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SUBLAMINATE ANALYSIS OF INTERLAMINAR FRACTURE IN COMPOSITES *

: b 3.4
Erian A. Armanios and Lawrence W. Rehfield
School of Aerospace Engineering
Georgia Institute of Technology
Atlanta, Georgia 30332 USA
' (404) 894-3067

Abstract

A simple analysis method based upon a transverse shear deformation .theory
and a sublaminate approach is utilized to analyze a Mixed-Mode edgé delamination
specimen. The analysis“provides closed form expressions for thé interlaminar
shear stresées ahead of the crack, the total energy release rate, and the enefgy
release rate components. The parameters contro11ing the behavior are identified.
The effect of specimen stacking sequence and delamination interface on the strain
energy release rate ‘components is investigated. Results are compared with a
finite element simulation for reference. The simple nature of the method makes
it suitable for preliminary design ana]yéeé which require a Tlarge number of

configurations to be evaluated quickly and economically.

* This work was sponsored by the NASA Langley Research Center under Grant
NAG-1-558. _ _
** Research Engineer and Professor, respectively.
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Introduction

Delaminations along the free edges of ‘Taminates subjected to tensile
loading have been observed during testing.and‘sérvice. The presence of
delamination, initiated by interlaminar S£resses,“causes redistribution of
the stresses among plies jh a laminate and; theréfbﬁe, usually results in a
reduction of st{ffness and strength. The edge delamination (ED) test has
been proposed by bagano and4P1'pes1 to characteriie the inter]aminar’pee1
strength of 1amihated composite materials. fO'Brien? extended the scope of
the test.- to investigate delamination onset and growth in graphite/epoxy
laminates under uniform extension. A SimpTe expression was also developed
for the total energy release rate. The energy release rate components GI’

G and GIII associated with the opening, sheéring and tearing modes,

I1
respectively, were estimated based on a finite element simulation and the
crack-closure metﬁodz’s.

A similar app@pach was used to study delaminations around an open hole
in composite 1aminates4. Discrete locations around the hole boundary were
modeled as straight edges, with the. ply orientations rotated by an
appropriate angle. Delamination was found to be governed by the percentage
of Mode I for a given geometry under static loading for the graphite/epoxy
material system§ under consideration.

Whitney and Km'ght5 deve]opéd an ED specimen which produces Mode I
behavior. The analysis was based on classical laminated plate theory and
continuity of displacements, force resultants, and moment resultants
between the cracked and uncracked regions of the plate were not satisfied.

In addition, such an approach precludes any reasonable determination of the

effect of specimen geometry on Gi.
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Recent]y6 Whitnéy‘deVe1oped a higher order Tlaminated plate theory which
includes transvefse shear deformation and -a thickness-stretch mode to
analyze a Mode I ED specimen. The effect of specimen geometry on strain
energy release rate was also 1nvestigated:fér 12 p1y laminates of the class

[6/-0,/6/90,]  and for the class [0,/90,] . ~
It is the pufpoSe of the presentgwork to HeVe]op a simple model for
the\ana]ysis of MiXed-Mode ED specimens. Such a model providés closed-form
estimates of GIf GII and GIII and hence é]]ows one to establish appropriate
7,8

failure criteria ’° for delamination.

Preliminary Remarks

Consider the ED specimen shown in Figure 1 subjected to a uniform

strain €y = E- Dué to symmetry one quarter of the laminate is analyzed as
shown in Figure 2. The response is only- a function of Y and Z. The
laminate is divided into sublaminates wﬁth thicknesses h; and h, and local

coordinate systems Zy5 ¥y and z,, Y The crack Tength is denoted by a.

o
Sublaminates 1 and 2, and 0 and 3 represent‘the groups of plies above and
below the interface along which delamination occurs, respectively.

In order tB provide an accurate estimate of interlaminar stresses, a
higher-order théory should be considered since classical 1éminated plate
theory predicts zero interlaminar stresses. A shear deformation theory can
be used for this purpose. This theory provides a good estimate for
inter]am{nar shear stresses Tyz and Tyz- However, the interlaminar ﬁee1
stress o is not accurate. The reason for that is the absence of

2z
thickness strain.




Ffom symmetry, the transverse displacement w %s zero at Z=0, hence the
prescfiption ofrw at the middie plane Z=0 fixes w everywhére. In this
case, the vertical shearing force resultant at both ends cannot be
prescribed and fhe distribution of the peel streﬁs will not be correct.
Inspite of this simplification, reliable eﬁérgy‘release rate components can
be estimated based on interlaminar shear stresses. G, is evaluated as Gp -
(G;,1G

IT "I
In the present formulation thickness strain is neglected and

), where the total energy release rate is denoted by GT'

consequently cénéiderab]e simplification in the ana1ysis is achieved.
Another source of simplification in the present approach 15 due to the
modeling of the structure as sublaminates---group of plies that are
convehient]y treated as laminated units. This approach can be applied with
confidence if the characteristic length of -the response is large compared

to the individual sublaminate thickness.®

Overview of the Analytical Solution

In the following sections a step By stép procedure is provided for the
solution of the ED specimen. Intermediate results are also provided. The
governing equations are derived in Appendix I. Expression for the
interlaminar stfesses, total energy release rate and energy release rate
components are;given in Equations {34), (40)_and (42)-(43), respectively.
The parameters associated with these equations are provided explicitly in
terms of the stiffness coefficients in Appendix iIﬁ

A solution based on Classical Lamination Theory is given in Appendix
[II. This solution represents the behavior in the interior of the

lTaminate. App]icétion of the present analysis and comparison with a finite




b

element simulation for 63 test cases is presented under the section
entitled Results and Discussion.
The reader interested in results and comparison can refer directly to

the “Results and Discussion" section on page 28.

Analysis

Assume .the following displacement field within each sublaminate:

u = xe + U{y) + ZBX(Y)
v = V(y) + zsy(y) (1)
w = W(y) ‘

where u,v, and w denote disp]acements relative fo the x, y, and z axes,
respectively, and ¢ is a uniform axial strain. Coordinatés y and z are
local coordinates as shown in Figure 2. The present formulation recognizes
shear deformation through the rotations Bx and By' The corresponding

strains are

EXX = €

=V, +2z

yy y T ZByy
€ =0

ZZ

oLy s

Yay = Yoy T 2By
YXZ = BX

Yy, = B, T H,

J/"é y Y
(2)

The variables associated with sublaminates O through 3 will be written with

subscripts 0 through 3, respective]y.




From symmetry

|
o

Wb(ys-ho/z) -

i
[an:]

or W

(3)

From continuity of displacements at the interface between sublaminate (1)

and (0)

uo(y’ h0/2) = ul(y’-hl/z) 3
v (v, h/2) = u (y,~h,/2)

woly, h/2) wi(y,=h,/2)

Substitute from Equation (1) into (4) to get

h
o1 _ o
o~ Y177 Bix ™ 2 Box

ox

(5)

Governing Equations

The governing equations for each sublaminate are derived in Appendix I
using a virtual work approach. These equations are written below for

convenience.




Constitutive Relationship
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Equilibrium Equations

n

where n
y

» G, My and my are

X’

Ae Bz Big e

A2e Bao Bog sy

Aes Bas Bee Uy

Bie P12 Die Py,

Bo6 D22 Dog - By,y

86 D26 De6 |
A45 (“By + N,y
Ags L va

(6)

ny,y + Ny = 0

Ny,y + ny =0

Qy,y +q=0

Mxy,y - Qx + m = 0

My,y = Q +my =0

(7)

defined in Equation (I-9) of Appendix I.

The equi]ibrium equations can be written in terms of kinematic

variables by substitution from Equation (6) into Equation (7).

is

The result
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Solution Methodology

The above collection of equationé are to be applied to individual

plies of a laminate or to groups of plies... sublaminates. The solution

stéps are summarized in the following:

1.

Divide the laminate into subiaminates according to geometry and
loading condition. The sublaminate 1ehgth is se]eéted such that
within the sublaminate the geometry and loading are continuous as
is comm0n1y déne in engineéring ana1ysis of simple structures.
The dispiacements, resultant forces an& moments, and interlaminar
stresses in each sublaminate are governed by the equi1ibrium
Equation(7), the constitutive relations (6) and  the
displacement distributions (1). Write these equations for each
sublaminate in the analysis model.

Apply interlaminar continuity conditions and enforce traction or
displacement conditions at the extreme upper and lower surfaces

of the Taminate.

RICRR e



4. Solve fhe system of coupled ordinary différentia] équations for
the element varﬁab1es.

5. Enforce the boundary conditioﬁs at constant values of y, the
laminate sections, as well as continuity requirements between
sublaminate ends in order to find the values of the arbitrary
constanté resulting from the solution in step 4.

6; Determ1né interlaminar stresses, 'resu1tanf forces and moments

displacement distribution and energy release rate.

Application to the ED Specimen

The ED configuration is divided into four sublaminates as shown in
Figurejz. The feéponse associated with sublaminates 1 and 0 is coupled
through the continuity conditions at their common interface. Hence, the
variables associated with both Sub]aminates are to be solved
simulataneously. The situation is different with sublaminates 2 and 3
where the contihu{ty conditions are relaxed due_fojtﬁe présence of the
crack. Therefore; the variables associated with these sublaminates are not
coupled.

The so]ution‘protedure for sublaminates 1 and 0--the uncracked portion
of the 1aminaté~--is presented first, followed by the cracked portion
represented by sub}aminates 2 and 3.

Uncracked Region of the Laminate:

(1) Sublaminate 1

The upper surface of this sublaminate is stress free. Denote the
éhear and peel strgss at the bottom surface by tx’ ty and p, respectively,
The transverse disp]&cement wl, is zero from Equation (5). Hence, the
equilibrium equation in terms of the displacement variable takes the form

9
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1 1 1 1 ] - —
A66 Lyy A26 Lyy 866 Lyy 826 Lyy Ul tx
1 1 1 1
A6 Lyy Aoz lyy  Bag by 22 Lyy Y ty
1 1 - -
0 0 A45 Ly A44 Ly le = p
1 1 1, ., 1 17, 1 h,
Bee Bas Lyy  (Pog LyyRss ) (Bag Lyy~Rys™) | Py | 5
o1 1 1 1 1 1
‘ B26 Lyy B22 Lyy (D26 Lyy A45 )(D22 Lyy A44 ) hl
' | 2
(9)
(ii) Sublaminate O
From symmetry condition at the sublaminate bottom surfdce the shear
stresses tlx and tly are zero. Frbm reciprocity of stresses at the interface
between sublaminates 0 and 1, the interlaminar stresses at the upper surface
of sublaminate 0 are tx’ ty and p. Denote the peel stress at the sublaminate
bottom surface by Py Hence the equlibrium equation takes the form
P .0 0 0 10, T
A66 Lyy A26 Lyy 866 Lyy 826 Lyy U0 {—t
"o 0 v 0 0
A26 Lyy A22 Lyy 826 vy 822 Lyy V0 ty
A © -p, ° = - -
0 0 A45 Ly A44 Ly Box P17P
h
) 0,. 0, _, O 0, _, O B 0
Bes Lyy  B26 Lyy  Pes LyyRss ) (Dpg Lyy™Aas )| | "oy | 7
0 0 ) 0 ) 0 ho
B6 Lyy Boo Lyy (Doe Lyy_A45 ) Dy Lyy-A44 ) 2 tx_J
(10)

10
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Equations (9),- (10) and (5) can be combined to yield the following
form:

(F1styy Ay ) > - "1y
- Fartyy (Foobyyag’) ; Boy | 70
(F31Lyy_A45l) F32Lyy (F33Lyy-A551) : le

F41Lyy (F42Lyy—A45o) F43Lyy (F44Lyy_A550) N Bog_J

(11)
The parameters {h\gquétion (11) are defined in Equation (II-1) of Appendix
II.

Assume an exponential solution of the form

* * * * sy

(Bly’ Boy’ Biye Box) = (Bly ; Boy » B1x 7 Box )e (12)
SUbstitute from Equation (12) into Equation (11) to ‘get the following
characteristic equation

.8 6 4 2 _
E85 + EGS + E4s + Ezs + EO =0 (13)

Coefficients E8 through EO are defined 1in Equation (II-5) of Appendix II.
Parameter E8 represents the determinant of the coefficients of Lyy‘in matrix
equation (11) while ngis the determinant when Lyy is set to zero. Parameter EO
depends solely on the stiffness coefficients A44, A55 and A45 for both
sublaminates while E8 is predominantly influenced by the bending and coupling

coefficients Dij and Bi Hence 1its numerical value can be orders of magnitude

it
smaller than the remaining coefficients. This fact results in the presence of a

boundary zone in the response.

11




»

Typical valies of a nondimensional form of the coefficients E8 through

EO is given in Table II for three laminates made of T300/5208
graphite/epoxy material. The nondimensional form of the coefficients is

obtained by making the following substitution
sz sb : (14)

Where b is the Taminate semi-width. The arrows in the layups of Table II
indicate-the intérfaces containing delaminations. The material properties
and geometry\appear in Table 1.

The characteristic roots controlling the behavior are determined from
Equation (13),.wh1ch has a closed-form solution. However when Aj6’ Bj6’
Dj6 (J = 1,2) and A45 are neglected, Equation (11) takes an uncoupled form
and consequent1y'the characteristic equatibn (13) can be factorized into

two biquadratic equations. The stiffness coefficients Aj6; Bj6 and Dj6

repre$ent coupling interaction while A45 depends predominant]& on the shear

modul1i G31 and G,,. For a composite material where these shear moduTii

23
are aﬁproximate]y the same,'A45 can be neglected.

The uncoupled form of the characteristic equation is

2 1

4
L(Fy1Fo0Fp1 )

s =(F °

L1, 2 0
11808 * Fop Ay )sT T Ay Ay,

\24
43 '3

o 1, 2 ) 1, _
F -(F,,A + F44A55 }s— + A55 A55 1=0

[{F33Faq° 33f55

12




bof Appendix II. They depend on A

The first.bkagket in Equation (15) control V and By behavior while the
second U and Bx' The absolute values of theroots in Equation (15) will be
ylé‘ sy2’ .1 and Syo- These: can be regarded as a good

approximation for the roots of the coupled equation (13). A comparison

denoted by s

betWeen the coupled and uncoﬁp]ed roots for a typical laminate is provided
in Table III. These roots are found to be real fof the materia] system andv
layup used. The predictions of the untoup]éd eduatidn (15) are in good
approximation with the coupled eauétion (13).. Also, the Jlarger
characteristic r@dts Sy 1 and'syl cbrrespond to bending behavior while the
smaller sxz\and éy2 control the membrane behavior. This is shown in the
fo11ow1ng section.

Membrane behavior can be modeled by setting
M =M =M =0 (16)

in the equilibrium equations for sublaminates 1 and 0. The characteristic

equation (13) reduces to

s2
1lm

1 2

| 1
aa ) (FoopS

= Agg

(F - A ) =0

(17)

The membrane parameters F and'F22m are defined in Equation (II-9)

1lm
and B.. coefficients. The

N N

characteristic roots predicted by Equation (17) are included in Table III.
By comparison with the roots of Equation (15), bending behavior is more
localized than the membrane behavior as the characteristic roots
controlling bending are larger. This fact is expected since Classical

Lamination Theory (CLT), which predicts membrane-type behavior, prevails

in the interior of the laminate.
13




Since the.laminate width is large compared to its thickness and to the
crack Tlength, the response in sublaminates 1 and 0 1is predominantly
decaying from the'crack tip and, therefore, only the roots with a negative
sign will be considered in this solution. |
Cracked Region of fhé Laminate:

SubTaminate 2

This sublaminate represents the upber group of plies in the cracked
portion of the laminate. Since there is no restriction on the transverse
disp]acemgnt W, boundary conditions on Q can be specified.

The upper and Tower surfaces in fhis sublaminate are stress-free and

at yl=—a there is a free edge. The equilibrium equation (7) reduces to

XYo y
(18)
By substituting these conditions into the constitutive relations (6), to a

single differential equation in terms of BZx obtained.

1 1 1 1 -
66 26 Cdip T Bgg Cdyp + DpgCdss) By vy

(19)
Parameters Cd12’ Cd22 and Cd32 are defined in Equation (II-10) of Appendix

II. Solution of Equation (18) leads to
Scyl

where 0 < Yq <-a

14




vy

1/2

1 172 1
.- Ass = (Ags” ) /Agq
c . 1 1 1 ’ 1
21 (Dgg + Byg Cdjp * Bgg Cdpy * Dpg Cdyy)
(20)
Since the crack length 'a' can be small, positive as well as negative .

signs of the r‘ootfsC have been considered. The arbitrary constants Hl and

H, are determined from the boundary condition at

2

vy E e | Mxyz(-a) = 0 (21)

and continuity conditions at yl = 0 with sublaminate 1.

The displacements at the bottom surface of sublaminate 2 are

h h
' - - _ 1 - Y
Volyy, ~hy/2) = vi(0) + (Cdll‘ 5 Cdyp) eyy - (Cdjym 57 Cdgp)

[, (1-e ©1) + Hy1-e € 1))

" Sc¥1 Sl
uy(y;=hy/2) = u;(0) + Cdyy ey = (Cdy, - 57) [Hi(1-e = 7) + H,(l-e )]
| (22)

where
v;(0) = vz(d,-hl/Z)
u; (0) = u,(0 - h,/2)

The Tinear termS'ih Y1 in Equation (22) represent the displacement

when BZx: 0.

15



(1i) Sublaminate 3

The upper surface of this sublaminate is stress-free, while the
interlaminar shear .stresses on the lower surface are zero from symmetry
conditions. Moreo&er, there is a free edge.at.ys = -a. The equilibrium

equation (7) reduces to

N =N =0
X¥q Y3
M - Q =0
XY3:Y X4
Moo =0 23
vy "%, (@)

By substituting these condﬁtions into the constitutive relations (6),

two coupled differentia] equations in B3y and B3x is obtained

0 0 :
Agq J 45 Bay
4]

45

J22Lyy- 26Lyy- A

Jopel A Jeel

_ - 4]
26y 66-yy~ Pss Bax (24)

_Paramgters J22 , J26 and J66 in Equation (24) are defined in Equation
(IT1-12) of Appendix II.

Solve the differential equations for B3y and B3x'

Sslyo -ssly -sszyo

SS,Y
0 o 270 41

3 4

SS,Y -SS,Y
270 2
.+ P (I3 e + I4e

16
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- (1 2
”j = (J2255j

A/ (Fpgsss = Age®) (25)

The constants I, through I, are found from the boundary conditions at

= -3 5 M. (-a) =M (-a) = 0 26
Y, 73 = My (ca) = 0 (26)
and continuity conditions at.yO = 0 with ‘sublaminate 0.

The roots s, and sS, in Equation (25) are found by solving the

characteristic equation resulting from'equation (24).

The displacements at the upper surface of sublaminate 3 are given by

™~ .

h _
=y, : 0 0.
v3(yo, h0/2) = vi(o) + wdll eV, + (wd12+ 5 + nlwdl3) [Il(e 1)
-ss,y "~ h _ ss,y
170 _ 0 _ 270_
+ I2 (e 1)] + (wd12 = + nzwdl3) [I3 (e 1)
-58,Y
+1, (e 2% 1)]
_ o ' , , h0 $81Y,
ux(y,» h0/2) = u;(0) *+ wdyy ey, + [wdj, +ny (wdyy +57) ] [I;(e - 1)
-Ss y h $S.,Y
710 _0 270_
+1, (e 1)1 + [y, + ny (wdyy + )] [15(e 1)
-ss y
+1, (e 2°-1)] (27)
Parameters Wdll’ Wd12’ wd13, wd21, wd22, and wd23 are defined in Equation

% (I1-12) of Appendix II.

| In order to determine the energy release fate components by the
yirtua1 crack-closure methodlo, the relative displacements at the crack
surface as well as:the interlaminar stresses at the crack tip are needed.

From Equations (22) and (27) the relative displacements are

17




i)

av = vy (¥, ho/2) - v,y = hy/2)

h h
_ = oA 1 _0
= (wdyy = Cdyy + 5= Cdgg) ye #(wdyp + =5+ 0y wdyj)
ss;¥ -ssyy
[Il (e - 1) + 12 (e - 1)]
hé ‘ S,y -SS,y
+ (wd12 + 5 + n2 Wd13) [13(6 - 1) + I4(e - 1)]
. h1 scy _écy
+ (Cd12 -5 Cd32) [Hl (1 - e )+ H2 (1 - e )]

Au

1t
=

= 3(y ’ h0/2) - uz(yls - h1/2)

h0 SN
21 = Cdpqlye + Qwdy, + ny (wdys + 57)]1 [1(e

= (wd - 1)
-ssyy
+ I2 (e - 1)]
h0 Ss,Y =SS,y
+ [ Wd22 + ﬂ2 (Wd23 + i_) [13 (e - 1)+ 14 (e - 1)]
h sy -5y
+(Cdy, = 5 [H(1-e© ) +H, (1-e ©)]
=a<y<0o0
(28)

The linear terms in Equation (28) represent the relative displacements
when the shear deformations BZx’ BSX‘and BSy are neglected. The remaining
terms are exponential, and their effect on the predictions afe depicted in
Figures 4 and 5, for two typical laminates. The dotted lines denoted by
AUL and AVL‘in the figures correspond to the linear contribution, while the
solid lines aU and AV include the exponential terms. The crack length 'a’

in figures is 10 percent of the laminate semi-width and the applied strain

is 1000 micro in/in. The simple 1linear distribution represents a good

5
[

13
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approximation for the test cases considered. Due to the simplicity and
accuracy of the linear disp]acementvdistribution,'the energy release rate
computations wi]]Ibe based on the linear displacement contribution only. A
discussion of the effect of the.exponent1a1 terms on the calculation of the
total energy reléase rate will be provided later.

Interlaminar Stresses

Denote the abé%]ute values of the roots in Equation (13) by S; (j=

1,4). The response can be written in the form

N , _sjy
-s.y
- J
Biy = Gjaje
= G.y., @
Boy GJwJ _
N _sjy
Box™ Gyv5€
o -sjy
Ul,y __Cv - sjijJe
-S,
Jy

<
—
<
1
O
1
(72}
=
[a=h
[ep]
.
@

j=1l,450<y<b
(29)
Summation over the range o% index.j is implied in Equation (29).

Parameters a., v

VAR RO R I
Appendix II. The arbitrary constants of integration associated with the

Y and. uj are defined in Equation (II-14) of

displacements are Cv and'Cu.
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Substitute from Equation (29) into the constitutive relationship for

-sublaminates 1 and 0 to get

1 1 1
le Al At Age
1 1 1
Nyl Aipm Arp” Ry
’ 1 1 1
ny1 = Mg P Pee
1 1 1
M B B B
vy 12° By Byg
1 1 1
L—Mxyl‘ Bie B2 Bes
Q|
y 1 1
1 i Aug” Pgs 1
1 1
Q Aas Pss o
X
1
r — —— -
0 0 0
NxO Ay A B
0 0 0
Nyo Aipm Ay Ao
— ' 0 0 0
v | Ag P Pge
0 0 0
Myo Bio Byo By
0 0 0
Mxyo Bie B2 Bes
R - = e
Qyo Apg Pgs ¥
0 0
Qo Ayg Ass Y;
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X].J
-s.y
C N s.G.e d
v yp5 | 37
—~CU~__ - ny1j
M
‘ylj
M
Xylj
~s.y
G.e J
J
] [ -]
€ Nxoj
CV
-N
C, Y13
1 ~s.y
-~ | =N s.G.e 9
Xy 37
M.
yoj
M
| "oy_|
~ =Sy
G.e
j J
(30)



*3

The parameters associated with Equation (30) are defined in Equation
(I1-15) of Appendix II.
There are twelve arbitrary constants of integration namely: Gj (3=

1,4), C C H H, and I These can be found from the

v' Sy M Mo 1 through I

4

'boundary condition at the free edge of sublamiriates 2 and 3 expressed in

Equations (21) and (26) and from the continuity conditions between

sublaminates 1 and 2, and 0 and 3 at y = 0. These are:

: Nyl(O) = NyZ(O) = 0
nyl(O) =»ny2(o) = 0
Myl(o) = Myz(o) = 0
NyO(O) = Ny3(0) = 0
nyo(O) = ny3(o) = 0
(0 My ()
(00 = My (0
MyO(O) 2 M (0)
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Boundary conditions on Qy cannot be spétified in sublaminates 1 and O
as é result of neglecting the' transverse normal vstrain in the assumed
displacement function. Equations (21), (26) and (31) represent 14 boundary
conditions for twelve constants. However, the Tast two continuity
conditions at the interface between sublaminates 0 and 3 in Equation (31)

lead to

that is,
0 Y3 (32)

which cannot be specified. Therefore, the conditions BOX(O) = B3X(0) and
Boy(Oj = BBy (0) cannot be prescribed for consistency.

Substitute for the resultant forces and moments in sublaminates 0
through 3 into the first nine equations in (31) and solve for the arbitrary

constants. As CV and Cu are easily obtained, their expressions are listed

below for convenience.

C, = (kyg kig = Kggkyp) /D
Cy = (kogkip = kop kyg) /D
where
_ 1 0
kipg = A" T A
k.. =A L +4° (33)
16 = Mg TP

k.., k.. and D are defined in Equations (II-3) and

Parameters k 66° Koo

26’
(11-4).
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# 0.

: The resultant axial forces and moments ﬁn Equation (30) éonsist of two
parts: 'a constant term and an exponentially decaying térm. In ‘the
interior of thef1am1nate the second term is negligible and the response is
controlled by the first term. Since CLT is retrieved in the interior of -
the Taminate, the first term can be recognized as the CLT prediction. This
is shownA in Appendix III where a CLT solution is derived for the ED
specimen. This solution 1is simple and can be derived on a ply-by-ply
basfs. Moreover, the sign of the resultant axial force Ny determines the
sign of the interlaminar peel stress. A compressive peel ‘stress tend to
retard de1éﬁinatioh at a given interface.

Interlaminar stresses at the interface between sublaminates 1 and O

are found from equilibrium.

-5,y
= 2 J
t = = N 6.
x T Meypay T Ny % 550
-s.y
2 J
t =N, =N . s G,
vy vy T g S5 T ®
- ' 1 1 -s.y
p=Q = -5 (Agyt + Ayt oar) Gie S
Y jrra4 45 737 7 (34)

The distribution of the peel stress p is not in equilibrium since the

boundary condition on the shear force Qy(O) cannot be prescribed.
1

.Jb d Jb d (b) - Q, (0)
pdy = Q y=Q -
. Yo,V y
0 Y1 1 Y1 (35)

Qy (b) = 0 as Qy is an exponentially decaying function, however Qy(O)
1 : 1

23



A comparison of the interlaminar shear‘stress‘distribution ty along
the interface between sublaminates 1 and O appearé in Figure 6 for three

laminates. The applied uniform strain is 1000 micro in/in.

Energy Release Rate

The total energy release rate can be determined by considering the

work done by external forces5. For a uniform applied strain €, T €

throughout the Taminate this can be written as

~

Gr = da (36)

™l

o
o
o

where P is the axial applied force and is given by

(b-a) o
p = (N +N_ )Ydy+ [ (N +N_ )dy
Jo 1 %o J—a X2 X3 (37)

The axial forces NX and NX in sublaminate 1 and O respectively are
1 0
given in Equation (30) while the axial forces in sublaminate 2 and 3 are

given Ey
. sy -s .y
_ 1 1 1 1 c’_ c
Nyo = (A" A Cdyg + Ajg Cdyy + Bipm Cdgg)e + s (Hie ™ - Hye )
0 o o SSy - Tsspy
Nz = (App * Agg  wdyy + Ajg” wdyyde £ (0 + g Ja)ssy (Lye = - Te )
sS,Y -ss,Y
+ (J2 + Ny J3) ss, (I3e - I4e )
(38)
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) 1
Jp = Big * Ay Cdp, + AT Cdyy + By Cdg

- o "0 o
Jp = Bypm A, wdp, + AT wdy,

- 0 0 0
Jg = Bpgm * Ajg wdjy t AT wdyg (39)

Substitute from Equations (30) and (38) into Equation (36) and using

Equation (37) to get

= E ' - 1 1 1
b =3 [Kp € * Kygly = (Agp

Cd,, + A + B12

11 16 Cd

21 31)¢€

0
12

o]

\ | - (A% wd. . + A

11t Alg Wdpy) €] + Gy

(40)

where GR is an exponential function of the crack length. For a crack
length larger ‘thalt a few ply thicknesSes, bthe contribution of GR is
negligible. This situation is depicted in Figure 7 where a norma]iied
total energy release rate for a typical laminate is plotted against the
crack length divided by ply thickness. The laminate thickness is denoted
by t in the figure and the ply thickness is h. In this case, GT reaches
the constant value.predicted by the first term in Equation (40) for a value
of crack length Targer than four ply thickness. Also appearing in Figure 7
is a comparison with a finite element solution presented in Figure 6 of
Reference 4.

The total energy release rate is a global parameter which does not
depend strongly on the local details at the créck tip. This is the reason
why re1ative1y simplé modeling approaches yield adequate predictions for

the total energy release rate.
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This finding checks the results of References 4 and 8 where simple
closed-form expressions for GT are in good agreement with predictions based

on refined theories or on finite element simulation.

Energy Release Rate Components

Using the virtual crack-closure method GII and GIII are given by

(41)
where & is a virtual craék step size. Unless a singularly exists in the
stress field, Equation (41) yieids the trivial result (GII= GIII = 0) when
the 1imit as & tends to zero is determined.g Consequently, a sufficiently
large finite step éize is essential to get an answer when using models that
do not exhibit singular behavior.
Subsitute from Equation (34) for the interlaminar stresses in term of

force resultants into Equation (41) and use the Tinear terms in Equation

(28) for the relative displacements to get
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where

h
_ - s
oy = wdjy= Cdyg + 5= Cdgy
Ou = wd 21" Cd 21
A
= 1
F =—dey
y b Jg Yy
- —lA
Fx T A J NX dy :
0 X (42)

The fihite crack step size is denoted by A. The resultant forces Ny1

and NX exhibit a boundary layer behavior. This is shown in Figures 8 and

yl _
9 where the resultant force distributions are plotted along the laminate
width. In the interior a constant value .corresponding to the CLT
prediction is reached.

The average resultant force values Fy and ?X depends on the selected
value of the crack step A. Recommended ad hoc values as a percentage of
thg initial cracg} length have been suggested in the finite element
reﬁresentation of the crack-c]osure meth'od.11 However, within the boundary
layer region Ny1 and nyl have steep gradients and consequently a small
variation in the selection of 4 leads to large variations in Fy and Fx'
Since Ny1 and nyl distributions at the crack tip are controlled by the
boundary layer decay length, the crack step size A should be selected based
on the boundary layer length rather than a percentage of the initial crack
length.

Mode I energy release rate is found from
G, =G

(GII + G (43)

T 111
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GII and GIII,are given in Equation (42) and GT in Equation (40).

The energy release rate components predicted by this approach show a
good correlation with finite element solutions when the crack step size A

is selected as

(>4

p =[5, (59+5,+ 53)]2 (44)

where §j (j=1,4) are the characteristic roots 'in increasing magnitude
nondimensjona]izpd by the'p1y thickness h. The distinct roots sj control
the decay\Tength associated with different physical variables: It has been
found empirically that the combination above gives very good éorre]ation
with finite e]emeht simulations for over sixfy cases that have been
compared. Although the functional form is not simply identified with a
boundary length it nevertheless contains the proper information.

For a general layup the crack size A is influenced by aT] four roots.
However, for laminates where Mode III is negligible the crack step size is
influenced by the characteristic roots S, and Sy that control V and By
behavior. For this situation, the following crack step size expression

provides good correlation with the finite element solution:

A

b - 2.6 (s4 s

2
) (45)

Results and Discussion

An extensive comparison between the energy release rate components
predicted by the present approach and a quasi 3-D finite element solution
has been performed. The results appears in Tables IV through X and in

Figures 10 through 28. The finite element results in Tables V through X
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are related to the\wOrk of Reference 4 and were provided by the authors.
The properties énq geometry used appear in Table I. The applied uniform
strain is one micrd in/in.

.In Table IVla comparison is provided for six Taminates. The first
three layups were reported in Reference 3. The GIII component in these
layups are neg]iQib]e. The remaining layups represent cases where GI, GII
and GIII components are all finite.

The Tlaminates presented in Tables V-X are rotated stacking sequences
for two qyasi-isqtropic layups. The first is a [0/90/145]5 and the second
is a [45/907-45/0]5. The results of the first laminate appear in Tables
V-VII while in Tables VIII-X the results of the second laminate are
provided. These laminates were used in Reference 4 to . investigate
delaminations around an 6peh hole. The strain energy release rate
distribution aroﬁﬁd the hole boundary, for delaminations growing in a
prescribed 1nterféce, was calculated by assuming that each circumferencial
portion acts as a strajght edge subjected to an appropriate uniform
circumferencial .strain. Hence, at each circumferéncia] angle © the
laminate ref]ecﬁs a new stacking sequence where the load is applied in the
o-direction tangent to the hole. The angular position corresponding to
eaph stacking sequence is provided in Tables V-X.

The results iﬁ Table V are plotted in Figures 10-12. In Figures 10
and 11 the percentages of GII and GIII are plotted againét the anéu]ar
position, ©, around a hole in the first laminate. The ffnite element
results are shownvin solid lines while the results of the present analysis
appear in QOtted lines. A comparison of GT is shown in Figure 12.

Similarly, the results in Table VI and VII are plotted in Figures 13-16 and
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17-19, respectivé1y. The results of the second laminate are provided in
Tables VIII-X. . The results in Table VIII are shown in Figures 20-22.
Similarly the results of Tables IX and X are plotted in Figures 23-25 and
26-28. In Figures 22, 25 and 28 as well as in Tables VIII-X the values of
GT from the simp1e expression derived by O"Brien4 are included for
comparison. The plots in Figures 26-28 have been discontinued at o = -45°
as compressive peel stress occurs at the 45/90 interface. The sign of the
peel stress at a given interface can be determined from a simple

membrane-pybe model. This is shown in Appendix III. Under compressive

peel stresé‘\the crack surfaces tend to close and a speéia] modeling

approach should be used. One possible approach was>proposed in Reference 9

in connection with a double cracked-lap-shear specimen tested under

compression loading.
Conclusion

Interlaminar strésses and energy release rates are estimated for the
ED test using a shear-type deformation theory and a sublaminate approach.
The predictions are obtained in closed form and the parameters controlling
the behavior are identified. The governing equations are derived using a
virtual work approach. Due to the absence of transverse strain the
interlaminar peel  stress distribution 1is not in equilibrium. The
interlaminar shear stresses, however, show reliable trends. The energy
release rate componénts GII and GIII are estimated based on the
interlaminar shear stresses and relative displacements using the virtual

crack closure method. The total energy release, GT’ is determined from the
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rate of change-of the work done by the external forces with crack féngth.
Then GI is obtained as the difference between GT and (GII + GIII)‘

An exténsive comparison between the energy release rates predicted by
the present approach and a quasi 3-D finite element solution for over sixty
test cases, is performed. The agreement is Qood. The methodology outlined
in this work is simple and the resu]tsk are generated using a Hewlett

Packard 98458 desktop computer.
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| 2] Appendix I

Derivation of the Governing Equations

In this Appendix the governing equations for the sublaminate shown in Figure
3 are derived using the principle of virtual work.

Consider a sublaminate... a single ply or group of plies conveniently
treated as laminated units of thickness h. The origin of a cartesian coordinate
system is located within the central p]ane'(x-y) with the z-axis being normal to -
this plane. The material of each ply is assumed to possess a plane of elastic
symmetry para]]ei\to Xy as shown in Figure 3.

Stress and moment resultants,

h/2
My Ny Ny Qo Q) = [ (oys 0y Ty 7,,) 2
~h/2
h2
(Mg s Moy M) = J (045 Oys Ty)292 | (1-1)
“h/2

Because of the existence of a plane of elastic symmetry, the constitutive

relations are given by'

- — - -
oy Cll X
€
Uy i} C12 C22 SYM y
; €
I, G133 a3 2
v
| xy | | Y16 C26 %36 Ces | | MY |
Tyz - C44 _SYM sz
T C C oy
| Xz | 45 755 Xz (1-2)
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where Cij are components of the anisotropic stiffness matrix and Yxy® Yyz
and Yz 3re engineerinb‘shear strains
The displacements are assumed to be of the form

u=U(x,y) + z8,(y)

v = V(y) + zsy(y)

w = W(y) ; : (I-3)

where u,v and w are the disp1acemént components in the x, y and z
directions, = respectively. Equation (I-3) in conjunction with the
strain-displacement relations of classical theory of elasticity leads to

the following kinematic relations

£ = U,

XX X
e =V, + zB
yy Uty T PPy
€ZZ =0
Yay = Voy * 2By y
YXZ = BX
v = a W (1-4)

yz y y

- Substitute Equation (I-4) into Equation (I-2) and put the results into
Equation (I-1). This yields the following constitutive

relations:
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N, Alp Ap A Byp By Big Us
Ny 2Ry Ay Ayg Bip By By Vsy
Nyy Al P Pss Bis Bas  Bee U,y
M, Bij1 B2 B Dip DBy Dy 0
My Bla B2 B D12 P2 D By,y
M B Bys Bss Dig Dy D By.y
| XY_] I | L _
Qy - A44 A45 By * w’y
Q Ags Pgg By |
where
h/2 |
_ 2
(Aij’ Bij’ Dij) J Cij (1, z, z7)dz (1-5)
~h/2

The usual coupling between bending and extensional modes for a Taminate of

arbitrary construction occurs in Equation (I-5) through the stiffness terms

B...
1]
The variation of the strain energy due to virtual displacements su, &v
and &w is
= ] . +
sV Jv(ox Gex + oyéey + ozéez 4 Txy nyy + TyZGYyZ TXZGYXZ)dV
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where ésx, 8e 652, 8y Sy and Gsz are the strains associated with

y’ Xy’ "'yz
the virtual disp]écements. Substitute from Equation (I-3) and integrate

through the thickness using Equation (I-1) to get

50 = JA[NX 8Us, # NSV, o+ N 8U, + Qu 88, + Q (8B + 8W, ) + M 8B,

+ M 6 + M § dA
y By,y Xy BX,y]

(I-7)

The variation of the work done by the external forces and by the

surface fractions is

+ J (N sU_ + N sU_+M 88 + M ass)ds (1-8)
S , ‘ ,

where a bar denotes values on the boundary, n and s are coordinates normal

and tangential to the edge, and

Ny = t2x - tlx

ny = tZy - tly

=P, " pl

m =8 (to, *+ t..)

X 2 2X 1x

m = h'(t +t. ) (1I-9)
y 2 '°2y ly

where N, and n can be regarded as effective distributed axial forces, m.

and my effective distributed moments and q an effective lateral pressure.
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From the principle of virtual work the equations of equilibrium and
boundary conditions are determined from the Euler equations ahd boundary

conditions of the variational equation.
sV = oW ’ _ (1-10)

Substitution of Eguations (I-7) and (I-8) into Equation (I-10) leads the

following equations of equilibrium:

XX Yy,
Mx,x+ Mxy,y - Qtm =0

+ -Q +m =
My, x" My,y ~Q*my =0 (I-11)

and one member of the following five products must be prescribed on the

sublaminate edges

Nn Un’ N SU B and Qn W (I-12)

n Man’ Mn

s’ s

For the ED specimen under uniform extension, U(x,y) in Equation (I1-3)

is given by
U(x,y) = xe + U*(y) (I-13)

and the response is a function of y and z coordinates only. For this case

the equilibrium equations (I-11) take the form
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(1-14)

Substitution of the constitutive relations in Equation (I-5) into Equation

[ 1T x|
A66Lyy U
v
A26Lyy AZZLyy SYM
: W
A44Lyy
66ty Baetyy  Pasty  (Dgglyy™ Agg) By
26tyy  Baatyy  TRaaby  (Opglyym Ags) (Dpplbyyhgy) 8,
(1-15)
where the operators
2,,.2
L. =d7/d
vy /dy
Ly = d/dy (I-16)
and for the boundary conditions at y = constant prescribe
* R
ny or U*, Ny or V, Qy or W, My or By and Mxy or Bx (1-17)
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Appendix I1

Definition of Parameters

In this appendix the parameters in Equations (11) - (30) are defined

and Dij_coefficients.

in terms of the sublaminates thickness and Aij’ Bij

Sublaminates 1 and 0:

The F1j parameters (i=1-3, j=1-4) in Equation (11) are defined as

h

o1, M |
P11 7 Dpp F 5 Byt hyy vig * hpe Uy
Foy = hop Vip _ hpp Uyy
F..= 0,1+ " Bl + oo Voo + hoo u
31 = Dpg” * 3 Byg * hpp vzt hyg g
Fa1 = Moo Vg * Nog Ygg
Fop = D,,°0 - fo By, + Cop vy + Cor U
22 = Dpp” =5 Byy + Cop vy + Gy Upy
F32 = N2 V12 * Meg Y12
Faz = N Vig * Ngg U1g
h
o1, Mo
Fa3 * Dgg ¥ 7 Bgg * Mg Vi3 Nep Y13
FL=0,0 - B %hc o sc
42 D6 7 7 Byg *Cpp Vgt Cop upy
h |
Fog = D% = 52 B2 +Cor vy, + Copou
14 = Dep 5 Bes * Co6 Vig * Cep Upg (11-1)
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Parameters uli

dispiacements U1 and v

and v

1

1i (i= 1-4) in Equation (II-1) relate the

to the rotations through the following equation

B .
) V11 Lyy : V12Lyy V13Lyy v14Lyy ly
lyy | . Boy
Ul,yy ullLyy u12Lyy u13Lyy u14Lyy le
’ L BOX__
(11-2)
where
V11 = (Kpg Mpg = Kgg hpp)/D + 0y /2
Vyp T (Kyglog Kgg Cpp)/ D+ hy/2
V13 = (Ko6 Mg = Kep Npg)/D
Vig 7 (Kyg Cgg = Kegg Cpg)/D
upp = (Koghap = Kyohog)/D
Uz = (Kpglop™ KppCog)/D
Upq = (Kyghpg= Kyphgg)/D + hy/2
Ujg = (Kyglog= KypCgg)/D + h /2
D= KoK = Kol
22K66 ™ Ko6 (11-3)
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and

h.
_ 1, Mo
hop = Bop™ + 37 Ay,
h
.1, Mo
hog = Bog™ * 7 Agg
h
L1, Mmoo
hes = Bes * 7 Agp
h
- 0 _0 1
22 7 B2 * 7 A
h
= 0 e 1
Cog “ Bog * 3 Ay
h
_ 0o, 0 1
66 = Bes *Z Pes
& _ 1 O [
Ko2 = Pa2” + Ay
_ 1 0
Kog = Az *+ Azg
1 1 ]
K66 = Aee * Pee | | | (11-4)

The coefficients E8 through E0 in Equation (13) are defined as

Eg = Fyply = Fypxp + Fpp ¥) = FypZy
Eg = Fyqly = Rggl Wy = Fyy Xy + At Xy + Fpy¥y = Fpy 7
By = [Rgg® Ags® = (Ags) ] (F) Fag = Fol) + (Fpp Adg + Fyy A2,
- 2Fgp Agg” ) ,(F11AI551 - Faphgs') < Aggl Wyt gt Xy % Fpy Yy - By 2y
£y = [hgy” Mg - (Ags))"] [FyAgg” + Fyg Agy’ = 2Ry g
“ [Agg' Ags' = (Agsh)] (Fpphae® + Faghy,® = 2F4, Ags®)
fo = [y’ Ags® - (AT [hgg' Agg! - (Aggh ]
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F

2 2 , 2
Faz (Fop Faq = Fap ) = Fapm Fag + 2Fg5 Fup = Fya™ Fop
(Fooher® + Fah 0 = 2F 0 Ag®) = el (Fou Fop = Fpo2)
33 (Fophgs™ + Faphyy 42 P45 55 (Fop Fag = Fyp
2 0 2 0
Fa2 Asg 2F43F32A45 *Fas Agy
2
Fap (Foofag = Fap) = Fap (Fpy Fug = FuaFap) + Fua(Fa gy = FaiFpp)
“Far (Fooher® * Fuahy,® = 2F, A 0= Agel (FooFas = Fuo?)
31 (Foohss * Faghyy a2h45 )7 Ay (Faofay = Fyp
-0 o] . o]
2 Farhss. = Farhgs’) = Faa(Farfgs® = Fup )
Fa1 (FaoFag = FasFaa) = Faa(Fpifaq = Fagfap) * Fuy (Fpifas = Fyifap)
At (FasFup = FraFuo) = Fay (FasAer® = Fuah 0 )
45 (FaoFag = Faafap) — Fay (Faphgg™ = Fuahys
Accl (Fo Fuy = FuoFas) * Fan (ForAs® = Fuihse®)
55 (Fo1Faq = FaiFap) * Fag (Fpihgg 41745
Ayt (Fashssl = Frahy ) = Accl (FoiAi® = FuiAy0)
45 (Faghss = Faahys 55 (Fo1Rss = Faifys
Fai(FagFap = FaaFpp) = FaglFp P FuiFon) + FaplFyiFgs= FyiFsp)
0 : 0, _ 1 .
F31(Faghas = Fahas ) = Aas (Fapfup = Fugfap) * Ags H(Fp1Fap = FagFap)
o] o]
133(Fa1ha = Foifgs)
LR, A0 = A %) + At (FALC - FooA0)
a5 Fazhgg = Faolys 55 (Fa1hag = FaiPys
(11-5)
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when the coefficients A

we have

13

and

Fay = F

31

36 Bj6’ Dj6 (j=1,2) and A45 are neglected

for this case Equation (II-2) is

1l,yy

1,yy

Ujp U =0
= Fap = Fyp= 0 (11-6)
v..L v, ,L .0 0 o] _—Ely—_
11 yy 12 yy 8
oy
0 L L
° “137yy 18Ty Biy
| Pox |
(11-7)

and Equation (11) takes the uncoupled form

1

(F. L )

11ty ~ A

F21Lyy

0

0

SYM

0
(F22Lyy A44 )

0 (Fagbyy = Ass™)

0
0 o Fagtyy  (Faglyy = Agg)

(I1-8)
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By neglecting bending effects in sublaminates 1 and 0, the rotations

Boy and Box can be expressed in terms of Bly and le and the characteristic

equation reduces to

‘2 1 2 1
(Fram® = Aga’) (Fopps = Ags™) = g
where
1
h h A, .
. - 1 1 ‘ _o 44 1
Frm® o7 DA v *vp g 5 )+ Byl
N 1 A4
. ‘ . 4
' 1
h h A
_ "2 1 "o 55 1
Foom = 7 [hes (U3 * Uy h, o Bee
55 (11-9)
Parameters Film and F22m represent a membrane behavior and therefore

do not depend oh the bending coefficients_Dij.

Sublaminate 2:

The elements of the matrix Cd in Equation (19).are defined as

-1
1 | -, 1 1
Asp SYM 5 Bl
L 1 1 1
[Cdls,, = Aog”  Pss 16 Bee
1 1 1 1
Byym  Byg Dy 127 Do
(11-10)

Displacements U2 and V2 and rotation BZy in sublaminate 2 are related

to the app]jed uniform strain € and the rotation BZx through the matrix Cd

by
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(_VZ,y >
U = cd
2,y [Cd] BZx,y
Foy.y

Sublaminate 3:

Parameters J22’ J26 and J66 in Equation (24) are defined hy
0

_ 0 0
Jop = Doy ¥ Byy” wdy, + Byp wdy,
_ 0 0 0
Jog = Dog + Byy Wdjs ¥ Byp” wdyg
_ o o o]
Jes = Dgg * Bpg Wdj3 * Bgg W3
where -1
0 0 0 0
], . = | A2 Pee Ao Ba
2x3 A 0 A 0 A 0 B 0
26 66 16 526

Disp]acements'U3 and V3 in sublaminate 3 are related to the

(11-11)

[
B26

0
B66

(I1-12)

applied

uniform strain € and the rotations BBx and B3y through the matrix wd by

< £
v
3
= d
! [wd] Bay.y
3
B3x,y
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Interlaminar Stresses:

Parameters o5 wj and Y5 in Equation (29) are defined as

@

2
o (F3lsj
by |7 - | (Fagsy® -
J 3375
Vj = V11\+ aj
u‘j = u11 + aj

1 2
" A5 ) F2155
1 2
Ags ) F3285
2 2
(F22 Sj
Viz * V5V Y5V
Upg + YsUgp + Y5y,

_1 -
(F
(F
-

(I1-14)

The parameters associated with the resultant force and moment distributions in

sublaminates 1 and 0, Equation (30) are given by

Ny1j A2
Ny1j A2z
nylj - A26
M1 By
Mg | [ s

1

1

1

1

A

A

1

A

B

B

6
26
66
26

66
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3 Appendix III

Classical Lamination Theory (CLT) Solution

In the interior of the Taminate CLT prevails that is, a membrane
solution controls the behavior. The resultant forces Ny and ny are easily
determined. In the following a p1y-by-p1y model is constructed.

The constitutive relationship for each ply for a membrance behavior is

given by.
_ K B k&
B N, STRRSTRET: €
Ny |5 | P2 Ree Pos €y
| My | A6 P26 Res | | x| (111-1)

Superscript k denotes the kth ply. According to the present formulation

y V(y),y

U(y),

€

Tx y (I111-2)
Since Ey and Y, are functions of y only, therefore, from continuity of

displacements at the interfaces between the kth and (k+l1)th plies we have

k+1
K hy, _ k+l -h
u (y, _2—) =u (.V, 2 )
k okl
Ky, By = vy, (111-3)

Substitute for the displacements from Equation (1) 1inte Equation (III-3)

and differentiate:w.r.t. y to get
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From symmetry, consider one quarter of the laminate. From equilibrium

of forces get

7
=
3
ners—1=
=
n
o

~
1]
—
~
—

Substitute from Equation (III-l) into (III-5) to get

Sp2 6y TS Yyt Sz =0
Sy €yt Sep Yx T S1p ¢ = 0
where
N
Som / Azm £L=1,2 m=2and 6
k=1

Solving for Ey and Y, from Equation (III-6) to get

ey = (856516 = Sg6S12)¢/S
x = (856512 = Spp816)e/s

) _ . ) 2
; s = 522“566 (526)
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Substituting from Equation (III-7)'into Equation (III-1) to get

k k

e+ Ayyey + Ay Yy

k k

+ A66 Yx) (I1I-8)

By comparing the expressions fov C ana C in Equation (33) with Equation
(I1I-7), we find that for sublaminates 1 and O

e = e
v A\

and

C =y (II1-9)

Therefore the first term in Equation (30) for Nx’ Ny and ny in sublaminate
1 and 0 is the CLT prediction.

From equi]ibfium considerations the sign df the resultant axial force
Ny k in each ply determines the sign of the»inter]éminar peel stress. This
is illustrated for a [0445/90/-45]s with a delamination at the 0/45 inter-
face. With reference to Figure 26, this layup corresponds to a
.[45490/—45/0]s laminate rotated at an angle 6 = -45 .

For the properties shown in Table I and using Equations (III-7) and
(III-8) the resultant forces Ny and ny in each ply can be determined.
These are shown in Table XI.

Consider the free body diagram of the top ply shown in Figure 29. From
equilibrium of :forCes in the vertical direction the peel stress

distribution should reverse its sign such that its resultant is zero.

Furthermore, thé*pee] stress at the crack tip should be compressive in

order to balance the moment of the compressive resultant force Ny'
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Ply thickness (h) = 0.14 x 10°
Semi-Width (b) = 140h

E;; = 134 Gpa
E,, =10.2 GPa

G, =5.52 GPa

Vyo A= 0.3

Gy, = G,y = 3.1 GPa

Crack length (a) = 6h

3"1

Table I. Material Properties and Geometry of the ED Specimen

‘
i
|
!
\

!

|

|

Table II. Comparison of Characteristic Equation Coefficients

: '9 ‘9 : '9. ‘9 ‘9

Lam1nate E8'x 10 E6 x 10 E4 x 10 E2 x 10 Eo x 10

, : 3 7 111 14

‘15460/—75/—3015 0.143 -6.940 x 10 9.089 x 10 -3.132 x 10 3.193 x 10

-35/55410/-80]s 2.282. -6.049 x 104 4.614 x 108 -1.155 x 1012 5.676 X 1014
3 8 ‘ 11 14

40/_50/854—515 0.095 -6.389 x 10 1.071 x 10 -4.096 x 10 3.193 x 10

\

Table III. Comparison of the Characteristic Roots for a [35/804-55/-10]s Layup

Model s s s s
| X i Yo
i Coupled 5547 4286 2714 2438
Uncoupled 5538 3737 2427 2108
Membrane 2802 2162
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Table V. [0/90/ + 45]S Laminate with Circular Hole- Edge Delamination at

+ 45/-45 Interface (a = 6h, b= 140h,, e = 10—6)

6

ANGULAR - Gp/6q Gry/6y Grr1/6t 107Gy
POSITION STACKING SEQUENCE PRESENT FEM PRESENT FEM PRESENT  FEM PRESENT  FEM
50° [40/-50/85/-5]_  67.65  53.65  1.03° 2.96 41.31  43.39 2.83  2.93
55° [35/-55/80{-10]_  30.50  24.11  2.33 3.45 67.08 72.48  4.94 5.1
o 60° [30/-60/75{-15]_  18.97 10.98 4.19 5.21 76.85 83.80 6.29  6.51
65° |

[25/-65/704-20]S 10.47 3.40 6.81 7.86 82.72 88.74 6.73  6.95




6§

Table VI. [0/90/ + 45]SLam1'nate with Circular Hole- Edge Delamination at

90/45 Interface (a = 6h, b = 140h, e = 107°)
6. /G . 6../G | G /G 1%,
1767 o Bp/Gy 111767 T
ANGULAR
POSITION STACKING SEQUENCE  PRESENT  FEM  PRESENT  FEM  PRESENT  FEM PRESENT  FEM
-70° [-20/70/25/-65] 10.33  1.80 1.01  -2.20 88.66  100.40  6.11  6.37
-65° [-25/65/20/-70] 12.5  5.80 0.17  -3.18 87.24  97.38  6.11  6.36
-60° [-30/60/15/-75] 15.11  11.87 3.73  0.86  81.16 87.26  5.42  5.64
-55° [-35/55/10/-80] _ 18.56  20.64 14.79  11.66  66.65 67.71  4.10  4.27
~50° [-40/50/5/-85],  24.3¢  33.18 42.16  36.48  33.50 30.38  2.60  2.70
~45° - [-45/45/0/90] 27.87  35.07 .72.13  65.40  0.00 . -0.46  1.88  1.95
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Table VII. [0/90/ + 45] Laminate with Circular Hole- Edge Delamination at

0/90 Interface (a = 6h, b - 140h, ¢ - 1075)
6,16 Gyp/G 10° 6
ANGULAR 1167 o Gr/8y T
POSITION STACKING SEQUENCE ~ PRESENT ~ FEM  PRESENT  FEM PRESENT  FEM  PRESENT  FEM
-85° [-5{85/40/-50]_ 3.40 22 0.08  0.3¢  96.52 99.44 1.26  1.40
-80° [-10/80/35/-55]_  4.08  0.40 0.40  0.54  95.52 99.06 3.41 3.74
-75° [-15/75/30/-60], 5.06 .86 0.98  1.07 93.96 98.07 4.88  5.33
-70° [-20/70/25/-65] 6.29 .59 1.85  1.97  91.86 96.43 5.51  6.03
-65° [-25/65/20/-70] 7.73 .49 3.0 3.36  89.24 94.15 5.53  6.03
-60° [-30/60/15/-75]_ 9.25 .37 4.55  5.35  86.21 91.29 5.10  5.49
-55° [-35/55/10/-80]  10.62 .07 6.3  7.95 83.04 87.98  4.30  4.56
-50° [-40/50/5/-85] 11.58 .52 8.26 10.92  80.16 84.56 3.27  3.36
-45° [-45/45/0/90] 11.89 .64 9.87 13.48  78.23 81.88 2.14  2.10
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Table X. [45/90/-45/0]S Laminate with Circular Hole- Edge Delamination at

45/90 Interface (a = 6h, b = 140h,, ¢ = 10°°)

. | GG 6., /6, Gy, /G ' 10%

ANGULAR 1% 11767 111/%7 T

POSITION STACKING SEQUENCE ~ PRESENT  FEM  PRESENT  FEM  PRESENT  FEM  PRESENT  FEM  O'BRIEN
85° [504-85/-40/5] 3.8 12,23 10.69  7.00  86.03 80.77 1.10 1.1z  1.62
90° [45/90/-45/0] 2.80  13.91 10.98  4.08  86.13 82.10 2.14  2.20.  2.40
-85° [40(85/-50/-5] 2.80 14.20  9.14  1.09  88.05 84.71 3.27  3.39  3.44
-80° [35(80/-55/-10] 2.89  13.55 6.9  -1.18  90.21 87.63 4.30  4.46 5.48
-75° [30{75/-60/-15]_  3.01  12.12  4.85 -2.56  92.14 90.43  5.09  5.27 5.31
-70° [25/70/-75/-20] 3.07  10.06  3.17 -3.11  93.76 93.05 5.53  5.71 5.79
-65° [20{65/-70/-25]_ 3.02  7.65 1.9  -3.09  95.08 95.43 5.51  5.67 - 5.78
-60° [15(60/-75/-30]_ 2.84 522 1.00 -2.70  96.16 97.48 4.88  4.99 . 5.1
-55° [10/55/-80/-35] 2.56 312 0.41  -2.17  97.02 99.05  3.41  3.47 3.58
-50° [5/50/-85/-40] 2.32 1.58  0.08 -1.66  97.60 100.08 1.26  1.25 0.87
-40° [-5{40/85/-50] 2.77 0.15  0.07 -0.77  97.16 100.60  1.26  1.42 0.87
-35° [-10{35/80/-55] 3.6 -0.30 039 -0.0  95.93 100.10 3.41  3.85 3.58
-30° [-15/30/75/-60] 4.95 0.37 0.5 115 4.1 98.50 4.8  5.49 5.78




Table XI. Resultant Forces for a [0445/90/—45]s Laminate

Ply Angle Ny (N/m) ny (N/m)
0 . -0.008 ' 0
45 2.671 3.031
90 -5.335 0

-45 2.671 -3.031
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FIGURE 6. COMPARISON OF INTERLAMINAR SHEAR STRESS
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FIGURE 19. [0/90/+45]s LAMINATE WITH CIRCULAR HOLE
EDGE DELAMINATION AT 0/90 INTERFACE



08

| 00

80 |
— @
© o FEM
— 60
5 2 PRESENT
&
X 40 t
D_ .

)
O
\
|
/

- Cr1 | | e NN
o ~N
O 4 4:—;%% i - | %
-85 -80 -75 -/0 -6H -60 -%H -BHO0 -45 -40 -35H -30
ANGULARVPOSITION AROCUND HOLE

FIGURE 20C. COMPARISON OF ENERGY RELEASE RATE FOR A
[45/90/-45/0]s DELAMINATED AT -45/0 INTERFACE
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FIGURE 21. COMPARISON OF ENERGY RELEASE RATE FOR A
L45/90/-45/0]s DELAMINATED AT -45/0 INTERFACE
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[45/90/-45/0]s DELAMINATED AT -45/0 INTERFACE
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F IGURE 23? [45/90/-45/0]s LAMINATE WITH CIRCULAR HOLE
EDGE DELAMINATION AT 90/-45 INTERFACE
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FIGURE 24. [45/90/-45/0]s LAMINATE WITH CIRCULAR HOLE
EDGE DELAMINATION AT 90/-45 INTERFACE
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FIGURE 25. [45/90/-45/0]s LAMINATE WITH CIRCULAR HOLE

EDGE DELAMINATION AT 90/-45 INTERFACE
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FIGURE 26. COMPARISON OF ENERGY RELEASE RATE FOR A
[45/90/-45/0]s DELAMINATED AT -45/0 INTERFACE
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FIGURE 27. COMPARISON OF ENERGY RELEASE RATE FOR A

[45/90/-45/0]1s DELAMINATED AT 45/90 INTERFACE
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FIGURE 28. COMPARISON OF ENERGY RELEASE RATE FOR A
[45/90/-45/0]1s DELAMINATED AT 45/90 INTERFACE
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FIGURE 29. FREE BODY DIAGRAM OF THE TOP PLY IN A [0{45’90"451:, LAMINATE
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