) (with j; = 0 and j, = 7). Clearly it holds

Mo =1 + 12, on Zs. (3.5.18)

Using the the above estimates on 0.yy_ at xo,., we apply Lemma 3.1.2 to y; with

O, =0, =cosh, s=0, Cy=p Py ()| + |y} _(w2,)] + 1

to obtain, for zo € 73,

1y (@2)] + [y (22)] < C (0 Olyo— (2, )| + 102y (w2,)] + 1) cosh ™ (2 — za,).

Concerning ¥ (), Lemma 3.1.2 and the same computation as in the proof of Lemma 3.5.3

implies, for any x5 € 73,

cosh zh))
1 2)] + 154 x2|<02 / —c|ﬂ+u 108 o ()|
T2r

The desired estimate for j = 1 follows from (3.5.18), Lemma 3.3.2, and direct integration.

For 5 > 2, one may compute inductively using the above estimates and (3.5.12),

j—1 i
i |0 yo—(w2r)|
< N\ c
1 o (2)] + [y ()] CZ (22r) =€) cosh =1 (g, + h)

cosh 1 (z9 + h)

Ju
min{y, |U(=h) — [}

gC(,ulfj +u U(=h) — ¢|* 7 + p' 7 log > cosh ! (ag + h).

If |U(—h) — ¢| > u, the desired estimate follows immediately, otherwise it follows from
the fact logz < z for any = > 1.

In the case £ < k,, 4 ~ 1 and Lemma 3.1.3 yields the estimates through a similar
induction. The estimates on 0.y is also obtained much as 0.y,_ using Lemma 3.1.2 and

Lemma 3.1.3 based on the estimates of 0.y at x5, obtained in Lemma 3.5.4. In particular,
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the fact that Z, # () also implies |¢| < C'is also used. We skip the details. O

The following lemma proves Lemma 3.5.2(f) and (the case of 2o = 0) will be used in

analyzing the eigenvalues.

Lemma 3.5.6. Assume U € C'. For any k € R and x5 € [—h, 0], there exists R,C > 0

such that

U(=h) =P |07 020, ,yo—(k, ¢, 22)] < C(1+ [log [U(=h) —¢l|), j =max{0, 7> — 1},
(3.5.19)
forany |¢c — U(—=h)] < R 1 =0,1, j1,752 > 0, j1 + jo < ly — 3. Here C can be taken

independent of k for k in any bounded set.

Unlike in most other lemmas, the constants R and C' may depend on k and 5.
Proof. The lemma is trivial if xo = —h, so we assume x, > —h. Since the lemma is
concerned with ¢ close to U(—h) where R and C may depend on z and k, we consider

c=U(x5), 25 €[—hog—h,(—h+x)/2] = 7= ,u_l(xg —x5) > ;fl(a:2+h)/2 > 0.

Let 70 = —p~ (2§ + h). From formula (3.5.16) and the C'°~3 smoothness of S,,,. due to

Lemma 3.4.2, we have

-1

o Yo T2
00 0 (@)
Yo (2)

j ) . . 1"(..c ng(T 7—0>

8T+8T T 1T U" (x )
—1 (0 — S | (log 12| + (sgn(r) — sgn())) o4 (“red i
22\7,To

+0(1)
where we also used that log | = | + Z(sgn(t) — sgn(m)) is independent of k. The desired
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inequality (3.5.19) follows from straight forward calculations using the C©~3 smoothness

Of @’ @’ and M. D
70 70 70

Remark 3.5.3. Most of the above regularity results and estimates also hold for yo. (k, ¢, z5).
Since y, plays a less substantial role as y_ in the rest of the paper, we only gave the basic

estimates on .

In the above 0.y, was considered only for ¢ € U ([—% — h, %]) To end this section,

we extend some estimate for ¢ € C using the analyticity of y in ¢ in the following lemma.
Lemma 3.5.7. Assume U € CS. The following hold.

1. Forany c € Cwith c; > 0, it holds

8Cy— (ka ¢, xQ) -

1 _(k,d
_/ acyo ( 7C’$2)dcl,
R

271 c —c

(U(xs) — )0y’ (k,c,x3) = — J_c

271

1 / (U(xs) —c’)@cyéf(k,c’,xg)d,
c.
R

8cy+(k',0, x2) _ L 8c?/0+(k5>0/,$2>
U(zy) —c+14)?  2mi Jg (U(za) — ¢ +1)%(cd —c)

(U(IQ - C)acy;(kvcv x2) o 1 / (U(wQ) - C/)acy0+(/{5,cl,$2)dc,
R

dc,

(
) _ L
(U(xg) —c+1)3 270 (U(zq) — ¢ +1)3(c —¢)
2. Foranyr € (1,00),

U'lcs, and |(U')7Y|co, such that for

(a) there exists C' > 0 depending only on r,

any k € R, x9 € [—h,0], ¢; > 0,

W0y (e, a) iy + [(U2) — )y (R, w2)liz,qx)

<C cosh (x5 + h);

(b) as c; — 0+, O.y— and (U — ¢)0.y" converge to O.yo— and (U — cg)0.y,,_ in
L7 (R), respectively, for any vy € [~h,0]. Moreover, the convergence also

holds in L%, . (R x [—h,0]).

CR,T2
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3. Foranyr € (1,00) and compact interval Z C R,

(a) there exists C' > 0 depending only onr, Z,

U'|cs, and |(U") 7Y co, such that for

any k € R, xy9 € [—h,0], ¢; > 0,

p 0y (K, c, xQ)‘LgR(I) + [(U(x2) — ¢)0ey/ (K, c, 372)‘L5R(z)

<Ccosh ! (xy + h);

(b) as ¢c; — 0+, O.yy and (U — ¢)0.y, converge to O.yoy and (U — cg)0:yy,
in Ly, (T), respectively, for any xo € [—h,0]. Moreover, the convergence also

holds in L, (Z x [—h,0]).

CR,Z2

Proof. Due to the conjugacy of y_ in ¢, we only consider ¢; > 0. Let Bj,, C C be the open

disk with diameter segment U ([—% — h, %2]). For any ¢ ¢ By, let

p=k?(1+|U"|co) max U —c| ' <Ck2(1+ e

There exists k, > 0 such that p < 1 for any |k| > k,. Lemma 3.1.2 (with zoy = —h,

Z = [—h,0], Cy =0, and ©; = Oy = sinh) implies, for |k| > k, and ¢ ¢ By,

ly—(k, c,x2) — k| " sinh |k|(z2 + h)| + p|y”(k, c,x2) — cosh |k|(z2 + h)|
<COpk™ (1 4+ |c|) " sinh |k|(zy + h).

(3.5.20)

For |k| < k., Lemma 3.1.3 implies that the above inequality still holds for ¢ ¢ By,,.

From equation (3.5.4) (j; = 0 and j, = 1) of 0.y_, applying (3.1.13) with ¢ =

—ﬁy_ and using Lemma 3.3.2, we have for |k| > k. and ¢ ¢ By,

10y~ (K, ¢, w9)| + [0y (k, ¢, 22)| <Cp(1 4+ [e])?sinh ™ (2w + h). (3521
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For |k| < k., Lemma 3.1.3 implies that the above inequality still holds for ¢ ¢ By,.
For any ¢ € C with ¢; > 0, the analyticity of .y_ and its O(|c|~2) decay as |c| — oo

imply, for any 3 € (0, ¢;),

1 acy,(k,c’,xg)dc, _ 1 y*<kvc/7x2)

.y (k [ CWGm),, o[ NG,
y-(k,c,z2) 277i/1R<+i6 d—c 21 Jryip (¢ —c)? ©

where the boundary terms at infinity in the above integration by parts vanish due to the
uniform-in-c¢ bound on |y_| given in (3.5.20). Letting 5 — 0+, the same bound and

Lemma 3.5.1 yield

dc

Doy (k, ¢, 00) = — / yo(k, ¢ w) 1 [ Oeyo—(k, ¢, x)
R

— de =——
270 (¢ —c)? © o R d—c
1 (9cy0,(k,c’,a:2)d ’

_% R(CR—C/)+iC[

Y

where we integrated by parts again. The desired estimate on |0.y_| Lz, follows from
the boundedness of the convolution kernel ﬁ on L"(R), (3.5.21) for |c¢| > 1, and
Lemma 3.5.3-Lemma 3.5.5.

The results for 0.y are derived in the same manner. In fact

(U(x2) - C)(?cy',(k,c, Iz) = L /R_‘_-/B (U<x2) _ Cl)aCZ/L(k’C/’xQ)dC/

2mi cd—c
L[ Wiy L[ U)o )
270 Jryip (¢ —c)? 27 Jg (¢ —c)?
_L/ (U(‘r2) - c’)acy(),(k, Clv xQ)dC/
21 Jg d—c ’

where we used (3.5.20) to cancel the two boundary terms at infinity in the above both inte-
grations by parts and also used the integrability of (U (x2) —c)0.y" (k, ¢, z2) near U(xq) = ¢
given in Lemma 3.5.4. The latter also yields the estimate on (U — ¢)0,y/" .

In statement (2b), the pointwise-in-z2 convergence in Ly is standard due to the con-

1
c+icy

vergence of the convolution kernel on L"(R) as ¢; — 0+, as well as the analyticity
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of y_ for ¢; > 0. The convergence in Ly, follows from the pointwise-in-z, convergence

in Ly, the L2 Ly bounds in statement (2a), and the dominant convergence theorem.
Finally, 0.y, can be analyzed similar. However, the initial values (3.3.1) induce an

O(J¢|?) growth in y; and ¢, and an O(|c|) growth of d.y; and 9.y, for |c| > 1

(Lemma 3.1.3). Instead we consider, for ¢; > 0,

acy+<k7cv xQ) 1 / acy—i-(ka C,7$2) d /
c,
rtig (U(

(U(zy) —c+14)2  2mi 23) — ¢ +1)2(c — ¢)

which holds for any § € (0, ¢;). From this Cauchy integral formula we proceed much as
in the above and obtain the integral representation in term of 0.y, . The derivation of the
corresponding formula of J.y/, is also similar. The desired convergence and estimates of
Ocy+ and 0.y, in Ly (T) on a compact interval Z again follow from the properties of the

convolution by the kernel ——— OJ
c+icy

3.6 An important quantity Y

To end this chapter, we analyze a quantity related to the Reynolds stress, which is crucial

for the linearized water wave problem:

' (k. c.0
Y (k,c) = Yr(k,c) +iYi(k, c) i= M ¢ = cp+ic; € C\ U([—h,0)),
y*<k7c7 O) (3 6 1)
o Yo (k,c,0) B h
Y (k,c) = eli%lJrY(k’c—’— i€) = o (Fc.0)’ c e U([-h,0)),

where y_(k,c,x) is the solution to homogeneous Rayleigh equation (3.0.1) satisfying
y_(—h) =0and y (—h) = 1 defined in section 3.3 and yy_ (k, ¢, x2) = lim. o, y_(k,c+
i€, x) for ¢ € R. Due to Remark 3.3.1, y_(k, cg + icy, z2) satisfies estimates uniform in
0 < € < 1. With slight abuse of notations, we would not distinguish g, from y_ in the

rest of this chapter. Apparently the domain of Y (k, ¢) is given by

D(Y) = {(k‘,C) eERxC | c# U(O)7 y_(k‘,C,O) # 0}7
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and those excluded points (except ¢ = U(0)) exactly are the eigenvalues of of the linearized
Euler equation in the fixed channel z5 € [—h,0] at the shear flow (U(z3),0). Y is not
defined at ¢ = U(0) since y’ (z5) has singularity at zo = 0. We first summarize some basic

or standard properties of y_(k, ¢, 0) in the following lemma.
Lemma 3.6.1. Assume U € C3. The following hold.
1. Foranyk € R, y_(k,c,x5) > 0 for any x5 € (—h,0] and c € R\ U((—h,0)).
2. There exists C' > 0 depending on U such that, for any k € R and c € U((—h,0]), it
holds
(Ck) 'sinh k(zg + h) <y_(k,c,15) < Ck™'sinhk(zy + h), Vg € [—h,z5].
(3.6.2)

3. There exists C > 0 depending only on U such that, for any ¢ = U(x$), 2§ € [—h,0),
it holds, for any k € R,

CHp?|U" (x5) ] sinh po~ (25 + h) sinh p~ a3

< lImy_(k,c,0)] < Cu?|U"(x5)| sinh p~" (25 + h) sinh p~ a5

4. There exists k, > 0 and C > 0 depending only on M > 0,

U/|02 and ‘(U/)_1|CO
such that, if |k| > k, or |c — (U(—h) + U(0))/2| > M + (U(0) — U(—h))/2 then

ly_(k,c,0)| > (Ck)~"sinh kh. (3.6.3)

5. Suppose a closed subset S C C satisfies y_(k,c,0) # 0 forallc € Sand k € K
where K = R or %Z, then there exists C' > 0 depending only on S and U such that

(3.6.3) holds for all k € K and c € S.

Remark 3.6.1. According to Lemma 3.1.3 and Lemma 3.3.2, the assumption y_(k, c,0) #

0 on S in Statement (5) is automatically satisfied except possibly a compact set of (k,c) C
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K x S. In particular, due to statement (3), it is satisfied for S = C if U" # 0 on [—h, 0].
We also recall y_(k, c,0) = 0 is equivalent to that —ikc is an eigenvalue of the linearized
Euler equation at the shear flow U on the fixed channel x5 € (—h,0) associated with an

eigenfunction vy(zy) = e*1y_(k, c, x5).

Proof. We first claim the following standard result.

Claim. Let y(x5) is a solution to the homogeneous Rayleigh equation (3.0.1) on an
interval Z = (9, x9,) C [—h,0] with ¢ € R\ U(Z) such that (y(z2), ' (z20)) € {0} x
(R \ {0}) at some x99 € Z, then y(x,) € R\ {0} atany 2o € T\ {x2}.

If U(xy) # c, then the claim y(7;) € R and y is in C on Z are obvious since the
coefficients of (3.0.1) are real. If U(zo) = ¢ ¢ U(Z), then it must hold zoy € {2y, 2, }
and Lemma 3.4.1 implies that y € CY(Z) and W = (u~1y,9/')(- + w9) satisfies (3.4.3)
with W (0) = 0 and &y = 0. This formula yields y € R. Finally, suppose y(z3;) = 0 at
some 7o € Z \ {zo0}. Lety = (U — ¢)€. Again & € C°(Z) due to Lemma 3.4.1 and it is

standard to verify
—((U = )*¢) + k(U — )6 =0, @€ (3.6.4)

Multiplying it by £ and integrating it between xo and x5, leads to a contradiction. Hence
the claim is proved.

For ¢ € R, applying the above claim to y_ on the interval [—h, 0] if ¢ ¢ U((—h,0))
and on [—h, 25] if ¢ € U((—h,0)), respectively, implies that y_(z5) € R does not change
signs on these intervals. Hence we obtain statement (1) and y_(25) > 0 for 2y € [—h, 2]
if c € U((—h,0)). The latter along with (3.3.5) and the continuity of #% also

yields Statement (2).

In the view of Lemma 3.5.1, Remark 3.5.2, and statement (1), y(z2) = Imy_(z2) is

U (5)
UTGag) Y-

also a solution on [x§, 0] satisfying y(z5) = 0 and ¢/(z5§) = (x5). Statement (3)

follows from statement (2) applied to y_ on [—h, z5] and to Imy_ on [z3, 0].
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From (3.3.5) and Remark 3.3.1, there exists k, > 0 such that (3.6.3) holds for all
|k| > k. and ¢ € C. For |k| < k,, the restriction on ¢ involving M > 0 ensures
y_(k,c,0) # 0 due to the semicircle theorem and thus we obtain (3.6.3) from Lemma 3.1.3,
which completes the proof of statement (4).

Finally assume y_(k,c,0) # 0 for all ¥ € K and ¢ € S. Recalling the convergence
estimates (3.2.31) and the locally Holder continuity of y_ in ¢ € R (Lemma 3.5.2), we
obtain the continuity of y_ in ¢ € C for ¢; > 0. Lemma 3.1.3 and Lemma 3.3.2 along with
the continuity of y_(k, ¢, 0) and the non-vanishing assumption imply that (3.6.3) holds for
allk € Kand ¢ € S with ¢; > 0. Asy_(k, & x5) = y_(k, ¢, z,), statement (5) follows and

it completes the proof of the lemma. [

In the following we give some basic properties of Y (k, ¢).

Lemma 3.6.2. Assume U € C', Iy > 4. It holds that Y (k,¢) = Y(k,c) and Y is a.)
analytic in both (k,c) € D(Y) \ (R x U([-h,0])), and, when restricted to c; > 0, b.)
Cv=3in (k,c) € DY)\ (R x {U(=h),U(0)}), and c.) C*=3 in k and locally C* in

(k,c) € D(Y) for any a € [0, 1). Moreover,
1. Y(k,U(=h)) € Rand Y (0,U(~h)) = g

©-0(—h)

2. There exists C, p > 0 depending only on o and U such that

Y (k,c)] < C(u~" + |logmin {1,|U(0) — c|}

), VkeR, [c=U(0)] <p.

3. Forany o € (0, %), there exist kg > 0 and C' > 0 depending only on «, |U’|c2, and

|(U") 7Y o such that,

Y (k,c)—kcothkh| < C(u* '+ |logmin{1, |[U(0)—c|}|), V|k| > ko, ¢ # U(0).

4. Forany M > 0 and k, > 0, there exists C' > 0 depending only on k, and M such
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that

C
dist(c,U([—h,0]))’
 U(=h) + U(0) U(0) — U(=h)

2 2 |

Y (k,c) — k coth kh| < VIk| < ki,

> M +

Proof. The analyticity and the conjugacy property of Y are obvious from its definition. The
property Y (k,U(—h)) € R is a direct corollary of Lemma 3.6.1(1). The C~3 smooth-
ness of Y follows from Lemma 3.5.2. The Holder continuity of Y is again a corollary
of Lemma 3.5.2 for ¢ varying along R and Proposition 3.2.4 for ¢ varying along :R. The

explicit form of Y(O, U (—h)) is a direct consequence of the observation

y(0,U(=h),z5) = (U(xz) — U(=h))/U"(=h). (3.6.5)

To end the proof of the lemma, we obtain the quantitive estimate on Y (k,c). From
Lemma 3.6.1, y_(k,U(0),0) # 0 for any £ € R. Along with Lemma 3.3.2, it implies
that (3.6.3) holds for |¢ — U(0)| < p for some p > 0 depending only on U. Statement (2)
follows from the upper bound of |y’ (k, ¢, 0)| given in Lemma 3.3.2. Statement (3) is also
a direct consequence of Lemma 3.3.2 where kq is involved to ensure y_(k,c,0) # 0. In
statement (4), the restriction on ¢ guarantees y_(k, ¢,0) # 0 due to the semicircle theorem

and the desired inequality follows Lemma 3.1.3. 0

The analyticity of Y in ¢ allows us to use the Cauchy integral to analyze Y (k, ¢). For
r >0, let

D, = B(U([-h,0]),r) cC (3.6.6)
be the r-neighborhood of U([—F,0]) C C.

Lemma 3.6.3. Assume U € C3. There exists kg > 0 depending only on |U'|c2 and

|(U")" o such that for any |k| > ko, 0 < r < dist(c,U([—h,0])), and n > 1 such
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that

1 Y (k, ¢ ! Y (k, ¢
Y (k,c) = kcoth kh — —j{ Yk ) g Y (k,c) = —— Yk )
oD,

) d—c 2mi ap, (¢ —c)ntl

(3.6.7)

where ¢ denote the integral along the contours counterclockwisely.

Here 0.Y = $(9., — i0.,)Y denotes the derivative of ¥ as a function of the complex

variable ¢ and thus 0.Y = 0,.,Y = —i0,,Y due to its analyticity.

Proof. According to Lemma 3.3.2 and Lemma 3.6.1, there exist ky and C' > 0 such that,
for any |k| > ko, the domain D(Y (k,-)) = C. For any 7’ > 1, the analyticity of Y in
¢ ¢ U([—h,0]) implies

Yk ) = —— <7{ —7{ > Y ) (3.6.8)
2mi \ Jop,, op, ) ¢ —c¢

For || > 1, applying Lemma 3.1.3 on Z = [—h, 0], 299 = —h, with k* = k and Cj) < 1

for any ¢ € 0D, uniformly, we obtain
ly_(k, c,0) — k™ sinh kh| 4 |y (k, ¢, 0) — cosh kh| < CCy,
C may depend on k, but independent of ¢, which implies
Y (k,c) — kcothkh| < CCy, Ve € OD,.

Since Cy — 0 as ' — 400, we have

1 Yk d
lim <— ( ’C)dc’—k;cothkh> —0

r'—+oo \ 2M8 Jop , ¢ —c

and thus the desired integral formula of Y (k, ¢) follows. The representation of 97'Y simply

follows from direct differentiation. O]
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Remark 3.6.2. Though not needed in the rest of the paper, this lemma could be modified
for general k and ¢ ¢ U([—h,0]). In this case, 0 < r < dist(c,U([—h,0])) should be
chosen so that y_(k, c,0) # 0 at any point along 9D,. The integral representation formula
would involve the residue at those roots of y_(k, -, 0) outside D,. The estimates should also

be modified accordingly.

To analyze the remaining integral in (3.6.7) (actually also for general k£ € R instead of

just large | k|),in the rest of the section, we assume y_(k, ¢, 0) # 0 so that Y is well-defined.

We start with the imaginary part Y; of Y.
Lemma 3.64. Y;(k,c) = 0 for ¢ € R\U((—h,0]). Assume U € C* ¢ = U(a§) €
U((—h,0)), and y_(k,c,0) # 0, then

mU" (25)y-(k, c, 25)*

Y;(k =
15, 0) = ) ly_ ke, )2

c € U((—h,0)).

Proof. The vanishing of Y;(k,c¢) for ¢ € R\U(|—h, 0]) is obvious from its definition and

Lemma 3.6.1(1). To derive the expression of Y;(k, ¢) for ¢ = U(z$) with 2§ € (—h,0) and

y_ (k,c+ie,xa)

 Ghorie0) € > 0, which is also a solution

y_(k,c,0) # 0, we may consider y(€, x2) =
to the homogeneous Rayleigh equation with y(e, —h) = 0 and y(¢,0) = 1. It is straight

forward to calculate

1 0 0 EU// 2
Imy'(e, 0) = Z/ O, (YU — yy )y = / vl dzs.
—h

—h |U—C|2—|—62

Applying the convergence estimates (3.2.31) and the Holder continuity of yo_ (k, ¢, z5) € R

in 9, we obtain the desired

mU"(5)y- (K, c, 25)*
U’ (x5)y-(k,c,0)*

Yi(k,c) = lim Imy'(c,0) =

This completes the proof of the lemma. [

The above formula yields some refined estimates of Y; for ¢ € U(|—h, 0]).
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Lemma 3.6.5. Assume U € Cb, Iy > 4, kg € R, and y_(ko,c,0) # 0 for all ¢ €
U([—h,0]), then the following hold for Y;(k, c) and k in a neighborhood of k.

1. Yi(k,c) is C'**ink and ¢ € U((—h,0)). Moreover, for any q € [1,00), j1, ja > 0,
J2 < 2, and j1 + jo < lp — 4, (9,11(%23/} is LEOWCL‘J locally in k € R and ¢ €

2. Moreover, assume U € C°, then there exists C > 0 depending only on |U’|cs and

|(U")~|co such that, for any k € R and ¢ € U((—h,0)), we have

_ U (0) o 2" (—h)
| Y (k = | o0 Yk =
Y1k = Ty i, O 1RO = G T Ty O

sinh® (! (a5 + 1))
C'sinh?(p~1h)

C'sinh? (= (2§ + h))
sinh?(p~1h) ’

<Yi(k.c) <
sinh(2u~ (2§ + h))
psinh?(p=1h)
sinh?(u =" (x5 + h
sinh?(p~1h)

|0cr Yi(k, )| <C

L D 1ogmin{1, |u~ (U/(0) — )]}

Y

where i = (k)™ = (1 + k?)~=.

Proof. Lemma 3.5.2 implies the C'~* smoothness of y_(k, ¢,0) in k and ¢ € U ((—h,0))
and that of y_ (k, ¢, 25) in ¢ € U([—h, 0]), which also yields y_(k, ¢, z5) = O(|c—U(—h)|)
for 0 < ¢ — U(—h) < 1. Hence Y; is C"~® in k and ¢ € U((—h,0)). Despite the
logarithmic singularity of d.y_(k, ¢,0) at c = U(—h), we obtain the regularity of Y; for ¢
near U(—h) from the vanishing of y_(k, ¢, z5) and Lemma 3.5.2(f) which also leads to the
regularity of Y7 for ¢ £ U(0).

The upper bound estimate of Y7 and its limits as ¢ approaches U (0)— and U(—h)+ are

direct corollaries of Lemma 3.3.2 and Lemma 3.6.1(5) and Remark 3.3.1, as well as (3.6.2)
and (3.6.3). In particular,

aCR(y—(ka ¢, $§)) = aCRy—(k7 ¢, IQ) + U/(xg)_ly,—<kv ) :L'(Q:) - U/(_h)_17
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as ¢ — U(—h)+, implies the limit of 92 Y7 as ¢ = U(—h)+. In

acR)/IU{;;C) :ac (7{[]’”(3;5)) y*(kvca x%)z 27TU//(ZL'§)y,_(]:,C, x%)ac(y—gkaca [L’g))
U'(xs) ) ly-(k,c,0) U'(a5)y-(k, ¢, 0)]
20" (25)y- (k, ¢, 25)*(y-(k, ¢, 0) - Dey—(k, ¢, 0))
U'(25)ly-(k, ¢, 0)|* ’

Oc(y—(k,c,25)) is estimated by (3.5.11). The other key term O.y_(k,c,0) will be con-
sidered in three possible cases of ¢ € U([—h,0]) according to the division of [—h,0] =
7, UZ, UZ; defined in (3.5.2) in section 3.5. Observing ¢ € U([—h, 0]) implies Z, # () and
To=0€ZyUTs.

* Case I: x9 = 0 € Z3 and x9y = —h. The former happens if and only if ¢ <

U(0) — py 'y, while 29; = —h if and only if ¢ < U(—h) + py . Lemma 3.5.5 implies
|0cy—(k,c,0)| < Cu(1+ |log (u"(c = U(—h)))]|) cosh ™ "h.

* Case 2: w5 = 0 € Tz and x5 > —h which occurs if and only if U(—h) 4+ py'pu < ¢ <

U(0) — py'p. Also from Lemma 3.5.5, we have
10.y_(k,c,0)| < Cpcosh ™ h.

* Case 3: x5 = 0 € T, which happens iff U(0) — ¢ < p;*p and x5, = 0. From the
definitions (3.5.2) of Z,, (3.3.2) of py, and (3.0.4) of hy, it holds

0 < Ul(zo) — Ulry) < 2p5tn < %ho infU' = —a9; = 29, — 19y < %ho = x9 > —h.
This in turn implies ¢ — U(zy) = p, i and thus Lemma 3.5.4 yields

0cy—(k,c,0)| < Cu(1+ |log (k" (U(0) — ¢))]) cosh ™" .
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The desired estimates on 0., Y, follow from (3.5.11), Lemma 3.6.1 and Lemma 3.3.2,

and the above estimates. In particular, in the above case 1, we also used
psinh [ (w5 + 1) log [5* (¢ = U(=h)) || < Ccosh(u™ (a5 + 1)),

which can be shown by considering whether |~ (¢ — U(—h))| < 1 separately. O
In the following we analyze Y (k, ¢) by writing it as a Cauchy integral of Y7.

Lemma 3.6.6. Assume U € C, Iy > 6, and k € R satisfy that y_(k,c,0) # 0 for all
c € U(]—h,0]), then Y (k,c) and 8{;185122)/(]{:, c)is L LY locally in k € R and cp in the
domain D(Y) for any q € (1,00), 0 < jo < 2, and 0 < j; < ly — 4 — jo. Assume, in

addition, y_(k, c,0) # 0 for all ¢ € C, then, for any ¢ ¢ U([—h,0)),

1 U(0) Y, /
Y(k,c) =~ / Mdc’ + k coth kh, (3.6.9)
T U(—h) cC —C

and for c € U([—h, O))
Y (k,c) = —H(Yi(k,-))(c) + iYi(k, c) + k coth kh. (3.6.10)

Here ‘H denotes the Hilbert transform in ¢ € R, namely,

/ U(0) /
H(Yi(k,-))(c) = lp.v./malc’: lP.V./ Mdd,
R

7r c—c s u(-n ¢—c

where P.V. [ represent the principle value of the singular integral. We also recall Y (k, ¢) =

Y (k,c+1i0) and Y (k,c —i0) = Y (k,c +i0) for c € R.

Proof. Let us first assume y_(k, ¢,0) # 0 for all ¢ € C, then Y (k, ¢) is well-defined for all
¢ # U(0). The same argument as in the proof of Lemma 3.6.3 yields (3.6.7) for all & € R,
¢ # U([~h,0]), and 0 < r < dist(c,U([—h,0])). The contour 9D, is the union of two

segments [U(—h),U(0)] & ir, the left half circle centered at U (—h) with radius 7, and the
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right half circle centered at U (0) with radius r. As  — 0+, due to the continuity of Y at
¢ # U(0) and its logarithmic upper bound near U(0) given in Lemma 3.6.2, the Cauchy
integrals along the two half circles converge to zero as » — 0+. Hence the integral form
(3.6.9) of Y (k, ¢) follows from taking the limit of (3.6.7) as r — 0+ and the conjugacy

Y(k,@) = Y (k).

For ¢; # 0, the integral form (3.6.9) can be rewritten as

1 U(0) !/ .
Y@@:—/ (=crbict)y o i

T Jucn (€ —cr)*+

A standard treatment of the above singular integral as c; — 04, along with the regularity

of Y;(k,d) in¢ € U([—h,0)) given in Lemma 3.6.4 and Lemma 3.6.5, yields (3.6.10).
From Lemma 3.6.5, even though Y; is W34 locally in ¢ € U([—h,0)) if [y > 6, when

viewed as a function of £ € Rand ¢ € R \ {U(0)}, we only have GilﬁfRY[ € L™ due to

its jump at ¢ = U(—h). The regularity of Y follows from that of Y7 and the boundedness

1
c+icy

in L? of the convolution by with the parameter ¢; > 0. Here the singularity of Y;
near ¢ = U(0) does not affect the regularity of Y away from U(0) due to the localization
property of this convolution operator.

Finally, if we only assume y_(k,¢,0) # 0 for ¢ € U(|—h,0]), then there would be
additional contour integrals of Y in (3.6.9) along contours in C enclosing the roots of

y—(k,-,0) outside U([—h, 0]). Those integrals in the analytic region of Y would not affect

the regularity of Y. The proof of the lemma is complete. 0

With the representation of Y in terms of Cauchy integrals, we may also calculate its

derivatives in more details.

Corollary 3.6.6.1. It holds, for ¢ ¢ U([—h,0]),

Y (k) = - / YO itk ), 1 /U@) 0, ilk) ,_ U'(0)
T T w o @ = T w e e U (0)(U(0) =)’
(3.6.11)
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and for ¢ € U([—h,0)),

U/l(o)
U'(0)(U(0) —¢)

0:.Y (k,c) = —H(0:,Yr(k, ")) (c) + i0c, Y1 (K, ) — (3.6.12)

Using the regularity of and estimates on Y7 and 0., Y7 given in Lemma 3.6.5 , (3.6.11)
follows from direct differentiation and integration by parts, along with the explicit form of
YI(k, U(0) — ) Equality (3.6.12) is obtained by taking the limit of (3.6.11) as ¢; — 0+.

We omit the details of these straight forward calculations.
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CHAPTER 4
EIGENVALUES OF THE LINEARIZATION OF THE WATER WAVE AT SHEAR
FLOWS

In this chapter, we shall discuss the distribution of eigenvalues of the linearized gravity-
capillary water wave system (1.2.2) at the shear flow (U(zs), O)T. As (1.2.2) preserves
Fourier mode e***1 for any k, the wave number k& € R would be treated as a parameter in
this chapter. According to Lemma 2.2.1, —ikc € C, ¢ € C\ U([—h,0]), is an eigenvalue

of (1.2.2) with parameter k if and only if

F(k,c) = Fr+iFr = (g +0k*)y.(k,c,—h) = (9 + ok*) (y+y_ — y4y-)(k, ¢, 0)
—(U(0) — ¢)*y (K, ¢,0) — (U'(0)(U(0) = ¢) + g + ok®)y_(k, ¢,0) = 0,
(4.0.1)

where the last equal sign in the first row is due to the Wronskian structure of F. Let

F(k,c) = lim F(k,c+ie) = lim F(k,c —ie), ce€ U([-h,0]).

e—0+ e—0+

It is easy to see that, if F(k,c) = 0, then y_(k, ¢, z5) also generates the associated eigen-
function of (1.2.2). In the literatures, those zero point c of F with ¢; > 0 are often referred
to as unstable modes, while those zero point ¢ € R as neutral modes. We recall that Yih
proved that the semicircle theorem also holds for free boundary problem [68], namely,
(1.3.3) holds for all unstable modes.

From the analysis in section 3.5, it is not clear whether F is C! at ¢ = U(—h) which

would be crucial for the bifurcation analysis of eigenvalues. We also consider an almost
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equivalent quantity

F(k,c)=y_(k,c,0)"'F = Fr +iF;

4.0.2)
—Y (k,¢)(U(0) — ¢)* = U"(0)(U(0) — ¢) — (g + ok?) = 0,
where Y (k, ¢) is defined in (3.6.1), and
F(k,c) = Jim F(k,c+ie) = Jim F(k,c—1e), YeeU([—h,0]).
Apparently F and F satisfy
F(—k,c) = F(k,c) = F(k,c), Ve ¢ U((—h,0)); (4.0.3)
F(~k,¢) = F(k,c) = F(k,¢), c€ DY)\ U((=h,0)). (4.0.4)

From Lemma 3.6.6 F' is C“ near ¢y = U(—h) if y_(k,c,0) # 0 for all ¢ € U([—h,0]),

which is crucial for the bifurcation analysis.

4.1 Basic properties of eigenvalues

Apparently it holds that

F is analyticin k € R& ¢ ¢ U([—h,0]) and F analyticin k € R& c € D(Y)\U([-h,0)),
4.1.1)

F(k,c) = 0 <= cis a non-singular or singular mode of (2.2.6).
In the following we first give some basic properties of F' under minimal assumptions.
Lemma 4.1.1. Assume U € C, Iy > 3, then for any k € R, the following hold.
1. Fis well defined for all k € R and ¢ € C. When restricted to c; > 0, F is C=3 in k
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and c ¢ {U(—h),U(0)} and if, in addition l, > 4, then F is also C* in both k and c.

2. F(k,c) is well-defined for c close to U(—h) and U(0), C* near ¢ = U(0), and

F(k,U(=h)) € R, F(0,U(=h)) = —g,

F(k,U(0)) = —g — ok®, 0.F(k,U(0)) =U’(0).

3. Assume ly > 6, then for any r € (1,00), there exists C' > 0 determined only by r,

\U'| s, and |(U") 7Y |co, such that, for any c; > 0 and k € R,

|0F (k- +icr)|ry, < Cuter lim |0F (k, -+ icr) — OF (k. )|y =0,

cy—

where the norm is taken on cp € [—%ho — h, %ho] and we recall ;n = (1 + k:2)’%.

4. F(k,c) #0ify_(k,c,0) = 0. Hence {c | F(k,c) = 0} = {c| F(k,c) = 0} for any
keR.

5. F(k,c) = 0 iff there exists a C? solution y(x5) to (2.2.8) satisfying the corresponding
homogeneous boundary conditions of ((2.2.6b)-(2.2.6¢)).

6. Forany xs € (0,—h), Fi(k,U(z2)) # 0ifU"(xq) # 0.

Proof. For cg € U([—h,0)), the convergence of F(k,cp + ic;) as ¢; — 0+ follows
from the convergence estimates given in Proposition 3.2.4. For ¢ near U(0), the loga-
rithmic singularity in 3’ (k, ¢,0) is cancelled by (U(0) — ¢)? and thus the convergence of
F(k,U(0)+ic;) and the continuity of F at ¢ = U(0) follow. The C* and C"~3 smoothness
of F is obtained from those of y_(k, ¢,0) and ¢’ (k, ¢,0) (Lemma 3.5.2 and Lemma 3.5.4)
as well as using the factor (U (0) — ¢)* multiplied to ¢’ (k, ¢, 0).

From Lemma 3.6.1(1), y_(k,U(—h),0),y_(k,U(0),0) > 0 and thus F' is well-defined
near ¢ = U(—h),U(0). The property F'(k,U(—h)) € R and the value of F'(0,U(—h))

are due to those of Y given in Lemma 3.6.2(1). The C'! smoothness of F' for ¢ near U(0)
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follows from Lemma 3.6.2(2) and the definition of /. The values of F" and 0. F at (k, U(0))
is obtained by direct computation.

Statement (3) is a corollary of Proposition 3.2.4, Lemma 3.5.7, and the definition of F'.

Suppose y_(k, c¢,0) = 0. Lemma 3.6.1(1) implies ¢ # U(0). As a non-trivial solution
to the homogeneous Rayleigh equation (3.0.1), it must hold 3’ (k,¢,0) # 0. Therefore
F(k,c) # 0.

To prove statement (5), we first observe that F(k, ¢) = 0 iff y_ satisfies the correspond-
ing homogeneous boundary conditions of (2.2.6¢), which happens only if y_(k,c,0) # 0
and thus Y'(k,¢) and F(k,c) are well-defined. Moreover the statement is obvious for
¢ ¢ U([—h,0]) and also for ¢ = U(—h) due to the smoothness of y_ (Lemma 3.4.1), while
F(k,U(0)) # 0 due to statement (2). Hence we focus on ¢ € U((—h,0)) only. “="
As ¢ € U((—h,0)), F(k,c) = 0 implies Y;(k,c) = 0 and consequently U”(z5) = 0
according to Lemma 3.6.4. Consequently Lemma 3.4.1, particularly formula (3.4.3), and
the definition of I'y yield the smoothness of y_ which apparently satisfies (2.2.8). “«<=":
This solution y(z2) has to be proportional to y_ on [—h, z§] which yields y(z§) # 0 due to
Lemma 3.6.1(2). Hence the smoothness of y(x5) and equation (2.2.8) imply U”(z5) = 0.
Consequently both (2.2.8) and the homogeneous Rayleigh equation (3.0.1) are regular on
[—h, 0] and are equivalent to each other. Therefore y_(z5) and y(z5) are proportional on
[—h, 0] and thus y_ satisfies the boundary condition at x5 = 0.

To prove the last statement, let ¢ = U(x3), 22 € (—h,0). According to Lemma 3.6.1,

Imy_(k,c,0) # 0if U"(z2) # 0 and thus Y (k, ¢) is well-defined. Lemma 3.6.4 yields

m(U(0) — ¢)’U" (w2)y-(k, ¢, 22)*
U'(w2)ly-(k, ¢, 0)|?

Fi(k,¢) = (U(0) — ¢)*Yi(k, ¢) = £0, (412

which prove statement (5). This is the same argument as in [68] in the case of gravity

waves. ]

Remark 4.1.1. The monotonicity assumption on U is used in the above proof of statement
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(5). If U is not monotonic, U~ (c) may contain several points in [—h, 0] for a root of F(k, -)
and the corresponding solution y_(k, ¢, o) may not be in H 32. Therefore the set of roots of
F(k,-), which is what really matters, may be larger than those defined as singular modes

in Definition 2.2.1.

In the next step, we consider F for |k| > 1. Unlike the linearized Euler equation on a
fixed channel where no eigenvalues exist for large k. Eigenvalues do exist for each large
k for the linearized water wave system. According to Lemma 4.1.2(2), we often consider

F(k,c) as well.
Lemma 4.1.2. Assume U € C®, then the following hold for any a € (0, 3).

1. There exists C > 0 depending only on «, |U’|c2, and |(U') ™} |co, such that

|F + ok*psinh p~'h — (U(0) — ¢)* cosh u'h| < C'(p*" + |e[*u®) cosh ',

_1
2.

where we recall ji = (1 + k?)

2. For any k.,M > 0, there exists C' > 0 depending only on M, k,, |U'|c2, and

[(U") Y co, such that, for any |k| < k., and c satisfying dist(c, U(—h,0]) > M,

[F — (U(0) — ¢)* cosh kh| < C(1 + |¢| + |U(0) — c[*dist(c, U([—h,0])7").

3. There exist ko > 0 and C > 0 depending only on |U’|c2, and |(U')™!|co, such that
for any |k| > ko, (4.0.1) has exactly two solutions c*(k) € C\ U([—h, 0]) depending

on k analytically. Moreover they satisfy

(k) eR, cF(—k) = c*(k),

OoF (k, = (k)) F 2v/a|k|2| < Clk].

(k) F Volk - U(0)] < €,

Proof. The first statement follows directly from Lemma 3.3.2, where the factor (U (0) —
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c)? is used to cancel the logarithmic singularity in the estimate of ¢’ , and the second
from Lemma 3.1.3 with Cy = dist(c,U([—h,0])"*. We focus on the roots of F. From

Lemma 3.3.2,
Jko > 0, s .t. |y_(k,c,0)| > (1/2)pusinh 'k >0, V|k| > ko, c € C,
and thus we can work with F'(k, ¢) and Y (k, ¢). Let

Sy ={ceC|ld > olk]/2}.

From statement (1) and Lemma 3.6.2(3), it holds that there exist £y > 0 such that, for any
|k| > ko, F'(k,c) = 0 only if ¢ € Si. We may take larger ky > 0 if necessary such that
dist(Sk, U([~h,0])) > 1. From Lemma 3.6.6 and Lemma 3.6.5 and Corollary 3.6.6.1,

there exists C' > 0 depending only on U such that, for all |k| > kg, ¢ € Sk,

U(0)

Ered)
(1+ lef) sinh® % Ju ()

Y (k,c) — kcoth kh| < sinh® - (U™H(¢) + h)d¢/,

0.y (ko) < —% & ¢ / " G2 1) + )
R N 6 G |c|)usinh2% U(=h) # '

By a substitution 7 = 1 (U~!(¢/) + h) we obtain

==

¥ (k, €)=k coth kh| < CR+1) " (1+]e) ™, 10.Y (k,0) < CL+]e)™, Ikl = ko.

On the other hand, viewing F'(k, c) = 0 as a quadratic equation of U(0) — ¢, its roots also

satisfy

c= fi(k,c), where fi(k,c)=U(0) U’(0) j:\/ U'(0)2 +g+ak2

-2 (k, c) 4Y (k,¢)? ' Y(k,e)’
Using the above estimates on Y and coths =1 + 62%1, it is straight forward to verify that
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for any |k| > ko and ¢ € S,

[Felk,c) F /oTk = U(0)] < C

and

|8cf:t(kv C)| =

U'0) 1 /U002  g+ok?\ 2 (U(0)? g+ ok? C
Z Y| < —.
2y2 2 ( 4Y2 + Y 2Y3 + Y2 |8C | — | |

Therefore f (k, -) are contractions acting on Sj. Their fixed points ¢*(k), analytic in k, are
the only solutions to (4.0.1), or equivalently (4.0.2). These ¢*(k) € R since f(k,c) € R

for ¢ € R which allows the iteration to be taken in R. Finally, one may compute
0.F = (U(0) = ¢)*0.Y + 2(c = U(0))Y + U'(0). 4.1.3)

Using the above estimates on Y — |k|, 8.Y, and ¢*(k), one may compute

|0.F (k, = (k) F 2v/a k]3]

=[2Y (¢ = U(0)) F 2V k|2 + 0.V (U(0) = ¢)” + U'(0)],_ sy < CIHI

The evenness of ¢ (k) in k is due to that of F(k, ¢) and the uniqueness of the fixed points

of the above contractions. This completes the proof of the lemma. [

We shall track the two roots ¢ (k) of the analytic function F'(k,-) as |k| decreases,

based on a standard analytic continuation argument.

Lemma 4.1.3. Assume U € C3. Suppose kg € R and ¢y € C\ U([—h,0]) satisfy
F(ko,co) = 0 and 0.F (ko, cy) # 0, then the following hold.

1. There exists an analytic function c¢(k) € C\ U([—h,0]) defined on an max interval

(k_, ky) such that F (k,c(k)) = 0 and O.F (k, c(k)) # 0.
2. c¢(k) eRforallk € (k_,ky) if and only if ¢y € R.
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3. Ifky < oo (ork_ > —00), then

(a) limy_, - dist(c(k),U([—h,0])) = 0 (orlimy_,g_4 dist(c(k),U([—h,0])) =
0ifk_ > —o0), or

(b) liminfy,_, - min{|c(k) — ¢| : Ves t. F(k,c) = 0,¢c # c(k)} = 0 (or
liminfy )+ min{|c(k) —c| : F(k,c) =0, ¢ # c(k)} =0if k_ > —o0).

Proof. We start the proof with a simple and standard consideration of the index of complex
analytic functions. Suppose F(k,c) # 0 at any ¢ € 02 where 2 C C\ U([—h,0]) is a

domain with piecewise smooth boundary 0f2, then the index

1 O.F (k.
Ind(F (k,), Q) = 5 b ﬁdc e NU{0} (4.1.4)

is equal to the number of zeros of F(k, -) inside €2, counting their multiplicities. Therefore
the analyticity of /' in k£ and c implies that Ind (F(k, ), Q) is a constant in k£ as long as
F(k,c) = 0 does not occur on 0.

As a consequence, starting with the simple root ¢y € C\U([—h, 0]) of F(ko, -), a unique
continuation of ¢(k) C C\ U([—h,0]) of simple roots of F(k,-) exists and is analytic in
k. The simplicity of ¢(k) is due to the fact Ind(F(k, -),Q2) = 1 for any sufficiently small
neighborhood €2 of ¢(k) in the continuation procedure. For any ¢ € R\ U([—h,0]), we
have F(k,c) € R and 0., Fr(k, c) = 0.F(k, c) # 0. Therefore if ¢(k;) € R\ U([—h,0])
for some k; along the continuation curve, then the unique extension c(k) coincides with
the (real) root of F z(k, cr) obtained by applying the Implicit Function Theorem to the real
function F(k, cg). Hence ¢(k) € R if and only if ¢, € R.

Let (k_, k) be the max interval of the continuation ¢(k) C C\ U([—h,0]) as simple
roots of F(k,-) and we shall prove statement (3). Suppose k_ > —oo, while the other
case k. < +oo can be analyzed similarly. As k& — (k_)+, the solution curve c(k) is
bounded due to Lemma 4.1.2(2). Therefore there exists a sequence (k;)32; C (k_, k)

such that lim;_,. k; = k_ and c_ = lim;_, c¢(k;) € C exists. Statement (2) implies that
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c(k) stays in the closure of either the upper or lower half of C and thus F(k_,c_) = 0.
Assume statement (3)(a) does not hold, then such a subsequence can be chosen such that
c_ ¢ U([—h,0]). Therefore c_ is a root in the domain of analyticity of F(k_,-). Clearly
c_ is not a simple zero of F(k_, -), otherwise ¢(k) can be extended beyond k_. Recall ¢_
has to be an isolated root of F(k_,-) since all roots of non-trivial analytic functions are
isolated. Therefore, there exists a small neighborhood (2 of c_ such that, for any £ > k_
sufficiently close to k_, it hold Ind (F(k, ), Q) > 2. Consequently, for each k; close to k_,

there exists at least another root ¢ of F(k;, -) in £ and thus (3)(b) holds. O

The semicircle theorem of Yih [68] states that all imaginary roots ¢ of F(k, -) are con-
tained in the circle with the diameter segment U([—h, 0]), so the only possibility for the
branches c¢*(k) of simple roots of F(k,-) obtained in Lemma 4.1.2 can not be extended
for all £ € R is when they reaches U(0) or U(—h), respectively. As a corollary of
F(k,U(0)) # 0 and we have

Corollary 4.1.3.1. (1) The branch c* (k) can be extended for all k € R. Moreover c¢* (k) €
Ris evenin k, 0.F (k,c*(k)) > 0, and c¢*(k) > U(0) + po for all k € R, for some po > 0
independent of k.

(2)IfF(k,U(—=h)) # 0forall k € R, then ¢~ (k) of simple roots of ¥ (k, -) obtained in can
also be extended for all k € R. Moreover ¢~ (k) € R is even in k, 0.F (k,c™(k)) < 0, and
c¢ (k) < U(=h) — po forall k € R, for some py > 0 independent of k.

Proof. Let ky be given in Lemma 4.1.2(3) and we only need to focus on |k| < ko. We
may assume ky is sufficiently large such that ¢*(ky) > U(0) and ¢~ (ko) < U(—h). From
Lemma 4.1.2(2), there exists R > 0 such that F(k,c¢) # 0 for all k£ € [—ko, ko] and
lc| > R. Hence c¢t(ky) € (U(0),R) and ¢ (ko) € (—R,U(—h)) are the only roots of
F(=ky, -), which are also simple with +0.F (ko, c*(kq)) > 0.

We first consider ¢ (k). Let

Q={ceC|cge (U0),R), cre(—1,1)}.
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According to Lemma 4.1.1(2), F(k,U(0)) # 0 for any k. Hence the semicircle theorem
and the choice of R imply that a.) ¢t (ky) € Q and b.) F(k,c) # 0 for all |k| < ko and
c € 01}, and thus

Ind(F(k,-), Q) = Ind(F(ko, ), Q) = 1,V|k| < ko.

Therefore none of the possibilities in Lemma 4.1.3(3ab) can happen to the extension ¢* (k) €

() starting from k& = kg, so this branch of simple root of F(k, ¢) can be uniquely extended
for all k € [—ko, ko] with ¢t (k) € (U(0), R) as the only root of F(k,-) in . The value
of this extension at k = —kg has to coincide with ¢*(—kq) = ¢ (ko) as ¢*(—k) are the
only roots of F(—kq, ) while ¢ (—kg) < U(—h). Therefore the extensions starting from
¢ (£ko) have to coincide. The evenness of ¢ (k) in k € [—kq, ko] follows from that of
F and the uniqueness of its root in ). The sign of J.F (k, c*(k:)) remains positive from
k = ko as ¢ (k) is always simple. The existence of py > 0 is simple due to the continuity
of F. The same argument applies to ¢~ (k) under the assumption F(k, U(—h)) # 0 all for

k. The proof is complete. [

Based on the above analysis, we shall conclude that —ikc* (k) are the only eigenvalues
of the linearized capillary gravity wave under the additonal assumption of the absence of

singular modes

F(k,U(zy)) #0, VkeK, x5 € [—h,0], (4.1.5)
where K = R or %’TN and L is the period of the water wave in the x; direction.

Proposition 4.1.4. Assume U € C® and (4.1.5) for K = R or %N, then there exists p > 0

such that

1. Fy, & inf{(1 + k2)_%e_%|F(k:,c)| | k € K, cg € [U(=h) —p,U(0) + p|, c1 €
[=p,p]} > 0.
2. Assume K =R, then {c | F(k,c) = 0} = {c(k)}.

121



Proof. The first statement is a direct corollary of the continuity of F', its analyticity outside
U([—h,0]), assumption (4.1.5), and Lemma 4.1.2.

Let us consider statement (2). Corollary 4.1.3.1 and (4.1.5) imply that both ¢t (k) €
(U(0), +00) and ¢~ (k) € (—oo,U(—h)) can be extended as even analytic functions of
k € R. Let kg, R > 0 be taken as in the proof of Corollary 4.1.3.1 and we only need to

focus on |k| < ko. Assumption (4.1.5) also yields p > 0 such that
F(k,c) #0, Vdist(c,U([~h,0])) = p, |k] < ko.
Let
Q={ceC||c| <R, dist(c,U([-h,0])) > p},

then we have F(k, ¢) # 0 for all |k| < ko and ¢ € 0N2. Therefore
Ind(F(k,-),Q) = Ind(F(ko,-), Q) = 2,V|k| < ko,

and F(k, -) does not have any other roots. O

In order to obtain a more complete picture of the eigenvalue distribution we shall derive
some sign properties in the following lemma, where F' and Y are viewed as function of ¢
and K = k% > 0. According to Lemma 3.6.1(1), F is well-defined for c in a neighborhood
of R\ U((—h, 0))

Lemma 4.1.5. Assume U € C3, then we have

0% (F(VK,c)) <0, Yk €R, c€ R\ U((~h,0]),

OxF(0,¢) < —o + /0 (U(xy) — ¢)dwy, Ve e R\ U([—h,0]),

—h

O F(0,U(—h)) = o + /_h (Uas) — U(—h)) das.
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Proof. For K > 0and c € C withy_(k,c,0) # 0 and ¢; > 0, let

U'@a) ok oay) = $=VE 1)

U(xsy) — ¢’ y_(VK,c,0)' 72 € [, 0,

R=R(K,c)=-0. +K+
(4.1.6)
be the differential operator in the Rayleigh equation (3.0.1) and the normalization of the

fundamental solution y_ defined in (3.3.1) and (3.5.1). Clearly

§(=h) =0, §(—h)=y_-(VK,c,00™", §(x2) >0, 25 € (—h,0),

Q(O) =1, Y(\/E7 C) = g/(0)7

where the sign properties follows from Lemma 3.6.1(1). It is straight forward to compute,

forc € R\ U((—h,0)) and z5 € (—h,0),
ROk =~ <0, RILJ=—20x7,

where the smoothness of ¢ in K is ensured by Lemma 3.4.1. The following claim is used
to analyze these and some other functions.

Claim. Suppose y € C°([—h,0]) is a solution to (Ry)(z2) = f(x2) and y(—h) =
y(0) = 0 with ¢ € R\ U((—h,0)), where f is C° on [—h, 0], then we have the following

through direct computations

0

=) =if =9/ 0) =~ | gfde
R y (4.1.7)
~ 1 2 ~ " " " /
y(z2) = §(2) W . (o) f () drgyds.
T2 —
Applying this claim to Ok y and Ok y implies
0
oY = 07 (0) = / 7Pdzy > 0,
" (4.1.8)

0 0 xh
0rY = —2/ ?j(:vg)Q/ ﬂ(m'z)_Q/ §(x5)*dalydalydry < 0.

—h 2 —h
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The definition of F implies 9% F < 0 for c € R\ U((—h,0]).

For k = 0, through direct calculation, one may verify, for ¢ ¢ U([—h, 0]),

y_(0,¢,22) = (U(z2) — c) /m U=h)=c ,n 4.1.9)

n (Ula) = ¢)?
For c € R\ U(|—h,0]), from (4.1.8), we have

0

OxY (0, ¢) :/ 72 dxs

—h

[ v ) ([ e

and thus

Ok F(0,¢) =(U(0) — ¢)*0xY (0,¢) — o

[ ( [ ) e ) -
[w

< —0) d:vg — 0.
h
(4.1.10)
For k = 0 and ¢ = U(—h), we can use (3.6.5) to compute
§(0,U(=h),z2) = (U(zs) — U(=h))/(U(0) — U(=h)). (4.1.11)
Consequently, one obtains explicitly
0 (U(zy) — U(=h))”
kY (0,U(=h)) = / ) : ))2 L2,
-h (U(0) = U(=h))
which in turn yields the desired formula of 9, F'(0, U(—h)). O

The information on the derivatives of F' leads to the following properties of the roots of

F.
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Lemma 4.1.6. Assume U € C3, the following hold.

1 If

o> /0 (U(zs) — U(—h))2dx2 — Ok F(0,U(—h)) <0, (4.1.12)

then F(k,U(—h)) < —g = F(0,U(—h)) forall k € R.

2. Let

g =max {Y (k,U(=h)) (U(0) — U(=h))* — U'(0)(U(0) — U(—h))
— ok’ | k € R}

=max {F(k,U(=h)) + g | k € R},

then we have

(a) gy > F(0,U(=h)) 4+ g = 0and “=" in the “<” holds if and only if (4.1.12)
holds.

(b) If g > gy, then F(k,U(—=h)) < 0forall k € R.

(c) If0 < g = gy, then there exists a unique ky > 0 such that F(+ky, U(—h)) =
0 and F(k,U(—h)) <0 for all |k| # k.

(d) If0 < g < gy, then there exist k; > ky > 0 such that
Pk, U(=1) <0, [k| & (k5. kL):

F(k,U(=h)) >0, |kl € (ky ki); FOuF(ky,U(=h))>0.

Proof. Statement (1) is a direct consequence of the concavity of F' (k:, U (—h)) in K = k?

and F(0,U(—h)) = —g < 0. Statement (2) is also an immediate implication of this

concavity and Lemma Theorem 4.1.2(1). ]

Along with statement (2b ) and Corollary 4.1.3.1, (Equation 4.1.12) provides an explicit
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sufficient condition ensuring that the branch ¢ (k) does not reach U([—h,0]) and thus
staying in (—oo, U(—h)) for all k € R.

To end this subsection we prove the following monotonicity of the even functions c* (k)
which will be used in obtaining the conjugacy between the irrotational linearized capillary
gravity water waves and the component of the solutions linearized at the shear U (z5). From

the definition of F" and (Equation 3.6.5), we first compute, for ¢ ¢ U([—h, 0]),

U'(0) [°. (U — ¢)~2dzy + (U(0) — ¢) "

o= (U(0) =) 2, (U = ¢) 2y

and thus

1
ffh(U — ¢)2dxy

F(0,¢) = (U(0) = ¢)*Y(0,¢) = U'(0)(U(0) — ¢) —g = — 9

which is uniformly increasing on (—oo, U(—h)) and uniformly decreasing on (U (0), +00).

Therefore F(0, -) has two real roots

—g=Y,
(4.1.13)

%@ € (U0),+00), ¢ € (~o0,U(=h), st FIO.0) = ooy

which are unique in the above intervals.
Lemma 4.1.7. Assume U € C3, then the following hold.

1. Fort € {+,—}, suppose c'(k) € R\ U(|—h,0]) can be extended as simple roots of
F(k,-) forall k > k, > 0, then (c")'(k) = 0 has most one solution on (k,,+00),

where (c")"(k) # 0 is also satisfied.

2. Fort € {+,—}, suppose c'(k) € R\ U([—h,0]) can be extended as simple roots of
F(k,-) for all k € R. If, in addition

0 T2 dr! 2
2 (U =¢l)? / ——2 ) da, 4.1.14
o>y /_h( c)) ( . (U(;L’IQ)—CT)Q) Lo ( )

- 0
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with ¢}, defined in (4.1.13), then (¢! (k) # 0 for all k # 0. If

0 2 dx! 2
2 U—“/ ——2 ) da, 4.1.15
<ot [ 0-ar([, g ) e @119

then c'(k) does have a unique critical point ko > 0.

Proof. We shall work with ¢~ (k), while the same proof works for ¢t (k). Observe that
the evenness of ¢~ (k) yields (¢7)'(0) = 0. Suppose there exists ky > k, > 0 such that

(¢7) (ko) = 0, then
2ko (O F) (o, ¢~ (ko)) = O F' (ko, ¢ (ko)) = —0.F (ko, ¢ (ko)) (c™) (ko) = 0.

Computing the second order derivative at ky, we have

() (ko) = 0P (koy ¢ (ko)) 4KG(0% F) (Ko, ™ (ko)) + 2(0x I7) (Ko, ¢~ (ko))
C ) T T Flko e (ko)) 0.F (ko, (ko)) ’

which along with Lemma 4.1.5 and 0.F (k, ¢ (ko)) < 0 (Corollary 4.1.3.1) implies that
(¢7)"(ko) < 0. Hence ko > k. has to be the only positive critical point of ¢~ (k).

To prove Statement (2) where k., = 0, on the one hand, we first observe that since ¢,
is the unique root of F'(0, -) in (—oo, U(—h) and ¢~ (0) is also such a root, so ¢~ (0) = ¢, .
Moreover, (4.1.10) implies that (4.1.14) and (4.1.15) are equivalent to F0x F'(0,¢(0)) >

0, respectively. On the other hand, From the evenness of F' and ¢ (k) in k, one may

compute
(Ox F)(0,¢7(0)) = 0gF(0,¢7(0))/2 = =0.F(0,¢(0))((¢7)"(0)) /2.

From Lemma 4.1.2(3), (¢”)’(k) < 0 for some k£ > 1. Hence, on the one hand, (4.1.15),
0.F(k,c(0)) < 0, and the above identity implies (¢~)”(0) > 0. Along with (¢7)'(0) =0

due to the evenness of ¢~ (k), it yields that ¢~ has a critical point &y > 0. On the other hand,
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through the same argument, (4.1.14) yields (¢~)"”(0) < 0 while (¢~)'(0) = 0. Therefore it
is impossible that there exists a unique critical point of ¢~ where (¢~)” < 0. The proof of

the lemma is complete. [

4.2 Eigenvalue distribution of convex/concave shear flows

To analyze eigenvalues under less implicit assumptions than (4.1.5), particularly the gen-
eration of unstable modes from ¢ = U(—h), we further assume U” # 0 on [—h,0]. Due
to Lemma 4.1.1(6), this rules out the possibility of roots of F' on U ((—h, 0]) and provides

better smoothness of F' for the bifurcation analysis.

Lemma 4.2.1. Assume U € C%, Iy > 6, and U" # 0 on [—h,0], then F(k,c) is well
defined for all k € R and c € C and

a.) F is analytic in both k € R and ¢ ¢ U([—h,0]) and, when restricted to c; > 0, is C'0—3
inbothk € Rand ¢ ¢ {U(—h),U(0)},

b.) F and O F are locally C** in both k and ¢ # U(0) with c; > 0 for any o € [0, 1),

c.) Fis Clin k and c with c; > 0.

Remark 4.2.1. Note that, in the above statement, for fixed ¢ € U([—h,0)), Fis C°3in k.
This stronger regularity in k follows from that of (yo—,y,_) and Y (see Lemma 3.5.1 and
Lemma 3.6.6). Moreover, one could prove that F and O, F are also CY* near ¢ = U(0)
with ¢; > 0 by estimating 02, Y1(k, c) = O(|c—U(0)|™") using Lemma 3.5.3-Lemma 3.5.5

and Lemma 3.6.6 as well as Corollary 3.6.6.1.

Proof. The assumption U” # 0 implies thaty_(k, ¢,0) # 0 for all k£ and ¢ (Lemma 3.6.1(5))
and thus F is well defined. The analyticity and the C~3 and C'® (restricted to ¢; > 0
for the latter two) regularity of F' follow directly from those of Y given in Lemma 3.6.6
except at ¢ = U(0). Near ¢ € U(0), the regularity and estimates on Y (Lemma 3.6.2,
Lemma 3.6.5, Lemma 3.6.6) and 0.Y (Lemma 3.6.5 and Corollary 3.6.6.1) yield the regu-
larity of F. [
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As a corollary of the Lemma 4.1.3, Lemma 4.1.6 and Lemma 4.2.1 and the semicircle

theorem, we obtain a sufficient condition for (4.1.5) to hold for K = R.

Corollary 4.2.1.1. Suppose U" # 0 on [—h,0] and (4.1.12) hold, then (4.1.5) is true for
all k € R.

Assuming U” # 0, in general ¢ = U(—h) is the only point outside the domain of
analyticity of F'(k,-) which might happen to be a root and also might be the end point of

branches of roots of F'(k, -), it is a crucial step to analyze zeros of F' around U(—h).

Lemma 4.2.2. Assume U € C®, then (a) 0.F (k,U(—h)) < 0forallk € RifU" > 0on
[—h,0]; and (b) if U" < 0 on [—h, 0], then O.F (k,U(—h)) < 0if F(k,U(—h)) = 0.

Proof. We shall use the notations R and ¢ defined in the proof of Lemma 4.1.5 and F' and
Y are also viewed as function of ¢ and K = k% > (. It is straight forward to compute, for

¢ < U(—h)and z9 € (—h,0),

ROG = — el ROkel = =0 — ez Oxci-

Applying (4.1.7) we obtain that for ¢ < U(—h),

0 12
U”<O)86Y = U”(O)@cgj'(O) = U//(())/ ((]—y)2d$2 > 0, U”<0)8KCY < 0. (421)
—h —C

These integral representation of .Y still holds as ¢ — U(—h)—, and thus also its sign. For

k =0and c = U(—h), we can use (4.1.11) to compute

U'(0) = U'(=h)

8:.Y (0,U(=h)) = (U(0) — U(—h))2

— 0.F(0,U(=h)) = -U'(=h) < 0.

Finally we obtain the sign of 0.F'(k,U(—h)) in two cases separately, based on the sign

of U”. Suppose U” > 0. The above (4.1.8) and (4.2.1) implies that, for ¢ < U(—h),

129



Y (V'K ¢) is strictly increasing in K and 0,Y (v/K , ¢) is strictly deceasing in I, and thus
0.F = (U(0) — ¢)?0.Y —2(U(0) — )Y + U’(0)
is also strictly decreasing in K. Letting ¢ — U(—h)—, this monotonicity yields
O.F(k,U(—=h)) <0.F(0,U(—h)) =-U'(—h) < 0.

In the other case of U” < 0, suppose F'(k,U(—h)) = 0 for some k£ € R, which implies

g+ ok? U'(0)

Y (k,U(=h)) = (U(0) — U(—h))? * U(0) —=U(=h)

Therefore

0.F (k,U(=h)) =(U(0) — U(=h))*0.Y (k,U(=h)) — 2(U(0) — U(=h))Y (k,U(=h))

+ U'(0)

2(g + ok?)
(U(0) = U(=h))

=(U(0) = U(=h))*0.Y (k,U(~h)) = U'(0) —

We also have 0.Y (k,U(—h)) < 0 from taking the limit of (4.2.1). Hence we obtain

O0.F(k,U(—h)) < 0 and the proof of the lemma is complete. O
In the next step we shall study the roots of F'(k, -) near ¢ = U(—h).

Lemma 4.2.3. Assume U € C® and U” # 0 on [—h,0]. Suppose F(ko,U(—h)) = 0,
then there exist € > 0, p € (0,U(0) — U(—h)), and C € C**([ko — €, ko + €], C) for any
a € [0,1) such that C(ky) = U(—h), Cr(k) >0, 0.F(k,C(k)) # 0 at k # ko, and

F(k,c) =0withk € [ko — €, ko + €], |crR = U(=h)| < p, c; €10, p],

iff c=C(k) = Cn(k) +iCy (k).
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Moreover, without loss of generality assume ko > 0 (Lemma 4.2.1 implies ko # 0) and this

branch of roots of F' satisfies

1. If 0,F (ko,U(—h)) = 0, then C'(ko) = 0, C; = 0 and C(k) < U(—h) for all

0<“€—]€0’§6

2. If £0,F (ko, U(—h)) > 0, then +Cj(ko) > 0 and
Cr(k) <U(=h), Ci(k) =0, VO0<=x(ko—k)<e,

and for some C > 0 determined by koand U, V0 < +(k — ko) < ¢,

Ci (k) ((U(0) — U(~h))*

Vi (k, Cr(k)) T O (ho T () < Clk — kol®,

Cr(k) > U(=h),

which implies

0 <|Cr(k)| < Ck —ko)?, U"(0)Cr(k) >0, Y0<%(k—ky) <e.

In the generic case O F (ko, U(—h)) # 0, locally the roots of F/(k,c) consists of the
intersection of the graph of C(k) and the closure of the upper half complex plane, along
with its complex conjugate. In this case, however, one observes that dC;(k)/dCgr(k) = 0
at k = ky. The following proof is based on both the Implicit Function Theorem and the

Intermediate Value Theorem.

Proof. According to Lemma 4.2.1, F' is CY® in k and c in the region ¢; > 0. As F} is
not continuous at ¢ € U((—h,0]) C C in general, let F(k,¢) = Fr +iF; € Cbea C'®

extension of F into a neighborhood of (kg, U(—h)) € R x C which coincides with F for
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cr > 0. From Lemma 4.2.2, the 2 x 2 Jacobian matrix of DCF satisfies

Oy Fr 0., Fp

Dcﬁ(kro, U(=h)) = = 0.F (ko, U(=h)) Lrxa,

aCRF[ aCIFN} ‘ (kO’U(_h))

0.F (ko, U(=h)) <0,

where we used the Cauchy-Riemann equation and the fact F'(k,c¢) € R for all ¢ < U(—h).
Therefore the Implicit Function Theorem implies that all roots of F'(k, ¢) near (ko, U(—h))
form the graph of a C'* complex-valued function C(k) which contains (ko, U(—h)). To
complete the proof of the lemma, we only need to prove that C(k) satisfies properties (1)
and (2).

Firstly we prove C(k) € R if Cr(k) < U(—h) and thus F(k,C(k)) = F(k,C(k)) =
0 as well. As Fr € C* and 0., Fg(ko, U(—h)) = 9.F(ko,U(—h)) < 0, the Implicit

Function Theorem yields a C"! real-valued function C (k) for k near k, such that

C(ko) = U(=h), Fr(k,C(k))=0. (4.2.2)

Since F(k,c¢) = 0if ¢ < U(—h), the uniqueness of solutions ensured by the Implicit
Function Theorem implies that C(k) = C(k) € Rif C(k) < U(—h).

Next we consider the case 0),F (ko, U(—h)) = 0. Along with
OcnFr(ko, U(=h)), Ok Fr(ko, U(—h)) < 0, where K = k?,
it implies
Fr(ko,c) >0, VO < U(=h) —c <1, Fgr(k,U(=h)) <0, Vk € R*\ {ko}.

From the Intermediate Value Theorem, for k near ko, there exist real roots of Fr(k,-)

slightly smaller than U (—h), which must belong to C (k) due to the uniqueness of solutions
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ensured by the Implicit Function Theorem. Therefore along with the last step, we conclude
C(k) = C(k) < U(=h) for k # kq close to k.
Finally, we consider the case of OkF(kro, U (—h)) > 0, while the opposite case can be

handled similarly. The fact 0. F (ko, U (—h)) < 0 yields

OC(ko) = C(ko) = —= F (o, U (1))

where in the calculation of C(ko) we also used Fj(k,c) = 0 for ¢ < U(—h) and the
smoothness of F. Hence we obtain C(k) = C(k) < U(—h) for k slightly smaller ko. In
the following we shall focus on k& > ky, where Cgr(k) > U(—h). From the Mean Value

Theorem, there exists 6 between 0 and C;(k) such that
0= Fr(k,C(k)) = Fy(k,Cr(k)) + Cr(k)0e, Fr (k, Cr(K) +i6),

which along with the C'* regularity of F' and C(k) imply

ety — — — F1sCalk)  Yi(kCalk) (U0) — Cah))’
O Fy (k,Cr(k) +i6) 0, Fr(k,Cr(k)) + O(lcz<k>|“)
) Yf(k Cr(k)) (U(0) — Cr(k))’
Ocp Fr(k,Cr(k)) + O(ICr(K)|*)
Vi (k, Ca(k)) (U(0) = U(=h) + O(|k — ko))’
B OcF (o, U(—h)) + O(|k — kol|*)
The proof of the lemma is complete. O

While the branch ¢ (k) € (U(0),+00) of neutral modes is global in & € R and con-
tained in (U (0), oo) as addressed in Corollary 4.1.3.1, in the following we completes the
picture of the other branch ¢~ (k) by combining Lemma 4.1.3 — Lemma 4.2.3 and finish the

proof of Theorem 2.1.1.

Proof of Theorem 2.1.1(3).
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Let g4 > 0, ky, and/or k:;; be the thresholds given in Lemma 4.1.6.

Case 1. g > g4. The desired result follows from Lemma 4.1.6 and Corollary 4.1.3.1
immediately.

We start the rest of the proof much as in that of Corollary 4.1.3.1 and Proposition 4.1.4.
Namely, let ky be given by Lemma 4.1.2(3) and we only need to focus on ¢ (k) for |k| <
ko. From Lemma 4.1.2(2), there exists R > 0 such that F'(k,c) # 0 for all k € [—ko —
1,ko + 1] and |c| > R, which also implies ¢* (k) € (U(0), R) for all |k| < ko + 1 and
¢ (k) € (= R,U(—h)) forall |k| € [ko, ko + 1].

Case 2. g = gx. One the one hand, for any k; € (ky, ko], Lemma 4.1.2, Lemma 4.2.1,

and Lemma 4.1.6 imply that there exists 7y > 0 such that
F(k,c) #0, Vk € [ky, ko], c € 00 UD,,, wherey ={ccC||c|]<R,c¢D,},

where the r-neighborhood D, of U([—h, 0]) (see also (3.6.6)). Hence for all k € [ky, ko),
we have Ind(F (k,-), 1) = (F(ko,-), ) = 2, which is equal to the number of roots of
F(k,-) in Q4. According to Corollary 4.1.3.1, ¢*(k) € (U(0), R), V|k| < ko + 1, is one
of them. Therefore neither cases in Lemma 4.1.3(3) can happen to the branch ¢~ (k) and
the simple root ¢~ (k) € ( — oo, U(—h)) can be extended analytically for all k € [ky, ko|.
Therefore ¢~ (k) can be extended to at least (k, c0) which along with ¢* (k) are the only
roots of F'(k, -) for k € (k4, 00). On the other hand, according to Lemma 4.2.3, there exists
a C'h branch C(k) of the only roots of F'(k, c) for |k — k4|, |c — U(—h)| < 1. Moreover
C(k) < U(=h) for 0 < |k — ky| < 1. Therefore ¢ (k) = C(k) for 0 < k — ky < 1
as ¢ (k) are the only roots of F'(k,-) for k > ky. In particular, ¢~ (k) is thus extended to
|ky — k| < 1asaC"® function with ¢~ (k) € (=R, U(—h)) for 0 < |ky — k| < 1.
Moreover, on the one hand, ¢~ (k) is the only root of F'(k,-) near U([—h,0]) for k
near ky and it satisfies ¢ (kx) = U(—h). On the other hand, the continuity of ¢~ (k)

implies that there exists ¢;,7; > 0 such that F'(k,c) # 0 for any |k — kx| < ¢ and
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dist(c,U([—h,0])) = ry. It implies
Ind(F(k,-), Q) =Ind(F(ky + €1,-), Q) =1, V|[k — ky| < e,
due to the root ¢t (k), where
Qs ={ceC||c| <R, dist(c,U([~h,0])) >r}.

Therefore, ¢ (k) are the only root of F(k,-) for k near k4, which are also simple. As
¢ (k) € (—oo,U(—h)) is away from c¢*(k), Lemma 4.1.3 implies that the branch ¢~ (k)
of simple roots can be extended at least to (—ky, +00) and remains in ( — oo, U(—h)).
As F is even in k, we have ¢*(k) are also the only roots of F'(—k,-) for k € (—o0, ky).
Therefore the extension ¢~ (k) must be even on (—k, k) and we obtain the whole branch
¢ (k) for k € R.

Case 3a. g < g4 and U" > (. Following the same arguments as in case 2, we obtain
that ¢~ (k) = cz(k) + ic; (k) can be extended to a C** function on (ki,+00) for some
ki < ki, such that ¢*(k) and ¢~ (k) are the only roots of F'(k,-) for all k € (ki,+0c) and
c; (k) > 0 for k € (ki,k%). Let (ki, k) also denote the maximal interval of the analytic
extension of ¢~ (k) as a simple root of F'(k,-) inside C \ U([—h,0]). The same above
index based argument (in case 1) applied to [k, k — €] for any k € (max{k;, k3 }, k%)
and 0 < € < ki — k also implies that ¢*(k) and ¢ (k) are the only roots of F(k,-) for
all k € (max{k‘l,k‘;&},k‘;). According to Lemma 4.1.2 we have k; > —kq > —oo. For
ke (ki, k:;) the semicircle theorem implies that ¢~ (k) lies in the closed upper semi-disk
with the boundary diameter U ([—h, 0]) and thus |¢~ (k) —c* (k)| > po where py > 0 is given
in Corollary 4.1.3.1. Moreover, since F'(k,c) # 0 for any ¢ € U((—h, 0]) (Lemma 4.1.1
and Lemma 4.2.1), we obtain from Lemma 4.1.3

lim ¢ (k) = U(—h) = F(ks,U(=h)) = 0 = ky € {kj, —k, —k}}.

k—ki1+
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It must hold ky = Kk, otherwise we must have ¢~ (ky) # U(—h), F(k:#;, U(=h)) =
0, OxF (ky,U(—h)) > 0, and Lemma 4.2.3 imply that there exists the fourth root near
U(=h) for 0 < k — k; < 1. This contradicts that F'(k, -) has exactly three roots for all
k € (max{ki, ky}, k) and thus ky = k3 and ¢~ (k) = U(=h). For 0 < k, — k < 1,
Lemma 4.2.3 yields the further extension of ¢~ (k) back into (—oo, U(—h)). From a similar
argument, we can extend this branch to k = —k, with ¢™(—k) = U(—h). Finally, the
whole branch ¢~ (k) for k € R is obtained by the evenness ¢~ (—k) = ¢~ (—k).

Case 3b. g < gx and U" < 0. Following the same arguments as in case 2, we
obtain that ¢~ (k) = cx (k) + ic; (k) can be extended to a C* function on [k, +00) and
¢ (k) = U(—h). However, for 0 < kj, — k < 1, Lemma 4.2.3 implies that there does
not exist any roots of F'(k,-) near U(—h) (as C; < 0 due to U” < 0). The same index
argument further yields that ¢* (k) is the only root for k € (k, k). From Lemma 4.2.3,
we obtain another branch of roots in (—oo, U(—h)) of F(k,) for k € (—ky, k) which
along with the ¢* (k) are the only roots. The final conclusion again follows from the even

symmetry as in the above cases. 0

Remark 4.2.2. As in [68] for the gravity wave, the spectral stability in the case U" < 0
can also be obtained by directly modifying the usual proof of the Rayleigh theorem in the
fixed boundary case. Namely, multiplying (3.0.1) by 7y, integrating on [—h, 0], using the
homogeneous boundary condition as in (2.2.6b) and (2.2.6¢), and the semicircle theorem,
a contradiction occurs if an unstable mode c exists. Our above proof provides a complete

picture of the eigenvalue distribution, however.

4.3 Singular neutral modes at inflection values

To end this chapter, we discuss the spectrum near inflection values of U, which are the only

possible singular neutral modes other than U (—h) according to Lemma 4.1.1(6).

Proposition 4.3.1. Assume U € C%, x99 € [—h,0), and U"(z9) = 0, then the following
hold for co = U(z90).
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1. Forany « € (0, %), there exist C' > 0 depending only on U, g, and o, such that, with

k, = Cmax{1,(U(0) — )2}, 0o =(U(0) —co)*/(2k,),

forany o € (0,0y), there exists a unique ko > k, such that F (ko, co) = 0. Moreover

it satisfies

|ko — (U(0) — ¢0)?/a| < C(U(0) — cp) 3,

|0k F (Ko, co) + (U(0) — c0)?| < C(U(0) — o) **0™.

2. In addition, suppose sy # —h and

F(ko,Co) = 0, k(] > 0, akF(k?(],Co) # 0, U”/<$20) # 0,

then there exist C > 0, § > 0, and a C" function c(k) defined for

0< |l€ — l{?0| < (5, (l{? — ]{Jo)U/,/(ZL‘Q(])akF(k(),CO) > O,

such that c¢(koy) = co, c;(k) > 0 for the above k # ko, and

F(k,¢) =0, |k—ko| <dand|c—co| <C6 iff ¢ € {c(k),c(k)}.

In the above statement (2), note that F(ko, o) = 0 and Lemma 4.1.1(4) imply that
y_(ko, co,0) # 0 and thus Y (k, cg) is well-defined which is actually real due to U” (z9) =
0 and Lemma 3.6.4. Therefore it makes sense to talk about the sign of 0y F'(ko, ¢o). State-
ment (1) also implies that assumptions of statement (2) may be satisfied at inflection values

of U with |k| > 1if o is small.
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Proof. From Lemma 3.3.2 and Remark 3.3.1, there exists Cy > 0 such that
ky_(k,c,x9) > (1/2)sinh u (2o + h) = y_(k,c,0) #0, V|k| > Cy, ceC,

and thus F'(k, ¢) and Y (k, ¢) are defined for all |k| > Cj. According to (4.1.2), Fi(k,cp) =
0 for all £ € R and thus F'(k,¢y) € R. Lemma 3.6.6 and Lemma 3.6.4 imply, for |k| > C
and c € U([—h,0)),

Vi(k,e)] < ClU"(@5)|e™ % = |V (k,co) = k]| < Cp.
Therefore, for |k| > Cy, it holds
167 (k, co) = (U(0) = ¢0)* + ||| < C.

Let

k., = max{Co, 3C(U(0) — co) ™2} = C(k,)™" < (U(0) — ¢0)?/3.

From the Intermediate Value Theorem, for every 0 < o < oy, there exists a root ky €
k., +00) of F(+,¢q) close to (U(0) — ¢p)?/o.
To estimate Oy, F'(ko, co) and obtain the uniqueness of ko, we analyze 0, Y (ko, ¢o) using

the same standard method used in the proof of Lemma 4.1.5. Let

?JO—(/ﬁ Co, xz)
Yo— (ka Co, O)

U —//c())y =0, y(=h) =0, y(0) = 1, Y(k, o) = ¢/ (0),

Z/(k’,iUQ) =

— _y/l+(k2+
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where UUT”CO € C3([—h, 0]). Differentiating the above equation with respect to k yields

U//

— Opy" + (k2 5 )(‘%y = —2ky, Owy(—h) = 0y(0) =0,
oY (k,co) = Oy’ (0),

0 0

(Ox'y — Ohyy)' s = 2k / y(2) 2y,
—h

e Y (o) — /

—h

From Lemma 3.3.2, we can estimate, for any « € (0, %) and |k| > k.,

O /sinh =t (wy + h)\2
Y (k, co) — 2k d
‘ak (F, co) /_h < sinh pu=th ) 2

O sinh p~! (g + h)\2
a1 <sm 9 )d
<Cp /h sinh u=1h 2

= [OLY (k,co) — sgn(k)| < Cu®.

Therefore we obtain

OF (k,co) = (U(0) — c0)?0Y (k,co) — 20k = (U(0) — co)*sgn(k) — 20k + O(|k| ),

which implies

OnF (ko, co) = —(U(0) — co)* + O(kg®) if ko € (., 00) and F(ko, co) = 0.

The desired estimate on 0y F'(ko, ¢o) follows immediately, whose always negative sign also
implies the uniqueness of such kg € (k., c0).

Under the assumption in statement (2) of the proposition, Lemma 4.1.1(4) implies
y_(ko,co,0) # 0 and thus F(k,c) is C' in (k,c) near (ko, o) with ¢; > 0. Much as in
the proof of Lemma 4.2.3, statement (2) can be proved by applying the Implicit Function

Theorem to F(k, ), an extension of F(k,¢) which is C" in (k, ¢) in R x C near (k, co).
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The Jacobi matrix of ' is

5 Oy Fr 0. Fg OepFrn —0e, Fy

DCF<k07 Co) = B N = )
acRF[ 8CIF1 (ko,co) 8CRF1 8CRFR (ko,co)

where we also used the Cauchy-Riemann equation. According to Lemma 3.6.4, Y (k, ¢y) €

R and

2 WU,”(Mo)yof (ko, Co, 9520)2
U’(220)*yo— (Ko, co, 0)?

Oer Fr (Ko, co) = (U(0) = ¢0)*0e, Y1 (Ko, co) = (U(0) — co) # 0,

and has the same sign as U"'(xy). Therefore Dcﬁ(ko, Cp) is invertible and thus there exist
§ > 0 and a C! function c¢(k) = cg(k) + ic;(k) defined for all |k — ko| < § such that

F(k,c) = 0 for (k,c) € R x Ciff ¢ = ¢(k). Consequently F'(k,c) = 0 for (k,c) near

(ko, co) iff ¢ € {c(k), c(k)} and ¢;(k) > 0. Identifying complex numbers with 2-d column

vectors, since

8k0(k0> == —(Dcﬁ(ko, Co))ilakﬁ(ko, Co) == —8kF(k0, Co)/acF(ko, Co)

implies c;(k)(k — ko) Ok F' (ko, co)U" (229) > 0 for k near ky, statement (2) follows readily.
]

Remark 4.3.1. In part (1) of the proposition, one may also seek ky satisfying F(ko, co) =
0 using the Intermediate Value Theorem instead. It is easy to see F(k,co) € R ap-
proaches —oo as k — oo. Therefore such kg exists if sup,~, F(k,co) > 0 and only if
supy>o F(k, co) > 0, which may not the case if g and o are sufficiently large. This is differ-
ent from the gravity waves (i.e. 0 = 0), see [68, 26, 27]. It is also worth pointing out that
the smoothness of F' for c; > 0 based on chapter 3 made the analysis using the Implicit

Function Theorem in part (2) easier, compared with, e.g. [26].

140



CHAPTER §
BOUNDARY VALUE PROBLEMS OF THE NON-HOMOGENEOUS RAYLEIGH
EQUATION

In this chapter, using the fundamental solutions y (k, ¢, x2) to the homogeneous Rayleigh
equation (3.0.1), we study the boundary value problem of the non-homogeneous Rayleigh
equation

—y" + (K + 7y € (—h,0); (5.0.1a)

0", vler
c y U—-c’

y(—h) = C(e), (U(0)=¢)*/ (0)~ (U'(0)(U(0) —c) +g+0k)y(0) = (4 (). (5.0.1b)

where the boundary conditions are from the linearized water wave system (2.2.6).
Using the two fundamental solutions y. to the homogeneous equation with zero bound-
ary values, for ¢ € C\ U([—h,0]) it is standard to compute the solution to (5.0.1) in the

form

¢-(c)

yp(k,c,xo) = y_(k,c,zo) + )y+(k, ¢, x9) + Ynn(k, ¢, x2), (5.0.2)

y-i-(k? ¢, —h

where y,,;, is the solution to (5.0.1a) with zero boundary values in (5.0.1b) given by

y+<k7 ) xQ) /12 (y—¢)(k7 Cy IJQ) /
n k; ) - d
Y h( ¢ ‘TQ) y+(k7 ¢, _h’) —h U(ZJQ) —C 2
+ y—<k7 ¢, xQ) /0 (y+¢)(k7 C, xIQ)dI/
y+(k7 Cy _h) x U(‘%JQ) —C g

(5.0.3)

2
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Its derivative in x5 is given by

/ y,+<k7 ) xQ) /QE2 (y—%b)(k% c, x/Q) /
nnlk,c,xe) = ; dx
Y h< 2) y+(k7 c, _h) —h U(xQ) —cC ?
+ yi(k‘, ¢, 'r?) /0 <y+w)(k7 ¢, x/Z)dx/Q
y-i-(ka c, _h) T U(x/Q) —C

(5.0.4)

2

Here the unique solvability condition of (5.0.1) is F(k, ¢) # 0, where F is defined in (4.0.1),

as the Wronskian of the fundamental solutions ¥, which is a constant in x5, is given by
yr(k,c,—=h) = (g + ok*)"'F(k,c) = (y2y — v}y )(k, ¢, x2). (5.0.5)
Throughout this chapter, we consider
c=cg+icy, crR€I=U([-h—popo), lci| < po,

where pg € [0, ho]. By choosing p, smaller, we also have that, for some C' > 0 depending

only on |U|c1 and [(U') ™| co,
Re (g+ok>+U'(0)(U(0) —¢c)) > (1+k%)/C, Vk€ER, c€I+i[—py,po). (5.0.6)
This and boundary condition (5.0.1b) imply

[y(0)] < Cu*(JU0) — cl*ly' (0)] + [¢+]), (5.0.7)

which will be used repeatedly to control y(0) in terms of y/'(0).

Throughout this chapter, we assume that, there exists py > 0 such that

Fy =inf{(1+ k*)~2¢ #|F(k,c)| | cr € T = U([U(=h) — po, U(0) + po]),
(5.0.8)

lcr| € [—pos po]} > 0.
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In this section, mostly we shall not vary £ € R, but carefully track the dependence of the
estimates on k, or equivalently ;1 = (1 + kz)‘%. From Lemma 3.3.2, it is easy to compute

that, for any r; € [1, 00], 2 € [1,00), and |¢;| < po,

(4L a1 _a
2 ( ”)|?Ji|L512Lg<§ +pon ’yil:|L;12LZ§% +pore |y;: L2 L33 + |y;(_h)|LZ% + |?/—(O)|LZ§%

-1p,
<Ce" %,

where x5 € [—h,0] and cg € Z. This inequality will be used repeatedly in the rest of the
paper.

Solutions to this system are rather smooth away from ¢ € {U(xs), U(0), U(—h)}
and their singular behaviors near this set could be analyzed rather detailedly following
the approach in chapter 3, based on (3.2.15) and (3.4.3) and the estimates on B and B.
However, for the purpose of this paper, it is sufficient just to obtain certain bounds of the
solutions based on the properties of the homogeneous solutions .., which is carried out in
this chapter.

As a preparation, in section 5.1 we shall first consider (5.0.1) with zero boundary con-
ditions (+ = 0 in (5.0.1b). Subsequently in section 5.2, we study the non-homogenous
Rayleigh system (5.0.1) with (4 linear in ¢, particularly focusing on the derivatives of the

solutions on ¢ € Z + i[—py, po]. We sometimes skip writing parameters k and c explicitly.

5.1 Non-homogeneous Rayleigh system (5.0.1) with zero boundary conditions (; = 0

The formulas (5.0.3) and (5.0.4) of y,n(k,c,x2) and y,,, (k, ¢, z5) are actually consistent
0

1 -
with (3.2.15) for x5 near z§. In fact, (3.2.15) implies that B is a fundamental
r 1

matrix of (3.0.1) and hence B can be rewritten in terms of y; and I'. A straight forward

calculation using (3.2.11) and (3.2.15) also yields (5.0.3). This solution also satisfy

ynh(k7éa ZEQ) - ynh(kac7 an) - ynh(_k7ca 'IQ)v
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so we mainly focus on ¢; > 0. Assume ¥ (cg + icy,xe) — Uo(cgr,x2) as ¢; — 0+.
Due to the singularity of the non-homogeneous term at x5 = x4 (as defined in (3.2.1) by
U(z§) = cgr) as ¢ — 0+, the limits of y,,;, and y/,, involve P. V. of integrals and delta

masses

0 / !

Yo+ (T2)Yo— (T5) X (e <2} + Yo (T2) Yo+ (T5) X (>0}
who(22) =P. V./ x 2 2 dz!
praoli2) =PV ol - (RO — en) :
imio(z5) (yo+($2)yo(x§>x . .
U’(:z:g) y0+(—h) {U(z2)>cr>U(—h)}

Yo—(22)yo+(25)
_|— X C X )7
Yor(—h) {U(0)>cr>U(22)}

(5.1.1)

0 / / / /
yo+(l’2)yo— (%)X{x' <z} T Yoo ($2)y0+($2)><{x' >z},
! no(T :P.V./ x! 2 2 dx
aolir2) =PV J () s (R (U 5] —n) :
imibo(x5) <96+<5U2)y0 (5)
U’(l’g) y0+(_h) X{U(x2)>CR>U(—h)}

Yo (T2) Yo+ (25)
+ X{U cr>U(x )7
y0+<_h> {U(0)>cr>U(x2)}

(5.1.2)

where x is the characteristic function and we skipped the dependence on cp of g, Yo+,
and y,,0. Naturally, in the above the P. V. is taken only when there are singularities in the
integral.

We consider a priori and convergence estimates of y,,, as c; — 0+ in the following
two cases of ¢(c, z5), motivated by the non-homogenous Rayleigh system (2.2.6) and its
differentiation in c.

e Case 1: /'(c,-) € L}, v € (1,00). While this case occurs in the linearized capillary

gravity wave (2.2.6) when some regularity is assumed on the initial vorticity, it is also a

crucial part of the analysis when (2.2.6) is differentiated in c.
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Lemma 5.1.1. Assume (5.0.8). For any € > 0!, there exists C' > 0 depending only on r, ¢,

Fo, po, U’ |c2 and |(U") ™Y o, such that the following hold.

1. Foranyk € R, x9 € [—h,0], ¢; € (0, po), and cg € T it holds

_1_,
Yn (€, 29)] < Opt = (ufd |y, + [¥]ez),

W (ks 0 2)| < Cpm = (1 + | log U (22) — el |) (¢ |y, + [¥]1s,)-

2. Assume (- + icp,-) — U(-,-) in LEW2" as ¢, — 0+ with ry € (1,00) and

r € (1,00), then

(@) Ynh = Ynno in LI L for any ¢ € [1,r1) and Y, — Yoo in LI L2 for any

CR T2 CR™ T2
¢ € [1,m1) and g, € [1,00);
(b) at 5]2 = —h and 532 = 0, ynh(' -+ iC],jQ) — ynho(',i‘g) and y;h( + iC],i’g) —

Ynno(+, T2) in LI for any q1 € [1,71). Moreover, and for any ¢ > 0, for any

keR,crel0,1],
|Ynn(c; 2)| < C(M_%_E(/LW/IL;Q + [Wly,) + (14 [log [U(&2) — | ) [40(22)])-

Even though the above formulas of v, involve some subtlety at x5 = x4, the regularity
of y/ o in o implies that y,,o is Holder continuous. In fact, the continuity of o at
To = x4 can also be seen directly by using the rather precise local form of ¥y near z§
given in Lemma 3.4.1. Moreover, while the convergence is given in the integral norms, one
could attempt to obtain more detailed convergence estimates near z$ using the tools given

in Lemma 3.2.1 and Proposition 3.2.4.

ILike the generic upper bound C' > 0, the small constant ¢ > 0 in this and the next chapter may change
from line to line.
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Proof. Since c; > 0, no singularity is involved in (5.0.3) and (5.0.4), one can compute via

integration by parts

! 1og(U—c))(x2)_/”(ijﬂ) log(U — ¢)da,

—h

The other integral can be handled similarly,

0 y+1/) Y
- c (7 log(U — c))

0
’ —/ (y;}j/})/log(U—c)d:c’Q.

Observing that the boundary terms at x5 are canceled and we have

Yo () = — Y+ (22) /g172 (y ¢) log(U — ¢)da — y-(z2) / (y+¢)/10g(U—C)d$IQ

y(—h) U’ y+(—h) U’
+ nyr((i_Uz)) (y;}}b log(U — C)) (0).

(5.1.3)

The above two integrals can be estimated similarly and we shall focus on the first one only.

Lemma 3.3.2 implies

(L2

) Mog(U = )| =|U'[ 72|y U 4y 'V = y-wU") log(U )

<C cosh(p ' (zy + h)) (,uh//\ + (1+ M‘ log |U — CH)W’)

x (1+ |log|U —[]).

Using the Holder inequality we obtain

‘/_22 <ijﬁ>/10g(U — c¢)dz),

2
<C(u'|g, + [¥lrg,)| cosh(u™ () + h)) (1 + |log |U(25) — cl[") L7 T ([—hes])
o, w2
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1, _
<Cp' v (|Y]y, + |y, cosh ™ (z2 + h).

From the initial condition (3.3.1) (in particular y, (0) = O(u?|c — U(0)]?)) and (5.0.5), the

remaining boundary term can be estimated as

The desired estimate on y,,;, follows from (5.0.8), (5.0.5), Lemma 3.3.2, the above inequal-

ities, and the standard Sobolev inequality

_1 _1
Wlies < Cut ™[ |y, + p7 [Wlrr)- (5.1.4)

The estimate of y;,, can be obtained much as in the above. Integrating by parts and using

(5.0.5) to handle the boundary terms at x5, we have

dinten) == LD [ Oy og(u — aay - 5L [ (Ll g — cyan,

yo(=h) Jo, U Y (=h) U’
Y yo(@2) y+¢
— (ﬁ log(U — C))(ZEQ) + y+(—h)< i log(U — C))(O)

(5.1.5)

The desired estimate on y,,, follows from (5.0.4), (5.1.4), the above estimate on the inte-
grals, and Lemma 3.3.2.
To consider the convergence of y,,;,, we first note that, for c; > 0, the imaginary part of
log(U(z2) — ¢) belongs to (—, 0) and as ¢; — 0+,
log(U(x2) —¢) — log |U(x2) — cg| + 5 (sgn(U(xz) —cr)—1) in LT LL,, Vq € [1,00).
(5.1.6)

Using expression (5.1.3), the estimates thereafter, bounds on ¥+ in Lemma 3.3.2, and the
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convergence of y to Yo+ as ¢; — 0 in Lemma 3.5.1, it is straight forward to obtain

ynh(l?) —
Yo+ (T2) /I2 Yo—Vo s ' Yo (72) /0 Yo+ oy /

- = log|U — cpldry — ——% log |U — cpldx
Yo+ (—h) —h< U’ ) d |y Yo+ (—h) xz( U’ ) 2| Al
imo(75) (yo+($2)yo—($§)x n ?/0—($2)yo+(ﬂ?§)x >
U/(l'g) y0+(—h) {U(:L‘2)>CR>U(—h)} y0+(—h) {U(0)>CR>U(1}2)}
yo—(l’z) Yo+ Yo

+ log |U — cg|)(0),
we(iy o 10— enl) )

in LI L3 for any q; € [1,71), where, for cg > U(0), two other terms involving sgn(U —

cr) (one from upper limit term from the second integral and the other from the boundary

term in (5.1.3)) cancelled each other. Here the loss of the integrability in cg in the con-

vergence is due to the last logarithmic term. Since (log |U — cg|)’ = P.V. UHCR in the
distribution sense, the above limit is equal to ¥, after integration by parts. The conver-

gence of y/, is obtained using (5.1.5) along with (5.0.5) in a similar fashion

Ynn(22) =
Yo (2) /gc2 Yo—Vo 1 /0 y0+1/10
-0 log |U — cpldx! "og |U — cpldd
vor (—1) S ( il ) g| rldxl, — ) g| rldxl,
— (Yoi (T2)yo— (25) o (25) Yo(r2)
-+ 'l7T< y0+(—h)U/($g) X{U(:B2)>CR>U(—]'L)} (.7)'2) X{CR>U(1‘2
RACATETE N )
Yos (—R)U' (x5) {U(0)>cr>U(z2)}
(0 — tho(w)
— ((7(3 log |U — cgl) (x2) —im U(f(xz) X{er>U(r2)})

Yo-(72) (Yo+to
+ log |U — cg|)(0
where again two other terms involving sgn(U — cg) cancelled each other for cg > U(0).

Here the convergence in the slightly weaker norm LZ. L2, for any ¢; € [1,7;) and ¢» €

T

[1,00) is due to the logarithmic singularity both explicitly outside the integrals and in ¥/,
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(see also Lemma 3.5.1). The limit can be simplified to

/ T2 / 0
 You(@2) / (yoJﬁo)/logW — cnld, — %——@2)/ (y(”%)/log \U — cg|d
_h Z2

Yo+ (=) v’ yo+(—h) v’
im0 (5) [ You (%2)yo-(25) o (2)yo+ (25)
+ U’ (25) ( Yoi(—h) X{U(x2)>CR>U(—h)}+ Yo (—h) X{U(0)>CR>U(SE2)}>
Yo Yo (2) Yorto
(2100 |U = log |U —
(75 108117 = cnl) () + L (20 0g [ — cal) 0

which is equal to y/ ,, after an integration by parts.

At the end point zo = —h, 0, y,,(Z2) and v/, (Z2) have only one integrals and, unlike
for general x, € (—h,0), the terms y..(0), ¥/, (0) and ¢’ (—h) outside the integrals are pre-
scribed in (3.3.1) without any singularity. Hence the same above argument yields slightly
better estimates and convergence. One may make the following computations using (5.0.3)
and (5.0.4),

/ 0
¥ 0) :yﬁg) /—h 5/ —wcdxlg

v, (0) [yt ;o (Wy-v)(0)
T y:&—h) /—h ( U’ ) 10g(U B C)de + T Y log(U(O) a C)’

/ o 1 0 y-i-’@b /_ 1 0 y+@/) ! . /
Ynn(h) = e (=) /_h U—oc dz o (=) /_h( G ) log(U — ¢)da,
1 y+¢ 0
* y+(—h) ( v’ log(U = C)> ‘71{

The desired inequalities follow from (3.3.1) and the above estimates, which completes the

proof of the lemma. O

Assuming ¢» € L2 H, , in the following we estimate ,, and y,,, as well as their

T2’

derivatives in x5 in L? in particular their dependence on k, by an energy estimate

CR,T2°

approach.
Lemma 5.1.2. Assume (5.0.8). For any € € (0, 1), there exists C > 0 depending only on e,
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U'|c2, and |(U") 7Y co, such that for any c; > 0 and k € R, it holds

Fo, Lo,

+ W

c ,LQ

C(lvlz:

o ), (5.1.7)
o 2

where the norms are taken for cp € T and xo € [—h,0].

Proof. We first assume c; > 0 and drop the subscript -,,;, for notation simplification. Mul-

tiplying the Rayleigh equation (5.0.1a) by ¥ and integrating in both cp and x5, we have

0 0 T AP
// |yl|2+k2|y|2d$2d0R:/yl?jch +// Mdﬁzd%
ZJ—h T To2= zJ—h U—-c
/ ydCR

// < U”|’y|2 )(c, m9) — (W_TW)(Q%S))dwzch

7—h 2,00) ",,12
Yy — U"y|
+ (/ +/ ) i )(c, x5)
U(=h—3po) JU(=3h

zh
4

x (log(U(0) — ¢) — log(U(—h) — ¢))dcg = ZAj.

=1

The first term A; of boundary contribution can be estimated by Lemma 5.1.1(2b) and

(5.0.7) with ( = 0, as well as (5.0.6), (5.0.8) and (5.1.4),

A < 0) — eIy (0)|*dex

)2,

‘ <Cp?
2=0

y'gder
I X

<Ou'™(ul'lz,,,, +1¥lL:

CR>T2 CR:T2

Concerning the last integral A4, we first split it as

Utzeo) 2 2
|| < /(lh) (107 = Uy (e ] o lasI” + |07 = U"y) (e, 0)])

x (1 + |log|U(0) — c||)dcr.
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The above terms at 25 = 0 can estimated much as A; and we obtain

U(5p0)
[ = U 01+ 108 10(0) ~ el

U(3p0)
<C [ o+l e OIU(0) - clden < Ot (ult 1, ., + [Vl

CR,T2
U(—3h)

We shall estimate all the remaining terms using the Holder norms of ¢y and |y|?. For any

H' function f(z) on an interval, it holds

1,0 1y,
[flea < CIfIZ°1f120°, aco,3], (5.1.8)

which applies to 1 and |y|?. In the f|g1 can be replaced by | |2 if f vanishes somewhere

in the interval. Hence for each fixed ¢ with ¢; > 0 and ¢y € Z,

[192|cq, < Cluleg, llcy, < Clulpz?lv'Ie,

- 1 lig 1 1 1 1 14, lig
wles, < ClE " Wik otk 13, + ol Wy ol 10155).
For any a € (0, 3] and k > 0, using y(c, —h) = 0 and the above estimates, we obtain

/2

—l— k2|y

L2

CR>TQ

<[ / (55— U)o b — 051
(—1h)
+ C/ o @ =U P e s + bl (1 [log [U (=) — el )der
—500 2
2/)0
+C/U( |07 = VIR g 2517 (1 4 [og JU(0) = cf|den

+ O ez, + Wlee, )

7—01 lia lia a a
/ (ot el ol 1o, + 1ty [0l 125 5+ Lol 201 15)  den

)*

CR»T2

+ Cp' = (uly’

I ol (]

CR,TQ

CR z9
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1, lig 1 1 1 1 1, 14,
SC(W)EgR@W|23RH%2|?J|23R’$2‘y/|igR7w2 + |¢|1§3R’x2|¢|igRH%2|y|zgRJ2|y/ zgR@

4 ‘y’}g;:’w ‘y/‘lL-%-:"m) + Clul—€(:u‘¢’ LngIQ + W LER,IQ)Q
<alyliz,., T (C+3kyliy, , + O, , R0 ).

By choosing a@ = ¢/2, we have that, there exists ko > 0 such that for any |k| > ko and
cr > 0, y(-+icy, -) satisfies (5.1.7). To obtain the estimates for y,,,0 and /,,,, in the limiting
case ¢; = 0+, for ¢; > 0, let y(c, x2) and ¥/ (¢, x2) be defined by (5.0.3) and (5.0.4), which
satisfy the desired estimates uniform in ¢; > 0. For |k| < ko and ¢; > 0, the desired
estimates simply follows from the estimates and convergence obtained in Lemma 5.1.1.
Finally we consider the case ¢; = 0. Given ¢(cg, x2) € L2 H] ,let yn(k, cp+icy, x2)

be given by (5.0.3) with ¢ = cgr + ic; with 1 > ¢; > 0, which solves (5.0.1a). From

3
Lemma 5.1.1, it holds that y(- + icr,-) — Ynno and y'(- + icy,-) — Yhuo in LE, L2 as

2
CR,Z2

¢y — 0+. Therefore y,,50 and y/,;,, are also the weak limit of y and ¢/’ in L as c; — 0+

and thus also satisfy (5.1.7). [
e Case 2:
w(ca x?) = f(ca $2)¢0($2)» f( + iC[, ) S LZ}l{C;XQ’ ¢0 € Lrvr > ]-7T1 € [:7‘17 OOLO[ > 0.

(5.1.9)

Again we start with rough estimates on y,,;, and y/,,,.

Lemma 5.1.3. Assume (5.0.8) and (5.1.9). For any q € [1, t"-), the following hold for

) r+4ry

x9 € [—h,0] and cr € T.

U'lc2, and |(U') 7Y o, such

1. There exists C' > 0 depending only onr, r1, q, o, Fp, po,

that for any k € R and c; € (0, pol, it holds

[rn (- der s na, + 0 yan(k, - +icr, )]

r+r
L Lep'!

<Cu “|f(- +icy, ')|L£}20g2 U] Lr.
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2. Assume f(- +icr,-) — fo(+,-) in L{LCy, as c; — 0+, then

Tr1

(@) Ynh — Ynho in L3S Leg™ and y),, — yhpo in L3S LI

/
oL, where y,no and y,,;,, are

given by (5.1.1) and (5.1.2) with 1)y replaced by fywo,
T‘Tl

(b) at &g = —h,0, y,,(k, +icr,T2) = ylno(k, -, T2) in Loy . Moreover, and for

any € € (0, %) withe < o, forany k € R, ¢; > 0, it holds

(W den B)| oo < CuIf |z e, V]2

°R
where C' also depends on e > 0.

Proof. Since the desired estimates are stronger and with weaker assumptions if o € (0, 1)
is smaller (with possibly greater C' > 0), without loss of generality, we may assume o < %

In the following we shall need the modification 7§ determined by cp € Z:

min{zy, 25}, ifcg > U(—h),

:%;_(c, x2) - )
—h, if cr <U(—h),
(5.1.10)
max{ze, 25}, ifcgp < U(0),
j§+(07 x2) -
0, if cp > U(0).
For c; > 0, we first split g, into
yi(a) Y[, - =oUn Ly (T2) oy S O U
- ¢ d 5 —d
yl(x2> y+(_h)< U/ )(1'27) o U—C Ly + y+(_h)( U/ )('x2+) o U_ ¢ Iy,
and

(o) =220 [ ()t - (5D as0) s

_y+(_h) - v’ v
S NG CREE
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where we skipped all the dependence on c and k. Clearly y,,, = y1 + yo.

To estimate y,, we can rewrite its integral part as

Py TV A T
R

—h U-c T—CR—iC] T+i01
where

(U (132, T) - XU([—h,Iz])(wO o U_l)(T)v QZ-&-(J:?? T) - XU([me])(I/JO © U_l)(T)'

uniformly in ¢; > 0 and converges to
w(H~+1I) strongly in L" as ¢; — 0+, where H is the Hilbert transform and [ is the identity.

The other integral can be treated similarly and we obtain from (5.0.8) and Lemma 3.3.2

} y+(2)y—(T5_ y—(x2)y+ (T2
y1 o 1 T SC(‘W + W‘Lm ) LZ}%ng|¢O|LT
z27CR

SCN‘f’LQ}{ngWO L

Moreover, since 3 — (&5, ) are two uniformly continuous mapping from [—h, 0] to

1
T+icy

L"(R) and the above convolution (—1—)x is bounded on L] (R) uniformly in ¢; > 0,

we have that ( ) * Qﬂi(mg, -) are two families (with parameter c;) of equicontinuous

ey
functions (of x3) from [—h,0] to L. As ¢; — 0+, they converge pointwisely (in x) to
T(H +il)Yy(29,-) € Ly, which are also uniformly continuous in . The equicontinuity
and the compactness of [—h, 0] imply that the convergence is uniform in z,. Therefore,
along with the LZ7 . convergence of yy as ¢; — 0+ (Lemma 3.5.1), we obtain that, as

rr1

cr — 04, in LR Loy,

yi(cr + icr, 2a) o Lor R T2 WoSoy e s (00 i (0, )) (e)

Yo+ (cr, —h) > U’
+ ii((;j’fz))(yogfo)(cm 2+)((H+z1)w (x2,)) (cr)-
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The other part y5 can be estimated by the Holder continuity of f and y. in x5 as

yu(x 2\U —-U(x5_ )|«
[y2(c, 22)| §C<‘y:((_2)))|y—f|C;’,2([—h,:c2])/ | |U£c2| )

y-(z2) ‘ /0 U —U(z5,)]* o
4 (= U'd
+ ’y+(—h) |y+f|cz,2([ 2,0)) 5 U — | |10 x2>

704 |7 — cr|® _
<Cp' !f!ch/RW(XU([h,on(\%\oU H)(r)dr,

|¢0|U,d95/2

where we also used

—a pu Nz
‘y*f’C;"é[—h,zz] < C’y*’Cza,Q([—h,mg])lf’ng < COpter 2+h)|f‘052-

and a similar estimate for |y f|ce (12,0 due to Lemma 3.3.2. Since I71”
T2

. _1
— is a weak-L -«
|T+icr|

function of 7 with norm uniformly bounded in ¢; > 0, the weak Young’s inequality yield

1— 1 1 1 1 1
|y2|Lg‘5LZ% <Cu a|f LZ}%Cg‘2|wO|LT7 where e +,-a< " + -

To obtain the convergence of 1y, as ¢; — 0, using the Lg‘;vx , convergence of y. and the

L;’;LzQ and Lg‘;LgR, Vq € (1,00), convergence of y/. (Lemma 3.5.1), one may easily

reduce the problem to the convergence of

| Yoi(22) /3;2 Yo—Joy, ;v (Yo-Joy, e L1 -
A= Yo+ (—h) J_p (( U’ )(r2) = ( U’ )(%*)) <U —c U- cR)wOU dey L L3,
<O folros, / |% — |7 = erl”™!| (xwinop (ol o U™) (T)dr| |,

‘R

and that of a similar term of the other integral. It is easy to see via a rescaling that, for
s €1, ),

' l—a

|| 1

_ _ T 1_
] = el D) = el

Ls,

o . . _1
where (1) = Ilﬂril — |7|*~!, while with the weak-L = norm equal to |7|w_L1 1. Hence

—Q
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7]

‘ ’afl
|7+ icy|

— |7 x| — 0, ascr — 0,

L@

for any ¢ € L™ with # > r. Through a standard density argument and using the above
uniform bound on the weak-L == norm of the convolution kernel, this convergence also

holds for any ¢ € L". Therefore, we obtain A — 0 and thus

yg(cR+icI,x2) _ y0+(CR,9132) / 2 ((yOU;f())(CR’IIQ) _ (yOfO)(cR,:ig_)> U¢0U dm’2
—h

y0+<CR> _h) U’ ~ en
Yo-(cr,w2) (7 ( Worfo by U
+y0+<cR’ _h) \/;2 <( U’ )(CR; .Z'Q) ( U )(CR,$2+)> U CRd'IQ'

The above estimates of y; and y, together yield the desired estimates of y,,;, and its
convergence as ¢; — 0. The analysis on y,,, also follows from the above estimates with

minor modifications, mostly replacing some |y |7

/ / s
Lo ., OY [Wilig e or [Yilie 1s outside
the integrals, needed to control its logarithmic singularity caused by y/.. We omit the
details.
Finally, as in Lemma 5.1.1, stronger estimates and convergence can be obtained at

x9 = —h, 0 due to prescribed boundary values (3.3.1).

In fact,

/ _ yg-<0) y— fto /
y”h(0>_y+( h) /—h 7™

_ Y.(0) %U '
y+(—

i
" y+<<—of)z> / ((yz}/f)@’z) - (yg],f )(35))

implies

1
Lep Ly

(11,

U(0)
/ Yo dr
U(—h) T —C

/
O T
Va0l g <
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—l—/Le

YOl
/ ’T—C|1_5d7— Lﬁ)'
U(—h) °R

From the same procedure as in estimating ¥; and y, in the above, we obtain the desired

o) / | Lk Cs,

estimate. Its convergence follows much as that of y,,. The same argument applies to

y!. (¢, —h) and the proof of the lemma is complete. O

The following is an estimate y,,;0 and ¥, in L? and their dependence on k.

CR,X2

Lemma 5.1.4. In addition to (5.0.8) and (5.1.9), assume % > % + % For any € € (0,1),

there exists C' > 0 depending only on €, r, r1, Fy, po, U’ |c2, and |(U") ™Y co, such that for

any k € Rand c; > 0, it holds

- + M_2|ynh|%gR712 S C,ul_€|f|iggcg2 |¢0 iv"

where the norms are taken for cp € T and x5 € [—h, 0].

Proof. As in the proof of Lemma 5.1.2, we first consider for ¢; > 0 and drop the sub-
script -5, for notation simplification. Multiplying the Rayleigh equation (5.0.1a) by 4 and

integrating in both cp and x5, we have

0 0 = TT!"|,,|2
// \y'\z—l—kQ]y\degch:/ Ttboy — U"ly| dx2d03+/y'ych
—h U — C T

U/
// i i/}()c ~) (¢, a2) — (J;j?{)(c x2)>dx2ch

& c ’ U/¢0 / ’ U//|y|2 /=
+/I(U/)(c,:cQ)/_hU_Cd:czch—/I/_h U_cd:cgch—l—/Iyych

AL+ L+ I3+ 1.

x2=0

x2=0

The term 1, can be estimated much as in the proof of Lemma 5.1.2 using Lemma 3.3.2

and Lemma 5.1.3(2b)

L] < O /IIU(O) — Py (0)Pder| < Cu*™flp e
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Choose «; and 5 such that

r T

0<a1§max{§,oz,%—l—%}, %:]——I—al_l 116(%’1]’

which is possible due to our assumption on «, r, and ;. The integral /; can be controlled
by the Holder continuity of f and y in x5, the weak Young’s inequality, and the (5.1.8) type

interpolation inequality as

11<C [ [ (al(ten Mgyl = el | w-nopto 0 U7 drder
R JR

<Clfyl 1+ [¢o

I+a1—% L«
Lep & 7 Cay

<C|fliz e

v < Of |z oo [yl oz cop ol e

1 1
stay 501

Ttar, (2—a / 3
LZ%|¢O|LT < O|f|LZ}?C§21 ly |L3R |?J|LZ§%L32|¢0|LT

1
|?Jl|/;3262 |y|!§%2

sTQ

1 1
§+061 51

where r3 < 2 is determined by 25— + 2 = % Therefore we obtain

T3

L] < (1Y

%zRM + k2|y|%gw2) + Ck_(1_2a1)|f|ig}%0321 |hol7r-

The estimate of /5 is much as in the proof of Lemma 5.1.3 based on the boundedness of the

convolution operator on L"

1 1
|f|L;3|y|232|y’|igz

Lo <C1Y[or[(f7)(ers 23)| 2 < Cl|Lr

= 1
—
R LCR

<Cly

1 1
Lr ,7| 4 !y|2 |y'!2
o 2 2 5

LCRLQCZ LCR,51)2 LCR,ZQ

where r, = 2—7"2 < r;. Hence

r—

11| < 5 (ly

Fe L Rl ) CRTM A e LR

Finally /5 can be estimated exactly as in the proof of Lemma 5.1.2 (and also applying
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Lemma 5.1.3(2b)) and we have

I3] < 11y

%ER’ZQ + C(|y %gRﬂQ + M4—€|f|iz}%cg2 |¢0|%7‘)

Therefore, there exists ky > 0 such that y and 3/ satisfy the desired estimates for |k| >
ko and ¢; > 0. For those |k| < ko, the ]y|%gR’m2 term in the upper bound of /3 can be
controlled by Lemma 5.1.3 directly and thus the desired estimates are also satisfied by y
and 3. The estimate in the limiting case of ¢; = 0+ can be obtained through the same

weak convergence argument as in the proof of Lemma 5.1.2. [

Remark 5.1.1. In some sense the LERM assumption on 1 and 1)’ in the Lemma 5.1.2 is the

(unreachable) borderline case of Lemma 5.1.4. In fact, (cg, x2) can be written as ) - 1,
1

where the former belongs to LgRC’g?Q withry = 2. Asr < oo and % + % = % are assumed

in (5.1.9) and Lemma 5.1.4, it does not apply in this case.

5.2 Differentiation in c of solutions to non-homogeneous Rayleigh system

Based on the analysis of the non-homogeneous Rayleigh equation (5.0.1) with zero bound-
ary conditions, in this section we shall mainly consider (2.2.6c) type non-zero boundary
conditions, in particular the estimates of the derivative of solutions yp(k, ¢, x2) given in
(5.0.2) with respect to c.

Through straight forward calculations and applying Lemma 3.3.2, we obtain

Lemma 5.2.1. Assume (5.0.8) and ¢ € T + i[—po, po]- For any 1 < r; < ry < 00, there

exists C' > 0 depending only on ry, 19, Fy, po, |U'|c2, and |(U')™}|co, such that for any

ler| < po, the unique solution yg(k, ¢, x2) to (5.0.1) satisfies

5 1
lyslez, ., < C(lymn 12, ,, + Gz +pzlc 12.)s
3 _1
Y5 L2 ., < C(lynn L2, ., t 12|t Lz, + @2 [e= LER)7
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lyp(—h)

Ly < C(|y;7,h<_h)

_ ]
G 1 e Gl ),

1 -1
yB(0)Ln < C(|y;h<o)|LZ}2 + 1l +#2|C+|L2§2 e h|C—’LZ}%)),
where the norm is taken on cgr € T and x5 € [—h, ().

We shall also consider the limit

YBo = YBle;=o+ = Hm yp = bo_yo— + bo+Yot+ + Ynno, (5.2.1)

cr—0+

which exists for appropriate ¢(c, x2) and satisfies the same estimates as y (see section 5.1).

In the rest of the section, we shall focus on the special case motivated by (2.2.6):

VY =1o(r2), (-(c)=¢&, ((c) =&+ (U0) =), (5.2.2)

where v, £_, &1, and &, are all independent of c. Our goal is to obtain the estimates of the

derivatives of the solution yg(k, ¢, 2) to (5.0.1) in cg.

Proposition 5.2.2. Assume U € C*, (5.0.8), and (5.2.2). For any ¢ € (0,1), r € (1,00),

there exists C > (0 depending on ¢, v, Fy, po, |U’|cs, and |(U') ™Yo such that the solution

yp(k,c,xs) to (5.0.1) satisfies that for any |c;| < py and k € R,

3 1
2, T 12yp(0)liz, + p2lys(0)

CR®2

2+ plys

CR®2

<Cp? (™ol e + €] + 12| + p2lE-]),

|yB LgR

3
, H 10y + iyl ., + 12 1(OcrYs + gy ) (0) 22,

CRowa 3

|8cRyB|L§R7m

1
+ 112|0c,y(0)[ 2

3/ _1_e e _
<Opz (' Jahol e + n™ [glee + €] + [l + n72[E-1),
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and, if U € C5, then

L —1—e —€ —€ -
UBlrz. < Cp? (M ol e + W e + g 2 4 |G| + 6] + 2|f—|)7

CR>T2

where C' also depends on |U’|ca and

9+‘7k2( 1"

—yp + Tk o) yp(—h)ys — yjé(O)y_)>,

o

Jp =02 yp +

and all the norms are taken on (cg, x2) € I x [—h,0]. Moreover, as c; — 0+, the following

hold.

1. Assume 1)y € L?, then for any r € [1,2), yp — ypo in LY L2,y — Yo in L3S L

T c T2 CR’

and y5(0) — yz(0) in LER.

2. Assume by € H', then for any r € [1,2) and q € [1,00), Oepyp — OepYpo in
L2 Lt Ot sy ¥ — Octipo+ gz Vo in LE, L, and (Ocy'+ gy y) (0) —

z2 Her? U’ (z5) U'(x5) z2HeR U’ (z5)

(0cypo + myéo)(o) in LZR-

3. Assume 1y € H?, then for any r € [1,2), yp also converges in L°L"  to its limit

r2“cR
YBo-
Since yp is holomorphic in ¢ ¢ U([—h,0]), O.yp = O.,yp. From the Rayleigh equa-
tion, singularity at the level of delta mass appears in y; along U(xs) = cg, x5 € [—h, 0], as
cr — 0+. Therefore 9?yp and 0.y also display such singularities which are singled out

in the above estimates. The 37, involved in the singular terms will be substituted by using

the Rayleigh equation (5.0.1a) whenever necessary.

Proof. The L?_,, estimates on yp and yj, as well as the L estimate of y/;(0) with - €
(1,00), follow readily from (5.0.8), (5.2.2), Lemma 3.3.2, Lemma 5.1.4, Lemma 5.1.3
(with 7 = 2, r; = oo, and f; = 1), and Lemma 5.2.1. The estimate of y5(0) is simply

obtained from those of y5 and y;. Moreover, for the rest of the proof of the proposition
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we shall also need the following inequality for » € (1,00) which is also derived form

Lemma 5.1.3 and Lemma 5.2.1 and uniform in ¢; € [0, po

19502z, < Clu“[tolor + n(l&] +1&]) + u~ e E)),

ys(=h)|r;, < C(u|tolrr + pe (6] + [&l) + pt e ).

(5.2.3)

The convergence of yg, ¥, and y5(0) follows directly from the continuity of function
F (Lemma 4.1.1) and the convergence of ;. and ¢/, (Lemma 3.5.1) and y,,;, (Lemma 5.1.3).
Moreover, we also have the convergence of y/;(—h) in L? .

In the following differentiations in cp are all carried out for ¢c; > 0. The convergence
analysis based on the convergence results of v, and those of ¥, in section 5.1 ensure that
the estimates hold also for ¢; = 0+. Directly differentiating the Rayleigh equation (5.0.1a)

in cp directly would cause worse singularity in the equation. Instead we first consider

D. = U'(25)0ecp, + Os,, Ocpp = U'(25) (D — Ouy), [D.,0,,] =0, (5.2.4)

where 2§ is defined by U(z5) = cg as in (3.0.6). It satisfies

1 _ U'(z2)-U'(5) 2 1 _ 2(U'(x2)=U'(25))®  U"(x2)=U"(x5)
Dc(U($2)—C) - (U(2ﬂc2)—c)22 ) DC(U(:BQ)—C) - (U(21‘2)—c)32 - (U(QIQ)_C)22 , (53.2.5)

where the singularity remains at the same level.

e Estimating O.,yz. Applying D, to (5.0.1a) and simplifying, we obtain

n, (1.2 u” (o) + file, ma)o(xa) + i, x2)
_(DcyB) +(k + U — C)DcyB - U—_c ) (5263)
where
Ul/ U/ _ U/ c ” 1 U/ _ U/ c
wlz( ( U_C($2>>_U )y& fl:(U_C>DC(U_C)__ U_SCQ)’
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and boundary conditions

Deyp(—h) = G- = yp(—h); (5.2.6b)

(U(0) - C)Q(DcyB)/(O) — (U'(0)(U(0) = ¢) + g + 0k*) Deyp(0) = C14(c)  (5.2.6¢)

where

G = = &U'(@5) = (U(0) = )t (0) + ((2U"(25) = U(0)(U(0) = €) = g = ok?)y(0)

+ (K(U(0) = ) + U"(0)(U(0) — ¢) — U'(23)U"(0)) y£(0).

Let ¢1(c, z2) and 7»(c, z2) be the solution to the non-homogeneous Rayleigh equation
(5.0.1a), but with zero boundary values in (5.0.1b), with ¢(c, x2) replaced by ¢, and 1|, +
f110, respectively. Both are given by the formula (5.0.3). Using the estimates of g derived

in the above and apply Lemma 5.1.2, we have

/
YB |L%R,12 )

<CuE™(pléa] + plal + [olzz + pM1E-]).

+ ,ul_i

<Cu(lys

il .+ Y]

2 2
CR>T2 LCR,’IZ LchZQ

Moreover, from Lemma 5.1.1(2b) and (5.0.1b), (5.0.7), and (5.2.2), one can compute

N C1l(1te
151(c, 0)] <Cp 2N lyplia, + plypliz,)

+Cp* (1+ [1og [U(0) = el ) (16| + U (0) = cl*lyis(c, 0)]),

where yp(0) was substituted by using (5.0.1b). It along with the above estimates on yp

implies

2 T HlYEle, L)+ Crt(16] + 16l + y5(0)]r,)

_ C1(14e
15:(0) 2, <Cuz " (yslre, .. 2, n
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<Cp(pl&] + plél + [vole + 7t E]).
The estimate at x = —h based on Lemma 5.1.1(2b) is similar
91 (c, )| < Cp 2049 (Jysloa, + plyislis,) + C(1+ |log [U(~h) el |) €.
which yields

+ plyslz. )+ Clé]

CR>T2

. C1(1qe
7=z, <Cp=2"*(Jypl .z

CR>T2

<Op = (pl&] + pléa| + 1ol 2 + pHE-]).

From the convergence of yz and Lemma 5.1.1, as ¢; — 04, we have the convergence of
grin L7 L3,y in L] LY, and 71(0) in L, , for any r € [1,2) and g € [1, 00).

Due to the smoothness of f;, we apply Lemma 5.1.4 and Lemma 5.1.3 instead to esti-

mate g

3_, -
2, < Cp2 ol |75(=h)

|92lz2, ., + 1l

1z, + [75(0)

L2R < C’,u_€|1/)0|H1.

c

Again from Lemma 5.1.3, as ¢; — 0+, we have the convergence of g, in L3 LgR, U5 in

L3 L, forany r € [1,2), and g5(0) in L2 .

T2 "CR?

Finally, from (5.2.3) and (5.0.7), we have, for any r € (1, 00),

|Ci-

1z, < O Jbolr + pe MG + 1)) + nYED),

9 _,—1
[em A p e E),

1z, < Ou™ (1&] + €] + ulvo(0)] + ™ v

where again we substituted yz(0) by (5.0.1b) and (5.0.7). Moreover, from the convergence
of yp and y5, we have the convergence of (;4 in LE,R.

As 91 +19 plays the role of ”y,,;,” in the representation of D yp as given in Lemma 5.2.1,
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the above estimates imply

3 3 _1 1, 3_,
< C(pl ]+ p2 (&l + 2 €[+ p2 ™ (Yol 2 +p2 (Yl 2),
(5.2.1

|Deysliz, ,, + 1l Deyplrz
where the 1(0) term was bounded by the other norms of 1), via interpolation. The de-
sired Lsz estimates on 0,,,yp and 0.,y follow from that of v, (5.2.4), and the above
inequality. We also obtain the L7 estimate of D.yp(0) from (5.2.7) which in turn yields
the LER bound on 0.,y5(0). The convergence of 0.,y is a direct consequence of those of
U1, U2, C1+, and the representation formula given in Lemma 5.2.1. Moreover, we also have
the convergence of D.yp|s,—0,—p in L, forany r € [1,2).

To complete the estimates on J,,yp and also for the next step, we also need the follow-

ing inequalities which are also derived from the above estimates and Lemma 5.2.1

|Dcle(_h)

r2, SC (0 ol + [tholr + Wl + 1 (6] + &) + Cp €|

<Cp=(L2(1&] + 1&l) + 1 [Wolzz + [Wglr2) + Cu2lE-,

| Dy (0)

12, SC (™ ol e + [Yolor + ulto(0)] + [¢g] 22 + €| + 1€])

<C (11| + &) + 1ol L2 + pWp| 2 + p=c)E-]),

where the terms involving |¢(0)| and |¢g|zr, 7 > 2, are bounded by other norms of ).
¢ Estimating 862Ry3. In order to analyze 83R yp, we still first apply D, to (5.2.6). Due to

the commutativity (5.2.4) between D, and 0,,, the Rayleigh equation (5.0.1a) and (5.2.2)

imply
U "no_ U(4)yB —2U"D Yn
_ D2 " k? ~ D2 _ 10 c
( cyB) +( +U—C) cYB U—-c
1
+ 2D (57—) (¥ = De(U"y5))
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1

+D§(U_C

) (W0 — U"yg).

We can write

Ry o U\ o g(xa) + fole, ma)o(xa) + 2f1(c, 22)(22)
—(Dzyg)" + (k + m)DcyB = U—ec
2/}2(67 1'2)
+ U—c '’

(5.2.8a)
where f; was defined in (5.2.6) and

1
U—c)’

fo=(U—=c)D:( Wy = —(2U" + U"fi)Deyp — (UW + U" f + U" fo)yp.

From (5.2.5) and the assumption U € C“, it holds f, and f3 are C' in x5 and cp with

bounds uniform in |¢;| < pg. At z5 = —h, one can compute using (3.4.8),

(DzyB)(_h) = (U/(xg)QaCQRyB + U”(l';)acRyB + U/(xg)acRle + (DcyB)/) ’zzth'

From (5.2.2) and (5.0.1a), we can write

(DZys)(c,=h) = Co-(c) = (2(Deys) — yp)(—=h) = 2(Deyn)' (—h) + Ul(p%_)h—)c.

(5.2.8b)

At o = 0, we write
(U(0) — &) (D2ys) (0) — (U (O)(U(0) — ¢) + g+ ok?) D2y5(0) = Gau(0).  (5.2.8¢)
One may compute (o using (5.2.4) and (5.2.6¢)

Cot :U,(xg)(acRCH- +2(U(0) — ¢)(Deys)'(0) — U/(O)DcyB(O))

+ (U(0) = )’ (Deyn)"(0) = (U'(0)(U(0) =€) + g + ok?) (Dey)'(0).
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On the one hand, the U’(25)0,, (14 turns out to involve some of the most singular terms in

<2+a

U'(5)0epCree = — &U"(23) + U’ (25)10(0)
+ (2U"(25)(U(0) — ¢) = U'(5)(2U" (a5) — U'(0)))y(0)
+ U/ (25) (20" (25) = U'(0))(U(0) = ¢) — g — 0k?) De,y3(0)
+U'(a5) (K*(U(0) = 0)* + U"(0)(U(0) — ¢) = U'(2)U"(0)) 0ey5(0)

+ (U'(25) (2K (c — U(0)) = U"(0)) — U"(25)U"(0) ) y5(0).

We shall use (5.2.4) to replace 0.,yp and 0.,y by D.yp and (D.yg)’, the latter of which
would produce y%;(0). All those y%(0) multiplied by U (0) —c can be substituted by (5.0.1a),
but we keep other 37, (0) terms in the expression. On the other hand, we use (5.2.6a) to
substitute (D.yp)"(0) in (a4, which turns out to be rather regular due to the multiplier

(U(0) — ¢)?. Finally, we can write

Gor = = &U"(23) + fs(c)¥0(0) + fa(c)dh(0) + f5(k, c)ys(0) + fo(k, )y (0)

+ fr(k, €)Deyp(0) + fs(k, ¢)(Deys)'(0) + (g + ok?)y/5(0),
where the functions f;(k,c,z2),j =3,...,8, are

fs = (c=U(0)fi +3U"(25) = U'(0), fa=c—U(0),
f5 = K*((4U"(25) — U'(0))(c = U(0))) + U"(0)(U(0) — ¢) = 2U"(0)U"(a5)
— U(0)U" (x5),
fo ==K (U(0) =€) + (2U"(w5) — U"(0))(U(0) — ¢) — 2U" (w5)(U'(x5) — U"(0)),
fr=2(K(U(0) = ¢)* + U"(0)(U(0) — ¢) = U'(x5)U"(0)),

fs =2((U'(25) — U'(0))(U(0) — ¢) — g — ok?),
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and are at least C'' in cp and 5.
The terms y%(—h) in (o and y%(0) in (», generate the most singular part of D?yp

which, based on Lemma 5.2.1, takes the form

ystaon) = = Ly (o) + U (i

g+ ok?
- F(k,c)

(= yB(=h)ys(z2) + yp(0)y—(x2)).

Let

Clearly, it satisfies the same non-homogeneous Rayleigh equation (5.2.8a) and boundary

conditions

(e, —h) = (- (c) £ 2(Deys) (¢, —h) (5.2.9)

(U(0) = ¢)*5(0) = (U"(0)(U(0) = 0) + g+ 0k*)§(0) = Gor (€) £ Goy — (g + k?)y3(0).
(5.2.10)

Let 3 and g4 be the solutions to (5.2.8a) with zero boundary values in (5.0.1b) and non-

homogeneous terms

)9 o + fotbo + 21
U-c U-c ’

respectively. Using the above estimates of yp and D.yp and applying Lemma 5.1.2, we

obtain

SCN(|yB|L%R,x2 +|Deyslez, + 1 |yple

CR,T2 CR,T9

+ 1|75 2

]

CRZ2

+ 1 |(Deys)'| 2

cR,xg)

§0M3_6(|§1| + |&] + 1 ol 2 + W)z + p2EC]).
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As ¢; — 0+, the convergence of yp and D.yp implies that of 15 in LZRWle”" for any
r € [1,2). From Lemma 5.1.1(2a), we obtain the convergence of g3 in L, L2°

CR"x2°

Again we apply Lemma 5.1.4 to estimate 3,

. . 3_,
Galez,,, + pldalez, ., < Cuz=(1olee + [W6lo2 + [0]12).

As ¢; — 0+, Lemma 5.1.4(2a) implies that §; converges in L2° L?

T2 CR"®

The boundary values of y satisfy

(Colrz, < O (2(&a] + 1&2]) + 17" [Wol o2 + [¥5]22) + Cr2lE],

[Cox

12, <C(|&] + [2o(0)] + 146(0)] + 1 *(lys
+ |(DcyB)/ LgR) ‘ZEQZO)

<C([60)] + p2 (J&x] + 1&] + 17 Nol L2 + 1| gle + 1 clE-])),

Lz, + |DcyB’L2R + |y

2
LCR

where we also used the boundary conditions of yz and D.yp to express them in terms of
yp and D.yp at x5 = 0. As ¢; — 0+, the convergence of yp and D .yp at x5 = 0, —h
implies that of &1 in L] for any r € [1,2).

As §3+1, plays the role of y,,;,” in the representation of D?yp as given in Lemma 5.2.1,

the above estimates and Lemma 5.2.1 imply

2+ puly

N 1 1 _1_, 1, 3_,
9lez, .., 2 < Ol + p2 &l + 2ol + 2~ |z + 2~ g r2),

CR2

where the ;(0) term was bounded by the other norms of 1)y via interpolation. Finally,

using (5.2.4) one can compute

02 =U'(a5)"*(D? — 20,,Dc + 07,) — (U'(25))*U" (25) (D, — Os,). (5.2.11)
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This relationship and the definition of ¢z and ¥ yield

~ 92 1 o g+0k2 "o o

U =0.,yp + U,(xg)Q( Y5t o) (v(=h)ys yB(O)y—)>
b , U'(zy) iy
_U/(l'g))2 <y 2(DCyB) U/(mg) (DCyB yB))

Therefore the desired estimate on g follows from those of ¢, yg, and D_.yg. The conver-

gence of yp is also obtained much as that of D yp. O
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CHAPTER 6
SOLUTIONS TO THE EULER EQUATION LINEARIZED AT SHEAR FLOWS

In this chapter, we finally return to the linearized flow of the capillary gravity water waves
at the shear flow U (z5) in both the horizontally L-periodic (in ;) case and the z; € R case.
Under the assumption (4.1.5) of the absence of singular modes for all £, we shall show that
a.) inviscid damping occurs to a large component (remotely related to the rotational part) of
the solutions and b.) what is left in the solutions are superpositions of non-singular modes
(smooth eigenfunctions). The latter is a linear dispersive flow which is asymptotic to the

linear irrotational flow for high spatial wave numbers k.

6.1 Estimating each Fourier mode of the linear solutions

Based on (2.2.6) and the formula of the inverse Laplace transform, we first derive some
integral representation formulas of the linear solution (0(t, k, z2),7(t, k, 22)) of (2.2.1) for
a fixed wave number k # 0 satisfying (5.0.8). This procedure is essentially obtaining the
linear solution group from contour integrals of the resolvents of the linear operator defined
by the linearized water wave problem at the shear flow. Subsequently estimates of solutions
are obtained using these formulas. Due to the conjugacy relation 0(t, —k, x5) = m
and 7(t, —k) = 7(t, k), we shall mostly work on estimates for k& > 0 in this section, unless

otherwise specified.

Recall F defined in (4.0.1). Denote the set of non-singular modes

R(k) = {c ¢ U([=h,0]) | F(k,c) = 0} 6.1.1)

Throughout this section, we fix £ # 0 and assume (5.0.8). We shall also use (5.0.6),

possibly after choosing smaller py. The continuity of F and (5.0.8) imply that R(k) is a

171



finite set, which consists of only simple roots ¢* (k) for large k due to Lemma 4.1.2(3). We

shall work on the following type of neighborhoods of U([—h,0]) C C

,Drl,m = [_Tl + U(_h)7 U(O) + Tl] + i[_r2; TZ] C R(k)cv 1, T2 € (07 /0())7 (612)

where pg 1s given in (5.0.8).
Recall the Laplace transform V5 (k, ¢, x2) of 09(t, k, x2), defined by (2.2.4) and (2.2.5),
is the solution of the boundary value problem (2.2.6) of the Rayleigh equation, or equiva-

lently, the solution to (5.0.1) and (5.2.2) with

1/) = —(,:)0(/{?,132) = —Z'k71<k'2 - 8:%2)’[)20,
(6.1.3)

g— - 07 51 - (g + O-k2)770(k>7 52 = —l'k_lf)éo(k,()),

and wy(k, xs), No(k) and 09 (k, z5) are the Fourier transforms with respect to z; of the
initial values wo(x), no(z1) and vyo(x). The solution Vi (k, ¢, x2) to (2.2.6) is still given by
Lemma 5.2.1 along with (5.2.2) and (6.1.3). More explicitly, if F(k, ¢) # 0, then

(9 + ok*)io(k) — £ (U(0) — )iy (k, 0)
F(k, c)

‘/2(]{;7& x?) = y—(k7ca {[‘2) +ynh<kaca 1'2),

(6.1.4)

where y. are solutions to the homogeneous Rayleigh equation (3.2.5) satisfying initial
conditions (3.3.1) and ¥, the solution to (5.0.1) given by (5.0.3) with (+ = 0 and v =
wo(k, x2). The Laplace transform 7j(k, ¢) of 7(t, k) can be computed by using (2.2.7) and
the boundary condition (5.0.1b) along with (5.2.2), (6.1.3), and (5.0.6)

_Va(k,¢,0) + (k) _ V3(k,c,0)(U(0) — ) + U'(0)ifo(k) + 505 (k, 0)

ik €) ==k~ o ik(U"(0)(U(0) =€) + g + ok?)

k0.

(6.1.5)
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We shall also need the following quantities

b(t, b, c0,22) = —(ik) Res (Vae e ).
bs(t, k,c.) = —(ik)Res(ﬁe_ik(c_c*)t, ¢.) = —Res(Va(k,c, 0)e~kle=edt /(T(0) — ¢), c.)

(6.1.6)

where Res(f(z), z.) is the residue of a meromorphic function f(z) at z,. Apparently b =
bs = 0 unless F(k, c.) = 0, or equivalently ¢, € R(k). The following lemma is obtained

from applying the inverse Laplace transform.

Lemma 6.1.1. Assume U € C? and k > 0 satisfies (5.0.8), then for any 1,75 € (0, po),

we have
k . ,
bo(t, ke, 20) = 05 + 08 2 5 e "Wy (k,c,xa)de+ Y e M b(t ke, 1),
T JoDr, v, v €R(K)
k . .
it k) =i+ & = e ik, c)yde+ Y e Fbg(k, c.).
T aDT'l ;T2 Cx GR(]C)

From Lemma 4.1.2, ¢, € R(k) implies y_(k, ¢, 0) # 0 and thus F'(k, ¢) is well-defined
for ¢ near c,. In part (2), similar types of formula and estimates of bg can be obtained from
those of b and (6.1.6). In the subsequent analysis, the limits of the above contour integrals

as D,, ,, shrinks to U([—h, 0]) will be taken and estimated whenever needed.

Proof. From the definition (2.2.4) and the inverse Laplace transform formula (2.2.9), we

have

k +ootiy )
Vo(t, k, xe) = —/ ek, (k, ¢, 29)dc,

2m oco+iy
where v > 0 is chosen such that the above integrand is analytic for ¢; > 7. Apparently
V5 is analytic in ¢ ¢ (U([—h,0]) U {F = 0}). In order to analyze V5 for |c| > 1, we first

consider y, and then y,,, for |c| > 1. From Lemma 3.1.3 and initial conditions (3.3.1), it
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holds that

0 < Himinf [y (k. e, )| /(1 + ef?) < Timsup [y (k. .2) /(1 + [ef?) < oc.
c|— 00

|c|]—o0
Along with (6.1.3) and Lemma 3.3.2 which yields the boundedness of y_ for |c| > 1, it
implies

lim sup |¢||ynn(k, ¢, 22)| < 00.
|e] =00

From Lemma 4.1.2(2) and again Lemma 3.3.2, we obtain'

lim sup |¢||Va(k, ¢, x2)| < oo.

|e|]—o0

As |e~et| = ektme the Cauchy integral theorem yields

+oo—1iy )
/ ek Ny (k, ¢, 29)dc = 0,

co—1y
k +oo+iy +oo—1y )
Oo(t, k, xe) = %</ —/ )e”kCtVQ(k,c, xo)dc.
—oo+1iy —00—17y

The desired expression of 05 follows immediately from the residue calculation.

Concerning 7, one first obtains

k 400414y +o00—1iy A
ik = ([ [ et e

2m ooty 00—y

Using the first expression in (6.1.5), the desired formula for 7 is derived via the same
arguments as in the above. In particular, the 7, term does not contribute to the residue as

R(k) is away from U([—h, 0]) due to assumption (5.0.8). O

From the divergence free condition on the velocity, it holds that the Fourier transform

(in x;) of the velocity field satisfies ikv; = —v4. Therefore, we have

"Through a more careful analysis we may obtain a Taylor expansion of V3 in terms of % as |c¢| — oo.
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Corollary 6.1.1.1. Under the assumptions of Lemma 6.1.1, we have

O (t, k,z9) = 0S4+ 07 & 5 ek (k, ¢, zq)dc+ Z le_ic*ktb'(t, k,cy, ).
T 8Dr1,r2 C*ER(kJ)

In the following lemma, we give some basic properties of b(t, k, ¢, z5) and bg(t, k, ¢)

at some ¢, € R(k). Since ¢, is away from U(|—h,0]) and F(k,-) and F'(k, -) are analytic

in a neighborhood of c,, the assumption (5.0.8) is not needed.

Lemma 6.1.2. Assume U € C% and k > 0. Let ¢, € R(k) be a root of F(k,-) (or
equivalently, of F(k,-) defined in (4.0.2)) of degree n > 1, then the following hold.

1. e *etb(t, k, c,, o) is a solution to (2.2.3).

2. b(t, k,c., 1) is a linear combination of t10%2y_(k,c.,12), 0 <1+, <l =n—1,
and bs(t, k, c,) a linear combination of t', 0 < | < n—1, with coefficients depending

on k and c,. The leading terms of b(t, k, c., x2) with l; + lo = n — 1 are given by

ey (04 R)n(8) = £ U0) = ety (4.0)
UO) = e [° (y-t0)keoay) D2y (ke
y—(kvc*70) /h U(:BIQ) — Gk d$2> y—(k7c*70) 7

(6.1.7)

+

and the leading terms of ik(U(0) — c.)bs(t, k, c.) is given by the above expression

evaluated at x5 = 0.

3. If ¢, is a simple root of F(k,-), i.e., n = 1, then b and ik(U(0) — c.)bg are given
by the above expression and there exists C' > 0 determined only by |U’|c1,-1 and

|(U") Y o such that

023Dk, ¢, 22)| <ClOF (K, C*)|_1<|klu_2|ﬁo( )+ (1 |eu]) 09 (K, 0)]

[kl er™ (1 + [el)[@o(k) |2, | pl—m2en Gath)
T Gist(co, U(=h, )]y (F, s 0) )‘ “(kyen0) I
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for any ny € [0, ly], where we recall n = (1 + k‘Q)_%.

Proof. According to Lemma 4.1.1(4), F(k,c.) = 0 implies y_(k, c.,0) # 0 and thus
F(k,c) is analytic in ¢ for ¢ near ¢, and the degree of ¢, as a root of both F'(k,-) and
F(k,-) is n > 1. By the definition of R(k) and the analyticity of F'(k,-), c. € R(k) is an
isolated root of F'(k,-). Let 1 > R > 0 such that there are no other roots of F'(k, -) in the
disk B(c., R) centered at ¢, with radius R. Using the fact that V5(k, ¢, x2) solves (2.2.6),

one may compute

(0, + ikU) (K2 — 02,) (e~ ™™'b(t, k, ., 12))

5 " .
:L’w f ke_ZkCt(kQ - 832)‘/2(]6’ C’ xQ)dC
2w dB(c«,R)

ik?
27 JoB(e.,R)

’kQU// ]
! Jq{ e~ * Ny (k, ¢, xq)dc
21 JoB(e,R)

= — ikU" e *b(t, k, c,, 25),

e U — ) (K — 8%2)1/2(& ¢, rp)dc

and thus (2.2.3a) is satisfied. Similar calculation also proves the boundary condition (2.2.3b)
at o = 0. The zero boundary value at o = —h is obvious from that of V5 at x5 = —h.
Therefore statement (1) is proved.

To analyze b in more details, let

Fi(c) =(c—c) "F(k,c) = Fi(ci) = 00 F(k,c.)/(n!) #0,

and
(U(0) = ¢)?
g+ok?)y_(k,c,0

Q(C, 132) = er(kv ¢, 132) - ( )y*U{;v = .132).
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From the initial conditions (3.3.1) of y.., it is straight forward to verify

He0) =0, §e0) =~ — Ol — ]
V) ~ oy () n
0+ ok2)y_(0) + O(Jc — c.™).

= yi(72) =

Using the above expression to substitute y, (k, ¢, z3) in the residue (in the definition
of b) and observing that the O(|c — ¢,|") term cancels the singularity of y (k, c, —h) for
|c — ¢.| < 1 which results in an analytic function contributing nothing to the residue, we

have

Res(ynn(k, c, x2)e*ik(cﬂ:*)t7 c.)

_ )2 —ik(c—cy)t 0 ~ /
O AURT. e RIS Sy T P
(g + Uk?)y—u{:a ¢, O)y-f—(ka c, _h) h U(xIQ) -

From definitions (5.0.3), (4.0.1), and (4.0.2), of y,.5, F, and F’, (6.1.3), we have

Res(ynn(k, ¢, xp)e " *eme)t ¢)
(U(0) = ¢)’y-(k, ¢, my)e leme)t /O (y-to)(k,c,25) .,
=Res dx,, ¢,
< (¢ —co)"Fi(c)y—(k,c,0)? o Ul — 2 )
B A e R P
(n— 1) Fi(c)y_(k,c,0)? o Uxh) —c 2

LSt (O PR P i)
N1 1)! Fi(0)y-(k,c,002 ) Ul —c 7

Therefore this residue is a linear combination of th@? y_(k,co,2—2),0 <1+l <n—1,

with coefficients depending on k£ and c,. The coefficients for [y + [ = n — 1 are given by

(Qremibe=et)| . (U(0) — c.)? /O@@Mh%%w,
Il Filcy_ (ke 02 ), Uy —c 2

OO e [ pelean)

WLIOPF (K c)y—(k, e, 0)2 ), Ul(xh) — c. *

The contributions of the terms involving 7y(k) and 05,(k,0) can be analyzed similarly
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(actually simpler as ¥ is not involved) and we obtain the desired statement (2) on the form
of b and bg.

If ¢, € R(k) is a simple root of F(k,-), i.e. n = 1, then b and b, have only one term
with [; = [s = 0 and are constants in ¢ as given in statement (2). It along with Lemma 3.3.2

readily leads to its estimate. ]

Corollary 6.1.2.1. 95 is also a solution to (2.2.3). Moreover if ¢, is a simple root of F'(k, -),
then the corresponding eigenvalue —ikc, is algebraically simple in the subspace of the k-th

Fourier modes.

Based on the above lemmas, it is natural to define

P(k,c.) : (0,70) — (ib(O, k,ce,-) /k,b(0,k, c.,-), bs(0, k:,c*)),
(6.1.8)

X(k,c,) = range(P(k, c,)).

The following lemma gives that P(k, c,) defines the invariant spectral projection to the

eigenspace X (k, c,) of —ikc, spanned by O'y_(k,c.,-),0 <1 <n— 1.

Lemma 6.1.3. Assume the same conditions as in Lemma 6.1.2, then

X (k,c.) =span{ (i0ly’ (k, c., ) /k, Oby_(k, cs, ), Oby_(k, cs, 0)/(ik(U(0) — c.))

|1=0,...,n—1},

is an invariant subspace of (2.2.1) and
P(k,c.) : (00, 70) — (z’b(O,k‘,c*, 'k, b(0, k, c., ), bs(0, k’,c*))
is an invariant projection operator of (2.2.1) to X (k, c,) with
ker (EC*ER(k)P(k:, c*)) = {(@C(O, k,-),n°(0, k)) | all initial values vo(k, -), no(k:)}.

Proof. The statement of the lemma is rather standard in the operator calculus and Laplace
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transform, while constructing solutions to (2.2.1) using Laplace transform is equivalent to
using contour integrals of the resolvent operators in the complex spectral plane. We shall
only outline the proof and skip some details.

Due to the translation invariance in ¢ of solutions to (2.2.1), the ¢ = 0 in the definition
of X(k, c¢,) can be replaced by any ¢t € R. From Lemma 6.1.2, all solutions (:b’/k, b, bg)
are polynomials of ¢ of degree no more than n — 1. It is standard to show inductively that
X (k, c,) consists of all possible coefficients of , which can be computed to be generated
by d'y_(k,c.,-), 0 < 1 < n — 1, using (6.1.7) and the relationship between b and byg.
The invariance of X (k, ¢, ) under (2.2.1) is due to the fact that (ib/k, b, by) are solutions to
(2.2.1). To show P(k, c.)? = P(k, c,), let (i, o) = P(k, c.)(0g,70) € X(k, c,). With this
initial value, the solution (u(t), #(t)) is simply the (¢b/k, b, bg) component of the solution
with the initial value (99, 7o). Hence (u(t), 7(t)) takes the form given in Lemma 6.1.2(2).
Its Laplace transform is analytic at all ¢ # ¢, and thus the (¢b/k, b, bg) component of
(u(t),(t)) is equal to itself. Therefore we obtain P(k,c,)(ug, ) = (o, ). Finally
the description of the kernel of }__ _p.) P(k, c.) is obvious due to the fact that both

(tb/k,b,bg) and (0°(t), 7°(t)) are solutions. O

Remark 6.1.1. In particular, if
Voo (k, w2) = y—(k, ey 2), 1o = y—(k, e, 0)/ (ik(U(0) — c.),

then straight forward verification yields

_(k,cy,x .
‘/2<k7c7 [['2) = H? v = 07

y—(k,c.,0)

b = y_(k,c., =10y, bg=-—""—""—=1).
y(,c 952) V20 S Zk:(U(O)—c*) Mo

From Lemma 2.2.1, —ic.k is an eigenvalue (with the above eigenfunctions generated by
y_(k, ¢y, x2)) of the linearized capillary gravity water wave at the shear flow, which has to

be geometrically simple when restricted to the k-th Fourier mode in x1. Its algebraic mul-
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tiplicity is equal to the degree of the root ¢, of F(k,-). The eigenfunctions of the linearized
irrotational capillary gravity wave are generated by % sinh k(xo+h). From Lemma 3.1.2(1)
(with p = O(k’g), s=0,Cy=0,and ©, = Oy = sinh) and Lemma 4.1.2(3), it is straight
forward to estimate that, after normalizing the L? norm of v, to be 1, the L? and H" dif-
ferences in the v and 1 components, respectively, between the eigenfunctions of (2.2.1) and

: : . . : : : _3
the irrotational capillary gravity waves linearized at zero is of order O(k™2) as |k| — oc.

In the rest of this section we consider 0°(¢, k, z5) and 7°(¢, k). We shall always work
onc € [U(—h) — po, U(0) + po] + i[—po, po]- We first present some properties of V5 and 7.

Let us keep in mind that for analytic functions, 0, and J,,, are equivalent.

Lemma 6.1.4. It holds that V, and 1} are analytic in ¢ € C\ (U([—h,0]) U R(k)) and
satisfy

Vo(—=k, ¢, x2) = Vo(k,c,z2), n(—k, ¢ x2) = n(k,c,xs).
Assume U € C* and (5.0.8), then the following hold.

U'|cs, and [(U") ™o

1. Forany e > 0, there exists C' > 0 determined only by €, Fy, pq,

(independent of k € R) such that for any c; € [0, po),
e, < ORIl + k=202l (k, 0)] + [k~ 42 (R sz, ).

T2

[Oepiilre, <C (1K1 o (k)] + k]2 1% |00 (k, O)] + K|~ '~ [o (k) 2

+ [ g (R) 2, ),

V2

2+ plVy

CR>T2

3 1
v VO iz, i Va(0)]a,

, T

5

<C (2o (k)| + |k~ 1125 (k, 0)] + p2~[o(k)] 2, ),
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V//
|acR‘/2|L%R,x2 +,LL|8¢R‘/2,—|— 72’|L2 +/'L |(aCR‘/2 ’) ’LZ
+ 10210, Va(0) 12,

EETN 1 3. 1 3_¢in
<C (Ao (R)| + K|~ 123 0 (8, O)] + 15[ (R ca, + s 12 (R) 12, ),
and if U € C5, then

TN 1 1. 1 ga
Valrz, . <C (2 [io(k)| + [k| ™ 1z [d5(k, 0)] + p~2 o (k)| 12,
1. .
+ | (), + 2| (B2, )

where C' also depends on |U’|ca and

N )

o, Vy'(x2) g+ ok? (V' (=h)
‘/2(1'2) = aCR‘/Q(xQ) - UI($2)2 F(k,C) (U’(—h)Q

and all the norms are taken on (cg, x3) € [U(—h) — po, U(0) + po] % [—h, 0].

2. Asc; — 0+, on [—ry + U(=h),r]

Vao(kycr,2) & lim Va(k,cr+icr,m2), 7o(k,cr,x2) = hf{)l ik, cr +icr, Ts)

cr—0+ cr—04

exist and the following hold.

(a) Assume (k) € L?, then for any r € [1,2), Vo — Vag in LL? , V) — Vi in

xro T CR’

Ly L, and V3(0) = Vi(0) and 77 — 7o in L7,

zocR’
(b) Assume (k) € H*, then for any r € [1 2) and q € [1,00), 0., Va2 — Ocp, Voo
in L°LY 0., Vy + Vﬁl,’ — Oep Vo + 57

x27CcR’

in L4 L7, and (0., V3 + ,)(O) —

) T2 CR’

(0 V3o + 122) (0) and O,y — acRﬁo in LT,
(c) Assume @o(k) € H?, then for any r € [1,2), Vs converges to its limit Vs in
Lo Loy

Compared to Proposition 5.2.2, the modifications in the definition of V, is to make it
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analytic in ¢ which will make it more convenient in applying Lemma 6.1.5 in the below.

Proof. The estimates of V5, V3, V;(0), 0., V>, and their convergences are all direct corol-
laries of (6.1.3) and Proposition 5.2.2. The estimate of 7} and its convergence follows from
the second expression of (6.1.5) and the above properties of V5.

We also notice that, compared to Proposition 5.2.2, in the definition of ‘72 as well as
in the estimate related to 0., V5, the U'(x$) in front of V}', V}'(—h), and V}’(0) had been
replaced by U'(z2), U'(—h), and U’(0), respectively. This modification brings at most

minor changes to the upper bounds. In fact,

(U (25) ™" = U'(a2) ™) V5’

L2

CRT

<O|U(w) — 7

.2
LCR’932

SC(M_QWﬂLQ

CRT2

+ ‘@0<k)|L%2)7

for n = 1, 2, where the Rayleigh equation was also used. This error bound and the estimate

4

on V5 are then used to obtain the desired inequality on 0., V;. The term %22)2 in V5 is

handled by the same argument. Similarly,

(@)™ = U0 )F ), <ClUO) = dF O],

<C(u2Va(0)] 12, + |o(k,0)]).

and this along with the estimate on V5(0) yields the estimate on (9., V3 + %) (0). It remain
the consider the modifications to the correction terms in \72 at zo = —h and zo = 0.

Similarly,

[(U(5)2 = U(0) 2 VE Oy ()] 1y < COuIVaO)lag, + 1ok, )1 -l ,

which is controlled using |y_| L2, < C M%e% due to Lemma 3.3.2. The last remaining
modification from U’(x5) 2 to U’(—h) 2 can be justified by the same argument (even easier

as Vao(—h) =0.)
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Finally we consider 0,7 for in ¢ € D, ,,. From (6.1.5), one may compute

Dot = (U'(0)(U(0) = ¢) + g + ok?)
% (e V3(0)(U(0) = ) (U (0)(U(0) = €) + g + ok?)
— (g+ ok)V3(0) + U'(0) (U'(0)io (k) + 0% (k. 0)) )
=L(U'(U ~¢)+ g+ k)

< (03 + 1 — o (Vo UE)) (U = )(U'(U = ) + g + ok?)

~ (g + oK)V + U (Uin(K) + £ (k,0)) )

x2=0

where we used the Rayleigh equation (5.0.1a) in the last step. Therefore from Proposi-

tion 5.2.2 we have, for any k& € R and ¢; € [0, 5],

[Oepiilze, <C (1K1 1o (k)| + 1K~ 05 (K, 0)] + [k] ™" 17| (0, Vi + %)(OML%R

+ [k 2| (R*(U(0) =€) + U"(0)Va(0) + &k, 0)]zz, + [k~ 1 [V5(0)]2z, )

<C(IkI™ [0 (k)| + [~ 2|05 (k, O)] + [k~ |0 (K)] 23,

+ k[0 () ez, + [k %o (R, 0)]).

The last terms can be controlled by the previous two terms, which completes the estimate
on 0.,,7. The convergence of 0.7 also follows from those of V5(0), V;(0) and (9., V5 +
1

The following lemma will be used in the decay estimates.

Lemma 6.1.5. Suppose n > 0 is an integer, ¢ € [2,00], f(c) and fi(c) are analytic

functions on

D\Zy C C, where D=T+i[—p,p|, Zo S I =[b1,bo] CR, p>0,
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and there exists M > 0 such that |(f™ — f1)(- + C])| L7 < M forall 0 < |cr| < p,

then there exists C' > 0 depending only on by — by such that, for any k # 0,

< C’|k|_”_’
L{(R)

’ }gp o ickt (t”f(C) — (z’k)*"fl(c))dc

Proof. Integrating by parts we have, for any 0 < |r| < p,

/ e~k f(c)de =e™ <(zk)’" / e’ichtf(”)(cR +ir)dcg
T+ar

z
IO Cliwan 1
1=1
For any T" > 0, the L7 — L9 boundedness (for ¢ € [2, 00]) of the Fourier transform

implies

‘/ SRR (0 — fi) (e + ir)der| <ClK[~a|(F™ = fi)(- + )]

LY(=T,1)) LT (7)

<C|k|" M.

From this inequality and the Cauchy integral theorem, we obtain, for any r € (0, p,

‘ jgp p—ickt (t" f(c) = (ik)™" fi(c))de ST
:‘ j{ N e—ickt(t" f(e) = (ik)™" fi(c))de

by —ir b2+zr
<C|k|™" T"“'TMJr b b ek (1 f(c) — (ik) ™" fu(c))de
1+ir o —1ir

I Ztn ik~ rktfl D NZZTK B e—rktf(l—l)(c)’zl;j:::)

Lq ( [_TvTD

LY([-T,7))

Letting » — 0, the analyticity assumption of f and f; implies all those terms on the vertical
boundary of D vanish and the above estimates on the integrals along the horizontal edges
yield

< Clk|™ M.
Li(-T.,7))

) ng 41 oickt (t”f(c) - (ik‘)_"fl(c))dc
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The lemma follows by letting 7" — +o00. O

Remark 6.1.2. In the following applications of this lemma, we often use the L* norm to
control the LT norm. This leads to fact that the regularity requirements in x, (i.e. the

exponents of k) may not be close to optimal.
Applying the above lemma, we first obtain the decay of 0°(¢, k, x2) and 7°(¢, k).

Lemma 6.1.6. Assume U € C* and (5.0.8), then for any € € (0,1), q € [2, 00|, and integer

m > 0, there exists C' > 0 determined only by €, q, m, Fy, po,

U'lcs, and |(U") 7Y co
(independent of k # 0) such that

|07 05(F) 12, gy + K0l O 07 (F) |12, Loy + M|a?l(@g),(k)|L§2L§(R)

1

mal_l, 1. 4 5. 3_¢in
<CIk[™ 0 (2 |0 (k)| + [k~ 12 05 (K, 0)] + pe2 = |o(k)] 12, ).

~C m— _1 A~ A~ —€| A~
10771 (k) | gy < CIR[™ " (1Kl lito (k)| + 12|05 (K, 0)] + [kl | (k)] 12, ).

mac m—Llo 1. 13 1_e)n
607" 05(k) 2, oy SCIEI™ o (2o ()| + [k| ™ 2[00 (K, 0)| + pe2~ |00 (k)] 2,
3_¢ia
+ 2 wn (k) 2z, ),

1

#0777 (k) gy SCIRI™ 7 ([Klliio (k)] + 41|05 (k, )| + [|u' |0 (k) 12,
T @), ).
Proof. The estimates of 0;"0S, to*0S, 0y (0S)', 07*05, 07*n°, and tO;"n° are based on
the definitions of 0°(t, k, x2) and 7°(¢, k) from direct application of Lemma 6.1.4 and
Lemma 6.1.5 on D, ,, with f; = 0 and f being ¢V, (with n = 0, 1), ¢™V;, ¢™n (with

n = 0, 1), respectively. We omit the details. U

In the following we shall focus on 9" 9¢ (¢, k, x5), t20;"05(¢, k, x2), and 9" @°(t, k, o),

where @ is the Fourier transform (in z;) of the vorticity w® = 0,,v5 — 0,,v§ of v°(t, z). In
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order to characterize their asymptotic behavior, define

Q°(k, w2) =00 (k, 22) + 5U" (22) (1 + sgn(kt))Vao(k, U(z), z2) 6.19)

+ (1 — sgn(kt))Vao(—k, U(x2), 22)).

In the above expression, exactly one of 1 + sgn(kt) and 1 — sgn(kt) is equal to 2 and
the other equal to 0. The dependence of Q° on ¢ is only through its sign, so we skipped

specifying the ¢ dependence. We also notice that V5 may not be C° at ¢ € U([—h,0]) C C.

The available conjugacy properties of V5 are not sufficient to imply Vao(—k, U(x3), z2) =
Vao(k, U (), 22). We shall see that ¢ provides the asymptotic profile of the vorticity &°.

We first give the following some basic properties of Qe

Lemma 6.1.7. Assume U € C* and (5.0.8), then Q°(—k, x5) = Q¢(k, 22) and, for any € €

(0,1), there exists C' > 0 determined only by €, Iy, po, |U’|cs, and |(U') ™| co (independent

of k # 0) such that

1 = olrz, < O (lio(k)] + kI 25 (k, 0)] + ' 0 (k)] 2, ),

A

() = @hlrz, < Cp (Iio(k)| + kI~ 1[0 (R, 0)] + o'~ “|o(K) 2, + 1| (K) 22, )

Proof. The conjugacy relation of Q¢ is clear from its definition. According to Lemma 6.1.4,
Voo satisfies the same estimates as V5 for |¢;| € (0, po]. We have, for zo € [—h,0] and

c € U([-h,0]),

1 1
V ). < V 2 V 2
[Vao (K, U (), >|L%2 <C| 20|L3R’x2| 20|L3RH;2 (6.1.10)

<C(Iino (k)| + %]~ 162 |00 (K, 0)] + ' ~Jeo (k) 2, ),
which implies the estimate of Qe. Apparently the estimate of (QC)’ depends on that of
8352 (‘/QO(k7 U(x2>’ xQ)) = (DC‘/QO)(kv U<x2)a 1‘2),
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where D, was defined in (5.2.4). From (5.2.7) and (6.1.3), we have

|0, (Vao (K, U (), <CIDVaolg, | [DVaolis

Nz,
<Cu " (Iino (k)] + [k~ 1[50 (K, 0)| + p'~ o (k)] 22,

+ P N (k)]s

which yields and completes the proof of the lemma. [
In the following lemma, we obtain the leading order terms of ¢o§, (05)”, and w°.

Lemma 6.1.8. Assume U € C* and (5.0.8), then, for any ¢ € (0,1), ¢ € (2,00], and
integer m > 0, there exists C' > 0 determined only by ¢, q, m, Fu, po, |U’|cs, and |(U") ™Y co

(independent of k # 0) such that

k2|07 (05 (¢, k, 22) + ik:_lU’(xQ)_le_ikU(mz)tQC(k,:rg))

2, L1 (R)

+ KO (@8 (t, y o) — e RVEEQe (e, 2,))

3, Li(R)

+ ‘8?‘((@;)”(15, k, o) — ike V@O, )

2, LI(R)

ml-1 3 . — ~ —€|~ —€|
<CIk[™ a2 (|0 (k)] + k|~ 12 05 (K, 0)] + |0 (k) 22, + 1>~ “[@p () lrz, )-
Remark 6.1.3. This lemma also implies, for any integer m > 1,

e mo1-1 _3 ., .
607" (V205 (8 ke, 2)) <ClE|™ " Tap72 ([o(k)] + [kI 7 4?05 (K, 0)]

L3, L{(R)

+ T wo (k)| z2, + p?|wo (k) 22, )-

while there is a limit term as t — oo for m = 0. The form in the lemma is more consistent

with other estimates including that of t*05 to be given in the following, however.
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Proof. The definition of ©¢ implies, for each x5 € [—h,0] and 1,75 € (0, po),

(=il ‘
t@t’”@f(t, k» x?) = % ng te_ZkCtCm‘/Ql(kv Cy x2)d07
T1:T2

O (ki + K255) (1, b, 3)) = (55" (1, b, )

—k(—ik)™

= —]{ e~ ket (k, e, xy)de.
27T 8’D71 ro

Applying Lemma 6.1.5 withn = 1 and f = ¢V, and f; = —#722)1/2” and Lemma 6.1.4,
we obtain

_Z')mk,mflcm

~ ( —ikcty /1
to v (t, k — - "V, (k d
t Ul( ) 7x2) ngr . 27TU/(ZL’2) € 2 ( » G, .1’2) ¢

L2,LI(R)

<Clk[™ "7 sup (|0c Vs + U (w2) V5

ler|€(0,r2]
<Ok "0 (o (k)| -+ |~ 12 05 (e, 0)] + '~ |o (k iz, + 1”@ (k)| 1z, )

(6.1.11)

+ |V

2 ra)
|L§R, Lig zq

In the rest of the proof, we shall focus on the integral involving V3" which also yields
the other desired estimates. Substituting the term V)’ by the Rayleigh equation (2.2.6a) and

applying the Cauchy Integral Theorem yield

U'(x5) U'(x2) U(zy) —c

_ Lkd 2 m U(xg)™ & —U(z)™ ., i )
_émm U'(25) (k + (U(ajg) p + ) — c YU ( 2)) Vod

7{ m p—iket Vide - f cme—iket (k:2V2 N U"(x9)Vo + ok, x2) )dc
aDrl o 8Dr1 o

2miU ()™ wo (K, 22) —ikU (o)t
— e
U'(x2)
Since k2c™ 4+ <=Z=U" is bounded by Cpi~2 on D,, ,,, we can control those terms using
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Lemma 6.1.5 and obtain

mkm 1Cm ot (—Zl{)m_lU(Ig)m ]
e e V// k d fku(xg)t<A k
U” WU (s) 1 iet
kY (ke + U de)
2m ?gpga c (ke + Uls), wa)de L2, L{(R)

<O 53 (Jito(k) |+ [k]~ 4 0 (k, 0)] + =[R2, + 12~ (R)s2, )

(6.1.12)
where we also changed the variable ¢ — U(z3) — c in the last integral and

Dy, =Dy, — Ulxy). (6.1.13)

It remains to handle this integral term and we shall identify its leading terms.

Fix T > 0. We first let

U)(]{Z, C, $2) = ‘/2(]{?, c+ U(.TQ), l’g) — ‘/20(]{3, CRr + U(l’g),l‘g)

— lim |w(k,- +icy,-)

cr—0+

1207

| 1,9
L Wep

for any ¢; € [1,2), where Wy € H,,, Lemma 6.1.4 was used. In the rest of the proof of

this lemma, we use 01D |

1= L,R,T, B, to denote the left, right, top, bottom sides of
the rectangle Dy2, with the counterclockwise orientation. For any r € (0,72] and k # 0,

and 1 < < ¢1 < 2, integrating by parts and using the L1 — L9 boundedness (for

q
qg—1
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q € [2, o)) of the Fourier transform, we obtain

1 .
‘ _e—zkctwdc
oroy2, €

U(—h)-U(z2)—r1+ir
U(0)—U(x2)+ri+ir

L3, L{([-T,T])

= ‘ (e "t log c) |

— ehrt j{ e~ hert (_jlotw 4 Ocpw) log cdc
oTDI2, 12, LI(-T,T])

<CT (T3 (1 + | log ) |w(k, - +ir, oz, 1z

1 ,
+ |k| q(]' + |]€|T>|U)(k}, -+ i, .)|L%2W611’%q1)’

where log is taken along E)TDfiT which in the upper half plane. Next from Lemma 6.1.4

we have

1 .
‘ % i Eeilkd (‘/20<k7 CRr + U(I’Q), x2> - ‘/20(]{;7 U(xQ)v 'TQ))dC
oTDr2,

L2, L3([-T.T])
1
—=_|kl|rT

<C|k| ael¥ Qe Vool 12, 1

SL L kT A _ N e el
<CIR e (o (k)] -+ [k~ 120 (k. O] + 1| (k) 1z, + (2 (k)12 ).

The above error analysis implies that the main contribution of the integral along aTfo’r

would come from the product

—iTC

Vao(k, U(xa), x2) f(r, x2, kt), where f(r,xa,7) —7{ de.

ooz, €
For any r € (0, 75, on the one hand,

r —ire U(0)—U(z2)+r1 . —iTe
r,Ta, =e""| — (e"""Elogc +1 e ""Flogcdc
[f(r, @, ) =€"| — 8 y(—h)-U(as)-r: Tngfo,r ©

<CA+ |7))e,
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which is useful for |7] < 1. On the other hand,

f(T7 T2, T / / _ZTcd
R+ir R+-ir) 8TDI2

The first integral can be evaluated as im(sgn(7)+ 1) by using the Cauchy Integral Theorem.

Integrating the second integral (in the way opposite to the above) we obtain

| / e ’_
R+ir)\0T D2,

<C—

7]

—1TCR —1TCR

U(=h)=U(z2)—r1 ‘
i dc
c }U(O)—U (z2)+r1 /(]R-é—i?”)\@Tfo i ¢

Therefore
|f(r, @, 7) —im(sgn(T) + 1)| < C(L+|7) 'l vr eR.
Along with (6.1.10), we have

‘VQo(k‘, U(xs),x2) <% 1e_““tdc —im(sgn(kt) + 1))

oTDR, €

L3, Li([=T.1))

<Ck| oM (Jitg (k)| + |7 [t (K, 0)] + ' ~“[o ()] 13, )-

The integrals along the vertical sides of 9D, . converge to 0 as 7 — 0+ as all the integrands
are smooth there. The integrals along 0B Dy, 7 € (0,79, can be treated much as in the
above. Recall Vi (k, ¢, z9) = Vo(—k, ¢, x9). Letting r — 0+, the Cauchy Integral Theorem

and the above error analysis imply

‘ fgw e "Ny (k, ¢+ Ul(xs), ma)de — im ((1 + sgn(kt))Vao (k, U(2), x2)

71,72

+ (1 — sgn(kt))Vag(—k, U(zs), 2))

L3, L{([-T.1))

1 1, _ . el n el A
<Ok 3 ([0 (k) + Tk1~ 2l (k, 0) + Lo (k) 12, + p2~ | (k) 12, )
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Taking 7" — o0, it follows from the above inequality and (6.1.12)

27TU’ U (xy)

)" U (2)™ ikt
1 X QC k
Ulrs) (k, @2) 12, LI(R)

<OR|™ 0403 ([0 ()] + k]~ 2 (R, 0)] + 41~ “L0 ()2, + 1>~“[@ (k) 12,)-
(6.1.14)

mkm lcm
7ikct "
§) VY (k. 22)de
8D?"1 rg
—ik

Along with (6.1.11) and Lemma 6.1.6 it implies the desired estimate of 0} (¢07). The esti-

mates on 9;"(05)"” and 0;"w° are also obtained from the above inequality and Lemma 6.1.6.

[
Finally we consider 25.

Lemma 6.1.9. Assume U € C° and (5.0.8), then, for any ¢ € (0,1), ¢ € (2,00], and
U'lcs, and |(U") 7 co

integer m > 0, there exists C' > 0 determined only by ¢, q, m, Fy,

(independent of k # 0) such that

t (t2f)§(t, ku x2>

e kU@t —ikU(0)t A —ikU(—h)t
- (- Wﬂ e (SR ls VOE))

m—1—2 _3 /. - ~ —€| —€|
<CIK™ ™= (I (k)| + [k 16?030 (R, 0)] + 1o =l (k) |z, + 1 |ig (k) e,

k)1, )

where
. i U"(0)7)o(k) — wo(k, 0
Ak, 29) = -~ )
T( ,$2) k U/(O>2y()_(]€, U(O), 0) Yo

(k,U(0), z2), (6.1.15)

ic:)o(]{?, —h)y0+<l{?, U(—h), JZQ)

6.1.16
KU (—)2y0. (b U(—h), —h)’ (6.1.16)

[\B(k7 x?) =
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and they satisfy
Ar(k)|zz, < ClE[7 2 (o (k)] + @0k, 0)1),  [An(k)[12, < CIEI~ 12 |0 (k, —h)]).

Remark 6.1.4. In the above lemmas, we also notice AT(—k, Tg) = AT(k, x9), T =T, B.
The leading order terms Ap and Ay represent the contribution from the rigid bottom and
the water surface, while the asymptotic vorticity Q° from the fluid interior. In the fixed
boundary problem for x5 € |—h, 0] with slip boundary condition on both horizontal bound-

aries, )¢ and A B would take similar forms and AT would be similar to A B. See section 6.4.
Proof. The definition of 0§ implies, for each x5 € [—h, 0] and 1,72 € (0, po),

_(_Z)mk,m+1

2Omos(t, k =
t U2( ) 7I2) 27T

f t2e= ety (k, ¢, z)de.
Dy g

Let f = ¢™V; and

Vi'(za) g +0ok? <V2”(—h)

ﬁzw@mﬁ F(k,c) \U'(—h)?

o (a2) = oy (@) ) ) = € (02, Vo = Va),

U/(0)2

with V; defined in Lemma 6.1.4. Applying Lemma 6.1.5 with n = 2 and Lemma 6.1.4, we
obtain

t2am@c(t k.oro) — (_Z)mkM71 —iket ¢ (. d
t Y2\"H My 2) 2 € fl( 707332) c
@ ODrq rq

m— —l  /
<CIk™5 sup (|Valez, ., +10caVelrz, ., +1V2

C[E(O,Tg]

m—1-1 _3 /. - ~ —€|,~ —€|
<Ck™ o = (Jio (k)] + [k~ 5o (K, 0)] + 'l (k) |z, + p*~“Jep (k) 2,

L2,LI(R)

2
LCR,I2)

Rz, ).
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Substituting V3" in f; by using the Rayleigh equation (2.2.6a) yields

_.m V2ﬂ<x2) le flT (g—i—0k2) ( ) 9
hi=e <U’(x2)2 T e TU0) ¢ T U0 F ke V2(0)>
where
_ _lg+ok)ao(=h) Qo(=h)ys (x2)
N = = GinpE o) ) = TRy Ay
i — (9 + ok?)(U"(0)V2(0) + o (0))

U'(0)2F (k. ©) y-(22).
Again the terms involving k2V5(0) not being divided by U — ¢ can be estimated by using

assumption (5.0.8) and Lemma 6.1.5, Lemma 3.3.2, and Lemma 6.1.4 and we have

20 o5(t, k, o)
_ (_i>mkm_1]{ eikctcm<‘/2//(x2> L hs fir )d
9Dry ry

27 U'(z2)?  U(=h)—c N U(0) —c/ Iz, nim®)
mtl—l 1. 1 9. el
<CIR™ 0 2 (lito (k)| + [k~ 2 g (k, 0)] + 1|0 (k)| 2, + 1l (K)] 12,

+ﬂ3 e‘ A//( )’L%Q)

We shall identify the principle contributions from the terms fi1, fig, and fi;7 following

a similar strategy and use the same notations 9'9,, ,,, T = T, B, L, R, as in the proof of

Lemma 6.1.8, with necessary modifications to treat the contributions from the x5 = 0, —h.
Fix T" > 0. We start with f7 by letting

(9 + ok?)(U"(0)Vag(0) + @o(0))
U'(0)2F(k, cr)

fir(k, cr,xo) = hf{)l fir(k,c,z0) = Yo (2).

From assumption (5.0.8), Lemma 3.5.1, Lemma 3.5.7(2b), Lemma 4.1.2, and Lemma 6.1.4,

we have, for any ¢; € [1,2),

|(fir — for)(k, -+ cr, ')|L302W811,:211 — 0, ascy — 0+.
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The next step is the same argument via integrating by parts in ci as in the proof of

Lemma 6.1.8, as » — 0+,

‘ % efikctcmflTUCaQ xQ) - f{)T(kch7x2)dC
T Dy, U)—c

L3, L{([-T.1))
= (e (i — fp) og(U(0) = &) [}l
_ jg . e (—ikt + Ocp) (¢ (frr — fir)) log(U(0) — ¢)de 12, 8T — 0.
From Lemma 3.3.2, Lemma 3.5.3-Lemma 3.5.5, Lemma 4.1.1(3), Lemma 4.1.2(1), and
(5.0.8), one may estimate,
[0 /P13, 1 + |Oc (0 /F)l 1z, ros, < O, Van € [1,00).

Along with Lemma 6.1.4, it implies, for any ¢, € [1,2),

|Frliz, s + 1Oenfirl iz, i <Cu2 ([io(k)| + [k~ %[0 (k, 0)] + @0 (K)| 12,

T27CR

+ 110G (k) e, 1),

where |wo(0)[ and [V5(0)[ were bounded by the L? norms of wy(k), wy(k), VQ(O)\LgR,

and |0, V2(0)| 12, - Consequently, for any r € (0, o]

e—zkctcm 0
’ngD mfm(k»cmb)dc
e—ikctcm

— £9 (k,U(0),z }'{ ————dc
farhUO2) § 50—l warm)

_1 1 A _ N N —€| ~
<O IR|5 8 ([0 (k)] + (K]~ 21650 (K, 0)] + |20(R) |2z, + 12126 (k)22 ).

As in the proof of Lemma 6.1.8, by considering contour integrals, we have

—ikct d . N KU(0)t Cer|kt|
c+im(l + sgn(kt))e™ < .
... T (Lt sgn(k)e ™| < o
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Again, since % is bounded for m > 1, the above | f{| 2,1 estimate implies

efzkctcm

Falh UO).w)(§ - f e

+im(1 + sgn(kt))e_ikU(o)tU(O)m>

L2, LI(-T,T))

11, _ . - -

<Ce MR 75 % (Jio (k)] + [k~ 205 (k. )] + @0 (k) z2, + n2100(R) 2z, ).
The contributions from the integral along %D, ,., can be treated similarly and using the
conjugacy relation, while the integrals along the vertical boundaries of 9D, ,, vanish as
r — 04. Using the Cauchy Integral Theorem, combining the above analysis, letting r —

0+, and then 7' — 0+, we obtain

~

’ % €_ikCtCmf1T<k, c, 1’2)dC . 27rk6—ik’U(0)tU(O)mAT(kj, 332)
T Dyy g

-1 1, _ ~ ~ PYIN
<Ck|" o™= (lito (k)] + K]~ 12|00 (k, 0)] + |@o(K)] 22, + 1*~ [ (k) Lz, ).

where

Rk, ) =~ (1 + sgn(1) S (K, U(0), 22) + (1 — sgn(kt)) fin(— k. U(0), 22)).
We give closer look at AT. From boundary condition (5.0.1b), (5.2.2), and (6.1.3),
Va(k, U(0),0) = = (U(0))/(g + ok?) = (k)

and thus
) _U"(0)i(k) — (K, 0)
flT(k’, U(0)7 372) - UI(O)zyOf (k7 U(O), O)

yo_(k’, U(O), $2).

Since yo_(k, U(0), z2) € R for x5 € [—h, 0], we obtain that

fir(k,U(0),22) = frr(—k,U(0),z2),
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and hence the desired form (6.1.15) of Ap. The term involving f;5 can be analyzed simi-

larly (actually slightly simpler due to Vo(—h) = 0) using Lemma 3.5.3-Lemma 3.5.5 and

Lemma 3.5.7. The term involving f;; has been estimated in (6.1.14). Summarizing this

estimates we obtain

_iU(z)™
kU’ (x4)?

+ U(0)"e FVOA 1 (k, 29) + U(—h)™e RV ERA p(k, x2)>

2Ot k) — (—ik)™ eTHFUEIOC (b, )

L3, L{(R)
m—-1-1 3/ . - ~ —€| —€|~
<Ck™ o 7= (Jio (k)] + [k~ 050 (K, 0)] + 'l (k) |z, + p*~“lp (k) 2z,

G B2z, )-
Combining it with Lemma 6.1.6, the desired estimate follows. O]

6.2 Linearized capillary gravity waves in the horizontally periodic case

In this section, we consider the case where the system is periodic in z; with wave length
L > 0. In this case

ke Q%Z, @Q(t, k= 0,1’2) = O,

where the latter properties is due to the divergence free condition on v. For { = ¢, p, let

vi(t,x) = Y oh(t k) () = Y it k),

2m 2r
lkle TN kle TN

vi(t,x) = Z S (t, ke, xg)e™*™r

2
|kle T N

P(tr) =h0(0)+ Y Ptk vt x) =i1(0,20) + Y (¢ k,xp)e™™

2 2
lkle TN |kle T N

where vf = (v, v), and o1, 65, and ' are defined in Lemma 6.1.1 and Corollary 6.1.1.1.

Here we used (2.2.2) that the zeroth modes v, (k = 0) and 7(0) are invariant in ¢. Through-
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out this section, we assume (4.1.5) holds for K = QT”N .
We first give the decay estimates of (v, 7¢) based on Lemma 6.1.6-Lemma 6.1.9. In
particular, for the estimates of tv§ and t2v5, recall Q°(k, ) and A (k, z5), T = B, T defined

in (6.1.9), (6.1.16), and (6.1.15), respective. Let

(21, 2) Z QC k,xo Zk”“, Ai(x1, 22) Z AT (k, x2 etk (6.2.1)

Ikl 2 N ke 2E N

Proof of Theorem 2.1.2(1-2). The assumption of the non-existence of singular modes is
given in the form of (4.1.5). According to Proposition 4.1.4, (4.1.5) for K = %N implies
(5.0.8) holds for all £ with constants pg and F{y uniform in k. Therefore from the definition

of v§ and Lemma 6.1.6, it is straight forward to estimate

no ,.C —2n 2n +2—* s
0w g2 oy SC D W R (3 o ()] 4 k] 2 [0 (R, 0)]

27
|k|€f
3_¢ia 2
+ p2 = wo (k)| 22, )

<C Z [Pttt =ap) (1|~ o (k) [P =+ k]~ |05 (K, 0)]?
kleZEN
+ |k|2€_3|@0(k)|%32)

C (|nol? 1+ [0zyv20(:, 0)[”

n0+”1+** no+n1*%*ﬁ
Tl 1
2
+ |wol mom—g- e ).
T z9
. . . _ : 720 .\ C 70 ,,C
The desired inequality follows from 0,,v90 = —0,,v19. The estimates on 9,°n°, t9;°v§ and

t9;"°n° are obtained similarly. The inequalities on 9;° (tv$) and 9} (t?v5) are obtained by
applying Lemma 6.1.8 and Lemma 6.1.9 through a similar procedure. The estimates on €2°

and A;, T = B, T, follow directly from the estimates on their each Fourier modes given in
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those lemmas and
|a:22y0:t(kv C, ')/yO:I:(k7 C, 0)|L%2 S Cﬂaina ng = 07 17 (622)

which is obtained using (5.0.8) and Lemma 3.3.2. The singular elliptic equations in (2.1.6)
are simply from the homogeneous Rayleigh equation with ¢ = U(—h), U(0), satisfied by
Yo+ in (—h,0). THe boundary conditions of Ap and Az are simply corollaries of their

definitions and the boundary conditions (3.3.1) of 3. O

Next we consider the (v? (¢, x),n"(t, z1)) part of the linear solution (v, n). Let

Ao = max{Re (—ic,k) | k € N, ¢, € R(k)} >0,
N = max{degree of root ¢, of F(k,-) | k € 2N, ¢, € R(k), Re (—ikc,) = Ao} > 1,

(6.2.3)

where the lower bounds are obtained due to the roots ci(k) for large £ (Lemma 4.1.2(3)).

Proof of Theorem 2.1.2(3). On the one hand, according to Lemma 4.1.2(3), there exists
ko > 0 such that R(k) = {c*(k)} with simple roots c¢* (k) for all |k| > ko. On the other
hand, (4.1.5) and Proposition 4.1.4 imply that (5.0.8) holds for all £ € %N. Along with
Lemma 4.1.2(2), we obtain that, for all k € 2IN with |k| < ko, the set of roots R(k) is
contained in a subset in the domain of analyticity of F(k, -) uniformly in such k. Hence
R(k) is a discrete set and the total algebraic multiplicity of ¢, € R(k) for all k € 2N with
|k| < ko is finite. This proves Ao, N < cc.

For any k € 22N and ¢, € R(k), let n denote the degree of c, as a root of F(k, -), then
b and bg are polynomials of ¢ of degree n— 1 (Lemma 6.1.2). Hence to prove the regularity
estimates, we only need to consider k¥ € 2N with |k| > ko where all roots of F(k, -) are

simple. For such k, R(k) = {c*(k)} and Lemma 4.1.2(3) implies that there exists C' > 0

199



such that
o > EIk[2, |0:F (k,c.)| > &[k[2, Ve, € R(K), ko < |k| € %N

From the homogeneous Rayleigh equation (3.0.1), (5.0.8), and Lemma 3.3.2, it holds,
102,y (k,c.. )12, < Cpuz™, Vs €0l k €R, c. € R(k). (6.2.4)

Hence Lemma 6.1.1 and Lemma 6.1.2 and the definition of v imply, for any n; € R and

No € [O, lo],

Sk <O Y S M bk

ko<lkleZEN ko<[kle ZEN r=c* (k)

n1+nz) L. 2
<C D RPOERA (KPR (R)| + [kIZ |50k, 0)] + [k]@o(k, )]z, )

2
ko<|kle TN

SC(MO‘Z;LIHMH + [0y 20 (-, 0)‘2n1+n2—% + ‘WO‘ZE+”2*1L32)‘

r1

The desired inequality follows from the divergence free condition. The expression of vf
involves 3/ and thus it can be differentiated in x5 at most [, — 1 times. The procedure to
obtain the estimates of v} and 7)? are similar and we skip the details. U

Finally we give the invariant decomposition of the phase space which proves Theo-

rem 2.1.2(4).

Lemma 6.2.1. Let

X? = span{range(e®* P (k,c,)) | c. € R(k), k € 2ZZ} C H' (T x (—h,0)) x H*(Ty),

P(U777> = EBC*GR(]{Z) kGQLTr €ka1P(k C*)(i}(k)? ﬁ(k))?

X¢=kerP C H (T x (—=h,0)) x H*(Ty).
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where P(k, c,) was defined in (6.1.8), then the following hold.

1. P is a bounded projection operator from H"(Ty, x (—h,0)) x H"(Ty) to XP N

(H™(Tp, x (=h,0)) x H"™(T})) foranyn € [1,1 — 1].
2. XP and X° are both invariant subspaces of (2.2.1).

3. Moreover (2.2.1) is also well-posed on the L*> x H' completion of X? and is a (pos-
sibly unstable) dispersive equation with the (multi-branches of) dispersion relation

given by kc, where c, € R(k).

The boundedness of P follows from the estimates in Theorem 2.1.2 at ¢ = 0. The
invariance of X? and X is due to Lemma 6.1.2 and Corollary 6.1.2.1. The well-posedness
of (2.2.1) on the L? x H' completion of X? is due to the fact that R(k) = {c*(k)} C
R\ U([~h,0]) except for finitely many k € 2°Z. Here we did not set X” and X¢ in

1
L* x H' is due to the issue that we can not ensure v, (-,0) € H,,* forv € L2

6.3 Linearized capillary gravity waves in the horizontally infinite case

In this section, we consider the case where 1 € R and thus £ € R. Throughout this

section, we assume (4.1.5) for K = R. For = ¢, p, let

vl (t,z) = / o (t, k, xo)e*™rdk, ni(t,x,) = / if(t, ke 1 dk,  of = (o], o)),
) - (6.3.1)
where @I, ﬁ;, and /' are defined in Lemma 6.1.1 and Corollary 6.1.1.1.
We first carry out the decay estimates of (v, 7¢) based on Lemma 6.1.6-Lemma 6.1.9.

Let
Q%(z1, 1) = / Q(k, zo)e*™ dk,  Ai(xy, 1) = / Ai(k, zp)e*™ dk. (6.3.2)
R R

Proof of Theorem 2.1.3(1-3). Again the assumption of the non-existence of singular modes
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is given in the form of (4.1.5). According to Proposition 4.1.4, assumption (4.1.5) for
K = R implies that (5.0.8) holds and R(k) = {c*(k)} with all these simple roots ¢* (k) of
F(k,-) away from U([—h, 0]) for all £ € R. Moreover, Lemma 4.1.2 yields

dist(c k), U([=h, 0))| = &3, [0.F(kyc* (k)| = 273, ke R.

Like in the periodic-in-x; case, the proof of the decay of (v°, 1) is also a direct verification
using Lemma 6.1.6-Lemma 6.1.9 along with (6.2.2) and the divergence free condition. We
omit the details.

From Lemma 6.1.1 and Lemma 6.1.2(3), we obtain b and bg are independent of ¢ and

satisfy, for any ny € [0, lo],

1—ngen™t(zg+h)

022 b(k, *(k), 22)| < C(Iklu 210 (k)| + | oho (K, 0)] + k|2 o (k) |2, ) |- e

[bs(k, (k)| < C(lio(k)] + ||~ 122 [ (k, 0)] + %] o(k) 2z, )

The desired estimates follow from (6.2.4), ik?y, = —05, and direct computations. ]

Similar to the periodic case, we also have the decomposition by invariant subspaces.

Lemma 6.3.1. Let

P(0,1) = / P(k, ¢ (k)) (v, n)dk + / P(k, ¢ (k) (v, n)dk,

X? = range(P) ¢ H'(Rx(—h,0))xH*(R), X¢=kerP Cc H'(Rx(—h,0))xH*(R),

where P(k, c=(k)) was defined in (6.1.8), then the following hold.
1. P is a bounded projection operator from H"(R x (—h,0)) x H"™(R) to X? N
(H™(R x (—h,0)) x H""Y(R)) foranyn € [1,1y — 1].
2. X? and X are both invariant subspaces of (2.2.1).
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3. Infact (2.2.1) is also well-posed on the L*> x H' completion of X? and is a dispersive

equation with the dispersion relation given by kc* (k).

To end this section we show that, under assumptions (4.1.5) for K = R and (4.1.14),
due to the monotonicity of ¢*(k) in k > 0 (Lemma 4.1.7) and the asymptotics of ¢* (k) for
|k| > 1 (Lemma 4.1.2(3)), the dynamics of the non-singular modes is conjugate to that of
linear irrotational capillary gravity waves.

For k € R, let

ei(k,xg) =(v1,v2,7)

y—(k, c*(k),0) >

:e_|k|h _% ! ]{37Ci]{3,]}27—ik _% _k7cik;-r27_ 1
A e e R e e e

; 1 inh kh
e (k, m3) = (v1,v2,m) = e " (u‘i cosh k(zz + h), —ip~3 sinh k(zs + h), L))

kpzct(k

where ci(k’) is the wave speed of the free linear capillary gravity wave (system (1.2.2) with
U=0and V x v = 0) given in (2.1.5). Here e*(k) correspond to the two non-singular
modes in the k-th Fourier modes in z;, while ¢, the modes of irrotational linear capillary

gravity waters waves. Define
(1) = [ rmetn e tar, () = [ e,
R R

X* = {€(f) | f € R)}, XE={EX(f)| [ e L*B)}.

Clearly X+ @ X~ is equal to the L? x H' completion of X? and £* : L?(R) — X* and

EEX . L*(R) — X3 parametrize X* and X by L2. The following proposition finishes the

T

proof of Theorem 2.1.1(2b) and Theorem 2.1.3(4).
Proposition 6.3.2. Assume U € C? and (4.1.5) for K = R, then the following hold.

1. The mappings £* and 5; are isomorphisms. Moreover there exists C > ( depending
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only on U such that forallk € R, f € L*(R),

O™ < e (ke les (k)2 < O, O flpe < 1EF(F)ee, €5 (F)] < O f 12

. For any solution (v(t,z),n(t,z1)) to the capillary gravity wave linearized at the
shear flow U (x2), if its component (vP, nP) as defined in (6.3.1) belongs to X+ @ X,

then it takes the form
(07, 0") = EX (eI (R)) + € (e ML (k)), (633)

for some unique f+ € L*(R). Similarly, any solution (v(t,z),n(t,z1)) € L? to the

free linear capillary gravity wave (system (1.2.2) with U = 0), then it takes the form

(v,m) = EF (e *a® (k) + &, (e Bl f (k)  fo e L2 (6.3.4)

. In addition, assume (4.1.14) and 0 € U([—h, O]), then there exist odd C' functions

v+ (k) and C > 0 depending only on U such that
Pt (k) (05 (k) = keip(k),  C7H < k7M™ ()], (0*) (k) < C, VE€R.
Define ®* : X* — XF as
E(ES)) = & (fop™)

for any EX(f) € X*, then ® + ®~ is an isomorphism from (X & X~) N (H™ x
H™ to (X X, ) N (H™ x H" ™) for any n € [0,1y — 1]. Moreover flows (6.3.3)
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and (6.3.4) are conjugate through ® + ®~. Namely, for any f+ € L?, it holds

ot <g+(€—ikc+(k)tf+(k))) + P (5—(e—ikc*(k)tf_(kj)))

=& (e ®r Mt f (ot (k) + & (e @ (o7 (K))).

(6.3.5)

Proof. The estimates on |e*(k)|z2 and |ef(k)|.> are derived from direct computations
based on Lemma 3.3.2. In particular, since ¢*(k) € R\ U([—h,0]), formula (4.1.9) of
y_ for k = 0 and the bound on J;y_ are used in obtaining the lower bounds of |e*(k)|2

for |k| close to 0. The estimates of |E¥(f)|.> and |E(f)| > follow from those of e*( f) and

+

e;.(f) and the Parseval’s identity. Statement (2) is a direct consequence of Lemma 2.2.1
and the definition of ¢* (k) and ¢ (k).

Since ¢£(0) = /gh # 0 and ¢*(0) ¢ U([—h,0]), under the additional assumptions
(4.1.14) and 0 € U((—h,0)), Proposition 4.1.4 and Lemma 4.1.7 imply that a.) both
kct (k) and kci (k) are odd in k, b.) both +kc* (k) and +kc (k) have positive derivative
for k > 0, and c.) both are of the order O(|k|2) for |k| > 1 and of the order O(|k|)
for |[k| < 1. Hence (™ exist and satisfy the estimates, which implies the boundedness of
®. The conjugacy relation (6.3.5) can be verified directly using (6.3.3), (6.3.4), and the

definition of p*. O

Remark 6.3.1. Under (4.1.14), 0 € U([—h,0]), and F(k,U(—=h)) # 0 forall k € R,
without assuming (4.1.5), X @& X~ may only be a closed subspace of X?, but c*(k) €
R\ U([—h, 0]) are still monotonic and isolated from the rest of the singular or non-singular

modes. The exactly same argument implies that the conclusions of the above proposition

still hold on X+ @ X
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6.4 A remark on the linearized Euler equation on a fixed 2d channel

We briefly comment on the 2-d Euler equation on a fixed channel x5 € (—h,0) with slip

boundary condition vy = 0 at x5 = —h, 0. Let U(x2) be a shear flow and we assume

U’ > 0 and there are no singular modes. (H)

As in the literatures, singular modes mean linearized solutions in the form of e**@1 =)y ()
withv € H] and ¢ € U([—h,0]).

The approach in this paper can be easily adapted to analyze this problem. While the

@o (k,z2)

Olra)—c’ the main mod-

non-homogeneous term in the Rayleigh equation (2.2.6a) is still —
ifications are: a.) replacing y. (k,c, zo) and Va(k, ¢, z5) by 74 (k, ¢, x2) and yg(k, c, x2)
which solve the homogeneous and non-homogeneous Rayleigh equations satisfying bound-

ary conditions

J+(0) = yp(0) = yp(—=h) =0, §,(0) =1,

respectively, and b.) replacing F(k, c) by y_(k, ¢, 0). For the simplification of notations,
we also use y_, y., and yg to denote their limits as ¢; — 0+. In this case of channel flow
with fixed boundary, obviously the set of non-singular modes (roots of y_(k, ¢, 0) outside
U([—h,0])) for all k£ € R is finite, actually empty if U” # 0. Assuming (H), through the
same procedure as in Lemma 6.1.1, the solution v(¢, x) to the linearized Euler equation at

the shear flow U (x5) can also be split into

v(t,x) = v°(t, x) + 0P (L, x)

associated to the continuous spectra and point spectra. Under assumption (H), v”(¢,-)
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belongs to the eigenspace of unstable modes which is finite dimensional if 1 € Z. Let

Qc(k, xo) =wo(k, z2) + %U"(xg) ((1 + sgn(kt))ye(k,U(xs), x2)

+ (1= sgn(kt))yp(—k, Ula2), 72)),

i iwo(k, 0)y—(k, U(0), z2) 4 _
AT(k’,ZEQ) ]{ZU’( ) ( U( ) ) ABU{,IQ) =

id)()(k?, —h>g+(k3, U(—h), ZEQ)

KU (—R)2j. (k, U(—h), —h)’
and Q¢ and As, T = B, T, be defined as in (6.2.1) for the L-periodic-in-z; case and in
(6.3.2) for the case of x1 € R.

Theorem 6.4.1. Assume U € C, |, > 4, and (H) holds for all k € K where K = %N or
K =R, then, for any q; € [2,0], g2 € (2,0], € > 0, ny € R, and integer ng > 0, there
exists C' > 0 depending only on q1, qo, €, and U such that any solution with 010(0,z5) = 0
satisfy

‘am}amUl’L?qu ®) T ‘8?08;11_1(1 - ail)%vg‘Lngl(]R) < CHam‘nOMI_HWO T
zq 9

400002 (1= 8, 3+ 1000 o = (a2 = V) e

+ |8f0(9;11+1 (tvf — U’(xg)*laglch(xl — Ul(z)t, xg))

’ L2LE(R)

+ |8f0(9;}11_1 (aivg — (9931 QC(ZE'I — U(l‘g)t, (L’g)) ‘L%ng (R)

C (][00 "™ 7wy

[0, 7T

1 1
“t3r2 T2 “T3r2 >’
Hy 212, Hy 212,
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and if U € C°,

‘8?08211+1 (t2?}§ - U,($2)_2a$_1190(I1 - U(ZL‘Q)t, 1'2) - AB(ZE1 — U(—h)t,l‘g)

— AT(,Il — U(O)t, ZL’Q))

‘ L3L(R)

no+ni— - no+ng—-L
SC’(“aﬂ?1| 7 Wo H€+%L2 + “81‘1| “ anW() 67§L2
x o x] o
no+ni——= 42
+ “af"’1| . aﬂwwo HE*%LQ )
xq To

Moreover, for any integer ny = 0,1, and q € [1,00), it holds

|QC — w0|H211L%2 S C|WO|H21171+6L%2,
10,,9° — (9mwo|HgllL§2 < C(|W0|H;11+6L%2 + ’axQWOngfflJreLiz)J
1

1K™ 852 A Bl 1211, < ClO3 wo(-, —h)

o

k17022 A 135, < C1O2 (-, 0)
Finally, Ay, t = B, T, satisfy AT(k =0,29) = 0and
(U —~U0)AAr + U"Ap = 0, s € (—h,0),
Ar(z1,—h) =0, Oy Ar(71,0) = —U’(0) 2wy (21, 0);
(U = U(=h)AAg + U"Ag = 0, s € (—h,0),

a$1AB(', —h) = —UI(—h)isz(ZEh —h), AB(ZL‘l,O) = 0.

Remark 6.4.1. In the case of the Couette flow U(xy) = xo, assumption (H) is satisfied.
Obviously Q) = wo, which in fact gives the whole linearized vorticity w(t,x) = wo(z; —
Tot, x9) and the leading asymptotic terms of tvy and 0> , V2. However, t2vy does also include
contributions A and Ag from the top and bottom boundaries. These asymptotic leading

order terms are essentially same as those obtained in [35] (after simplifications of (5.1) in
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Lemma 5.1 there), see also Lemma 3 in [70].
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