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SUMMARY

A subdivision of a graph G, also known as a topological G' and denoted by T'G, is
a graph obtained from G by replacing certain edges of G with internally vertex-disjoint
paths. This dissertation studies a problem in structural graph theory regarding subdivisions
of a complete graph in graphs.

In this dissertation, we focus on 7T K, or subdivisions of K5. A well known theorem
of Kuratowski in 1932 states that a graph is planar if, and only if, it does not contain a
subdivision of K5 or K3 3. Wagner proved in 1937 that if a graph other than K5 does not
contain any subdivision of K33 3 then it is planar or it admits a cut of size at most 2. Kelmans
and, independently, Seymour conjectured in the 1970s that if a graph does not contain any
subdivision of K then it is planar or it admits a cut of size at most 4. In this dissertation,

we give a proof of the Kelmans-Seymour conjecture.

vi



CHAPTER 1
INTRODUCTION

1.1 Graph preliminaries

We begin with some basic notation and terminology for graphs. A (simple) graph G is an
ordered pair (V(G), E(G)) where V(G) is a set and E(G) is a set of 2-element subsets of
V(G). A vertex is an element of V() and an edge is an element of £'(G). A graph is finite
if it contains finite number of vertices. In this dissertation, we only focus on finite graphs.

Given a graph G, an edge {u, v} of G can also be written as uv. Two vertices u, v of G
are adjacent in G if uv € E(G). A vertex u is a neighbor of a vertex v in G if u is adjacent
to v. For any u € V(G), the neighborhood of u is the set of neighbors of u in GG, denoted
as Ng(u). The degree of a vertex u is the size of its neighborhood, denoted as degq(u).
When understood, the reference to G may be dropped. The maximum degree A(G) of a
graph G is the maximum of degree of a vertex in G. The minimum degree 6(G) of a graph
G is the minimum of degree of a vertex in G. The average degree d(G) of a graph G is the
average of degree of a vertex in GG. A vertex v of G is incident to an edge e of G if v € e.
A complete graph on n vertices, denoted as [, is the graph of n vertices such that every
pair of vertices are adjacent. A graph G = (V, E) is called r-partite if V' admits a partition
into 7 classes such that every edge is adjacent to two vertices in different classes: vertices
in the same partition class must not be adjacent. Instead of “2-partite” one usually says
bipartite. An r-partite graph in which every two vertices from different partition classes
are adjacent is called complete. Moreover, K is the graph obtained from K, with a single
edge removed and K3 5 is the complete bipartite graph with two partitions of size 3.

Given two graphs S and G, we say S is a subgraph of G if V(S) C V(G) and E(S) C
E(G), denoted as S C G. We may view S C V(G) as a subgraph of G with vertex set



S and no edges. For S C @, the subgraph of G induced by V (S), denoted as G[S], is the
graph with V(G[S]) = V(S) and E(G|[S]) = {uwv € E(G) : u,v € V(S5)}. For S C G let
Ng(S) ={z € V(G)\V(S) : Ng(z)NV(S) # 0}. When understood, the reference to G
may be dropped.

For S C E(G), G — S denotes the graph obtained from G by deleting all edges in S
and for K, L C GG, K — L denotes the graph obtained from K by deleting V(K N L) and
all edges of K incident with V(K N L).

A separation in a graph G consists of a pair of subgraphs GGy, Gy of GG, denoted as
(G1,G3), such that F(G1) U E(Gs) = E(G), E(G1 N Gy) = 0, and E(G1) U (V(Gy) \
V(G3) # 0 # E(G2)U(V(G2)\V(G1)). The order of this separation is |V (G1) NV (Gs)],
and (G, Gs) is said to be a k-separation if its order is k. Thus, aset S C V(G) is a k-cut
(or a cut of size k) in G, where k is a positive integer, if |S| = k and G has a separation
(G1,Gs9) such that V(G1) NV (Ge) = Sand V(G — S) # 0 # V(G2 — 5). If v € V(G)
and {v} is a cut of G, then v is said to be a cut vertex of G. For a positive interger k, we
say that G is k-connected if G has no cut of size less than k. For A C V(@) and for a
positive integer k, we say that G is (k, A)-connected if, for any cut S with |S| < k, every
component of G — S contains a vertex from A.

A path is a non-empty graph P = (V(P), E(P)) where V (P) consists of distinct ver-
tices vg, v1, ..., v, and E(P) = {vgvy, v1vg, ..., Uy_10, }. The length of a path is the number
of edges it contains. Given a path P in a graph and z,y € V(P), 2Py denotes the subpath
of P between x and y (inclusive). The ends of the path P are the vertices of the minimum
degree in P, and all other vertices of P (if any) are its infernal vertices. A path P with
ends u and v (or an u-v path) is also said to be from u to v or between u and v. A collection
of paths are said to be independent if no vertex of any path in this collection is an internal
vertex of any other path in the collection. The distance between two vertices v and v in a
graph G is the minimum length of a u-v path in G.

A cycle is a non-empty graph C' = (V(C), E(C)) where V(C) consists of distinct



vertices vg, v1, ..., v, and E(C) = {vgv1,v10s, ..., Uy_1Un, VU0 }. The length of a cycle is
the number of edges it contains. The girth of a graph G, denoted as ¢g(&), is the minimum
length of a cycle contained in G.

Let G be a graph. Let K C G, S C V(G), and T a collection of 2-element subsets of
V(K)US. Then K + (S UT) denotes the graph with vertex set V(K) U S and edge set
E(K)UT,andif T = {{z,y}} we write K + zy instead of K + {{z,y}}.

For any positive integer k, let [k] := {1,...,k}. A 3-planar graph (G, A) consists of a
graph G and aset A = {A;, ..., A;} of pairwise disjoint subsets of V' (G) (possibly A = ()

when k£ = 0) such that
(a) fordistincti,j € [k], N(A;) N A; =0,
(b) fori € [k], |N(4;)| < 3, and

(c) if p(G, .A) denotes the graph obtained from G by (for each 7) deleting A; and adding
edges joining every pair of distinct vertices in N (A;), then p(G, .A) may be drawn in a
closed disc D with no pair of edges crossing such that, for each A; with | N(4;)| = 3,

N(A4;) induces a facial triangle in p(G, A).

If, in addition, b, ..., b, are vertices of G such that b, ¢ A, for any ¢ € [n| and j € [k]
and by, ..., b, occur on the boundary of the disc D in that cyclic order, then we say that
(G, A,by,...,b,) is 3-planar. If there is no need to specify A, we will simply say that
(G,by,...,b,) is 3-planar. If there is no need to specify the order of by, ..., b, then we
simply say that (G, {by,...,b,}) is 3-planar. When A = (), we say that (G,by,...,b,)
and (G, {b1,...,b,}) are planar. An apex graph is a graph that can be made planar by the
removal of a single vertex.

Given a graph F', an F'-subdivision or a subdivision of F'1is a graph H obtained from
F by replacing edges of F' with paths through new vertices of degree 2, denoted as T'F'. If
G contains an F-subdivision as a subgraph, we say F' is a topological minor of G and G

contains 7'F'. Furthermore, the vertices in T'F' that correspond to the vertices of F’ are said



to be its branch vertices. In particular, 7' K5 denotes a subdivision of K5, and the vertices
in a T' K5 of degree four are its branch vertices.

A (proper) k-coloring of a graph G = (V, E)isamap ¢ : V — [k] such that c(v) #
c(w) whenever v and w are adjacent. The chromatic number x(G) of G is the smallest
integer k such that G has a k-coloring.

For additional notations and background on graph theory, the readers are referred to

Diestel’s text [1].

1.2 Main results

This dissertation studies the structural aspect of subdivisions of complete graphs in graphs.
In the next chapter, we focus on 7T'K5, or subdivisions of K. A well known theorem
of Kuratowski [2] in 1932 states that a graph is planar if, and only if, it does not contain a
subdivision of K5 or K3 3. Wagner [3] proved in 1937 that if a graph other than K5 does
not contain any subdivision of K33 then it is planar or it admits a cut of size at most 2.
Kelmans [4] and, independently, Seymour [5] conjectured in the 1970s that if a graph does
not contain any subdivision of K5 then it is planar or it admits a cut of size at most 4.
Kelmans-Seymour conjecture is related to other problems in graph theory. A simple
application of Euler’s formula for planar graphs shows that, for n > 3, if an n-vertex graph
has at least 3n — 5 edges then it must be nonplanar and, hence, contains T'K5 or T'K3 3.
Dirac [6] conjectured that for n > 3, if an n-vertex graph has at least 3n — 5 edges then it
must contain 7' /(5. This conjecture was also reported by Erdds and Hajnal [7]. Kelmans [4]
showed that a minimal counterexample to Dirac’s conjecture must be 5-connected. Kézdy
and McGuiness [8] showed that a minimal counterexample to Dirac’s conjecture must be
S-connected and contains K, (obtained from the complete graph /4 by deleting an edge).
After some partial results in [9, 10, 11, 12], Dirac’s conjecture was proved by Mader [13],
where he also showed that every 5-connected n-vertex graph with at least 3n — 6 edges

contains 7'K5 or ;. We note that the Kelmans-Seymour conjecture implies Mader’s



theorem.

One of the motivations for us to work on the Kelmans-Seymour conjecture was the fol-
lowing conjecture of Hajos (see e.g., [14]) that graphs containing no 7' K5 are 4-colorable.
This conjecture, if true, would generalize the Four Color Theorem. It is known that Hajos’
conjecture holds for graphs with large girth (see Kiihn and Osthus [15]). Let G be a possible
counterexample to Hajds’ conjecture with |V (G)| minimum. Then the Kelmans-Seymour
conjecture implies that G has connectivity at most 4. By a standard coloring argument, it is
easy to show that G must be 3-connected. It is shown in [16] that G must be 4-connected.
It is further shown in [17] that for every 4-cut T" of G, G — T has exactly two components.
The work in [16, 17] suggests that G should be “close” to being 5-connected.

Haj6s actually made a more general conjecture in the 1950s: For any positive integer £,
every graph containing no 7'K} 4 is k-colorable. This is easy to verify for £ < 3 (see [18]),
and disproved in [19] for £ > 6. However, it remains open for £ = 4 and £ = 5. Thomassen
[14] pointed out connections between Hajds’ conjecture and Ramsey numbers, maximum
cuts, and perfect graphs. We refer the reader to [14] for other work and references related
to Hajos’ conjecture and topological minors.

In fact, Erd6s and Fajtlowicz [20] showed that the above general Hajés’ conjecture for
k > 6 fails for almost all graphs. Let H(n) := max{x(G)/c(G) : G is a graph with |V (G)|
= n}, where x(G) denotes the chromatic number of G and ¢(G) denotes the largest ¢ such
that G contains T'K;. Erd6s and Fajtlowicz [20] showed that H(n) = Q(y/n/logn), and
conjectured that H(n) = ©(y/n/logn). This conjecture was verified by Fox, Lee and
Sudakov [21], by studying o (&) in terms of independence number a(G).

In Chapter 2, we give a proof of the Kelmans-Seymour conjecture by proving the fol-

lowing
Theorem 1.2.1 Every 5-connected non-planar graph contains T K.

This is joint work with Dawei He and Xingxing Yu. We also discuss several related

results and problems.



CHAPTER 2
K5-SUBDIVISIONS IN 5-CONNECTED NONPLANAR GRAPHS

In this chapter, we study K5-subdivisions in 5-connected nonplanar graphs. A well known
theorem of Kuratowski in 1932 states that a graph is planar if, and only if, it does not
contain a subdivision of K5 or K33. Wagner proved in 1937 that if a graph other than K5
does not contain any subdivision of K3 3 then it is planar or it admits a cut of size at most
2. Kelmans and, independently, Seymour conjectured in the 1970s that if a graph does
not contain any subdivision of K then it is planar or it admits a cut of size at most 4. In
this chapter, we give a proof of the Kelmans-Seymour conjecture. We also discuss several
related results and problems.

This is joint work with Dawei He and Xingxing Yu.

2.1 Introduction

In 1930, Kuratowski [2] prove the following well known result.
Theorem 2.1.1 A graph is planar if, and only if, it does not contain T K5 or T'K3 3.

A simple application of Euler’s formula for planar graphs shows that, for n > 3, if
an n-vertex graph has at least 3n — 5 edges then it must be nonplanar and, hence, contains
T K5 or T'K3 3. Dirac [6] conjectured that for n > 3, if an n-vertex graph has at least 3n —5
edges then it must contain 7'K5. This conjecture was also reported by Erd6és and Hajnal
[7]. Kelmans [4] showed that a minimal counterexample to Dirac’s conjecture must be
5-connected. Kézdy and McGuiness [8] showed that a minimal counterexample to Dirac’s
conjecture must be 5-connected and contains K, (obtained from the complete graph Ky
by deleting an edge). After some partial results in [9, 10, 11, 12], Dirac’s conjecture was

proved by Mader [13], where he also showed that every 5-connected n-vertex graph with



at least 3n — 6 edges contains 1T'K5 or K .

Seymour [5] (also see [13, 12]) and, independently, Kelmans [4] made the following.
Conjecture 2.1.2 Every 5-connected nonplanar graph contains T Ks.

Thus, the Kelmans-Seymour conjecture implies Mader’s theorem. This conjecture is
also related to several interesting problems, which we will discuss later.
He, Wang and Yu [22, 23, 24] produced lemmas needed for proving this Kelmans-

Seymour conjecture, and in this dissertation we are now ready to prove the following.
Theorem 1.2.1 Every 5-connected non-planar graph contains T K.

The starting point of our work is the following result of Ma and Yu [25, 26]: Every
5-connected nonplanar graph containing K, has a T'K5. This result, combined with the
result of Kézdy and McGuiness [8] on minimal counterexamples to Dirac’s conjecture,
gives an alternative proof of Mader’s theorem. Also using this result, Aigner-Horev [27]
proved that every 5-connected nonplanar apex graph contains 7'K5. A simpler proof of
Aigner-Horev’s result using discharging argument was obtained by Ma, Thomas and Yu,
and, independently, by Kawarabayashi, see [28].

The reminder of this chapter is organized as follows. In the next section, we discuss
several related problems. We give a brief sketch of the proof of Theorem 1.2.1 in Section
2.3. We will need a number of results from [22, 23, 24], which are given in Section 2.4. In
Section 2.5, we derive a simplified version of a result on disjoint paths from [29, 30, 31],
which will be used several times in Section 2.6. For each subgraph 7" of H with v € V(T)
and T~ K, or T' = K3, we will associate to it a quadruple (7', St, A, B), where, roughly,
ANB=0,H — Sy =AU B, and H has no edge between A and B. (A precise definition
of a quadruple is given in Section 2.6.) In Section 2.6, we prove some basic properties of
quadruples, and take care of two special cases involving quadruples (using disjoint paths
results from Section 2.5). In Section 2.7, we take care of other cases involving quadruples.

We complete the proof of Theorem 1.2.1 in Section 2.8.
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2.2 Related Problems

Theorem 1.2.1 implies that if a graph contains no 7'K; then it is planar, or admits a cut of
size at most 4. This is a step towards a more useful structural description of the class of
graphs containing no 7K. There is a nice result for graphs containing no 7'K3 3 due to
Wagner [3]: Every such graph is planar, or is a K5, or admits a cut of size at most 2.
Mader [13] conjectured that every simple graph with minimum degree at least 5 and no

K, contains T'K5, and he also asked the following.

Question 2.2.1 Does every simple graph on n > 4 vertices with more than 12(n — 2)/5

edges contain K, , Ky 3, or TK5?

In a recent paper [28], it is shown that an affirmative answer to Question 2.2.1 implies
the Kelmans-Seymour conjecture. As an independent approach to resolve the Kelmans-
Seymour conjecture, Kawarabayashi, Ma and Yu planned to find a contractible cycle in a
5-connected nonplanar graph containing no /; or K5 3, and then use such a cycle to find a
T K5 by applying augmenting path arguments. This plan (if successful), combined with the
results in [26, 28], would give an alternative (and cleaner) solution to the Kelmans-Seymour

conjecture.

One of the motivations for us to work on the Kelmans-Seymour conjecture was the
following conjecture of Hajos (see e.g., [14]) which, if true, would generalize the Four

Color Theorem.
Conjecture 2.2.2 Graphs containing no IT' K5 are 4-colorable.

It is known that Conjecture 2.2.2 holds for graphs with large girth (see Kiihn and Osthus
[15]). Let G be a possible counterexample to Conjecture 2.2.2 with |V (G)| minimum.
Then our result on the Kelmans-Seymour conjecture implies that G has connectivity at
most 4. By a standard coloring argument, it is easy to show that G' must be 3-connected. It

is shown in [16] that G must be 4-connected. It is further shown in [17] that for every 4-cut
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T of G, G — T has exactly two components. The work in [16, 17] suggests that G should
be “close” to being 5-connected.

Hajos actually made a more general conjecture in the 1950s: For any positive integer k,
every graph containing no 7' K. is k-colorable. This is easy to verify for &£ < 3 (see [18]),
and disproved in [19] for £ > 6. However, it remains open for £ = 4 (Conjecture 2.2.2) and
k = 5. Thomassen [14] pointed out connections between Hajds’ conjecture and Ramsey
numbers, maximum cuts, and perfect graphs. We refer the reader to [14] for other work
and references related to Hajds’ conjecture and topological minors.

In fact, Erd6s and Fajtlowicz [20] showed that the above general Hajés’ conjecture for
k > 6 fails for almost all graphs. Let H(n) := max{x(G)/c(G) : G is a graph with |V (G)|
= n}, where x(G) denotes the chromatic number of G and ¢(G) denotes the largest ¢ such
that G contains T'K;. Erd6s and Fajtlowicz [20] showed that H(n) = Q(y/n/logn), and
conjectured that H(n) = ©(y/n/logn). This conjecture was verified by Fox, Lee and
Sudakov [21], by studying o(G) in terms of independence number «(G). The following

conjecture of Fox, Lee and Sudakov [21] is interesting.

Conjecture 2.2.3 There is a constant ¢ > 0 such that every graph G with x(G) = k
satisfies 0(G) > c\/klogk.

A key idea in [25, 26, 22, 23, 24] for finding 7' K5 in graphs containing K, is to
find a nonseparating path in a graph that avoids two given vertices. Let G be a 5-connected
nonplanar graph and x4, x5, y1, y2 € V(G) such that {x;, 25, y1, y» } induces a K, in which
x1, To are of degree 3. We used an induced path X in G between x; and x5 such that G — X
is 2-connected and {y1,y2} € V(X), and in certain cases we need X to contain a special
edge at z; (for example, in Section 2.8, x; = x is the special vertex representing the
contraction of M). If we could find such X that G — X is 3-connected then our proofs

would have been much simpler. This is related to the following conjecture of Lovasz [32].

Conjecture 2.2.4 There exists an integer valued function f(k) such that for any f(k)-

connected graph G and for any A C V(G) with |A| = 2, there exist vertex disjoint sub-
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graphs G, Gy of G such that V(G1) UV (Gsy) = V(G), Gy is a path between the vertices

in A, and G4 is k-connected.

A classical result of Tutte [33] implies f(1) = 3. That f(2) = 5 was proved by Kriesell [34]
and, independently, by Chen, Gould and Yu [35]. Despite much effort from the research
community, Conjecture 2.2.4 remains open for £k > 3. Variations of Conjecture 2.2.4 for
k = 2 are used in [25, 26, 22, 23, 24] to resolve the Kelmans-Seymour conjecture. An edge
version of Conjecture 2.2.4 was conjectured by Kriesell and proved by Kawarabayashi et
al. [36]. Thomassen [37] conjectured a statement that is more general than Conjecture 2.2.4

by allowing |A| > 2 and requiring A C V(G;) and Gy be k-connected.

2.3 Proof sketch of Theorem 1.2.1

We now briefly describe the process for proving Theorem 1.2.1. For a more detailed ver-
sion, we recommend the reader to read Section 2.8 first, which should also give motivation
to some of the technical lemmas listed in Sections 2.4, 2.5, 2.6 and 2.7.

Suppose G is a S5-connected non-planar graph not containing ;. We fix a vertex
v € V(G), and let M be a maximal connected subgraph of G such that v € V (M), G/M
(the graph obtained from G by contracting M) is nonplanar, G/M contains no K, , and
G/M is 5-connected (i.e., M is contractible). Note that V(M) = {v} is possible. Let
x denote the vertex of H := G/M resulting from the contraction of M. Then, for each
subgraph 7" of H withv € V(T') and T = Ky or T = K3, H/T is planar, or H/T contains
K, ,or H/T is not 5-connected. If, for some 7', H/T is planar or contains K, then we can
find a T'K5 in G using results from [22, 23, 24]. Thus, in this dissertation, our main work
is to deal with the final case: forany 7' C H withz € V(T)and T = Kyor T = K3, H/T
is nonplanar, H /T contains no K, and H/T is not 5-connected. In this case, there exists
St C V(H) such that V(T') C Sr, |Sr| = 5 or |Sy| = 6, and H — St is not connected.
We will be using such cuts to divide the graph into smaller parts and use them to find a

special 7'K5 in H. The reason to also include the case 7' = K3 is to avoid the situation

10



when T' = K, |Sr| = 5, and H — St has exactly two components, one of which is trivial.
This does not cause problem when 7" = K3, as the graph H would then contain K, and

we could use results from [22, 23, 24].

2.4 Previous results

In this section, we list a number of previous results which we will use as lemmas in our

proof of Theorem 1.2.1. We begin with the main result of [25, 26].
Lemma 2.4.1 Every 5-connected nonplanar graph containing K, has a T K.

We also need the main result of [23] to take care of the case when the vertex z in

H = G /M (see Section 2.3) is a degree 2 vertex in a K, (which is y5 in the lemma below).

Lemma 2.4.2 Let G be a 5-connected nonplanar graph and {x1,x2,y1,y2} € V(G) such
that G[{x1, x2,y1, Y2} = K, with y1y2 ¢ E(G). Then one of the following holds:

(i) G contains aT K5 in which y, is not a branch vertex.
(77) G — ya contains K .

(17i) G has a 5-separation (G1,G3) such that V(G1 N Gy) = {y2, a1, as, as, a4}, and G
is the graph obtained from the edge-disjoint union of the 8-cycle a1biasbyasbsasbsay

and the 4-cycle bibybsbyby by adding ys and the edges ysb; for i € [4].

(1v) For wy,wa, w3 € N(y2) — {x1, 22}, G — {yav : v & {wy, wq, w3, x1,22}} contains

TKs.

To deal with conclusion (7i7) of Lemma 2.4.2, we need Proposition 1.3 from [22] in

which a plays the role of y, in Lemma 2.4.2.

Lemma 2.4.3 Let G be a 5-connected nonplanar graph, (G1,G5) a 5-separation in G,

V(G1NGy) = {a,a,as,as, as} such that Gy is the graph obtained from the edge-disjoint

11



union of the 8-cycle a1byasbsaszbsasbsa; and the 4-cycle bibabsbyby by adding a and the
edges ab;, i € [4]. Suppose |V (G1)| > 7. Then, for any ui,us € N(a) — {by,bs, b3},
G —{av:v & {by, ba, b3, us,us}} contains T Ks.

Next we list a few results from [22, 23, 24]. For convenience, we state their versions
from [24]. First, we need Theorem 1.1 in [24] to take care of the case when the vertex x
in H = G/M (see Section 2.3) is a degree 3 vertex in a K, (which is x; in the lemma

below).

Lemma 2.4.4 Let G be a 5-connected nonplanar graph and x1, x2,y1,y2 € V(G) be dis-
tinct such that G[{xy,x2,11,y2}| = K, and y1y2 ¢ E(G). Then one of the following
holds:

(i) G contains a T K5 in which x4 is not a branch vertex.
(i1) G — xy contains K, or G contains a K| in which x; is of degree 2.

(14i) x2,v1,Yy2 may be chosen so that for any distinct zy, 21 € N(x1) — {2, 91,92}, G —

{z1v : v & {x2, 11, Y2, 20, 21} } contains T K.

When applying the next three lemmas, the vertex a will correspond to the vertex x in
H = G/M in Section 2.3. The following result is Lemma 2.7 in [24], which deals with

S-separations with an apex side.

Lemma 2.4.5 Let G be a 5-connected nonplanar graph and let (G, Gs) be a 5-separation
in G. Suppose |V (G;)| > Tfori € 2], a € V(G1NGy), and (Gy —a,V(G1 NGs) — {a})

is planar. Then one of the following holds:
(1) G contains a'T K5 in which a is not a branch vertex.
(11) G — a contains K, or G contains a K in which a is of degree 2.

The next result is Lemma 2.8 in [24], which will be used to take care of 5-cuts contain-

ing the vertices of a triangle.
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Lemma 2.4.6 Let G be a5-connected graph and (G4, G3) be a 5-separation in G. Suppose
that |V (G;)| > 7 fori € [2] and G|V (G N Gy)| contains a triangle aayasa. Then one of

the following holds:
(1) G contains a'T K5 in which a is not a branch vertex.
(77) G — a contains K, or G contains a K in which a is of degree 2.

(¢ii) For any distinct uy,us,uz € N(a) — {a1, a2}, G — {av : v & {a1,as,u1,us,us}}

contains T K.
The following is Lemma 2.9 in [24].

Lemma 2.4.7 Let G be a graph, A C V(G), and a € A such that |A| = 6,

V(G)| =8,
(G — a, A —{a}) is planar, and G is (5, A)-connected. Then one of the following holds:

(i) G — acontains K, or G contains a KK, in which the degree of a is 2.

(77) G has a 5-separation (G, Gy) such that a € V(G1NG,),

V(G2)| 27, ACV(GY),
and (G — a,V(G1 N Gy) — {a}) is planar.

We need Theorem 1.4 in [22]. This will be used to show that, for a quadruple (7', St, A, B)
in H = G/M with x € V(T) (see Section 2.3), x has a neighbor in A (which corresponds

to G; — (35 in the statement).

Lemma 2.4.8 Let G be a 5-connected graph and v € V(G), and let (G1,G3) be a 6-
separation in G such that x € V(G1 N Gs), G[V(G1 N G2)] contains a triangle vxq o,
\V(G,)| > 7 fori € [2]. Moreover, assume that (Gy,G2) is chosen so that, subject to
{z,21,20} CV(G1NGy)and |V (G;)| > T fori € [2], Gy is minimal. Let V(G N Gy) =
{x, 21, 29,01, v2,v3}. Then N(x) NV (G1 — G3) # 0, or one of the following holds:

(i) G contains a T K5 in which x is not a branch vertex.
(17) G contains K, .
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(i7i) There exists x3 € N(x) such that for any distinct y1,yo € N(x) — {x1, 22, 23},

G —A{zv:v ¢ {x1,29,23,y1,Y2}} contains T Ks.

(iv) For some i € [2] and some j € [3], N(z;) C V(G — G2) U{x, x5_;}, and any three
independent paths in Gy — x from {1, x2} to vy, vy, v3, respectively, with two from

x; and one from x3_;, must contain a path from x3_; to v;.

We remark that conclusion (iv) in Lemma 2.4.8 will be dealt with in Section 2.6, using a
result on disjoint paths from [29, 30, 31]. We also need Proposition 4.1 from [22] to deal
with the case when H/T is planar (see Section 2.3) for some 7" C H with x € V(T') and

T=KyorT = Ks.

Lemma 2.4.9 Let G be a 5-connected nonplanar graph, x € V(G), T C G such that
xeV(T), T = Ky,orT = K;, G/T is 5-connected and planar. Then G — T contains
Ky

We conclude this section with three additional results, first of which is a result of Sey-

mour [38]; equivalent versions are proved in [39, 40, 41].

Lemma 2.4.10 Let G be a graph and let sy, $2,11,t2 € V(G) be distinct. Then either G

contains disjoint paths from s to t; and from sy to to, or (G, s1, S9, 11, t5) is 3-planar.
The second result is due to Perfect [42].

Lemma 2.4.11 Let G be a graph, uw € V(G), and A C V(G — u). Suppose there exist k
independent paths from u to distinct aq, . ..,a; € A, respectively, and internally disjoint
from A. Then for any n > k, if there exist n independent paths P, . .., P, in G fromu ton

distinct vertices in A and internally disjoint from A then Py, ..., P, may be chosen so that

a; € V(B,) fori € [k].
The third result is due to Watkins and Mesner [43].

14



Lemma 2.4.12 Let GG be a 2-connected graph and let y1, vy, y3 be three distinct vertices of

G. Then G has no cycle containing {y1,y2, ys} if, and only if, one of the following holds:

(i) There exists a2-cut S in G and there exist pairwise disjoint subgraphs D, of G — S,

i € [3], such that y; € V(D,,) and each D,, is a union of components of G — S.

(i1) There exist 2-cuts Sy, in G, i € [3|, and pairwise disjoint subgraphs D,, of G, such
that y; € V(D,,), each D,, is a union of components of G — S,,, there exists z €

Syr N Sy, NSy, and Sy, — {2}, Sy, — {2}, Sy, — {z} are pairwise disjoint.

(i17) There exist pairwise disjoint 2-cuts S,, in G and pairwise disjoint subgraphs D, of
G — Sy, i € [3], such that y; € V(D,,), D,, is a union of components of G — S,
and G —V (D, UD,,UD,,) has precisely two components, each containing exactly

one vertex from Sy, for i € [3].

2.5 Obstruction to three paths

In order to deal with (iv) of Lemma 2.4.8, we need a result of Yu [29, 30, 31], which char-
acterizes graphs G in which any three disjoint paths from {a, b, c} C V(G) to {da’,V/, '} C
V(G) must contain a path from b to . The objective of this section is to derive a much
simpler version of that characterization by imposing extra conditions on . This result will
be used several times in the proofs of Lemmas 2.6.4 and 2.6.6. To state the result from [29,
30, 31], we need to describe rungs and ladders.

Let G be a graph, {a,b,c} C V(G), and {a/,V',c'} C V(G). Suppose {a,b,c} #
{a’, V', '}, and assume that G has no separation (G, G2) such that |V (G; N Gy)| < 3,
{a,b,c} CV(Gy),and {d', V', '} C V(Gy). We say that (G, (a, b, c), (a',V,c)) is a rung

if one of the following holds:
() b=V or{a,c} ={d, }.

(2) a=d and (G —a,c,d,V,b) is 3-planar, or ¢ = ¢ and (G — ¢, a,a’, V', b) is 3-planar.
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3) {a,b,c} N{d,V,d} =0 and (G,d',V,,c,b,a) is 3-planar.

@) {a,b,c} N{ad' b, ¢} =0, G has a l-separation (G4, G2) such that (i) {a,a’,b,b'} C
V(Gy), {c,d} C V(Gy), and (Gy,a,d’,b,b) is 3-planar, or (ii) {c,,b,0'} C
V(Gh),{a,d'} CV(Gs), and (Gy,¢,d, b, b) is 3-planar.

(5) {a,b,c} Nn{d,V/,c} = (), and G has a separation (G, G2) such that V(G N Gy) =
{z,b} (or V(G1 N Gy) = {z,V'}), and (i) (G,a,a’,V,b) is 3-planar, {a,a’,b, '} C
V(G1), {c,d} C V(Gs), and (G, ¢, z,b) (or (Ga,c, b, z)) is 3-planar, or (i7)
(G,c,d, b, b)is 3-planar, {c,,b,t'} C V(Gy),{a,d'} CV(G,),and (Ge,a,d’, z,b)
(or (Gy,a,d b, z)) is 3-planar.

(6) {a,b,c}n{d, b, '} = 0, and there are pairwise edge disjoint subgraphs G, G., M of
G such that G = G,UG.UM,V(G,NM) = {u,w}, V(G.NM) = {p,q}, V(G,N
G.) = 0, and (i) {a,d’,0'} C V(G,), {c,d,b} C V(G.), and (G,,a,a’,V,w,u)
and (G, ¢,b,p,q) are 3-planar, or (i7) {a,d’,b} C V(G,), {c,d,V'} C V(G.),
(Gy,b,a,d,w,u) and (G, V', ', c,p,q) are 3-planar.

(7) {a,b,c} Nn{d’,V/, '} =, and there are pairwise edge disjoint subgraphs G,, G., M
of G such that G = G,UG.UM,V(G,NM) = {b,V/,w}, V(G.N M) = {b, ¥/, p},
V(G, NG, = {bV}, {a,d'} C V(G,), {c,d} C V(G.), and (G, a,a’,b',w,b)
and (G.,d,c,b,p,b") are 3-planar.

Let L be a graph and let Ry, ..., R,, be edge disjoint subgraphs of L such that

(4) (R, (®im1, i1, Yi-1), (i, vi, ;) is a rung for each i € [m],
(ZZ) V(Rl N R]) = {in, (U yz} N {.ij_l, V-1, yj—l} fori,j € [m] with ¢ < 7,

12¢) for any distinct ¢, 7 € m|, if x; = x; then z;, = x; forallt < k < j, if v; = v, then
J J

vy =v; foralli < k < j,andif y; = y; then y, = y; forall: < k < j, and
(iv) L = (U2, Ri) + S, where S consists of those edges of L each of which has both
ends in {z;, v;, y;} for some i € [m)].
Then (L, (zo, V0, Y0), (Tm, Vm, Ym)) is a ladder with rungs (R;, (x;—1, vi—1, Yi—1), (Ti, v, ¥i)),
i € [m], or simply, a ladder along vy . . . vp,.
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By the definition of a rung, we see that a ladder (L, (x¢, vo, Yo), (Tm, Um, Ym)) has three
disjoint paths from {z, vy, Yo} t0 {Zm, Um, Ym }-

For a sequence W, the reduced sequence of W is the sequence obtained from W by
removing all but one consecutive identical elements. For example, the reduced sequence of

aaabcca is abca. We can now state the main result in [31].

Lemma 2.5.1 Let G be a graph, {a,b,c} C V(G), and {a',V,c} C V(G) such that
{a,b,c} # {d’, b/ '}. Assume that, for any T C V(G) with |T'| < 3, every component of
G — T contains some element of {a,b,c} U {d',b',c'}. Then any three disjoint paths in G
from {a,b,c} to{d’,V, '} must include one from b to V' if, and only if, one of the following
statements holds:
(i) G has a separation (G, G3) of order at most 2 such that {a,b,c} C V(G;) and
{a,V,d} CV(Gy).
(i7) (G, (a,b,c),(d',V,)) is aladder.
(14i) G has a separation (J, L) such that V(J N L) = {wy,...,w,}, (J,wo,...,wy,) is
3-planar, {a,b,c} U {d',V,c} C V(L), (L,(a,b,c),(a’,V',c)) is a ladder along a
sequence vy . . . Up,, where vg = b, v, = U, and wy . . . w, is the reduced sequence of

Vo...Um.

We may view (iz) as a special case of (iii) by letting .J be a subgraph of L. In the
applications of Lemma 2.5.1 in this paper, we will consider rungs and ladders in a 5-
connected graph without 7'K ;. With such extra conditions, the rungs have much simpler

structure, as given in the next two lemmas.

Lemma 2.5.2 Let G be a 5-connected graph and (R, R') a separation in G such that
V(R > 8 V(RN R) = {a,b} U{d,V,c}, a # b and 'V, are pairwise dis-
tinct. Let R* be obtained from R by adding the new vertex c and joining c to each neigh-
bor of a in R with an edge, and assume (R*, (a,b,c), (a',V',)) is a rung. Then b =V,

V(R) ={a,b,d',d} and E(R) = {ad’,ac'}.
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Proof. Since a and ¢ have the same set of neighbors in R* and (R*, (a,b,¢), (a’,b',c)) is a
rung, it follows from the definition of a rung that (R*, (a, b, ¢), (a’,V',’)) is of type (1) or
(2). Then, since G is 5-connected, V(R) = {a,b} U {d’, V', '}.

Suppose (R*, (a,b,c),(a’,V/,c)) is of type (2). By symmetry, we may assume that
c=cand (G—c,a,ad' U, b)is 3-planar. Then ab’ ¢ E(G) ora’b ¢ E(G). Hence, {d’, b, ¢}
or {a,b', c} would be a cut in R* separating {a, b, ¢} from {a’, V', ¢}, a contradiction.

So (R*, (a,b,c), (a',b', ")) is of type (1). Then, since R* has no separation of order at
most 3 separating {a, b, c} from {a’, V', '}, we deduce that a # d/, ¢ # ¢, and E(R) =

{ad’,;ac’}. ]

Note that the conclusion of Lemma 2.5.2 is a special case of (i) of the next lemma.

Lemma 2.5.3 Let G be a 5-connected graph and (R, R') a separation in G such that
[V(R)| > 8 V(RNR') ={a,b,cyu{d, b, }, {a,bc} # {d,V,}, and (R, (a,b,c),

(@', b, ) is a rung. Then G contains T K5 or K, or one of the following holds:
(1) b=1.
(i7) {a,c} ={d,c}, V(R) ={a,c,b,b'}, and E(R) = {bb'}.

(1ii) V(R) — ({a,b,c} U{a b, }) = {v}and N(v) = {a,b,c} U{d, U, }, and either
a=da and E(R —v) ={bV,cc'} orc=c and E(R —v) = {bV, ad'}.

() {a,b,e}n{a,V,d} =0, V(R)—{a,d bV, c,} = {v}, N(v) ={a,d bV, c },
and E(R — v) = {ad', b, cc'}.

Proof. Without loss of generality, let A, B, C be disjoint paths in R from a,b,cto a’, V', ,
respectively. First, we consider the case when {a,b,c} N {d',b/,c'} # 0. Ifb =V
then (i) holds; so we may assume b # 0. If a = a' and ¢ = ¢ then, since G is 5-
connected, V(R) = {a,b,V/,c}; so b’ € E(R) (because of the paths A, B, (), and we
have (i7). Thus by symmetry between {a,a’} and {c, '}, we may assume ¢ # ¢’. Sup-

pose a = a’. Then by the definition of a rung, R — a has no disjoint paths from b, ¢ to
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U, respectively. So by Lemma 2.4.10, (R — a,c,c,V/,b) is 3-planar. Since G is 5-
connected, (R — a,c,c,b,b) is in fact planar. If |V (R)| > 7 then G contains T K5 or
K, by Lemma 2.4.5, using the separation (R, R'). If V(R) = {a,b,V, ¢, '} then, since
(R —a,c,d, b, b)is planar, either {a,b, '} or {a, V', c} is a 3-cut in R separating {a, b, c}
from {a’, ¥, ¢}, contradicting the definition of a rung. Thus, we may assume |V (R)| = 6
and let v € V(R) — {a,b,V',c,}. Since G is 5-connected, N (v) = {a,b,V,c,c'}. Since
(R —a,c,d,b,b) is planar, bc,cb/ ¢ E(R). So bb',cc’ € E(R), as otherwise {a, v, c}
or {a,v,b} would be a 3-cut in R separating {a, b, c} from {a’,0', ¢}, contradicting the
definition of a rung. Hence, (7:¢) holds.

Thus, we may assume that {a, b, c} N {a’,V’, '} = 0. We need to deal with (3) — (7) in
the definition of a rung. We deal with (4)—(7) in order, and treat (3) last (which is the most
complicated case where we use the discharging technique).

Suppose (4) holds for (R, (a,b,c), (a’,V/,c")). By symmetry, assume that R has a 1-
separation (G, G2) such that {a,a’,b,b'} C V(G,), {c,'} C V(G3), and (Gy,a,d’, V', b)
is 3-planar. Let V(G; N Gy) = {v}. Since G is 5-connected, (G1,a,d’,0,b) is pla-
nar and V' (Gsy) = {v,¢,}. Moreover, vc,vd, e € E(G); for otherwise R would have
a separation (R, Ry) such that {a,b,c} C V(Ry), {d,V,c} C V(Ry), and V(R; N
Ry) € {{a,b,},{d,V,c}, {a,b,v}}. If [V(Gy)| > 7 then the assertion follows from
Lemma 2.4.5, using the separation (G1,G U R'). So we may assume |V (Gy)| < 6.
If |V(Gy)] = 6thenlett € V(Gy) — {a,da’,b,0/,v}; now N(t) = {a,d’,b,V/,v} and
|(N(v) — {e,d}) N N(t)] > 2 (since G is 5-connected), and hence R (and therefore )
contains K; . So we may assume V (G;) = {a,d’,b,V/,v}. Then va’ € E(G); otherwise
N(v) ={a,b,VV,c,d} and, hence, a’'b ¢ E(G) (as (G, a,d’, V', b) is planar), which implies
that {a,b’, '} is a cut in R separating {a, b, c} from {da’, 0, '}, a contradiction. Similarly,
va,vb,vb' € E(G). Then by planarity of (Gy,a,d’,b',b), we have at/,ba’ ¢ E(G). So
aad', bt/ € E(G) as {c,v,b'} and {a,v,c} are not 3-cuts in R separating {a,b,c} from

{da’, V', '}. Thus we have (iv).
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Suppose (5) holds for (R, (a, b, c), (a’,V/, ¢')), and assume by symmetry that (R, a,a’, V', b)
is 3-planar, and R has a separation (G, Go) such that V(G NGy) = {z,b}, {a,d’,b,b'} C
V(G1),{c,d} CV(Gy), and (G, ¢, 2,b) is 3-planar. Since G is 5-connected, V (G3) =
{b,z,¢,d}. Then cz,cd € E(G) as otherwise, {a,b, '} or {a,b, 2z} would be a 3-cut
in R separating {a, b, c} from {da’,¥',c'}. Hence, since (Ga,b, 2, c) is planar, bc’ ¢
E(G). Since (R,a,d’, b, b) is 3-planar, (G1,a,a’,b',b) is 3-planar. Thus, the separation
(G1, Gy — b) shows that (R, (a,b,c), (a’,b', ")) is of type (4); so we may assume that (iv)
holds by the argument in the previous paragraph.

Now suppose (6) holds for (R, (a, b, c), (a’, ', ¢')), and, by symmetry, assume that there
are pairwise edge disjoint subgraphs G, G., M of R such that R = G,UG. UM, V (G, N
M) = {u,w}, V(GeN M) = {p,q}, V(G NG.) = 0,{a,d, bV} CV(G,), {c,d,b} C
V(G,.), and (G4, a,d',b',w,u) and (G, c,c, b, p,q) are 3-planar. Since G is 5-connected,
we have V(M) = {p,q,u,w}, and (G4, a,d’, V', w,u) and (G., ¢, c,b, p,q) are planar.
We may assume that |V (G.) — {b,c,d,p,q}| < 1and |V(G,) — {a,d,V,u,w}| <1, as
otherwise the assertion follows from Lemma 2.4.5 with the separation (G., G,UM UR') or
(Goy GeUMUR'). If there exists v € V(G..) —{b, ¢, p, q} then, since G is 5-connected,
N(v) = {b,c,d,p,q} and |(N(p) — {u,w}) N {b,c,d,q}| > 2; so R (and hence G)
contains K, . Thus we may assume V(G.) = {b,¢c,c,p,q}. Since G is 5-connected,
p and ¢ each have at least five neighbors in G. U M. Hence, since (G.,b,c,c, q,p) is
planar, N(p) = {u,w, b, c,q} and N(q) = {u,w, ¢, ,p}; so G[{p, ¢, u, w}] (and hence &)
contains K, .

Suppose (7) holds for (R, (a,b,c), (a’,b',c")). Then there are pairwise edge disjoint
subgraphs G,,G., M of R such that R = G, U G. U M, V(G, N M) = {bV,w},
V(Gen M) = {b,V.p}, V(Ga N Ge) = {b,V'}, {a,a'} € V(Ga), {c.c} € V(Go),
and (G,,a,d',b',w,b)and (G, ,c,b,p,b') are 3-planar. Since G is 5-connected, we have
V(M) = {b,t,p,w}, and (G4, a,d’, b, w,b) and (G, ,c,b,p,V') are actually planar. If

|[V(G.)| > 7 then the assertion follows from Lemma 2.4.5 with the separation (G, G, U
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M U R'). So we may assume |V (G,)| < 6. If there exists ¢ € V(G.) — {b,V,¢,c, p} then
N(q) = {b,V,c,c,p} (as G is 5-connected); therefore, since (G, c, ¢, b, p, V) is planar,
N(p) € {b,¥',w,q}, a contradiction. Thus V(G.) = {b,V/,¢c,c,p} and, hence, N(p) =
{b,V/,c,d,w}. Similarly, by considering G,, we may assume N(w) = {a,d’,b, V', p}.
Thus G[{b, V', p, w}| (and hence G) contains K .

Finally, assume that (3) holds for (R, (a, b, c), (a/,0',)). So (R,d’, ¥, ¢, b, a) is pla-
nar (as GG is S5-connected), and we may assume that R is embedded in a closed disc with
no edge crossings such that a, b, ¢, ¢, V', a’ occur on the boundary of the disc in clockwise
order. We apply the discharging method. For convenience, let A = {a,b,c,da’, V', '}, F(R)
denote the set of faces of R, and f., denote the outer face of R (which is incident with all
vertices in A). For each f € F'(R), let dg(f) denote the number of incidences of the edges
of R with f, and 0f denote the set of vertices of R incident with f. Forx € V(R)U F(R),
let o(z) = dg(z) — 4 be the charge of =. Note that R is connected as in R there is no sep-
aration (Ry, Ry) of order at most 3 such that {a,b,c} C V(R;) and {a/,0/,0'} C V(Ry).
Hence, by Euler’s formula, >y gy pr) 0(2) = —8.

We redistribute charges according to the following rule: For each v € V(R) — A, v
sends 1/2 to each f € F(R) that is incident with v and has dg(f) = 3. Let 7(x) denote
the new charge for all x € V(R) U F'(R). Then

Yoo o= > o) =-8

ze€V(R)UF(R) z€V(R)UF(R)

Note that we may assume K, ¢ G. Thus, each v € V(R) — A is incident with at most
|dr(v)/2] faces f € F(R) with dg(f) = 3; so 7(v) > 0 (as dr(v) > 5). Moreover, for
f € F(R), 7(f) > Ounless dr(f) = 3 and f is incident with at least two vertices in A.

Since R has no separation (R;, R») of order at most 3 such that {a,b,c} C V(R;) and
{a’, V', '} C V(Ry), we see that {a, b, c} and {da’, ', ¢’} are independent in R. Moreover,

since (R,a,d’,b',c c,b) is planar, al/,ac’,ba’, bc,ca’,cb ¢ E(R), and dr(v) > 2 for
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v € A. Hence, bb’ ¢ E(R); otherwise, since G is 5-connected, V (R) = A (to avoid 4-cuts
{a,a’,b,0'} and {b, V', ¢, '}), which in turn would force dr(v) < 1 for some v € A.

Therefore, dgr(fs) > 10, and if f € F(R) with dg(f) = 3 and |0f N A| > 2 then
IfNA={a,d}ordf NnA={c}. Hence,

Yooor@) = D )+ > 7(f)
z€V(R)UF(R) vEV(R) FEF(R),|0fNA|>2
> N (dr(v) = 4) + (dr(fx) — 4) + > (dr(f) =4
vEA dr(f)=3,|0fNA|>2
> (=12)+(10—4) + (-1) x 2

—- -8

Thus, all the inequalities above hold with equality. In particular, dr(fs) = 10, d(z) = 2
for x € A, and there exist u,v € V(R) — A such that uaa’u and vec'v are triangles and
aa'ub'vc cvbua is the outer walk of R. Since G is 5-connected and (R, a,b,c, ', 0, d’) is
planar, V(R) = AU{u,v} and uwv € E(R). Hence, G[{b, V', u,v}] = K, , a contradiction.

2.6 Quadruples and special structure

As mentioned in Section 2.3, we need to deal with 5-connected graphs in which every edge
or triangle at a given vertex is contained in a cut of size 5 or 6. Thus, for convenience, we
introduce the following concept of quadruple.

Let G be a graph. For x € V(G), let Q, denote the set of all quadruples (7', St, A, B),

such that

() TCGxeV(T),andT = KyorT = K,

(2) Srisacutof G with V(T) C Sy, A is a nonempty union of components of G — Sr,

and B=G — A— Sy # 0,
(3) if T'= K3 then 5 < |Sr| <6, and
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@) if T =~ K, then | Sy| = 5,

V(A)| > 2, and [V(B)] > 2.

The purpose of this section is to derive useful properties of quadruples, in particular,
those (T, St, A, B) that minimize |V (A)|. We begin with a few simple properties, first of

which gives a bound on [V (A)].

Lemma 2.6.1 Let G be a 5-connected graph, x € V(G), and (T, Sy, A, B) € Q,. Then G
contains K, or |V(A)| > 5 < |V(B)].

Proof. Suppose there exists (T, St, A, B) € Q, such that [V (A)| <4 or|V(B)| < 4. We
choose such (T, Sr, A, B) € Q, with |V (A)| minimum. Then |V (A)| < 4. Let ¢ denote
the minimum degree of A, and let u € V' (A) such that u has degree ¢ in A.

We may assume § > 1. For, suppose 6 = 0. If T = K3 then, since G is 5-connected,
|IN(u) N Sr| > 5; so G[T + u] contains K, . Hence we may assume 7" = K,. Then
|[V(A)| > 2. In fact, by the minimality of |V (A)|, |V(A)| = 2 and A consists of two

isolated vertices. Now G[A U T'] contains K .

Case 1. 0 = 1.

Then |N(u) N Sy| > 4. Let v be the unique neighbor of u in A. Since |V (A4)| < 4
and G is 5-connected, [N (v) N Sy| > 2. We may assume |N(u) N N(v) N Sr| < 1; for,
otherwise, G[St U {u, v}| contains K .

Suppose |N(v) N Sy| > 3 or N(u) N N(v) NSy = @. Then |Sr| = 6 and, hence,
T = Kj. Therefore, |N(u) N V(T)| > 2or |[N(v) N V(T)| > 2; so G[T + u] or G[T + v]
contains i, .

Hence, we may assume that [N (v) N Sr| < 2 and |[N(u) NN (v)NSr| = 1. Then, since
|[V(A)| <4 and G is 5-connected, |[N(v) NSy| =2, [N(v)NV(A)| =3,and |V (A)| = 4.
Let vy,v2 € V(A) — {u,v}, and let w € N(u) N N(v) N Sy. Since G is 5-connected,
|N(v;) N Sy| > 3fori € [2].

We may assume w ¢ V(T); for, if w € V(T) then |V(T) N N(u)| > 2 or |[V(T) N

N(v)| > 2, and G[T + {u,v}| contains K, . We may also assume w ¢ N (v;) fori € [2],
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as otherwise G[{u, v, w, v;}] contains K .

If vijve ¢ E(G) then |N(v;) N Sp| > 4 fori € [2]; so |[N(v;) N V(T)| > 2 for
i € [2] (since w ¢ N(v;) and w ¢ V(T)), and hence, G[T + {vy,v2}] contains K, . So
assume v;ve € F(G). Since G is 5-connected and w ¢ N (v;) for i € [2], there exists

w' € N(v1) N N(vg) N Sp. Now G[{v, vy, v, w'}] contains K .

Case?2. 0 > 2.

If [V(A)| = 3 then A =& K3 and, since G is 5-connected, |N(a) N Sy| > 3 for all
a € V(A); hence, since |Sy| < 6, G[V(A) U Sr| contains K, . So assume |V (A)| = 4.
We may further assume that A is a cycle as otherwise A contains K, . Moreover, we may
assume that for any st € E(A), |N(s) N N(t) N Sy| < 1; for otherwise G[{s,t} U S|
contains K, . Let A = wvwru.

Suppose T = K,. Then for any st € E(A), (N(s) UN(t)) — V(A) = Sy and
IN(s) N N(t) N Sy| = 1. Let Sy = {z1, x9, x3, T4, x5} and, without loss of generality, let
N(u)NA = {1, 29,23} and N(v)NA = {z3, 24, 25}. Since (N (w)UN(r))—V(A) = Sr,
wzs € E(G) or rxs € E(G). Then G[{u,v,w,x3}] = K, or G[{r,u,v,z3}] = K, .

Now assume 1" = K3. Let S = {z1, ¥, 3, x4, 5, T} such that V(T') = {z1, x9, 3}.
We may assume |N(a) N V(T')| < 1 for each a € V(A), for, otherwise, G[T + a| con-
tains K, . Hence, let x4,25 € N(u), z5,26 € N(v), and xg,24 € N(w). Note that
N(r)N{zg,z6} # 0. if 24 € N(r) then G[{u,w,r,z4}] = K, and if ¢ € N(r) then
Gl{v,w,r,z6}] = K . |

Next, we show that if a graph G has no contractible edge or triangle at some vertex x

then every edge of GG at x is associated with a quadruple in Q,,.

Lemma 2.6.2 Let G be a 5-connected graph and x € V (G). Suppose for any T'C G with
xeV(T)and T = Ky or T = K3, G/T is not 5-connected. Then for any ax € E(G),
there exists (1", St,C, D) € Q, such that {a,x} C V(T").

Proof. Let T} = ax. By assumption, G/T7 is not 5-connected. So there exists a 5-cut S, in
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G with V(T7) C Sr,. We may assume that G — S7, has a trivial component; for otherwise,
let C' be a component of G — Sy, and D = (G — Sp,) — C. Then (T3, S1,,C, D) € Q, is
the desired quadruple.

Solety € V(G) such that y is a component of G — Sr,. Let Ty := G[T} +y] = Kj. By
assumption, G /T5 is not 5-connected. So there exists a cut S, in G such that V(T3) C Sy,
and |St,| € {5,6}. Let C be a component of G — Sz, and D = (G — Sr,) — C. Then
(T3, St,,C, D) € Q, is the desired quadruple. |

We now show that if (7, S, A, B) is chosen to minimize |V (A)| then we may assume

T = Ks.

Lemma 2.6.3 Let G be a 5-connected graph and x € V (G). Suppose for any T' C G with
xeV(T)andT = Ky orT = K;, G/T is not 5-connected. Then G contains K, or for
any (T, St, A, B) € Q, with |V (A)| minimum, T = K.

Proof. Let (T, S, A, B) € Q, with |V (A)| minimum, and assume 7" = K,. Then |Sy| =
5. Leta € N(z) N V(A). By Lemma 2.6.2, there exists (17, S, C, D) € Q, such that
{a,z} C V(T"). Note that 7" = K, and |S7+| = 5, or 7" = K3 and |S7+| € {5,6}. We
may assume |V (A)| > 5; for, if not, then G contains K; by Lemma 2.6.1.

We may assume that if AN C # ) then |(Sp U S7) — V(B U D)| > |Sp| + 1. For,
suppose ANC' # () and |(S7-UST)—V (BUD)| < |Sp|. If |[V(ANC)| > 20or T = K3 then
(T", (S UST)—V(BUD), ANC, BUD) € Q, and |V(ANC)| < |[V(A)—{a}| < |V (A)

b

contradicting the choice of (7', St, A, B) that |V (A)| is minimum. So assume |V (ANC)| =
land 7" & K. Then |(Sp U St) — V(B U D)| = |Sp| = 5 and [V(C)| > 2 < |V(D)|.
Assume for the moment AN D = (). By Lemma 2.6.1, we may assume |Sr NV (A)| =4
(as |S| =band |[V(A)| > 5);s0 [SNV(B)| =0,|SrNV(C)| =0, and |S7» N Sr| = 1.
Since |V(C)] > 2, BNC # (). So Sy N Sk is a 1-cut in G, contradicting the assumption
that G is 5-connected. Hence, AN D # (). We may assume |V (AN D)| > 2; as otherwise,

since GG is 5-connected, G[(A N C) U (AN D)U{a,z}] = K. Then |(Sp» U Sr) —
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V(BUCQ)| > |Sp| + 1; otherwise, (T, (St U Sy) = V(BUC),AND,BUC) € Q,
and 2 < |V(AN D)| < |V(A)], contradicting the choice of (T, Sy, A, B) that |V (A)] is
minimum. Hence, |(S7US7) —V(AUD)| = |Sr|+|S7| — | (S USy) =V (BUC)| < 4.
Since G is 5-connected, BNC' = (). Since |(SpUSy) —V(BUD)| = 5,

SrnV(C)| < 3.
Therefore, |V (C)| < 4 < |V(A)|, a contradiction.

Similarly, we may assume that if AN D # ) then |(S7»USy) —V(BUC)| > |Sr |+ 1.

Suppose ANC = AN D = ). Then, since |V (A)| > 5and |Sr/| <6, S NV (A)| =
[V(A)| =5, |Sr N S| =1, and |S» NV (B)| = 0. Since |Sr| = 5 and G is 5-connected,
we see that BN C = () or BN D = (). However, this implies |V (C)| < 4 or |[V(D)| < 4,
contradicting the choice of (7', Sy, A, B) that |V (A)| is minimum.

We may thus assume ANC' # (). Then |(S7US7r)—V(BUD)| > |St|+1. So |(SpU
St)—V(AUC)| = |Sr|+|St| — [(SrUST) — V(BUD)| < 4. Since G is 5-connected,
BN D = 0. In addition, AN D # (; as otherwise, |V (D)| < 4 < |V(A)|, contradicting the
choice of (T, St, A, B) that |V (A)| is minimum. Therefore,

(S U Sr) = V(BUC)| =
|S7| + 1. Hence, |(Sp U ST) — V(AU D)| = |Sp|+ S| — [(SrUSy) —=V(BUC)| < 4.
Since G is 5-connected, BN C = (). Thus, |V (B)| < |Sp — V(T")| = 4, contradicting the
fact [V(A)| > 5 and |V (A)| is minimum. |

The next lemma will allow us to assume that if (7, Sy, A, B) € Q, with |V (A)| mini-

mum and (77, S, C, D) € Q, withT"N A # (thenT = Kz and T" = K.

Lemma 2.6.4 Let G be a 5-connected graph and x € V (G). Suppose for any T'C G with
xe€V(T)and T = Ky or T = K3, G/T is not 5-connected. Let (T, St, A, B) € Q, with
|V (A)| minimum and (T, St,C, D) € Q, withT' N A # (. Suppose T" = K,. Then one
of the following holds:

(1) G contains aT Ky in which x is not a branch vertex.

(i7) G contains K .

26



(1i1) There exist distinct x1,x2,x3 € N(x) such that for any distinct y,,y2 € N(x) —

{1, 29,23}, G := G — {zv : v & {x1, 29, x3,y1,Y2}} contains T K.

Proof. By Lemma 2.6.3, we may assume 7" = K3. By Lemma 2.4.6, we may further
assume | S| = 6. Note the symmetry between C' and D, and assume that V' (7') C Sy —
V(D). Since |V (T")| = 2, | S| = 5.

Suppose AN C # (. Then |(Sp U Sy) — V(B U D)| > 7; otherwise, (T, (S7 U
Sr) —V(BUD),ANC,BUD) € Q,and 0 < |[V(ANC)| < |V(A)], contradicting
the choice of (7', St, A, B) that |V (A)| is minimum. Hence, |(S7» U S7) — V(AU C)| =
|St| + |S7/| = [(S7 U S7) — V(B U D)| < 4. Since G is 5-connected, BN D = (). We
may assume A N D # (); otherwise, |V (D)| < 4 and, by Lemma 2.6.1, (i7) holds. We may
also assume |V (D)| > |V (A)|; otherwise, (1", S7, D,C) € Q, and, by Lemma 2.6.3, G
contains K, . Hence, |[V(D) N Sy| > [V(ANC)| + |V(A) N S| > |V(A) N S| + 1.
Then, since |Sy| = 6 and V(T') C Sy — V(D), |[V(D) N Sy| = 3 and |[V(A) N Sp| = 1.
Hence, |(S7» U St) — V(B U D)| < 4, a contradiction as G is 5-connected.

Now assume A N C' = (). Then, since |Sp» NV (A)| < 4, we may assume AN D # ()
by Lemma 2.6.1.

’

Suppose |(S7» U St) — V(B U C)| = 5. Then, since [V(AN D)| < |[V(A)

V(AN
D)| = 1; otherwise, (1", (S7» U Sy) — V(BUC), AN D, BUC(C) contradicts the choice of
(T, St, A, B) that |V (A)| is minimum. Hence by Lemma 2.6.1, we may assume |V (4) N
S| = 4; 50 V(B) NSy = V(D) N Sy = (. Since G is 5-connected, BN D = (). So
|V (D)| = 1, a contradiction.

Hence, we may assume |(S7 U St) — V(B UC)| > 6. Then S NV (D) # () because
|S7+| = 5. By Lemma 2.6.1, we may assume B N C' # () (otherwise [V (C')| < 4). Hence,
since GG is 5-connected, |(Sp U Sr) — V(AU D)| > 5. Since |(Sp» U Sp) — V(AU
D)| + (51U Sr) = V(BUC)| = |Sz| + [Sp| = 11,

(SpUSr) —V(AUD)| =5.If
|[V(BNC)| =1 then, since G is 5-connected, G[TU (BN C)| = K, . If |[V(BNC)| > 2

then, since V(T') C (Sp» U St) — V(A U D), the assertion follows from Lemma 2.4.6. &
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The proofs of the remaining two results in this section use Lemmas 2.5.1, 2.5.2 and
2.5.3. The following result will allow us to assume that if (7, Sr, A, B) € Q, is chosen
to minimize |V (A)| then N(z) NV (A) # (), which in turn will allow us to choose another

quadruple at x.

Lemma 2.6.5 Let G be a 5-connected nonplanar graph and © € V(G). Suppose for
any H C G withx € V(H) and H = Ky or H = K3, G/H is not 5-connected. Let
(T, St, A, B) € Q, minimizing |V (A)|. Then N(x) NV (A) # 0, or one of the following
holds:

(i) G contains a T K5 in which x is not a branch vertex.
(i7) G contains K .

(17i) There exist distinct x1,x9,x3 € N(x) such that for any distinct uy,us € N(z) —

{21, 29,23}, G := G — {av : v & {x1, 29, k3, u1,us} } contains T K.

Proof. Suppose N(x) N V(A) = (). Then, since G is 5-connected, |Sr| = 6 and T = K.
Let V(T) = {x, 21, x5} and S; = {x, x1, 22, v1, U2, v3}. By Lemma 2.4.8, we may assume
N(z1) € V(A)U{z,z,}, and any three independent paths in G4 := G[A+ (Sy — {z})] —
E(Sr) from {z1, x5} to vy, vs, v3, respectively, with two from z; and one from x5, must
include a path from x5 to v;.

We wish to apply Lemma 2.5.1. Let G’; be obtained from G4 by adding a new vertex
) and joining x| to each vertex in N(z1) N V(G 4) with an edge. Thus, in G, x; and 2
have the same set of neighbors. Note that {x1, 2, 22} and {v;, v9, v3} are independent sets
in Gj.

Claim 1. There is no separation (A;, As) in G/, such that |V (A;NAs)| < 3, {1, 2], z2} C
V(Ay) and {vy,v9,v3} C V(Ag).

For, suppose such (A;, Ag) does exist. Then {z,z}} € V(A; N Ay); for, otherwise,
Ay —{x1, 2], 22} # 0 (as {1, 2}, z2} is independent in G’; and x5 has a neighbor in V' (A))

and, hence, (V(A; N Ag) — {2} }) U {x,zo} is a cut in G of size at most 4, a contradiction.
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Thus, we may assume by symmetry that ;1 ¢ V(A; N As). Then (A;, A3) may be
chosen so that 2} ¢ V(A; N As) (as x) has the same set of neighbors as z; in G')).
Moreover, V(A;) — V(Ay) C {x1, 2!, 22 }; otherwise S; := V(A; N Ay) UV(T) is a cut
in G with | S| < 6, and G — S/, has a component strictly contained in A, contradicting the
choice of (7', St, A, B) that |V (A)| is minimum.

Since G is 5-connected and N (x1) C V(A) U {x,x2}, V(A1 N Ag) U {z, 25} is not a
4-cutin G. So xy € V(Ay) — V(Az) and [V (A; N Ay)| = 3. Since G is 5-connected and
V(A) =V (Ay) C{xy, 2}, 29}, N(21) = {z, 22} UV (A;NAy). Since N (z2)NV (Ay) # 0,
there exists v € V(A; N Ay) such that vey € E(G). Now G[{v, x, x1,x2}] = K, and (i7)

holds. This completes the proof of Claim 1.

Since any three disjoint paths in G, from {xy, z9, 2|} to {v1,ve,v3} contains a path
from x5 to vy, it follows from Claim 1 and Lemma 2.5.1 that G’; has a separation (.J, L) such
that V(J N L) = {wo, ..., wy}, (Jywo, ..., wy,) is 3-planar, (L, (1, z2, x}), (ve, v1,v3)) is
a ladder along some sequence by . ..b,,, where by = x5, b,, = vy, and wy ... w, is the
reduced sequence of by . .. b,,. (Note that if (i7) of Lemma 2.5.1 holds then, by Claim 1,
(G'y, (x1, 29, 27), (v2,v1,v3)) is a rung, and we let L = G’4 and J consist of v; and x5.)

Since L is a ladder, L contains three disjoint paths P;, P, P; from 1, x5, 7, respec-
tively, to {vy, ve, v3}, with vy € V(P,). Without loss of generality, we may further assume
that v, € V(P,) and v3 € V(Ps). Let (R;, (a;—1,bi—1,¢i-1), (ai, bi, ¢;)), © € [m], be the
rungs in L, with a; € V(P,), b; € V(P,) and ¢; € V(Ps) fori = 0,...,m. Since G is
5-connected, (J, wy, ..., w,) is planar and, by Lemmas 2.5.2 and 2.5.3, we may assume

that the rungs in L have the simple structures as in Lemma 2.5.3.

Claim 2. There exist t € V(A) and independent paths Q1, Qa, @3, Q4, Q5 in G4
such that ()1, @2, @3, Q4 are from ¢ to x1, x5, vy, Vo, respectively, and (5 is from z; to
vs; and there exist ¢ € V(A) and independent paths @, Q5, @5, @, Q% in G4 such that

1, Qh, Q% Q) are from ¢ to xq, x2, v1, v, respectively, and Q5 is from x; to vs.

We may assume that for i € [m], (R;, (a;_1,bi_1,¢i—1), (a;, bi, ¢;)) is not of type (iv)
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as in Lemma 2.5.3. For, suppose (R;, (a;—1,b;_1,¢i—1), (a;, b, ¢;)) is of type (iv) for some
i € [m],andletv € V(R;) — ({ai—1,bi—1,¢i—1} U {ai, b;,¢;}). Then Claim 2 holds with
0, 01 Ua 1 Pray, vbi—1 Ubi1 Potia, vb;Ub; Payvy, va;Ua; Prog, Py ast, Q1, Q2, Qs, Qu, Qs,
respectively, and with v, ve;_1 U ¢;_1 Py, vb;—1 U b1 Poxo, vb; U b; Pyvy, ve; U ¢; Pavs, Py
as t, ], @, Q5, Q, Q%, respectively.

We claim that there exists ¢ € [m], such that 10, € E(G). Let ¢ > 1 be the smallest
integer such that (R, (ag—1,b4-1, cq—1), (aq, by, ¢4)) is not of type (i7) as in Lemma 2.5.3,
which must exist as x; ¢ {v1,ve,v3}. Then a,—y = 27 and ¢,_; = 2. Since G is 5-
connected, (R, (ag—1,b4-1,¢4—1), (aq, by, ¢,)) cannot be of type (ii7) (thus, must be of type
(¢)) as in Lemma 2.5.3. Since z; and 2 have the same set of neighbors in G/, a, # 2,
and ¢, # 2. Since G is 5-connected, V(R,) = {x1,2],aq,by,cq}. Since N(x1) C
V(A)U{z,z2} and G is 5-connected, z1b, € E(G).

We choose such ¢ to be maximum. Note that ¢ # 0 as z1by ¢ E(G"4). We now show the
existence of ¢ and @, € [5]; the proof of the existence of ¢ and @}, € [5], is symmetric
(by switching the roles of vy, P, and v3, Ps3).

We may assume that for any choice of P;, Ps there does not exist r, with ¢ < r < m,
such that L has disjoint paths S, S’ from b,., z; to v,, v3, respectively, and internally disjoint
from J U P,. For, suppose for some choice of P;, P3 such r, S, S’ exist. By Claim 1, JU P,
is 2-connected. So let P, denote the path between x5 and vy in J U P, such that the cycle
P} U P, bounds the infinite face of J U P,. Let ¢t € V(Pj) such that xot € E(Pj). If
there exist independent paths Ly, Ly in J U P, from t to by, b,, respectively, and internally
disjoint from Pj, then Ly Ubyxq, Lo U S, tag, tPyuy, S’ give the desired (1, Q2, @3, Q4, Q5.
respectively. Thus we may assume that such L, L, do not exist. So J U P, has a separation
(J1,J2) such that [V (J1 N Jy)| < 3,t € V(Ji) — V(J), and {by, b.,v1, 22} C V(J3). By
planarity of J U P, V(J; N J3) contains x5 and a vertex t' € V(¢ Pyv;). Since V (J; N Jp)
cannot be a cut in G, we must have |V (J; N Jy)| =3, = vy, and V(Jy N Jp) — {t', 22} C

V (b, Pyvy). Letb, € V(J1NJy) —{t', 22}. Then V(T)U{as, bs, ¢s} is a cut in G separating
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U;_, R, from B + ¢, contradicting the choice of (7', Sy, A, B) that |V (A)| is minimum.

Hence, for any j > ¢, (R, (a;_1,bj—_1,¢j_1), (a;,b;, c;)) must be of type (i) or (ii) as
in Lemma 2.5.3 and there is no edge in G', from P, to P, — z;. Also notice that, for j < ¢
with b;_; # b, because of edges x1b,, z}b, in G4, (R}, (a;-1,bj—1,¢j-1), (a;, b, c;)) must
be of type (i7) as in Lemma 2.5.3. For j < ¢ with b;_; = b,, we see that V(R;) =
{z1,2),a;,b,, c;} as G is 5-connected, and we may assume that b,a; ¢ E(G) (otherwise,
by, byx1, by Paxa, by Pyvr, bya, U a,Prvs, Ps give the desired ¢, 1, Q2, Q3, Q4, Q5).

Thus, we may assume that for some j > ¢, {a;_1,¢;j—1} N{a;,c;} = 0. For, otherwise,
(G 4, 21, 9, V1, Vg, v3) is planar, and the assertion follows from Lemma 2.4.5.

If R; — a;_; contains disjoint paths Sy, Sy from b;, ¢;_; to a;, cj, respectively, then b,
and the paths S} U a; P vy, 11 P3c;—1 U Sa U ¢; P3vg contradict the nonexistence of b,, S, S'.
So assume Sy, Sz do not exist. Then by Lemma 2.4.10, (R; —a;_1, a;, ¢;, bj, ¢j_1) is planar.
By Lemma 2.4.5, we may assume |V (R; — a;_1)| < 5.

If |V(R; — a;j—1)| = 5 then there exists v € V(R;) — {a;_1, a;,bj, cj_1,¢;} such that v
is adjacent to all of {a;_1, a;, b;,c;_1,¢c;}; so b; and the paths bjva; Ua;Pyv,, Ps contradict
the nonexistence of b,, S, S’.

Hence, we may assume |V (R; — a;_1)| = 4. Then, since R; has no cut of size at most
3 separating {a;_1,b;_1,c;_1} from {a;,b;, c;}, we must have a;_ic;,a;c;_1 € E(G).
Note that there exists ¢ > ¢ such that L has a path Z from b, to z € V(21 Piaj_1 — 1) U
V (2 P3c;—1—=}) and internally disjoint from JU P, UP,U Ps; for otherwise, {a;, b;, ¢;, x1}
wouldbeacutin G. If z € V(21 Pya;—; —x;) then b, and the paths Z Uz P, vq, P; contradict
the nonexistence of b,,5,5". So assume z € V(z1Pscj—1 — x1). Then b, and the paths
ZUzPsc;_1Ucj_ia;Ua;Pivg, 1 Praj_1 Uaj_ic; UcjP3uz contradict the nonexistence of
b., S, S, with 2} Psc;_1Uc;_1a;Ua; Pyvg, 1 Pra;_1Uaj_1c;Uc; Psus as Py, Ps, respectively.

This completes the proof of Claim 2.

Now that we have the paths in Claim 2, we turn to G := G[B + Sr — z1]. Choose

z3 € N(z) NV (B), let uy := 3 and let uy € N(z) — {x1, 9, x5} be arbitrary. Note that
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ug € SpUV (B). We wish to prove (iii) by attempting to finda T K5 in G’ := G—{av : v ¢
{uy, us, x1,x2}}. Since G is 5-connected and N (z1)NV (B) = 0, G g has four independent
paths By, Bs, Bs, B, from u; to vy, v9, v3, T2, respectively, and we may assume that these

paths are induced.

Claim 3. We may assume uy ¢ St.

For, suppose us € Spr. If ug = vy then T U Q1 U Q2 U (Q3 U v1z) U ugz U By U
(Ba UQ4) U (B3UQs5) is a TKj5 in G with branch vertices ¢, uy, x, 21, xs. If ug = vy then
TUQRIUQ:U(QuUuex) UuyzU By U (B UQ3)U(B3UQs) isaTK5 in G with branch
vertices ¢, uy, x, x1, 2. Now assume uy = v3. Then TUQ} U Q5 U (Q) Uvzx) Uuixz U ByU
(B1UQ%) U (ByUQY)is aTKsin G’ with branch vertices ¢, uy, x, x1, 2. This completes

the proof of Claim 3.

Let P be a path in Gp from uy to some wy € V(B U By U B3 U By) — {u;} and

internally disjoint from B; U By U By U By.

Claim 4. We may assume that for any choice of P, wy € V(By).

For, if wy € V(By) then T'U Q1 U Q2 U (Q3 U vy Bywy U PUugz) Uuyz U By U (By U
Q1) U (B3 U Qs) is a T K5 in G' with branch vertices t, uy, x, x1, 2. If wy € V(By) then
TUQ1UQU(QsUuyBowyUPUusx) UujxUByU (B UQ3)U(BsUQs)isaTKsin G
with branch vertices ¢, uq, z, x1, 3. If we € V(B3) then TUQ| U Q5 U (Q UvsBswy U PU
ugx) Uuyz U By U (B UQ%)U(BaUQY) is a T K5 in G with branch vertices ¢, uy, x, 1, .

This completes the proof of Claim 4.

Let U, denote the (B; U By U Bs)-bridge of G g containing B, + us. That is, Us is the
subgraph of GG induced by the edges in the component of G’z — (B; U By U Bs) containing

B, + us and the edges from that component to By U By U Bs.

Claim 5. We may assume that V' (Uz) NV (By U Bs) = {u4 }.
For, suppose there exists w € V(Uy) NV (By U Bs) such that w # uy. By symmetry,

we may assume w € V' (Bs — u1) and choose w so that w Byvs is minimal.
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Then U, has a path X between z- to w and internally disjoint from B; U By U Bs,
and a path from us to some v, € V(X) and internally disjoint from X U B; U By U Bs.
Since G is 5-connected, U, has four independent paths from w, to four distinct vertices in
V (Uy)NV (B1UByU Bs) and internally disjoint from B;UByU Bs. Thus, by Lemma 2.4.11,
U, contains independent paths Ly, Lo, L3, Ly from u}, to us, 9, w,w’, respectively, and
internally disjoint from B; U By U B3, where w’ € V/(B; U By U Bs).

If w' € V(wBsuy — w) then T'U (L1 U ugx) U Ly U (Lg UwBsave U Py) U (ug Bow' U
Ly) Uuyz U (B UP,) U (BsU P3)is aTKj; in G’ with branch vertices uy, u), x, 1, T.
(Note we identify x| with 1 when we use Ps.)

Ifw € V(B; —up) then T UQ, UQ,U(Q),UBsUuix) U (L Uugz) U Ly U (Lg U
wByvy U Q%) U (Ly Uw'Byvy U Q) is a T Ky in G’ with branch vertices ¢, ul, x, z1, .

Ifw € V(B3 —up)then T U@ UQ2 U (Q3U By Uugx) U (L Uugz) U Ly U (Lg U
wByvy U Qy) U (Ly Uw'Bsvs UQs) is a TKy in G' with branch vertices ¢, ub, z, 1, a.

This completes the proof of Claim 5.

Now let z € V(B N Us,) such that zB;v; is minimal. Since G is 5-connected, there
exists a path Y in G — z from some y € V(2Bju;) — {uy, 2z} tosome y' € V(B U B;) —

{u;} and internally disjoint from U, U By U By U Bs.

Claim 6. We may assume that G[U; — By + z] has no independent paths from us to
T9, z, respectively.

For, suppose G[Us — B; + z] (and hence G[U; U zBju;]) has independent paths from
ug to xg, 2, respectively. Then by Lemma 2.4.11, G[Us U zBju4| has independent paths
Ly, Lo, L3, Ly from usy to distinct vertices xs, 2, 21, 29, respectively, and internally disjoint
from B;, where w1, 29, 21, 2 occur on B in the order listed. Possibly, u; = 25.

Ify € V(By —wuy)then TUQ, UQLU(Q)U BsUuyx) Uusx U Ly U (L U zBjvy U
Q%) U (L3 Uz BiyUY Uy Bowa U Q%) is a T K in G with branch vertices ¢, ug, , 21, 5.

Ify € V(Bs—wup)then TUQ; U Qs U (QqU By Uuyx) Uusx U Ly U (Ly U zByvy U

Q3)U (L3 Uz BiyUY Uy Bsvs U Qs) is a T K5 in G’ with branch vertices ¢, ug, x, 21, xs.
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By Claim 6, G[U; — B; + z] has a 1-separation (Usy, Usy) such that uy € V(U ) —
V(Uy) and {x2, 2} C V(Us). We choose this separation so that Uy is minimal. Let u),
denote the unique vertex in V' (Us; N Usys). By the minimality of Uss, we see that Uy has

independent paths L, L, from ), to x5, z, respectively.

Claim 7. We may assume that u/, has exactly two neighbors in Uss.

For, otherwise, by the minimality of Usy, G[Usz U zBju;] — uy has three independent
paths from ), to three distinct vertices in V (zBju; — uy) U {z2}. So by Lemma 2.4.11,
G[Us2 U zByuy| — uy has independent paths L), L}, L from u), to x9, 2, 21, respectively,
and internally disjoint from B;, where z, 2, u; occur on By in order. Let L be a path in Uy,
from s to uj.

Ify € V(By—up) then TUQUQRLU(Q,UBsUuyx)U(LUugx) UL U(LLUzByv U
Q%) U (L Uz BiyUY Uy Byvy U Q5) is a T K5 in G' with branch vertices ¢, ub, ©, x4, 2a.

If y € V(Bs—uq) then TUQ UQoU(Q4UByUuyx)U(LUugx) ULy U(LYUzByvy U
Q3)U (L Uz BiyUY Uy Bsvs UQs) is a T K in G' with branch vertices ¢, uf, ©, z1, z5.

This completes the proof of Claim 7.

Since G is 5-connected, it follows from Claim 7 that uf, has at least two neighbors in
Us;. Since all paths from uy to By U BaU B3 U By must end on By, G[Usy Uz Byug|—{z, u; }
has independent paths Ls, L4 from u), to z1, us, respectively, and internally disjoint from
By, where z; € V(2Byuy) — {z,u1}.

If y € V(By—wuy) then TUQUQRLU(Q,UBsUuyx)U(LyUugx) ULy U(LeUzByvy U
Q4) U (L3 Uz BiyUY Uy Bovs U Q5) is a T K5 in G’ with branch vertices ¢, u), x, x1, xs.

If y' € V(B3—wuy) then TUQ1UQyU(Q4UByUuyx)U(LyUugz) ULy U(LyUzBovy U

Q3)U(L3Uz BiyUY Uy Bsus UQ5) is a T K5 in G’ with branch vertices ¢, uj, x, x1, 2.1

We conclude this section with another technical lemma, which deals with a special case
that occurs in the proof of Lemma 2.7.5. It is included in this section because its proof also

makes use of Lemmas 2.5.1, 2.5.2 and 2.5.3.
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Lemma 2.6.6 Let G be a 5-connected nonplanar graphand x € V(G). Let (T, Sy, A, B) €
Q. such that |V (A)| is minimum, and suppose there exists (1", St,C, D) € Q, such that
T">2 K, TNA#0V(ANC) = SrNnV(C) =V(BND)=V(B)NSy =0,
[V(A) N S| = |[V(D)NSy| =|V(DNT)| =1, and |Sr N S| = 5. Suppose for any
H C Gwithx € V(H) and H = Ky or H = K3, we have G/H is not 5-connected,
[V(HNA)| <1, and H = K3 when H N A # (). Then one of the following holds:

(1) G has aT K5 in which x is not a branch vertex.
(77) G contains K, .

(i13) There exist 1, xo, x5 € N(x) such that, for any distinct y,,y, € N(x)— {1, 22, T3},

G =G —{zv:v ¢ {1, 29,23,y1,y2}} contains T K.

Proof. Note that |Sy| = |Sr N Sp| 4+ |[V(DNT)| = 6. Let V(T) = {z,w,z,} and
T" = {x,a,b} such that V(A) N Sp» = {a} and V(D) N Sy = {w}, and let S N S =
{x,21,b, 21, 22}. Then |V(D)| = |V(A)| = V(AN D)| + 1. Moreover,

() |[N(s)NV(A)| > 2fors € {b, 21, 22},

for, otherwise, (7', (St — {s}) U (N(s)NV(A)),A— N(s),G[B+s]) € Q,, contradicting

the choice of (T, St, A, B) that |V (A)| is minimum. We may assume that
(2) G hasnoedge fromT —xtoT" — x,

as otherwise G[T"U T”] contains K, and (i¢) holds. We may also assume
(3) N(z1)NV(D) # {w} and N(w) NV (A) # 0,

for, otherwise, let S := Sp \ {z1} and B’ = G[B + z;] if N(z;) N V(D) = {w}, and let
S :=Sr\{w} and B’ = G[B + w] if N(w) N V(A) = 0; then (2w, S, A, B") € Q,, and

(1) follows from Lemma 2.6.3. We may further assume that

(4) forany 2’ € N(x) N V(AN D), xx'z1x or xx'zex is a triangle.
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For, letz’ € N(z)NV (AN D). By Lemma 2.6.2, we may assume that there exists H C ¢
with z,2’ € V(H) and H = K, or H = K3. By the assumption of this lemma, H = K3
and V(H)N Sy # {x}. WV (H)N{b,z1} # (D then HUT or HUT’ contains K . So we

may assume V' (H) N {z1, 22} # 0 and, hence, xx'zx or xa’zx is a triangle.

We may assume that
S) |[IN@z)NnV(AND)| < 2.

For, otherwise, by (4), there exist ¢ € [2] and distinct 2/, 2" € N(x) N V(AN D) N N(z).

So G2, 2", x, ;] contains K, and (7i) holds.

We now distinguish two cases.

Case 1. z; ¢ N(x) fori € [2].

Then by (4), N(z) N V(AN D) = (. We prove that (ii7) holds with 25 = w and
x3 =b. Letyy,yo € N(x) — {x1, 29, 23}. Since G is 5-connected and z1, 2o ¢ N(x), we
may assume y; € V(B N C). Then G := G[B + {b, x1, 21, 22 }] has independent paths
Y1, Ys, Y3, Yy from y, to 21, 29, 21, b, respectively.

We may assume that wz; ¢ E(G) fori € [2]. For, suppose wz; € E(G). If G[A +
{b, w, z1}| has independent paths @1, Q> from b to x, w, respectively, then T'U bx U @1 U
Q2Uy1zU (Y1 Uzw)UY3UY, is a T K5 in G with branch vertices b, w, x, x1, ;. So we may
assume that such )1, Q)2 do not exist. Then G[A + {b, w, z1 }] has a cut vertex v separating
b from {w, z1 }. Let D denote the component of G[A + {b, w, x1 }] — v containing b. Since
IN(b) NV (A)| > 2 (by (1)), |V(D)| > 2. Now {b,v,z, 21,20} is acut in G, and G has a
separation (G, Gy) such that V(G N Gs) = {b,v,x, 21, 22}, |V(G1)| > 6 and {a,b} C
V(G1), and B + {w,z1} C G;. By the choice of (T, Sr, A, B) with |V (A)| minimum,
[V(Gy)| = 6. Letu € V(G1) — V(Gs). If u = a then, V(G; N Gs2) C N(a) (since G is
5-connected) and bv € E(G) (since [N (b) NV (A)| > 2);s0 G[{a,b,v,z}] = K, , and (i7)

holds. So assume u # a. Then v = a and G[{b, u, v, z}| contains K ; so (ii) holds.
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We may assume that G 4 := G[A+{b, w, 1, 1, 22 }| does not contain three independent
paths, with one from x; to b, one from b to w, and one from w to z; for some ¢ € [2]. For,
otherwise, such three paths and 7" U bx Uy, 2 U Y; U Y3 U Y, form a T' K5 in G’ with branch
vertices b, w, x, x1, Y.

We wish to apply Lemma 2.5.1. Let G’; be the graph obtained from G 4 by identifying
z1 and 2o as 2/, and duplicating w, b with w’, b/, respectively (adding edges from w’ to all
vertices in IV (w), and from ¥’ to all vertices in N (b)). Then any three disjoint paths in G';
from {w, z1,w'} to {b, 2/, V'}, if exist, must contain a path from z; to z'.

Suppose G’ has a separation (A, As) such that |V (A4; N Ay)| < 2, {w,z;,w'} C
V(Ay), and {b,2',b'} C V(As). Since w and w’ have the same set of neighbors in Gj,
we may assume {w,w'} C V(A; N Ap) or {w,w'} N V(A N Ap) = 0. If {w,w'} C
V(A1 N Ag) then V(A;) = {1} UV (A1 N Ay) as {z, z1, w} cannot be a cut in G hence,
N(z1) N V(D) = {w}, contradicting (3). So {w,w'} N V(A; N A3) = 0. Suppose
{b,b,,2'}NV (AN As) = (). Then, since wz; ¢ E(G) fori € [2], V(A1 NAy)U{xy, x}is
acutin G separating w from B+{b, z1, 22}, contradicting the fact that G is 5-connected. So
{b,b,,2'}NV(A;NA) # 0. Note that {b, '}  V(A;NAy); as otherwise {b, z, 21 } would
be a cut in G. Thus, we may assume that b, b’ ¢ V(AN As) as b and b’ have the same set of
neighbors in G';. Hence, 2’ € V(A1 NAy). Now S := {x, 21, 21, 20 fU(V (A1 N Ay) —{2'})
is a cut in GG separating w from B + b. Since G is 5-connected, 1 ¢ V(A; N Ay). If
V(A — 21 — Ag)| > 2 then (zx1,S, Ay — 1 — Ay, G — S — Ay) € Q, which contradicts
the choice of (T, St, A, B) with |V (A)| minimum. So V(A; — z; — Ay) = {w}. Since G
is 5-connected, wz; € E(G) for i € [2], a contradiction.

Hence, by Lemma 2.5.1, G, has a separation (.J, L) such that V' (JNL) = {wy, ..., w,},
(J,wp, ..., w,) is planar (since G is 5-connected), (L, (w,z1,w’), (b, 2',b")) is a ladder
along a sequence by . . . b,,, where by = x1, b,, = 2/, and wy . . . w, is the reduced sequence
of by ...b,. Moreover, we may assume that L has disjoint induced paths Py, P, P; from

w, 1, w to b, 2’ b, respectively, and J is a connected plane graph with P, as part of the
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outer walk of J and wy, . . . , w,, occurring on P, in order. (When (77) of Lemma 2.5.1 holds,
welet J = P,.) Note that by Lemmas 2.5.2 and 2.5.3, each rung of (L, (w, z1,w’), (b, 2',V'))
is of type (7)—(iv) as in Lemma 2.5.3, with possible exceptions of those rungs containing z’.
Let (R, (aj-1,bj-1,¢j-1), (a,bj,¢;)), j € [m], be the rungs in (L, (w, 1, w’), (b, 2/, b))
such thata; € V(Py)and ¢; € V(Ps) forj =0,1,...,m.

We now show that there exists ¢ € N(w) such that ¢t € V(P) — {x1,7'}. For,
suppose such ¢ does not exist. Choose the largest j such that {w,w'} C V(R;) and
(Rj, (aj_1,bj—1,¢j_1), (aj,b;,c;)) is not of type (i7) in Lemma 2.5.3, which is well de-
fined as w # b. Since G is 5-connected and w and w’ have the same set of neigh-
bors in Gy, (R;, (aj_1,b;_1,¢;-1), (a;,b;, c;)) cannot be of type (ii7) as in Lemma 2.5.3.
Moreover, (R, (aj_1,b;—1,¢j_1),(a;,b;,¢;)) is not of type (iv) as in Lemma 2.5.3, as
otherwise GG contains K, (obtained from R; — {b;_1,b;} after identifying w with w’).
So (Rj, (aj—1,bj—1,¢j_1), (a;,bj,¢;)) is of type (i) as in Lemma 2.5.3. Now V(R;) =
{a;,bj,cj,w,w'}, as otherwise {a;, b;, ¢c;, w} would be a cut in G. Then wb; € E(G); for
otherwise, N(w) C {aj, ¢j, ¥, 1}, a contradiction. Hence ¢ := b; is as desired.

Without loss of generality, we may assume that the edge of P incident with 2’ cor-
responds to the edge of GG incident with z;. We view Ps as a path in G4 from b to
w. Then G4 — V (P, U P3) — 2, has independent paths from ¢ to xy, z1, respectively.
Hence, by Lemma 2.4.11, G4 has five independent paths ()1, 2, Q3, Q4, Q)5 from ¢ to
xy,w, 21, (V(Pr U Ps) — {w}) U {22}, respectively, with only ¢ in common, and inter-
nally disjoint from P; U P;. Without loss of generality, we may assume that (), ends at
t e V(D).

If G — x contains disjoint paths 57, S5 from 2z, b to vy, x1, respectively, then T"U bz U
PUSUQIUQR,U (QsUST Uyiz) U (Qq Ut Psb)is TKs in G' with branch vertices
b,t,w,x,x;. Hence, we may assume such S7, S5 do not exist. Then by Lemma 2.4.10,
there exists a collection D of subsets of (Gg — x) — {z1,b,y1, 21} such that (G —

x, D, 21,b,y1,x1) is 3-planar.
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If (Ggp — x,{b,x1,21,22}) is planar then the assertion of the lemma follows from
Lemma 2.4.5, with the cut {b, x, x4, 21, 22 } giving the required 5-separation for Lemma 2.4.5.

So we may assume that either D = () and z, does not belong to the facial walk of
Gp — x containing {b, x1, 41, 21}, or D = {D} for some D C V(G — ) — {b,x1,41, 21}
and zo € D. Thus, since G is 5-connected and (G — x, {z1, b, y1,x1}) is 3-planar, G — z
has disjoint paths 57, 5% from zs, b to y;, x1, respectively. Moreover, if b has degree at least
two in G — x then G — x has independent paths Y, Y5, Y3, Y/, with Y from b to x; and
Yy, Yy, Y/ from y; to 2o, x1, b, respectively.

We may assume that G’ — J contains a path Z from z, to some 2}, € V(P UP;)—{b,b'}
and internally disjoint from P; U Ps. For, suppose not. Then, since |N(z9) NV (A)| > 2 (by
(1)), 22 has at least two neighbors in J — 2. Then G’; — V' (P, U P3) — z; has independent
paths from ¢ to x4, 29, respectively; for otherwise, G’y — V (P, U P3) — 21 has a cut vertex
v € V(tPyzy) separating ¢t from {z1, 25} and, hence, V(T') U {v, 21, 22} is a cut in G,
contradicting the choice of S with |V (A)| minimum. Hence, by Lemma 2.4.11, G4 has
five independent paths Q)}, @5, Q%, @), Q% from ¢ to x1, w, zo, (V (P UPs) —{w, b'})U{z},
respectively, with only ¢ in common, and internally disjoint from P, U (P; — {V',w'}).
Without loss of generality, we may assume that () ends at t” € V(P3). Then T' U bz U
PUS,UQIUQL,U(QUS] Uyix) U (Q), Ut"Psb) is TK5 in G’ with branch vertices
b,t,w,x,x.

Without loss of generality, we may assume that z, € V(Ps;). We may further assume
that b has only one neighbor in G5 — z; for, otherwise, T Ubz U P, UY Uy;z U (Y U Z U
2z, Psw) UYy UY] is a TK; in G’ with branch vertices b, w, z, z1, y;.

Thus, since G is 5-connected and bw ¢ E(G) (by (2)), b has a neighbor u € V(A) —
V(P,UPs). We choose v and the rung (R;, (a;_1,b;_1,¢j_1), (aj,b;,¢;)) such thatb, V', u €
V(R;). Since b and b’ have the same set of neighbors in Gy, a;_; = b if, and only if,
cj—1 = b'. Moreover, we must have b; = 2’ because of the path Z.

First, suppose b;_1 = 2’. Thena;_y # band ¢;_; # V. If 2, has no neighbor in V (G’ —
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J—R;)then V(T)U{a;j_1,cj_1,2 } isacutin G separating a;_1 PywUcj_ Psw U (J — 2')
from BU (R; — {V', 2'}), contradicting the choice of (T, St, A, B) with |V (A)| minimum.
Thus, z, has a neighbor in V(G’y — J — R;); so the above path Z may be chosen to be
disjoint from R?;. Let S be a path in R; — {aj_l, cj_l} from b to z; (which must exist as
otherwise {a;_1,¢j_1, 22} U V(T) is a cut in G contradicting the choice of (7', S7, A, B)
that |V (A)| is minimum). So T'Ubx U P U (SU 2z Pex) Uy U (YoU Z U 2, Paw)UY3U Y,
is T K5 in G' with branch vertices b, w, x, x1, ;.

Now assume b;,_; # 2z’ = b;. Since b;_; # b; and since b and b’ have the same
set of neighbors in G’;, we must have ;1 = band ¢;.; = V. If u € {bj_1,b;}
then, since bz’ ¢ E(G'y), u = bj_1; and let S = bb;_;. Now suppose u ¢ {b;_1,b;}.
Then {b,b;_1,x, 21, 22} is a cut in G separating v from (J — 2’) U B. By the choice of
(T, St, A, B) that |V(A)| is minimum, {u} = V(R;) — {b,b',b;_1,2'}. Since G is 5-
connected, N(u) = {b,b;_1,, 21, 22}. Let S = bub;_y. Since |[N(z2) N V(A)| > 2 (by
(1)), the path Z may be chosen to be disjoint from R;. So T"U bx U P, U (S U b,;_1 Pyx1) U

y1z U (Yo U Z U 25 Psw) UY3 UY, is T K5 in G’ with branch vertices b, w, z, x1, 1.

Case2. N(x) N {z1, 2} # 0.

Without loss of generality, we may assume zz; € E(G). We may further assume z; is
not adjacent to any of {a, b, w, z }; for otherwise, G[T + z1| or G[T"+ z;] contains K , and
(1) holds. We wish to prove (iii), with zo = band x5 = z;. Letyy,y2 € N(x)—{b,z1,21}

be distinct.

Subcase 2.1. There exists some i € [2] such thaty; € V(B) U{z}.

Without loss of generality, assume y; € V(B) U {23} and, whenever possible, let
y1 € V(B). Let Gg := G[B + {b,x1,21,22}]. When y; € V(B) lett = y; and
let Y1,Y5, Y3, Yy, Ys be independent paths in G[B] from ¢ to z1, 41, b, x1, 22, respectively.
When y; = 29 let t = y; and let Y7, Y5, Y3, Y, be independent paths in G[B] from ¢ to
21,91, b, 1, 29, respectively. Let G4 = G[A + {b,w, x1, 21 }].

We may assume that there is no cycle in G 4 containing {b, x1, z; }. For, such a cycle and
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xbUzxi Uzzy UY, U (YoUy ) UY3UY, is a T K5 in G' with branch vertices b, ¢, z, x1, 21.

We may also assume that G4 is 2-connected. To see this, we first assume N(z1) N
N(w) = {x}; for otherwise, letting v € (N(x;) N N(w)) — {z} we see that G[T + u]
contains K, and (i7) holds. Therefore, since N (w)NV (A) # 0 # N(z1)NV (A) (by (3)), it
suffices to show that G[A+{b, 1 }] is 2-connected. So assume for a contradiction that there
exists a separation (Aj, As) in G[A + {b, z1 }| such that [V (A; N Ay)| < 1. Without loss of
generality, let |[{b, z; } NV (A;)| < 1. Then V(A;) € V(Az)U{b, 21} as |N(s)NV(A)| > 2
for s € {b, 2z} (by (1)). Hence, V(T') U ({b,z1} N A1) UV (A; N Ay) U {22} is a cut in
G of size at most 6 which separates A; from the rest of (G, contradicting the choice of
(T, Sr, A, B) that |V (A)| is minimum.

Then, since G 4 has no cycle containing {b, x1, 21 }, (¢), or (i7), or (i7i) of Lemma 2.4.12
holds for G 4 and {b, x1, z1}. So for each u € {b, 1, 21}, G4 has a 2-cut S, separating u
from {b, 21,2} — {u}, and let D,, denote a union of components of G4 — S, such that
u € V(D,) foru € {b,x1,21} and Dy, D, D,, are pairwise disjoint. We choose S,
and D,, u € {b,z1, 2}, to maximize D, U D,, U D,,. Note that, since wz; € E(G),
w¢ V(D,UD,,).

We claim that for v € {b, z1, 21}, V(D,) = {u}. For, otherwise, S := S, U {u,x, 23}
is a cut in G separating D,, — u from the rest of G. If |[V(D,)| > 3 then (ux, S, D,,G —
S — D,) € Q, contradicts the choice of (7, Sr, A, B) with |V (A)| minimum. So let
V(D,) = {u,u'} andlet S,, = {s,, t,}. Since G is 5-connected, N (v') = { sy, tu, u, z, 22}
Since |N(u) N V(A + w)| > 2 (by (1) and (3)), we may assume that us, € E(G). Then
G[{su,u, v, x}] contains K, and (i7) holds.

For u € {b,x1, 2}, let S, = {su,t,}. Since G4 is 2-connected, {us,, ut,} C E(G).
Note a € {s,t}; so we may assume st, ¢ FE(G) because otherwise G[{x,b, sp, tp}]
contains K, and (i7) holds. Similarly, w € {s,,,t,, } and we may assume s,,t,, & E(G).
If (i) of Lemma 2.4.12 occurs then ax; € F(G), contradicting (2). If (¢ii) of Lemma 2.4.12

occurs then let Ry, Ry be the components of G4 — V (D, U D,, U D, ) and assume without
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loss of generality that s, € V(R;) and t,, € V(Ry) for u € {b,z1, 2 }. By symmetry,
assume w ¢ V(Ry). Hence, (xb, {x,b, 1, 8,,, 22}, R1 —8,,, G— Ry —{x,b, 21, 22}]) € Q,
with 2 < |[V(R; — s,)| < |V (A)|, contradicting the choice of (T, St, A, B).

So we may assume that (i7) of Lemma 2.4.12 holds. Without loss of generality let
Ry, Ry be the components of G — V(D, U D,, U D,,) containing z = s, = S, = S,
{ty, ts,,t., }, respectively. By (2), 2 # a and z # w. Soa = t, and w = t,,. Thus,
we may assume zz ¢ E(G) as, otherwise, G[T" + z] contains K, and (i7) holds. Hence,
Ry = R, (otherwise z would have degree at most 4 in ). By (1) and by the maximality of
DyUD,, UD,,, G[Ry + 2] is 2-connected (since G is 5-connected).

We claim that there exist distinct t1,t2 € {a,w,t,,} such that G[Ry + 2| contains
disjoint paths P;, P, from z, t; to 2, t9, respectively. For, suppose {a,w} cannot serve as
{t1,t2}. Then, by Lemma 2.4.10, (G[Rs + 22, a, 22, w, z) is 3-planar. Hence, G[Ry + 2]
has disjoint paths from z,a to z,t,,, respectively, or disjoint paths from 2, w to z3,t,,,
respectively.

Suppose z3 # ;. Recall the definition of ¢ and the paths Y7, Ys, Y3, Yy, V5. If {t1,t2} =
{a,w} then brz12bUxz12U (xw0 U PoUab) U (YaUyz) U(YsUP)UYsUY isaTK;
in G’ with branch vertices b, ¢, x, z1, z. If {1, t2} = {a,t,,} then bxz2b U xx12 U (21t,, U
P,Uab)UY U (YoUy2)UY3U(YsUPy) is a T K5 in G' with branch vertices b, ¢, x, z, z;. If
{t1,t2} = {w, t,, } then 122 221 UzbzU(z1wU Py Ut,, 2 ) UY U (YoUy ) UY,U(YsUP))
is a T' K5 in G’ with branch vertices ¢, z, x1, z, 21.

So assume z, = y;. Then ys # z5; and hence, by the choice of y;, we have y, €
V(A) U {w}. If Ry — = has independent paths S}, Sa, S5 from ys to a, w, t,,, respectively,
then zbzx 1z U yox U (S7 U ab) U (Se Uwaxy) UYs U Y, U (Y] U zit,, US3) U (YaU 292)
is a T'K5 in G’ with branch vertices b, t, x, x1, y>. So assume such Sy, Sy, S5 do not exist.

Then R, has a separation (A, As) such that z € V(A; N As),

V(AN A <3, 45 €
V(A; — Ay) and {a,w,t,,} C V(Ay). Thus S := {z,2,} UV (A; N Ay)isa5-cutin G

separating y, from B U Ay U {b, z1, 21, z}. Hence, by the choice of (T, Sr, A, B) (with
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|V (A)| minimum), V (A; — As) = {y2}. Therefore, since G is 5-connected, N (y,) = S.
By the maximality of D, U D,, U D,,, Ry — {y2, 2} has a path @) from a to w. Then
brx1zbU (ba U QUwzy) U zysxr U (Y1 U 212) U (Yo U 202) UY3 U Y, is a T K5 in G with

branch vertices b, t, x, x1, 2.

Subcase 2.2. y1,y2 € V(A) U {w}.

First, we show that we may assume y; = w. For, suppose y1,y2 € V(A). Then by
Lemma 2.6.2, for each i € [2] there exists (T}, St,, A;, B;) € Q, such that x,y;, € V(T;)
and T; = K, or T; = Kj. By the assumption of this lemma, we have 7; = K3 and
V(A) N St, = {y;}. Hence, {b,w,x1, 21,20} N V(T;) # 0 for i € [2]. Without loss of
generality, we may assume that y; # a. By the symmetry between z; and 25, we may also
assume z; € V(T1); for, otherwise, G[T + y1] or G[T" + y;] contains K and (iz) holds.
Therefore, we may choose Sy, = V/(T7) U {b, 21, 22 }. Note the symmetry between 7}, Sz,
and T, St, and we may choose 77, St, as T, Sp, respectively. So we may assume y; = w
(as y; now plays the role of w).

Lett € V(B),andlet Ly, Lo, L3, L4 be independent paths in G = G[B+{b, 21, 21, 22}
from ¢ to z1, 29, b, x1, respectively. Let G4 := G[A+{b, w, x1, 23 }|. Note that, by the same
argument as in Subcase 2.1 (with z in place of z1), we may assume that G 4 is 2-connected.

We may assume that G 4 does not contain independent paths from zy, w, b to w, b, x1,
respectively; for otherwise, these paths and T"Ubx U (L1 U zy2) U Ly U L3 U Ly form a T K5
in GG with branch vertices b, t, w, x, z.

Hence, since GG 4 is 2-connected, wzs ¢ E(G). We may assume that wz; ¢ E(G); else
G|T + 2] contains K, and (i¢) holds. Therefore, since G is 5-connected, it follows from
(2) that

IN(w)NV(AND)| > 3.

Let G’y be the graph obtained from G 4 by duplicating w, b with w’, b, respectively, and

adding all edges from w’ to N(w), and from b’ to N(b). Then any three disjoint paths in
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G’y from {b,V, z2} to {w,w’, 1} must have a path from 2, to x;, and we wish to apply
Lemma 2.5.1.

First, we note that G’, has no cut of size at most 2 separating {x, w, w’} from {b, ¥, 25 }.
For, otherwise, G, has a separation (A;, Ay) such that [V (A4; N Ay)| < 2, {z1,w,w'} C
V(Ay) and {b,V', 25} C V(As). Note that V(A; N Az) # {w,w'} as otherwise, w would
be a cut vertex in G 4. Further, {w,w'} NV (A; N Ay) = 0; for, otherwise, since w and
w' have the same set of neighbors in Gy, it follows from (3) that V/(A4; N Ay) — {w,w'}
would be a cut in G4 of size at most one. On the other hand, V(A4; — Ay) C {z1,w};
otherwise (T, V(T) U {z1} UV (A1 N Ag), (A — Ay) —w',G — (T'U Ay)) € Q, with
1 < |(A; — Ay) — w'| < |A], contradicting the choice of (T, S, A, B). However, this
implies |[N(w) NV(AND)| < |V(A; N Ag)| < 2, a contradiction.

Hence by Lemma 2.5.1, G, has a separation (.J, L) such that V/(JNL) = {wo, ..., w,},
(J,wo, ..., wy,) is 3-planar, (L, (w,z1,w"), (b, 29,0")) is a ladder along some sequence
by ...bm, where by = 2o, b, = x1, and wy ... w, is the reduced sequence of by ... b,,.
Let Py, P, P3 be three disjoint paths in L from w, z1,w’ to b, z9, b/, respectively, and as-
sume that they are induced in G’4. (Let L = G'; and J = P, if (i7) of Lemma 2.5.1 holds.)
Let (R;, (ai_1,bi—1,¢i-1), (a;,bi,¢;)), i € [m], be the rungs in L with a; € V(P;) and
¢; € V(Ps)fori=0,1,...,m.

Since |[N(w) N V(AN D)| > 3 and P, Py are induced paths in G’;, there exists
w* € (N(w)NV(A)) — V(P U Ps). We show that there exists u € V(P,) such that
G[G A + {z, z1}] has five independent paths Q1, Q2, @3, Q4, @5 from u to distinct vertices
X1, W, Z9, Uy, g, respectively, with uy, ug € V(P — w) UV (Ps — {b/,w'}) U {x, 2}, and
internally disjoint from Py U (P; —{V/,w'}). If w* € V(P,) then let u = w* and we see that
there exist independent paths in G4 — (V (P, —w) UV (Py — {V/,w'})) from u to z1, w, 25,
respectively; then the paths Q) . . ., Q5 exist by Lemma 2.4.11. Now suppose w* ¢ V (F,).
Let (R;, (a;—1,b;—1,¢i—1), (w, b;,w")) be the rung in L containing {w, w’, w*}. Since w and

w’ have the same set of neighbors in G'y, w = a;_1 iffw’ = ¢;_;. fw = a;_; and w’ = ¢;_4
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then S5 := V(T') U {b;i—1,b;, 21} is a cut in G of size at most 6, and G — S} has a compo-
nent of size smaller than |V (A)|, contradicting the choice of (T, St, A, B). So w # a;_4
and w’ # ¢;_1. Suppose R; — x; has a separation (R, R”) such that |V (R' N R")| < 2,
w € V(R — R"), and {a;_1,¢;1,b;_1,b;} — {x1} € V(R"). Then we may assume
w € V(R — R") as w and w' have the same set of neighbors in G’,. Therefore, since
IN(w)NV(AND)| >3,55:=V(T)UV(R' NR")U{z}is acutin G of size at most
6, and G — S} has a component of size smaller than |V (A)|, contradicting the choice of
(T, St, A, B). Thus we may assume, by Lemma 2.4.11, R; — z; contains three indepen-
dent paths from w to a;_1, ¢;_1,{b;_1, b;} — {x1}, respectively, and internally disjoint from
{bi_1, b;}. Again since w and w’ have the same set of neighbors in G, the parts of P;, P;
inside R can be modified so that the three paths in R; correspond to wPya;_1,w' P3c;_1 and
a path from w to some u € {b;_1,b;} — {z1} and internally disjoint from P, U P, U P;.
Thus, there exist independent paths in G4 — (V(P, — w) U V(Ps — {b/,w'})) from u to
X1, W, 2o, respectively. Now the paths ()1, . . ., ()5 exist by Lemma 2.4.11,.

We may assume u; = 2; and us = x. For, otherwise, we may assume by symmetry
that u; € V(Py). If Gp — x has disjoint paths By, By from 21, b to 2o, 1, respectively, then
TUbrUP3UByUQRUQ2U(Q3U By Uziz) U (QyUuyPrb)isaTKsin G with branch
vertices b, u, w,x,r,. (Here we view P as a path in G by identifying &', w’ with b, w,
respectively.) So we may assume that such B;, B, do not exist. Then by Lemma 2.4.10,
(Gp — x, 21, b, z9, x1) is planar; so the assertion of the lemma follows from Lemma 2.4.5.

We may also assume | N (b) NV (B)| < 1. For, suppose | N (b) NV (B)| > 2. Then, since
G is 5-connected, G[B + {b, 1, 22 }] contains independent paths By, B, from b to z1, 29,
respectively. Hence, T U bz U Py U By U QU Qo U (Q3U By) U (Qu U z) is a TKj in
G with branch vertices b, u, w, z, x1, where we view Pj as a path in G’ by identifying ¢', w’
with b, w, respectively.

Then we may assume |N(b) N V(A + 23)| > 3 as otherwise, bz; € E(G) by (2); so
G[T" + z1] contains K and (i7) holds. Let b* € (N(b) NV (A + 23)) — V(P U P).
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If b* € V(P,) let z = b* and let P = bz which is internally disjoint from P; U P, U Ps.
Now suppose b* ¢ V(). Let (R;, (b,b;_1,V'), (a;j,b;,c;)) be the rung in L containing
{b,b,/b*}. Since b and b’ have the same set of neighbors in G'y, b = a; iff )’ = ¢;. If b = q;
and ' = ¢; then, since az; ¢ E(G), S} = V(T") U {bj_1,b;,z1} is a cut in G of size
6 and G — S} has a component of size smaller than |V (A)|, contradicting the choice of
(T, Sr,A,B). Sob# ajand b’ # c;. We claim that P, N R; and P; N R; may be modified
so that G4 contains a path P from b to some z € V(P,) and internally disjoint from
P UP,U(P;—{b,w'}). If R; contains three independent paths from b to a;, ¢;, {b;—_1,b;},
respectively, and internally disjoint from {a;,c;,b;_1,b;}, then P, N R;, P; N R; can be
modified so that the three paths in R; correspond to bPja;, b’ Psc; and a path P from b
to z € {b;j_1,b;} and internally disjoint from P, U P, U (P — {b',w'}). So assume that
such three paths in R; do not exist. Then by the existence of bPja; and b'Psc; and by
Lemma 2.4.11, R; has no three independent paths from b to {a;, ¢;, b;_1, b; } and internally
disjoint from {a;, ¢j, bj_1,b; }. Thus R; has a separation (A;, As) with [V (A4; N Ay)| < 2,
V(AiNAy) CV(PUP;), bb* € V(A — Ay) and {a;, cj,bj_1,b;} C V(A,). Since b/
is a copy of b, we may assume O’ € V(A; — Ay). Now, since az; ¢ E(G), V(A3 N Ay) U
{z,b,z1}isacutin G;so V(A;) = V(A1 N Ag) U{b, ', b*} by the choice of (T, Sz, A, B)
that |V (A)| is minimum. Then b*z, b*z; € F(G) (as G is 5-connected); so G[{x, b*, b, z1 }]
contains K, , and (7) holds.

Suppose R; # R;. Since G is 5-connected, G[B + {b, z1 }] has a path B; from b to x;.
Since ()3 is internally disjoint from P; U P;, we may assume that z € V(Q)3) and P is also
internally disjoint from Q3. Hence, T Ubx U P3U B U Q1 U Q2 U (uQ32U P)U (Q4U z17)
is a T Ky in G’ with branch vertices b, u, w, x, 1, where we view P3 as a path in GG by
identifying b', w’ with b, w, respectively.

So R, = R;. Then a;,_; = band ¢;_y = V. Recall bw ¢ E(G) (by (2)). Since w and w’
(respectively, b and b') have the same set of neighbors in G'4, it follows from Lemma 2.5.3

that b;_; = b;. Then {b,b;,w,z, 2} is a cut in G separating P, U (P; — {0/, w'}) from
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B U J. Since bw ¢ E(G), |V(Py U (Py — {V/,w'}))| > 2. This contradicts the choice of
(T, Sr, A, B) that |V (A)| is minimum. ]

2.7 Interactions between quadruples

In this section, we explore the structure of GG by considering a quadruple (7', S, A, B)
with |V (A)| minimum and a quadruple (7", St, C, D) € Q, with 7" N A # (). The lemma

below allows us to assume that if 7N C = () then AN C = ().

Lemma 2.7.1 Let G be a 5-connected nonplanar graph and x € V(G). Suppose for
any H C G withx € V(H)and H = Ky or H = K3, G/H is not 5-connected. Let
(T,Sr,A,B) € Q, with |V (A)| minimum and (T",St,C, D) € Q, with T' N A # .
Suppose TN C = (. Then AN C = (), or one of the following holds:

(1) G contains a'T Ky in which x is not a branch vertex.
(17) G contains K, .

(1ii) There exist xy,x9,x3 € N(x) such that for any y,,y2 € N(x) — {z1, 29,23}, G —

{zv:v ¢ {x1, 29, 73,y1,Y2} } contains T Ks.

Proof. We may assume T = K3 (by Lemma 2.6.3) and 7" = K3 (by Lemma 2.6.4).
Suppose AN C # (.

Then |(Sr U Spv) — V(B U D)| > T7; otherwise (17, (Sp» U Sr) — V(B U D), AN
C,BUD) e Q,and 1 < |[V(ANC)| < |V(A—a)| <|V(A)|, contradicting the choice
of (T, Sy, A, B) that |V (A)| is minimum. Hence |(S7 U Stv) — V(AU C)| =5, as |Sr| =
|S7/| = 6. Since TNC =0, V(T) C (SpUSy) —V(AUC).

Suppose |V (B N D)| > 2. Then G has a separation (G, G5) such that V (G, N Gsy) =
(St U Sp) —V(AUC) and |V(G;)| > 7. So the assertion of this lemma follows from

Lemma 2.4.6.
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Hence, we may assume |V(B N D)| < 1. Therefore, by the minimality of |V (A)|,

|ST N V(D)’ > |STI N V(A)l But this implies that |ST’ > ’(ST U ST/) — V(B U D)| >,

a contradiction. ]

We need a lemma for finding paths to deal with a special case when A N C' = () for

quadruples (7, S, A, B), (T", S1,C, D) € Q,.

Lemma 2.7.2 Let G be a 5-connected nonplanar graph and x € V(G), and suppose for
any H C G withx € V(H)and H = Ky or H = K3, G/H is not 5-connected. Let
(T,Sr, A, B) € Q, with |V(A)| minimum and (T', Sy+,C, D) € Q, with T' N A # .
Let V(T) = {x,x1,22} and V(T') = {x,a,b} with a € V(A). Suppose AN C = |,
|St| =6 = |Sp

,V(T) C Sr—V(0),

(ST U ST/) — V(B U O>| = 7, and (ST U ST/) —

V(BUCUTUT") = {x3,x4}. Then G contains K, or the following statements hold:

(i) N(b)NV(A—a) # Dandift € N(b)NV(A—a) then G[(A—a)+{b, x1, x2, x3, 24 }]

has independent paths from t to b, x1, xo, x3, x4, respectively, and
(i7) ifb € St then GIA+{b, x1, x2}| has independent paths from b to 1, x5, respectively.

Proof. First, we note that N (b) N V(A — a) # (. For, otherwise, (T, (St U Sp) — V(B U
C)—{b},A—a,GIBUC +b]) € Q,. By the choice of (T, Sz, A, B) that |V (A)] is
minimum, we must have V(A — a) = (). So G contains K, by Lemma 2.6.1.

To complete the proof of (i), lett € N(b)NV (A —a). If G[(A —a) + {1, 2, T3, 24}]
has four independent paths from ¢ to x1, x9, 3, 24, respectively, then these four paths and
th give the desired five paths. So we may assume that such four paths do not exist. Then
G[(A — a) + {x1, 22,23, 24}] has a separation (G1,Gs) such that |[V(G; N Gs)| < 3,
t € V(G1 — Gg) and {x1, x9, 23,24} C V(G3). Hence, (T",V(T') UV (G1 N Gsy), Gy —
Go,G—T'—Gy) € Qand 1 < |V(Gy — Go)| < |[V(A—a)| < |V(A)|, contradicting the
choice of (T, St, A, B).

To prove (i7), let b € S and assume that the two paths in (ii) do not exist. Note that if

b € V(T) then TUT’ contains K, . So we may assume b ¢ V(7T'). Then, G|A+{b, x1, z2}]
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has a separation (G, G5) such that |V(G1) N V(Gq)| < 1, b € V(G;) — V(G2) and
{z1,22} C V(G2). Since N(b) N V(A —a) # 0 and |[V(G1) NV (Gs)| < 1, |V(Gy —
Gq)| > 2. Let Sy, = (St — {x1,22}) UV(Gy N Gy), and let ' = Gy — Sp,. Then
[V(F)| > 1las |V(G1—Gsy)| > 2. If [V(F)| > 2 then (bx, Sy, F, G — Sy, — F') € Q, with
2 < |V(F)| < |V(A)], contradicting the choice of (T, S, A, B) that |V (A)| is minimum.
So assume |V(F)| = 1 and let v € V(F'). Since G is 5-connected, v is adjacent to all
vertices in Sp,. If v # a then V(G N Ga) = {a}; so G[{a,b,v,z}| contains K, . Now
assume v = a. Let w € V(G N Gy). Since N(b) NV (A —a) # 0, bw € E(G). So
G[{a, b, w,z}| contains K . |

In the next two lemmas, we consider the case when quadruples (7', S, A, B) and

(T", S+, C, D) may be chosen so that |V (7' N A)| = 2.

Lemma 2.7.3 Let G be a 5-connected nonplanar graph and © € V(G). Suppose for
any H C G withx € V(H) and H = Ky or H = K3, G/H is not 5-connected. Let
(T, Sr, A, B) € Q, with |V (A)| minimum. Suppose there exists (T", S, C, D) € Q, such
that T' = K3 and |V (T' N A)| = 2. Then one of the following holds:

(i) G contains a T K5 in which x is not a branch vertex.
(i7) G contains K .

(17i) There exist x1,x9, 23 € N(x) such that for any y1,ys € N(x) — {x1, 29,23}, G —

{zv:v ¢ {x1, 20, 23,y1,Y2}} contains T Ks.

(iv) |Sr N S| =1, |Sp N V(B)| = 2, and either |Sy NV (C)| =2and TN C = 0 or
ISrNV(D)|=2and TN D = 0.

Proof. We may assume 7" = K3 (by Lemma 2.6.3). We may also assume that |Sp| =
|St/| = 6; for, otherwise, (i) or (ii) or (izi) follows from Lemma 2.4.6. We may further

assume |V (A)| > 5; as otherwise, by Lemma 2.6.1, G contains K, and (¢7) holds.
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Let 77 = {a,b,x} with a,b € V(A). By symmetry, assume 7' N C' = (). Then, by
Lemma 2.7.1, we may assume A N C = (). Now B N C # (; for, otherwise, |V (C)| =
|STNV (C)] < 3, contradicting the choice of (7', St, A, B) that |V (A)| is minimum. Hence,
St NV(C) # () as Spv — {a,b} is not a cut in G. Moreover, A N D # (J; for otherwise,
|V (A)NSy| = 5 and, hence, | S7-NSr| = 1 and |SNV(B)| = 0; s0 (SrUS)—V (AUD)
is a cut in G of size at most 4 and separating B N C' from A U D, a contradiction.

We claim that |(SrUS ) —V(BUC)| = 7and |(SrUST)—V (AUD)| = 5. First, note
that |(S7UST )=V (BUC)| > T7; otherwise, (1", (S7US)—V (BUC), AND, BUC) € Q,
and 1 < |[V(AND)| <|V(A—-a)| <|V(A)

, contradicting the choice of (T, St, A, B)
that |V (A) is minimum. Also note that |(Sr U S7) — V(AU D)| > 5since BNC # () and
G is 5-connected. Thus the claim follows from the fact that |(Sy U Sv) — V(B U C)| +
|(S7 U S ) — V(AU D)| = |Sr| + |Sr| = 12.

We may assume that | SNV (C)| # 1 or |S» NV (A)| # 2. For, suppose St NV (C') =
{c} and S» N V(A) = {a,b}. If a,b € N(c) then G[T" + ¢ contains K, and (i7)
holds. So by the symmetry between a and b, we may assume that ca ¢ FE(G). Then
(T, (St — c)U{b}, A —b,G[B + ¢]) € Q,, contradicting the choice of (7, St, A, B) that
|V(A)| is minimum.

We may also assume 7' N D # (); for, otherwise, since AN D # (), (i) or (i) or (iii)
follows from Lemma 2.7.1. Therefore, ST NV (D) # (). Note that 1 < |S7 N S| < 4, and
we distinguish four cases according to | St N St/

Suppose |S7 N Syv| = 4. Then S NV(B) = and |[S NV (C)| = |Sr NV (D)| = 1.
Therefore, by the minimality of |V (A)|, BN D # (. Hence, Sy — V(C) is a 5-cut in
G and V(T) C Sy — V(C). By the choice of (T, Sr, A, B) that |V (A)| is minimum,
V(BN D)| > 5. Now (i) or (i) or (7i7) follows from Lemma 2.4.6.

Consider | S7N S| = 3. Suppose for the moment SNV (B) = ). Then |SyNV(C)| =
2as [(SrUSr) —V(AUD)| = 5. So BN D = {) as otherwise S — V(C') would

be a 4-cut in G. However, this implies |V (D)| < |V(A)|, contradicting the choice of
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(T, St, A, B) that |V (A)| is minimum. So S7» N V(B) # (). Therefore, since |Sy/| = 6,
we have | S NV(B)| = 1and S NV (A) = {a, b}. Since |(Sr U Sy) —V(AUD)| =5,
|STNV(C)| = 1. This is a contradiction, as we have [STNV (C)| # 1lor |Sp NV (A)| # 2.

Now let |Sr N Sp/| = 2. First, assume |[Sr N V(C)| = 1. Then |[Sp NV (B)| = 2
(as |(S7 U Sp) — V(AU D)| = 5) and, hence, |Sp NV (A)| = 2 (as | S| = 6), a
contradiction. So we may assume that |S NV (C)| > 2, which implies |S» N V(B)| < 1
as |(Sr U Sp) — V(AU D)| = 5. Hence, since |Sr| = |Sp/| = 6, |Sp NV (A)] > 3
and |Sr N V(D)| < 2. Therefore, by the minimality of |V (A)|, BN D # (. Thus
(St N Sp) — V(AU C) is a5-cut in G and contains V(7). So |[V(B N D)| > 5 by the
minimality of |V (A). Now (i) or (i7) or (iii) follows from Lemma 2.4.6.

Finally, assume |S7 N Spv| = 1. If |S» N V(B)| = 2 then [Sy N V(C)| = 2 (as
|(S7 U Sp) — V(AU D)| = 5); so (iv) holds. If |Sp» N V(B)| = 3 then |Sr NV (C)| =
1 (since |(S7 U Spr) — V(AU D)| = 5)and S» N V(A) = {a,b} (as |Sp| = 6), a
contradiction. Hence, we may assume |S7» N V(B)| < 1. Then |Sr NV (C)| > 3 (since
|(S7 U St) — V(AU D)| =5), S NV(A)| > 4, and |(S7 U Sp) — V(AU C)| < 4.
Hence, since G is 5-connected, BN D = (; so |[V(D)| < |V (A)|. However, this shows

that (77, S7/, D, C') contradicts the choice of (T, St, A, B). ]

Next, we take care of the case when (iv) of Lemma 2.7.3 holds.

Lemma 2.7.4 Let G be a 5-connected nonplanar graph and x € V(G), and suppose for
any H C G withx € V(H)and H = Ky or H = K3, G/H is not 5-connected. Let
(T, St,A,B) € Q, with |V(A)| minimum and (T',S,C,D) € Q, with T' N A # ().
Suppose TN C =0, St NSy = {x} and |Sr NV (C)| = |S» NV (B)| = 2. Then one of
the following holds:

(i) G contains a'T' K5 in which x is not a branch vertex.

(ii) G contains K, .
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(iii) There exist x1,x2, 23 € N(x) such that, for any y;,y, € N(x) — {x1, 29,23}, G’ :=

G —A{zv:v ¢ {x1,29,23,y1,Y2} } contains T Ks.

Proof. We may assume 7' = K3 (by Lemma 2.6.3) and 7" = K3 (by Lemma 2.6.4). By
Lemma 2.6.1, we may assume |V (A)| > 5. We may further assume that | S| = |Sp/| = 6;
for, otherwise, the assertion follows from Lemma 2.4.6.

Let V(T) = {x, 21,22}, V(T') = {x,a,b}, ST NV (C) = {p1,p2}, S NV (B) =
{c1,¢e2}, SNV (A) = {a,b,q}, and Sy NV (D) = {x1, 29, w}. Since TNC = (), we may
assume by Lemma 2.7.1 that AN C' = (). Then B N C' # () by the minimality of |V (A)].

We may assume N (p;) NV(A) = {a, ¢} and N(p2) N V(A) = {b, q}. To see this, for
i€ [2],1letS; ;== (St — {p:}) U (N(p:) N {a,b,q}) which is a cut in G and containing
V(T). If N(p;) Nn{a,b,q} = 0 then |S;| = 5 and the assertion of this lemma follows from
Lemma 2.4.6. If [N (p;)N{a, b, q}| = 1then (T, S;, A— (N (p;)N{a,b,q}), Si;, G[B+pi]) €
Q., contradicting the choice of (T, Sr, A, B) that |V (A)| is minimum. Hence, we may
assume that | N (p;) N {a, b, q}| > 2 fori € [2]. We may assume {a, b} Z N(p;) fori € [2];
as otherwise, G[1"+p;] contains K, and (i7) holds. Moreover, N (p;)N{a,b, ¢} # N(p2)N
{a,b,q}, as otherwise, S := (St — {p1,p2}) U (N(p1) N{a,b,q}) is a cut in G containing
V(T);s0 (T,S,A— (N(p1) N{a,b,q}), G[B + {p1,p2}]) € Q.. contradicting the choice
of (T, Sr, A, B) with |V (A)| minimum. Hence, we may assume N (p;) NV (A4) = {a, ¢}
and N (p) O V(4) = {b,}.

Note that N (z;) N V(B) # 0 for i € [2]; for, otherwise, S := V(T") U {q, z3_;, w} is
acutin G, and (17, S,G[(AN D) 4+ z;], G[B + {p1,p2}]) € Q.. contradicting the choice
of (T, Sr, A, B) that |V (A)| is minimum. Moreover, we may assume N (w) NV (B) # 0;
as otherwise, St — {w} is a 5-cutin G and V(T') C Sy — {w}, and the assertion of this
lemma follows from Lemma 2.4.6.

We wish to prove (ii7) with 3 = b. Let y1,y2 € N(x) — {x1, 22,23} be distinct.
Choose v € {y1,y2} — {a}. We may assume v & {pi,ps}, as otherwise G[T" + v]
contains K, and (7i) holds. By Lemma 2.7.2, we may choose t € N(b) N V(A — a)

52



such that G[(A — a) + {b, ¢, x1, x2, w}| has independent paths Py, P, P3, Py, P5 from ¢ to

b, x1, x2, w, q respectively. We distinguish four cases according to the location of v.

Case 1.v € V(B).

Let W be the component of B containing v. First, suppose N (x;) N W # ) for i € [2].
Then there exists v* € V(W) such that G[W + {x;, x2}] has three independent paths from
v* to v, x1, o, respectively. Hence by Lemma 2.4.11, G[W + (St — {«})] has independent
paths ()1, @2, 3, Q4 from v* to v, x1, T2, u, respectively, and internally disjoint from Sp,
where u € St —{z,z1,22}. f u = wthen TU (P, Ubx) UP,UP;U(Q1Uvz)UQUQsU
(Q4U Py) is a TK5 in G with branch vertices ¢, v*, z, x1, xo. If u = p; for some i € [2]
then TU (P, Ubx) U P, U P U (Q1Uvz) UQUQs U (QuUpigU Ps) is a T K5 in G’ with
branch vertices ¢, v*, x, x1, Ts.

Thus, we may assume that N (z1) N W = (). Since G is 5-connected, N (z3) N W # ().
So G[W +(S7—{x1})] has independent paths @1, Q2, @3, Q4, Q5 from v to x, x5, w, Py, pa,
respectively. Clearly, we may assume that ); = vz. Since N(z1) N V(B) # 0, let W’ be
a component of B with N(z1) N V(W) # (. Since G is 5-connected, there exists i € [2]
such that N (p;) N V(W') # 0. Hence, G[W’ + {1, p;}] has a path R from z; to p;, and,
by symmetry, assume R is from x; to p;. Now T'U (P, Ubx) U P, U PsUQ1 U Q2 U (Qs U

P,) U (Q4 U R) is a TKj5 in G’ with branch vertices t, v, x, z1, Ts.

Case2.v e V(AN D,).

First, we show that G[(AN D)+ {q, w, z, z1, x5 }| has independent paths P|, P;, Py, P},
P! from v to q, x, x1, o, w, respectively (and we may assume that Pj = vx). This is clear
if G[(AN D) + {q,w, z1, x5 }] has independent paths from v to ¢, 1, 22, w, respectively.
So we may assume that G[(A N D) + {q, w, 1, x2}] has a separation (G, G2) such that
V(GiNGy)| <3,v e V(G — Gs) and {q, w, z1,22} C V(Gs). Then S := V(T") U
V(GiNGy)isacutin G,and (17, 5,G1 — Gy, G— S — G1) € Q,, contradicting the choice
of (T, S, A, B) that |V (A)| is minimum.
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Suppose B has a component W such that N(x;) N W # () for i € [2]. Then there
exists z € V(W) such that G[W + {x,x2}] has independent paths from z to zy, xa,
respectively. Hence by Lemma 2.4.11, G[W + (Sr — {x})] has four independent paths
@1, Q2, Q3, Q4 from 2 to x1, T2, uy, Uy, respectively, and internally disjoint from S, where
uy, us € {w,pr,po} are distinct. If {uy,us} = {w, p;} then we may assume u; = w and
ug =p;now TUPyUP{UPUQUQyU(QsU P U (QqUprabx)isaTKsin G
with branch vertices v, z, z1, o, z. If {u;, us} = {w, p2} then we may assume u; = w and
U = posnow T'U PyU P U P;UQLUQ2 U (Q3U P) U (QqUpabz)isaTKsin G' with
branch vertices v, x, z1,Ta, z. So assume {uj,us} = {p1,p2}. We may further assume
u; =p; fori € [2]. Then T U PyU P{U P UQ UQ2 U (Q3UpigU P)) U (Q4 U pebx) is
a T' K5 in G’ with branch vertices v, x, x1, s, 2.

Hence, we may assume that no component of B contains neighbors of both x; and
xo. Since G is 5-connected, we may assume by symmetry that Z is a component of B
such that N(x1) N V(Z) = 0 and N(z2) NV (Z) # (. Again, since G is 5-connected,
G[Z + (St — {x1})] has five independent paths ()1, Q2, Q3, Q4, Q5 from some z € V(Z)
to 9, w, p1, pa, X, respectively. Since N (z1) NV (B) # (), let Z’ be a component of B with
N(xz1) N Z" # 0. Then N(z2) NV (Z') = 0. So G[Z" + {x1,p1}] contains a path R from
x1top;. Now T U PyU P{U Py U (QyUpabzr) UQ U (Q3UR)U (Q2U PY)isaTKs in

G’ with branch vertices v, z, x1, T2, 2.

Case 3. v =q.

Suppose B has a component Z such that {w, z1, 22} C N(Z). Then there exists z €
V(Z) such that G[Z + {w, x1, 2 }] has independent paths from z to w, z1, xa, respectively.
By Lemma 2.4.11, G[Z + (St — {z})] has independent paths @1, Q2, @3, Q4 from z to
x1, T2, W, u, respectively, and internally disjoint from Sy, where u € {p1,p2}. Let S =
Qs Uprabz ifu =p;and S = Q4 U pebx if u = py. Then TU Q1 U Q2 USU (PyUQ3) U

P,U Py U (Ps U qx)is a T K5 in G’ with branch vertices t, z, 1, 2, 2.
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So we may assume that no component of B is adjacent to all of x;, x5 and w. Since
N(w) N V(B) # (), there exists a component Z of B such that N(w) NV (Z) # 0.
Since G is 5-connected, we may assume by symmetry that N(z2) N V(Z) # (. Then
N(z1) NV (Z) = (. Since G is 5-connected, G[Z + (St — {x1})] has independent paths
Q1, Q2, Q3, Q4, Q5 from some z € V(Z) to xq, w, py, pe, , respectively. Since N(zq) N
V(B) # (), there exists some component Z' of B with N(z;) N V(Z') # (). Hence,
N(z2)NV(Z') =0 or N(w)NV(Z") = 0; so G[Z' + {1, p1}] contains a path R from z;
topr. Now TUQ; U (Q3UR)U (QuUpebz) U (PUQy) UP,UPsU (PsUqa)isaTKs

in G’ with branch vertices t, x, x1, 3, 2.

Case 4. v = w.

Suppose B has a component Z such that {w, 21, 2:} C N(Z). Then there exists z €
V(Z) such that G[Z + {w, x1, x5 }] has three independent paths from z to w, z1, x5, respec-
tively. Hence, by Lemma 2.4.11, G[Z + (St — {z})] has independent paths @)1, ()2, Q3, Q4
from z to x4, x5, w, u, respectively, and internally disjoint from Sp, where u = p; for some
i€[2. ThenTUQ UQRU(Q3Uwz)U(PLUbz)UP,UP;U(PsUgp;UQy)isaTKs
in G’ with branch vertices ¢, x, x1, 9, 2.

Hence, we may assume that no component of B is adjacent to all of w, xy, x5. Since
N(w) N V(B) # (), B has a component Z such that N(w) NV (Z) # (). Since G is 5-
connected, we may assume by symmetry that N (z2) NV (Z) # (). Then N(z1)NV(Z) = 0.
Since G is 5-connected, G[Z + (St — {1 })] has five independent paths Q1, Q2, @3, Q4, Qs
from z to x, w, p1, P2, T, respectively. Since N(x1) NV (B) # (), B has a component Z’
such that N(z1) N V(Z') # (. Then N(zo) NV (Z") = @ or N(w) NV (Z') = 0; so
G[Z" + {1, p1}] contains a path R from z; to p;. Now T'U Q; U (Q2 Uwzx) U (Q3 U R) U

(PLUbz)U Py U P3U (PsUgps UQy) is aTK5 in G' with branch vertices ¢, x, z1, x2, 2. I

We end this section with the following lemma which deals with another special case
when (T, S7, A, B) € Q, with |[V(A)| minimum, (7", S+, C, D) € Q, withT' N A # 0,
and ANC = 0.
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Lemma 2.7.5 Let G be a 5-connected nonplanar graph and x € V(G) such that for any
H C Gwithe € V(H) and H = Ky or H = Ks, G/H is not 5-connected. Let
(T, St, A, B) € Q, with |V (A)| minimum, and (T", S1+,C, D) € Q, withT'NA # (). Sup-
pose ANC = (),

Sr| =6,

ST/| = 6, V(T,)QST = {I, b}, V(T’ﬂA) = ST/ﬂV(A) = {CL}
and V(C) N Sy = 0. Then, one of the following holds:

(1) G contains a T Ky in which x is not a branch vertex.
(i7) G contains K .

(17i) There exist distinct x1,z9 € N(x) such that for any distinct yi,y, € N(x) —

{b,z1, 25}, G' .= G — {xv:v & {x1,29,b,y1,y2}} contains T K.

Proof. By assumption, V(T") = {a,b,z} with a € V(A) and b,x € Sr N Sp. Let
V(T) = {x, 21,22} and Sy = {b, x, x1, x2, x3, x4 }. We wish to prove (iii) with x3 = b; so
letyi,ys € N(x) — {b, 1,22} be distinct. Letv € {y1, 42} — {a}.

Note that BN C # () as Sy is a cut. So |(S7 U Sp) — V(AU D)| > 5. Moreover,
we may assume A N D # () by Lemma 2.6.1. So |(Sy U Sv) — V(B UC)| > 7 by the
minimality of |V (A)|. Since |S7| = | S| = 6,

|(S7USp) —V(AUD)| =5and |(Sp U Sp) —V(BUC)| =T1.

We may assume that N(z;) N V(B) # 0 for i € [2]. For, suppose this is not true
and by symmetry assume N(z1) N V(B) = (). Let S = (Sy — {z1}) U {a}, C' = B,
and D' = G[(A — a) + z1]. Then (T",5,C",D’) € Q,. We now apply Lemma 2.6.6 to
(T, Sr, A, B) and (1", 5,C', D’). Note that |S N Sp| =5, V(ANC") = SrnV(C') =
SNV(B)=V(BND')=0,and |[SNV(A)| =[S NV (D) =|V(TnD)| =1.To
verify the other condition in Lemma 2.6.6, let (H, Sy, Cy, Dy) € Q, such that H = K,
or H = K3. Then we may assume that H = K3 when H N A # () (by Lemma 2.6.4) and

that |V (H N A)| <1 (by Lemmas 2.7.3 and 2.7.4). Therefore, the assertion of this lemma

56



follows from Lemma 2.6.6. Hence, we may assume N (z;) N B # () for i € [2].
We may assume that for any component W of B, N(b) N W # (); for, otherwise,
St — {b} is a 5-cut in G, and the assertion of this lemmas follows from Lemma 2.4.6. We

consider three cases according to the location of v.

Case 1. v € V(B).

Let B, be the component of B containing v. First, suppose N(x;) NV (B,) # 0
for i € [2]. Then G[B, + {1, x2}] has independent paths from some v* € V(B,) to
v, x1, T, respectively. Thus, by Lemma 2.4.11, G[B, + Sy — z| has independent paths
Py, Py, P3, P, from v* to v, x1, 29, u, respectively, and internally disjoint from S, where
u € {b,z3,x4}. Suppose u = b. By Lemma 2.7.2, we may assume that G[A + {b, z1, 25 }]
contains independent paths R;, Ry from b to x, x5, respectively. Then T'U Ry U Ry U
bx U (P, Uvx) U P, U PyU Py is a TKj in G’ with branch vertices b, v*, z, x1, 2. So we
may assume by symmetry that u = z3. By Lemma 2.7.2 again, we may choose t € N (b) N
V(A—a)andlet Qq, Q2, Q3, Q4, Q5 be independent paths in G[(A—a)+{b, x1, T2, x3, T4 }]
from t to b, x1, xo, w3, x4, respectively. Then, T'U (Q1 Ubz) U QU Q3 U (P, Uvz) U Py U
Py U (PyUQ,) is a T Ky in G' with branch vertices ¢, v*, z, x1, 5.

Therefore, we may assume by symmetry that N(z1) N V(B,) = ). Since G is 5-
connected, G| B, +Sr—x1] has independent paths Py, P», P3, Py, Ps fromv to x, b, xo, x5, x4,
respectively, and we may assume that P, = vz. Since N(z1) NV (B) # 0, B has a compo-
nent B, such that N (z1)NV(B,,) # 0. Again, since G is 5-connected, N (x;)NV (B,,) #
() for some j € {3,4}, and we may assume j = 3. Then G[B,, + {x,xz3}] contains a
path @ from z; to z3. Lett € N(b) N V(A — a). By Lemma 2.7.2, we may assume
that G[(A — a) + {b, 1, x2, x3, x4 }] has independent paths Q1, Q2, @3, Q4, @5 from ¢ to
b, x1, T3, X3, T4, respectively. Then T'U(Q Ubzr) UQUQ3U(PsUQs)U(PLUQ)UPUP;

is a T' K5 in G’ with branch vertices ¢, v, x, 1, x3.

Case2.v e V(AND).
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We claim that G[(A — a) + {x, x1, x2, x3, x4 }] has independent paths Py, P», P3, Py, Ps
from v to x, xy, x9, x3, x4, respectively (and we may assume P; = wvx). This is clear if
G[(A—a)+{z1, xe, x3, x4}] has independent paths from v to z1, 9, T3, 24, respectively; so
we may assume such paths do not exist. Then there exists a separation (G, G2) in G[(A —
a) +{x1, x2, x5, 24} such that |V (G1NGy)| < 3,v € V(G — Ga), and {x1, z2, 23,24} C
V(Gsg). Let S := V(G; N Gs) U V(T"), which is a cut in G of size at most 6. Since G
is 5-connected, |V (G1 N Gy)| > 2. Then, (17,5,G, — G5, (G — S) — G;) € Q, and
1 <|V(Gy — Gy)| < |V(A—a)| <|V(A)|, contradicting the choice of (7, St, A, B) that
|V (A)| is minimum.

Suppose that B has a component W such that N (z;) N V(W) # () for i € [2]. Then
there exists w € V(W) such that G[W + b] has independent paths from w to 1, xs, b,
respectively. By Lemma 2.4.11, G[B + Sr] has independent paths Q1, Q2, @3, Q4, Qs
from w to x1, xo, b, uy, us, respectively, and internally disjoint from S, where u, uy €
{z,x3,x,} are distinct. By symmetry, we may assume u; = x3. Then T U P, U P, U Py U
Q1 UQyU (Q3Ubzr) U (QqU Py) is a T Ky in G’ with branch vertices v, w, z, 1, 5.

Hence, we may assume that no component of B is adjacent to both z; and x5. Let W
be a component of B such that N(z2) N V(W) # 0. Then N(z;) N V(W) = . Since
G is 5-connected, G[W + St — x1] has independent paths @1, Q2, @3, Q4, @5 from some
w € V(W) to b, x9, 13, 14, T, respectively. Since N(x1) NV (B) # (), B has a component
B, such that N(xz1) N V(B,) # (0. Then N(z3) N V(B,) = (. Again, since G is 5-
connected, G|B, + {1, x3}| contains a path R from z; to 3. Now T"U P, U P, U P3 U

(Q1Ubx)UQyU(Q3UR)U(Q4U Ps) is a T K5 in G’ with branch vertices v, w, z, x1, 5.

Case3.v € Sp.

We may assume that v = x3. By Lemma 2.7.2, we may assume t € N(b) N V(A —
a) and G[(A — a) + {b, x1, 2, x3, x4 }] has independent paths Py, P, P3, Py, Ps from t to
b, x1, 9, x3, 14, respectively, with P; = tb. Also by Lemma 2.7.2, we may assume that

G[A + {b, 21, x2}] has independent paths @)1, ) from b to x1, x5, respectively.
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Suppose B has a component W such that {x, 22} C N(WW). Then there exists w €
V(W) such that G[W + {b, 21, x5 }| has independent paths from w to b, x1, xo, respectively.
So by Lemma 2.4.11, G[B + Sr] has independent paths Ry, Ry, R3, R4, Rs from w to
X1, Ta, b, uy, ug, respectively, and internally disjoint from Sz, where uy,us € {x,x3, 24}
are distinct. Assume by symmetry that vy € {x3, 24}. If uy = x3, then T Ubxr UQ; UQy U
RiU Ry U R3 U (Ry Uxzx)is aTKjyin G' with branch vertices b, w, x, z1, xo. If uy = x4,
then TU (P; Uz3z) U P, U PsU Ry U Ry U (R3Ubz) U (RyU Ps)is a TKy in G’ with
branch vertices ¢, w, x, x1, xs.

Thus, we may assume that no component of B is adjacent to both x; and x». Since G is
5-connected, we may assume by symmetry that 1V is a component of B such that N (z3) N
V(W) # 0 and N(z1) N V(W) = 0. Letw € V(W). Since G is 5-connected, G|V +
St — x1] has independent paths Ry, Ry, R3, Ry, R5 from w to x, xo, x3, 24, b, respectively.
Since N(z1) N B # 0, B has a component B, such that N(z1) N V(B,) # (. Then
N(z3) NV(B,) = (. Since G is 5-connected, G[B, + {x1, x4}] contains a path R from z;
to x4. Now T U bz U Q1 U QU Ry U (R3 Uxsz) U Rs U (RyUR)isaTKsyin G’ with

branch vertices b, w, x, 1, Ts. |

2.8 Proof of Theorem 1.2.1

In this section, we complete the proof of Theorem 1.2.1, using the lemmas we have proved
so far. Let G be a 5-connected nonplanar graph. We proceed to find a T K5 in G. By

Lemma 2.4.1, we may assume that
(1) G contains no K .

Let M denote a maximal connected subgraph of GG such that

H := G /M is 5-connected and nonplanar, and contains no K, .
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Note that [V (M)| = 1 (i.e., H = G) is possible. Let x denote the vertex of H resulting
from the contraction of M. Then, forany 7' C H withz € V(T)and T = Kyor T = K,

one of the following holds:

H/T contains K, , or H/T is planar, or H/T is not 5-connected.

For convenience, we will use 27 to denote the vertex of H/T resulting from the contraction

of T'. We may assume that

(2) forany T'C H withz € V(T)and T = Kyor T = K, if F'isa TKj; in H/T then

zr 1S a branch vertex of F'.

For, suppose that /' is a T' K5 in H/T in which zr is not a branch vertex. If z1 ¢ V (F') then
Fisalso TKsin G. So assume zr € V(7). Let u,v € V(F) such that zpu, zrv € E(F).
Since M is connected, G[M + {u,v}| has a path P from u to v. Thus, (F' —x) U P is a

T K5 in G. So we may assume (2).

Suppose there exists T C V(H) withz € V(T) and T = K, or T' = K3, such that
H/T is 5-connected and planar. Then by Lemma 2.4.9, H — T contains K, , contradicting
(1). So

(3) forany T'C H withz € V(T)and T = Ky or T = K3, if H/T is 5-connected then

H/T is nonplanar.

We now show that

4) if T'C Hwithe € V(T)and T = Ky or T' = Ky and if 21, 29,23 € Ny/r(ar)
such that H/T — {zrv : v ¢ {u1,us, x1, 2, x3}} contains T'K; for every choice of

distinct uy, us € Ngjr(xr) — {21, 22, ¥3}, then G contains T' K.

To prove (4), let A = Ng(M UT) = Nyyr(xr). Consider the subgraph G[M U T + AJ.

Since M UT is connected, there is a vertex v € V(M UT) such that G{M UT +{x1, x2, x3}]
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has independent paths from v to x1, s, z3, respectively. Since G is 5-connected, G[M U
T + A] has five independent paths from v to A with only v in common and internally dis-
joint from A. Hence, by Lemma 2.4.11, there exist distinct uy, us € A — {x1, z2, 23} such
that G[M UT + A] has five independent paths Py, P», P3, Py, Ps from v to x1, 2, 23, Uy, u2,
respectively, and internally disjoint from A. Now suppose F'is a T K5 in H/T — {zrv :
v & {x1, T, x3,u1,us}}. Then F' — zp and the four paths among Py, P», P3, Py, P5 corre-

sponding to the four edges at 7 in F' form a T'K5 in G. Hence, we may assume (4).

By (3), we have two cases: for some 7' C H withx € V(T)and T = Ky or T = K,
H/T is 5-connected and nonplanar but contains K ; or for every ' C H with z € V(7))

and T = Ky or T' = K3, H/T is not 5-connected.

Case 1. There exists ' C H withz € V(T)and T' = K, or T' = K3 such that H/T is
5-connected and nonplanar, and H/T contains K .

Let K C H/T suchthat K = K, ,and let V(K) = {x1, 29, y1, Y2} Withyyyo ¢ E(H).
By (1), xp € V(K).

Subcase 1.1. 7 has degree 2 in K.
Then we may assume that the notation is chosen so that x = y,. By Lemma 2.4.2, one

of the following holds:
(1) H/T contains a 'K in which z7 is not a branch vertex.
(1) H/T — xr contains K .

(<49) H/T has a5-separation (G, G) such that V(GNG2) = {xr, a1, as, a3, as}, and G
is the graph obtained from the edge-disjoint union of the 8-cycle a;b,asb2a3b3a4b4a1

and the 4-cycle b bab3bsb; by adding 7 and the edges x7b; for i € [4].

(ZU) For wy, ws, w3 € NH/T(ZL‘T) — {ZL’l,{L'Q}, H/T — {$TU ) ¢ {wl,WQ,%U3,ZE1,$2}}

contains 7 K.

Note that (i) does not occur because of (2), and (i) does not occur because of (1).
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Now suppose (7ii) occurs. First, assume |V (G)| > 7. Then by Lemma 2.4.3, for any
uy, uy € N(xp)—{by1,ba, b3}, H/T—{xrv : v & {b1,bo, b3, u1,us}} contains T'K’5. Hence,
by (4) (with z; as b; for i € [3]), G contains T'K5. So we may assume that |V (G;)| = 6,
and letv € V(G — G2). By (1), a;a;11 ¢ E(G) for i € [4], where a; = a;. Hence, since
G is 5-connected, aja3, asay € E(G). Now (H — x7) — {a1v, a1by, asv, asbs} is a T K
with branch vertices as, as, b1, b2, b3, contradicting (2).

Finally, suppose (iv) holds. Then, by (4) (with w1, ws, w3 as 3, uy, us, respectively),

we see that G contains T K5.

Subcase 1.2. x7 has degree 3 in K.
Then we may assume that the notation is chosen so that x = x;. By Lemma 2.4.4,

one of the following holds:
(1) H/T contains a T'K5 in which z7 is not a branch vertex.
(19) H/T — xr contains K, or H/T contains a K, in which z7 is of degree 2.

(ii1) x2,%1,y» may be chosen so that for any distinct 29, 21 € Ny r(xr) — {22, y1, 92},

H/T — {xrv:v ¢ {20, 21, T2, Y1, y2} } contains T K.

By (2), (7) does not occur. If (i7) holds then, by (1), H/T contains K in which z7 is
of degree 2; and we are back in Subcase 1.1. If (i47) holds then G contains 7' K5 by (4).

Case 2. H/T is not 5-connected for each 7" C H withx € V(T) and T' = K, or

Let Q, denote the set of all quadruples (7, St, A, B), such that
e TCV(H),zeV(T),andT = Kyor T = K3,

e Srisacutin H with V(T') C Sr, A is a nonempty union of components of H — Sy,

and B=H — Sy — A#10,
o if ' = Kjthenb < |Sr| <6, and
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o if T = K, then |Sy| = 5,

V(A)| > 2, and [V(B)] > 2.

Among all the quadruples in Q,, we select (7, St, A, B) such that |V (A)| is minimum.

Since K, ¢ H, T = K3 (by Lemma 2.6.3) and there exists a € V(A) such that
ax € E(H) (by Lemma 2.6.5 and by (2) and (4)). By Lemma 2.6.2, there exists 7" C H
such that z € V(T") and 7" = K, or 7" = K3, and there exists (17", S, C, D) € Q,.
Again since K, ¢ H,T' = K3 by Lemma 2.6.4 and by (2) and (4).

We may assume, without loss of generality, that 7'N C' = (). Hence, by Lemma 2.7.1
and by (2) and 4), AN C = () (since K; ¢ H). We may assume B N C # {); for
otherwise, |V (A)| < |[V(C)| = |V(C)N Sr| < 3 and, by Lemma 2.6.1, H contains K , a
contradiction.

We may assume that |V (7”) N Sy| = 2 for any choice of (7", S7+,C, D) € Q, with
T’ N A # (); otherwise, by Lemmas 2.7.3 and 2.7.4, we derive a contradiction to (2), or (4),
or the fact K; ¢ H. Hence, since K; ¢ H, we have AN D # () by Lemma 2.6.1.

Note that |Sr| = |S7/| = 6; for otherwise, by Lemma 2.4.6, we derive a contradiction
to (2), or (4), or the fact K; ¢ H. We claim that |(Sy U Sp) — V(B U C)| = 7 and
|(S7 U Sp) — V(AU D)| = 5. First, note that |(Sr U Spv) — V(B UC)| > T7; otherwise,
(T',(Sr USp) —V(BUC),AND,G[BUC]) € Q,and 1 < |[V(AN D)| < |V(4),
contradicting the choice of (7', S7, A, B) with |V (A)| minimum. Since H is 5-connected
and BNC # 0, |(S7 U St) — V(AU D)| > 5. So the claim follows from the fact that
(57U ST) = V(BUC)| + [(Sr U Sr) = V(AU D) = |S7| + [Sp| = 12.

If Sy NV(C) = 0 for some choice (7", Sy, C, D) then |Sp» NV (A)| = 1 as | Sy | =6
and |(ST U S ) — V(AU D)| = 5; so by Lemma 2.7.5, we derive a contradiction to (2), or
(4), or the fact K, Z H.

Hence, we may assume that

SrOV(C)#0
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for any choice of (1", S7,C,D) € Q, with 7" N A # (). Then 2 < |S7 N S| < 4 as
|(SrUSp) —V(AUD)| =5.

Suppose | SN Sy | = 4. Then |SpNV(B)| = 0and |SrNV(C)| =1, as |(SpUSy ) —
V(AU D)| = 5. Since |Sr| = |Sr| = 6,

SN V(D)| =1and |Sp NV(A)| = 2. Hence,
BND # 0 (since |V(D)| > V(A)|). So Sy—V(C)isa5-cutin H and V(T') C Sp—V (C).
Note |V (B N D)| > 2; for otherwise, since H is 5-connected, H[T' U (B N D)] contains
K, a contradiction. Hence, by Lemma 2.4.6, we derive a contradiction to (2), or (4), or
the fact K, Z H.

Now assume | St N S| = 3. Then, |Sp NV (B)| < las|(SrUSr)—-V(AUD)|=5
and |SrNV(C)| > 0. Suppose |Sr» NV (B)| = 0. Then |S» NV (A)| = 3 as |Sp| = 6. So
|STNV (D)| = 1since |(S7UST )=V (BUC)| = 7. Thus, since H is 5-connected, BND =
(). However, this implies that |V (D)| < |V (A)

, a contradiction. So |[Sp N V(B)| = 1.
Then | SNV (A)| = 2as |Sy| = 6, and |STNV(C)| = 1as |(SrUSr)—V(AUD)| = 5.
Letq € SpNV(A=T"), S := (S —{q}H)U(SrNV(C)), C" := BNC,and D' = G[D+gq|.
Then (T",5',C',D') € Q, with T'"N A # D and T N C’" = (), However, Sy NV (C') =0, a
contradiction.

Finally, assume |Sr N Sv| = 2. Suppose |Sr N V(C)| > 2. Then |Sp NV (B)| < 1
(as |(STUS) —V(AUD)| =5),and |S NV (A)] > 3 (as |St| = 6). So BN D # () as
[V(D)| > |V(A)|. Hence, (S U Sr) — V(AU C)isaS-cutin H and contains V(7). If
|V(BND)| = 1then, since H is 5-connected, H[T'U(BND)] contains K, , a contradiction.
So |[V(B N D)| > 2. Then, by Lemma 2.4.6, we derive a contradiction to (2), or (4), or the

fact K; ¢ H. Therefore, we may assume | S N V/(C')| = 1. Hence,

SrNV(D)| =3 (as
|S7| = 6), |Sp NV (B)| =2 (as |(SpUSp) — V(AUD)| =5),and |Sr» NV (A)| = 2 (as
|S7/| =6). Letq € SpNV(A-T"), 5" := (S — {q}) U (ST NV (C)),C" :== BNC, and
D' = G[D +¢q|. Then (T",5",C",D") € Q, withT" N A # () and "N C’ = (), However,

St NV (C") =0, a contradiction. |
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