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SUMMARY

With S a linearly ordered set with the least upper bound property,
with g a non-increasing real-valued function on S, and with A densely
defined dissipative linear operator, an evolution system M is developed
to solve the modified Stieltjes integral equation M(s,t}x = x +
A((L)SftdgM(',t)x). An affine version of this equation is also con-
sidered. Under the hypothesis that the evolution system associated with
the linear equation is strongly (resp. weakly) asymptotically convergent,
an evolution system is used to strongly (resp. weakly) approximate solu-

tions to the closed operator equation Ay = -z.



CHAPTER I
INTRODUCTION

If X:is a Banach space, if A is a linear function from D(A) in
X to X; and if g is a function from the real numbers, R, to R which is
of bounded variation on each finite interval of R, then the integral
equation
0
(1) M(t,0)x = x + [ dgAM(*,0)x
t
permits a highly detailed theory. In case A is continuous, the theory
for the modified Stieltjes integral equation
0
(2) M(t,0)x = x + (R) [ dgAM(*,0)x
t
is subsumed by Mac Nerney in [6]. In case A is continuous and each of
(I-(g(s)-g(s))A) ! and (I-(g(s)-g(s"))A)"! exists for each s in R,

much of the theory for
[+]
(3) M(t,0)x = x+ (L) [ dgAM(+,0)x
t

is subsumed by results due to Herod in [4]. If A is dissipative, linear,
and has dense domain, and if g = -I, then equations (1), (2), and (3) are
equivalent and the theory has been developed in great detail. Yosida in
[11] gives a thorough account. In Chapter III here, under the hypotheses

that A is linear, dissipative, and densely defined, and that g is



non-increasing, the theory for equation (3), and for an affine version
of (3), is offered.

The motivation for the development of the detailed theory of
Chapter III is to obtain in Chapter IV an iterative process to solve

the equation
4) Ay =z
for y. In [1], Browder and Petryshyn consider the related equation

(5) y-Ty=12z.

Under the hypotheses that T is a continuous linear operator from X:to
X and that lim ™ x exists for each x in X, it is established in [1]
that if z 12*:£ the range of (I-T), then the iterative process X1 T
o+ Txn converges to a solution y of (5). Contained in [2] is a weak
convergence version of [1]. In [9], Martin generalizes the Browder-
Petryshyn paper to solve (4) with A continuous, using the product
integral techniques of Mac Nerney [6]. What is offered in Chapter IV
is a generalization of Martin's results to the present setting in which
A is linear, dissipative, and densely defined. Strongly and weakly
convergent iterative processes for (4) are discussed. Also, a test is
given to determine whether z in (4} is in the range of A.

The results here are most closely parallel to those given by
Mac Nerney in [8], by Herod in [4], and by Martin in [9]. What follows
is a detailed summary of the results of each.

In Mac Nerney (8], one lets S be a linearly ordered set and

lets OA' be the collection of functions from H = {(s,t) in S x S such



that s z_t} to R to which a belongs only in case
(i) if (x,y) is in H, then a(x,y) > 0, and

(ii) if each of (x,y) and {y,z) is in H, then a(x,y) + a(y,z) =

al(x,z).

One lets OM+ be the collection of functions from H to R to which i

belongs only in case
(i) if (x,y) is in H, then p(x,y) > 1, and

{ii) 1if each of (x,y) and (y,z) is in H, then u(x,y)u{y,z) =

W(x,2).

Established first is that there is a revefsible function E+ from OA+ to

OM+ such that

(1) if (s,t) is in H, if € > 0, and if E'(a) = y, then there
m n
is a subdivision {w_} of {s,t} such that if {u_} is a refinement
p=0 p=0
m
of {w } , then
P p=0

m n
s,t) —e < I (1 + afw W < I (1 + afu sU < H(s,t
His,t) LG ol ) <M (1 + oy y,u)) < Hs,t)

and

m n
a(sltJ + E > le (u(wp_lipr - 1) _":'_le (U(up_l;up)' l) __>_ a(sstJ:

and



(ii) if t is in S and if E' (@) = p, then p(*,t) is the only
function f(*) which is of bounded variation on each interval {£,t} with

£ > t and which satisfies the integral equation
t
f(E) =1+ (R) f a[f] for each £ > t -- the latter
£

integral being the limit, in the sense of successive refinements, of

n n
estimates E a(u 1 ) f(u ), based on subdivisions {u_} of the
p=1 p-1"p P p=0

interval {&,t}.

One next lets OA be the collection of functions from H to the Lipschitz

functions from X:to X:to which V belongs only in case

(i) there is an o in 0A" such that if (s,t}) is in H and if

each of x and vy is in X; then |V(s,t)x - V(s,t)yl j_a(s,t)lx - y|,
(ii) V{s,t)0 = 0 for each {s,t) in H, and

(i1i) if each of (s,t) and (t,u) is in H, then V(s,t) + V(t,u) =

V(s,u);

and one lets OM be the collection of functions from H to the Lipschitz

functions from X to X:to which M belongs only in case

(i) there is a M in oM" such that if {(s,t) is in H and if

each of x and y is in X, then

| M(s,t)x - x) - (M(s,8)y - Y)| < (u(s,t)- V{x - y]|,



{(i1) M(s,t)0 = 0 for each {(s,t) in H, and

(iii) if each of (s,t) and (t,u) is in H, then M(s,t)M(t,u) =

M(s,u).
The main result in [8] is the following:

Theorem. There is a reversible function E from OA to OM such

that each of the following is true:

(i) if E(V) = M, if (s,t) is in H, if x is in X, and if € > O,

m n
then there is a subdivision {w_} of {s,t} such that if {u_}
P ,=p P p=0
P P
m
is a refinement of {w_} , then
p=0
n
[M(s,t)x - n (I+V(up_1,up))| <g and
p=1
n
[V(s,t)x - pzl (M(up_l,up)— I)x] <€, and

(ii) if t is in S and x is in X; then M(-,t)x is the only solu-

tion f(») of the integral equation

t
£(g) = x+ (R) [ VE(+), each £ > t,
£

which is of bounded variation on each interval {g,t} with £ > t.

In [4] Herod relaxes the condition that the order-additive func-

. tion V have Lipschitzian values. One supposes that S is a set with a



linear ordering such that {S,>} has the least upper bound property and
that {G,+,|*|} is a complete normed Abelian group. If D is a closed
subset of G, and if 'V is a function such that if (x,y) is in H, then

V(x,y) is a function from D to G such that

(i) if each of (x,y) and (vy,z) is in H, and if P is in D, then

V{x,y)P + V(y,z)P = V(x,z)P,

{(ii) if (a,b) is in H, then there is a non-decreasing function B
from S to R such that if P is in D and £ > 0, then there is a number
§ > 0 such that |Q - P| < & implies |V(x,y)P - V(x,y)Q| < (B(x) - B(y))e

whenever a > x >y > b,

(iii) if a > b, then D is contained in the range of (I - V(a,b));
and if P and Q are in D, then |(I - V(a,b))P - (I - V(a,b))Q| > [P - q],

and

{iv) if a > b and P is in D, then there is a non-decreasing

n
function a from S to R such that if {s_} is a non-increasing
p=0

sequence in [b,a] and a > x > y > b, then
n

lVix,y) T (1 - V(
p=1

-1
5 »S Pl <a(x) - a ’
p-125p)) Pl < alx) - aly)
it then follows from the properties of V that the evolution system M
y -
defined by M{x,yJP = 1T (I - V) lP exists and that if b is in S and P
X

is in D, then the only function g which is of bounded variation on each

finite interval of S and which satisfies



g(x) = P + (L) j'b V[g] for each x > b
X

is given by g(x) = M(x,b)P. The application of [4] to (3) is immediate
provided A is continuous, linear, and dissipative for one may put V(x,y)=
(g(y) - g(x))A, taking for {G,+,|+|} the additive group of continuous
linear operators on X:with the usual norm. In case A is continuous,
linear, and (I - (g(s ) —g(s+))A)_1 exists for each s in R (Harsher re-
strictions on g are needed if {S,>} does not have the least upper bound
property), let B > 0 be such that A - BI is dissipative. If {u,v} is an

interval in {S,z} such that g(v) - g(u) < 8-1, then (I -(g(v)- g(u))A)-1=

(1 - B(g(v) - g(u))J-l (I - 3= g%;ivg §(§%u)) A - g1 Application

t -
of [4] with V(s,t) = [} dg(1l - Bdg)—%](A - BI) for each {s,t} such that
S
v -1
u>s>t>vnow gives that I (I - dgA) exists. On a given interval
u

{x,y} in {S,>}, there are at most finitely many s such that

- - y -
(g(s ) - g(s+))_i B 1, leading quickly to the fact that 1T (I - dgA) 1
X

exists and solves equation (3). A separate proof of the results from
[4] to be used here appears in Chapter IIT below. It should be noted
that the least upper bound property on {S,Z} needed in [4] is not needed
here.

In [9], Martin generalizes the results of Browder and Petryshyn
to solve (4) with A continuous, using the product integral techniques
of Mac Nerney [6]. One supposes that g is a non-increasing function
from S to R with lim g(t) = -®. The evolution system M defined by

t-r00
t

M(s,t)x = II (I + dgA)x is said to be strongly asymptotically convergent
S



only in case lim M(t,0)x exists for each x in X} Under the hypothesis
e
that M is strongly asymptotically convergent, it is shown that Q, de-

fined by Qx = lim M(t,0)x, is a continuous projection of X:onto the null
-+
space of A andtt;:t the closure of the range of A is the null space of
Q. Using Q one can then show that if z is in X:and W(s,t)x =
5Ht (I + dg(A + z))x, then these are equivalent: (i) =z is in the range
of A; (ii) for each x in E} lim W(t,0)x exists and is a solution y of
torao ®

Ay = -z; and (iii) there is an increasing, unbounded sequence {tk}
k=1

in § and an x in E such that w-lim W(t, ,0)x exists. It was the desire

k’
k++m
to extend the results of Martin to discontinuous operators A which led
to the study here.

In furtherance of this topic, using techniques developed here,
Lovelady in [5] accounts for a class of ergodic methods with application
to equation (4} in case A 1s linear, dissipative, and densely defined.
Especially, Lovelady has shown that if X:is reflexive and C(n,0)x =

"
f n exp(tA)x dt, then lim C(n,0)x exists and a strongly convergent

0 n++(‘o

approximation scheme for (4) is yielded.



CHAPTER 11

NOTATION AND PRELIMINARY COMPUTATIONS

, and let I be

Notation. Let E:be a Banach space with norm
the identity map on z; The norm of a continuous linear transformation
B from X to X is also denoted by |B|, i.e., |B| = sup {|Bx| : x is in
z:and |x| = 1}, If A is a linear function from a subset D(A) of X:to z;

then A is said to be dissipative only in case for each A > 0,
(i) (I - M)’ exists and has domain all of X and
.. -1
(i) J(I -7 <1,

Henceforth, A will always denote a dissipative linear function from D(A)
in :)-(-_ to 2(—: such that D{A) is dense in E

In what follows, elements from {(I - )uﬁt)"1 : A > 0} appear fre-
quently. As in Yosida [11], the notational convention--Jn = (I - nplA)—l,
each n > 0--is made. The Hille-Yosida Theorem gives that, for t > 0,
exp(tA) exists, is non-expansive, and has many other well-known proper-
ties. Results along the same lines using continued products form the
first part of the discussion which follows.

Henceforth, S denotes a linearly ordered set with the least
upper bound property; R, the real numbers; and g, a non-decreasing
function from S to R. (The least upper bound property on S is dropped

in a special subsection of Chapter III. The reader wishing to cite

Herod's results and thus move quickly to the main results here will



wish to keep the least upper bound property.) If F is a function

m
from D(F) in X to X, and if {rp} is a sequence in S, then
p=0
- -1
I - (g(rp) - g(rptl))F) is defined inductively by
pP=]

m

-1
I - - F)~* =
E‘( (g(r,) - glr,_1))F)
P=)
1 B -1
(I - (g(ry) ~ g(ry ( IF) = T (I - (glr) - glx; 1))F)
] p=j+1 P P
n -1
with the agreement that I (I - (g(r) - g(r_ ,))F) = I, When the
p=m+1 P p-1
m it -1
sequence {r_} is clear, 1 (I - dgpF) is written in place of the
P =() =1
|4 p=J
n -1
more cumbersome H.(I - (g(rp) - g(rp_l))F) . 0Occasionally, one
P=]

m
Writes nr(I - dgF)'l in place of II (I - dng)'l. If each of s and t
k=1

is in S with s > t, and if x is in X, then by ' (I - dgF) 'x, one
means the limit, in the sense of successive refinements of sub-

m m
divisions {r_} of {s,t}, of estimates I (I - dg F)-ls. In par-
P p=0 p=1 P

ticular, if z is in X, then z = SHt (r - dgF)-lx only in case for each

m n
€ > 0, there is a subdivision {r } of {s,t} such that if {u }
P p=0 P p=0
" -1
is a refinement of {r } , then |z - I - dgf) x| <e. In case H

p=0

10



t
is a function from § to X, (L) dgFH(*) refers to the limit, in the
5
I
sense of successive refinements, of estimates ): dgpFH(rP_l); and

p=1

t ]
(R)f dgPH(*), of estimates I dgpFH(r
s

).
p=1 P

Preliminary Computations. Three observations needed in

Yosida's development of exp(tA) are useful here.

Lemma 0.1. Suppose that B is a continuous linear transformation

from X to X. These are equivalent:

(i) For each A > 0, (I - AB) ! exists, has domain all of X,

and | (1 - )Y <1,
(ii) For each t > 0, |exp(tB)| <1.

Proof. Since B is continuous, one has three representations

o

for exp(tB), 1i.

k

$00
exp(tB) = ) (k1) ltfp
=0

= lim (I + & B)°
N4 n

-1im g -Etmk
k34o0 n

From the last representation, it is clear that if (i) is true, then

lexp(tB)| < 1 for each t > 0.

11
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+00
In case (ii) is true and £ > 0, one may put H8= f Be_Bsexp(sB)ds.
+00 8 400 8 o
Then IHB] < [ Be " lexp(sB)|ds < [ (-e " °)Bexp(sB)ds = 1. Noting that
0 o
1 B!
(1 -8B "BH, =H, + [ (-e " °)Bexp(sB)ds
B B 5
_ -Bs +m > -Bs
= H, + [-e "“exp(sB)] - f Be " “exp(sB)ds
8 o o
=1

1

and putting B = A~ gives that (ii) implies (i); and the lemma is

established.

Lemna 0.2. For each x in X, lim J X = x.
I ®

Proof. Since Jn = (I - nnlA)-l for each n > 0, one has

(1 -ty -ttt =1, so
(I - n_lA)-lx = X + nplA(I - n-lA)-lx.

If x is in D(A), then A and J_ commute, so J X - x = n—lJnAx. Hence,
|J % - x| E_n'lle| from which it follows that lim J x = x if x is in
n++

D(A). If x is not in D(A) and € > 0, then there is an element y in

D(A) such that |x - y| < £/4. One has

|3, - Dx]

| A

|, - D&x -]+ [@ - Dyl

A

(o l+lthlx -yl + @ - Dy
<2lx -yl + @, - Dyl

-1
<5+ lal.



There exists an N so that nFIIAy| < ¢/2 for each n > N. Hence,

[Jnx - x| < & for each n > N, and the result follows at once.

Lemma 0.3. If A is a linear function from D(A) in z:tojz, and
if, for some A > 0, (1 - KA)_I exists, has domain all of X; and is

continuous, then A is closed.

o0

Proof. Suppose that {xn} is a sequence in D{A), and that

n=1
lim X, = and 1im Axn = P. Then
n-+= oo
y - AP = 1lim x_ - lim MAx
e D preee T
= lim (I - AA)x .
n++eo n

Since (I - M\)—1 is continuous and has domain all of X, one has that

I

(1 - kA)'l(y - AP) = lim X =Y. So y is in D(I - AA) and, hence, is
nHece

in D(A). One has (I - M)y

y - AP, so Ay = P.

Several computations which are needed frequently in the develop-

ment of H(I - dgA)-l in the present case are now summarized in Lemma 1.

Lemma 1. Suppose that X, is in D(A), y is in X; n > 0, and

m
} is a sequence of non-negative numbers. Then for each
k=1

{)\k

k=1,2,...,m,

(i) (1 - »3AJ )-1 exists, has domain all of X, is continuous,
n pa———

and (1 - A AT < 1,

13



@ fa - )™ x
K :
(iii) M (I - AAJ)
=1 kK“'n
T |
< ( Ad
= kel k n
K -
(iv) T (I - AAJ)
o (= A,
< inf
" xeD(A)
Proof. First, AJn =
exp(tAJn) = exp(tn(Jn - 1))

o3

3
k=0

& tan*s < 5 oanTan® -

-1
o - (I - NA) x0| < AkI(Jn - DAx |,
m
1 -1
X, - kEI(I - AkA) xo|
- I)Axol , and
1 o -1
y - T (I -X3XA yl|
k=1 )

2lx -yl + g, - DAx|}

n(Jn - 1) so AJn is continuwous. Hence,

= exp(-nt) exp(thn). Now Iexp(thn)[ =

exp(nt), so [exp(tAJn)l_i 11

and the normed estimate of (i} follows from Lemma 0.1.

14

Since A is linear, the operators A, (I - AkAJn]_l, and (I - J\kA)_1

all commute. The resultant
(1-0AJ) 2% - (1
k' n o
(1 - 2A3)"
MMy

gives (ii) at once.

identity,

- AkA)—lxo =

(1 - AN (I -ADAx,

For differences of products, one has

n =38

m 1
I - AAY -
|k=1(1 k n) %

k=1

m . j -1
» {kn (1 - AAT)
j:l =]

(1-*

A)—lx | =

k 0

- -1
H (I - AkA) xO -
k=j+1



J-1 -1 D -1
kg (I - NAI) I (1 - AN xg}|_i
=] k:J

m

) IJﬁl(I - LA | i (I - AkA)“III(I BV IS RSN ¢ G W' R P
j=1 k=1 n k=j+1 it To j 0

Ajl(Jn - I)Ax0| from (ii).

A
I ~15

j=1

Finally, for each x in D(A),

m -1 m -1
|knl(1 - NAT )y - kHl(I - NAY Tyl 2

m -1 m
| 1@ - Aa) - f+ |1

-1
(I -XAAI) (x -y} +
k=1 k=1 k™'n

o -1 n -1
lkfl(l - MAJ ) x - E (I~ XA x| <

k=1

m
2|x - y| + ¢ z Ak)[(Jn - I)Ax|. Since this inequality holds
k=1

for each x in D{A), (iv) follows at once.

15
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CHAPTER III

DEVELOPMENT OF THE PRODUCT INTEGRALS

The Linear Case. A linear realization of a non-linear result due

to Herod [4] is the following, which will be generalized in this paper:

Theorem 2. Suppose that g is a non-increasing function from §
to R and that B is a continuous, dissipative, affine transformation

from Z:to:z. If each of s and t is in S with s > t, then
. t -1 .
(1) M(s,t) = sH (I - dgB) exists,

(ii) If each of x and y is in X; then IM(s,t)x - M(s,t]y|.§

|x" YIr
(i1i) If r is in S and s > r > t, then M(s,r)M(r,t) = M(s,t),

(iv) If x is in X, then M(*,t)x is the only function F which
is of bounded variation on each finite interval of 5 and
which is a solution of the integral equation
t
F(s) = x + (L) dgBF(*).
s
Remark 2.1. It will be seen that the convergence of the esti-
mates to 5Ht(I - ng)_l is uniform in the following sense:
Let each of s and t be in 8 with s > t, and let each of € and ¢
n

be positive. There exists a subdivision {r_} of {s,t} such that if
p=0
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m n
x is in X with [x| < ¢, and if {v_} is a refinement of {r } , then
- — P p=0 p=0
t -1 m -1
[ -dge) "x - I (I- (gv) - glv,_4))B) x| <e
k p=k+]_ P p
and
Vk -1 k -1
|1 - dgB) "x - (I~ (g(v) - gv _IB) x| <
s p=1 P p-1

for k = 0,1,...,m.

Remark 2.2. The assertion of uniqueness in (iv) of Theorem 2 is
not done here. First, it is not crucial to the proofs of Theorems 3 and 5.
Second, the inequalities which establish uniqueness appear at the end
of the proof of Theorem 3. Since the assertion of uniqueness, estab-
lished for discontinuous operators A later, implies that assertion in
the continuous case, there is little to be gained from a uniqueness
proof here.

Theorem 2 has an exceedingly complex proof. One already familiar
with the result may wish to move directly to Theorem 3. The proof given
below does have the advantage that it does not require that S have the
least upper bound property. Hence, Theorem 2 is here improved. The

proof is simplified somewhat by making the following observations first.

Computational Observations. Suppose that L is linear and dissipa-

n . .
tive, that § > a > 0, that {Ak} is a non-negative number sequence,
- k=1

that each of x and z is in X, and that y is in D[Lz). Then



(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

I -BL+2) %= -8 x+ 82),

n

-1 n -1
M- 2@+ )7 x= I(I-A\L)
k=1 k=1
E k
(I - A L) z
k=1 p=1 Ak

[ - 807y - exp(aLyy] < 5 8%y,

K Ly T <L Ta2n?y
I{-AxrLl)y- INlexp({L)y| <= L7y
k=1 k k=1 M — 2 k=1kk

1, % 2.2
<"'( )L)",
<5 kglxk L%y
n
13« I (1 -A0° Wy - L I exp(A L))y |
k=1 p=1 k=1 p=1
1 n
3 { Z Ak) [L Y‘

[exp(BL)y - y| < BiLyl,
n n n k
lexp(kzlakL)(kglxk)y - § g exp (A1) 1y

< ( Ak)zlLy], and

P
ne~13
[

n
If J A =8 -aq, then
k=1

n
ja - ey - L Q- WD A - a Ty

< (B - a)alLZYI + (B - a)2|L2y|-

18
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Proof. First, il {1 - @[l + z))“lx = P, then x = (I - [{L)IM - Pz

and (i) follows. Repeated application of (i)} gives (ii) since

n -1 -1 1 " -1
I (I -83L+2z)) "x=( - AlL) Alz + (I - AlL) T -2 (L+2z)) "x
= - P
k=1 p=2
o 1 % k 1
= O {I -AL) "x+ (1 - X L)y Az,
k=1 k k=1 p=1 )

The inequality of (iii) is due to Trotter [10]. One has

a -y - a-Euhy - SPa-Enta-mhly L s

la - ey - a - 207 < Gyl Now,
n n+l
@ -2y - - e ™yt Ty -

n
2
-n. .-k ‘. .- -n-1. .-
I C I~ D M (S T D R O S S R B
k=1
o) I'l_
(- 2™ )73 Ry <
2n
-n_ -1 -n-1, -2
ol - g2y - (- 827 Tyl <
k=1
-n-1,2,. 2 1 - 2
2" g2 ALty = 7 822 Ly
. . -n, ,-2" -1
Since exp (BL)y = lim (I - B2 L) y, one has |(I - BL) "y - exp(BL)y| <
oo -
400
1 ,2,-nj.2 1 20,2
L 7872 "Lyl = 5 B°JL vl
n=0
One extends observation (iii) to a non-negative number sequence
n
{Ak} thus:

k=1
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n -1 1
| Q- AL Ty - I expy 1Y =

k=1 k=1

n k-1 -1 n
] Z(Ilu - AL ha - ALY - exp(A L)) T exp( Lyl <
k=1 p=1 k=k+1

2 1

2 2
——Ly] <5 [L%].

A
e
W ~—1=
[
-~
ne~13
P
et
=~
—t

n
Lla- N Ty - expy Lyl <

Observation (v) follows at once since

n Kk n k
|} m(I-ax L) )Aky - 1 (T exp(h L))Aky| <
k=1 p=1 k=1 p=l
30,2
L%y

M)

r
L e !
et

n 1
Ry {—(zu RN
k=1

8
To establish (vi), note that Iexp(BL)y -yl = |0f Lexp(sLJyds|.§

B|Ly|. From (vi)}, one has (vii) quickly since

n k
Iexp( E 1) ( 2 MY - 21( Mexp(A LN Y| =
21 pel

k
A (T exp(r L))Y]
1 K p=1 P

| A

e
Il

B )
exp ( L}y -
k=1Ak kzl)\k

n

k
A (T exp(A_L)) [exp( ALy - Iyl
1 k p=1 p p=§+1 P

| A

Il e =]

k

T a0 ltyl < ¢ F a2
Ay ( A)|Ly| < ( ) |Ly]|.
1 K peia1 P - 1<=1)\k

[ s =]

k

n

To establish {viii), recall that B >« and Z Ak =g - a. One
k=1

has that
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n

[ - Bty - Lma- N A - ay Ty <

la -ty - a-@-onta-alyl .

a1 -a) I - - 0wnly - q-ayt k§1(1 BN IR
-8 ta - 8- onlta - ey ie - waly] s

(1 - 8 - L) 'y - exp((B - wL)y| +

n
lexp((® - Ly - I @ L7l <

& - all?y| + B - 0?[Ly].

Proof of Theorem 2. Let {a,b} be an interval in S, and let

¢ > 0 be such that n = c-l(g(b) - g(a)) is an integer. Consider the
intervals {[g(a) + (k - 1l)¢, g(a) + kc]}2=1. Let kl,...,km be the
integers for each of which there is a z; in § so that g{a) + (ki - e <«
g(zi) < gla) + kic. Let d > 0 and pick {Yp,i 21 <p<mis= 1,2}

as follows: For each i = 2,...,m, let D, = Inflg(y) - g(x} : y in S,

x in S, g(a) + (k;_; - 1) = g(x) Z g(a) + k;_;c, gla) + (k; - 1) =
gly) < g(a) + kic}. Let Yi_1,2 and Yi 1 be in S such that

gla) + (k; ; - e f_g(Yi_l’z) < gfa) + k;_q¢, gla) + (ky - De <

g(Yi,l) < g(a) + kie, 2

2 Y¥ig,2e Yin 2% 2

i-1
]g(Yi,l) -8y ) - ;| <d. Let Yy,p = aand Y, ,=b.

] 2m-1 = =
Define {uk}k=o By Uyry_1y = Yx,1 2 Uy g T Yy o fOr
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I
k=1,2,...,m. Let {wk} be a subdivision of {a,b} which is a re-
k=0
finement of u, and let f be an increasing function from 0,1,2,...,2m-1
to the non-negative integers such that wf(k) = U for k = 0,1,2,...,2m-1
If each of x and z is in X, then
2m-1 -1
[ Ol -g 1)) (br2)) 7 -
2m-1 £(k) 1
m(n (I-(gw )-glw 1)) (L+z)) ")x| =
k=1 p=F(k-1)+1 P P
Zm-1 -1
l kH (I-(g(w)-glu _,))L) "x +
=1
2mil k -1
(glu )-g( )) T (I-(g(u }-g(u__.)IL) "z -
kel 'k Yk-1 p=l P p-1
2m-1 £(k) 1
mem (I-(g(w )-glw_ _;))L) “)x -
k=1 p=f(k-1}+1 L
2m-1|f{k) p -1
R (I (1-(g(w)-g(w, DL Y (glw )-glw Nz <
k=1|p=£(k-1)+1 j=1 ] J p p
2m-1 1
l - (80w -8 lae_ )0 - (1)
2m-1 (k) -1
n(n (I-(g(w )-gw L} x| + (P2)
k=1 p=f(k-1)+1 P P
2m-1 k _1
| kzl(g‘“k>'g‘“k-1>) M(I-(glu)-gluy, IL) 2 - (P3)

p=1
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2mil pEf(k) ) 1 Jl
(I (I-(g{w;)-gw. _{)IL) ") (glw )-glw _,))z (P4)
k=1|p=f£(k-1)+1 j=1 ] i-1 p- = p-l

Bounding Section I. One uses observations (iii), (iv), and

(viii) to bound the quantity whose norm appears on lines (Pl), (P2)

thus:
Zm~1 -1
I kﬂl(l-(g(uk)—g(uk,l))L) x -
2m-1 £(k) a
o (I-(g 0 )-glw  NL) x| =
k=1 p=£f(k-1)+1 P P
2m-1 k-1 o 1
| kgl(PEI(I—(g(uP)-g(up_l))L) - (glw ) -gly, L) -
p (k) _y £(2n-1) a
1 (I-(g(w )-g(w__,)JL) "] O (1-(g{w )-g(w_ _,))L) x| <
p=F (k-1)+1 P P p=f(k)+1 P P
N S L) x|
(I-(g(y )-g( JIL) "x - O I-(g(w )-g(w Ly “x/|.
k=1 x -1 p=Ff(k-1)+1 P p-1

If k is odd, then g(uk) - g(uk_l) < ¢ and observations {(iii) and (iv)
give that
£(k)

| (I-(gCu )-g(u, _)IL) x - T (I-(g(w )-gw. L) x| <
K8 el p=f(k-1)+1 pr = -l -

(I G u)-glu, 00 x - exp((gluy)-glu_)IL)x] +

f (k)

lexp((g(w)-g(u, )IL)x - I (I-(gw )-gw_)IL) x| <
L p=f(k-1)+1 L -
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(g )-pluy, NI < c(giw)-gluy ) -gu )L x].
If k is even, then observation (viii) applies with £ = g(uk) - g(uk_l)

2

and D[kJ <fa << D(k + d. Hence,
3

£ (k)

-1 -1
(I-(g(y )-g( ML) "x - 1 (I-(glw )-g{w__,)IL) "x| <
| (1= (g () -g e )-8 0% ) | <

d(D[k +d)[L2x| + d2]L2x| .
3

It follows that

2m-1 £(2m-1)

| (- (g(w)-g(wy_))L) 'x - o (I- (g ) -g O _ Y1) x| <
=1 =1

Zm_1 2 21,2
k21[°(8(“k3'3(“k-13)|L x|] + [md(g(b)-g(a)+d) +md][Lx].

Bounding Section II. To bound the quantity whose norm appears

on lines (P3} and (P4), note that

k
-1
I(g(uk)—g(uk_l))Pnl(1—(g(up)—g(up_1))L) z -

£(k) p

-1
[T (I-(gw)-g(w, L) "1(gw -glw_ - Nz| <
p=f(k-1)+1 j=1 J j-1 #p -1 -

k

-1
|(3(“k)'g(“k-1)3pfl(1-[g(up)‘8(“p-1))L3 z - (P5)
1 fk-1) 1
(g(w)-glu ;D) (I-(a(y)-glu, _))L) pgl (1-(gw )-glwy 1) 2] +

(P6)



25

o flk-1) 1
g ) gl 1)) (T-(glu ) -gly,_1))L) p21 (T-(gw )-glw, ) )IL) "z -
(P7)
ffk) (g0 )-g0r_ ) T (1-( Lz
glw )-g(w I-(g(w.)-g(w. . JIL) “z!. (F8)
p=f(k-1)+1 P P-17750 J i-1

The techniques of bounding section I apply to the quantity whose

norm is on lines (P5) and (P6) above. Hence,

k
-1
l(g(uk)-g(uk_l))pgl(I-(g(up)—g(up_l))L) z -
1 flk-1) 1
(v )-glu 1)) T-(gy)-gly_;))L) pfl (1- (g0 ) -glw, 1)L 2] <

(g0 -gCu_ ) [e(a () -g(@) [L22] + nd(g()-g(a)ed)|1%] + na?[L2].

To bound the quantity whose norm appears on lines (P7) and (P8) in the

event that g(uk) - g(uk_l) < c, one might note that if {x 14 is a

p p=l
non-negative number sequence with pzllp = g = g(uk) - g(u.k_l), and if
f{k-1) -1
y = T (- (glw) -glw ;))L) "z,
p:] p P

then

no=td

ec-enly - ) a

a-a17 Yyl <
p=1 )

le

- q
|B(1-L) "y - Bexp(BL)y| + |Bexp(BL)y - ) A
p=l pJ:l

exp(AjLJyl +

p -1
1 (I~AjL) ¥l <

ik )
| ¥ A T exp(r.L)y - A
P ] j=1

p:l J:l p:l p
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.
L g2l + 215y o % A et Lty <
p:] p 2 —

8 (1% « 7 871172] < egplL’el « 7 87Dy

NSRS

using observations (iii), (vii), then (iv), and the fact that [Lly]_i
|le| for each positive integer i.
If, instead, one has g(uk) - g(uk_l) > ¢, then one notes that

with E A

R =B = gly) - gy _,) so that B - lp* < d for some p* in

[1,q], one has

-1 ? p -1
B(1-8L) 7y - ) A T (-0 y| <
p:]_ P J=1
- p*-1 P _ P -
| (B-A_,) (I-BL) ly - ¥y A T (I-AL) ly - % A I (I-A.L) 1y| +
P p=1 P j=1 ] p=p*+1 P j=1 J

*

- P -
|Ap*(I~BL) ly - Ap* 1 (I-APL) ly] <

p=1

1

- -1 -1
2d|y| + lAP*(I-BLJ Y = A (-2, 1) 7 (1 (B4 1) vl

1

-1 ra -1
AL (I-A ,L -(B-A_,)L - - +
| Apa (T35, 77 (- (B-A L) Ty = AL (T-3 1)y

p*-1
|A o - A * I
P p

-1
: (I-APL) y|_5
p:

2 1
2d AL B-x DL A L (I-(B-A )L -
ly| + NC p*Jl y| + | pr (1= (B-X )L 7y KP*YI +

p*-1 p*-1 p*-1 1
IA .y~ X ,exp( ] X L)y| + lxp,exp( I ALy - I (I-AL)y] <
P P p=1 P p=1 P p=1 P
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pi-1
2dly] + Bd[Ly| + (B-\or iyl + (]

Ax iy| + A (pi_lk )zle |
1. + <
p=1 P) p* y p* P Y

p=1
2 2,2
2d|z| + Bd|Lz| + Bd|Lz| + Bd|Lz| + Bd"|L"z].

There are at most m points in u such that g(uk) - g(uk_l) >c. It

follows that

2m-1 k »
I kgl(g(uk)-g(uk_l))pzl(1-(g(up)-g(up_l))L) . -

£(2m-1) k

kzl (g(wk)—g(wk_]))PEI(1-[g(wp)-g(wp_1))LJ'1zI,5

2m-1
kzl{(gtuk)—gtuk_l))lezl(c(g(b)-g(a)) + nd(g(b)-g(a)+d) + md))} +

2m-1 3 1 . 2 2
kzl{c(g-tg(uk)-g(uk_l)) + 5 (elu)-ga ) [L%2]) +

md[2]z] + (gb)-g(a)) 2|Lz] + [L2z( + da[L%2])] .

Finally, one has that

2m-1 -1 f(2m-1) 1
| JL (Bl -g e D (Lem) Tx - T (- (g0 -0 _p)) (142) x| <

(c(g(b)-g(a)) + md(g(b)-g(a)+d) + md®)|L?x| +
(2(b)-g(2)) (c(g(®)-g(a)) + md(g(b)-g(a)+d) + ma>)|L%z| +
cGle(®) -g(a) + 3e®)-ga)?) 1’| +

md[2{z| + (g®)-g(a)) 2|Lz] + [L%2] « d|L%2])] .
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Since d is selected after ¢ and ¢ determines m, one has that
(1 - dg(L + 2)) 'x exists.

Moreover, it should be noted that, for fixed x and z, the sub-
division u is a function of the large discontinuities of g, g(b) - g(a),
lz|, |Lz|, |L2z[, and |L2x|. Especially, Remark 2.1 is established at
this point.

Properties (ii} and {iii) follow at once.

In light of Remark 2.1, the fact that
Zm-1

1 (- (o) gy 1)) 0wz)) 'x =
=1

2m-1 2Zm-1 4 2m-1 -1
y{om (I-(g(up)-g(up_l))(L+z)) x - I (1-(g(up)—g(up_l))(L+Z)) X =

k=1 p=k p=k+1

2mil 2m-1 -1
(glu )-g( 3y (L+z) B (I-(glu )-g(u ;33 (L+z)) "x

k=1 Yk V-1 p=k D p-1

gives the integral equation of (iv) of Theorem 2.

This concludes the proof.

One might note at this point that the proof of Theorem 2 above
applies equally well if L is dissipative and if each of x and z is in
D(Lz). Hence, the proofs of Theorems 3 and 5 below are somewhat repe-
titious. They do, however, give arn important alternative characteri-
zation of SHt(I - dg(L + z))-lx. In addition, they make it possible for
one already familiar with Herod [4] to move rapidly to the central re-
sults here without having to go through the laborious proof above, at

the sacrifice of requiring S to have the least upper bound property.
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The computational results of Chapter 11, combined with Theorem 2,
-1_ .
now lead to the development of M(s,t)x = SHt(l - dgA) "x in the present

case that A is linear, dissipative, and densely defined.

Theorem 3. Let A and g be as before. If each of s and t is in §

with s > t, then
(i) M(s,t)x = sHt(I - dgA)—lx exists for each x in X;

{(ii) M(s,t) is a continuous linear function from z:to Xjand

IM(s,t) [ <1,
(iii) If r is in S and 5 > r > t, then M(s,r)M(r,t) = M(s,t),
(iv) If x5 is in D(A), then M(s,t)Axo = AM(s,t)xo,

t
(v) 1If X, is in D{A), then M(s,t)xo =Xt (L) f dgAM(‘,t)xo,
s
_ t
(vi) If x is in X, then (L) [ dgM(*,t)x is in D(A), and
s

1t
M(s,t)x = x + A((L) [ dgM(*,t)x), and
)

(vii) If x_ is in D(A%), then M(,t)x, is the only function F(*)
for which AF(-) is of bounded variation on each finite

interval of S and which is a solution of the integral

)
equation F(s} = x + (L)f dgAF(*).
5

Proof. If x is in X, n > 0, and each of s and t is in S with
s > t, then Mn(s,t)x = 5Ht(I - dgAJn)#lx exists by Theorem 2. One shows

that 1lim Mn(s,t)x exists as follows:
T1-+4c0



If {rk}p is a subdivision of {s,t} and x_ is in D(A), then,
k=0

letting dgk = g[rk) - g(rk_l) for k = 1,2,...,p, one has

b -1
IM_(s,t)x_ - M_(s,t)x | < M (s,t)x_ - kfl(l‘dgkAJn) x|+

n =

-1
1(I-dgkA) x|+

-1
) (1-dg AJ ) 'x, -

1 k

=g

n oo

-1
(I-dgAJ )7 x | +

| % (1-d A)”l
_g x -
k=1 k ° 1

k

-1
l(I-dgkAJm) X, - Mm(s,t)xol.

k

n =

Now if € > 0, there is a subdivision {0} such that if {§ }
k=0 k=0

is a refinement of o, then

n = o

|Mn(s,th0 - 1(1-[3(5k)“g(ak_1)]AJn)-1xol : %' g

k

and there is a subdivision {Bk}d so that if {Ek}d
k=0 k=0

is a refinement

of B then

= o

My (5,003, - 1(I-[gtﬁk)-gcék_l)]A)'lxol <%

Taking a common refinement of o and £ for r above, one has that
£ p -1 p
IMn(S't)xo - Mmts’t)xoI i-? ' IkEl(I—dgkAJn) %o ° kfl

| ﬁ (I-d a7t
_g x -
k=1 K o

30

(r-dgkA)'lxol .



Application of inequality (iii) of Lemma 1 gives that

t
M (s,t)x_ - M (s,t)x | <€+ (Sf dg) (| 0 -DAx | + | -DAx |)

The last estimate works for each € > 0; hence,

t .
M (s, t)x - Mm(s,t)xol 5_(5[ dg) ([ (3 -DAx | + | (I -DAx_|)

Lemma 0.2 gives at once that lim Mn(s,t)xo exists for each X, in D(A)
nree _
and that the limit is uniform on bounded subsets of S. If y is an ele-

ment of X and x, is in D(A), then

M (s,0)y - M (s,0)y| < [M (s,t)y - M (s,t)x | +

[ A

an(s,t)xo - Mm(s,t)xol + ]Mm(s,tjxo - Mm(s,t)yl

2|x0-y] + ]Mn(s,t)XO - Mm(s,t)xol .

Now if ¢ > 0, one finds X, in D(A} such that |x0 - y| < €/3. Above,
it was shown that there is an N so that n > N and m > N force
|Mn(s,t)xo - Mm(s,t)xo| < €/3; moreover, the selection of N can be
taken uniformly on bounded subsets of §. Hence, lim Mn(s,t)y exists;
-
again the limit is umiform on bounded subsets of gf+
Conditions (ii) and (iii) are inherited directly from the

corresponding conditions on the Mn' Also, if x is in E:and X, is in

D(A), then

P -
IM(s,t)x - kgl(I—dgkA) L < MGs, ) (x-x )| + [M(s, 0% - M (s,t)x | +

31
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P 1 P 1 p -1

Imn(s,t)x0 - I (1-dg AJ) x0| + | g (1-dgAJ ) “x, - T (I-dgA) xol +
k=1 k=1 k=1

P -1
- - < - -

IkEI(I dg, A) " (x xo)|__ |x xof + |M(s,t)xo Mn(s,t)xo| +
P -1 t

M (s, 0)x - kfl(l'dgkAJn) x|+ (SI dg) | (J_-DIAx | + [x-x_| .

If, now, € > 0 is given, one may take xo in D(A) so that Ix - xol < /6,
t
n large enough so that ]M(s,t)xo - Mn(s,t)xol + (Sf dg)|(Jn-I)Axol <

€/3, and a subdivision ¢ of {s,t} so that if {rk}P is a refinement
k=0

of 0, then

-1 €
(- dgkAJn) xoI < 3

an(S,t)XO - 1

no=s

k

The above inequality then gives that for such a subdivision {rk}P
k=0

one has

P -
M(s,t)x - T (I - dgA) x| <e
k=1

lience, the representation in (i) holds. (A review of the proof of
Theorem 2 at this point yields a uniform condition which is the subject

of Corollary 3.2.)

Condition (iv) on M follows immediately since A is closed and

P -1
A = I (I - dg A) "Ax
k=1 k

k +)

o}

no=d

a - dgkA)"lx
1

If X, is in D(A), then
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I(L)SftdgM(',t)AxO - x - MCs,t)x | <

l(L)SftdgM(',t)Axo - (L)SftdgMn(-,t)AJnxol .

[M(s,t)x_ - M (s,t)x_| §_|(L)Sftdg(mn(-,t) - M(L,E)AR |+
|(L)sftdgMn(s,t)fJn—I)AXOI + [Mis,tax, = M (s,0)x | <

(Sftdg} sup {|Mn(z,t)Ax0 - M(z,t)Ax0|} +
s<z<t

(Jag) | -Dax |+ (JTep) | -DAx | .

From a preceding estimate, one has that
sup {IMn(z,t)Axo - M(z,t)Axo|]_§

s<z<t

sup Ginf  {2]5-Ax | + ( fYag)| (3 _-DAE[}) <
s<z<t  EeD(A) ’

inf  {2|e-ax | + ([Tap) |0 -DAg]} .
£eD(A)

I1f, now, € > 0 is given, then onec may take £ in D(A2) so that
(Sftdg)zlg-Axo| < ¢/3 since D(Az) is dense in X. One may next take n
so large that both (Sftdg)zl(Jn—I)A£| < g/3 and 2(sftdg)|(Jn—I)Axol <

£/3. The above inequality then gives that

| (L) fTagh(-,t)Ax - x - M(s,t)x | <€

Since this holds for each € > 0, the fact that A commutes with M on
D(A) gives that the integral equation of (v) 1s satisfied. The assertion

of {vi) follows at once since A is closed and D(A) is dense.



Finally, suppose that X is in D(Az). Let {sk}n be a de-

k=0
creasing sequence in S. Since AM(sk_l,s“)xo = Axo +
s
n 2
(L]Sf dgM(*,s JA"x , one has that
k-1
n
kf |AM(s, _;,t)x ) - AM(sk,t)xol =
=1
5 s
n n 2 n 9
LI@f  dgM(eus A - (L)f dgM(e,s )ATx | =
k=1 Skl Sk
s s

n K 5 n K 5 n 5
PI@f  dgMCeLsax | < TS aglatx | = (f dg)[ATx |
k=1 5L 1 k=1 Sp-1 S,

Hence, the variation of AM(-,t)x0 on {s,t} is bounded by (Sftdg)[A2x0|.

If £ is a function from S to D{A) such that Af(-) is of bounded varia-

tion and such that the integral equation of (vii) is satisfied, then
1P
k=0

any subdivision {rk of {s,t} which gives that

T

k
) |dg, Af(x, ) - (L)f dgaf(+)] +
k=1 Tl

k
k§ [dgk AM(rk_l,thO - (L)f dgAM(-,t)xo] <€
=] T
k-1
also gives that

[£(s) - M(s,t)x | < [£() - M(s, x| +

kfl {1 - dg A (E(r ) - Ml . tx | - [£(ry ) - Mz,

34



§ {-1£x) - Mlr,Ox | + [T - dgA)(£(zy ;) - Mz, _1,t)x )]} <
k=1

k._Ell(I - dgkA)(f(Tk_l) = M(rk—l’t)on = (f(rk) - M(rk’t)xo)‘ i

kgl{[f(rk) - £l ) - dgkAf(rk_1)| +

[M(z, ,t)x, - M(zy _|,tix, - dg AM(r, ,t)x |} <

I
k
Paar smec - dg Af(ry )| +
k=1 T
k-1
Tk
|(L)£ dgAM(~,t)x - dg AM(r, ,,t)x [} <e
k-1

Hence, f(x) = M(s,t)xo.

Remark. The existence of such a subdivision {rk}p is a
k=0

standard result in the theory of Stieltjes integration. The two

lemmas following indicate how one establishes this result.

Lemma. If g and H are non-increasing functions from S to R, if

35

{s,t} is an interval in S with s > t, and if € > 0, then there is a sub-

division u of {s,t} so that if {r }® is a refinement of u, then
p=0

n 1‘p
El{(L)£ dgh(*) - (g(r) - m(x, H(x, )} <e

P p-1

the existence of the integrals being conclusion, not hypothesis.
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Proof. First note that i{ each of a, B, and v is in § with
a>B3 >y, then (g(8) - g(a))li(e) + (g(y) - g(B)IN(B) > (g(B) - g(a))H(o)
+ (g(y) - g(BNH() = (g(y) - g(w))H{x). Repeated application of this
observation gives that if {a,b} is an interval in S with a > b, if

{up}n is a subdivision of {a,b}, and if {rp}m is a refinement of u,
p=0 p=0

then

m It
pZO[g(rp) - glx, | DH(r, ) z_pgotg(up) SE{CHROILICHEY
) m
Since pzo(g(rp) - g(rp_l))H(rp_l) < (g(b) - g(a))H(b), one can put
n
Q= sup{pzl(g(up) - g(up_l))H(uP_l) : u is a subdivision of {a,b}}. It

follows at once that (L)afbdgﬁ(°) exists because one has that if u above

n
is a subdivision of {a,b} such that Q - E (gluw ) - gu ]))H(u 1) < g
p=1 P P- P-
n
and if again r refines u, then - iy - r H(r < E.
g Q pzlcg( p) - 80y )H(r, )

The inequality of the lemma now follows if one sets a = s and b = t.

Lemma. If g is a non-increasing function from S to R, if H is

a function which is of bounded variation on each finite interval of S,
if {s,t} is an interval in S, then there is a subdivision {sp}k of
p=0
{s,t} so if {t }* is a refinement of {s }k , then
P:O P p.—.(]
tp
d - - - <

@y f  dgH(e) (glt,) g(tp_l))H(tp_lJl £

tp-l

]

p=1
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the existence of the integrals being conclusion, not hypothesis.

Proof. Let {a,bl be an interval in S with a > b. For each t in

5, let V(t) = f°ldn| if t > b, and V(t) = 0 if b > t. Then V is non-

T is a subdivision of {a,b} and {w }™ is a re-

increasing. If {t_}
Pp=0 P p=0

finement of {t }" ,then there is an increasing function f such that

p=0
tp = wf(P) for each p = 0,1,...,n. Now,
RO - |
(glw)-glv,_NHGw, D} - ] (gt )-glt DKt )] <
p=1 j=f(p-1)+1 °’ 3-1 i-1 p=t F p-1 p-17" -
Fa M3
L) - ] ) - i ) -g{w. <
p§1 lj=f(p-1)+1 (8(wy-g(ws 1 H0w 1) - (8w;)-glw; DIHGweo IHE <
n f{p)
I f (g(w)-glw; IR 1) - Hovpe, 130 () <

p=1 j=f(p-1)+1

n {f{P) ,
pgl Loty B B0 W00y ) - Vg D)) -
n f§p) ) n

i) -g (W, Viw, - - )
pzl{jzf(p—1)+1(g(“3) g(Ws VO, ) pzl(g(th g(t, V(L) ;)

By the preceding lemma, the above inequality gives that (L)a]hdgH(')
exists for each {a,b} in S. If € > 0, then one may take a subdivision
(s ¥ and {w Y™ is a refinement of {t_ } as above, then

p:O P p:O P P:O

n f(p) n
- £
Pgl{j=f(p_l)+ltg(wj)-g(wj_l))vcwj_l)} - le(g(tp)-g(tp_l))V(tp_l) <L
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t
P
By virtue of the existence of each of (L) dgH(*), one may take the
m tp-l
subdivision {w } so that
p=0
t
P fip) c
W/ dgH(e) - (8w.) - glw, MHw, ] < 5
t,) j=f(p-1)+1 ’ ’

for p = 1,2,...,n. It follows at once that
t

n P
pzll(L){ ldgH(-) - (glt) - g(tp_ll)n(tp_,)l <€
P_

Corollary 3.1. If x is in X, and if each of s and t is in § with

s > t, then

M(s,t)x = lim M_(s,t)x = lim T°(I - dgAJ ) 'x ,
nooe D aw S n
uniformly on bounded subsets of S.
Remark 2.1, coupled with the proof that the representation (i)
of Theorem 3 holds, gives a version of Remark 2.1 in the present

setting.

Corollary 3.2. 1If x is in X; and if each of s and t is in §

with s > t, then the limit

M(s,t)x = sIIt(I - dgA)’lx

is uniform in the following sense:

If € > 0, then there exists a subdivision {r }" of {s,t} such
p=0
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that if (v 1™  is a refinement of (r 1" , then
p
p=0 p=0
t -1 n -1
| UL - dgh) 7 x - I (T - (glv,) - glv,_))A) x| <e
k p=k+] P P
and
Vk -1 k+1 -1
[ L7 - dg) ™ x - T(T - (g(v) - g(v, W) x| <e

p=1

for k = 0,1,...,m.

A related integral equation is also satisfied.

Corollary 3.3. If X5 is in D(A), and if each of 5 and t is in §

with s > t, then

M(s,t)xO = xo + (R)SftdgAM(s,°)xo

Indication of Proof. Let {rp}m be a subdivision of {s,t} and
p=0
let X, be in D(A). Since

J
dg. 1
1 J k=1

o=

[ e §=]

-1 _ -1
(I - dgh) X, - Xy = (I - dgkA) Axo ’

o

k=1 j

Corollary 3.2 gives that M(s,t)x - x_ = (stftdgM(s,')Axo. Since A
is closed, M(s,t)x - x = A((R)SftdgM(s,')x] for each x in X.
The example following indicates the need for a uniqueness condi-

tion as cumbersome as (vii] of Theorem 3.

Example. Let X:= {all continuous f : R + R such that lim f(x)

X -



and 1im T(x} both cxist . If f is in X, let 1f] = supl|T(x)] : x & R},
P L
If M(s,t)f)(x) = f(x + s - 1), and if

0 if x <O
Pix) = <x cos(%a if 0 < x < 2,
lo if x > 2

then there is a y in g such that Ay = d/(dx)y = . Now AM(*,0Q0)y =
M(*,0)¥ and is of bounded variation on no interval of R.

In terms of the evolution system M, the uniqueness condition of
Theorem 3 is not vague, for M is a collection of continuous operators

and D(A%) is dense in X.

The Affine Case. With A as in Theorem 3 and z in X} let A + 2

be the affine transformation defined by (A + z)x = Ax + z for each x in
B(A). A few computational results facilitate the development of the
affine version of Theorem 3.

Lemma 4. Let A be as before; let § > 0, n > 0, and {)\k}m be a
k=1

sequence of non-negative numbers; let each of u and w be in D(A); and

let x, v, and 2z be in K Then

@) d-sa+Nly=q-enty s,

1

(1) (I -BA+ 2Ny - -emly =8 - a7z,

.., o S -1
(111) T (I - A (A + 2}) Ty = (I - AkA) y +

k=1 k

n =3

1

m j -1
yLm( - MNATTA Y,
j=1 k=1 J

40
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m -1 mn 3
(iv) l nm{r - Ak(AJ +u)) w- M- Rk(A + u)) wl <
k=1 1 k=1 ”

m m
( Y - Dawl o+ () A2 - DAy
kzl lk n kzl k n

n -1 n -1
(V) T - N (A2 x- T(I-AN(A+Y)) x| 2
k=1 k=1

T Az -yl
( Y|z - ¥
k=1 Ak

Proof. Assertions (i) and (iii) are reccllections of Observations
(i) and {11i) established before the proof of Theorem 2. Assertion (ii)
is an immediate consequence of (i}.

By (iii) one has that

li;lu - ) jlu - () | <
m -1 » -1

|k51(1 - AkAJn) w - kzl(l - AkA) w| +
m k m k

|k§1 le(I - A, B Aku - k“1 le(I - A A) kku] <

m m k
( M) (I - Aw] + A o A - DAuft <
kzl 1O | kzl k pzl PI n -

? | ? ?| |
(] A, - Dawl + () A% - Daul.
k=1 K | k=1 K n

Assertion (v) follows at once from (iii).

Estimates obtained in the development of II(I - dgA)-l combined
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with the above computations now give an affine version of Theorem 3.

Theorem 5. Let A and g be as before and let z be in X. If each

of s and t is in S with 5 > t, then

(1)

(i1)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

W(z;s,t)x = SHt(I - dg(A + z))_lx exists for each x in X,

W(z;s,t) is a continuous affine function from X:to X:such
that if each of x and y is in X; then [W(z;s,t)x -

Wiz;s,t)yl < |x - y|,

If each of x and y is in X, then |W(z;s,t)x - W(y;s,t)x]| <

t
(JJaplz - yl,
If ris inS ands > r > t, then W(z;s,T)W(z;T,t) = W(z;s,t),

If each of x and z is in E; then W(z;s,t)x = M(s,t)x +

(R [“dgM(s, )z,

If X, is in D{A) and z is in z; then W(z;s,t)xo =

x + (L)Sftdg(A + 2)W(z50, )%,

If each of x and z is in X, then (L)Sftdi(z;',t)x is in

D{A) and W(z;s,t)x = x + A((L)Sftdi(z;°,t)x) + Sftdgz, and

If x is in D(Az) and z is in D(A), then W(z;-,t)x is the
only fumction F(+) for which AF(+) is of bounded variation
on each finite interval of 3 and which solves the integral

equation

F(+) = x+ (L) _[Tdg(A + 2)F()



Indication of Proof. If {rk}m is a subdivision of {s,t}, if
k=0

each of X, and z is in D(A), and if n is a positive integer, then

m
-1
7 g, 07, -

n =3

-1
(I - dg, (A + z}) x| =
k=1 k (o}

n -1 -1
L'IT(1 - dgy AT ) T Tx - (1 - dg A) "x +

k=1 k

[

1

m j -1
Y{n - dg A )" dg,z -

J )
(1 - dg A) Mdg.z)] <
j=1 k=1 =1 J

k
t t 2
(JJ o) [ - Dax | + ([ag [, - DAz
Hence,

| ITC - dg@ag, + 2) M, - 100 - g+ 1) i) <
t )

(fa G, - DAx L+ [G) - DAx D+

(S’ @, - DAzl + @ - DAg|

50 lim sIlt(I - dg(AJn + z))—lxo exists for each of X, and z in D(A).
N
By (iv) of Lemma 4, lim SHt(I - dg[AJn + z))-lx exists for x in X:and
n-reo
2z in D(A); and, by (v) of Lemma 4, the limit exists for z in E:and x

in X. Let W(z;s,t)x = lim II°(I - dg(AT_ + 2)) 'x. 1If each of x_ and
-0

z, is in D{A), and if

t -1
Wo(zss,t)x = I (1 - dg(AJ_+ 2)) "x

then



m
]W(z;s,t)x - I (I - dg(A+ z))_lxlli IW(z;s,t)x - Wn(z;s,t)xl +
k=1

|Wn(z;s,t)x - Wn(zo;s,t)xl + |Wn(zo;s,t)x - Wn(zogs,t)xol +

m
. -1
Wz 5s,t)x, - kglcl - dg (A3 + 2 ) x|+

m m
-1 -1
[ L= dg (0 2) g - T (- dgy (A 20) x|+
m -1 - -1
lkgl(l - dg (A +z)) x, - kI:Il(I - dg (A + z)) “x| ¢
m -1 n -1
| (1 - dg (A +z ) x - 0 (I-dg(A+z)7x <
k=1 k=1

W(zss,t)x - W (z;s,0x] + (fTdglz - 2| + |x - x | +

m
. -1
[W_(z,5s,t)x - kglcl - dg (A +z ) x | o+

((Sftdg)l(Jn - I)Axol + (Sftdg)2|(Jn - I)Azol) +
|x - x| + (sftdg)|z - zo|.

Hence, the representation of W in (i) holds.

Properties (ii) and {(iii) follow immediately from the corres-
ponding properties of the approximating products. Property (iv) is
inherited from the Wn.

m

Now, the fact that T (I - dg (A + Z))-lx =
k=1

44
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m 1 m ] 1
I (3 - dgA) "x + Ed%(IIU - dg, M) )

k=1 j=1 J k=1

together with Corollary 3.2 gives that

W(z;s,t)x = M(s,0)x + (R) _[TdgM(s, ")z

which is equation (V).
Now if each of x and z is in D(A), then AW(z ;s,t)x_ =
o] 18] o] (o]
W(Az ;s,t)Ax_. As in Theorem 3, one can use {Wn}m to show that
n=1

t ‘
Wz ;s,t)x = X * (L)sf dg(A + 2)W(z ;*,t)x

Moreover, if z is in X; then AW(z;s,t)x0 = AM(s,t)xo + M(s,t)z - z and
is integrable. The fact that [W(z;s,t)xo - W(zo;s,t)xol i_(sftdg)|z - zo|
then gives that (vi) holds. The integral equation (vii) follows at once
since A is closed.

Finally, if z is in D{A) and x is in D(Az), then AW(z; ,t)x 1s
of bounded variation on each finite interval of S. 1If F is also, and

if satisfies

F(s) = x + (L)Sftdg(A + z)F(») for each s >t ,
then

F(t) - W(z;t,t)x = 0 and

F(s) - W(z;s,t)x = 0 + (L) _JTdgA(E(*) - W(z;*,t)x)

Theorem 3 gives that F(s) W(z;s,t)x, and the proof is complete.
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CHAPTER TV
AN APPLICATICN TO CLOSED OPERATOR EQUATIONS

In special circumstances, the results of the preceding section

may be used to solve the operator equation
(*) Ay =z

for y.
In addition, now let S be an unbounded set of the non-negative

numbers with 0 in S, and let g now be such that lim g(t) = -=. Theorems
tto

3 and 5 are now applied in Theorems 7 and 8 to give an iterative proce-

dure to approximate solutions to (*]).

Lemma 6. Let B be a linear function from D(B) in zrto E:and
let X > 0 be such that (I - }\B)-1 exists, has domain all of X} and 1is

continuous. If {xn}m is a sequence in D(B} such that w-1lim xn =y
n=1 N

and w-1im Bx_ = P, then y is in D(B) and By = P.
n
10

Proof. First note that continuous linear functions preserve weak

_*

limits. Especially, if w-1lim X =Y, if ¢ is in X , and if H is a con-
n-oe

tinuous linear function from X:to E; then ¢ defined by ¢(*) = Y(H(*)) 1is

. _"-* - - - _*
in X ; so lim ¢(xn) = ¢(y). Hence, lim Y{Hx ) = Y(Hy) for each Y in X ,

N0 N n -
i.e., w-lim Hxn = Hy.

-0

Now let z = x_ - ABx_ for each n. Then w-lim z_ =y - AP.
n n n oo T

Since (I - )\B)_1 is continuous, one has that
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w-lim (T - AB)-l(xn - ABx )

T

(1 -7ty - ap)

1

w-lim x_ =y .
n
Folmatsd

1

Hence, y is in D(B); and (I -~ AB) ~(y - AP) = y gives that y - AP =

(I - AB)y from which By = P follows.

Definition. An evolution system M is strongly (resp., weakly)

asymptotically convergent if, and only if,

lim M{t,0)x (resp., w-lim M(t,0}x)
e {400

exists for each x in X.

Theorem 7. Let A, g, and M be as in Theorem 3 so that M{s,t)x =
sHt(I - dgA)"lx for each x in X and for each of s and t in S with s > t.
If M is strongly (resp., weakly) asymptotically convergent, and if
Qx = lim M(t,0)x (resp., w-lim M(t,0)x) for each x in X, then
oo L+4o0
{i) Q is a continuous projection of X:onto the null space of A,
(i) |qf ¢ 1, and

{(1ii) The null space of Q is the closure of the range of A,

Proof. Case I M is strongly asymptotically convergent.

Let , be in D(A) and suppose that QAxo =y # 0. Then there is
an element T in § such that |y - M(s,o)Axo] < %1y| for each s > T.

Now
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8]
|1im(L) | dgM(+,0)Ax |

§¥oo 3

o T
= {wf dgM(*,0)Ax_ + lim(L)f dgM(',O)Axo|
T et s

T (o}

> fum(L)f dgly + MC*,00Ax - y}| - [(L)] dgM(*,0)Ax |
S0 5 T

T T

> {iim(L)f dgy| - |1im(1)f dg(M(*,0)Ax, - y) |
S

b el ST 5

o
- | (L)] degM(-,0)Ax |
T

1m{(g(T) - g(sN |yl - (e(T) - 8(5)3%4Y|}

50

{ v

o]
- [ )] dgh(-,0)Ax |-
T

The last quantity tends to +=; hence, QAxo =0, Also, lim M(s,O)xo =
S0

Qx_ and 1im AM(s,0)x_ = lim M(s,0)Ax = QAx_ = 0. Since A is closed,
o S0 ° e o 0

on is in D(A) and AQx0 = (. Again, since A is closed and D(A) 1is

dense in X, Qx is in D(A) for each x in X and AQx = 0. Hence, one has

that Q is a mapping into the null space of A. If z is in D(A) and

Az = 0, then (I - AA)']z z for each A > 0. It follows that M(s,0)z = 2z

1

for each s > 0. Thus Qz = z, and one has that Q is a mapping onto the

null space of A.

That |Q] < 1 follows at once from the fact that |M(t,0)| <1 for
each t > 0. To see that Q2 = Q, note that if A > 0 and x is in X; then

Q(I - AA)“lx = Q(I + A(1 - AA)_I)x = Qx. By induction, if {Ak}n is
k=1
n

a sequence of non-negative numbers, then Q I

(1 - A A) 'x = Qx. Since
K

1
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Q is continuous, one has that QM(s,0)x = Qx for each s > 0 and then
than Q2 = Q.

Already, one has that if z is in the range of A, then Qz = 0.
Since Q is continuous, Qx = 0 for each x in the closure of the range
of A. Since M{(t,0)x - x = A((L)fodgM(°,O)x), Qx = 0 only in case x
is in the closure of the range oz AL

The proof in case M is weakly asymptotically convergent uses
Lemma 6 and follows much the same Iines. Again, one lets %o be in D{A)
and supposes that QAXO =y #£0. If ¢ is in Ef and Y(y) # 0, then there
is an element T in S such that [y(y) - w(M(s,OJAx0)| f_%1¢(y)| for s >T.
The fact that w(on -x ) = lim (L)fodi(M(',D)Axo) leads to a contra-

o
g0 s
diction; hence, QAx0 = 0. As before, the fact that w-lim M(s,O)xo =
500
Qx  and w-lim AM(s,0)x w-1lim M(s,0)Ax = QAx_= 00 coupled with
o oreo 0 00 o o

0. That Qx is in D(A) and AQx = 0 for each

Lemma 6 gives that Aon
x in X is immediate since D(A} is dense in X. If, now, Az = 0, then
again one has (I - kA)_lz = z for each A > 0 so Qz = z. Hence, (i) is
established,

The proof of (ii) follows exactly the same lines as in the
strongly convergent case.

The identity M(t,0)x - x = A((L)fodgM(',O}x) gives at once that
Qx = 0 only in case x is in the weak clzsure of the range of A. ©Since

the range of A is a linear subspace of X; its weak closure is precisely

its strong closure; thus, (iii) is established.

Theorem 8. Let A, g, and M be as in Theorem 3 and suppose that
M(+,0) is strongly (resp., weakly) asymptotically convergent. If each

of s and t is in S with s > t, if each of x and z is in X, and if
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W(z;s,t)x = sHt(I - dg(A + z))—lx as in Theorem 5, then these are
equivalent:
{i) =z 1s in the range of A,

(ii) For each x in X, lim W(z;t,0)x (resp., w-lim W(z;t,0)x)
- tr4c0 t+400

exists and is a solution y of the equation Ay = -z,

(iii) There is an x in X and an increasing, unbounded segquence

0)x exists.

{tk}oo in § such that w-lim W(z;t,,

k=1 k4o

Proof. The proof is given first in the case that M is strongly

asymptotically convergent.
If Au = z, then

Q

W(z;t,0)x = M(t,00x + (R)f dgM(t,*)Au
t

1}

M(t,0)x = M(t,0)u - u.

Hence, 1im W(z;t,0)x = Qx + Qu - u and AQx + AQu - Au = -z. Since A
T+too

is linear, (i) implies (ii).
That (ii) implies (iii) is clear.
Finally, suppose that (iii) holds so that w-lim W(z;tk,O)x = u.

kr+oo
If X, is in D(A), then

w-lim W(z;tk,O)x + lim M(tk,OJ(xO - x)

u + Q(xo - x)
koo kvee

wilim W(z;tk,O)xo
e o ]

and
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n

w-1lim AW(z;tk,O)xo w-lim AW(z;tk,O)xo - AM(tk,O)xo

[}
= w-lim A(R) [ dgM(t, ,*)z
k-0 tk

w-1lim M(tk,O)z - Z

ke

Qz - =z.

By Lemma 6, one has Au = Qz - z.

Now

0
W(zit, ,00x = M(t, ,0)x + (R]{ dgM(t, ,*)z

k

1l

o

M(t,,0x + (R)] dgM(t,,*)(z - Qz)
t
k

O
+ (R)f dgM(t,,*)Qz
k

0 o
M(t ,0)x + (R)f dgM(ty,*) (-Au) + (R} dgM(t,,")Qz
tx bk

fl

Q
M(t,0)x + u - M(t,,0)u + (R)f dgQz.

t

Kk

Since w-lim W(z;tk,O)x, w-lim M(tk,O)x, and w-lim M(tk,O)u all exist,
Ko ko k4w

o
it follows that w-lim (R) f dgQz exists. Since lim g(s) = +=, Qz = 0;
koo t, S+

so Au = -z and (iii) implies (i).
In case M is weakly asymptotically convergent, again suppose

Au = z at first, Again, the variation of parameters formule gives that
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w-1lim W{z;t,0}x = Qx + Qu - u .
e
Again, note that A(Qx + Qu - u) = -z,
To show that (iii) implies (i), again suppose that

w-1lim W(z;t, ,0)x = u. One has again that if x_is in D(A), then
K00 k (o]

u + Q(x0 - X) = wiiim W(z;tk,ﬂ)xo

and

w-1im AW(z;tk,O)xo = Qz - z.

g0

Since‘W(z;tk,O)x = M(tk,O)x +u - M(tk,D)u + (R){odez, one has Qz = 0;
so Au = -z and (iii) implies (i). k

Remark. The original requirement that A be dissipative can be
weakened somewhat. In particular, suppose that A is a linear function
from D(A) in X to X such that D(A) is dense in X and that there is a
number C such that if {lk}m is a sequence of positive numbers, then

k=1

m
| T (1 - A7 <C. It follows that [exp(tA)| < C for each t > 0.
k=1

The norm, ]x|2 = sup|exp(tA)x|, is equivalent to the norm |*| on z;

t>o
and |exp(tA)x]2 f_lxlz. Hence, A is dissipative with respect to I.l2'
The previous hypothesis that |(I - AA)-I] < 1 for each A > 0 can thus
be weakened.

Another extension of the integral equation theory of Chapter III

can be had, If 8 and A are numbers, one has the identity
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a-ra+smt=a-oamta-aa -t

provided that AB # 1. If g is a non-increasing function from S to R

and if f is negative, then Y, defined by
° -1
v(e) = [ dg(l - Bdg)
t

is non-increasing. 1f A is dissipative with respect to some norm

equivalent to [*|, then A + BI is dissipative and Theorem 3 already
guarantees the existence of sHt(I - dg{A + BI])_1 for s > t in S. The

identity,

Joa - dga s 8D = (1t - sap ThIta - amh

furnishes better normed estimates in Theorems 3 and 5. The theory of
Chapter IV is largely had already as a part of the Hille-Yosida Theorem.

Some passage of the theory of Chapters IIl and IV to the operator
A+ BI, B > 0, can also be had. One requires of the function g that
there exist a number P such that if s is in S, then there exist u and v
in S such that v < s < u and g(v) - g(u) <P. IfBP <1, one has

o
Y(t) = [ dg(1 - Bdg) 1y non-increasing,
t

JE - dga+ BT = (1T - B TH (A - @™,

and the attendant integral equation theory holds. If, as in Chapter

v, lim 0°(dg(A + 81)) "Ix exists (or if the weak limit exists)
han g S

for each x in X and is Qx, then the uniform boundedness theorem gives
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that Q is continuous. Statements (i) and (iii) of Theorem 7 and the
iteration description of Theorem 8 follow with A replaced by A + BI.
Even if one has only that {ItHO(I - dg(A + BI))-1| : t > 0} is bounded,
then the iteration theory of Chapter IV can be developed for the

operators A + yI, 0 <y < B,



1.

10,

11.
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