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quantum well (a) no polarization at the interface and (b) full polariza-
tion at the interfaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

35 Conduction and valence band edges and envelope functions of the first
conduction and heavy hole bands of a 50 Å In0.2Ga0.8N/GaN single
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SUMMARY

The effect of hot phonons and the influence of macroscopic polarization-induced

built-in fields on the performance of III-V nitride devices are investigated. Self-heating

due to hot phonons is analyzed in AlGaN/GaN high electron mobility transistors

(HEMTs), and the effect of macroscopic polarization charges on the operation of blue

and green InGaN-based quantum well lasers is presented.

AlGaN/GaN HEMTs are extensively used in high power applications. Under

typical operating conditions, highly energetic electrons internal to the device lose their

excess energy primarily through the emission of dispersionless longitudinal optical

(LO) phonons, which eventually decay into acoustic phonons. Acoustic phonons

transport the thermal energy primarily toward the substrate. This thermal transport

by acoustic phonons in the diffusive limit is modeled using a two-dimensional lattice

heat equation.

InGaN-based devices are in great demand for blue and green lasers. To character-

ize these laser structures, the two-dimensional quantum well laser simulator MINI-

LASE is extended to include nitride bandstructure and material models. A six-band

k.p theory for strained wurtzite materials is used to compute the valence subbands.

Spontaneous and piezoelectric polarization charges at the interfaces are included in

the calculations, and their effects on the device performance are described. Addition-

ally, k.p Hamiltonian for crystal growth directions that minimize the polarization-

induced built-in fields are modeled, and valence band dispersions for the non-polar

planes are calculated.

xiii



Finally, a design parameter subspace is explored to suggest epitaxial layer struc-

tures which maximize gain spectral density at a target wavelength for green InxGa1−xN-

based single quantum well active regions. The dependence of the fundamental optical

transition energy on the thickness and composition of barriers and wells is discussed,

and the sensitivity of gain spectral density to design parameters, including the choice

of buffer layer material, is investigated.
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CHAPTER I

INTRODUCTION

1.1 Motivation and objective

The motivation for this research stems from the ever increasing consumer and mil-

itary demand for better and faster electronics, and is driven by the development of

evolving technologies to meet these demands. Comprehensive device simulation tools

capable of accurately predicting the electrical, thermal, and optical behavior are key

to the successful design and fabrication of next generation devices. This research

aims to develop predictive numerical simulation tools for nitride-based wide bandgap

material devices. Using advanced modeling and simulation techniques, the micro- and

nano-scale operation of GaN-based transistors and lasers is investigated, and various

optimized design strategies are explored.

1.2 Organization of the thesis

The remainder of chapter I presents an overview of the history of nitride-based devices

and their applications to microelectronics and optoelectronics. Chapter II reviews

salient material properties of nitrides like crystal structure, phonon dispersion, and

spontaneous and piezoelectric polarization charge. Steady-state electro-thermal sim-

ulation of GaN-based high frequency transistors is detailed in chapter III. Chapter IV

introduces the two-dimensional quantum well laser simulator MINILASE, followed by

a discussion of the implementation of nitride bandstructure and material models. De-

tails of InGaN-based quantum well simulations are presented in chapter V. In chapter

VI, nitride-based laser diodes along non-(0001) growth planes are described, and the

implementation of arbitrary crystal orientation into the simulator is elaborated upon

1



in this chapter. Chapter VII explores design strategies to maximize the gain spectral

density at a target wavelength for InGaN-based green lasers. Finally, the thesis con-

cludes with chapter VIII, which details future applications of the research conducted

in this thesis.

1.3 Nitrides in electronics

Historically, silicon devices such as diodes, thyristors, bipolar junction transistors

(BJTs), insulated-gate bipolar transistors (IGBTs), and metal-oxide-semiconductor

field effect transistors (MOSFETs) have ruled the power semiconductor industry,

catering to both high power electronics as well as systems applications [60]. Devices

made with Si are considered “medium power” devices [78], and have numerous disad-

vantages for high power applications such as a small energy gap, frequency switching

limitations [60], and a maximum operating temperature of 180 ◦C for Si-based chips

[78]. At high operating temperatures, Si BJTs suffer from thermal runaway, while Si

MOSFETs and complimentary MOS circuits have leakage currents and latch up issues

[211]. In such situations, GaAs-based transistors could outperform Si-based transis-

tors, but GaAs transistor applications are limited to operating frequencies near 3 GHz

at room temperature and suffer from intrinsically poor thermal conductivity.

Wide bandgap materials like SiC and GaN provide an alternative to Si and GaAs

at high power, high temperature, and high frequency operation, mainly because of

their wider bandgap, high breakdown field and saturated drift velocity, and higher

thermal conductivity of SiC. One fundamental cause of breakdown in devices operat-

ing at high voltages is impact ionization, wherein, under the influence of an applied

electric field, free electrons traveling with sufficient kinetic energy can cause transi-

tions of bound electrons from the valence band to the conduction band, generating

additional electron-hole pairs. With a wider energy gap, a higher magnitude of elec-

tric field would be required to initiate an impact ionization event. High breakdown
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fields also make it possible to design devices with thinner layers. Higher saturated

drift velocities allow for higher current drive, and large thermal conductivities trans-

late into more efficient heat dissipation in the devices. Table 1 compares electrical

and thermal parameters for Si, GaAs, SiC, and GaN.

Although SiC and GaN are competing material technologies for device applica-

tions, GaN has an edge over SiC. GaN and its alloys are direct bandgap materials

making them very attractive for optoelectronic applications. Additionally and most

significantly, with binary nitrides and their alloys it is possible to fabricate quantum

well heterostructures and modulation doped structures [152].

Among GaN-based devices that are most prevalent are high electron mobility

transistors (HEMTs), BJTs, heterostructure bipolar transistors (HBTs), MOSFETS,

Schottky and p-i-n rectifiers. Switching power supplies made from GaN are still

in their early stages of development [152]. GaN HEMTs find use in cell phones

and wireless base stations, military applications, satellite and radar communications,

microwave rectifiers, and microwave ovens as depicted in Figure 1 [123, 88, 46]. Many

additional microwave power applications exploit GaN-based HBTs and BJTs [152].

Figure 1: Current and future applications of GaN-based transistors [121].
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Table 1: Electrical properties of Si, GaAs, 4H-SiC and GaN [210, 36, 193, 60, 57,
40, 46].

Electrical Property Si GaAs 4H-SiC GaN
Bandgap (eV) 1.12 1.43 3.2 3.47
Breakdown field (MV cm−1) 0.3 0.4 3 3
Electron mobility (cm2 V−1 s−1) 1350 8500 800 900
Saturated electron velocity (x107 cm s−1) 1 1.2 2 2.5
Thermal conductivity (W cm−1 K−1) 1.5 0.5 4.5 1.3
Dielectric constant 11.8 12.8 9.7 9

The concept of a HEMT was proposed in 1979 [2], and in 1980 the first GaAs-

n-AlxGa1−xAs HEMT with high-speed microwave capabilities was demonstrated by

Fujitsu Laboratories [118]. Subsequently, digital integrated HEMT circuits with high

switching speeds [119], and cryogenic low noise HEMT amplifiers for radio telescopes

were realized [187] and low noise HEMT amplifiers were mass produced with the

potential for microwave and millimeter wave applications.

The operation of the first AlGaN/GaN HEMT was demonstrated by Khan et al. in

1994 [91]. The device, with a 0.25 µm gate length, was limited to a maximum current

density of 60 mA/mm and a transconductance of 27 mS/mm, but demonstrated

potential for microwave and millimeter wave applications. Operation at 1.1 W/mm

power density and 2 GHz frequency was reported for the first time for an AlGaN/GaN

HEMT on sapphire by Wu et al. two years later [215]. With improvement in device

structures and fabrication techniques, the reported power density increased to 1.5-1.7

W/mm at 4-10 GHz [7, 221, 217]. High Al-content barriers proved to be the key to

even higher power density demonstrated at 2.84 W/mm and 8 GHz [219], and 3.1

W/mm at 18 GHz [220]. Better gate recessing techniques resulted in a power density

of 4.6 W/mm at 6 GHz for a GaN HEMT on sapphire substrates [218]. When the

substrate material was changed from sapphire to SiC, the power density improved to

6.9 W/mm at 10 GHz [178].
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The current generation of AlGaN/GaN HEMTs have an output power of more

than 32 W/mm, 7.8 W/mm, and 10.5 W/mm at 4 GHz [222], 15 GHz [141], and

40 GHz [142] respectively. Theoretically calculated values of electron mobility in Al-

GaN/GaN HEMTs lie around 1602 cm2/V-s at T = 300 K [228], which is close to the

measured value of 2019 cm2/V-s [69], and measured and calculated carrier concentra-

tions are in the range of 0.7-1.4 x 1013 cm−2 [41, 68, 228]. Simulated and measured

values of the saturation velocity in bulk GaN and AlGaN/GaN heterostructures are

3.1 x 107 cm/s [185, 21, 229]. Peak electron velocity is 2.1 x 107 cm/s, and the

breakdown electric field is 3 MV/cm, which is higher than the breakdown field in

conventional Si and GaAs based devices [57].

A schematic of an AlGaN/GaN HEMT is shown in Figure 2a. It consists of a thin

unintentionally doped narrow bandgap region (GaN) bounded by a doped barrier

region of wider bandgap (AlGaN). Such a structure is also called modulation-doped

field effect transistor (MODFET) [118]. With the application of a gate bias, elec-

trons from the doped barrier diffuse into the GaN and get trapped there, forming

a thin conducting channel. They are prevented from reentering the AlGaN region

because of the potential barrier that exists at the channel/barrier interface (Figure

2b). The trapped electrons in the triangular-shaped potential energy region form a

two-dimensional electron gas (2DEG), and travel under the influence of an applied

drain bias along the channel/barrier interface between source and drain. The mobile

carriers in the GaN channel are spatially separated from the dopant atoms in the Al-

GaN barrier region. As a result, the frequency of scattering with the ionized dopants

is considerably reduced. These devices tend to have higher carrier mobilities than

conventional transistors, hence the name “high electron mobility transistor”. Some-

times a thin wide bandgap spacer layer such as AlN is inserted between the barrier

and channel regions to provide further separation between the charge carriers and

dopant atoms.
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Figure 2: (a) Schematic of an AlGaN/GaN HEMT structure, (b) Conduction band
diagram showing the two dimensional electron gas (2DEG).

1.4 Nitrides in optoelectronics

The bandgaps of III-nitrides (0.608-6.0 eV for InN-AlN [154]) and their alloys span

a wide spectrum of energies, from infrared to deep ultraviolet as shown in Figure 3.

Such a range would not possible with any of the other III-V compound semiconductor

systems and this opens up diverse avenues for a wide range of nitride-based optoelec-

tronic applications including blue and green light emitting diodes (LEDs), ultraviolet,

blue and green laser diodes (LDs), ultraviolet photodetectors, and electro-absorption

and Mach-Zehnder modulators [55, 128, 129, 53, 197, 87].

Demand for high efficiency light sources, full color displays, and indicators with

high reliability have led researchers to explore novel and exotic material systems. The

color displays require red, blue, and green color elements such as LEDs to reproduce

the full color spectrum. Nitride-based blue and green LEDs complete the color spec-

trum, with immediate applications like color displays and traffic signals. Touted as

the “ultimate lamp” [86, 47], LEDs are rapidly replacing conventional light sources

such as light bulbs and fluorescent bulbs because of their higher luminescence effi-

ciency and longer lifetimes [128]. Additionally, the red, blue, and green colors can be

combined to produce white LEDs for long lasting and efficient illumination. Other
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Figure 3: Ternary and quaternary materials used for optoelectronics along with the
wavelengths [152].

applications include sensors, indicator lamps for instrumentation, and automobile

instrument panel illumination.

GaN-based UV photodetectors are increasingly being used for defense and space

applications like missile plume detection systems, solar UV monitoring and detection,

flame sensors, UV source calibration, and secure space communication [55]. Electro-

absorption modulators are used in optical interconnects, Q switching and low chirp

modulation of LDs [87].

LDs have also gained importance in commercial applications like communication

systems, optical readout sources and optical printing, sensors, and various medical

equipment that require cheap coherent lasers with moderate power over short wave-

lengths. The most prevalent forms of optical storage devices today are CDs and

DVDs. CDs typically use 780 nm AlGaAs laser diodes with a storage capacity of

650 MB. On the other hand, 650 nm AlGaInP lasers are used for DVDs, which pro-

vide a storage of up to 9.4 GB. Diode lasers made of II-VI material like ZnSe and

its alloys emit light at 490 nm, but have several drawbacks [79, 169], mainly, short
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lifetimes, low thermal conductivity, and low thermal stability. With the availability

of 405 nm violet InGaN LDs, blue-ray discs with storage capacities of 50 GB have

now been realized. The use of smaller wavelength nitride lasers in optical storage and

readout sources offers reduced focal diameters, since the storage capacity increases

quadratically with optical frequency. This can give rise to higher recording densities

[55, 122, 19].

The evolution of semiconductor lasers started in 1953 when von Neumann first

suggested the possibility for light emission in a semiconductor via stimulated emis-

sion [20]. In 1962, four groups reported light emission from GaAs p-n junction diodes

[80, 133, 85, 160]. These structures were homojunction lasers. In addition to lasing in

GaAs, many groups also reported lasing in InAs and GaxIn1−xAs [117], InP [209], and

InPxAs1−x [8]. However, these homojunction lasers needed very high lasing thresh-

old current densities (> 50, 000 A/cm2) at room temperature. To circumvent this

problem, Kroemer in 1963 suggested the use of a heterostructure, which constituted

a material of narrow bandgap sandwiched between two layers of wider bandgap [102].

Following this, several groups demonstrated the operation of GaAs-AlGaAs single

[101, 82] and double heterostructures [143, 56].

Stimulated emission from optically pumped GaN was first observed by Dingle et

al. in 1971 [51]. Although there were other optically pumped stimulated emission

observations from GaN films [9, 231], InGaN films [93, 97], AlGaN/InGaN double

heterostructures [12], and GaN/AlGaN double heterostructures [3, 172], it was Naka-

mura et al. [131] who fabricated the first current-injected nitride-based laser diode.

The active region of this laser consisted of an InGaN-based multiple quantum well

(MQW) that emitted coherent light at 417 nm under pulsed current injection at room

temperature, with a threshold current density of 4 kA/cm2. Nakamura also success-

fully demonstrated the continuous-wave (cw) operation of an InGaN MQW LD at

233 K, which had a threshold current density of 8.7 kA/cm2 [130].
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To understand the basic operation of a semiconductor laser diode, consider the

schematic shown in Figure 4. It consists of an active region made up of alternating

layers of wide and narrow gap materials called barrier and well, respectively. The

active region is sandwiched between “light-guiding” waveguide layers followed by n-

and p- cladding (lower refractive index) layers. When a forward bias voltage is applied

to the electrodes of this device, electrons from the n-side and holes from the p-side are

injected into the “potential energy well” of the active region, where they recombine

spontaneously to produce light. During this process, the waveguide layers help to

confine the light generated in the active region, mainly because of the difference in

the refractive indices of the cladding and the waveguide layers. Such a structure

is called separate confinement heterostructure (SCH), because the light is generated

within the active region and confined by the waveguides. The active region along

with the waveguiding layers forms the laser cavity. The generated light propagates

along the active region, parallel to the waveguides, and is reflected back and forth

by the mirrors that are present at either ends of the laser cavity. The reflected

light initiates stimulated emission of photons due to the recombination of electrons

and holes, which further increases the photon population in the optical cavity and

gives rise to increased stimulated emission. At a threshold current, strong stimulated

emission occurs in the laser cavity and the structure acts as a laser diode.

This thesis addresses two issues that are critical to the operation of nitride-based

devices:

1. Self-heating due to hot phonon effects in AlGaN/GaN HEMTs that operate at

high temperatures, and

2. Presence of macroscopic built-in polarization fields in blue and green InGaN/GaN

quantum well lasers.
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Figure 4: Schematic of a semiconductor single quantum well heterostructure.
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CHAPTER II

OVERVIEW OF III-NITRIDES

2.1 Basic material properties

Group III-nitrides occur in three crystal structures, namely, wurtzite, zincblende,

and rocksalt. The thermodynamically stable state for bulk AlN, GaN, and InN is

the wurtzite structure (α-GaN). The Bravais lattice of the wurtzite structure shown

in Figure 5 is a hexagon with a space group of C4
6v (P63mc). Wurtzite crystals have

a basis of four atoms in each hexagonal unit cell. The unit cell is described by its

base length ‘a’ and height ‘c’. It is also characterized by a dimensionless internal

cell parameter known as ‘u’, which is the cation-anion bond length parallel to the

c-axis [0001]. The hexagonal crystal structure may be visualized as two intertwining

hexagonal closed packed (HCP) sublattices. Each sublattice has one type of atom

offset along the c-axis by 5/8 of the cell height i.e., 5/8c. The bandgap of the wurtzite

III-nitrides increases from InN to AlN, while the lattice constants increase from AlN

to InN. Table 2 shows the typical lattice constants and the bandgap energies of

the binaries InN, GaN, and AlN. Because of the lattice mismatch between different

layers of heteroepitaxial material in the wurtzite III-nitrides, there is inherent strain

present in devices with heterojunctions. The induced strain can influence the optical

and electrical properties of the devices.

Although GaN-based devices hold a promising future, material growth had been

problematic for two main reasons, namely,

1. There have been no suitable substrate materials available that could be lattice

matched to GaN. Sapphire and SiC, the most commonly used substrate mate-

rials, have a lattice mismatch of 13.8% [151] and 3.5% [109], respectively, with
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Figure 5: Wurtzite crystal structure formed by two intertwined hexagonal sublattices
[155].

Table 2: Lattice constants and bandgap energy of InN, GaN, and AlN [154].

Parameters InN GaN AlN

a (Å) 3.545 3.189 3.112

c (Å) 5.703 5.185 4.982

Eg (eV) at 300K 0.608 3.437 6.00

GaN. Growth of GaN on these substrates has resulted in numerous disloca-

tions. This problem has been partially resolved by growing high-quality GaN

films on sapphire substrates using the metalorganic chemical vapor deposition

(MOCVD) technique with AlN [11, 6] and GaN [125] nucleation layers.

2. It has been difficult to grow p-doped materials due to both the high n-type back-

ground concentration as well as the deep ionization levels of common acceptors.

Improvements have been possible using low-energy electron-beam irradiation

(LEEBI) of Mg-doped GaN to obtain p-type GaN [10], and also by thermal

annealing in an N2 ambient [127]. More recently, reliable Mg-doped GaN films
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have been grown using plasma assisted molecular beam epitaxy (PAMBE) tech-

niques [37], and doping concentrations as high as 8x1020 cm−3 using MOCVD

with a measured mobility of 62 cm2/V-s [100], and 3.5x1020 cm−3 using MBE

[132] techniques have been reported. Additional information about the electri-

cally active fraction of these dopants has not been reported.

2.2 Phonons in GaN

Electrical and optical properties of semiconductor devices may be significantly af-

fected by carrier-phonon interactions. For electronic devices like high speed transis-

tors, carrier-phonon interactions may scatter carriers from one energy level to another,

leading to reduced mobilities. In optoelectronic devices, lattice phonons may partici-

pate in near-bandgap emission and absorption processes, which may cause enhanced

absorption near the fundamental bandgap and broadening of the emission spectrum

[74].

The total number of vibrational phonon modes in any crystal is dependent on the

number of atoms per unit cell. For a crystal with ‘n’ atoms per unit cell, there are

3n phonon modes. Of these 3n modes, 3 are acoustic and 3n-3 are optical modes.

Wurtzite GaN has four atoms per unit cell, and hence, there are 12 phonon modes

with 3 acoustic (one longitudinal acoustic (LA) and two transverse acoustic (TA))

and 9 optical modes in the long-wavelength limit. In a 3D crystal, the ratio of the

transverse optical (TO) modes to the longitudinal optical (LO) modes is always two.

The phonon dispersion curves for bulk wurtzite GaN is shown in Figure 6 [35]. In the

dispersion plot, the curves that have zero frequency (energy) at k=0 are the acoustic

phonon branches, while the high frequency branches are the optical phonons. For

propagation along the c-axis, 1A1(LA) and 2E1(TA) are the acoustic modes and

1A1(LO), 2E1(TO), 1B1(low), 1B1(high), 2E2(low), and 2E2(high) are the optical

modes. Near the Γ point, only 8 modes are visible instead of 12, because all the
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transverse modes are degenerate. Of these different modes, one A1 and one E1 modes

are both Raman and infrared active, two E2 modes are only Raman active and the

B1 modes are silent modes, which means that these modes can be detected by neither

first-order Raman nor infrared spectroscopy [38].
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Figure 6: Phonon dispersion of bulk GaN showing the different phonon branches
[35]

2.3 Spontaneous and piezoelectric polarization charges

An important property of III-V nitride materials is the presence of macroscopic polar-

ization. Macroscopic polarization was previously known to exist only in low-symmetry

ferroelectric crystals [135]. However, its existence in III-V wurtzite nitrides has been

confirmed by both first-principles calculations and experiments [29, 13, 75]. Polar-

ization charges in III-nitrides are made up of two components, namely, spontaneous

and piezoelectric polarization.

The ionicity associated with the cation-anion bonds in wurtzite nitrides gives rise

to significant spontaneous polarization charges in these materials. The polarity of

spontaneous polarization depends on the direction of the bonds in the crystal, parallel

to the c-axis. The typical pseudomorphic growth direction for III-V wurtzite nitrides

is either in the [0001] (Ga-face polarity) or the [0001̄] (N-face polarity) direction as

shown in Figure 7 [15]. In the Ga-face polarity, the Ga atom is at the top position of
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the {0001} bilayer and the direction of the bonds is from cation Ga atom to anion N

atom. On the other hand, in the N-face polarity, the N atom is at the top position of

the {0001̄} bilayer, and here, the bonds are from anion N atom to cation Ga atom.

Designating the positive direction to be pointing from the cation to the anion atom,

i.e., Ga to N atom ([0001] growth direction), spontaneous polarization is negative for

Ga-face heterostructures and positive for N-face heterostructures. In such cases, the

spontaneous polarization-induced electric field will also be in the growth direction.

Figure 8 shows the orientation of these charges for AlGaN/GaN and InGaN/GaN

heterostructures.

Figure 7: Crystal orientation of Ga- and N-face GaN [15].

When layers of III-V nitrides are pseudomorphically grown, they are under strain

because of the inherent lattice mismatch between the layers. The strain is ten-

sile for AlxGa1−xN and AlxIn1−xN (for x>0.82) and compressive for InxGa1−xN and

AlxIn1−xN (for x≤0.82) layers grown on top of thick relaxed GaN buffer layers. As a

result, these strained layers give rise to piezoelectric polarization charges at material

interfaces. Piezoelectric polarization is positive for compressive strains and negative

for tensile strain and is also oriented parallel to the growth axis, i.e., c-axis. Posi-

tive value of piezoelectric polarization means that the direction of the polarization is

pointing away from the substrate.

In Figure 8, spontaneous polarization in G-face heterostructures is oriented toward
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Figure 8: Orientation of spontaneous and piezoelectric polarization charges in Ga-
face ((a) and (b)) and N-face ((c) and (d)) AlGaN/GaN and InGaN/GaN heterostruc-
tures. In Ga-face AlGaN/GaN and N-face InGaN/GaN heterostructures, the net
polarization-induced sheet charge density at the interface is positive, giving rise to a
2DEG in the smaller bandgap GaN and InGaN layers respectively [15, 14].

the substrate, while in N-face it is oriented away from the substrate. Also, in Ga-face

AlGaN/GaN and N-face InGaN/GaN systems, the net polarization-induced charge

density at the interface is positive, giving rise to a 2DEG in the lower bandgap GaN

and InGaN materials respectively, as shown in Figure 8 (a) and (d).

The magnitudes of piezoelectric constants in III-nitrides is about ten times higher

than other III-V or II-VI compounds. In addition to this, the spontaneous polariza-

tion in nitrides, in the absence of strain, is the highest [29]. The values of spontaneous

polarization in binary GaN and InN are close, and hence, the net spontaneous polar-

ization charge at the interface of an InxGa1−xN/GaN system is negligible. However,

there is a significant lattice mismatch between GaN and InN layers, and as a result,

polarization charge at InxGa1−xN/GaN interface is mainly piezoelectric in nature. On

the other hand, the lattice mismatch between AlN and GaN is much smaller. AlN

has the highest spontaneous polarization among the nitrides, and its value is only

about a few orders of magnitude smaller than the ferroelectric perovskites [13, 28].
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Hence AlxGa1−xN/GaN heterostructures have predominantly spontaneous polariza-

tion charge at the interfaces.

Under the influence of both spontaneous and piezoelectric polarization charges,

quantum confined Stark effect (QCSE) has been observed in AlGaN/GaN [95, 107,

192] and InGaN/GaN [190, 191] quantum well structures. The net polarization charge

at each heterointerface is known to induce large (≈MV/cm) built-in fields in nitrides

[27] that depend on the strain, piezoelectric constants, device geometry i.e., the num-

ber of quantum wells, thickness of each well, and material composition, boundary

conditions, and even temperature. These fields may give rise to 2DEGs with sheet

carrier concentrations in excess of 1013 cm−2 [15]. These sheet charge densities in

wurtzite nitrides are much higher than reported in any other III-V material sys-

tem. This property of nitrides is particularly useful in the operation of AlGaN/GaN

HEMTs, where 2DEGs with high sheet carrier concentrations can be achieved at the

interface without any intentional doping in the device. This phenomenon is, however,

deleterious to some aspects of optoelectronic device operation. The impact of these

polarization charges on device performance is discussed in subsequent chapters of this

thesis.
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CHAPTER III

ELECTROTHERMAL SIMULATION OF ALGAN/GAN

HIGH ELECTRON MOBILITY TRANSISTORS

3.1 Hot phonon effect in AlGaN/GaN HEMTs

Due to their various applications in power electronics, AlGaN/GaN HEMTs usually

operate at high temperature [55]. Under typical operating conditions, large bias volt-

ages accelerate channel electrons to energies high above the band edge. In energetic

distributions far from equilibrium, electrons transfer a large amount of energy to the

lattice, predominantly through the emission of long wavelength LO phonons via the

Fröhlich interaction [177]. These generated phonons are eventually either reabsorbed

by the electrons, or decay into lower order optical and acoustic phonon modes via

various pathways determined by the appropriate selection rules [23, 181]. This pro-

cess in turn creates a non-equilibrium phonon population, thereby giving rise to hot

phonons in the channel [98]. These hot phonons may be responsible for reduced power

dissipation [161] and electron velocities [224] in GaN-based devices.

The emitted LO phonons have a finite lifetime, and the lifetime may be inferred us-

ing subpicosecond time-resolved Raman spectroscopy [196, 195], with values ranging

from 0.75-3 ps at 300 K for bulk GaN [195, 181, 25]. For an AlGaN/GaN heterostruc-

ture, a lifetime of 0.35 ps at 373 K has been reported using a short-time-domain gated

radiometric microwave noise technique [115, 114]. Tsen et al. [196, 195] have deduced

that the most reasonable theoretical interpretation of measured phonon decay life-

times is that the decay path involves a three-phonon process, wherein zone-center

LO phonons decay into a large wavevector TO phonon and a large wavevector LA

or TA phonon, i.e., LO → TO + (LA or TA), thereby conserving both energy and
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momentum [164, 195]. Zone-center optical phonons generated by hot electrons are

spatially localized to the immediate vicinity of their generation, owing to their negli-

gible group velocity, leading to the formation of a local hot spot. On the other hand,

zone-center acoustic phonons have a finite group velocity, and they are largely respon-

sible for the transport of heat away from the active region of a device, mostly toward

the substrate. Energy transfer and transport in GaN-based devices may therefore be

visualized using the block diagram shown in Figure 9 [159].

Hot Electrons

Acoustic Phonons 

Heat Sink 

Electric Field

Optical Phonons

Figure 9: Block diagram of the optical and acoustic phonon generation and decay
process in GaN [159].

Self-heating in HEMTs may significantly impact the current-voltage character-

istics [67], and hence, accurate modeling and simulation of these thermal effects is

crucial to the understanding of the operation of these devices. Self-heating is more

important in GaN than GaAs. The 2DEG sheet carrier concentration in GaN ( 1013

/cm2) is an order of magnitude greater than in GaAs ( 2x1012 /cm2) [180]. Addi-

tionally, the energetic electrons in the channel emit LO phonons every 50 ± 10 fs in

GaN [194] and 150-200 fs in GaAs [90, 83], while the LO phonon decay times are

comparable with about 3 ps for GaN [195] and 2.1 ps for GaAs [201]. This means

that for every excited electron, more LO phonons may be generated in GaN than in
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GaAs per unit time.

Thermal simulations have been previously performed by Wu et al. to investigate

self-heating effects in AlGaN/GaN HEMTs using a dual heat source model to compute

the channel temperature [215, 216]. In this model, the heat generation region is

divided into two parts, 1) the active region consisting of the channel region, i.e., the

gate-length plus the gate-to-drain depletion distance and, 2) the parasitic region made

up of the Ohmic contact transfer length and source-to-drain spacing. The temperature

rise in the HEMT device is calculated according to a heat conduction equation in

each region separately, and the actual temperature is obtained by a superposition

of the two solutions. The total power dissipation for the heat equation is obtained

experimentally. Channel temperatures have also been calculated by other authors

using a non-linear three dimensional heat spreading simulation [58]. The heat source

for this simulation is assumed to be of a planar geometry.

Although the above methods may predict the channel temperature, they may fail

to provide an exact location of the hot spots in the active regions of the HEMT,

and subsequently the location of the peak temperature. The source term of the heat

equation employed in this thesis, which is the energy loss rate as described later,

implicitly contains information about the spatial distribution of non-equilibrium LO

phonon population, and hence, the solution of the heat equation provides a more

accurate estimation of the location of the hot spot. This also eliminates the additional

power measurements, which form the source terms for the above methods.

More elaborate electrothermal simulations have been carried out by Sadi et al.

[168] for AlGaN/GaN HEMTs using the analytical thermal resistance matrix ap-

proach [24]. This method employs a mutual thermal resistance matrix Rij that relates

the power dissipated in the jth region Pj to the temperature change ∆θi in the ith

region i.e., ∆θi = RijPj. However, due to the simple spherical nature of the band-

structure used in these calculations, simulation accuracy is limited to low voltage
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biases. Additionally, our present work assumes a non-equilibrium LO phonon popu-

lation whose decay into acoustic modes in addition to the direct emission of acoustic

phonons by channel electrons contributes to a rise in the acoustic phonon temperature

in the active regions of the device [184].

3.2 Formulation of the electrothermal problem

To model the electrical and thermal behavior of AlGaN/GaN HEMTs, an electrother-

mal solver has been developed, the details of which are presented in this section. The

electrothermal solver has been self-consistently coupled to an ensemble Monte Carlo

simulator [184]. The electric field profile within the device is obtained from the electri-

cal solver, properly accounting for the charge distributions and boundary conditions,

while the thermal solver calculates the temperature distribution within the device.

The advantage of the formulation presented in this thesis is that a single discretization

scheme (described in section 3.3) can be applied to both the electrical and thermal

equations, thereby, considerably reducing the computational load of the simulator.

Acoustic phonons transport the majority of the thermal energy generated by hot

electrons toward the substrate. In this thesis, thermal transport among acoustic

modes is treated in the diffusive limit, and is modeled using a two-dimensional lattice

heat equation. Optical modes are treated as dispersionless and their occupation

number is modeled with a position-dependent rate equation. The defining equations

are as follows:

∇ · [κ(x, y)∇T (x, y)] =
∂T (x, y)

∂t
+ S(x, y) (1)

Nn
q (x, y)

dt
= −

(Nn
q (x, y) − Nn

eq)

τn

+ Gn(x, y) (2)

where, T (x, y) is the spatially varying acoustic phonon temperature, κ(x, y) is the

thermal diffusivity tensor and S is the net energy loss rate (ELR) in units of K/s and

it consists of two parts, 1) the net power transferred from the optical to the acoustic
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phonons, and 2) the power delivered to the acoustic phonons directly from electrons.

Nn
q is the occupation number of an LO mode with index n and wavevector q, τn is the

phonon lifetime, Gn is the net optical phonon emission rate. The equilibrium phonon

population Nn
eq is given by the Bose-Einstein relation,

Nn
eq =

1

e
~ωn

kBTeq − 1
(3)

where, ~ωn is the energy of the nth phonon, kB is the Boltzmann constant, and Teq is

the equilibrium temperature. Non-equilibrium phonon populations are then used to

calculate the strength of various scattering mechanisms in the Monte Carlo simulator.

The thermal diffusivity is related to the thermal conductivity K (W/m-K) by the

following relation,

κ =
K

cρd

(4)

where, c is the specific heat capacity in (J/kg-K) and ρd is the density in (kg/m3).

Electrical self-consistency with the Monte Carlo simulator is obtained through the

solution of a two-dimensional Poisson equation on an irregular grid.

∇ · [ǫ(x, y)∇φ(x, y)] = −[ρ(x, y) + ρpol] (5)

φ(x, y) is the electrostatic potential, ρ(x, y) is the three-dimensional charge density

in C/m3, and ǫ(x, y) is the permittivity tensor. Charges are assigned using the cloud-

in-cell scheme [32, 106]. ρpol is given by,

ρpol = −∇σ (6)

where, σ is the polarization-induced sheet charge density at the AlGaN/GaN inter-

face,

σ = Psp(AlGaN) + Ppe(AlGaN) − Psp(GaN) + Ppe(GaN) (7)
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The spontaneous Psp and piezoelectric Ppe charges inherent of AlGaN/GaN HEMTs

are modeled based on the method outlined in [15], and are shown below,

Psp(x
′) = (−0.052x′ − 0.029) C/m2 (8)

and,

Ppe(x
′) = 2

a(x′) − ao

ao

(

e31(x
′) − e33(x

′)
C13(x

′)

C33(x′)

)

C/m2 (9)

where, x′ is the material mole fraction and ao is the equilibrium lattice constant. The

lattice constant for the ternary is:

a(x′) = (−0.077x′ + 3.189)10−10 m, (10)

The elastic and piezoelectric constants are:

C13(x
′) = (5x′ + 103) GPa,

C33(x
′) = (−32x′ + 405) GPa, (11)

e31(x
′) = (−0.11x′ − 0.49) C/m2

e33(x
′) = (0.73x′ + 0.73) C/m2

The polarization-induced sheet charges are incorporated as fixed charge source

terms in the Poisson equation.

3.3 Steady state solutions

Electrical simulations are performed only near the active regions of the device, since

uncontacted substrates, which are several hundred microns thick, are electrically ir-

relevant. However, for thermal simulations, since the heat sink is at the bottom

of the substrate, it is important to include this region in the thermal simulation

domain. Hence, the thermal transport equation in (1) is solved on a non-uniform

two-dimensional extension of the electrical grid.
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In steady state, equation (1) is discretized by the box method [202, 175]. The first

step to discretization using the box method is to construct a Wigner-Seitz cell around

each node. To do this, perpendicular bisectors are drawn to each edge connecting the

node as shown in Figure 10. The partial differential equation in (1) is then integrated

over the area of the box formed by the intersection of all the perpendicular bisectors.

Figure 10: Schematic representation of the box method discretization for the lattice
heat equation.

Applying the box method and using Green’s theorem, equation (1) becomes [202],

∮

C

κ∇T · −→dl =

∫

Ω

∫

SdΩ (12)

−→
dl is the normal vector pointing outwards from each side of the box, with mag-

nitude equal to the length of the corresponding side of the box. The integral on

the right hand side is evaluated over the area of the box. The integral can also be

expressed in a discrete form as,

m
∑

j=1,j 6=i

κ̄∇Tijdij = SiΩi (13)

where Tij is the temperature flux along the edge ij going from node i to j, dij is the

length of the perpendicular bisector of the edge {ij}, Si is the net power transferred
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per unit volume into the acoustic modes and Ωi is the area of the box around node

i. The summation is carried out over all the nodes that connect to node i. m is the

degree of node i which is defined as the number of nodes that directly connect to

node i [49].

From Figure 11, the Poisson equation can be discretized in a similar manner,

Figure 11: Schematic representation of the box method discretization for Poisson
equation.

m
∑

j=1,j 6=i

ǭ∇φijdij = −ρiΩi −
1

2

∑

j 6=i

σij|~lij| (14)

where, φij is the electric flux from node i to j, ρi is the volumetric charge density at

node i, σij is the polarization charge, and |~lij| is the length of the edge {ij}.

The resultant large system of linear equations arising from the discretization of

(1) and (5) is of the form Ax = b, where A is a large symmetric sparse coefficient

matrix, b is the source vector and x is the solution vector. Solutions are obtained

by LU decomposition of the coefficient matrix A, solving for the unknown spatial

temperature or potential via back substitution. Dirichlet boundary conditions are
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applied to the electrodes and thermodes and von-Neumann boundary conditions are

used on all other surfaces with vanishing fluxes.

The LU decomposition of such a large sparse matrix can prove inefficient, not only

requiring large storage space, but also requiring considerable computational time.

This computational burden is due to the “fill” associated with the LU decomposition

[166]. The fill of a matrix is the number of non-zero elements appearing in the matrix

after the LU decomposition is performed, in places where the original matrix had

no previous entries. In such situations, simple node-reindexing techniques may be

employed to reduce the bandwidth of the resultant coefficient matrix. The reduction

in bandwidth leads to a reduction in memory storage space and also lessens the

computational burden.

A widely used node-reindexing technique is the Cuthill-McKee (CM) algorithm

[49]. A variant of the Cuthill-McKee reordering is the Reverse Cuthill-McKee (RCM)

algorithm [70], which has been used here to reorder the nodes of the coefficient matrix

A. In implementing the reordering scheme, the choice of the starting node plays a very

important role as it determines the bandwidth and fill of the reordered matrix [49].

For this reason, a pseudoperipheral node finder is also employed to find a near-optimal

starting node for the RCM reindexing scheme [72], details of which are described in

the next section.

3.4 Efficient solutions of elliptic partial differential equa-
tions in two-dimensional semiconductor device simula-

tions

In this section, the efficacy of the RCM algorithm to reduce the computational burden

of the direct solution of 2D elliptic partial differential equations typically encountered

in semiconductor device simulation is described, along with the details of the pseu-

doperipheral node finder algorithm. A comparison is presented of the computational

burden of 1) the LU decomposition of the coefficient matrix, 2) back substitution,
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both with and without the use of the RCM technique, and 3) “brute force” method

to calculate fill as a function of the starting node in the mesh. The motivation for

this work is that minimum degree may not always be the most efficient reordering

algorithm for all device grids, and it is beneficial to have a flexible alternative like

RCM available.

For the purpose of this work, two-dimensional meshes have been generated using

ISETCAD MDRAW [1]. Figure 12 shows the node numbering scheme by MDRAW

for a simple structured mesh of 25 nodes. For the solution of elliptic PDEs, such a

node numbering scheme is inefficient since it gives rise to a coefficient matrix with a

larger than necessary bandwidth. For larger matrices, this inefficiency can become

particularly acute in the case of both structured and unstructured meshes as a result

of excessive fill. A node-reindexing scheme can effectively reduce the bandwidth of

the original coefficient matrix, which typically but not always improves the speed and

performance of the program by reducing the fill associated with LU decomposition.

This point shall be revisited later in the section.

Figure 12: Original numbering scheme implemented by ISETCAD [1].

Cuthill-McKee reordering scheme is intended to generate a permutation matrix P

27



such that when P is applied to a system of linear equations of the form Ax = b, the

following form is obtained [49]:

PAP T (Px) = Pb (15)

The resultant matrix PAP T is sparse and symmetric. This resultant matrix can then

be decomposed into a lower and upper triangular matrix.

The Cuthill-McKee algorithm selects a node of minimum degree as the root node

and labels it x1. This is now the zero level structure with only the root node in this

level. The unnumbered neighbors of this root node are then numbered x2, x3,..., xm

in increasing order of their degree m. This determines the first level structure of the

reordering scheme. In the second level structure, the unnumbered neighbors of all

the nodes in the first level are again numbered. This process is repeated until all the

nodes in the mesh have been renumbered.

The RCM algorithm is a slight modification of the Cuthill-McKee algorithm, in

which the ordering of the CM vertices is inverted. If the node numbering in the CM

reordering scheme is denoted as 1, 2, ..., N where N is the total number of nodes in

the mesh, then the RCM reordering gives N,N − 1, ..., 2, 1. It has been shown that

RCM is often superior, but never inferior to the CM approach, from the perspective

of computational efficiency and storage [110].

The efficiency of RCM algorithm depends on the choice of the starting node. In

order to identify a good starting node for the mesh, the pseudoperipheral node finder

algorithm described in reference [72] has been implemented. The algorithm is based

on the rooted level structure [16].

If G = (X,E) is a graph consisting of a set of nodes X and a set of edges E,

then the distance d(x, y) between any two nodes x and y in G is defined as the length

of the shortest path between the two nodes [72]. The eccentricity of a node x, also
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called the length is defined as [26],

l(x) = max{d(x, y)|y ∈ X} (16)

The pseudoperipheral node finder starts with an arbitrary node p in the set X.

With this node as the root node, a level structure is constructed such that L(p) =

L0(p), L1(p), ..., Ll(p)
(p). L0(p) consists of only the root node. The next level L1(p)

consists of the neighbors of the root node. Successive levels consist of neighbors of

their previous levels. The width of the level structure is defined as [72],

w(x) = max{|Li(x)||0 ≤ i ≤ l(x)} (17)

The next step in finding the pseudoperipheral node is to choose a node x in the last

level Ll(p)
(p) which has a minimum degree. A new level structure is now constructed

with x as the root node to give L(x) = L0(x), L1(x), ..., Ll(x)
(x). If at this stage

the eccentricity of node x is greater than the eccentricity of node p, then x replaces

p and the whole process is repeated with this new root node x. In the final step,

after the termination test is performed, node x is the pseudoperipheral node. This

pseudoperipheral node now becomes the starting node for the RCM algorithm.

To illustrate the effect of the reindexing on the efficiency of direct solutions of the

Poisson equation, tensor product grids with varying numbers of nodes were gener-

ated using MDRAW. RCM reordering was applied to each mesh. After reordering,

LU decomposition was performed on the new permuted coefficient matrix followed

by back substitution to obtain the solution vector. Simulation time required for

LU decomposition and backfill operations both with and without application of the

RCM algorithm is illustrated in Figure 13. As is evident, the benefit of the RCM

algorithm for both LU decomposition and backfill operations increases monotonically

with matrix size.

Figure 14 shows a mesh structure of an AlGaN/GaN HEMT. The mesh has 3985

nodes. The solid lines at the top and bottom of the device indicate metal contacts
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Figure 13: LU decomposition and back substitution time as a function of the number
of nodes for a structured mesh.

where Dirichlet boundary conditions are applied. Figure 15 shows a plot of the fill of

the coefficient matrix after LU decomposition as a function of the starting node, for

the case of the 3985-node unstructured mesh. The fill of the original matrix after LU

decomposition was found to be 1,323,752. Upon application of the RCM algorithm

using the pseudoperipheral node finder, the fill was reduced to 386,090, representing

an improvement of 70%.

Even though the RCM with pseudoperipheral node identification is able to sub-

stantially reduce the bandwidth of the original matrix, a significant further reduction

in the amount of fill can be achieved by a brute force selection of the optimal starting

node. In the case of the matrix considered in Figure 14, the brute force selection of

the starting node reduces fill to 312,346, representing a further improvement of 19%

to the fill. These computational techniques offer tremendous advantage to semicon-

ductor device simulation, where thousands of sequential solutions of elliptic PDEs are

common, and often contribute disproportionately to simulation time.
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Figure 14: Unstructured mesh of an AlGaN/GaN HEMT with 3985 nodes (dimen-
sions in microns).
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Figure 15: Fill introduced during LU decomposition of reindexed coefficient matrix
as a function of starting nodes for the unstructured AlGaN/GaN HEMT mesh in
Figure 14.

Figures 16-18 show mesh structures for three devices obtained from the ISE TCAD

example directory. The mesh of Tunnel Field Effect Transistor (FET) with 1254 nodes

is shown in Figure 16. The solid lines in the mesh indicate metal contacts. Figure 17

is a mesh of a MOSFET with 2776 nodes and Figure 18 is that of an AlGaN/GaN
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HEMT with 4291 nodes. Table 3 presents a comparison of the fill produced in the

coefficient matrix for LU decomposition for the following cases: a) without RCM, b)

RCM using a pseudoperipheral node finder, and c) brute force selection of starting

node for RCM, for each of the devices described above.

Figure 16: Unstructured mesh of a Tunnel Field Effect Transistor (FET) with 1254
nodes (dimensions in microns).

Figure 17: Unstructured mesh of a MOSFET with 2776 nodes (dimensions in mi-
crons).
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Figure 18: Unstructured mesh of an AlGaN/GaN HEMT with 4291 nodes (dimen-
sions in microns).

Brute force initial node selection in conjunction with the RCM algorithm achieves

a full 29.3% reduction of the fill associated with LU decomposition of the Tunnel FET

mesh. If only pseudoperipheral initial node selection is used, however, the fill associ-

ated with application of the RCM is greater than that for the un-reindexed mesh. The

Tunnel FET example therefore underscores the advantage of brute force rather than

pseudoperipheral selection of the RCM starting node. The RCM algorithm applied

to the MOSFET example also achieves a significant reduction in the fill. Perhaps

the most dramatic example, however, is that of the 4291-node AlGaN/GaN HEMT

structure, whose fill may be reduced by 66.36% through application of optimal RCM

reindexing.

There also exist meshes for which the bandwidth reduction associated with RCM

reordering can actually increase the fill after LU decomposition, which ultimately

dictates the computational burden required to find the solution vector. One such ex-

ample, demonstrated in Figure 19, is that of an unstructured mesh of an AlGaN/GaN

HEMT with 2507 nodes. Figure 20a depicts the LU decomposition of the original

matrix, and Figure 20b is the LU decomposition of the same coefficient matrix, but
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Table 3: Fill after LU decomposition for a) without RCM, b) with RCM and pseu-
doperipheral node finder and c) brute force method, for a Tunnel FET, MOSFET
and AlGaN/GaN HEMT.

Device Without RCM RCM with PNF Brute Force
Tunnel FET (1254 nodes) 133,102 142,934 94,048
MOSFET (2776 nodes) 414,744 381,184 359,870
HEMT (4291 nodes) 896,237 315,765 301,479

for which RCM reindexing has been applied along with the pseudoperipheral node

finder. In spite of providing a dramatic bandwidth reduction from 1547 to 134, appli-

cation of the RCM algorithm actually results in a decomposed matrix with 417,373

non-zero entries, compared to only 176,637 entries in the decomposed form of the

original matrix. Even after the brute force method selects an optimal RCM starting

node, the best case fill cannot be reduced below 297,969 as is evident in Figure 20c.

Although RCM is highly efficient for grids with long and thin level structures and

a dominant axis, it’s efficiency is often surpassed by other approaches in the case of

grids with no clearly dominant axis.

In summary, RCM is most effective in reducing the bandwidth and fill when

the level structures are “long and narrow” [72, 71]. This means that the generated

level structure has many levels and each level has few nodes. Thus, in the vast

majority of cases, RCM reordering in conjunction with optimal initial node selection

has been found to result in considerable reduction of computational burden for both

the decomposition and backfill operations. Pseudoperipheral initial node selection

for the RCM algorithm has been uniformly advantageous for tensor product grids,

and usually so for the unstructured meshes studied here. Meshes with extreme two-

dimensional refinement profiles are found to result in shorter and wider RCM level

structures, with significant fill; in such cases, which appear to be the exception rather

than the rule, a geometric partitioning algorithm with intra-partition reindexing may
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Figure 19: Unstructured mesh of an AlGaN/GaN HEMT with 2507 nodes for which
RCM fails to reduce the fill associated with LU decomposition (dimensions in mi-
crons).

Figure 20: Example of limitation of RCM for the HEMT in Figure 19: (a) LU
decomposed matrix without RCM. (b) LU decomposed matrix with RCM and pseu-
doperipheral node finder. (c) LU decomposed matrix with brute force selection of a
starting node for RCM.

be preferable to the RCM strategy.
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3.5 Simulation results

Electrostatic potential profile within an Al0.15Ga0.85N/GaN HEMT with 180 nm

doped (Nd = 1x1018 cm−3) Al0.15Ga0.85N barrier and 928 nm unintentionally doped

GaN layer is depicted in Figure 21. The gate, drain, and source widths are 0.3 µm

each, and the gate-source and gate-drain spacings are 0.55 µm.

0
0.2

0.4
0.6

0.8
1

1.2
1.4

1.6
1.8

2

x 10
−5

0

0.5

1

1.5

2

x 10
−5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

 

Distance (cm)Distance (cm))

 

E
le

c
tr

o
s
ta

ti
c
 P

o
te

n
ti
a

l 
(V

)

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

SOURCE

DRAIN

GATE

Figure 21: Electrostatic potential profile in an Al0.15Ga0.85N/GaN HEMT. An ex-
ternal bias of Vgs = -2 V and Vds = 2 V is applied to the gate and drain contacts.

A representative thermal simulation has been performed using a hierarchical mesh-

ing scheme. Figure 22 shows the electrical and thermal domains used in the simu-

lations. Green’s function solution of the lattice heat equation decreases rapidly and

monotonically with the distance from the heat source. This calls for a meshing algo-

rithm that is dense in regions with the heat source (electrical domain) and is coarse in

regions away from the heat source (thermal domain). Therefore, to account for this,

the meshing routine in the thermal simulations is implemented such that an ith mesh
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point in the extended thermal domain is at a distance of i2δ from the corresponding

boundary of the electrical domain. Here, δ is the mesh spacing in the thermal do-

main. In this case, the electrically simulated device consists of a 20 nm Al0.15Ga0.85N

barrier layer and a 200 nm intrinsic GaN. The doping level in the barrier is 1x1018

cm−3. The gate contact is 200 nm wide, the source-gate spacing is 1 µm, and the

gate-drain spacing is 1.5 µm. Source and drain are modeled as Ohmic contacts and

gate is modeled as a Schottky contact. For thermal transport modeling, a 300 µm

thick SiC substrate is used, and a heat sink at 300 K is placed at the bottom of the

substrate. von Neumann thermal boundary conditions are assumed on the top and

sides of the device [144], imposing the constraint of zero flux.

Thermal Grid

Substrate

S G D

Electrical Grid

AlGaN

GaN

SiC

x

y

Figure 22: Cross section of the Al0.15Ga0.85N/GaN HEMT showing the thermal and
electrical grids.

Simulation results reveal a localized hot spot in the channel region between the

gate and the drain contacts as illustrated in Figure 23, which shows the spatial vari-

ation of the non-equilibrium LO phonon occupation number at a low drain bias of

Vds = 5 V. With an increase in the drain-to-source bias, the hot spot is expected to

extend toward the drain end of the device (Figure 24), with a subsequent increase

in the acoustic phonon temperature throughout the device. The acoustic phonon
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temperature distribution at Vds = 40 V is plotted in Figure 25. The peak acoustic

phonon temperature is the device is 420 K.

Figure 23: Spatial distribution of the non-equilibrium LO phonon occupation num-
ber in an Al0.15Ga0.85N/GaN HEMT at Vds = 5 V [184].

Figure 26 shows the variation in the peak acoustic phonon temperature in the

device as a function of substrate thickness. The substrate material is SiC. As the

substrate thickness increases from 0 to 500 µm, the thermal resistance of the substrate

is also expected to increase [223]. This may be understood by writing out Fourier’s

law of heat conduction [52]:

Q =
KA

t
(T − Tsink) =

T − Tsink

R
(18)

R =
t

KA
(19)

Here, Q is the heat transfer rate, Tsink and T are the temperature of the heat sink

and device, K denotes the thermal conductivity, A is the cross sectional area, t is the
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Figure 24: Spatial distribution of the non-equilibrium LO phonon occupation num-
ber in an Al0.15Ga0.85N/GaN HEMT at Vds = 40 V [184].

substrate thickness, and R is the thermal resistance. Accordingly, there is an almost

linear rise in the temperature within the device with increasing substrate thickness.

Substrate material also plays an important role in determining the peak temper-

ature in AlGaN/GaN HEMTs. The peak acoustic phonon temperature along the

HEMT y-axis is plotted in Figure 27 for three different substrate materials, namely,

SiC, Si and sapphire. The substrate thickness in each case is 300 µm. The thermal

diffusivities of these materials are listed in Table 4. According to equation (18), tem-

perature is inversely proportional to thermal conductivity or equivalently, thermal

diffusivity. Since the thermal conductivity of SiC is the higher than that of Si and

sapphire, the peak temperature with a SiC substrate is the lowest. On the other

hand, a sapphire substrate shows the highest peak temperature in the device due to

a lower thermal conductivity of sapphire.
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Figure 25: Acoustic phonon temperature distribution in an Al0.15Ga0.85N/GaN
HEMT at Vds = 40 V. The peak temperature is 420 K and is located between the
gate and drain electrodes [184].

3.6 Time-dependent solutions

There have been reports in literature suggesting contradicting effects of self-heating in

GaN-based devices under pulsed mode operation. Measured [17] and simulated [223]

current characteristics show that self-heating is particularly important at high electric

fields, under pulsed mode operations. On the other hand, Barker et al. using pulsed

voltage measurements, attribute the reduced saturated velocities in AlGaN/GaN het-

erostructures to poor contacts as opposed to self-heating [22]. Additionally, width and

duty cycle of the pulse, along with the characteristic length scales of the device also

play a role in determining the self-heating effect under pulsed mode operation. To

equip the simulator with this capability, a time dependent 2D lattice heat equation

has been implemented. The heat equation is discretized in time using the Crank-

Nicolson implicit discretization scheme [48], and the box method is used for spatial
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Figure 26: Peak acoustic phonon temperature in an Al0.15Ga0.85N/GaN HEMT as
a function of substrate thickness. An external bias of Vgs = -2 V and Vds = 2 V is
applied to the gate and drain contacts.

Table 4: Thermal Diffusivities of Substrate Materials

Material Thermal Diffusivities (cm2/s)
SiC 2.2

Si 0.8

Sapphire 0.1167

discretization [202, 175]. The resultant set of equations are of the form shown below,

AT n+1 = BT n + S(x, y) = b (20)

LU decomposition of the coefficient matrix can be carried out at the beginning

of the simulation, and the time dependent temperature profile can be obtained by

performing back substitution at each time step.

41



0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
300

400

500

600

700

800

Distance (cm)

T
e

m
p

e
ra

tu
re

 (
K

)

 

 

SiC
Si
Sapphire

Figure 27: 1D profile of the peak acoustic phonon temperature in an
Al0.15Ga0.85N/GaN HEMT for different substrate materials. An external bias of Vgs

= -2 V and Vds = 2 V is applied to the gate and drain contacts.
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CHAPTER IV

SIMULATION OF BULK GAN

4.1 MINILASE-A quantum well laser simulator

MINILASE is a two-dimensional quantum well (QW) laser simulator, that may be

used to simulate GaAs-AlGaAs and AlGaAs-InGaAs based devices [182, 77]. The

simulator features many of the models and algorithms used by silicon-based electron

device simulators [170, 175, 59]. The electronic and optical equations appropriate

for a two-dimensional quantum well laser are solved self-consistently. The electronic

equations are the Poisson equation and carrier continuity equations for both free and

bound electrons and holes [208]. The source term for the Poisson equation is the

spatial profile of net volumetric charge density, and includes both the electron and

hole free carrier densities, as well as partially ionized donor and acceptor densities.

The former two quantities are themselves solution variables, while the latter two are

either known or calculated via process simulation. The continuity equations balance

the divergence of carrier flux with the net loss of carriers, considering recombination

mechanisms like Shockley-Read-Hall and Auger, as well as spontaneous and stimu-

lated radiative recombination.

Carrier transport in the bulk regions of the device is modeled with the drift-

diffusion approximation. Ballistic transport across the heterojunctions is treated with

Bethe’s thermionic emission theory, under the assumption that the heterojunctions

are abrupt [77]. Once the carriers are ballistically transferred across the heterojunc-

tions into continuum states of the quantum well, there can be three possibilities [77]:

• The carriers can travel in the transverse direction, i.e., within the plane of the

well. Drift-diffusion is used to model this transport and this accounts for current
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spreading in the transverse direction.

• The carriers can cross the QW active region into the classical regions on the other

side. Continuum electrons and holes in the active region are treated by drift-diffusion.

• The carriers can scatter into the bound quantum well states. This capture pro-

cess into the bound states is modeled by carrier-carrier and carrier-phonon scattering.

In the bound states, carriers may either absorb phonons and be ejected back into

the continuum states, or recombine through mechanisms like Shockley-Read-Hall and

Auger as well as spontaneous and stimulated radiative recombination.

A scalar Helmholtz equation is solved for the optical problem, and a photon rate

equation is used to calculate the photon occupation number of each mode.

The electronic bandstructure of the underlying material is calculated using the

k.p method for zincblende material systems [206, 139]. Many-body effects such as

bandgap renormalization and Coulomb enhancement of the optical matrix elements

are likewise considered, with the former effect included in the local density approxi-

mation [140].

Simulation models to analyze nitride-based laser diodes have been previously de-

veloped by Witzigmann et al. [212, 213, 214]. However, it is the aim of this research

to build upon a laser simulator that in the past has successfully predicted details of

device operation. As a first step toward this goal, the electronic part of the two-

dimensional quantum well simulator MINILASE is extended to model nitride mate-

rials and bandstructure [204]. Strain and spontaneous and piezoelectric polarization

charges are considered in the calculation of the electronic states.

4.2 Introduction to k.p

To predict the electronic or optical properties of any device, it is essential to under-

stand the bandstructure of the constituent materials, and in many cases deduce the

quantum confined energy levels and envelope functions. Common methods used to

44



determine the bandstructure include the k.p method, the tight binding approxima-

tion, the orthogonalized plane wave method, the augmented plane wave method, the

pseudopotential method, variational methods, and the cellular method.

Most optoelectronic devices such as lasers and LEDs, are made using direct

bandgap materials. Optical transitions in these devices occur primarily at or near the

band edges. Because of this, the relevant part of the bandstructure is confined to a

small range of energies close to the band edges. The k.p method is the most widely

used method for computing the bandstructure near band extrema in bulk materials

and quantum well structures. Based on time independent perturbation theory, the

k.p theory was first developed by Seitz to study the constitution of metallic lithium

[173, 174]. Shockley extended the theory for the case of degenerate bands [179], and

Dresselhaus et al. generalized to account for spin-orbit coupling. [54].

4.3 k.p for wurtzite nitrides

Due to the large bandgap energy in wurtzite III-nitrides, the conduction band may be

modeled using to Löwdin’s second order perturbation theory [108], and the valence

bands with a coupled degenerate approach [45, 163, 31]. The strained 8x8 Hamiltonian

is split into a 2x2 Hamiltonian for the conduction band and a 6x6 Hamiltonian for the

valence bands. Decoupling the conduction and valence bands precludes the possibility

for non-parabolicity in the former, but non-parabolicity is not important in the energy

range of interest, and the explicit decoupling from the valence bands avoids the well

known problem of spurious mid-gap states when this Hamiltonian is extended to one

spatial dimension [99].
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|u3〉

|u6〉

|u1〉

|u5〉

|u2〉

|u4〉

|u7〉

|u8〉

(21)

where,

F = ∆1 + ∆2 + λ + θ,

G = ∆1 − ∆2 + λ + θ,

λ =
~

2

2mo

[

A1k
2
z + A2(k

2
x + k2

y)
]

+ D1ǫzz + D2(ǫxx + ǫyy),

θ =
~

2

2mo

[

A3k
2
z + A4(k

2
x + k2

y)
]

+ D3ǫzz + D4(ǫxx + ǫyy), (22)

K =
~

2

2mo

A5(kx + iky)
2 + D5ǫ+,

H =
~

2

2mo

iA6(kx + iky)kz − A7(kx + iky) + D6ǫz+,

I =
~

2

2mo

iA6(kx + iky)kz + A7(kx + iky) + D6ǫz+,

∆ =
√

2∆3.

Here, {Ai} are the Luttinger-like parameters for wurtzite nitrides, {Di} are the valence

band deformation potentials and ki is the wavevector (transverse or longitudinal). The

symbols ∆1, ∆2, and ∆3 are related to the crystal-field split-off energy ∆cr and the

spin-orbit split-off energy ∆so by the relation,

∆1 = ∆cr, ∆2 = ∆3 =
∆so

3
(23)
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For a strained wurtzite quantum well/barrier system, the elements of the strain

tensor are given by,

ǫxx = ǫyy =
a0 − a

a
,

ǫzz =
−2C13

C33

ǫxx, (24)

ǫ+ = ǫxx + 2iǫxy − ǫyy,

ǫz+ = ǫzx + iǫyz.

where a0 and a are the lattice constants of the substrate and the epitaxial layers, and

C13 and C33 are the stiffness constants. If growth is along in the [0001] direction, then

the off-diagonal terms in Equation (24) go to zero, i.e., ǫxy = ǫyz = ǫzx = 0 and only

the diagonal components of the strain tensor remain.

Including strain effects the conduction band may be described by the following

equation:

Ec =
~

2

2mo

(
k2

x + k2
y

mt
e

+
k2

z

mz
e

) + Eg + ∆1 + ∆2 + Pce

Pce = aczǫzz + act(ǫxx + ǫyy) (25)

where, mt
e and mz

e are the electron transverse and longitudinal effective masses respec-

tively, Eg is the bandgap energy, and act and acz are the transverse and longitudinal

conduction band deformation potentials. Given the hydrostatic deformation poten-

tials a1 and a2, the conduction band deformation potentials can be derived using the

relations: a1 = (acz − D1) and a2 = (act − D2) [153].

The band-edge basis functions {ui} are made up of linear combinations of |X〉,

|Y 〉 and |Z〉 orbitals for the valence bands and |S〉 orbitals for the conduction bands.

|u1〉 =
−1√

2
|(X + iY ) ↑〉

|u2〉 =
1√
2
|(X − iY ) ↑〉

|u3〉 = |Z ↑〉 (26)
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|u4〉 =
1√
2
|(X − iY ) ↓〉

|u5〉 =
−1√

2
|(X + iY ) ↓〉

|u6〉 = |Z ↓〉

|u7〉 = |S ↑〉

|u8〉 = |S ↓〉

The bulk valence band structure may be determined by solving for the eigenvalues

of the equation:

det
[

Hv
ij(k) − δijE

v(k)
]

= 0 (27)

The equation for quantum well structures may be obtained by replacing kz in

the bulk Hamiltonian with −i ∂
∂z

. The six valence subbands may be solved by the

following equation [227, 44],

6
∑

j=1

[Hij + δij(E
v
0 (z) + Vpot(z))] φj

n(z,k) = Ev
n(k)φi

n(z,k) (28)

where n is the valence subband index, Ev
0 is the unstrained valence band energy in

the quantum well, and Vpot is the electrostatic potential due to the charge carrier

density in the QW. The envelope function for the valence bands may be expanded in

a Fourier series as,

φj
n(z,k) =

ei(xkx+yky)

√
L

∑

m

cj
n,m,kx,ky

eim 2π
L

z (29)

j = 1, 2, ..., 6

where L is the fundamental period, i.e., in this case L = Lw + Lb, where Lw and Lb

are the widths of the quantum well and barrier regions respectively. cj
n,m,kx,ky

is the

coefficient of the mth Fourier component of the nth envelope function for the jth basis

48



function. The wave function of the nth valence subband may therefore be described

as,

Ψv
n,kx,ky

(z) =
∑

j

φj
n(z, kx, ky) |uj〉 (30)

j = 1, 2, ..., 6

where |uj〉 is defined in Equation (26).

Similarly, the conduction subbands may be determined through the relation,

[Hc + Ec
0(z) + Vpot(z)] φn′(z,k) = Ec

n′φn′(z,k) (31)

Hc =
~

2

2mo

(

k2
x + k2

y

mt
e

+
k2

z

mz
e

)

+ Pce (32)

here n′ denotes the conduction subband index. Ec
0 is the unstrained conduction band

energy in the quantum well. mt
e and mz

e are the electron effective masses in the

transverse and longitudinal directions, respectively. Pce is the hydrostatic shift in

conduction band energy. The envelope function for the conduction band may be

written in a manner similar to that of the valence bands:

φn′(z,k) =
ei(xkx+yky)

√
L

∑

m

c′n′,m,kx,ky
eim 2π

L
z (33)

Here again, c′n′,m,kx,ky
has the analogous definition for electron states. The n′th con-

duction subband wavefunction is then written as,

Ψc
n′,kx,ky

(z) = φn′(z, kx, ky) |ui〉 (34)

|ui〉 are band-edge basis functions for the conduction bands as described in Equation

(26).

4.4 Optical matrix elements

Following the formulation presented in the previous section, the transition matrix

elements (also called optical matrix elements (OME)) may be derived in terms of the

band edge momentum matrix elements for all relevant wurtzite materials [44].
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The transition matrix element describes the strength of the interaction between

the conduction and valence band Bloch functions as defined in equation (26) [230].

In terms of the electron and hole wavefuctions defined by equations (30) and (34),

the transition matrix element may be expressed as,

∣

∣Mc−v
n′n (kx, ky)

∣

∣

2

α
=

∣

∣

∣

〈

Ψc
n′,kx,ky

(z)|ê · p|Ψv
n,kx,ky

(z)
〉∣

∣

∣

2

(35)

p is the momentum operator, α defines the polarization of the field i.e., field ‖ QW

plane (transverse electric (TE)) or field ⊥ QW plane (transverse magnetic (TM)), and

ê is the unit polarization vector in the direction of the field. Writing the wavefuctions

in terms of the envelope functions (or equivalently the Bloch functions) and expanding

the envelope functions using plane waves, the transition matrix element becomes,

∣

∣Mc−v
n′n (kx, ky)

∣

∣

2

α
=

∑

η=↑,↓

6
∑

j=1

∣

∣

∣

∣

∣

〈uc, η|ê · p|uj, η〉
∑

m

c′∗n′,m,kx,ky
cj
n,m,kx,ky

∣

∣

∣

∣

∣

2

(36)

where n′ and n are the conduction and valence subband indices, kx and ky are the

transverse wavevectors, η is the electron spin, index j runs over six valence bands,

“∗” denotes complex conjugate, and m runs over all plane waves of the Fourier basis.

Consider an optical transition between the conduction band and the heavy hole

band for TE polarized field. The transition matrix element for this particular transi-

tion pair can be now written as,

∣

∣Mc−hh
n′n (kx, ky)

∣

∣

2

TE
= |〈uc, ↑ |ê · p|uhh, ↑〉|2

∣

∣

∣

∣

∣

∑

m

c′∗n′,m,kx,ky
chh
n,m,kx,ky

∣

∣

∣

∣

∣

2

(37)

The conduction and valence band Bloch functions of opposite spin do not couple

because photons are spinless, and spin angular momentum must be conserved in the

interaction [89, 111]. With this condition defined, the ↑ and ↓ notations have been

dropped from the remainder of the derivation.

The dot product ê·p in equation (37) between the unit polarization vector and the

momentum operator may now be replaced by expx + eypy. Since only the TE mode is
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considered here, ez = 0. Also rewriting |uc〉 and |uhh〉 in terms of the basis functions

|S〉, |X〉, and |Y 〉 from equation (26), the first term in equation (37) becomes

|〈uc|ê · p|uhh〉|2 =
1

2
|〈S|expx + eypy|(X + iY )〉|2

=
1

2
|〈S|px|X〉 ex + i 〈S|py|Y 〉 ey|2

Using the fact the momentum operator is isotropic in the transverse plane, the above

equation is given by,

|〈uc|ê · p|uhh〉|2 =
1

2
|〈S|px|X〉|2 |ex + iey|2 (38)

|〈S|px|X〉|2 is called the interband momentum matrix element [44]. The interband

momentum matrix element is a fundamental material property, which may either be

calculated theoretically or inferred from optical measurement.

|〈S|px|X〉|2 =
moEpx

2
(39)

Epx is an energy parameter (also known as Kane’s parameter) defined by the

following expression [44],

Epx =

(

mo

mt
e

− 1

)

Eg [(Eg + ∆1 + ∆2)(Eg + 2∆2) − 2∆2
3]

(Eg + ∆1 + ∆2)(Eg + ∆2 − ∆2
3

(40)

Eg is the bandgap energy. Substituting equation (38) and (39) into (37), the transition

matrix element may now be expressed as,

∣

∣Mc−hh
n′n (kx, ky)

∣

∣

2

TE
=

moEpx

4

(

e2
x + e2

y

)

∣

∣

∣

∣

∣

∑

m

c′∗n′,m,kx,ky
chh
n,m,kx,ky

∣

∣

∣

∣

∣

2

(41)

Similarly, the transition matrix elements for transitions between the conduction

band and the LH and CH bands may be derived. Final expressions are shown below.

∣

∣Mc−lh
n′n (kx, ky)

∣

∣

2

TE
=

moEpx

4

(

e2
x + e2

y

)

∣

∣

∣

∣

∣

∑

m

c′∗n′,m,kx,ky
clh
n,m,kx,ky

∣

∣

∣

∣

∣

2

(42)

∣

∣Mc−ch
n′n (kx, ky)

∣

∣

2

TE
= 0 (43)
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Similarly, for the TM mode,

∣

∣Mc−hh
n′n (kx, ky)

∣

∣

2

TM
=

∣

∣Mc−lh
n′n (kx, ky)

∣

∣

2

TM
= 0 (44)

∣

∣Mc−ch
n′n (kx, ky)

∣

∣

2

TM
=

moEpz

2
e2

z

∣

∣

∣

∣

∣

∑

m

c′∗n′,m,kx,ky
cch
n,m,kx,ky

∣

∣

∣

∣

∣

2

(45)

where the energy parameter Epz is given as [44]

Epz =

(

mo

mz
e

− 1

)

(Eg + ∆1 + ∆2) (Eg + 2∆2) − 2∆2
3

(Eg + 2∆2)
(46)

A flowchart of the simulator is depicted in Figure 28.

Adjust energy gap and
lattice constants
for temperature

Setup k.p bulk components

Bulk

Diagonalize Hamiltonian

Calculation type
QW

Construct k.p Hamiltonian

Calculation type
QW ?

Print E vs. k

Solve for Eigen vectors

Calculate DOS and
total DOS

Calculate Optical Matrix
Elements (OME)

Print Eigen vectors, DOS
and OME

Read input file

Read material parameters

Solve for Eigen energies

Setup k.p
components

for QW

Yes

No

Figure 28: Flowchart of the laser simulator.
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4.5 Bulk dispersion

Based on the formulation presented in the previous section, the valence band disper-

sion of bulk wurtzite GaN has been calculated. The influence of strain in the k.p

Hamiltonian may be seen in Figure 29, which shows the valence band dispersion of

bulk GaN near the zone center as a function of in-plane (kz) and transverse (kx)

wavevectors with (a) showing the valence bands without any strain in the material

and (b) 1% compressive biaxial strain applied to GaN. Material parameters for bulk

GaN are listed in Table 5. The maxima of the valence band lies at the Γ point, i.e., at

|k|=0. Due to the spin-orbit and crystal-field coupling, the top of the valence band

in GaN is split into three doubly degenerate subbands at the zone-center. The three

subbands are called heavy hole (HH), light hole (LH) and crystal-field split-off (CH)

bands respectively. The HH band has Γ9 symmetry and the LH and CH bands have

Γ7 symmetry [126]. The anisotropy of the hole effective masses that is characteristic

of III-V wurtzite nitrides is also evident in Figures 29-32. The HH band is nearly

parabolic both ‖ and ⊥ to the c-axis, but with different parabolicities. However, due

to the strong coupling between the LH and CH bands ⊥ to the c-axis, the LH bands

are less parabolic in this direction. Due to the strongly anisotropic nature of the

valence bands, the usual effective mass approximation cannot be used effectively to

represent the valence band dispersion of wurtzite nitrides.

4.6 Effect of strain on the bulk bandstructure

Strain has a lesser impact on wurtzite GaN than GaAs. The result of applying a

biaxial compressive strain to GaN is a downward shift of all the three valence bands.

The HH and LH bands are shifted by almost equal amounts at zone center (see Figure

29b). However, at zone center, the CH band is disproportionately shifted to a lower

energy with a flatter dispersion at larger wavevector. The biaxial compressive strain

retains the crystal symmetry, thereby having little effect on the shift of the HH and
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Figure 29: Valence band dispersion of bulk wurtzite GaN as a function of the
longitudinal (kz) and transverse (kx) wavevectors (a) unstrained GaN and (b) 1%
biaxial compressive strain applied to GaN.

LH bands [124].

4.7 Spin-orbit interaction

The Hamiltonian in equation (21) is slightly different from the k.p Hamiltonian for-

mulated by Chuang [45]. In the Hamiltonian formulated by Chuang, the A7 term,

which represents part of the spin-orbit interaction required for wurtzite material, is

not included. Without this contribution to the spin-orbit interaction, each of the

valence bands are doubly degenerate. Including appropriate contribution to the spin-

orbit interaction via the A7 term in the Hamiltonian, this degeneracy is removed along

the c-axis. The effect of the spin-orbit interaction on the valence band dispersion of

bulk GaN is presented in Figure 30 (a) considering the spin-orbit interaction and (b)

without any spin-orbit interaction.

The lifting of degeneracy is only seen along the ⊥ direction and is absent along
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Figure 30: Valence band dispersion of bulk wurtzite GaN as a function of longi-
tudinal (kz) and transverse (kx) wavevectors (a) with spin-orbit interaction and (b)
without spin-orbit interaction.

the ‖ direction. This is because A7 in the Hamiltonian only interacts with the ⊥

wavevectors. Proper inclusion of the spin-orbit interaction term in the Hamiltonian

for wurtzite nitrides is known to result in larger calculated optical gain [162].

4.8 Verification of the bulk dispersion calculations

To verify the accuracy of the k.p calculations, the bulk valence band dispersion of

unstrained and strained GaN is computed and compared with results previously re-

ported by Chuang [45]. For this particular simulation, the spin-orbit coupling term

A7 is set to zero in the k.p Hamiltonian for this thesis for purposes of direct compar-

ison. Binary material parameters for GaN are listed in Table.5. Comparison of the

valence band dispersion as a function of wavevector may be found in Figure 31 for un-

strained and Figure 32 for 1% compressively strained GaN. These figures demonstrate

excellent agreement.
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Table 5: Material Parameters for GaN [45].

Parameters GaN

Lattice Constant (Å)
a 3.1892
c 5.185

Energy Parameters
Eg (eV) at 300 K 3.44
∆cr (meV) 16
∆so (meV) 12

Valence band effective mass parameters
A1 6.56
A2 -0.91
A3 5.65
A4 -2.83
A5 -3.13
A6 -4.86

Deformation potentials (eV)
D1 0.7
D2 2.1
D3 1.4
D4 -0.7

Elastic stiffness constants (GPa)
C13 158
C33 267
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(b)(a)

Figure 31: Unstrained valence band dispersion comparison for bulk GaN (a)
Chuang’s calculation [45] (b) Present work.

(a) (b)

Figure 32: Strained valence band dispersion comparison for bulk GaN (a) Chuang’s
calculation [45] (b) Present work.
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CHAPTER V

SIMULATION OF INGAN-BASED QUANTUM WELL

STRUCTURES

5.1 Quantum well dispersion

The k.p method has been used to calculate the electronic and valence band dispersion

of an In0.2Ga0.8N/GaN single quantum well (SQW) system. Figure 33 shows the

valence band dispersion curves considering biaxial compressive strain (dashed) and

neglecting strain (solid) for two well widths (a) 25 Åand (b) 50 Å. Barrier widths for

these structures are 4 nm and 9 nm respectively. Biaxial strain in the quantum well

results from the lattice mismatch between the substrate and the epitaxial In0.2Ga0.8N

well material. This strain is about 2.16% and is compressive in nature due to the

larger lattice constant of the well material. The barriers are lattice matched to the

substrate and are unstrained. Material parameters for binary GaN and InN are listed

in Table 6. As is common practice, deformation potentials for InN are adopted from

known GaN values [154, 156]. All other parameters for the alloy InxGa1−xN (except

the bandgap) are linearly interpolated using Vegard’s law and are given as,

Y InxGa1−xN = xY InN + (1 − x)Y GaN (47)

The bandgap of the alloy is given by the following quadratic expression

EInxGa1−xN
g = xEInN

g + (1 − x)EGaN
g − bInGaNx(1 − x) (48)

where bInGaN is the bowing parameter for the bandgap and is taken to be 1.2 eV

[33]. A Varshni expression is used to adjust the bandgap for any arbitrary tempera-

ture,

Eg(T ) = Eg(Tref ) + α

[

T 2

T + β
−

T 2
ref

Tref + β

]

(49)
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where Eg(Tref ) is the bandgap energy at temperature Tref and α and β are the fitting

parameters in units of (eV/K) and (K) respectively.

The conduction to valence band offset ratio is taken to be ∆Ec:∆Ev = 0.7:0.3

[120, 104, 103]. Thirty Fourier coefficients are used in the bandstructure calculation.
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Figure 33: Unstrained (solid curve) and strained (dashed curve) valence band dis-
persion profiles of an In0.2Ga0.8N/GaN single quantum well. (a) Lw = 25 Å and (b)
Lw=50 Å.

For the case of InGaN/GaN quantum wells, biaxial compressive strain only in-

creases the crystal-field split-off energy, while the shape of the valence band dispersion

remains essentially unchanged. This is because the biaxial compressive nature of the

strain retains the C6v symmetry of the wurtzite crystal [126]. Wurtzite GaN is less

affected by biaxial strain than zincblende GaAs. Unstrained wurtzite GaN can be

thought of as prestrained zincblende crystal, since the HH and LH bands are sepa-

rated at the zone center in both cases. The impact of biaxial strain (compressive or

tensile) on the valence bands of wurtzite nitrides is to merely shift the energy values

[128].
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5.2 Inclusion of polarization charges in k.p

For a pseudomorphic Ga-face InxGa1−xN/GaN structure, the spontaneous polariza-

tion points toward the substrate and piezoelectric polarization points toward the sur-

face (see Figure 8). The total polarization charge in a layer is the sum of spontaneous

and piezoelectric polarization charges, i.e.,

Ptot = Psp + Ppe (50)

The GaN barriers are assumed to be lattice matched to the substrate, while the

InxGa1−xN wells are under strain. The spontaneous and piezoelectric charges in the

well are given as,

P InxGa1−xN
sp = xP InN

sp + (1 − x)PGaN
sp

P InxGa1−xN
pe = 2ǫxxΛ

InxGa1−xN (51)

ΛInxGa1−xN is linearly interpolated between the binary values ΛInN and ΛGaN , each

of which are in turn proportional to the piezoelectric and elastic stiffness constants.

ΛInxGa1−xN = xΛInN + (1 − x)ΛGaN

and

Λ = e13 − e33
C13

C33

(52)

The x-component of the strain tensor is,

ǫxx =
ao − a

a
,

Here, ao and a are the lattice constants of the substrate (GaN) and epilayers respec-

tively. In case of the InxGa1−xN quantum well material, the strain is compressive

in nature and ǫxx is negative. e13 and e33 are the piezoelectric constants in (C/m2)

and C13 and C33 are the elastic stiffness constants in units of (GPa). Reliable binary

material parameters used in the calculation of polarization charge are listed in Table

6.
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The electric field in each layer is proportional to the difference in the polarization

charges at each interface and is given by,

Eb =
−Lw(P b

tot − Pw
tot)

(Lbǫw + Lwǫb)ǫo

Ew = − Lb

Lw

Eb =
Lb(P

b
tot − Pw

tot)

(Lbǫw + Lwǫb)ǫo

(53)

P b
tot and Pw

tot are the total polarization charges in the barrier and well respectively.

Lb and Lw are the lengths and ǫb and ǫw are the dielectric constants of the barrier and

well respectively, and ǫo is the permittivity of free space. Screening of the polarization

fields is considered via the QW carrier-induced electrostatic potential as described in

(28). Periodic boundary conditions are applied to calculate the built-in electric fields

[28]:
∑

i

LiEi = 0 (54)

where the sum runs over all the layers, Li is the width of the ith well or barrier,

and Ei is the electric field in the ith layer. In the electrostatic model adopted here,

fields throughout the active region are independent of the number of quantum wells

considered, by virtue of the periodic boundary conditions. In an actual device, an

increase or decrease in the number of quantum wells will increase or decrease the

thickness of the depletion region, respectively, and modify the contribution to the

electrostatic field in the active region due to the built-in junction potential. We

note that this contribution to the electrostatic field in the active region depends on

materials and doping densities outside of the multiple QW (MQW) active region, but

for typical device structures is on the order of 100kV/cm at zero bias. This is to be

compared to the contribution to the electrostatic field in the MQW active region from

the polarization charge, which is typically in the range of 1-3MV/cm, i.e., an order

of magnitude higher. Furthermore, as laser diodes are operated under strong forward
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bias, the relative contribution to the electrostatic field in the active region due to the

junction potential is far less significant during lasing.

Due to the fact that the supercell is periodically repeated outside the simulation

domain, the calculated spectral density is per well. The electrostatic potential due to

the field is,

V (z) = −
∫ z

0

dz′E(z′) (55)

This electrostatic potential is Fourier transformed and its coefficients are added ap-

propriately to the k.p Hamiltonian in equation (21).

Figure 34 shows the conduction and valence band edges and normalized zone-

center envelope functions of the first conduction (C1) and heavy hole (HH1) bands

of a 25 Å In0.2Ga0.8N/GaN single quantum well. Two cases are considered here,

namely, (a) no polarization at the In0.2Ga0.8N/GaN interface and (b) full polariza-

tion at the In0.2Ga0.8N/GaN interface. The built-in polarization fields cause a spatial

separation of the electron and hole envelope functions. This separation of envelope

functions reduces the overlap factor, and is known to degrade the intensity of elec-

troluminescence. As the well width increases, it is expected that the electrons and

holes will become more and more localized at the opposite ends of the QW reducing

the transition probability even further. This is indicated in Figure 35 for a 50 Åwell

width. Polarization-induced built-in fields also cause a red-shift in transition energy

associated with the QCSE [167].

5.3 Calculation of optical gain

The TE and TM optical gain for a quantum well system are calculated using an

in-house gain module. Figure 36 shows the interface between the k.p solver and the

gain module.

As a first step to the optical gain calculation, coefficients of plane waves from the

k.p solver are transformed into real space envelope functions for the conduction and
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Figure 34: Conduction and valence band edges and envelope functions of the first
conduction and heavy hole bands of a 25 Å In0.2Ga0.8N/GaN single quantum well (a)
no polarization at the interface and (b) full polarization at the interfaces.
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Figure 35: Conduction and valence band edges and envelope functions of the first
conduction and heavy hole bands of a 50 Å In0.2Ga0.8N/GaN single quantum well (a)
no polarization at the interface and (b) full polarization at the interfaces.

valence bands. Next the interband transition matrix elements are calculated from the

overlap between the conduction and valence subbands,

∣

∣Mc−v
n′n (kx, ky)

∣

∣

2

α
=

∑

η=↑,↓

6
∑

j=1

∣

∣

∣

∣

∣

〈uc, η|ê · p|uj, η〉
∑

m

c′∗n′,m,kx,ky
cj
n,m,kx,ky

∣

∣

∣

∣

∣

2

(56)

Here, p is the momentum operator, α defines the polarization of the field (TE or
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TM), ê is the unit polarization vector in the direction of the field, uc and uj are

conduction and valence band Bloch functions as defined in equation (26), n′ and n

are the conduction and valence subband indices, kx and ky are the x- and y-component

of the wavevectors, η is the electron spin, index j runs over six valence bands, “∗”

denotes complex conjugate, and m runs over all plane waves of the Fourier basis. The

density of states for the nth conduction or valence subband is calculated as,

gn(E) =
1

4π2

∫

dkx

∫

dkyδ(E − En(kx, ky)) (57)

The total density of states is then obtained by summing up the contribution from

each subband i.e.,

gc,v(E) =
∑

n

gn(E) (58)

The Fermi energy dependence on the carrier density (Nc or Nv) is implicitly evaluated

from the following relations,

Nc =

∫ ∞

−∞

dEfc(E)gc(E) (59)

and

Nv =

∫ ∞

−∞

dEfv(E)gv(E) (60)

Here,the Fermi-Dirac distributions are,

fc =
1

1 + exp
(

E−Ec
f

kbT

) (61)

and

fv =
1

1 + exp
(

−E+Ev
f

kbT

) (62)

where, Ec
f and Ev

f are the electron and hole Fermi energies, kb is Boltzmann’s constant.

The imaginary part of the quantum well susceptibility is then calculated as follows

[4, 5],

Im(XTE) =
q2π

(~ω)2

(

1

2π

)2

πp⊥

∣

∣

∣

∣

∂k2(E)

∂E

∣

∣

∣

∣

(1 − fc − fv)
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Im(XTM) =
q2π

(~ω)2

(

1

2π

)2

πp‖

∣

∣

∣

∣

∂k2(E)

∂E

∣

∣

∣

∣

(1 − fc − fv) (63)

where, q is the electronic charge, ~ω is the photon energy and, p⊥ and p‖ are the

transition matrix elements.

The gain in the quantum well/barrier system for a given carrier density can then

be obtained from the imaginary part of the quantum well susceptibility using the

following relation [43],

Gα = −4πωµc

nr

Im(Xα) (64)

where, α denotes TE or TM polarization of the field, ω is related to the photon energy,

nr is the refractive index of the material, c is the velocity of light in free space.

Energies and coefficients

of Eigen vectors from k.p

Convert Eigen functions

real space
from Fourier space to

of states

Calculate Density Calculate Transition

Matrix Elements

Calculate QW 

susceptibility

Calculate QW 

gain

Input

Gain Module

k.p Module

Input

Figure 36: Flowchart of the interface between the k.p module and the gain calcu-
lation module.
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5.4 Validation of quantum well dispersion calculations

The unstrained (Figure 37) and strained (Figure 38) valence band dispersions of an

In0.2Ga0.8N/GaN SQW structure are compared with the previously reported calcula-

tions of Yeo et al. [227] for (a) Lw = 25 Å and (b) Lw = 50 Å. k.p calculations were

performed with a basis of thirty Fourier coefficients. Binary material parameters for

the calculation are taken from [226], in which the conduction to valence band offset

ratio is ∆Ec:∆Ev = 0.7:0.3. As Yeo et al. do not consider the influence of polar-

ization in their SQW calculations, it is likewise ignored here for purposes of direct

comparison. For both the unstrained and strained cases, the agreement is excellent.
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Figure 37: Unstrained valence band dispersion comparison for In0.2Ga0.8N/GaN (a)
Lw = 25 Å and (b) Lw = 50 Å
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Table 6: Material Parameters for GaN and InN.

Parameters GaN InN

Lattice Constant∗ (Å)
a 3.188 3.540
c 5.185 5.70

Energy Parameters∗∗

Eg (eV) at 300 K 3.437 0.608
α (meV/K) 0.914 0.414
β (K) 825 154
∆cr (meV) 10 24
∆so (meV) 17 5

Conduction band effective masses∗

mz
e/m0 0.2 0.1

mt
e/m0 0.2 0.1

Valence band effective mass parameters∗∗

A1 -7.21 -8.21
A2 -0.44 -0.68
A3 6.68 7.57
A4 -3.46 -5.23
A5 -3.40 -5.11
A6 -4.90 -5.96
A7 (meV/Å) 93.7 0

Deformation potentials (eV)∗∗

a1
l -4.9 -3.5

a2
l -11.3 -3.5

D1
l -3.7 -3.7

D2
l 4.5 4.5

D3 5.2 5.2
D4 -2.7 -2.7

Elastic stiffness constants (GPa)∗

C13 115 95
C33 385 200

Piezoelectric constants (C/m2)∗

e13 -0.33 -0.22
e33 0.65 0.43

Spontaneous polarization (C/m2)∗

Psp -0.029 -0.032

∗ [157]
∗∗ [154]
l [156]
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CHAPTER VI

SIMULATION OF NON-(0001) INGAN-BASED LASERS

6.1 c-axis vs. non-c-axis

InGaN/GaN quantum well lasers grown along the c-axis have been described in the

previous chapters. These c-axis laser diodes have two main problems associated with

them, namely:

1. High threading dislocation densities along the c-plane: the dislocation densi-

ties degrade the device performance by acting as non-radiative recombination

centers [183].

2. Large spontaneous and piezoelectric polarization induced electric fields: these

fields give rise to a quantum-confined Stark effect, and decrease the electron-hole

wavefunction overlap. This leads to longer radiative recombination lifetimes

[105] that are well-width dependent and cause reduced emission efficiencies [50].

This thesis work deals with the second problem associated with built-in electric

fields. Various solutions have been suggested in literature:

1. Screening of the polarization fields: this might either be achieved through op-

tical excitation, electrical pumping or aggressive doping [63]. Excess photogen-

erated carriers may screen the polarization charges. However, for electrically

pumped lasers, Piprek has demonstrated that the rate of charge injection may

be insufficient to achieve the high carrier densities necessary for screening [158].

Also, unrealistically high doping densities may be required to achieve efficient

screening of the fields.
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2. Use of zincblende nitrides grown along [001] direction: the lack of favorable

substrates make this difficult to achieve [73].

3. Growth of nitride devices on non-polar planes e.g., m-plane (11̄00) [207, 171]

and a-plane (112̄0) [39], and on semi-polar planes (inclined with respect to

the c-axis) such as (101̄1̄) [199], (101̄3̄) [176] and (112̄2) [65]: As the name

suggests, semi-polar material exhibits reduced polarization-induced fields than

c-axis material, while the non-polar planes are completely free from the polar-

ization charges. Some common growth planes are illustrated in Figure 39. It

has been reported that the optical gain in laser structures grown along non-

[0001] directions is also significantly higher, owing to the larger optical matrix

elements in non-[0001] directions [136, 137, 134]. In addition to macroscopic

polarization charges, wurtzite GaN (c-plane) has a higher hole effective mass

than zincblende GaAs [188, 200]. This results in higher threshold current den-

sities in wurtzite GaN QW-based lasers compared to GaAs-based QW lasers.

Alternate crystal orientations help to reduce the hole effective masses in GaN

[136, 134] in the direction perpendicular to the plane of the QWs.

The first non-polar m-plane InGaN-based laser diode was demonstrated under

pulsed mode condition by Schmidt et al., with a threshold current density of 18

kA/cm2 at 405.5 nm [171], and under continuous-wave operation by Okamoto et

al. with a threshold current density of 4 kA/cm2 at 400 nm [138]. Feezell et al.

demonstrated the operation of non-polar laser diodes without AlGaN cladding layers

with a threshold current density of 3.7 kA/cm2 under pulsed mode conditions [62],

while Farrell et al. demonstrated the continuous-wave operation of these laser diodes

with a threshold current density of 6.8 kA/cm2 [61]. Lasing in the first semi-polar

nitride-based laser diode under pulsed conditions was observed with a threshold cur-

rent density of 18 kA/cm2 at 405.9 nm [198]. Additionally, stimulated emission from

non-polar and semi-polar InGaN MQWs in the blue-green (480 nm) and green (514
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Figure 39: Schematic views of (a) polar (0001) c-plane, (b) non-polar m-plane
(11̄00), (c) non-polar a-plane (112̄0), and, (d) semi-polar plane (112̄2).

nm) wavelength regimes has also been realized [197]. With so much progress in the

fabrication and growth of non- and semi-polar materials and structures, it becomes

imperative to consider crystal orientation for predictive simulation of non-polar and

semi-polar lasers.

6.2 Formulation of the k.p Hamiltonian for arbitrary crys-

tal orientation

Crystal orientation plays a crucial role in dictating the electronic and optical proper-

ties of wurtzite III-nitrides, such as the valence band structure, hole effective mass,

transition energies and optical matrix elements. This is because the spontaneous and

piezoelectric polarization charges and strain vary as function of the crystal orienta-

tion [189]. To understand and model this dependence, the coordinates (x, y, z) along

the c-axis must be transformed into new coordinates (x′, y′, z′) of an arbitrary crystal
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orientation, as shown in Figure 40, using a rotation matrix of the form [186],

U =













cos θ cos φ cos θ sin φ − sin θ

− sin φ cos φ 0

sin θ cos φ sin θ sin φ cos θ













(65)

where, θ and φ are the polar and azimuthal angles, respectively, of z′ with respect

to the coordinates (x, y, z). θ = 0◦ is along the c-axis and θ = 90◦ corresponds

to the direction perpendicular to the c-axis or [101̄0] direction. The wavevector ki,

strain tensor ǫij and stiffness coefficient tensor Cijkl can be transformed into the new

coordinates [84, 135],

k′
i = Uijkj,

ǫ′ij = UikUjlǫkl, (66)

C ′
ijkl = UimUjnUkoUlpCmnop

or equivalently,

ki = Ujik
′
j,

ǫij = UkiUljǫ
′
kl, (67)

Cijkl = UmiUnjUokUplC
′
mnop

Here the Einstein rule for summation of repeated indices is used and Uij are

elements of the rotation matrix in (65) [135].

For arbitrary angles θ and φ, using (65) and (67) the Hamiltonian in 21 can be

written as,
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Figure 40: Relation between the conventional co-ordinate system (x, y, z) and trans-
formed co-ordinate system (x′, y′, z′). The polar and azimuthal angles are denoted by
θ and φ respectively.
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|u3〉

|u6〉

|u1〉

|u5〉

|u2〉

|u4〉

|u7〉

|u8〉

(68)

where,

F ′ = ∆1 + ∆2 + λ′ + θ′,

G′ = ∆1 − ∆2 + λ′ + θ′,

λ′ =
~

2

2mo

[A1K
′2
z + A2(K

′2
x + K ′2

y )] + D1ǫzz + D2(ǫxx + ǫyy),
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θ′ =
~

2

2mo

[A3K
′2
z + A4(K

′2
x + K ′2

y )] + D3ǫzz + D4(ǫxx + ǫyy),

K ′ =
~

2

2mo

A5(K
′
x + iK ′

y)
2 + D5ǫ+,

H ′ =
~

2

2mo

iA6(K
′
x + iK ′

y)K
′
z − A7(K

′
x + iK ′

y) + D6ǫz+,

I ′ =
~

2

2mo

iA6(K
′
x + iK ′

y)K
′
z + A7(K

′
x + iK ′

y) + D6ǫz+,

where K ′
x, K ′

y and K ′
z can now be written as,

K ′
x = k′

x cos θ cos φ − k′
y sin φ + k′

z sin θ cos φ,

K ′
y = k′

x cos θ sin φ + k′
y cos φ + k′

z sin θ sin φ, (69)

K ′
z = −k′

x sin θ + k′
z cos θ

The strain tensor elements used in these calculations are formulated according to

the model developed by Romanov et al. [165]. The strain model assumes that the

piezoelectric and elastic properties are the same in any direction within the (0001)

plane [135]. As a result, the strain elements depend only on the crystal orientation

angle θ. This angle dependence of the strain components is demonstrated in Figure

41. For θ=0 ◦, the strain elements reduce to the regular c-plane strain expressions

presented earlier. The various strain elements are [165],

ǫxx = ǫ′xx,

ǫyy = cos2 θǫ′yy + sin2 θǫ′zz + sin 2θǫ′yz,

ǫzz = sin2 θǫ′yy + cos2 θǫ′zz − sin 2θǫ′yz, (70)

ǫyz = sin 2θ
ǫ′zz − ǫ′yy

2
+ cos 2θǫ′yz

ǫ+ = ǫxx + 2iǫxy − ǫyy,

ǫz+ = ǫzx + iǫyz,
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where,

ǫ′xx = ǫ1,

ǫ′yy = ǫ2,

ǫ′zz =
(B41ǫ1 + B42ǫ2)A32 − (B31ǫ1 + B32ǫ2)A42

A31A42 − A32A41

, (71)

ǫ′yz =
(B31ǫ1 + B32ǫ2)A41 − (B41ǫ1 + B42ǫ2)A31

A31A42 − A32A41

here,

ǫ1 =
asubs − a0

a0

ǫ2 =
asubscsubs −

√

cos2 θ(a0csubs)2 + sin2 θ(asubsc0)2

√

cos2 θ(a0csubs)2 + sin2 θ(asubsc0)2

A31 = C11 sin4 θ +

(

1

2
C13 + C44

)

sin2 2θ + C33 cos4 θ,

A32 = [C11 sin2 θ + (C13 + 2C44) cos 2θ − C33 cos2 θ] sin 2θ,

A41 =
1

2
[(C11 − C13) sin2 θ + 2C44 cos 2θ + (C13 − C33) cos2 θ] sin 2θ, (72)

A42 =

(

C11 + C33

2
− C13

)

sin2 2θ + 2C44 cos2 2θ,

B31 = C12 sin2 θ + C13 cos2 θ,

B32 = C13(sin
4 θ + cos4 θ) +

(

C11 + C33

4
− C44

)

sin2 2θ,

B41 =
C12 − C13

2
sin 2θ,

B42 =
1

2
[C11 cos2 θ − (C13 + 2C44) cos 2θ − C33 sin2 θ] sin 2θ

where, asubs and a0 are the lattice constants of the substrate and epitaxial layers

respectively, and {Ci} are the stiffness coefficients.

From Figure 41, ǫxx is independent of the crystal angle and ǫzz reaches its absolute

maximum at θ=90 ◦. ǫzy is zero for θ=0 ◦ and θ=90 ◦, and hence it is not expected to

have an impact on the energy dispersion at these angles. As the crystal orientation

angle increases, the strain tensor loses its biaxial nature, which it possessed at θ=0 ◦.
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Figure 41: Elastic strain as a function of crystal orientation for bulk In0.2Ga0.8N.

In wurtzite crystals, the polar axis is parallel to the [0001] direction, and the

spontaneous polarization is along this direction. The spontaneous polarization along

an arbitrary growth direction can then be estimated by a simple assumption shown

below [146],

Psp = p(0001)
sp cos θ (73)

where, p
(0001)
sp is the value of the spontaneous polarization along [0001] direction.

If piezoelectric crystals like wurtzite GaN are subjected to stress σjk, they develop

polarization Pi that is proportional to applied stress i.e.,

Pi = dijkσjk (74)

here, dijk are the piezoelectric moduli. According to Hooke’s law, the applied

stress is proportional to the strain and is given by,

σij = cijklǫkl (75)

76



where, cijkl are the stiffness constants of the crystal. Owing to the symmetry

properties of the tensors dijk and cijkl, it is possible to use the matrix or the Voigt

notation instead of the tensor notation, where the second and third suffixes of dijk

and the first two and last two suffixes of cijkl are abbreviated into a single suffix from

1 to 6 as shown below [135],

tensor notation 11 22 33 23,32 31,13 12,21

matrix notation 1 2 3 4 5 6

Thus equations (74) and (75) now become,

Pi = dijσj, σi = cijǫj (76)

where, i=1, 2, 3; and j=1, 2,..., 6. Using the correspondence between the matrix

and tensor notations just described, the relations between polarization and strain can

be expressed using arrays. Assuming that,

P1 = Px, P2 = Py P3 = Pz (77)

ǫ1 = ǫxx, ǫ2 = ǫyy, ǫ3 = ǫzz

ǫ4 = 2ǫyz, ǫ5 = 2ǫxz, ǫ6 = 2ǫxy (78)

Equation (76) becomes,
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(79)

Hence,
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Px

Py

Pz













=













2d15C44ǫxz

2d15C44ǫyz

(d31(C11 + C12) + d33C13)(ǫxx + ǫyy) + (2d31C13 + d33C33)ǫzz













(80)

The normal component of the piezoelectric polarization along the growth direction

is given as [150],

Ppe = Px sin θ + Pz cos θ (81)

The parameters used in the calculation of the strain and polarization charges are

listed in Table 7.

The spontaneous (Psp) and the piezoelectric (Ppe) polarization charges calculated

from (73) and (81) for the barrier (Figure 42a) and well (Figure 42b) region are plotted

as a function of crystal orientation for a 3 nm In0.2Ga0.8N/GaN SQW. Since GaN is

assumed to be the substrate material for this structure, the piezoelectric polarization

is zero in the barriers. The maximum values of the polarization charges occur at

θ=0 ◦ i.e., along [0001], while at θ=90 ◦, which is the orientation of a- and m-plane

structures, these charges are completely absent.

Figure 43 shows the crystal angle dependence of the net polarization charges at the

well/barrier interface of a 3 nm In0.2Ga0.8N/GaN SQW. The net polarization charge at

the interface is calculated as ∆P = P b
tot−Pw

tot, where, P b
tot = P b

sp+P b
pe and Pw

tot = Pw
sp+

Pw
pe. The subscript ‘b’ and ‘w’ denote barrier and well respectively. The maximum

and minimum value of the net polarization occurs at θ=0 ◦ and 90 ◦. However,

there is an additional zero-crossing point at θ ≈ 58◦. Although the spontaneous and

piezoelectric charges at the well and barrier are non-zero, they cancel out each other

at this angle. However, growth related issues could restrict the development of lasers

along this crystal plane.
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Figure 42: Spontaneous and piezoelectric polarization charges in (a) barrier and (b)
well region of a 3 nm In0.2Ga0.8N/GaN SQW as a function of crystal orientation.

Since the two main planes of growth for non-polar devices are the m- and a-planes,

these two cases are considered here,

Case 1: a-plane (112̄0) growth orientation with φ=0 ◦ and θ=90 ◦, the wavevectors

can be written as,

K ′
x = k′

z,

K ′
y = k′

y, (82)

K ′
z = −k′

x

With the above wavevectors, the elements of the Hamiltonian in (68) become,

F ′ = ∆1 + ∆2 + λ′ + θ′,

G′ = ∆1 − ∆2 + λ′ + θ′,

λ′ =
~

2

2mo

[A1(−k′
x)

2 + A2(k
′2
z + k′2

y )] + D1ǫzz + D2(ǫxx + ǫyy),

θ′ =
~

2

2mo

[A3(−k′
x)

2 + A4(k
′2
z + k′2

y )] + D3ǫzz + D4(ǫxx + ǫyy),
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Figure 43: Crystal dependence of the net polarization charge ∆P = P b
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tot at
the well/barrier interface of a 3 nm In0.2Ga0.8N/GaN SQW.

K ′ =
~

2

2mo

A5(k
′
z + ik′

y)
2 + D5ǫ+,

H ′ =
~

2

2mo

iA6(k
′
z + ik′

y)(−k′
x) − A7(k

′
z + ik′

y) + D6ǫz+,

I ′ =
~

2

2mo

iA6(k
′
z + ik′

y)(−k′
x) + A7(k

′
z + ik′

y) + D6ǫz+,

and,

ǫxx = ǫ1, ǫyy = −C12ǫ1 + C13ǫ2

C11

,

ǫzz = ǫ2, ǫyz = 0, (83)

ǫ+ = ǫ1 +
C12ǫ1 + C13ǫ2

C11

, ǫz+ = 0

Case 2: m-plane with φ=30 ◦ and θ=90 ◦. The wavevectors become,

K ′
x =

−1

2
k′

y +

√
3

2
k′

z,

K ′
y =

√
3

2
k′

y +
1

2
k′

z, (84)

K ′
z = −k′

x
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Table 7: Elastic stiffness and piezoelectric coefficients GaN and InN [154].

Parameters GaN InN

C11 (GPa) 390 223
C12 (GPa) 145 115
C13 (GPa) 106 92
C33 (GPa) 398 224
C44 (GPa) 105 48
d13 (pm V−1) -1.0 -3.5
d33 (pm V−1) 1.9 7.6
d15 (pm V−1) 3.1 5.5

and the elements of the Hamiltonian become,

F ′ = ∆1 + ∆2 + λ′ + θ′,

G′ = ∆1 − ∆2 + λ′ + θ′,

λ′ =
~

2

2mo

[A1(−k′
x)

2 + A2(k
′2
z + k′2

y )] + D1ǫzz + D2(ǫxx + ǫyy),

θ′ =
~

2

2mo

[A3(−k′
x)

2 + A4(k
′2
z + k′2

y )] + D3ǫzz + D4(ǫxx + ǫyy),

K ′ =
~

2

2mo

A5

{

−1 − i
√

3

2
k′2

y +
1 + i

√
3

2
k′2

z + (−
√

3 + i)k′
yk

′
z

}

+ D5ǫ+, (85)

H ′ =
~

2

2mo

iA6

{

1 − i
√

3

2
k′

xk
′
y −

√
3 + i

2
k′

xk
′
z

}

−A7

{

−1 + i
√

3

2
k′

y +

√
3 + i

2
k′

z

}

+D6ǫz+,

I ′ =
~

2

2mo

iA6

{

1 − i
√

3

2
k′

xk
′
y −

√
3 + i

2
k′

xk
′
z

}

+A7

{

−1 + i
√

3

2
k′

y +

√
3 + i

2
k′

z

}

+D6ǫz+,

The elements of the strain tensor for m-plane remain unchanged and are given by

(83).

The transition energy is plotted in Figure 44 as a function of crystal angle θ for

a 3 nm In0.2Ga0.8N/GaN SQW. The transition energy in this case is defined as the

energy difference between the first conduction and valence subbands at |k̄| = 0. The

transition energy is independent of the basal plane angle φ, because at |k̄| = 0 the
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elements of the k.p Hamiltonian are only functions of strain and polarization charges,

both of which depend on the θ according to the formulation presented previously.

The transition energy for c-plane structures is significantly smaller than the m-

and a-plane structures. This is significant because it is technologically more difficult

to grow ternary InGaN with In-rich materials, and offers at least a small incentive

to exploit the QCSE to achieve lasing with material which is easier to grow. The m-

and a-plane QWs are associated with zero polarization charges at the interfaces and

hence their transition energies are blue shifted compared to the c-plane structures.

0 10 20 30 40 50 60 70 80 90
2.6

2.65

2.7

2.75

2.8

2.85

2.9

2.95

3

3.05

3.1

 θ (Deg)

T
ra

ns
iti

on
 E

ne
rg

y 
(e

V
)

Figure 44: Transition energy between the first conduction and valence bands as a
function of crystal orientation angle of a 3 nm In0.2Ga0.8N/GaN SQW.

The valence band dispersion for bulk In0.2Ga0.8N is illustrated in Figure 45 for

(a) c-, (b) m-, and (c) a-planes. Macroscopic polarization charges are not included

in the bulk dispersion calculations. From the figure, it is seen that the dispersion

becomes more anisotropic in the k
′

x-k
′

y plane with increasing crystal angles, but the

HH bands retain their nearly parabolic shape along k
′

x for all the crystal orientations.

Along k
′

y, the coupling between the LH and CH bands is significantly reduced for
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the non-polar orientations. Additionally, in the k
′

x-direction, the elements of the k.p

Hamiltonian for the m- and a-planes are identical, and hence, the dispersion curves

along this direction are also the same. The energy bands for m- and a-planes are

shifted upwards with respect to the c-plane, and this may be attributed to the effect

of uniaxial strain.
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Figure 45: Valence band dispersion for bulk In0.2Ga0.8N for (a) c-, (b) m-, and (c)
a-planes.

Figure 46 shows the valence band dispersion for a 3 nm In0.2Ga0.8N/GaN SQW

for (a) c-, (b) m-, and (c) a-planes. Thirty Fourier coefficients have been used in the

quantum well calculations, resulting in sixty one plane waves. One hundred points

are used in the k-space discretization. The substrate material is assumed to be GaN

and the barriers are lattice matched to the substrate. The GaN barriers are 4 nm

wide.

The naming of the valence subbands at the Γ point is dependent on the dominant

composition of the coefficients of the wavefunctions in terms of
∣

∣X
′
〉

,
∣

∣Y
′
〉

, and
∣

∣Z
′
〉

[148]. If g
′(i)
m ’s are the coefficients of the ith wavefunctions, then components that
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Figure 46: Valence band dispersion of a 3 nm In0.2Ga0.8N/GaN SQW. (a) c-, (b)
m-, and (c) a-planes.

define the subbands are given as,

PX
′

m =

〈

g
′(2)
m − g

′(1)
m | g

′(2)
m − g

′(1)
m

〉

+
〈

g
′(4)
m − g

′(5)
m | g

′(4)
m − g

′(5)
m

〉

2

P Y
′

m =

〈

g
′(2)
m + g

′(1)
m | g

′(2)
m + g

′(1)
m

〉

+
〈

g
′(4)
m + g

′(5)
m | g

′(4)
m + g

′(5)
m

〉

2
(86)

and

PZ
′

m =
〈

g′(3)
m | g′(3)

m

〉

+
〈

g′(6)
m | g′(6)

m

〉

Accordingly, the topmost valence subband for m- and a-plane quantum wells is
∣

∣Z
′
〉

-like.

The valence band dispersion becomes anisotropic for the m- and a-plane quantum

wells, which is the same trend that is seen for the bulk case (Figure 45). This also

results in an anisotropy in the in-plane optical matrix elements [149, 147].
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Because of the non-polar nature of the m- and a-plane QW structures, the polarization-

induced built-in fields are zero, and hence, quantum confined Stark effects are sig-

nificantly reduced, resulting in a blue shift of the transition energy between the first

conduction and valence subbands (also see Figure 44).

Another advantage of designing laser diodes on non-polar m- and a-planes may

be best understood by plotting the spatial variation of the band edges and envelope

functions. The conduction and valence band edges and envelope functions for the

first conduction and valence subbands are displayed for three crystal angles, namely,

θ=0 ◦ (Figure 47), θ=45 ◦ (Figure 48), and θ=90 ◦ (Figure 49). The in-plane angle is

set at φ=0 ◦. The active region consists of a 3 nm In0.2Ga0.8N SQW with 4 nm wide

GaN barriers. The barriers are assumed to be lattice matched to the substrate.

Owing to the maximum net polarization charge at the well/barrier interfaces at

θ=0 ◦, the spatial separation of the electron and hole envelope functions is the highest,

thereby, considerably reducing the transition probabilities and degrading the lumi-

nescence efficiencies [50].

At θ=45 ◦, the net polarization charge at the interfaces is reduced to about 18% of

the maximum value. Although the band edges resemble nearly flat band conditions,

the spatial separation of the conduction and valence envelope functions is still high

enough to cause suboptimal emission efficiencies.

The conduction and valence band edges attain flat band conditions at θ=90 ◦

because of zero net polarization charge at the interfaces, and the electron and hole

envelope functions now have maximum overlap. It is expected that laser diodes

designed on non-polar m- and a-planes will enable lower radiative lifetimes, increased

luminescence efficiencies [207], and higher optical gain compared to c-axis designs

[225, 145, 146].
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CHAPTER VII

DESIGN STRATEGIES FOR INGAN-BASED GREEN

LASERS

7.1 Optimization of TE optical gain

Green laser diodes are a challenge to designers because of the problems associated

with the high indium content needed in the active regions [64]. To date the longest

reported emission wavelength for InGaN-based laser diodes is 485 nm [96].

This chapter explores design strategies for InxGa1−xN-based green quantum well

lasers [203]. A combination of design parameters is described that would maximize the

gain spectral density at a target wavelength of 525 nm and the factors which limit

its magnitude are discussed. Additionally, sensitivity analysis has been performed

to assess the two most influential parameters that affect the gain spectral density

at 525 nm and identify other design parameters to which this result is insensitive.

Previously reported theoretical analysis of gain in QW LDs has assumed the absence

of strain within the barrier layers [42, 66, 34]. This assumption is justified in the

special cases of 1) pure binary GaN barrier material in a design grown on thick GaN

buffer [42, 66], or 2) ternary barrier material in a design grown on a sufficiently thick

comparable ternary material in order to largely relax the in-plane strain [34]. This

chapter provides a comparative analysis of the significance of the choice of buffer layer

material as it affects strain in the active region.

The electronic states are calculated using the Fourier-space k.p model described

in Chapter 4. Thirty Fourier coefficients are used in the bandstructure calculation,

resulting in sixty-one plane waves and one hundred points are used in the discretiza-

tion of the k-space. Spontaneous and piezoelectric polarization charges are included
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in the calculations according to equation (50)-(53). Binary material parameters are

taken from [154, 157].

To gain insight into the effect of quantum well width on the optical characteristics

of an InxGa1−xN-based single quantum well (SQW), the transition energy between

the first conduction and heavy hole subband has been calculated and is shown in

Figure 50 as a function of well width for two mole fractions of ternary well material.
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Figure 50: Transition energy as a function of well width for 28% and 30% indium
mole fractions in the well. The barrier material is In0.06Ga0.94N and the barrier width
is 13.4 nm. The carrier density is 3x1019 cm−3.

In the absence of spontaneous and piezoelectric polarization charges at the hetero-

interfaces, there is very little variation in the transition energy with increasing well

widths (solid and dashed curves in Figure 50 denotes this case). This trend changes in

the presence of the macroscopic polarization charges at the interface (star and circle

symbols in Figure 50). In InGaN-based quantum well structures, the net spontaneous

polarization charge at the interfaces is negligible even with increasing indium mole

fractions in the well. On the other hand, for a given well width, with an increase

in the well indium mole fraction, the wells are more strained as there is a greater

lattice mismatch between the well and the substrate layers. This increases the net
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piezoelectric polarization charge at the interfaces and results in an increase in the

magnitude of the polarization-induced built-in electric fields. These fields are respon-

sible for QCSE, leading to a red shift in the transition energy [191]. The QCSE is

more pronounced at larger well widths, which exhibits even greater shift in transition

energy.

QW carrier density used in the simulations is 3x1019 cm−3, which are the values

typically used in nitride-based QW laser simulations. These charges screen the po-

larization fields, thereby resulting in a blue shift in the transition energy (square and

diamond symbols in Figure 50). However, screening is only partial and the transition

energies never attain their flatband values.

In Figure 51 the fundamental optical transition energy is shown as a function of

indium barrier mole fraction for an In0.3Ga0.7N/InxGa1−xN SQW for four different

well widths. Macroscopic polarization charges are included in the calculations. For a

given indium barrier mole fraction, the transition energy is demonstrated to decrease

with increasing well width (also see Figure 50).
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Figure 51: Transition energy versus the barrier InxGa1−xN mole fraction for different
quantum well widths.

With well thickness held constant, if the indium barrier mole fraction is increased,
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the lattice mismatch between the well and the barrier may be reduced. This leads to

a reduction in the magnitude of polarization charges at the interfaces, which in turn

gives rise to lower polarization-induced built-in electric fields. The result is a blue

shift in the optical transition energy with increasing indium barrier mole fraction.

Because of the interplay of the polarization charges at the interfaces, increasing the

well and barrier mole fractions has a qualitatively opposite effect on the fundamental

transition energy.

Figure 52 shows the wavelength dependence of the TE optical gain as a function

of (a) well indium mole fraction, (b) barrier indium mole fraction, (c) well width, and

(d) barrier width. For this case, an In0.32Ga0.68N/In0.04Ga0.96N SQW with Lw=2.9

nm and Lb=14.4 nm is taken as the reference design (solid curve in each subfigure).

Each of the design parameter (well/barrier width and indium mole fraction) is then

varied about the reference value to demonstrate its effect on the transition wavelength

and TE optical gain. Increasing the well indium mole fraction and/or the well width

increases the lasing wavelength and decreases the gain, while increasing the barrier

indium mole fraction displays the opposite effect. The barrier width has a lesser

influence on the optical gain and transition wavelength.

To elaborate upon the point presented in the previous paragraph, TE optical gain

as a function of wavelength is shown in Figure 53 for combination of well indium

mole fraction and well width, keeping the barrier composition and barrier width

unchanged. The barrier material here is GaN and Lb = 12.4 nm. Since the well

indium mole fraction and width have a qualitatively similar effect on the transition

wavelength, adjusting the two would result in a gain spectral density peak at 525

nm. The highest value of gain in this case occurs for a design with the smallest well

width. This can be attributed to the significantly lower polarization-induced spatial

separation of the electron and hole wavefunction for smaller well width.
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Figure 52: TE optical gain as a function of wavelength for (a) varying indium well
mole fraction, (b) varying indium barrier mole fraction, (c) varying well width, and
(d) varying barrier width. The charge density is N = 3x1019 cm−3.
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Figure 53: TE optical gain as a function of wavelength for combination of indium
well mole fraction and well width. The charge density is N = 3x1019 cm−3. The
barrier material is GaN and Lb = 12.4 nm.

Maximum gain spectral density at 525 nm may also be achieved with a combi-

nation of two or more design parameters such as the well/barrier widths and indium
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mole fractions as shown in Figure 54. Among the designs considered, the highest

value of gain is obtained for the design with the largest indium mole fraction in the

well and the smallest well width. This design is an In0.32Ga0.68N/GaN SQW with

Lw=2.62 nm and Lb=14.4 nm (curve (a) in Figure 54). Although higher indium

mole fractions in the well regions are associated with higher polarization-induced

electric fields, decreasing the well width provides better carrier confinement in the

well. This increased confinement by thinner wells outweighs the detrimental effects

of the polarization-induced fields, thereby resulting in higher gain. This is evident

in Figure 53 and Figure 54a. Material growth issues may also limit the amount of

indium that can be used [64], making alternative design strategies highly desirable.
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Figure 54: TE optical gain as a function of wavelength. The charge den-
sity is N = 3x1019 cm−3. (a) Lw=2.62nm, Lb=14.4nm In0.32Ga0.68N/GaN,
(b) Lw=2.9nm, Lb=14.4nm In0.32Ga0.68N/In0.04Ga0.96N, (c) Lw=2.9nm,
Lb=12.4nm In0.31Ga0.69N/GaN, (d) Lw=3.14nm, Lb=12.4nm In0.3Ga0.7N/GaN,
(e) Lw=3.42nm, Lb=12.4nm In0.29Ga0.71N/GaN, (f) Lw=3.65nm, Lb=12.4nm
In0.29Ga0.71N/In0.02Ga0.98N, and (g) Lw=3.72nm, Lb=12.4nm In0.28Ga0.72N/GaN.
Inset: Optical gain as a function of wavelength. The charge density is N =
3x1019 cm−3. Solid curve: Lw=2.7nm, Lb=14.4nm In0.32Ga0.68N/In0.04Ga0.96N,
Dashed curve: Lw=2.9nm, Lb=14.4nm In0.32Ga0.68N/In0.06Ga0.94N, Dotted
curve: Lw=2.9nm, Lw=14.4nm, In0.3Ga0.7N/In0.04Ga0.96N, Dotted-dashed curve:
Lw=2.9nm, Lb=14.4nm, In0.32Ga0.68N/In0.08Ga0.92N.
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A peak in the gain spectral density at 525 nm may also be obtained with smaller

indium mole fractions, through careful selection of design parameters. One such

configuration is an In0.28Ga0.72N/GaN SQW with Lw=3.72 nm and Lb=12.4 nm (curve

(g)). Nevertheless, it is evident that this design shows significantly lower gain. This

may be attributed to the fact that the polarization-induced spatial separation of

electron and hole wavefunctions is directly proportional to the well width, which

exerts direct influence on the optical matrix element. Thus, by judicious choice of

design parameters, it is possible to partially compensate for material growth related

limitations on indium content, and achieve peak gain spectral density at the desired

wavelength.

Layer thicknesses and material composition both play important roles in deter-

mining not only the gain but also the gain roll-off near 525 nm. As an example,

the TE optical gain as a function of wavelength is shown in the inset of Figure 54

for four combinations of design parameters. Increased indium barrier mole fraction

causes a blue shift in the gain curve and significantly reduces the available gain at

525 nm (dot-dashed and dashed curves in the inset plot). The gain peak shifts to

smaller wavelength for lower indium well mole fractions (dotted curve). This is a

direct consequence of the fact that the bandgap and hence the wavelength are related

to the indium mole fraction. Narrower wells (solid curve) also cause a blue shift in

the gain curve, degrading the gain at 525 nm.

For purposes of sensitivity analysis, design (b) of Figure 54 is taken as a reference.

Each of the four design parameters (well/barrier mole fractions and widths) is varied

while keeping the other three constant at their reference values. Our analysis reveals

that the well and barrier mole fractions play the greatest role in determining the

gain, while the barrier width is the least influential design parameter. Figure 55

shows contours of the optical gain at 525 nm as a function of the well and barrier

mole fractions. The lasing wavelength for most of these curves is shifted from 525 nm.
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In situations where choice of material composition is constrained by growth-related

issues, gain contours provide insight, which may be used as a guide to design when

compromise becomes necessary.
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Figure 55: TE optical gain contours at a wavelength of 525 nm as a function of
well and barrier mole fraction. The charge density is N = 3x1019 cm−3. The well and
barrier widths are Lw = 2.9 nm and Lb = 14.4 nm.

Each of the results presented above were calculated with strain in the barriers

taken into account under the assumption of biaxial compressive strain consistent

with the in-plane lattice constant of bulk GaN. Figure 56(a) shows the variation of

the in-plane component of strain as a function of indium mole fraction in the barrier

material. The well indium mole fraction is 30% and Lw = 2.9 nm and Lb = 13.4

nm. As the mole fraction increases, the barriers are subjected to increasing strain,

causing the piezoelectric charge to increase. Hence the net polarization charge at

the well-barrier interface decreases, leading to a reduction in the magnitude of the

built-in fields in the barrier and well regions according to (53), as shown in Figure

56(b).

The most significant effect of strain in the barrier is observed when the funda-

mental optical transition energy is plotted as a function of barrier mole fraction for
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Figure 56: ((a) in-plane component of strain as a function of barrier mole fraction.
(b) Polarization-induced built-in electric field in the barrier regions as a function of
barrier mole fraction. The well indium mole fraction is 30% and Lw = 2.9 nm and Lb

= 13.4 nm.

strained and unstrained barriers (shown in Figure 57). Such situations are of prac-

tical interest when buffer layer material may be considered a design parameter. The

well and barrier widths are 2.9 nm and 13.4 nm respectively, and the well mole frac-

tion is 30% indium. The general trend in the transition energy essentially remains

the same, i.e., as the barrier mole fraction is increased, the transition energy is blue

shifted. However, for a given barrier mole fraction, strained barriers may be associ-

ated with somewhat lower built-in polarization fields in the active region, giving rise

to higher values of the fundamental optical transition energy compared to the case of

unstrained barriers.

Figure 58 shows the transition energy as a function of well width for an In0.3Ga0.7N/

In0.06Ga0.94N SQW with strained and unstrained barriers. For a given well width,

there is very little difference between the polarization charges at the well-barrier in-

terface for the strained and unstrained cases. This explains why there is only a small

change in the transition energy in Figure 58 for any fixed well width.

In Figure 59, the optical gain spectrum is shown as a function of wavelength for
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Figure 57: Transition energy versus the barrier InxGa1−xN mole fraction for a 2.9
nm In0.3Ga0.7N SQW with strained and unstrained barriers.
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Figure 58: Transition energy versus well width in In0.3Ga0.7N/In0.06Ga0.94N SQW
with strained and unstrained barriers. The barriers are 13.4 nm wide.

the case of unstrained barriers. Even under the assumption of unstrained barriers,

the same design trends for optical gain spectrum hold true i.e., the highest gain value

occurs for the design with the largest indium well mole fractions (curve (a)). Keeping

the barrier composition and width unchanged, the gain can be manipulated to exhibit

a peak at 525 nm with various combinations of indium mole fraction in the well and

97



well width (curves (d) and (e)). The inset plot in Figure 59 shows the same trend in

gain roll-off at 525 nm as was the case for strained barriers.
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Figure 59: TE optical gain as a function of wavelength. The charge den-
sity is N = 3x1019 cm−3. (a) Lw=2.9nm, Lb=14nm In0.32Ga0.68N/In0.07Ga0.93N,
(b) Lw=2.9nm, Lb=14.4nm In0.31Ga0.69N/In0.01Ga0.99N, (c) Lw=3.14nm, Lb=14.4nm
In0.3Ga0.7N/In0.01Ga0.99N, (d) Lw=3.4nm, Lb=15.2nm In0.29Ga0.71N/In0.01Ga0.99N,
and (e) Lw=3.7nm, Lb=15.2nm In0.28Ga0.72N/In0.01Ga0.99N Inset: Optical gain
as a function of wavelength. The charge density is N = 3x1019 cm−3.
Solid curve: Lw=2.7nm, Lb=14nm In0.32Ga0.68N/In0.07Ga0.93N, Dashed curve:
Lw=2.9nm, Lb=14nm In0.32Ga0.68N/In0.09Ga0.91N, Dotted curve: Lw=2.9nm,
Lw=14nm, In0.3Ga0.7N/In0.07Ga0.93N, Dotted-dashed curve: Lw=2.9nm, Lb=14nm,
In0.32Ga0.68N/In0.11Ga0.89N.

Sensitivity analysis is also performed for the case of unstrained barriers, and it is

found that the optical gain spectrum is most sensitive to the well and barrier mole

fractions and is least sensitive to the barrier width. The contours of the optical gain

at 525 nm for different indium well and barrier mole fractions are shown in Figure 60

and are similar to the case of strained barriers.

From the plots in Figure 57, the transition energy is blue shifted with strain in

the barriers. So for the barriers that are under strain, one can expect the gain peak

to occur at lower wavelengths compared to unstrained barriers. Also due to reduced

built-in electric fields at the barriers, the magnitude of the gain peak will also be high
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Figure 60: Contours of the TE optical gain at 525 nm as a function of well and
barrier mole fraction. The charge density is N = 3x1019 cm−3. The well and barrier
widths are Lw = 2.9 nm and Lb = 14 nm.

in the case of strained barriers. Figure 61 shows this effect of strain on the gain peak

and lasing wavelength for a 2.9 nm In0.32Ga0.68N/In0.04Ga0.96N SQW structure.
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Figure 61: TE optical gain as a function of wavelength in a 2.9 nm
In0.32Ga0.68N/In0.04Ga0.96N SQW. The barriers are 14.4 nm wide. The charge density
is N = 3x1019 cm−3.
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CHAPTER VIII

CONCLUSION AND FUTURE RESEARCH DIRECTIONS

8.1 Conclusion

8.1.1 Electrothermal simulation of AlGaN/GaN HEMTs

In chapter III, the effect of hot phonons on the temperature distribution in Al-

GaN/GaN HEMTS was investigated. It was found that the decay of the non-

equilibrium longitudinal optical phonons into acoustic phonons in conjunction with

the direct emission of acoustic phonons by the channel electrons contributed to the rise

in the acoustic phonon temperature of sufficient magnitude to degrade drain current

in a HEMT under normal operating conditions. Substrate material and dimension

also played an important role in controlling the peak temperature throughout the

device. SiC, featuring the highest thermal conductivity among available substrate

materials, was most effective in transporting the heat toward the heat sink located at

the bottom of the substrate. We believe that the electrothermal solver presented in

this thesis coupled with the ensemble Monte Carlo simulator may be able to predict

the electrical and thermal characteristics of nitride-based HFETs.

8.1.2 Simulation of InGaN-based quantum well lasers

With the aim of developing a tool to simulate nitride-based lasers, the electronic part

of MINILASE was extended to include nitride materials and models. From the bulk

and quantum well dispersion it was found that unlike in arsenide-based structures,

the strain in nitride layers does not significantly change the shape of the dispersion

curves, and merely shifts the energy values.

However, the presence of macroscopic polarization charges at the heterointerfaces

induced built-in electric fields that caused red-shifts in the transition energies owing
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to quantum confined Stark effects. These charges also reduced the electron-hole

wavefunction overlap, thereby, leading to lower optical gain.

The formulation of the k.p Hamiltonian for non-polar crystal orientation planes

was presented in chapter VI. a- and m-planes have no polarization charges along

the growth directions and hence these growth planes may offer opportunities for the

fabrication of optoelectronic devices having superior performance.

8.1.3 Design of InGaN-based green lasers

In chapter VII, some design strategies for green InGaN-based lasers were outlined.

For operation in the green portion of the spectrum, it was demonstrated that strain

engineering may partially ameliorate much of the deleterious influence of built-in

polarization fields found in wurtzite III-nitride laser diodes.

Increasing the well width or indium mole fraction in the well red shifts the tran-

sition energy. The barrier material can be chosen to partially reduce the polarization

effects. At 525 nm, significant gain can be achieved for small well widths and high

indium mole fractions in the active region. It was also shown that with some flexibil-

ity in the target wavelength, designs may be identified that still maximize the gain

in the required range of spectrum, even under material-related constraints.

Finally, the influence of the choice of buffer material, which defines the in-plane

lattice constant, and hence the strain, throughout the active region of a laser diode was

analyzed. Barrier strain is shown to be an important consideration, as its inclusion

may lead to an enhancement of the optical gain through a reduction of the quantum

confined Stark effect.

8.2 Future research directions

The following subsections describe future research directions for this thesis.
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8.2.1 Electrothermal analysis of metal-oxide-semiconductor HFETs

Conventional AlGaN/GaN HEMTs suffer from large gate leakage currents and surface

trap-induced drain current collapse, which may significantly reduce the efficiency and

reliability of these devices [18, 205, 30]. It has been shown by Green et al. that

surface passivation with SiN reduces the current collapse [76]. Additionally, SiN

passivation as a gate insulator significantly suppresses the gate leakage [94]. Such

structures are called metal-insulator-semiconductor HFETs (MISHFETs). Several

oxides such as SiO2 [92], Al2O3 [81], MgO [112], and Sc2O3 [116] have also been used

as gate insulators giving rise to metal-oxide-semiconductor HFETs (MOSHFETs),

as shown in Figure 62. Using the electrothermal model presented in this thesis in

conjunction with the Monte Carlo simulator, the electrical and thermal characteristics

of AlGaN/GaN MOSHFETs can be predicted and analyzed.
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Figure 62: Schematic view of an AlGaN/GaN MOSHFET.

8.2.2 Thermal analysis of InGaN-based laser diodes

Heat generation and dissipation is a critical issue in high power laser diodes. High

operating temperatures result in higher threshold current densities and lower slope
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efficiencies. Due to the limitations in p-type doping in nitride-based laser diodes, heat

is mainly generated in the p-regions of the device, and this generated heat traverses the

active regions of the laser to reach the heat sink placed at the bottom of the substrate,

unless top-down mounting is used. To address the thermal issues in GaN-based lasers,

the laser simulator can be further extended to include the solution of the lattice heat

conduction equation for the acoustic phonons throughout the laser structure, with

the source term representing Joule, recombination and/or Thomson/Peltier heat.
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[17] Ardaravičius, L., Matulionis, A., Liberis, J., Kiprijanovic, O., Ra-

monas, M., Eastman, L. F., Shealy, J. R., and A., “Electroc drift veloc-
ity in AlGaN/GaN channel at high electric fields,” Appl. Phys. Lett., vol. 83,
pp. 4038–4040, 2003.

[18] Arulkumaran, S., Egawa, T., Ishikawa, H., and Jimbo, T., “Tempera-
ture dependence of gate-leakage current in AlGaN/GaN high-electron-mobility
transistors,” Appl. Phys. Lett., vol. 82, pp. 3110–3112, 2003.

[19] Asthana, P., “A long road to overnight success,” IEEE Spectrum Mag.,
vol. 31, pp. 60–66, 1994.

[20] Bardeen, J., Collected works of John von Neumann, vol. 5.

[21] Barker, J. M., Ferry, D. K., Goodnick, S. M., Koleske, D. D.,
Allerman, A., and Shul, R. J., “Studies of high field transport in
GaN/AlGaN heterstructures,” in 2004 7th International Conference on Solid-
State and Integrated Circuits Technology, pp. 2261–2264, 2005.

[22] Barker, J. M., Ferry, D. K., Koleske, D. D., and Shul, R. J., “Bulk
GaN and AlGaN/GaN heterostructure drift velocity measurements and com-
parison to theoretical models,” J. Appl. Phys., vol. 97, pp. 063705–1–063705–5,
2005.

105



[23] Barman, S. and srivastava, G. P., “Long-wavelength nonequilibrium opti-
cal phonon dynamics in cubic and hexagonal semiconductors,” Phys. Rev. B,
vol. 69, pp. 235208–1–235208–16, 2004.

[24] Batty, W., Christoffersen, C. E., Pranks, A. J., David, S., Snow-

den, C. M., and Steer, M. B., “Electrothermal CAD of power devices and
circuits with fully physical time dependent compact thermal modeling of com-
plex nonlinear 3-D systems.,” IEEE Trans. Compon. Packag. Technol., vol. 24,
pp. 566–590, 2001.

[25] Beechem, T. and Graham, S., “Temperature and doping dependence of
phonon lifetimes and decay pathways in GaN,” J. Appl. Phys., vol. 103,
pp. 093507–1–093507–8, 2008.

[26] Berge, C., The Theory of Graphs and its Applications. New York: Wiley,
1962.

[27] Bernardini, F. and Fiorentini, V., “Macroscopic polarization and band
offsets in nitride heterojunctions,” Phys. Rev. B, vol. 57, pp. R9427–R9430,
1998.

[28] Bernardini, F. and Fiorentini, V., “Spontaneous versus piezoelectric po-
larization in III-V nitrides: Conceptual aspects and practical consequences,”
Phys. Stat. Sol. (b), vol. 216, pp. 391–398, 1999.

[29] Bernardini, F., Fiorentini, V., and Vanderbilt, D., “Spontaneous po-
larization and piezoelectric constants of III-V nitrides,” Phys. Rev. B, vol. 56,
pp. R10024–R10027, 1997.

[30] Binari, S. C., Klein, P. B., and Kazior, T. E., “Trapping Effects in GaN
and SiC Microwave FETs,” Proc. IEEE, vol. 90, pp. 1048–1058, 2002.

[31] Bir, G. L. and Pikus, G. E., Symmetry and Strained-Induced Effects in
Semiconductor. New York: Wiley, 1974.

[32] Birdsall, C. K. and Fuss, D., “Clouds-in-clouds, clouds-in-cells physics for
many-body plasma simulation,” J. Comp. Phys., vol. 3, pp. 494–511, 1969.

[33] Bulashevich, K. A., Mymrin, V. F., Karpov, S. Y., Zhmakin, I. A.,
and Zhmakin, A. I., “Simulation of visible and ultra-violet group-iii nitride
light emitting diodes,” J. Comp. Phys., vol. 213, pp. 214–238, 2006.

[34] Bulutay, C., Dagli, N., and Imamoğlu, A., “Characterization of excitons
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temperature stimulated emission in GaN/AlGaN separate confinement het-
erostructures grown by molecular beam epitaxy,” Appl. Phys. Lett., vol. 68,
pp. 1820–1822, 1996.

[173] Seitz, F., “The theoretical constitution of metallic lithium,” Phys. Rev.,
vol. 47, pp. 400–412, 1935.

[174] Seitz, F., Modern Theory of Solids. New York: McGraw Hill, 1940.

[175] Selberherr, S., Analysis and Simulation of Semiconductor Devices. Verlag:
Springer, 1984.

117



[176] Sharma, R., Pattison, P. M., Masui, H., Farrell, R. M., Baker,

T. J., Haskell, B. A., Wu, F., DenBaars, S. P., Speck, J. S., and
Nakamura, S., “Demonstration of a semipolar (101̄3̄) InGaN/GaN green light
emitting diode,” Appl. Phys. Lett., vol. 87, pp. 231110–231112, 2005.

[177] Sheih, S. J., Tsen, K. T., Ferry, D. K., Botchkarev, A., Sverdlov,
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