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SUMMARY

This thesis involves the development of active synthesis pro-
cedures utilizing grounded networks containing only resistors; capaci-
tors, and nonideal three-terminal amplifiers. Voltage=controlled
voltage sources with finite gains and finite input conductances and
current-controlled current sources with finite gains and finite out-
put conductances are the active components used in the realization of
N x N short-circuit admittance matrices and the simultaneous realiza-
tion of two short-circuit admittance parameters. The conclusions of
the study can be summarized in the following four thecrems:

Theorem 1

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a
transformerless grounded active Ne-port RC network embedding three-
terminal voltage amplifiers with negative finite constant gaimns
greater than unity and finite input conductances, it is sufficient
that the active network contains 2N amplifiers.

Theorem 2

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a
transformerless grounded active Ne-port RC network embedding three-
terminal current amplifiers with negative finite constant gains
greater than unity and finite output conductances, it is sufficient

that the active network contains 2N amplifiers.
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Theorem 3
To realize simultanecusly any of the pairs of short-circuit

admittance functions Y,. ard ¥ and Y Y., and Y21, and Y

11 a0 Y11 220 Y19

where each admittance is a real rational function of the

22
and Y

12°
complex-frequency variable, by a grounded transformerless active
two-port RC network, it is sufficient that the network contains two
three~terminal voltage-controlled voltage sources with negative finite
constant gains greater than unity and finite input conductances.
Theorem 4

To realize simultanecusly any of the pairs of short-circuit
admittance functions Y, , and Y,,, Y}, and Y,,, Y, and Yy, and Y22
and Y21, where each admittance is a real rational function of the
complex-frequency variable, by a grounded transformerless active
two-port RC network, it is sufficienmt that the network contains two
three-terminal currept-controlled current sources with negative
finite constant gains greater than unity and finite output conduc-
tances.
These theorems have been proved and illustrated with numerical exam-
ples, and an experimental verification of the procedure associated
with Theorem 1 has been obtained,

To prove Theorem i, the N x N admittance matrix of an N-port
transformerless active RC network embedding 2M nonideal voltage
amplifiers is expressed in terms of the amplifier gains and input

conductances and the admittance parameters of an (N+4M)-port passive

network. This expression with M = N is made to equal the prescribed
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admittance matrix through proper choices for the amplifier specifica-
tions and the admittances of the passive network. Also, the admit-
tance parameters are identified so that the resulting matrix can be
realized by a transformerless passive (5N + 1)-termipal RC network
of two-terminal impedances with a common reference node and no
internal nodes.

The proof of Theorem 2 is obtained by using a procedure similar

to the one associated with Theorem 1. Theorems 3 and 4 are proved

by developing four realization procedures for each theorem.




CHAPTER 1
INTRODUCT ION

The development of the transistor and more recently the rapid
growth of integrated-circuit technology have aroused considerable
interest in active network theory. These solid-state devices have pro-
vided the synthesist with small; light-weight, low-cost components for
use in approximating the mathematical models which are utilized in
rigorously developing a synthesis method. In the past decade, various
active RC networks have been employed to obtain prescribed transfer and
immittance functions. Consequences of these new synthesis procedures
have bean the elimination of the inductor and the realizations of more
general functions than are possible with passive RLC circuits.

Many of the active synthesis methods and their related advan-

1 and in an article by

tages and problems are discussed in a book by Su
Mitra.2 Each method employs one or more of the following types of active
devices: controlled source, negative impedance converter; negative
impedance inverter, negative resistance;, and gyrator. In all of the
procedures contained in these two references, the resulting active net-
work is lumped, linear, finite, and time-invariant, but not passive and
not necessarily reciprocal. Also, the models of the active components
which have been employed usually are ideal and often must possess four

terminals so that the resulting network may not be umbalanced. To

broaden the knowledge about network synthesis, it would seem appropriate




to develop active RC realization schemes utilizing nonideal three-terminal
active components -- for example, voltage-controlled voltage sources with
finite gains and finite input conductances or current-controlled current
sources with finite gains and finite output conductances.

Sandberg3 has shown that an arbitrary N x N matrix of real
rational functions in the complex-frequency variable (a) can be realized
as the short-circuilt admittance matrix of a transformerless active RC
N-port network containing N real-coefficient controlled sources, and
(b) cannot, in general, be realized as the short-circuit admittance
matrix of an active RC network containing less than N controlled sources.
In addition, Sandberg4 has extended his procedure by presentimg a method
for the synthesis of an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by an
unbalanced transformerless active RC network requiring no more than the
N controlled sources which are necessary for realizing N negative impe-
dance converters. The passive RC network required in Sandberg’s latter
procedure can always be realized by a (3N +1)-terminal network of two-
terminal impedances with a common reference node and no internal nodes.
However, as well as being ideal, the necessary N controlled sources must
be either four-terminal devices or certain three-terminal degenerations
which are formed so as to make them difficult to realize. As is the
case in this investigation, Sandberg's work, especially his matrix fac-
torization technique, has become an important part of several active
synthesis procedures.

Hazony and Joseph5 have considered the problem of synthesizing

transfer matrices using grounded RC networks embedding ideal grounded




unity-gain voltage-controlled voltage sources. Joseph and Hilbermané’7

have gone somewhat further and have investigated the synthesis of
immittance matrices by passive networks and ideal unity-gain voltage
and current amplifiers. The procedures developed in these last three
references will realize many, but not all, matrices of real rational
functions in the complex-frequency variable. By eliminating the ground
constraint on the unity-gain voltage amplifiers, Hilberman8 has devised
a method for realizing any rational transfer or admittance matrix with
a common~ground active RC network.

Cox9 has employed ideal operational amplifiers and RC networks
to synthesize arbitrary short-circuit admittance matrices. For a pre-
scribed N x N matrix, one of his methods yields a balanced RC network
terminated in N operational amplifiers, and another a grounded RC net-
work containing 2N amplifiers. Also, he developed procedures for the
simultaneous synthesis of any pair of the admittance parameters asso-
ciated with a two-port network by use of a balanced RC network and only
one operational amplifier. Along with a method for realizing arbitrary
short-circuit driving-point admittance functions, Sipressl0 presented
techniques for the simultaneous synthesis of palrs of admittance param=-
eters by an interconnection of grounded RC ladder networks and either a
voltage-inversion or a current-inversion negative impedance converter.
Rajasekaran and Rao11 have also published methods for the realization
of any driving-point admittance function and certain pairs of short-
circuit admittance parameters of a two-port network. They employed
grounded RC networks and an ideal grounded voltage-controiled differen-

tial-output voltage amplifier.




Various methods have been reported for the simulation of two-port
transfer functions using controlled sources as the active elements.
Kuh12 utilized grounded RC networks and a practical transistor ampli-
fier to realize most rational voltage transfer fupctions. Bobrow and
Hakimi,13 Hakim,14 Cooper and Harbourt,15 and Richards16 all employed
similar approaches to the synthesis of voltage transfer functions. 1In
each method a grounded network consisting of RC immittances and con-
trolled sources is assumed a priori, and procedures are given for finding
the immittance values necessary to yield the prescribed transfer func-
tions. Heolt and Linggard17 made liberal use of active elements in their
procedure for the synthesis of all-pole transfer functions. They devel-
oped ladder networks with cascaded, low gain transistor amplifiers as the
active devices. For the realization of transfer impedances and transfer
ratios, Curtarelli18 used two operational amplifiers with feedback as the
active elements in an unbalanced RC network.

The aim of this research is the development of procedures for
the realization of short-circuit admittance matrices by use of grounded
networks with only resistors, capacitors, and nonideal three-terminal
amplifiers as elements. Synthesis procedures which utilize, respec=
tively, voltage-controlled voltage sources with finite gains and finite
input conductances and current-controlled current sources with finite
gains and finite output conductances will be presented. In addition to
the matrix techniques, methods will be reported for simultaneously syn-
thesizing any pair of the short-circuit admittance parameters of a two-

port network through the use of a grounded RC network containing only

two nonideal three-terminal amplifiers.




Some of the notations that will be utilized in this investigation
are as follows:
1. A rectangular matrix will be denoted by A, [A], or [Aij] where

Aij denotes the element which appears in the ith row and the jth column

of [AT.

2. A column matrix will be represented by A].

3. The transpose of matrix [A)] will be indicated by [A]t.

4. The inverse of matrix [A] will be expressed as [A]-l.'

5. The adjoint of matrix [A] will be denoted by adj [A].

6. The determinant of a square matrix [A] will be represented by
det [A].

7. Capital y's will be employed for the short-circuit admittance
parameters of the active networks, and lower-case y's will be employed
for the parameters of the passive RC networks.

8. The maximum degree of the polynomials which are elements of
matrix [A] will be indicated by deg [A].

9. The degree of the polynomial q will be denoted by deg q.

Other notations will be presented as they are required.




CHAPTER 11

REALIZATION OF ADMITTANCE MATRICES

USING VOLTAGE AMPLIFIERS

In this chapter the realization of an N x N short-circuit admit-
tance matrix by means of a transformerless grounded active RC network
containing nonideal three-terminal voltage-controlled voltage sSources
will be considered. The amplifiers will have finite constant voltage
gains and finite input conductances. A network of the type contem-
plated is shown in Figure 1.

In the development of the synthesis procedure, the selected
type of network will be analyzed in order to specify its short-circuit
admittance matrix in terms of the gains and input conductances of the
voltage amplifiers and the admittance parameters of the passive section
of the network. By comparing this derived matrix with the prescribed
short-circuit admittance matrix, it will be possible to identify the
amplifier specifications and the admittance parameters of the passive
network so as to satisfy the equation and produce a matrix which is

Tealizable as a transformerless grounded passive RC network.

Analysis of the Network

Consider the grounded transformerless active N-port RC network
containing 2M nonideal voltage-contrelled voltage scurces as shown in

Figure 1. Let the input voltage and current matriies of the active

N-port network be represented by




N+l
i N+M
1 1 Grounded Y
!-31 O
Passive N'+M+l
A .}/
1 Transformerless .
2 2 -
52 o—>>—— 5N-Port .
N+2M
RC Jr——L0L
Network

Figure 1. Grounded Active N-Port RC Network Containing
2M Voltage Amplifiers.
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E 1

E = .2 I = .2 (1)
ENJ Iy

If the short-circuit admittance matrix of this active N-port is ?, then
the relationship among the veltage and current variables at the N accessi-
ble ports is

I=YE (2)

Next, let the matrices of the voltages and currents at the outputs of

the ampiifiers be represented by

Ensel Tnel
= Egt2 - Inez
Ea = . I =
a
EN+M_ IN+M
(3)
Enemer Iy em+1
= . By 7. Lyeme2
L~ b .
EN+2H _J IN+2M_

Likewise, at the inputs to the amplifiers, let the voltage and current

matrices be represented by




Epaomel Leome1

= Eneoms2 T - Lytomer
¢ c *

Eneam Tyaau

(4)

Enaamel In+ame]
E 1

S T . N2
d . g o

ENtan Ineay _

If |y] represents the (N +4M) x (N +4M} short-circuit admittance matrix
of the transformerless passive RC network in Figure 1 and if this matrix
is partitioned after its first N and each succeeding group of M rows

and columns, then [y] is divided into 25 submatrices as

- - - - - A
Y11 Yi2 Y3 Y14 Y15

Yor Yoz Yoz Yoa  Yos
[v] = | v3y Y3, Y3z Yoy Y3 _ ()

Ya1  Yaz  Yaz  Yas  VYap

Ys1  Ys2  Ys3  Yeq Y55 |

e
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T E

T E

a a

I E

b b

_ =[y] _ (6)
I E

C C

s Es |

Since [y] describes a reciprocal network,

- -t

for i =1,2,3,4,5 and j = 1,2,3,4,5.
The constraints imposed on the network variables by the nonideal

voltage-contreolled voltage sources are

E =CE I =-G E

a c c ¢ C
- - - - - (8)
E, =D E, I, = -6, E,

where C, ﬁ; GE, and G& are M x M diagonal matrices with the amplifier
gains as diagonal elements of C and D and the amplifier input conduc-
tances” as diagonal elements of EC and 3&. The ith diagoﬁal elements of
C and D are the voltage gains of the amplifiers connected between ports
N+2M+i and N+1i and ports N+3M+i and N+M+i, respectively. Like-

wise, the ith diagonal elements of 6; and éa are the input conductances

of the amplifiers connected between the same pairs cof ports that are

*

The resultant procedure can be easily modified to remain valid
if the input admittance to each amplifier is a ratio of polynomials in
the complex-frequency with only distinct negative-real zeros.
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involved in C and E, respectively.
If the amplifier constraints which are given in Equation (8}

are introduced into Equation (6), it becomes

T ¢§11 (12478 GpaDevyg)

5 Va2 €+ va) (3D % vg) E

Ll = o s C ) (330 + vy) E, (9)
0] Yo Uap THyga+6) (3D 4y, E

o] Yor s C*¥eg)  (y53 D+ v #Gy)

Rows 4 and © of the above matrix equation yield the equations

(V40 C + ¥4q + G IE, *+ (43 D+ v} Ey= -y, E (10)

and

(y52 C+y,) E + (y53 D+ ygp + Gy) Ey = “Ye, E (11)
Solving these two equations for E; and Eﬁ gives*

_= - -— — =1 ,= - - —

Ee = Llvag D+ ¥ag) 7 (y4p C # vy + 60 (12)

- - - = 2] = =, = -l
“(ygg D+ vgg +G,) 7" (yg, T+ vg,)]
[(Fen D+ Y +8) Vo - (3 DY YL IE
Yo3 Yog T V4 Y53 Ya3 a5 41

and

#*
It is assumed that all necessary inverses exist.
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= - - - - a] o~ = -
By = Llyagl * ¥aq + G007 {ragP + vye) (13)
e e =2
= (¥5L + ¥eq) 7 (ygD + vgg + Gyl
G+ V) Ve - (5, C+ Y4, +GOL Y, 1 E
Yoo T Vgl ¥g) 7 WWao0 T Yaq T Ve 41

Substitution of Equations (12) and (13) into Row 1 of Equation (9) and

comparison with Equation (2) yields
= - - - - P — - -} ;~ = - -
Y=y, % {(ylzc + quj[(yqu + y45} (y42 t Ypq t Gc) (14)
- Ted * Yoe + 807 (7 L+ T 17
YsP *+ Y55 * G4 520 + Yaq
CAFeD + Fer + 80 Ve - D Y, YLD
Ya3” T Ys5 T Mg Y51 Ya3° 7 Yas 4]
- - - - - - -] - = -
* {(”13D * i)l vaC * vag +60) 7 (vagP + vgg)
- = e el m o= - P |
—(y52C + y54) (y53D + Y5e + Gd}]
LG+ T T~ G+ Y + 00 Y]
Yoot T Y54l Vg T WWa¥ T Yag T S Yaq)
If it is assumed that'

Vi3 = Y15 = Yas = Ys3 = [0 1)

and

*
There are, of course, other relationships which will simplify
Equation (14). One such set is

Y13 T Y5 = Yas = ¥s3 = L]
and

Ya3P = Y55 * Oy
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Yo L = Ygs * Gy » (16)

Equation (14} reduces to

v — - - - - - - - - _l
Y2y = (g v 7 Oy ¥ yC = v +G )7y, (17)

To simplify the procedure, assume that the amplifier veltage-gain

matrices C and D are given by
C=-c¢cl D=-4dU (18)

where U is the Mth order identity matrix and ¢ and d are positive real
constants that will be determined later. Egquations (16) and (17) may

now be rewritten as

g = " CYgo (19)

and
- _ — - p— — - - — _l -
Y= vy - (rpg -0 ypodlygy - cygpt dygat G v, (20)

Equation (20} gives the short-circuit admittance matrix of the transfor~
merless grounded active N-port RC network containing 2M nonideal voltage-
controlled voltage sources. Of course, Equation (20) is valid only if
the submatrices of [y] fulfill the conditions of Equations (15), (18),

and {(19).

Realization Procedure

First, it will be assumed that M = N so that the resulting tech-

nique will require an active N-port RC network containing 2N nonideal
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voltage-controlled voltage sources. The assumptions in Equations (18)
require N of these amplifiers to have a constant gain of ~c and N a gain
of =d. In order to prove that the network in Figure 1 with M =N is
sufficient for the synthesis of a given N x N short-circuit admittance
matrix, a realization procedure that is valid for any prescribed matrix
will be presented.

Let the given N x N short-circuit admittance matrix be written as

7 = LB]
Y 3 (21)

where [P] is a polynomial matrix and Q is a polynomial in the complex
frequency variable s. The function Q represents either the common denomi-
nator of all elements of Y if they are identical, or the least common
multiple of all denominators if augmentation is necessary. Select an
appropriate N x N matrix ;11 which satisfies the conditions to be given

below. Denote the chosen matrix by

(e, ]
-lel | (22)

1" q q

where [p] is a matrix of polynomials and g is the common denominator of
all elements of ;ll' Subtracting of Equation (22) from Equation (21)

yields

Y

ERAY! Qq Qq

_ [Pla - [pla _ [A] (23)

Now, the chosen short-circuit admittance matrix ;ll should satisfy the

following conditions:
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(A} deg Py = deg g =NL =T where i =1,2,...,N,

j=1,2...,N and L_=max|deg Pi4» deg Q];

p Ps .
(B) -%i and -%l (i # j) are, respectively, positive and

negative RC driving-point admittance functions with Pij = pji and
p; (0} £ 05

(C) in the Foster expansion

5

T
¥y = [B,] + tz [B) 5= )
=1

where oy are the zeros of g, the coefficient matrices [Bo] and |Byp]
must satisfy the dominance" condition with an inequality;

(D} det [A] contains NT distinct negative-real zeros;

(E) the polynomial matrix [A], defined in Equation (23),
can be written as the product [Al][A2] of two N x N matrices of
degrees, respectively, T and L ; and

(F) the polynomial matrix [A2] has the property that det [Az],
a polynomial of degree NLO in s, has only distinct negative-real
zeros which are different from those of q.
Conditions (A), (B), and (C) are easily satisfied by proper choices of
the elements of ?11. In Appendix I it is demonstrated that if Condi-

tions (A) and {B) are fulfilled, then Condition (D) can be met by

»
A symmetric matrix of real constants is said to be a domi-

nant matrix if each of its main-diagonal elements is not less than

the sum of the absolute values of all the other elements in the same

Trow.
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sufficiently large choices for the Pis elements of ;il’ Appendix Il
shows that Conditions (E) and (F) are fulfilled if Condition (D) is
satisfied., Hence, for any specified ?, a ?il can always be found such
that the above six conditions are satisfied.

Equation (23) and Condition (E) yield the result

A

Yot T (24)

and Equations (20) and (24) give

- - - = - A
(y1q = oY) Vg = S¥ap *dyga ¥6) " vy = g (D)

Solving the above equation for 544 - c§a2 + d§43 + 5; produces
Vaa = Say + G74q + 6. = Qa7 o (A1 ATV T,, - 7)) (26)
Yag = “Yag ¥ Wa3 7 B¢ AY14L%2 14 Y1472

To begin the identification of the submatrices in [y], let

(4]

3 (27)

Via = Yp = a
where a is a nonzero real constant to be specified later. By Condition

(E), [Al] is of degree T so that [Al]/q is regular at infinity. Hence,

if

(=1

q=1L (s + au) (28)

1

u=l

where 0 < ¢, < d,< ... g- and L, is a real constant, then the Foster

1 2 T 1

expansion of Equation (27) can be written as
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- - _ g
Yig = ¥y 0 F, o7 s (29)
u=0

where the Fﬁ are real coefficient matrices and a, = C. The above equa-

tion can also be expressed as

1 T

- - _ Vo= 5 . = S

Na - St ) Srve e A (0)
u=0 Y u=0

where the elements in au and ﬁ; are real and nonnegative. With the

identifications
T
— —_Q - s
Y12 © 7 ¢ Z Cy s +a (31)
u
u=0
and
T
Vg = ) B (32)
y14 us +g¢g
u
u=0

Equation (30) is satisfied, and all of the elements of the submatrices

?12 and ;14 are negative RC driving-point admittance functions.
Let the matrix §i4 be rewritten as
N 4]
= _ 14
yl4 - a qa (33)

where Equation (32) reveals that the zeros of q, are contained in the

set of zeros of q. Also, it is clear from the above two equations that

deg [qu] =degq. =T (34)

a a
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Upon substitution of Equations (27) and {33), Equation (26) becomes

to .
- - _ - 2 Q[N14] (adJ[AQJ)
Yag = ®ap * Va3 + G = -a q, det [A,] (35)

From Condition (F), det [A2] contains only distinct negative-real zeros
that are different from those of q.

Hence,

= s

q, det [Ag] =L, 0 (s +'YV) {36)
v=l
where 0 < Y, Yy < eve $¥p» L2 is a real constant, and R is the
degree of the polynomial q, det [Az].
By assuming that Equation (35) is regular at infinity, it can

be written in its Foster expansion as

R
- - - _ = s
Vag = Vap * dVg3 * 6. = ) Y, 3 ¥y, (37)
v=0

where‘r0 = 0 and the gv are real coefficient matrices. 1In order to
demonstrate that the above assumption is valid, it must be shown that
for each element of the matrix equation the degree of the numerator is

less than or equal to the degree of the denominator. This requires that
deg Q + deg [NM]t +deg (adj [A,]) < deg q_ + deg (det [A ]) (38)

Since the degree of a matrix and its transpose are identical,

deg [N, J% = deg q =T (39)

-1 a
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Al so,
deg (adj [A,]) = (N=2) L (40)
and
deg (det [Az]) = NL_ (41)
Equation {37) then reduces to
deg Q< L) (42)

Utilizing the definition of L from Condition {A), the above equation

becomes

deg Q < max [deg Psgs

deg Q] (43)

which is always true. Hence, Equation (35) is regular at infinity, and
its expansion as given in Equation (37) is valid. This latter equation

can be rewritten as

where the coefficient matrices ﬁ;, XV, and i; contain only nonnegative

elements. In addition, ﬁg is a diagonal matrix whose diagonal elements

are the positive diagonal elements of the coefficient matrix Vv in

Equation (37), and i; is composed of the remaining positive elements of
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Vv. Equation (44) can be augmented to yield

R R

- - - - = s 7 s

Yaqa = Yap ¥ dvg3 = Z (W, + ‘Jv] sty, * z s+ Y (45)
v=0 v=0

where each jv is a diagonal matrix whose diagonal elements are suffi-
ciently large positive real numbers. A nonzero diagonal element in a

3; should be chosen to add additional terms to ;44 for reasons that will
be considered later. In the above equation, the diagonal matrix 5; is
arbitrary, and it may be selected to contain nonnegative input conduc-
tance values which are readily realizable by the particular voltage
amplifier design that is contemplated. Now, the following identifications

can be made:

R
- = = s
Yaq © z [wv +Jv] s +v, (46)
v=0
R
- _ 1 - 5
T2t L%, st Y, (47)
v=0
and
R
-— - l- — -_ 5 ‘l_
Yoz = -5 Y (Z,+3)] I L (48)
=0

Note that each diagonal element of the submatrix ;;4 is a positive RC

driving=point admittance function. The associated off-diagonal elements




2]

are zero, and hence, they are negative RC admittance functions. All
of the elements of the submatrices ;42 and y,, are negative RC driving-
point admittance functions.

From Equation (19) with M = N, the relationship between the two
nonzero submatrices which contain admittances from the last N rows of

[y] may be augmented into the form

Yo, + Yo = ==Gd +L - L (49)

where Ed and L are diagonal matrices with nonnegative diagonal elements

that will be considered below. Let

- _ l — -—
Yes = o=y Gy *E (e>1) (50)

and

~ __=1 Llr
y52 mGd s L {c>1) {51}

As in the case of Ec, Gﬁ may be chosen for the convenience of the
amplifier designs. If, after the selection of the diagonal elements
of Ed, det 6& is unequal to zere, then all of the elements of L
should be taken to be zero. However, if one or more ideal voltage
amplifiers are to be utilized, then det Ga will be equal to zero, and
an arbitrary positive constant must be selected for each of the
diagonal elements of L. 1In either case the designations in Equatiocns
{50) and (51) are such that the inverses of the matrices (?55 + Ed)

and ?52 are defined. The existence of these inverses is required for

the validity of the results in the analysis section of this chapter.

Note that ?55 has been identified as a real matrix whose diagonal
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elements are positive RC driving-point admittance functions and whose
off-diagonal elements are zero or negative RC admittances. Likewise,
?52 contains only negative RC admittance functions.
Each of the submatrices appearing in Equations (19) and (20)

have now been chosen so that these two equations with M = N may be
satisfied for any prescribed admittance matrix Y. To complete the
realization procedure, it remains to be shown that the set of sub-
matrices will form a short-circuit admittance matrix which is reali-
zable by a transformerless grounded passive SN-port RC network. It is
known19 that the necessary and sufficient conditions for the realization
of (y] through the use of a (5N + 1)-terminal network of two-terminal
admittances with a common reference node and no internal nodes are as
follows:

(1) The diagonal elements are positive RC driving-point
admittance functionsg

(2) the off-diagonal elements are negative RC driving-point
admittance functions; and

(3) all of the coefficient matrices in the Foster expansion
of [y] are dominant.

Condition (B) and Equations (22), (46), and (50) reveal that
the submatrices ;11, §44, and §55, which are specified in the realiza-
tion procedure, contain diagonal elements which satisfy Condition (1)
and off-diagonal elements which satisfy Condition (2). Equations (15),

(31), (32), (47), (48), and (51) show that the remainder of the speci-

fied submatrices meet the requirements of Condition (2). The unspecified

submatrices ;22, Va5 and §53 may be chosen so that they satisfy
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Conditions (1} and (2) as well as aid in the realization of [y]. Since
Equations {31) and (32) show that the submatrices §12 and §i4 contain a
constant multiplier of a, the values of these parameters can be made as
small as desired by choosing a small numerical value for a. Condition
{C) requires the chosen ?il to fulfill the dominance condition with the
inequality sign. Thus, the elements of the three nonzero submatrices
which compose the first N rows of [y] can be made to satisfy the domi-
nance condition by a sufficiently small value for a. Proper cheices for
the unspecified quantities ;é2 and §33 insure that rows (N + 1) through
2N and (2N + 1) through 3N meet the dominance requirements of Condition
(3). If the matrix L is identically zero, the choices in Equations (15),
(50), and (51) allow the last N rows of [y] to satisfy the dominance
condition with the equality sign. In the instances when the diagonal
elements of L must be nonzero, these last N rows fulfill the dominance
requirement with an inequality. Note that Equation (50) restricts the
véltage gain parameter ¢ to the set of pesitive constants which are
greater than unity. The presence ¢f the inverse of the voltage gain
factor d in the submatrix ;43 allows this matrix to be reduced as the
amplifier gains are increased. Thus, by taking d to be a constant greater
than unity and by making proper choices for the augmentation coefficient
matrices 3w rows (3N + 1) through 4N of [y] can be forced to fulfill
Condition (3). In general, a nonzero element in a certain row of jv
should be selected when each element or sum of elements in the same row

of ?Ql, ?;2, and §43 possesses an absolute value which is larger than

the corresponding element in ﬁ; in Equation (46). By proper augmenta-

tion, large values for the amplifier gains are not necessary, and the
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elements in the passive network may be reduced. Furthermore, the reali-
zation procedure is successful if positive constants greater than
unity are specified for ¢ and d and if arbitrary nonnegative constants
are assigned to Gc and Gd before beginning the synthesis of the desired
matrix Y.

Since the procedure has identified an admittance matrix [y]
which meets all of the requirements imposed on it, the passive RC net-
work may be synthesized from this matrix. A method for realizing the
SN x DN short-circuit admittance matrix [y] by a transformerless passive
(BN + 1)-terminal network composed of two-terminal impedances with a
common reference node and no internal nodes is contained in reference
(19). For a particular Y, the 2N voltage amplifiers will be specified
to have arbitrarily selected input impedances and certain negative gains.
When these amplifiers are constructed and connected to the passive net-
work as shown in Figure 1, the desired short-circuit admittance matrix
Y is realized at the N remaining ports.

The realization technique which is contained in this chapter
constitutes a proof of the following theorem:
Theorem 1

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a
transformerless grounded active N-port RC network embedding three-ter-
minal voltage amplifiers with negative finite constant gains greater

than unity and finite input conductances, it is sufficient that the

active network contains 2N amplifiers,
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An_Example

As an example of the synthesis procedure employing voltage ampli-
fiers, a 2-port active RC network containing 4 nonideal voltage ampli-

fiers will be found to realize the short-circuit admittance matrix

s+l 5 -3
.\-’- = 1 = [ﬂ. (52)

s+1 Q

First, a 2 x 2 RC short-circuit admittance matrix will be selected for

Y1y Take
40(s +3) 0
Vi1 = o33 - Lo (53)
11 ~ s+4
1o 0 40(s +2) 9

Note that to be conservatively sure that the resulting difference
matrix [A] can be factored into the desired form, a q of the second
degree should be chosen. However, this particular requirement in Con-

dition (A) is only sufficient, not necessary. Subtraction of y,, from

Y yields
43952 - 1555 -116 82 + 5 - 12
- - 2 2
Y-y, =- g + 65 + 8 -39s -1l6s -80) (54)
11 (s+1)}(s +4)
- [a)
Qq

By use of the matrix factorization technique in Appendix II,




~35.355 -84.55 10.66s + 10,64 (|0.00341s +0,006444 0.2732s+ 00,5164

[A] =

-141.2s +150.2 =0.4063s -0.8264 |-3.647s -10.85 s +2.97
= [A,](4)] (55)

From Equation (27)

-35.3%s - 84.55 10.66s + 10.64

- - ]-14).2s #150.2  -0,40635 - 0.8264
Y14 = Yp " @ (s + 4) (56)

After taking a Foster expansion of the above equation, an allocation of

terms as in Equations (31} and (32) yields

14,21

"* e +4

0.2066 178.8 0.1997

Yi4 = -

From Equations (35), (45), (46), (47), and (48),

3.412 x10° + J

s 3

veo T80

0

0

Jg +9.623 x 107




o 0

a_
c

Yap =

- 1.4
1.118 x10 +a2 Gl +J1

2.699 x10°4 +

) J, 3.908 x 1079
e s |~ el _ s
d s+1.890 d s+2.975

5.424 x10™2

6.975 x102+J7 0

2
3.20 x10° + J5 2.462 5

_e. s
d

s +4

1.18 2.271 x10'3-+J8

where the nonnegative input conductances of the first two amplifiers

form the matrix

Equations (15), (50), and (51) require that

Y13 = V)5 = Y45 = Vg3 = [O]
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G3 0
oo = 74 (¢ >1) (65)
52 = {c -1)

0 G,

where the two amplifiers with a voltage gain of -d have positive

input conductances that yield

¢
w

{66)

G}
]

In this example, all of the elements of L have been taken to be zero.
The submatrices contained in Equation (20) have now been given
values in Equations {53), (57), (58), (59), (60), and (61) such that
Equation {20) with M = N is satisfied for the prescribed Y. Equations
(63), (64), and (65) specify values for the submatrices which must be
constrained in order that Equation {20} is valid. The amplifier input
conductances Gl’ Gz, GB’ and G4 can be chosen as discussed above, and
the amplifier gain factors ¢ and d may be selected to be any desired
values greater than unity. The constant a can then be taken so that the
first two rows of [y] satisfy the dominance condition. Because of the
presence of ¢ and d in the expressions for §Q2 and ?;3, the augmentaticn

coefficient elements Jl through J_ can be selected so that ;44 contains

8
a pole with a larger positive residue than is contained in the sum of
the absolute values of the residues for each pole of Y14r Yapr and Ya3°

Thus, rows 7 and 8 of [y] are forced to be dominant. The values given

in Equations (63), (64}, and (65) insure that rows 9 and 10 satisfy the

dominance condition with the equality sign. In selecting the remainder
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of the submatrices in Equation (14), the off-diagonal submatrix §é3,
which Equation (7) requires to equal ;3;:’ is arbitrary as long as
each element is a negative RC driving-point admittance function. The
on-diagonal submatrices ?22 and §33 are to be chosen with diagonal
elements which are positive RC driving-point admittance functions and
off-diagonal elements which are negative RC admittance functions. The
terms in ¥, must contain the poles of y, ., ;53’ 542, and ;52 in their
set of poles, and the elements of ?53 must contain the poles of ;23
and ?43. The diagonal terms in §é2 and ¥,, are to be taken large
enough to satisfy the dominance condition, respectively, for rows 3
and 4 and for 5 and 6. A reduction in the number of elements required
to realize [y] may be obtained by selecting some of the J's and the
diagonal elements of ?22 and §33 such that rows 3 through 6 and some
of the terms of rows 7 and 8 satisfy the dominance condition with
equality.

Here, if Gl = 62 = G3 = G4 = 0.10 and ¢ =d = 2, then any
a < 0.1117 will allow rows 1 and 2 to be dominant. Thus, take
a = 0.10 and then the following set of augmentation parameters are

the minimum values which can be used to force rows 7 and 8 to satisfy

the dominance condition:

J) = 4.559 x 10° J, = 2.459 x 10"
3 =0 J, = 5.424 x 10°
Jg = 3.224 x 10° Jg = 0

J, = 4.287 x 10° Jo = 2.854 x 10°
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Selection of appropriate values for ;22, ;53, and ;23 will complete
the specification of [y].

The elements of the 10 x 10 short-circuit admittance matrix
of the passive network have now been determined so that [y] is
realizable by a 10-port ll-terminal transformerless grounded passive
RC network. After a Foster expansion of [y], one of the procedures
given in reference (19) may be used to synthesize the RC network.
After the specified amplifiers are connected to ports 3 through 10,

the prescribed short-circuit admittance matrix in Equation (52) is

realized at ports 1 and 2.
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CHAPTER III

REALIZATION OF ADMITTANCE MATRICES

USING CURRENT AMPLIFIERS

This chapter is concerned with the synthesis of N x N short-
circuit admittance matrices through the use of grounded RC networks
and nonideal three-terminal current-controlled current sources. The
following theorem will be verifieds
Theorem 2

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a trans-
formerless grounded active N-port RC network embedding three-terminal
current amplifiers with negative finite constant gains greater than unity
and finite output conductances, it is sufficient that the active network
contains 2N amplifiers.

To prove this theorem, a realization procedure which is valid
for any N x N admittance matrix of real rational functions in the
complex-frequency variable will be given. First, the chosen active
network, which is shown in Figure 2, will be analyzed so that its short-
circuit admittance matrix is expressed in terms of the gains and out-
put conductances of the current sources and the admittance parameters
of the passive portion of the network. This expression will be made to

equal the prescribed matrix through proper choices for the amplifier

gains and output conductances and the admittances of the passive
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subnetwork. Finally, it will be shown that the passive portion of the

network can always be realized as a transformerless, grounded RC network.

Analysis of the Network

By partitioning the short-circuit admittance matrix [y] of the
passive RC subnetwork in Figure 2 after its (N + kM)th (k = 0,1,2,3)
rows and columns, the voltages and currents at the ports of this portion

of the network are related by

_"1 F _ - _-

I Y11 Yo Yiz Ya Vs E

I Yor Yoo Yoz Yoa  Yos E,

Il = |Ya1 Ysz Y3z Yaa Y3 Ey (67)
I Ya1 Yaz Yaz Yas Vs E

L Yo1 Yspo Ys3  Ygq  Ygg Eg

P - - -

L

where I and E are celumn matrices composed, respectively, of the
currents and voltages at the first N ports and the remaining I's and

E's are composed of the corresponding electrical guantities at each
succeeding group of M ports. That is, E; contains the veltages at ports
(N + 1) through (N + M), and EL contains the voltages at ports (N+M+1)

through (N + 2M). In Equation (67)

(68)

for i =1,2,3,4,5 and j = 1,2,3,4,5 because the network represented by

ly] is reciprocal.




The nonideal current-controlled current sources force the fol-
lowing constraints upon the network parameterss

Ia I + c Ea Ec

= d1ag[Kl, PURERY M]

= d1ag[Kyy s Kiygos + -+ Koy

c =diag[Gl, Gy - s +5Gy]

G, = diag[G

d M+1? M+2’ tno 2M]

As noted in the case of the voltage sources, the following synthesis

procedure can be modified to remain valid if the elements of 6; and 5&

are ratios of polynomials in the complex-frequency variable with only
distinct negative-real zeros.

If Equation (69) is substituted into Equation (67), the result
can be rearranged to yieid

- o

11




The last four rows of this matrix equation produce the relationships

(Yop * C¥ap= OcJB, * {yga + C¥,ua) By, = vy + Cyg) JE (72)

(Yap * DY )E, * (Vg5 + Dygy- G))F, = (74 +Dyy))E (73)
Solving Equations (72) and (73) for Ea and Eb supplies
By = [ypp + Chyg) ™ (7 # Egp= §) - (3735 #D 755~ 87 (g +575917
) [(;33 * 5‘—’53' Ed)_l(’-’al +5;51) B (;23'*637-43)-1 (;21 +6‘-’41)]E

(74)

and

= (= 45T _amalm L.== = == ¢l == = oal
By = [lygp¥Cyap 600 "(ypa¥Cyy3) - (ygp D ¥g,) * (v55 ¥ yg5-Gy)]

- [ — _l —_ Jn— - -—— - _l - -—— —
Lrgp D ye,) T (g #Dyg = {ypp ¥ Cy,p= Bc) Ty, Ty )]E
(75)
Since the voltages and currents at the N accessible ports of the active

network are related by

the first row of Equation (71) and Equations {74) and (75) yield




- o (= umm ymlm == =y = == =l
Y‘Y11+{V12[(V23+CY43) (Ypp ¥C ¥y = G) = lyga+Dyga- Gy = (77)

= 5T v1lis LBT L& LT W5 = LFT -l
(Y32 #D vg) 1 " Llyga #D vgq - Gy) “lygy +Dvg)) = (yp3+C vy5)

- _- - - N - . -1,- N
(vy *¢ Y41)]} * {Yla[("m*chf Sc) lypg*Cy,y)

- == yl= == =l = == al= ==
(vao + C¥ep) (yaa*Pyeg- Gg)) ™ [lygp+Dyg,) ~ vy +Dyg))
- —_ - -1 ,- -

(Yoo +Cy4p 6.0 vy *C Yal)]}

By assuming that

= ¥y = Vg3 = 10]

Yaz = Gy = C Va3

Equation (77) can be reduced to

- - - _ - — N - =1 ,- -
Yo=Yy -yl * Cgp= Dygy- G 7 vy #Cvy)) (80)
For an additional simplification, let the matrices which are composed

of the current gains of the amplifiers be expressed as

C=-¢U D=-4dU (81)

h order jidentity matrix and ¢ and d are positive real

where U is the Mt
constants which will be specified later. Equations (79) and (80} now

become




= - - - - - - =] - -
Y=y~ ¥1l¥op - Vap #9¥s5 6) T lygy ~evgy) (63)

where the latter expressjon is the short-circuit admittance matrix of
the transformerless grounded active N-port RC network containing 2M
nonideal current-controlled current sources. For Equation (83) to be
true, the submatrices of [y] must satisfy the demands of Equations (78),

(81), and (82).

Realization Procedure

Using the results of the analysis of the selected type of net-
work, it is now possible to develop the realization procedure. First,
assume that M = N so that the resulting method will require an active
N-port RC network containing 2N nonideal three-terminal current ampli-
fiers. Equation (81) requires N of these amplifiers to have a constant
current gain of =-¢ and N a gain of -d. Let the prescribed N x N short-

circuit admittance matrix be represented by

7L (84)

where [P] and Q are, respectively, a matrix of polynomials and a poly-
nomial in the complex=-frequency variable, and Q is the least common
multiple of all of the denominators ¢f the elements cof Y. Select an
appropriate N x N matrix §ll which satisfies the conditions to be

presented below, and denote this matrix by

Lel

Yll='q




where [p] is a matrix of polynomials and the polynomial q is the common
denominator of all elements of ?il. Subtraction of Equation (85) from
Equation (84) produces

- Plg -
Y- ® g

(86)

The chosen short-circuit admittance matrix ?11 should fulfill the fol-
lowing conditions:
(A) deg Pi; = deg q = NL =T where
i=1,2,...,N, §=1,2,...,N and
L, = max [deq Pij’ deg QJ;
(B} the diagonal and off-diagonal elements are, respectively,
positive and negative RC driving-point admittance functions with
and pii(O) F 03

Pij = Pyi

{C}) in the Foster expansjon

T
;11 =[B,] + Z [B¢] 3 +Sd{,
=1

where gy are the zeros of g, the coefficient matrices [BO] and [BL]
must satisfy the dominance condition with an inequality;

(D) det [A] contains NT distinct negative-real zeros;

(E) the polynomial matrix [A], defined in Equation (86), can
be written as the product [A4][A3] of two N x N matrices of degrees,
respectively, L0 and T3 and

(F} the matric polynomial [Aa] has the property that det [A4],
a polynomial of degree NLU, has only distinct negative~real zeros which

are different from those of q.
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Conditions (A), (B), and {C) can be met by proper selection of the ele-

ments of ?11. In Appendix I it is shown that if Conditions (A) and (B)

are satisfied, then Condition (D) can be fulfilled by sufficiently large
choices for the diagonal elements of ;ll‘ Appendix I1 shows that if

Condition (D) is satisfied, [A]t can be factored into
caat
LA]" = [A 1(A,] (87)

where the matrices [Al] and [AQ] have the properties which Conditions
(E) and (F)} require, respsctively, of [AB] and [A4]. The transpose of

Equation (87) is
[A] = [a,)°[a)0" (88)

Since the requirements of Conditions (E} and (F) are such that [Aljt
and [A2]t will fulfill them if [Al] and [AQ] do, the desired factoriza-

tion of [A] can be obtained by letting

[A,] = (41" (89)

[ag] = [A]° (90)

Hence, for any specified ?, a ?11 can always be chosen such that the
above six conditions are satisfied.

Equations (83) and (86) and Condition (E) produce the relation-
ship

o 2 i)
V1olvgp = Vg ¥ d¥sy = Bc) vy - ovgy) = - g (91)




Solving for Yoo = Y45 + dy52 - GC yields

- - - - - - -1 I
Y22 = CY42 + dy52 -G = "Qq(Y2l - Cydl)[A:B] [A4] y12 (92)

To initiate the selection of the submatrices in [y], le

[A,]

Yo = V4 <0 —1;- (93)

where a is a nonzero real constant to be determined later. The expres-
sion [As]/q is regular at infinity because Condition (E) requires the

matrix [A3] to be of degree T. So, if
(s +0 )

where the g's are real distinct nonzero positive numbers and Ll is a
real constant, then the Foster expansion of Equation (93) can be
expressed as

T

X

u=0

T
Yo ~ t¥4 T a Z us+d - a

where the elements in Gu and ﬁ; are real and nonnegative and g, = 0.

With the identifications




Y41 = Gu s + du (97)

Equation {95) is satisfied, and all of the elements of the submatrices
?21 and §41 are negative RC driving-point admittance functions.
Let the matrix ?21 be rewritten as

N, ]

a

(¢8)

where Equation (96) shows that the zeros of q  are contained in the set

of zeros of q. Also, Equations (96) and (98) reveal that

deg [N21] =deg q, =T,

Substitution of Equations (93) and (98} into Equation (92) yields

- - - - a2Q(ad.j [A4] )[N2l]t
Yop = SYg4p ¥ d¥gp - G = - a, det [A,]

(100)

Since Condition (F) requires the det [A,] to contain only distinct
negative-real zeros which are different from those of g, the polynomial

q, det [A4] can be expressed as

R
q, det [A4] =L, Vgl (s +v,)

where 0 <y, <y, < ... <yp L, is a real constant, and R is the
degree of q_ det LA ]
Equation (100) is regular at infinity if the following inequality

is valid:




deg Q + deg (adj [A,]) + deg [Nm]t < deg g, + deg (det [A])  (102)

But,
t
deg [N21] =deg g, =T, (103)

because the degree of a matrix and its transpose are identical. Also,

deg {adj LAA]) = (N = 1) L, (104)

deg (det [Ad]) =NL
so that Equation (102) reduces to
deg Q< L {106)

By employing the definition of L_ from Condition (A), the above eguation

becomes
deg Q < max |deg Pyso deg Q]

which is always true. Consequently, Equation (100) is regular at

infinity, and its Foster expansion can be written as

R
k) o ~ ~ v ]
Yop = S¥gp ¥ dygy - G = Z Vv s Yy,
w=0

where y = 0 and the V  are real coefficient matrices. This last

equation can then be rewritten as
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R R
- - -~ = = s 7 .8
Yoo = S¥gp * dVgp - G¢ F Z oY, T Z ey, (109)
v=0 V=
R
= 5
- z: Zv s + Yv

v=0

where the coefficient matrices ﬁ;, Evy ard 2; contain only nonnegative
elements. In addition, the nonzero elements of the matrices i; and iv
are, respectively, the positive diagonal and positive off-diagonal

elements of E;o Equation {109) can be augmented to produce

R R
- - - = - . 5 = s
Voo = Vap * sy = ), [N, + 3] 5 ¥, RS- v, (110)
v=0 v=0

R

- - s =

- ) [z, + 3] +G
v=0

where the jv are diagonal matrices whose diagonal elements are suffi-
ciently large positive real numbers which will be determined later.

The diagonal matrix 6; is arbitrary, and it may be chosen to contain
convenient finite nonnegative output conductance values. The following

identifications will satisfy Equation (110):

R
— - —— S —
Yoo = ) IE, + 3] 3 -+ 6 (111)
v
v=0
R
- _ 1 = s
Ya2 7 T ¢ Z iy, {112)
v=0

and




R
?52 = - dl z [Ev + jv] 5 +s'~( (113)
v=0 v
Note that each diagonal element of the submatrix §é2 is a positive RC
driving-point admittance function. The associated off-diagonal elements
are negative RC admittance functions because they are identically zero.
Also, all of the elements of §Q2 and ?52 are negative RC driving-point
admittance functions.
Equation (82) with M = N requires that the nonzero submatrices
which are composed of elements from the last N rows of [y] must satisfy

the constraint

Yag * ¥4y =+ Gy (114)

where the diagonal matrix Gd

convenient nonnegative conductance values. The above equation can be

is arbitrary and may be chosen to contain

augmented into

=G, +L-1L {115)

Y33 = Y43 T Y9y

where L is an Nth order diagonal matrix with arbitrary real positive

. *
nonzero constants as the diagonal elements.  Let

{116)

(117)

. :

The diagonal elements could be positive RC driving=-point admit-
tance functions, but this would require additional elements in the
passive network,
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Hence, §33 is a real matrix whose diagonal elements are positive RC
driving-point admittance functions and whose off-diagonal elements are
zero or negative RC admittances. Similarly, ?43 contains only negative
RC admittance functions. With the designations of Equations (116) and
(117}, the inverses of the matrices (?33 - GA) and ¢y, will exist.
This existence is essential for the validity of the equations in the
analysis section of this chapter.

All of the admittance submatrices which are contained in Equa-
tions (B2) and (83) have now been selected so that the second of these
two equations with M = N may be made to equal any prescribed admittance
matrix Y. The synthesis procedure will be complete when it is demon-
strated that this set of submatrices will form a shert-circuit admit-
tance matrix which is realizable by a transformerless grounded passive
SN-port RC network. The necessary and sufficient conditions for the
realization of [y] through the use of such a network were presented as
Conditions (1) through (3) in Chapter II.

An inspection of Condition (B) and Equations (85), (111}, and
{116) discloses that the submatrices ;11, ?22, and ¥,, fulfill the
requirements of Conditions (1) and (2) because their diagonal and off-
diagonal elements are, respectively, positive and negative RC driving-
point admittance functions. As shown by Equations (78), (96), (97),
(112), (113), and (117), the rest of the submatrices which are specified
in the realization procedure satisfy Condition (2). The unspecified
submatrices ?44, ;55, and §45 can be.selected to meet the demands of
Conditions (1) and (2). The submatrix ?11 was chosen to satisfy the

dominance condition with an inequality, and the submatrices ?12 and y,,
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can be made arbitrarily small by a sufficiently small choice for their
constant multipler a. Since §13 and ?15 contain only zero elements, the
admittance parameters in the first N rows of [y] can be forced to ful=-
fill the dominance requirement of Condition {(3) by a sufficiently small
value for a. The designations in Equations (116) and (117) for §33 and
§43, which are the only submatrices with nonzero elements in rows (2N +1)
through 3N of [y], permit these rows to fulfill the dominance condition,
Note that Equation (117) requires the selection of the current gain
parameter ¢ to be any positive constant which is equal to or greater

than unity. Due to the occurrence of the inverse of the current gain
factor d as a constant multiplier in the submatrix ?és, any desired

value of d which is greater than unity allows a selection of augmentation
coefficient matrices 3; so that rows (N + 1) through N of [y] are domi-
nant. A nonzero diagonal element in a particular row of a jv should

be chosen when each ¢lement or sum of elements in the same row of ;12’
?24, and ;25 has an absolute value which is larger than the element in
the designated row of ﬁ; in Equation (1C%). With proper augmentation,
the synthesis of a prescribed matrix is possible even if before begin-
ning the realization positive constants equal te or greater than unity
and greater than unity are specified, respectively, for the gain factors
¢ and d and if arbitrary nonnegative constants are assigned to 6; and

G

4 Also, certain augmentations can save elements in the passive net-

work. The unspecified submatrices §44 and §55 can be chosen such that

the last 2N rows of [y] will meet the dominance requirements of Condition

(3).

Since the method has produced an admittance matrix |y] which
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fulfills all of the conditions required of it, the passive RC network

may be realized from this matrix. A method for synthesizing the 5N x5N
short-circuit admittance matrix [y] by a transformerless passive (5N +1)-
terminal network composed of two-terminal impedances with a common
reference node and no internal nodes is contained in reference (19).

When the specified current-controlled current sources are connected to
the passive network as shown in Figure 2, the designated short-circuit

admittance matrix Y is realized at the N remaining ports.

An_Example
To exemplify the synthesis procedure of this chapter, a 2-port
active RC network embedding 4 nonideal current-controlled current sources

will be found to yield the short-circuit admittance matrix

+2 s=1

Ve =[—gl (118)

S+3 s+

Due to its nonreciprocal nature, this matrix canm not be realized by a
passive network. For the two-by-two short-c¢ircuit admittance matrix

?il, choose

S0(s 4+0.50) 0O L]
- _ _.l_ -
Y11 T~ 5+3 q (119)
0 50(s +1

Since the requirement in Condition (A) concerning the degree T of the

polynomial g is sufficient but not necessary, a lower value for T has

been chosen. If the desired factorization of the difference matrix [A]




can not be obtained, the value of T must be increased. Subtraction of

the above two equations gives

~4952 - 120s - 44 52 + 25 -3

62 + 65 + 9  -4962- 146s - 97

{s + 2)(s + 3)

7_;;11= L

Al
Qq

By use of the procedure in Appendix II, the matrix [A] can be factored

as

1.014s + 0.4632 0.0914s + 0.09026| |-49.095 - 98.13 5.479s + 12.84

[A]

0.1537s + 0.07021 s + 0.9875| |8.545s5 + 16.09 -49.84s - 96,13

= [A4][A3] (121)
From Equation t93),

-49.09s = 98.13 5.479s + 12.84

L 8.545s + 16.09 -49.845 - 99.13 )
{s + 3)

YQI'- CY41 =4 (122)
After a Foster expansion of Equation (122), the identifications of

Equations (96) and (97) produce

32.71

Yop = -9




1.198

= _a
Y41 c

5.363 3.182

Equations (100}, (110), (111), (112), and (113) give

G
143.2 + = + 3,
a2 5
Gy % $+0.4568

67.86 + S + J
al

6.441 + .I7

+ a2

S
s +0.9875

0 8.463 + J8

-—_5 N SR
s +0,4568 c s+0.9875

100.6 + J, 0!
S

T d 5+0.4568

2

s -
d

s +0.987

0  25.79 + J6

i
d

where the output conductances of the current sources of gain ~-c form

the matrix




By designating the output conductances of the remaining two amplifiers

as G3 and G4, the matrix 6& can be expressed as

Also, let the two-by-two diagonal matrix L be represented by

From Equations (78), (116), (117), (129), and (130),

Y13 = Yp3 = Yoy = Y5z = [0]

To complete the numerical identification of the submatrices which are




specified by the realization procedure, the matrix elements I..1 and L2
must be taken to be finite positive constants, and the output conduc-
tances Gl’ G2’ G3, and G, should be chosen as any convenient finite
nonnegative constants. Also, the current gain factors ¢ and d should

be selected to be positive constants which are, respectively, equal to
or greater than unity and greater than unity. The value of the constant
a can then be specified such that the first two rows of [y] will satisfy
the dominance condition. Next, the augmentation coefficient elements
can be chosen so that rows 3 and 4 of [y] are dominant.

J. through J

1 8
From Equations (131), (132), and (133) it can be seen that rows 5 and 6
of [y] are dominant with an inequality sign. The unspecified sub-

matrices 744, ?55, and §45 can always be taken to yield an admittance

matrix [y] which is realizable by the desired passive network. Each

element of ?45 and the off-diagonal elements of ?44 and ;55 are to be

arbitrary negative RC driving-point admittance functions. The diagenal
terms of §a4 and ;55 must be positive RC admittance functions with
poles possessing large enough residues to satisfy the dominance condi-
tion for the last four rows of [y]. Some passive elements may be saved
by choosing the J's and the diagonal elements of ?44 and ?55 so that
certain elements of rows 5 and 6 and all of the elements of rows 7 through
10 fulfill the dominance condition with an equality sign.

In this example if L1 = L2 = G1 = 62 = G3 = G4 = 1,0 and
¢ =d =25, then any a < 0.2548 permits rows 1 and 2 to be dominant. If

a is chosen to be 0.10, the minimum values for the augmentation param-

eters are as follows:




7.420

196.8 199.7

The matrix [y] can be completed by selecting y,,, Yies and e @S

discussed in the above paragraph.

One of the procedures contained in reference (19) may now be
used to realize the 10 x 10 short-circuit admittance matrix [y] by a
10-port ll-terminal transformerless grounded passive RC network. When
the designated current sources are connected to ports 3 through 10, the
given short-circuit admittance matrix of Equation {118) is realized at

ports 1 and 2.
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CHAPTER IV

SIMULTANEOUS REALIZATION OF TWO ADMITTANCES

USING TWO VOLTAGE AMPLIFIERS

The design criteria for a two-port network will sometimes pre-
scribe only two of the network's four short-circuit admittance param-
eters. For example, the short-circuit current transfer function for a

two-port network such as in Figure 3 is given by

b
N

e
2]
—

= (134)

-c;

In this instance many choices are possible for Y21 and Yll’ but the
prescribed transfer function will establish their ratio. A specifica-
tion of the transfer zeros of a nonreciprocal two-port network is another
illustration of conditions being placed on only two admittance parameters.
The synthesis procedures of the two preceding chapters can be
used to realize all four short-circuit admittance parameters of a two-
port network by using four voltage or current amplifiers and a grounded
transformerless 10-port RC network. While these methods will satisfy the
design criteria when only two admittances are specified, they appear
somewhat extravagant since the resulting network is forced to fulfill
two unnecessary conditions. If only two amplifiers can be used, then a

substantial savings in the number of elements is possiblé because two

amplifiers and four of the ten ports with their related components are

unNecessary.
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Figure 3., Two-Port Network Driven by a Current Source.

Grounded
Passive

Transformerless
é=-Fort
RC
Network

Ly]

Figure 4. Grounded Active Two«Port RC Network
Containing Two Voltage Amplifiers,
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Some techniques for the simultaneous realization of certain pairs
of the four short~circuit admittance parameters of a two-port network
will be presented in this chapter. The proposed circuit, which is shown
in Figure 4, contains two nonideal voltage-controlled voltage sources
and a grounded six-port passive RC subnetwork, Except for the need of
demonstrating a scheme for each selected pair of admittances, the devel-
opment of these realization procedures will follow the same general
pattern as the previous ones. The short-circuit admittance matrix of
the active two-port network will be written in terms of the admittance
parameters of the passive network and the gains and input conductances of
the voltage amplifiers. By comparing the two desired admittances with
the corresponding matrix members, it will be possible to choose the
amplifier specifications and a realizable set of admittance parameters
for the passive grounded RC subnetwork.

If the active two-port netwerk in Figure 4 has a short-circuit

admittance matrix given by

Y = (135)

then the voltages and currents at the two accessible ports are related

by

=Y (136)

Next, let the 6 x 6 admittance matrix of the passive RC portion of the




network be denoted by

[y] =

where

i

= [y]

Notice that in Equation (137)

Yij = in

because the RC subnetwork is reciprocal.
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(137)

(138)

(139)

Now, the network of Figure 4 is the same as the one in Figure 1

with N = 2 and M = ],

Thus, by partitioning after its second and each

succeeding row and column, the matrix |y] in Equation (137) can be put




into the form of Equation {5). The analysis performed in Chapter II
will then apply with N = 2 and M = 1. By substitution of the above
partitioned submatrices of [y] into Equation (20), the short-circuit
admittance matrix of the active two=-port network of Figure 4 is given
by
_ i M2 ) V15015 - e¥13) vaslnys -evpy)
N Y12 Y22 Y5 "6V $vas 16y ¥15{¥os =€¥p3)  You (Vo = €¥53)
15125 23 25725 23
(140)

where Equation (18) requires the use of one amplifier with a voltage
gain of -c and one with a gain of -d. For Equation (140) to be valid,

Equations (195) and (19) impose the following constraints:

Y14 = Yo4 = Y16 = Yog = Yag = Ve = C

Yoo ¥ G2 T ~C¥3¢ (142)

When no more than two amplifiers are contained in the active
network, the parameters Y5 and =CY¥ 2, must be allotted the same type
residue terms. Hence, y,c is redundant, and in these cases passive

elements may be saved by letting

Y35 (143)

When Equation (143) is inserted into Equation (140) and the result is

compared with Equation (135}, the four short-circuit admittance
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parameters of a two-port network containing two voltage amplifiers are

¥i5(V1s = ©¥;5)

Y11 V11 7 Yes ¥ d¥5 ¥ G (144)

v e - Ysvys - )3 (145)
12 7 Y12 7y ¥ dy, * 6]
Yiel¥oe = €Y5q)

Y, =y -2 23 (146)

=y
2 " N12 Ty THdy, + G

) Yos{¥os = ©¥,3) (147)
Yee + Ay, + G
55 ¥ Was ¥ 7

22 = Y22

For the above equations to be true, the conditions imposed in Equations
(141), (142), and (143) must be fulfilled.

The above results of the analysis of the proposed active two-port
network will now be employed in the development of the realization tech-
niques. A procedure will be presented for each of the four pairs of
short~circuit admittance parameters which may be synthesized by a
grounded transformerless passive six-port RC network terminated in two

nonideal three-terminal voltage amplifiers.

Case 1: Yll and Y21

Let the two desired admittance functicns be indicated by

P
v = L

n - q (148)




Pa
Q

Y =

o1 (149)

where Pll’ le, ard Q are polynomials in the complex frequency variable
and Q is the least common denominator of Y11 and Y21‘ Select a positive

RC driving=-point admittance function

P11
1 g

=a

11

and a negative RC driving-point admittance function

P12

Y12 7 g
deg q = t » max (deg P,,, deg P,;, deg Q};
(B) ¥y and y,, aTe regular at infinity;
(€) py,(0) #0; and
(D) a; is a real positive constant to be specified below.

Subtraction of Equation {150) from Equation (148) and Equation (151)

from Equation (149} produces

i Pnd - Pl A
11 Qq Qq

P29 - P

Y " Y12 T T g

The above two equations reveal that the degrees of AS and A4 must
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satisfy the following relationshipss

deg A, < max | {deg P, *deg a), (deg py; * deg Q)] € 2t (154)
and
deg A, < max [(deg P,y + deg a), (deg Pl + deg Al <2t (155)
The polynomial A3 in the numerator of Equation (152) can be
written as
Pl
Ay = P19 - 01p)Q = =5 {p);Q - T, (156)

where Pllqﬂzl is a polynomial with all of its coefficients approaching

zero as a, approaches infinity. WNotice that, as e, approaches infinity,

1

t of the zeros of A, approach the zeros of Py Hence, for a suffi-

3
ciently large value of )y AB has at least t distinct negative-real

zeTos that are different from those of q.
The degree information in Equation {(154) and the above discus-

verify that the polynomial A, can be factored

sion of the zeros of A 3

3

into

Ay = AA, (157)

where A2 has t simple negative-real zeros that are not contained in g

and A, is of degree less than or equal to t.

1
Using Equations (152), (153) and (157), Equations (144) and

(146) can be written as




v15(¥)s - €v)5) AA,

Yo t dy45 + Gl Qq

Nslyps = ¥pg) A

- C

To begin the identification of the admittance parameters, let

- ¢ = q ol (160)
Yis © 13 2 q

where a, is a constant to be specified later. Since deg Al < t, the

2

expression Al/q is regular at infinity. Thus, if

t
q=1L UEI (s + ou) (161)

where 0 < ¢, < o, < ... € %y and L, is a constant, then the Foster

1 2 1
expansion of Equation (160) can be denoted by

t

t

- 5 __ _ -5

Y15'°Y13'“2Z‘3us+au azzHusutu
u=g u=0

where the coefficients Gu and Hu are real ard honnegative and do = 0.

Make the allocations




t

==a Z: H 5
Y15 2 us + 9,
=0

Note that Y13 and Y15 are defined such that they are negative RC
driving-point admittance functions.

Let the admittance ?15 be rewritten in the form

N15

=g = 165
Y15 © %2 a, (165)
where the polynomial qaQ, contains only negative-real zeros that are con-
tained in the set of zeros of q. From the definition of Yis in Equation

(164), it c¢an be seen that this transfer admittance is regular at

infinity. Hence,

deg Ny =deg q_ =t <t (166)

d

After substitution of Equations (160) and (165) into Equation

(158), the resulting equation can be rearranged to yield

2
Yer + dy, + G, = -ﬂé (167}
55 a5 T ) a A,

Since A2 contains only negative-real zeros different from those of g

and q, contains only negative-real zeros that are contained in gq,

m
A, = 1, vgl (s +v,) (168)

where 0 < Yy SYg ore <Yy L, is a constant, and m is the degree of the

2




polynomial q_A,. Equations (157) and (166) and Condition (A) verify
that the degree of the numerator of Equation (167) is less than or
equal to the degree of its denominator. Thus, the latter equation is

regular at infinity, and its Foster expansion can be written as

Yo * dygs + G =

where Yo = 0 and the coefficients HV and Zv are real and nonnegative.

Equation (169) may be augmented to yield

m m
- 5 = 5 -
Yos * dy45 B Z [wv + Jv] Z[Zv * Jv] s +YV Gl (170)
=0 =0

s + Yy

where each JV is a sufficiently large nonnegative number that will be
chosen later. In the above equation, the input conductance G1 can be
any convenient nonnegative constant., The following identifications can

now be made:

m
- s
Yo5 = Z [wv""]v] s +y
v
v=0

m

¢
Yas T " 4

ve0

With the above definitions, and Y45 2T, respectively, positive

Y55

and negative RC driving-point admittance functions.
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Substitution of Equations (165) and (167) into Equation (159)

vields

Ay
Yog = ©¥o3 = %2 a9k,

{(173)

In Equation (157), A, is chosen to have only distinct negative real

2

zeros different from those of q. Hence,

n
gh, =L, O (s+x) (174)

where the t©'s are real distinct numbers which are greater than zero,

1.3 is a constant, and n is the degree of the polynomial qA2. An exami-
nation of Equations (1%%) and (157) and Condition (A) discloses that
Equation (173) is regular at infinity. This equation may then be

written in its Foster form as

n

n
Y25 - CYQ3 = 0.2 Z Ex 5 + T, a2 Z Fx s + T, (175)
x=0 x=0

where the Ex and Fx are real and nonnegative and T, © 0. The above

equation can be satisfied with

0.2 n
5
Yoz = - % Z Ey s+t (176)
x=0
n
s —
ta2 z Fx s+'cx (177)




Hence, Yo3 and Yos, both are negative RC driving-point admittance func-
tions.

Equation (142) can be augmented into the form

+oyg = =G, +L -1 (178)

Ye6 2

where 62 and L are nonnegative constants which will be considered later.

The nonzero admittances in the sixth row of [y] will satisfy the above

equation if

_ 1
Y66 = TE_:_IT G2 + L {(c>1)

-1 1
Y3¢ TE—:—IT 62 - L (¢ > 1) {180)

The input conductance 62 may be chosen to make the amplifier design

easier., If a positive value is selected for G., then L can be chosen

2’

as zero. However, if G, Is assumed to be zero, then a positive constant

2
must be selected for L. In either instance the identifications in Equa-
tions (179) and (180) have been chosen so that the inverses of (y66~+62)

and Yo 2T defined. Also, is a positive RC driving-peint admit-

Y66
tance function, and Y36 is a negative one. Equations (141) and (143)
require the transfer admittances Y140 Yig* Yoar Yogr Y350 Yagr and Yeg
to be zero.

Each of the admittance parameters of the passive network which

appear in Equations {144) and (146) have now been selected so that these

two equations are satisfied for any prescribed pair of admittances Yll




and Y The remaining parameters may be chosen to facilitate the

21°
realization of the admittance matrix [y]. A set of necessary and suf-
ficient conditions for the synthesis of the short-circuit admittance
matrix [y] by a transformerless grounded passive seven-terminal net-
work composed of two=-terminal impedances with a common reference node
and no internal nodes are as followss

(1) The diagenal terms are positive RC driving-point admittance
functionss

(2) the off-diagonal terms are negative RC driving-point
admittance functions; and

(3) the coefficient matrix for each pole in the Foster expan-
sion of [y] are dominant.
The selection of Y11 for Equation (150} and the specifications for Yesg
and Yee 1D Equations (171) and (179) reveal that Condition (1) is satis-

fied by these three diagonal terms. The unspecified parameters Yoo

Y33 and Ygaq MY be chosen to meet the restriction of Condition (1). As

noted after each identification for a transfer admittance in the above
procedure, the specified off-diagonal parameters of [y] are designated
s0 that each one is a negative RC driving-peint admittance function.

In order to satisfy Condition (2) and to reduce the complexity of the

- network, the unspecified parameter Yaq MaY be set equal to zero. The
initial choices for Y1, and Y12 along with a sufficiently small value
for the constant multiplier G s which is contained in Y13 and Yyge M3Y
be used to insure that the first row of [y] meets the requirement of
Condition (3). To save several elements, the unspecified diagonal ele-

ments Yoor Yo3s and Yaq MaY be designated such that rows 2, 3, and 4 meet




the dominance condition with equality. Because of the presence of the
inverse of the amplifier gain parameter d in the transfer admittance Y45
this off-diagonal term is reduced as d is increased. Thus, by taking d

to be greater than unity and by then making proper choices for the aug-

mentation residue terms Jv’ the fourth row of [y] can be made to fulfill

Condition (3). A nonzero Jv must be chosen for each residue or sum of
residues in Yigs Yors and Ya5 which is larger than the corresponding WV
in Equation (171). With the choices in Equations (179) and (180), the
sixth row of [y] satisfies Condition (3) with the equality sign if the
parameter L is zero. When L must be a positive constant, this row ful-
fills the dominance requirement with an inequality.

The short-circuit admittance matrix [y], which meets all of the
required conditions, can now be used for the synthesis of the passive
network. A realization procedure is contained in reference (19). When
the two specified voltage amplifiers are connected from ports 5 and 6
to ports 3 and 4, respectively, the prescribed admittance functions are
realized at ports 1 and 2.

Notice that the polynomial Ay is not factored in this procedure.
Thus, the admittance Yo may be chosen as zero. This identification
results in an additional reduction in the necessary number of passive

elements.

Case 2: Yll and Y22

Let the two prescribed admittance functions be denoted by

N
11 Q




P
v = 22

20 (182)

where Q is the least common denominator of Y,. and Y22. Select two

11

positive RC driving-point admittance functions

Pyg

1 g

{a) a, and a, are real positive constants;

deg q = t > max (deg pll’ deg P22, deg Q);

(c) ¥y and y,, are regular at infinity; and
(D) Py (0) F0 amd p22(0) # O.

From Equations (181) through (184}, form the differences

P9 - aep,Q _MA

(186)

As in Case 1 of this chapter, ¢ and a, can be chosen large enough to

force the remainder polynomials A_ and A4, respectively, to contain t

3
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negative-real zeros which are utilized in forming A2 and A6. Thus, the
other factors Al and A5 are each of degree less than or equal to t,
Since t of the zeros of A3 approach those of Py 3 9 approaches
infinity, it is possible to allot these zeros to A2 and to select @y
so that Az/q is a positive RC driving-point admittance function. Like-
wise, by a proper allotment of the zeros of A4 and a sufficiently large
choice for a,, Aﬁ/q can be forced to be a positive RC admittance.

Substitution of Equations (185) and {186), respectively, into
Equations (144) and (147) vyields

Nsts = ovjg) A

= - {(187)
Yo ¥ Ay * Gy Qq

and

Yos{¥os = Sp3)  Aghg
Yos * Y45 * G Qg

(188)

Real positive constants o, and a,, to be specified later, can be intro-
duced into Equations (187) and (188), and these equations can be arranged

so that it is possible to identify

AQ
Yig = -0 r (189)
Al
CY 3 = 94 :; (190)
A
- £
Yos = "3 (191)
A5

(192)




= a.a q (193)

+ dy45 + G P4 g

Yo 1

Equations (189) and (190) reveal that the admittance ¥,5 is given by

g4

1
. [A2 +;§ Al] (194)

i q

—3 »
Y13 P

Likewise, Equations (191) and (192) disclose that Yo3 1S expressible as

(195)

Condition (B) shows that Equation (193) is regular at infinity. Hence,

the Foster expansion of this equation can be written as

t
Yoe ¥ Ay * Z "‘vs+a

where 0 = ¢ < dg, < ... < g_ and the coefficients W and Z are real
o] 1 m v v

and nonnegative. Equation {196) can be augmented into

_ 5
Y55 + dy45 - Z-[wv + Jv s + s, Z [Z + v (197)

where each .JV is a nonnegative real number which will be determined

later. The value of the input conductance G, can be any convenient

1

nonnegative constant. The following identifications will satisfy Equa-

tion (197):
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t
_ s
Yeg = Z [, +3,] 753 (198)
v= v
and
t
__1 —s .1
Yas, = 7 g Z:[zv + Jv] s + g, d Gl (199)
v=0

The requirements of Equation (141) and (143) are met by choosing

Yia = Vig = Y4 " Ve " Va5 " Vag " ¥se =0 (200)

After selecting any nonnegative constant for the imput conductance GQ,
the constraints of Equation {142) can be fulfilled by designating Yoo
and Y3 28 given in Equations (179) and (180).

The above identifications for the admittance parameters have been
chosen so that Equations (144) and (147) are satisfied for any choices
for ¥;, and Y,,. It remains to be shown that the resulting matrix (v]
cah be realized by the desired grecunded RC network. The necessary and
sufficient conditions for this realization were given as Conditions (1)
through (3) in Cace 1 of this chapter. The selections of Y11 and Y55
for Equations (183) and (184) and the designations of Yeg and Yo in
Equations (179} and {198) are such that these diagonal elements of [y]
fulfill Condition (1). Since A2/q and AG/q are formed such that they
are RC driving-point admittance functions;, the definitions in Equations
(189) and (191) reveal that Yis and Yos satisfy Condition (2). In Equa-

tions (194) and (195) the ratio of constants a,/a, can be chosen small




enough to force Y13 ard Y03 to be negative RC driving-point admittance
functions. Thus, these two admittances fulfill the requirement of

Condition (2). Note that the ratio 04/h3 can be held fixed no matter

what value is subsequently selected for P Equations (180), (199), and

(200) show that the remainder of the specified off-diagonal parameters
of [y] satisfy Condition (2). The unspecified elements Y330 Yaar Yio
and y,, can be selected to meet the realizability conditions on Ly].
Of course, the network will require less passive elements if Y12 and
Y34 3T€ taken to be zero and if the diagonal elements are chosen so
that rows 3 and 4 are dominant with equality. The constant a.q can be
chosen sufficiently small to satisfy the dominance condition on rows 1
and 2 of [y]. As in Case 1, a positive constant greater than unity may
be selected for the gain factor d, and then row 5 can be made dominant
by proper choices for the augmentation coefficients JVo Also, with ¢
greater than unity the identifications in Equations (179), (180), and
(200) are such that row 6 of {y] is dominant.

The matrix [y] can now be realized by the same procedure that
was given in Case 1. After connecting the two specified voltage-con-
trolled voltage sources from ports 5 and 6 to ports 3 and 4, respec~
tively, the desired driving-point admittance functions are realized at

ports (1) and (2).

and Y

Case 3: Y12 21

Represent the two desired admittance functions as

Y =El_g
12 Q




Yor =

P21
Q

(202)

where Q is the least common denominator of Y12 and Y21. Chocse a nega-

tive RC driving-point admittance function

. 12
Y12 q

(A) ) is a real positive constant;
(B) deg P2 = deg q = t > max [deg Py deg P, deg Q]s and
Subtraction of Equation {203) from Equations {201) and (202) yields

C o g tep 0 Ay A4 (204)
"12 Qg

o Faatyn 0 4y
Y12 Qq Qq

(205)

where, by a proof similar to the one given in Case 1 of this chapter, it

can be shown that a., may be taken large enough to insure that the

1

remainder polynomials A, and A4 contain at least t negative-real zeros

3

which are used to form A2 and Aéo Hence, the factors Al and A5

each of degree less than or equal to t. Furthermore, by assigning to

are

A2 and A6’ 3

of Pyo 25 o approaches infinity and by choosing a; sufficiently large,

respectively, the t zeros of A, and A, which approach those




Az/q and Ae/q can be forced to be RC driving-point admittance func-
tions.
When Equations (204} and (205) are substituted, respectively,
into Equations (145) and (146), the results produce
Yoslhis = V1g)  AA

P

Yss + dy45 + G1 Qq

¥15{¥os = €¥95) Aghg
Yag * dyyg ¥ G) Qq

(207)

After inserting real positive constants a, and a,, to be determined

2 3!
later, into Equations (206) and (207), the designation of the admit-

tance parameters can be begun by letting

%
q

Yig

=qq. 3 (212)

+ dy45 + G #3q

Y55 1

From Equations (208) through (211), the admittances ¥y3 and Yoy are
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given by
a a
=.=2.1.7 3
Y3 < LA6 + %, Al] {213)
and
a a
- .21, 3
Vo3 == F 05 LAt T, Ag] (214)

Since Condition (B) reveals that Equation (212) is regular at
infinity, its Foster expansion can be expressed as shown in Equation
(196) and augmented into the form of Equation (197). After selecting
any convenient nonnegative copnstant for the input conductance Gl’ the
admittance parameters a5 and Y45 C2D be identified as in Equations
(198) and {199). Likewise, when a nonnegative constant is assumed for
62, the restraints of Equation (142) are satisfied by taking Yoe and

Ya¢ 3 in Equations (179) and (180). Finally, the requirements of Equa-

tions (141) and {143) are fulfilled by choosing

Yia = Y1g = Yos4 T Yo T Yag T Yag T Yeg = O (219)

The three realizability conditions which the matrix [y] must
satisfy were given in Case 1 of this chapter. Equations (179} and
(198) indicate that the specified diagonal elements Yex, and Yoo ful fill
the first of these conditions. The ratio of constants u3/u2 can be
taken sufficiently small so that the admittances Yy3 and Y03 satisfy
Condition (2), and this ratio can be held invariant for any subsequent

value which is chosen for LPS An examination of Equations {180), (199},




(203), (208), (209}, and (215) reveals that the rest of the designated

off-diagonal parameters are negative RC admittances. Since the func-

tions ¥)15 Yoor Yazs Ygus and y,, do not appear in Equations {145) and

(146), they may be selected such that rows (1) through (4) of [y]

satisfy the realizability conditions. After any convenient value is

taken for a oy the number of passive elements needed to realize [y] can

be reduced by choosing Y34 to be zero and by selecting the unspecified

driving-point admittances so that the first four rows fulfill the domi-

nance requirement with equality. When positive constants greater than

unity are selected for the gain factors ¢ and d, row 6 is dominant, and

the augmentation ceoefficients JV can be chosen to make row $ dominant.
After realizing the matrix [y] by the technique given by l\'einberg19

and connecting the designated voltage amplifiers as shown in Figure

4, the prescribed transfer admittance functions are obtained between

ports (1) and (2).

Case 4: Y22 and Y12

An inspection of Equations (147) and (145) discloses that if all
of the subscripts 1 and 2 are changed to 2 and 1, respectively, these
two equations are the same as Equations (144) and (146). Of course, it
must be recalled that Yo = Yor° Hence, the procedure for the realiza-
tion of Case 1 can be used for Y22 and Y12 if the specified changes in
subscripts are made in all of the parameters used in the procedure.

In each of the realization procedures in this chapter, proper
choices for the augmentation parameters JV can be made such that row 5

of [y] is dominant without the necessity for large voltage gains. Some




passive elements can be saved by choosing the J's to force the residues
of some of the poles of the admittances in row 5 to satisfy the domi-
nance condition with equality. Furthermore, the procedures are suc-
cessful if positive constants greater than unity are designated for the
gain factors ¢ and d and if arbitrary nonnegative constants are selected

for the input conductances G, and G2 before starting the synthesis of

1
the desired pair of admittances,

The realization procedure in this chapter constitute a proof of
the following theorem:
Theorem 3

To realize simultaneously any of the pairs of short-circuit

Y and Y

210 Y11 220 ¥

admittance functions Y

1 and Y

1 12 and Y21, and Y22 and

¥,0s where each admittance is a real rational function of the complex-
frequency variable, by a grounded transformerless active two-port RC
network, it is sufficient that the network contains two three-terminal

voltage-controlled voltage sources with negative finite constant gains

greater than unity and finite input conductances.

An Example
To demonstrate the realization procedure of Case 1, a two-port
network will be found to produce the short=-circuit current transfer
function
= (216)

52 + s +1

Since Equation (134) shows that this transfer function is given by




the two admittance functions Y21 and Yll may be designated as

s
Y, = -——JT———— (219)
2l 52 + 5+ ]

First, a positive and a negative RC short-circuit driving-point
admittance function must be selected for Y11 and Y100 respectively.
Let

Sl {s+l)(s+3) _Pu1
Y11 "2 (s +2)(s +4) q

Equations (152) and (153) yield

(s + 5 +1)(s?+ 85 + 13)

Ay = s{s + 2)(s + 4)

and Equation (157) indicates that
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A =5 (245 40) (224)
and

Ay = (s% + 8s +13) (229)
From Equation (160),

Y15 ~ Y13 7 92 Oigoisj)?ss++4;) = % 2% (226)

In this example let higher gain amplifiers be used by selecting

c=4d =100 (227)
and

G, =G, = 0,01 (228)

1 2

Because of the rather high value for ¢, the constant {0.5563 a2) was
added to and subtracted from Equation (226) in order to keep the con-
stant term in the expansion of Y13 from becoming $o small. Of course,
this augmentation of Equation (226) is completely optional. After
forming y, 5 and y,, as indicated in Equations (163) and (164), the domi-

nance of row 1 was obtained by taking a, to be 0.3333. Hence,

0.002708s
¥y = ~0.002063 - ZT=EE2 (229)
and
= 0.1250s
Y5 = -0.1854 - T=0T {230}




Equations (167), (170), (171}, and (172} give

(0.1250 + J))s I8 (0.1782 + 1)
=J + + +
Y55 = s s + 2 s + 2,268 s + 5,732

1 Jis 1 (o.2o44-r32)s

100 5 +3 " 100 s+ 2 266 (282

(0.005243 + Jo) -

R
100

1 Ja®

T 100 & + 5,732

where the J's are the augmentation coefficients which must be selected
so that row 5 of [y] is dominant. Then, from Equations (173), (175),
(176), and (177},

_ _ 0,0009622s
s + 2,268

_ 0.09622s
Yos * ° % 45,733 (234)

Now that Yo is known, it can be determined that the following set of

augmentation coefficients may be used:

JO = 0.1873

J2 = 0,002065

With the above specification for 62, the value of L can be taken as

zero so that Equations {179} and (180) yield




Yeg = 0.0001010

Ya¢ = -0.0001010 {236)

Finally, to satisfy Equations (141) and (143), let the parameters

Y14! Ylﬁ’ Y24, Y26, Y35’ Y46, and Y56 be zero.

Since the parameters Yoor Y330 Ya4s and Y34 2re not constrained

by the procedure, Y44 €20 be set equal to zero, and the three diagonal

elements may be selected so that rows 2, 3, and 4 of [y} fulfill the
dominance condition with equality. The short-circuit admittance matrix

[y] of the passive network then becomes

[ 0.1875 -0.002063

-0.002063 0.002164 ~0,0001010
00001925 -00001925
-0.001925 0.1873

=-0.0001010 0.0001010

—




—Oo 1 250

0.0009622

=0.0009622

c

~-0.002708

0.1250

=0.0009622 0

0.0009622 0

0.00206%

~-0.002065

-0,002708

0.002708

0

0

~0.002065

0.002065

0




0.09622 -0.09622

0

0

-0.09622 0.1782

o

The above admittance matrix can be realized by the grounded
transformerless 7-terminal 6-port passive RC network which is shown in
Figure 5, After the two designated voltage amplifiers are connected as
shown in Figure 6, the desired output current is obtained at the short-

circuited port 2. To obtain realistic values for the elements in Figure

5, any convenient magnitude and frequency scalings can be used.
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Figure 5. Network Realizing Equation (237}).
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Figure 6. Network Realizing the Current Transfer
Function of Equation (216).




CHAPTER V

SIMULTANEQOUS REALIZATION OF TWO ADMITTANCES

USING TWO CURRENT AMPLIFIERS

Through the use of current-controlled current sources as the
active devices, the simultaneous realization of certain pairs of the
short-circuit admittance parameters of a two-port network will be pre-
sented in this chapter. The desired circuit;, which is shown in Figure
7, is a grounded six-port passive RC network terminated in two three-
terminal nonideal current amplifiers. The following theorem will be
proved:

Theorem 4
To realize simultaneously any of the pairs of short-circuit

and Y Y and Y Y and Y

122 *11 222 112 » and ¥

admittance functions Yll 21 22

and Y21, where each admittance is a real rational function of the com-

plex-frequency variable, by a grounded transformerless active two-port
RC network, it is sufficient that the network contains two three-terminal
current=controlled current sources with negative finite constant gains
greater than unity and finite output conductances.

The proof of this theorem can be effected by offering a synthesis
procedure for each of the indicated pairs of admittances., As in the
previous methods, the short-circuit admittance matrix of the active
two-port network will be expressed as a function of the gains and cut-

put conductances of the current amplifiers and the admittance parameters




Grounded
Passive

Transformerless
6-Port
RC
Network

—

Figure 7, Grounded Active Two-FPort RC Network Containing
Two Current Amplifiers.




of the passive portion of the network. A comparison of the two prescribed
admittance functions with the two corresponding matrix elements will

then allow realizable selections for the amplifier specifications and

the admittance parameters of the grounded passive RC subnetwork.

Let the 6 x 6 admittance matrix [y] of the passive section of the
network in Figure 7 be expressed as in Equation (137) and constrained as
in Equation (139). Notice that with N = 2 and M = 1 the network in
Figure 2 is the same as the one in Figure 7. Hence, after partitiocning
of [y] into the form of Equation (67), Equation (83) reveals that the
short-circuit admittance matrix of the active tweo-port network for this

special case is given by

Y
12 i

Y33 = V35 ¥ dyze - G

v13(y)3 = evpg) v 3lvng - ovye)

Yo3lv13 = o¥15)  Yo3lvns - cvgs)

As indicated in Figure 7, the current gain of one of the amplifiers is
-c and the other -d. For the above expression for Y to be valid, Equa-

tions (78) and (82) require that




-G (241)

Yag = P2 T "CVss

In the previous chapter it was noted that the presence of Y35 is
not required when only two amplifiers are used. Thus, passive elements

may be saved by letting

the four short-circuit admittance parameters of a two-port network con-

taining two current amplifiers can be written as

_Yiglyys - v

Y11 +dyy - G

Y33 1

¥130V05 = ©¥gs)
Yag ¥ dyge - )

1’33("13 eIty
Y33 ¥ Az - G




The above four equations are true as long as the requirements of Equa-
tions (240}, (241), and (242) are met.

Using the results of the analysis of the desired network, a pro-
cedure will now be presented for each of the four pairs of short-circuit
admittance parameters which can be realized by a grounded two=-port net-

work containing two current amplifiers.

Case 1: Yll and Y12

Let the two prescribed admittance functions be represented by

P
11
< (248)

Y =

12 (249)

f12
Q

where Pll’ P12, and Q are polynomials in the complex-frequency variable

and Q is the least common denominator of Yll and Y12. Specify a posi-

tive RC driving-point admittance function

P11

=a, -

Y11 T %1 Tq

and a negative RC driving-point admittance function

Pio

Yo “a {251)

where deg p,) = deg p,, = deg q = t 2 max (deg Piy» deg P,,, deg Q),

911(0) # 0, and 9 is a real positive constant. Subtractions of




Equation (250) from Equation (248} and Equation {251) from Equation (249)

yield

129 " P1% Ay

& (253)

As shown in Case 1 of Chapter IV, the constant @, can be selected suf-

ficiently large to insure that the remainder polynomial Aa contains at
least t negative~real zeros which are utilized in forming the factor A2.

Thus, the other factor A, is of degree less than or equal to t. From

1
before, the degree of A4 is less than or equal to 2t.
Insertion of Equations {253} and (254), respectively, into Equa-
tions (244) and (24%) produces
Y13¢Yy3 = ©¥)5) AA,

=

Y33 ¥ dyge - G Qq

Y13'¥p3 = S¥ps)

+ dy36 -G

Y33 i

To initiate the identification of the admittance parameters, let

A

ﬁ2_q_'

Yiz = Y15 T
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where e, is a real positive constant. Since the degree of the poly-

nomial A, is less than or equal to t, the function Al/q is regular at

1
infinity. Hence, the Foster expansion of Equation {(256) can be

expressed as

t t
_ s s
Yiz = Y5 = 9y ZGus-l'cu 85 ):Husmu (257)
u=0 u={)

where § = 0, the o (u #0) are distinct real positive constants, and

the coefficients GLl and Hu are nonnegative. Identify

t
Yiz ¥ - 9y ZHu s+c (258)
u=0
and
.t
e . 2
Yis T ° % Zeus-i-a (259)

Let the admittance ?13 be rewritten as

N13

a, ===
2 q,

Y13 (260)

where the polynomial q, has only negative-real zeros which are
included in the set of zeros of ¢. The definition for Y13 in Equa-

tion (258) reveals that

deg N, <deg q, =t <t (261)

Substitution of Equations (2%6) and (260) into Equation (254)
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and rearrangement of the resulting equation produces

“22°N13 (262)
Yoo + dy., = G = - —2—23 262
33 36 "1 q A,
The degree of the numerator of Equation (262) is less than or equal
to (t + ta), and the degree of the denominator is equal to (t + ta).

Thus, this equation is regular at infinity and its Foster expansion

can be represented by

m m
. s _ ]
Y33 + dy36 - Gl zwv s + Yy Z zv s + Yv (263)
ve0 v=0

where the terms (s + Yv) with v # 0 are the distinct factors of quQ’

Yo = 0, and the real coefficients W and Z are real and nonnegative.

The above equation can be augmented and rearranged to produce

m m
s s
Y33+dY36= z[w\r""}v] s +y. Z[ZV+JV] s+ +Gl (264)
v v
v=0 =0
where each JV is a nonnegative constant which will be determined later
and the input conductance G1 is any convenient nonnegative constant.

Equation (264) is satisfied with the following identificationss

m
s s —
Yas = ) [N, +3] 2 ¥t 6 (265)
v:

and




m

. = . 1 —5

Y36 d Z [Zv + Jv] ) +~(v (266)
v=(

Introduction of Equations {(260) and (262) into Equation (255)

A«4
Y3~ Yp T %2,

{267)

Since the degree of A, is less than or equal to 2t, Equation (267) may

be expanded as

n n
_ —— —
Yo3 = C¥ps = 45 ZEHMX 4 ZF”HX (268)
x=0 x=0

where O = T, < T < T, < ... < T D is the degree of the polynomial

%A, and the Ex and Fx are real nonnegative constants. The restraints

of the above equation c¢an be met by letting

22 E S
c X s + Tx
x=0

Yo5 ©

Augmentation of Equation {241} produces

Yaq * C¥4g =G, +L v L
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where the output ondu.tance &, ¢can be any convenient nonnegative
constant and L is any positive constant. The above equation is satis-

fied if

I
"]

+L (268)

and

n
i

Lo Lol
—

Yas, (c>1) (269)

These identifications are such that the inverses of (y44 - Gz) and

Yas 2T€ defined for any nonnegative value for the conductance G2. To

fulfill the requirements of Equations (240) and (242}, choose
Yia = Yoa = Y16 = Yo T Yaa T V35 T Yag = © (210)
With the above designations for the admittance parameters, Equa-

11 and Y12.

It must now be established that the resulting matrix [y] can be

tions (244) and (245) are fulfilled for any prescribed Y

realized by the proposed grounded RC network. The necessary and suf-
ficient conditions for this realization were given as Conditions (1)
through (3) in Case 1 of Chapter IV. The choice for Y11 and the iden-

tifications for Ya3 and are such that these three diagonal elements

Yaq
fulfill Condition (1). Condition (2) is satisfied because the above
designations for the off-diagonal elements of [y] are such that each
parameter is a negative RC driving-point admittance function. The
unspecified admittances Yoor Vs Yegr and Ysg CAN be selected to

meet the three realizability conditions on [y]. Fewer passive com-

ponents will be required if Ysg is chosen as zero and if the diagenal
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elements are taken so that rows 2, 5, and 6 fulfill the dominance
requirement with equality. The choices for Y110 Yo and the constant

multiplier a, can be used to make the first row of [y] dominant. After

2
selecting convenient constants which are greater than or equal to
unity and greater than urity, respectively, for the current-gain fac-
tors ¢ and d, row 4 is dominant and row 3 can be made dominant by
proper choices for the augmentation coefficients Jv“

Since the matrix [y] meets all of the required conditions, the
realization procedure in reference (19) may be used for the synthesis
of the passive network. After the two specified current amplifiers
are connected from ports 5 and 6 to ports 3 and 4, respectively, the
prescribed admittance functions are obtained at peorts 1 and 2.

The admittance Yy may be chosen as zerc because the remainder
polynomial A, is not factored in this procedure. This identification

produces an additional reduction in the required number of passive

components.

Case 2: Y1l and Y22

A procedure similar to the one in Case 2 of the previous chap-
ter could be obtained for this pair of short-circuit driving-point
admittance functions. However, a much simpler solution will be pre-
sented. An examination of Equations (144) and (147) discloses that
by changing subscripts 3 and 6 to 5 and 4 and subscripts 4 and 5 to
6 and 3, respectively, Equations (144) and (244) are the same except

for the sign of G A corresponding result exists for Equations (147)

10
and {247). Likewise, Equations (142) and (241) are the same except




for the sign of G In establishing these similarities it must be

20
recalled that Yij = in’ Due to these relationships, the method of
Case 2 in Chapter IV may be easily modified for use in this case.
After performing the subscript changes and reversing the signs of
G1 and G2,
identifications in Equations (179), (180), (198), and (199) must be

the previous procedure should be followed except that the

replaced by those in Equations (268), (269), (265), and (266), res-
pectively. Of course, the parameters ¢ and d must now be interpreted

as current-gain coefficients, and G1 and G2 as output conductances.

Case 3: Y12 and Y21

As in the above case, the synthesis procedure presented in Case
3 of Chapter IV can be employed in this case if the proper subscript
Teplacements are made. If the subscripts of Equations (142), (145),
and (146) are shuffled such that 5's are substituted for 3°s, 3's for

5°s, 4's for 6's and 6's for 4's and if the signs of Gl and G2 are

changed, Equations (14%) and (245) are the same, as are Equations
(146) and (246) and Equations {142) and (241). Hence, by making the

indicated changes in all of the subscripts and the signs of G, and 62

1

in the method of the previous Case 3, that procedure can be used to

realize the transfer admittances Y12 and Y21. Notice that G1 and G2

are now.output conductances, and ¢ and d are current-gain coefficients.

Case 4 and Y

pa

Y22

A close examination of Equations (247) and (246) reveals that

if all of the subscripts 1 and 2 are changed to 2 and 1, respectively,
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these two equations are identical to Equations (244) and (245). How-

ever, it must be remembered that Y10 = Yop° If the specified changes

are made in the subscripts of the parameters ip Case 1 of this chapter,

that procedure can then be used to realize the admittances Y22 and

Y0
Realization procedures have now been presented for the specified

pairs of short-circuit admittance parameters, and the proof of Theorem

4 is finished.

An _Example

To illustrate the synthesis procedure of Case 2, a two=-port

network possessing the driving-point admittances

= 1
Yll =3 (271)

and

1
22 s + 2

(272)

and containing twe ideal current amplifiers with gains of =10 will

be found. Since the proof of the technique in Case 2 of this chap-
ter depended upon 3 modification of the method in Case 2 of Chapter
IV, the equations mentioned in this example are the ones from Chapter
IV with the proper subscript changes.

First, obtain a common denominator for Y and Y22 by taking

11

Q =s(s + 2) {273)




S

Y22 “s(s + 2 (275)

Then, choose two RC short-circuit driving-point admittance functions

which satisfy Conditions (A) through (D). Let

Y11

Yoo ©

From Equations (185) and (186)

=P, - ap;,Q = (s + 2)[s° + 11s + 24 - a;s(s® + 65 + 5)] (278)

2

=P = 5[52 + 1ls + 24 - u2(s3 + 85° + 17s + IOH {279)

209 = aPy0

selecting a, =0, = 1, the polynomials A

that it is possible to identify

3 and A4 can be factored

A = ~-s{s + 2)(s -~ 2.275)

A2 = {s + 2)(s + 5,275)




Ay = -s(s = 1)

Ag = (s + 2.586) (s + 5.414)

As required, AQ/q and A6/q are RC driving-point admittance functions.

The above specifications for the current amplifiers require

that ¢ = d = 10 and G, = G, = 0. Hence, Equations (189), (194), (191},

and (195) give

_ {s + 2)(s + 5.275)
Y137 %3 "5+ 3)(G + 8)

(284)

_ %3 1 i ( (
Vs = * 16 (e 3y(c gy L(s+2 (s +5.273) - = (s +2) (s =2,275)] (285)

- (s ¥ 2.586)(s + 5.414)
Y23 7 %37 (5 + 3)(s *+ 8)

(286)

¢y 1 B4
Yos = = To (¥ 3)(oway Lis + 2.586) (s + 5.414) - T s(s-1)] (287)

Equations (193), (197), (265), and (266) are satisfied if

S (1.20 + J2)s

Yag = ogld  + 3¢ e

{0.20 + Jl)s J,5
= + : ]
Y3 s + 3 s +8

(289)

where the J's are the augmentation coefficients. The constraints of




Equations (268), (269), and (200) are fulfilled by letting

=0 (292)

Y14 T Y16 = Y04 T You T Y35 T Yag T Y34

An examination of Equations (285) and (286) reveals that Y18
and Yoe are negative RC admittances if the constant aa/u3 is equal to
or less than 0.1944, After taking a4/u3 = 0.1944, the first two rows
of [y] can be made dominant by selecting aj = 0.3246. Row 3 may then

be forced to fulfill the dominance condition by use of the following

values for the augmentation coefficients:
18.02
3.867

12.03

The parameter L may be taken to be unity.

The unspecified transfer admittances Y12 and Ygg €30 be chosen
as zero, and the diagonal elements Y55 and Yeg MAY be selected so that
the last two rows of |y] are dominant with equality. The short-circuit

admittance matrix of the passive network may then be written as




[y]

0.2083

-0.1427

0

-0.01547

='O o 049 2‘4

=0.007144

0

0.5250

=0.1327

-0.003545

o

C.2083

-0.1894

-0 ° 01 894

C

0.,2667

=0,02163

=0,007209

0.5250

-0.21136
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The &6-port passive RC network shown in Figure 8 can be obtained

from the above admittance matrix. When the specified current sources

are connected as shown in Figure 9, the prescribed driving-point

admittance functions are realized at ports 1 and 2.
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CHAPTER VI

EXPERIMENTAL RESULTS

To establish that the realization procedures which have been
developed in the preceding chapters can be implemented, one of the
techniques was applied to a prescribed admittance function, and the
resulting network was built and evaluated. A comparison was then

made between the predicted and the actual behavior of the network.

Realization of an Inductor

Since the procedure in Chapter II is typical of the realiza-
tion methods, a driving-point admittance function synthesized by this
method was selected for testing. The desired function was chosen to
be the admittance of a one<henry inductor. After the expression
Y = 1/s was realized, magnitude and frequency scalings were used to
produce realistic valuec for the elements in the passive network. Of
course, equal magnitude and frequency scaling factors had to be
employed in order to retaim the realization of the prescribed admit-
tance.

In this example all of the matrices appearing in the equations
in Chapter II are scalar quantities because N is unity. Since Lo is
also unity, a first order function was a sufficient choice for the RC

was chosen as

driving-point admittance ¥11° Thus,

Y11

_s+1 _p
T “s+27 g
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and Equation (23) gave
2
A= s+ 2 (295)

After factoring the function A, A. and A, were found to be

1 2
Ay = -s +1.414 (2%6)
and
A, = s+ 1.414 (297)
From Equation (27)
via - oy - e R (298)
so that the fellowing identifications were possible:
Yy, = =0.7071 : (299)
and
Yia = ¢ l§3$%§ (300)
Then, Equation (35) gave
2 1.707s2
{301)

Yag = SYap t a3 v G, T 0T T TLa1a) (s 7 2)

Augmentation and rearrangement of the above equation allowed the

admittance parameters to be identified as




(J3 + 5.828) s
s+ 2

a2 Gc (J2 + 4,121)s Jas
Yag = = g Ll # :E) v 1A Yo

Equations (15), (50), and (51) were satisfied by choosing

Yiz ¥ Y15 " Y45 T Y53 °

1

Yag “ -1 Ca *

=1
Y50 = Toa1) G - (306)
The two voltage=controlled voltage sources were specified by taking
¢ =d =100 and G =G, = 0.01. For dominance of row 1 of [vy],
the constant « was selected as 0.2929. Then, row 4 was forced to
satisfy the dominance condition by use of the following values for

the augmentation coefficients:

= 0.001177

0.04163
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Since G, was not zero, the parameter L was taken as zero.

d
After selecting Yo3 to be zero and choosing Yoo and Yq3 SO
that rows 2 and 3 of [y] were dominant with equality, the above

parameters were used to write

[ 0.50 =0,002071 0 0 0 =
-0.002071  0.002172 0 0 ~0.0001010
(y] = 0 0 0.0001010  =0.0001010 0
0 0 -0.0001010  0.0001010 0
L 0 -0.0001010 0 0 0.0001010_
0 0 0 0 0]
o 0 0 0 0
+ gfrsziz 0O 0 0.003571 -0,003571 0 (307)
0 0 =0.003571  0.003571 O
(0 © 0 0 0]
F0.50 0 0  =0.50 O]
0 0 0 0 0
+ 2 i > 0 0 o 0 ¢

-0.90 0 0 C.50 0

The transformerless grounded é-terminal S-port passive RC




network which is shown in Figure 10 was obtained from the short-circuit
admittance matrix in Equation (307). Two amplifiers with voltage
gains of =100 and input conductances of 0.0l mho were constructed and
connected to the passive network as shown in Figure 1l. Then, the
desired admittance Y = 1/s was realized at port 1.

After magnitude and frequency scaling by a factor of 103, the
network which was built had the resistance values in Figure 10 multi-

3 6

plied by 10° and the capacitance values by 10 . Also, the input

resistances of the two controlled sources had the values of Figure 1]

multiplied by 103a Comparisons of the predicted and measured impe-

dance variations at port 1 are contained in Figures 12 and 13,

Measurement Procedures and Possible Errors

Since the intention of the experimental work was to exhibit a
typical implementation of one of the realization procedures and not
to produce a refined example, adequate but not elaborate construction
and measurement methods were employed. Using discreet combonentsﬂ
the networks were assembled on vector boards. Ceramic and carbon
resistors of one and 10 per cent accuracy, respectively, and 15 per
cent tolerance mylar capacitors were uvtilized. However, combinations
that were within 5 per cent of the designed values were selected after
the less accurate resistors and the capacitors were measured on an
impedance bridge.

The synthesis procedure in Chapter II employed three-terminal
voltage amplifiers which were assumed to have finite gains;, finite

input conductances, and zero output resistances. In the experimental
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confirmation of this procedure, each of the amplifiers was approximated
by using an operational amplifier and resistive feedback as is shown
in Figure 14, The magnitude of the voltage gain was determined by the
ratio Rb/Ra, and the input resistance was fixed by R_. A Burr-Brown
Model 1525 operational amplifier was utilized in the controlled source
which was connected between ports 4 and 2 in Figure 11, and a Burr-
Brown Model 1510 operaticnal amplifier was used in the other con-
trolled source. The D.C. open-loop gain, inbut resistance;, and out-
put resistance of the Model 1525 were approximately 106 db, 0.5 MQ,
and 5 KQ, respectively, while the corresponding values for the Model
1510 were 90 db, 0.5 MQ, and 0.1 KQ. The designated voltage gains of
=100 and the input resistances of 100 KQ(after scaling) were achieved
by using a 100 KQ resistor for each Ra and a 10 MQ resistor for each

R Using the information in reference (21), negligibly small output

b
resistance values of 2.5Q and 0.316Q were calculated for the voltage
amplifiers employing the Model 1520 and the Model 1510, respectively.

In order to measure the magnitude of the impedance of the net~
work in Figure 11, a resistor and s Hewlett Packard Model 200 CD
oscillator were connected in series with port 1. As the frequency was
varied from about 10 to 400 hertz, a Keithley Model 103 differential
input amplifier with a voltage gain of 40 db was employed to detect
and amplify the voltage at the input of the original network and the
differential voltage ac¢ross the series resistor. The output voltage
of the Keithley amplifier was measured with a Hewlett Packard Model

400 D vacuum tube voltmeter. The magnitude of the input impedance

was then computed by dividing the voltage at the original pert 1 by




Figure 14. Operational Amplifier Realization of a
Voltage-Controlled Voltage Source,
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the voltage across the series resistor and multiplying the result by
the value of the series resistor.

To determine the phase of the impedance of the constructed
network, one Model 103 Keithley amplifier was connected to the origi-
nal port l, and another was connected across the series resistor. The
amplifier outputs were attached to the vertical and horizontal input
terminals of a Hewlett Packard Model 120A oscilloscope. By use of a
Hewlett Packard Webb mask on the oscilloscope, the phase difference
between the two volfages was measured as the frequency was varied.

Some problems developed during the testing of the network. The
input voltage at port 1 had to be limited because the operational
amplifiers saturated when the voltage at their outputs exceeded #12
volts. However, a very low input voltage level was also unsatisfac-
tory since the voltages at the inputs to the amplifiers became masked
by noise, particularly 60 hertz. These problems were overcome by
enclosing the network in an aluminum box, shielding the input and
power supply leads;, and keeping the oscillator output voltage as large
as possible without saturating the amplifiers.

The network was found to be sensitive to changes in the ampli-
fier gains and in the values of several of the resistances. The data
recorded in Figures 12 and 13 was obtained when the gain of the volt-
age amplifier connected between ports 5 and 2 was adjusted until the
phase of the impedance was approximately 90 degrees at 100 hertz.

The magnitude of the impedance agreed well with its anticipated vari-
ation over the frequency range 25 to 200 hertz. However, at 275

hertz the error in the magnitude had increased to approximately 25




per cent. The measured phase of the impedance, which is shown in
Figure 13, agreed much better with its predicted value. Over the
frequency range 29 tc 400 hertz, the error in the phase was less
- than 9 per cent.
The admittance parameters of the passive portion of the
test network were calculated as functions of the complex=-frequency
by using the actual values of the resistors and capacitors in the
network. Along with the designated values for c¢; d, Gl’ and G2,
these calculated parameters were inserted into Equation {14}, and
the resulting expression was evaluated at several frequencies in the
same range over which the measurements were taken. It was found that
the calculated magnitude and phase values differed from the predicted
ones by less than 5 per cent. Thus, part of the error between the
measured and desired impedance values at the higher frequencies is
due to the use of elements that differed from their designed values.
Though all of the reasons for the experimental error are dif-
ficult to determine, most of them are probably due to the following:

1. changes in the voltage gains as a function of freguency

capacitive loading on the operational amplifiersgl;

2. noise which may have seriously affected the small voltages
inputs to the amplifiers;

3. use of inaccurate components;

4, errors in measurements; and

5. parasitic effects, particularly stray capacitances, due
network layout.

An extensive study of the causes of error was not undertaken




since the only purpose of the experimental work was to verify one of

the realization procedures. The data obtained accomplished this goal

well enough to avoid further examination.




CHAPTER VII1
RECOMMENDATIONS AND CONCLUSIONS

The advancement of integrated-circuit technology during the
last decade has encouraged the development of active RC synthesis
procedures. However, much of the work on these new methods is
theoretical and is not suitable for the design of practical networks.
One of the main problems in the application of the present active
synthesis techniques is that many of the models of the active com-
pﬁnents have been so idealized that they can not be easily realized.

The three-terminal nonideal controlled sources which have
béen utilized in this study can be closely approximated by devices
which are presently available. An operational amplifier with a
resistive feedback arrangement as shown in Figure 14 can be used to
produce each of the designated voltage amplifiers. In certain appli-
cations a single transistor is an adequate realization for one of
the the specified current amplifiers, but other situations may require
the uée of an interconnection of transistors or operational amplifiers.

The procedures developed in this thesis are valid regardless of the

methods that are employed in realizing the necessary voltage-controlled

voltage sources and current-controclled current sources. The experi-
mental work indicates that these synthesis techniques can be imple-
mented. Thus, they should be applicable to integrated-circuit methods.

The conclusion of this study can be summarized in the following
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four theoremst
Theorem 1

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a
transformerless grourded active N-port RC npetwork embedding three-
terminal voltage amplifiers with negative finite constant'géins
greater than upity and finite input conductances, it is sufficient
that the active network contains 2N amplifiers,
Theorem 2

To realize an arbitrary N x N short-circuit admittance matrix
of real rational functions in the complex-frequency variable by a
transformerless grounded active N-port RC network embedding three-
terminal current amplifiers with negative finite constant gains
greater than unity and finite output conductances, it is sufficient
that the active network contains 2N amplifiers.
Theorem 3

To realize simultanecusly any of the pairs of short-circuit
admittance functions Y,. and Y Y., and Y Y., and Y

11 217 11 220 12 210 @

where each admittance is a real rational function of the

22
and le,
complex-frequency variable, by a grounded transformerless active
two=-port RC network, it is sufficient that the network contains two
three-terminal voltage~controlled voltage sources with negative finite
constant gains greater than unity and finite input conductances.
Theorem 4 | l

To realize simultanecusly any of the pairs of short-circuit

admittance functions Yll and Y12, Yll and Yoo Yjp and Yo1s and Y22




and Y21’ where each admittance is a real rational function of the com-
plex-frequency variable, by a grounded transformerless active two-port
RC network, it is sufficient that the network contains two three-
terminal current-controlled current sources with negative finite con-
stant gains greater than unity and finite output conductances.

These theorems have been proved and demonstrated with examples,
and an implementation of the procedure associated with Theorem 1 has
been obtained.

This investigation has uncovered some additional issues which
need further study. The development of techniques for minimizing the
sensitivity of active RC networks to changes in the component values is
a most difficult problem, but it must be solved before realization pro-

cedures employing controlled sources can be utilized to their full

potential. S$Similarly, a search for an optimdm value for the voltage

and current gains of the amplifiers would be worthwhile.

Due to the effort required to perform the matrix synthesis
methods, especially the matrix factorization step, a computerization
of the design procedures would be helpful. With the aid of a com-
puter, the designer would have a greater freedom of choice in the
construction of a network because he could quickly obtain and analyze
several networks which realize a particular prescribed function.

Integrated-circuit technology has progressed to the extent
that it is no longer economically necessary to attempt to minimize
the number of active components needed in a network. Consequently,
an investigation should be made into the possibility of incfeasing

the number of controlled sources in order to enhance the performance




of the network or to reduce the number of passive elements.

In summary, this study has developed new procedures for the

design of active RC networks. The models of the active components

can be easily approximated with practical devices, and the resulting

networks are grounded.




APPENDIX I

SELECTION OF ?il

The matrix factorization which is required by the synthesis pro-

cedures in Chapters II and III can always be performed if the determinant

of the matrix [A], which is to be factored, contains a specific number

of negative-~real zeros. Sandberg4 has demonstrated a method which
forces the determinant of [A] to fulfill this requirement, and his
proof will be given in this appendix,

In this investigation the matrix [A] is obtained from the dif-

ference of two N x N matrices. Employ the notation

[A] = [Plg - [p)Q

(A) deg p,, =deg q=T, and

(B) ?ll = [p)/q is an arbitrarily selected short-circuit
admittance matrix of a transformerless grounded passive RC network
with pii(O) # o.

Let 11 be represented by




where 1 is a real positive constant. The polynomial det [A] can be

expressed as

N
det [A] = det ([Pla - [pJ0) = - 1 p), + ) (a3
i=1 k|

where all of the coefficients of the polynomial R/qN approach zero as

n approaches infinity. ©Notice that, as 1 approaches infinity, NT of
the zeros of det [A] approach the zeros of

N 1

I p,

1=1

The choices for the zeros of this product are independent of the pre-
scribed zeros of Pij or Q. Hence, for a sufficiently large value of 1,
det |A] has at least NT distinct negative-real zeros which are differ-

ent from those of q.




APPENDIX II
FACTORIZATION OF THE MATRIX [A]

For the convenience of the reader, Sandberg’sa’4 procedure,
which was later summarized by Su,1 for the factorization of matric
polynomials will be presented in this appendix. Let the N x N matrix

which is to be factored be denoted by

(4] = [P]aq - Lp]Q

(A) L, = max (deg P, ., deg Q);

ij?
(B) T = deg Py = deg q; and
(C) [P] and Q are specified, but [p] and q may be selected.
First, assume that det [A] has m simple negative-real zeros and
that these zeros are represented by the factors (s + Bl), (s + B2),...,

(s + Bm)o If it is possible fo determine a nonsingular matrix of real

constants

N
[

LIS L =S T S e
[=H
[

=

such that the product [A][Xi] contains one of the factors of det [A],

(s + Bi)’ in every element in the ith column, then [A] can be expressed

as




(4] = [A2X2(x,17 = 4] [x]J7F  (a-6)

The elements in [Aa] are the same as those in [A] except in the it

column in which all polynomials are one degree lower.
Since (s + ﬂi) is a factor of every element in the ith column
of [A]in], N simultaneous equations in terms of the Nu's can be

obtained by evaluating each of these ith ¢olumn polynomials at s = -Bi

and setting the results equal to zero. Thus,
ETROTLR T PYLIPAE O g (Bg) =

Uysan By ) ¥ upas,(B4) + ot uggan(By) =

upgang By ) Fuga () + 0 e uag () =

det [A(-5;)] = det [a ()] = 0 (A-8)

the linear equations in Equation {A-7) have a nontrivial solution.
Hence, matrix [Xi] can be determined once the u's are calculated.

To complete the demonstration of the existence of matrix [Xi],
it is only necessary to show that [Xi] is nonsingular. This is true

if




det [X,] FO
However, Equation {(A-5) yields

det (X1 =u (A-10)

ii
s0 that it must be shown that Uy # 0. The Laplace expansion of [A]

about its ith column gives

N
det [A] = Z 355854
3=l

where Aji is the cofactor of the j,i element of [A]. Let the greatest
common factor of all the &,. in Equation (A-11) be represented by b, »

ji
It is then possible to write that

N
det [A] = by z aJiAJ‘.i (A-12)
j=1

AL N
L] =-—-J-i- 3 1 .
where aji bi . If (s + ﬂi) is a factor of Z:ajiAji’ it is not a
j=1

factor of bi’ and hence, not a factor in all of the (N - 1)-rowed

th col-

minors and cofactors that can be constructed by deleting the i
umn and one of the N rows from [A]. Consequently, all of these minors
do not vanish at s = ;. If in Equation {(A-7) u;; is assumed to be
zero, the solutions for the remaining u's are trivial.zo However, it

has already been determined that all of the u's are not zero. This

suggests that u, . F Q and that [Xi] is nonsingular.




Therefore, if det [A] has at least one zero, By, which is dif-
ferent from those of bi’ a nonsingular matrix of constants in] can be

determined such that each element in the it

B column of [A][Xi] has a
zero at s = —Bi. Equation {A-~4) discloses that the masimum degree of
the elements of [A] is 1 = L, + T and that the degree of det [A] is

less than or equal to Nr. $ince the degree of bi can at most be

r(N-1), the factorization in Equation (A-6) is possible if

m> r(N - 1) (A-13)

From Equation (A-6) it can be determined that the determinant of
[A][Xi] contains all of the zeros of det [A] because the determinant

of the product of square matrices is equal to the product of the indi-
vidual determinants. Thus, this factorization procedure can be applied
to each column of | A] as long as Equation (A-13) remains satisfied. A

nonsingular real matrix [F] may be specified such that

(s +8))
-1 _ =1

[AYCFILET™ = [A,] (s +5,) (F)

(s -»gsm_)J

in which each element of [Ab] is one degree lower than the correspond-

ing element in [A]. Notice that all of the zeros of det [A] are

included in either det [Ab] or the diagonal matrix in Equation (A-14).
If the determinant of the matrix [A2] has an adequate number of

simple negative-real zeros, the factorization in Equation (A-14) can be




repeated L times. After (LO - 1) repetitions, N(Lo - 1) of the nega-
tive-real zeros of det [A] have been used, and m - N(Lo - 1) of these
zeros are left. At this point (LO - 1) lipear factors have been
removed from each element in [A]. Thus, the degree of the matrix which
remains to be factored can be no more thanr - (L0 - 1), and the poly-
nomial b in Equation (A-12) has a maximum of (N-1)[r - (Lo - 1)] zeros.
In order to perform the L;ﬂl repetition of the factorization technique,

it is sufficient that

m -~ N(Lo -1 >N - 1)[r - L, - 1)]

m > N{T + Lo) -T -1 (A-16)

However, m can be made at least as large as NT by proper choices for
the diagonal elements of [p]. One such selection is shown in Appendix

I. Setting m = NT in Equation (A-16) gives
T>N -1 (A-17)
Notice that the relationship in Equation (A-17) is only a sufficient

condition not a necessary one.

By use of the technique which has been presented, a prescribed

matrix [A] can be factored such that

[A] = {a,11A,] (A-18)

Equation (A-14) reveals that the determinant of [A2] contains only




simple negative-real zeros which are also contained in the determinant

of [A]. All of the elements of [A2] are of degree L_ while those of

[Al] are of degree T.
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