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SUMMARY

This thesis is devoted to studies of initial-boundary value problems (IBVPs)
for systems of partial differential equations (PDEs) arising from fluid mechanics mod-
eling, especially for the compressible Euler equations with frictional damping, the
Boussinesq equations, the Cahn-Hilliard equations and the incompressible density-
dependent Navier-Stokes equations. The emphasis of this thesis is to understand the
influences to the qualitative behavior of solutions caused by boundary effects and
various dissipative mechanisms including damping, viscosity and heat diffusion. We
will present results concerning global existence and large-time asymptotic behavior
of solutions to miscellaneous initial-boundary value problems. The results obtained
consist of three parts.

The Part 1, containing Chapters ITI-111, is concerned with the study of compressible
Euler equations with frictional damping. In Chapter II, we first construct global L>°
entropy weak solutions to the IBVP for one-dimensional damped compressible Euler
equations on bounded domains with physical boundaries. Time asymptotically, the
density is conjectured to satisfy the porous medium equation (PME) and the momen-
tum obeys to the classical Darcy’s law. Based on entropy principle, we show that the
physical solution converges to steady states exponentially fast in time. We also prove
that the same is true for the related IBVP of porous medium equation provided that
the two systems carry the same initial mass and thus justify the validity of Darcy’s
law in large time. In Chapter III, we continue the study of damped compressible Euler
equations on bounded domains. We prove global existence and uniqueness of classical
solutions to the IBVP for three-dimensional damped compressible Euler equations on

bounded domains with the slip boundary condition when the initial data is near its

viil



equilibrium. Furthermore, based on energy estimate, we show that the classical so-
lution is captured by that of the porous medium equation exponentially fast as time
tends to infinity and justify Darcy’s law in large time.

In Part 2, we study the two-dimensional Boussinesq equations with partial viscos-
ity. In Chapter IV, we first prove global existence of smooth solutions to the IBVP
for the viscous non-heat-conductive Boussinesq equations on bounded domains with
arbitrary smooth initial data and the no-slip boundary condition. In addition, the
uniform bound of the kinetic energy is obtained as a by product. Then we study
the IBVP for another type of 2D Boussinesq equations with partial viscosity which
is inviscid and heat-conductive. We show that there exists a unique global smooth
solution to the IBVP for arbitrary smooth initial data and for physical boundary
conditions. Furthermore, due to dissipation and boundary effects, we prove that the
kinetic energy is uniformly bounded in time and the temperature converges expo-
nentially to a constant state which is the value of the temperature on the boundary
of the domain. The results obtained in this part suggest that the partial dissipative
mechanism is indeed strong enough to compensate the effects of gravitational force
and nonlinear convection in order to prevent the development of singularity in the
systems.

Part 3 is contributed to the mathematical analysis of multi-phase/mixing flows.
In Chapter V, we first study the IBVP for a system of PDEs obtained by coupling the
Cahn-Hilliard equation and the two-dimensional Boussinesq equations which stands
for a model of a multi-phase flow under shear and the influence of gravitational
force. Then we study a model of a two-component mixture, with a diffusive mass
exchange among the medium particles of various density accounted for, which is
closely related to the 2D incompressible density-dependent Navier-Stokes equations.
For both systems of equations, we prove global existence of smooth solutions to the

IBVPs with arbitrary smooth initial data and physical boundary conditions.
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CHAPTER 1

INTRODUCTION

Mathematical analysis of fluid mechanics was initiated more than one century ago.
Although enormous efforts have been made on this subject since then, the resolution
of some basic issues is still missing. There are a number of fundamental problems
still remaining unsolved.

Mathematically speaking, most of the modeling equations in fluid mechanics can
be formulated into the general quasilinear systems of partial differential equations

taking the following form:
0,U + div, F(U) = Q.(U, DU, D*U), x€R", t>0, UecR"™, (1.0.1)

where divy is the divergence operator, D® stands for spatial derivatives, F'(U) € R™*"
is a smooth vector-valued function, ). € R™ is related to dissipation, which may be
viscosity, heat diffusion, damping, relaxation and etc. Important examples include
Euler equations, Navier-Stokes equations, Boltzmann equations and Boussinesq equa-
tions for compressible and incompressible flows, the equations of magnetohydrody-
namics (MHD) for electrically conducting compressible fluids and the equations of
nonlinear thermoviscoelastic materials. Topics on (1.0.1) are physically important
and mathematically challenging. One major challenge in this field is the question
of global existence and large time asymptotic behavior of solutions to certain initial
value (Cauchy) problem or initial-boundary value problem (IBVP) for modeling equa-
tions. Definite answers to this question will undoubtedly shed light on understanding
of basic issues in fluid dynamics.

In real world, flows often move in bounded domains with constraints from bound-

aries, where initial-boundary value problems appear. Solutions of IBVPs usually



exhibit different behaviors and much richer phenomena comparing with Cauchy prob-
lems. One major difference between IBVPs and Cauchy problems is the lack of infor-
mation of spatial derivatives of solutions on boundaries of domains, which makes the
analysis of IBVPs significantly different from that of Cauchy problems. Another fea-
ture is the availability of Poincaré’s inequality on bounded domains which, together
with dissipative mechanisms, usually leads to exponential decay of solutions to IB-
VPs, instead of algebraic decay of solutions to Cauchy problems. Therefore, when
problems are set on bounded domains, IBVPs distinguish themselves from Cauchy
problems significantly.

This thesis is contributed to studies of IBVPs for several systems of partial differen-
tial equations arising from fluid dynamics, including the compressible Euler equations
with frictional damping, the Boussinesq equations, the Cahn-Hilliard equations and
the incompressible density-dependent Navier-Stokes equations. The emphasis of this
thesis is to understand the influences to the qualitative behavior of solutions caused
by boundary effects and various dissipative mechanisms such as damping, viscosity
and heat diffusion. The background and main results obtained on these topics will

be presented in Sections 1.2-1.4.

1.1 Notations

Before introducing the background and main results, we list some notations which
will be used later.

Throughout this thesis, || ||z#, || - ||z~ and || - [[ws» denote the norms of the usual
Lebesgue measurable function spaces LP (1 < p < o0), L™ and the usual Sobolev

space W*P respectively, i.e.,

1/p
[ fllee = [ fller@) = (/ \f!de) , for fe LP(Q2), 1 <p< oo,
Q

[fllzo = 1 fllzeee) = ess suplf],  for f& L*(Q),



1/p
S [Desirax) " or fe W), 1< p < o
Q

|a|<s

[fllwsr = ([ fllwer@) = <

where oo = (ay, (g, ..., @) 18 any multi-index with order |o| = a3 +ag + -+ - + «, and
D = 031092 - - - 93». For p = 2, we denote the norm || - [|z2 by || - || and || - [Jws2 by

x1 Y2

|| - [|zs respectively. For simplicity, we use the following notation:

1CFs Fos s I = D Il
i=1

where V' denotes various function spaces.

We also need some function spaces of Hélder continuous functions. C*(2) stands
for the Banach space of functions on €2 which are uniformly Holder continuous with
exponent o, while C*%/2(Q1) denotes the Banach space of functions on Q7 = Qx[0, T
which are uniformly Hélder continuous with exponent « in x and «/2 in t.

In the a priori estimates, the generic constant will be denoted by C'.

There are also some other notations which we will explain later in specific chapters.

1.2 Damped FEuler Equations
1.2.1 Background

Damping is the effect that tends to reduce the amplitude of oscillations of an oscil-
latory system. The phenomenon of damping is observed everywhere and in everyday
life. Typical examples include the mass-spring-damper, the RLC circuit and the
harmonic oscillator. There are lots of real world applications of damping such as gen-
eration of vibrations of specific frequencies, audio system measurements, active mass
damper, design of vehicle suspension and thrust damping in aerospace engineering.
In fluid mechanics, the damping effect is observed in mathematical modeling of
flow and transport through porous media which plays an important role in environ-
mental studies as well as in reservoir engineering. Applications include the spread
of pollutants from a landfill through the soil system and of oil spills in the subsur-

face, the intrusion of seawater in coastal aquifers, and new methods for enhanced oil



recovery and underground gas storage.
In the mathematical study of flow through porous media, one of the most com-

monly used modeling systems is the damped compressible Euler equations:

pe+ V- (pU) =0,
(1.2.1)
(pU)+V - (pU@U)+ VP =—apU, z€R" t>0,
which occur in the modeling of compressible isentropic flow through a porous medium.
The medium induces a friction force, proportional to the linear momentum in the
opposite direction. Therefore, system (1.2.1) expresses the conservation of mass and
the momentum balance. Here p, U = (uy,us,...,u,) and P denote the density,
velocity and pressure respectively; the constant a > 0 models friction. Assuming the
flow is a polytropic perfect gas, then P(p) = Pyp?, with P, a positive constant, and

v > 1 the adiabatic gas exponent. Without loss of generality, we take Py = %, a=1

throughout this thesis.
1.2.1.1 The 1D Model

When n = 1, system (1.2.1) turns out to be

pe+ (pu)e =0, (1.2.2)

(pu); + (pu® + P(p))e = —apu, v €R, t>0,
which is hyperbolic with two characteristic speeds \; = v — /P'(p) and Ay = u +
\/P'(p). Furthermore, by definition, system (1.2.2) is strictly hyperbolic at the point
away from vacuum where p = 0.
In experiments, Darcy’s law is observed in the same process. Thus, we have

another model:

Pt = P (p>fm7
(1.2.3)
m = —P (p)ﬂm
where m stands for the momentum. The first equation is the well-known porous

medium equation (PME) and the second equation states Darcy’s law. So, it is natural



to expect that system (1.2.2) and system (1.2.3) are equivalent in long time. Actually,

the following conjecture was proposed by Tai-ping Liu in [64]:

Conjecture. Ast — oo, system(1.2.2) is equivalent to system (1.2.3).

Due to strong physical background and significant mathematical challenge, system
(1.2.2) and its time-asymptotic behavior have received considerable attentions, and
investigations have been carried on for decades since the pioneer work of Nishida [78].

In the case of small smooth solutions away from vacuum, system (1.2.2) can be
transformed to the p-system with damping by changing to Lagrangian coordinates
(c.f. [94]) and the problem has been well understood. Extensive literature is available
in this field. For Cauchy problem, the readers are referred to [42, 43, 44, 45, 46, 68,
74,79, 80, 105]. For initial-boundary value problems, see [47, 48, 71, 81, 83]. For more
references on the p-system with damping, we refer to [25, 27, 49, 69, 72, 73, 83, 91, 108].

When the solution is large, rough and contains vacuum, the difficulty of the prob-
lem is significantly increased. The main difficulties come from the interaction of three
mechanisms: nonlinear convection, lower-order dissipation of damping and resonance
due to vacuum where two characteristics coincide. First of all, it has been shown in
[107] that when the initial data is large or rough, shock will develop in finite time for
system (1.2.2) due to nonlinearity. Second, although the damping prevents formation
of singularity if initial data is small and smooth, it breaks the self-similarity of the
system, which is crucial for large solutions; see [50, 51]. Third, when the solution con-
tains vacuum, it has been shown by Liu & Yang [65, 66] that local smooth solutions
of (1.2.2) blow up in finite time before shock formation due to resonance caused by
vacuum. Therefore, it is suitable to consider weak solutions in order to study global
existence and large time behavior of (1.2.2).

The phenomena mentioned above make both analytical and numerical studies for



system (1.2.2) highly non-trivial problems. Indeed, the only global weak solutions to
(1.2.2) are constructed in L* space by using the method of compensated compactness
in the direction of Cauchy problem; see [29] for 1 <y < 5/3 and [55] for 1 < v < 3.
Concerning large time behavior of L weak solutions to (1.2.2) for Cauchy problem,
some essential progress was made recently in [55], where the authors justified the
conjecture by using the rescaling argument in [91]. Later, in [53] and [54], the authors
developed some new technique based on the conservation of mass and entropy analysis
to attack the problem. They showed that L>° weak solutions with vacuum converge,
strongly in LP(R) with decay rates, to the similarity solution and the Barenblatt
solution of the porous medium equation.

However, when the problem is set on bounded domains, the story changes dra-
matically. The key approach used in [42]-[54] for Cauchy problem is to compare the
solution of (1.2.2) with that of (1.2.3) directly via energy estimates. Unfortunately,
this approach does not work for the initial-boundary value problem mainly due to the
boundary effects. Therefore, the global existence and large-time behavior of L> weak
solutions to initial-boundary value problem for damped compressible Euler equations
remains as an important open problem. This problem has particular interest since,
as we mentioned in the beginning of the Introduction, in real world, flows often move
in bounded domains with constraints from boundaries. We will give a definite answer

to this problem in this thesis.
1.2.1.2 The 3D Case

Now we turn our attention to the multi-dimensional case of (1.2.1). From the phys-
ical point of view, the multi-dimensional model describes more realistic phenomena.
Furthermore, besides the features and difficulties mentioned in the one-dimensional
case, the multi-dimensional model presents some unique features which are totally

absent in the 1D case. When the problem is set in multi-dimensional spaces, one of



the most significant phenomena appears, which is the effect of vorticity. It is known
that the cumulation of vorticity determines the global existence/finite-time blow up of
smooth solutions for the 3D incompressible Euler or Navier-Stokes equations. Indeed,
Beale, Kato & Majda [8] proved that if a solution of the 3D Euler or Navier-Stokes
equations is initially smooth and loses its regularity at some later time, then the
maximum vorticity necessarily grows without bound as the critical time approaches;
equivalently, if the vorticity remains bounded, a smooth solution persists. There-
fore, due to strong physical background and significant mathematical challenge, the
multi-dimensional damped Fuler equations is much less understood than its 1D com-
panion. For Cauchy problem, investigations were carried out among small smooth
solutions. In [93, 99|, based on energy estimates, the authors proved global existence,
uniqueness and large-time behavior of smooth solutions to the Cauchy problem for
three-dimensional damped compressible Euler equations when the initial data is near
its equilibrium. Recently, by applying the combination of the Green function on
estimating the lower order derivatives and the energy method for the higher order
derivatives, Wang & Yang [100] proved global existence and L? convergence rate of
solutions for 2D damped compressible Euler equations when the initial data is a
small perturbation of a planar diffusion wave. However, in the direction of the initial-
boundary value problem, even the global existence of small smooth solutions is still
an important open problem. In this thesis, we will give a definite answer to this

problem.



1.2.2 Analysis of Damping Effect
1.2.2.1 The 1D Model

Let us consider the one-dimensional compressible Euler equation with frictional damp-

ing. After introducing the momentum m = pu, we can rewrite (1.2.2) as follows:

Pt + My = 07
) (1.2.4)

My + (m7 + P(p))m —

System (1.2.4) is supplemented by the following initial and boundary conditions:

;

p(x,0) = po(x), m(z,0) =mp(z), 0 <z <1,

m’x:() = O7 m]le = O, t> 0, (125)

1
/ po(x) dx = p. > 0.
\ 0

Where, the last condition is imposed to avoid the trivial case, p = 0.
As mentioned above, time asymptotically, we expect that the solution to (1.2.4)—

(1.2.5) will be captured by that of the following problem:

(

pr = P(p)za;

p(2,0) = po(z), 0 <z <1, (1.2.6)

\ Prlo=o = Prlo=1 =0, t>0.

In this thesis, we continue the study of [47] and [48] on bounded domains with
typical physical boundary condition (1.2.5). We will study the global existence and
large time behavior of L> weak solutions. The following two theorems are the main

results of this part. For the global existence of L> weak solutions we have
Theorem 1.2.1. Suppose that the initial data (po, mo) satisfy the conditions
0<po(x) <M, po#0, [mo(z)] < Mapo(),

for some positive constants M;(i = 1,2). Then, for v > 1, the initial-boundary

value problem (1.2.4)-(1.2.5) has a global weak solution (p(x,t), m(z,t)), as defined



in Definition 2.2.1 which will be given in Section 2.2, satisfying the following estimates

and entropy condition:

0<p<C, |m|<Cp ae. for a constant C' > 0 independent of t, and

/OT /01 (n(p, m)de + q(p,m)dy) da dt — /OT /Oln(p, i ds dt > 0, (1.2.7)

for all weak and convex entropy pairs (n,q) and for all nonnegative smooth functions

U e CMIp).

Concerning the large-time behavior of the solution obtained in the above theorem

we have

1
Theorem 1.2.2. Suppose / po(x)dx = p.. Let (p,m) be any L™ entropy weak
0
solution of the initial-boundary problem (1.2.4)-(1.2.5) defined in Definition 2.2.1,

satisfying the estimates
0< pla,t) <A <oo, |mz,t)] < Myp(a.t),

where Ms, A are positive constants and let (p,m) be the weak solution of (1.2.6) with
mass p, and m = —P(p),. Then, there ezist constants C, 6 > 0 depending only on

v, px, A and initial data such that

(= 5). (m =) (. 1)|[}aoy) < C expi—5t}. (1.2.8)

The existence of entropy weak solutions will be achieved by means of Godunov
scheme [36] and the compensated compactness frameworks established by [29], [30],
[62], [63], [77] and [96]. The proof of Theorem 1.2.1 is in the spirit of [104] and [88].
For the large time behavior, we adopt the new framework introduced by [53] and [55]
based on entropy dissipation. The exponential decay rates are obtained in this case

on bounded domains.



1.2.2.2 The 3D Case

Continuing the study of the damped compressible Euler equations, we consider the

3D model:

pe+ V- (pU) =0,
(1.2.9)

(PU)e+V - (pUU)+ VP = —pU,
with the following initial and boundary conditions:

/

(P, U)(X> 0) = (po,Uo)(X), X= (Ia%z) € Q’

U-nlpo=0, t>0, (1.2.10)

where 0 C R3 is a bounded domain with smooth boundary 92, n is the unit outward
normal vector on the boundary of 2. The boundary condition is the so-called slip
boundary condition.

Due to the dissipation in the momentum equations and the boundary effect, the
kinetic energy is expected to vanish as time tends to infinity while the potential energy

will converge to a constant. Furthermore, it is easy to see that

[ stctiax = [ pxyix =

due to the conservation of total mass. This suggests that the asymptotic state of the
solution should be (p,U)|i—oo = (p/|€2],0). In this thesis, we will prove, under the
assumption that the initial perturbation around the equilibrium state is small, there
exists a unique global classical solution to (1.2.9)—(1.2.10) and the solution converges
exponentially to the equilibrium state.

As in the preceding section, we will show that the classical solution of (1.2.9)-

(1.2.10) is captured by that of the decoupled system

ﬁt - AP(ﬁ)J

M = =V P(p)

(1.2.11)

10



with the initial-boundary conditions

ﬁ(X,O) = ﬁo(X), X € Qa
(1.2.12)
VP-n\BQ:O, tzO,

exponentially in time provided that

[ loiix = [ mixjax. (1.2.13)

The following theorem is our main result in this direction, which generalizes the
study of [93] and [99] on bounded domain with typical physical boundary condition
(1.2.10)s.

Theorem 1.2.3. Suppose that the initial data satisfy the compatibility condition, i.e.,
OLU(0) - nlpg = 0,0 < 1 < 2, where OLU(0) is the I'" time derivative at t = 0 of any
solution of (1.2.9)-(1.2.10), as calculated from (1.2.9) to yield an expression in terms
of po and Uy. Then there exists a constant ¢ such that if (po — p/|Q|, Us) € H*(Q)
and ||(po — p/122, Uo)||lgz < €, then there exists a unique global solution (p,U) of
the initial-boundary value problem (1.2.9)-(1.2.10) in C*(2x [0, 00)) N X3([0, 0), £2),
where the exact definition of X3(]0,00),Q) will be given in Section 3.1. Moreover,

there exist positive constants C > 0,1 > 0, which are independent of t, such that

1o = /12D + NG DI < Cllpo — 5191, U)llms exp{—nt}.  (1.2.14)

Concerning the relationship between the solutions of (1.2.9)—(1.2.10) and (1.2.11)—
(1.2.12), we have

Theorem 1.2.4. Let (p,U) be the unique global classical solution of (1.2.9)—(1.2.10)
and let M = pU. Let (p, M) be the global solution of (1.2.11)~(1.2.12) with py €
L>®(Q), and 0 < po < p* for some constant p* satisfying p/|Q| < p* < oo. Then,

there exist constants C, § > 0 independent of t such that
1(p =AY O)llan + (M = M)(- t)[| < Cexp{=6t}, ast— oo. (1.2.15)

11



Remark 1.2.1. The results obtained in above theorems suggest that damping effect
1s strong enough to compensate nonlinear convection in order to prevent development
of singularity in the system, provided that the initial perturbation near the equilibrium

18 small.

1.3 2D Boussinesq Equations
1.3.1 Background

For decades, the question of global existence/finite time blow-up of smooth solutions
for the three-dimensional incompressible Euler or Navier-Stokes equations has been
one of the most outstanding open problems for both engineers and mathematicians.
The answer to this question will undoubtedly play a key role in understanding core
problems in fluid dynamics such as the onset of turbulence. Enormous efforts have
been made on this challenging problem, but the resolution of some basic issues is still
missing. The main difficulty is to understand the vortex stretching effect in 3D flows,
which is absent in the two-dimensional case. There are a great amount of literatures
concerning partial answers to this question. We refer the reader to [22, 61, 97| and
the references therein for detailed discussions on this subject.

As part of the effort to understand the vortex stretching effect in 3D flows, various
simplified model equations have been proposed. Among these models, the 2D Boussi-
nesq system is known to be one of the most commonly used because it is analogous
to the 3D incompressible Fuler or Navier-Stokes equations for axisymmetric swirling
flow, and it shares a similar vortex stretching effect as that in the 3D incompressible
flow. In fact, in cylindrical coordinates, the vortex formulation of the Euler equations

describing 3D incompressible axisymmetric swirling flow can be written as (c.f. [70]):

(D o
E[(W )*] =0,
D [fw® 1 o
E(T) = —ﬁ[(rv )] 40 (1.3.1)
D_0, p0 p 0
\ Dt Ot or Oxs’



where (v",v%,v?) are the velocity components with respect to the cylindrical coordi-
nates (r, a, x3); w* = v}, —v? is the second component of the vorticity and % stands
for the material derivative.

On the other hand, the vortex formulation of the 2D Boussinesq equations in

Cartesian coordinates reads:

(D
it =Y
D
Z =0 1.3.2
Dt v ( )
(Dt ot Or Oy

where 0 is the scalar temperature and w = v, — u,, is the 2D vorticity. Therefore, we

have the following correspondence between the two sets of equations in (1.3.1) and

(1.3.2):
1'3 —> x’ T —— y’
W e w,  (rv*)? 0,
v — v, (ap——)

With this correspondence, we see that (1.3.1) is formally identical to (1.3.2) pro-
vided that all external variable coefficients in (1.3.1) are evaluated at r = 1. Thus,
away from the axis of singularity » = 0 for swirling flows, the qualitative behavior of
solutions for the two systems of equations are expected to be identical. Better under-
standing of the 2D Boussinesq system will certainly shed light on the understanding
of 3D flows.

In this thesis, we consider the two-dimensional Boussinesq equations with dissi-

pations:
(

U +U-VU+ VP =vAU +0e,, xcR?* t>0,

6, + U - VO = A, (1.3.3)

VU=,

where U = (u,v) is the velocity vector field, P is the scalar pressure, 6 is the scalar
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temperature, the constants v > 0,k > 0 model viscosity and thermal diffusion re-
spectively, and e, = (0,1)T.

System (1.3.3) is potentially relevant to the study of atmospheric and oceano-
graphic turbulence, as well as other astrophysical situations where rotation and strat-
ification play a dominant role (see e.g. [87]). In fluid mechanics, system (1.3.3) is used
in the field of buoyancy-driven flow. It describes the flow of a viscous incompressible
fluid subject to convective heat transfer under the influence of gravitational force (c.f.
[70])-

In recent years, the 2D Boussinesq equations (1.3.3) have attracted significant
attention. When © = R?, the Cauchy problem for (1.3.3) with full viscosity (i.e.,
v > 0, kK > 0) has been well studied. In [13], Cannon & DiBenedetto studied the
Cauchy problem for the 2D Boussinesq equations with full viscosity. They found a
unique, global in time, weak solution. Furthermore, they improved the regularity
of the solution when initial data is smooth. Recently, the result of global existence
of smooth solutions to (1.3.3) is generalized to the cases of “partial viscosity” (i.e.,
either v > 0, Kk = 0, or v = 0, kK > 0) by Hou-Li [41] and Chae [15] independently.
In [41], Hou & Li proved the global well-posedness of the Cauchy problem for the
viscous Boussinesq equations (i.e., v > 0, kK = 0). They showed that solutions
with initial data in H™ (m > 3) do not develop finite-time singularities. In [15],
Chae considered the Boussinesq system for incompressible fluid in R? with either
zero diffusion (k = 0) or zero viscosity(r = 0). He proved global-in-time regularity in
both cases. The key approach used in the proof of the Cauchy problem is to combine
the vortex formulation of the equations with an inequality of logarithmic growth rate

which takes the following form:

£ < Co(IVFllzz + 1 fllze + 1) log (|Aflz2 + 11 £ 1122 +€).

By combining this inequality with Gronwall’s inequality the authors in [41, 15] get the

estimate of the maximum gradient of the velocity which leads to the global regularity
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of the solution.

On the other hand, the global regularity /singularity question for the case of (1.3.3)
with zero viscosity and zero diffusion (i.e., v = k = 0) still remains as an outstanding
open problem in mathematical fluid mechanics due to nonlinear convection and lack
of dissipation. Previous investigations on this subject are primarily concerned with
numerical simulations. In [32], E & Shu systematically studied the nonlinear devel-
opment of potential singularities in the 2D Boussinesq equations with smooth initial
data and they found no evidence for singular solutions in their numerical solutions.
Although there is still no rigorous mathematical proof, this work of E & Shu provides
convincing evidence that 3D swirling flows do not become singular in finite time. We
refer the readers to [18], [19], [23], [95] for more studies in this direction.

When the problem is set on bounded domains, the case of v > 0, k > 0 has been
analyzed in great extent (see e.g. [67] and references therein). Recently, the local
existence and blow-up criterion of smooth solutions for the inviscid case (v = k = 0)
is established in [52], see also [16].

However, as mentioned in the Introduction, due to the lack of information of
spatial derivatives of the solution on the boundary of the domain, the key approach
used for the Cauchy problem does not apply to the initial-boundary value problem.
Furthermore, when either kK = 0 or v = 0, the problem distinguishes itself significantly
from the one with full viscosity. The reasons are as follows: When « = 0, the

Boussinesq system (1.3.3) turns out to be

)
U, +U-VU + VP = vAU + fes,

0, +U-V0 =0, (1.3.4)

V.-U=0,
\
where the temperature equation is a pure transport equation. To establish the global
regularity of the temperature, one has to gain the smoothness of the particle path in

the first place, in other words, one has to achieve the smoothness of the velocity field
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before obtaining any regularity of the temperature. But, this is far from easy mainly
due to nonlinear convection and coupling between the equations for the velocity and
the temperature and gravitational force.

In the direction of ¥ = 0, the situation is more complicated comparing with (1.3.4).

In this case, (1.3.3) becomes

(

Ut+UVU+VP:962,

0, + U - VO = kA0, (1.3.5)

V.U =0,

\
in which the velocity equation becomes the 2D non-homogeneous Euler equations.
From standard results [57] we know that the regularity of the velocity can be built up
only after the C'! estimate of the non-homogeneous term (e, in this case) is achieved.
Again, it is highly non-trivial to establish the C'* estimate of the temperature due to
nonlinear convection and coupling between the equations.

Therefore, the questions of global regularity /finite time singularity for the initial-
boundary value problems for the 2D Boussinesq equations with partial viscosity still
remain as important open problems. We will give definite results to these problems

in this thesis.

1.3.2 Global Existence of Buoyancy Driven Flow

We study the 2D Boussinesq equations with partial viscosity on bounded domains.
1.3.2.1 Casev>0,k=0

In this case, we consider the following IBVP

p

(1.3.4),

(U,0)(x,0) = (Up, 00)(x), x €, (1.3.6)

Ulsa =0,
\

where the boundary condition is the so-called no-slip boundary condition.
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In this thesis, we will generalize the study of [15] and [41] to bounded domains
with typical physical boundary condition (1.3.6);3. For global existence of smooth

solutions, we require the following compatibility conditions

V'Uozoy UO|8Q:Oa

(1.3.7)
VAU0+9082—VP0:O, XE@Q, tZO,
where Py(x) = P(x,0) is the solution to the Neumann boundary problem
APOZV'[eer_UO'VUO], XGQ,
(1.3.8)

VPO . Il|aQ = [VAUO -+ 9062] . Il|aQ,

with n the unit outward normal to 0.

Our main results are stated in the following theorem.

Theorem 1.3.1. Let Q C R? be a bounded domain with smooth boundary 0. If
(0p(x),Up(x)) € H3(Q) satisfies the compatibility conditions (1.3.7)-(1.3.8), then
there exists a unique solution (0,U) of (1.3.6) globally in time such that 0(x,t) €
C([0,T); H3(Q)) and U(x,t) € C([0,T); H*(Q)) N L*([0,T); H*(Q)) for any T > 0.

Moreover, there exists a constant C > 0 independent of t such that
2 , 7 2
(0l < max { UG, 001 S 16¢, 0%}, v >0 (139)
1.3.2.2 v=0,k>0
In this case, the IBVP becomes

p

(1.3.5),

(U,0)(x,0) = (Uo, o) (x), x€Q, (1.3.10)

\U'H|aﬂ =0, Oloq =19,

where 6 is a constant.
Due to the dissipation in the temperature equation and boundary effects, the

temperature is expected to converge to its boundary value. This suggests that the
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equilibrium state of the temperature should be 6. In this thesis, we will prove that
there exists a unique global smooth solution to (1.3.10) for smooth initial data. More-
over, we will show that the temperature converges exponentially to its boundary value
as time goes to infinity, and the velocity is uniformly bounded in time.

For the global existence of smooth solutions, the following compatibility conditions

are required:

UO‘II|8Q:O, V'UOZO,
(1.3.11)
90|aQ == 9, UO . VQO — KA90|QQ = 0.

Our main result is stated in the following theorem.

Theorem 1.3.2. Let Q C R? be a bounded domain with smooth boundary 0. If
(Up(x), 00(x)) € H3(Q) satisfies the compatibility conditions (1.3.11), then there exists
a unique solution (U,0) of (1.3.10) globally in time such that U € C([0,T); H3(Q))
and 0 € C([0,T); H3(Q2)) N L3([0,T); HY(SY)) for any T > 0. Moreover, there exist
constants n > 0,C > 0,C(p) > 0,C > 0, which are independent of t such that for

any fixed p € [2,00),
10 —0)(-,t)||gs < Cexp{-—nt}, Vt>0; (1.3.12)

IUC)llwie < Cp), (0= <C, V20, (1.3.13)

where w = v, — uy s the 2D vorticity

Remark 1.3.1. The results obtained in Theorems 1.53.1-1.3.2 suggest that either the
wviscous dissipation or the thermal diffusion is strong enough to compensate the effects
of gravitational force and nonlinear convection in order to prevent the development of
singularity of the system. It should be pointed out that, in the theorems obtained above,

no smallness restriction is put upon the initial data which is significantly different from

Theorem 1.2.3.
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1.4 Multi-phase/Mixing Flows
1.4.1 Background

This part of the thesis is devoted to the mathematical analysis of multi-phase flows
and mixing flows which are generalizations of studies of 2D Boussinesq equations.
We first study the system of partial differential equations obtained by coupling the
Cahn-Hilliard equation to the 2D Boussinesq equations, which stands for a model
of a two-phase flow under shear and the influence of gravitational force. Then, a
mathematical model of a two-component mixture with a diffusive mass exchange

among the medium particles of various density accounted for (c.f. [5]) is investigated.
1.4.1.1 Multi-Phase Flow

In fluid dynamics, two-phase flow occurs in a system containing, for example, gas
and liquid with a meniscus separating the two phases. Two-phase flow has been
commonly-studied in areas such as large-scale power systems, pump cavitation, cli-
mate systems and groundwater flow. Several features make two-phase flow an inter-
esting and challenging branch of fluid dynamics such as surface tension, significant
density difference and dramatic change in sound speed which introduces compressible
effects into the problem.

In the field of mathematical analysis of two-phase flow, the Cahn-Hilliard equation

¢ = A(F'(9) — alg)

is commonly used, which describes the process of phase separation, by which the two
components of a binary fluid spontaneously separate and form domains pure in each
component. We refer the readers to [3, 10, 11, 12, 7, 28, 33, 76, 101, 102, 103] for
studies on the Cahn-Hilliard equation, and the coupling of Cahn-Hilliard equation
and Navier-Stokes equations.

In this thesis, we consider the coupling of the Cahn-Hilliard and the 2D Boussinesq
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equations:

¢+ U -V = Ap,

p=—al¢+F(9),

U +U-VU+ VP =vAU + V¢ + fe;, (1.4.1)
0,4+ U -V =0,
|V U=0,

where ¢ is the order parameter and p is a chemical potential derived from a coarse-
grained study of the free energy of the fluid (c.f. [37]). System (1.4.1) stands for a
model of a two-phase flow under shear and the influence of gravitational force.

We are interested in the global existence and large-time behavior of smooth solu-
tions to the initial-boundary value problem of (1.4.1). As mentioned in the preceding
section that the main difficulty encountered in the analysis of the Boussinesq equa-
tions is the regularity of the velocity field priori to the regularity of the temperature.
Therefore, when the Cahn-Hilliard equation is coupled to the Boussinesq equations,
the complexity of the problem will significantly increase. More detailed analysis, com-
paring with the IBVP for Boussinesq equations, is required in order to answer the
question of global existence and large time behavior of smooth solutions to (1.4.1).
The study of this part of the thesis is a generalization of the result obtained in [10] in

the sense that we take additionally the effect of gravitational force into consideration.
1.4.1.2 Mizing Flow

The last part of this thesis is concerned with the study of the following system of
equations:

(o) + V- (pU @ U) + VP =V (V- (\pl)) + pf+

V- (uVU = Xp[(VU) + (VU)"] 4+ V(ApU)),
(MF)
pr+ V- (pU) = AAp,

(V- U=0,
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which describes the motion of a two-component mixture, with a diffusive mass ex-
change among the medium particles of various density accounted for (c.f. [5, 56, 58]).
Here, U is the mean velocity, p is the mixture density, g > 0 is the viscosity and
A > 0 is the diffusive coefficient.

For smooth solutions, system (M F') can be simplified by using the density equation

as:

p

p(Up + U -VU) + VP = A[Vp-VU + U -V(Vp)] + AU + pf,

pr+U-Vp=AAp, (1.4.2)

V.-U=0,
\

System (1.4.2) is immediately transformed to the incompressible density-dependent

Navier-Stokes equations by setting A = 0:

(

p(Us + U - VU) + VP = uAU + pf,

pe+U-Vp=0, (1.4.3)

V.-U=0,
\

which generalizes the standard incompressible Navier-Stokes equations for a homoge-
neous fluid to the case of a non-homogeneous fluid. System (1.4.3) is used in applied
fields of fluid dynamics such as oceanology and hydrology and has been well-studied;
see [5, 61].

Concerning (1.4.2), previous investigations were carried out for weak solutions
when the problem is set on a bounded domain 2 C R? with physical boundary
conditions; see [5]. In this thesis, our goal is to improve the regularity of the global

weak solution constructed in [5] via the method of energy estimate.
1.4.2 Summary of Main Results

The results obtained in this chapter are as follows.
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1.4.2.1 Multi-phase Flow

For the IBVP of multi-phase flow:

¢

(1.4.1),

(¢,M,9, U)(X> 0) = (¢07M0790a U0)<X); (144>

\Véﬁ‘n!aﬂzvﬂ'n\aﬂ:oy Ulaa =0,

we require the following compatibility conditions in order to study smooth solutions:

(

V-Uy=0, Voo -n|ga = Vg - njga = Uplaa = 0,
vAUy + 119V o + bpe; — VP =0, x € 09, (1.4.5)

po = —algy + F'(¢o),

\

where Py(x) = P(x,0) is the solution to the Neumann boundary problem

APy =V - [bhey + Vo — Uy - VU],
(1.4.6)
VE- H‘QQ = [I/AUO + 0082] . n|8Q.

Our main results are stated in the following theorem.

Theorem 1.4.1. Let Q C R? be a bounded domain with smooth boundary and suppose
that F(-) satisfies the following conditions:

(H,) Fisof C° class and F > 0.;

(Hy) There exist constants Cy,Cy > 0 such that |[F™(¢)| < C1|o[P~" + Oy,

n=1.---,5 V5<p<ooand ¢ € R;

(H3) There exists a constant Fy > 0 such that F" > —F}.
If ¢o(x) € HYQ), uo(x) € H*(Q), (0h(x),Us(x)) € H3(Q) satisfy the compatibility
conditions (1.4.5)-(1.4.6), then there exists a unique solution (¢, u,0,U) of (1.4.4)
globally in time such that ¢(x,t) € C([0,T); HY(2)) N L*([0,T); H5(2)), u(x,t) €
C([0,T7); H2()) N L*([0,T); H(2)), U(x,t) € C([0,T); H*(2)) N L*([0, T); H*(<2)),
and 0(x,t) € C([0,T); H3(Q)) for any T > 0.
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Remark 1.4.1. The results obtained in Theorem 1.4.1 can be generalized to the case
of parameter dependent viscosity. In other words, we can replace Ap by V- (B(0)V )
and vAU by V - (v(¢)VU) respectively. In this case, the modeling equations describe
more realistic phenomena comparing with (1.4.1). By imposing appropriate conditions
on B(¢) and v(¢) we can study the global existence of smooth solutions to the more
complicated system. However, the proof will be in the same spirit of that for Theorem
1.4.1. Therefore, to illustrate the main ideas, we only present the simple case in this
thesis. In the theorem obtained above, no smallness assumption is put upon the initial

data.
1.4.2.2 Mizing Flow

In the direction of mixing flow, we consider the IBVP

(1.4.2),

(U, p)(x,0) = (Up, po)(x), m < po(x) < M; (1.4.7)

\U|aQ=O, Vp-n|39 = 0.
In order to build up the regularity constructed in [5], we need the following compat-
ibility conditions:
V-Uy=0, Uplon =0, Vpo-nlag =0,
(1.4.8)
AVpo - VU + pAUy + fopo — VP =0, x € 05,

where Py(x) is the solution to the Neumann boundary problem

VPR A o
v ( _ 0) _v. (p_(vpo.VUo+Uo-v(Vpo)) —Uo-VUo+pﬂAUo+fo)»
0 0 0

VP -nlsq = [AVpo - VUy + uAUs + fopo] - 0o
(1.4.9)

Our main results are stated in the following theorem.

Theorem 1.4.2. Let Q C R? be a bounded domain with smooth boundary and suppose

that the constant puy = 2u — XM —m) > 0. If (po(x), Up(x)) € H3(QY) satisfy the
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compatibility conditions (1.4.8)—(1.4.9), then there exists a unique solution (p,U) of
(1.4.7) globally in time such that (p,U)(x,t) € C([0,T); H*(Q)) N L*([0,T); H*(2))

for any T > 0.

Remark 1.4.2. The condition 2p — N(M —m) > 0 can be roughly seen through the
stress tensor in the momentum equation in (MF ), where competition between viscous
dissipation and mass exchange happens. Therefore, the rate of mass exchange must
not exceed a threshold in order to guarantee the exsitence of global solutions. Still, in

the theorem obtained above, no smallness assumption is put upon the initial data.

Concluding Remark. Theorems 1.2.1-1.2.2 are taken from [85]. Theorems 1.3.1-
1.3.2 come from [86] and the results on Boussinesq system can be found in [60] and

[106] respectively.
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CHAPTER 11

1D COMPRESSIBLE EULER EQUATIONS WITH
DAMPING

2.1 Introduction

In this chapter, we consider the one-dimensional compressible Euler equations with
frictional damping:

pr+ (pu)z =0,

(2.1.1)

(pu): + (pu® + P(p))e = —apu.
Such a system occurs in the mathematical modeling of compressible flow through
a porous medium. Here p, u, and P denote the density, velocity and pressure re-
spectively; the constant a > 0 models friction. Assuming the flow is a polytropic
perfect gas, then P(p) = Pyp”, with Fy a positive constant, and v > 1 the adiabatic
gas exponent. Without loss of generality, we take Py = %, a = 1 throughout this
chapter.

After introducing the momentum m = pu, we can rewrite (2.1.1) as follows:

pr +my =0,
9 (2.1.2)

my + (% + P(p))x = —m.

System (2.1.2) is supplemented by the following initial value and boundary conditions:

Mlz=o =0, ml,=1 =0, t>0, (2.1.3)

Where, the last condition is imposed to avoid the trivial case, p = 0.
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For large time, it is conjectured that Darcy’s law is valid and (2.1.2) is well ap-

proximated by the decoupled system
P~t =P (ﬁ)mv

(2.1.4)

Where, the first equation is the well-known porous medium equation while the second

equation states Darcy’s law. The initial boundary conditions turn into

p(x,0) = po(x), 0<z<1,
(2.1.5)
Pile=o =0, Ppls=1 =0, t>0.

When the initial data is small smooth and is away from vacuum, the global ex-
istence and large time behavior of the solutions to (2.1.2)—(2.1.3) were established
in [47] and [48]. However, when initial data is large or rough, shock will develop in
finite time [107], and one has to consider weak entropy solutions. One of the main
difficulties is that the weak solution may contain the vacuum state, where the sys-
tem (2.1.2) experiences resonance since two family of characteristics coincide, [64],
[65] and [66]. In this chapter, we will first construct L weak entropy solutions to
(2.1.2)—(2.1.3) for physical initial data, and then prove that any L> entropy weak so-
lution of (2.1.2)—(2.1.3) converges exponentially to equilibrium state. We then prove

that the solutions of the related diffusion problem (2.1.4)—(2.1.5) tend to the same

equilibrium state exponentially fast in time provided that

1 1
/ po(x)dr = / po(x)dx. (2.1.6)
0 0
We thus justified the validity of Darcy’s law in large time.

Notation 2.1.1. Unless specified, throughout this chapter, C and C; will denote

generic constants which are independent of p,m and t.

2.2 Preliminaries and Main Results

We first introduce some basic facts about system (2.1.2) and the homogeneous com-

pressible Euler equations. For more details, see [26] and [94]. It is convenient to use
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vector form of the system. Set
v = (p7 m)T7 f(v) = (m, — + p_> ) g(U) = (O, —m)T, (221)

we rewrite (2.1.2)—(2.1.3) as

v(z,0) = vo(z), z € (0,1), (2.2.2)

\ m(0,t) =m(1,t) =0.

Clearly, the Jacobian matrix of flux f is
Vf= ) (2.2.3)

which has eigenvalues

)\1:——/), /\2:—+p, (224)
p p
and the so-called Riemann invariants are
9 9
m o p m. P
_ — - _ 2 2.2.5

where 0 = 77_1

We now give the definition of weak solution to (2.1.2)-(2.1.3).

Definition 2.2.1. For every T' > 0, we define a weak solution of (2.1.2)-(2.1.3) to
be a pair of bounded measurable functions v(z,t) = (p(z,t),m(z,t)) satisfying the

following pair of integral identities:

T 1
/ / (P +mapy) da dt +/ potp dz =0, (2.2.6)
0 0 t=0

T 1 m2 T 1
/0 /0 (mwﬁ— <7+P(,0)>wx) dx dt—/o /0 map dx dt+ - mo de =0, (2.2.7)
for all ¢ € C§°(Ir) satisfying (x,T) =0 for 0 <z <1 and ¥(0,t) = (1,t) =0 for

t >0, where It = (0,1)x(0,T), and “ vanishes when p = 0. Moreover, (p,m) satisfy
the initial boundary conditions (2.1.3) in the sense of trace, defined in (2.4.8)-(2.4.9)

below.
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An interesting feature of nonlinear hyperbolic balance laws is that when weak
solution is concerned, the uniqueness is lost. In order to select the physical relevant
solutions, one often imposes entropy admissible conditions. We now define the entropy

and entropy flux pairs.

Definition 2.2.2. A pair of mappings n : R* — R and ¢ : R? — R is called an

entropy-entropy flux pair if it satisfies the following equation
Vq=VnVf.

Let n(p,m/p) = n(p,m). If 7(0,u) = 0, then 7 is called a weak entropy.
Among all entropies, the most natural entropy is the mechanical energy

m? p7

ne(p, m) == Z + m, (228)

which plays a very important role in estimates for entropy dissipation measures. It is

easy to check that 7. is a weak and convex entropy.

Definition 2.2.3. The weak solution v(z,t) = (p(z,t),m(z,t)) defined in Definition
2.2.1 1s said to be entropy admissible if for any convexr entropy m and associated

entropy flux q, the following entropy inequality holds
in the sense of distribution.

Typically, in order to construct approximate solutions to non-homogeneous hy-
perbolic systems, fractional step scheme (operator splitting) is applied. In each time
step, one first solves the associated homogeneous system, then apply the ODE cor-
rection ignoring fluxes. In this chapter, we will use many results of the homogeneous

compressible Euler equations:

Pt+mx:07

my + (m?2 +P(p)) =0,

xT
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or equivalently,
v+ f(v), =0. (2.2.10)

One of the building blocks is the Riemann problem

;

(2.2.10), t>0, z€R,

(pr,my), © <0, (2.2.11)
(p7 m)|t:0 =

L (pramT)7 T > 07
where p;, p., my, and m, are constants satisfying 0 < p;, p., |mi/pi|, |m./pr| < 0.
There are two distinct types of rarefaction waves and shock waves, called elementary

waves , which are labeled 1-rarefaction or 2-rarefaction waves and 1-shock or 2-shock

waves, respectively.

Lemma 2.2.1. There ezists a global weak entropy solution of (2.2.11) which is piece-

wise smooth function satisfying

It follows that the region A = {(p,m) : w < wy, z > 29, w — 2z > 0} is an
invariant region for the Riemann problem (2.2.11). More precisely, if the Riemann

data lies in A, then the solution of (2.2.11) lies in A, too.
Lemma 2.2.2. If {(p,m): a <z <b} CA, then
I I
— — A. 2.2.12
(b_a/apdx,b_a amdx)é ( )
Concerning the IBVP, the boundary Riemann solver is applied.

Lemma 2.2.3. For the mixed problem
(

(2.2.10), t >0, = >0,

(p,m)|t=0 = (po,m0), x>0, (2.2.13)

m|a::0 =0, t >0,
\
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where (py, mo) are constants, there exists a weak entropy solution in the region {(z,t) :

x>0,t> 0} satisfying the following estimates

w(x, t) < max{w<p07 m0)7 _Z(p()u m(])}a
z2(x,t) > z(po,mo), and w(z,t) — z(x,t) > 0.
The term —z(po, mo) is new to the mixed problem because of the shock waves

reflecting off or coming out at the boundary x = 0. Similar to (2.2.13), we can solve

the following mixed problem in the region {(x, t)y: <1, t> O}:

;

(2.2.10), t >0, =<1,

(p;m)|i=0 = (po,mo), <1, (2.2.14)

\ mlz—1 =0, t >0,
The weak entropy solution of (2.2.14) satisfies the following estimates:
z(x,t) = min{z(po, mo), —w(po, o)},
w(z,t) < w(py, mp), and w(x,t) — z(x,t) > 0.
Lemma 2.2.4. Suppose that (p(z,t),m(z,t)) is a solution of (2.2.11) or (2.2.13)
and or (2.2.14). Then, the jump strength of m(x,t) across an elementary wave can
be dominated by that of (p(x,t)) across the same elementary wave, i.e.,
across a shock wave : |m, —my| < Clp, — pil,
across a rarefaction wave :  |m —my| < Clp — pi| < Clpr — pil,

where C' depends only on the bounds of p and |m|.

Lemma 2.2.5. For any € > 0, there exist constants h > 0 and k > 0 such that the

solution of (2.2.11) in the region {(z,t) : |z| <h, 0 <t <k} satisfies
h
/ lp(z,t) — p(z,0)] de < Che, 0<t<k, (2.2.15)
—h

where C' depends only on the bounds of p and |m|, and the mesh lengths h and k

satisfy max;_1 2 sup [\i(p,m)| < 2.
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The following two theorems are the main results of this chapter.

Theorem 2.2.1. Suppose that the initial data (po, mg) satisfy the conditions
0 <po(z) <My, po#Z0, [mo(x)] < Mapo(z),

for some positive constants M;(i = 1,2). Then, for v > 1, the IBVP (2.1.2)-(2.1.3)
has a global weak solution (p(x,t), m(z,t)), as defined in Definition 2.2.1, satisfying

the following estimates and entropy condition:

0<p<C, |m|<Cp ae. for a constant C > 0 independent of t, and

T 1 B . T 1 . (2.2.16)
/ / (nps M)y + a(pm)i) de di — / / 0oy mymd de dt > 0,
0 0 0 0

for all weak and convex entropy pairs (n,q) for (2.1.2)-(2.1.3) and for all nonnegative

smooth functions vy € CA(Ir).

1
Theorem 2.2.2. Suppose / po(z)dxr = p.. Let (p,m) be any L> entropy weak
0

solution of (2.1.2)—(2.1.8) defined in Definition 2.2.1, satisfying the estimates
0<plat) < A< oo, |mle.t) < Mip(e, 1)

where My, A are positive constants and let (p,m) be the weak solution of (2.1.4)-
(2.1.5) with mass px and m = —P(p),. Then, there exist constants C, § > 0 depend-

ng on 7y, p«, \, and initial data such that
. - 2 _
(o — p,m — m)<"t)HL2([0,1]) < Ce™, (2.2.17)

The proof of Theorem 2.2.1 is in the spirit of [104] and [88]. We construct the
approximate solutions vy, derived by the Godunov scheme [36]. The L* norm of
approximate solutions is established. The compensated compactness framework is
then applied to the sequence of approximate solutions to obtain a global weak entropy
solution. The boundary conditions are verified in the sense of trace.

We then prove the exponential decay rate of the L2 -norm of the difference between

solutions of (2.1.2)-(2.1.3) and (2.1.4)—(2.1.5). The proof involves the introduction
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of an antiderivative through mass conservation law, accurate estimation on the dissi-
pation of entropy and and the application of the theory of divergence-measure fields
[21] and Poincaré’s inequality. We will see that an easy lemma plays an important
role in the control of singularity near vacuum. It should be pointed out that the
key approach used for Cauchy problem is to compare the solution of (2.1.2)—(2.1.3)
with the similarity solution of (2.1.4)—(2.1.5) via energy estimates. Unfortunately,
the exponential decay rate cannot be achieved by this approach, due to the boundary
effects. Instead of comparing two solutions directly, we first show that the large time
asymptotic state for both solutions is a constant state (p.,0) and both solutions tend
to the constant state exponentially fast. Hence by the triangular inequality we can
see that the solution of (2.1.2)—(2.1.3) tends to that of (2.1.4)—(2.1.5) exponentially

fast as time goes to infinity.

2.3 Approximate Solutions

The approximate solutions will be constructed by Godunov scheme [36] with operator

splitting. We choose the space mesh length h = &, where N is a positive integer. The

1
N?
time mesh length & = k(h) will be chosen later so that the Courant-Friedrich-Levy

condition

h
max (sup |\ (v)]) < o (2.3.1)

holds for a given T' > 0. We partition the interval [0, 1] into cells, with the ;" cell
centered at ; = jh, 7 =1,--- ,N —1. Set 90 = 0 and zx = 1. We now use the
Godunov scheme to construct a sequence of approximate solutions of (2.2.2). Namely,

we solve the Riemann problems (2.2.11) in the region R} = {(,t) : T 1

<z <

Tiyl, 0§t<k}:

(0 0
a Uy, + % f(yh) = Oa
(pg)am?)? T < xj,
Upli=0 = . .
(pj+17mj+1)7 r>wx;, j=1,---, N—1,
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where

P =+ / po(z) dz, m)=— / mo(z) de, forj=1,---, N.
Wl -

We also solve the mixed problems (2.2.13) and (2.2.14) with (p?, m{) and (p%,m%),

in regions {(x,t) 0<z< T, 0<t< k} and {(x,t) Pay 1 Sx< 1, 0<t< k},

respectively. Then we set
vp(z,t) = vz, t) + V(g,(z,t)t, 0<x<1, 0<t<k, (2.3.2)

where V (v) = (Vi(v), Va(v)) = (0, —m), and

1 i
Ujl‘ - E / Uh(xatl - 0) dl', ]: 17' o 7N' (233)

]'_
Suppose that we have defined approximate solutions vy, (z,t) for 0 < ¢t < t;. We

then define
vp(x,t) = vz, t) + Vv, (2, 6)(t — ), t; <t <tig, (2.3.4)

where v, (x,t) are piecewise smooth functions defined as solutions of the Riemann

problems in the region Ri{(x,t) : z;

o1 ST <TG S U< ti+1}

N

;

(2.2.10),

vi,  x <y, (2.3.5)

Qh(x’ t) |t:ti =

U;H, x>wj, j=1,--- ,N—1,

33



and as solutions of mixed problems in the two regions R} and RY:

Ry = {(z,1) : 0§x<x%, ti <t <t}
)

(2.2.10), x>0, t >t

yh(xat)‘tﬁ‘/i = Uli? T > Oa

mh|m:0 =0.
. (2.3.6)
Ry ={(z,t): ay_1 Sw <1 t; <t <ty

)

(2.2.10), r<l1, t>t,

Qh(xat”t:ti = Uli» T < 17

mh|z:1 =0.
Next, we set

) 1 [%
ot = E/ o, tiy1 — 0)dar, 1<j<N. (2.3.7)

j_
Therefore, inductively, the approximate solutions vy, = (pn, mpn) = (p,, ™) are

well-defined, since p, = 0. We summarize the above process as follows:
vt = Ay 0 Ro Ei(-,v"), (2.3.8)

where A, is the cell-averaging operator (2.3.7), Ex(x,v") is the Riemann solver (3.5)
(or boundary Riemann solver (2.3.6)), and R is the reconstruction step (2.3.4).

For t; <t <t;y1, we set

(t—t,), (2.3.9)

(t —t;), (2.3.10)

where w,, and z, are Riemann invariants corresponding to the Riemann solutions v,,.
With the help of wy(z,t) and z,(z,t) defined by (2.3.9) and (2.3.10), we prove the

following uniform bound for the approximate solutions.

34



Theorem 2.3.1. Suppose that the initial data (po, mo) satisfy the following condi-

tions:

0 < po(x) <M, po(x)#Z0, |mo(x)| < Mapo(z). (2.3.11)

Then, the approzimate solutions (pn, my) derived by the Godunov scheme are uni-
formly bounded in the region Iy = {(x,t) c0<x<1,0<t< T} for any T > 0;

that 1s, there is a constant C' > 0 independent of t such that
0 < pp(z,t) <C, |mp(z,t)| < Cpp(z,t). (2.3.12)

Proof. Assume that 0 < k < 1. For t; <t < t;1; (¢ > 0 integers), the Riemann

invariant properties imply that

t—1;
wnl, ) = wy (e, 1) (1= ) — 2,1
— 1 t'
gsupgh(x,ti—i—O)( ) 1nfzh(xt+0) 5
t—1; wy (T, t
anlw,t) = 20, 0) (1 - =) - h<2 St~ 1)
t—1; t—1;
> inf 2, (z, t; + O)(l - T) — supwy,(z,t; + 0) 5

In particular, we obtain

k k
sup wp(x, ;11 — 0) < supw,(x,t; +0) <1 - 5) —inf 2z, (z, t; + 0)5,

xT

k k
inf 2y (z, t;41 — 0) > inf 2z, (x,t; + 0) (1 — 5) —supw,(z,t; + 0)5
Let o; = max { sup, wy,(z,t; +0), —inf, z,(z,t; + 0)}. Then

max { sup wy(z,ti1 — 0), —inf z,(x, t;q — 0)} < ;. (2.3.13)

T

By (2.3.7) we know that

sup wp(,tip1 +0) < supwp(x, tiyr — 0),
g . (2.3.14)

inf zh(x, t/l:Jrl + O) > inf Zh(.flf, ti+1 — 0)
Therefore

i <oy, and  a; < g, 0<i<n, (2.3.15)
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where oy = max { sup, wo(z), —inf, zo(:c)}. Then, from (2.3.15) and Lemma 2.2.1
and Lemma 2.2.3 we have

wp(x,t) < g, zp(z,t) > —ap, and

wp(z,t) — zp(x,t) > 0.

Then there is a constant C' > 0 independent of h, k and ¢ such that
0< ph(ajat) < Ca |mh(x7t)| < Oph($7t>

This completes the proof the Theorem 2.3.1.

Now, we can choose the time mesh length k& = k(h). Let

)\:max{ sup |)\i(p,m)|},

=12 { 0<p<a, [mI<Cp

then we take

T ANT T
k= —, where n:max{{T] + 1, [E} —i—l}. (2.3.16)

n

For this k, both the CFL condition and 0 < k£ < 1 hold.

2.4 Global Existence of Weak Solutions

With the uniform L* estimates given in Theorem 2.3.1, and the specific structure of
system (2.1.2), now it is standard to apply the compensated compactness framework
([29], [30], [62], [63]) to the approximate solution {wvy}, to conclude that there exists

a convergent subsequence {vp, }52, such that h; — 0 as j — oo and

(pn, (x, t), mp, (x,1)) — (p(z,t),m(z,1)) ae. (2.4.1)

Furthermore, such a limit (p, m)(x,t) satisfies (2.2.6) and (2.2.7) for any test function
U(z,t) € C°(Ir) for any T > 0. Also, the entropy inequality holds in the sense of
distribution. The proof is in the same spirit of [88] and [104], we omit the details

here. Clearly, there is a constant C' > 0 such that
0<plx,t)<C, |m(z,t)] <Cp(x,t) ae.. (2.4.2)
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Now we turn to the initial and boundary conditions of weak solutions. First, we
need to determine the traces of weak solutions whose exact meaning will be stated
below. Let v = (p,m) be a weak solution of (2.1.2) obtained in (2.4.1). We introduce

the generalized function A : C}(R?) — R? as follows: for ¢ € C}(R?),
T
A) = — / / (vt + F()s + glv))dudt, (2.43)
o Jo
We take smooth (o(t), (7 (t), &o(z), &1 (z) with

CO(O) =1, CO(T) =0; CT(O) =0, CT(T) =1

(2.4.4)
§(0) =1, &(1)=0; &(0)=0, &(1)=1
For any x(x), we define the generalized functions:
v (-, 0)(x) = A(x - Co) — x(0)A(&o - Co) — x(1) A& - Go),
v* (-, T)(x) = —A(x - () + x(0)A(& - ¢r) + x (A& - (),
(2.4.5)

fr)(0,-)(x) = Al&o - x),
)1, () = —A& - x),
where (x - (o)(z,t) = x(2)(o(t) and so on mean the tensor product.

Then we can define the trace of v along the segments (0, 1) x {0} and (0, 1) x {T},
and the trace of f(v) along the segments {0} x (0,7) and {1} x (0,T") respectively
as v*(+,0), v*(-,T), f*(v)(0,-) and f*(v)(1,-). Similarly, for any ¢ € (0,7), we can
also define v*(+,t) as the trace of v along the segment (0,1) x {¢t}. For any x € (0, 1),
define f*(v)(x,-) as the trace of f(v) along the segment {x} x (0,7).

Similar to [39], we have

Lemma 2.4.1. Let v satisfy (2.1.2) in distributional sense, then,

v (-, 0)|0n, V(D)0 € Li(0,1);

)0 )0y,  f )L )or € Li(0,T),

(2.4.6)
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and for any ¥ € C}(R?),
/ / 0+ F(0)s + g(0)0)dedt
_ / (2, T)b(w, T)da — / (2, 0)(x, 0)dr (2.4.7)

o [ e na - [ oo

Theorem 2.4.1. Let vy, = (pn,, mn;) be the convergent sequence of approzimate so-
lutions of (2.1.2)—(2.1.83) constructed in Section 3 and v = (p,m) is the limit function

obtained in (2.4.1). Then v(z,t) satisfies the initial-boundary conditions:
m*(0,t) =m*(1,t) =0, te(0,T); (2.4.8)
v*(z,0) = vo(z), z € (0,1). (2.4.9)
Proof. From (2.2.6)—(2.2.7), it is easy to see, for any ¢ € C(R?), that

T 1
lim { [ i o)+ gt oo + |

j—+oo t=

vp,dx —/ Uhﬂﬂdif} =0,
0 t=T
(2.4.10)

which implies
Jj—+o0

T
/ / (v + f(0) + g(v))dxdt + lim [/ vp,Ydx —/ v Pdr] = 0. (2.4.11)
o Jo =0 =T

Therefore, (2.4.7) and (2.4.11) give

jli)grnoo(/t:T vp;Pdr — /t:(] Vp,;Pdr)
1 1

—/ v*(m,T)z/J(a:,T)dx—/ v*(x,0)¢(z,0)dx (2.4.12)
0 0

+ [ rovna- [ 700w

The first component of (2.4.12) reads

/ p*(x, T)(x, T)dx —/ p*(x,0)1(x,0) da:+/ m*(1,t)y(1,t)dt

/m (0, )0 Ot)dt—(/ wdx—/t:0p¢dx):0.
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Taking ¥(z,t) = ((z)x(t) € Cj(R?) with ¢, x € C}(R), and x(0) =1, x(T) = 0,
¢(1) =¢(0) =0 in (2.4.13), we get

| raoc@an = [ .
which implies p*(x,0) = po(x) on (0,1).
Taking ¥(x,t) = ((z)x(t) € C3(R?) with ¢,x € C}(R), and x(0) = x(T) = 0,
C(1) =0, ¢(0) = 1 in (2.4.13), we get

/OT m*(0,t)x(t)dx = 0.

Thus m*(0,t) = 0 on (0,7). It is similar to show that m*(1,¢) = 0 on (0,7"). Using
the second component of (2.4.12), it is easy to show m*(z,0) = mg(z) on (0,1). This
completes the proof of Theorem 2.4.1.

Collecting all results obtained above, we thus conclude the proof of Theorem 2.3.1.
However, we remark that Theorem 2.4.1 might not apply to all weak solutions which
satisfy (2.2.6)-(2.2.7). However, in the same spirit, one could show that the weak
solutions obtained as vanishing viscosity limit with the same boundary condition

(2.1.3) verifies (2.4.8) and (2.4.9). This explains the last line in Definition 2.2.1.

2.5 Large Time Behavior of Weak Solution

Now we investigate the large time asymptotic behavior of any entropy weak solution

of (2.1.2)-(2.1.3), including the one obtained in the preceding section.

Theorem 2.5.1. Let (p,m) be any L> entropy weak solution of the initial boundary

1
problem (2.1.2)-(2.1.3), satisfymg/ po(z)dz = p. and
0
0<p(x,t) <A<oo, |m(x,t)] < Mp(z,t), (2.5.1)

where My, A are positive constants. Then, there exist constants C, 6 > 0 depending

on vy, ps, \, and initial data such that

(0 = per m) (-, t)H;([OJD < Ce. (2.5.2)
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To prove Theorem 2.5.1, we first give a lemma which will play an important role

in controlling the singularity near vacuum.

Lemma 2.5.1. Let 0 < p < A < o0. There is a positive constant C such that

[P(p) = P(pe) = P'(p)(p — po)] < CL[P(p) = P(p.)](p — pu)-

Proof. Consider

there exists d € (0, p,) such that

D) > 5P(p.) >0, for pe[0,d]

For p > d > 0, we can see that

P'(d)(p— p.)* < [P(p) — P(p)](p — ps),

and
P’ (d
, 2“(/)-/)*)2, 1<y<2,
P(p) - P(p*) - PF (p*)(p - p*) < P//(A)
5 (p=p)’ v >2
Choosing

we thus have

P(p) = P(p.) = P'(p)(p — p) < Ci[P(p) = P(p.)] (p — ps)-

This completes the proof of Lemma 2.5.1.
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We then set

wW=p—p., 2Z=m, (2.5.11)
which satisfy
Wy + 2, =0
2 (2.5.12)
2+ (-) +[P(p) = P(p.)], +2=0,
and
1
/ w(z,t)dr = 0. (2.5.13)
0
Define
y = —/ w(o,t)do. (2.5.14)
0
which implies that
Yo = —W=p,—p, Y =2 (2.5.15)
Since
1 1
| otz = [ miayiz =,
0 0
we have
y(0) = y(1) = 0. (2.5.16)

Therefore the second equation of (2.5.12) turns into

2

Y + (m?)x + [P(p) — P(p.)], +y: = 0. (2.5.17)

Multiplying y with (2.5.17) and integrating over [0, 1] using the theory of divergence-

measure fields [21], we have

d ! 1, ! ! m?

il Yy + =y dx—/ y2dw+/ P(p) = P(p:)|(p — ps dac:/ —Yudr.

o [ s g0)an— [ e [ 1P) = Plo)(o - pte= [ 2
(2.5.18)

Since p,u =m/p,m =y, € L>[0, 1], we get

d (! 1 L
- (yty+§y2>dx—/ dx+/ P(p.)] (p—p- daf—/ P2 — / yide,
0 0

(2.5.19)
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1.e.

S s Yot [ 1P = PO pde = [ (2520

In order to deal with the nonlinearity, we now use the entropy inequality, rather

than the usual energy method. Let

L P _w gt
2 A4=1 © 22 y—1

be the mechanical energy and related flux. We define

1

Me = Ne — ﬁP’(p*)(p ps) — ﬁP(p*) (2.5.21)

Thus, by the definition of weak entropy solution, the following entropy inequality

holds in the sense of distribution:
2

1 m
Nt + ﬁ[P,(P*)(P — )t + Gew + 7 <0. (2.5.22)

Since p, is a constant, we get

P’ * m2
Mt + v (_pl) (p - p*)t + Gex + 7 <0. (2523)

By the conservation of mass and theory of divergence-measure fields [21], we have

d 1
7 n*da: —|—/ —dm <0,
ie.,
d 1
p n*dx +/ —tdzc <0. (2.5.24)

Choosing K = max{2, 2A + p*}, we add (2.5.20) to (2.5.24) x K,

1

d 1 L LK —p,
i), (Kn*+yyt+§y2>dx+/o [P(p) — P(p.)] (p—p*)d:er/o Pry2dr <0,

dt 5
(2.5.25)
Using the expression of 7, we get
d ['/K 1 K
o (S + 507+ == [P() = Plo.) = P(p)(p = p.)] ) da
o oo (2.5.26)

+/0 [P<p)—P(p*)](p—p*)dw+/0 K_p*yfdwéo-
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Clearly, Lemma 2.5.1 implies

/0 %[P(’)) = P(p.) = P'(p.)(p — pu)]dz <

CiK (!
v—1Jo

[P(p) = P(p-)](p — p.)du.
(2.5.27)
On the other hand, since P is a convex function, the Lemma 4.1 of [55] and

Poincaré’s inequality imply that there are positive constants Cy and C3 such that
1 1
K , L, K, 1, 2
ki Sy )de < (— - )d
/0 <2pyt+yyt+2y> :v_/o 2pyt+2yt+y T

1 1
K —p,
§O2/ P yfdl‘—k/ yidx
0 P 0

1 1

K — p,

< Cz/ P yfdx+/ y2dx
0 P 0

<G [ TLpae v [ [P - Plo] (= s
’ ’ (2.5.28)

Therefore, for Cy = max{Cy, Cs}, it holds

/01 (Km +yy + %?f)dx < C4(/01 [P(p) = P(p.)] (p — pu)dz + /01 k ; p*ytzd$>-
(2.5.29)

Therefore, from (2.5.26)—(2.5.29), we conclude that there is a positive constant Cj

such that
d ! 1, ! 1,
— (Kn* +yy+ —y )dx +Cs (Kn* Yy + -y )dx <0.  (25.30)
dt J, 2 0 2
Furthermore, since K > 2A > 2p, we know that
Ly
K. +yye+ 5y
2 1 2 K /
> 2y; +yy + 2Y + ﬁ [P(p) — P(ps) — P'(ps)(p — p*)} (2.5.31)

> yi + Colp — ps)?,

where Cj is a positive constant. Hence, (2.5.30) implies that

1
1
/ <K77* + Yy + §y2>d1: < Crexp{—Cj5t}, (2.5.32)
0
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and
1
/ yi + (p— pu)de < Csexp{—Cjt}. (2.5.33)
0

This completes the proof of Theorem 2.5.1.
As indicated in introduction, we also expect that (2.1.2)—(2.1.3) is captured by

(2.1.4)—(2.1.5) time asymptotically if

/O po(x) dx = p.. (2.5.34)

In view of Theorem 2.5.1, we will show that the large time asymptotic state of (2.1.4)—
(2.1.5) is also the constant state (p., 0). Then by applying the triangle inequality we
can prove Theorem 2.2.2.

Consider

pr,0) = polx),  0<z <1, (2.5.35)

P,(0,t) = P,(1,t) =0, t>0,
where P = P(p), and P}(0) = P}(1) = 0, for Py(z) = P(po(x)). The initial data p,
satisfies

1 1
0<po(z) <A, and / po(x)dx = / po(x)dx = p.. (2.5.36)
0 0

The global existence and large time behavior of weak solutions of (2.5.35) has been
established in [4], see also [98]. Here, we give a proof in different version including

the decay of momentum.

Theorem 2.5.2. Let py(x) satisfy (2.5.36). Then for the global weak solution p(z,t)

of (2.5.35) and m = —P,, there exist positive constants ¢, and &, > 0 such that
1
/ ((p— pe)® +M%)dz < crexp{—&it}, as t— +oc. (2.5.37)
0

Proof. First, we note that 0 < p(z,t) < A due to the comparison principle [98].

Second, there is a T > 0 such that p(z,t) > 0 is a classical solution for ¢t > T, see [4].
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Then, for t > T, we consider the equation

(ﬁ - p*)t = (P - P*)x:m

which is equivalent to (2.5.35);, where P = P(p), P, = P(p,). Let

d)(ﬂ?,t) = ﬁ(flﬁ,t) = P
and
= t) d
o= [ vty an

then

Multiplying (2.5.43) by ¢ and integrating over [0, 1] we get
d ('1, L.
— —¢*d P—P,)(p—ps)dx=0.
G [ 5eas [(P=P)G—p)ae

Multiplying (2.5.38) by p — p. and integrating over [0, 1] we get

d (1 b
4 LG puypae + / (P = P)u(p — pu)ada = 0.
0 0

Since (]5 — P, = P, = P'(p)pr = P'(p)(p — ps«)z, one has

d ['1 _ L N
dt / (P = p)dr+ / P'(5)(p = po)a(p = pa)ad =
0 0
ie.
d ("1 '
oS- pordrt / P(5)[(7 — p.)aftdz = 0
0 0

0,

(2.5.38)

(2.5.39)

(2.5.40)

(2.5.41)

(2.5.42)

(2.5.43)

(2.5.44)

(2.5.45)

(2.5.46)



Multiplying (2.5.38) by (P — P,) and integrating over [0, 1] we get

/0 P(5) — Po))(5 — p)ude + / (P~ P),J?dr =0, (2.5.47)

Now, we define

Fio=p)= [ 1Pl +6) = Plplde. (2.5.48)
then we have
Fy = [P(p) — P(p:)](p — ps)e-

So (2.5.47) turns out to be

1

1
4 Fdz + / (P — P,),)*dz = 0. (2.5.49)

From the definition of F', we know

p—p«
F = P d
/0 ()¢,

where ( is between p and p,. Since 0 < p, p. < A we know that

P'(A)
2

0<F< (p— p)?. (2.5.50)

Since P(p) = p7/~, then p = (”yf’)%, and so p; = (715)%_11%. Then we consider
the equation of P
pt = (pr)liiﬁmca
le.

(P~ Py =(yP)' (P~ P)us. (2.5.51)

Multiplying (2.5.51) by (P — P,)., and integrating over [0,1] we get

Coupling (2.5.45), (2.5.46), and (2.5.52), adding the results to (2.5.49), and notice
that P'(p) > 0 and (715)1_% > 0, we arrive at

& [ {6 mp FH(P-P P / (PP (=p+(P=P) Yz <0,

(2.5.53)
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where we have thrown some non-negative terms (in the second part of the LHS) away.

Since ¢, = p — px, by Poincaré’s inequality and (2.5.50) we obtain

[ {e+-prsrip-rophis < [ {(2+550) G-p (P~ PP
(2.5.54)

Now, from Lemma 4.1 in [55], we know that
Co(p— p)> < (P = P)(5 = pa), (2.5.55)

where Cy is a constant. Combining (2.5.54) and (2.5.55) we obtain

[ e+ G- arip-pa e < [ {CulP-P)G-p)+(P-P.I
(2.5.56)

where Cg = (2 + PléA)> /Cy. Therefore, (2.5.56) implies that

1 . 1 .
J AR e R e O R O AR AR ¥
0 0
(2.5.57)
where C1; = max{C}g, 1}. Combining (2.5.53) and (2.5.57) we get
1

dt J, {¢2+(ﬁ_p*)2+F+[(p—P*)w]z}dﬂﬁti {¢2+(ﬁ—p*)2+F+[(15—P*)x]2}das <0,

Cll 0

which implies that

/01 {gb? +(p—p)?+F+[(P- P*)x]2}dx < Cisy exp{ - CLH}’ (2.5.58)

where (15 is a constant depending on the initial data.

Since F' > 0, we obtain

/01 {gb? +(p— )’ + [(ﬁ — P*)z]2}dl‘ < (i exp{ — C’ill}’ (2.5.59)
/01 {¢2 +(p—p)* + fnZ}dx < Chy eXp{ — Cin} (2.5.60)

This completes the proof of Theorem 2.5.2.

Theorem 2.2.2 is a immediate consequence of Theorem 2.5.1 and Theorem 2.5.2.
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CHAPTER II1

3D DAMPED COMPRESSIBLE EULER EQUATIONS

3.1 Introduction

In this chapter we continue the study of the damped compressible Euler equations on
bounded domains. We consider the 3D compressible Euler equations with frictional

damping:

pr+V-(pU)=0
(3.1.1)

(pU)+V - (pU®U)+ VP = —pU,
where p, U, M = pU and P denote the density, velocity, momentum and pressure
respectively; the constant « > 0 models friction and P(p) = %/ﬂ, 1 < 7. System

(3.1.1) is supplemented by the following initial and boundary conditions:

¢

(pa U)(X7 0) = (p07U0)(X)7 X= (x,y,z) € Qa

U-nlpo=0, t>0, (3.1.2)

/pOdX:p>Oa
Q

where 0 C R3 is a bounded domain with smooth boundary 92, n is the unit outward

normal vector on the boundary of €.
Due to the dissipation in the momentum equations and the boundary effect, the
kinetic energy is expected to vanish as time tends to infinity while the potential energy

will converge to a constant. Furthermore, it is easy to see that

[ sttt = [ pixyix =5

due to the conservation of total mass. This suggests that the asymptotic state of the
solution should be (p,U)|i—oo = (p/|€2],0). In this chapter, we will prove, under the

assumption that the initial perturbation around the equilibrium state is small, there
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exists a unique global classical solution to (3.1.1)-(3.1.2) and the solution converges
exponentially to the equilibrium state. We also prove the same is true for the solution

of the decoupled system

ﬁt = AP(ﬁ)?
) (3.1.3)
i = —VP(p),
with the initial and boundary conditions
ﬁ(xa O) = ﬁO(X)u X € Qa
(3.1.4)

(VP(p)) -mlog =0, >0,

/ﬁodX:/podx. (3.1.5)
0 0

Notation 3.1.1. Throughout this chapter, the energy space under consideration is:

provided that

X5([0,7),Q) = {F : Qx[0,T] = R*(or R) | 0;F € L>([0,T); H**'(Q)),1 = 0,1,2,3},
equipped with norm

3 1/2
|Fllsz = ess sup [I[FC DIl = ess sup [STI0FC, 03]
0<t<T 0<t<T -°2,

for any F € X3([0,T),Q2). Unless specified, throughout this chapter, C' and C; will
denote generic constants which are independent of p,U and t. The values of the

constants are different from those in previous chapter.

In this chapter, we generalize the study of [93] on bounded domains with the
slip boundary condition (3.1.2)s. For the global existence and large time behavior of

classical solutions, we have the following

Theorem 3.1.1. Suppose that the initial data satisfy the compatibility condition, i.e.,
OLU(0) - nlpg = 0,0 < 1 < 2, where OLU(0) is the I'" time derivative at t = 0 of any
solution of (3.1.1)-(3.1.2), as calculated from (3.1.1) to yield an expression in terms

of po and Uy. Then there exists a constant € such that if (py — p/|Q|, Uy) € H?*(Q)
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and ||(po — p/|2, Uo)|lms < €, then there exists a unique global solution (p,U) of
the initial-boundary value problem (3.1.1)—(5.1.2) in C*(2 x [0,00)) N X3([0, 0), £2).
Moreover, there exist positive constants C' > 0,n > 0, which are independent of t,

such that

IGo = /1D DI+ U DI < Cli(po — p/1€U, Uo)l| s exp{—nt}.  (3.1.6)

Concerning the relationship between the solutions of (3.1.1)—(3.1.2) and (3.1.3)—

(3.1.5), we have

Theorem 3.1.2. Let (p,U) be the unique global classical solution of (3.1.1)-(3.1.2)
and define M = pU. Let (p, M) be the global solution of (3.1.3)-(8.1.5) with py €
L>®(Q), and 0 < po < p* for some constant p* satisfying p/|Q| < p* < oo. Then,

there exist constants C, 6 > 0 independent of t such that
1(p = B)C, )l + (M = M)(-,1)|| < Cexp{—dt}, ast— oc. (3.1.7)

We prove Theorem 3.1.1 by showing the global existence and large time behavior
of classical solutions to the IBVP for the perturbation (p — p/|€2|, U — 0). Due to the
slip boundary condition, the classical energy estimates can not be applied directly
to spatial derivatives. The proof of Theorem 3.1.1 is based on some special energy
estimates which strongly depend on the estimate of VU by V x U and V - U, see
Lemma 3.3.2 below. Using the special structure of (3.1.1) together with an induction
on the number of spatial derivatives, the estimate of total energy is reduced to those
for the vorticity and temporal derivatives. And the proof is completed by showing
that (3.1.6) is true for the vorticity and temporal derivatives. Compared with the
classical energy estimate for 3D initial-boundary value problems, which requires the
localization of 02, see for example [75, 90], our approach is short and neat. This idea
has also been used for the incompressible Euler equations in a free boundary problem,

see [24].
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Theorem 3.1.2 is proved in a similar fashion as Theorem 2.2.2. We prove that
both solutions of (3.1.1)—(3.1.2) and (3.1.3)—(3.1.5) tend to the same equilibrium
state exponentially fast. Thus, Theorem 3.1.2 is an easy consequence of the triangle
inequality. Moreover, the proof of the asymptotic behavior of the solution of (3.1.3)—
(3.1.5), see Theorem 3.4.1 below, requires neither smoothness nor smallness condition
on the initial data, i.e., the initial perturbation around the asymptotic state could
be rough and large, which is a significant difference from the proof of Theorem 3.1.1.
The argument is somewhat delicate mainly due to the nonlinearity in the diffusion. It
should be pointed out that, the global existence and large time behavior of solutions
of (3.1.3)-(3.1.5) have been studied in [4] based on dynamical system approach, see
also [98]. In this chapter, we give a different proof on the asymptotic behavior of the
solution based on the method of energy estimate. The decay in momentum is also

achieved.

3.2 Reformulation and Local Existence

In order to carry out standard energy estimate, we first reformulate the IBVP (3.1.1)—
(3.1.2). Without any loss of generality, we assume p/|2] = 1. First we reformulate
(3.1.1) to get a symmetric hyperbolic system. Introducing the nonlinear transforma-
tion & = p’/0 with 0 = (v — 1)/2 (p is called sound speed) we get from the original
system that

o +U-Vo+0cV-U =0,

U+U-VU+06Vs =—U.
Since the equilibrium density is conjectured to be p/|Q2| =1, we let ¢ = 6 — 1/6 and

get the desired symmetric system for the perturbation

or+U-No+60oV-U+V-U=0,
(3.2.1)

U +U-VU+60cVo+Vo=-U.
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The initial and boundary conditions become

(U7 U) <X7 O) = (007 UO)(X>7

(3.2.2)
U-nlpa=0, t>0,
with
(4
_ A1
og = ) 9

The following lemmas are consequences of regularity and could be proved using the

same idea in [93].

Lemma 3.2.1. For anyT > 0, if (p,U) € C*(Q x[0,T]) is a solution of (5.1.1) with
p >0, then (o,U) € CY(Q x [0,T)) is a solution of (3.2.1) with ((yv—1)/2)c +1 > 0.
Conversely, if (o0,U) € CY(Qx[0,T)) is a solution of (3.2.1) with ((y—1)/2)c+1 >0
and p = (((y—=1)/2)0 + 1)Y=V then (p,U) € C1(Q x [0,T]) is a solution of (3.1.1)

with p > 0.

Lemma 3.2.2. If (p,U) € C*(Q x [0,T]) is a uniformly bounded solution of (3.1.1)
with p(x,0) > 0, then p(z,t) > 0 on Qx[0,T]. If (o,U) € C*(Qx[0,T)) is a uniformly
bounded solution of (3.2.1) with ((y—1)/2)o(x,0)4+1 > 0, then ((y—1)/2)o(z,t)+1 >
0 on 2 x [0,T].

The following local existence result can be established using the arguments in [90].

Lemma 3.2.3. If (00,Uy) € H3*(Q) and satisfy the compatibility condition, i.e.,
OLU(0) - nlpg = 0,0 < [ < 2, then there exists a unique local solution (o,U) of
the initial-boundary value problem (3.2.1)-(3.2.2) in C1(Q x [0, T]) N X3([0,T], Q) for
some finite T > 0. Moreover, there exist positive constants €, Co(T) such that if

o (-,0)|| s + [|U (-, 0)|| s < 0, then ||ollsz + |Ullsz < Co(llo(-,0)][ s + U (-, 0)||a2) -
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3.3 Global Existence and Large Time Behavior

We now prove the global existence and the large time behavior of the solution of

(3.2.1)-(3.2.2). For convenience, we let
3

W) = lle@1F + U =D (180 @)l + 10U O 7). (33.1)

1=0
Theorem 3.3.1. There exists ¢ > 0 such that if W(0) < €2, then there is a unique

global classical solution of (3.2.1)—(3.2.2) such that there exist positive constants C' >

0,n > 0, which are independent of t, such that

W(t) < CW(0)e ", (3.3.2)

The proof of Theorem 3.3.1 is based on several steps of careful energy estimates
which are stated as a sequence of lemmas. First we recall some inequalities of Sobolev
type (c.f. [97]).

Lemma 3.3.1. Let Q be any bounded domain in R® with smooth boundary. Then
1) [[flle) < Cll fllaz@),
(i) [[fllr) < Cllfllme), 2<p<6,

for some constant C' > 0 depending only on 2.

Due to the slip boundary condition, the spatial derivatives are unknown on the
boundary. Following the standard procedure, see for example [75, 90|, one can es-
tablish the energy estimates for the spatial derivatives by using cutoff functions and
localizations of 0f2, and Theorem 3.3.1 could be established in this fashion. However,
we notice that the proof is long and tedious. Here we give another version of the proof

which is short and neat. The proof will strongly depend on the following lemma (see

[9]), which gives the estimate of VU by V- U and V x U.

Lemma 3.3.2. Let U € H*(Q2) be a vector-valued function satisfying U - n|aq = 0,

where n is the unit outer normal of 0S2. Then

1U]

we < CO(||V x UJ

Hsfl+||v'U|

Hs—1 “I‘ ||U|

et), (3.3.3)
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for s > 1, and the constant C' depends only on s and €.

The next lemma is an application of Lemma 3.3.2, which plays an important role
in the proof of Theorem 3.3.1. Indeed, the lemma states that the spatial derivatives

are bounded by the temporal derivatives and the vorticity. Let w = V x U and define

3 2
E@t)=Y_ (190l +10{U]7?), and V()= [8w]F=-, (3.3.4)
=0

=0

Lemma 3.3.3. Let (0, U) be the solution of (3.2.1)-(3.2.2). There is a small constant
<

§ such that if W(t) < 6, then there exists a constant Cy > 0 such that

W(t) < Cy (V(t) + E(t)).

Proof. From the velocity equation (3.2.1); we have

1
Va_—90+1(U+Ut+U-VU). (3.3.5)

Taking the L? inner product of (3.3.5) with Vo, we get

1
HvdP:K;ﬁU+NU+UHJLVvaaﬁ;

using the smallness of W (¢), Lemma 3.3.1 (i), and Cauchy-Schwartz inequality, we

easily get
IVell* < CIUIP + [1UA7) + CIUIL= IV UI*
(3.3.6)
3
< C(IUIF +10:1%) + Cw ()2
The continuity equation (3.2.1); implies
V.U = = (oo +U-Vo) (3.3.7)
= 00_+1 O¢ o). ..
Therefore, we obtain
IV- U2 < C(lloll? + W), (3.3.8)
Using Lemma 3.3.2 with s = 1 and (3.3.8) we have
IUNE < Clwl* + 1V - UlI* + 1U]1%)
(3.3.9)

< C(lwll* + lloel* + U117 + W(e)?).
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Next, we take time derivatives of (3.3.5) and (3.3.7). It is clear that every time
derivative up to order two of Vo and V - U is again bounded by E(t). Furthermore,
together with an induction on the number of spatial derivatives, the same is true for
any derivative up to order two of Vo and V - U. By applying Lemma 3.3.2 with
s = 1,2, 3 respectively we finally deduce the lemma. This completes the proof of
Lemma 3.3.3.

Lemma 3.3.3 reduced the estimate of W(t) to those for E(t) and V(¢). Our next

goal is to deal with the estimates of E(t) and V(¢).

Lemma 3.3.4. There is a constant C' > 0 such that

d 3 3
~E +2§ U112 < OW (t)2. 3.1

Proof. Zero order estimate: We calculate ¢(3.2.1); + U - (3.2.1)3 and get

%%(JMUE)HUP = —(14+0)o(U-Vo)—0c*(V-U)-U-(U-VU)-V-(cU). (3.3.11)

Integrating (3.3.11) over 2 using the Divergence Theorem and the boundary condition

we get

d
ZlelP +1U1P) + VI < C(IVollze + IV =) (lo” + [UIF). - (3.3.12)

N —

Applying Lemma 3.3.1 (i) to (3.3.12) we get
d 2 2 2 3
= (lo” + 1UI%) + 2|V < CW ()=, (3.3.13)

First order estimate: Differentiating (3.2.1) with respect to ¢, multiplying the
resulting equations by oy, U; respectively, we get

1d
S0+ UL + U]

~(1/2 = )02V - U) ~ 0u(Us - Vo) ~ Uy - (U, VU) — 5|0V - 1)

2 2
~V. (MU + (00 + l)atUt).
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Integrating the above equation over € using the boundary conditions U - n|gq = 0

and Uy - n|sq = 0 we get
Lol + 10AP) + 200 < C(I90lli + IV - Ullm + [ VU e) WD), (3314)
for some constant C' > 0. From Lemma 3.3.1 (i) we get
L (ol + 101 + 2102 < CW ey (3:315)

Second order estimate: Repeating the above procedure again for 2nd order time

derivatives we get the following
d 2 2 2 3
%(HUttH F (| Ull?) + 21U < CW(t)%. (3.3.16)

Third order estimate: If we repeat the above procedure to the 3rd order estimates,
we find that the 4th order estimates will be needed due to the Sobolev inequality in
Lemma 3.3.1 (i). However, this issue could be resolved by Lemma 3.3.1 (ii). We

calculate 92007 (3.2.1); + 93U - 93(3.2.1)5 and get

1d
2dt

1 1
(05 + [Ual?) + [Upse|? :[§(V -U)(|Ue]?) + (5 —0)(V-U)op,—

(Uttt . VO' + 3Ut . VO'tt + 300tV . Utt)attt_
(Uttt . VU + 3Ut . VUtt + 390tV0tt) . Uttt:| —
{3(Utt . Vat + GattV . Ut)attt+

3(Uy - VU + 00N oy) - Uttt}_

‘UtttP

2
g
V- (%U + TU + (ea)o—tttUttt> .

Integrating the above equation over 2, applying Lemma 3.3.1 (i) to the terms inside

the [ ] we get

1d
5@(”0}&”2 + HUttt”Q) -+ HUttt”Q S CW(t)% + 3’ / Uttt(Utt . VO't + GO'tt . VUt)dX‘
Q

+ 3’ / Uttt . (Utt . VUt + QO'ttVO't)dX‘.
Q

o6



Using Holder’s inequality, Lemma 3.3.1 (ii), and Cauchy-Schwartz inequality we can

estimate the second term on the RHS above as follows:
‘ /Qam(Utt Vo, + oy - VUt)dx‘
< lowll 2 (1Us | L2 | Dol o + Oll 0w || DU | 4)
< Cllowllze (Ul 1D + Ol | DU 1) (3:3.17)
< Cllowelz (1Tl + [|1DoullFe + llowllipn + 1DU 7))
< CW(t)2.
The third term can be estimated in the same way. Then we get the 3rd order estimate:

d
E(HaﬁtH? + Ut |?) + 2)|Usse]? < CW(t):. (3.3.18)

Therefore, (3.3.10) follows from (3.3.13), (3.3.15)—(3.3.16) and (3.3.18). This com-
pletes the proof of Lemma 3.3.4.
Lemma 3.3.4 contains the dissipation in velocity. In the next lemma we are going

to explore the dissipation in density due to nonlinearity.
Lemma 3.3.5. There exist constants cy, C' > 0 such that

d (< B 3 s 3
@(Z/Q (o 1a&ia)dx) + 3 18lol? < OW()F + o0 > I0UIP. (3.3.19)
=1 1=0 =0

Proof. First of all, due to the conservation of total mass we know [,(p — 1)dz = 0,
where p is the solution of (3.1.1) and 1 = p/|€?| is the equilibrium state of p. Letting
p = p— 1, then Poincaré’s inequality (c.f. [34]) implies that ||p|> < C||Vp|>. By
definition, o = (7p + 1)p for some 7 € [0,1] and Vo = (p + 1)?"1Vp. So that for
W(t) small, ||o]|? < C||Ve|*. Using (3.3.6) we obtain

lo]* < C(W(®)2 + |[UIP + |U:l?).- (3.3.20)
Calculating 0,(3.2.1); — (Ao + 1)V - (3.2.1)2 we get
i+ (U-Vo) +00,(V -U) — (60 + 1)V - [U VU + (90 +1)Vo + U] — 0. (3.3.21)
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Multiplying (3.3.21) by o we obtain

owo + (U -Vo)o+00,(V-U)o— (0o +1)V - |U-VU + (0o +1)Vo +Ul|o
=(00,); — 0t + (U - Vo) + 000,V -U) + (05 +1)oV - U,

=(001); — 07 + (U - Vo)o + (U -Vay)o + 0o (V - U)+
V- [(06® +0)U] — U - V(00* + o)
—(00y); — 02 + (U, -Vo)o +V - (oo U) — 00y(V - U) — 0y(U - Vo) 4 oo (V - U)+
V- [(60% + 0)U] — U, - V(65° + 0)

—(00y); — 02+ (U, -Vo)o + (0 — 1)ooy (V- U) — 0,(U - Vo) — 200U, - Vo—
Ug-Vo+V-[(06°+ 0)U; + o0,U]

=0,
(3.3.22)

where we used the equation U - VU + (6o + 1)Vo + U = —U,. Integrating (3.3.22)

over {2 and using Cauchy-Schwartz inequality we get

d 3
_E</ oodx) + ol < C(W(E): + Vol + U]2), (3.3.23)
Q

which together with (3.3.6) gives

d 3
_£</ “tdx> +lou* < C(W@)z + U+ UP). (3.3.24)
Q

Next, we take time derivatives of (3.3.21). Similar derivations show that

d
_ a(/ O'tO'tth> + HattH2 < C(W( )% + HUtH2 + HUtt” )
Q
d 2 3 9 9
_ _</ UttUttth> + |loww||” < C(W(t)2 + ||Uwel|” + |Ussel| )’
dt\ Jq

which together with (3.3.20) and (3.3.24) deduce (3.3.19). This completes the proof

of Lemma 3.3.5.

Now, we are ready to combine Lemma 3.3.4 and 3.3.5 to characterize the total
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dissipation. For this purpose, we let Cy = max{2, ¢}, and define

E\(t) = CLE(t) —i / (0 00lo) dx
=1 8 (3.3.25)

3 3
=Gy (Jofol? + lau)?) = Y / (9 00kor)dx.
1=0 =1 7 Q
It is easy to see that F;(t) > 0 for any ¢t > 0. Then we have

Lemma 3.3.6. There exist constants C3,C' > 0 such that

CE) + CuB(r) < OW (1)} (3.3.26)

e

Proof. Cy x (3.3.10) + (3.3.19) yields

d > ’ s
() + co Y QU+ [oe]* < CW(t)2. (3.3.27)
=0 =0

Let C3 = min{co, 1}, then (3.3.26) follows directly from (3.3.27).

The next lemma is contributed to the estimate of V() defined in Lemma 3.3.3.

Lemma 3.3.7. For V (t) defined in Lemma 3.3.3, there exists a constant C' > 0 such

that

Nlw

SVt rav( <ownt (3.3.28)

Proof. Taking the curl of the velocity equation of (3.2.1) we get
witw=-U-Vuo+w-VU—-w(V-U).

Let O denote any mixed time and spatial derivative of order 0 < [|9] < 2, then by

taking any mixed derivative of the above equation, we get
Owp + 0w =0H{-U - -Vw+w-VU —w(V-U)}.

Multiplying the above equation by dw and integrating the resulting equation by using
the boundary condition, together with the standard energy estimate used in deriving

(3.3.17), we get
1d 3
L )|+ lw(ol < CW(H)}.
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Finally, we deduce the lemma by summing up the above inequality for all 0 < |9| < 2.

This completes the proof of Lemma 3.3.7.

Proof of Theorem 3.3.1. From (3.3.3), (3.3.25), and the definition of Cy we can

easily see that E(t) and E)(t) are equivalent, i.e., there exist constants ¢1, co > 0 such

that

aBi(t) < E(t) < B ().

Then, by (3.3.26) and (3.3.29) we have

I

d

Combining (3.3.28) and (3.3.30) we get

4
dt

N|w

Let Cy = min{2, ¢;C5}, then we get from (3.3.31) that

d

E(V(t) + El(t)> +C,4 (V(t) + El@)) < CW ()3,

On the other hand, from (3.3.4) and (3.3.29) we see that
W(t) < (V(t) + CQEl(t)).
Let C5 = max{Cy, c2C1 }, then we get
W(t) < Cs <V(t) + El(t)).

For W (t) sufficiently small, (3.3.32) and (3.3.34) yield

d
dt

Thus, we get
d

C(vi+Bm)+ 2 (vin+ Bwm) <o,

(V (t) + El(t)> + (2\/ (t) + ClcgEl(t)> < CW(t)3.

(V(t) + El(t)) + 0, (V(t) o) (t)) < % (V(t) + El(t)>.

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

(3.3.34)

(3.3.35)

(3.3.36)

which yields the exponential decaying of V(t) + E1(t). Finally, the exponential decay

of W (t) follows from (3.3.34). This completes the proof of Theorem 3.3.1.
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3.4 Asymptotic Behavior and Porous Medium Equation.

We turn to the investigation of the large time behavior of classical solutions of (3.1.3)—
(3.1.4). As indicated in the introduction, we expect that (3.1.1)—(3.1.2) is captured

by (3.1.3)—(3.1.4) time asymptotically if

/ﬁodx = / podXx = p.
0 0

In view of Theorem 3.3.1, we will show that the large time asymptotic state of (3.1.3)—

(3.1.4) is also the constant state (p/|€2|,0). Then, by applying the triangle inequality

we can prove Theorem 3.1.2. Without loss of generality, we assume p/|Q2| = 1.
Consider

pr=AP(p),

5(x,0) = o), x €9, (3.4.1)

(vp(ﬁ)) ) l’llag =0, t=>0,

\

where the initial data satisfy

/ Fodx = p, fol(x) € L=(Q),
0 (3.4.2)

0 < po(x) < p* for some constant 1 < p* < oo.

The global existence of solutions to (3.4.1)—(3.4.2) has been established in [4], see
also [98]. It is also shown in there that |[(p — 1)||z~ tends to zero exponentially as
time goes to infinity. Here, we give a different proof based on the method of energy

estimate including the decay in momentum.

Theorem 3.4.1. Let j be the global solution of (3.4.1)-(3.4.2) with M = —V P(p).

Then, there exist positive constants C' > 0,1 > 0 independent of t such that
1(p = Dllar + |M(-,8)]| < Ce™™, as t — oo
Proof. First, we observe that due to the comparison principle (c.f. [98]),
0<p(x,t) <p*, V(x,t)€Nx[0,00). (3.4.3)
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Second, there is a T' > 0 such that p(x,t) is a classical solution and p(x,?)

t > T and x € , see [98]. Then, for t > T, we consider the equation

(p = 1) = A(P(p) — P(1)).

1
>§for

(3.4.4)

Taking L? inner product of (3.4.4) with (p — 1) we obtain, after integration by parts

2dtn (5> - /A P)(p ~ 1)dx

o [ IV(PG) - PO)P
2dt Dl / P’ o
=0.

Using (3.4.3) we get from (3.4.5) that

5710 = DI+ I 9(P(G) — PO <0

Since p = 4Y7PY/7_ for smooth solutions, (3.4.1); is equivalent to
P, — APl AP =0,

where P = P(j). Now, we define

then we get

d, — aPTV(AD) =0,

where a = v'71/7. Taking L? inner product of (3.4.8) with A® we obtain

1d

2dt\|vq>||2 +aP(1/2)Y7)A9|% < 0.

Combining (3.4.6) and (3.4.9) we deduce
12 2 2 2\
216G — 0P+ Ve + (Ve + ad)) <o
for Cs = min{1/P'(p*),aP(1/2)'~1/7}.
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(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)



To explore the secret of (3.4.10), we observe that since

®=P(p)— P(1) = P'(o)(p— 1)
for some p € [1/2, p*|, then

12]* < P'(p")?[l(p — DI,
(3.4.11)
IVel* > P'(1/2)%V (s - D*

Due to the conservation of total mass, i.e. / (p — 1)dx = 0, and Poincaré’s inequality
Q

we get

Jo)2 < P'(p")?)1 (5 — 1)
< CP/(p V(5 — D) (3.4.12)
oo

Combining (3.4.10)—(3.4.12) we obtain

1d

5= (16 = DI+ 19912) + Co (= DI? + Ve + |ae]?) <0, (3.4.13)

for some constant C'; > 0 depending on p*. Finally, we deduce the theorem by
(3.4.11), (3.4.13) and noticing that M = —V®. This completes the proof of Theorem
3.4.1.

Theorem 3.1.2 in Section 1 is an immediate consequence of Theorem 3.3.1 and

Theorem 3.4.1.
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CHAPTER IV

2D BOUSSINESQ EQUATIONS

4.1 Introduction

In this chapter we consider the 2D viscous Boussinesq equations

U+U-VU+ VP =vAU + fe,,

0, + U - V0 = kA, (4.1.1)

V-U=0,

\

where U = (u,v) is the velocity vector field, P is the scalar pressure, € is the scalar
density, the constant v, x > 0 model viscous dissipation and heat diffusion respec-
tively, and e, = (0,1)T. In this chapter, we consider (4.1.1) in a bounded domain
Q C R? with smooth boundary 992 and with partial viscosity (i.e., either v > 0,k = 0
or v =0,k > 0). The system is supplemented by the following initial and boundary
conditions:

Forv>0,k=0:

(U7 0)(}(7 0) = (U07 60>(X)7 X € Q?
(4.1.2)
U|aQ =0.

Forv=0,rk>0:

(U,0)(x,0) = (U, 0p)(x), x €€
) (4.1.3)
U- n|8Q = 07 0|8Q = 07

where 6 is a constant and n is the unit outward normal to O)..

Notation 4.1.1. Throughout this chapter, the function spaces under consideration
are:

C([0, T} 7)) and  L*([0,T); HY(Q)),
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equipped with norms

sup [[U(-,t)|[ms, for W e C([0,T]; H(Q)),

0<t<T

(/OTH\I’(-,T)H%MdT) 1/2, for W e L2([0,T]; H*(Q)).

Unless specified, throughout this chapter, C' will denote various generic constants
which are independent of U and 0, but may depend on the time T. Moreover, the

values of the constants are different from those in previous chapters.

In this chapter, we will generalize the study of [15] and [41] to bounded domains
with typical physical boundary conditions. For the global existence of smooth solu-
tions, we require the following compatibility conditions:

Forv>0,k=0:

V'[]0:07 UO|8Q:0a

(4.1.4)
VAU0+9082—VP0:0, XE@Q, tZO,
where Py(x) = P(x,0) is the solution to the Neumann boundary problem
APO =V- [9082 - U - VU()], X € Q,
(4.1.5)
\ VF,- nyag = [I/AUO + 9062] . Il|ag.
Forv=0,k>0:
Uo'n|aQ:0, V'U():O,
) (4.1.6)
L 60’39 = 6, UO : Veo — KZAQ()’BQ =0.

Our main results are stated in the following theorems.

Theorem 4.1.1 (For v > 0,k = 0). Let Q C R? be a bounded domain with smooth
boundary. If (0p(x),Us(x)) € H3(Q) satisfies the compatibility conditions (4.1.4)-
(4.1.5), then there exists a unique solution (0,U) of (4.1.1)-(4.1.2) globally in time
such that 8(x,t) € C([0,T); H*(R2)) and U(x,t) € C([0,T); H*(Q))NL*([0,T); H*(Q))

for any T > 0. Moreover, there exists a constant C > 0 independent of t such that

C_12
1003 < max {JUC, 02 1000}, Vizo0. (4.1.7)
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Theorem 4.1.2 (For v = 0,k > 0). Let Q C R? be a bounded domain with smooth
boundary 9. If (Uy(x), 00(x)) € H?(Q) satisfies the compatibility conditions (4.1.6),
then there exists a unique solution (U,0) of (4.1.1) and (4.1.3) globally in time such
that U € C([0,T); H*(Q)) and 6 € C([0,T); H3(Q2))NLA([0,T); H*(Q)) for any T > 0.
Moreover, there exist constants n > 0,C > 0,C(p) > 0, which are independent of t

such that for any fixved p € [2,00),
10 = 0) (-, )llus < Cexp{—nt}, [U(t)[lwir <C(p), V120 (4.1.8)

The proofs of the above theorems mainly consist of two parts. First, we show the

global existence of weak solutions, i.e., solutions satisfying the following definitions:

Definition 4.1.1. (0,U) is said to be a global weak solution of (4.1.1)-(4.1.2), if for
any T >0, U € C([0,T); L*()) N L*([0, T); Hy()), 0 € C([0,T); LP(2)),V 1 < p <
oo, and it holds that
T
/UO-@(x,o)dx+/ / (U@, +U- (U- V) + 06,
Q o Ja
— vV - Vu—1vVoy - Vv)dxdt =0,
T
/ Oorp(x,0)dx + / / (Hwt +0U - Vw) dxdt = 0,
Q o Ja
for any ® = (¢, ) € C(Q x [0,T])? satisfying ®(x,T) =0 and V- ® = 0, and for

any ¥ € C°(Q2 x [0,T)) satisfying ¢ (x,T) = 0.

Definition 4.1.2. (U, 0) is said to be a global weak solution of (4.1.1) and (4.1.3), if
foranyT >0, U € C([0,T); H(Q)), 8 € C([0,T); L*()) N L*([0,T); H(Q)), and it
holds that

T
/Uo.q>(x,0)dx+/ /(U-cbt+U~(U-v¢)+9e2.c1>)dxdt:o,
Q 0 Q

T
/eow(x, O)dx+/ / (041 + OU - Vip — V6 - Vi) dxdt = 0,
Q 0 Q

for any ® = (¢1,¢9) € C°(Q x [0,T))? satisfying ®(x,T) = 0, V-® = 0 and
¢ - nlgg =0, and for any ¢ € CF°(Q x [0,T]) satisfying ¥ (x,T) = 0.
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We then build up the regularity of the solution by energy estimate under the ini-
tial and boundary conditions. The energy estimate is somewhat delicate mainly due
to the coupling between the velocity and density equations by convection and grav-
itational force and the boundary effects. Great efforts have been made to simplify
the proof. Current proof involves intensive applications of Sobolev embeddings and
we will see that the Ladyzhenskaya’s inequalities play a crucial role in the estima-
tion of the solutions. The results on Stokes equations by Temam [97] and classical
results on elliptic equations [2] are important in our energy framework. These are
mainly due to the problem is set on the bounded domain, distinguishing itself from
the Cauchy problem in [41] and [15]. Roughly speaking, because of the lack of the
spatial derivatives of the solution at the boundary, our energy framework proceed as
follows: We first apply the standard energy estimate on the solution and the temporal
derivatives of the solution. We then apply the Temam’s results on Stokes equation
and the results on elliptic equations to obtain the spatial derivatives. Such a process
will be repeated up to third order, and then the carefully coupled estimates will be
composed into a desired estimate leading to global regularity, large-time behavior and
uniqueness of the solutions. These results suggest that either the viscous dissipation
or the heat diffusion is strong enough to compensate the effects of gravitational force
and nonlinear convection in order to prevent the development of singularity of the
system. It should be pointed out that in the theorems obtained above, no smallness
restriction is put upon the initial data which is a major difference from Theorem

3.1.1.

4.2 Preliminaries and Weak Solutions

We first list several facts which will be used in the proofs of Theorems 4.1.1 and 4.1.2.
Then we prove the global existence of weak solutions. First we recall some Sobolev

and Ladyzhenskaya type inequalities which are well-known and standard (c.f. [97]).
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Lemma 4.2.1. Let Q C R? be any bounded domain with C' smooth boundary. Then
the following embeddings and inequalities hold:

(i) H'(Q) — LP(Q), V1< p < oo;

(ii) WhP(Q) — L>®(Q), V2 < p < oo;

(iii) [I£lZ+ < 20FIIV AN, ¥ f:Q— Rand f € Hy(Q);

(@) 112 < CULMIVAN+IF), ¥V f - Q— R and f € H(Q);

() 1112 < CAULNIV e +1FI7), ¥ f: Q=R and £ € WH(Q).

We then recall some useful results from [97] on Stokes equations which will be

used in the proof of Theorem 4.1.1.

Lemma 4.2.2. Let Q be any open bounded domain in R? with smooth boundary O5).

Consider the Stokes problem

(

—vAU+VP=f inQ
V-U=0 inQ

U=0 on 0f.

\

If f € WmP, then U € W™2P P ¢ W™HLP and there exists a constant ¢y =

co(p, v, m, Q) such that
[Ullwm+2 + | Pllwmsrse < collfllwmr
for any p € (1,00) and the integer m > —1.

Now we collect several facts which will be used in the proof of Theorem 4.1.2.

First, we recall some classical result on elliptic equations (c.f. [2]).

Lemma 4.2.3. Let Q C R? be any bounded domain with smooth boundary 02. Con-

sider the Dirichlet problem:
KAO = f in Q,

O =0 on 0.
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If f € WP, then © € W™2P gnd there exists a constant C' = C(p,rx,m,Q) such

that

1©llwmsze < | fllwm

for any p € (1,00) and the integer m > —1.
The next three lemmas are useful in the estimation of the velocity field.

Lemma 4.2.4. Let Q C R? be any bounded domain with smooth boundary 02, and let
U € W#P(Q) be a vector-valued function satisfying V-U =0 and U - n|sq = 0, where
n is the unit outward normal to 0S2. Then there exists a constant C = C(s,p, ) such
that

[Ullwse < CUIV x Ullws-10 + |U]|20)
for any s > 1 and p € (1,00).
The following lemma is standard and can be found in [70].

Lemma 4.2.5. Let Q C R? be any open bounded domain with smooth boundary 0.
Then for any multiindex 3 with order |3| > 3 and any functions f € HIP(Q), g €
HIBI=Y(Q), it holds that

1D7(fg) = fD%gll < C(IV iz llgllamsi-r + 1 fll et gll =), (4.2.1)
for some constant C' = C(|5|,9).

Concerning the 2D incompressible Euler equations, the following lemma can be

found in [57] and [61].

Lemma 4.2.6. Let Q C R? be any bounded domain with smooth boundary 02. Con-

sider the initial-boundary value problem:

;

U +U-VU+VP =G,

V.U =0, (4.2.2)

U(x,0) = Us(x), U -nfse =0,

\
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where n is the unit outward normal to 02. For any fived T > 0, let Uy(x) €

C(Q), V-Up(x) =0, Uy-nlsq =0, and let G € C([0,T]; C(Q)), where 0 < v <

1. Then there exists a solution (U, P) to (4.2.2) such that (U, P) € C*(Q x [0, T)).

Now, we establish the global existence of weak solutions of (4.1.1)-(4.1.2) and
(4.1.1) and (4.1.3). Indeed, we have

Lemma 4.2.7. Under the assumptions in Theorem 4.1.1, there exists a global weak
solution (U,0) of (4.1.1)-(4.1.2) such that, for any T > 0, U € C([0,T); L*(©2)) N
L*([0,T); HY(2)), and 6 € C([0,T); LP(R2)),V 1 < p < o0.

Lemma 4.2.8. Under the assumptions of Theorem 4.1.2, there exists a global weak
solution (U, ©) of (4.1.1) and (4.1.3) such that, for any T >0, U € C([0,T); H(Q)),
and © € C([0,T); L*()) N L*([0,T); H(2)).

We prove the above lemmas by a fixed point argument and the method of energy

estimate. To explain the heart of the matter, we only give the proof of Lemma 4.2.7.
Lemma 4.2.8 can be proved in a similar fashion.
Proof of Lemma 4.2.7. Following [61], we prove the lemma by a fixed point
argument. To do so, we fix any 7' € [0, 00) and consider the problem (4.1.1)—(4.1.2)
in Q x [0,T]. Let B be the closed convex set in C([0,T]; L*(Q)) N L2([0, T]; H} ()
defined by

B ={V = (v, v2) € C([0, T}; L*(€2)) N L*([0, T]; Hy ()| 423)
4.2.3
V-V =0, ae. onx(0,T), HV||2C([O,T};L2(Q)) + HV||%2([O,T];H5(Q)) < RO}a

where Ry will be determined later. For fixed ¢ € (0,1) and any V € B, we first

mollify V' using the standard procedure (c.f. [61]) to get

‘/5 = Vs *Ney2,

where V. is the truncation of V in Q. = {x € Q| dist(x,9Q) > ¢} (extended by 0 to
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), and 7./, is the standard mollifier. Then V; satisfies

IVelleqomize) < ClIV oz @) (4.2.4)

IVell 2oz )y < CHV L2 qo.ry:m3 )
for some constant C' > 0 which is independent of ¢. Similarly, we regularize the
initial data to obtain the smooth approximation 6§(x) for 6y(x) and U§(x) for Up(x)

respectively, such that

05(x) € Cg°(), 1165(x) = (X)) < ¢,

Us(x) € C5°(Q), V-Us5(x) =0 and ||Us(x) — Up(x)||m1() <e.

Then we solve the transport equation with smooth initial data

Qt + V;— . VQ - 0,
(4.2.5)

0(x,0) = 05(x),
and we denote the solution by 6°. Next, we solve the nonhomogeneous (linearized)

Navier-Stokes equation with smooth initial data

4

V.-U=0

U+ V.- VU + VP =vAU + 6°ey, (4.2.6)

\ Ulgpa =0, U(x,0)=US(x),
and denote the solution by U® and the corresponding pressure by P°. Then we define
the mapping F.(V') = U*. The solvabilities of (4.2.5) and (4.2.6) follow easily from
[61]. Next, we prove that F. satisfies the conditions of Schauder fixed point theorem,
ie., F. : B — B is continuous and compact. These will be achieved by the method
of energy estimate.

We start from (4.2.5). For any 2 < p < oo, multiplying (4.2.5); by 6]0|P~2 and

integrating the resulting equation over {2 by parts, we get

10, )l e = 1165]l2e < |00]lr +ec(Q,p), VO<t<T, V0<e<l,

71



ie.,
165, O llir = 16110 < 00llir +2c(Rp), YO<E<T, VO<e<l, (4.2.7)

where ¢(£2, p) is a constant depending only on  and p. We then estimate ||U¢||? L2(10,7) HA (©))

Taking L? inner product of (4.2.6); with U, after integrating by parts and using

Young’s inequality, we have
1d 5 ) - ,
571U +vIVUI < COIe|* + o, (4.2.8)

where ¢ is a constant to be determined. Since U satisfies the no-slip boundary condi-
tion, Poincaré’s inequality implies that || U|| < C||VU]| for some constant C' depending

only on €. Choosing 6 = v/2C' in (12) we obtain

MHUH? SIVUIPE < clle|, (4.2.9)

which together with (4.2.7) yields, after integration over [0, 77, that
1UNE o2 + VIVUIZ (07,220 < CT (60l + &) + (100l + ).
Since 0 < € < 1, we have
1UNE o220y + ||UH%2([O,T};H6(Q)) < C(T, 0o, Uy, v, 82),

ie.,

1T omy22c) + 1UF 720,730y < C(T' 60, U, v, Q). (4.2.10)

Choosing Ry such that Ry > C(T, 0y, Uy, v,€2) we see that F. maps B into B for any
0 < e < 1. We remark that the constant C(T, 8y, Uy, v,2) in (4.2.10) does not depend
on €.

Next we prove the compactness of F.. For this purpose, we continue to find

estimates of [[VU (|3 0rpc2()) a0d Ufl|720r.02(- Taking L inner product of
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(4.2.6)2 with Uy, one has

vd

s G IVUI Ul < [ VUVOldx o+ [ fes Uit
Q Q

1 1
< N0 + VYU + LT + o)
1
< SIUAP + IVelz= VU + C
which implies that

vd

1
e ZIVUIR + TR < Vel VU + C. (42.11)

Applying Gronwall’s inequality to (4.2.11) and using (4.2.4) we have
INUo.y22@) + 1020 32209 < C- (4.2.12)

By Lemma 4.2.2 we know that

U2 < CITN + 1161+ 1V - VU)

(4.2.13)
< C(IUl + € + ClIVl= IV U,
which together with (4.2.12) yields
||Ua||%2([o,T};H2(Q)) <C. (4.2.14)

From (4.2.12) and (4.2.14) we know that F. is compact by Sobolev embedding theo-
rem.

Now we prove the continuity of F.. Let F.(V;) = UZ, by definition we know
(

05, + Vi - VO; =0,

Uy +Vie - VU + VP = vAU; + 6e,,

V- U =0, Ufloa =0,

| (07, U7)(x,0) = (65, U5)(x), i=12.
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Subtracting the equation for ¢ = 2 from the one for : = 1 we have
(
0y +Vie - Voo + W, - V5 =0,

X; + Vie - VX© + W, - VU; + VQ° = vAX® + ¢eq,

(4.2.15)
V- Xe = 07 X€|8Q = 07
[ (0%, X°)(x,0) =0,
where o* =607 — 05, W. = Vi, — Voo, x* =U; — Us;, and @ = — P;5. Taking the
L? inner products of (4.2.15); with ¢° and (4.2.15), with x° we obtain
1d
Slele == [ Ve
» “ (4.2.16)
5 g P+ AVl == [ Ve VUspcax [ en vedx
0 Q
Since 65 € C([0,T]; C>°(Q2)), we get from (4.2.16); that
2 €
V05| Lo ||W-
s < Il I )
< CUIWel* + eI,
from which we get
T
e AR
0 (4.2.17)
< CIWellE o z2 -
Since Us € L*([0,T]; H*(2)), we derive from (4.2.16),:
1 (3
5 7 I+ VIV < WLV Uz s + el
< CIWElIOZ =[x ([ + WX
< CIWelNUs a2 [V X[+ o™ X (4.2.18)
() v & 1 £ 1 &€
< CIW IS I + 217 + L1 + S
v 3 1 )
CONWNE ozzion + SNV + I
where fo 7)dT < C and we have used (4.2.17). From (4.2.18) we get
1d 2 €112 2 1 €112
SR + IV < COIW oo + 51T (4.2.19)
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which implies, after applying Gronwall’s inequality, that
IXN1? < CIWEZ o102 (4.2.20)
Integrating (4.2.19) over [0, 7] using (4.2.20) we have

T
| 1oxRar < W o (1221)

Combining (4.2.20) and (4.2.21) we get

XN o2 + ”XEH%Q([O,T];H(}(Q)) < CIVi = Valldo.1220)»
ie.,
1UT = Us | < C|[Vi = Vall3,
where || - [|% = || - ||%([0’T];L2(Q)) +1 - ||i2([0,T};Hg(Q))' By definition we know
[F-(V1) = F-(V)ll < C|Vi — Va5,
which implies that F. : B — B is continuous.

Therefore, Schauder theorem implies that for any fixed ¢ € (0,1), there exists

U¢ € B such that F.(U¢) = U¢, namely,
(0 0. ver =0
U +U. - VU® + VP* =vAU® + 6°ey,

V.U =0,

U€|3Q = 07 (967 UE)<X7 O) - (98’ US)(X>7

\

where U, is the regularization of U°. By a bootstrap argument (c.f. [61]) we know
that (65,U¢) € C=(Q2 x [0,T]). Then it is obvious that (6%, U¢) satisfy the integral

identities, i.e.,
0= / Us - ®(x,0)dx
Q

T
+/ / (UE P4+ U, - (US-VO)+6ey - ®—vVey - Vu' — vV - Vve)dxdt,
0o Ja

T
0= /Q Oov(x, 0)dx + /0 /Q (64, + O°U. - Vo) dxdt, "

5



for any & > 0, ® = (¢, ¢2) € C°(Q x [0,T])? satisfying ®(x,T) =0 and V- & = 0,
and for any 1 € C*°(Q x [0, T)) satisfying ¢ (x, T) = 0.
In view of (4.2.7), (4.2.10) and from the definition of U. we know that there exist

functions U € B and 0 € C([0,T7]; LP(R?)), V 2 < p < oo such that as ¢ — 0,
U. — U weakly in C([0,T]; L*(Q)) N L*([0, T]; Hy(52)),
Us — U weakly in C([0,T]; L*(Q)) N L*([0, T); Hy (),

0° — 6 weakly in C([0,T]; L*(2)), ¥V 2 < p < o0,

and
HUHZC([O,T];B(Q)) + ”UH?ﬁ([O,T];Hé(Q)) < C(T' 0, Uo, v, ), (4.2.23)
10llcoriLr@ < [1ollcqoriLee), V2 <p<oo.
Since
U -V € 0(0,T]; L*(Q)),
we have

T
‘/ /(eaUs VY — U - Vi) dxdt‘
0 Q
T
<CN6°| 2 oryz2@n U7 = Ull2qornizaey + ‘/ /(95(] Vi = 0U - Vi) dxdt
0 Q

T
<CU* = Ullz2(o,myiz20)) + ‘ / /(95 - 0)U - dexdt‘
0o Ja
— 0, ase — 0.

Moreover, since

/OT/Q[UE'(UE-VQ))—U.(U.V@H dxdt’

/T/[UE-(UE-VCD)—U5~(U-V<I>)+U5-(U-V<I>)—U-(U-VCD)} dxdt

T
gc/ /<|Ug||U€ _ U]+ |U||U. - U)) dxdt
0 9]

<C(I1U-N 2o,y 201Uz = Ullz2oanizzc) + 10l 2 o122 1 U= = Ul 2oryzz o))

SOHUE — UHL?([O,T];L?(Q)) — 0, as &€ — O,
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letting € — 0 in (4.2.22) we verified that (0, U) is a weak solution to (4.1.1)-(4.1.2) in
Q% [0,T]. We conclude the argument by noticing that T is arbitrary. This combining

with (4.2.23) completes the proof of Lemma 4.2.7.

4.3 Viscous Boussinesq Equations

Now we build up the regularity and uniqueness of the solution obtained in Lemma
4.2.7, and therefore give proof of Theorems 4.1.1. The following theorem gives the

key estimates.

Theorem 4.3.1. Under the assumption of Theorem 4.1.1, the solution obtained in

Lemma 4.2.7 satisfies the following estimates:
1T leqomyms i) + Ul 2oy + 10lleqomas@y < C
for any T > 0. Moreover, there exists a constant C > 0 independent of t such that
2 , C° 2
VO < max { OGO SHl6C017), vizo. @3

Remark 4.3.1. The constant C in the theorem is actually the constant of Poincaré’s
inequality on the domain 2. Therefore, it depends only on €. See the proof of Lemma
4.3.9 below for details.

The proof of Theorem 4.3.1 is based on several steps of careful energy estimates
which are stated as a sequence of lemmas. First, we observe that the same method
used to derive (4.2.7) can be applied to (4.1.1)y if V. is replaced by U in (4.2.5).
Therefore, we have the conservation of LP norm for 6, i.e., for any p € [2,00), it holds
that

16, O)lle = lI6o]lLe, V&> 0.

Furthermore, by letting p — oo in the above estimate, one has

10C-, )|l = [|6o]|zoe, ¥ ¢ >0.
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Fix any T > 0. In the rest part of this section, the time is restricted to be

within the interval [0, 7] until specified otherwise. Then we start with estimates of

U o122 a0 IVU L2 0 11820

Lemma 4.3.1. Under the assumptions of Theorem 4.1.1, it holds that
UG orsc2y < C and VU 220102000 < C- (4.3.2)

Proof. Taking L? inner product of (4.1.1); with U, we obtain, after integration by
parts, that

1d

U2 + v|| VU2 = —/(U-VU)-de+/0e2-de
2 dt o 5

1
———/U-V(|U|2)dx+/8e2-de
2 Ja Q

1
:——/V-(U|U|2)dx+/0e2-de
2 Q Q

= / fe, - Udx.
Q

Applying Cauchy-Schwartz inequality to the RHS of the above equality, we get

1d 2 2 2 1 2
——\|U||* + VU < ol- + =||U||". 4.3.

N | —

By dropping v||VU||? from (4.3.3) and then applying Gronwall’s inequality to the

resulting inequality, we find that

t
JUC, 01 < e (106l + / 160l %dr )
< e ([[Uol* +T)66]?) < C, vV te[0,T],
which also implies, after integrating (4.3.3) over [0, 7], that
T
V/ VU (-, 7)|*dr < C.
0
This completes the proof of Lemma 4.3.1.

The next Lemma is dealing with HVUH%([O’T];LQ(Q)) and HUtH%Q([O,T];LQ(Q))'
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Lemma 4.3.2. Under the assumptions of Theorem 4.1.1, it holds that
IVUIEqoryzzy < C and Ull72011.020y) < C-

Proof. Taking L? inner product of (4.1.1); with U, integrating the resulting equa-

tions over {2 by parts, we get

vd

S FIVUIE+ VP < [ 0IlvU] dx+ [ oo dx
Q Q

(4.3.4)
2 2 1 2 2
< CIUNLZalIVUI[zs + LU + Cl6o]l,

where we have used Holder’s inequality and Cauchy-Schwartz inequality as follows:
1
/Q UIIIIVU] dx < CIUIIL VU2 + SlITP,
and
1
/ Ov, dx < =||U||* + C||6o]?.

O 8
We now apply the Ladyzhenskaya’s inequality to estimate ||U||3.[|VU||7.. Applying
Lemma 4.2.1 (iii) on U and (iv) on VU, we have

U7 IVU 75 < CAUNIVUINAIVUIIIVUL + (VU ?)
< c|vulPIvul +c|vul? (4.3.5)

< CO)|VU|I* + C|IVUIP +6||U |12,
where we have used Lemma 4.3.1 and § > 0 is a small number to be determined.

Therefore, we update (4.3.4) as
vd

3
5 7 IVUIP + U < C+ COIVUI + CIVUI + U2, (4.3.6)

We now rewrite the equation (4.1.1); as
—vAU +VP =-U; — U - VU + fes.

Lemma 4.2.2 with m = 0 and p = 2 implies that
1Tz < CITN + 01 + 1T - VU 1?)
< C(|UNP + C) + CIU 7 IVUI4 (4.3.7)

< C(CH U + [IVU|I* + VU ),
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where we have used (4.3.5). Now, choosing § = 1/(4C) and combining (4.3.6) and

(4.3.7), we get

vd

1
- SIVUIE + S0 < ¢Vl + VU )F) +C.

Therefore, Young’s inequality yields

vd

1
va 2, -+ 2 2 2 ‘
2SIV + S0P < CIVUIPIVUIP + ¢

By dropping 3||U||* from (4.3.8) we obtain

v d

5 IVUIP < CIVUIPIVUIP + C).

Then using Lemma 4.3.1, Gronwall’s inequality implies that
IVU(IP <C, Vtelo,T).
Using (4.3.10), after integrating (4.3.8) over [0, 7] we obtain
T
| ioeopar <c.
0

which completes the proof of Lemma 4.3.2.

Next, we estimate HUt||20([0,T];L2(Q)) and HVUtH%?([O,T};L?(Q))‘
Lemma 4.3.3. Under the assumptions of Theorem 4.1.1, it holds that
Ul qoryzz@) < C and VU722 < C-
Proof. We take the temporal derivative of (4.1.1); to get
Up+ U, - VU +U - VU, + VP, = vAU, + 6,€,.
Taking L? inner product of (4.3.13) with U; we have

1d

I+ oIVl = = [0 v0) - Vs + [ fax
Q Q

__ /Q (U, - VU) - Uydx — /Q (U - VO)vydx

AR / O(U - Voy)dx.
Q
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With the help of Lemma 4.3.1 and 4.3.2, and Lemma 4.2.1 (iii) on U;, we note that

U9V < CIUIE
< ClulIvui (43.15)
1%
< ZIVULI? + U,

On the other hand, we have

[ ow - Fuax < ol vu
Q

(4.3.16)
v
< LIV +C.
Therefore, combining (4.3.14)—(4.3.16), we arrive at
= 2wl + ZIV T < CqIUE +1) (4.3.17)
2dt" " 2 = ! ' o

Using Gronwall’s inequality, and Lemma 4.3.2, we obtain (4.3.12). This completes
the proof of Lemma 4.3.3.

As an immediate consequence of Lemma 4.3.3 and Lemma 4.2.1 (i), one has

Lemma 4.3.4. Under the assumptions of Theorem 4.1.1, it holds that
T
/ WU, T)||5,d7 < C, V1<p<oo. (4.3.18)
0

This lemma will play an important role on the estimations of the maximum norms

of U and VU in the following Lemma.

Lemma 4.3.5. Under the assumptions of Theorem 4.1.1, it holds that
UG omp)y < C and (VU720 1100y < C- (4.3.19)

Proof. We see that ||U;|| and ||VU|| are bounded by Lemmas 4.3.2 and 4.3.3. There-

fore, one reads from (4.3.7) that

U7 < CUUN* + IVUIP + VU + C) < C, (4.3.20)
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which implies, by Sobolev embedding,
U3 <C, Vtelo,T]. (4.3.21)
As an immediate consequence of (4.3.20)—(4.3.21) we see that
I VU|E < C(IUNNZ~ + [UI) 1l < C, ¥ t € [0,T], (4.3.22)
which implies by Lemma 4.2.1 (i) that
\U-VU|3,<C, YV1<p<oo, Ytecl0,T] (4.3.23)
Therefore, using Lemma 4.2.2, (4.3.18) and (4.3.23) we obtain

T T
/ 1U[1200 dr < C / (I, + U - VU, + 16]12,) dr
0 0 (4.3.24)
<C, V1<p< .

Applying Lemma 4.2.1 (ii) to VU we get the second half of (4.3.19) from (4.3.24)
immediately. This completes the proof of Lemma 4.3.5.
In order to improve the regularity of U, the problem will involve the spatial deriva-

tives of #. We now establish the following lemma to estimate V6.

Lemma 4.3.6. Under the assumptions of Theorem 4.1.1, it holds that
IVO(-,t)|| = < C, YV te[0,T]. (4.3.25)

Proof. For any p > 2, taking V of (4.1.1)3, dot multiplying the resulting equation

with |V6|P=2V6, after integration by parts we get
1d v )
S (1901 ) < IVU 1901, (4.3.26)

which yields
d
2 (I90110) < I9U1|2[1V0)] 0 (1.3.27)
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Gronwall’s inequality yields

T
196 D)llzs < I8 exp / VUi -
0 4.3.28

<C, Vp=>2 andVte|0,T].
Letting p — oo we obtain (4.3.25). This completes the proof of Lemma 4.3.6.
The estimates of | VU210 7021y 204 1Usell72(0.17.22(c) Will be given in the next
lemma, based on which we will establish the desired regularity stated in Theorem

4.3.1.

Lemma 4.3.7. Under the assumptions of Theorem 4.1.1, it holds that
IVUlEoizziey < O and Ul 2o ry12(0)) < C- (4.3.29)

Proof. Taking L? inner product of (4.3.13) with Uy we get

vd

EEHVUtﬂz 4[| Uy]|? < /(]UttHUtHVU| + |Uu||U||VU| 4 Opvy) dx. (4.3.30)
Q

We now estimate the RHS term by term. First of all, we apply the Holder inequality

and Lemma 4.3.3 to obtain

1
| WllUIvU] dx < 0 + CIVUIE~ 02
a (4.3.31)

1
< éHUttH2 + CHVU”%O% Vite [O>T]
Similarly, using Holder inequality and Lemmas 4.3.5 and 4.3.6, we have the following

estimates

1
[ I0ll0I90 dx < 0P + U902
Q

X (4.3.32)
S EHUttHQ + CHVUtHz? vVt € [OvT]a
and
1 2 2
|0ve| dx < 6||Utt|| + C'|60,]]
Q
1
< —||Uu|]? + OU - V|?

6 (4.3.33)

1
< 5||Utt||2 + V|3 U7

1
< 6||Utt||2 +C, Vtel0,T].
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Substituting (4.3.31)-(4.3.33) into (4.3.30), one has

vd

1
§%||VU15||2 + 50l < C+ CIIVUIIz + CIVU* (4.3.34)

We note that all the terms on the RHS of (4.3.34) are integrable in time due to
Lemmas 4.3.3 and 4.3.5. Therefore, we integrate (4.3.34) in time over [0, 7] to obtain
the estimates in (4.3.29). This completes the proof of Lemma 4.3.7.

We are now ready to complete the regularity stated in Theorem 4.3.1.

Lemma 4.3.8. Under the assumptions of Theorem 4.1.1, it holds that
10, DE o302y < €, and U2 o 90y < C- (4.3.35)
Proof. Based on (4.3.22), (4.3.28) and (4.3.29), we see from Lemma 4.2.2 that,
IO < CUOIE + 11U - VUl + [Ullfn) < C. Yt e[0,T],  (4.3.36)
which implies by Sobolev inequality that
(UG ) 320 < CIUGC |5 <O, VEe[0,T], ¥V1<p< oo, (4.3.37)

and thus

VU, t)|| e <C, Vitel0,T]. (4.3.38)
Furthermore, for t € [0, 71, it is easy to see that
10 - VU < |GPIVUL < C,
U VU* < U= VU < C, (4.3.39)
16:11 = |U - VOII* < UL [VO]]* < C.

From (4.3.13) and Lemma 4.2.2, we know
T T
| Wl < ¢ [ Q0P + 0 SUIE + 0 U o) (1340
0 0
which, together with (4.3.29) and (4.3.39), gives

T
| 1ol < c (43.41)
0
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In addition, Sobolev inequality and (4.3.36) yield

1T - VU7 < C(NUNZ< U1 Hs + VU2 1U172)
(4.3.42)

< ClUNUl3s < C, Yt e[0,T).

Now, it is clear that one needs higher order estimate on # to complete the proof

of this lemma. For this purpose, taking 0., of (4.1.1)2, we get
Opat + Uzaly + 204050 + V100, + 20,04, + U - VO, = 0. (4.3.43)

For any p > 2, multiplying (4.3.43) by |0.2[""20,., integrating over €2, and using

Holder’s inequality, we obtain

pdt / |00 |Pdx = / (umﬁgC + U0y + 20,0, + 2%0%) 1002|720, dx
< V)| 1 [|V2U | 1o [[V20]55 " + 2] VU || 1 [ V2615, (4.3.44)
< (V2|5 + |Iv2I8,),

where we have used (4.3.25), (4.3.37) and (4.3.38). Similarly, one can show

o [ 10npds < COVOIE! + IV, (4.3.45)

Lo [ Barde < Qv+ 19701) (4.3.46)
Summing (4.3.44)—(4.3.46) together, we obtain
1 d _
S (IV7012,) < UVl + 19°013,). (4.3.47)

It follows that

d
= (120l ) < OO+ 19%01110). (4.3.48)

Applying Gronwall’s inequality to (4.3.48), one has

IV20(-,t)||zr < C, V2<p<oo, Vtel0,T)] (4.3.49)
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In a quite similar manner as in the derivation of (4.3.49), further estimates show that

d
SVl < C(IVU)o= [9°0)2 + [ 96l VU NIV*0 + IV 14| 9261 1401 )
< C(IV0I + | 9°8))

< C(IV°ol* + 1),

(4.3.50)
which implies

(4.3.51)
Now, by Lemma 4.2.2, combining (4.3.41), (4.3.42) and (4.3.51), one has

T T
/ UG, dr < O/ (1022 + |U - VU | %2 + (|0)|%2) dr < C,
0 0

which completes the proof of Lemma 4.3.8.

For the proof of Theorem 4.3.1, it remains to prove the uniform bound of the
kinetic energy (4.3.1).

Lemma 4.3.9. Under the assumptions of Theorem 4.1.1, there is a uniform constant
C' independent of t, such that

C_YQ
[UCOI < max {JU G0 L 10,01}, V=0

(4.3.52)
Proof. From the proof of Lemma 4.3.1, we observe that
1d 9 9
? (4.3.53)
v
< . 0 2 _ 2
< S 107 + 201,

for any positive 6. Poincaré’s inequality says that there is a constant C' = C'(Q) such
that

1U]l < ClIvU].
Choosing § =

&, we know from (4.3.53) that

d 2,V 2
ad Z <
SN+ 2P <

o1,

NEEQY

(4.3.54)
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Solving the above differential inequality we get

oo { ZHUCHI ~ 0G0l < a2 (e { St} -1, (@35)

which implies
2 v 2 % 2 % 2
: < - = : - = — . (4.3
10CHIP < exp{ = 2t} (IUC, 012 = 5 160l) + 760l V¢ > 0. (4.3.50)

Therefore, (4.3.52) follows immediately from (4.3.56). This completes the proof of
Lemma 4.3.9.

Lemmas 4.3.8-4.3.9 conclude Theorem 4.3.1. With the global regularity estab-

lished in Lemmas 4.3.1-4.3.8, we are able to prove the uniqueness of the solution.

Theorem 4.3.2. Under the assumptions of Theorem 1.1, the solution of (4.1.1)-
(4.1.2) is unique.

Proof. Suppose there are two solutions (6, Uy, Py) and (6, Us, P») to (4.1.1)—(4.1.2).
Setting 6 = 0, — 0y, U = Uy — Us, and P = P, — P,, then (é, U, ]5) satisfy

p

U+ U, - VU + U -VU, + VP = vAU + fe,

0, +U,-VO+U-Vh, =0,

V-U=0 (4.3.57)
Uloa =0,

U(x,0) =0,0(x,0) =0, x € Q.

\

Since V- Uy = 0 and Uy |gq = 0, taking the L? inner products of (4.3.57); with U and
(4.3.57), with 6, one has

1dy/, - - - . - -
§d—<|\9|\2+HUH2> +VHVUHZ:—/9(U-V92)dx—/U-(U-VUg)dx+/017dx,
t Q Q

Q

where © is the second component of U. Using the estimates for 65 and Us, standard
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calculations give that

ld 0112 7112 7112

5= (1812 + 10112) + VIO

< IV 02l (10N + [1T11%) + I Uall o= | T12 + (191 + D)
< CUIAI + 101,

which implies that
e (IOl + 11U1%) < 1100)|1* + U (0)]* = o,

for any ¢ > 0. So the solution of (4.1.1)—(4.1.2) is unique. This completes the proof
of Theorem 4.3.2.

This theorem and Theorem 4.3.1 implies our main result, Theorem 4.1.1.

4.4 Inviscid Heat-Conductive Boussinesq Equations

To prove theorem 4.1.2, we first reformulate the IBVP (4.1.1) and (4.1.3). Let P =

P — 0y and © = — 0, then we get from the original system that

(

Ut+UVU+VP:G)e2,

§ 0,4+ U-VO = kAO, (4.4.1)

V.U =0.
\
The initial and boundary conditions become

(U7 ®>(X7 0) = (UU’ @0)(){)’
(4.4.2)
U-nlpo =0, Olsa =0,
where Oy = 6y — 0. It is clear that, for smooth solutions, (4.4.1)—(4.4.2) are equivalent
to (4.1.1) and (4.1.3). By definition, the same is true for weak solutions. Hence, for the
rest part of this subsection, we shall work on (4.4.1)—(4.4.2). The following theorem

gives the key estimates.

Theorem 4.4.1. Under the assumptions of Theorem 4.1.2, the solution obtained in

Lemma 4.2.8 satisfies U € C([0,T); H3(Q)),© € C([0,T); H3(Q))NL2([0,T); H4())
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for any T > 0. Moreover, there exist constants n > 0,C > 0,C(p) > 0,C >0

independent of t such that for any fixed p € [2,00),

10(-,t)||zs < Cexp{-nt}, Vt>0,
B (4.4.3)
JUCDllwss < C), and [l Dll= < €, ¥t >0.
Notation 4.4.1. Unless specified, throughout this section, C' and C; will denote

generic constants which are independent of 0,U and T'. In addition, the values of

the constants are different from those in previous chapters.

The proof of Theorem 4.4.1 is divided into several steps of energy estimates which
are stated as a sequence of lemmas. As mentioned in the Introduction, the decay rate
will be achieved through careful coupling of weighted energy estimates. First, we give

the decay estimate of ||©]. Indeed, we have

Lemma 4.4.1. Under the assumptions of Theorem 4.1.2,, there exist constants ag >

0, By > 0 independent of t such that

1O(, )I* < 180]|* exp{—26t}, and

. (4.4.4)
/ exp{BoT}HIVO(-, 7)||Pdr < ag|©0||*, V t>0.
0
Proof. First of all, by taking L? inner product of (4.4.1), with © we get
S lel? + Vel =0 (145
5% K =0. A.
Since ©|gqn = 0, Poincaré’s inequality implies that
1el* < ol Ve, (4.4.6)

for some constant Cj depending only on 2. Combining (4.4.5) and (4.4.6) we get
d 2K
—[8e[*+ =[18]* <0
el + el <o,
which yields immediately that
1©C, )II* < [[©0][* exp{—26t}, (4.4.7)
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where Gy = k/Cp.

Multiplying (4.4.5) by exp{fyt} we have

d
= (exp{GutHIO]?) + 2 exp Aot H| VO = o exp{fiut} O]

Combining (4.4.7) and (4.4.8) we have
(e {BrIOI) + 25 exp {5t} [VOI” < foexp{~Gor} 00l
For any t > 0, integrating (4.4.9) in time over [0, t] we obtain
exp{Bot HIO(, O)II* — [1©0]]* + 25 /Ot exp{Bo7}HIVO(-, 7)[*dr
< (1 — exp{—Fot}) (100,
which implies that
[ eI, nitdr < 5 (2 - el el

< ao||©o*, V>0,

where ag = 1/k. This completes the proof of Lemma 4.4.1.

(4.4.8)

(4.4.9)

(4.4.10)

To improve the decay estimate of © to higher order norms, we proceed to find the

uniform estimate of ||U||g:1. With the help of Lemma 4.4.1, we have

Lemma 4.4.2. Under the assumptions of Theorem 4.1.2, there exists a constant

di1 > 0 independent of t such that

IUC DI <di, ViE=0.
Proof. By taking L? inner product of (4.4.1); with U we get

d 2

— U =2 | Oey-Udx.

dt Q
Cauchy-Schwartz inequality then implies that

d
ZIUIP < exp{=Bot}IU* + exp{fht} O]

< exp{—Bot H|UI* + exp{—Bot}|©0|*,

90
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where we have used Lemma 4.4.1. Applying Gronwall’s inequality to (4.4.12) we find

el <en{ [ t exp(~ryar | (1l? + [ t exp (=} eolldr )

e ool
= e { (- exp(oney) | (1ol + 150

2
< exp{1/n} (100l + @) Vi 0

(1- exp{—ﬁoz}) (4.4.13)

To get the estimation of VU, we take the curl of (4.4.1); to obtain
w4 U-Vw =0, (4.4.14)

where w = v, — u, is the 2D vorticity. Taking the L? inner product of (4.4.14) with

w and using Cauchy-Schwartz inequality we get

d

—lwl” <2[wlllivel
(4.4.15)

< exp{—fot}|w]* + exp{ot}|[VO*.

Applying Gronwall’s inequality to (4.4.15) and using the second part of (4.4.4) we

obtain

¢ ¢
|w(-,t)|* < exp {/ exp{—ﬁoT}dT} <Hw0|]2 +/ exp {607’}”V@<~,T)||2d7')
0 0
1 2 2
< exp 4 — (1= exp{=fht}) { (Jlwnll* + o |0]?)
o
< exp{1/8o} (ol + ao]|o2), v >0,
which, together with (4.4.13) and Lemma 4.2.4 with s = 1,p = 2, implies that
UG Ol < CNUEDI+ ol 0)]1%)
< Cexp{1/o} (Ul + ol + (00 + 1/801€0l) = i, ¥t 0.

This completes the proof of Lemma 4.4.2.
Now we prove the key lemma of this section, which gives the exponential decay of
the H' norm of © and is a consequence of Lemma 4.4.2. The important role played

by the uniform bound of ||U||3, will be revealed in the proof.
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Lemma 4.4.3. Under the assumptions of Theorem 4.1.2, there exist constants c; >

0, 81 > 0 wndependent of t such that
1OC, )7 < arllOoll7 exp{—Fit}, ¥t >0.

Proof. Taking L? inner product of (4.4.1), with ©; we find

Kk d

* LIVl + e = —/(U-V@)@tdx. (4.4.16)
Q

We estimate the RHS of (4.4.16) as follows: First, using Cauchy-Schwartz inequality
we get

- /Q(U VO)6ux < U VO + 16
Using Lemmas 4.2.1 and 4.4.2 we have
I VoI < [U]Z:]IVOlzs
< iU I VOllLs
< C1dh|| VO34
Letting Cy = C1d; we update (4.4.16) as

kd

3
57 IVOIP + S 16d* < G| Vel (4.4.17)

For the RHS of (4.4.17), applying Ladyzhenskaya’s inequality to VO we get

IVelz: < Gs(IIvellp*el + [Velf)
(4.4.18)

< C@)vel*+alp*el?,
where 0 is a number to be determined. Now, using (4.4.1); and Lemma 4.2.3 with

m =0 and p = 2 we have
1Bl72 < Ca(l©:* + U - VOI?). (4.4.19)
For the second term on the RHS of (4.4.19), we use (4.4.18) to get
- vel* < cs(|[vel|p?el +[Ive]?),
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where C5 = C1d;Cs. Then, using Cauchy-Schwartz inequality we update (4.4.19) as

615 < Ca(llen® + Cs(Ivel Dol + [Vel?))
< Co(led]? +1961P) + 516l
So we have
61 < Cr(le? + VeI, (4.4.20)

where C; = 2Cs. By choosing § = 1/(4C5C%) in (4.4.18), and by coupling the resulting

inequality with (4.4.20) we obtain
2 2 1 2
IVOII7: < Cs|VO” + = 16¢]*. (4.4.21)
40,

Combining (4.4.17) with (4.4.21) we get

Kk d

1
5 7 IVOIF + 518 < Gl Vel (4.4.22)

To explore the diffusive mechanism in the temperature equation, we multiply

(4.4.5) by 2Cy/k and add the resulting equation to (4.4.22) to get

e

K 1
220l + SIIVel?) + Coll VOl + S e < 0. (4.4.23)

K

Let 5 = (% + ﬁ)fl. Then, with the help of Poincaré’s inequality we have

C K
s (Z2NeIF +51Vel?) < Gl Vel (4.4.24)

K
Combining (4.4.23) with (4.4.24) we obtain

d(Cy. o K ) Co npa | K 2 . Lo 2
— (= — - — — < A.
dt( —[0l* + Vel ) +ﬁl( —[0l*+ Vel ) +5led* <0, (4425)

which implies that (where we dropped a positive term from the LHS)

C C
(100 0IP + 5IVOC.0IP) < (SZ 10l + SIVOs|?) exp{~Ar}.  (4.4.26)

Therefore,

10(, )17 < aul|Ooll7 exp{—~pit}, Yt =0, (4.4.27)
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where

/{25
1 = max<{ —, — min ¢ —, — ;.
K2 K2

This completes the proof of Lemma 4.4.3.

Remark 4.4.1. The energy estimates coupling used in the proof of Lemma 4.4.3 will
be repeated twice in Lemmas 4.4.5-4.4.6 to establish the exponential decay of ||O|| g2
and ||O]| gs.

Before we proceed to improve the decay of ©, we establish higher order uniform

estimate of U. For this purpose, we have

Lemma 4.4.4. Under the assumptions of Theorem 4.1.2, for any fived p € [2,00),

there ezists a constant dy = do(p) > 0 independent of t such that
U ) llwre < dy, ¥t 0. (4.4.28)

Proof. First, we establish an estimate similar to (4.4.10) for ||©| g2. Multiplying

(4.4.23) by €%1/2 we get

d C K 1
=2 (Z2 02 + SIVOR) [ + 2 (Coll Vel + Slle?)
d; (,,:u 2 2 (4.4.29)
L pit/2 (9 2 K 2
< = _- — .
< S (26l + 5Ivel?)
Applying (4.4.26) to (4.4.29) we obtain

d C K 1
=2 (2012 + SIVOR) [ + 2 (Coll Vel + Slle?)
dt K 2 2 (4.4.30)

B s t/2<09 2 | K 2)
< = 1 — — .
< e - [0l "‘2“5@0”
Integrating (4.4.30) in time over [0,t] we get

C K t 1
prt/2 (9 AR . )12 pr7/2 ) 2, - . 2
H (220, + FITOLOF) + [ 7 (Coll VO, TP + lent 7)) dr

0
C K
<2(2]10]* + SIVeu|?),
(4.4.31)
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which yields
/ 2 (VO ) + S8 I dr <2( L0l + EIvenl?). (4432
0 7 2 7 R 2

Letting Cyo = 2(min{C, 1/2})_1 we get from (4.4.32) that

¢ C. K
/ M2 (9O, I + 04, 7)) dr < Cuo( =2 [G0ll* + 5IIVE0|1?).  (4.4.33)
0

K

Using (4.4.20) and (4.4.33) we obtain the following estimate on ||O||z2:
t
/ A2O(- 7)[Zedr < Chy, Yt >0, (4.4.34)
0

where 011 = 07010(%”@0“2 + gHVG)o‘P)
Now, for any fixed p € [2,00), multiplying the vorticity equation (4.4.14) by
|w[P~2w and then integrating the resulting equation over €2, we find, after integration

by parts, that
——||lwl||%, = —/ O.|w[P2wdx, ¥ p € [2,00). (4.4.35)
p Q

Using Hoélder’s inequality, we estimate the RHS of (4.4.35) as
—/@m|w|p2wdx < |IVO|| s lwllh (4.4.36)
Q
Combining (4.4.35) with (4.4.36) and using Sobolev embedding we get
d
g wllze < [IVOlLe < Cra(p)|O] 2,

which implies, after integrating in time and using Holder’s inequality and (4.4.34),

that

t
lw(s Ollzr < flw(, 0)][ e + 012/0 10, 7) || 2dr

t 1 . :
<l 0l + Cia( [ 7200, nluar ) ([ eoerar)
0 0

< ||w(-,0)|lr + Cr2/Cr11V/2/ B2 = Ch3, V> 0.
(4.4.37)
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Therefore, Lemmas 4.2.1, 4.2.4, 4.4.2 and (4.4.37) imply that for any fixed p € [2, 00),

U t)llwre < C(lwl Olle + 1UC )l
< C(Jwl )l + COIUC 1)) (4.4.38)
< C(Cis+ Clp)Vdi) = do.
This completes the proof of Lemma 4.4.4.

With the help of Lemma 4.4.4 we are now ready to show the exponential decay

of ||©]| 2. Indeed, we have

Lemma 4.4.5. Under the assumptions of Theorem 4.1.2, there exist constants ay >

0, B2 > 0 wndependent of t such that
10, t)||72 < agexp{—Fst}, Y t>0. (4.4.39)
Proof. First, by taking L? inner product of (4.4.1); with U, we get
U2 = — /Q Uy - (U -VU)dx + /Q@vtdx, (4.4.40)

from which we deduce, using Lemmas 4.4.2, 4.4.4 and (4.4.7), that

1 1
TP < ZNGAP+ U - VUIP + 1017 + Z1U°

1
< SIGIP+ U= IVUIF + (O]

2 (4.4.41)
< SIUP + ClUR VU + O]
< SN + Caads + 1@
Hence,
|U:|1? < 2(Cdady + ||60]?) = Cha. (4.4.42)
Taking temporal derivative of (4.4.1), we have
Ou+U; - VO +U - VO, = KAO,. (4.4.43)
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Taking the L? inner product of (4.4.43) with ©;, we obtain, after integration by parts,

that
1d

5 IO+ KIVel = [ (- Ve
Q

(4.4.44)
_ / Ol - VO, )dx.

Using Cauchy-Schwartz inequality, (4.4.42) and Sobolev embedding we estimate the
RHS of (4.4.44) as:

1
[ e veoix < S jeu + 5o
Q K 2

1 K
< %”G)H%OOHUAF + §||V@t!|2
Cu
2K

K
< Cusll® e + VO

K
< S0~ + S Ve

So we update (4.4.44) as
d 2 2 2
2O + £IVO < CrsllOlfza- (4.4.45)
Coupling (4.4.45) with (4.4.20) we get
d
Ljn] + nVey* < Cur (VO + [O4]?) (1.4.46)
Now, letting C1s = min{Cy, 1/2} we get from (4.4.23) that

d /C K
(2211 + SIVel) + Cus(IVOl + 6d?) < o.

Multiplying the above inequality by 2C}7/Cis, then adding the resulting inequality
to (4.4.46) we obtain

d
E(E(zs)) + Cir (VO + [|6:17) + k][ VO||* < 0, (4.4.47)

where
201
Cis

C, K
B0 = 52 (26l + 5IVel?) + [
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With the help of Poincaré’s inequality we can easily see that there exists a constant

(s > 0 independent of ¢ such that

BE(t) < Ciz (VO] + 64]%).
Hence, we update (4.4.47) as

%(E(t)) + BE(t) + K[| VO, [* <0,

which implies that
E(t) < E(0) exp{—[(ut}. (4.4.48)
In view of (4.4.20) we see that there exists a constant Cjg independent of ¢ such that
1OC, Ol < CroE(t), V20,

which, together with (4.4.48), yields (4.4.39). This completes the proof of Lemma
4.4.5.
The next lemma is concerned with the decay of |[V6;||?, based on which we can

prove the decay of ||©]|,;. For this purpose, we have

Lemma 4.4.6. Under the assumptions of Theorem 4.1.2, there exist constants oz >

0, 83 > 0 independent of t such that
1OC, )7 + 10:(,t)[l7n < azexp{-pst}, V¢ >0. (4.4.49)

Proof. Taking L? inner product of (4.4.43) with ©; we obtain
Kk d
2dt

Using (4.4.42), Lemmas 4.2.1 and 4.2.3, we estimate the first term on the RHS of

||V@t\|2+||@tt||2:—/@tt(Ut-VG)dx—/@tt(U-V@t)dx. (4.4.50)
Q Q

(4.4.50) as:

1
- [ @l veyix < J0ul? + U TO
Q
1
< ZH@W +C1Ofy2a
1 (4.4.51)
< 10ull* + C (IO + U - VOI)

1
< 116ul> + (13 + U - VOI2s).
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From Lemma 4.4.4, Sobolev embedding and (4.4.20) we know

I VOlLs < [UlIZ<IVOIlZs
< ClI®|%-
<c(led® + Ivelf).

Therefore, (4.4.51) becomes
1
- [ @ults - veyix < {0l + C (el + [VOP) (1.4.52)
Q
For the second term on the RHS of (4.4.50), we have

1
- [ u(w - Voyax < JI0ul? + U1~ Ve
“ (4.4.53)

1
< ZH@“HQ + C|IVO, .

Combining (4.4.50) with (4.4.52)—(4.4.53) we get
D190, + [0u]? < C(IVOI2 + [0 + IVer|?
K IO+ [0l < (VO + 0 + [VOrl?).

for some constant C' > 0 independent of ¢. By applying the same idea used in the
proof of Lemma 4.4.5, we absorb the RHS of the above inequality into the LHS of
(4.4.47). Then it is straightforward to show that there exists a constant f5 > 0

independent of ¢ such that

C(F@) + 5P (0) + 10l <0, (4.4.54)

where the quantity F'(t) is equivalent to [|O(-, t)||3;: +11©:(+, 1) ||51. By dropping ||O||?

we get
d

—(F() + BsF(t) <0,

which yields (4.4.49). This completes the proof of Lemma 4.4.6.
With the helps of Lemmas 4.4.2-4.4.6, we are now ready to prove the exponential

decay of [|O||3s.
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Lemma 4.4.7. Under the assumptions of Theorem 4.1.2, there exist constants oy >

0, 84 > 0 wndependent of t such that
19(-,1)||3s < agexp{—0B4t}, Y t>0. (4.4.55)
Proof. First, since O]gq = 0, using Lemma 4.2.3 with m = 1 and p = 2 we have
1817 < C(10:lz: + 11U - VOliin). (4.4.56)

By virtue of Lemma 4.4.6, it suffices to estimate ||[U - VO||3,, in order to prove the

lemma. For this purpose, we observe, by Lemma 4.4.4 and Lemma 4.2.1 (ii), that

I - VO, H)[E < UL 1Ol + [IVUIFIVO] L~

(4.4.57)
< C(lOll: + 1®1liy2s)-
From the derivations in (4.4.51) we have
18125 < C(IIO:I7n + IVOIP). (4.4.58)
Substituting (4.4.58) into (4.4.57) we have
1@ - VO )l < CIOull7n + 1O152). (4.4.59)
Plugging (4.4.59) into (4.4.56) we have
1813 < C(IO1%2 + 16:3). (4.4.60)

which, together with Lemmas 4.4.5 and 4.4.6, implies (4.4.55). This completes the
proof of Lemma 4.4.7.

As a consequence of Lemma 4.4.7, we show the uniform estimate of ||w/|| .

Lemma 4.4.8. Under the assumptions of Theorem 4.1.2, there exists a constant

C > 0 independent of t such that
|w(-,t)|[pe < C, ¥ t>0.
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Proof. We note from (4.4.35) that for any p > 2, it holds that
%HWHLP < [IVOllze < VO =0V < VO 1= max{1, |Qf}. (4.4.61)
By Sobolev embedding and Lemma 4.4.7 we have
[VO[[z= < C|O]|gs < Cexp{—pat}. (4.4.62)
Plugging (4.4.62) into (4.4.61) we have
d
llwllr < Cexp{~pit}. (4.4.63)
Upon integrating (4.4.63) in time we have
ool < o 0)llzs + C/By < ol 0)llp ma{L, 00} + C/B1 (14.64)

We note that the RHS of (4.4.64) is independent of ¢ and p > 2. Therefore, letting
p — oo in (4.4.64) we complete the proof of Lemma 4.4.8.
Now we turn to the regularity of the velocity field. With the help of Lemma 4.4.7

we have

Lemma 4.4.9. Under the assumptions of Theorem 4.1.2, for any T > 0, there exists

a constant M = M(T) > 0 such that
01 oy < M. (4.4.65)
Proof. We note, due to (4.4.55) and Sobolev embedding, that

18112 011,01y < C exp{—Pat},

for some v € (0,1). Therefore, (4.4.1); and Lemma 4.2.6 with G = Oe, imply that
for any fixed T > 0,

HUH%([O,T];Cl(Q)) < O(T) < oo (4.4.66)
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To estimate ||U|| g3, we consider the vorticity equation (4.4.14). For any mixed spatial
derivative D* with 0 < |a| < 2, taking the L? inner product of D*(4.4.14) with D%w
we get

1d

1Dow|? = — / DU - V) DPw dx — / D0, D%w dx. (4.4.67)

Since V- U = 0 and U - n|gg = 0, we rewrite the first term on the RHS of (4.4.67) as

- / D*(U - Vw)D%w dx = —/ DV - (Uw)D% dx

Q Q (4.4.68)

= —/ (D*V - (Uw) — U - VDw) Dw dx.
Q

Combining (4.4.67

~—

and (4.4.68), and using Cauchy-Schwartz inequality we get

1d
S I1D%w|* <

1
2dt |(D°V - (Uw) = U - VD w)|[* + 3 DO + [ D°w|*.  (4.4.69)

DN | —

Now, it is easy to see that
(DY - (Uw) = U - VD w)||* < [VU[7=lw]?, for [a] =0, (4.4.70)
and
(D*V - (Uw) — U - VDW)||* = |D*V - U)w + (V - U)D% + DU - Vw||?

<NUellwlize + 20 VU 2 llwll7, for [a] = 1.
(4.4.71)

For || = 2, with the help of Lemma 4.2.5 with f = U, g = w and |3| = 3 we obtain
I(D*V - (Uw) = U - VDw)|* < CIVULllwlFe + 1V Esllwllz).  (4.4.72)

Combining (4.4.70)—(4.4.72) we see that for any multiindex a with 0 < |a| < 2 it

holds that
(DY - (Uw) = U - VD)|* < C(|VU|Eellwle + 11U s [wllis).  (4.4.73)

Plugging (4.4.73) into (4.4.69) and using Lemma 4.2.4 with s = 3,p = 2 we get
1d, . o 1, o
57 Il < CUIVUIZ= @]z + 1011 wlZe) + [D°w]® + DO,
(03 1 o
< CIIVUIze (ol + U7 + 1Dwl* + 511D 6. |1
(4.4.74)
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Summing (4.4.74) over all a with 0 < |o| < 2 and using (4.4.55) and (4.4.66) we

obtain
%IIWII?IQ < CIVU L (Il + 1UN?) + 2llwl72 + 1Ol
= (CIVU > +2) @iz + CIVUL< U + 18] s
< C(D)|wlizp + C(T).
Then Gronwall’s inequality implies that
ol O3 < e (. 0+ [ car)

<C(T), YO<t<T,

(4.4.75)

(4.4.76)

which, together with Lemmas 4.2.4 and 4.4.2, implies (4.4.65). This completes the

proof of Lemma 4.4.9.

To complete the regularity stated in Theorem 4.4.1, it remains to estimate ||©|3,4 @

Using the results obtained in previous lemmas, we can easily prove the following

Lemma 4.4.10. Under the assumptions of Theorem 4.1.2, for any T > 0, there

exists a constant N = N(T) > 0 such that
1011220111402y < N-
Proof. First, we rewrite the equation (4.4.43) in terms of ©; as:
KA(O) =0y + U - VO 4+ U - VO,.
Since ©]gn = 0, applying Lemma 4.2.3 to the above equation we get
18:ll72 < CUION* + Uz - VOI* + U - VO?).
Using previous results we estimate the RHS of (4.4.78) as follows:
C18ull® + 1U: - VOI* + [|U - VO, |*)
< C(1®ull* + 1UPIVOI L + U< VOL?)
< C(1®ull* + U101l + U172l VO:|I)

< C(|0ul* +1).
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So that, (4.4.78) is updated as
104132 < C(l|O4]* + 1) (4.4.80)
Now, for any T' > 0, we integrate (4.4.54) in time over [0,7] to get

T T
F(T) + ﬁg/ F(t)dt +/ 04| 2dt < F(0), (4.4.81)
0 0
which, together with (4.4.76), implies that

19l Z2 o z1ier200) < ClIOllZ2 go.r7iz20) +T) (4.4.82)

< C(T).

For the H* norm of ©, Lemma 4.2.3 with m = 2,p = 2 and previous estimates

indicate that
10113 < C(Il0ul3= + U - VO32)
< C(I10ul3 + U710l + IVU 7= [1O152 + U132/ VO| 7<) (4:4.83)
< C(lled3 + C(1)).
Therefore, (4.4.77) follows from (4.4.82)—(4.4.83). This completes the proof of Lemma
4.4.10.

Lemmas 4.4.4, 4.4.7-4.4.10 conclude Theorem 4.4.1. Now we prove the uniqueness

of the solution.

Theorem 4.4.2. Under the assumptions of Theorem 4.1.2, the solution of (4.4.1)-

(4.4.2) is unique.

Proof. For any fixed T > 0, suppose there are two solutions (01, Uy, P,), (0, U, P)
to (4.4.1)(4.4.2). Setting © = O, — Oy, U = U; — Uy, P = P, — P,, then (6,U, P)
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satisfy

(- . ..
U +U -VU+U-VU, +VP =06(0,1)T,
O, + U, - VO +U - VO, = kA,

IV-U=0, (4.4.84)

U(x,0) =0, O(x,0)=0, x€Q,

L U . Il|aQ = 0, élag =0.
Taking the L? inner products of (4.4.84); with U and (4.4.84), with © respectively
we get

1d

555 (18174 1017) + VI = - [ 60 veix- [
3 (IO +1017) +5|VO|* = ~ | &(-ve,)

0 (- VUy)dx+ / Oidx.
Q Q

(4.4.85)

Using the estimates for ©y and Us, it follows from (4.4.85) that

1d

2.dt
. . _ 1 - .

<VO: = (IO + |U[*) + IV Uzl = IU|* + §(|l@ll2 +U%) (4.4.86)

(1612 + 1012) + K[ VO

<o@el® + 101, vtelo,1],

which implies that
(1817 + 1T]%) < e2“@DE(O(0)* + |U(0)]*) = o,

for any t € [0, T]. We conclude the theorem by noticing that 7' > 0 is arbitrary.

This theorem and Theorem 4.4.1 imply our main result, Theorem 4.1.2.

Remark 4.4.2. The ideas applied in the proof of Theorem 4.1.2 can be adopted to
study the initial-boundary value problem for (4.1.1) with v = 0,k > 0 and the Neu-

mann boundary condition on 6 (i.e., % = 0). In this case, due to the conservation

‘8(2
of total mass, the asymptotic state of 0 is 6 = ﬁfﬂ Oodx. Similar results as in

Theorem 4.1.2 hold for this case. We omit the details here.

Remark 4.4.3. It is interesting to study the 2D Boussinesq equations over bounded

domains with non-smooth boundary, e.g., any polygonal domain. In that case, we
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have to introduce a weak solution. Similar to Navier-Stokes equations, one could
use several formulations, e.q., velocity and pressure formulation, vorticity and stream
function formulation or stream function formulation. In particular, the reqularity of
the solutions is an interesting problem when the domain is a polygon. We leave the

study in the future.
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CHAPTER V

MATHEMATICAL STUDY OF MULTI-PHASE/MIXING
FLOWS

5.1 Introduction

In this chapter we generalize the study of the 2D Boussinesq equations in the direction
of multi-phase/mixing flows.
We consider the following initial-boundary value problem for a model of a two-

phase flow under shear and the influence of gravitational force:

(

¢ +U -V = Ap,
p=—alé+ F'(¢),

U +U-VU+ VP =vAU + uV¢ + fe;,

0,4+ U-V60 =0, (5.1.1)
V-U=0;

(¢, 1, U, 0)(x,0) = (0, tto, Uo, 0o) (x),

V¢'n|ag = van|aQ = 0, U|dQ :()7

(
where Q2 C R? is a bounded domain with smooth boundary 9Q and n is the unit
outward normal to 0€2. Here, ¢ is the order parameter and p is a chemical potential
derived from a coarse-grained study of the free energy of the fluid (c.f. [37]), U denotes
the velocity and @ is the temperature. The constant v > 0 models viscosity.

We also study the IBVP for a simplified model of a two-component mixture, with

a diffusive mass exchange among the medium particles of various density accounted
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for:

p(Uy+U -VU) + VP = \(Vp- VU +U - V(Vp)) + pAU + fp,

pe +U - Vp=AAp,

V-U=0; (5.1.2)
(U, p)(x,0) = (Vo, po)(x), m < po(x) < M;

Ulpoa =0, Vp-n|pq =0,

0
where p, U denote the density and velocity respectively, p > 0 is the coefficient of
viscosity and A > 0 models diffusion, and m, M > 0 are constants.

In this chapter, for the modeling equations of multi-phase flows, we generalize
the study of [10] by considering additionally the effect of gravitational force in the
motion of fluid. In the direction of mixing flows, we build up the regularity of the
weak solution obtained in [5]. For both cases, we study global existence of smooth
solutions to the initial-boundary value problems. For the global existence of smooth
solutions, we require the following compatibility conditions:

For multi-phase flow model (5.1.1):

(

V-Uy=0, Voo -nlsg = Vo - n|ag = Uplaa = 0,

vAUy + 1oV o + ez — VP =0, x € 0Q, t =0, (5.1.3)

| Ho = —alAgy + F'(¢y),

where Py(x) = P(x,0) is the solution to the Neumann boundary problem

APy =V -[0pes + 10Vpo — Uy - VU], x € Q,

(5.1.4)
VE- Il‘ag = [VAUO + 9062] . Il|aQ.
For mizing flow model (5.1.2):
V-Uy =0, Uplon =0, Vpo-nlse =0,
(5.1.5)

AV o - VUy + AUy + fopo — VPy =0, x € 9,
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where Py(x) is the solution to the Neumann boundary problem

VP A o
v. ( _ 0) _v. (p_(VpO.VUo+Uo-V(VPo)) _UO'VUo+pﬂAU0+fO)v
0 0 0

VP -nlasq = [AVpo - VU + AU + fopo) - 0lan.
(5.1.6)
Notation 5.1.1. Unless specified, throughout this chapter, C and C; will denote
generic constants which are independent of the unknown function. In addition, the

values of the constants are different from those in previous chapters.
The following theorems are the main results of this chapter.

Theorem 5.1.1. Let Q C R? be a bounded domain with smooth boundary and suppose

that F(-) satisfies the following conditions:

(H)) Fisof C° class and F > 0.;
(Hy) There exist constants Cy,Cy > 0 such that |F"(¢)| < C1|oP™" + Cs,
n=1---,5, Vh<p<ooand ¢ €R;

(H3) There exists a constant Fy > 0 such that F" > —F}.

If (9o(x) € HYQ), po(x) € HAQ), (bo(x).Up(x)) € H*(Q) satisfy the compati-
bility conditions (5.1.3)-(5.1.4), then there ezists a unique solution (¢, 11,0,U) of
(5.1.1) globally in time such that ¢ € C([0,T); HY(Q)) N L2([0,T): HY(Q)), p €
C([0,T); H2(Q))NL2([0, T); H4(R)), 6 € C([0,T); H3()) and U € C([0,T); H*(Q2))N
L2([0,T); HX(Q)) for any T > 0.

Theorem 5.1.2. Let Q C R? be a bounded domain with smooth boundary and suppose
that the constant py = 2p — MM —m) > 0. If (po(x), Up(x)) € H?*(QQ) satisfies the
compatibility conditions (5.1.5)~(5.1.6) and f € C([0,T); H'(2)) N L2([0, T); H%(2)),
fi € LA([0,T); L*(Q)), then there exists a unique solution (p,U) of (5.1.2) globally in
time such that (p,U)(x,t) € C([0,T); H*(Q)) N L*([0,T); H*(Q)) for any T > 0.
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Remark 5.1.1. The assumptions (Hy) — (Hs) in Theorem 5.1.1 are satisfied for a
number of applications such as F(x) = (1 —x?)?; see [10] and references therein. The
condition 2 — AN(M — m) > 0 in the statement of Theorem 5.1.2 suggests that, to
ensure the global existence of smooth solution to (5.1.2), the rate of mass exchange
between the two components can not exceed the threshold which is determined by the

viscosity and the lower-upper bounds of the density. From the proof of Theorem 5.1.2

M-—m
2

we will see that the number 18 optimal. It is not clear whether the condition can

be removed till the date this thesis is written. The investigation is still underway.

The proofs of the above theorems are in the spirit of the proof of Theorem 4.1.1.
Still, there will be intensive applications of Sobolev and Ladyzhenskaya type inequal-
ities. The standard results on Stokes equations still play an important role in the
analysis. However, life is not that easy. For (5.1.1), due to the coupling of Cahn-
Hilliard equation and Boussinesq equations, the nonlinear term V¢ brings us a big
challenge in the analysis. The regularity of U is much more difficult to build up
than the one in the Boussinesq equations. More detailed applications of Sobolev type
inequalities will be involved in the proof. We also observe that there are great dif-
ferences between the Boussinesq equations and system (5.1.2). An obvious one is the
appearance of the density in (5.1.2) which makes the complexity of analysis signifi-
cantly increase. The reason is that, as the density is coupled with the velocity, when
dealing with higher order estimates, more nonlinear terms will appear after taking
derivatives in the velocity equations. Plus the second order derivative U - V(V)p
standing in the velocity equations, the regularity of U is an substantial barrier to
pass.

Since the global existence of weak solutions can be proved in similar fashion as in
Chapter 4, we will focus our attention on the energy estimates which are essential for

the global existence of smooth solutions. These will be done in the next section.
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5.2 Multi-Phase Flow

In this section, we will prove Theorem 5.1.1. We first give the following lemma which

can be proved using the arguments in [10] and Chapter 4.

Lemma 5.2.1. Under the assumptions in Theorem 5.1.1, there exists a global weak
solution (U, 0) of such that, for any T >0, ¢ € C([0,T]; H*()) N L([0,T]; H3(1)),
p € L*([0,T]; HY()), U € C([0,T); L*(Q))NL*([0,T); Hy () and § € C([0,T); LP(Q))

forvV 1 <p < o0.

Now we establish the regularity and uniqueness of the solution obtained in Lemma

5.2.1. The following theorem gives the key estimates.

Theorem 5.2.1. Under the assumptions of Theorem 5.1.1, the solution obtained in

Lemma 5.2.1 satisfies the following estimates:

H¢H2C([0,T);H4(Q)) + H¢Hi2([o,:r];H6(Q)) + HMHQC([O,T);H%Q)) + HMH%Q([O,T};H‘%Q)) <C;

1Ullcqo.ryme @) + 1U | 2o,y 00y + 10l cqoryms @) < C,

(5.2.1)
for any T > 0.
First, due to the conservation of total mass, we have
Lemma 5.2.2. Under the assumptions of Theorem 5.1.1, it holds that
100> = [|60lle, 1 <p < o0, (5.2.2)
Next, we give some basic estimate of the solution.
Lemma 5.2.3. Under the assumptions of Theorem 5.1.1, it holds that
¢ € C([0,T); H'(Q)) N L*([0, T]; H*(2)) 523

U € C([0,T]; L*(2)) n L* ([0, T]; H'()).
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Proof. Taking L? inner product of (5.1.1)3 with U we have

1d

2dt||U||2+1/||VU||2:/M(V¢-U)dx+/9vdx. (5.2.4)
0

Q

Taking L? inner product of (5.1.1); with ¢ we have

1d s
3ol = [ o
= — / Vi - Vodx
Q
——allaol? - [ F'@)|VoPax
Q
which yields
1d ”
10l + all ol = = | F()vopax (5.25)
Q

Taking L? inner product of (5.1.1); with u we have

d

(5191 + [ Feorex) + 192 = - [ u(vo-vyax (526)

Adding (5.2.4) and (5.2.6) we get

d (1

— —HU’|2+g’|V¢”2+/F(¢)dX +y\|VUH?+|ywy\2=/9vdx. (5.2.7)
dt\ 2 2 0 0

Applying Cauchy-Schwartz inequality to the RHS of (5.2.7) and using (5.2.2) we
obtain

d

1 « v
(101 + SIV6l + [ Fl@ax) + TV + VAP < Clleal? + SITU,

where we have used Poincaré’s inequality to U. The preceding estimate implies that

d

1 « v
G (G101 + 51velP + [ Fiox) + SIVUIR 4 IvaP <C. (529

Adding (5.2.5) and (5.2.8), using (Hs) we see that
d (1 1 Q@ v
(3101 + 3101 + 519012 + [ F(o)ax) +alldolP + IV + [Vul?
Q
<~ [ Fro)vopix
Q

< C+ F|Vo|?*.
(5.2.9)
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Letting

1 o
Bi(t) = 301F + 51VIE + 51Vl + | Flelax, (5210)

since F' > 0, we know from (5.2.9) that

d v 2F
%El( )+ a||Ad|? + §||VU||2 +|Vu|? < C+ TlEl(t), (5.2.11)

which implies, after applying Gronwall’s inequality, that
Ei(t)<C, VO<t<T and /OT (a||A¢||2+g||VU||2+||V,u||2) dr < C. (5.2.12)
Applying Lemma 4.2.4 to F' = V¢ and using (5.1.1), and (H,) we see that
IVolz: < C(I1Adl + Vl)
< C(IA* + Vol + [Val® + | F"(6)Vol?)

< C(1ASI? + IV SIP + [Vul® + G155 IV ell7a + [V]1).

Since

o752 1V 81170 < Clell 1V el

< ClIglI*2 = (| Aag)? + V]2,

we know that
IV6li3= < C(IA0I? + V]2 + [ Val? + I8l5 2 (1a6]* + Vo)),
which implies that
6113 < C(I1AGI2 + 18I + 161> + [ Vall* + ol (1Al + 1V6]?)).

Therefore, (5.2.10) and (5.2.12) yield (5.2.3). This completes the proof of Lemma
5.2.3.

The next lemma is the corner stone of this section which gives the estimate of
2
1N E 0.2 1200 -

Lemma 5.2.4. Under the assumptions of Theorem 5.1.1, it holds that

||¢||C (o2 @) < € (5.2.13)
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Proof. Taking L? inner product of (5.1.1); with ¢; we have

el + / ¢:i(U - Vg)dx = / G Apdx. (5.2.14)
Q Q
Using the boundary condition we calculate the RHS of (5.2.14) as follows:

[ o= [ o

— 4 (5120) + [ Fo)aaax

d 1 1
- ‘E(‘HMH? / F"(¢ >|V¢|2d><) T3 /QF "(0) ¢ Vo|*dx
(5.2.15)
Plugging (5.2.15) into (5.2.14) we get
d 1 1
(5100145 [ FroNvorax) el =5 [ Frolvora- [ o(-vo
(5.2.16)

Using Cauchy-Schwartz inequality, Lemma 4.2.1, (Hs) and (5.2.3) we estimate the

first term on the RHS of (5.2.16) as follows:

3 | Fr@advopax < Jlad+ § [ P70 Toldx

2 Ja
1
< Jloud?+ ¢ [ (P79 + 0)lVatax
1
< Jllodl’® + ClIVole + Cllol25 2 [V ellie
—HW + O Vl[1a + Cllo 20 (11 D2¢]24 | Vo)1 + |V ]|

1
< 26 + Cllgl3s + C
(5.2.17)

The second term on the RHS of (5.2.16) is estimated as
1
- [ o Vedx < {1 + U Vo
0
1
< Zled® + CUovo(IveliD®e) + [Vel?)  (5:218)

1
< 718l + CIVUI* + Cligllz= + C.
Combining (5.2.16)—(5.2.18) we see that

—(—H l1* + /F”( )\vqsy?dx) - %H@HZ < Ch(t), (5.2.19)
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T

where C(t) = C||¢||3s + C||VU|]* + C satisfying / Ci(r)dr < C(T) due to (5.2.3).
0

Multiplying (5.2.9) by 22 then adding the result to (5.2.19) we have

d 2F
—FEs(t) + !

v 1
a (allaol? + FIVUIR + [Vl?) + 3lo0? < o), (220

«

F F 2F a 1 [,
Eo(t) = s 2o 282 / F(6)dxt 2 AGIP+ V|4 / F'(6)|Vél2dx,
« o a Jq 2 2 Jq

and

_2CF,  2F?

T
Cs(t) + TIHng\P + C4(t), satisfying /0 Cy(r)dr < C.

It is clear, since F” > —F}, that

2F;

F F
Ex(t) = —|gl* + —|U|* + =
o o a Jq

o} F
F(g)x + A0|? + L Vol (5.221)
Integrating (5.2.20) over [0, 7] we get
T
Ex(t)<C, YVO<t<T and / |p4]|2dT < C, (5.2.22)
0
which implies, in view of (5.2.21), that

¢ € C([0,T]; H*(Q)). (5.2.23)

This completes the proof of Lemma 5.2.4.
With the help of Lemma 5.2.4 we are now ready to improve the regularity of U

and build up higher order regularity of ¢.
Lemma 5.2.5. Under the assumptions of Theorem 5.1.1, it holds that

U & om0y + U220 12020 < C

(5.2.24)
122 o025y + 1011720 1720802y < C-
Proof. Taking L? inner product of (5.1.1)3 with U; we have
d
Z—HVUHQ + | U:)|? = —/ U - (U-VU)dx + / Oupdx + / w(Vo - U)dx
. (5.2.25)
< ZIGP +3ll60]° + 31T - VUIP* + 3]Vl
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where we have used Cauchy-Schwartz inequality. Similar arguments as in Chapter 4

yields
1
|- VUl < C(IVUIPIVU? + C) + SIIT*

(5.2.26)

Similarly, by Lemma 5.2.4 we estimate the last term on the RHS of (5.2.25) as

l1Vel* < C+ClIVul.
So we update (5.2.25) as
v SIVUIE + |0I? < CINUIPITUI +CIal? +C.
Applying Gronwall’s inequality to (5.2.28) and using (5.2.3) we see that
UeC([0,T); H'(Q)) and U, € L*([0,T]; L*(2)),
which together with Lemma 4.2.2 and (5.2.27) implies that
U e L*([0,T]; H*()).
It is easy to see from (5.1.1)); and Lemma 5.2.4 that

IVl < C(| Al + 1Vel)
< C(Igell + 11U - Vol + Vall)
< O(||ge]l + 1+ [V ul]).-

Then we see from (5.2.12) and (5.2.22) that

p € L*([0,T]; H*(Q)).
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Using Lemma 4.2.4, (H3) and (5.2.23) we see that

115 < C(I1AGN72 + [I9l7)
< C(llullze + el + 17 (9)]172)
< C(llullie + 9l + 111750 + O + 61542 IV ellzs + [Vol*+
o154 ID?@l1Zs + 1 D% + 1l IV ellEs + V] 74)
< C(lullz + 1017s + @l + C)

< C(lulle + 19l +C).

(5.2.33)
which together with (5.2.3) and (5.2.32) implies that
¢ € L*([0,T); H(2)).
This completes the proof of Lemma 5.2.5.
Now we improve the regularity of x4 and ¢.
Lemma 5.2.6. Under the assumptions of Theorem 5.1.1, it holds that
||N||20([0,T];H2 + ||¢||C o) < C. (5.2.34)
Proof. Taking L? inner product of (5.1.1); with y; we have
Gl Vo = - [ Fropdtax— [ (v ojax
< Fil|ge))® + CIU - V|* + &l e
o+ U - VI + ellu -

< Fil|e]l” + O + ea® | Age||* + e[ F"(6) ]

< Clll|* + C + ea®|| Agy|)?,

where we have used (H3) and ¢ is a number to be determined. Differentiating (5.1.1);

with respect to t, multiplying the resulting equation by ¢; then integrating over €2
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yields

1d ,
sl +alaa? = [ Peydods— [ (v Veax
= | F'(¢)Adidx + / (Ui - Ve )dx
Q Q
<S80 + CIE" @)l + CE) TP + 1| Ve
<

[0
ZIAG* + Cllonl® + CEDT® + el Ve,
(5.2.36)

where £; is a number to be determined. Choosing € = i and €; = 5, then combining

(5.2.35) and (5.2.36) we get

1d

4 2 2 a 2 2 2 2 5937
52 (1012 +116d?) + 5 (IVl? + 186.) < Cllad® + CIUIP + €. (5:2.37)

Since ¢y, U, € L*([0,T]; L*(R)), integrating (5.2.37) over [0, T] yields
Vi, ¢ € C([0,T]; L*(Q)) and Ve, Ag, € L*([0,T]; L* (), (5.2.38)
which together with (5.2.31) and (5.2.33) implies that
peC([0,T); H*()) and ¢ € C([0,T]; H(Q)).

This completes the proof of Lemma 5.2.6.

As a consequence of Lemmas 5.2.4 and 5.2.6 and (5.2.38), we can show that
Lemma 5.2.7. Under the assumptions of Theorem, it holds that

422 0,039 2y + 1011220 17,180y < C- (5.2.39)

The proof of Lemma 5.2.7 is straightforward, we omit the details. The next lemma

is essential for improving the regularity of 6.

Lemma 5.2.8. Under the assumptions of Theorem 5.1.1, it holds that

10N o2y + 1022 qommwzm@y < € ¥ 1 <p< oo, (5.2.40)
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Proof. Differentiating (5.1.1)3 with respect to ¢, then taking L? inner product of the

resulting equation with U; we have
1d
2dt
:/ [_ (U -VU) - Up + 6oy + (Vo - Up)dx + (Ve - Ut)} dx
Q

IV + v VU*

(5.2.41)
:/ [ (U - VU) - Uy + 0U - Vo, + (Vo - Uy) + u(Vy - Ut)] dx
Q

E[1+[2+[3+I4
Using previous results we estimate I; in (5.2.41) as follows:
v
L < VU7 < CIGIP + ZIVT;
v v
L < [|0U[° + ZIVU® < C + LIV
4 4 (5.2.42)
I < |m Vol + U° < C>IAGI + Cligel®) + 101
Ly < |uVél* + TP < CIV® + U]
Combining (5.2.41)—(5.2.42) we obtain

Ld

1%
SO + ZIVUR < (TR + 6P + VP +1A0P) +C. (5.2.43)

Integrating (5.2.43) over [0, T using (5.2.29) and (5.2.38) we see that
U, € C([0,T); L*(2)) N L*([0, T); H'(2)), (5.2.44)
which together with (5.2.26) implies that
U e C([0,T]; H*(2)). (5.2.45)
As consequences of previous estimates we have the following:
Uy € L*([0,T); LP()), (U-VU) € C([0,T]; L7(2)), 6 € C([0,T]; LP(Q));

uVo e O([0,T]; L (), V1<p< oo,

which imply that
U e C([0,T); H*(Q)) N L*([0,T); W*P(2)), V1<p< . (5.2.46)
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Recalling Lemma 4.2.1 we see from (5.2.26) that
U e C([0,T];C°(0) n L*([0,T]; C1(Q)). (5.2.47)

This completes the proof of Lemma 5.2.8.

With the help of Lemma 5.2.8, similar to Lemma 4.3.6, we have

Lemma 5.2.9. Under the assumptions of Theorem 5.1.1, it holds that
|V~ < C. (5.2.48)

Using similar arguments as in the proof of Lemmas 4.3.7-4.3.8 and with the help

of Lemmas 5.2.6-5.2.8 we can easily obtain the desired estimate of U:
Lemma 5.2.10. Under the assumptions of Theorem 5.1.1, it holds that

HU“%’([O,T];H?’(Q)) + ||UtH%2([O,T};H2(Q)) < C; (5.2.49)
16112 023232y + N0 Z2 o010 52y < C-
This lemma and Lemmas 5.2.6-5.2.7 conclude the regularity stated in Theorem

5.1.1. Now we prove the uniqueness of the solution.
Theorem 5.2.2. Under the assumptions of Theorem 5.1.1, the solution is unique.

Proof. Suppose one has two solutions (¢1, 01, Uy, P1), (¢2, 0, Us, Ps), setting b =

¢1_¢27é:01_QQ,U:Ul_UQ,P:_Pl_PQ, then (ng,é,lj,ﬁ)) satisfy

G+ U -Vo+U -V = Al

fi =y — ps = —alAp+ F'(¢1) — F'(2)

U +U -VU+U-VUy,+ VP =vAU + 11Vo — iV + 6(0,1)T

0+ U, -VO+U-Vby =0 (5.2.50)

V-U=0;

VO nlpg = Vi nlogg =0, Ulsa =0,

#(x,0) = 0,U(x,0) = 0,0(x,0) =0, x € Q.
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Using the incompressibility and boundary conditions for the solutions, after taking

L? inner products and integrating by parts, we find

MHQSHQ | AGI* < Vol (1T + [16]]%) + HA¢H2+HF”( 5|7 19117,

and
1dy, -~ ~ ~
5= (1012 + 1T12) + v 2
a 1" 0 g
< SNAGI + CIF @)= 131 + CUT 31T + S + 1TP),

where || F"(9)]|20 < |F"(¢1)]|2 +]| F"(¢2)||2. Using estimates of (¢;, 0;, Us),i = 1,2

we get
8% ~
5 dtHW +al Al < CIUI + 141%) + l1Ad]?, (5.2.51)
and
ld 712 7112 ) 7112 2y, YA T2
5= (1812 +1012) + IV T2 < CUIBIE+IT12) + 1V ple (13124 1T112) + SN AS.
(5.2.52)
It is clear, by (5.2.39), that p € L*([0,T]; H*(Q)), which implies that
V€ L*([0,T]; L®(9)). (5.2.53)

Adding (5.2.51) and (5.2.52) we obtain

~ (6] ~ ~ ~ ~
=L (PP 1T 1)+ AV T+ 2SI < O (I8P +IaP+1017). (5259

T
where C(t) satisfies / C(r)dr < C(T) for any 0 < T < oo. In particular, we have
0

1d

S (1812 + 1812+ 10112) < o) (13112 + 18112 + 1T1).

which implies that
(IBOIP + 10@) 12 + [T @) < el O ((|g(0)]2 + 16(0) |2 + [T (0)]|) =0

forany 0 < T < oo and 0 <t < T. So, the solution is unique. This completes the

proof of Theorem 5.2.2.
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5.3 Mixing Flow

In this section we will improve the regularity of the global weak solution established

in [5]. First, we recall the system of equations:

p

p(Up + U -VU) + VP =XVp-VU +U -V(Vp)) + pAU + fp,

V-U =0,
\

and the initial and boundary conditions:

(U’ p)(X, 0) = (U07p0)(x)7 m < p()(X) < M?
(5.3.2)

U|6Q = 07 Vp ’ n|8Q = 07

where m, M > 0 are constants.

The first lemma gives the lower-upper bounds of the density.

Lemma 5.3.1. Under the assumptions of Theorem 5.1.2, it holds that m < p(x,t) <

M, for allx € Q and t > 0.

Proof. For any p > 1, Taking L? inner product of (5.3.1)s with |p[P~2p we have

1d, .
~—|lplb, = AplplP~2pd
pdthllL /Q plpl"~pdx

— Ap-1) / PPV plPdx < 0,
Q

which implies that

lpllze < llpollzs, Vp = 1. (5.3.3)

Letting p — oo in (5.3.3) we have
lpllzee < [lpollzee < M. (5.3.4)

To find the lower bound of ||p||z=, we consider the following initial-boundary value
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problem

2
Rt+U-VR:)\AR—E\VR|2,
V-U=0;

] 1 (5.3.5)
R(x,0) = Rp(x = —(x) < —,
(%,0) = Rox = —-(x) < -
VR'II|8Q:0,

\

where R = %. For any p > 1, Taking L? inner product of (5.3.5); with |R|P72R we
have ) we get
IR, = =\p+1) [ IRPHVREx <0,
which implies that
IRIZ» < [ RollZ, VP =1. (5.3.6)
Letting p — oo in (5.3.6) we have

1
[R||ze < [[Rollze < —. (5.3.7)

m

Therefore,

ol = m, (5.3.8)

this together with (5.3.4) concludes the proof of Lemma 5.3.1.
With the lower-upper bounds established in Lemma 5.3.1 we now deal with some

lower order estimate of U.

Lemma 5.3.2. Under the assumptions of Theorem 5.1.2, it holds that

||U||20([0,T];L2(Q)) + HUH%?([O,T];H(%(Q)) <C.

Proof. Taking L? inner product of (1); with U we get

2 2
/p IoF dx+/,0U-V 1oF dx—i—,u/|VU]2dx
2 t Q 2 Q

Q
:)\/QVp-V(|UT|)dx+)\/Q(U-V(Vp))-de+/ﬂpf~ Udx.
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After integrating by parts we find

1d
2dt

— . . _». [— 2
—)\/Q(U V(Vp)) de—l—/gpf Udx ,u/Q|VU| dx.

Using (5.3.1)2 and (5.3.1)3 we get from the above equation that

1d
2dt

:)\/ (U-V(Vp)) -de+/pf- Udx,
Q Q
which implies that

1d
2dt

1 1 A
p[Ude—5/pt\U|2dx+§/pU-V\U\2dx+§/Ap|U\2dx
0 0

1 1
p\U| dx + - /V(pU)\U\zdx—i-—/pU-V|U\2dx+/L/ VU *dx
2 Ja 2 Ja 0

p|U| dx+;z/|VU| dx = \ /[U-V(Vp)} -de—i—/gpf-UdX. (5.3.9)

For the first term on the RHS of (5.3.9), using (5.3.1)3, after simple calculations

we have

[U-V(Vp)]-U=V-[UU-Vp)—(pU - VU)| + p(ul + 2uyv, + v}).

Integrating (5.3.10) over 2 using the boundary condition we get

/Q [U-V(Vp)] -Udx = / p(ul + 2uyv, + v))dx.

Q

Using this equality we update (5.3.9) as

2 dt
Since
Uz + 2uyv, +v. =V - (U-VU)—=U-V(V-U),
we have
/Q(ui + 2uyv, + v2)dx = 0.
Then we have from (5.3.11) that

M+m

2 2 _
3 IVAUIE + VU = A [ (o
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||\/_U||2+u||VU|]2 /Qp(u§+2uyum+v§)dx+/gpf-de.

(5.3.10)

(5.3.11)

>(u§+2uyvx+v§)dx+/pf-de.
Q

(5.3.12)



Using Lemma 5.3.1 we estimate the RHS of (5.3.12) as follows:

M -
‘)\/ (p— ;m>(ui+2uyvx+v§)dx+/,0f-de
0 0

M—-—m
2

So we update (5.3.12) as

<A

1 M. -
ISUI+ SIVAU I + S,

d -
Z VAU + [200 = XM =m)][IVU|* < [[VpU* + M| f]]* (5.3.13)

Applying Gronwall’s inequality to (5.3.13) and using conditions on f in Theorem

5.1.2 we conclude that
|v/pU|I? < C, and ||[VU|?* < C. (5.3.14)

Since ||p||r~ > m, we conclude the proof of the lemma immediately by (5.3.14).

As a consequence of Lemma 5.3.2 we have

Lemma 5.3.3. Under the assumptions of Theorem 5.1.2, it holds that

ol o2 ) + 10122 0,102 (02)) < C-

Proof. Taking L? inner product of (5.3.1); with Ap we have

1d

5 17PNl = [ (U Vo)apax. (5.3.15)
Q

Using Cauchy-Schwartz inequality and Lemmas 5.3.1-5.3.2 we estimate the RHS of
(5.3.15) as follows:

A
|- apix < IVl + J10
A
S A R P (53.16)
A
< OIUIVllID?] + CIVUIal* + 2 |ap]”
From Lemma 4.2.4 we know that

1Dl < C(IlApl +11Vpll)-
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So we update the first term on the RHS of (5.3.16) as

CIVUIIVAlID?oll < CIVUIIV el (1Ap] + 1V oll)
A
< CIVUIPIVAIP + Z1Apl + CIVUIIVAI®  (5:3.17)
A
< O+ IVUIR)IVAI® + Z1An1,

where we have used Cauchy-Schwartz inequality. Combining (5.3.15)—(5.3.17) we
have

d
ZIVol? + MApl* < C(1+ [VUIP) IVol*

Applying Gronwall’s inequality and using Lemma 5.3.2 we have
T
Vol <. and [ aglr < c.
0

which concludes the proof of the lemma 5.3.3.

The following estimate of ||ptH%2([0 7].2(0)) 18 @ direct consequence of Lemma 5.3.3.

Lemma 5.3.4. Under the assumptions of Theorem 5.1.2, it holds that

10172077222 (02)) < C-
Proof. We observe that similar derivations used in (5.3.16)—(5.3.17) imply that
U Vol < C(1+ IVUIP)IVal® + Cll Aplf*. (5.3.18)
Using Lemmas 5.3.2-5.3.3, (5.3.1)2 and (5.3.18) we have
||pt||%2([0,T];L2(Q)) < >‘2”ApH%2([O,T};L2(Q)) +[|U - vp”%?([O,T];L?(Q))
< OlAPNZ2 om0 + C/OT (1+VU|?)dr

<C.

This completes the proof of Lemma 5.3.4.
The next lemma is crucial for this section and is essential for building up the

regularity of U.
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Lemma 5.3.5. Under the assumptions of Theorem 5.1.2, it holds that
U172 < CIVRUP + VU + 1D*plPIV U + [Vl + 1D?0l1* + 1 1 + 1)

Proof. We rewrite the velocity equation (5.3.1); as the nonhomogeneous Stokes
equations:

—uAU +VP =F,

where

F=—pU,— pU-VU +\Vp-VU + AU -V(Vp) + fp

5
= ZE
i=1

From Lemma 4.2.2 we know that
5
U5 < CIF|> < C > IEIP (5.3.19)
i=1

Now we estimate F; as follows:

Using Lemma 5.3.1, it is easy to see that
1A = llpU* < M|l/pU: . (5.3.20)

Similarly, we have
[F]* = [lpU - VU*
< CUlIvTl(IvUllD* Ul + IVUIP) (5.3.21)
1
< WU + CIVUI* +1),
where we have used Cauchy-Schwartz inequality.
Since p € C([0,T]; H'(2)), using the same idea we have
1F5])* = N[[Vp - VU*
< C(IVallllD*pll + IV oll?) (IVU DU + VU )

(5.3.22)
= C(1D%pll + DIVUI DU + C (|1 D?pll + 1) VU

1

< Ul + C(I1D%l1* + VU™,

(o)
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For the estimate of Fj, we have

1E3* = XU - V(Vp)I*
(5.3.23)
< CIVUII(ID*pllIID°pll + 1D pI?).
For the estimate of || D3p||, from (5.3.1), we have
IDpll < C (Il APl + [Voll)
=C(IVoll + IV - Vo)l + 1 Apll + Vo) (5.3.24)
=C(IVoll + IVU - (Vo) I + IU - V(Vp)ll + 120l +1).

Plugging (5.3.24) into (5.3.23) we have

XU -9 (V)2 < CIVTIID I [V pill + VU - (T)7 1+ | Apll + 1] + (5.3.25)

C|[VU|||ID?p||* + C|[VU[|1 D?p|l||U - V(Vp)].
Since

/\2
CIVUNID?*llIU - V(Vp)ll < CIVUIPIDpl* + S IV - V(o)

we have
MU -V (V)P < CIVUIID? ol IVl + IVU - (V)" | + 1 Ap]l + 1]+
C(IVU+ [IVUIHIID?pl?

< (VU + DDl + C(IVpe* + VU ? + VU - (Vp)T|?),
(5.3.26)

where we have used Cauchy-Schwartz inequality. Similar to (5.3.22) we have
IVU - (Vo) II* < C(ID%p + ) IVUIID* U + C(I1 D% + 1) VU,
which together with (5.3.26) yields
IF4* < CIVpl* + CUNVUIP + DIID?pl* + CA+ VU + éHD2U|I2, (5.3.27)
where we have used Lemma 5.3.3 and Cauchy-Schwartz inequality.
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Finally, using Lemma 5.3.1 we easily see that
1F511* = 11.fpll* < 22| £ (5.3.28)
Collecting the above estimates of F;(i = 1,...,5) we have

1UN72 <ClIVal® + CUVUI* + DID?*|* + C(1+ VU +
1 _
SIDUI” + MU + M2 ],

which implies that
U3 < C>IVPU + IVUI* + D2V U1 + IV pell” + 1Dl + 1 117 + 1).

This completes the proof of Lemma 5.3.5.

With the help of Lemma 5.3.5 we are able to improve the regularity of U and p;,.
Lemma 5.3.6. Under the assumptions of Theorem 5.1.2, it holds that

1UNZorm1 @y + U 2 o020y < C
06|20 1:2200)) T N1oel T2 0.17.801 02y < C-

Proof. Taking L? inner product of (5.3.1); with U; we have

VRS

%HVUH? + /Qp\Ut|2dx =— /Q/)(U - VU)Updx+
)\/ [vp-VU+U-V(vp)]Utdx+/pf- Uydx.
! T (5.3.20)
We estimate the RHS of (5.3.29) as follows:

Since ||p||r=~ > m, by Cauchy-Schwartz inequality we have

—/Qp(U-VU)Utder)\/

Q

[Vp-VU+U-V(Vp)|Updx + / of - Updx
. % (5.3.30)
S—II\/ﬁUtHQ+CH[,0U-VU+)\Vp-VU+)\U-V(Vp) +fp}H .

From the proof of Lemma 5.3.5 we know that the RHS of (5.3.30) is bounded by

S, |||, Therefore, similar arguments as in (5.3.21), (5.3.22) and (5.3.27) imply
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that
= 2
H [pU - VU + A\Vp - VU + U - V(Vp) + 7] H
<C. ) (IVU|* + ID*lPIV U + |1D?p* + [ F1* + 1) + 0l Vo> + EIU 3,

where 7, & > 0 are constants to be determined. So we update (5.3.29) as

nd

57 IVUIP+ /Qp|Ut|2dX <C(, ) (IVUII* + ID?*pIPIVU > + | Dpl?

_ 1
+ 717+ 1) + SIVAUAP + ullVodl® + €U e,
Choosing 7 = A\/8 and ¢ = min{1/(8C), \/(8C)}, from Lemma 5.3.5 we have

wd .
SGIVUIE + [ oltiax <COVUI + IDIFIVUIE + D%l

(5.3.31)
7112 1 2, A 2
+ AP+ 1) + 7 VUl + 71V e
Next, we take the temporal derivative of (5.3.1), to get
Taking the L? inner product of (5.3.32) with p, we have
1d 9 9
5 lodl” + AVl = = | (U - Vp)prdx. (5.3.33)
2dt 0
Using Lemma 5.3.1 and Cauchy-Schwartz inequality we have
1
[ Soax| < {IEUI 4 U
Q@ ) (5.3.34)
< ZIVPUIP + ClIVplallorlZe-
From (5.3.22) we know that
ClIVolzallodizs < CUD I+ 1)lpellI Vel + locl?)
(5.3.35)

A
< Zvat”Q +C(ID?p]* + 1)l oI,
where we have used Cauchy-Schwartz inequality. Combining (5.3.33)—(5.3.35) we
have

1d

3 1
Sl + ST < S IVAUIE + CUID*IR + Dol (5.3.30)
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Coupling (5.3.31) to (5.3.36) we have

CUIVUIR + llodP) + VBUI? + MVl

< CIVUI + [IDAPIVUIE + D% 1P + I+ 1) + OOl + 1) ol
< CUD*IP + DEIVUIP + ) + CIVUI* + DI + 1] + 1)

< Ol + VU + D VUI? + ) + D%l + 1] + 1)

= A (UIVU? + llpdl*) + B(2).
(5.3.37)

According to Lemmas 5.3.2-5.3.3 we know that A(t), B(t) are time integrable. There-

fore, applying Gronwall’s inequality to (5.3.37) we conclude that
T
pIVUI? +lp]* < C, ¥t € [0,T), and / (IVPUP + M Vpi*)dr < C,
0

which together with Lemma 5.3.1 implies the lemma.

Using previous lemmas we improve the regularity of the solution to higher orders.
Lemma 5.3.7. Under the assumptions of Theorem 5.1.2, it holds that

0G0z + 1012 oy gy < Ci
U220 112 (02)) < C-
Proof. Using (5.3.1)2 we have
Vol < C1ApIIP + IVoll?)
= C(lpl* + 11U - Vpl* + [ Vol?)
< CllpelP? + U7l Vpll7a + 1V 0l1?)
< C(llpell* + MU IV lID?pll + IV 011%) + 1V 0l1?).-

From Lemmas 5.3.3 and 5.3.6 we know that each term, except || D?p||, is bounded by

some constant. Therefore, we have

IVl < CUD?*l + 1),
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which implies that, by Cauchy-Schwartz inequality
Vol < C. (5.3.38)

As a consequence of (5.3.38) and Lemmas 5.3.5-5.3.6 we have

U < C(IVRUN? + VU + ID*pIPIVU P + IV pl® + 1 D%pl1” + 1117 + 1)
< OGP + IV pel® + 1A% + 1),

which yields

U220 110200 < CUNU Vou, Doz +1) < C.
Similarly, we have
IVpllz: < C(1ApIF + V0%
<CVpll? + IV U - Vp)I* + IVoll)
< C(IVpel? + U3 + IV ol 2 + 1)
2 2 1 2
< CUIVel® + U152 + 1) + 5[V pllz2,

which means

IVl < CUIVll? + U7 + 1) (5.3.39)
Thus, (5.3.39) implies that
Vol o mmz@) < CUNVPEGom 2@ + 101G G0 200 +1) < C.

This completes the proof of Lemma 5.3.7.
Next we will work on temporal derivatives of the solution and improve the regu-

larity of the solution to C([0,T]; H*(Q2)).
Lemma 5.3.8. Under the assumptions of Theorem 5.1.2, it holds that
1012 o302y < C

U o200y < C-
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Proof. Taking the temporal derivative of (5.3.1); we have

—uAU, + A(Vp - VU +Vp-VU, + U, -V(Vp) + U -V (V) + fou + fip.
(5.3.40)

Taking L? inner product of (5.3.40) with U; we have, after integration by parts, that

1d

7
1
2dt||\/ﬁUt||2+H||VUt||2 + Q/Q(Pt —U-Vp)|UiPdx = ZRi +>\/Q(V0‘VUt) - Urdx,

=1

where

Ry = —/Q(,otU-VU) - Updx, Ry= —/Q(,oUt L VU) - Uyds;
R; = /\/Q(th -VU) - Udx, Ry = /\/Q(Ut -V(Vp)) - Updx,
Rs = —)\/Qth (U - VU dx;

R6:/\/Q,otf-Utdx, R7:>\/ﬂpﬁ-Utdx.

Using the boundary condition and (5.3.1)3 we have

A
Q 2 Q

Moreover, since p; = AAp — U - Vp, we have

1d

9
5 IVPUP + ulVU* = | R, (5.3.41)
i=1

where
Rs = /(U . Vp)\Ut\de, Ry = —)\/ Ap\Ut|2dx.
Q Q

By Lemma and previous results we have:

Ry < |lpellzall Ul 24l VU || 24| Ut £
< C(IVpl"* + 1) (ID*UNM* + 1) (VU + 1U:]) (5.3.42)

< CUVal® + UG + IVoUP + 1) + el VUL,
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where € > 0 is a constant to be determined. Similarly, we have

Ry < C|l\/pUi|* + €| VU,
Ry < C(|U32 + DIIVoUP + ClIVpe||* + €l VU 1%,
Ry < CllpltellVeUll® + | VU,
Rs < OU IV ol” + €I VUL%,
) (5.3.43)
Re < ClIVeUPUIV o> + 1) + £ + el VUL,
Ry < C(IVAUP + 1 £1I) + el VU2,
Rs < Cll\/pUi|? + e[ VUL,
Ry < C(|lpllz + V)I/pU* + €| VU,

Collecting the results in (5.3.41)—(5.3.43) we have

1d
5 7 VAU + il VUP < 92 VP + D@VAUP + Vo) + E(2), - (5.3.44)

where
D(t) = C(IU1}= + llolze + |U* + 1),

E@t) = C(IUl + 111" + 1fell* + 1)
According to Lemmas 5.3.6-5.3.7 we know D(t), E(t) are time integrable.
Next, taking L? inner product of (5.3.32) with Ap; we have

1d

Lol T0l? + Al = / (Us-Vp+U - Vpi)Apudx

A
< SlAnll + C(IT: - Vol + U - Vol )

A
< 1A + el VU + CUUI:IV ol + 1UP)-

(5.3.45)
Combining (5.3.44) and (5.3.45) we have
Ld 2 2 2, A 2
5 7 UIVPU + IV el ") + kI VU + Sl Apd
(5.3.46)

< 10e[[VU* + DOIVPU* + [V pel*) + E(2).
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Choosing £ = /20 we update (5.3.46) as

d
Z(IVPUIP + IVl ) + 1l VU + MApd* < DOUVRTIRP + IVl ) + E ).
(5.3.47)
Applying Gronwall’s inequality to (5.3.47) we get that
Up € C([0,T]; L*()) N L*([0, T]; H' (),
(5.3.48)

pe € C([0,T]; HY(Q)) N L*([0, T]; H*())-
Then it is easy to see from Lemmas 5.3.5-5.3.7 and (5.3.48) that
U7 < C,
which together with (5.3.39) yields
ol < C.

This completes the proof of Lemma 5.3.8.
The next lemma gives the estimate of ||Usl| 30 1.1 (q)) 20 Ut 220 1722 () Pased

on which we can get the desired estimate indicated in Theorem 5.1.2.

Lemma 5.3.9. Under the assumptions of Theorem 5.1.2, it holds that

U2 om0 + 10l T2 0.17.22(0) < C-

Proof. Taking L? inner product of (5.3.40) with Uy we have

nd
2 dt

:/ [ Uy + U -VU) - p(U, - VU + U - VU))
Q

IVU® + lv/pUe*

+A(Vpe - VU +Vp- VU + U -V(Vp) + U -V (Vpy)) + fpt + ﬁp} - Updx.
(5.3.49)
Cauchy-Schwartz inequality then implies that

10

IVUP + [ VAUull® < C Y 1.

J=1

d
apn
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Using previous estimates, we have

Iy = [lpeUl* < Cllodln IUE < CIVUP;
I = lpU - VU|* < CIIUN L el 71U 72 < CNU N2 llpell 7 U172 < €
I = [|pU; - VU|* < Ol U3 U172 < CIIVU;
Ii = [|pU - VU||* < CllpllLe U2 IVU* < CIIVU*;
Is = X[V - VU|* < Cllpellz U2 < Cllpellzes
Is = N||Vp - VU|* < CIVpllLIVU* < Cllollis [ VUN* < CIIVU*;
Ir = X*||Uy - V(Vp)lI* < ClUNznllplls < CIVU:
Iy = XU -V(Vp)|* < ClU <l pell7g < Cllpell7es
Iy = | foull? < ClUFIZallpellz < ClFIZa:
Lo = I fil® < I Iollz= < CUANP.
Collecting the above results we get

d

p VU + IVPURl® < CIVUP + Clol= + 1Az + 171D (5.3.50)

Integrating (5.3.50) over time from 0 to 7" and using (5.3.48) we have
T
IVU||* < C, and / |Use||?dx < C.
0

This completes the proof of Lemma 5.3.9.
With the help of Lemma 5.3.9 we can easily prove the desired regularity. The

proof is straightforward and we omit the details.

Lemma 5.3.10. Under the assumptions of Theorem, it holds that
U € C([0,T]; H*(Q)) N L*([0, T); HY(2));
U € L2([0,T); H2(Q); p € L2(0, T); HY(9).

Finally, we show the uniqueness of the solution.

Theorem 5.3.1. Under the assumptions of Theorem 5.1.2, the solution is unique.
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Proof. Suppose there are two solutions (py, Uy, Py) and (ps,Us, Ps). Let p = p; —
02, U = U, — Uy, P = P, — P,. then the difference functions satisfy the following

initial-boundary value problem:

;

p(Us + Uy - VUL) + po(U + Uy - VU + U - VU,) + VP =
pAU + \[Vj- VU +Vpy - VU + U, - V(Vp) +U - V(Vpa)] + fp,

pr+ UL - Vp+U-Vpy = AAp,
(5.3.51)

V.U =0;

(7, U)(x,0) = 0;

\Uv|ag :0, Vﬁ-an:O.
Taking L? inner product of (5.3.51), with p we have

1d
2dt

1617 + AV = - / (0 - Vo).

Since py € C([0,T]; H*(Q)) for any T > 0, from Sobolev embedding we know Vp, €
C([0,T]; L>(2)). Therefore,

d, i - _
1817+ 2Vl < 20TV pall =151
(5.3.52)

< C(IpI* + 101).
Now, taking L? inner product of (5.3.51); with U and using Cauchy-Schwartz in-

equality we have

1d - - e
57 IVPUI + plIVUI? <(1Usllzee + U1 - VU zoe + MVU [z + [ Flle=) AU
+(llp2Un [ + MV pall =) VU U]

+(llpatllz + 1p2V Uz e + Al D?pa| =) [ U2

AU = VBV U

In view of (5.3.48) and Lemma 5.3.10, by Cauchy-Schwartz inequality we have

1d - . ) - 0o~ o

5 IVeRU I + il VUIP < GOUIAR + U7 + ZIVUI® + ACIVAl VU]
P U Yo B

<G@OUpI” + 1UI%) + SIVUIP + THWIH

(5.3.53)
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T

where G(t) > 0 satisfies / G(r)dr < C(T) < oo for any T' > 0. Multiplying (5.3.52)
) 0

by )‘702 and coupling the resulting inequality to (5.3.53) we have

d (\C? 2\2C?

1 ~
02 nan2 - U 2
dt( . A7+ 5 IVeUN™ | +

- M ~ - ~
IVaI* + SIVUIP < (G + Ol + U1,
which gives

%(%?MW+;wmm@fumw+mwm%wmm.

Since py > m, it is straightforward to show that

B ~ Yo 1 .
161 + |U]1? < a(THpIIQ + §II\//)_2U||2),

. ~2 _
where @ = (mm{%, 21)~!. Therefore we have

d(XC? ., 1 - AC? 1 -~

— | —1plI”+ = Ul ) <a(GEt)+C) [ —1pl” + = Ul* ).

i (B0 + SIVADI) < alG) + ) (2ol + SIVRoTP)
Gronwall’s inequality then yields

PO | —
TIIP(t)II +5lVeU®"<0, V20

where we take into account of the temporal integrability of G(¢) and the zero initial

condition. Thus, the solution is unique.
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CHAPTER VI

CONCLUSION

The results obtained in this thesis indicate that when the systems of nonlinear partial
differential equations under consideration are set on bounded domains, the dissipative
mechanisms usually produce global solution to the initial-boundary value problems,
and the boundary effects force some of the solutions decay exponentially to equilib-
rium states which are normally constant states.

By a closer look at the results obtained in Chapters 2-3 we observe that the damp-
ing effect usually presents weak dissipation which can not prevent the development
of singularity in the system for large data. But, it does prevent singularity for small
smooth data.

The results in Chapters 4-5 suggest that, at least for 2D problems, viscosity and
heat diffusion are strong enough to compensate the effects of large data, nonlinear
convection, coupling and/or gravitational force in order to prevent the development

of singularity.
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