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STUMMARY

In this dissertation a finite element displacement formulation is
proposed for the optimization of structural elements for stability and
vibration, For columns, with a given volume and varjious boundary con-
ditions and axial load distributions, with cross-sections for which the
moment of inertia and area are related by I = pAn (p and n are positive
constants), the optimality condition is reduced to one of constant strain
energy density, The problem reduces to the solution of one linear, and
one nonlinear ordinary differential equation together with the integral
constraint equation of constant volume., The column is discretized us-
ing compatible finite elements, and an iterative procedure is used to
converge to the optimum material distribution and the maximum critical
load subject to an additional constraint of minimum allowable cross-
sectional area,

In the case of transversely vibrating beams with I = pAn and a
given volume, no solutions of practical interest seem to exist for most
boundary conditions without a given dead (non-structural) mass distri-
bution and/or the inequality constraint of minimum allowable cross-
sectional area and/or a compressive axial load distribution,

The optimality condition still reduces to a relation between the
strain and kinetic energy densities and again, an iterative procedure

similar to that of columns is used to converge to the optimum material

distribution and the maximum first mode frequency of free vibration.




xiv

In addition to the coptimization of columns and transversely
vibrating beams, an investigation is made into the optimization of thin
rectangular plates for vibration and stability, The problem of the
optimal design of a thin rectangular freely vibrating plate (transverse
vibration) is very similar to the optimal design of the vibrating beanm
when cast in matrix form for the discretized finite element models, and
a similar iterative procedure can again be used, The investigation is
limited to some typical boundary conditions and aspect ratios.

In the case of the optimization of thin rectangular plates for
stability, the problem is simplified by making the assumption of inex-
tensionality for the derivation of the optimality condition, which then
is one of constant strain energy density. Again the investigation is
limited to some typical boundary conditions, in-plane loading and aspect
ratios, Some of the approximate solutions go obtained are then compared
with stiffened plates of the same volume. This comparison weighs heavily
in favour of stiffened plates and definitely warrants future research

into the optimum stiffener orientation and spacing, the shape of the

stiffener cross-section, etc.




CHAPTER I

INTRODUCTION

One of the objectives of the optimum design of structures in
general is to obtain a desired structure which meets certain design
criteria, These criteria might be minimum deflection, least weight,
etc, In addition, in many cases the design is subject to certain con-
straints such as fixed weight or minimum stiffness. Thus the problem
of optimization is basically a problem in the calculus of variations
--extremizing certain functionals subject to seme given subsidiary con-
straints.

Complicated structural systems such as buildings, bridges, and
water, air or space vehicles are composed of bagic structural elements
--straight and curved beams, columns, cables, arches, flat and curved
plates. The constant demand for light weight efficient systems has led
many investigators to the field of structural optimization,

To optimize a complicated system, the variables involved become
prohibitively large in number, and the implementation of optimization
is almost impossible. Because of this it is hoped that, by first deal-
ing with basic structural elements  one eventually might be able to
optimize a system of elements through an existing finite element mechan-

ized program properly modified,

In any structural optimization program one must clearly specify




(i) the design objective and (ii) the geometric and behavioral con-
straints, 1In a given problem the design cbjective could be the minimi-
zation of the cost of mapufacture or, for some systems where cost is
not of prime importance, minimization of total weight to carry the
worst possible loads that the system will encounter, This latter design
objective in many cases can be accomplished by stating the opposite
(duality), which is to carry the most load for a given weight. The geo-
'metric constraints are usually associated with space requirements such
as lengths or areas. The behavioral constraints are associated with the
response of the structure to the loads. Limitations on maximum stress
or minimum stiffness are examples of behavicral constraints. The total-
ity of constraints can be classified as equality or inequality con-
straints. 1In the treatment of columns and beams, it is assumed that
the cross-sectional moment of inertia and area are related by
I(x) = pAn(x). This assumption is a restriction but with a suitable
choice of p and n it covers a large class of structural configurations.
The interest in minimum weight design of columns dates back to
around 1770 when Lagrange first traated the strongest column problem but
arrived at the wrong result due to computational errors. The correct
solution was given by Clausen in 1851 for simply-supported columns with
similar cross-sections (i.e. n=2) and prescribed shape--not necessarily

convex. He found that the best tapering increased the buckling load by

one third over that of uniform column of the same volume. Later this




problem was generalized and completely solved by Keller3 who determined
that, of all simply-supported columns with convex and similar cross-
sections "the strongest column has an equilateral triangle as its cross-
section and is tapered along its length, being thickest in the middle
and thinnest at its ends. 1Its buckling load is 61.2% larger than that
of a circular cylinder." This was further generalized by Tadjbakhsh

and Keller4 to four different types of boundary conditions namely
simply-supported, clamped-free, clamped-pinned and clamped-clamped.
Subsequently Keller and Niordson5 treated the problem of finding the
height of the tallest column under its own weight. Taylor6 and Salinas7
showed that the Euler-Lagrange equations obtalined as a result of extre-
mizing the total potential energy with a superposed volume constraint,
are identical with those obtained by direct minimum volume formulation
with superposed stability equations as a constraint, Prager and Tay10r8
also provided exact solution for a simply-supported column of sandwich
construction (i.e. n=l)., Exact solutions for the case when I(x) = pAs(x)
have been obtained by Simitses et al.9 for two typical types of boundary
conditions. These will be omitted from this dissertation for sake of
brevity.

An exhaustive search of the existipg literature, Refs. 1 and 2,
ghows that the problem of column optimization with mixed boundary con-
ditions (elastic restraints) has not received any attention. In addi-
tion the generalization of moment of inertia to cross-sectional area

relations (n=1,2,3) wyields important results, Finally, since Tadjbakhsh

and Keller solutions show that the optimum column, depending upon the




boundary conditions, must have zero stiffness at some stations, the in-
troduction of the inequality constraint (minimum stiffness [EIOJ) is
important from a practical manufacturing point of view.

As regards the optimal design of vibrating beams, although

14,15,16 investigated the effect of density wvariation

Beesack13, Schwarz
on the extreme values of the natural frequencies of strings, beams and
plates, the most significant contributions to the present problem would

21
15,20 and Brach . Niordson

be those of Niordson17, Turnerls, Taylor
treated the problem of a simply-supported vibrating beam through varia-
tional formulation., Turner obtained exact and finite element solutions
of minimum mass design, for a specified frequency, of bars and beams
fastened at one end with a mass attached at the other end. Taylor also
obtained solutions, through the variational formulation for the axial
vibrations of bars with and without the inequality constraint and also
for the transverse vibrations of a cantilever sandwich beam with a dis-
tributed mass loading, Finally, Brach considered the transverse vibra-
tions of beams for all classical boundary conditions and for a relation
between the moment of inertia and area of the form T(x) = <, + pA(x).
As with columns, optimization of vibrating beams with elastic restraints
does not appear to have been attempted by previous investigators.

The only open literature on plates seems to be that on the opti-
mal design of vibrating circular p}.ate324 for three different boundary
conditions while an unpublished report of Harvard University31

seems to be, to the author's best knowledge, the only work on the opti-

mal design of a simply-supported plate for stability. In both cases of

vibration and stability of the circular plate, due to rotational




symmetry, the resulting governing equations are ordinary nonlinear
differential equations which have been solved by some numerical tech-
niques, HNo work on the optimal design of rectangular plates for vibra-
tion and stability seems to have been reported in the open literature,

The problems of optimizing columns and vibrating beams lead to

nonlinear ordinary differential equations which are fairly difficult to
solve even for the simplest boundary conditions. The difficulty in-
creases when the column or the beam is resting on a continuous elastic
foundation with elastically restrained ends. As regards the problem
of optimal design of thin plates for vibration and stability, they lead
to nonlinear partial differential equations which are again still more
difficult to solve. Because of this, one must resort to numerical
techaiques such as finite elements, finite differences, Galerkin, per-
turbation or some gradient methods. It is decided to use the finite
element displacement method for the following reasons:

(i} The form of the governing matrix equations for the discre-
tized system is not affected by the type of the correspond-
ing governing differential equations (ordinary or partial)
for the continucus system.

(ii) Generalization to all types of boundary conditions and load-
ings deoes not require any special treatment.

(iii) A wealth of literature on some of the most sophisticated
finite elements with explicit derivations of the necessary

element matrices is readily available. However, even if

such explicitly derived finite element matrices are not




readily available, they can be generated by an automated
numerical integration scheme and further, with proper non-
dimensionalization, they need be generated just once in the
entire lifetime of the finite element method computer pro-
gram.
(iv) Finally, the method lends itself very easily to automated
programming.,
This method is used in the solution of the following two problems:
(i) Strongest columns with a given volume and relation between
the cross-secticnal moment of inertia and area of the form
I(x) = pAn(x), for various boundary conditions and axial
loading with or without an inequality constraint of minimum
allowable cross-sectional area. HNumerical solutions are ob-
tained for various cases and are discussed in Chapter II.
(ii) Optimal vibrating beams with a given volume and relation
between the cross-sectional moment of inertia and area of
the form I(x) = pAn(x), for various boundary conditions, and
with a given dead (non-structural) mass distribution and/or
an inequality constraint of minimum allowable cross-sectional
area and/or a given compressive axial load. Numerical solu-
tions obtained for various cases are discussed in Chapter III.
Furthermore, it is proposed to use the same method to investigate
the problems of the optimal design of thin rectangular plates for vibra-

tion and stability for some boundary conditions and aspect ratios. Nu-

merical solutions obtained are discussed in Chapter Iv.




CHAPTER II

STRONGEST COLUMN

Assumptions and Qbjective

In the development to follow, consideration is restricted to
those columns for which the assumptions stated below are valid.
(i} The material of the column is isotropic and linearly elastic.
(ii} Cross-sectional planes before deformation remain plane and
normal to the deformed axis of the beam after deformation.
(iii) The column is sufficiently long with a cross-section pos-
sessing a plane of symmetry, The loading and deformation
are restricted in this plane of symmetry.
(iv) The minimum cross-sectional moment of inertia, I, can be
expressed in terms of the cross-sectional area, A, by the

relation

I(x) = pa"(x)

where p and n are positive constants,
Although n can take on all positive values numerical results will be
presented only for three specific values of n namely n = 1, 2 and 3,
Consider such a column of specified length and volume (weight)

under various boundary conditions (mixed or not -- with or without

springs) and subjected to any given arbitrarily varying axial load




distribution as shown in Figure 2.1,

Next, define the critical load parameter as the smallest factor
by which the given axial load distribution has to be scaled in order to
produce instability in the column,

The problem, then, is to determine the distribution of material
along the length of the column such that the critical load parameter is
a maximum (design objective) subject to the constraint that the minimum
stiffness anywhere along the length of the column is no smaller than a
prescribed value (inequality constraint),

It can be shown that this design objective is equivalent to seek-

ing a minimum weight design for a given critical load,

%W

Figure 2.1, A Typical Column on a Continuous Elastic
Foundation, Restrained Elastically at the
Ends and Subjected to a Varying Axial Lead,

Derivation of the Ravleigh Quotient from Energy Principle

From the assumption of plane sections remaining plane and normal

to the deformed axis, one has

e = e, + zZHu (2.1.1)

XX




where

du 2
1 /dw
e, = ——§ +5 (EE) , (2.1.2)
2
no= - 9—% , 2.1.3)
dx

u, is the axial displacement of the reference or centroidal axis of the
material points of the column and w the lateral displacement of the
same points,

The strain energy,Uﬂ of the column is then given by

) 1
vi=3

(=

I E(exx)2 dA dx .
A

Substitution for & from Eq. (2.1.,1) vields

Nln—-
o —r

e 1(®) - {9)] e
I EL 2 d - z\ daA dx
A
Upon integrating and utilizing the fact that

I z dA =
A

(8ince z = 0 is the centroidal axis) the above finally becomes

L cdu 2.2 2 . 2.
o _1 loo. 1 (Qﬂ i (dwy
v =] [EAL ax T 7 dx) jo* El\dxzf j 4=
0
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wherxe

I 22 dA = I(x) .

Next, the energy stored into the spring supports, U:, is given by

and the potential of the external loads (see Fig. 2.1.), To, is given

by

L
0-
T = PL uO\L - PO uo\o + I s(x) v dz .

0
Hence, if ™ denotes the total potential, then

Tr=U°+U‘S’+T°.

By the principle of the stationary value of the total potential,

equilibrium is characterized by the vanishing of the first wvariation of

T with respect to the displacements u, and w.
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Hence,
L 2

1 -
om = ,J[; JLEA(UE) + 32—) (bul +w'w') + EL w"ow" + Bw&wjr dx + kgwaww

+ k; W6W\L + kg W'Sw'\o + k; w'&w'\L-bPLSUOIL
L
- B, 5u0\L + g s(x) Su_ dx = 0 (2.2)

where the primes denote differentiation with respect to x. Integrating
by parts Eq. (2.2) yields

L . - ~ L
1 1 420 L { ! r 1
- g {.[EA(u0 + 5w )J - s(x)J 6u0 dx + g i(EIW y - LEA (u0

!‘_ ] 2 [ _§ h':_ .[' l 2
+ > W ) w ] + BWJ dw dx + 1EA(ué + 5 w')

- . 1,2 . .
+ PLJ SuOlL - 1EA(ué + 3 w') + PO} 6u010 + {EA(U;

+ %-w'z) w! - (EIW")1 + k; w} 6W‘L - EEa(ué

+ %-w'z) w' - (EIW")’ - kg w} SW|O + (ETw"

+ k;_w') Sw"L - (EIw" - kg‘w') ﬁw'lo =0,

The above gives all equilibrium equations and the associated boundary

P o] 0 . .
conditions. Let LY denote the equilibrium configuration., It can
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0
be easily verified that w = 0 satisfies the governing differential
equation and the boundary conditions on w’. Hence,the prebuckled con-

figuration is given by

(EAuE ) -8(x) =0 and

%
i
o

l.e.
o' %
EAu = ] s(g) ag + cy
0
or
x X ¢
o _ 1 (n \ 1
u, J;E_A('ﬂ) 4} s(E) dg) dN) + EE zacey 96t ey
o  _ . _ o' _ ,
Assume Ulo = 0; then it follows that Cy = 0. Also,EAuO \0 = -.PO im-
= o' _ ,
plies that ¢y = - PO and EAu0 ‘L = - PL implies that
L
g s(x) dx = PO - PL .
Hence, finally one has
o' 5
EAu_ = - By +-£ s(E) € = - 5 _(x) . (2.3)

It is necessary to scale the given applied axial loading by a certain

factor A in order to produce instability in the column. Assume that at
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the instant of instability the prebuckled configuration is givea by

u_ = luz s W o= wo = 0. Then , it follows that EAué = - lso(x) .

Next, it is necessary to consider the second variation of the
total potential in order to investigate the stability of the prebuckled

equilibriuwn configuration. If 52ﬂ| o is greater than zero, then the
u,w
equilibrium configuration is stable; while if 62n| o is less than zero,
u LW
the equilibrium configuration is unstable. The critical point is then

2
characterized by § ﬂ‘ o - 0 for some virtual displacements8 and > 0 for
u LW
all other virtual displacements, This implies that ﬁznl o is station-
u,w
ary at the critical point with respect to the virtual displacements,

Thus, the factor A is obtained by requiring that 62nl o 0. That is
u,w
to say
2 I 2 2 2 2)
& ﬂ| 5 = I {EA(&u;) - lSo(x)(éw') + EI(&w™)  + B(dw) j dx
u LW 0

+ k,g(éw)zlo + k’T‘(aw)zlL + kg(éw')zio + k’l;(aw')2|L=o.

{2.4)

ada

X %
With the notation 6u0 =u and &w = w , Eq. (2.4) becomes

L ¢ 3 ' "
o, = [{EAG™? - s e F 4 e ¢ b7} ax

u ,w 0

+ k,g(w*)z‘o + kg(w*)zlL +kg(w*l)210

FR,
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% *
where u and w denote incremental quantities from the prebuckled con-

figuration at the instant of instability. It then follows from the

above that
L~ M2 12 *
J |EI(@ )" +EBA( )" dx + U
0 8
A= (2.5)
L *| 2
f 5 (XNw ) dx
0 Q
where

! ! L E
U: = k.g(w*)zlo + kII','(W*)ZIL + kg(w* )Zlo + kk(w* )ZlL +J(; 8 2 ax and

denotes twice the incremental energy stored into the spring supports.

2
Since, as stated earlier § ﬁl o is stationary with respect to
u ,w

%
u ,setting the variation of azn‘ o with respect to this variable in-
u LW
dependently equal to zero leads to
wr !
(BAu ) =0 {(2.6,1)

together with the boundary conditions

either EAu =0 por wu =0 atx=0,L. (2.6,2)

Equations (2.6.1) and (2.6.2) imply that

EAGu" ) = 0. 2.7
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Since EA is not zero everywhere in the range 0 € x £ L it follows that
*I
u =0 for 0 £ x £ L, The expression for A can therefore be written

as

L 2

J ETW™” dx + U
A= OL (2.8)
%‘ 5, (x) (w')2 dx

where for the sake of convenience, it has been decided to drop the stars
on w with the understanding that it represents the incremental deforma-
tion from the prebuckled configuration and that A is stationary with re-

gspect to w at the critical point.

Formulation of the Optimization Problem

It is required to maximize Kcr {the lowest X}) with respect to
variations in the cross-sectional area A(x) subject to the constant

volume constraiot

Adx =V , (2.9)

oF—

Since I(x) = pAn(x) the new functional that must be extremized is

T-: i

[ Epa? ax + U L

" -

zF a0 Y [;r Adx - V| (2.,10)
0

L 2
f S (x) w' dx
5 ©

*
where Rl is an undetermined Lagrange multiplier. Since A is stationary

”
with respect to both w and A setting the variations of A with respect
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to w and A independently equal to zero leads to the stability equation
with the associated boundary conditions and the optimality condition
respectively,

A = Z [:J’ (EpA ey e dx + J‘ Bwbw dx

L
Ljso(x) wi? dx | |

5llwll

+ EpAqw"ﬁw'lE - (EpAnw”)' 6w|g + kg wéw‘o + k# w&w\L
0 1 1 L ) L} ] L

+ kp w'bw lo + kg w'ow \L'?‘(So(") w) Em\o
L K -

+ A 'g (so(x) w') b dx | =

The above implies that

(e + ALs () @]+ Bw =0 (2.11)

with

EpA™w" - kg w' =0

at x = 0, (2.12.1)
n ' ' 0 =
(EpA w") <+ hSO(x)w + kT w=20
Eppr” + k; w' =0
at x =L , (2.12.2)
0 S PR
(EppA™w'") 4+ hso(w)w kT w=0
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6.,A..h* = ]j ;‘ . ] ]:E {Epn At Lpn? "1C£ So(x)w'z dx>] SA dx:‘i: = 0.
8§ (x)w'” dx
0 O

If 8A is arbitrary, i.e, the cross-sectional area is not prescribed,
then it follows that

Av L ? 2 G2 (2.13)

Egquation (2.13) is wvalid only in those regions where A(x) is not
prescribed, If A as determined by the use of Eq. (2.13) happens to be
legs than Ao R (Ao being the prescribed minimum value of area) then the
constraint A = Ao must be satisfied.

The optimality condition as given by Eq. (2.13) can also be ex-
pressed in terms of the linear strain energy density and the average

strain energy density as follows:

the linear strain energy density, W, is given by

=
fl
(3]

2 _lgoan 2=M[ﬂ'1 2]
ETw"" = 3 Eph'w" = AT

and

ST

2
= E%E— = constant . (2.14)
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Also, the total strain energy of the entire column, U, is

Thus finally

2
= i.’i. = EPC_ _ Lonstant . (2.15)

=

2

In Eq. (2.15) the optimality condition is independent of n, It is seen
that for an optimum column the linear strain energy deasity per unit
area is equal to the average strain energy density in the column (a con-

stant).

Method of Solution and the Optimization Procedure

Method of Solution

Mathematically stated the problem of unconstrained optimization
(i.e. without any inequality constraint) of columns reduces to the de-
termination of functions w(x) and I(x) or A(x) which satisfy the follow-

ing three equations together with certain given bouadary coanditions.

[EpAnw"]n +h[80(x) w']l +Bw =0 (2.16)

n-lw,,Z - c2

A
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and

Adx =YV . (2.18)

o—

It is understood that A is the lowest eigenvalue of Eq. (2.16). By
elimination of one variable Eqs. (2.16) and (2.17) could be reduced to
one single non-linear integro-differential equation., In the case of a
constant axial load with B = 0 the same would be an ordinary non-linear
differential equation. Exact solutions of the latter have been obtained
as mentioned in the Tatroduction, by Tadjbakhsh and Keller4 for all
classical boundary conditions and n = 2, However, for columns with
elastically restrained eads and B % a, an exact solution seems to
be out of the question, andone is forced to resort to numerical techni-
ques such as the finite elements, finite differences, Galerkin or pertur-
bation methods, The finite element displacement method being a direct
derivative of the principle of stationary value of total potential
seems to be a very good candidate for the solution of the present pro-
blem,

The details of the finite element displacement method as applied
to buckling of columns are developed in full in the Appendix A.

In terms of the finite elements Eq. (2,16) becomes

[[K) - ALk ]| fa} = {0} (2.19)

where [K] is the assembled nonsingular stiffness matrix for the entire
column iacluding the effect of the elastic foundation and the elastic

restraints if any, A is the lowest eigenvalue, [KG] the assembled
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nonsingular stability matrix for the entire column and {q} the vector of
the unrestrained degrees of freedom of the column,

Equation (2.14) when multiplied throughout by A and integrated

over the extent of, say,the ith element takes the form

U 2
;l = %'= E%E— = constant (2.20)
i -
where
- ] .th
U, = strain energy of the i~ element

i— = 1’000m

<
Il

s volume of the ith element

[
H
o

[

<
L]
<

[
-

NSRS E

Finally, Eq. (2.18) becomes for the discretized system

2 n 2% 1/n

Y A, 4, =z (—) L=V, (2.21)
1 1 v P 1

i=1 1=1

Next, it remains to determine I, , i=l...m; {q} and the corresponding
hcr which satisfy Egs, (2.19), (2.20) and (2.21). This can be accomp-

lished through the use of an iterative scheme to be described in the

following section.
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Unconstrained Optimization Procedure

It is attempted to meet the optimality condition by successive
iterations starting from a column of uniform cross-section (i.e. all
the m elements having the same cross-sectional moment of inertia com-
Plying with the given volume V). EFEach iteration involves the solution
of the eigenvalue problem as expressed by Ea. (2.19), for an assumed
moment of inertia distribution, to obtain the lowest eigenvalue and the
corresponding eigenvector. Having obtained A __ and {q]cr from Eq.
(2,19) the average linear strain energy density in each element can be

calculated as follows:

T
U {a,}" [k,] {q;} 2.2
v, 2 ,I..1/n ‘ (2.
O A
\p i

This distribution of the linear strain energy density is utilized for
deciding the inertias of the elements for the next iteration. The re-
currence relation for doing so being motivated by the following reason-
ing,

Assume that the rth iteration begins with the ith finite element
having the moment of inertia I; (i=1l...m), After determining the asso-
ciated eigenvalue and the eigenvector, the average strain energy den-
gity in each element and the average strain energy density for the en~
tire column are computed; these quantities are denoted by Ui/vi

m m
i=l,.,.m) and Ur/V, where U” =i§1 Uz and V =i§1 V; (specified volume).

Suppose that the optimality condition is not satisfied; that is
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UE/VE % Ut/v for all values of i. Therefore,it is new necessary to

select new values for each Ii , tdenoted by Iz+1 , such that at the end

. r .
of the (r+l)st iteration, U§+1/v +1 is closer to Ur+1

i /v for all finite

elements.

The (r+l)st iteration begins with the requirement that

Ur+1 .

i _ o+l U .

1 - C v i=1,2,...m
Vi

which is equivalent te a statement that

ﬁ == Cr+1 i
v v’
This equation can be rewritten as
r+l1 r r
oL T Y 0% Y, 1=1,2,0.m e (2.23)
v r r r+l
) v, Vv,
i i'i

r
The quantity vi/v§+1 can easily be expressed in terms of the moment of

inertia values as follows:

r
I, .1/n
/
oF £ {2 I. .1/n
L i\ o/ ( i (2.24)
v1-:+1 I+1 1/ Ir+1/

the ratio U§+1/U§ is taken in the form



Therefore.it
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UJi:+1 , Ii o
m =y r+1) a> 0, i=1,2,.,.m , (2.25)
Ui Ii

This relation is based on the following reasoning. Since the total
volume is constant, it follows that: there will be some finite elements
with an increase in moment of ineriia and some with a decrease, After
this redistribution of moment of inertia, it is assumed that those ele-
ments with increased (decreased) inertia will have a decrease (increase)
in buckling curvature; and since the strain energy involves the curva-
ture squared, the net result is a decrease (increase) in energy. From
this argument follows the inverse relationship given by Eq. (2.25)

After substitution of Eqs. {2.24) and (2.25) into Eq. (2.23), the

recurrence relation finally assumes the form

A
1?1 = prtl [——;———1] F (2.26)
u /v
where p = nﬂha + l)and br‘+1 = (1/Cr+1)P . The constant br-'-1 is deter-
mined by the requirement
gf I§+1 1/n
7 ( - ) = (2.27)
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It will now be shown that one can always select a positive value

of the exponent p in Eq. (2.26) which will insure that

-
AVt s
cr cr

The proof will be presented for a continuous system with only minor
modifications necessary for a discrete system,

From Rayleigh's quotient one has for the continuous system

L 1]
I EIr+1(wr+1 )2 dx + U:+1
1 _ O
lcr = Dr+1 {(2.28.1)
n

r+1 | . .
where w is the eigenvector correspounding to the lowest eigenvalue

r+l
cr

)y and

L '
pit o T 5_(x) w12 ax . (2,28.2)

n

The recurrence relation for the continuous system can be written as

RARTEE Ul L (2,29.1)
where
r
R = Wr \; , (2.29,2)
AU

r . . . . T
W' being the linear strain energy density, A the area of cross-section

and U the total strain energy in the rth iteration. The exponent p is
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r+
assumed to be positive and the constant b 1 has to be evaluated from the

volume constraint

i1.€.
1/n
i/ L , v+l
r+1 T p/n -
(") g(p) (R) dx = V
or
n
b = rk /1% 1fnV / n ’ (2.30)
I —
L&) @]

Note that (Ir/p)lfn is not only a continuous function of x but greater
than or equal to zerp for 0 = x = I, and further (R)P/n ig also continuous
for 0 < x = L,since R is bounded. Hence, by the mean value theorem of

integral calculusll the denominator, D, of Eq. (2.30) can be written as

_ rL /Ir+L\l/n . p/n L
D= {J_ ) dx | (R) |x=§1

; 0 <E. <L
o~ P X

and since

(Ir+1\1/n -n

B |
i - de2} =V
5\ P A
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it feollows that

br-+1 n 1
Rp|x=
1
or
p
A _E»B_"_ . (2.31)
(R )\K=§1

Substituting for Ir+1 from Eq. (2.31) 1into Eq. (2.28,1) gives

L " P -
I EIr(wr+1 )2 [ R | dx + Ur+1
0 R? s

r+l =g,
er Dr+1
n

By another application of the mean-value theorem, the above can be

written as

P
R
L - jx=€ ..
T r, r+l1" 2 | 2. r+1
LJ(; EI ()7 dx) [—————Rpl |+ U
r+l x5
hcr - Dr+1 » 0< gz <L.

n

Let R(§1) = R, and R(Ez) =R Kote that R, and R2 are positive by vir-

1 2° 1
tue of the positive definiteness of the strain energy density, Then the

r+1
expression for hcr can be written as

r+1", 2 7 +1

L
rr r I
| BT (w )y odx
r+1 -0 L

S T . (2.32)
n
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Since wr+1 is a kinematically admissible displacement field for the

moment of inertia distribution Ir, it follows that

L 1"t
[t e axox ot
0 r
1 S (2.33.1)
n

Assume that the left hand side of Eq. (2,33.1) is equal to hzr(l + €)
where € > 0, Then
1 r+1

r r+
lcr(l +oe) Dn Uy =

1]
™1 ax > 0 . (2.33.2)

ot

Next, from Egs. (2.32) and (2.33.1) it is clear that if szRl > 1 it is
guaranteed that h::l z Rzrfor any p - 0. However if (RZ/Rl) < 1 the ques-
tion arises '"Does a value of p > 0 exist such that R:Il =1 lzr?" Assume

that p > 0 does exist. This means that

I“L n | .'"R - P
Lj 1w "2 ax | {R—z; + U;+1
0 S r+1

T+l cT

(1 + 8) h:r , 8 >0 . (2,3%)

Hence,

r+1 _r+l r+1 VL r, r+1" 2
o ! f W )
§]

d m‘. I_Rz p
X | LRIJ .
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From Eq. (2.33.2), it therefore follows that

. T r+l r+1
[i—?p R R LA
Rt af @+ ey it o ™M
cT n s
or
AL+ 8) DZ“ - U:H\L Ry~
P = log - / log — . . {2.35)
I+ e) oIt U:+1J LRy

1t can be seen that the right hand side of Eq. (2.35) exists by virtue
of Eq. (2.34) and is positive, Hence this value of p given by Eq,

(2,35) is sufficient to guarantee that

It should be noted at this point, that at any stage during the
iterative scheme when R(x) does not vanish anywhere along the length of
the column, ia other words if R /R_, is finite, it can be shown by

max’ min
proceeding similarly as before that a negative value of p does also
, . r+l r .
exist which guarantees that lcr thr . Since it has been proposed to
start with a uniform cross-section column, it is well known that regard-
less of the boundary conditions there will always be a point or points

in the range 0 < x £ L at which R(x) vanishes and hence, at least for the

continuous system, itis imperative to start the iterative scheme with

p = 0 and continue the iterative scheme with p > 0 until it is guaranteed




that R(x) # 0 for 0 < x < L. Althcugh for the discretized system the

corresponding quantity (UE V)/(vz Ur) is a finite quantity, the ratio

r r

U, v. 0, Vo
{ 1 _: R
“vzﬂerax v Uerin
is still an extremely large number especially if m is a fairly

large number and again it is imperative to start the iterative scheme
with p > 0 in order to achieve a fairly rapid convergence.
If one begins with the agsumption that ¢ = 1 in Eq. (2.26) the

initial value of p can be assumed to be (n/n+l). The iterative scheme

1 r

B} . If

can be continued with this value of p for as long as KE: or

r+1
cr

A < hzr then the value of p is reduced (see Eq. (2.35)) by a factor
of % or % and the iteration is repeated. This process is carried on un-
til no substantial change either in the value of kcr or the moment of
inertia of each element is possible and the linear strain energy density
distribution is essentially uniform. It must be stated at this point
that starting the iterative scheme with a value of p equal to 0.75(n/nt+l)
or 0.5(n/n+l) or less for columns with rotational springs of moderate

stiffness (see Fig. 2.6) is found to be more suitable from the point of

view of the number of effective iterations necessary for convergerce.

To summarize, as long as R(x) is different from unity Eq. (2.29)

r+1

with a suitable value of p guarantees that hcr

r .

= X . Thus assuming
cr

that there is a unique solution the iterative procedure guarantees a

monotonic convergence to the maximum lead though not always via a



monotonic convergeuce of the linear strain energy demnsity distribution.

Constrained Optimization Procedure

In the case of the inequality constraint, assume the value of
the prescribed minimum inertia to be Io .

The constrained optimization proceeds exactly in the same manner
as the unconstrained optimization until such time at which the inertias
of some elements violate the inequality constraint., This can be deter-
mined by checking the final value of the inertia of each element corre-
sponding to Eq. (2.26) in each iteration against the prescribed minimum
value I0 . The inertias of those elements which violate the inequality
constraint are arbitrarily set equal to the prescribed minimum value,

I0 , while the inertias of the remaining elements are adjusted to satis-

fy the volume constraint

j +1 1/n
T(Ii\ . -
i\ !
i=]
where V, = total volume mipus the volume of the effective elements with

1

prescribed inertias., It should be noted that in the case of the in-
equality constraint the strain energy density will be equal to a con-
stant only in those region where the inequality constraint is not effec-
tive. The regions within which the inequality constraint is effective

the strain energy density will have different values,

Numerical Results and Conclusions

The method commonly used for the solution of the eigeavalue



problem as specified by Eq. (2.19), namely

(K] - AlK,1, {a} = (0]

[

is the matrix iteration technique which converges to the highest eigen-

value, Premultiplying both sides of Eq. (2.19) by [K]-l yields

[x17? Ixg) - £ 0] fa) = (0}

[[F] - ol1]] {a} = {0} (2.36)

where

b L]

(F] = [Kj'l [KG] and @ =

Matrix iteration with an arbitrary vector converges to %nax and the
corresponding eigenvector. The critical load parameter is then given
by A = (L/w___ ).
Y tex 1/ max)
Due to ill-conditioning of the stiffness matrix, rapid conver-
gence to an accurate eigenvector is almost impossible with a finite

number of iterations., This can be overcome by the following perturba-

bation technique. Assume hcr and [q}cr obtained by the matrix iteration



technique to be approximations to the exact solutions. Using this hcr

and [q}cr the residual vector can be computed as:
= i
(r} = [0 -, [x.]] Lad, (2.37)

Assume that =X " + AN and {q]

exact ¢ = {q}cr + {Aq}. Then, it

exact

follows that
-‘“[1{] - (At BN [FlG]] {qcr + &q} = {0} .
Expanding the above and using Eq. (2.37) one has:
{r} + 0] {aq} -~ M[x.] {a} . - max.] {aq} - & [x.] {aq) = {0} .(2.38)
Discarding the second order terms Eq. (2.38) becomes
(e} + [ 0x] - A 0x] (aad - sk ] fad = [0) . (2.39)

Since {Aq} is a correction to the eigenvector {q}cr any one of the com=
ponents of {Aq} can be arbiérarily set equal to zero. Then Eq. (2.39)
constitutes a system of n equations in n unknowns which are the n-1 com-
ponents of {Aq} and AM. Solution of this system of equations yields the
desired corrections, With new approximations kN and {q}N the new re-
sidual vector can be computed and the norm of this residual vector can

be determined, If this norm is found to be greater than a preset



quantity the process can be repeated, The convergence of the process
is extremely rapid and for further details the reader is referred to
Ref. 12,

In the case of columns, since the first two eigenvectors and
eigenvalues are well separated, the eigenvector and eigenvalue of the
zeroth iteration (i.e. corresponding to the uniform cross-gection
column) are the starting quantities of the first iteration of the opti-
mization procedure, This necessitates that changes in moment of iner-
tias of the elements in the first and subsequent iterations be small.
Accomplishment of the above requires that the assumed value of p be
small, This is another reason for starting the iterative scheme with a
value of p less than n/ntl in the case of columns with moderately stiff
rotational springs (see Fig. 2.6). Using these known approximations
and applying the perturbation technique outlined previously the corre-
sponding exact quantities can be determined without having to invert an
ill-conditioned stiffness matrix followed by an invariably large number
of matrix iterations, The same procedure is adopted for successive
iterations of the optimization procedure resulting in a substantial sav-
ing of computer time and a high accuracy of the computed eigenvectors
and eigenvalues, which is extremely essential for the success of the
optimization procedure,

Conclusions

The criterion for convergence on the optimality condition is

-

1
1]
LTy

(Ui/vi)max / (Ujfvj)min - l.OJ X 100 = 0,50 .
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It is mandatory to define convergence based on the average linear strain
energy density and not on the critical load parameter, because the aver-
age linear strain energy density may be highly non-uniform and vet the
critical load parameter may be extremely close to its final value with
the subsequent increase being hardly a fraction of one per cent.

The number of iterations required is small for all the classical
boundary conditions and some of the elastically restrained cases. The
agreement of the resulits of the finite element solution with the exact
solution (Ref, 4) is excellent, Since the optimum moment of inertia
distributions and critical load parameters for the simply-supported and
clamped-clamped beoundary conditions can be obtained from the correspond-
ing quantities of a clamped-free column, results are presented for the
latter. The critical load parameter is in error by about one per ceat
with the exact value, while the curve obtained by joining the mid-points
of the steps of the finite element solution seems to be a very good
approximation for the exact moment of inertia distribution (see Fig,
2.2),

Convergence is found to be rather slow for the case of a2 column
clamped at one end and supported at the other with an infinitely stiff
translational spring and a moderately stiff rotational spring, especi-
ally for n=2,3, However even in this case, the critical load parameter
achieved 997 of its maximum load after only five or six iteratioas.

The number of iterations required is not only a function of the
degree of nonlinearity (i.e. higher values of n) but also a function of

the element and nodal disposition. However, the number of iterations

does not bear a direct relation to the number of elements, The optimum
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moment of inertia distribution and the critical load parameter are also
aifected to some extent by the nodal disposition with regard to points
of inflection (see Fig. 2.3).

The iterative scheme used demands an extremely accurate calcula-
tion of the critical load parameter and the correspondiag mode shape.
All the calculations are therefore performed in double precision. As
the number of iterations increases rhe critical load parameter does not
change significantly, while the moment of inertia distribution does
change until the optimality condition is met. Hence, if the critical
load parameter is not determined accurately to several decimal places
it may not be possible to find values of p that will lead to higher and
higher values of the load parameter. |

Figures 2.4 through 2.6 show the optimum moment of inertia dis-
tributions for three typical classes of elastically restrained cases.
Figure 2.4 is the case of a column clamped at one end and supported at
the other on a translational spring. If the point of inflection is de-
fined to be the point at which the moment vanishes for 0 < x < L, then
it can be easily seen with the use of the stress-strain law and the
optimality condition that the point of inflection corresponds to the
peint of least moment of inertia i.e.the element which contains this
point. Thus Fig. 2.4 shows the shift of the point of inflection with
increased spring stiffness, approaching the clamped-pinned condition.
In fact , a parametric study of this case shows the gradual change of the
boundary conditions and the corresponding optimum moment of inerktia
distributions from a pure cantilever case to an intermediate simply-

supported case and finally to a clamped-pinned case.
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Figure 2.5 is the case of a column pinned at one end and support-
ed at the other with an infinitely stiff translational spring and a
moderately stiff rotational spring, The limiting cases are the simply-
supported and clamped-pinned conditions, This figure also shows the
effect of imposing the inequality constraint which is effective for
elements 1, 12 and 13 resulting in a change of the overall moment of
inertia distribution and a slight reduction of the critical load,

Figure 2.6 is the case of a column clamped at one end and sup-
ported at the other with an infinitely stiff translational spring and a
moderately stiff rotational spring., The limiting cases are the clamped-
pinned and the fully clamped-clamped conditions, This figure also shows
the comparison between the fully clamped-clamped case and the elastically
restrained case. The convergence for the elastically restrained case is
extremely slow in comparison with the fully clamped-clamped case, which
converged within a matter of three to four iterations.

Figure 2.7 is the case of a cantilever column under a linearly
varying axial load distribution, It is seen that the maximum critical
load parameter is nearly twice that of the corresponding value for a
uniform column of the same volume.

Finally Fig. 2.8 shows the optimum moment of inertia distribu-
tions for a simply-supported column under constant axial load for two
different values of the foundation modulus B. It can be seen that for
a relatively flexible foundation the material distribution is similar

to that of a simply-supported column, but with a relatively stiff founda-

tion, the material distribution is similar to two, three or higher




simply-supported columns over the same length.

In general, through the use of the finite element displacement
method, optimization of columns under all possible boundary conditions
and destabilizing loada can be successfully accomplished,

It can be seen that although p has been assumed to be a constant
throughout this development the cases for which p is a function of x or
for which n takes on different values over different portions of the
column or for which I{(x) = c, + pA(X) can be treated very similarly.

This will be briefly touched upon in the following chapter in connection
with the optimal vibrating beam.

Numerical results for some typical cases are tabulated in Tables
2.1 through 2.5, 1In these tables, the symbol (Ie)i is used to denote
the quantity Iifip(V/L)n}, the symbol ci to denote the quantity (UiV/viU)
and the symbols ROPT and KU to denote the critical loads of the finite
element models with the optimum and uniform moment of inertia distri-

butions respectively.



_ ] _ 2.4 . _ 2,4
2.0 (1) Agpp = 3.296 Epv'/L (1) Agpy = 3.269 EpV°/L
1.5 +~
(Ie)i
1.0 -
0.5
H ] { i R i 1 I f
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x/L

Figure 2,2, Qptimum Moment of Inertia Distribution for a Column with

8] 0 L L
kT =, k, =, kT = 0, kR =0; m=20; n= 2
(i) =r==-- Exact Solution (Reference 4)
{(ii) Finite Element Solution

8¢




(1),

. . 2. 4 _ 2,4
(1) KOPT = 26,354 EpV /L (i) ROPT 26,551 EgV /L

200 -
= M
. i ity B
L - —4
1.5 F \ I‘ L
Ly Jl
I L
| :‘ I
1.0 - L--| | L-_.'
| | L
- l____J j
- ] 1
0.5 I | ""I
l | |
e J L
{ 1 1 l 1 ] l | —ﬂ
0.0 0.1 0.2 0,3 0.4 0.5 Q.6 0.7 0.8 0.9 o.1d
x/L

Figure 2.3. Optimum Moment of Inertia Distribution for a Column with

k'g=cn’kg=oo’kTL=cu’ k§=0;m=20;n_2;

(1) ===-- Unequal Subdivisions

Equal Subdivisions

6t




2,0 ) _ 3 = 22.501 Epv/L°
(1) Ajpp = 18.89% EpV/L (1) Nypyp . v/
1.5 —‘—:‘r-"mL_
. S .
(Ie).1 :_ l___I —
l.____.l |
| ~—- -
| | i
0.5 L |
] T |
] | i i } ] [ [ | |
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1,0

x/L

Figure 2,4, Optimum Moment of Inertia Distribution for a Column with
— — L = L4 = . - M
kT o, kR e, kR 0; m=16; n = 1;

(i) k; =25 EDV/LQ;
(11) mewmm- k% - 50 Bov/LY,

-
o




— 1 ) _ 3.5
2,0 ———— (1) Agpp = 24.799 EpV°/L
- - 3.5
) 11y & = 25,174 EpV™ /L
' orT =
1.5 - — I l
t I (
(10, L. -
100 — - i
1
| I
— |
0.5 ¢
[ ]
I [ NN
| 1 | ] l i ] 1 i
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1,0

x/L

Figure 2,5, Optimum Moment of Inertia Distribution for a Column with

“T=°°skR=°:kT=°°skT§=25EpV3/L4;m=16;n=3;

(1) =-=--- Constrainted 1 = 0.25 pV3/L3

Unconstrained

I~
=




O —_— 3 5 . _ 3 5
(1) Agpp = 90,007 EpV7/L (11) Agpp = 50.723 Epv /L
2.0 —
- — .
l 1
! |
(T : |
|
1.0 L :'--— I -—-
! |
{
]
0.5 | I
[ S N
0.0 0,1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x/L

Figure 2.6, Optimum Moment of Inertia Distribution for a Column with

0
Kr=m3k3=m’k¥=m,m=16;n=3;
(i) ----- ki = 50 EpVB/La;
L

S

h

3
v




— 2, 4
2.5 L. KOPT = 14,793 Epv /L
2.0 Axial Load Dist,
l/q{)’
1.5 -
(Ie)i
1.0 |-
0.5 I~
1 | i L l 1 1 —— R
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0,9 1.0

Figure 2.7, Optimum Moment of Inertia Distribution for a Column with kg = o,

0
K = =, Kt = 0, k{; = 0;5_(x) = Eovi(L-x)/L>; m = 10; n = 2

T

x/ L

£y




B

- 2,4 . _ 2., 4
(1) )\'OPT = 61.920 Epv /L (ii) ?\.OPT = 13,573 EpV /L
2.0
QT T T '!
1.5 rt-—- et o
' I
t 1
(T ———- e
! I
1.0} | |
{ |
:___.J l_..__.....I
J
0.5t | l
! |
1 —
i | i 1 i i | | |
0.0 0.10  0.20 0,30 0.40 0,50 0.60 0,70 0,80 0.90° 1.0
x/L
Figure 2,8. Optimum Moment of Inertia Distribution for a Column with
0 0 L L ,
kT=°°,kR=0,kT=°°,kR=O;n=2;andm.th
(i) B = 500 E[:JVZ{L6 , m = 163
(ii) ==-== B =10 EpV2/L6 , m =10

=
i




45

Table 2.1. Numerical Results for the 16 Element Column
shown in Fig. 2.4, Case (ii)

lOPT = 22,501 EpV/L3 = 1,185 lﬁ
Element No. (I) c?
e’ i i
1 1.3847 0.9991
2 1.1429 0.9990
3 0.8217 0.9987
4 0.3982 0.9977
5 0.2486 1.0026
6 0.6649 1.,0011
7 0.9999 1.0006
8 1.2563 1,0004
9 1.4322 1,0003
10 1.5272 1.0023
11 1.5412 1,0018
12 1.4638 1.0002
13 1.2756 1.0001
14 1.0031 1.0001
15 0.6692 1.0001

16 0.2729 1.0001




Table 2.2,

= 309 -
Agpp = 24.799 EpvT/LT = 1.324

Numerical Results for the 16 Element Column
shown in Fig. 2.5, Case (i)

Element No. (Ie)i Ci

1 0.2500

2 0.5992 1.0364
3 1.0672 1.0364
4 1.4951 1,0364
5 1.8170 1,0364
6 1.9652 1,0364
7 1,9617 1.0364
8 1.8254 1.0364
9 1.5630 1.0364
10 1,1899 1.0364
11 0.7355 1.0364
12 0.2500 -
13 0.2500
14 0.6761 1.0364
15 1.1637 1.0364
16 1.5823 1.0364

46
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Table 2,3, Numerical Results for the 16 Element Column
shown in Fig, 2.6, Case (i)

hopp = 50.007 Epv>/L° = 1,318 A,
Element No. (1), c%
e L 1
1 2,3248 1,0004
2 2.0114 1.0005
3 1.4622 1,0009
4 0.6878 1.0027
5 0,1406 0.9979
6 0,.6892 0.9979
7 1.2762 0.9992
8 1.6686 0.9979
9 1,8080 0.9993
10 1.6786 0.9999
11 1.2949 1,0000
12 0.6582 1,0000
13 0.1278 1,0000
14 0.6134 0.9999
15 1,1693 1.0000

16 1.5281 0.9999
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Table 2.5. Numerical Results for the 16 Element Column
shown in Fig, 2.8, Case (i)

KOPT = 61.92 EpVZ/L4 = 1,187 AU

Element No, (Ie)i cf
1 0.3251 0.9978
2 0.9392 1.0008
3 1.3987 1.0004
4 1.6335 1.,0001
5 1.6335 1,0001
6 1.3987 1.0004
7 0.9392 1.0008
8 0.3251 0.9978
9 0.3251 0.9978
10 0.9392 1.0008
11 1.3987 1.0004
12 1.6335 1.0001
13 1,6335 1.0001
14 1.3987 1.0004
15 0.9392 1,0008

16 0.3251 0.9978
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CHAPTER IIT

OPTIMAL VIBRATING BEAM

Assumptions and Qbjective

It is assumed that the beams under consideration in this chapter
satisfy the following assumptions.
(i) The material of the beam is isotropic and linearly elastic.

(ii) Cross-sectional planes before deformation remain plane and
normal to the deformed axis of the beam after deformation.

(iii) The transverse displacement w of the reference axis does
not lead to any stretching of this axis (inextensional de-
formation}.

(iv) The only kinetic energy considered is due to transverse mo-
tion. All other kinetic energies are considered negligibly
small,

(v) The cross-section possesses a plane of symmetry. The load-
ing and deformation are restricted in this plane of symmetry,

(vi) The cross-sectional moment of inertia, I, about the axis

normal to the plane of vibration, can be expressed in terms

of the cross-sectional area, A, by the relation

L(x) = pA"(x) (3.1)

where p and n have the same significance as in Chapter II,
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Consider such a beam of specified length and volume (mass) rest-
ing on a continuous elastic foundation with various boundary conditions
(mixed or not -- with or without springs) and subjected to any given
arbitrarily varying axial load and/or dead (non-structural) mass dis-
tribution. The problem, then, is to determine the distribution of
structural material along the length of the beam so as to maximize the
fundamental (first mode) frequency of free transverse vibrations (design
objective) subject to the constraint that the minimum area of the beam
is not smaller than a specified value Ao(inequality constraint).

Although the practicality of increasing the fundamental (first
mode) frequency is not as important as increasing the buckling load of
a column, nevertheless such a design is required in a aumber of cases.
The above can be used to avoid resonance or ian other cases to ensure
response in the first mode.

In addition to the type of relation given by Eq. (3.1), extensions
to other type of relations (Ref., 21) will be briefly demonstrated. This
problem, along with the method of solutionr, is in many ways similar to
the one treated in Chapter II. Hence, only those features of the pre-
sent solution which are substantially different from the problem of

Chapter II will be elaborated upon.

Formulaticn of the Problem

The principle of the conservation of energy when applied to a

freely vibrating beam yields

o = ax (3.2)
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where Vmax is the maximum total potential energy of the system at some
instant of time, y 15 a constant depending upon the distribution of mass
and the mode shape such that;sz is the maximum total kinetic energy of
the system in the same mode at some other instant of time, 1t is
assumed that time is measured from the straight equilibrium configura-
tion.

Further, Rayleigh's principle states that in a natural mode of
vibration of a conservative system the frequency of vibration, w, is
stationary.

The motion of the beam which is assumed to be periodic can be
expressed in the form

Vi) = w(x) e Ut (3.3)

md(x) s (%)

Figure 3,1. A Typical Beam on a Continuous Elastic
Foundation with Elastically Restrained
Ends yUnder Arbitrarily Varying Axial
L.oad and Dead Mass Distribution.

The total potential energy of the beam with the afore mentioned assump-

tions (see Fig. 3.1) and with the same notation as in Chapter II is then
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given by

L. 4] L
1 n,2 1 2
Ynax ™7 EPAN dx*%'f{%“’ o G-

since I = pA~ .

The total kinetic energy of the beam is likewise given by

L L k
2 1 270y 2 1 207 2 5 27
e =S w % 2 Aw dx + > W L% m W dx + £ m Y (3.5)

where

v = specific weight of the material of the beam

g = acceleration due to gravity
my = non-structural {(dead) mass distribution
m concentrated non-structural mass at the ith point,
i=l.,.k; k £ (mdtl).

Substitution of Eqs. (3.4) and (3.5) into BEq. (3.2) finally

yields

0

LEA'“"Zd + U -TS()W'Zd
) g PA w x . o X %

W (3.6)

1

m wz dx + ii m ,wg

L 2
f X Aw dx + 3 i
D g i Cl

ot —

2
Since W is stationary with respect to displacement w this implies

that 6“w"(w2) = 0. This yields the equation of motion along with the
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asgsociated boundary conditions, These are:

(Eoa%"] - wz(gg + md)w + Bw + [so(x)w']' =0, (3.7)

EpA"w" - kgw'= 0
at x = 0 , (3.8.1)

1
[Epa™"] + kgw + So(x)w' =0

EpAnw" + kkw'= 0
at x = L » (3.8.2)

[EpAnw"]' - kkw + So(x)w' =90

and

1 1

{kEpAnW") + So(x)wq]x - CT}-1EEPAHWH)‘ + So(x)wﬂ|x ) c{}= wszi
(3.8.3)

1 i

[(EpAnw")‘x - C"']= [(EpAnv\r“)‘X . c+]

= W + ard w' - =y
. | x=c

lx=c + , (3.8.4)

A P

¥|xee]

x=ci being the point of application of ith concentrated mass L
i=l,...k.
For any given area distribution, the square of the fundamental

frequency, wi, can be obtained by solving Eqs. (3.7) through (3.8.4) for




55

the lowest eigenvalue.
Next, it is required to maximize the fundamental frequency wl
with respect to variations in the cross-sectional area A(x) subject to

the constant volume constraint

Adx =V, (3.9)

o—

Hence, the new functional that must be extremized is

Lo on 2 L 2

I EpA W' dx + Us - j So(x)w' dx L )
(i =2 L Sag [ A ax -]

L L = Lho

Y, 2 2 2

I Aw dx + I m W dx + m, W

0 0 i=1

where hl is an undetermined Lagrange multiplier, The necessary condi-

%
tion for (wi) to be stationary with respect to A(x) is

L - L L
I 4Epn An-lw"z - A I Y sz dx + I m‘w2 dx
L Ui g d
0 0 0
k
+ )n1ﬁﬂ-wixwﬁ 5 A dx =0 .
i= et i g

Hence, if 8A is arbitrary, i.e., the area is not prescribed, then the

above implies that

wi %‘Wz = ¢ = constant . (3.10)




56

Equation (3.10) is wvalid only in those regions where the area is not
prescribed, TIu other regions, in the event that the area as determined
by the use of Eq, (3,10) happens to be less than Ao the constraint

A= Ao has to be satisfied.

Thus the problem of unconstrained optimization reduces to the
solution of Eqs, (3.7) through (3.10), it being understood that wi is
the square of the fundamental frequency.

Multiplication of Eq. (3.10) throughout by A followed by inte-

gration from x = 0 to ¥ = I, yields

1 T
n I EpAnw"z dx - wi I X.sz dx = ¢ f A dx
g
0 0 0
or
2(n0, -~ U.) L 9
— B T _ 20
c = 7 2, = W) J~§ aw dx .
0
Equation (3.10) is therefore written as
n-1 .2 _ 2y 2 - 2 e
Epn A" “w ml e W v (nUB LT) . (3.11)

Notice that for a beam with classical boundary conditions for
n=1, the consﬁant c is zero while for the same beam with elastic re-
straints the constant ¢ is negative.

It can also be seen that Eqs. (3.7} through (3.10) remain un~

changed in the event that p is a function of x., For relations of the
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form

I(x) = %y + pA(x)

although Egs. (3.7) through (3.8) have to be modified, as it will be
seen later, the corresponding matrix equations in terms of finite ele-
ments remain the same, in form, while the optimality condition for this

case is similar to the case of n=1 with a new constant oo

x_WZ = constant c
g 2

I
1
<i
e
o
e
<]
=
]
i rl
o
=
o
i

UT) and U0 is given by

Method of Solution of the Problem

The finite element displacement method is used, which reduces to
the Rayleigh-Ritz method when the assumed displacement function satis-
fies compatibility exactly, Further, as will be seen in the course of
this development, the optimality condition, Eq. (3.9), when transformed
in terms of finite elements, is much simpler to handle.

Some comments regarding the finite element displacement method
as applied to vibrating beams are given in the Appendix B, Tor more
details of the same, the reader is referred to Refs. 22 and 23,

In terms of finite elements the equation of motion together with
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the boundary conditions becomes
r - iyl =
IR - ol] | {q} = {0} (3.12)

where [KV] ig the assembled nonsingular stiffness matrix including the
effect of the elastic foundation, the elastic restraints, if any, and
any given arbitrarily varying axial load distribution; wz is the eigen~
value, [M] is the assembled mass matrix for the entire beam including
the dead mass; and {q} is the vector of the unrestrained degrees of
freedom of the beam. Having determined the fundamental frequency (the
lowest eigenvalue) and the corresponding eigenvector [q}l by the solu-
tion of the eigenvalue problem as specified by Eq., (3.12), the strain
energy and the kinetic energy densities in each element can be deter-

mined, These are given by

"y

T

bi 1 (3.13.1)
v, 2 A L.

i ii

and »i=1,2,,...m

U {q, ¥ M1 {q,}
v, 2 AL 4 M

i i i

where [ki] is the stiffness matrix of the ith element without the effect

of the elastic foundation and the axial load, while [Mi] is the mass ma-
, _th ,

trix of the i element without the effect of the dead (non-structural)

mass.
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Next, the optimality condition is transformed ia terms of the
finite elements., Multiplying Eq. (3.,10) throughout by A and integrat-

ing over the extent c¢f the ith element, one obtains

b

*i+1 . o it 141
I Epn A" w" dx -~ @ I L aw” ax = ¢ J A dx ,
1 g
X, ® X,
i i i
i.e.
2 - =
nUbi 2Uti ev, (3.14)
or
(U__b_i_> () L
13 v. \V. o 2 cl -
i i
Equation (3.14) can be written as
U
\ (St
‘\ V. s
—_— = 1.0 if c) >0

i, .,
ti
e ¥ (_\;’l’")

and

=1,0 1f ¢, <0 .
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Equation (3.14) expresses the optimality condition in terms of finite
elements.

Unconstrained Optimization Procedure

The objective of this optimization procedure is to make the ratio
[n(Ubifvi)]/(cl + (Uti/vi)) if ¢y > 0 or the ratio [n(Ubi/vi) - cl]/
(Uti/vi) if ¢y < 0 equal to unity., This is similar to the objective in
Chapter II where it was required to make the ratio (UiV/viU) equal to
unity, Hence, a similar procedure is employed,

One begins with a uniform beam, i.e. a beam having a uniform
cross-section, and a given volume V, Then using Eqs. (3.13.,1) and
(3.13.2) the strain energy and kinetic energy densities in each of the
elements can be determined. These distributions of strain and kinetic
energy densities are used for deciding the inertias of the elements
for the next iterations. Let these quantities be denoted by U;i/vi
and U:i/v§ for the rth iteration. Let the corresponding average quanti-

ties for the entire beam be denoted by U;/V and U;/V where

m m
r Tor r Tor
U, = U, . 3 u_. = ; U_.
B f%1 bi T iéﬂ ti
and
m
V= v ified vol
=/, Vg = specified volume .,
i=1

The inertias of the elements for the next iteration are assumed to be

given by the following recurrence relations
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r_i if ¢, >0

and

r r
(Pl Tl T rRU;/v) - eyqp
= o i L Ur / r) i
W3 /vy

i <
i if cl 0

where cr+1 is a constant to be determined from the constant volume con-
straint and the exponent p is assumed to be positive. HNext, it will be
shown that as long as the ratio inside the brackets in the above re-
currence relations is different from unity a value of p » 0 exists which

2. r+l

will guarantee that (wl) P (wf)r . As before, the proof is presented

for a continuous system,

From Rayleigh's quotient one has for the continuous system

L [} ]
I EIr+1 (wr+1 )2 d 4+ U::l
2.+ 0
@) = - — i Tn (3.15)
X'Kl'"“l (Wr+1)2 ax + mr+1
g P/ e

r+l | . . s
where w is the eigenvector corresponding to the lowest eigenvalue

(wi) r+l and

r+1 _ .0, r+1,2 L, r+l, 2 0 r+1'. 2
Usa '—kT(‘"ir ) |'3+k‘]'.'(w ) lL+ kR(w ) lO

r+l'. 2

wr+1 So(x)(w ) Tdx

2
kR(w 3 + Yo odx -

|L B(

L, r+1'. 2 Z

o—t
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k
L LS
oL I n (wr+l)2 dx + - m '(W?+1)2 )
e 0 d ie’_=41 cl 1

The corresponding recurrence relations for the continuous system can be

written as

Ir+l - cr+1 iF &P (3.16)
where
r " 2
R = 2138 Ewlli if ¢, >0
g P
and
nEIr(wr”)2 - C
R = if e, <0 ,
r.1l/n 1
g P

Notice that R 2 0 for 0 £ x = 1,, Furthermore, R is also continuous for

0 = x = L, which implies that for p = 0, RP/n is positive and continuous

for 0 € x £ L,

The constant cr+1 in Eq. (3.16) must be evaluated from the volume

constraint
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1/nL _1/n
@ T R ey,
0

By the mean-value theorem of integral calculus the above can be written

as

/0 -L ,_ . 1l/n
T+l TP L op/n <P <
D G I E D g, PSR S

Since,

Lot
I KEF} dx = Vv ,
o - P
it follows that
r+i 1
C = L]
RP

Hence, Eq. (3.16) becomes
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Substitution of Ir+1 in Eq, (3.17) yields

@ = tx;gl 1/ '
f g Q%;} L pR j (wr+1)2 dx + m2+1
0 R ‘X=§1

By another application of the mean-value theorem the expression for

2, r+1

(wl) can be written as
R et
— 0 - xX=
'LTT g1 T2 dx (_———p 2} + U::]'
2.1+l ° * e 1
(wl) = L - 1/1‘1 i Rp ].!I.'I. k]
T/l ™2 gy ( l"'gs\ r+1
Ly &8 0/ > ;
R \ngl

0 < §2 <L ; 0< g3 <1 .

Let Rl = R(§2)/R(§1) and R, = [R(§3)/R(§1)]Un . Next, by virtue

of the positive definiteness of the strain and the kinetic energy den-

sities R1 and R2 are both positive, Since the relative magnitudes of R1

and R2 as compared to one are not known, all four possibilities, listed

below, are considered.

(i) Rl z 1 and R2 =1

(ii) R1 =z 1 and R2 =21
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(iii) R1 < 1 and R2

(iv) Rl = 1 and R2 z 1.

A
[

For the first possibility it can be very easily seen that

L n
[ e ? ax ¢ ultt
2541, 0
wp' =y . (3.18)
g ¥ il—l (wr+1)2 dx + mr+1
g\ p e

Since wr+1 is a kinematically admissible displacement field for the mo-

ment of inertia distribution Ir, the quantity on the right hand side of

Eq. (3.18) is greater than or equal to (wi)r by Rayleigh's principle,

Hence, it will be guaranteed that (wl) = (wzlz)r for all yalues of

p > 0, As regards the remaining three cases, if a suitable value of p,
2, x4+l

which would guarantee that (wl) z (wi)r , can be shown to exist for

case (iv), it would {immediately follow that the same value of p would

alsoc guarantee that (wi)r+1 = (w%)r for cases (ii) and (iii). Assume
that for case (iv) Ry <1 and R, > 1; the expression for (wi)r+1 can
then be written as
Loy rin 2 £+1"]
SR W) dx Ul "
2. r+l “0 sa i /Ry
wp =y r. 1/n X\go) -
N R R 2
: g . p/

"0

Next, because of the kinematic admissibility of wr+l for the moment of

inertia distribution Ir assume that
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r+1". 2 1

L
J BT Tty dx + utt
0 sa

2.r
= (14e) (w,)
L r. 1/n ( 1
v (l_ﬁ @2 a4 ]
2

where ¢ > 0 , Therefore, the range of the values of p which will

2. r+l

2
guarantee that (wl) 2 (U-‘l)r is given by

log (1/14¢
p < iEE'%EITﬁ;% . (3.19)

Thus, it can be seen that as long as R (see Eq., (3.16)) is differ-

ent from unity for 0 < x £ L a value of p can always be determined

which will

The
equal to 1
as long as
is reduced
process is

of (wi) or

guarantee that (wi)r+l 2 (wi)r .

iterative scheme can therefore be - started with a value of p
or less and the scheme can be continued with this value of p
(wi)r+1 2 (wi)r . If (wi)r+1 < (wi)r , then the value of p
by a factor of % or % and the iteration is repeated. This

carried on until no substantial change either in the value

the moment of inertia distribution is possible and the func-

tion R is essentially uniform. As in Chapter IT this procedure guaran-

tees a monotonic convergence to the maximum first mode frequency though

not always

).

via a monotonic coavergence of the ratjo (R /R,
max’ min

Constrained Optimization Procedure

In the case of the inequality constraint, assume the value of the

prescribed

The

minimum inertia to be Io'

constrained optimization proceeds exactly in the same manner
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as the unconstrained optimization until such time at which the momeats
of inertia of some elements violate the inequality constraint, The
moments of inertia of these elements are arbitrarily set equal to the
prescribed minimum value Io’ while the moments ¢f inertia of the re-
maining elements must be recalculated. Assume the number of elements
with prescribed moments of inertia to be j and their volume to be Vc .

The new value of ¢y can be determined for the remaining (m~j) elements.

Let this new value of 2 be denoted by c3. Hence, the new momentg of

inertia of these (m~j) elements are given by

n(U;i/\a{)

P
r+1 _ r+ ] r r
1, c 1[ T I, if Cq >0

r ,r
€4 + (Utifvi)

or by

W, /v;) - c5
r+1 r+ll_n bi'Vi? T3P r g
¢ P I, if e, <0
1 l_ r T i i 3
W, , /v.)
ti i

where cr+1 is determined from the constraint

(m-3) Ir+1 1/n
DR (s T By S
.Ll L op S i c

i=

It should be noted that, in the case of the inequality constraint the
quantity [n(Ubi/vi) - (Uti/vi)] will be equal to a constant only over
those (m-j) elements which do not violate the inequality constraint.

For the j elements with prescribed inertias the afore mentioned quantity
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will have different values,

Numerical Results and Conclusions

The criterion for convergence on the optimality condition is

((nU .~ .)/v_) -
[{(nubl -Utl)’vl max _ I'Oj X 100 < 0.50 .
( bj 3’ j)min

A number of cases of freely vibrating beams with various boundary
conditions and area-moment of inertia relations is discussed below.

A uniform cross-section freely vibrating simply-supported beam
with I = pA,(n=1), satisfies the optimality condition trivially, i.e.

u,. - Uti)/vi = (UB - UT)[V =0, i=l,...m and hence no increase in the

bi
fundamental frequency is possible. On the other hand, for a freely vi-
brating simply-supported beam with T(x) = pA"(x), n=2 and 3, a finite
(6% for n=2 and 11.15% for n=3) increase of the fundamental frequency
is obtained (see Fig. 3.2). This six per cent increase for n=2 com-
pares very favourably with the 6,67 increase obtained by Niordson, Ref.
17.

Figure 3.3 shows the optimum area distribution for a simply-
supported beam on an elastic foundation of moderate stiffness. Two
different finite element models are used, one with m = 10 and another
with m = 20,

Figure 3.4 shows the effect of an axial tensile prestress on the
optimum distribution of area for a simply-supported beam with
I(x) = pAz(x).

Beams with other types of boundary conditions (at least those
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shown in Figs. 3.5 through 3,10) do not possess a finite optimum funda-
mental frequency, (the optimum frequency of the stepped beam increases
with increasing number of elements) in the absence of a dead mass dis-
tribution and/or a concentrated dead mass and/or a compressive load
(P/Pcr < 1) and/or an inequality constraint. It seems that as soon as
one of the ends of the beam is fully clamped, (in the limit) the opti-
mum material distribution is one with all of the structural mass of the
beam lumped at the clamped-end. The resulting fundamental frequency
approaches infinity,

For beams other than simply-supported beams no finite frequency
seems to exist when vibrating under the influence of an axial tensile
prestress,

Figure 3.7 shows a vibrating cantilever beam under the combined
influence of a compressive axial load and a linearly varying dead mass
distribution for n = 2,

Figure 3.8 shows a clamped-clamped beam under the influence of a
compressive axial load for n = 2., Results are presented for m = 20 and
m = 40,

Figures 3.9 and 3,10 show two typical cases of the elastically
restrained vibrating beams under the influence of a uniformly distri-
buted dead mass,

As regards the optimization procedure most of the conclusions
given in Chapter II hold true here except that higher values of p than
those used for columns can perhaps be entertained. In most cases, the

convergence is rapid provided that the corresponding continuous system
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does possess a finlte frequency.
It is worthwhile noting that the effect of shear deformation
and rotary inertia can be very easily accounted for without changing
the basic form of the optimality condition. For such cases, nUbi would
th

be replaced by (nUbi + Usi)’ where USi is the strain energy of the i

element due to the effect of shear deformation and Ut would correspoad

i
to the total kinetic energy of the ith element, which is composed of the
kinetic energy of translation and n times the kinetic energy of rota-
tion of the beam cross-secfion. The stiffness and mass matrices would
have to be altered to take this effect into account. It appears that the
same optimization procedure can be used, Including these effects would
then perhaps ensure a finite frequency for the beam regardless of the
boundary conditions and the dead mass distribution and/or a compressive
axial load and/or an inequality constraint., This would be a subject of
further research.

From Appendices A and B it is clear that except for the matrix
[Mi] no new element matrices are required to be calculated for this
problem, The assembled stiffness and mass matrices are readily obtained
by a marginal change in the computer program used for optimization of
columns, The only additional quantities that are required to be calcu-
lated are the kinetic energy densities (Utifvi) and UT/V followed by the
ratios a(U,/v.)/(cy + (U . /v.)) if ¢, > 0 or the ratio
(n(Ubi/vi) - cl)/(Uti/vi) if ey <0,

Numerical results for some typical cases are tabulated in Tables

3.1 through 3.5 where the symbol (Ie)i denotes Ii/p(V/L)n; the symbol
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c; denotes the quantity (nUbi - Uti)/(clvi), the symbol Em denotes the

and (w denote the squares of

quantity (Epg/v); the symbols (wi) i)U

OPT
the fundamental frequencies of the finite element models with the opti-
mum and the uniform moment of inertia distributions respectively; 1] de-

notes the ratio of the total dead mass to the structural mass Mo of the

beam; and finally X, denotes the x coordinate of the point of applica-

tion of the concentrated dead mass, if any.
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Table 3.1, Numerical Results for the 10 Element Vibrating Beam
shown in Fig. 3.2, Case (i)

(wl)gPT = 109,622 EmV/L5 = 1,125 (wl)ﬁ
Element No. (Ie)i ¢,
1 0,1176 0,9980
2 0.4008 0.9982
3 0.6976 0,9981
4 0.9553 0.9983
5 1.1641 0.9982
6 1.3270 0,9995
7 1.4498 1,0003
8 1,5377 1,0012
9 1.5944 1,0018

10 1.6222 1.0022
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Table 3,2, HNumerical Results for the 10 Element Vibrating Beam
shown in Fig, 3.3, Case (ii)

(wl)SPT = 118,122 EWL5 = 1.10 (wl)é
Element No. (Ie)i ;
1 0.1230 0,9993
2 0.4157 0.9992
3 0.7147 0.9992
4 0.9675 0.9992
5 1,1676 0.9994
6 1.3213 0.9997
7 1.4358 1.0001
8 1.5171 1,0005
9 1.5693 1.0009

10 1.5948 1.0010
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Table 3.3. Numerical Results for the 20 Element Vibrating Beam
shown in Fig. 3.5, Case (ii)

(wl)éPT = 8.011 Emv/L5 = 1.975 (wl)§
Element No. (Ie)i ¢y
1 3.0108 1.0004
2 2.7862 1.0004
3 2.5660 1.0004
4 2.3504 1.0003
5 2.1395 1.0003
6 1.9355 1.0002
7 1.7328 1.0002
8 1.5379 1.0002
9 1.3495 1.0001
10 1.1683 1.0000
11 0.9953 0.9999
12 0.8318 0.9998
13 0.6789 0.9996
14 0.5381 0.999¢
15 0.4107 0.9992
16 0.2979 0.9991
17 0.2008 0.9989
18 0.1203 0.9989
19 0.0574 0.9989
20 0.0144 0.9990
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Table 3.4. Numerical Results for the 10 Element Vibrating Beam
shown in Fig. 3.7.

(ui)gPT = 42,776 EmV/L5 = 6,18 (wl)ﬁ
Element No, (Ie)i e,
1 3.7171 1.0004
2 3.0386 1.0004
3 2,3841 1.0004
4 1.7668 1,0002
5 1.2118 1.0002
6 0.7524 1.0000
7 0.4142 0.9998
8 0.1972 0.9993
9 0.0755 0.9982

10 0.0156 0.9966
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Table 3.5. Numerical Results for the 16 Element Vibrating Beam
shown in Fig. 3.9.

(wl)éPT = 181.263 EmVZ/L6 = 1.31 (w1)§
Element No. (Ie)i ¢y
1 0.1397 1.0000
2 0.5432 1.0000
3 0.9811 1.0000
4 1.3355 1.0000
5 1.5641 0.9999
6 1,6550 0,9998
7 1.6090 0.9998
8 1.4333 0.9997
9 1.1417 0.9995
10 0.7594 0.9993
11 0.3399 0.9988
12 0.0586 1.0000
13 0.4554 1.0011
14 1.3674 1.0006
15 2,6581 1.0005

16 4,2439 1.0004
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CHAFTER IV

INVESTIGATION INTO THE OPTIMIZATION OF THIN

RECTANGULAR PLATES FOR VIBRATION AND STABILITY

Transversely Vibrating Thin Rectangular Plates

Assumptions and Objective

This development is restricted to plates for which the following
assumptions are wvalid.
(i)} The material of the plate is isotropic and linearly elastic.

(ii) The deflection w of the plate is small in comparison with
the plate thickness h.

(iii} The normal stresses in the direction transverse to the plate
can be neglected.

(iv) Material points on the normal to the midsurface before defor-
mation remain on the normal after deformation with unchanged
distances from the midsurface.

(v} The only kinetic energy considered is due to transverse motion,
All other kinetic energies are considered negligibly small.
As regards the objective, it is required to distribute the mater-

ial over the extent of the plate with a given aspect ratio (see Fig. 4.1),
total volume (mass) and with various boundary conditions so as to maxi-
mize its fundamental frequency under the influence of any given arbitra-

rily varying dead (non-structural) mass distribution (design objective)

subject to the constraint that the minimum thickness is no smaller than
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a specified value h0 {inequality constraint). The necessity of increas-
ing the fundamental fredquency is again to avoilid resonance or to ensure
response in the first mode,

Formulation of the Problem

The motion of the plate which is assumed to be periodic can be

expressed by the relation

-iwt
v(%,y,t) = w(x,y) e
For such a periodic motion the Raleigh quotient is obtained from the re-
lation
max Tmax (4.1.1)

where vmax is the maximum potential energy of the plate at some instant
of time and Tmax is the maximum kinetic energy of the plate at some
other instant of time, For the free vibration of a plate the total
potential energy is equal to the strain energy of pure bending of the
plate.

The strain-displacement relations for pure bending of the plate

with the afore mentioned assumptions are given by (see Fig. 4.1)

XX XX

yy ¥y

ny = -ZZV,X
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and

The bending strain energy of the plate is then given by

ab h(Z
g % h$2 W (e, s €yyrVyy) 9% dy dz

where W is the strain energy density function with the property that

o .
3
€ XX eyy vy

= T -

—H
Y Xy

Next, for an isotropic material in plane stress (czz = () one has

E

g =—e—(e _+ve )
XX (1—v2) XX vy
E
g = € + v e ’
vy (1_v2) ( vy )
S
2(14+v) ny *
Hence, it follows that
r - "
Wie €. v ) = ———E———-Le 2 + ¢ 2 +2ve e  + 1-v Y zj .
XX, Y, KYT pqoy?y Loxx vy xx Yy 2wy

Using the strain-displacement relations the expression for the maximum

strain energy density, Wm, finally becomes
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W = £z E(W +w )2 - 2(1-v)(w W -w 2)~l
2 ] ] 1 ] .
m - v2) Xx vy XX 'yy xy 'J
Hence,
ab
L r 2 91-
Vmax 2 ‘g ‘J01 b L(Waxx + W’yy) 2(1-v) (stx W:yy
2.7
- W’xy )j dxdy (4.1.2)
where
_ Eh3
D = '_2 .
12(1=-v7)

The kinetic energy of the plate is given by

2 -

W
T =7 |

b
2 a 2
max = Upr m(x,y)w dxdy + ,{E ,J; my(x,y)w dxdy

OL—-.W

k
o 27

+ Y m o w,
jeq el il

and since m(x,y) = X h(x,vy), where v is the specific weight of the mater-

ial of the plate and g is the acceleration due to gravity, the expression

for U finally becomes

TT
k
2 _.ab ab . -
T [ Xy 2 N 27
Upp = [ 2w dxdy + [ [m (x,y)w" dxdy + ) m_wii  (4.1.3)
TT 2 5% B 5 d fgi ci il
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In Eq. (4.1.3), md(x,y) is the dead (non-structural) mass distribution
and m is the concentrated mass at the point i of the plate,i=1,..k

Substitution of Eqs. (4.1.2) and (4.1.3) into (4.1.1) yields

XX 7y XX Yy

k
ab‘ 2 ab 9 o 2
I J Y dxdy + I I m 4w dxdy +'£ m W,
008 00 i=1

P 2.2 %y | dxd
‘g LD(W) + W, ) - (1'\)) (W, Wy - sty )J xay

or
ab 3
IJ Eb 7 M dxdy
2 00 12(1-v)
w =% (4.1.4)
[ [ 2w dxdy + T
008
where
2 _ 2 2
noo= (w,Xx + w’yy) - 2(1-v)(w,xx W’yy - w’xy ) (4.1.5)
and
r, -1 ] T
m w dxdy + m Y5 (4,1,6)
00 d fL1

Next, by Ravleigh's principle, w2 s the square of the fundamental fre-
quency, is stationary with respect to the displacement w. Setting the
variation of wi as defined by Eq. (4.1.4), with respect to w equal to

zero, therefore yields the governing equation of motion together with
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the associated boundary conditions., These are (see Fig. 4.1)

- -
| i i

+ + Vv s

xy_ LD(w’yy W px ]

r r
LD(W’x + v ow, )1 + 2(1-v) | Dw,
S XX - s XY Yy

X Yy o

2 'y ) _
+ut Lhtmy)w=0 (4.1.7)

Either or

w=20 ;D(W’xx + v W’yy)l . + 2LD(1 v)w,ny , 0
along x=0,a ,
= 3 1=
LA 0 DLW’xx + v W,yy; 0
(4.1.8.1)
= "1 'r - J =
w=20 [D(W,yy + v W’xx)J + ZLD(I v)w,xy 0

¥ K
along x=0,b .

D[ g
w, =20 Lw,yy + v W’xxJ =0

(4.1.8.2)

In addition to these are the conditions of continuity of deflection w,
the slopes w,x, w,y , moment and known discoatinuities of shear at the
points of application of the concentrated masses,

For any thickness distribution, h, Eq. (4.1.7) together with the
boundary conditions (4.1.8.1) and (4.1.8.2) is solved to obtain the low-
est eigenvalue wi (the square of the fundamental frequency). Next, it

. 2
is required to maximize W, with respect to wvariations ian h subject to

1
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the constant volume constraint
ab
[ [ haxay =v, (4.1.9)
00

Hence, the functional that must be extremized iz

3

ab
Eh 2
@l = g { 12(1-v%) C - rf } h dxdy - V|
1 a b 5 1Ly 9 Yo
J [ 0w axdy + 1,
D0

where ll is an undetermined Lagrange multiplier. The necessary condi-

*
tion for (wi) to be stationary with respect to h is given by

2 ,

abf- ab A5
o -0 Yu? o ([ [ Yow” axdy + )} oh dxdy = 0 .
00 “12(1-v") & 008 ”

Hence, for arbitrary variations Sh the above yields

3Eh2 2 2
1

5= A - W x_WZ = ¢ = constant ., (4.1.10)
12(1-v) &

Equation (4.1,10) is valid only in those regions where the thickness is
not prescribed. 1In other regions for which the thickness, as determined
by the use of Eq. (4.1.10) happens to be less than hD , the constraint

h = hO is used,

Multiplication of Eq, (4.1.10) throughout by h followed by inte-

gration over the area of the plate yields
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3

ab a
3££—&Tn2dxdy-w§£ h dxdy ,
12(1-v°)

hw2 dxdy = ¢

ot
oO—

o—
e 2

1OEO
6UB - ZUT = ¢V
or
6U., - 20 ab
=B T) . _ Y p?
¢ ml— ;20 = W { g St dxdy
Equation (4.1.10) can therefore be written as
2 Y ou_ 20 .
"—:'3-E"11T ‘H.2 - u}i—‘wz = (—BV—-E} . (4.1,10)
12(1-v) g 4

It is understood that Eqs., (4.1.7), (4.1.8.1), (4.1.8.2), (4.1.11) and
(4.1.9) are solved simultaneously in order to obtain the fundamental fre-
quency w, and the corresponding thickness distribution h.

Method of Solution of the Problem

The proposed method is again the finite element displacement meth-
od, and although the governing equations in this case are partial dif-
ferential equations, the corresponding equations in terms of the finite

element formulation are exactly the same as those of Chapter III for the

case of n=3, namely
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I 2 _
Ll ot ] e} = o} (4.1.12)
v, vy 1 2 \ Vv / +1.13)

Where [KV]p is the assembled nonsingular stiffness matrix for the entire
plate in bending and [M]p is the assembled mass matrix for the entire
plate including the effect of the non-structural mass and with the pre-
scribed boundary conditions imposed while other quantities are as de-
fined before in Chapter ITI, The explicit derivation of the plate
bending element stiffness and mass matrices together with other details
are given in Appendix C.

Optimization Procedure

The unconstrained optimization procedure is exactly the same as
in Chapter ITI and the steps inveolved can be briefly summarized as fol-
lows:

(i) PRegin with a uniform thickness plate complying with the giv-

en volume V.

(11} Solve the eigenvalue problem as specified by Eq. (4.1.12) to
obtain wi and the corresponding eigenvector.

(iii) Calculate the strain and kinetic energy densities in each

element, namely 3Ubi/vi and Uti/vi , i=l,..m and the constant

for the entire plate.

¢

(iv) Use the recurrence relation, which is
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r T
e N I
PRI > S h, ., p>0 (4.1.14)

nitl -

i i r i r_i
cy + (Uti/vi)

, . st | .
to determine the thickness of the elements in the (r+l) iteration.

+1

In Eq. (4.1.14), Cr is a constant to be determined from the constant

volume constraint

a, b, h§+1 = V/4 (see Fig. C-1) ,

=1

m
T

and the value of the exponent p is selected so as to render

The proof for the existence of such a p for the continuous
system follows on exactly the same lines as the one in Chapter III and
therefore it is not given here. The initial value of p can be assumed

to be one or less and the iterative scheme is continued with this value

of p for as long as (mi)r+l z (wi)r . If it so happens that at some
stage (wf)r+l < (wi)r , the value of p is reduced by a factor of ¥ or %

and the iteration is repeated. This process is continued until no sub-
Z

stantial change in the value of wl is present and the criterion for con-

vergence on the optimality condition is met,

The constrained optimization ptrocedure is exactly the same as the

one described in Chapter IIT and therefore it is not repeated here.
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Numerical Results and Conclusions

The determination of the lowest eigenvalue and corresponding
eigenvector is more difficult in the case of plates than it is for
columns and vibrating beams. The reason is that the first two eigen-
values are not very well separated for the non-uniform plate., For each
iteration of the optimizatioen procedure an approximate lowest eigenvalue
and the corresponding eigenvector is determined by the inversion of the
stiffness matrix followed by a high number of matrix iterations, Dur-
ing the process of the matrix iterations a check is simultanecusly made
on the closeness of the first two eigenvalues, (The details of the
method for resolving two close eigenvalues are described at great lengths
in Ref, 25, pp. 277-279). 1If the first two eigenvalues are fairly well
separated the method of perturbation correction is used to improve the
approximate eigenvalue and eigenvector. The desired norm of the resid-
ual vector (see Chapter II) is obtained in one or two perturbation cor-
rectiong; and no difficulty is experienced for the cases shown in Figs.
4,2 through 4,8, It must be noted at this point, that this perturba-
tion scheme, although a powerful scheme, is successful only when the two
successive eigenvalues are fairly well separated; and nc more than per-
haps one or two perturbation corrections are required to improve the
approximate eigenvalue and eigenvector.

In the optimization of a vibrating square plate clamped along all
edges and carrying a uniformly distributed dead mass, the exact lowest

eigenvalue and the corresponding eigenvector for non-uniform geometry

could not be obtained by the present scheme owing to numerical
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difficulties. The author feels that the root of the problem lies in
the closeness of eigenvalues for the non-uniform geometry. This sug-
gests that a radically different and a much more efficient method is
required for the eigenvalue analysis. One such scheme is perhaps to
use a perturbation technique to obtain an exact inverse of the stiffness
matrix, Once an exact inverse of the stiffness matrix is obtained, the
method outlinred in Ref. 25 for resolving two close eigenvalues can be
successfully emploved, Although there is little doubt that the exact
lowest eigenvalue and the corresponding eigenvector can be computed by
this scheme, the computer time entailed in doing so may be prohibitively
excessive, Other schemes which may be equally successful are the gra-
dient techniques of determining the lowest eigenvalue and the corre-
sponding eigenvector., Since the author has not attempted neither of
these schemes the discussion of their relative merits is out of the
question.

The criterion for convergence on the optimality condition for all

the cases shown in Figs. 4.2 through 4.8 is

V.. -V, 30, = Ui 7
[( bi tl) ; (=2l __ti - 1.0 X 100 < 5.0 .
' c.V N cLV. h + -
174 max 1'; min

However, the 8 X 8 element model shown in Fig. 4.5 is not carried to full
convergence since all that is of interest in this case is the order of
magnitude of the optimum frequency and not its exact final value in order
to arrive at the final conclusion,

The convergence in all the cases shown is very slow, brought
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about, to some extent, by the necessity to use smaller values of the
exponent p in the recurrence relation to avoid drastic changes in the
mode shapes due to insignificant changes in the thickness distribution,
In Figs. 4,2 through 4.8 the normalized thickpess is defined to be the
ratio hi/hU where hU = V/ab and in Figs. 4.6 and 4.8 Mo denotes the
total structural mass of the plate.

Tables 4,1 through 4.12 show the percent increase of the funda-
mental frequency obtained in each case over the fundamental frequency of
a uniform thickness plate of the same volume, In these tables the sym-

2
l)OPT

denote the squares of the fundamental frequencies of the fin-

bol D, denotes the quantityhﬂg/12y(l-v2)](V/ab)2 3 the symbols (w

2
Py

ite element models with the optimum and uniform thickness distributicns

and (w

respectively and finally, the symbol (cl)i denotes the quantity
(3Ubi - Uti)/(clvi) .

Figure 4,2 shows the thickness distribution for a rectangular
vibrating plate simply-supported on two sides and forced to bend cylin-
drically. The purpose is to model a vibrating beam using rectangular
plate bending elements and to provide a check on the numerical computa-
tions invoived in the vibrating plate optimization computer program,
The optimum frequency obtained agrees extremely well with the optimum
frequency for a simply-;upported vibrating beam with I(x) = pAs(x) and
m=10. The numerical results for this case are tabulated in Table 4.1.

Figure 4.3 shows the thickness distribution for a rectangular
vibrating plate with aspect ratio a/b = 1/3, simply-supported along the

edges x=0 and x=a and free on the other two edges using a 6 X 6 element
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model. The numerical results for this case with h 2 hD = 0.10 hU are
tabuiated in Table 4,2, Figure 4.4, on the other hand, shows the thick-
ness distribution for a rectangular vibrating plate with aspect ratio
a/b = 1/3 and simply-supported aloag all edges. The numerical results
for this case with h = h0 = 0.10 hU are tabulated in Table 4.3. Both
these cases indicate that except for some portion of the plate in the
center, where the plate behaves like a simply-supported vibrating beam,
the tendency to concentrate the material towards the corners exists.
This implies that such a tendency would be more pronounced as the mode
shape departs further from a cylindrical surface. This would be the
case as the aspect ratio, a/b , approaches unity and all the edges are
simply-supported, This is confirmed by the results of a simply-supported
vibrating square plate to be discussed next,

Figure 4,5 shows the thickness distributions for a vibrating
square plate simply-supported on all sides using a 4 X 4, a 6 X 6 and
an 8 X 8 element models. The numerical results for these three models,
tabulated in Tables 4,4 through 4.6, indicate that no finite frequency
and corresponding optimum shape can possibly exist. It can be seen that
the material of the plate has a tendency to be concentrated more and
more at the four corners of the plate as the number of elements of the
model increases.

Figure 4.6 shows the thickness distribution for a vibrating
square plate simply-supported on all sides but with a concentrated dead

mass at the center of the plate, A 4 X 4, a 6 X 6 and an 8 X 8 element

models are used in this investigation. The results indicate that an




100

8 X 8 element model would be a good approximation of the continuous
system, The changes in thickness distributions and corresponding fun-
damental frequencies diminish as one proceeds to a higher element model.
The numerical results for these three models with h 2 h0 = 0,10 hU are
tabulated in Tables 4.7 through 4.9,

Figure 4.7 shows the thickness distribution for a vibrating
square plate simply-supported on all sides and carrying a uniformly dis-
tributed dead mass, A 4 X 4 and a & X & element models are used in this
investigation. The numerical results for these models with
h = ho = 0,10 hU are tabulated in Tables 4.10 and 4.11. It is not sur-
prising that the fundamental frequency of the 4 X 4 element model is
higher than the fundamental frequency corresponding te the 6 X & element
model, By Rayleigh's principle, for any given thickness distribution
the resulting lowest eigenvalue (fundamental frequency), with the assumed
displacement field, has the exact solution as a lower bound. On the
other hand, the exact optimum frequency of the discretized system has the

optimum fregquency of the corresponding continuous system as an upper
bound. The final optimum frequency of the discretized system therefore
approaches the exact value either from above or below,

Finally, Fig. 4.8 shows the thickness distribution for a vibrat-
ing square plate simply-supported on all sides with dead line masses
acting along the center lines of the plate using a 6 X 6 element model,
These dead line masses are transformed into equivalent concentrated

masses as shown in the figure. Numerical results for this case with

h = h0 = 0,10 hU are tabulated in Table 4.12.
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Figure 4.2, Normalized Thickness Distribution for an Optimum Vibrating
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Sides; h = 0,10 hU
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Figure 4,6, Normalized Thickness Distribution for an Optimum
Vibrating Square Plate Simply-Supported on All
Sides with a Concentrated Dead Mass at the Center;
h =z 0,10 hU .
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Table 4.1. HNumerical Results for the 2 X 5 Element
Half Plate Model shown in Fig. 4.2,

(wl)ng = 117.25 vaba = 1.205 (wl)g
Element No. (hi/hU) (cl)i
1 1.2250 0.9995
2 1.1824 0.9992
3 1.0874 0.9995
& 0.9128 1.0002
5 0.5924 1.0009
6 1.2250 0.9995
7 1.1824 0.9992
8 1.0874 0.9995
9 0.9128 1.0002

10 0.5924 1.0009
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Table 4.2. Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.3.

(w1)§PT = 408 Dv/a4 = 3.40 (wl)é
Element No. (hi/hU) ()
1 1.7223  0.9996
2 1.5458  0.9996
3 1.069  0.9997
4 0.10 ______
5 0.10 L
6 0.10
7 1.7398  1.0145
8 1.5557  0.9961

9 1.0671 1.0000
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Table 4.3. Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig, 4.4,

(wl)éPT = 212 Dv/a4 = 2,22 (wl)é
Element No. (hi/hU) (¢
1 2.3968 0,9985
2 2.1484 00,9590
3 1.4877 1.0079
4 0.10 o
5 0.10 .
6 0.10
7 0.2405 1,0038
8 0.7470 0.9965

9 1.6798 0.9946
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Table 4,4, Numerical Results for the 2 X 2 Element
Quarter Plate Model shown in Fig. 4.5.

2 “_ 2
() gpy = 1369 D _/a* = 3.56 ()7
Element No. (hi/hU) (cl)i
1 0.9672 0.9983
2 0.1194 1.0172
3 00,1194 1.0172

4 2.7940 0.9991
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Table 4.5, Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.5.

(wl)gPT = 2055 Dv/a“ = 5.35 ("’1)3

Element No, (hi/hU) (cl)i

1 0,5622 0.9999

2 0.3231 1.0000

3 0.0856 0.9999

4 0.3231 1.0000

5 2,7048 1.,0000

6 .0

7 0.0856 0,9999

8 0.0

9 4,9156 1.0000
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Table 4.6. HNumerical Results for the 4 X 4 Element
Quarter Plate Model shown in Fig. 4.5.

(wl)gPT z 3645 Dv/a4
Flement No. (hi/hU) (eq);
1 0.4107 1.176
2 | 0,0
3 0.297 1.0878
4 0.0663 1.0978
5 0.0
6 1.8976 1.0095
7 0.661 0,9675
8 0.0
9 0.297 1.0878
10 0.661 0.9675
11 5,96 1.0878
12 0.0899 0.9912
13 0.0663 1.0978
14 0.0
15 0.0899 0.9912

16 6.5022 0.9913
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Table 4.7. Numerical Results for the 2 X 2 Element
Quarter Plate Model shown in Fig. 4.6,

2 & 2
(w))opp = 252 D /3" = 3.43 (@))]
Element No. (hi/hU) (cl)i
1 1,7407 0.9895
2 0.10 -
3 0.10

4 2,0592 1,0089
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Table 4.8. Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig, 4.6.

(wl)éPT = 368.5 Dv/a4 = 4,625 (wl)g

Element No. (hi!hU) (cl)i

1 2.8189  1.0047

2 0.10 L

3 0.10 L

4 0.10

5 1.9559  0.9956

6 0.10 L

7 0.10 L

8 0.10

9 3.6344 0.9987
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Table 4,9, Numerical Results for the 4 X 4 Element
Quarter Plate Model shown in Fig. 4.6.

(@) aor = 377 D Ja" = 5.2 (@)}

Element No, (hi/hU) (eydg

1 2,388 1.0122

2 1.3853 0.9760

3 0.10 .
4 0.10

5 1.3853 0.9760

6 1,3656 1,0036

7 0.10 L

8 0.10 -

9 0.10 L
10 0.10

11 0.1741 1,0988

12 0.10 -

13 0.10 .

14 0.10 .
15 0.10

16 4.9928 1.0006
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Table 4,10, Numerical Results for the 2 %X 2 Element
Quarter Plate Model shown in Fig. 4.7.

2 4 _ 2

(@)gpp = 735D Ja" = 2.83 (¥))y
Element No. (hi/hU) (cl)i
1 1,0403 0.9990
2 0.1947 0.9858
3 0.1947 0.9858

4 2,5702 1,0025
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Table 4,11, Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.7.

(wl)ém = 639 Dv/&4 = 2,455 (“’1)5
Element No. (hi/hU) (cl)i

1 1.1073 0.9990

2 0.8584 0.9991

3 0.0986 1.0001

4 0.8584 0.9991

5 0.001

6 1.7054 1.0050

7 0.0986 1.0001

8 1.7054 1.0050

9 2,5668 0.9944
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Table 4,12, Numerical Results for the 3 X 3 Element
Quarter Plate Model showm in Fig. 4.8.

2 4 _ 2
(wl)OPT = 262.,5 Dv/a = 2,32 (wl)U

Element No, (hi/hU) (cl)i
1 1,5943 0.9938
2 1.2723 1,0107
3 0,10
4 1.2723 1,0107
5 1,3649 0.9935
6 0.10 L
7 0.10 -
8 0.10

9 3.1962 0.9937
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Thin Rectangular Plates Under Destabilizing Loads

Assumptions and Objective

The assumptions made for the vibrating plate hold also for the
stability analysis. 1In addition, it is assumed that although the strains
are small, the slopes LA and w,y are moderately large; such that Us . s
u,y > Voo and v,y are of the same order of magnitude as (w,x)2 s (w,y)2
and the corresponding strains.

As regards the objective, it is again required to distribute the
material over the extent of the plate with a given aspect ratio, total
volume (mass), with various boundary conditions and subjected to a giv-
en distribution of in-plane loading, so as to maximize the critical load
parameter (see Chapter II for definition of the critical load parameter)
subject to the constraint that the minimum thickness is no smaller than
a specified value hO . Consideration is restricted only to those types
of externally applied in-plane loadings for which ﬁx is a constant or at
most a function of vy, ﬁy is a constant or at most a function of x while

ny is a constant (see Fig. 4. 9).

Formulation of the Problem

Although the Rayleigh quotient for this problem can be derived in
a manner similar to the one used for columns in Chapter II, the details
are omitted here for sake of brevity. Instead, the Rayleigh quotient is
obtained from Ref, 26, page 168, where it has been derived by the appli-
cation of the principle of virtual work to an initial stress problem.

The expression for this Rayleigh quotient, with the sign convention for

positive stress resultants as shown in Fig, 4.9, is given by
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a
' Eh r 2 2.7
—_— + - 2(1-v - dxd
g‘[[) 12(1_\)2) L(W:xx W’yy) ( )(W’X}( W’yy W’XY)J xXdy
T ab 0 2 o 0 27
I J [N w, +2N w, w, +N w, J dxdy
0 0 XX X Xy x ¥ ¥y ¥

(4.2.1)

where A is stationary with respect to w and No s N°  and N° represent
xx 7 yy Xy
the prebuckled stress distribution.
A simplified form of the Rayleigh quotient can be derived from
the virtual work principle based on the assumption of inextensional de-

formation. This simplified form is

ab 9 9 ™
g { DI:(W,xx + W’yy) - 2(1-v)(w,xx‘w,yy - w’xy)J dxdt
) =

(4.2.2)

ab-_ 2 - - 2
f I [N w, + 2N w, w, +N w, J dxdy
bl x x xy ’x ’y Ty ¥y

where D = Eh3f[12(1-v2)].

This assumption of inextensionality, although inconsistent, pre-
dicts the critical loads surprisingly close to the exact values, This
has been verified by a number of uniform plates with non-uniform trac-
tions and non-uniform plates with uniform tractions, Another attractive
feature of this assumption is that it simplifies the problem of optimi-
zation tremendously., Although no claim is made about obtaining an ex-
act solution to the problem of optimization of a given plate by this

simpler form, the conclusions drawn from this analysis lead to useful

results associated with the order of magnitude of the critical load,
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Hence, for the purposes of the development of the optimality condition,

Eq. (4.2.2) will be used as the definition of the critical load parameter

A.

Thus, it is required that A as defined by Eq. (4.2.2) be sta-

tionary with respect to w and h subject to the constant volume constraint

h dxdy = Vv . (4.2.3)

oO—wp
ot—o

Hence, the functional that must be extremized is

ab 2 2
FIo e, +w 0% - 200w - w, D] axey
}L* B 0 0 xX ‘yy XX yy K}T
f J N w, + 2N w, w, + N w, | dxdy
50 LMz "rx Xy °x O’y y 'yl
rab .
- L% g h dxdy - V. . (4.2.4)

Setting the variations of A with respect to both w and h, independently
equal to zerc leads to the governing equation with the associated bound-

ary conditions and the optimality condition respectively. These are

. - . -
[D(w, +w, ! +2(1~v) | D w, | + i D(w, +Vw, )1
XX vy J,xx L xyj’xy L. vy XX ° gy
Fa _ . 1
+ ALN w, + 2N w, +N w, =20 (4.2.5)
x xx Txy xy |y Cyyd
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Either ar

- - - 1
r : : :
w=20 LD(w’xx + v w’yy)J + 2 LD(l-v)w,ny
3 3
+ N w, + N w, =0
X Xy 'y
> along x=0,a
w, =0 Dw,_ +vw, =0
x xy yy.
(4.2.6,1)
0 A + v 2 rD 1 ) ]
= ¥ ~Y .
W LD(W,YY W’XX)_! + L ( )W’KY.J
+ N w, +N_w, =0
¥y Xy
>
along vy = 0,b
r o
w,y =0 DLw’yy VW, T 0
- (4.2.6.2)
and
2 2 21 _ 2
h L(w,xx + w’yy) - 2(1-v)(w,xx w,yy - w’xy)J = ¢ = constant.
(4.2.7)

Equation (4.2.7) is the mathematical expression of the optimality condi-
tion. Multiplication of both sides of this equation by Eh/[12(1-v2)]

followed by integration with respect to x and y over the extent of the

plate yields U =[Ec2/12(1-v2)] v .
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That is to say

2 12-vH U

C E V L
Hence, Eq. (4.2.7) can be written as

W _u_

Ry constant (4.2.8)
where

W= [(W +w )2 2{1-v){ w w 2 )?
- 3 » vy w’xx vy Txy? .

12(1-v5)

QOptimization Procedure

From the development in Chapter II it follows that the scolution
of the optimization problem of plates with the underlying assumptions
reduces to the solution of the following equations in finite element

matrix form

iEKs]p - A [KG]P] {a} = {0} , (4.2.9)
Ui u
Pl constant (4.2,10)
i

T h. a b, = %

and

(see Fig. C-1) (4.2,11)
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where [KS]P and [KG]p are the assembled noasingular stiffness and sta-
bility matrices for the eantire plate. The problem in finite element
form is in no way different from the column problem of Chapter II and no
further details need be repeated.

Numerical Results and Conclusions

The criterion for convergence on the optimality condition is

. U, -
e (;1) - 1.0| X 100 <5,0 .
i max j min
A number of cases of plates with various aspect ratios, boundary condi-
tions and in-plane loadings, shown in Figs. &4.10 through 4.17, is dis-
cussed next, The numerical results for these cases are tabulated in
Tables 4,13 through 4.23., 1In these tables, the symbol Ds denotes the
quantity (E/[12(1-v2)])(V/ab)3; the symbol hU denotes the quantity
V/(ab); the symbols KOPT and hU denote critical loads for the finite
element models with the optimum and uniform thickness distributions re-
spectively; and the symbol ci denotes the quantity (UiV/viU). Normalized
thickness is defined to be the ratio hi/hU .

Figure 4,10 shows the case of a rectangular plate simply-supported
along two opposgite edges and forced to beand cylindrically while loaded
with a uniform compression acting in a direction normal to the simply-
supported edges, This is intended to model a column using plate bending

elements. The results agree well (see Table 4.13) with those obtained

for a column with I{x) = pAS(x) and m=10, Exactly the same results are

obtained even when the stability matrix is calculated using the true
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prebuckled plane stress distribution at each iteration of the optimi-
zation procedure, This implies that the assumption of inextensionality
is not in error for buckled surfaces which are cylindrical or very
nearly so, This conclusion is also confirmed by the next two cases.

Figure 4,11 shows the case of a rectangular plate with an aspect
ratio a/b = 1/3, simply-supported along the edges y = constant and free
on the adges x = constant., The plate is loaded with uniform compression
in the x-direction, The plate with such an aspect ratio and boundary
conditions behaves very much like an Euler column and the assumption of
inextensionality is not again very much in error, The numerical results
for this case are tabulated in Table 4,14,

Figure 4.12 shows the case of a rectangular plate with an aspect
ratio a/b = 1/3 and simply-supported along all edges. The plate is
loaded with unifbrm compression in the x-direction, The numerical re-
sults for this case are tabulated in Table 4.15. Comparison of these
results with those reported in Table 4,14, for Fig. 4.11, shows that the
effect of boundary conditions is negligible for this aspect ratio
afb = 1/3.

Figure 4,13 shows the thickness distribution for a 4 X 4 element
model of a square plate simply-supported on all sides and loaded with
uniform compression in the x-direction. Numerical results for these
two models with h = h0 = 0,10 hU are tabulated in Tables 4,16 and 4,17
respectively,

Figure 4.14 shows the thickness distributions for a 4 X 4, a

6%6 and an 8 X 8 element models of a square plate simply-supported on
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all sides and subjected to equal biaxial compression. The differences
in the final values of the critical loads obtained for these three
models (see Tables 4,18 through 4,20) are small enough to perhaps con-
clude that the corresponding continuous system does possess a finite
optimum critical load.

Figure 4.15(1i) shows the thickness distribution for a 6 X 6 ele-
ment model of a simply-supported square plate under equal biaxial com-
pression and with the inequality constraint of h = ho = 0,10 hU. As a
result of this inequality constraint, the critical leoad of this model
(see Table 4,21) is reduced by about seven per cent in comparison with
the critical load of the 6 X 6 element model of Fig. 4.14 (see Table
4,19). Incidently, the exact critical load for the thickness distribu-
tion of Fig. 4.15(i) (the true prebuckled stress distribution is used)
shows a reduction of about 177, in comparison with the value shown in
Table 4,21,

Figure 4.15(ii), on the other hand, shows the thickness discri-
bution for another 6 X 6 element model of the same square plate con-
sidered in Fig. 4.15(i). This is a model which meets the optimality
condition, Eq, (4.2,10), with h = ho = 0,10 hU although for each itera-
tion of the optimization procedure the true prebuckled stress distribu-
ticn, as determined by the plane stress analysis, is used for the con-
struction of the stability matrix. This model has therefore been called

a quasi-optimum extensional model; and would be much closer to the truly

optimum meodel than the one shown in Fig. 4.15(i). The reason for this

is as follows. Had Eq. (4.2.1) been adopted as the definition of the
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critical load parameter A, then the only approximation for this model
is that the variation of the denominator of the Rayleigh quotient with
respect to h is ignored. This way the same optimality condition, Eq,
(4.2.8), is obtained. The numerical results for this quasi-optimum ex-
tensional model are tabulated in Table 4.22.

Finally, Fig. 4.6 shows the thickness distribution for a 4 X 4
element model of a square plate simply-supported on all sides and sub-
jected to a uniform shear. The optimized model which is extremely
strong in buckling for the assumed direction of shear seems to be ex-
tremely weak in buckling shear acting in the opposite direction, The
material is concentrated along the tension diagonal which seems to be
the preferential direction for the optimized model. The numerical re-
sults for this case with h 2 h0 = 0.10 hU are tabulated in Table 4.24.

Next, the 6 X 6 element model of Fig. 4.13 is compared with a
simply-supported stiffened square plate of the same volume and with two
equally spaced stiffeners in the direction of the load (see Fig. 4.17),
It will be shown that, with a proper choice of stiffener dimensions,
such a plate under uniaxial compression is capable of carrying almost
three times the c¢ritical load of a uniform thickness simply-supported
square plate of the same volume,

Consider a simply-supported square plate of uaniform thickness hU

and size a X a under a uniaxial compression Nx = constant, The eritical

value of ﬁx for such a plate is well known to be

(h
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Next, consider the stiffened plate shown in Fig. 4.17 with two identical

stiffeners which are equally spaced.

. a : 5
Assume bS = T30 ° hS = 10 hU and h1 =g hU . Total volume of the

stiffened plate is given by

% by al 42 (I%B) (L0 hy) a=hya =V,

H
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(This seems conservative for stiffeners placed on both sides of the

sheet.)

Cross-sectional area of the stiffener

b
i}

- (f89) o hy =F5hy -

Hence, in the notation of Ref. 30 (pp. 394-400)

al
VR R RN T WAV Y VAR P for v=0,30 ,
1 =L [Zny) 8]
12(1-v%) L16 -
h
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Hence, if v is conservatively assumed to be equal te 10 with & = 0,10

and B = 1.0, Table 9-17, page 400, Ref, 30 yields

3
2 P —L _(2h)
/o m D1 12(1_\)2) 6 U/
N ) = 25.6 5 = 25.6 5
X
cr s a a
2
™ DU _ N
=,14.248 5 ~ 3.56 (N
- A
a cr' U
whete
Eh3
U
D‘Uz_——T .
12(1-%7)

Thus, the critical load of this stiffener-sheet combination is
nearly 3% times that of the uniform thickness plate of the same volume,
It can indeed be argued that this distribution of material h{x,y) does
not fall in the same class of functions as was assumed apriori for the
derivation of the optimality condition, However, the fact still re-
mains that stiffened plates are indeed very promising candidates in the
optimization of thin rectangular plates for buckling more so because
they can be manufactured with relatively higher saving in cost and la-
bour in comparison with machined or chem-milled plates, Further, it
must be recognized that the stiffener dimensions chosen are by no means
unrealistic and for such dimensions, the stiffener crippling will not
reduce the design capability of the plate. For instance, consider a
7075-T6 (bare) plate with a = 30" and hU = 0,75", Then bS = 0,25" and

hS = 7.5", TFor such a plate it is found that the crippling allowable

for the stiffener is far in excess of the buckling allowable for the
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uniform thickness plate, Finally, it must be remarked that there might

very well be other stiffener-sheet combinations which might lead to

critical loads well in excess of 3.5 (ﬁ V', The number of stiffeners,
cr U

their spacing, orientation and the type of stiffeners cross-section

which will maximize the critical load would be a subject of further re-

search -- a research that will most certainly yield very fruitful re-

sults.
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Figure 4.9, A Typical Rectangular Plate Under In-Plane Loading
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Figure 4.,10. Normalized Thickness Distribution for an Optimum
Rectangular Plate Simply~Supported on Sides x = 0,a
with TImposed Cylindrical Bending Under Uniaxial
Compression
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Figure 4,11, Normalized Thickness Distribution for an Optimum Rectangular Plate
Simply-Supported on Sides x = 0, a and Free on Sides y = 0, b;
Under Uniaxial Compression
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Figure 4.12. Normalized Thickness Distribution for an Optimum Rectangular Plate
Simply-Supported on All Sides Under Uniaxial Compression
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J14. Normalized Thickness Distribution for an Optimum Square
Plate Simply-Supported on All Sides Under Equal Biaxial
Compression.




& O ©

0.7770 0.10 2,3872 0.7625 0.10 2,1324

O & ©

aj2 1.2502 1.1512 0.10

O O O

1.4911 1.2502 ]0.7625

©
©

1.1571 }1.1392 0.10

&

1,4055 |1,1571 0.7770

G)

(i) 3 X 3 Element Quarter Plate (ii) 3 X 3 Element Quarter Plate

Figure 4,.15. Normalized Thickness Distribution for a Square Plate Simply-Supported on All
Sides Under Equal Biaxial Compression; (i) Optimum Inextensional Model with
h = 0,10 hﬁ; (ii) Quasi-Optimum Extensional Model with h = 0,10 hU .
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Figure 4.17.

A Typical Stiffened Square Plate
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Table 4.13. Numerical Results foxr the 2 X 5 Element
Half Plate Model shown in Fig, &,10.

2

Element No. (hi/hu) ci
1 0.6043 0.9879
2 0.6043 0.9879
3 0.9117 1,0008
4 0.9117 1.0008
5 1.0819 1,0018
6 1,0819 1.0018
7 1.1179 1.0017
8 1.1179 1,0017
9 1.2235 1.0016

10 1.2235 1.0016
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Table 4.14, Numerical Results for the 3 X 3 Element
Half Plate Model shown in Fig. 4.l1.

Agpp = 12.12 DS/az = 1.25 ),
Element No. (hifhu) Ci
1 1.2016 1.0024
2 1,0846 1.0046
3 0,7537 1.0081
4 1.1539 0.9915
5 1.0345 0,9904
6 00,7147 0.9888
7 1.2016 1.0024
8 1,0846 1.0046

9 0.7537 1.0081
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Table 4,15. Numerical Results for the 3 X 3 Element
Half Plate Model shown in Fig. 4.12,

KOPT = 16,82 DS/a2 = 1,385 AU
Element No. (hi/hU) ci
1 0.8825 0.9786
2 0,8835 0,9895
3 0,6817 0.9960
4 1.7220 1.0223
5 1.4450 1.0129
6 0.9321 1.,0048
7 0.8825 0.9786
8 0.8835 0.9895

9 0.6817 0.9960
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Table 4.16. Numerical Results for the 2 X 2 Element
Quarter Plate Model shown in Fig. 4,13.

2
ROPT = 41,65 DS/E = 2,11 lU
Element No (h,/h ) c2
. 1y i
1 1,5599 0.9910
2 0.5176 0,9954
3 0.10

& 2,0226 1.0081
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Table 4,17, Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.13.

2
Aopr = 36.7 D /a” = 1.81 A,

Element No. (hi/hU) ci

1 1.,4171 0,9959
2 1.1924 1,0083
3 0,7026 1.0176
4 1,1224 1.0031
5 1,1512 0.9900
6 0.10

7 0.8140 1.008%}
8 0.10

9 2,4004 0.9935
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Table 4,18, Numerical Results for the 2 X 2 Element
Quarter Plate Model shown in Fig. 4.14.

2
?LOPT = 31,15 Ds/a = 1.58 )LU

2

Element No, (hi/hu) ¢
1 1.1493 0.9964
2 0.4828 0,9952
3 0.4828 0.9952

4 1.9852 1.0046
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Table 4,19, Numetrical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.4,

Agpr = 38.05 DS/az = 1.90 X,
Element No. (hi/hU) ci

i 1.4397 1,0000

2 1.1840 1.0000

3 0.,7951 1.0000

4 1,1840 1,0000

5 1,1636 1,0000

6 0.0

7 0.7951 1,0000

8 6.0

9 2,4386 1.0000
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Table 4.20. Numerical Results for the 4 X 4 Element
Quarter Plate Model shown in Fig. 4. 14,

= 2 _
hOPT = 36.60 DS/a = 1.835 hU

Element No. (hi/hU) Ci
1 1.4667 0.9953
2 1.3382 0.9950
3 1.1747 0.9912
4 0.7459 0.9910
5 1.3382 0.9950
6 1.1400 0.9900
7 0.9067 0,9933
8 0.0
9 1.1747 0.9912
10 0.9067 0,9933
11 0.0
12 1.7026 1.0319
13 0.7459 0.9910
14 0.0
15 1,7026 1,0319

16 1,8584 0,9826
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Table 4,21, Numerical Results for the 3 X 3 Element
Quarter Plate Model shown in Fig. 4.15(1).

ROPT = 35.65 Ds/a2 = 1.80 RU
Element No, (hi/hU) ci

1 1.4055 1.0307

2 1.1571 1.0258

3 0.7770 1.0115

4 1,1571 1.0258

5 1.1392 1.0060

6 0.10

7 0.7770 1.0115

8 0.10

9 2.3872 1.0118
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Table &4.22. Numerical Results for the 3 X 3 Element
Quarter Plate Model gshown in Fig. 4.15(ii).

KOPT = 30.90 Ds/a2 = 1.565 }U
Element No. (hi/hU) Ci

1 1.4911 1,0369

2 1.2502 1.0410

3 0.7625 1.0353

4 1.2502 1.0410

5 1.1512 1.0432

& 0.10

7 0.7625 1.0353

8 0.10

9 2,1324 1.0234
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Table 4.23. Numerical Results for the 4 X 4 Element
Full Plate Model shown in Fig. 4.16.

KOPT = 29,45 Ds/az = 3,17 lU
Element No. (hi/hU) Ci
1 0.10
2 1.5423 0.9885
3 0.10
4 2,5014 1.0073
5 1.5423 0.9885
6 0.10
7 2.0140 0.9952
8 0.10 L
9 0.10
10 2.0140 0.9952
11 0,10
12 1.5423 0,9885
13 2.5014 1.0073
14 0.10
15 1.5423 0,9885

16 0.10
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APPENDIX A

FINITE ELEMENT DISPLACEMENT METHOD AS APPLIED TO BUCKLING OF COLUMNS

As a first step it is assumed that the response of the system
which has ip fact infinite degrees of freedom can be effectively repre-
sented by a finite number of degrees of freedom as shown below. To do
this, the system is broken into small elements each extending, in this
case, between two nodes, The response of each of these elements to ex-

ternally applied equivalent nodal loads is determined. Finally by

is obtained.

assembling all the elements together the response of the complete system
4q Dn-1 ; Yomt1
6’L ’L = .
'
@T o O 6 Jo e

Figure A-1. Finite Element Representation of a Column

Z,W

@ﬁ——* —

In the case of the column, each element has only two generalized
forces at each node namely a shear force and a moment and corresponding
to these two generalized forces are the two generalized displacements
namely the vertical displacement and the slope or the rotation. Let

(ui s u;), (ug s ui) denote these generalized displacements at the two
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nodes of the ith element whose length is denoted by £i .

i-1 i-1 ut

WL

Uy Ug 1 3

i-1 i-1 ; i
o i Yy N 2y %

)

Figure A-2. Two Typical Adjacent Beam Elements

The next step is the choice of a suitable displacement function
for each element. Since this method is derived from the principle of
the stationary value of total potential, it is necessary that the dis-
placement field be compatible, both within the element and at the inter-
face between the two elements meeting at a node. Necessary compatibility
between the two elements will be satisfied if the appropriate general-
ized displacements are equal at the node common to the two elements.

This can be assured by requiring that

ul-l - ui -
3 1 - Y241
r for the ith node (see Fig. A-2),
i-1 _ i _
Yy Uy T 94

in addition to these above equations for each of the intermediate nodes,

there are similar equations for the two end nodes namely
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and
m jul
Y3 = Ao Y4 T omp
All these equations can be written concisely in the matrix form as
u=3Bgq (A-1)

where u and g are column vectors with 4m and (2m+2) rows respectively
and B is a rectangular array of size 4m X (2mt+2) whose elements are
either 0 or 1. An illustration of Eq. (A-1) for a two beam-element

idealization of a column would be

Figure A-3, A Two Beam-Element Model of a Column

( u]]: 1 0 0 0 0 0
1 '
uj O 1 0 0 0 0 ( H
1
u O 0 1 0 0 0 1,
1
u o 0 0 1 0 o0 q
4 3
< 5 0= < >
u, o o0 1 o 0 O 9,
2
u, o 0 0 1 o0 0O 95
2
us O 0 0 0 1 0 6
2 o 0 0 0 o0 1 ) ’
u .
\ 4 p L -
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Compatibility within the element requires that the displacement
field be continuous with continuous derivatives within the element. The
element has four degrees of freedom and a complete cubic pelynomial ex-
pansion has also four unknown parameters and is continuous with contin-

. . th
uous derivatives. Hence one can write for the i element

33? ;s 0 x <2, (A-2)
i i i

2
Wi(xi) =a + a x, + 4%, + e
Further this displacement function includes rigid bedy motion and con-
stant strain (i.,e. constant curvature in this case) which are necessary
for convergence to the true solution.
Next, it is necessary to relate the unknown parameters a's to ¢'s.

Equation (A-2) can be written in matrix form as

a
0
a
w,(x,) = |:1 x, x? XB:l 1 > ;7 0=x, £ 4,
1 1 1 1 1 i 1
a
2
aBJ
Next, since
0) = ul
v (0 =y
« _ i
wi(O) = u,
i

= u

wi(h) =y




wi(Ei) =u
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there are four equations which relate a's to q's and these can be ex-

pressed io matrix form as

where

Hence

where

Hence

[c}] {a) = {u')

[ci] =

{a} =

o

= |
Hs o)L

=
AT Y

o

e
L o

who

o

=
Lol o L7

=

(=

=n

il
- N -

(A-3)

(A-4)

(A-3)
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wi(xi) = [1 X, xi xi] [ci]-l [ui}

(A-6)

Il
-~
Iz
—
=

Upon letting §i = xi/ﬂi one has

4 “

(- 385 + 260)

B (8, ~ 262 + 8D
m'3" = < >

(3¢ - 28))

2 3
\ A

Hence

2. )¢
1/£i(- 6E, + 6E))

(1 - 48, +380)

wies,) = W'l = @hH% et @

j ’
2

(- 28, + 36D

and
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r 2 - t
l/ﬂi( ~ 6+ 12§i)

1/51(- 4 + 65))
1/£2(6 - 12€ )
i i

l/ﬂi(— 2+ 6§i)

where primes denote differeantiation with respect to x,. It therefore

i
follows that
2 it i it i t i, it
Wi(xi)] = @) H@E) u=usE) u (A~9)
! 2 it i, it i t . i._i.t
Lwi(xi)] =) g@@) v =y L&)y (A-10)
[ 2 it i, it i B i it
Lwi(xi):] =(u) x(@) uw = R@®) u (A-11)

In Eqs. (A~9), (A~1l0) and (A-1ll) the matrix u is a column array having
4m entries which represent the 4m degrees of freedom of the m elements
and matrices gi s I;' and _lii are nothing but matrices _I:I__i s gi and xi‘
which are expanded from their original sizes of (4X1) to (4mxl) by in-
serting zeros in all but the elements (4i,..., 4i+4) where the four

elements of Iii R gl or il appear,

Using Eq, (A-1), Eqs. (A-9), (A-10) and (A-11) can be written as
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r 12 .

[,y P =a" 2" d'eh p g (A-12)
¥ 2 1 -

[wi(xi):l =g _Et rah B (A-13)

[“}[(Xi)f = L t i(Ri)t B g (A-14)

Next,the total potential for the column is given by

L L L
_1 # i 2 E 2 l
0= 5 J'EI(W ) dx -~ 3 I p{x)w dx + 5 I w dx + 3 USS
0 0 0
m Bi 5 Li
_ S 1 iy 2 _ A 2 g 2 1
/3 % EIi(Wi) dxi 3 g i(xi)(wi) dxi + 5 g Wy dxi * 3 Uss
i=1
where

2 2
= k,g [w(O)] + k,]]':' l:w(L)] + ]:w (0)] LW (L)]
= kg(ql)2 + k%(qzml)z + kl{:(qz)2 + kﬁ(qzwz)z
t

=9 54

The matrix § is a diagonal matrix of size (2m + 2)x(2m + 2) with

s.. =k s=k3

22
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_ L _ L
Somrl = k’r > Som2 T K

all the rest of the elements of the matrix S being zero,

Using Eqgs. (A-12), (A-13) and (A-14) the expression for 7 becomes

Letting

I:EI]._ RF@YHE + Bgi(gi)t] a)BtS  @n19)

and

m
[KG] = B;t (Z ' p.(xi) f‘(f)t dxi) B ; (A-16)
i
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The principle of the stationary value of the total potential re-

quires §u = 0 for equilibrium. Hence
§m = 8q° (X - »K.) g = O
4 & - g

Hence, for arbitrary variations of the generalized displacements g it

follows that
[[x] - Ak ]| fa} = (0] (a-17)

In the absence of B and §, the matrices K and will be both

EG
singular since rigid body motion has not been eliminated. Hence the
boundary conditions must be imposed in oxder to solve the eigenvalue
problem specified by Eq. (A-17). The imposition of the boundary condi-
tions can be made in several ways (see Ref, 22, pp, 233-234), but the
best way from the point of view of computation time would be to cross
out the rows and columns corresponding to prescribed zero displacements.

This, in essence, correspends to partitioning the matrices K and into

EG
submatrices retaining the portions of these matrices corresponding to |
externally applied active loads (which in the case of the homogeneous
eigenvalue problem are zero) for eigenvalue analysis and throwing out
the rest of the portions of these matrices corresponding to reactive
tractious which do not enter intoc the formulation of the total potential

of the system.

Next, returning to Eqs. (A-15) and (A-16) some explicit expres-

sions for the integrated quantities pertaining to the ith element can
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be obtained, The matrix represented by

£,

.+ i it

j EI. R (R")  dx,
0 1 1

is a symmetric matrix of size (2m + 2}X(2m + 2) given by

4i 4i+4
_ i | -
1 |

o 0 T 0

43 = == p = —~F == =~ —
o hhxt 1 o

bithe o d - — b o e -
0 « 0 | 0

- I : | -

where

12 e 2o
3t 2 g2
i 1 1 1
4 -6 2
£y £f £y
[x'] = EI
2 -6
3 42
1r 1
SYM P
| ﬂi |
£,
L i it
J B (eh dx,
0

is alsc a symmetric matrix of size (2m + 2)X{2m + 2) given by
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41 4i+h |
- ' : -
0 0 0
fi=~—1-— -
0 1 mi : 8]
Gith ——~|— — == —— —
0 c 0
[ | i -
where
156 224 54 - 132,
i i
6> 138, - 32?
i i i
L BL
m'] = —
156 - 228,
i
SYM
2
éﬂi
£
1

i, it
gpi(xi) L' h® ax

is a symmetric matrix of size (2m + 2} X(2m + 2). For alinear variation

of pi(xi) given by pi(xi) = Pl(l—ii) + P2§i the matrix becomes:

ziii 41+4

!
i 0

4P------r~f_r__-
Gith - -} — L
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where
[~ P P
3 2 3 1
5%, (PytPy) 16 =D (B 1B,) 10
£ P £
i 2 i
15 (3P1+P2) - 18 %0 (P1+P2)
k6] =
G
2o ) .1
521 12 10
SYM
gi
30 (P1+3P2)
-
If P1 =P, =P then the matrix fkéj reduces to the one given in Ref, 10

taking the proper signs,
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APPENDIX B

EQUATION OF MOTION -- FINITE ELEMENT FORMULATION

For the sake of uniformity of treatment, the equation of motion
in terms of finite element formulation will be derived from Rayleigh's
principle rather than by the use of Hamilton's principle. From Eq. {3.6),

Chapter ITT, the expression for w2 is given by

n 2 L 2
EpA" w'" dx +U_ - f 8 () w'™ dx
s 3 ©

ro
oot —

o2 = (3-1)
2 L 2 k 2
X‘Aw dx + J m,w dx+ 2 m , w,
g 5 d 4=1 b 1

where

L
0 _2 L_2 o _,2 L 2 2
vy = kT W lo + kT w IL = kR w' \O + kR w' l£+ B g W dx
From Appendix A, Eq, (B-1) can be immediately cast in matrix form as

2 {q}" Ix,] (@)
{q3® [mM] {q}

(B-2)

I:Eli REeDy® + peleh®

- p, (x,) ttah® dxi) B+5 (B-3)
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n L
[v] = ]_3,_t ) J Lg A+ my (k)] ctch® dxi> B+M_ (B-4)
1-1 0

Assuming as an approximation a linear variation of dead mass dis-
tribution between any two consecutive nodes (this assumption is capable
of approximating the arbitrarily varyving dead mass distribution with in-
creasing number of elements m) the expression for m,, can be written as

di

mgy = Wy (L - xilﬂi) + mZi(xi/f‘li)

di

and the expression for [M] therefore becomes

m £,
] = lj‘{iA+m}G(G)dx
i=1 0
i« ) .
+ ] 212 N dx>B+M
0 . 1 - 1 -
1
=1a.t]:g1 (X, + ‘Mi+(m21-mli)Mi—lB+M
= Lo ™i/ = z. vl T &
1
i=1
where

_ Hi 4i+d
0o to lo
. ._.._..l__-....i._-_ 41
i, _ 1|
[Mu] - 0 : " 0
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- -
156 224 54 -134.
i i
2 2
4£i 134, - 345
ia i
[mu = 420
156 -224.
1
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2
QE{J
and where
) %1 %itﬁ
[0 r_g_lgai
[Ml] = O m it O
v oL Y o aies
0! 0 : 0
72 148, 54 -124.
1 1
2 2
5 347 14£i - 347
i o &
[mv] T B40
240 -30% .
L
SYM
522
1

both the matrices [Mi] and [Mi] being of size (2m +2)X(2m + 2) and finally
the matrix Ec is a diageonal matrix with [2¢i-1) + 1] st element being
equal to m, ;e Returning to Eq. (B-2), by Rayleigh's principle w2 is sta-

tionary with respect to the genexalized displacements f{aq}.
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Hence, it follows that é(wz) =0 1i,e.

t t
2{8 1" [x,] {a] g log)” (ul fa}
{q}* M7 {q} {a}® [ {a)

fo} -

Hence, for arbitrary variation of the generalized displacements {q} the

above finally yields
[[x,] - o (1] (a} = {0} - (8-5)

Equation (B-5) is the equation of motion, TIf B = 0 and § is the
null matrix, suitable boundary conditions are to be imposed before
attempting to solve the eigenvalue problem as specified by Eq. (B-5)

(see Appendix A). For a free-free beam,however, the two equations of
constraint corresponding to the conservation of linear and angular
momenta have to be used to transform the stiffness matrix in order to
render it gonsingular before solving the eigenvalue problem of Eq. (B-3).

This seems very specialized, $o hence the problem of the free-free beam

is not attempted.
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APPENDIX C

FINITE ELEMENT DISPLACEMENT METHOD AS APPLIED TO

VIBRATTON AND STABILITY ANALYSIS OF THIN RECTANGULAR PLATES

The details of the assembly of the individual element stiffness
and mass matrices to obtain the assembled stiffness and mass or stabil-
ity matrices for the entire plate are in no way different £from those
outlined for the column in Appendix A. Hence, this appendix will be de-
voted solely to the development of individual element stiffness, mass
and stability matrices for a plate bending element.

The types of rectangular plate bending elements can be broadly
-classified into two distinet classes., TFirstly, there are the non-conform-
ing elements which do not satisfy compatibility exactly, and depending up-
on the degree of lack of compatibility an assembly of such elements will
converge to the true solution from either side or oscillate (Ref. 27).
Secondly, there are the conforming elements which satisfy compatibility
exactly, and lead to an assembly which is stiffer than the actual plate
because of discretization, For the optimization procedure which has been
proposed, it is necessary that the finite elements which are used for the
modelling of the plate be fully compatible, 1If this is not the case, a
value of p which will guarantee that (?&cr)r+1 2 (?&cr)r for the stability

2, r+l

or that (wl) 2 (u:%)r for the vibration analysis cannot be shown to

exist,

The conforming plate bending element developed in Ref. 28 or 29
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will be outlined in detail next and expressions for all the matrices
required for the stability and vibration analysis of a plate will be
developed. Since the types of plates to be analyzed are rectangular,
it would suffice to restrict the following development to a conforming
rectangular plate bending element. This element with a total of 16

degrees of freedom i.e. four degrees of freedom namely wi s W, % * ¥ y

and w, xy at each of the four corners of the rectangular plate element
¥

can be shown to satisfy compatibility exactly when the displacement

function within this element is chosen as

a jk

Wi(xs}’) = ik Xy (c-1)

1 - iw

0 k=0

T w

Note that this representation satisfies the criterion of completeness
since it is a complete polynomial of the third degree in x and y. 7Tt
can also be shown that wi(x,Y) includes constant strain states

which are necessary for convergence to the true solutien as the mesh is

refined (Refs. 22 and 2§).

¥ a,
-t = L
© @
b,
i
i - §=;§
n=

© © 1

Figure C-1. A Typical Rectangular Plate Bending Element
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Consider a rectangular element of size 2ai X 2bi with the local co-
ordinates axes located as shown in Fig, C-1. The displacement function

given in Eq. €-1) can be written in the non-dimensionalized form as

3 3
ESE

WD = ) e B (c-2)
§=0 k=0

The same can be written in the matrix form as

w =L gg? @ nanelne®nn® e’ e O 7’ & 620 (o)

(C-3)

Let [u}i denote the vector of generalized nodal displacements (nondimen-

sionalized for convenience) for the ith element. Then

b
[ 1 - _\II'I. r s R
u w W
i i
2
u a.w, W,
0 ii,x i,g
{U}i =§ 3 2 where {fu }i = < L= < N . (C-4)
¢ i,y Yi,1
u4 4
iTii,xy i,€M
-~ ’i \ A \ J

Next, it is necessary to relate the vector {u}i with the vector {a].
This will enable the displacement function W, to be expressed in terms
of the generalized nodal displacements. This can be done by evaluating

the function v, and its derivatives at all the four corners of the plate

and identifying them with the generalized nodal displacements., From
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Eq. (C-3),one has upon differentiation

we = (0126 38% 01 261 380 0 1”287 38°1° 0 1 26 3870’ o
wop=L00001 g8 € 2n 2gm 28”n 2870 30% agn” 3g”n® 3270%] o)
@, = L0000 0128387 020 420 6570 0 31 641" 9E°T’] [o)

Using these relations the vector {u}i can be related to the vector {a}

by the relation
ful, = (el {a} (C-5)

where the matrix Le] is given by:

{see next page)
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[e] =

Hence,one can write

2 2.2 .23 .3

w=ly g8 8 nen g’ e’ gf &’ 0 e’ g

2P 20 )

- P.tll.i (C-6)

v, g=l0128 3e2 o 1 280 3820 0 1° 280 3e20% o 1 2em] 3§2'ﬂ3]Ec]"1[ui}

¢ (C-7)

=921
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LA [ooo001¢ €& an 2en 2820 283 312 3en? 3522 3€3ﬂ2][c]’1{ui]

=Ry, (C-8)

W

ieE © (0026800276000 21> 6202 0 0 225 6£7°] [t {u ]

- st (c-9)

u.
-

W

,q=[0000000022 26 27 67 687 6877 653“][°]_1{“i} gy

(C-10)

Wy e = (0000012838 021 480 6571 0 31° 6EN° 9€27°] L]} fu,}

_ E
=Hu (C~11)
The strain energy of bending of the ith element is given by
1 1 -
SCRRRCS ) - 20l
v, = (% . 41 il (% e T2 Y, - 20V 2b2 1,88 Y1,

1
23" Wi en)) 98 1
11
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1

;’ab‘J*-{ltt 1 t .t vt(t
3| — -y, 8§85 u, + u, GG u, + u s G

\ 2 /i %1 a4 - - b% =i -i a?b? —i

i i ii
t 2(1=v € b
re ) m + 255l nutu e
ii

Hence Ui can be expressed as

(b ¥l + k| =3 1000 0,1 0] ©n12)

=1
V. =3 1T 5 T X

ut
i ~i

where [KVi]p igs the stiffness matrix of the ith element and

.11
k = (P.E‘ ‘J. s St dg d,ﬂ (0-13)
-1 \a3)1 21 ’[1 ==
k, = 2%\ I ] ec*agan (c-14)
i -1 -1
£ vD\ I ¢ ¢
ky = \3p/ J'J (s +gshH ega (C-15)
i1
11 nd
_2Q-v1 ¢ § ¢ ) :
K =17 il {l HE d§ dN with D, 12(1-v2) (€-16)

1t should be noticed that in the case of the stability analysis the
strain energy Ui can be interpreted as the incremental bending strain

energy from the prebuckled configuration and the displacement function

w, as the incremental deformation from the prebuckled configuratiom.
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Let the stiffness matrix in the case of stability analysis be denoted
. i identical.
by [Ksi]p instead of [KVi]p although both are numerically entica
Next, the kinetic emergy for the ith element including the non-

structural mass is given by

abat 11

=X 211 ;2 ii [ 2 ag a
U ag by by u” p oWl dE s { Jl my.w, g d)
-1 -1

ti 2g 2

- -

Assume mdi(g,ﬂ) = a, + a1§ + azﬂ + a3§ﬂ where the coefficients ag s 3y

a_, and 33 can be related to the inteasities of dead mass distribution

name 1y m, o, my , mg and m, at the four corners of the rectangular ele-

[

ment. These relations are given by

a = (ml +my + my o+ mh)/4

r
“(ml + m4)

[V
I

(m2 + m3)] /4ai
L (€-17)

= [(ml + m2)

>4}
\

- (m3 + ma)]fhbi

a, = [(m1 +mg) - (m, + m4)]/4aibi .

Hence,the kinetic energy Uti can be expressed as

U, =zka b h o j } “pptu dEd
vi o 2g %414 TR § d
aibiw 1 1 t
+ > a, . {1 u, pp u, d§ 47
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11
+a b, mz(a1 +a,) 41 J-1 E‘i‘(g ppo) u, d€ 41

e t
5 a3:f_1{19,i(§ﬂ22)gid§dﬂ,

Hence

2 2

w W
LTS M e O IR P Y Vel ' P GRS T

1

Ui

W

where [Mi]p is the mass matrix for the ith element and

1
1 y , .
2=y bi(ghi+ao) i‘l ‘[122 dg dn | (C-19)
2 1 1 .
M- =a; b(a) +2,) [1[1522 dg dn , (C-20)
3 L v
M =a, bi 2, “[]_ ‘l]_ En pp dE 4T . (C-21)

The effect of concentrated masses can be accounted for by adding to the
assembled mass matrix another matrix given by gc which is a diagonal

matrix of the same size with the [4(i-1) + 1]th term being equal to

th

L (the concentrated dead mass at the i~ node) with all the remain-

c
ing terms being zero.
In the case of the stability analysis it is necessary to construct

a stability matrix for each element. This is achieved by expressing the

potential (w )i of the internal prebuckled stress field during bending
P
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the prebuckled stress state can be expressed

in the matrix form. Assume
in the form
.0 _ o o
%e " %07 S % * N %
o o
T = o + c c-22

] _ [»] [n)
Ten = Teno * & Temy * M Teme

for any element. (This sort of representation is exactly what one ob-

tains as a result of the plane stress analysis using rectangular ele-

ments; see page 182). Then

W) =—-—-aibihijl' Jl (% oeotnp? + 45 00w, )
p'i 2 1 %1 ai EES°E bi =
2 o
+ . Tgn w,g w,ﬂ] df dm
11
a,bh, 1 1
__iidip ¢l o ¢t t + L S0 t
T2 Jljl[z%a%‘-’xg LT u BBy
TR Ay 1
1 o t t
Tap, ey @2

+RQD E.iji dg 4n
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JL T
Gy = 38 [Kor + Kop * Ko * Kou * Ko * Kee
TRyt K T Kgol Yy
=L 3t kg1 fu)) (c-23)
2 % Gi'p i

where [KG.l] is the stability matrix for the i™ clement and

bi ) L1 t

Kei ° a_i'hi ®en J—l Il QQ dg dy (C-24)
bi o L 1 t

Ec;z='.-;i'hi UglJ: ,1159‘9. dg dan | (C-25)
b, . 11 .

kg3 =3, " %2 ] J Mg e (c-26)
ai o 1 X t

koo = 'b_i' by o '-J-l .[1 R R™ 4§ 41 (C-27)
ai o L 1 t

ks =5 " O J J SRR A (c-27)

k=t o i t

=66 b, i nz{ll{lnﬁﬁ dg a7 (C-29)
= o 1' 1 t t

e =y Tgnoll[l QR +RQ) dE (C-30)
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11
* . t t
kg = by Teq J [ SQRTHEQD axam (-31)
_ o f t . ¢
kgg =By Tgﬂzflil T@ R +RQ7) dE 47 . (C-32)

In the case of inextensional buckling the potential of the externally
applied tractions must be expressed in the matrix form. From the known
disﬁributian of the externally applied tractions, the values of these
tractions along the boundaries of any element i can be determined.

These fictitious tractioms for the ith element can be approximated by
expressions of the form given by Eq. {(C-22) and the stability matrix for
the ith element can be generated as before, Tinally the element stiff-
ness matrices, mass matrices and/or stability matrices can be assembled
to yield the corresponding master matrices for the entire plate, Assum-
ing as in Appendix A a relation between the local co-ocrdinates {ui} s

i =1,..m and the global co-ordinates {q} in the form
{u} = [B] {q} (C-33)
The expressions for the master matrices can be written as

[KV]P =Y gt (k.1 B = (k] (C-34)

8°M.] B (C-35)
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m

Y t
kel =, B [kl B

=1

(C=36)

Finally, at times, due to structural symmetry and/or loading symmetry it
may be possible to separate the unrestrained degrees of freedom {q} into
two distincet sets of variables namely the 'master! variables and the
*slave’ variables such that the latter can be related to the former by

a relation of the form
fa} = [£=] (] = [¥] 1} (c-37)

where 1 is the identity matrix while the matrix L is a rectangular ma-
trix with elements which are either +1, -1 or 0, Using Eq. (C-37) the
master matrices of Eqs. (C-34) through (C-36) can be transformed to a
size much smaller than their original size, This leads to a consider-
able saving of computer time. The transformed matrices can be obtained
by the same transformation as in Eqs. (C-34) through (C-36).

All the componentmatrices which make up the element matrices
[Kvi]p , Or [Ksi]p . [Mi]p and [KGi]p are generated by numerical inte-
gration using Gaussian Quadratures (Ref. 22, pp. 261-267),

As far as the details of the plane stress analysis required for

the stability analysis of the plate, the same are developed in full in

Ref, 22, pp. 66-69, For the development of the element stiffness matrix

the following displacement field is assumed,
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u(x,y) = ot X gy + o, Xy

(C-38)

V(x,y) = By + Byx + B,y + Bxy )

The resulting stiffness matrix [Ki]s for the ith element (see Fig. C-1)

is given by

(see next page)




(ug), (v) (u,y); (vy) (ug), (va); (v,); vy}
i | ! | | | ! B
/ ¢ (v=<p,) P |
1’1 Ny o2 iyl _ 17, Y1 N2 1l (v=p,)
-37(\1‘ wlr.}: 4 {6\ _&plr | 4 }- 6 -1:: —!{Plr} & :- E( ZQP], )I 1
! : ! | : | |
! - I
cooy (vl P4 @ @ (v=p.) Zp
BTSN IS VOS5 \ B |y %y RS VRS |
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=i = 1t =
where P =TT 9y > and r ai!bi .

The resulting matrix equation after the formation of the master
plane stress stiffness matrix with the imposed boundary conditions is

given by
(kl, la}, = tal, (€-40)

where {Q}S is the vector of work-equivalent nodal forces obrained from
the prescribed tractions. It can be seen that for the type of assumed
displacement field (see Eq. C-38) the work-equivalent nodal forces are
nothing more than the forces that would be obtained by simple beaming of
the given tractions to the two nodes of the face on which the tractions
are prescribed. From Eq, (C-40) the vector {q]s of the unrestrained de-

grees of freedom of the plate can be obtained as
- -1
{ad, = [KI2" {ol, (C-41)

Having obtained {q}s the resulting stress resultants distribution in the

ith element is given by

{see next page)




fa) b’
NKX
Eh
o i
< =

Y P (1-vdy
o

\ ny

where {q]si is the wector of the eight degrees of freedom for the i

element.

(bty)
v(atx)
= (bty)
v{a=x)
-(b-y)

-v{a-x)

(b=y)

-v(at+x)

v(bty)
(at+x)
=v(bty)
(a-x)
-v(b-y)
-(a=x)
v(b-y)

-(atx)

9, (a+x)]
Py (bty)
®, (a-%)
=<p, (bty)
~pq(a-x)
=py (b~y)
<, (atx)

9y (b=5)
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{q4

si

i

(C-42)

th
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