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NOMENCLATURE 

full cross-sectional area of the sphere 

elementary projected area of the sphere 

coefficient defined in Equation (A. 3) 

cos cp. - cos cpg, coefficients used for Equation (10) 

sin cp. - sin cp̂ , coefficients used for Equation (10) 

couple 
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couple coefficient associated with Ĉ  

F /(£ K), drag coefficient 

drag coefficient associated with Cj 

drag coefficient for free falling sand grains 

M / (£ Kr), coefficient of the weight-re storing moment at the F 

final stage 

Mj/(£ Kr), coefficient of fluid-driving moment, M̂  

maximum value of Ĉ  for a given force system 

F_/(£K), lift coefficient L 
lift coefficient associated with Cj 

M /(£Kr), coefficient of static weight-restoring moment, M_ xl 1 R 
coefficients defined in Equation (8) 

Cĵ . - Cj^o* c o e ^ c ^ e n * s u s e d for Equation (10) 



ix 

impulsive-moment coefficient defined in Equation (22) 

diameter of the sphere 

2.73 . . . . . Napierian base 

resultant fluid-dynamic force 

drag force passing through the centroid of the sphere 

lift force passing through the centroid of the sphere 

reactional force from the base 

gravitational acceleration 

protrusion height of the sphere or the distance from the top of 

the sphere to the plate 

virtual moment of inertia of the sphere in the fluid 

2 2 , 

77 D pu^/8, reference force parameter 

Nikuradse sand-grain diameter 

Laplace transform operator 

magnitude of the positive net-driving moment 

fluid-driving moment 

static weight-restoring moment at the final stage 

fluid-damping moment 

static weight-restoring moment at the initial stage or the moment 

level which exceeds the fluctuating fluid-driving moment 95 per 

cent of the time 

Wr sin cp, static weight-restoring moment 

impulsive moment 
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m = rat io of the negat ive n e t - d r i v i n g moment to the pos i t i ve n e t -

dr iv ing m o m e n t 

N = s ed iment number , defined in Equation (32) 
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n = total number of t i m e i n c r e m e n t s of the s a m p l e 

P ^ = cumulat ive probabi l i ty distr ibut ion of the f lu id-driv ing m o m e n t , 

p = pin height above the b a s e 

R = radius of the s p h e r e 

r = e f fec t ive ro l l ing radius o r the shor te s t d i s tance be tween the cen-

tro id of the s p h e r e and the rotating axis 

s = p a r a m e t e r u s e d in Laplace t rans form 

T = total sampl ing t i m e 

t = t i m e 

tg = duration of p o s i t i v e n e t - d r i v i n g moment 

t = e x c u r s i o n t ime of the s p h e r e 
e 

t . , i = l , 2 , . . . n = incrementa l contact t i m e 1 

t_ = t / t g , t i m e in d i m e n s i o n l e s s form 

U . = unit s tep function def ined i n Equation (A. 2) 

u = v e l o c i t y of f low 

u^ = bottom ve loc i ty of f low 

u ^ = f low ve loc i ty at the pro trus ion height , h 

Ug = represen ta t ive f low v e l o c i t y defined in Equation (31) 

V = m e a n f low v e l o c i t y 
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W = i m m e r s e d weight of the s p h e r e 

w = half of the width be tween the s p h e r e - p i n contact po ints 

y = d i s tance above the boundary 

Vq = depth of f low 

z = half of the c l e a r a n c e be tween the ne ighboring un i form s p h e r e s 

a = angle of inc l inat ion of the b e d 

/J,/3,j8 = angular d i s p l a c e m e n t , v e l o c i t y , and a c c e l e r a t i o n of the sphere^ 

r e s p e c t i v e l y 

y = spec i f i c weight of the f luid 
y = spec i f i c weight of the s p h e r e o r s ed iment g r a i n s 

s 

6 = d i s tance f rom the protrus ion height , h, to the he ight of the 

r e p r e s e n t a t i v e v e l o c i t y , u g 

£ ."= m o m e n t u m c o r r e c t i o n coef f ic ient defined in Equation (30) 

T1 = factor defined in Equation (29) 

0 (s) = Laplace t r a n s f o r m of 8 ( t) 

0,9,0 = s m a l l perturbed angular d i s p l a c e m e n t , v e l o c i t y , and a c c e l e r a t i o n 

of the s p h e r e , r e s p e c t i v e l y 

0 = s ta t i c equi l ibr ium angle 
s 

0 = d i m e n s i o n l e s s angular d i s p l a c e m e n t defined in Equation (A. 5) 

v = k inemat ic v i s c o s i t y of the fluid 

§ - constant 

17 = 3 . 1 4 1 5 . . . . 

p = dens i ty of the f luid 
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T = b o u n d a r y s h e a r s t r e s s , 

cp, § = a n g l e o f r e p o s e 

\ * ^ i ' i = = ° ' 1 ' 2 = a n ^ e ° * r e P ° s e d e f i n e d i n E q u a t i o n (8) 

c p ^ = a n g l e o f r e p o s e c o r r e s p o n d s t o 

ci) = i n i t i a l a n g u l a r v e l o c i t y o f t h e s p h e r e 
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S U M M A R Y 

T h e m e c h a n i c s o f the p r o c e s s b y w h i c h a s e d i m e n t p a r t i c l e i s r e m o v e d 

f r o m a s t r e a m b e d w a s i n v e s t i g a t e d . A n i d e a l i z e d m o d e l , c o n s i s t i n g o f a o n e - i n c h 

d i a m e t e r s p h e r e p r o t r u d i n g t h r o u g h a f l a t p l a t e , a s p h e r e - s u p p o r t i n g b a s e , and t w o 

equa l h e i g h t s p h e r e - r e s t r a i n i n g p i n s a l i g n e d p e r p e n d i c u l a r t o the f l o w d i r e c t i o n , w a s 

u s e d t o s i m u l a t e the c o n d i t i o n o f a c o h e s i o n l e s s p a r t i c l e l y i n g o n a s t r e a m b e d . B y 

m e a n s o f t h i s m o d e l , t he s t a t i s t i c a l v a r i a b l e s o f the ang le o f r e p o s e , the p r o t r u s i o n 

c o n d i t i o n , and the a p p r o a c h v e l o c i t y d i s t r i b u t i o n b e c a m e c o n t r o l l a b l e a t d e t e r m i n i s ­

t i c v a l u e s . 

I n sp i t e o f t h e r e p l a c e m e n t o f m o s t o f t he s t a t i s t i c a l v a r i a b l e s b y t he d e t e r ­

m i n i s t i c v a r i a b l e s , i n i t i a l m o t i o n o f the p a r t i c l e i s a f l u c t u a t i n g p h e n o m e n o n w h i c h 

m u s t be d e s c r i b e d i n p r o b a b i l i s t i c t e r m s b e c a u s e the f l u i d - d y n a m i c f o r c e i s f l u c t u ­

a t i n g i n n a t u r e . T h e t r a n s i t i o n f r o m a s t a t i o n a r y s ta te t o t he r e m o v a l o f the s p h e r i ­

c a l p a r t i c l e w a s f ound t o be g r a d u a l r a t h e r t h a n i n s t a n t a n e o u s . T h e t r a n s i t i o n i s 

c h a r a c t e r i z e d b y the r a n d o m r o c k i n g m o t i o n o f t he s p h e r e . T h e i n i t i a l s tage o f t h e 

t r a n s i t i o n i s d e f i n e d as the c o n d i t i o n a t w h i c h the c u m u l a t i v e p e r c e n t t i m e o f c o n t a c t 

b e t w e e n the s p h e r e and the base i s 95 p e r c e n t . T h e f i n a l s tage i s d e f i n e d as t h e 

c o n d i t i o n a t w h i c h t he s p h e r e w o u l d be r o l l e d o v e r d e f i n i t e l y . T h e c o n d i t i o n o f 

i n i t i a l s tage i s e s t a b l i s h e d b y e q u a t i n g t h e s t a t i c w e i g h t - r e s t o r i n g m o m e n t t o a 

m o m e n t l e v e l w h i c h e x c e e d s t h e f l u c t u a t i n g f l u i d - d r i v i n g m o m e n t 95 p e r c e n t o f t h e 

t i m e . T h e f i n a l s tage i s e s t a b l i s h e d b y e q u a t i n g a n a d d i t i o n a l i m p u l s i v e m o m e n t t o 
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the d i f ference of the driving m o m e n t and the r e s t o r i n g moment a s u s e d in e s t a b l i s h i n g 

the init ial s tage . The flow condit ion a s s o c i a t e d with the trans i t ion i s e x p r e s s e d in 

t e r m s of the m e a n ve loc i ty at the height of the protruding s p h e r e . The effect of non­

uniform ve loc i ty distr ibution i s accounted for by the u s e of a m o m e n t u m c o r r e c t i o n 

coe f f i c i ent . 

The f luid-dynamic m o m e n t s and f o r c e s w e r e determined exper imenta l ly in 

a ir f low with both uniform and non-uni form approach ve loc i ty p r o f i l e s . Since the 

trans i t ional s tage i s a s s o c i a t e d with the balance of m o m e n t s , a method h a s been 

deve loped us ing the w e i g h t - r e s t o r i n g m o m e n t at the transi t ional s tage a s a gauge t o 

m e a s u r e the unknown f lu id-driv ing m o m e n t . The corresponding f lu id-driv ing f o r c e 

pattern w a s then determined through a s e t of t h r e e a lgebraic equat ions defining the 

equi l ibr ium of m o m e n t s due to the driv ing force and the r e s t o r i n g f o r c e . E x p e r i ­

mental r e s u l t s indicated that the ra t io of the coeff ic ient of lift t o drag d e c r e a s e d 

f r o m approximate ly 1. 6 to 0 . 4 a s the ra t io of the protrus ion height to the sphere 

d i a m e t e r i n c r e a s e d from 25 per cent to 100 per cent . A l s o , the resu l tant f lu id-

driv ing force could be c o n s i d e r e d a s p a s s i n g through the centro id of the sphere for 

protrus ion height equal to or l e s s than 75 per cent of the sphere d i a m e t e r . 



CHAPTER I 

INTRODUCTION 

Sediment t ranspor t o c c u r s by intermit tent m o v e m e n t of individual bed 

p a r t i c l e s in the fluid s t r e a m . * Of c o u r s e , only the surface p a r t i c l e s protruding 

into the fluid s t r e a m a r e subject to r e m o v a l f rom the bed. Depending upon the 

turbulence in the s t r e a m and the se t t l ing ve loc i ty of the p a r t i c l e , s o m e of the 

r e m o v e d p a r t i c l e s m a y have a high probabi l i ty of a t ra jec tory into the m a i n body 

of the fluid s t r e a m before c o m i n g to r e s t again on the sur face of the bed. C o n ­

v e r s e l y s o m e r e m o v e d p a r t i c l e s h a v e a low probabi l i ty of m o v e m e n t into the m a i n 

s t r e a m and wil l r o U , s l i d e , o r bounce a long over the sur face of the bed be fore 

c o m i n g to r e s t aga in . B a s e d upon th i s d i s t inct ion , sed iment t ransport i s c l a s s i ­

f ied a s suspended load o r bed load . I r r e s p e c t i v e of the t ra jec tory during m o v e ­

ment , s e d i m e n t t ransport i s l imi t ed to the ra te that sed iment p a r t i c l e s c a n be 

r e m o v e d f rom the s u r f a c e of the bed . The probabil i ty that an individual g r a i n 

wi l l be r e m o v e d f r o m the surface of the bed depends upon the g e o m e t r y of the g r a i n , 

upon protrus ion above the m e a n bed l e v e l , upon pos i t ion of bear ing points with u n d e r ­

ly ing p a r t i c l e s (angle of r e p o s e ) , upon s u b m e r g e d weight , upon the hydrodynamic 

*The except ion to intermit tent m o v e m e n t i s the m o v e m e n t of p a r t i c l e s s o 
s m a l l or s o near ly buoyant that t h e s e p a r t i c l e s are ncn- se t t l ing . Sediment t r a n s ­
ported a s n o n - s e t t l i n g p a r t i c l e s i s ca l l ed w a s h load. P a r t i c l e s which are t r a n s p o r t e d 
a s w a s h load a r e absent from the bed of a movab le bed s t r e a m . Thus s e d i m e n t t r a n s ­
port a s u s e d h e r e r e f e r s to b e d - m a t e r i a l l o a d . 
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f o r c e e x e r t e d on the s u r f a c e o f the p a r t i c l e b y t he f l u i d , and u p o n t h e p r o b a b i l i t y 

o f the s u r f a c e g r a i n b e i n g d i s l o d g e d b y a n o t h e r m o v i n g p a r t i c l e . B e c a u s e e a c h o f 

the v a r i a b l e s l i s t e d above i s a s t a t i s t i c a l v a r i a b l e , f o r m u l a t i o n o f m o d e l s t o r e p r e ­

sen t s e d i m e n t t r a n s p o r t i s and w i l l r e m a i n a c h a l l e n g e . 

F o r m u l a t i o n o f s e n s i b l e m o d e l s , e i t h e r t h r o u g h m a t h e m a t i c a l o r e x p e r i ­

m e n t a l l y d e t e r m i n e d f u n c t i o n s , r e q u i r e s a n u n d e r s t a n d i n g o f the p h y s i c a l p r o c e s s 

p a r t i c u l a r l y i n r e g a r d t o the r e l a t i v e i m p o r t a n c e o f the i ndependen t v a r i a b l e s . I n 

o r d e r t o e s t a b l i s h the r e l a t i v e i m p o r t a n c e and the e f f e c t o f t he i n d e p e n d e n t v a r i a b l e s , 

the i ndependen t s t a t i s t i c a l v a r i a b l e s have t o be c o n t r o l l e d p r e f e r a b l y a t d e t e r m i ­

n i s t i c v a l u e s . T o s i m p l i f y the p r o b l e m o f p a r t i c l e r e m o v a l f r o m a b e d s u r f a c e , 

m a n y s t u d i e s have been p e r f o r m e d i n w h i c h d i s l o d g e m e n t o f s u r f a c e g r a i n s b y o t h e r 

m o v i n g g r a i n s i s p r e c l u d e d . Q u i t e l o g i c a l l y t he r e m o v a l o f s u r f a c e g r a i n s i n t he 

absence o f o t h e r m o v i n g g r a i n s i s c a l l e d ' i n c i p i e n t m o t i o n . 1 W h i l e i n c i p i e n t m o t i o n 

i s g e n e r a l l y v i s u a l i z e d i n r e f e r e n c e t o t h e b e g i n n i n g o f s e d i m e n t t r a n s p o r t , the p r o b ­

a b i l i t y o f i n c i p i e n t m o t i o n o f a bed p a r t i c l e c o u l d w e l l be t he c e n t r a l c o n c e p t o f s e d i ^ 

m e n t t r a n s p o r t p r o v i d e d t h a t p a r t i c l e d i s l o d g e m e n t b y o t h e r m o v i n g p a r t i c l e s i s a 

m i n o r e f f e c t i n t h e p i c k u p o f s e d i m e n t g r a i n s f r o m the bed s u r f a c e . 

A m o n g the e x i s t i n g m e t h o d s , t h e r e a r e t w o g e n e r a l a p p r o a c h e s t o w a r d the 

f o r m u l a t i o n o f i n c i p i e n t m o t i o n c o n d i t i o n f o r n o n c o h e s i v e s e d i m e n t : t h e c r i t i c a l -

t r a c t i v e - f o r c e a p p r o a c h and the c r i t i c a l - v e l o c i t y a p p r o a c h . 

T h e b e s t k n o w n t r e a t i s e o n c r i t i c a l t r a c t i v e f o r c e w a s p u b l i s h e d b y S h i e l d s 

(28) i n 1936 . I n h i s t h e o r e t i c a l a n a l y s i s , a f u n c t i o n a l r e l a t i o n s h i p b e t w e e n t h e f l o w 

and the s e d i m e n t w a s p r o p o s e d as f o l l o w s : 



T h e r a t i o o f t h e e f f e c t i v e f o r c e o f w a t e r p a r a l l e l t o t he b e d t o the r e s i s t a n c e 
o f a g r a i n on t he b e d i s a u n i v e r s a l f u n c t i o n o f the r a t i o o f t he g r a i n s i z e t o the -
t h i c k n e s s o f t he l a m i n a r b o u n d a r y l a y e r . 

Sh ie l ds t h e n r e l a t e d these d i m e n s i o n l e s s p a r a m e t e r s by e x p e r i m e n t a l m e t h o d s f o r 

t he c a s e w i t h l e v e l b e d and u n i f o r m p a r t i c l e s i z e . W h i t e (32) m a d e a s i m i l a r a n a l — 

y s i s b y c o n s i d e r i n g the ba lance o f the m o m e n t s due t o d r a g and i m m e r s e d w e i g h t . 

S ince t h e n , m a n y i n v e s t i g a t o r s have o b t a i n e d r e s u l t s s i m i l a r t o Sh ie lds b u t w i t h 

s o m e w h a t d i f f e r e n t n u m e r i c a l v a l u e s f o r the dependent p a r a m e t e r . A g e n e r a l 

r e v i e w o n t h i s m a t t e r w a s g i v e n b y V a n o n i (31 ) . 

C r i t i c a l v e l o c i t y i s e v a l u a t e d by r e c o g n i z i n g t ha t the f l u i d d r i v i n g f o r c e i s 

p r o p o r t i o n a l t o the s q u a r e o f the l o c a l f l o w v e l o c i t y and the p r o j e c t e d a r e a o f t h e 

p a r t i c l e . M a v i s and L a u s h e y (21) u s e d the ba lance b e t w e e n the t r a c t i v e f o r c e of 

t he f l o w and the w e i g h t r e s i s t i n g f o r c e o f the p a r t i c l e t o e s t a b l i s h a c o m p e t e n t v e l o ­

c i t y f o r m u l a u n d e r c o n d i t i o n s o f i n c i p i e n t m o t i o n . A l l e n (2) f o r m u l a t e d t h e o r e t i c a l l y 

and e x p e r i m e n t a l l y t h e s t a b i l i t y c r i t e r i a o f b l o c k s , b r o k e n s tones and sands i n 

s t r e a m f l o w , i n t e r m s o f f l o w v e l o c i t y . Novak (24) a l s o i n v e s t i g a t e d the s t a b i l i t y 

o f p r i s m s o n the b o t t o m o f a f l u m e s i m i l a r t o the w o r k o f A l l e n . I n h i s s t u d y of 

e q u i l i b r i u m o f t a l u s b l o c k s d o w n s t r e a m o f s t i l l i n g b a s i n s , N a i b (22) e s t a b l i s h e d 

c r i t i c a l v e l o c i t y f o r m u l a e f o r b o t h s l i d i n g and o v e r t u r n i n g i n the l i g h t o f l i f t and 

d r a g m e a s u r e m e n t s . N e i l l (23) f o r m u l a t e d h i s c r i t i c a l - v e l o c i t y c r i t e r i o n f r o m t h e 

s t a n d p o i n t o f d i m e n s i o n a l a n a l y s i s / He a l s o c o m p a r e d h i s f o r m u l a w i t h t h e p r e v i o u s 

d e s i g n c u r v e s and f o r m u l a e . A l s o , G o n c h a r o v (12 ) , I ppen and V e r m a (14) a n d 

C a r s t e n s , N e i l s o n and A l t i n b i l e k (5) d e v e l o p e d c r i t i c a l v e l o c i t y c r i t e r i a b y c o n s i d ­

e r i n g t he ba lance o f m o m e n t s due t o the d r a g and l i f t f o r c e s o f t he f l o w a n d t h e 
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i m m e r s e d body f o r c e o f the p a r t i c l e . 

T h e p u r p o s e o f the p r e s e n t s t udy i s t o i n v e s t i g a t e the p r o c e s s o f r e m o v a l 

o f a n i n d i v i d u a l p a r t i c l e f r o m the u n d e r l y i n g b e d arid t o f o r m u l a t e t h e c o n d i t i o n s 

u n d e r w h i c h t he p a r t i c l e u n d e r g o e s a t r a n s i t i o n f r o m a s t a t i o n a r y s t a t e t o a n 

e n t r a i m n e n t s t a t e . T h e t r a n s i t i o n a l c o n d i t i o n s o f p a r t i c l e r e m o v a l w i l l be e x p r e s ­

sed i n t e r m s o f the v e l o c i t y i n the v i c i n i t y o f the p r o t r u d i n g p a r t i c l e , r a t h e r t h a n 

i n t e r m s o f the bed s h e a r s t r e s s . T h e u s e o f a v e l o c i t y p a r a m e t e r i s c o n s i d e r e d 

to be m o r e n e a r l y u n i v e r s a l i n a s m u c h as v e l o c i t y d i s t r i b u t i o n i s s u s c e p t i b l e t o 

e i t h e r e x p e r i m e n t a l m e a s u r e m e n t o r a n a l y t i c a l d e t e r m i n a t i o n i n n o n - u n i f o r m a n d / 

o r u n s t e a d y f l o w s w h e r e a s bed s h e a r s t r e s s i s e x t r e m e l y d i f f i c u l t t o d e t e r m i n e 

u n d e r t h e s e c o n d i t i o n s . I n f a c t , b e d s h e a r s t r e s s c a n n o t be m e a s u r e d d i r e c t l y 

e v e n i n u n i f o r m s teady f l o w . 

I n o r d e r t o d e t e r m i n e t he i n d i v i d u a l e f f e c t s o f t he i n d e p e n d e n t v a r i a b l e s o f 

p a r t i c l e p r o t r u s i o n , ang le o f r e p o s e , and a p p r o a c h v e l o c i t y d i s t r i b u t i o n a s i m p l i ­

f i e d m o d e l w a s c h o s e n to a p p r o x i m a t e a p r o t r u d i n g s u r f a c e p a r t i c l e o n t h e b e d o f 

a s t r e a m . I n t h i s s t udy the m o v e m e n t o f a s i n g l e s p h e r i c a l p a r t i c l e w a s o b s e r v e d . 

T h e s p h e r i c a l p a r t i c l e w a s r e s t r a i n e d f r o m s l i d i n g i n t h e d i r e c t i o n o f f l o w b y t w o 

p i n s o f e q u a l h e i g h t w h i c h w e r e a l i g n e d p e r p e n d i c u l a r t o the d i r e c t i o n o f f l o w . B y 

a d j u s t i n g the h e i g h t o f the p i n s , the ang le o f r e p o s e b e c a m e a c o n t r o l l a b l e d e t e r m i ­

n i s t i c i n d e p e n d e n t v a r i a b l e . B e c a u s e the base and s u p p o r t i n g p i n s , u p o n w h i c h t h e 

s p h e r e r e s t e d , c o u l d be m o v e d w i t h r e s p e c t t o t he f l a t l e v e l p l a t e o v e r w h i c h f l o w 

o c c u r r e d , p r o t r u s i o n w a s a c o n t r o l l e d d e t e r m i n i s t i c v a r i a b l e . T h e a p p r o a c h v e l o ­

c i t y d i s t r i b u t i o n w a s c o n t r o l l e d b y m e a n s o f a w i r e g r i d p l a c e d u p s t r e a m f r o m t h e 



p a r t i c l e . 

I n s p i t e o f t h e r e p l a c e m e n t o f m o s t o f t h e i n d e p e n d e n t s t a t i s t i c a l variables 

by t h e i n d e p e n d e n t d e t e r m i n i s t i c v a r i a b l e s , i n i t i a l m o t i o n o f t h e p a r t i c l e is a 

f l u c t u a t i n g p h e n o m e n o n w h i c h m u s t b e d e s c r i b e d i n p r o b a b i l i s t i c t e r m s because 

t h e f l u i d d y n a m i c s u r f a c e f o r c e i s f l u c t u a t i n g i n n a t u r e . 



C H A P T E R I I 

P R O B L E M F O R M U L A T I O N 

I n o r d e r t o u n d e r s t a n d the m e c h a n i c s o f p a r t i c l e r e m o v a l i n a f l o w i n g 

s t r e a m , a d e t a i l e d e x a m i n a t i o n o f the f o r c e s y s t e m a c t i n g u p o n the s e d i m e n t p a r ­

t i c l e i s e s s e n t i a l . T h e r e l a t i o n s h i p b e t w e e n the f l o w c h a r a c t e r i s t i c s and the s e d i ­

m e n t p r o p e r t i e s a t the b e g i n n i n g o f p a r t i c l e r e m o v a l c a n t h e n be d e t e r m i n e d f r o m 

the k n o w l e d g e o f the f o r c e s y s t e m i n v o l v e d . F o r a n o n - c o h e s i v e , g r a n u l a r p a r t i c l e 

i m m e r s e d i n a m o v i n g f l u i d , the f o r c e s w h i c h d e t e r m i n e p a r t i c l e m o t i o n a r e t h e 

r e s u l t a n t f l u i d d r i v i n g f o r c e , the p a r t i c l e r e s t o r i n g f o r c e , and the r e a c t i o n f o r c e s 

f r o m the c o n t a c t w i t h o t h e r s u r r o u n d i n g p a r t i c l e s . 

T h e f l u i d - d r i v i n g f o r c e i s t he r e s u l t a n t o f s h e a r s t r e s s and p r e s s u r e o v e r 

t he s u r f a c e o f the p a r t i c l e . T h i s r e s u l t a n t f o r c e i s u s u a l l y r e s o l v e d i n t o a d r a g 

f o r c e i n t h e d i r e c t i o n o f the a p p r o a c h f l o w and a l i f t f o r c e n o r m a l t o t h e f l o w d i r e c ­

t i o n . I n g e n e r a l , b o t h the f o r c e m a g n i t u d e and l i n e o f a p p l i c a t i o n v a r y w i t h t i m e i n 

t u r b u l e n t f l o w . E v e n f o r l a m i n a r f l o w p a s t a bed p a r t i c l e , the d r i v i n g f o r c e m a y 

f l u c t u a t e . K a l i n s k e (19) c o n s i d e r e d the edd ies shed b e h i n d the p a r t i c l e as t h e 

cause o f f o r c e f l u c t u a t i o n i n a l a m i n a r f l o w f i e l d w h e r e a s G r a s s (13) r e l a t e d t he 

s h e a r s t r e s s f l u c t u a t i o n i n l a m i n a r s u b l a y e r s t o t he t u r b u l e n c e o f t h e b a c k g r o u n d 

f l o w c l o s e t o the b o u n d a r y . I n a d d i t i o n t o t i m e dependency , the f l u i d d r i v i n g f o r c e 

v a r i e s w i t h the a p p r o a c h v e l o c i t y p r o f i l e , t he p a r t i c l e p r o t r u s i o n c o n d i t i o n s , a n d 

the shape and s i z e o f the p a r t i c l e . 



T h e p a r t i c l e r e s t o r i n g f o r c e , f o r n o n - c o h e s i v e g r a n u l a r p a r t i c l e s , i s t h e 

i m m e r s e d w e i g h t o f t he p a r t i c l e . T h e i n t e r g r a n u l a r r e a c t i o n f o r c e s ac t t h r o u g h 

a s i n g l e a x i s o f c o n t a c t o n n e i g h b o r i n g p a r t i c l e s as t h e p a r t i c l e r o l l s . * I f t he a x i s 

f o r t h e a n g u l a r m o m e n t u m e q u a t i o n c o i n c i d e s w i t h t h e a x i s abou t w h i c h r o l l i n g 

o c c u r s , t h e i n t e r g r a n u l a r f o r c e s do n o t a p p e a r i n t he a n g u l a r m o m e n t u m e q u a t i o n . 

A . E q u a t i o n o f M o t i o n o f t h e S y s t e m 

I n o r d e r t o s t u d y the r e s p o n s e c h a r a c t e r i s t i c s o f a s e d i m e n t p a r t i c l e s u b ­

j e c t t o d y n a m i c f l u i d d r i v i n g l o a d s , an i d e a l i z e d s p h e r e - p i n m o d e l as s h o w n i n 

F i g u r e 1 i s c h o s e n . The m o d e l c o n s i s t s o f a s p h e r e , t w o e q u a l - h e i g h t p i n s , and 

a s u p p o r t i n g b a s e . T h e s p h e r e i s l y i n g o n a p l a n e h o r i z o n t a l b a s e and the m o v e ­

m e n t o f t h e s p h e r e i s r e s t r i c t e d t o r o t a t i o n w i t h o u t s l i p p i n g abou t t he a x i s , O-O, 

o f s p h e r e - p i n c o n t a c t p o i n t s . 

W h e n a p a r t i c l e u n d e r g o e s a n g u l a r a c c e l e r a t i o n t h r o u g h a f l u i d , a m o m e n t 

i s r e q u i r e d t o a c c e l e r a t e t h e p a r t i c l e and an a d d i t i o n a l m o m e n t i s r e q u i r e d t o a c c e l ­

e r a t e s o m e m a s s o f the f l u i d se t i n t o m o t i o n b y the p a r t i c l e . T h e m o m e n t o f i n e r t i a 

a s s o c i a t e d w i t h t h e m a s s o f t h e f l u i d s e t i n t o m o t i o n b y t h e p a r t i c l e i s c a l l e d t h e 

added m o m e n t o f i n e r t i a . T h e m o m e n t o f i n e r t i a o f t h e p a r t i c l e p l u s t h e added m o ­

m e n t o f i n e r t i a o f t h e f l u i d i s t h e v i r t u a l , o r e f f e c t i v e , m o m e n t o f i n e r t i a o f t h e 

p a r t i c l e i n t h e f l u i d . 

S ince the s p h e r e r o t a t e s abou t t h e a x i s o f i t s c o n t a c t w i t h t h e p i n s w i t h o u t 

* A l t h o u g h a s e d i m e n t p a r t i c l e m a y be p i c k e d u p f r o m t h e b e d b y the l i f t f o r c e 
a l o n e , as o b s e r v e d b y T h o m p s o n (29 ) , t h e g e n e r a l m o d e o f t h e p a r t i c l e r e m o v a l f r o m 
a b e d i s the r o l l i n g m o t i o n o f t h e p a r t i c l e about t he p o i n t s o f c o n t a c t w i t h t h e s u p p o r t ­
i n g p a r t i c l e s . 
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T o p V i e w Side E l e v a t i o n 

F i g u r e 1 . F o r c e S y s t e m on the S p h e r e - P i n M o d e l . 

s l i p , an e q u a t i o n o f a n g u l a r m o t i o n , as g i v e n b e l o w , w i l l be s u f f i c i e n t t o d e s c r i b e 

t he g e n e r a l m o t i o n o f t he s p h e r e . 

I jS = M p - M f - W r c o s 0 + F R r cos 0 (1) 

i n w h i c h , I i s t he v i r t u a l m o m e n t o f i n e r t i a o f t h e s p h e r e i n t he f l u i d w i t h r e s p e c t 

t o t he a x i s o f r o t a t i o n , O - O ; jS i s t h e a n g u l a r d i s p l a c e m e n t o f t h e s p h e r e m e a ­

s u r e d p o s i t i v e c l o c k w i s e f r o m the h o r i z o n ; j3 i s the c o r r e s p o n d i n g a n g u l a r 

a c c e l e r a t i o n ; r i s t he s h o r t e s t d i s t a n c e b e t w e e n the c e n t r o i d o f t he s p h e r e and t h e 

2 2 If 

r o t a t i n g a x i s O - O w h i c h b y g e o m e t r y i s ( R - w ) , w h e r e w i s h a l f o f the w i d t h be­

t w e e n t h e c o n t a c t p o i n t s ; W i s t h e i m m e r s e d w e i g h t o f t he s p h e r e ; and F_ i s t h e 
R 

r e a c t i o n a l f o r c e f r o m the b a s e . T h e l e f t - h a n d s i d e o f E q u a t i o n (1) i s t he p r o d u c t 

o f the v i r t u a l m o m e n t o f i n e r t i a o f t h e s p h e r e i n t h e f l u i d and t h e a n g u l a r a c c e l e r a ­

t i o n o f t h e s p h e r e . T h e t e r m s o n t h e r i g h t - h a n d s i de o f E q u a t i o n (1) f r o m l e f t t o 
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F o r s m a l l a n g u l a r d i s p l a c e m e n t , s i n 0^-0 and c o s 0 ^ 1 r e s u l t i n g i n 

r i g h t r e p r e s e n t t h e m o m e n t slue t o f l u i d - d r i v i n g f o r c e ^ J M f l u i d - d a m p i i i g o r r e s i s ­

t i n g f o r c e , the w e i g h t - r e s t o r i n g f o r c e o f t he s p h e r e , and the g r o u n d - r e a c t i o n a l 

f o r c e , r e s p e c t i v e l y . I n E q u a t i o n ( 1 ) , t he a n g u l a r d i s p l a c e m e n t , & c a n n o t be l e s s 

t h a n the s t a t i c e q u i l i b r i u m a n g l e . B , due t o the p r e s e n c e o f the s u p p o r t i n g b a s e . 
• S • • 

T h e s t a t i c e q u i l i b r i u m a n g l e , B , i s the ang le b e t w e e n the r o l l i n g a r m , r , a n d t h e 
s 

h o r i z o n w h e n the s p h e r e i s a t r e s t on t he s u p p o r t i n g b a s e . B y g e o m e t r y , 0 i s 
•S -

e q u a l t o a r c s i n ( R - p ) / r , i n w h i c h p i s the h e i g h t o f the p i n s above t h e base a n d R 

i s t he r a d i u s o f t he s p h e r e . 

T h e m o m e n t a s s o c i a t e d w i t h the r e a c t i o n a l f o r c e c a n be e l i m i n a t e d f r o m 

E q u a t i o n (1) i n a s m u c h as = 0 w h e n e v e r # > 0 g . 

Ii5 = M D - M f - W r c o s 0 (2) 

T h e w e i g h t - r e s t o r i n g m o m e n t , W r c o s 0, d e c r e a s e s as the d i s p l a c e m e n t 0 

i n c r e a s e s . 

T h e n o n l i n e a r t e r m c o s # a s s o c i a t e d w i t h t h e w e i g h t - r e s t o r i n g m o m e n t i n 

E q u a t i o n (2) c a n be l i n e a r i z e d f o r r o c k i n g m o t i o n w i t h s m a l l d i s p l a c e m e n t b y c o n ­

s i d e r i n g t h e a n g u l a r d i s p l a c e m e n t jS(t) as t h e s u m o f a c o n s t a n t s t a t i c e q u i l i b r i u m 

a n g l e , 0 , and a t i m e - d e p e n d e n t a n g u l a r d i s p l a c e m e n t , 6 ( t ) , 
s 

M) = e s + 0(t) (3) 
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9 sin Q (4) 
s • ' 

Substituting Equations (3) and (4) into Equation (2), 

1 9 + M - (Wr sin 8 ) 9 = M_ - Wr cos 9 (5) i s D s N ' 

He re , the weight- re s tor ing moment has been decomposed into two t e r m s : a con­

stant t e r m , Wr cos 9 , associated with the static equil ibrium angle, 9 , and a 
s s 

l inear ized t ime-dependent t e r m , (Wr sin 9 ) 9 , associa ted with the per turbed d i s -
s 

p lacement , 9. Since Wr sin 9 i s always posi t ive, the negative sign before the p e r -
s 

turbed res to r ing-moment t e r m again indicates this r e s to r ing moment reduces as 

9 i n c r e a s e s (17). The r ight-hand side of Equation (5) i s the net driving moment 

applied to the sphe re . 

B. Determinat ion of Fluid-Dynamic Moment and F o r c e s 

In genera l , the fluid-dynamic forces and moments acting on a solid body 

can be e i ther indirect ly determined by integrat ing the measu red p r e s s u r e dis t r ibut ion 

around the body surface o r d i rec t ly de termined with the aid of a balance sys tem 

(mechanical balances o r s t ra in -gage balances) . 

Pa r t i c l e removal can occur only when the net driving moment , r ight-hand 

side of Equation (5) , i s posi t ive. Conversely, whenever the net driving moment 

i s negative the pa r t i c l e will r ema in on the bed or will ro ta te back toward the bed. 

The l imiting condition, when the net driving moment c r o s s e s from negative to p o s i ­

tive i s simply a condition of s ta t ic equil ibrium in which F _ = 0. Because the net 
i" R 

cos B cos 9 -s 



d r i v i n g m o m e n t v a r i e s w i t h t i m e , t h e l i m i t i n g c o n d i t i o n m u s t be i n t e r p r e t e d s t a t i s ­

t i c a l l y . F o r e x a m p l e , t he b e g i n n i n g o f p a r t i c l e r e m o v a l i s d e f i n e d h e r e i n as t he 

s i t u a t i o n i n w h i c h t he n e t d r i v i n g m o m e n t i s p o s i t i v e 5 p e r c e n t o f t he t i m e . F o r 

s t a t i c e q u i l i b r i u m t h r e e i n d e p e n d e n t e q u a t i o n s a r e s a t i s f i e d , t h a t i s , (1) t he 

s u m m a t i o n o f t he v e r t i c a l f o r c e s e q u a l z e r o , (2) t h e s u m m a t i o n o f t h e h o r i z o n t a l 

f o r c e s e q u a l z e r o , and (3) the s u m m a t i o n o f the m o m e n t s e q u a l z e r o . I n s t e a d o f 

e x p e r i m e n t a l l y m e a s u r i n g the l i f t a n d d r a g f o r c e s d i r e c t l y , a m u c h s i m p l e r 

e x p e r i m e n t a l m e t h o d i s t o m a k e t h r e e i n d e p e n d e n t d e t e r m i n a t i o n s o f the l i m i t i n g 

c o n d i t i o n ( m o m e n t ) f r o m w h i c h t he e q u i l i b r i u m c o n d i t i o n s c a n be u s e d t o c a l c u l a t e 

l i f t and d r a g . The t h r e e i ndependen t e x p e r i m e n t a l m e a s u r e m e n t s c a n be m a d e by 

d e t e r m i n i n g 9 a t t h e b e g i n n i n g o f p a r t i c l e m o t i o n w i t h s p h e r e s w h i c h d i f f e r o n l y 
s 

i n w e i g h t i n the s a m e f l o w f i e l d . 

I n t he p a s t , O ' B r i e n and M o r i s o n (25) a p p l i e d a s i m i l a r concep t i n 

d e t e r m i n i n g t h e w a v e f o r c e e x e r t e d o n a s u b m e r g e d s p h e r i c a l o b j e c t . Y o u n g (33) 

a l s o u t i l i z e d the c o n c e p t o f f o r c e b a l a n c e t o d e t e r m i n e l i f t and d r a g f o r c e s 

e x e r t e d o n a s p h e r i c a l p a r t i c l e r e s t i n g o n t he b o t t o m o f a s l o p i n g c y l i n d r i c a l 

t u b e . H o w e v e r , Y o u n g ' s p r o p o s i t i o n t h a t t he f r i c t i o n f o r c e v a n i s h e s at t h e 

c o n d i t i o n o f i m p e n d i n g l i f t i n g m o t i o n i s q u e s t i o n a b l e and h i s m e a s u r e m e n t w a s 

r e s t r i c t e d t o l a m i n a r f l o w c o n d i t i o n s o n l y . I n t h e i r s t u d y f o r e s t a b l i s h i n g a l e n g t h 

c r i t e r i o n f o r t h e h y d r a u l i c j u m p , B e h e r a and Q u r e s h y (4) d e t e r m i n e d the l e n g t h o f 

j u m p as t h e d i s t a n c e f r o m the t oe to t h e s e c t i o n w h e r e a c y l i n d e r p l a c e d on the f l o o r 

o f t h e f l u m e w o u l d j u s t t o p p l e . T h e y f e l t t h e l e n g t h c r i t e r i o n s h o u l d be c l o s e l y r e l a t e d 

t o t h e s c o u r i n g a c t i o n and t h e t r a n s p o r t a t i o n o f s e d i m e n t ; a n d t h a t t h e e f f e c t s o f a l l 
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t h e i n t r i c a t e f o r c e s c o u l d be m e a s u r e d w i t h a f a i r d e g r e e o f a c c u r a c y b y p l a c i n g 

a s m a l l c y l i n d e r i n t h e f l o w a f t e r t he j u m p . 

I n the p r e s e n t s t u d y , h o w e v e r , d i r e c t o b s e r v a t i o n o f t he i n c i p i e n t m o t i o n 

p h e n o m e n o n f o r an i n d i v i d u a l p a r t i c l e r e v e a l s t h a t the p a r t i c l e u n d e r g o e s a r a n d o m 

r o c k i n g m o t i o n , w i t h o u t b e i n g p h y s i c a l l y r o l l e d , f o r a r a n g e o f d i f f e r e n c e s b e t w e e n 

the f l u i d - d r i v i n g m o m e n t and the p a r t i c l e - r e s t o r i n g m o m e n t . T h e d u r a t i o n o f p a r ­

t i c l e r o c k i n g above the bed f l o o r i n c r e a s e s as the d i f f e r e n c e b e t w e e n the d r i v i n g 

m o m e n t and the r e s t o r i n g m o m e n t i n c r e a s e s . E v e n t u a l l y , t he p a r t i c l e w i l l r o l l 

o v e r a f t e r a c r i t i c a l a n g u l a r i m p u l s e has b e e n r e a c h e d . T h e r e i s n o d e f i n i t e c o n ­

d i t i o n a t w h i c h a s t a t i o n a r y b e d p a r t i c l e i s p l a c e d i n m o t i o n s u d d e n l y . 

A l t h o u g h p r e v i o u s w o r k s i n the f i e l d o f s e d i m e n t i n c i p i e n t m o t i o n a r e m a i n l y 

b a s e d o n t he c o n c e p t o f s t a t i c e q u i l i b r i u m , t h e r e a r e m a n y i n v e s t i g a t o r s who d i d 

r e c o g n i z e the i m p o r t a n t r o l e p l a y e d b y the f l u c t u a t i n g f o r c e o n p a r t i c l e r e m o v a l . 

I n a n a l y z i n g the c r i t i c a l c o n d i t i o n f o r t h e m o t i o n o f sand and g r a v e l s i n r i v e r s , 

P r a n d t l (26) s t a t es t h a t w h e t h e r a p a r t i c l e r e m a i n s s t a t i o n a r y o r i s s w e p t a w a y 

depends u p o n the l a r g e s t f o r c e o c c u r r i n g i n t u r b u l e n t f l u c t u a t i o n s , r a t h e r t h a n t h e 

m e a n f o r c e . T h o m p s o n (29) has r e p o r t e d t h a t the f o r c e e x e r t e d u p o n a s tone o n t h e 

s t r e a m b e d i s f l u c t u a t i n g i n n a t u r e . He a l s o a s s e r t e d t h a t the ' i m p u l s i v e ' f o r c e i s 

r e s p o n s i b l e f o r the i n c i p i e n t m o t i o n o f g r a v e l s i n s t r e a m s . 

W h i t e (32) o b s e r v e d the m a x i m u m f l u c t u a t i n g v e l o c i t y above the s e d i m e n t 

g r a i n t o be about t w i c e the m e a n and hence e s t i m a t e d the m a x i m u m d r a g i s f o u r 

t i m e s t h e m e a n f o r t u r b u l e n t f l o w , w h e r e a s the m a x i m u m d r a g i s t w i c e t he m e a n 

i f t he s e d i m e n t i s i m m e r s e d i n the l a m i n a r s u b l a y e r . K a l i n s k e (19) has i n d i c a t e d 
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that the ve loc i ty f luctuation in turbulent f low near the bottom of r i v e r s i s d i s t r ibuted in 

accordance with the normal e r r o r law and the ra t io of standard deviat ion to the 

m e a n i s about one-fourth. He cons idered the s h e a r s t r e s s at three standard d e v i a ­

t ions above the m e a n a s the m a x i m u m s h e a r in prac t i ce and thus concluded the 

m a x i m u m shear i s about three t i m e s the m e a n value s ince s h e a r v a r i e s a s the s q u a r e 

of the v e l o c i t y . E i n s t e i n arid E l - S a m n i (10) o b s e r v e d that the p r e s s u r e f luctuat ions 

at the top and the bottom of a h e m i s p h e r e , ly ing on a s t r e a m bed c o n s i s t i n g of i d e n ­

tical h e m i s p h e r e s , a r e i r r e g u l a r and only a s ta t i s t i ca l descr ip t ion of t h e s e f luctu­

at ions appeared to be adequate. A careful s ta t i s t i ca l a n a l y s i s showed that the 

probabi l i ty dis tr ibut ion of the instantaneous p r e s s u r e di f ference between the top and 

the bottom of the h e m i s p h e r e , or l ift f o r c e s at the s t r e a m bed, can be approximated 

by the n o r m a l e r r o r l a w . In a wind tunnel study of the nature of the f o r c e s on s o i l 

g r a i n s by wind, Chepil (8) found that the probabi l i ty distr ibut ion of the f luctuating 

p r e s s u r e of lift and drag fol lowed a somewhat skewed n o r m a l - e r r o r law. The r a t i o 

of the m e a n p r e s s u r e to the standard deviat ion w a s constant for v a r i o u s gra in s i z e s 

and fluid v e l o c i e i e s . This ra t io w a s found roughly equal to two . Chao and Sandborn 

(6) and T i e l e m a n and Sandborn (30) have shown the r a n d o m n e s s of the p r e s s u r e 

f luctuat ions around a s ing le sphere and around a sphere r e s t i n g among ident ica l 

r o u g h n e s s e l e m e n t s in turbulent f low. 

In a theore t i ca l and exper imenta l study of the beginning of sed iment mot ion , 

G e s s l e r (11) u t i l i zed the a r m o r i n g phenomena of n o n - c o h e s i v e s ed iment m i x t u r e s 

to d e t e r m i n e the fluctuating pattern of the bottom shear s t r e s s e x e r t e d by the f low. 

He a s s u m e d that the f luctuations Of the bed shear s t r e s s a r e d is tr ibuted a c c o r d i n g 



to the n o r m a l e r r o r law and that a gra in i s s e t into mot ion when the e f fec t ive 

m o m e n t a r y shear s t r e s s act ing on the grain e x c e e d s a cr i t i ca l va lue which i s a 

function of the Reyno lds Number of the gra in . F u r t h e r m o r e , he def ined the c r i t i ­

ca l s h e a r s t r e s s for a part icu lar gra in a s the average bottom shear s t r e s s of the 

s t r e a m f low when the probabil i ty of eroding of that gra in s i z e i s equal to the p r o b a ­

bi l i ty of r e m a i n i n g s t i l l . B a s e d on the above propos i t ions , he concluded f r o m the 

e x p e r i m e n t a l m e a s u r e m e n t s that the f luctuations of the bed s h e a r s t r e s s a r e s t a t i s ­

t i ca l ly dis tr ibuted according to a Gauss ian normal l a w . The ra t io of the standard 

deviat ion to the m e a n w a s de termined to be 0 .57 a s compared to a va lue of 0 . 5 

u s e d by E ins te in (9) in h i s bed- load transport formula . By the u s e of a s t a t i s t i c a l 

t r e a t m e n t , G e s s l e r w a s able to e s t a b l i s h a s y s t e m a t i c a l l y definable re la t ion for the 

beginning of s ed iment mot ion. However , G e s s l e r ' s definition of c r i t i c a l s h e a r s t r e s s , 

for a part icu lar gra in s i z e , a s the average bed s h e a r s t r e s s at which the probabi l i ty 

of a gra in being eroded i s one-hal f i s i n c o r r e c t . T h i s definition would be c o r r e c t 

only if the r e s p o n s e of the gra in to the f low exc i ta t ion i s instantaneous and s ta t i c i n 

nature . Fo l lowing G e s s l e r ! s argument , when the m e a n bed shear s t r e s s i s equal t o 

the c r i t i c a l shear for a part icular gra in , the probabil i ty f o r the gra in to be e r o d e d 

i s 50%. T h i s in turn i m p l i e s 50% of the fluctuating shear s t r e s s e s e x c e e d t h i s 

c r i t i c a l s h e a r l e v e l , according to h i s as sumpt ion that a gra in i s eroded when the 

e f fect ive s h e a r s t r e s s e x c e e d s the c r i t i c a l shear s t r e s s . However , for a dynamic 

s y s t e m of s ed iment gra in subject to fluctuating l o a d s , the fact that the f luctuating 

s h e a r e x c e e d s the c r i t i c a l s h e a r with 50% probabil i ty d o e s not imply that the p r o b ­

abil i ty of the gra in 1 s be ing eroded i s a l s o 50%. In fact , a gra in m a y be s e t into 
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mot ion with 50% probabi l i ty of o c c u r r e n c e when the instantaneous s h e a r s t r e s s 

e x c e e d s a c r i t i c a l s h e a r l e v e l o ther than the average s h e a r . 

In Cheng T s work (7), a f o r c e d y n a m o m e t e r w a s u s e d to m e a s u r e the l i f t and 

drag f o r c e s exer ted on a one- foot d i a m e t e r sphere , embedded with identical p a r t i -

c l e s , by the s t r e a m flow. Stat i s t ica l a n a l y s i s shows that the probabil i ty d e n s i t i e s 

of the f luctuating l i ft and the drag f o r c e s a r e normal ly dis tr ibuted. However , t h e 

standard dev iat ions of both the l i f t and the d r a g a r e not constant a s w a s proposed b y 

E i n s t e i n (9) and G e s s l e r (11). Instead, the standard deviat ions vary with f low 

condi t ions . In h i s study of incipient m o t i o n of a sphere , Cheng o b s e r v e d that the 

m e a n hydrodynamic f o r c e s do not n e c e s s a r i l y have to e x c e e d the weight of the s p h e r e 

to c a u s e mot ion . Rather , an ins tantaneous e x c e s s of force above the weight m a y b e 

capable of r e m o v i n g the s p h e r e . A p p e r l e y (3) has made t ransducer m e a s u r e m e n t s 

of force components on a ^ - i n c h - d i a m e t e r sphere with var ious pro trus ions above 

a flat bed of s i m i l a r p a r t i c l e s due to a turbulent water flow of 9 inch depth. T h e 

frequency dis tr ibut ion of the f luctuating d r a g and lift shows a skewed normal d i s t r i ­

bution. In the study of init ial ins tab i l i ty of fine b e d - s a n d w e l l i m m e r s e d in a l a m i n a r 

sub layer , G r a s s (13) w a s able to d e t e r m i n e the distr ibution of instantaneous bed s h e a r 

s t r e s s e s f rom knowledge of the ins tantaneous longitudinal v e l o c i t y gradient ins ide t h e 

v i s c o u s sublayer adjacent to the boundary. The ve loc i ty prof i le w a s obtained through 

a h i g h - s p e e d c a m e r a tracking of the p r o g r e s s of a hydrogen bubble t r a c e r in s p a c e 

and t i m e . The instantaneous bed shear s t r e s s e s a l s o show a skewed normal d i s t r i ­

bution. 

A l l t h e s e inves t igat ions e i ther d i r e c t l y or indirect ly support the idea that t h e 
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p r e s s u r e f ie ld or the r e s u l t i n g force act ing upon a t h r e e - d i m e n s i o n a l r o u g h n e s s 

e l e m e n t on a s t r e a m bed i s random i n nature . The r a n d o m n e s s of the par t i c l e 

r o c k i n g mot ion before r o l l - o v e r can thus be r e a s o n e d a s the part ic le r e s p o n s e to 

the randomly fluctuating f lu id-driv ing loads . The s ta t i s t i ca l regu lar i ty of the r a n ­

dom r e s p o n s e and exc i tat ion a l s o s u g g e s t s that the instabi l i ty phenomenon a s s o c i a t e d 

with the beginning of part i c l e r e m o v a l can be be t ter defined and understood through 

probabi l i s t i c c o n s i d e r a t i o n s . 

1. Probabi l i ty Distr ibut ion of the F l u i d - D r i v i n g Moment 

D i r e c t observat ion of the sphere at the trans i t ion of r e m o v a l ind ica tes the 

random mot ion of the sphere follows a s ta t i s t i ca l l y regu lar pattern. M e a s u r e m e n t s 

of p r e s s u r e or f o r c e s act ing on a bed e l e m e n t subject to s t r e a m flow a l so indicate 

th i s regu lar i ty in the fluctuation pattern (7, 8, 10) . This s ignif icant behavior of 

s ta t i s t i ca l regu lar i ty has led to the assumpt ion that both the fluctuating f lu id-dr iv ing 

m o m e n t and the r e s p o n s e of the sphere are s tat ionary random p r o c e s s e s . By 

' s tat ionary' we imply that the probabil i ty d is tr ibut ion of a random p r o c e s s i s i n v a ­

riant to a shift of t ime or ig in of the sampl ing . 

F o r the purpose of de termin ing the fluctuating f lu id-driv ing m o m e n t pattern, 

the s p h e r e i s a s s u m e d to be d i sp laced above the s tat ic equi l ibrium pos i t ion when 

the net dr iv ing m o m e n t applied to the sphere i s g r e a t e r than z e r o , or M _ - W r c o s B 
D S 

£ 0. In other w o r d s , the cumulat ive per cent of t i m e the sphere , during i t s r o c k i n g 

mot ion , contac t s the b a s e i s equal to the cumulat ive per cent of t ime that the g iven 

s tat ic w e i g h t - r e s tor ing moment e x c e e d s the f luctuating f lu id-driv ing moment . T h i s 

a s sumpt ion of equivalence between the r e s p o n s e and the exci tat ion of the s p h e r e - p i n 



I T 

s y s t e m can be e x p r e s s e d by: 

•• n 

P__[M_(t) < W r c o s 6 V t: / T (6) 
M L D w s J i x 

i = l 

in which, i s the cumulat ive probabi l i ty distr ibut ion of the f luid-driving m o m e n t , 

M p ( t ) , t i s the summat ion of the incrementa l contact t i m e , t . , during which 

M w - ^ W r c o s 0 or 8 = B f rom the f i r s t t o the l a s t i n c r e m e n t of the s a m p l e , and 
D s • s 

T i s the total sampl ing t ime which m u s t be l a r g e enough s o that a s t a t i s t i c a l l y s i g ­

nificant number of s a m p l e s i s m a d e . 

The pr inc iple u s e d in d e t e r m i n i n g the s ta t i s t i ca l in format ion c o n c e r n i n g the 

f lu id -dr iv ing m o m e n t i s i l lus trated by F i g u r e 2 . In F i g u r e 2 , the f lu id-dr iv ing mom­

ent , M^( t ) , i s shown a s a random function of the t i m e , t , and the s tat ic w e i g h t -

r e s t o r i n g m o m e n t i s shown as a t ime- independent cons tant c r o s s i n g the f luctuat ing 

dr iv ing m o m e n t at a m o m e n t l e v e l of W r c o s 0 . I n rea l i ty , the durat ion at which 
s 

the angular d i sp lacement , jB(t), e x c e e d s © i s l on ger than the duration at which t h e 
•S 

f luctuating dr iv ing moment . M (t), e x c e e d s W r c o s 0 due to the t i m e l a g of the 
u s 

r e s p o n s e . * In other w o r d s , the cumulat ive per cent t ime of contac t i s l e s s than the 

cumulat ive probabi l i ty of the dr iv ing m o m e n t , M (t), be ing l e s s than Wr c o s 0 . 
\j s 

The i n c r e m e n t a l contact durat ions between the sphere and the b a s e a r e shown in 

F igure 2 a s so l id l i n e s at the angular d i s p l a c e m e n t , 0 . H o w e v e r , when the s tat ic 
s 

w e i g h t - r e s t o r i n g m o m e n t c r o s s e s the fluctuating f lu id-dr iv ing m o m e n t at h igh 

* D e t e r m i n i s t i c a n a l y s i s of the dynamic r e s p o n s e of the s p h e r e - p i n system-
subject to idea l i z ed i m p u l s i v e l o a d s , based on the l i n e a r i z e d equat ion of angular 
mot ion - Equation (5), are shown in Appendix A . 
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s 

t 

Curve 1 i s the cumulat ive p e r cent t ime of contact 
be tween the sphere and the b a s e at var ious 
l e v e l s of the w e i g h t - r e s t o r i n g m o m e n t , 
Wr c o s 8 . 

s 
Curve 2 i s the cumulat ive probabi l i ty dis tr ibut ion of 

the f lu id-dr iv ing m o m e n t , M _ . 

F igure 2 . Method of D e t e r m i n i n g the Probabi l i ty D i s tr ibut ion 

of the Fluctuat ing F l u i d - D r i v i n g Moment . 
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m o m e n t l e v e l , a s i s shown in F igure 2, the propos i t ion of Equation (6) i s generally-

val id s i n c e the cumulat ive l a g t i m e be tween the r e s p o n s e and the exc i ta t ion i s v e r y 

short a s compared to the cumulat ive t i m e of contact . 

B a s e d on the propos i t ion of Equation (6), the d i sp lacement of the s p h e r e , 

j8(t), i s equal to the s tat ic equi l ibr ium ang le , 9 , or the sphere i s in contact with 
s 

the b a s e when the s tat ic w e i g h t - r e s t o r i n g m o m e n t e x c e e d s the fluctuating f lu id-

dr iv ing m o m e n t . The cumulat ive probabi l i ty of the fluctuating f lu id-driv ing m o m e n t 

which i s be low the m o m e n t l e v e l of a known r e s t o r i n g moment c a n then be r e a d i l y 

d e t e r m i n e d e x p e r i m e n t a l l y by m e a s u r i n g the per cent of t i m e that the sphere i s in 

contact with the b a s e . 

The per c e n t t i m e of contact i s d e t e r m i n e d from the reading of an e l e c t r i c 

c lock , which runs whenever the sphere i s in contact with the meta l -p la t ed b a s e , i n 

r e f e r e n c e to another c lock reading which r e g i s t e r s the total sampl ing t i m e . The 

s tat ic w e i g h t - r e s t o r i n g m o m e n t , W r c o s 9 , can be var ied accura te ly by in jec t ing 
s 

l iquids of different d e n s i t i e s into the s t a i n l e s s s t ee l hol low s p h e r e . The ho l low 

sphere i s f i l led in full to avoid p o s s i b l e s l o s h i n g ef fect . In th i s way, the r e s t o r i n g 

m o m e n t i s changed without a l t er ing the c h a r a c t e r i s t i c s of the fluid driv ing m o m e n t . 

The cumulat ive probabi l i ty dis tr ibut ion of the fluctuating dr iv ing moment can thus 

be obtained f rom the cumulat ive p e r cent t ime of contact , by s y s t e m a t i c a l l y v a r y i n g 

the l e v e l of the weight^re s tor ing m o m e n t while maintaining the f lu id-dr iv ing m o m e n t 

una l tered . 

In F igure 2 , the m e a s u r e d cumulat ive per cent t ime of contact v e r s u s the 

w e i g h t - r e s t o r i n g m o m e n t i s shown a s c u r v e 1 and the cumulat ive probabi l i ty 
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• > • 

distr ibut ion of the f lu id-dr iv ing m o m e n t i s s h o w as curve 2 . At high moment 

l e v e l , the cumulat ive per cent t i m e of contact i s r epresen ta t ive of the cumulat ive 

probabi l i ty of the fluid-driving* m o m e n t . At l ower moment l e v e l s , the cumulat ive 

per cent t i m e of contact dev ia te s f rom the cumulat ive probabil i ty of the dr iv ing 

m o m e n t . 

2 . Pat tern of F lu id -Dr iv ing F o r c e 

If the s p h e r e - p i n s y s t e m i s subjected to an idea l i zed s teady f lu id-driv ing 

m o m e n t , then the sphere would be bare ly l ifted above the ground when the fluid 

dr iv ing moment bare ly o v e r c o m e s the s tat ic w e i g h t - r e s tor ing m o m e n t . For a 

s p h e r e - p i n s y s t e m subject to a fluctuating f luid-driving moment , both the r e s p o n s e 

and the exc i tat ion are cons idered to be s tat ionary random p r o c e s s e s . At the b e g i n 

ning of the trans i t ion , the sphere p e r f o r m s a random rocking mot ion with v e r y 

s m a l l d i s p l a c e m e n t s . There fore , the condit ion at which the sphere has a high 

probabi l i ty of be ing in contact with the b a s e (say 95 per cent of the t ime) can be 

treated a s if the s y s t e m i s under s tat ic equi l ibr ium in which the f lu id-dr iv ing m o ­

m e n t e x c e e d s the s tat ic r e s t o r i n g m o m e n t with a corresponding probabil i ty (about 

5 per cent of the t i m e ) . The determinat ion of the fluid dr iv ing force pattern can 

then be achieved through a s e t of three s ta t i c - equ i l ibr ium m o m e n t equat ions . 

The stat ic f lu id-driv ing m o m e n t , M ^ , can be r e s o l v e d into a couple , C, 

and m o m e n t s due to a drag f o r c e , F , and a lift f o r c e , F , p a s s i n g through the 
D . . i-i 

centroid of the s p h e r e . T h e s e decomposed f o r c e s F _ and F and couple C are 

shown in F igure 1. The equation of angular mot ion of the s p h e r e - p i n s y s t e m under 

s tat ic equi l ibr ium condit ions can thus be e x p r e s s e d a s 
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C + F r c o s cp + F r s in cp = Wr s in cp (7) 

in which , cp i s the angle of r e p o s e and i s re la ted to the s t a t i c - e q u i l i b r i u m a n g l e , 

IT 
9 , by cp = — - 9 for the c a s e o f hor izonta l bed; Wr s i n cp i s the s t a t i c r e s t o r i n g 

s *2 S 

moment. - A l l c l o c k w i s e m o m e n t s a r e c o n s i d e r e d p o s i t i v e . 

The drag f o r c e , F _ , the lift f o r c e , F , and the c o u p l e , C , a r e the t h r e e 
D JL 

unknowns w h e r e a s the angle of r e p o s e , cp, the m o m e n t a r m , r , and the i m m e r s e d 

weight of the s p h e r e , W, are the knowns in the s t a t i c - e q u i l i b r i u m Equation (7). 

E x p e r i m e n t a l l y , w e can s e t up t h r e e s ta t i c equi l ibr ium condi t ions , subject to the 

s a m e unknown f lu id-dr iv ing f o r c e pa t t ern , e a c h equi l ibr ium condit ion having dif­

ferent v a l u e s of the angle of r e p o s e , cp, and different va lues of the weight , W. 

The t h r e e una l tered unknowns can thus be de termined by so lv ing the s e t of t h r e e 

s i m u l t a n e o u s equat ions e a c h a s s o c i a t e d with one s t a t i c - e q u i l i b r i u m condit ion. 

Equation (7) i s n o r m a l i z e d by dividing b y a r e f e r e n c e f o r c e p a r a m e t e r 

K = A p u ^ / 2 

2 . * 
in which , A = 77" D / 4 i s a r e f e r e n c e a r e a , D i s the d i a m e t e r of the s p h e r e , 

u • i s the r e f e r e n c e approach v e l o c i t y taken at a he ight equal to the top of the 

s p h e r e , and p i s the dens i ty of the f luid. 

* 
Since the resul tant f o r c e o r m o m e n t applied to the s p h e r e a s a whole i s 

of m a j o r i n t e r e s t , the f u l l c r o s s - s e c t i o n a l a r e a of the s p h e r e i s c h o s e n a s a 
r e f e r e n c e a r e a . 
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B y defining the fol lowing d i m e n s i o n l e s s coe f f i c i ent s , 

C D = F D / ( C K ) = D r a g coeff ic ient 

C_ = F_ / (CK) = Lift coef f ic ient 
L L 

C = C / ( £ K r ) = Couple coef f ic ient 

C = W f s in cp / (£ Kr) = W e i g h t - r e s t o r i n g moment coeff ic ient 
R 

in which r i s the ro l l ing radius o r the s h o r t e s t d i s tance be tween the centroid of 

the s p h e r e and the ax i s of s p h e r e - p i n contact p o i n t s , Q i s the m o m e n t u m c o r r e c ­

t ion coeff ic ient taking into account the e f fec t o f non-uni form v e l o c i t y distr ibut ion 

( see IV. A. 3) , the s e t of three equi l ibr ium equat ions can be wri t ten in d i m e n ­

s i o n l e s s form as fo l lows: 

C c + C D c o S c p 0 + C L s i n t p 0 = C R 0 (8a) 

C C + C D ° O S + C L S i D = ° R 1 ( 8 b ) 

C c + C D c o s cp 2 + C L Sin cp2 = C R 2 (8CK 

in which the s u b s c r i p t s i = 0 , 1 , 2 denote the number of the t e s t s e t . 

E l iminat ing the couple coeff ic ient C > the above equations are reduced 
C 

to two equations 

(cos cp1 - c o s c p 0 ) C D + (s in cp^- s i n c p 0 ) C L = - C ^ - C R 0 (9a) 

(cos cp2 " c o s c p 0 ) C D + (s in V s i n c p ^ = C ^ - RRQ (9b) 
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Since a l l v a l u e s , except C and C T , are known f r o m exper imenta l m e a s u r e -

m e n t s at the equi l ibr ium condi t ions , after subst i tut ing 

a. = c o s cp. - c o s cpA 

b. = s in cp. - s in cprt 

° i " C R i " G R 0 

i = 1 , 2 

v a l u e s for C_ and C , are obtained as fo l lows 
D L 

C D "
 ( C l b 2 ' C 2 b l ) / ( a i b 2 " W ^ 

C = (a c - a c ) / ( a b - a b ) (10b) L 12 2 V 1 1 2 2 l ' y ' 

The unknown couple coe f f i c i ent , C , can then be obtained by subst i tut ing 

the v a l u e s C and G_ , d e t e r m i n e d f r o m above, into the m o m e n t equi l ibr ium 
D L 

equat ion, Equation (8). 

C C = C R L " ° D c o s c P i " G L s i n c p . , i = 0 , 1 , 2 (11) 

C. L i m i t s of Trans i t ion 

B e c a u s e of the random nature of the mot ion of a s p h e r e subject to a f l u c ­

tuating f lu id-dr iv ing m o m e n t , there i s no c r i t i c a l condition at which mot ion b e g i n s 

suddenly . In fac t , the trans i t ion f r o m a s tat ionary state to the r e m o v a l of a b e d 

p a r t i c l e i s gradual rather than ins tantaneous . The l i m i t s of th i s trans i t ion wi l l 
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h e r e a f t e r be r e f e r r e d to a s s t a g e s , that i s the ini t ia l s tage at which the sphere 

s t a r t s random rocking motion and the final s tage at which the s p h e r e r o l l s o v e r . 

1 . Init ial Stage 

The ini t ia l s tage i s defined a s the condition at which 95 p e r cent of the t i m e 

the s p h e r e i s in contact with the b a s e , that i s , F _ > 0 . In o ther words>5 per cent 
R 

of the t i m e the s p h e r e i s not in contact with the b a s e , that i s , F „ = 0. 

The condition of init ial ins tabi l i ty for a par t i c l e ly ing on a plane bed with 

s lope a can be formulated , according to the definit ion, by equating the s ta t i c 

w e i g h t - r e s t o r i n g m o m e n t , M , to a m o m e n t M which e x c e e d s the fluctuating 
R i 

fluid dr iv ing moment 95 p e r cent of the t i m e . 

A s s u m i n g the moment i s d i rec t l y proportional to the fluid dens i ty , p , 

the ro l l ing r a d i u s , r , the square of the r e f e r e n c e approach v e l o c i t y , u; , the 

2 

m o m e n t u m coef f ic ient , G, and the r e f e r e n c e a r e a T T D / 4 , then the fluid dr iv ing 

m o m e n t at the init ial s tage can be e x p r e s s e d as: 

in which , Cj i s the f lu id-driv ing m o m e n t coeff ic ient at the in i t ia l s t a g e , £ i s the 

m o m e n t u m c o r r e c t i o n coeff ic ient to account for the effect of non-uni form v e l o c i t y 

* 

(12) 

* The cho ice of 95 p e r cent probabi l i ty i s based upon the fol lowing r e a s o n s : 
(i) the ini t ia l s tage i s a s s o c i a t e d with high cumulat ive per c e n t 

t i m e of contact be tween the s p h e r e and the b a s e ; and 
(ii) re l iab le exper imenta l data of cumulat ive p e r cent t i m e of contact 

are obtainable up to the m a x i m u m value of about 95 per cent . 
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dis tr ibut ion. The m o m e n t coef f ic ient , C^, i s a function of the angle o f r e p o s e , 

cp, and the par t i c l e protrus ion condit ion. 

The stat ic w e i g h t - r e s tor ing m o m e n t , M , o f the s p h e r e l y ing on a p lane 
XV 

bed with s lope a i s 

M R = (Y s " Y ) f D 3 r s in (cp - a ) (13) 

in which , y i s the spec i f i c weight of the s p h e r e , y i s the s p e c i f i c weight of the 
s 

fluid, cp i s the angle of r e p o s e , and a i s the angle of incl inat ion of the bed m e a s ­

ured f r o m the hor izon be ing p o s i t i v e for a downward s lope and negat ive for an 

upward s l o p e . F igure 3 s h o w s the m o m e n t ba lance condit ion s c h e m a t i c a l l y . 

Equating and M R f rom Equat ions (12) and (13) , 

u 2 

S Y / Y H U g D = 1 ^ ( 0 - 0 0 (14) 

in which g i s the gravitat ional a c c e l e r a t i o n . Equation (14) def ines t h e condit ion 

at the in i t ia l s tage of the t rans i t ion . 

2 . F inal Stage 

Unfortunately the final s t a g e can not be l o g i c a l l y defined by the contact 

t i m e with the b a s e but n e c e s s a r i l y i n v o l v e s another definit ion b a s e d upon the 

e x p e r i m e n t a l method. In the e x p e r i m e n t the pin height was reduced in s m a l l 

i n c r e m e n t s until the sphere r o l l e d o v e r the p i n s . At l e a s t ten repe t i t ions o f a 

r o l l - o v e r determinat ion w e r e m a d e . In o r d e r to analyze t h e s e e x p e r i m e n t a l 

data within a rat ional f ramework , the fol lowing ana lys i s i s p r e s e n t e d . 
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Ide a l i zed Model Condition 

F i g u r e 3 . Stabil ity Condition of C o h e s i o n l e s s Par t i c l e on Sloping Bed , 



27 

T o study the mot ion of the s p h e r e - p i n s y s t e m f r o m the s tat ic equi l ibr ium 

pos i t ion to the r o l l - o v e r pos i t ion , the n o n - l i n e a r differential equation of mot ion , 

Equation (2), should be u s e d s i n c e the d i s p l a c e m e n t i s no l o n g e r s m a l l . C o n s i d ­

e r i n g 

I 0 = - W r c o s j3 (15) 

Mult iplying both s i d e s by the angular v e l o c i t y |3, 

1 0 0 = - (Wr cos ftp (16) 

Integrat ing Equation (16) and evaluating the cons tants of integrat ion in t e r m s of 

the in i t ia l d i s p l a c e m e n t j3(0) = 9 and the ini t ia l ve loc i ty j3 (0) = u) , generated by 
s u 

an angular i m p u l s e , 

I ( j 8 2 - u A / 2 = - Wr(s in j3 - s in 0 ) (17) 
u s 

The above equation r e p r e s e n t s the m a t h e m a t i c a l e x p r e s s i o n for the t h e o r e m of 

conserva t ion of e n e r g y as applied to the s p h e r e - p i n s y s t e m ; the left s ide r e p r e ­

s e n t s the change in kinet ic e n e r g y , the right s ide r e p r e s e n t s the work done by 

the m o m e n t (-Wr c o s j8), o r the change of potent ia l energy . 

The l imi t ing condition for the s p h e r e to r e a c h i t s m a x i m u m height , or r o l l -

o v e r p o s i t i o n , T T / 2 , can be obtained by se t t ing jS = 0 in Equation (17). 

u) 2 = 2 W r ( l - s in 6 ) / l = 2 W r [ l - c o s (cp-a)]/l (18) 
u s 

IT '• 
in which cp- a =— - 0 , cp i s the angle of r e p o s e , and a i s the angle of incl inat ion 
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of the bed . Here uû  can Be in terpreted as the c r i t i c a l , or m i n i m u m , init ial angu­

lar v e l o c i t y required to achieve this c r i t i c a l r o l l - o v e r condition. 

Cons ider that this c r i t i c a l in i t ia l v e l o c i t y GD̂  of the s y s t e m i s e s tab l i shed 

as a r e s u l t of the application of a cr i t i ca l angular i m p u l s e o r a net i m p u l s i v e 

m o m e n t o v e r a v e r y short p e r i o d of t i m e t^ (in compar i son with the t i m e of 

t r a v e r s e f rom j3= 8 to j3= —). Then, the fol lowing relat ion between oo and 
' s & u o 

can be obtained by the angular i m p u l s e - m o m e n t u m principle: 

\ 
I (o)Q - 0) = J M 6 d t (19) 

0 

in which the sphere i s a s s u m e d to be at r e s t on the bed before the application of 

the angular i m p u l s e . A s s u m i n g i s constant over duration't then 

U ) Q = ( M 6 / I ) t 0 (20) 

Substituting the above re lat ion into equation (18), 

M 2 = « | ^ s i n 2 ^ ( 2 1 ) 

6 t 0 2 

If t Q w e r e of the s a m e o r d e r as the t i m e of t r a v e r s e f rom j3 = 8 to 
= T T / 2 , there would be no n e e d of an additional angular i m p u l s e (or the r e s u l t ­

ing v e l o c i t y o)^) to ro l l the sphere o v e r . With sufficient durat ion, the fluid dr iv ing 
m o m e n t which i s b a r e l y equal to the s tat ic r e s t o r i n g m o m e n t wi l l be able to ro l l 
the s p h e r e over s i n c e the r e s t o r i n g m o m e n t d e c r e a s e s a s the sphere r o l l s up 
(See n .A . ) . 
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* 
Since I = § (W/g)r where j- i s a constant , 

M 6 = C 6 ( V Y > ! D 3 r s i n ^ ( 2 2 ) 

in which = 2 Jg/r t^) i s an i m p u l s i v e - m o m e n t coe f f i c i ent . Equation (22) 

ind ica te s that the i m p u l s i v e m o m e n t i s d i r e c t l y proportional to the I m m e r s e d 

weight of the s p h e r e , the e f fect ive r a d i u s of ro l l ing , and the s ine function of 

(cp- a ) / 2 . 

The final s tage of t rans i t ion can be e x p r e s s e d a s 

o r 
]y i _ T\/r -> n i _<\/ \ H r»^-r. o * « 9"*** 

[ j - I V ^ ^ C 6 ( v s - y)fB r s i n ^ (23) 

In Appendix A, a pos i t ive s q u a r e - w a v e ne t -dr iv ing m o m e n t which p e r s i s t s 

for a t i m e , t^, fol lowed by a constant negat ive ne t -dr iv ing m o m e n t i s u t i l i zed in 

Equation (5) to obtain a solut ion for the e x c u r s i o n t ime of the s p h e r e . A s shown 

in Table A. 1, the sphere wi l l r o l l o v e r i f the value of a t Q e x c e e d s the l i m i t i n g 

value de l ineated by the h e a v y - l i n e c u r v e . By definition of the coef f ic ient a, the 

p a r a m e t e r , at^, i s i n v e r s e l y proport ional to G^. The point i s that the a n a l y s i s 

p r e s e n t e d in Appendix A r e i n f o r c e s the val idi ty of a s a s ignif icant p a r a m e t e r . 

Va lues of can be de termined f rom e x p e r i m e n t s by m e a n s of Equation (23) . 

* 
While the ef fect of the added m o m e n t of inert ia of the fluid i s i m p l i c i t l y 

included in § and C^, the e x p e r i m e n t s w e r e conducted in f lowing a i r in which the 
ef fect of the added m o m e n t of iner t ia w a s neg l ig ib l e . 
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S u b s t i t u t i n g E q u a t i o n s (12) and ( 1 3 ) , f o r t h e e x p r e s s i o n s o f M j a n d 

i n t o E q u a t i o n ( 2 3 ) , 

2 
r U T 4 1 r . , . • . ep-a , 
£ [(V / Y ) - U g D = I c f [• B B l

 + C « " m V 
S JL 

E q u a t i o n (24) d e f i n e s t h e c o n d i t i o n a t t h e f i n a l s t a g e of t h e t r a n s i t i o n . 
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CHAPTER HI ' 

EXPERIMENTS 

The p r o c e s s of r e m o v a l of an individual part ic le f rom a s t r e a m bed depends 

m a i n l y upon the c h a r a c t e r i s t i c s of the f lu id-dynamic f o r c e s exer ted on the p r o ­

truding par t i c l e and upon the p r o p e r t i e s of the bed p a r t i c l e s . B e c a u s e of the f l u c ­

tuating nature of the f lu id-dynamic f o r c e s and b e c a u s e of the random pattern of the 

p a r t i c l e ' s rocking motion at the trans i t ion s tage of part ic le r e m o v a l , e x p e r i m e n t s 

w e r e requ ired in order to evaluate the f lu id-dynamic f o r c e s . In t h e s e e x p e r i m e n t s , 

the w e i g h t - r e s t o r i n g moment of the part i c l e w a s u s e d a s a gauge to de termine the 

magnitude of the f lu id-driv ing moment . The probabil i ty distr ibut ion of the f luctuating 

f lu id-dr iv ing moment w a s evaluated by the per cent t ime of contact of the s p h e r e 

with the underly ing bed . v 

A . Apparatus 

The exper imenta l s e t - u p for studying the p r o c e s s of part ic le r e m o v a l and 

for de termin ing the e f fec t s of the angle of r e p o s e , the part ic le protrus ion , and the 

ve loc i ty d is tr ibut ions on part ic le r e m o v a l , i s shown in F i g u r e s 4 and 5. The 

s p h e r e - p i n mode l c o n s i s t s of a s p h e r e , two equal-height pins al igned perpendicu­

l a r l y to the flow d irec t ion , and a supporting base for the s p h e r e . The height of the 

pins in r e f e r e n c e to the b a s e can be adjusted to s imulate the variat ion in the angle 

of r e p o s e . The l e v e l of the sphere - suppor t ing b a s e re la t ive to a horizontal flat 



F I G U R E 4 . P H O T O G R A P H O F E X P E R I M E N T A L A P P A R A T U S . 
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P l a n 

Figure 5. S p h e r e - P i n Model Arrangement . 
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plate o v e r which the f low o c c u r s can be control led to s imulate the var iat ion of the 

part ic le protrus ion above the bed . The horizontal f lat plate i s p laced at the open 

end of a contract ion s e c t i o n which i s 7— i n c h e s in width b y 4 i n c h e s in height . 

The a i r f low i s d i rec ted to the contract ion s e c t i o n f rom a 2 0 - i n c h - w h e e l c e n t r i f u ­

gal a i r b lower through a s e r i e s of 9 0 - d e g r e e guide v a n e s . , The v e l o c i t y of the a i r 

f low could be contro l led by a var iab le speed s e l e c t o r al igned be tween the a i r b l o w e r 

and a 5 - h o r s e p o w e r induction m o t o r . The v e l o c i t y d is tr ibut ion of the approach f low 

could be e m p i r i c a l l y generated by adjusting the spac ing of a w i r e gr id , p laced a t 

the end of the contract ion sec t ion , u p s t r e a m f r o m the leading p la te . The m e a n 

ve loc i ty prof i le at the front s e c t i o n of the l eading plate could be de termined by 

m e a n s of a movable Pi tot - tube. 

A one - inch d i a m e t e r s t a i n l e s s - s t e e l hol low ba l l w a s c h o s e n a s the t e s t 

s p h e r e . A v e r y thin b r a s s shee t w a s glued to the top of the s p h e r e - s u p p o r t i n g b a s e . 

The cumulat ive t ime of contact be tween the sphere and the b a s e could be r e g i s t e r e d 

by connect ing e l e c t r i c c i r c u i t s f r o m the ends of the two s t e e l p ins and from the end 

of the b r a s s shee t of the b a s e to the input of an e l ec t ron ic r e l a y , and connect ing the 

output of the r e l a y to an e l e c t r i c digi tal counter c l o c k . The s p h e r e which r o c k e d 

against the pins s e r v e d a s a swi tch to actuate the r e l a y . The r e l a y actuated the 

counter c lock . The c i rcu i t w a s c l o s e d when the s p h e r e w a s in contact with the b r a s s 

shee t of the b a s e , and opened when i t w a s not. The e l e c t r o n i c r e l a y s e r v e d to r e d u c e 

the m a x i m u m input c i rcu i t current to 5 m i l l i a m p e r e s and thus avoided the p o s s i b l e 

e r r o r due to the a r c i n g ef fect . The input s ens i t i v i ty of the r e l a y w a s 0 -50 megohms" 

and the r e l a y r e s p o n s e t ime w a s 10 m i l l i s e c o n d s . The cumulat ive p e r cent t i m e of 
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contact between the sphere and the base w a s obtained by u s i n g another e l e c t r i c 

t i m e r c lock which r e g i s t e r e d the total sampl ing t i m e of the t e s t . Variat ion of the 

weight of the t e s t sphere w a s made p o s s i b l e by inject ing l iquids of different spec i f i c 

we ight s to fill up the hol low ball through a s m a l l m a c h i n e - d r i l l e d hole of 0 . 0 1 8 -

inch d i a m e t e r . Liquids with vary ing spec i f i c g r a v i t i e s from 2 . 9 6 to 0 .78 w e r e 

obtained f rom so lut ions of v a r i o u s concentrat ions of acety lene te trabromide 

(CH B r • CH Br ) in a lcohol . Other heavy l iquids , such a s b r o m o f o r m (CH B r ) , 
2 a ' • 3 

with a spec i f i c gravi ty of 2 . 8 6 , and carbon- te trach lor ide (CCl^) with a spec i f i c 

gravi ty of 1 .58 , w e r e a l s o mixed with alcohol to produce other so lu t ions . 

In per forming e x p e r i m e n t s on the final, or r o l l - o v e r , s tage of part i c l e 

r e m o v a l , a s e r i e s of one - inch d i a m e t e r s p h e r e s made of different m a t e r i a l s w e r e 

u s e d in addition to the hol low b a l l s . A l i s t of the m a t e r i a l s of t h e s e b a l l s and t h e i r 

correspond ing weights i s g iven in Table 1. 

Table 1. Mater ia l and Weight of Different T e s t Spheres (1 - inch d i a m e t e r ) 

Mater ia l Weight Mater ia l Weight 
(grams) (grams) 

S ta in le s s s t e e l 6 6 . 5 7 Lexan 1 0 . 2 7 
Aluminum 2 3 . 5 3 A c r y l i c 9 .855 
G l a s s 2 1 . 3 0 Nylon 9 . 8 5 
Teflon 1 8 . 4 5 Sta in less Steel (hollow) 7 . 0 8 
D e l r o n 12 .065 Wood 6 . 5 2 
Aceta te 1 0 . 5 5 Wood chip 1 . 8 4 
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B . P r o c e d u r e 

B e f o r e s tar t ing e a c h e x p e r i m e n t , the d e s i r e d par t i c l e pro trus ion w a s 

s e t by adjust ing the l e v e l of the s p h e r e - s u p p o r t i n g b a s e r e l a t i v e to the f lat 

plate o v e r which f low o c c u r r e d . The d e s i r e d approach v e l o c i t y d is tr ibut ion 

w a s ach ieved by t r ia l arrangement of the s i z e and spac ing of the hor izonta l ly 

fas tened w i r e g r i d s . The v e l o c i t y prof i l e w a s m e a s u r e d by a Pi tot - tube t r a ­

v e r s e a c r o s s the u p s t r e a m s e c t i o n of the flat plate in the a b s e n c e of the 

s p h e r e . The angle of r e p o s e w a s ca l cu la ted f r o m the height , p^ of the two 

v e r t i c a l p ins m e a s u r e d above the top of the b r a s s shee t glued to the b a s e , the 

r a d i u s , R, of the s p h e r e , and the width, 2w, be tween the two p i n s . 

A n e x p e r i m e n t w a s s tar ted with the h e a v i e s t p o s s i b l e weight of the s p h e r e . 

With the sphere r e s t i n g against the p i n s , the height of the p ins w a s then adjusted 

to a va lue at which the cumulat ive p e r c e n t t i m e of contact be tween the sphere and 

the b a s e w a s g r e a t e r than 95 per cent . With the pin height f ixed, the cumulat ive 

per cent t i m e of contact w a s obtained f r o m the read ing of the counter c lock and that 

of the t i m e r c l o c k . The e l e c t r i c t i m e r c lock r e c o r d e d the total sampl ing per iod 

w h e r e a s the e l e c t r i c digital counter c lock r e g i s t e r e d the cumulat ive t i m e of contact 

b e t w e e n the s p h e r e and the b a s e during the sampl ing per iod . The data of p e r cent 

t ime of contact for a f ixed w e i g h t - r e s tor ing m o m e n t condit ion w a s genera l ly taken 

f r o m a s e t of nine o r m o r e s a m p l e s . Whi le the sphere w a s s e t in the t e s t ing p o s i ­

t ion, t h r e e s e t s of s a m p l e s (each with a 1 0 0 - s e c o n d sampl ing period) w e r e obtained 

c o n s e c u t i v e l y . Then, the sphere w a s r e m o v e d f rom the b a s e and r e s e t in pos i t i on 
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for another three s e t s of 1 0 0 - s e c o n d s a m p l e s . T h i s r e m o v a l and r e s e t p r o c e s s 

w a s repea ted two or m o r e t i m e s . T h i s procedure of data sampl ing w a s main ly 

for conven ience and re l i ab i l i ty . However , the method w a s a good t e s t for the 

s tat ionari ty of the random rock ing mot ion s i n c e cons i s t en t r e s u l t s w e r e obtained 

f rom the consecut ive s a m p l i n g . The dis tr ibut ion of the cumulat ive p e r cent t i m e 

of contact under v a r i o u s w e i g h t - r e s t o r i n g m o m e n t s w a s obtained by repeat ing the 

s a m p l i n g p r o c e s s for different w e i g h t - r e s t o r i n g m o m e n t condi t ions . The w e i g h t -

r e s t o r i n g m o m e n t s w e r e var ied by i n c r e m e n t a l l y changing the weight of the l iquid 

m i x t u r e in the ho l low s p h e r e . E x p e r i m e n t s for de termin ing the dis tr ibut ion of the 

cumulat ive per cent t i m e of contact w e r e t erminated at a r e s t o r i n g moment l e v e l 

at which e i ther the cumulat ive per cent t i m e of contact w a s v e r y low, 5 per c e n t 

or l e s s , or the sphere would ro l l frequently within the 1 0 0 - s e c o n d sampl ing per iod , 

wh ichever o c c u r r e d f i r s t . 

At each angle of r e p o s e , the s a m e procedure for d e t e r m i n i n g the d is tr ibut ion 

of cumulat ive per cent t ime of contact under var ious r e s t o r i n g - m o m e n t l e v e l s w a s 

r e p e a t e d . 

E x p e r i m e n t s for de termining the condit ion of the final or r o l l - o v e r s tage of 

par t i c l e r e m o v a l w e r e per formed dif ferent ly . With the t e s t sphere in pos i t ion , the 

pin height w a s l o w e r e d gradual ly in v e r y s m a l l i n c r e m e n t s unti l the sphere would 

r o l l . T e s t s on r o l l - o v e r condit ions w e r e a l s o per formed with o n e - i n c h d i a m e t e r 

b a l l s l i s t e d in Table 1 other than the s t a i n l e s s s t e e l ba l l injected with liquid m i x ­

t u r e s . E x p e r i m e n t s to de termine the r o l l - o v e r condit ion for e a c h f ixed weight of 

the s p h e r e w e r e repea ted ten or m o r e t i m e s . 
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C. R e s u l t s 

A l l e x p e r i m e n t a l r e s u l t s are p r e s e n t e d in Appendix B . The e x p e r i m e n t s 

w e r e conducted under both uni form and non-un i form approach v e l o c i t y condit ions . . 

The v e l o c i t y pro f i l e s for Run I , II , and HI are shown in F i g u r e B . 1. Uni form 

v e l o c i t i e s of 9 2 . 5 fee t p e r s e c o n d and 58 . 5 fee t p e r s e c o n d w e r e generated f o r 

Run I and n , r e s p e c t i v e l y . A non-un i form v e l o c i t y prof i le w a s genera ted for 

Run III. The e x p e r i m e n t s c o v e r e d a range of the p a r t i c l e Reyno lds n u m b e r , 

4 4 
u _ D / v , f r o m 3 x 10 to 5 x 10 w h e r e v i s the a i r v i s c o s i t y . B y defining the p r o ­

t rus ion condition as the rat io of the he ight of s p h e r e above the flat p l a t e , h , to t h e 

d i a m e t e r of s p h e r e , D , a range of h / D f r o m 25 p e r cent to 100 p e r cent w a s c o v ­

e r e d in the e x p e r i m e n t s . 

E x p e r i m e n t a l l y de termined v a l u e s of W s in cp o r C _ Q K as a function of the 
R 

.' • i-

cumulat ive p e r cent t i m e of contact are p r e s e n t e d in F i g u r e s B . 2 through B. 1 1 . 

N o r m a l probabi l i ty paper i s u s e d to fac i l i ta te the plott ing. V a l u e s of W s i n cp a t 

the va lue of 95 p e r cent cumulat ive t i m e of contact on t h e s e graphs a r e the v a l u e s 

of Mj./r o r Cj Cj K. Va lues of W s i n cp at the r o l l - o v e r condit ion are des ignated a s 

the v a l u e s of M / r or C _ Q K. Va lues of W s in cp at the in i t ia l s tage o r M / r and 

v a l u e s of C T are l i s t e d in Table B . 1 . V a l u e s of W s i n cp at the final s t a g e o r M _ / r 

and v a l u e s of C a r e l i s t e d in Table B . 2 . Va lues of C and G_ a s a function o f cp 
F I F 

are a l so shown in F i g u r e s 6 and 7. 



cp ( D e g r e e s ) 

F i g u r e 6. M o m e n t C o e f f i c i e n t s C_ and C _ f o r P r o t r u s i o n C o n d i t i o n s o f 100% and 85%. 
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CHAPTER IV 

ANALYSIS OF RESULTS AND DISCUSSION 

In all exper imenta l r u n s , the m e a s u r e d points of the cumulat ive p e r c e n t 

t ime of contact at v a r i o u s l e v e l s of W s in cp fo l low approx imate ly a s tra ight l ine on 

the normal probabil i ty piott ings shown in F i g u r e s B . 2 through B . 11 . In the e x p e r i ­

menta l ly de termined probabil i ty functions shown in F i g u r e s B . 2 through B. 1 1 , 

M ^ / r can be subst i tuted for W s in cp when the cumulat ive per cent t i m e of contac t 

i s l a r g e . On the other hand, M ^ / r wi l l be l e s s than W s i n cp w h e n e v e r the c u m u ­

la t ive per cent t i m e of contact i s s m a l l b e c a u s e in th i s range the t i m e for the s p h e r e 

to fal l back to the b a s e i s apprec iab le . A s a consequence , the e x p e r i m e n t a l l y 

d e t e r m i n e d probabil i ty functions can be u s e d in the further a n a l y s i s of the in i t ia l 

s tage of t rans i t ion but not for the a n a l y s i s of the final s t a g e . 

A . Init ial- Stage A n a l y s i s 

The e x p e r i m e n t a l l y de termined v a l u e s of W s in cpat the init ial s tage a r e 

n e a r l y equivalent to the f lu id-dr iv ing m o m e n t (actual ly M^/r) which i s equal led o r 

e x c e e d e d 5 per c e n t of the t i m e . The c h a r a c t e r i s t i c s of an equivalent s t e a d y - s t a t e 

force s y s t e m which would produce can be calculated by m e a n s of Equat ions (9), 

(10), and (11) . A convenient r epresen ta t ion of th i s equivalent f o r c e s y s t e m i s by 

m e a n s of the coe f f i c i ent s of drag, l i f t , and couple or C , C , and C , r e s p e c t i v e l y . 
D Li \j 

Typical computat ions for de termin ing the equivalent force s y s t e m at v a r i o u s 
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protrus ion condit ions u s i n g Equation (8) are shown in Tables B . 3 through B . 7 . In 

the fo l lowing s e c t i o n s , the e f f ec t s of the angle of r e p o s e , the protrus ion condition 

and the ve loc i ty prof i le upon the pattern of the coef f ic ients of m o m e n t s and f o r c e s 

wi l l be examined . 

1. Effect of Angle of R e p o s e 

Although the f luid-driv ing force pattern i s independent of the angle of r e p o s e , 

the dr iv ing moment a s s o c i a t e d with a fixed force pattern i s indeed a function of the 

angle of r e p o s e . The v a l u e s of G , C_ , and C _ determined for the init ial s tage 
±J I-i C 

can then be substituted into Equation (8) to g ive a functional re la t ionsh ip be tween 

Cj and 9 a s fo l lows . 

C_ = C + C s in cp+ C c o s cp (25) 
1 L/ f j D 

Computed v a l u e s of Cj are a l s o l i s t e d in T a b l e s B . 3 through B . 7 . T h e s e computed 

v a l u e s of C^ a s a function of cpare shown a s s o l i d - l i n e c u r v e s in F i g u r e s 6 and 7. 

The function, Equation (25) , shown in F i g u r e s 6 and 7 i s s y m m e t r i c a l about 
> • • • . 

the m a x i m u m , C _ _ . F o r a g iven force pattern, C „ , o c c u r s when the moment a r m 
IM IM 

with r e s p e c t to the ro l l ing a x i s i s m a x i m u m or when the angle of r e p o s e i s equal t o 

the angle of the resu l tant force m e a s u r e d f rom the hor izon . The angle of r e p o s e 

a s s o c i a t e d with C ^ i s des ignated a s cp^. An al ternat ive e x p r e s s i o n for Equation (25) 

in t e r m s of CNIR and cp,, i s 
IM Y M 

C I = C ] M c o ^ - % » + C C < 2 6> 

A s u m m a r y of the v a l u e s of C D , C L > C c , C M , c p M > and C*/c£ a s computed in 
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T a b l e s B . 3 through B . 7 are l i s t e d in Table 2 . 

Table 2 . Coeff ic ients of Moment and F o r c e , and cp,, at 
M 

Various P r o t r u s i o n Conditions 

h / D 
(%) 

C I M 9 M 
(degree) 

C D V c c C L / C D 

100 . 854 2 1 . 4 . 592 . 232 . 2 1 9 . 3 9 2 

85 . 6 8 0 2 3 . 6 . 5 0 2 . 2 1 9 . 1 3 3 . 4 3 7 

75 . 6 3 8 4 1 . 1 . 5 2 3 . 4 5 7 - 0 . 056 . 873 

50 . 466 5 4 . 9 . 2 5 8 . 3 6 7 . 0 1 8 1 . 4 2 1 

25 . 270 5 7 . 2 . 1 4 3 . 2 2 2 . 0 0 7 1 . 5 5 3 

If the resu l tant f lu id-dr iv ing force p a s s e s through the centro id of the s p h e r e , 

* * 
the couple coef f ic ient , C , would b e z e r o . A s shown in Table 2 , C i s s m a l l in 

re la t ion to C , , , , for h / D equal to or l e s s than 75 p e r cent . 
IM 

2 . Ef fect of P r o t r u s i o n 

T o d e t e r m i n e the ef fect of p r o t r u s i o n e m p i r i c a l l y , al l v a l u e s of C ^ , 

C p , C ^ , C^,, C j / C p , and cp a s l i s t e d in Table 2 are plotted in F i g u r e 8 a s a 

function of h / D . The re la t ionship b e t w e e n the m o m e n t coe f f i c i en t , C ^ , the 

angle , cp^, and the pro trus ion condit ion, h / D , can be e x p r e s s e d in the s impl i f i ed 

f o r m s a s 

0 . 0 9 + 0 . 7 5 h / D (27) 
IM v 1 



F i g u r e 8. Effect of P r o t r u s i o n on Moment and F o r c e s . 
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F igure 9 . F o r c e Pat tern at Various Protrus ion Condi t ions . 

The reduct ion of l ift coeff ic ient , C , at protrus ion condit ions beyond 75 p e r c e n t 
I J 

i s main ly due to the flow p a s s a g e through the gap between the sphere and the plate 

which r e d u c e s the p r e s s u r e at the bottom reg ion of the s p h e r e . In fact , at p r o t r u ­

s i o n s beyond 100 per cent , negat ive lift force w a s predicted theore t i ca l l y b y 

Je f f reys (18) and o b s e r v e d exper imenta l ly by Apper ley (3). 

T i e l e m a n and Sandborn (30) have made a study of the ef fect of a s i n g l e 

r o u g h n e s s e l e m e n t in a turbulent boundary l a y e r of a smooth flat p la te . The r o u g h n e s s 

• * 

and 

cp M ^ 0 .3 .TT - 0 . 4 a r c s i n (2h/D - 1) (28) 

in which cp .̂ i s e x p r e s s e d in rad ians . The var iat ion of the force coe f f i c i en t s 

* 
and C a s a function of h / D do not fol low a s i m p l e trend. A s h / D i n c r e a s e s , the 

l j 

drag coef f ic ient i n c r e a s e s proport ionate ly w h e r e a s the lift coef f ic ient i n c r e a s e s t o 

a m a x i m u m value at approximate ly 75 per cent protrus ion . The genera l pat tern of 

the f lu id-dr iv ing f o r c e s at var ious protrus ion condit ions are i l lus trated in F i g u r e 9 . 
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e l e m e n t , a 3 / 1 6 - i n c h d iameter sphere , w a s subject to air flow with non-uniform 

ve loc i ty dis tr ibut ion. The Reyno lds number of the sphere , U D A , w a s approxi -

3 

m a t e l y 3 x 10 if the free s t r e a m v e l o c i t y , U, of 30 feet per second was u s e d . In 

the ir study, p r e s s u r e distr ibution around the surface of the sphere was m e a s u r e d . 

The a v e r a g e drag and lift f o r c e s on the s p h e r e , computed by integrat ing the p r e s -

- 5 - 5 

sure distr ibut ion, w e r e found to be 4 . 07 x 10 l b s and 0. 86 x 10 l b s , r e s p e c ­

t i v e l y . Us ing the ve loc i ty profi le m e a s u r e d by T i e l e m a n and Sandborn at a d i s t a n c e 

32 i n c h e s f rom the leading edge , an a v e r a g e drag coeff ic ient of 0 . 3 9 and an a v e r a g e 

l ift coef f ic ient of 0. 08 are obtained from T i e l e m a n and Sandborn's study. * 

E a r l y in 1939, Klemin, Schaefer , and B e e r e r (20) per formed model study 

of a per i sphere (a hol low spher ica l building) in a wind tunnel. The model sphere 

w a s 2 feet in d i a m e t e r and w a s p laced 0. 08 feet above the ground board. The a e r o ­

dynamic f o r c e s w e r e m e a s u r e d by the conventional method of mechan ica l b a l a n c e s . 

At an a ir ve loc i ty , U, of 15 m i l e s per hour , the corresponding Reynolds number , 
5 

U D / v , w a s approximate ly 3 x 10 . For the c a s e with the sphere supported by a 

co l l ar on the ground board, the drag and l i f t coef f ic ients w e r e 0 .57 and 0 . 4 2 , 

r e s p e c t i v e l y . F o r the c a s e with the sphere supported by co lumns on the ground 

board, the drag coeff ic ient w a s 0 . 4 9 and the lift coeff ic ient w a s 0 . 2 5 . 

* * 
In the p r e s e n t study, coef f ic ients C and C of 0 . 5 9 and 0 . 2 3 , r e s p e c t i v e l y , 

J J J_i 
w e r e obtained for the sphere with full pro trus ion . The Reynolds number , u ^ D / v . 

4 

i s approximate ly 5 x 10 . The r e s u l t s obtained by T i e l e m a n and Sandborn (30) 

and by Klemin , Schaefer , and B e e r e r (20) a r e genera l ly in a g r e e m e n t with those 

obtained in the p r e s e n t study. 
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In a study of a ir f low behind a h e m i s p h e r e with 2 . 5 c m r a d i u s , Jacob (16) 

de termined the drag force by integrat ing p r e s s u r e distr ibut ion around the sur face 

f rom which value of of 0 . 2 2 w a s ca lcu la ted . Th i s value of the d r a g coef f ic ient 

for the h e m i s p h e r e again c o m p a r e s favorably to the value d e t e r m i n e d in the p r e s e n t 

study, that i s , for a sphere with 50 per cent protrus ion , = 0 . 2 6 . 

3 . Effect of Veloc i ty Distr ibut ion 

A s s u m i n g the magnitude of the f lu id-dynamic force e x e r t e d upon an o b s t r u c ­

ting sphere i s proportional to the ra te of t rans fer of the approach fluid m o m e n t u m , 

the force i s then proportional to 

• • A 
2 

11 J p u d A (29) 

in which , u i s the non-uni formly dis tr ibuted approach ve loc i ty , and dA i s the e l e ­

mentary projected a r e a of the sphere normal to the flow d irec t ion , and-71 i s the 

factor to account for other e f fects due to the non-uniformity of the v e l o c i t y prof i l e . 

F o r conven ience , the f lu id-dynamic force can a l s o be e x p r e s s e d a s be ing 

p 2 
proport ional to the r e f e r e n c e force p a r a m e t e r K, o r — u A . The e x p r e s s i o n , 

£i T 

Equation (29), can be rep laced by the product of the parameter K and the m o m e n t u m 

c o r r e c t i o n coeff ic ient , £ , defined a s 

T] J p u 2 d A T)J u 2 d A 

C« ~ = • - r T — (30) 
2 U T 

There fore , the coef f ic ient of f lu id-dynamic force defined a s the r a t i o of the f o r c e 

to the product of £ and K i s expected to be independent of the prof i le of ve loc i ty 
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dis tr ibut ion. 

In exper imenta l Run No . H I - 1 , a non-uniform approach v e l o c i t y prof i le w a s 

genera ted . The protrus ion condit ion of the sphere was 75 per cent . By c h o o s i n g 

a value of 0 .787 for £, the moment coeff ic ient a s de termined f r o m t e s t data of 

Run ni-1 re su l t ing in a l m o s t ident ical v a l u e s of Cj a s de termined f r o m the t e s t data 

a s s o c i a t e d with uniform ve loc i ty pro f i l e s under the s a m e protrus ion condition of 

75 per cent (Run 1-9 and Run II -1) . The computed va lues of C a s a function of 

for both the uniform and non-uni form ve loc i ty pro f i l e s , are shown in F igure 7. 

The value of £A| , obtained through numer ica l integrat ion of Equation (28) 

for the c a s e of Run ni-1, i s approximate ly 1 .04 . This i m p l i e s a va lue of 7] equal 

to 0. 76 for the protrus ion condit ion of 75 per cent . Since only one e x p e r i m e n t 

under non-uni form ve loc i ty condition w a s conducted in the p r e s e n t study, v a l u e s 

of for other protrus ion condit ions can not be e s tab l i shed . 

Al ternat ive ly , by choos ing a r e p r e s e n t a t i v e ve loc i ty , u^, m e a s u r e d at a 

d i s tance 6 below the top of the protruding sphere such that, 

then the coeff ic ient of f lu id-dynamic force defined a s the rat io of the force to the 

D 2 
p a r a m e t e r , — u . A, wi l l be independent of the effect of ve loc i ty d is tr ibut ion. The 

2 0 

v a l u e s of u^ and 6 / D for the data of Run m - 1 are 7 0 . 6 feet per s econd and 0 . 3 2 , 

r e s p e c t i v e l y . 

sentat ive height be ing 0. 6 d i a m e t e r above the bed, or approximate ly a d i s tance , 6, 

A 
pu d A (31) 

P r e v i o u s l y , C a r s t e n s , N e i l s o n , and Altinbilek (5) a l s o proposed a r e p r e -
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of 0 . 4 d i a m e t e r be low the top of a protruding p a r t i c l e . This finding w a s based on 

exper imenta l study of the incipient mot ion condit ion of sand p a r t i c l e s s u b m e r g e d 

within the laminar boundary l a y e r of o s c i l l a t o r y f low o v e r a flat bed . 

4 . Initial Stage 

In the theore t i ca l ana lys i s of the p r o c e s s of part i c l e r e m o v a l , the condit ion 

for the Init ial s tage of the trans i t ion i s g iven by Equation (14) . The f lu id-dr iv ing 

m o m e n t coef f ic ient , C^, can be de termined by m e a n s of Equation (25) together 

with the exper imenta l l y de termined coe f f i c i en t s C ^ , C ^ , and l i s t e d in Table 2 . 

A l ternat ive ly , Equations (26), (27) and (28) can be u s e d to evaluate C^. 

The condit ions for the init ial s t a g e , at v a r i o u s protrus ion condi t ions , a r e 

shown in F igure 10 a s the s o l i d - l i n e c u r v e s . The a b s c i s s a of F i g u r e 10 i s the ang le , 

cp - a . The ordinate i s e x p r e s s e d in t e r m s of a s ed iment number , N , defined a s 
s 

N s -hf7»T/^[(v/^- l ] g D ' (32) 

A s shown in F igure 10, N i n c r e a s e s a s (cp - a ) i n c r e a s e s . C o n v e r s e l y , 
s 

N d e c r e a s e s a s h / D i n c r e a s e s , 
s 

B . Final Stage A n a l y s i s 

In order to de termine the condit ion for the final s tage of the trans i t ion , 

information concern ing the c h a r a c t e r i s t i c s of the i m p u l s i v e - m o m e n t coef f ic ient , 

C „ i s requ ired in addition to the v a l u e s of coef f ic ient of m o m e n t or f o r c e s d e t e r -
o 

mined in the i n i t i a l - s t a g e a n a l y s i s . 

B a s e d on Equation (23) which de f ines the condition of m o m e n t ba lance at the 





5 1 

• c 

J 

final s t a g e , the i m p u l s i v e - m o m e n t coef f ic ient , , can be obtained as fo l lows 

The computed v a l u e s of are tabulated in Table B . 2 . 

1 . I m p u l s i v e - M o m e n t Coeff ic ient 

Computed v a l u e s of the impuls iver-moment coef f ic ient , C c , a r e shown in 

F igure 11 for a range of cp f r o m 20 d e g r e e s to 70 d e g r e e s . At 50 p e r cent p r o t r u s i o n , 

the computed v a l u e s of C £ v a r y f r o m 0 . 2 to 0 . 3 . At 25 p e r cent p r o t r u s i o n , C e 

o o 

v a r i e s f r o m 0 . 2 to 0 . 4 . By compar ing the order of magnitude of the i m p u l s i v e 

m o m e n t t e r m , C. Wr ( s i n ^ ) , with the weight r e s t o r i n g m o m e n t t e r m , Wr s incp , 

in Equation (23), the s c a t t e r of C^ has an ins ignif icant ef fect in de termin ing 

the condit ion of p a r t i c l e ro l l o v e r . S ince the final s tage i s defined as the 

condition at which the par t i c l e r o l l s o v e r , the l o w e r l imi t ing value o f 
C c = 0 . 2 wi l l be u s e d for protrus ion condit ions equal to or l e s s than 50 

o 

p e r cent . The l o w e r - l i m i t i n g value of C^ can be c o n s i d e r e d as the m i n i m u m 

i m p u l s i v e - m o m e n t coeff ic ient requ ired to e s t a b l i s h the final s t a g e . F o r p a r t i c l e 

pro trus ion beyond 50 per cent , t h e r e i s a trend of i n c r e a s i n g C^ a s the angle of 

r e p o s e i s i n c r e a s e d . The i n c r e a s e in C^ i s l a r g e r at h igher p r o t r u s i o n s . Th i s 

e f fect of high protrus ion upon the var ia t ion of C^ can be expla ined by the fo l lowing 

argument . In the ana lys i s of i m p u l s i v e m o m e n t for p a r t i c l e r e m o v a l ( s ee II. C. 2 ) , 

the s p h e r e i s c o n s i d e r e d to be in contact with the b a s e before be ing subjec ted to t h e 

angular i m p u l s e . H o w e v e r , th i s assumpt ion i s g e n e r a l l y va l id for l o w p r o t r u s i o n 

condit ions but fa i l s for high protrus ion condit ions . At high p r o t r u s i o n s , the f low 
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F igure 1 1 . I m p u l s i v e Moment Coeff ic ient . 
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field around the sphere changes a s the sphere r o l l s above the b a s e . The r e s u l t i n g 

f lu id-dr iv ing m o m e n t i s reduced a s a r e s u l t of l i f t - force reduct ion when the f low 

p a s s a g e through the gap between the sphere and the b a s e i s i n c r e a s e d . Th i s r e d u c ­

t ion in f lu id-dr iv ing moment thus r e q u i r e s l e s s w e i g h t - r e s t o r i n g m o m e n t to mainta in 

equi l ibr ium. The reduct ion of weight r e s t o r i n g m o m e n t i s then ach ieved natural ly 

by e s t a b l i s h i n g a s m a l l e r value of cp or a new equi l ibr ium l e v e l at a d i s tance above 

the b a s e . The sphere wi l l then be in equi l ibr ium about this h igher l e v e l until t h e r e 

i s a s t r o n g angular i m p u l s e caus ing ro l l o v e r . The computed v a l u e s of at high 

pro trus ions has thus impl ic i t ly taken into account the ef fect of f low-pat tern a l t e r a ­

tion before the o c c u r r e n c e of the final s t a g e . 

2 . F inal Stage 

The condit ion for the final s tage a r e defined by Equation (24) in which the 

f lu id-dr iv ing m o m e n t coef f ic ient , C^, h a s been de termined in the i n i t i a l - s t a g e 

a n a l y s i s . The value of can be obtained from the l o w e r - l i m i t i n g v a l u e s shown 

in F i g u r e 1 1 . 

The condi t ions for the final s t a g e , at v a r i o u s protrus ion condi t ions , a r e a l s o 

shown in F igure 10 a s d a s h e d - l i n e c u r v e s . 

It i s i n t e r e s t i n g to note that the trans i t ional range of N v a l u e s be tween the 
s 

init ial and the final s tage i s ra ther narrow a s compared to the v a l u e s of N . T h i s 
s 

ind icates the d i f ference in N value due to the d i s crepancy in def ining the s tage of 
s 

part ic le r e m o v a l i s not apprec iable a s compared to the other f a c t o r s , such a s cp 

and h / D . 

I 



54 

C. Compar i son 

The val id i ty of the p r e s e n t finding in de termin ing the t rans i t iona l condi t ions 

of par t i c l e r e m o v a l wi l l be examined by compar ing the c r i t i c a l v e l o c i t i e s for p a r t i ­

c l e r e m o v a l obtained by the author's method and by others* m e t h o d s . 

A steady, t w o - d i m e n s i o n a l , uni form, open channel f low i s c o n s i d e r e d . A l l 

other pert inent data a r e g iven below: 

Water depth , y = 2 ft 

Channel s lope a 0 

Specif ic grav i ty of 
the par t i c l e Y /Y = 2 , 65 

s 
3 

Dens i ty of w a t e r P = 1 . 9 4 s l u g / f t 

Par t i c l e d i a m e t e r D = 3 m m 

In o r d e r to d e t e r m i n e the v e l o c i t y d is tr ibut ion, the K a r m a n - P r a n d t l equation (27) 

for turbulent f low o v e r hydraul ica l ly rough boundaries i s u s e d . 

U =r = 2 . 5 l o g - Z — (33) 
V ^ / P e k / 3 0 

in which , u i s the v e l o c i t y at a d i s tance y above the boundary, 'T i s the boundary-

s h e a r s t r e s s , and k i s the Nikuradse s a n d - g r a i n d i a m e t e r . The sand gra in 

d i a m e t e r , k, i s taken equal to D by a s s u m i n g u n i f o n n s i z e s of the bed m a t e r i a l s . 

The m e a n v e l o c i t y , V, a c r o s s the depth, y^, can be obtained through integrat ion 

of Equation (33) f r o m y = D / 3 0 , where u i s z e r o , t o y = V q * 
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V _ - V * / _ T 0 . . D - ! . 5 , l o g e S O F - l . W , (34) 

In the subsequent s e c t i o n s , the m e a n v e l o c i t y , V, of the s t r e a m at which 

the bed m a t e r i a l b e g i n s to m o v e a s de termined by v a r i o u s methods wil l be p r e ­

sented for c o m p a r i s o n . 

1. Shie lds ' P a r a m e t e r (28 ,31) 

The c o m m o n l y u s e d value of Shie lds ' c r i t i c a l s h e a r s t r e s s p a r a m e t e r , 

- — T

v • , for c o a r s e sand i s 0 . 0 6 . The c o r r e s p o n d i n g value of V T / P " i s 0 . 1 7 7 
( Y g - ^ D 

f t / s e c . The m e a n ve loc i ty , V, a s obtained from Equation (34) i s equal to 3 . 4 0 

f t / s e c . 

2 . M a v i s and Laushey ' s F o r m u l a (21 ,31 ) 

The e m p i r i c a l formula for de termin ing the c r i t i c a l bottom ve loc i ty , u^, 

a s g iven by M a v i s and Lauchey i s 

x Y 1 /2 4 / 9 
V ^ I ^ - l ) D (35) 

in which D i s the part i c l e d i a m e t e r in m i l l i m e t e r s and u^ i s in f ee t per second . 

The bot tom ve loc i ty i s thus equal to 1. 05 f t / s e c . By a s s u m i n g u^ o c c u r s at y = D, 

then the corresponding m e a n v e l o c i t y a s obtained from Equations (33) and (34) i s 

2 . 3 8 f t / s e c . 

3 . N e i l P s Cr i ter ion (23) 

The m e a n - v e l o c i t y c r i t e r i o n proposed by Ne i l l i s 
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- 1 / 3 

( Y S - y) D 

= 2 . 0 (36) 

F r o m Equation (36) , the c r i t i c a l m e a n v e l o c i t y , V , i s equal to 1 . 7 8 ft/sec. 

4 . C a r s t e n s , N e i l s o n , and Al t inbi lek ' s P a r a m e t e r (5) 

The incipient mot ion c r i t e r i o n proposed by C a r s t e n s , e t . a l . i s 

in which u^ i s the ve loc i ty at a pos i t ion 0 . 6 D above the bed and C p i s the d r a g 

coef f ic ient for f ree fa l l ing sand g r a i n s . At high Reynolds n u m b e r , the value of 

C p for sand g r a i n s i s approximate ly equal to 1 .12 (1) . F o r w e l l rounded sand 

g r a i n s with a d i a m e t e r of 3 mm»the angle of r e p o s e , cp, i s g e n e r a l l y taken a s 

equal to 30 d e g r e e s . The ve loc i ty , u^, for the c a s e of flat bed, o r a. - 0, i s 

eva luated to be 1 .18 f t / s e c . The c o r r e s p o n d i n g m e a n ve loc i ty , V , a s d e t e r m i n e d 

f r o m Equations (33) and (34) with u = 1 .18 f t / s e c at y = 0 . 6 D , i s 3 . 1 6 f t / s e c . 

5 . Author ' s Method 

Cons ider ing an idea l i zed a r r a n g e m e n t of the protruding s p h e r e ly ing on 

top of a l a y e r of uni form s p h e r e s , a s shown in F i g u r e 12 be low,the angle of r e p o s e 

of the protruding s p h e r e i s by g e o m e t r y , 

u 
2 
6 tan cp c o s a + s in a 8 . 2 

1 + tan cp / 
(37) 

[ ( • Y / Y ) - U S D i / 
D 

cp = arctan [ (1 + z/RV/2 / 3 - ( l + z / R ) ] (38) 

in which z i s half of the c l e a r a n c e be tween the ne ighboring s p h e r e s . 
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T o p V i e w Side E l e v a t i o n 

Figure 12. Ideal ized Bed P a r t i c l e A r r a n g e m e n t with Uniform S p h e r e s . 

The d i s tance f rom the top of the protruding sphere to the top of the underly ing 

s p h e r e s i s 

— - (1 + z / R ) 

* 

A s s u m i n g the e f fect ive wal l be ing 0 . 2 D be low the top of the underly ing s p h e r e s , 

the protrus ion condition of the sphere can thus be e x p r e s s e d a s 

The ef fect ive wal l i s defined a s the or ig in of the logar i thmic v e l o c i t y 
d is tr ibut ion. E i n s t e i n and E l - S a m n i (10) de termined the ef fect ive wall a s be ing 
0 . 2 d i a m e t e r be low a plain tangent to the top of the s p h e r e s by fitt ing the l o g a r i t h ­
m i c ve loc i ty dis tr ibut ion. Iwagaki and Tsuch iya (15) de termined the ef fect ive wa l l 
a s be ing located 0 . 2 5 d iameter be low the plane tangent to the top l a y e r of the sand 
p a r t i c l e s . 
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h = [ 0 . 2 + 
1 — 2 1 

3 - (1 + z/~R) J (39) 

F o r a value of coequal to 30 d e g r e e s , the corresponding value of z / R i s 

approx imate ly 0 . 3 . The a s s o c i a t e d protrus ion condition, h / D , i s then approx i ­

m a t e l y 85 per cent . The f lu id-dr iv ing m o m e n t coeff ic ient , C^, and the i m p u l s i v e 

m o m e n t coefficient* C^, a s obtained f r o m F i g u r e s 5 and 11 a r e 0. 68 and 0 . 3 2 , 

r e s p e c t i v e l y . Us ing a m o m e n t u m c o r r e c t i o n coef f ic ient , C , equal to 0 .787 a s 

obtained f rom Run H I - 1 of the p r e s e n t study, the c r i t i c a l bot tom v e l o c i t y c o r r e s ­

ponding to the final s tage of the t rans i t ion can be eva luated . The bottom v e l o c i t y , 

u^,, a s computed from Equation (24) , i s 0 . 8 7 f t / s e c . The c o r r e s p o n d i n g m e a n 

ve loc i ty , V, obtained from Equations (33) and (34) with u = 0 . 87 f t / s e c at y = 0 . 8 5 D , 

i s 2 . 0 8 f t / s e c . 

6. Summary 

The cr i t i ca l v e l o c i t i e s a s de termined by different approaches are s u m m a ­

r i z e d in Table 3 . 

Table 3 . Summary of Cr i t i ca l V e l o c i t i e s B a s e d on V a r i o u s Methods 

M e t h o d U s e d 
Shie lds M a v i s Ne i l l C a r s t e n s Author 

Mean Ve loc i ty 
V ( f t / s e c ) 3 . 4 0 2 . 3 8 1 .78 3 . 1 6 2 . 0 8 

The m e a n ve loc i ty i s computed b a s e d upon the a s s u m p t i o n that the bot tom 
ve loc i ty i s taken at y = D. 
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CHAPTER V 

CONCLUSIONS 

1 . A s i m p l e exper imenta l method has been deve loped, b a s e d upon the 

propos i t ion of Equation (6), u s i n g the w e i g h t - r e s t o r i n g moment of the sphere a s 

a gauge to de termine the probabi l i ty distr ibution of the f lu id-driv ing moment . 

The method i s p r e s e n t l y l imi ted to the determinat ion of the high l e v e l s of the 

f luctuating moment . If the r e s p o n s e - e x c i t a t i o n re lat ionship of the s p h e r e - p i n 

s y s t e m can be bet ter e s t a b l i s h e d , the method could be extended to c o v e r the 

determinat ion of the lower l eve l moment components . The f lu id-driv ing f o r c e 

pattern a s s o c i a t e d with the driving m o m e n t can be evaluated by the u s e of 

Equations (10) and (11). With minor modi f i ca t ions , the method deve loped for 

de termining the f luid-dynamic m o m e n t and f o r c e s on a protruding sphere can 

a l so be u s e d to de termine the f lu id-dynamic m o m e n t and f o r c e s upon other body 

conf igurat ions . The author b e l i e v e s that the deve lopment of th i s s i m p l e e x p e r i ­

menta l method i s the m o s t important contribution of the study. 

2 . Variat ions of the e x p e r i m e n t a l l y d e t e r m i n e d coef f i c ients of m o m e n t s 

and f o r c e s with the protrus ion condit ions are shown in F i g u r e s 8 and 1 1 . The 

* * 
rat io of the coeff ic ient of lift to drag , C T / C , d e c r e a s e s f rom approximately 1 .6 

L D 

to 0 . 4 as protrus ion condit ion, h / D , i n c r e a s e s f r o m 2 5 per cent to 100 per cent . 

For h / D equal to o r l e s s than 75 p e r cent , the resul tant f lu id-driv ing force can b e 

c o n s i d e r e d as p a s s i n g through the centro id of the s p h e r e . 



3 . There i s a t rans i t ion through which the sphere i s r e m o v e d f r o m a 

s tat ionary state t o an e n t r a p m e n t s t a t e . The t rans i t ion i s c h a r a c t e r i z e d b y the 

random rocking mot ion of the s p h e r e . Genera l i zed f o r m u l a s def ining the c o n d i ­

t ions of the init ial s tage and the final s t a g e of the t rans i t ion a r e g i v e n by Equat ions 

(14) and (24), r e s p e c t i v e l y . A s shown in F i g u r e 10, the range of the d i f f erences 

in the p a r a m e t e r , N^, be tween the ini t ia l s tage and the final s tage i s rather n a r r o w 

in c o m p a r i s o n with the v a l u e s of N . The effect of non-uni form approach v e l o c i t y 
s 

d i s tr ibut ion i s incorporated in the formulat ion of Equations (14) and (24) by i n t r o ­

ducing a m o m e n t u m c o r r e c t i o n coef f i c i ent , £ , a s defined by Equation (30). H o w ­

e v e r , the r e a d e r i s cautioned that the va lue of T\ w a s d e t e r m i n e d by only one 

e x p e r i m e n t with 75 per cent s p h e r e pro trus ion and with one non-uni form approach 

v e l o c i t y d is tr ibut ion. 

4 . A c o m p a r i s o n o f the c r i t i c a l v e l o c i t i e s for the r e m o v a l of a s e d i m e n t 

p a r t i c l e a s de termined by v a r i o u s m e t h o d s are s u m m a r i z e d in Table 3 . D e s p i t e 

the idea l izat ion of the p r e s e n t m o d e l , the re su l t ing c r i t i c a l v e l o c i t y i s in c l o s e 

a g r e e m e n t with the c r i t i c a l v e l o c i t i e s de termined by other m e t h o d s der ived f r o m 

e x p e r i m e n t s of natural s e d i m e n t in water flow. The c o m p a r i s o n of the r e s u l t s 

r e a s s u r e s the va l id i ty of the p r e s e n t f inding to prac t i ca l appl icat ions . A l s o , the 

c l o s e a g r e e m e n t of the r e s u l t s i n d i c a t e s that such fac tors a s the added m o m e n t 

of i n e r t i a and p a r t i c l e shape p lay a s e c o n d a r y ro l e in the p r o c e s s of par t i c l e 

removal;-
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APPENDIX A 

1 9 - (Wr s in 9 ) 9 = M[U(t ) - (m + 1) U(t - t ) ] (A. 1) 
s u 

in w h i c h , M i s a constant re la t ing to the magnitude of the net impul s ive m o m e n t , 

and U(t - tg) i s the unit s tep function defined by 

u ( t - t 0 ) \ 
' = 0 t < t 

( A . 2 ) 
= 1 t > t 

2 
Dividing Equation (A. 1) by the v irtual m o m e n t of iner t ia , I, and des ignat ing a = 

Wr s in 9 / I , 
s 

9 - a 2 9 = ( M / l ) [ U ( t ) - ( m + l ) U ( t - t 0 ) ] ( A . 3 ) 

RESPONSE-EXCITATION RELATIONSHIP 

OF THE SPHERE-PIN SYSTEM 

The s m a l l angular d i s p l a c e m e n t of the sphere subject to impul s ive l o a d s 

can be obtained by so lv ing the l i n e a r i z e d differential equation of angular mot ion , 

Equation (5), with the r ight hand s ide r e p l a c e d by an idea l i zed i m p u l s i v e m o m e n t . 

In o r d e r to s impl i fy the a n a l y s i s , the net impul s ive m o m e n t i s idea l i zed a s a p o s i ­

t ive rec tangular i m p u l s i v e m o m e n t fo l lowed by a constant negat ive m o m e n t . The 

duration of the pos i t i ve moment i s c o n s i d e r e d to be t^. The r a t i o of the magnitude 

of the negat ive m o m e n t to that of the pos i t i ve m o m e n t i s m . Neg lec t ing the d a m p ­

ing m o m e n t in Equation (5), - the equation of mot ion of the s y s t e m i s 
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Introducing the d i m e n s i o n l e s s quant i t ies 

t = t / t Q ; (A. 4) 

and 0 = ( a 2 I / M ) 9 (A. 5) 

Equation (A. 3) b e c o m e s 

9 - a 2 t 2 0 = a 2 t 2 [ U ( y - ( m + l ) U £ - 1) ] (A. 6) 

- 2 2 
in which 0 = d 0 / d t . 

A s s u m i n g r e s t condi t ions , 

0 ( 0 ) = 0, 0 ( 0 ) = 0 , (A .7 ) 

The solut ion of Equation (A.6) can be obtained by the method of Laplace t r a n s f o r m . 

The Laplace t r a n s f o r m of the left s ide of Equation (A.G) subject to the init ial v a l u e s 

of 0 and 0 a s g iven by Equation (A. 7) i s 

L { 0 - a 2 t 2 0 } = ( s 2 - a 2 t 2 ) © (s) ( A . 8 ) 

The Laplace t r a n s f o r m of the r ight s ide of Equation (A. 6) i s 

L { a 2 t 2 | T J ( l ) - ( m + 1 ) U ( i - 1) ] } = a 2 ^ - ^ e " S ) (A. 9) 

Equating Equations (A. 8) and ( A . 9 ) , 

a 2 t 2 

0 ( s ) = s # ^ r [ i - ( m + i ) e " S ] < a - i o > 
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By part ia l fract ion , the above equation b e c o m e 

{ ® <s) = ( S 

2 2 2 s 
s - a t o 

- \ ) ( 1 - < m + 1) e " S ] (A. 11) 

Hence 0 (t_), the i n v e r s e t r a n s f o r m of © ( s ) , equals 

0 ( t ) = ( c o s h at t - 1) - (m + 1) [ c o s h at Q ( t_ - 1) - 1 ] U(t - 1) (A. 12) 

Equation (A. 12) i s the r e s p o n s e of the sphere in d i m e n s i o n l e s s f o r m . The r e s p o n s e , 

0 ( t ) , i s c h a r a c t e r i z e d by the p a r a m e t e r , at^, and the m o m e n t r a t i o , m. 

Typica l r e s p o n s e - e x c i t a t i o n re la t ionsh ips of the s p h e r e - p i n s y s t e m , wi th 

a t Q = 1, a r e shown in F igure A . 1. The e x c u r s i o n t i m e s (the t ime interval b e t w e e n 

the t i m e of take-of f and the t ime of ro l l -back) of the s p h e r e , t g , a r e tabulated i n 

Table A . 1 in t e r m s of the ra t io , t / t A . 
e 0 

Table A . 1. E x c u r s i o n T i m e of the Sphere 

m \ 0 . 5 1 .0 1 .5 2 . 0 2 . 5 3 . 0 

2 2 . 5 0 3 . 6 0 * * * 
5 1 .72 1 .83 2 . 2 0 * * * 

10 1 . 4 4 1 .49 1 . 5 8 1 .80 * * 
15 1 . 3 4 1 .36 1 . 4 1 1 .52 1 . 8 0 * 
20 1 .28 1 .30 1 . 3 4 1 .40 1 . 5 4 2 . 2 5 

• R e s p o n s e , 0 ( t ) , i n c r e a s e s monotonica l ly with t i m e , t_ . 

In Table A . 1, l i m i t i n g v a l u e s of the e x c u r s i o n t i m e are shown. The blank s p a c e s 

in the upper r ight of Table A . 1 indicate that the sphere would ro l l over the p ins 

without fa l l ing back to the b a s e for t h e s e v a l u e s of a t Q and m. 
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EXPERIMENTAL RESULTS 
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0 

° Run I 

• Run BE 

• Run I N 

0 # 

I 

6» 

20 30 40 100 110 120 

V e l o c i t y (fps) 

F igure B . 1. Approach Veloc i ty P r o f i l e s . 



C u m u l a t i v e P e r C e n t T i m e o f C o n t a c t (%) 

a 

F i g u r e R . 2 . a . D a t a of C o n t a c t D u r a t i o n at 100% P r o t r u s i o n (Run 1 - 8 ) . 
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F i g u r e B . 3 . D a t a o f C o n t a c t D u r a t i o n a t 85% P r o t r u s i o n (Run 1 - 7 ) . 



C u m u l a t i v e P e r C e n t T i m e of C o n t a c t (%) 

si 

F i g u r e B . 4 . D a t a o f C o n t a c t D u r a t i o n a t 75% P r o t r u s i o n (Run 1 - 9 ) . 



F i g u r e B . 5 . a . D a t a of C o n t a c t D u r a t i o n a t 50% P r o t r u s i o n (Run 1 - 4 ) . 



C u m u l a t i v e P e r C e n t T i m e of C o n t a c t (%) 

-a w 

F i g u r e B . 5 . b . D a t a o f C o n t a c t D u r a t i o n a t 50% P r o t r u s i o n ( R u n 1 - 4 ) . 



C u m u l a t i v e P e r C e n t T i m e o f C o n t a c t (%) 

F i g u r e B . 6 . a . D a t a o f C o n t a c t D u r a t i o n a t 25 % P r o t r u s i o n (Run 1 - 5 ) , 

U 



F i g u r e B . 6 . b . D a t a of C o n t a c t D u r a t i o n a t 25% P r o t r u s i o n (Run 1-5). 



F i g u r e B . 7 . D a t a o f C o n t a c t D u r a t i o n a t 100% P r o t r u s i o n (Run I I - 3 ) . 



Cumulative P e r Cent T i m e of Contact (%) 







C u m u l a t i v e P e r C e n t T i m e o f C o n t a c t (%) 
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F i g u r e B. 10. D a t a o f C o n t a c t D u r a t i o n a t 50% P r o t r u s i o n ( R u n n-4). 



C u m u l a t i v e P e r C e n t T i m e o f C o n t a c t (%) 

F i g u r e B . 1 1 . D a t a of C o n t a c t D u r a t i o n a t 75% P r o t r u s i o n ( R u n H I - 1 ) . 
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Table B . 1 . Data of F lu id -Dr iv ing Moment Coeff ic ient Cj 

Mi 

Run P r o t r u s i o n p $ M^/ r C^ 
No . h /D (%) (inch) (degree) (gram) 

1-8 100 0 . 1 5 2 4 3 . 0 1 9 . 7 9 0 . 8 1 2 
0 . 1 9 0 4 9 . 3 1 9 . 0 4 0 . 7 8 1 
0 . 2 3 8 5 6 . 5 1 8 . 0 1 0 . 7 4 0 
0 . 2 8 1 6 2 . 5 5 1 7 . 1 7 0 . 7 0 5 
0 . 3 3 1 6 9 . 2 1 5 . 8 1 0 . 6 4 9 
0 . 3 8 0 7 5 . 8 1 4 . 5 5 0 . 5 9 7 
0 . 4 2 4 8 0 . 8 1 3 . 6 0 0 . 5 5 8 

1-7 85 0 . 1 0 7 3 4 . 2 7 1 6 . 3 5 0 . 6 7 1 
0 . 1 4 0 4 0 . 8 5 1 6 . 0 0 0 . 6 5 7 
0 . 1 7 2 4 6 . 4 0 1 5 . 5 3 0 . 6 3 8 
0 . 2 2 8 5 5 . 1 2 1 4 . 2 6 0 . 5 8 5 
0 . 2 7 2 6 1 . 3 0 1 3 . 4 3 0 . 5 5 2 
0 . 3 2 9 6 8 . 9 4 1 2 . 6 1 0 . 5 1 8 
0 . 3 8 9 7 6 . 5 0 1 1 . 8 8 0 . 4 8 8 

1-9 75 0 . 0 9 5 3 1 . 6 1 5 . 3 2 0 . 6 2 9 
0 . 1 2 5 3 8 . 0 1 5 . 5 5 0 . 6 3 9 
0 . 1 7 4 4 6 . 7 5 1 5 . 4 2 0 . 6 3 3 
0 . 2 3 0 5 5 . 4 1 4 . 8 2 0 . 6 0 8 
0 . 2 5 7 5 9 . 5 1 4 . 7 2 0 . 6 0 5 
0 . 2 7 3 6 1 . 5 1 4 . 4 5 0 . 5 9 3 
0 . 3 1 4 6 7 . 0 1 3 . 8 8 0 . 5 7 0 

1-4 50 0 . 0 5 0 1 9 . 0 9 . 5 1 0 . 3 9 0 
0 . 0 6 6 2 4 . 1 9 . 8 4 0 . 4 0 4 
0 . 0 8 9 3 0 . 3 5 1 0 . 1 4 0 . 4 1 7 
0 . 1 1 5 3 5 . 9 2 1 0 . 8 0 0 . 4 4 3 
0 . 1 6 0 4 4 . 4 1 1 . 0 8 0 . 4 5 5 
0 . 1 9 8 5 0 . 6 1 1 . 3 3 0 . 4 6 5 
0 . 3 4 7 7 1 . 4 6 1 1 . 0 3 0 . 4 5 3 
0 . 3 8 4 7 5 . 9 1 0 . 7 6 0 . 4 4 2 
0 . 2 4 6 5 7 . 7 3 1 1 . 3 5 0 . 4 6 6 
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Table B . 1 (Continued). Data of F lu id -Dr iv ing Moment Coeff ic ient C 

___ „ ____ _; . t - — - - + 

Run Pro trus ion p f M^/r Ĉ . 
N o . h / D (%) (inch) (degree) (gram) 

1-5 25 0 . 0 3 4 1 1 . 4 8 4 . 6 5 0 . 1 9 1 
0 . 0 3 6 1 2 . 8 4 4 . 8 5 0 . 1 9 9 
0 . 0 4 1 1 5 . 2 4 . 7 3 0 . 1 9 4 
0 . 0 6 5 2 3 . 8 5 . 3 2 0 . 2 1 8 
0 . 0 9 5 3 1 . 6 5 . 9 3 0 . 2 4 4 
0 . 1 4 0 4 0 . 7 5 6 . 3 1 0 . 2 5 9 
0 . 2 0 0 5 0 . 9 6 . 4 2 0 . 2 6 4 
0 . 2 4 9 5 8 . 2 6 . 4 4 0 . 2 6 4 

H-3 100 0 . 0 3 9 1 4 . 0 8 6 . 8 3 0 . 6 9 8 
0.056 20.93 7.56 0.773 
0 . 0 7 5 2 5 . 6 7 . 7 0 0 . 7 8 7 
0 . 1 1 4 3 5 . 8 7 . 7 0 0 . 7 8 7 
0 . 1 8 7 5 0 . 4 7 . 4 7 0 . 7 6 3 

E - 2 85 0 . 0 4 7 1 7 . 6 2 6 . 1 2 0 . 6 2 6 
0 . 0 6 7 2 4 . 3 5 6 . 4 5 0 . 6 5 9 
0 . 0 8 7 2 9 . 6 5 6 . 6 2 0 . 6 7 7 
0 . 1 2 0 3 7 . 0 6 . 5 5 0 . 6 7 0 
0 . 1 5 7 4 3 . 8 5 6 . 3 3 0 . 6 4 7 

n - 1 75 0 . 0 2 9 8 . 1 4 . 0 5 0 . 4 1 4 
0 . 0 3 7 1 2 . 9 4 . 8 8 0 . 4 9 9 
0 . 0 4 5 1 6 . 8 6 5 . 4 0 0 . 5 5 2 
0 . 0 5 6 2 0 . 9 5 . 8 5 0 . 5 9 8 
0 . 0 6 1 2 2 . 5 5 5 . 9 4 0 . 6 0 7 
0 . 0 7 5 2 6 . 6 5 . 9 6 0 . 6 1 0 
0 . 0 8 7 2 9 . 5 5 6 . 0 2 0 . 6 1 5 
0 . 1 0 8 3 4 . 5 6 . 0 4 0 . 6 1 7 

H-4 50 0 . 0 6 9 2 5 . 0 3 . 8 8 0 .396 

m - 1 75 0 . 0 5 7 2 1 . 1 8 . 1 2 0 . 5 6 6 
0 . 0 8 7 2 9 . 6 5 8 . 6 8 0 . 6 0 5 
0 . 1 2 6 3 8 . 2 9 . 1 8 0 . 6 4 0 
0 . 1 7 7 4 7 . 2 5 9 . 1 8 0 . 6 4 0 
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Table B . 1 (Continued). Data of F lu id -Dr iv ing Moment Coeff ic ient C^ 

Run 
No. 

Pro trus ion 
h /D (%) (INCH.) 

t 

.i (degree) 
M j / r 

(gram) < 
0. 231 
0 . 2 9 7 

5 5 . 5 5 
6 4 . 7 3 

8 . 9 2 
8 . 5 0 

0 . 6 2 2 
0 . 5 9 3 

t , 2 2 i 
$ - a r c c o s (R-p) / (R - w ) ; R = 0 . 5 inch , w = 0 . 1 5 5 inch . 

* C = (M,/r)/C K; K = 2 4 . 3 5 g r a m s ; Q = 1.Q for al l t e s t s of Run I 
K = 9. 78 g r a m s ; £ = 1 . 0 for al l t e s t s of Run II 
K = 18 . 22 g r a m s ; £' = ,0 . 787 for Run I R - 1 . 



Table B . 2 . Data of I m p u l s i v e Moment Coeff ic ient C. 

Run P r o t r u s i o n p $ • C M ^ / r C p W C f i 

N o . h / D (%) (inch) (degree) (gram) (gram) 

1-8 100 0 . 1 1 3 3 5 . 5 2 1 4 . 8 1 0 . 6 0 8 2 5 . 5 0 
0 . 1 2 7 3 8 . 3 5 1 4 . 2 0 0 . 5 8 3 2 2 . 9 2 
0 . 1 5 4 4 3 . 3 1 3 . 2 4 0 . 5 4 3 1 9 . 3 2 
0 . 1 8 4 4 8 . 4 0 . 7 8 5 1 2 . 8 6 0 . 5 2 7 1 7 . 2 0 0 . 8 8 3 
0 . 2 1 0 5 2 . 4 0 . 7 6 3 1 1 . 7 7 0 . 4 8 3 1 4 . 8 6 1 . 0 4 
0 . 2 3 1 5 5 . 5 0 . 7 4 5 1 0 . 9 2 0 . 4 4 8 1 3 . 2 4 1 . 1 7 5 
0 . 0 9 1 3 0 . 6 1 4 . 9 0 0 . 6 1 1 2 9 . 2 1 
0 . 2 5 1 5 8 . 4 0 . 7 2 7 1 0 . 1 3 0 . 4 1 6 1 1 . 9 0 1 . 3 0 6 
0 . 1 3 5 3 9 . 8 5 1 3 . 6 6 0 . 5 6 0 2 1 . 3 0 
0 . 1 6 3 4 4 . 8 5 0 . 8 0 1 1 3 . 0 0 . 5 3 3 1 8 . 4 5 0 . 9 2 5 
0 . 2 4 4 5 7 . 4 3 0 . 7 3 3 1 0 . 1 7 0 . 4 1 7 1 2 . 0 6 5 1 . 3 3 0 
0 . 2 6 5 6 0 . 4 0 . 7 1 4 9 . 1 7 0 . 3 7 6 1 0 . 5 5 1 . 5 5 
0 . 2 7 5 6 1 . 8 0 . 7 0 3 9 . 0 5 0 . 3 7 2 1 0 . 2 7 1 . 5 3 
0 . 2 7 8 6 2 . 2 0 . 7 0 0 8 . 7 1 0 . 3 5 8 9 . 8 5 5 1 . 6 3 8 
0 . 2 8 3 62 . 88 0 . 6 9 6 8 . 7 6 0 . 3 6 0 9 . 8 5 1 . 5 9 2 
0 . 3 5 6 7 2 . 4 0 . 6 2 0 6 . 7 1 0 . 2 7 6 7 . 0 4 2 . 1 3 

1-7 85 0 . 0 9 0 3 0 . 4 0 . 6 7 7 1 3 . 7 8 0 . 5 6 5 2 7 . 1 9 0 . 3 8 3 
0 . 1 2 4 3 7 . 8 0 . 6 6 4 1 3 . 4 0 0 . 5 5 0 2 1 . 8 6 0 . 3 9 2 
0 . 1 4 5 4 1 . 7 0 . 6 5 3 1 2 . 9 0 0. 529 1 9 . 3 9 0 . 4 3 7 
0 . 1 8 7 4 8 . 8 0 . 6 2 8 1 2 . 0 5 0 . 4 9 5 1 6 . 0 0 0 .489: 
0 . 2 2 1 5 4 . 1 0 . 6 0 4 1 1 . 2 8 0 . 4 6 3 1 3 . 9 1 0 . 5 4 2 
0. 257 59 . 25 0. 577 1 0 . 4 6 0 . 4 2 9 1 2 . 1 7 0 . 5 9 8 
0. 282 6 2 . 7 0 . 5 5 7 9. 80 0 . 4 0 2 1 1 . 0 2 0 . 6 5 8 
0 . 1 2 5 3 8 . 0 0 . 6 6 3 1 3 . 1 0 0 . 5 3 7 2 1 . 3 0 0 . 4 4 2 
0 . 1 5 5 4 3 . 5 0 . 6 4 8 1 2 . 7 0 0 . 5 2 1 1 8 . 4 5 0 . 4 5 3 
0 . 256 5 9 . 1 3 0 . 5 7 7 1 0 . 3 5 0 . 4 2 5 1 2 . 0 6 5 0 . 6 2 2 
0 . 2 8 3 6 2 . 8 7 0 . 5 5 7 9 . 3 9 0 . 3 8 6 1 0 . 5 5 0 . 7 5 7 
0 . 2 9 9 6 5 . 0 0 . 5 4 3 8 . 9 3 0 . 3 6 6 9. 855 0 . 8 1 3 
0 . 2 9 9 6 5 . 0 0 . 5 4 3 9 . 3 1 0 . 3 8 2 1 0 . 2 7 0. 711 
0 . 4 2 7 8 1 . 2 " 6 . 9 5 0. 287 7 . 0 4 

1-9 75 0 . 0 9 0 3 0 . 5 0 . 6 2 6 1 3 . 3 0 0 . 5 4 6 2 6 . 2 3 0 . 2 8 2 
0 . 1 5 2 4 3 . 0 0 . 6 4 0 1 2 . 9 7 0 . 5 3 2 1 9 . 0 1 0 . 3 7 8 
0 . 1 9 3 4 9 . 8 0 . 6 3 0 1 2 . 5 0 0 . 5 1 3 1 6 . 3 6 0 . 4 1 3 
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Table B . 2 (Continued). Data of Impul s ive Moment Coeff ic ient C^ 

Run P r o t r u s i o n p 
t 

c W C 6 
No. h / D (%) (inch) (degree) 1 (gram) r (gram) o 

1-9 75 0 . 2 5 2 5 8 . 6 0 . 6 0 5 1 1 . 6 6 0 . 4 7 8 1 3 . 6 7 0 . 4 5 2 
0. 074 2 6 . 4 8 0 . 6 1 5 1 3 . 1 6 0 . 5 4 0 2 9 . 4 7 0 . 2 7 1 
0 . 1 1 6 3 6 . 1 0 0. 636 1 3 . 4 6 0 . 5 5 2 2 2 . 80 0 . 2 9 0 
0 . 1 2 4 3 7 . 7 6 0 . 6 3 9 1 3 . 0 4 0 . 5 3 5 2 1 . 3 0 0 . 3 6 8 
0 . 1 5 8 4 4 . 0 0 . 6 3 8 1 2 . 8 2 0 . 5 2 7 1 8 . 4 5 0 . 3 9 2 
0 . 3 0 0 6 5 . 1 2 0 . 580 1 0 . 9 4 0 . 4 4 9 1 2 . 0 6 5 0 . 4 9 3 
0 . 3 5 5 7 2 . 2 5 0 . 5 4 0 1 0 . 0 5 0 . 4 1 2 1 0 . 5 5 0 . 5 0 1 
0 . 4 0 6 7 8 . 6 0 . 4 9 4 1 0 . 0 7 0 . 4 1 3 1 0 . 2 7 0 . 3 0 2 
0 . 3 9 9 77. 7 0 . 5 0 2 9 . 6 7 5 0 . 3 9 7 9. 855 0 . 4 1 3 

1-4 50 0 , 0 4 2 1 5 . 8 7 . 8 5 0. 322 
0. 055 2 0 . 6 0 . 3 8 8 8 . 5 1 0. 350 2 4 . 1 7 0 . 2 1 4 
0 . 0 7 1 2 5 . 5 0 . 4 0 9 8. 86 0 . 3 6 4 2 0 . 6 1 0 . 2 4 0 
0 . 1 1 7 3 6 . 3 0 . 4 4 4 9 , 3 6 0 . 3 8 4 1 5 . 8 1 0 . 2 9 7 
0 . 1 3 5 3 9 . 9 0 . 4 5 2 9 . 7 9 0 . 4 0 2 1 5 . 2 4 0. 234 
0 . 1 6 7 4 5 . 5 5 0 . 4 6 1 9 . 8 9 0 . 4 0 6 1 3 . 8 5 0 . 2 0 8 
0 . 1 9 9 5 0 . 7 5 0 . 4 6 5 9 . 9 8 0 . 4 1 0 1 2 . 89 0 . 2 4 2 
0 . 2 6 2 6 0 . 0 0. 465 1 0 . 0 6 0 . 4 1 3 1 1 . 6 1 0 . 2 1 8 
0. 306 65 . 9 0 . 460 1 0 . 0 4 0 . 4 1 2 1 0 , 9 9 0 . 1 9 5 
0 . 3 6 2 7 3 . 3 0 . 4 4 5 9 . 5 5 0 . 3 9 2 9 . 9 9 0. 216 
0 . 0 6 7 24 . 2 0 . 4 0 3 8 . 7 5 0 . 3 5 9 2 1 . 3 0 0 . 2 3 9 
0 . 0 8 9 3 0 . 3 0 . 4 2 6 9. 35 0. 384 1 8 . 4 5 0. 212 
0 . 2 3 0 5 5 . 4 0 . 4 6 7 9. 93 0 . 4 0 8 1 2 . 0 6 5 0 . 2 5 6 
0 . 2 9 4 6 4 . 3 3 0 . 4 6 1 9 . 5 2 5 0 . 3 9 1 1 0 . 5 7 0 . 3 0 3 
0 . 3 4 4 7 0 . 8 5 0 . 4 5 0 9 . 1 7 5 0 . 3 7 7 1 0 . 2 7 0. 298 
0 . 3 5 2 71 . 88 0 . 4 4 8 9 . 3 7 0 . 3 8 5 9 . 8 5 5 0 . 2 6 5 
0 . 3 6 8 7 3 . 8 0 . 4 4 4 9 .46 0 . 3 8 8 9. 85 6.231 

1-5 25 0 . 0 3 4 1 1 . 4 8 0 . 1 9 1 3 . 70 0 . 1 5 2 1 8 . 6 1 0. 509 
0 . 0 3 9 1 4 . 1 0 0 . 2 0 0 3 . 82 0 . 1 5 7 1 5 . 6 9 0 . 5 3 0 
0 . 0 6 3 2 3 . 2 0 0 . 2 2 5 4 . 70 0 . 1 9 3 1 1 . 9 1 0 . 3 2 5 
0 . 1 0 2 3 3 . 2 0 0. 249 5. 36 0 . 2 2 0 9. 80 0 . 2 4 3 
0 . 1 3 1 3 9 . 1 5 0 . 2 5 9 5. 47 0 . 2 2 5 8 . 6 7 0 . 2 8 5 
0 . 1 9 4 5 0 . 0 0 . 2 6 9 5. 725 0. 235 7 . 4 8 0 . 2 6 3 
0 . 2 2 1 5 4 . 1 0 . 2 7 0 5. 825 0 . 2 3 9 7 . 1 9 0 . 2 3 1 
0 . 0 6 2 2 2 . 8 0 . 2 2 4 4 . 57 0 . 1 8 8 1 1 . 79 0 . 3 7 6 
0 . 0 2 7 5 . 7 4 2 . 13 0. 087 2 1 . 3 0 
0 . 0 3 5 1 2 . 0 6 0 . 1 9 1 3 . 86 0 . 1 5 8 1 8 . 4 5 0 . 4 4 0 
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T a b l e B . 2 ( C o n t i n u e d ) . D a t a o f I m p u l s i v e M o m e n t C o e f f i c i e n t C 

R u n 
N o . 

P r o t r u s i o n 
h / D (%) 

P 
( inch) ( d e g r e e ) 

M F / r 
( g r a m ) 

C F 
W 

( g r a m ) 
C 6 

1-5 2 5 0 . 0 6 0 2 2 . 3 0 . 2 2 8 4 . 5 8 0 . 1 8 8 1 2 . 0 6 5 0 . 4 1 8 
0 . 0 8 0 2 8 . 0 0 . 2 3 7 4 . 8 2 5 0 . 1 9 8 1 0 . 2 7 0 . 3 8 2 
0 . 0 8 1 2 8 . 2 0 . 2 3 8 4 . 6 6 0 . 1 9 1 9 . 8 5 5 0 . 4 7 6 
0 . 0 8 5 2 9 . 2 0 . 2 4 0 4 . 8 1 0 . 1 9 7 9 . 8 5 0 . 4 2 2 
0 . 2 3 2 5 5 . 7 0 . 2 7 0 5 . 3 8 5 0 . 2 2 1 6 . 5 2 0 . 3 9 2 

H-3 1 0 0 0 . 0 3 7 1 2 . 8 3 6 . 2 3 5 0 . 6 3 8 2 8 . 0 5 
0 . 0 5 4 2 0 . 3 6 6 . 8 2 5 0 . 6 9 7 1 9 . 6 1 
0 . 0 6 2 2 2 . 8 6 . 6 7 0 . 6 8 2 1 7 . 2 2 
0 . 0 8 5 2 9 . 2 6 . 4 9 0 . 6 6 4 1 3 . 2 8 
0 . 1 2 5 3 7 . 9 0 . 8 2 3 5 . 9 7 0 . 6 1 0 9 . 7 2 0 . 6 6 2 
0 . 1 7 8 4 7 . 3 5 0 . 7 9 0 5 . 2 2 0 . 5 3 3 7 . 0 9 0 . 8 8 2 
0 . 0 4 7 1 7 . 6 3 6 . 4 6 0 . 6 6 0 2 1 . 3 0 
0 . 0 5 5 2 0 . 6 6 . 4 9 0 . 6 6 4 1 8 . 4 5 
0 . 0 9 3 3 1 . 1 5 6 . 2 4 0 . 6 3 8 1 2 . 0 6 5 
0 . 1 1 6 3 6 . 2 6 . 0 6 5 0 . 6 2 0 1 0 . 2 7 
0 . 1 9 0 4 9 . 3 0 . 7 8 2 4 . 9 4 0 . 5 0 5 6 . 5 2 0 . 9 8 8 

n - 2 8 5 0 . 0 4 4 1 6 . 4 9 5 . 5 0 . 0 . 5 6 2 1 9 . 4 0 
. > 

0 . 0 6 5 2 3 . 80 5 . 87 0 . 6 0 0 1 4 . 5 3 
0 . 0 7 4 2 6 . 3 0 5 . 8 5 0 . 5 9 8 1 3 . 2 0 
0 . 0 8 1 2 8 . 2 0 5 . 82 0 . 5 9 5 1 2 . 3 1 
0 . 1 0 7 3 4 . 2 0 . 6 7 2 5 . 6 2 0 . 5 7 8 1 0 . 0 4 0 . 3 1 1 
0 . 1 4 2 4 2 . 2 5 0 . 6 5 2 5 . 5 6 5 0 . 5 6 9 8 . 2 8 0 . 2 7 2 
0 . 1 7 3 4 6 . 5 0 . 6 3 8 5 . 1 5 0 . 5 2 7 7 . 0 9 0 . 3 8 8 
0 . 1 7 9 4 7 . 6 0 . 6 3 3 4 . 8 1 5 0 . 4 9 3 6 . 5 2 6 . 5 2 0 
0 . 1 1 1 3 5 . 1 5 0 . 6 7 0 5 . 6 7 3 0 . 5 8 0 9 . 8 5 0 . 2 9 6 
0 . 1 0 4 3 3 . 6 5 0 . 6 7 3 5 . 6 9 0 . 5 8 2 1 0 . 2 7 0 . 2 9 9 
0 . 0 8 0 2 8 . 0 5 . 6 6 0 . 5 7 9 1 2 . 0 6 5 
0 . 0 4 5 1 6 . 86 5 . 3 5 0 . 5 4 7 1 8 . 4 5 
0 . 0 3 7 1 3 . 0 8 4 . 8 2 5 0 . 4 9 3 2 1 . 3 0 

i i - i 7 5 0 . 0 2 8 7 . 0 3 . 1 9 0 . 3 2 6 2 6 . 1 1 
0 . 0 3 5 1 2 . 0 4 4 . 2 9 0 . 4 3 9 2 0 . 5 8 
0 . 0 4 8 1 8 . 1 0 . 5 8 2 5 . 0 7 0 . 5 1 8 1 6 . 3 1 0 . 2 4 4 
0 . 0 5 9 2 1 . 9 5 0 . 5 9 9 5 . 4 1 5 0 . 5 5 4 1 4 . 5 0 0 . 1 6 0 
0 . 0 6 3 2 3 . 2 0 . 6 0 4 5 . 4 3 0 . 5 5 5 1 3 . 7 9 0 . 1 7 3 
0 . 0 7 1 2 5 . 5 0 . 6 1 2 5 . 4 0 0 . 5 5 2 1 2 . 5 4 0 . 2 0 8 

— : — • 1 t—: ; T—~~~—~ 
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Table B . 2 (Continued). D a t a of Impul s ive Moment Coeff ic ient C 

Run 
N o . 

P r o t r u s i o n 
h / D (%) 

P 
(inch) 

$ 
(degree) 

y* 
(gram) 

C F 
w 

(gram) 
C 6 

n - i 0 . 0 8 4 2 9 . 0 0 . 6 1 7 5 . 4 6 0 . 5 5 8 1 1 . 2 7 0 . 2 0 5 
0 . 1 0 6 3 4 . 0 0 . 6 3 3 5 . 4 9 0 . 5 6 1 9. 82 0 . 2 4 6 
0 . 0 3 5 1 2 . 03 4 . 4 4 0 . 4 5 4 2 1 . 3 0 
0 . 0 4 0 1 4 . 6 5 4 . 6 7 0 . 4 7 7 1 8 . 4 5 
0 . 0 7 5 2 6 . 6 0 . 6 1 6 5 . 4 1 0 . 5 5 3 12 .065 0 . 2 2 2 
0 . 0 8 7 29 . 65 0. 624 5. 22 0 . 5 3 3 1 0 . 5 5 0 . 2 4 9 
0 . 1 9 0 4 9 . 3 0 . 6 3 1 4 . 95 0. 506 6 . 52 0 . 3 7 9 
0 . 1 7 9 4 7 . 6 0 . 6 3 5 5 . 1 9 0. 530 7 . 0 3 0 . 4 3 1 
0 . 1 0 2 3 3 . 2 0 . 6 3 2 5 . 3 8 0 . 550 9 . 8 5 0 . 2 8 4 

n - 4 50 0. 053 2 0 . 0 0 . 3 8 4 3 . 4 5 0 . 3 5 3 1 0 . 0 8 0 . 1 7 9 
0 . 0 9 5 3 1 . 5 5 0 . 4 3 0 3 . 7 0 0 . 3 7 8 7 . 0 7 0 . 2 6 5 
0 . 1 0 5 3 3 . 8 0 . 4 3 6 3 . 6 3 0 . 371 6 . 5 2 0 . 3 3 6 

m - i 75 0 . 0 4 8 1 8 . 2 7 . 1 9 0 . 5 0 1 2 3 . 0 2 
0 . 0 5 4 2 0 . 4 5 7 . 2 0 0 . 5 0 2 2 0 . 6 2 
0 . 0 8 3 2 8 . 9 7 . 7 8 0 . 5 4 2 1 6 . 1 0 
0 . 1 1 6 3 6 . 2 0 . 6 3 8 7. 97 0 . 5 5 5 1 3 . 5 0 0 . 2 8 4 
0 . 1 6 9 4 5 . 9 0. 640 7 . 9 4 0 . 5 5 3 1 1 . 0 6 0 . 2 9 0 
0 . 2 1 6 5 3 . 3 0 . 6 2 7 7 . 5 2 0 . 5 2 4 9. 38 0 . 3 5 1 
0 . 2 7 1 6 1 . 2 0 . 6 0 0 7 . 1 0 0 . 4 9 4 8 . 1 1 0 . 368 
0. 043 1 6 . 4 6 6. 03 0 . 4 2 0 2 1 . 3 0 
0 . 0 6 4 2 3 . 6 7 . 4 0 0 . 5 1 6 1 8 . 4 5 
0 . 1 3 7 4 0 . 2 0 . 6 4 1 7 . 7 8 0 . 542 1 2 . 0 6 5 0 . 3 4 2 
0 . 1 6 4 4 5 . 0 0 . 6 4 0 7. 45 0 . 5 1 9 1 0 . 5 5 0 . 4 3 1 
0 . 1 8 2 4 8 . 0 0 . 6 3 7 7. 62 0 . 5 3 1 1 0 . 2 7 0 . 3 6 4 
0 . 1 8 2 4 8 . 0 0 . 6 3 7 7. 33 0 . 5 1 0 9 . 8 5 5 0 . 4 5 4 
0 . 1 8 7 4 8 . 8 0 . 6 3 6 7 . 4 1 0 . 5 1 6 9 . 85 0 . 4 2 3 
0 . 3 0 7 6 6 . 0 5 0. 576 6 . 4 6 0 . 4 5 0 7 . 0 7 0 . 5 8 3 
0. 321 6 7 . 9 0 . 5 6 6 6 . 0 3 0 . 4 2 0 6 . 5 2 0 . 5 7 5 

Values of C are obtained f rom s o l i d - l i n e c u r v e s shown in F i g u r e s 6 and 7. 
b • 
C F = (Mp/r)/C K; K = 24 . 35 g r a m s ; £ = 1. 0 for al l t e s t s of Run I 

K = 9. 78 g r a m s ; £ =1.0 for al l t e s t s of Run n 
K.= 18. .22 g r a m s ; £ = 0. 787 for Run I H - 1 . 
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Table B . 3 . P a t t e r n of F l u i d - D y n a m i c F o r c e s and M o m e n t s 

at P r o t r u s i o n Condition h / D = 100% (Run 1-8) 

i 
(inah) (degree) 

s i n $. I c o s §. 
I 

a. 
I 

_ c o s <£. 
- c o s $Q 

b. L 
s i n § 

- s m §Q 
C =C 

Ii Ri 

0 0 . 1 9 0 4 9 . 3 0 .75£ 0 . 6 5 2 0 . 7 8 1 
1 0 . 2 3 8 5 6 . 5 0. 833 0 . 5 5 1 - 0 . 1 0 1 0 . 0 7 7 0 . 7 4 0 - 0 . 0 4 1 
2 0 . 3 3 1 6 9 . 2 0 .935 0 . 3 5 5 5 - 0 . 2 9 6 5 0 . 1 7 7 0 . 6 4 9 - 0 . 1 3 2 

C D = ( 6 l b 2 • C 2 b l ) / ( a i b 2 " a 2 b l > °- 5 9 2 

° L = ( a i ° 2 " a 2 6 l ) / ( a i b 2 " a 2 b l > = ° - 2 3 2 

* M = aretan (C / C ) = 2 1 . 4 d e g r e e 

C C = ° I 0 • C L S i n J 0 - C D C O S V = 0 - 2 1 9 

C I M = C C + CI S f a l '*M + ° D C ° S *M - ° - 8 5 4 

(degree) 
c o s $ s i n <£ 

* 
C p c o s $ 

* 
C_ s in § 4 

5 0 . 9 9 6 0 . 0 8 7 0 . 5 9 0 0 . 020 0. 829 
10 0 . 9 8 5 0 . 1 7 4 0 . 5 8 3 0 . 0 4 0 0 . 8 4 2 
20 0 . 9 4 0 0 . 3 4 2 0 .556 0 . 0 7 9 0 . 8 5 4 
30 0. 866 0. 500 0 . 5 1 3 0 . 1 1 6 0. 848 
40 0 .766 0 . 6 4 3 0 . 4 5 3 0 . 1 4 9 0. 821 
50 0 . 6 4 3 0. 766 0 , 3 8 0 0 . 1 7 8 0. 777 
60 0 . 5 0 0 0. 866 0 . 2 9 6 0 . 2 0 1 0 . 7 1 6 
70 0. 342 0. 940 0 . 2 0 2 0 . 2 1 8 0. 639 
80 0 . 1 7 4 0. 985 0 . 1 0 3 0 . 2 2 8 0 . 5 5 0 

* * 
+ C 

C L 
s in $ + C 

* 
_ c o s § 
D 
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Table B . 4 . Pat tern of F lu id -Dynamic F o r c e s and M o m e n t s 

at Pro trus ion Condition h / D = 85% (Sun 1-7) 

i Pi 
(inch) (degree) 

s in C O S § | 

a. 
l 

_ c o s 
- c o s §^ 

b. 
l 

s in $. 
- s i n § 

0 

C = C 
Ii Hi C l = - c i o 

0 0 . 1 0 7 3 4 . 2 7 0 . 5 6 3 0 . 8 2 6 0 . 6 7 1 

1 0 . 1 7 2 4 6 . 4 0 0 . 7 2 4 0 . 6 9 0 - 0 . 1 3 6 0 . 1 6 1 0 . 6 3 8 - 0 . 0 3 3 

2 0 . 3 2 9 6 8 . 9 4 0 . 9 3 3 0 . 3 6 0 - 0 . 4 6 6 0 . 3 7 0 0 . 5 1 8 - 0 . 1 5 3 

C D = ( ° l V C 2 b l ) / ( a i B 2 " a

2 V = ° - 5 ° 2 

C L = ( a i C 2 - A 2 d l ) / ( a i B 2 " a

2 V = ° - 2 1 9 

$ 

C 

M 

* 

i 
C 

* * 
arctan (C / C ) = 2 3 . 6 d e g r e e 

XJ I J 

C I 0 " C L S i n § 0 - C D C O S $ 0 = 0 - 1 3 3 

C T 1 4 / r = C„ + C s in §. + C c o s $ = 0 . 6 8 0 
IM C L M D M 

(degree) 
c o s §•• s i n § 

* 
C ^ c o s $ 

* 
C s in $ J_i c i 

5 0 . 9 9 6 0 . 0 8 7 0 . 5 0 0 0 . 0 1 9 0 . 6 5 2 

1 0 0 . 9 8 5 0 . 1 7 4 0 . 4 9 4 0 . 0 3 8 0 . 6 6 5 

2 0 0 . 9 4 0 0 . 3 4 2 0 . 4 7 2 0 . 0 7 5 0 . 6 8 0 

3 0 0 . 8 6 6 0 . 5 0 0 0 . 4 3 5 0 . 1 1 0 0 . 6 7 8 

4 0 0 . 7 6 6 0 . 6 4 3 0 . 3 8 4 0 . 1 4 1 0 . 6 5 8 

5 0 0 . 6 4 3 0 . 7 6 6 0 . 3 2 3 0 . 1 6 8 0 . 6 2 4 

6 0 0 . 5 0 0 0 . 8 6 6 0 . 2 5 1 0 . 1 9 0 0 . 5 7 4 

7 0 0 . 3 4 2 0 . 9 4 0 0 . 1 7 2 0 . 2 0 6 0 . 5 1 1 

" 8 0 0 . 1 7 4 0 . 9 8 5 0 . 0 8 7 0 . 2 1 6 0 . 4 3 6 
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Table B . 5. P a t t e r n of F lu id -Dynamic F o r c e s and Moments 

at Pro trus ion Condition h /D - 75% (Run 1-9) 

i Pi 
(inch) 

h 
(degree) 

s in $. 
I 

C O S $ . 
1 

a. 
I 

_ c o s § 
- c o s §Q 

b. 
l 

_ s in $. 
- s i n £ C T = C „ . 

Ii Ri 
C L = - C R O 

0 0. 095 3 1 . 6 0 . 5 2 3 0. 852 • — — 0 . 6 2 9 — 

1 0 . 1 7 4 46 . 75 0 . 7 2 8 0 . 6 8 6 - 0 . 1 6 6 0. 205 0 . 6 3 3 0 . 0 0 7 
2 0 . 3 1 4 6 7 . 0 0 . 9 2 1 0 . 3 9 1 - 0 . 4 6 1 0 . 3 9 8 0. 570 - 0 . 0 5 9 

M 

* 

= ( ^ L b 2 " W / ( A I b 2 " V L * = ° - 5 2 3 

( * 1 V A 2 D L ) / ( A I B 2 " A 2 V = ° - 4 5 7 

* * 

arctan (^j/^) =
 4 3 L . 1 d e g r e e 

C I 0 " C L S i D
 V

 C D G 0 S *0 = "° - 0 5 6 

CT™ = c ^ + C T s in $ - C c o s $ = 0 . 6 3 8 IM C L M D M 

c o s $ s i n § 
* 

C p c o s $ 
* 

C s in $ 
L 

5 0 . 9 9 6 0 . 0 8 7 0 . 5 2 1 0 . 0 4 0 0 . 5 0 5 
10 0 . 9 8 5 0 . 1 7 4 0 . 5 1 6 0 . 0 8 0 0 . 5 4 0 
20 0 . 9 4 0 0 . 3 4 2 0 . 4 9 2 0 .156 0 . 5 9 2 
30 0 . 8 8 6 0. 500 0 . 4 5 3 0 . 2 2 8 0 . 6 2 5 
40 0 . 7 6 6 0 . 6 4 3 0 . 4 0 1 0 . 2 9 4 0 . 6 3 8 
50 0 . 6 4 3 0 . 7 6 6 0. 337 0. 350 0 . 6 3 1 
60 0 . 5 0 0 0. 866 0 . 2 6 2 0 . 3 9 6 0. 602 
70 0. 342 0 . 9 4 0 0 . 1 7 9 0 . 4 2 9 0 . 5 5 2 
80 0 . 1 7 4 0. 985 0 . 0 9 1 0 . 4 5 0 0 . 4 8 5 -
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Table B . 6. Pat tern of F lu id -Dynamic F o r c e s and M o m e n t s 

at P r o t r u s i o n Condition h /D = 50% (Run 1-4) 

i 
(inch) (degree) 

sin 
I 

c o s 
1 

a. 
I 

c o s §. 
- c o s $ 0 

b. 
l 

s in $. 
- s i n $^ 

C = C 
Ii Ri 

. c i x 
C l = - C ! 0 

0 0 . 0 6 6 2 4 . 1 0 . 4 0 8 0. 913 _ _ 0 . 4 0 4 _ 
1 0 . 1 1 5 3 5 . 9 2 0 . 5 8 7 0. 810 - 0 . 1 0 3 0 . 1 7 9 0 . 4 4 3 0 . 0 3 9 
2 0 . 2 4 6 57. 73 0 . 8 4 5 0. 534 - 0 . 3 7 9 0 . 4 3 7 0 . 4 6 6 0 . 0 6 2 

C D =
 ( C l b 2 "

 C 2 b l ) / ( a i b 2 " V l * = ° - 2 5 8 

° L = ( a i > 2 " a 2 £ l ) / ( a i b 2 - a 2 b l > = ° - 3 6 7 

* M = arctan ( C * / C * ) = 5 4 . 9 d e g r e e 

c e = c i o ' C L S I N § 0 " S 0 0 8 § o - ° - 0 1 8 

C T 1 v / r = C + C s in $ + C c o s = 0 . 4 6 6 
IM C L M D M 

c o s $ s i n $ 
* 

C c o s $ 
* 

C s in $ 
(degree) 

* 
C c o s $ 

L i 

5 0. 996 0 . 0 8 7 0 . 2 5 7 0 . 0 3 2 0 . 3 0 7 
10 0 . 9 8 5 0 . 1 7 4 0. 254 0. 064 0 . 3 3 6 
20 0. 940 0. 342 0 . 2 4 2 0 . 1 2 5 0 . 3 8 5 
30 0. 866 0 . 5 0 0 0. 224 0 . 1 8 3 0 . 4 2 5 
40 0. 766 0 . 6 4 3 0 . 1 9 8 0 . 2 3 6 0 . 4 5 2 
50 0 . 6 4 3 0. 766 0 .166 0 . 2 8 1 0 . 4 6 5 
60 0 . 5 0 0 0. 866 0 . 1 2 9 0 . 3 1 8 0 . 4 6 5 
70 0 . 3 4 2 0. 940 0 . 0 8 8 0. 345 0 . 4 5 1 
80 0 . 1 7 4 0. 985 0 . 0 4 5 0 . 3 6 2 0 . 4 2 5 
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Table B . 7. Pat tern of F lu id -Dynamic F o r c e s and M o m e n t s 

at P r o t r u s i o n Condition h /D = 25% (Run 1-5) 

i 
(inch) (degree) 

s in 
I 

c o s §. 
l 

a. 
l 

c o s § 
= _i 

- c o s $ Q 

b. 
l 

s i n $ 
- . , i 

- s i n §Q 
C = C 

Ii Ri 
.. S 

C i = " c x o 

0 0 . 0 3 4 1 1 . 4 8 0 . 1 9 9 0 . 9 8 0 — _ 0 . 1 9 1 
1 0 . 095 3 1 . 6 0. 524 0. 852 - 0 . 1 2 8 0 . 3 2 5 0 . 2 4 4 0 . 0 5 3 
2 0 . 1 4 0 4 0 . 75 0 . 6 5 3 0. 758 - 0 . 2 2 2 0 . 4 5 4 0 . 2 5 9 0 . 0 6 8 

M 

* 

C 

( 6 l b 2 " c

2

b

1 ) / ( a

1

b

2 - a 2 b l ) = 0 - 1 4 3 

( a i ^ 2 - a 2 6 l ) / ( a i b 2 - a 2 b l ) = 0 - 2 2 2 

* * 
arctan ( C j / C

D ) = 5 7 » 2 d e g r e e 

' C * 0 - C * s i n f 0 - C * c o s $ 0 = 0 . 0 0 7 

C I M = C C + C L S l n *M + C B C 0 S *M = ° - 2 7 0 

(degree) 
c o s § sin. $ 

* 
C ^ c o s $' 

* 
C s i n $ 

XJ 
c i 

5 0. 996 0. 087 0 . 1 4 3 0 . 0 1 9 0 . 1 6 9 
10 0. 985 0 . 1 7 4 0 . 1 4 1 0 . 040 0 . 1 8 7 
20 0. 940 0 . 3 4 2 0 . 1 3 4 0 .076 0 . 2 1 7 
30 0 .866 0 . 5 0 0 0 . 1 2 4 0 . 1 1 1 0 . 2 4 2 
40 0. 766 0 . 6 4 3 0 . 1 1 0 0 . 1 4 3 0 . 2 6 0 
50 0 . 6 4 3 0 . 7 6 6 0 . 0 9 2 0 . 1 7 0 0 . 2 6 9 
60 0 . 5 0 0 0 . 8 6 6 0 . 0 7 2 0 . 1 9 1 0 . 2 7 0 
70 0 . 3 4 2 0. 940 0 . 0 4 9 0 . 2 0 9 0. 265 
80 0 . 1 7 4 0. 985 0 . 0 2 5 0 . 2 1 9 0 . 2 5 1 
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