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CHAPTER I 

INTRODUCTION 

Most o f t h e l i m i t p r o c e s s e s o f e l e m e n t a r y a n a l y s i s c a n be s t u d i e d 

i n t e rms o f s e q u e n c e s . F o r e x a m p l e , i f f i s a r e a l - v a l u e d f u n c t i o n d e 

f i n e d oh t h e r e a l l i n e , l i m f ( x ) = b i f and o n l y i f t h e s e q u e n c e [ f ( x ) } 
x-*a 

c o n v e r g e s t o b w h e n e v e r lxn} i - s a s e q u e n c e c o n v e r g i n g t o a . 

I n d e e d , a q u i t e s a t i s f a c t o r y t h e o r y o f c o n v e r g e n c e i n m e t r i c s p a c e s 

c a n b e b a s e d on s e q u e n c e s . T h u s , a m e t r i c s p a c e X i s compact i f and o n l y 

i f e v e r y s e q u e n c e i n X has a c o n v e r g e n t s u b s e q u e n c e . T h e r e i s a l s o t h e 

w e l l - k n o w n r e s u l t t h a t a s e q u e n c e i n a m e t r i c s p a c e h a s a p o i n t x a s a 

c l u s t e r p o i n t i f and o n l y i f i t h a s a s u b s e q u e n c e c o n v e r g i n g t o x . F u r 

t h e r m o r e , c l o s u r e s , a c c u m u l a t i o n p o i n t s , and c o n t i n u i t y c a n a l l b e c h a r 

a c t e r i z e d i n m e t r i c s p a c e t o p o l o g y i n t e rms o f s e q u e n c e s . 
r 

I n f a c t , e x c e p t f o r t h e c h a r a c t e r i z a t i o n o f c o m p a c t n e s s , t h e s e r e 

s u l t s h o l d i n a l l f i r s t c o u n t a b l e s p a c e s . H o w e v e r , i n s p a c e s w h i c h a r e 

n o t f i r s t c o u n t a b l e s e q u e n c e s do n o t g e n e r a l l y p r o v i d e a f r u i t f u l t h e o r y 

o f c o n v e r g e n c e . 

One w e l l - k n o w n way t o c o n s t r u c t a t h e o r y o f c o n v e r g e n c e v a l i d f o r 

g e n e r a l t o p o l o g i c a l s p a c e s ( i n c l u d i n g t h o s e w h i c h a r e n o t f i r s t c o u n t a b l e ) 

i s t o employ n e t s , w h i c h a r e a g e n e r a l i z a t i o n o f s e q u e n c e s . A n e t i s d e 

f i n e d t o b e a f u n c t i o n f rom a d i r e c t e d s e t i n t o a t o p o l o g i c a l s p a c e , a 

d i r e c t e d s e t b e i n g a s e t S w i t h a r e l a t i o n £ w h i c h i s r e f l e x i v e and t r a n s i 

t i v e and h a s t h e p r o p e r t y t h a t f o r e a c h p a i r 'of e l e m e n t s x and y i n S t h e r e 
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e x i s t s a n e l e m e n t z i n S s u c h t h a t x ^ z and y ^ z . C l e a r l y , any s e q u e n c e 

i n a s p a c e may b e v i e w e d a s a n e t s i n c e any l i n e a r l y o r d e r e d s e t , i n p a r t i c u l a r 

t h e p o s i t i v e i n t e g e r s w i t h t h e u s u a l o r d e r , i s a d i r e c t e d s e t . The d e f i n i 

t i o n s o f s u b n e t , c o n v e r g e n c e o f a n e t , and c l u s t e r p o i n t o f a n e t a r e i n 

v a r y i n g d e g r e e s m o t i v a t e d b y t h e c o r r e s p o n d i n g n o t i o n s r e l a t i n g t o s e q u e n c e s . 

The p r i m a r y o b j e c t o f i n v e s t i g a t i o n i n t h i s volume i s t h e e x t e n t t o 

w h i c h i t i s p o s s i b l e t o e s t a b l i s h a t h e o r y o f c o n v e r g e n c e e m p l o y i n g o n l y 

t h o s e n e t s w h o s e domains a r e l i n e a r l y o r d e r e d . We s h a l l , i n f a c t , l i m i t 

o u r a t t e n t i o n t o n e t s w i t h w e l l - o r d e r e d d o m a i n s ; f o r , a s w i l l b e i n d i c a t e d 

i n Theorem h . 3 , t heo rems i n v o l v i n g n e t s w i t h l i n e a r l y o r d e r e d domains c an 

g e n e r a l l y b e t r a n s l a t e d i n t o t h e o r e m s i n v o l v i n g n e t s w i t h w e l l - o r d e r e d d o 

m a i n s . B y " w e l l - o r d e r e d s e t " we mean, o f c o u r s e , any l i n e a r l y o r d e r e d s e t 

e a c h o f whose nonempty s u b s e t s c o n t a i n s a s m a l l e s t e l e m e n t . A n e t whose 

domain i s w e l l - o r d e r e d w i l l h e n c e f o r t h b e c a l l e d a w e l l - o r d e r e d n e t . 

I n C h a p t e r I I I we s h a l l d i s c o v e r t h a t c o m p a c t n e s s , c l o s u r e s , accumu

l a t i o n p o i n t s , and c o n t i n u i t y c a n be c h a r a c t e r i z e d i n g e n e r a l s p a c e s i n 

t e rms o f t h e c l u s t e r p o i n t s o f w e l l - o r d e r e d n e t s , t hough no s u c h c h a r a c t e r 

i z a t i o n h o l d s i n t e rms o f t h e c l u s t e r p o i n t s o f s e q u e n c e s . H o w e v e r , i t 

w i l l a l s o be f o u n d t h a t no s a t i s f a c t o r y g e n e r a l t h e o r y o f c o n v e r g e n c e c a n 

b e c o n s t r u c t e d i n t e rms o f w e l l - o r d e r e d n e t s . 

C h a p t e r I V w i l l i n v e s t i g a t e t h o s e s p a c e s i n w h i c h c l o s u r e s , accumu

l a t i o n p o i n t s , and c o n t i n u i t y c a n b e c h a r a c t e r i z e d i n t e rms o f c o n v e r g e n t 

w e l l - o r d e r e d n e t s and t h e p o i n t s t o w h i c h t h e y c o n v e r g e . 

C h a p t e r V w i l l e x p l o r e p o s s i b l e e x t e n s i o n s t o w e l l - o r d e r e d n e t s 

and t o o t h e r s p a c e s o f t h e t h e o r e m t h a t i n a f i r s t c o u n t a b l e s p a c e a p o i n t 

x i s a c l u s t e r p o i n t o f a s e q u e n c e $ i f and o n l y i f $ has a s u b s e q u e n c e 
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c o n v e r g i n g t o x . 

I n C h a p t e r V I we s h a l l i n t r o d u c e a g e n e r a l i z a t i o n o f m e t r i c s p a c e s 

and u s e i t t o c h a r a c t e r i z e some o f t h e s p a c e s d i s c u s s e d i n C h a p t e r I V , t h u s 

g e n e r a l i z i n g a t heo rem o f : A r h a n g e l s k i i w h i c h - c h a r a c t e r i z e s t h o s e H a u s d o r f f 

s p a c e s i n w h i c h t h e c l o s u r e o f e a c h s u b s e t i s t h e c o l l e c t i o n c o n s i s t i n g o f 

e a c h p o i n t t o w h i c h some s e q u e n c e i n t h a t s u b s e t c o n v e r g e s . We s h a l l a l s o 

g e n e r a l i z e i n c o n n e c t i o n w i t h w e l l - o r d e r e d n e t s c e r t a i n f a c t s a b o u t com

p a c t n e s s s u c h a s t h e e q u i v a l e n c e o f c o m p a c t n e s s and s e q u e n t i a l c o m p a c t n e s s 

i n m e t r i c s p a c e s . 

C h a p t e r I I w i l l p r o v i d e n e c e s s a r y b a c k g r o u n d m a t e r i a l c o n c e r n i n g 

t r a n s f i n i t e numbers and g e n e r a l t o p o l o g y . T h e r e we s h a l l d e f i n e t h e t e rm 

f i l t e r and d e s c r i b e b r i e f l y how f i l t e r s a r e u s e d t o c o n s t r u c t a s e c o n d 

w e l l - k n o w n t h e o r y o f c o n v e r g e n c e i n g e n e r a l t o p o l o g y . F i l t e r s and n e t s 

g e n e r a t e e s s e n t i a l l y e q u i v a l e n t t h e o r i e s o f c o n v e r g e n c e i n t h e s e n s e t h a t 

any t heo rem i n v o l v i n g n e t s c a n b e t r a n s l a t e d i n t o a t heo rem i n v o l v i n g f i l 

t e r s [h"]. We s h a l l i n t r o d u c e w e l l - o r d e r e d f i l t e r s a n d , i n C h a p t e r s I I I - V I , 

i l l u s t r a t e b y an o c c a s i o n a l e x a m p l e how one may o b t a i n f rom t h e t h e o r e m s 

c o n c e r n i n g w e l l - o r d e r e d n e t s a n a l o g o u s r e s u l t s on w e l l - o r d e r e d f i l t e r s . 



CHAPTER II 

PRELIMINARIES 

This chapter -will provide a resume of those facts concerning trans-

finite numbers, nets, and filters which will be needed in later chapters. 

No proofs will be given for the better known propositions. For these the 

reader can consult Abian [l] on transfinite numbers, Kelley [6] on nets, 

and Bartle [lj-] or Kowalsky [7] on filters. 

Cardinal and Ordinal Numbers 

There exists a class of sets known as the ordinal numbers with the 

properties that each element of an ordinal number is an ordinal number 

and that a set S of ordinal numbers is an ordinal number if and only if 

w S S for every weS. Also, if S is any set of ordinal numbers, the rela

tion £ is a well-ordering of S. Any ordinal number w is equal to [ordinals 

w' :w'<w}, where '•< means c;. . 

Definitions. A partial ordering is a reflexive and transitive relation. 

Let and be sets with partial orderings s and respectively. A 

function §:S^ -» is said to be an orderJhomomorphism if x ^ y implies 

that $(x) ̂  $(y). $ is said to be an order isomorphism if $ is a bijective 

order homomorphism and $ 1:: -* is an order homomorphism. It is easily 

shown that a bijective order homomorphism whose domain and range are 

linearly ordered is an order isomorphism. If there is an order isomorphism 

from S 1 to Sg, is said to be order isomorphic to S^. It is easily veri

fied that the relation of being order isomorphic is an equivalence relation. 
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Every well-ordered set is order isomorphic to a unique ordinal 

number. Thus, distinct ordinal numbers cannot be order isomorphic. 

Definition. Two sets are equipollent if there is a bijective function 

from one to the other. This, too, is an equivalence relation. 

Definitions. If w is an ordinal number, there is a set consisting of all 

ordinal numbers equipollent to w. The smallest ordinal number in this set 

is called the cardinal number corresponding to w. If S is any set, there 

is a cardinal number equipollent to S since S can be well-ordered. This 

cardinal number is unique since, as can be easily shown, two cardinal 

numbers are equal if and only if they are equipollent. The unique cardinal 

number equipollent to S is called the cardinal number of S, or the cardinal

ity of S. 
Any set of cardinal numbers is a set of ordinal numbers and is there

fore well-ordered by the relation S. If and are sets and there exists 

an injective function $:Ŝ  -• Ŝ? then the cardinality of is less than or 

equal to the cardinality of S^. If there exists a surjective function 

Y:Ŝ  -• S' then the cardinality of is greater than or equal to the 

cardinality of S . 

There is a commutative and associative addition of cardinal numbers 

whereby c+d is the cardinality of (cx{0})U (dx{l}). There is also a com

mutative and associative multiplication of cardinal numbers under which 

c«d is the cardinality of cxd. If either c or d is infinite, c+d = 

max{c,d}. If, in addition, neither c nor d is zero, then c*d = max{c,d}. 

Under the usual Cartesian products notation, c^ represents the 

collection of all functions from d into c. The symbol is also used to 

denote the cardinality of this collection. If S is a set of cardinality c, 
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the power set of S (set of all subsets of S) has cardinality 2 , which 

can be shown to be strictly greater than c. 

The cardinality of the set of non-negative integers is denoted by 

^ . In fact, if we regard the non-negative integers as ordinal numbers, 

^ is equal to the set of all non-negative integers. It is easily shown 

that X is "the smallest infinite cardinal. The cardinality of the set of 
K 

real numbers is 2 

There is a more sophisticated form of addition of cardinal numbers 

than the binary operation mentioned above. Let {c^raeA} be an indexed 

collection of cardinal numbers. The sum of this collection is defined to 

be the cardinality of u{c x{a}:aeA}. 
a 

Definition. An infinite cardinal number K is called a regular aleph if, 
for every indexed collection [c :aeA] of cardinal numbers with sum £ K, 

a 
either the cardinality of A is ^ K or there is an aeA such that the care-. 
dinality of c is ^ K. a 

HQ is an example of a regular aleph. If for each non-negative 
integer we inductively define^ to be the smallest cardinal greater 

n+1 
than-K ,̂ then the sum of {^:n^o} exemplifies a non-regular infinite aleph. 
Definition. Let D be a directed set and let E be a subset of D. E is 

said to be a cofinal subset of D if for every deD there exists e:eE so that 

d £ e. 

Definition. An ordinal number is called an irreducible ordinal if it is 

order isomorphic to each of its cofinal subsets. 

The finite irreducible ordinals are clearly 0 and 1. Theorem 2.2 

below equates the infinite irreducible ordinals with the regular alephs. 

The proof employs the principle of transfinite inductive definition, which 
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we now state. 

Let w be a non-zero ordinal number and let S be a set. Let k be 

a function whose range is S and whose domain is the set of all functions 

having an ordinal number less than w as domain and having S as range. Let 

s be an element of S. Then there exists exactly one function h:w -• S such 

that h(o) = s and h(w') = k(h|w') for all w'ew-{o}. 

For Theorem 2.2 we shall also need the following lemma. 

Lemma 2.1. If w is an ordinal number and S is a subset of w, then the 

ordinal number corresponding to S is less than or equal to w. 

Proof. Suppose, to the contrary, there is some ordinal number for which 

Lemma 2.1 fails to hold. Let w be the smallest such ordinal number. Then 

there is a subset S £ w so that the ordinal number w' corresponding to S is 

greater than w. Let §:w/_* S be an order isomorphism. Now $|w is an order 

isomorphism of w onto {seS:s < $(w)} = S0$(w). Since $(w)eSSw, $(w) < w. 

From the way in which w was chosen we conclude that Lemma 2.1 holds for 

$(w). Hence, the ordinal number w" corresponding to Sfl§(w) is less than or 

equal to $(w). But w = w" since $|w is an order isomorphism onto Sfl§(w). 

We thus have w = w " £ $(w) < w. This is the desired contradiction. || 

Theorem 2.2. An infinite ordinal is irreducible if and only if it is a 

regular aleph. 

Proof. Let w be an infinite irreducible ordinal. Let K be the cardinality 

of w. We first show that K = w. Let f:K -* w be a bisection. For each 

w'e.K and function g:w' -* w, we choose an element h(g) in w as follows. 

Since w' has cardinality less than K, {g(w" ) :w"ew' ]U{f (w" ):w"<; w'} = S 

is a subset of w of cardinality less than K. Hence, the ordinal number 

corresponding to S is less than K which is less than or equal to w. Since 
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w is irreducible, S cannot be cofinal in w. Hence, w has elements which 

g . 

are greater than any element in S . Define k(g) to be the smallest such 

element of w. By the principle of transfinite inductive definition, there 

exists a function h:K -» w so that h(o) = 0 and h(w') = k(h|w') for each 

w'eK - {o} . It is easily verified that h is an order isomorphism onto a 

cofinal subset of w. Since w is irreducible, we conclude that K = w. 

We now show that K must be a regular aleph. If not, then there is 

an indexed set of cardinal numbers fc :aeAl such that A and each c have 
a J a 

cardinality less than K and such that the sum of {c :aeA] is greater than 
a 

or equal to K. Since K is irreducible and A has cardinality less than K, 

fc :aeA] cannot be a cofinal subset of K. Let w' be an ordinal in K which a 
exceeds every element of (c :aeA}. Let K' be the maximum of the cardinality 

a 
of A and the cardinality of w'. It is easily seen that K ' < K , and it can 

be shown that the sum of {c :aeA} does not exceed K ' ^ K ' , which is certainly 
a 

less than K. This contradicts the previous statement that the sum of 

(c :aeA] is greater than or equal to K. Thus, K must be a regular aleph. a 
Now we assume that K is a regular aleph and show that it must be an 

irreducible ordinal. Let S be any cofinal subset of K. The ordinal number 

corresponding to S is less than or equal to K by Lemma 2 . 1 . We thus need 

only to show that the ordinal number corresponding to S is greater than or 

equal to K. It clearly will suffice to show that the cardinality of S is 

greater than or equal to K. 

Consider the indexed set of cardinal numbers fc :seS] where C is 
L s J s 

the cardinality of s. For each s eS^, let g g: s ~* ̂ sx{S} be a. bisection. 

Then for each w eK let $(w) be the smallest element of S which is greater 

than or equal to w. Define f:K -*U{C x{s}:seS} by letting f(w) = g , A^). 
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I t i s e a s i l y v e r i f i e d t h a t f i s an i n j e c t i o n . Hence t h e sum o f {C : s e S ] 
s 

i s g r e a t e r t h a n o r e q u a l t o K . S i n c e e a c h C i s l e s s t han K , t h e c a r d i n a l -
s 

i t y o f S must be g r e a t e r t han o r e q u a l t o K, f o r K i s a r e g u l a r a l e p h . T h i s 

c o m p l e t e s t h e p r o o f t h a t K must be an i r r e d u c i b l e o r d i n a l . || 

Theorem 2.^.w i l l r e v e a l t h e p r i n c i p a l i m p o r t a n c e o f i r r e d u c i b l e 

o r d i n a l s f o r o u r p u r p o s e s . We s h a l l n e e d t h e f o l l o w i n g lemma. 

Lemma 2.3. E v e r y l i n e a r l y o r d e r e d s e t h a s a c o f i n a l w e l l - o r d e r e d s u b s e t . 

P r o o f . L e t L be a l i n e a r l y o r d e r e d s e t . L e t W = { s u b s e t s o f L w h i c h a r e 

w e l l - o r d e r e d } . " C l e a r l y W i s nonempty s i n c e i t c o n t a i n s t h e s i n g l e t o n s u b 

s e t s o f L . D e f i n e t h e r e l a t i o n £ on W by w £ w ' i f : 

e i t h e r i ) 
w = w 

o r i i ) 

t h e r e e x i s t s x e w ' s u c h t h a t w = { y e w ' r y i s l e s s 

t h a n x i n L } . 

I t i s e a s i l y c h e c k e d t h a t t h i s r e l a t i o n i s a p a r t i a l o r d e r i n g o f W. 

Now l e t C be any c h a i n ( l i n e a r l y o r d e r e d s u b s e t ) o f W. We s e e k t o 

show t h a t C i s bounded a b o v e i n W. L e t w ' = U{w:weC}. I f w ' e C , t h e n i t 

i s e a s i l y s e e n t h a t w ' i s a bound f o r C . 

Now s u p p o s e t h a t w ' ^ C . We w i s h t o show t h a t w'eW. L e t T be a 

nonempty s u b s e t o f w ' . L e t w be a member o f C s u c h t h a t Tflw i s nonempty . 

L e t t be t h e s m a l l e s t e l e m e n t o f TOw. We a s s e r t t h a t t i s t h e s m a l l e s t 

e l e m e n t o f T . S u p p o s e t ^ e T. Choose w^e'C s u c h t h a t t ^ e w ^ . S i n c e C i s a 

c h a i n , e i t h e r w^ <. w o r w < w ^ . I f s w , t h e n t ^ e w j S w and t h u s t e T(Vw 

so t h a t t £ t ^ . I f w < w , t h e n t h e r e e x i s t s x e w 1 s o t h a t w = [ y e w ^ : y < x } . 

Now, i f t 1 < x , t ^ e TOw and t £ t^. I f x £ t^, t h e n t < x <- t^. Hence 

t i s t h e s m a l l e s t e l e m e n t o f T . T h u s , w ' i s w e l l - o r d e r e d and b e l o n g s t o W. 
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S t i l l w o r k i n g on t h e a s s u m p t i o n t h a t w ' ^ ' : C , w e now show t h a t w ' i s 

an uppe r bound f o r C . L e t w e C b e g i v e n . S i n c e w £ w ' , w ' - w i s nonempty . 

Let x be t h e s m a l l e s t e l e m e n t o f w ' - w . Choose w^ e C s o t h a t x e w . 

S i n c e C i s a c h a i n , w < w^ f o r w^ i s no t a s u b s e t o f w and t hus w^ i s no t 

l e s s t han o r e q u a l t o w . So t h e r e e x i s t s z e w^ s u c h t h a t w = [ y e w ^ i y < z } . 

S i n c e x e w ^ - w , z ^ x . S i n c e z e w ' - w and x i s t h e s m a l l e s t e l e m e n t o f 

w ' - w , x = z . So w = { y e w ^ : y < x}s{yew':y < x } . Now l e t u e [ y e w ' : y < x } 

be g i v e n . S i n c e x i s t h e s m a l l e s t e l e m e n t o f w ' - w , u e w. T h u s , w = 

{ y e w ' : y < x } . H e n c e , w ^ w ' . H e n c e , w ' i s an u p p e r bound f o r C . 

B y Z o r n ? s Lemma, W has a m a x i m a l e l e m e n t m. B e c a u s e m i s a member 

o f W, i t i s a w e l l - o r d e r e d s u b s e t o f L . We n e e d o n l y show t h a t m i s c o -

f i n a l i n L . S u p p o s e , t o t h e c o n t r a r y , t h a t t h e r e i s an e l e m e n t x e L w h i c h 

i s g r e a t e r t h a n e v e r y e l e m e n t o f m. Then mU { x ] b e l o n g s t o W. B u t m < 

m U { x } . T h i s d e n i e s t h e m a x i m a l i t y o f m, and t h u s m i s c o f i n a l i n L . || 

Theorem 2.h. F o r e v e r y l i n e a r l y o r d e r e d s e t L t h e r e i s a u n i q u e i r r e d u c i b l e 

o r d i n a l w s u c h t h a t L h a s a c o f i n a l s u b s e t o r d e r i s o m o r p h i c t o w. 

P r o o f . L e t L b e a l i n e a r l y o r d e r e d s e t . L e t w be t h e s m a l l e s t o r d i n a l 

number o r d e r i s o m o r p h i c t o a c o f i n a l s u b s e t o f L . L e t C be a c o f i n a l s u b 

s e t o f L s u c h t h a t t h e r e i s an o r d e r i s o m o r p h i s m h :w -» C . L e t S be any c o -

f i n a l s u b s e t o f w . Then h | s i s an o r d e r i s o m o r p h i s m o n t o a c o f i n a l s u b s e t 

o f L . H e n c e , by t h e w a y w was c h o s e n , t h e o r d i n a l number c o r r e s p o n d i n g t o 

S i s g r e a t e r t h a n o r e q u a l t o w . B y Lemma 2 . 1 t h e o r d i n a l number c o r r e ^ 

s p o n d i n g t o S i s l e s s t h a n o r e q u a l t o w. H e n c e , e v e r y c o f i n a l s u b s e t o f 

w i s o r d e r i s o m o r p h i c t o w, and t h u s w i s an i r r e d u c i b l e o r d i n a l . 

Now we w i s h t o show t h a t w i s t h e o n l y i r r e d u c i b l e o r d i n a l o r d e r 

i s o m o r p h i c t o a c o f i n a l s u b s e t o f L . L e t w ' be any o r d i n a l number n o t 
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equal to w such that w7 is order isomorphic to C7, a cofinal subset of L. 
Since w < w7, we need only show that w7 has a cofinal subset order isomor
phic to an ordinal number less than or equal to w in order to prove that 
w7 is not irreducible. 

For each v e w, let Y(v) be the smallest element of C7 such that 
Y(v) £ h(v). If v < v7, then h(v) <. h(v7) £ ¥(v7), and hence Y(v) <; Y(v') . 
We now show that the image set of the function Y:w -+ C7 is cofinal in C 7. 
Let c7 e C7 be given. Since C is cofinal in L, there exists c e C so that 
c7 <, c. Hence, c7 £ c £ Y(h~̂(c)). Now we define a function §:Y(w) -* w, by 
letting §(e7) be the smallest element of w such that Y($(c7)) = c7. $ is 
clearly infective., Now let ĉ, e ^e given where < ĉ. Suppose 
$(ĉ) :> $(c7). Then ĉ  = Y($(ĉ)) £ ̂ (̂(ĉ)) = c7, which is a contradict 
tion. So $(ĉ) < $(ĉ). Thus, § is an order isomorphism from Y(w) to a 
subset of w. By Lemma 2.1 Y(w) is order isomorphic to an ordinal less 
than or equal to w. Since Y(w) is cofinal in C7, and since C7 is order 
isomorphic to w7, w' has a cofinal subset order isomorphic to an ordinal 
less than or equal to w. || 
Definition. Let L be a linearly ordered set. Then the irreducible ordinal 
which is order isomorphic to a cofinal subset of L is called the final order 
of L. 

It is easily seen that a .linearly ordered set and each of its co-
final subsets have the same final order. 
Definition. A limit ordinal is an ordinal number having no largest element. 

Any regular aleph is a limit ordinal since it is an infinite irre
ducible ordinal and cannot, therefore, have a singleton cofinal subset. 
Our last lemma of this chapter gives a property of limit ordinals which 
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w i l l b e u s e d i n an e x a m p l e i n C h a p t e r V . 

Lemma 2.5. E v e r y l i m i t o r d i n a l i s a u n i o n o f two d i s j o i n t c o f i n a l s u b s e t s . 

P r o o f . L e t w be a l i m i t o r d i n a l . L e t w ' be an e l e m e n t o f w. w" i s s a i d 

t o be t h e p r e d e c e s s o r o f w ' i f w" i s t h e l a r g e s t o r d i n a l l e s s t h a n w ' . B y 

u s i n g t h e p r i n c i p l e o f t r a n s f i n i t e i n d u c t i v e d e f i n i t i o n , we c a n c l e a r l y 

d e f i n e a f u n c t i o n f :w -» {0,1} s o t h a t f ( w ' ) =0 i f w ' h a s no p r e d e c e s s o r 

o r i f f e v a l u a t e d a t t h e p r e d e c e s s o r i s 1 and f ( w ' ) = 1, o t h e r w i s e . I t i s -1 -1 
c l e a r t h a t f (0) and f ( l ) a r e d i s j o i n t c o f i n a l s u b s e t s whose u n i o n i s 

w . || 

N e t s and F i l t e r s 

D e f i n i t i o n s . L e t $ : D -» X be a n e t and l e t A b e a s u b s e t o f X. § i s s a i d 

t o be f r e q u e n t l y i n A i f § " ^ ( A ) i s a c o f i n a l s u b s e t o f D . $ i s e v e n t u a l l y 

i n A i f t h e r e e x i s t s d e D so t h a t § ( d ' ) e A f o r a l l d ' ^ d . $ i s i n A i f 

$ ( D ) S A . A p o i n t x s X i s c a l l e d a c l u s t e r p o i n t o f $ i f § i s f r e q u e n t l y 

i n e v e r y n e i g h b o r h o o d o f x . $ i s s a i d t o c o n v e r g e t o x i f $ i s e v e n t u a l l y 

i n e v e r y n e i g h b o r h o o d o f x . 

D e f i n i t i o n s . L e t D and E be d i r e c t e d s e t s , A f u n c t i o n Y : E -*•» D i s s a i d t o 

b e c o f i n a l i f f o r e v e r y d e D t h e r e e x i s t s e e E s o t h a t Y ( e / ) ^ d f o r 

e v e r y e ' ^ e . I f §:D -» X i s a n e t and Y : E -» D i s a c o f i n a l f u n c t i o n , t h e n 

$ - Y i s s a i d t o be a s u b n e t o f $ . 

Theorem 2.6. A s p a c e X i s compac t i f and o n l y i f e v e r y n e t i n X h a s a 

c o n v e r g e n t s u b n e t . 

P r o o f . S e e K e l l e y [6], p . 136. || 

Thorem 2.7. A p o i n t x o f a s p a c e X b e l o n g s t o t h e c l o s u r e o f a s u b s e t A 

o f X i f and o n l y i f t h e r e i s a n e t i n A c o n v e r g i n g t o x . 
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Proof. See Kelley [6], p. 66. || 
Theorem 2.8. A point x of a space X is an accumulation point of a subset 
A of X if and only if there exists a net :j.n A-[x} converging to x. 
Proof. See Kelley [6], p. 66. || 
Theorem 2,9« Let X and Y be spaces, and let x be a point in X. A function 
f :X -* Y is continuous at x if and only if f v$ converges to f(x) -whenever $ 
is a net converging to x. 
Proof. See Kelley [6], p. 86. || 
Theorem 2.10. A net § clusters at a point x if and only if it has a subnet 
converging to x. 
Proof. See Kelley [6], P. 71. || 
Definitions, Let S be a set. A nonempty collection F of subsets of S is 
a filter in S if, 

i) AHB e F for every A, B e F; 
% 1 ) if A e F and A S B S S , then B e F; and, 
iii) the empty set is not a member of F» 

If ASS and A meets every member of F, then F is said to be frequently in 
A. If A e F, then we say that F is eventually in A. Another filter G in 
S is called a refinement of F if F£G. 
Definitions. If F is a filter in a topological space X, then a point x e 
X is called a cluster point of F if F is frequently in every neighborhood 
of x. F is said to converge to x if F is eventually in every neighborhood 
of x. 

It is easily seen that the neighborhood system of a point x in a 
space X is a filter and that a filter F in X converges to x if and only 
if F is a refinement of the neighborhood system at x. 



Ik 

Theorems 2.6 through 2 . 1 0 form, the core of the theory of conver

gence based on nets. There are corresponding theorems relating to filters 

such as the following analogue of Theorem 2 , 1 0 , 

Theorem 2 fll, A space X is compact if and only if every filter in X has 

a convergent refinement. 

Propf, See Bartle || 

Definition. A subset ,B of a filter F is called a base for F if for every 

F e F there exists B e B so that B S F . 

It is- easily verified that a nonvoid collection B of nonempty sub

sets of a set S is a base for some filter in S if and only if for every 

A, B-e B there exists C e B so that CSAOB. 

Definitions. Let B be a filter base. If we define the relation £ on the 

set B by requiring that A £ B if and only if BSA, it is clear that B 

with the relation <. is a directed set. We shall refer to the £ as the 

natural order of B. A filter will be called a well-ordered filter if it 

has a base which is well-ordered under the natural order. 

We are now ready to begin our investigations into the use of well-

ordered nets and filters in general topological spaces. 
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CHAPTER I I I 

THE CLUSTER POINTS OF WELL-ORDERED NETS 

Theorems 2.6 - 2.9 i n t h e p r e c e d i n g c h a p t e r a r e c l a s s i c a l r e s u l t s 

o f g e n e r a l t o p o l o g y c h a r a c t e r i z i n g c o m p a c t n e s s , c l o s u r e s , a c c u m u l a t i o n 

p o i n t s , and c o n t i n u i t y i n t e r m s o f c o n v e r g e n t n e t s . The theorems i n t h i s 

c h a p t e r show how t h e s e same t h i n g s c a n be c h a r a c t e r i z e d by means o f t h e 

c l u s t e r p o i n t s o f w e l l - o r d e r e d n e t s . F o l l o w i n g t h e t heo rems e x a m p l e s a r e 

g i v e n to show t h a t t h e s e c h a r a c t e r i z a t i o n s c a n n o t b e made i n a n a t u r a l 

way i n t e rms o f e i t h e r c o n v e r g e n t w e l l - o r d e r e d n e t s o r t h e c l u s t e r p o i n t s 

o f s e q u e n c e s . 

The f o l l o w i n g lemma i s needed i n t h e p r o o f o f Theorem 3.2. 

Lemma 3«1« I f U i s an open c o v e r o f a s p a c e X, and U h a s i n f i n i t e c a r d i n a l 

i t y K and i f e v e r y n e t $ : K -* X h a s a c l u s t e r p o i n t , t hen U has a s u b c o v e r 

o f c a r d i n a l i t y l e s s t h a n K . 

P r o o f . L e t f : K - U be a b i s e c t i o n . F o r k e K , d e f i n e U v = { f ( k 7 ) : k 7 e K 

and k 7 £ k } . Assume t h a t U h a s no s u b c o v e r o f c a r d i n a l i t y l e s s t h a n K . 

Now t h e c a r d i n a l i t y o f JJ i s l e s s t h a n K . T h u s , by the a s s u m p t i o n t h a t U 

has no s u b c o v e r o f c a r d i n a l i t y l e s s t h a n K , U i s n o t a s u b c o v e r . H e n c e , 

K 
we may c h o o s e an e l e m e n t $ ( k ) o f X - (u{f(k7):k7 £ k ] ) , t h u s c o n s t r u c t i n g 

a n e t $ : K - * V X . By h y p o t h e s i s , $ must h a v e a c l u s t e r p o i n t x . S i n c e U i s 

a c o v e r o f X , t h e r e e x i s t s some k e K s u c h t h a t x e f ( k ) . S i n c e x i s a 

c l u s t e r p o i n t o f § , t h e r e e x i s t s some k ^ k such t h a t $ ( k ) e f ( k ) . Then , 

s i n c e f ( k ) e U ^ , $ ( k ) e U [ f ( k 7 ) : k 7 £ k } . B u t t h i s c o n t r a d i c t s t h e way 

$ ( k ) was c h o s e n . Hence U must h a v e a s u b c o v e r o f c a r d i n a l i t y l e s s t h a n K . 



16 
Theorem 3.2. A s p a c e X i s compact i f and o n l y i f e v e r y w e l l - o r d e r e d n e t 

i n X h a s a c l u s t e r p o i n t . 

P r o o f . N e c e s s i t y . S i n c e X i s c o m p a c t , b y Theorems 2.6 and 2.10 e v e r y n e t 

i n X h a s a c l u s t e r p o i n t f 

S u f f i c i e n c y . L e t U be any i n f i n i t e open c o v e r o f X. L e t K b e t h e 

l e a s t i n f i n i t e c a r d i n a l such t h a t U h a s a s u b c o v e r o f c a r d i n a l i t y K . By 

h y p o t h e s i s e v e r y n e t $ : K X h a s a c l u s t e r p o i n t . H e n c e , by Lemma 3.1, 

U has a s u b c o v e r o f c a r d i n a l i t y K 7 < K . By t h e m i n i m a l i t y o f K , K 7 i s 

f i n i t e . Hence X i s c o m p a c t . || 

Theorem 3.3. A p o i n t x o f a s p a c e X b e l o n g s t o t h e c l o s u r e o f a s u b s e t A 

o f X i f and o n l y i f t h e r e i s a w e l l - o r d e r e d n e t i n A c l u s t e r i n g a t " x . 

P r o o f . N e c e s s i t y . I f x b e l o n g s t o t h e c l o s u r e o f A , t h e n e v e r y n e i g h b o r 

hood o f x mee t s A . L e t K be t h e s m a l l e s t c a r d i n a l number s u c h t h a t x h a s 

a n e i g h b o r h o o d b a s i s o f t h a t c a r d i n a l i t y , and l e t N be a n e i g h b o r h o o d b a s i s 

f o r x o f c a r d i n a l i t y K . L e t f :K -» N be a bisection, and d e f i n e $ : K -* X b y 

c h o o s i n g $ ( k ) e f (k)f) A f o r e a c h k e K . L e t V be a n y member o f N and l e t 

k ' be an e l emen t o f K . We w i s h t o show t h a t t h e r e e x i s t s k ^ k ' s u c h 

t h a t $ ( k ) e V . I f n o t , t h e n f o r e a c h k- ^ k ' f ( k ) i s no t a s u b s e t o f V . 

B u t {v'eN:N:V'£V} i s a n e i g h b o r h o o d b a s i s f o r x . No te t h a t {v 'eN:V'£V}£ 

[ f ( k ) : k < k ' } . T h i s c o n t r a d i c t s t h e m i n i m a l i t y o f K s i n c e [ f ( k ) : k < k 7 } 

has c a r d i n a l i t y l e s s t han K . H e n c e , t h e r e e x i s t s k ^ k 7 s u c h t h a t $ ( k ) e 

V . T h u s , $ i s a n e t i n A c l u s t e r i n g a t x . 

S u f f i c i e n c y . By Theorems 2.7 and 2,10, x i s i n t h e c l o s u r e o f A i f t h e r e 

i s a n e t i n A c l u s t e r i n g a t x . || 

Theorem 3«̂« A p o i n t x o f a s p a c e X i s an a c c u m u l a t i o n p o i n t o f a s u b s e t 

A o f X i f and o n l y i f t h e r e e x i s t s . , a w e l l - o r d e r e d n e t i n A - { x } c l u s t e r i n g 
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a t x . 

P r o o f . C l e a r l y , x i s an a c c u m u l a t i o n p o i n t o f A i f and o n l y i f x i s i n 

t h e c l o s u r e o f A - ( x ] . The c o n c l u s i o n t h e n f o l l o w s f rom an a p p l i c a t i o n o f 

Theorem 3.3. || 

Theorem, 3.5» L e t X and Y be spa-ees and l e t x be a p o i n t i n X. A f u n c t i o n 

f:X -» Y i s c o n t i n u o u s a t x i f and o n l y i f f . f c l u s t e r s a t f ( x ) w h e n e v e r 

$ . i s a w e l l - o r d e r e d n e t c l u s t e r i n g a t x . 

P r o o f . N e c e s s i t y . L e t U be an open n e i g h b o r h o o d o f f ( x ) . S i n c e f i s 

c o n t i n u o u s a t x , t h e r e e x i s t s an open s e t V £ X s u c h t h a t x e V and f (v) S 

U. I f $ i s a w e l l - o r d e r e d n e t c l u s t e r i n g a t x , f o r e v e r y e l e m e n t d i n 

t h e domain o f $ t h e r e e x i s t s e £ d s u c h t h a t $ ( e ) e V . Then f ' $ ( e ) e 

f ( V ) S U . H e n c e , f « § c l u s t e r s a t f ( x ) . 

S u f f i c i e n c y . S u p p o s e f i s no t c o n t i n u o u s a t x . Then t h e r e e x i s t s an 

open s e t U c o n t a i n i n g f ( x ) s o t h a t f(v)fi (Y-U) ̂ 0 w h e n e v e r V i s a n e i g h 

b o r h o o d o f x . H e n c e , f o r any n e i g h b o r h o o d V o f x , V mee ts f "'"(Y-U). Thus 

x i s i n t h e c l o s u r e o f f "^"(y-U). B y Theorem 3«3» t h e r e i s a w e l l - o r d e r e d 

n e t $ i n f ' ^ Y - U ) c l u s t e r i n g a t x . I t i s c l e a r t h a t f » $ does no t c l u s t e r 

a t f ( x ) s i n c e f • § i s n e v e r i n U. || 

I t migh t seem r e a s o n a b l e t o c o n j e c t u r e t h a t t h e p r e c e d i n g t heo rems 

w o u l d h o l d e v e n i f t h e te rm " s e q u e n c e " w e r e s u b s t i t u t e d f o r " w e l l - o r d e r e d 

n e t . ' ' E x a m p l e 3.6 i s a c o u n t e r e x a m p l e to such a m o d i f i c a t i o n o f Theorem 

3.2, and E x a m p l e 3.7 i s a c o u n t e r e x a m p l e t o t h e c o r r e s p o n d i n g m o d i f i c a t i o n s 

o f Theorems 3.3, 3.k, and 3.5. 

D e f i n i t i o n . L e t S be a l i n e a r l y o r d e r e d set. F o r e a c h s e S , l e t L be 
I 

t h e s e t o f a l l e l e m e n t s o f S l e s s t h a n s , and l e t R b e t h e s e t o f a l l 
' s 

e l e m e n t s o f S g r e a t e r t h a n s . The o r d e r t o p o l o g y on S i s t h e t o p o l o g y 
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h a v i n g [ L : s e S ] U [R : s e S ] a s a s u b b a s i s . 

' s s 

Example 3.6. L e t X b e t h e s p a c e o f a l l o r d i n a l s l e s s t h a n t h e l e a s t un 

c o u n t a b l e o r d i n a l Q w i t h t h e o r d e r t o p o l o g y . By Theorem 3.2, X f a i l s to 

be compact s i n c e the i d e n t i t y map on X i s a w e l l - o r d e r e d n e t w h i c h h a s 

no c l u s t e r p o i n t . We s h a l l show, h o w e v e r , t h a t e v e r y s e q u e n c e i n X h a s 

a c l u s t e r p o i n t . 

L e t { x ^ . ) be a s e q u e n c e i n X . R e c a l l i n g t h a t x ^ = [ x : x i s an 

o r d i n a l and x < x. } , l e t T' ufx ;m £ n l . T: i s a c o u n t a b l e s e t s i n c e 
n n m J n 

i t i s a u n i o n o f c o u n t a b l y many c o u n t a b l e s e t s . S i n c e X i s u n c o u n t a b l e , 

X - T ^ i s nonempty . L e t y be the l e a s t e l e m e n t o f u{X-Tn:n i s a p o s i t i v e 

i n t e g e r } - X-n{Tn:n i s a p o s i t i v e i n t e g e r } . I t i s e a s i l y shown t h a t y 

i s a c l u s t e r p o i n t o f { x n } , || 

Example 3.7. L e t Y be t h e s p a c e o f a l l o r d i n a l s l e s s t han o r e q u a l to t h e 

l e a s t u n c o u n t a b l e o r d i n a l Q w i t h t h e o r d e r t o p o l o g y . C l e a r l y , Q i s i n t h e 

c l o s u r e o f Y - [ Q } and i s an a c c u m u l a t i o n p o i n t o f Y . Y e t , a s we s h a l l 

Show p r e s e n t l y , no s e q u e n c e i n Y - { Q } c l u s t e r s a t 0. H e n c e , Theorems 3*3 

and 3.̂- do n o t h o l d i f " w e l l - o r d e r e d n e t " i s r e p l a c e d by " s e q u e n c e . " 

S i n c e no s e q u e n c e i n Y-{0} c l u s t e r s a t Q, i f a s e q u e n c e i n Y c l u s 

t e r s a t 0 i t must b e f r e q u e n t l y i n { Q } . T h u s , i f f i s any f u n c t i o n w i t h 

domain Y and $ i s a s e q u e n c e i n Y c l u s t e r i n g a t Q, t he s e q u e n c e f * $ i s 

f r e q u e n t l y i n [f(0)} a n d , h e n c e , c l u s t e r s a t f ( Q ) . Y e t t h e c h a r a c t e r i s t i c 

f u n c t i o n o f [ Q ] , t h e f u n c t i o n w h i c h i s 1 a t Q and 0 e l s e w h e r e i n Y , i s 

d i s c o n t i n u o u s a t Q. C o n s e q u e n t l y , Y p r o v i d e s a c o u n t e r e x a m p l e t o Theorem 

3.5 w i t h " s e q u e n c e " s u b s t i t u t e d for " w e l l - o r d e r e d n e t . " 

We now g i v e the e a s y p r o o f t h a t no s e q u e n c e i n Y - [Cl] c l u s t e r s a t 

Q . L e t ( x ] be a s e q u e n c e i n Y r { O } and l e t T = U { x :n i s a p o s i t i v e 
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i n t e g e r } . J u s t a s i n E x a m p l e 3.6 ( Y - { Q } ) - T i s nonempty , f o r Y-{0} i s 

u n c o u n t a b l e and T i s c o u n t a b l e . L e t x b e a p o i n t i n ( Y - f o } ) - T . The s e t 

o f a l l o r d i n a l s i n Y g r e a t e r t h a n x i s a n e i g h b o r h o o d o f Q no t m e e t i n g 

}• II 
<- n J ii 

A n o t h e r r e a s o n a b l e c o n j e c t u r e stemming f rom t h e theo rems i n t h i s 

c h a p t e r i s t h a t Theorems 2.6 t h r o u g h 2.9 w o u l d h o l d e v e n i f t h e t e rms 

" w e l l - o r d e r e d n e t " and " w e l l - o r d e r e d s u b n e t " w e r e s u b s t i t u t e d f o r " n e t " 

and " s u b n e t " r e s p e c t i v e l y . E x a m p l e 3.8 i s a c o u n t e r e x a m p l e t o s u c h modi 

f i c a t i o n s o f Theorems 2.6 t h r o u g h 2.9. 

Example 3.8. L e t I be t h e c l o s e d u n i t i n t e r v a l , and l e t I"'" be t h e s e t o f 

f u n c t i o n s f rom 1 i n t o I w i t h t h e T y c h o n o f f p r o d u c t t o p o l o g y . L e t A = 

( g e l ^ i F o r f i n i t e l y many v a l u e s o f x e l g ( x ) = l , and f o r a l l o t h e r v a l u e s o f 

x g(x)=0.}. L e t f be t h e f u n c t i o n on I w h i c h i s c o n s t a n t l y e q u a l t o 1. 
C l e a r l y , f i s an a c c u m u l a t i o n p o i n t o f A . We s h a l l l a t e r show t h a t t h e r e 

i s no w e l l - o r d e r e d n e t i n A c o n v e r g i n g t o f . H e n c e , n e i t h e r Theorem 2.7 

nor Theorem 2.8 h o l d s i f t h e t e r m " n e t " i s changed t o " w e l l - o r d e r e d n e t . " 

C o n s i d e r t h e f u n c t i o n h r l 1 -* I s u c h t h a t h ( g ) = 1 i f g e A and 

h ( g ) = 0 i f g / A . S i n c e h ( f ) = 0 and h ( A ) = { l } , h i s c l e a r l y d i s c o n 

t i n u o u s a t f . I f $ i s any w e l l - o r d e r e d n e t i n I"1" c o n v e r g i n g t o f , t h e n 

$ must be e v e n t u a l l y i n I ^ - A . F o r $"^"(A) must f a i l t o be a c o f i n a l s u b 

s e t o f t h e domain o f $ , s i n c e o t h e r w i s e $ | $ " " 1 " ( A ) w o u l d be a w e l l - o r d e r e d 

n e t i n A c o n v e r g i n g t o f . As $ i s e v e n t u a l l y i n I ^ - A , h*$ i s e v e n t u a l l y 

i n h ( l I - A ) = [0} and t h u s h«$ c o n v e r g e s t o h ( f ) = 0. So Theorem 2.9 does 

no t h o l d i f " n e t " i s r e p l a c e d by " w e l l - o r d e r e d n e t . " 

We now show t h a t t h e r e i s no w e l l - o r d e r e d n e t i n A c o n v e r g i n g t o 

f . S u p p o s e , on t h e c o n t r a r y , t h a t t h e n e t $:W - • I " ' " w i t h W w e l l - o r d e r e d 
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and $(w) SA converges to f. For each x e I, let U = [gel1:g(x) > •§-}. 

x As U is a neighborhood of f in 1̂ , $ is eventually in U . Now define x x 
the function F : I -• W by requiring F(x) to be the smallest element of W 
such that {$(w):w ^ F(x)} £ U . We shall show that for each w e W, F-1(w) 
is a finite set; and we shall also show that F(l) is a countable subset. 
But then I = F-1(W) = U{F"1(w):weF(l)} would be a countable union of 
finite sets, which is the desired contradiction since I is uncountable. 

Suppose x e F""1(w). Then F(x) = w and, by the definition of F, 
$(w) e U . Since it is assumed that $(w) € A, then, by the definition of 
A, [$(w)] (x) > \ for at most finitely many values of x. Hence, $(w) e 
U for at most finitely many values of x. F"1(w) is thus a finite set. 

Let w be an element in F(l). Let V be the set of all elements 
v e F(l) such that v <. w. For each v e V, choose G(v) el so that 
F(G(v)) = v. Clearly, G is infective. Now since F(G(v)) = v <. w, then, 
by the definition of F, $(w) e Û V̂ . Since $(w) e UX for at most finitely 
many values of x, G(V) is a finite set. Since G is infective, V is then 
finite. So w has finitely many predecessors in F(l), and F(l) is thus 
countable. This completes the proof that there is no well-ordered net 
in A converging to f. 

In Example 5.5 it will be shown that although I mo is compact, 
where PW0) is the power set of KQ, there exists a sequence in I'v o' 
having no convergent well-ordered subnet. Now P(|f ) has the same car
dinality as I. Since the Tychonoff topology is not affected by any pro-
perty of the exponent except its cardinality, I o and I are homeomor-I 
phic. Thus, I also provides a counterexample to Theorem 2.6 modified by 
substituting "well-ordered net" and "well-ordered subnet" for "net" and 
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" s u b n e t . " || 

I n summary, t h i s c h a p t e r ha s shown how c e r t a i n i m p o r t a n t t o p o l o g i 

c a l p r o p e r t i e s and r e l a t i o n s c a n b e c h a r a c t e r i z e d by t h e c l u s t e r p o i n t s 

o f w e l l - o r d e r e d n e t s t hough t h e y c a n n o t be c h a r a c t e r i z e d i n a n a t u r a l 

way b y t h e c l u s t e r p o i n t s o f s e q u e n c e s . H o w e v e r , Example 3.8 u s e s I"1" t o 

show t h a t a s a t i s f a c t o r y t h e o r y o f c o n v e r g e n c e c a n n o t b e b a s e d on w e l l -

o r d e r e d n e t s . The i m p o r t a n c e o f I"'", p a r t i c u l a r l y i n a p p l i c a t i o n s o f 

t o p o l o g y t o a n a l y s i s , d r a m a t i z e s t h i s f a i l u r e . The r e m a i n i n g c h a p t e r s 

w i l l c o n c e n t r a t e p r i m a r i l y on t h e p r o p e r t i e s o f t h o s e p a r t i c u l a r s p a c e s 

f o r w h i c h i t i s i n d e e d p o s s i b l e t o c o n s t r u c t a s a t i s f a c t o r y t h e o r y o f 

c o n v e r g e n c e b a s e d on t h e c l a s s o f w e l l - o r d e r e d n e t s o r s u b c l a s s e s t h e r e o f . 

B u t b e f o r e we p r o c e e d t o C h a p t e r I V , i t i s a p p r o p r i a t e t o m e n t i o n 

t h a t a n a l o g u e s o f t h e theorems o f t h i s c h a p t e r a r e a v a i l a b l e i n v o l v i n g 

t h e c l u s t e r p o i n t s o f w e l l - o r d e r e d f i l t e r s . F u r t h e r m o r e , o u r c o u n t e r 

e x a m p l e s t o p o s s i b l e e x t e n s i o n s o f Theorems 3-2 - 3-5 a r e a l s o c o u n t e r 

e x a m p l e s t o t h e c o r r e s p o n d i n g e x t e n s i o n s o f t h e f i l t e r a n a l o g u e s o f t h e s e 

t h e o r e m s . 

F o r i l l u s t r a t i v e p u r p o s e s we s h a l l p r o v e t h e a n a l o g u e t o Theorem 

3.2. 
Theorem 3«9» A s p a c e X i s compact i f and o n l y i f e v e r y w e l l - o r d e r e d 

f i l t e r i n X has a c l u s t e r p o i n t . 

P r o o f . N e c e s s i t y . L e t F b e a f i l t e r i n X w i t h a w e l l - o r d e r e d b a s e B . 

D e f i n e a n e t $ : B -• X b y c h o o s i n g $ ( B ) e B f o r e a c h B e B . By Theorem 

3,2, $ h a s a c l u s t e r p o i n t x , . w h i c h i s t h e n e a s i l y shown t o b e a c l u s t e r 

p o i n t o f F . 

S u f f i c i e n c y . L e t $:W -• X be a w e l l - o r d e r e d n e t . in X . F o r e a c h w e W, 
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let C = {§(w'):w' £ w}. Clearly, each C is nonempty and C fl C / = w w w w C // where w" is the larger of w and w'. If B = {C ;weW}, then B is w — w — clearly a filter base for a filter F. F is a well-ordered filter since 
B is clearly well-ordered by set inclusion. Thus, F has a cluster point 
x. So every neighborhood of x meets every member of F, and in particu
lar, each C meets every neighborhood of x. Clearly, then, $ clusters at 

w 
x, and by Theorem 3.2 X is compact, || 

Theorem 3.9 is actually very close to the classical result that a 
space X is compact if and only if every nest of nonempty closed subsets 
of X has a nonempty intersection. (A nest is a nonempty collection of 
sets which is linearly ordered by set inclusion.) Each of the two re
sults may be easily proven from the other by using the fact that every 
linearly ordered set has a cofinal well-ordered subset and observing 
that a filter F has a point x as one of its cluster points if and only 
if x is in the closure of each element of F. 
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CHAPTER IV 

SEMI-ERECT, ERECT, AND K-FRECHET SPACES 

Our o b j e c t i v e in, t h i s c h a p t e r i s to i n v e s t i g a t e t h o s e s p a c e s i n 

w h i c h c l o s u r e s , a c c u m u l a t i o n p o i n t s , and c o n t i n u i t y c a n be c h a r a c t e r i z e d 

i n a s t r a i g h t f o r w a r d way i n t e rms o f t h e c o n v e r g e n c e o f w e l l - o r d e r e d n e t s . 

A number o f d e f i n i t i o n s and the f i r s t t h r e e theorems o f t h i s c h a p t e r , 

none o f w h i c h d e a l w i t h w e l l - o r d e r e d n e t s p e r s e , w i l l e n a b l e us t o g i v e a 

u n i f i e d e x p o s i t i o n . 

D e f i n i t i o n . L e t D^ and D^ be d i r e c t e d s e t s . A f u n c t i o n h : D ^ -* D^ w i l l be 

o a l l e d an o r d e r hpmomorphism i f d £ d ' i m p l i e s t h a t h ( d ) ^ h ( d ' ) . 

D e f i n i t i o n s . L e t D be a c l a s s o f d i r e c t e d s e t s . A n e t w i l l be c a l l e d a 

D - n e t i f i t s domain b e l o n g s to D. A f i l t e r w i l l be s a i d t o be a D - f i l t e r 

i f i t h a s a b a s e w h i c h under i t s n a t u r a l o r d e r i s an o rde r -homomorph i c image 

o f a member o f D. I t i s c l e a r t h a t a f i l t e r i s w e l l - o r d e r e d i f and o n l y 

i f i t i s a [w}-filter f o r some w e l l - o r d e r e d s e t W, 

D e f i n i t i o n . L e t X be a s p a c e and l e t x be an e l e m e n t o f X . A c l a s s o f 

d i r e c t e d s e t s D w i l l be s a i d t o d e s c r i b e t h e t o p o l o g y . o f X a t x i f f o r 

e v e r y s u b s e t A o f X s u c h t h a t x i s i n t h e c l o s u r e o f A t h e r e i s a D - n e t 

i n A c o n v e r g i n g t o x . 

Theorem h.l. L e t X be a s p a c e and l e t x b e an e l e m e n t o f X . L e t D be a 
—T 

nonempty c l a s s o f d i r e c t e d s e t s . Then t h e f o l l o w i n g s t a t e m e n t s a r e e q u i 

v a l e n t : 

( a ) D d e s c r i b e s the t o p o l o g y o f X a t x . 
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(b) For every subset A of X such that x is an accumulation point 
of A, there is a D-net in A-{x} converging to x. 

(c) For every space Y and function f ;X "** Y, f is continuous at x 
if and only if f•§ converges to f(x) whenever § is a D-net in X converg
ing to x. 

(d) For every subset A of X such ttyat x is "in the closure of A, 
there is a D-filter in X which is eventually in A and converges to x. 

(e) For every subset A of X such that x is an accumulation point of 
A, there is a D-filter in X which is eventually in A-{x} and converges to 
x. 

(f) For every space Y and function f :X, -» Y, f is continuous at x 
if and only if the filter in Y for which {f(F):FeF} is a base converges 
to f(x) whenever F is a D-filter in X converging to x. 

(g) The neighborhood system of x in X is an intersection of D« 
filters. 
Proof. (a) Implies (b). Since x is an accumulation point of A, x is in 
the closure of A-{x}. By (a), there is. a D-net in A-{x] converging to x. 
(b) Implies (c). If f:X -• Y is continuous at x, then for every neighbor
hood U of f(x) in Y there is a neighborhood V of x in X such that f(V) SU. 
If $ is a D-net in X converging to x;, then § is eventually in V and thus 
f•$ is eventually in U. Since U was arbitrary, f»§ converges to f(x). 

Suppose f:X -* Y is not continuous at x. Then there is a neighbor
hood U of f (x) in Y such that f(V")-U is nonempty whenever V is a neighbor
hood of x in X. Thus, x is an accumulation point of f'̂ Y-U). By (b), 
there is a D-net $ in f~̂"(Y-U) converging to x. Clearly, f •$ does not 
converge to f(x)since it is never in U. 
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(G) Implies (d). Suppose x is in the closure of A. If x e A, then (d) 
holds trivially. If x / A, then f:X - Iadefined by f(y) = 0 for ye A 
and f(y) = 1 for y ̂  A, is clearly discontinuous at x. By (c), there 
exists D e D and a net §:D -»X converging to x such that f*$ does not 
converge to f(x). Clearly f«§ must be frequently at 0 and, hence, § must 
be frequently in A. If F is the filter in X generated by the filter base 
{{§(d7):d7£ d}:deD}, then clearly every element of F meets A and {FHA: 
FeF} is a base for a D-filter in X which is eventually in A and converges 
to x. 
(d) Implies (e). If x is an accumulation point of A, then x is in the 
closure of A-{x} and by (d) there is a D-filter in X which is eventually 
iii'A-{x} and converges to x. 
(e) Implies (f). This is quite similar to the proof that (b) implies (c). 
(f) Implies (g). Let N be the neighborhood system of x in X and let N7 be 
the intersection of all D-filters in X converging to x. We clearly need 
only show that N = N7. If V e N then V is a neighborhood of x and thus 
any D-filter converging to x is eventually in V, Hence, V e N7. Now 
suppose V ft N. Then x is in the closure of X-V. If x e X-V, let F be the 
filter in X having as a base the single set fx}. It is easily seen that 
F is a D-filter converging to x. Since V ̂  F, it follows that V ̂  N7. 
If x y X-V, consider the function f:X - I defined by f(y) = 0 if y e X-V 
and f(y) = 1 if y ft X-V. f is clearly discontinuous at x. By (f), there 
is a D-filter F in X converging to x such that the filter in Y having 
{f(F):FeF} as a base does not converge to f(x). Clearly 0 e f(F) for 
every F e F ,and hence every FeF meets X-Vf If it were true that V e N7, 
then we would have that V e F. Since this contradicts the fact that every 
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E L E M E N T O F F MEETS X - V , T H E N V fi N 7 . 

( G ) I M P L I E S ( A ) . WE ARE S U P P O S I N G THAT T H E N E I G H B O R H O O D S Y S T E M N AT X I S 

A N I N T E R S E C T I O N O F A S E T S O F D - F I L T E R S I N X . S U P P O S E THAT X I S I N T H E 

CLOSURE O F A S U B S E T A O F X . NOW A A V I S NONEMPTY FOR E V E R Y V E N . H E N C E , 

X - A ^ N . T H U S , T H E R E I S A D - F I L T E R F I N S SUCH THAT X - A ^ F . SO AFLF I S 

NONEMPTY FOR E V E R Y F E F . L E T B B E A B A S E FOR F SUCH THAT THERE I S A 

D I R E C T E D S E T D E D A N D A S U R J E Q T I V E ORDER HOMOMORPHISM H : D -» B . D E F I N E 

A N E T $ : D - * X B Y C H O O S I N G § ( D ) TO B E A P O I N T I N A F L H ( D ) . § I S T H E N A D - N E T 

I N A C O N V E R G I N G TO X . H E N C E , D D E S C R I B E S T H E TOPOLOGY O F X A T X . || 

T H E E Q U I V A L E N C E O F ( A ) TO ( G ) I S A N A P P R O X I M A T E G E N E R A L I Z A T I O N O F A 

THEOREM O F KOWALSKY [ 7 ] , P . 7 ^ 5 S T A T I N G THAT HQ D E S C R I B E S T H E T O P O L O G Y O F 

A SPACE X AT E A C H O F I T S P O I N T S I F A N D O N L Y I F EACH N E I G H B O R H O O D S Y S T E M ^ 

I N X I S A N I N T E R S E C T I O N O F F I L T E R S G E N E R A T E D B Y S E Q U E N C E S . ( A F I L T E R F 

I S S A I D TO B E G E N E R A T E D B Y A SEQUENCE $ I F { { § ( M ) : M ^ N } : N I S A P O S I T I V E 

I N T E G E R } I S A F I L T E R B A S E FOR F . ) 

I T I S I N T E R E S T I N G TO NOTE T H A T FOR A N Y S P A C E X THERE E X I S T S A 

D I R E C T E D S E T D SO THAT { D } D E S C R I B E S T H E TOPOLOGY O F X A T E A C H O F I T S 

P O I N T S . I N F A C T , I F K I S THE C A R D I N A L I T Y O F T H E O P E N SETS I N X , WE MAY 

CHOOSE D TO B E T H E C O L L E C T I O N O F F I N I T E NONEMPTY S U B S E T S O F K W I T H S ^ ^ S ^ 

I F A N D O N L Y I F S . S ^ . I F X I S I N T H E CLOSURE O F A S U B S E T A O F X , WE 

CHOOSE A N E I G H B O R H O O D B A S I S B FOR X O F C A R D I N A L I T Y NOT G R E A T E R T H A N K A N D 

L E T F : K - • B B E A S U R J E C T I O N . WE T H E N D E F I N E $ : D -» X B Y C H O O S I N G $ ( { W ^ , 

W 2 , W N } E F ( W 1 ) F L F ( W 2 ) N . . . F L F ( W ) F \ A . $ I S T H E N A [ D } - N E T I N A C O N 

V E R G I N G TO X . T H I S I S SOMEWHAT S I M I L A R TO T H E O R E M 1 O F V E N K A T A R A M E N ' S 

P A P E R [ 9 ] . 

THEOREM k,2. S U P P O S E THAT D A N D D 7 ARE C L A S S E S O F D I R E C T E D SETS SUCH 



27 

that for every member D of P there is a member D7 of p' which is order-
isomorphic to a cofinal subset of D. If P describes the topology of X 
at x, then D7 describes the topology of X at x. 
Proof. Suppose x is in the closure of the subset A of X. Then there . 
exists a directed set D e D such that there is a net $:D -» A converging 
to x. By hypothesis there is a directed set D7 ? D' such that there is 
an order isomorphism Y:D7 -* D onto a cofinal subset of D. Clearly, $*Y 
is a D7-net in A converging to x. || 
Theorem U.3. If D is a class of linearly ordered sets, then there is a 
class D7 of regular alephs such that for every space X and point x e X 
D7 describes the topology of X at x if p describes the topology of X at 
x. If D has only one non-zero element, D7 can be chosen to have only 
one element. 
Proof. Let D" be the class of non-zero final orders of elements of D. 
By Theorem k.2, p77 describes the topology of X at x if D does. If 1 is 
not an element of D", let p7 = D". If 1 is an element of D", let D7 be 
D" with ̂  substituted for 1. CTearly, D7 has one element if D has one 
non-zero element, jj 

Because of Theorem ^.3? we may restrict our attention to regular 
alephs when considering the construction of a theory of convergence based 
on linearly ordered nets. 
Definitions. If the class of all regular alephs describes the topology 
of X at each of its points, then X will be said to be semi-erect. 

If for each x e X there is a regular aleph K such that [k } de-
scribes the topology of X at x, then X will be said to be erect. 

If K is a regular aleph and {k} describes the topology of X at each 
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of its points, then X will be called K-Frechet. 
In Example 3.8 we showed that I"*" contains a point f such that the 

class of all well-ordered sets does not describe the topology of I"'" at f. 
(In fact,-the class of all well-ordered sets does not describe the topo
logy of I1 at any of its points.) Thus, I1 is an example of a space that 
fails to be semi-erect. 
Theorem U.U. Every linearly ordered set L with the order topology is 
semi-erect. 
Proof. Let x be a point in L which is in the closure of a subset A of L. 
We need only show that there is a net in A which has a linearly ordered 
domain and converges to x. Let Â  = {aeA:a £ x) and let Â  = {aeA:a ̂  x). 
Now CI (A) = Cl̂UA ) = C1(A1)UC1(A2). So either x e Cl(A;L) or x e Cl(A2). 

If x e Cl(A-L), then the inclusion map $:Â  -» L clearly is a net in 
A which has a linearly ordered domain and converges to x. 

If x e Cl(A2), let < be the reverse order of £ o.n,A .. That is, for 
each pair of elements a and b in Â5 we require that a < b if and only 
if b £ a. Then the inclusion map $:A2 -» L, using < as the ordering on 
A2, clearly is a net having the desired properties. || 

From the definitions it is evident that every K~Frechet space, for 
any regular aleph K, is erect and that every erect space is semi-erect. 
We now wish to provide examples showing that these concepts are in fact 
distinct from one another. We shall need the following lemma. 
Lemma If K is- a regular aleph such that [K] describes the topology 
of X at x and if x is in the closure of a subset A of X, then either there 
exists a e A so that x is in the closure of {a} or the cardinality of A 
is not less than K. 
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Proof. Suppose that A contains no point a such that x is in the closure 
of {a}. Then, for every a e A, X-{a} is a neighborhood of x. Since {K} 
describes the topology of X at x, there is a net §:K -* A converging to x. 
Now, for each a e A, let Y(a) be the smallest element in K such that 
$(w) e X-{a} for all w ̂  Y(a)".. The existence of Y(a) follows from the 
fact that $ converges to x and X-{a} is a neighborhood of x. From the 
definition of Y it is clear that w < ¥(§(w)). Thus, Y(A) is a cofinal 
subset of K. Since K is a regular aleph, we know by Theorem 2.2 that Y(A) 
must have cardinality K. Hence, the cardinality of A is not less than 
K. || 
Example h.6. We now provide an example of a linearly ordered set with the 
order topology which is not erect, though by Theorem k.k it is semi-erect. 

Let X = ((Ofl) X {0})U()£ X {l}) where ftfl is the set of all ordi
nals less than or equal to the smallest uncountable ordinal Q. We define 
the relation ^ on X by (x̂ ,i) ^ (xg,j) if: 

1) i = 0 and j = 1 
or 

2) i = j =0 and x̂  ̂  x̂  
or 

3) i = 3 =1 and x̂  ^ x̂  , 
It is easily shown that •{ is a linear order. Let A = [xeX:x̂  (0,0) 

and x (Q,0)},and let B = {xeX:(Q,0)̂  x and (Q,0)̂x}. It is clear that 
(0,0) is in the closure of A and is also in the closure of B. Suppose 
that a regular aleph K describes the topology of X at (Q,0). By an argu
ment similar to that in Example 3.7? there is no sequence in A converging 
to (0,0). Hence, K ̂  V. Now it is clear that there is no element b e B 



30 

such that (0,0) is in the closure of {b]. Thus, by Lemma k,5 the 
cardinality of B is not less than K. Since the cardinality of B is $ we have K ^ K. But this contradicts the fact that )v is the smallest o o 
regular aleph. X then fails to be erect. || 
Theorem k.7. Every well-ordered set with the order topology is erect. 
Proof. Let X be a well-ordered set with the order topology and let x be 
a point in X. Now ¥ = {{yeX:y £ x}}U {(yeX:a < y £ x}:a < x} is a base, 
well-ordered by set inclusion, for the neighborhood system at xt So the 
neighborhood system at x in X is a {w}-filter. Hence, by Theorem k . l ( g ) , 

{w} describes the topology of X at x. By Theorem h.3 there is a regular 
aleph K such that {K } describes the topology of X at x. Hence, x is 

X X 
erect. || 
Example k.Q. We now give an example of a space that is erect but is not 
K-Frechet for any regular aleph K. 

Let X be the set of all ordinals less than or equal to the least 
uncountable ordinal fl with the order topology. By the preceding theorem 
X is erect. By an argument similar to the one employed in Example k.6 no 
regular aleph greater than HQ describes the topology of X at ̂  and ̂  
does not describe the topology of X at fl. Hence, no regular aleph de
scribes the topology of X at each of its points and X consequently fails 
to be K-Frechet for any regular aleph K. || 
Theorem If K is a regular aleph and X is a space such that every 
neighborhood system is a {K}-filter, then X is K-Frechet. 
Proof. Let x be any point in X. By Theorem U.l(g), {k} describes the 
topology of X at x. Hence, X is K-Frechet. || 
Corollary k.10. Every first countable space is î-Frechet. 



31 

Proof. Let {Un},be a neighborhood basis at a point x e X. For each 
n 

positive integer n, let V =; f] U.. Clearly, {V̂ } is a neighborhood 
j —1 

basis at x which is an order-homomorphic image of the positive integers. 
Thus, the neighborhood system at x is an [J^]-filter, and by Theorem k . 9 

X is -̂Frechet. II 
o " 

Example k.ll. We are now in a'position to give examples of K-Frechet 
spaces for each regular aleph K. 

If K is a regular aleph, let X be the set of all ordinals less 
than or equal to K. A basis for the topology of X will consist of all 
subsets of the form [xeX:w < x] as well as all subsets not containing the 
element K. Thus, a neighborhood basis at a point x ĵK is fx], and a 
neighborhood basis at K is {{xeX: w < x}: w < K]. Clearly, each neigh
borhood basis is a [K}-filter. By Theorem h . 9 , X is K-Frechet. 

It should be noted that X is not K'-Frechet for any regular aleph 
K' < K. If, on the contrary, X were K/-Frechet there would be a net 
§ : K ' -»X-{K } converging to K . But then §(K') would be a cofinal subset 
of X-{K] = K. This cannot happen since every cofinal subset of K is 
order-isomorphic to K, whereas §(K') has cardinality less than K. || 

Theorem h.l yields a good deal of information about the properties 
of semi-erect, erect, and K-Frechet spaces. For example, from (a), (b), 
and (c) of this theorem, along with Corollary U.10, we obtain the classi
cal results on first countable spaces mentioned in the third paragraph 
of Chapter I. The remainder of this chapter will investigate a few addi
tional properties of semi-erect, erect, and K-Frechet spaces. Theorem h.12. Every subspace of a semi-erect (erect)(K-Frechet) space is semi-erect (erect)(K-Frlchet). 
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P r o o f . We s h a l l p r o v e o n l y t h e s e m i - e r e c t , t he p r o o f s o f t h e e r e c t and 

K - F r e c h e t b e i n g q u i t e s i m i l a r . 

L e t X 7 be a s u b s p a c e o f a s e m i - e r e c t s p a c e X, S u p p o s e a p o i n t 

x e X 7 l i e s i n t h e c l o s u r e o f A Q X ' r e l a t i v e t o t h e t o p o l o g y o f X 7. 

L e t U be an open s e t i n X c o n t a i n i n g x . S i n c e A mee t s UflX 7, A mee ts U. 

T h u s , x i s i n t h e c l o s u r e o f A r e l a t i v e t o t h e t o p o l o g y o f X. T h u s , 

t h e r e i s a r e g u l a r a l e p h K and a- n e t $ : K -* A s u c h t h a t $ c o n v e r g e s t o x 

i n t h e t o p o l o g y o f X. L e t V 7 be any open n e i g h b o r h o o d o f x i n X 7. Then 

t h e r e i s a s e t V w h i c h i s open in , X s u c h t h a t V 7 = VfiX 7. Now $ i s 

e v e n t u a l l y i n VOA^VfiX 7 = V 7. T h u s , $ c o n v e r g e s t o x i n t h e t o p o l o g y 

o f X 7. H e n c e , X 7 i s s e m i - e r e c t . || 

D e f i n i t i o n . L e t [x îmeM] be an i n d e x e d c o l l e c t i o n o f s p a c e s . Then l e t 

X = 1 ^ M

x

m * We d e f i n e a t o p o l o g y T f o r X by r e q u i r i n g t h a t U e T i f and 

o n l y i f UflX m i s open i n X^ f o r e v e r y m e M. Then (X, T ) , d e n o t e d b y 

£ X , i s c a l l e d t h e sum o f t h e c o l l e c t i o n fx :meM] o f s p a c e s , 
iv* m • 1 m 

meM 

Theorem K . 1 3 . The sum o f a p a i r w i s e d i s j o i n t i n d e x e d c o l l e c t i o n o f 

s e m i - e r e c t ( e r e c t ) ( K - F r e c h e t ) s p a c e s i s s e m i - e r e c t ( e r e c t ) ( K - F r e c h e t ) . 

P r o o f . We s h a l l p r o v e o n l y t h e s e m i - e r e c t , s i n c e t h e p r o o f s o f t h e e r e c t 

and K - F r e c h e t a r e s i m i l a r . 

L e t [Xm:meM] be a p a i r w i s e d i s j o i n t c o l l e c t i o n o f s e m i - e r e c t 

s p a c e s i n d e x e d b y M. L e t x be any p o i n t i n X. L e t m be t h e u n i q u e mem

b e r o f M s u c h t h a t x e X . I f x i s i n t h e c l o s u r e o f a s u b s e t A o f X, 
m 

A must meet e v e r y n e i g h b o r h o o d o f x i n X . T h u s , x i s i n t h e c l o s u r e o f 
A H X m r e l a t i v e t o t h e t o p o l o g y , o f X . H e n c e , t h e r e i s a r e g u l a r a l e p h 

K and a n e t $ : K -» A H X w h i c h c o n v e r g e s t o x i n t h e t o p o l o g y o f X . 
m p m 

S i n c e t h e n e i g h b o r h o o d s o f x i n X^ f o rm a n e i g h b o r h o o d b a s i s f o r x i n X, 
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$ converges to x in the topology of X. Hence, X is semi-erect. || 
Example U.lU. We now show that for each regular aleph K there exist K-
Frechet spaces X and Y so that X x Y fails to be semi-erect. Thus, none 
of the properties of being semi-erect, erect, or K-Frechet extend even 
to finite products. 

Let X = (KxK)U [x] where x is an object not in K x K. For each i and j in K, let B. . = l(i?k) e KxK: k > j}UW- Let C be the collection 
i < J 

of all subsets of K X K, and let D be the family of all sets of the form 
u£Bij(i) :ieK5 where j(i) is a member of K, depending on i. We shall let 
X have the topology for which C|JJ2 is a basis. X is clearly discrete 
everywhere except at x. For each i e K, let Fi be the filter in X having 
{B..:jeK] as a base. It is easily seen that each F. is a {K}-filter and 
that the neighborhood system of x in X is t̂he intersection of {E\ :ieK}. 
By Theorem h.l(g), {K} describes the topology of X at x and, thus, X is 
K-Frechet. 

Let Y = KU[y} where y is an object not in K. For each i e K, let 
be {keK:k > i}U{y}. We shall give Y the topology having {Ĉ.ieK} 

united with the family of all subsets of K as a basis. Clearly, Y is 
K-Frechet with {ĈieK} forming a base for the neighborhood system at y. 

Let A be set of all points in X X Y of the form ((i,j),i) where i 
and j are arbitrary members of K. We shall show that (x,y) is in the 
closure of A. Let U be any neighborhood of (x,y) in X x Y. U must have 
a subset of the form (U(B..,.N:ieK}) x C, . This subset meets A at the 
point ((k+l,j(k+l) + 1 ) , k+1). 

Now we show that there is no well-ordered net in A converging to 
(x,y). Suppose, to the contrary, that there is a regular aleph K' and 
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a net §:K7 -» A converging to (x,y). Then, if p is the projection from 
X X Y into Y, p*$ is a net in K converging to y. By Lemma k.5 K7 £ K. 
Since p*$(K7) must be cofinal in K, and since every cofinal subset of 
K has cardinality K, K7 2> K. Hence, K7 = K. For each k e K, let Y(k) . 
be the smallest element of K such that p*$(k7) > k for every k7 ^ Y(k). 
The existence of Y(k) is insured by the fact that p-$ is eventually in 
C, for every k. Now, by the definition of Y, we know that for any i e K 
k < Y(i) if p-§(k) = i. Hence, for, a fixed., i.e K, {keK:p-$(k) = i } S 
{keK.k < Y(i)} which has cardinality less than K. Thus, [jeK:((i,j),i) 
e$(K)) has cardinality less than K. Hence, there exists «j(i) e K so 
that j < j(i) for all j such that ((i,j),i) e §(K). Thus, § is never in 
the neighborhood (u{B̂  ̂ :ieK}) X of (x,y). Hence, $ cannot converge 
to (x,y) and we have thus completed the proof that X X Y is not semi-
erect. || 

Under very restrictive hypotheses it is sometimes possible to con-
elude that a product space is K-Frechet. For example, if X and Y are 
spaces in which every neighborhood system is a {K}-filter, then. X X Y is 
clearly of the same type and is thus K-Frechet. This result does not 
extend to infinite products except that it applies to countable products when K = V. This last reference is, of course, to the well-known fact o 
that the countable product of first countable spaces is first countable. 
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CHAPTER V 

WELL-ORDERED SUBNETS 

S u p p o s e t h a t t h e a n a l o g u e o f Theorem 2.5 f o r w e l l - o r d e r e d n e t s 

and w e l l - o r d e r e d s u b n e t s c o u l d b e p r o v e n . T h a t i s , s u p p o s e i t w e r e 

t r u e t h a t f o r e a c h c l u s t e r p o i n t x o f any w e l l - o r d e r e d n e t $ t h e r e s h o u l d 

e x i s t a w e l l - o r d e r e d s u b n e t o f $ c o n v e r g i n g t o x . By Theorems 3.3 and 

h.3 and t h e d e f i n i t i o n o f a s e m i - e r e c t s p a c e we w o u l d t h e n h a v e t h e 

( f a l s e ) r e s u l t t h a t every space i s s e m i - e r e c t . T h u s , from one point o f 

v i e w , t h e f a i l u r e o f w e l l - o r d e r e d n e t s t o y i e l d a s a t i s f a c t o r y t h e o r y o f 

c o n v e r g e n c e i n g e n e r a l s p a c e s i s due t o t h e f a c t t h a t a w e l l - o r d e r e d n e t 

does n o t n e c e s s a r i l y h a v e w e l l - o r d e r e d s u b n e t s c o n v e r g i n g t o e a c h o f i t s 

c l u s t e r p o i n t s . I n t h i s c h a p t e r we s h a l l i n v e s t i g a t e c o n d i t i o n s u n d e r 

w h i c h a w e l l - o r d e r e d n e t $ w i t h a c l u s t e r p o i n t x w i l l h a v e a w e l l - o r d e r e d 

s u b n e t c o n v e r g i n g t o x . 

D e f i n i t i o n . I f $ :D -» X i s a n e t and D ' i s a c o f i n a l s u b s e t o f D, t h e n 

§ | D ' i s c a l l e d a c o f i n a l r e s t r i c t i o n o f $ . 

The f o l l o w i n g theorem shows t h a t we may r e s t r i c t o u r a t t e n t i o n t o 

c o f i n a l r e s t r i c t i o n s when s t u d y i n g w e l l - o r d e r e d s u b n e t s o f w e l l - o r d e r e d 

n e t s . 

Theorem 5.1. I f W i s a w e l l - o r d e r e d s e t and $:W -» X h a s a w e l l - o r d e r e d 

s u b n e t c o n v e r g i n g t o a p o i n t x e X , t h e n $ h a s a c o f i n a l r e s t r i c t i o n c o n 

v e r g i n g t o x . 

P r o o f . By h y p o t h e s i s t h e r e e x i s t s a w e l l - o r d e r e d s e t W' and a c o f i n a l 

f u n c t i o n Y:W' -» W such t h a t $ - Y c o n v e r g e s t o x . L e t u s d e f i n e Y ' :W' - W 
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by l e t t i n g Y 7 ( w 7 ) = min{Y (w") :w" few'}. We now show t h a t c o n v e r g e s 

t o x . L e t U be any ne ighborhood , o f x . S i n c e c o n v e r g e s t o x , t h e r e 

e x i s t s w ' e W7 so t h a t $ - Y ( w " ) e U f o r a l l w" ;> w 7 . S i n c e Y ' ( w " ) = Y(w) 

f o r some w ^ w " , t h e n f o r e a c h w" ^ w 7 $ - Y / ( w / / ) e U . 

L e t V = Y 7 ( W 7 ) . N o w l e t U be a n e i g h b o r h o o d o f x . Choose w 7 e 

W7 so t h a t $ - Y 7 ( w " ) e U f o r a l l w 7 7 £ w ' . Deno te Y 7 ( w 7 ) b y v 7 . Now f o r 

v " e V such t h a t v " ^ v 7 , t h e r e e x i s t s w" e W7 so t h a t w" £ w 7 and Y 7 ( w 7 7 ) 

= v 7 7 . The f a c t t h a t w7 7 c a n be c h o s e n to be g r e a t e r t h a n o r e q u a l t o ,w7 

f o l l o w s f rom t h e m o n o t o n i c i t y o f Y 7 . By t h e way i n w h i c h w 7 was c h o s e n , 

$ ( v 7 7 ) = $ * Y 7 ( w / / ) e U . Hence , $|v c o n v e r g e s t o x . S i n c e f i s a c o f i n a l 

f u n c t i o n , Y 7 i s a l s o a c o f i n a l f u n c t i o n and V i s t h u s a c o f i n a l s u b s e t 

o f W. II 
The n e x t theorem g i v e s a s u f f i c i e n t c o n d i t i o n f o r a { K } - n e t w i t h 

a c l u s t e r p o i n t x t o h a v e a c o f i n a l r e s t r i c t i o n c o n v e r g i n g t o x . 

Theorem 5 . 2 . L e t K be a r e g u l a r a l e p h , and s u p p o s e t h a t { K } d e s c r i b e s 

t h e t o p o l o g y o f X a t x . Then e v e r y { K } - n e t i n X h a v i n g x a s a c l u s t e r 

p o i n t ha s a c o f i n a l r e s t r i c t i o n c o n v e r g i n g t o x . 

P r o o f . L e t $ be a { K } - n e t i n X c l u s t e r i n g a t x . F o r e a c h k e K , l e t 

C = { k 7 e K : k 7 ^ k } . C l e a r l y , x i s i n t h e c l o s u r e o f $ ( C ) f o r e v e r y k . 
k k 

S u p p o s e t h a t f o r e v e r y k t h e r e e x i s t s y ^ i n ^(C^.) s u c h t h a t x i s i n t h e 

c l o s u r e o f { y v } . Then y i s an e l e m e n t o f e v e r y n e i g h b o r h o o d o f x . T h u s , 
k k 

i f K 7 = { k e K : x i s i n t h e c l o s u r e o f $ ( k ) } , t hen K 7 i s a c o f i n a l s u b s e t o f 

K and $ | K 7 c o n v e r g e s t o x . 

S u p p o s e , on t h e o t h e r hand,- t h a t t h e r e e x i s t s some k i n K so t h a t 

c o n t a i n s no e l e m e n t y s u c h t h a t x i s i n t h e c l o s u r e o f { y } . S i n c e 

x i s i n t h e c l o s u r e o f $ ( C , ) and s i n c e { K } d e s c r i b e s t h e t o p o l o g y o f X 

ZL 
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a t x , t h e r e i s a n e t Y : K -> §(C, ) c o n v e r g i n g t o x . C l e a r l y , x i s i n t h e 

c l o s u r e o f Y ( K ) . S i n c e Y ( K ) £ $ ( C ) , Y ( K ) c o n t a i n s no e l e m e n t y s u c h 
k 

t h a t x i s i n the c l o s u r e o f [ y } . B y Lemma U.5, Y ( K ) h a s c a r d i n a l i t y K . 

F o r e a c h a e Y ( K ) , c h o o s e y ( a ) e K s u c h t h a t Y » y ( a ) = a . C l e a r l y , y i s 

i n f e c t i v e a n d , i f W = y ( Y ( K ) ) , W h a s c a r d i n a l i t y K . ¥ i s t h u s a c o f i n a l 

s u b s e t o f K . I t i s e a s i l y s e e n t h a t Y | W i s i n f e c t i v e and c o n v e r g e s t o x . 

F o r e a c h w e W, c h o o s e f ( w ) i n K s o t h a t § ( f ( w ) ) = Y ( w ) . S i n c e 

Y|w i s i n f e c t i v e , f i s i n f e c t i v e . We w i s h t o show t h a t f :W -» K i s a c o -

f i n a l f u n c t i o n . F o r a n y k e K , {weW.f (w) < k ] h a s c a r d i n a l i t y l e s s t h a n 

K s i n c e f i s i n j e c t i v e and [ k ' e K : k ' < k } has c a r d i n a l i t y l e s s t h a n K . 

S i n c e W i s c o f i n a l i n K and i s t h e r e f o r e o r d e r - i s o m o r p h i c t o K , {weW:f (w) 

< k ] c a n n o t be c o f i n a l i n W. T h u s , t h e r e e x i s t s w'eW s u c h t h a t f ( w ) £ k 

f o r a l l w 2> w ' . So f i s a c o f i n a l f u n c t i o n ^nd Y|w = f « f i s a w e l l -

o r d e r e d s u b n e t o f $ c o n v e r g i n g t o x . B y Theorem 5.1, $ h a s a c o f i n a l 

r e s t r i c t i o n c o n v e r g i n g t o x . || 

C o r o l l a r y 5.3. L e t K be a r e g u l a r a l e p h and l e t X be a K - F r e c h e t s p a c e . 

S u p p o s e t h a t $ i s a { K } - n e t i n X . F o r e a c h c l u s t e r p o i n t x o f $ , t h e r e 

i s a c o f i n a l r e s t r i c t i o n o f § c o n v e r g i n g t o x . 

P r o o f . S i n c e X i s K - F r e c h e t , { K } d e s c r i b e s t h e t o p o l o g y o f X a t e a c h o f 

i t s p o i n t s . || 

C o r o l l a r i e s h.10 and 5.3 y i e l d t h e c l a s s i c a l r e s u l t t h a t i n a 

f i r s t c o u n t a b l e s p a c e a p o i n t x i s a c l u s t e r p o i n t o f a s e q u e n c e § o n l y 

i f $ h a s a s u b s e q u e n c e c o n v e r g i n g t o x . 

I t s h o u l d b e n o t e d t h a t t h e c o n v e r s e s o f Theorem 5.2 and C o r o l l a r y 

5.3 a r e t r i v i a l l y t r u e , f o r i f any n e t § h a s a c o f i n a l r e s t r i c t i o n c o n 

v e r g i n g t o a p o i n t x t h e n x must b e a c l u s t e r p o i n t o f § . 
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Theorem 5.2 and Corollary 5.3 are the main results of this 

chapter. In Example 5 . h we shall provide a counterexample to a possible 

strengthening of the conclusion of Corollary 5.3. Example 5.5 is a 

counterexample to a possible weakening of its hypotheses. 

Example 5 . h . It might reasonably be conjectured that in a "sufficiently 

well-behaved" space every C-net (where C is the class of regular alephs) 

would have a cofinal restriction converging to each of its cluster points 

Indeed it is easily seen that discrete spaces have this property. How« 

ever, we shall now show that in as nicely behaved a space as the real 

numbers R there is a C-net having a cluster point to which no cofinal 

restriction converges. 

Let W = K q x Q. Well-order W by requiring that (n ,w^) £ (n^w^) 

if (l) w^ < Wg or (2) w^ = Wg and n^ £ n^. It is rather easily seen 

that W is order-isomorphic to Q since W has cardinality greater than or 

equal to Q whereas every initial segment of W is countable. Define 

f:W -• R by f((n,w)) = -jjj. § clearly clusters at 0 . Suppose there is a 

cofinal subset V of W such that $|v converges to 0 . Clearly, for each 

positive integer n there exists v e V such that §(v) < — for every v e 
n n 

V such that v ^ v • Clearly, ( v
n: n a positive integer} must be cofinal 

in V, for if there existed v e V such that v n < v for every positive n 

then $(v) would be less than for each positive integer n. But then 

{vn:n a positive integer} is a countable cofinal subset of W. This, 

however, is impossible since W is order-isomorphic to Q. Hence, § has 

no cofinal restriction converging to 0 . || 

Example 5.5. We now show that there is no regular aleph K such that 

every {K}-net, in any space whatsoever, has a cofinal restriction con-
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v e r g i n g t o e a c h c l u s t e r p o i n t . T h i s e x a m p l e i s a g e n e r a l i z a t i o n o f one 

a p p e a r i n g i n S c h u b e r t [8], p . 65. 

P(K) 
L e t K b e a r e g u l a r a l e p h and, l e t X = I w i t h t h e T y c h o n o f f 

p r o d u c t t o p o l o g y where I i s t h e c l o s e d u n i t i n t e r v a l and P(K) i s t h e 

power s e t o f K. S i n c e X i s compact b y the T y c h o n o f f P r o d u c t Theorem, 

e v e r y [K}-net i n X h a s a c l u s t e r p o i n t . We s h a l l c o m p l e t e t h i s e x a m p l e 

b y p r o d u c i n g a {K}-net i n X w h i c h h a s no c o n v e r g e n t c o f i n a l r e s t r i c t i o n . 

B y Lemma 2.5, K i s t h e u n i o n o f two d i s j o i n t c o f i n a l s u b s e t s , w h i c h we 

s h a l l l a b e l A and B . We d e f i n e a n e t $:K -» X a s f o l l o w s . L e t k b e any 

e l e m e n t o f K and l e t S be a n y member o f P(K). I f S i s no t c o f i n a l i n K, 

l e t t h e S t h c o o r d i n a t e o f $ ( k ) be 0. I f S i s c o f i n a l i n K, t h e n t h e r e 

i s an o r d e r i s o m o r p h i s m i g f rom K o n t o S . D e f i n e t h e S t h c o o r d i n a t e o f 

$ ( k ) to be 0 i f k i s no t a member o f S o r i f k e i (A) and t o be 1 i f 
s 

k e i ( B ) . Now l e t V b e a n y c o f i n a l s u b s e t o f K. We s h a l l show t h a t 
s 

$|V c a n n o t converge* t o a n y p o i n t i n X. C o n s i d e r P#(§|V) w h e r e p i s t h e 

p r o j e c t i o n f rom X i n t o i t s V t h c o o r d i n a t e s p a c e . p ' $ ( i v ( A ) ) = {0} a n d 

P ' $ ( i v ( B ) ) = { l } . S i n c e i y ( A ) and i ( B ) a r e c o f i n a l s u b s e t s o f V, 

p»($|V) i s f r e q u e n t l y a t 0 and f r e q u e n t l y a t 1 and t h u s f a i l s t o c o n 

v e r g e . H e n c e , $|V f a i l s t o c o n v e r g e . || 

I t h a s b e e n m e n t i o n e d p r e v i o u s l y t h a t the t h e o r y o f c o n v e r g e n c e 

w i t h n e t s i s e q u i v a l e n t t o the t h e o r y o f c o n v e r g e n c e w i t h f i l t e r s i n t h e 

s e n s e t h a t e v e r y t r u e theo rem c o n c e r n i n g n e t s c a n b e t r a n s l a t e d i n t o a 

t r u e t h e o r e m c o n c e r n i n g f i l t e r s . H o w e v e r , t h e s t a t e m e n t o f t h e t r u e 

theorem c o n c e r n i n g f i l t e r s i s somet imes d i f f e r e n t f rom wha t one m i g h t 

h a v e e x p e c t e d a t f i r s t t h o u g h t . F o r e x a m p l e , b e c a u s e o f C o r o l l a r y 5.3 

one m i g h t s u s p e c t t h a t i n a K - F r e c h e t s p a c e e a c h { K } - f i l t e r h a s , c o r r e -
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s p o n d i n g t o e a c h c l u s t e r p o i n t , a [ K ] - r e f i n e m e n t c o n v e r g i n g t o t h a t 

c l u s t e r p o i n t . H o w e v e r , a - c o u n t e r e x a m p l e t o t h i s c o n j e c t u r e w i l l b e 

g i v e n i n E x a m p l e 5«7j t h e l a s t r e s u l t o f t h i s c h a p t e r . T h e t r u e t h e o r e m 

c o n c e r n i n g f i l t e r s w h i c h c o r r e s p o n d s t o C o r o l l a r y 5*3 i s t h a t i n a K -

F r e c h e t s p a c e e a c h f i l t e r g e n e r a t e d b y a { K } - n e t h a s , c o r r e s p o n d i n g t o 

e a c h c l u s t e r p o i n t , a { K } - r e f i n e m e n t c o n v e r g i n g t o t h a t c l u s t e r p o i n t . 

( A f i l t e r F i s s a i d t o b e g e n e r a t e d b y a { K } - n e t § i f {{f(k /):k /^ k } : k 

e K ] i s a f i l t e r b a s e f o r F . ) T h e p r o o f i s e a s y a n d w i l l n o t b e g i v e n 

h e r e . 

We s h a l l u t i l i z e t h e f o l l o w i n g l e m m a i n E x a m p l e 5-1-

L e m m a 5»6« L e t K b e a r e g u l a r a l e p h . S u p p o s e t h a t s o m e p o i n t r x e X 

h a s t h e p r o p e r t y t h a t f o r e v e r y { K } - f i l t e r F i n X , F c l u s t e r s a t x o n l y 

i f F h a s a { K } - r e f i n e m e n t c o n v e r g i n g t o x . T h e n , i f W i s a n y w e l l -

o r d e r e d s e t h a v i n g f i n a l o r d e r K a n d i f § : W - * X i s a n e t c l u s t e r i n g a t 

x , § h a s a c o f i n a l r e s t r i c t i o n c o n v e r g i n g t o x . 

P r o o f . B y T h e o r e m 5.1 i t i s s u f f i c i e n t t o s h o w t h a t § h a s a w e l l - o r d e r e d 

s u b n e t c o n v e r g i n g t o x . L e t K ' b e a c o f i n a l s u b s e t o f W o r d e r - i s o m o r p h i c 

t o K u n d e r t h e i s o m o r p h i s m i : K - * K ' . F o r e a c h k e K l e t B = ( $ ( w ) : w e W 
k 

a n d w £ i ( k ) } . N o w { B , : k e K ] i s c l e a r l y a b a s e f o r a { K } - f i l t e r F c l u s t e r -
k -

i n g a t x . B y h y p o t h e s i s , F h a s a { K } - r e f i n e m e n t G c o n v e r g i n g t o x . L e t 

C b e a b a s e f o r G s u c h t h a t t h e r e i s a s u r j e c t i v e o r d e r h o m o m o r p h i s m 

h : K - » C . S i n c e F £ G , { B ^ H h ( k ) : k e K } i s a b a s e f o r G . I n p a r t i c u l a r , 

B, 0 h ( k ) i s n o n e m p t y f o r e a c h k e K , a n d f o r e a c h n e i g h b o r h o o d U o f x 
K. 

t h e r e e x i s t s a k ' e K s u c h t h a t B, /H h ( k 7 ) C U . We n o w d e f i n e a f u n c t i o n 

k 

Y : K - * W b y c h o o s i n g , f o r e a c h k e K , Y ( k ) t o b e a n e l e m e n t o f W s u c h t h a t 

Y ( k ) s> i ( k ) a n d $ ( Y ( k ) ) e B Oh(k). T h i s c a n b e d o n e b e c a u s e o f t h e 
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definition of B and the fact that B fl h(k) is nonempty. It is easily 
seen that f is a cofinal function. If U is 9, neighborhood of x there 
exists, as noted above, a k' e K such that B /H h(k7)2 U. Now for k ̂  
k', §(Y(k)) e Bvfl h(k) SR ,f|h(k') SU. Hence, §-Y converges to x and 
thus Y determines a well-ordered subnet of $ converging to x. || 
Example 5.7. We now produce an example of a K-Frechet space in which there 
is a {K}-filter F clustering at a point x though there is no {K}-refinement 
of F converging to x. We shall proceed by showing that there is a well-
ordered set W of final order K and a net $:W -* X clustering at x such that 
there is no cofinal restriction of $ converging to xT The existence of F 
will then follow from Lemma 5.6. 

Consider the space X defined in Example h.lh. Let W = K x K with 
the well-ordering £ defined by requiring that (i,j) £ (i7,j7) if (l) i < 
i7 or (2) i = i' and j £ j 7 . Let $:W' -* X be the inclusion map. It is 
easily seen that $ clusters at x. 

Let S be any cofinal subset of W. For each k e K, choose k7 as 
follows: 

(1) if ({k} x K) 0 S is empty, let k7 be any element of K, and 
(2) if ({k} x K) fl S is nonempty, choose k' so that (k,k7) e S. 

Now let N = U{Bv /tkeK}. N is a neighborhood of x. But {(k,k7):keK} is 
a cofinal subset of S not meeting N. Hence, $|s does not converge to x. || 
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CHAPTER VI 
K-METRIC SPACES 

The following definition is motivated by the fact that a uniform 
space is pseudometrizable if- and only if the uniformity is an [}̂ }-filter 
in X X X. This is a consequence of the well-known theorem that a uniform 
space is pseudometrizable if and only if its uniformity has a countable 
base. 
Definition. Let K be a regular aleph. If X is a uniform space whose 
uniformity is a {K}-filter in X X X, then X will be called a K-pseudo-
metric space. If X is also Hausdorff, it will be called a K-metric space. 

The first portion of this chapter will be devoted to a characteri
zation of K-Frechet spaces in terms of K-metric spaces. This result 
generalizes ArhangelskiY's [3] characterization of Hausdorff KQ-Frechet 
spaces in terms of metric spaces. 

In the remainder of the chapter we shall prove a theorem general
izing a number of facts concerning compactness and associated properties. 
Part of the results relate to K-pseudometric spaces. 
Theorem 6 . 1 . A K-pseudometric space is K-Frechet. 
Proof. Let X be a K-pseudometric space and let B be a base for its 
uniformity such that there is a surjeetive order-homomorphism h:K -* B. 
Since {B[x]:BeB} forms a neighborhood base for any point x, the neighbor
hood system at each point in X is a {K}-filter. By Theorem U.9> X is 
K-Frechet. 
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Definition. A surjective continuous function f:X ̂  Y is said to be 
pseudo-open if for each y e Y and for any neighborhood U of f "'"(y), y is 
in the interior of f(u). 
Theorem 6.2. If a space Y is the image of a K-Fr̂chet space X under a 
pseudo-open map f, then Y is K-Fr̂chet. 
Proof. Let y be a point in Y and let A be a subset of Y such that y is 
in the closure of A. We need only show that there is a K-net in A con
verging to y. 

We first .show that f-1(y) meets [f-1(A)]~. If not, then X-[f-1(A)] 
is a neighborhood of f "̂(y) . Since f is pseudo-open, f (X-[f """'"(A) ] ) is a 
neighborhood of y. Since Af">f(X-[f 1(A)] ) is empty, this contradicts 
the fact that y is in the closure of A. 

Let x be some point in f""L(y)D [f~"̂(A) ] .. Since X is K-Frechet, 
there is a [K}-net $ in f""'"(A) converging to x. f •$ is a {K}-net in A 
which, by the continuity of f, converges to f(x) = y. || 
Corollary 6.3. Every pseudo-open image of a K-metric space is K-Frechet. 
Proof. This follows from Theorem 6.1. || 

We now prove the converse of Corollary 6.3. 
Theorem 6.h. Every K-Frechet space is a pseudo-open image of a K-metric 
space. 
Proof. Let X be a K-Frechet space. Let S be the collection of all 
ordered pairs ($,x) such that $ is a {K]-net in X, x is a point in X, 
and $ converges to x. Give S the discrete topology and let W = Y x S, 
with the Tychonoff product topology, where Y is the space Y defined in 
Example h.lh. Recall that Y = KtJ{y] where y is an object not in K. Now 
we define a function f:W -* X by f(k,($,x)) = $(k), for each k e K, and 



f ( y , ( § , x ) ) = x . I t i s e a s i l y s e e n t h a t f i s s u r j e c t i v e . W e s h a l l s h o w 

t h a t f i s a p s e u d o - o p e n m a p a n d t h a t W i s a K - m e t r i e s p a c e . 

F o r ' e a c h k e K a n d ( § , x ) e S , { ( k , ( § , x ) ) } i s a n o p e n s e t i n W a n d , 

h e n c e , f m u s t b e c o n t i n u o u s a t ( k , ( § , x ) ) . W e n e e d n o w t o s h o w t h a t f i s 

c o n t i n u o u s a t a n y p o i n t o f t h e f o r m ( y j ( $ , x ) ) . N o w f ( y , ( $ , x ) ) = x . L e t 

N b e a n y n e i g h b o r h o o d o f x i n X . S i n c e $ c o n v e r g e s t o x , t h e r e e x i s t s a 

k e K s u c h t h a t § ( k ' ) e N f o r a l l k ' 2 » k . R e c a l l f r o m E x a m p l e h . l k t h a t 

C i s a n e i g h b o r h o o d o f y i n Y w h e r e C = { k ' e K - . k ' > k } U { y } . S o 

K. K. 

C v X { ( § j x ) } i s a n e i g h b o r h o o d o f ( y , ( $ , x ) ) i n W . F r o m t h e d e f i n i t i o n o f 

f i t i s c l e a r t h a t f ( C , X { ( § j x ) } ) S N . H e n c e , f i s c o n t i n u o u s a t ( y , ( i , x ) ) . 

r L 

N o w w e w i s h t o s h o w t h a t f i s p s e u d o - o p e n . S u p p o s e n o t . T h e n f o r 

s o m e p o i n t x e X a n d s o m e n e i g h b o r h o o d U o f f " ' " ( x ) i n W , x i s n o t a n 

i n t e r i o r p o i n t o f f ( u ) . H e n c e , x i s i n t h e c l o s u r e o f X - f ( U ) . S i n c e X 

i s K - F r e c h e t , t h e r e i s a { K } - n e t $ . i n . . X - f ( u ) c o n v e r g i n g t o x . T h u s , ( $ , x ) 

e S . S o ( y , ( $ , x ) ) e f " 1 ( x ) S U . S i n c e U i s a n o p e n s e t a n d s i n c e e v e r y 

n e i g h b o r h o o d o f y i n Y c o n t a i n s C , f o r s o m e k e K , w e h a v e ( y ? ( $ j x ) ) e 

r L 

C k X C ( $ , x ) } S U . C h o o s e a n y k ' > k t C l e a r l y § ( k 7 ) = f ( k / , ( $ , x ) ) e f ( u ) . 

T h u s , $ c o u l d n o t h a v e b e e n i n X - f ( u ) . N H e n c e , f m u s t b e p s e u d o - o p e n . 

N o w w e s h o w t h a t W i s K - m e t r i c b y e x h i b i t i n g a u n i f o r m i t y f o r W 

w h i c h h a s a { K } - f i l t e r a s a b a s e a n d w h i c h i n d u c e s t h e t o p o l o g y o f W . L e t 

A b e t h e d i a g o n a l i n W x W . F o r e a c h k e K , l e t B , = A U ( U { ( C X { ( § , x ) } ) 

X ( C k X { ( $ , x ) } ) : ( § , x ) e S } ) . S i n c e B H B k / = B ^ „ w h e r e l i " = m a x t k j k 7 } , 

{ B k : k e K } i s a b a s e f o r a { K } - f i l t e r i n W X W . S i n c e A £ B k , B ^ 1 = B ^ , a n d 

B o B = B , f o r e a c h k e K , t h e { K } - f i l t e r i s a u n i f o r m i t y f o r W . I t r e -

m a i n s t o s h o w t h a t t h e u n i f o r m i t y i n d u c e s t h e t o p o l o g y o f W . F o r t h a t , i t 

i s s u f f i c i e n t t o s h o w t h a t t h e n e i g h b o r h o o d s y s t e m a t e a c h p o i n t o f W i s 



e x a c t l y t h e n e i g h b o r h o o d s y s t e m i n d u c e d b y t h e u n i f o r m i t y . F i r s t we c o n 

s i d e r a p o i n t o f t h e fo rm ( k , ( $ , x ) ) w h e r e k e K . Now { ( k , ( $ , x ) ) } i s a b a s e 

f o r i t s n e i g h b o r h o o d s y s t e m i n W. A b a s e f o r t h e n e i g h b o r h o o d s y s t e m i n 

duced b y t h e u n i f o r m i t y i s [B, /EJk, ( § , x ) ) ] i k ' e K ] , I f k 7 > k , B , [ ( k , ( $ , x ) ) ] 

= l ( k , ( $ , x ) ) } . T h u s , l ( k , ( $ , x ) ) } i s a l s o a b a s e f o r t h e n e i g h b o r h o o d s y s t e m 

i n d u c e d b y t h e u n i f o r m i t y . Now we c o n s i d e r a p o i n t o f t h e fo rm ( y , ( § , x ) ) . 

A b a s e f o r i t s n e i g h b o r h o o d s y s t e m i n W i s [C, X [ ( $ , x ) ] : k e K ] . S i n c e 
K. 

B ^ [ ( y , ( $ , x ) ) ] = C^ X { ( $ , x ) } , t h i s i s e x a c t l y t h e n e i g h b o r h o o d s y s t e m i n 

duced b y t h e u n i f o r m i t y . S i n c e W i s c l e a r l y H a u s d o r f f , i t i s t h e n K -

m e t r i c . || 

We t h u s h a v e t h e f o l l o w i n g c h a r a c t e r i z a t i o n o f K - F r e c h e t s p a c e s . 

C o r o l l a r y 6.5. A s p a c e i s K - F r e c h e t i f and o n l y i f i t i s a p s e u d o - o p e n 

image o f a K - m e t r i c s p a c e . 

P r o o f . Combine C o r o l l a r y 6.3 and Theorem 6.U. || 

A r h a n g e L s k i ¥ ; S r e s u l t [3] was t h a t a H a u s d o r f f s p a c e i s K - F r e c h e t 

i f and o n l y i f i t i s a p s e u d o - o p e n image o f a m e t r i c s p a c e . F r a n k l i n [5] 

g i v e s a p r o o f . We h a v e a d o p t e d h e r e some o f F r a n k l i n ' s m e t h o d o l o g y . 

I t i s i n t e r e s t i n g t o n o t e t h a t what we h a v e done up t o now i n t h i s 

c h a p t e r c o u l d h a v e b e e n done f o r a l l d i r e c t e d s e t s r a t h e r t han j u s t t h e 

r e g u l a r a l e p h s . More s p e c i f i c a l l y , s u p p o s e t h a t D i s a n y d i r e c t e d s e t 

and we d e f i n e a s p a c e X t o be D - F r e c h e t i f D d e s c r i b e s t h e t o p o l o g y o f X 

a t e a c h o f i t s p o i n t s . S u p p o s e f u r t h e r t h a t we d e f i n e a H a u s d o r f f u n i f o r m 

s p a c e t o be D - m e t r i c i f and o n l y i f t h e u n i f o r m i t y i s a [ D } - f i l t e r . We 

c o u l d t h e n p r o v e by t h e methods o f t h i s c h a p t e r t h a t a s p a c e i s D - F r e c h e t 

i f and o n l y i f i t i s a p s e u d o - o p e n image o f a D - m e t r i c s p a c e . I n t h e 

p a r a g r a p h p r e c e d i n g Theorem k.2 we h a v e a l r e a d y n o t e d t h a t e v e r y t o p o l o g i c a l 
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space is D-Frechet for some directed set D. 
The following theorem and its corollary are our final results. 

They generalize a number of propositions related to compactness. We shall 
first need a few definitions. 
Definitions. Let K be a regular aleph. A space X will be said to be K-
Lindelof if every open cover of X has a subcover of cardinality £ K. X 
will be said to be K -compact if every open cover of X has a subcover of 
cardinality < K. 

Note that an "̂-Lindelof" space is what is usually called a 
V X 

"Lindelof" space. Similarly, "Ĵ  -compact" simply means "compact." The 
star in "K̂-compact" is used to differentiate our term from Kowalsky's |_7] 
"k-compact"which denotes the property that every open cover of cardinality 
^ k has a finite subcover. 
Definition. Let K be any cardinal number. If X is a space, then x e X 
is said to be a K-accumulation point of A £.X if the cardinality of U A A 
is greater than or equal to K whenever U is a neighborhood of x. 
Theorem 6.6. Let K be a regular aleph. Then, if X is a space, the state
ments below have the following relationships: For all spaces (a) is equi
valent to (b),and (d) implies (a). If X is K-Frechet then (a), (b), and 
(c) are all equivalent. If X also is K-Lindelof then all four conditions 
•are equivalent. If X is a K-pseudometric space then each of the four con
ditions implies that X is K-Lindelof and all four are equivalent. 

(a) Every subset of X of cardinality ̂  K has a K-accumulation point 
(b) Every [K}-net in X has a cluster point, 
(c) For each K-net in X there is a cofinal restriction converging 

to a point of X. 
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(d) The space X is K -compact. 
Proof. We first show that for all spaces (a) implies (b) for any space X. 
Let $ be a {K}-net in X. If there is a point x q e $(K) such that $~*L(xq) 
has cardinality K, then $""L(xq) is a cofinal subset of K and thus $ clus
ters at x . On the other hand, suppose that for each x e X the cardinality 

- 1 - 1 

of $ (x) is less than K. Then, for each x e $(K), $ (x) fails to be 
cofinal in K and we can choose an element f(x) e K such that k < f(x) for 
each k e $ "'"(x). So we have a function f :$(K) K. Clearly, f($(K)) is 
a cofinal subset of K and is thus of cardinality K3 and hence $(K) is of 
cardinality K. By (a), $(K) thus has a K-accumulation point y. Let U be 
a neighborhood of y. Let k e K be given. Now Ufl$(K) must have cardinal
ity ̂  K since y is a K-accumulation point of §(K). It follows that $(k') 
e U for some k' ^ k and hence $ is frequently in U. Thus, $ clusters at y. 

Now we show that (b) implies (a) for any space X. Let A be a sub
set of X of cardinality ̂  K. Let $:K -*A be any infective function. By 
(b), $ has a cluster point x e X, Let U be any neighborhood of x. Since 
$ clusters at x, $ "'"(U) must be cofinal in K and hence must have cardinal
ity K. Since $ is infective $($"̂"(u)) must have cardinality K. But 
fCf"1 )̂) = §(K) flU SAflU. Hence, A H U has cardinality ;> K. Thus, 
x is a K-accumulation point of A. 

To show that (d) implies (a), it is sufficient to show that (d) 
implies (b) since (a) and (b) are equivalent. Let $ be a [K)-net in X. 
Suppose that $ has no cluster point. Then, for each k e K, let be the 
closure of {ffk'Jik' ^ k). Since $ has no cluster point, fl{C, :keK] is 
empty. Hence, {X-C :keK) is an open cover of X. By (d), there is a sub-

k 

set A S K of cardinality less than K such that X = U{X-C, :keA] = 
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X-fUc^rkeA}. This implies that flfC r̂keA) is empty. It is easily seen 
that A must then be a cofinal subset of K. But this contradicts the fact 
that K is a regular aleph while A has cardinality less than K. Hence, $ 
must have a cluster point. 

We can easily see that (b) and (c) are equivalent if X is K-
Fr̂chet, for (c) implies (b) in any space and Corollary 5-3 shows that 
(b) implies (c) if X is K-Fr£chet. 

Now we show that all four conditions are equivalent if X is K-
Lindelof as well as K-Frechet. From the preceding we know that the first 
three are equivalent and that (d) implies (a). Hence, it will be suffi
cient to show that (b) implies (d). Let U be any open cover of X. Since 
X is K-Lindelof, U has a subcover V of cardinality £ K. If V has cardinal
ity < K, we are through. If V has cardinality K, we can appeal to (b) and 
Lemma 3.1 to get the result that V has a subcover W of cardinality less 
than K. Thus, X must be K -compact. 

Finally, we show that if X is K-pseudometric each of the four con
ditions implies that X is K-Lindelof. It will then follow from the pre
ceding paragraph and the fact that K-pseudometric spaces are K-Frechet 
that all four conditions will be equivalent. We shall actually show that 
each of the four conditions implies that X has a basis for its topology 
of cardinality ̂  K. We will then show that this latter property implies 
that X is K-Lindelof. 

Suppose that X satisfies (a). This is equivalent to assuming that 
X satisfies (b) or (c), since K-pseudometric spaces are K-Frechet and in 
K-Fr̂chet spaces (a), (b), and (c) are equivalent. Since X is K-pseudo
metric there is a base B for its uniformity such that there exists a sur-
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jective order homomorphism $:K•-» B. B can clearly be chosen so that each 

of its elements is symmetric. Now, for each k, we can choose a symmetric 

member V, of the uniformity of X so that V ° V S $(k). By Zorn's Lemma k k k 

it is easily shown that there exists a maximal subset of X such that 

whenever a , a^ e A^, and a^ e §(k)[a^] then a^ = a^. Now let x e X be 

given. Suppose a , a^ e V^[x] where a^, a^ e A^. Then (a^,x), (x,ag) e 

V^. So (a^a^) e ° V k S $ ( k ) . Thus, a^ e §(k)[a^], and hence a = a 2» 

So V^[x] is a neighborhood of x which meets at most one point in A^,. Since 

x was arbitrary, Â . has no K-accumulation points. Thus, by (a), A^ has 

cardinality less than K. Hence, A = U{A, :keK) has cardinality <. K. By 

the maximality of A^, §(k)[x] meets A^ for each k e K and x e X. Hence, 

A is dense in X. Now let C = {$(k)[a]:keK and aeA). C clearly has car

dinality <. K. We shall show that C is a basis for the topology of X. Let 

U be an open set containing a given point x. There is a k e K so that 

§(k)[x] S U . Choose k' e K so that $(k') s y . Now there exists a point 

a e A so that a e $(k')[x], since A is dense in X. If y e §(k')[a], then 

(a,y) e $(k') and thus (x,y) e §(k') ° §(k') SV, 0 V g §(k). So y e 
k k 

$(k)[x] S U . Hence, x e §(k')[a] S U . Since §(k')[a] e C, we have that 

C is a basis for the topology of X. 

Suppose now that X satisfies (d). We showed earlier that (d) im

plies (a). By the previous paragraph, X has a basis of cardinality £ K. 

All that remains is to show that X is K-lindelof if X has a basis 

for its topology of cardinality £ K. Let B be such a basis. Let U be an 

open cover of X. For each x e X, we can find U e U and B e B so that 
5 x — x — 

x e B S U . Let C = (B :xeXl. For each B e C, choose L e U so that x x — x J — 5 B — 
B £U_,. Let V = {u_.:BeC}. It is easily verified that V is a subcover of 

B — B — — 
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U of cardinality ^ K. Hence, X is K-Lindelb'f. || 

The space Y defined in Example k.lk is an example of a K-Frechet 
-X- -X" 

(in fact, K-pseudometric) space which, is K -compact. K -compactness is, 

in a sense, the "best" compactness property that a non^trivial T^ K-Frechet 

space can satisfy. More specifically, if K and K^ are regular alephs with 

< K, and if X is a K-Frechet space which is K*-compact, then X must be 

discrete. To prove this, we note that if X is not discrete then there is 

a point x so that x is in the closure of X-{x}. By Lemma h.5 and the fact 

that X is T 1 ? we have that X-{x} has cardinality ^ K. Thus, there exists 

an infective function $:K^ -» X. By Theorem 6.6(b), $ must have a cluster 

point y. Clearly y must be in the closure of SfK̂ -Cy}. But Lemma k.5 
implies that §(K̂ )-[y} must have cardinality £ K;. This is the desired 

contradiction. Hence, X must have been discrete. In particular, if K > 

^ and X is a T^ compact K-Frechet space, then X must be a finite discrete 

space. 

We close with a corollary to Theorem 6.6. 

Corollary 6.7. Theorem 6.6 holds if "is K-Frechet" is replaced by "has 

a [K}-filter as its neighborhood system at each point" and "is K-Lindelof" 

is replaced by "has a basis for its topology of cardinality £ K." 

Proof. If X has a {K}-filter as its neighborhood system at each point, 

then X is K-Frechet by Theorem k.$ and thus (a), (b), and (c) are all equi

valent. If X also has a basis for its topology of cardinality <. K, then, 

as shown in the last paragraph of the proof of Theorem 6.6, X is K-Lindelof 

and hence all four conditions {(a),(b),(c), and (d)} are equivalent. We 

showed in the proof to Theorem 6.6 that if X is a K-pseudometric space, 

each of the four conditions implies that X has a basis for its topology of 
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cardinality <. K; it follows from the preceding sentence that all four con

ditions are then equivalent. || 

Note that in the special case K = ^ Corollary 6.7 becomes Theorem 

5 on page 138 of Kelley [6], 
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