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Introduction: Discrete Laplacian

o T hresholds generated by critical values

For any function u: Z4 — C define Au: Z4 — C by
d
(Au)n Z( n+e]+u[ —e] 2un ]) for n € 74,
j=1

The operator Hy = —A is bounded and self-adjoint on 'H = EZ(Zd).
It has spectrum

o(Hp) = oac(Hp) = [0,4d],
and thresholds

T(Hy) = {0,4,...,4d}.



Let H = [4(TY), T = R/(2nZ), and define the Fourier transform
F:H — H and its inverse F*: H — H by

(Fu)(0) = 2m)~¥2 3 e ™Oun],

nezd
(F*f)[n] = (Zn)_d/zj demef(e)de,
T
and then
FHoF*=0(0) =2d—2cos0; —---—2cosby.

Since 0;0(6) = 2sin 65, the critical points of signature (p,q) are

d
Hence the critical values 0,4d are thresholds of elliptic type, and
4,...,4(d — 1) are those of hyperbolic type.



o Purpose: Asymptotic expansion of resolvent

Q. Can we compute an asymptotic expansion of the resolvent

Ro(z):(HO—z)_1~?? as z —»4q for q=0,1,...,d7?

Note that the resolvent Ry(z) has a convolution kernel:

q ein@
Ro(z)u =k(z, - ) *xw; k(z,n) = (27)" JTd o0) Zd@.

A. Yes. By localizing around y(p, q) ¢ T4 and changing variables
the situation reduces to that for an ultra-hyperbolic operator.

e As far as we know, an explicit asymptotics of Ry(z) around a
threshold seems to have been open except for 0 and 4d.
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Ultra-hyperbolic operator (a model operator)

Consider an ultra-hyperbolic operator on Rd:

O=07+ - +05—05, 1~ —0hsq; P,d>0, d=p+aq.
The operator Hy = —[ is self-adjoint on H = L%(R4) with

D(Hy) = {u € H; Ou € H in the distributional sense}.

It has spectrum

0,00) if (p,q) =(d,0),
G(HO) — Gac(HO) — (_OO)O] it (p) q) — (O> d))
R otherwise,

and a single threshold

T(Hp) = {0}.



Using the Fourier transform F7: H — H and its inverse F*: H — H,
we can write

FHoF* =2(8) = &% — &% &= (& &") e RP pRY.

The only critical point is £ =0, and the associated critical value,
or a threshold 0 is said to be

1. of elliptic type if (p,q) = (d,0) or (0,d);

2. of hyperbolic type otherwise.

Q’. Can we compute an asymptotic expansion of the resolvent
Ro(z) = (Hg—2)" 1 ~?? asz—07?

A’. Yes. In particular, square root, logarithm and dilogarithm
branchings show up, depending on parity of (p,q).



o Square root, logarithm and dilogarithm

We always choose branches of /w and logw such that

Imvw >0 forweC\][0,o0),
—n<Imlogw<m forwegC\ (—o0,0],

respectively. In addition, let us set for w € C\ [1, 00)

Liyw) = —log(1 —w),  Liz(w) = J;V i

which have the Taylor expansions: For (w| <1

dA,

0.0

Wk
Lij(w Z o Liy(w) = Z e

k=1



o Elliptic operator in odd dimensional space

Theorem. Let d be odd, (p,q) =(d,0), and vy > 0. Then

i d—1
oz = J (Va1 Tetva -5 [ 0 ap
Y

where T'(r {1‘e'e € C; 0 €l0,n}.

o Elliptic operator in even dimensional space

Theorem. Let d be even, (p,q) =(d,0), and vy > 0. Then

2
ky(z,x) = ﬁd Ze(v/zx) L|1<YZ>

1 JYZ (VA)42e(vVAx) — (vz)42e(1/zx)

_|__
0 AN—z

dA.
2




Proposition. 1. The function e({) is even and entire in { € C4,
and

_ 2x. _ 7 (_]/4)‘06‘
e(() = Z eal™  ea = 247042 xIT(Jo| + d/2)
aezZd

2. For any z € C the function e(\/zx) satisfies the eigenequation
(—A —z)e(vzx) =0; A =0y.

Here a branch of \/z does not matter, since e(() is even.



o Hyperbolic case with odd-even or even-odd signature

Theorem. Let (p,q) be odd-even or even-odd, and y > 0. Then

ky(z,%) ﬁ R4 (Vax) + Xy (z,%),
where
d—1 d—1
xv(z,x) =—1J ki ;IMTX) dT—I—lj i Z‘J)_(TX) dt
Zlry) Tz Zlrty) Tz
_|_1J N h‘|‘,’Y(}\>X) dA
4 )iar(y2)y A—z
with
Y
hiﬂ,(ftz X) = d ZJ f+(0/7, ) do.
—y o



o Hyperbolic case with even-even signature

Theorem. Let (p,q) be even-even, and v > 0. Then
4

k2 %) = (V224 (VEX) Li (Z—z) (2%,

where
0 (WA (VEX) — (VRS 2 (VEY)
e =5([0 -] ) - -
1 hyy(Ax)
+§J—Y2 A—2Z dA
with

Yfi(o/T,TX)

hi)y('tz, X) = rd—2 J do — Td_zll)j:("tx).

T 0}
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o Hyperbolic case with odd-odd signature

Theorem. Let (p,q) be odd-odd, and vy > 0. Then

_ 1 a2 v\ Y
kY(Z>X) - 4(\/2) (l)—|—(\/ZX) I—'Z 7 LIZ 2 —|_X"Y(Z>X))
where
2

JV (VAo (VAY) — (VR T4 (VEX) | <v2> "

0 AN—z A

0 (VA 244 (VAX) — (vVZ2)3 21 (Vzx) Iog( Y2> A

XY(Z> X) —

A
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o Properties of ¢+(¢) and VP4 (()
The functions ¢+() and ¥4 () are entire in ¢ € C4, and

q)i(C) — Z CZ(X(Z fi,oc,a>>

ocEZSlr aclu
2|l —2|al+d—2 __
() = Z 2o Z [' 1]fi>“>a
2lx| —2|a]+d—2 ’
acla\Ju

aEZi
where
o :{aEZZ, 0<a< (2a|+p—1,2« ”\+q—1>}
Jaz{aela; a] = | + (d—2)/2},
o EDYEFED e egy 2|+ p—TY (2| +q ]
o0 = 22|l +d—2 ( a’ >( a’



o Properties of ¢+(¢) and (), continued

The functions ¢+(¢) and Pp(() satisfy

1. d+(C) =0 and P+(¢) = v+(—C) if (p,q) is odd-even or even-
odd;

2. $+(C) =0 and P4 (g) = —14"2p(i) if (p, q) is even-even;
3. ¢+(Q) = i92¢p(i¢) and Y+(C) =0 if (p,q) is odd-odd.

In addition, for any z € C
(—OF 2)p+(vzx) =0, (“OFz)P+(vzx) =0.
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o Outline of the results for ultra-hyperbolic operator

Theorem. 1. If (p,q) is odd-even or even-odd, there exist op-
erators F(z),G(z) analytic at z =0 such that

Ro(z) = F(z)v/z + G(z).

2. If (p,q) is even-even, there exist operators F(z), G(z) analytic
at z =0 such that

Ro(2) = Flz)Li

Z

)+G(z).

3. If (p,q) is odd-odd, there exist operators F(z),G(z) analytic

at z =0 such that
Ro(z) = F(z) u2© _ Liz(—b 1+ G(2).
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o “VWery rough’” strategy for proof

The resolvent has a limiting convolution expression

Y—00

(Ro(z)u)(x) = _lim J]Rd ky(z,x —yJu(y)dy for ue S(Rd);

eix&

dé&.

kylz,x) = (274 |
£y &2 — £ =2

It suffices to expand the kernel ky(z,x), since it contains all the
singular part of Ry(z).

If we move on to the spherical or hyperbolic coordinates, a sin-
gular part of ky(z,x) takes, more or less, the standard form

I:JV a(p) do.

0 pt—z
There could appear only the following three types of a(p):

15



e If a(p) = 2b(p?) with b analytic, then

b(p?) do — i) _ b(p?)

Y
I:J_y(p—fz)(erﬁ) VZ Jz:y,ImZZO p? —z

dp.

o If a(p) = 2pb(p?) with b analytic, then

_[YBOY [V blz) o [YBO)—b(2)
I—JO}\_ZdA—JO}\_ZdA—I—JO - dA

o If a(p) = 2pb(p?)(log p?) with b analytic, then

I:JVb(M IogAdA:JYb(z) IogAdHJy [b(A) —b(z)] log A
0 A-z 0 A—z 0 AN—z

dA
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Precise results for discrete Laplacian

o Localization around critical points

Note that Ry(z) has a convolution kernel:
q eine
k(z,n) = (2m)" do.
R

Denote the set of all the critical points of signature (p, q) by

v(p,q) = {9(”}1:1,“.;; L=#v(p,q) = (g) = <2> ,

Take neighborhoods Uy ¢ T4 of 8V, and then decompose

k(Z, Tl) — kO(Z> Tl) + k] (Z) Tl) T kL(Z>n);
eine

k(z,n):(Zﬂ)_dJ do forl=1,..., L.
‘ 1, ©(0) -z
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We let, e.qg.,
oM =(0,...,0,m,...,m) € TP x T9 = T4,
Take local coordinates &(0) = &£(1)(0) around 61) ¢ T¢:

£.(0) — Zsin(ej/Z) forj=1,...,p,
0| 2cos(05/2) forj=p+1,...,p+q,

and set
Up ={0eT% |£/(0)+18"(0)] < 2}.
Then we can write

eine(a) dé,

ki(z,m) = (2 —dJ .
1(z,n) = (2m) <2 €2 — 872 — (z—4q) [T, (1 - £2/4)1/2

We will do the same construction for ky(z,n),...,ki(z,n).
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Theorem. Let (p,q) = (d,0).

1. If d is odd, there exists a function x(z,n) analytic in z € A(4)
such that

K(z,n) = 7 (vV2)4 Ze(v2,n) + X(z,m),

2. If d is even, there exists a function x(z,n) analytic in z € A(4)
such that

K(zm) = (Va1 2e(va,n) Lig (1) + x(z,m).

Z
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Proposition. 1. The function e(p,n) is analytic in p € A(2), and

") — 2 Zp Z H) 1(1/2 = 1y) 0 (1/2 4+ 1) o

dd/2 o !
24n¢/ = — we 78k AT (|| + d/2)

e(p,

)

where (V) :=T(v+k)/I'(v) is the Pochhammer symbol. In
particular, e(z,n) can be expressed by the Lauricella function:

e(p,n): . F](Sd)<l_n1>”->l_nd>
2d7d/21(d/2) 2 2
] 1 d p 0?

2. For any z € A(4), as a function in n € Z9,
(—A —z)e(v/z,m) = 0.
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Theorem. 1. If (p,q) is odd-even or even-odd, then there exists
x(-,n) € C®(A(4)) such that

, L
k(w+4q,n) = 2 (vw)d 2 3 (v, n) +x(w,m).
1=1

2. If (p, q) is even-even, there exists x(-,n) € C®(A(4)) such that
1 16 (1)
=1

3. If (p,q) is odd-odd, there exists x(-,n) € C®(A(4)) such that

L
K(w +4a,m) = (viv)4? ['—iz (i) - Lip (—iﬂ > o (vwn)

w w =

+x(w,nJ.
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o Properties of ¢(t,n) and Pp(t,n)

The functions ¢+(t,n) and yL(T,n) are analytic in T € A(2Z), and

delrn) = Y (Y fraalnl),

ocEZ%r aclu
[i2|od—2|a|—|—d—2 1 ]

f+ «.almnl
L 2‘0(| y Wy
baltm) = ) ( 2 2lod — 2lal +d—2 )

OLEZ%_ aclx\Jx
where
I = {aEZZ; 0<a< (20(’—|—p—1,20c”—|—q—1)},
Jo = {a € Lo la| = lo + (d - 2)/2}.
(=N (F1) 2’ +p — 1\ (20 + q — 1
f+ aalnl = 2l d2 " L el /[m'lel,in"].



o Properties of ¢+(t,n) and PL(t,n), continued

The functions ¢4 (T,n) and Pp4(T,n) satisfy

1. (I):E(T>n) — Ov II)ZE(T)TL) :q):t(_T)n) and ‘LI)i(T,Tl) :q)ﬂ:(T> —Tl) it
(p, q) is odd-even or even-odd;

(T> TL) — Ov 1-I):lz(’-mﬂ') — _id_zll):F(iT> Tl) and 1|)j:(T,Tl) — 1I):|:(T> —TL)
P, q) IS even-even,

3. ¢x(t,n) =i 2dx(iT,n), d+(t,n) = dx(t,—m) and Yo (t,n) =0
(p, q) is odd-odd.

In addition, for any w € A(4), as functions in n € Z¢,
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