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About This Document

This resource contains curriculum for the distance education version of a course offered at the Georgia Institute of Technology,
Math 2401, in Spring 2014. This distance education course explored multivariable calculus concepts during lectures and recitations.
Recitations are synchronous sessions that offer students an opportunity to apply and review course concepts, which they have been
exposed to in lectures.

Contained in this curriculum are materials for 26 recitations and two office hour sessions, available in PDF and presentation slide
formats. The slide format is offered for teaching assistants to import directly into web-conferencing software. Slides contain
activities that students would solve. The associated notes contain solutions to corresponding activities and are available in PDF
format.

Copyright

This work is licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License. To view a copy
of this license, visit http://creativecommons.org/licenses/by-nc-sa/4.0/



For Further Information

Questions regarding this document can be directed to Greg Mayer (gsmayer@gmail.com), who would be happy to hear your
suggestions on how to improve this document.

List of Topics

The following table presents a list of topics that were explored in the recitation and office hour activities. The numbering system got
a little strange: there should be a cancelled recitation for Quiz 1 in there, somewhere.

Recitation Number Topics

1 Introduction to Math 2401, logistical matters, vector derivatives
2 Vector Functions

3 Vector Functions

4 Tangents, Arc Length

5 Arc Length, Acceleration

6 Acceleration, Level Curves

7 Surfaces, Domain, Limits, Gradients

8 Quiz Review, Gradients

9 Quadratic Surfaces, Extreme Values

10 Extreme Values, Lagrange Multipliers

11 Taylor Approximation, Integration

12 Polar Integration

13 Triple Integrals in Cartesian

14 Triple Integrals in Cartesian

15 No Recitation - Quiz 2

16 Triple Integrals in Cylindrical Coordinates
17 Triple Integrals in Spherical Coordinates



18
19
20
21
22
23
24
25
26

No Recitation - Quiz 3

Line Integrals and Work

Line Integrals: Circulation and Flux
Flux, Conservative Fields

Green's Theorem

No Recitation - Quiz 4

Surface Integrals

Surface Integrals

Divergence



Welcome Back!

1. Announcements
2. Vector Derivatives (14.1)




Technologies: same as last semester

Recitations run in Wimba
Wimba technical problems, can contact technical

support
http://www.wimba.com/services/support

® Recordings of our recitations on Tegrity
gatech.tegrity.com

® Tablets, mics: please bring and use them
® All homework on MyMathLab
® Piazza: link in t-square




Grading Weights: Same as Last

Semester
QH6 (%) All other
sections (%)
Homework 10 10
Final 25 25
Quizzes 60 65
Recitations 3 0

Total 100 100

+ random pop quizzes



Questions, Office Hours

Office Hours

Generally held on the night before quizzes
(same as last semester)

Questions
email:
phone (office):
phone (cell):




Definition of Torque RO1

Torque, 1, is defined as

T =



RO1
Angular Momentum

If the position of a particle with constant mass m is r(t), its angular momentum
is L(t) = mr(t) x r'(t).

Show that L'(t) is equal to torque.



RO1
Zero Angular Momentum

Show that if the torque is a zero vector for all t, then the angular momentum of the
particle is constant for all t.



Magnetic Resonance Imaging (MRI)

MRI Scanner

applied magnetic field, B =

RO1

MRI Image

, @ = known constant

The applied field creates a measurable signal, M (¢).



RO1

The Bloch Equation .
N M (1)
d_=1\2x1§, M=| M/t
5
M (1)

Solve the differential equation, plot the solution.



R0O2

Recitation 02

Today: Vector Functions (13.1, 13.2)

Describe situations where the following is true for all t.

_, .\ dr
r(t)z=0




HW 1 R0O2

« HW1 is on MyMathLab
* due next Tuesday at 11:59 pm
 covers 13.1 and 13.2



: : R02
Velocity, Acceleration ’

1) The position of particle is r(t) = sin(t)i + cos(t)j.

a) Show that position is perpendicular to its velocity

b) For what values of t do the position and acceleration have the same direction?
2) Provide another example of a vector function, s(t) that satisfies s”(t)=s(t) for all .



. R02
Integration

A moving object starts at point (1,0) and its velocity is given by
the vector [2, 41]. Its position is given by:



Group Work

1.
2.
3.
4.
5.

Group size is 2 or 3 students

Someone is in your group when they write their initials on board
Students can create breakout rooms

Have 10 minutes

Reflect on the problem for a minute before moving into groups



. R02
Integration

Consider the conjecture: fab]?(f) ’ §(z‘)dt = fabj?(f) dt - f:g(t) dt

Provide an example to the other members of your group of an f(t) and a g(t) such that
1) the conjecture is not satisfied.
2) the conjecture is satisfied (for non-zero f and g).



Recitation 03 Today: Vector Functions (13.1, 13.2)

Consider the conjecture: fab]?(t) ' §(t)dt = fab]?(l‘) dt - fabg(l‘) dt

Provide an example to the other members of your group of an f(t) and a g(t) such that
1) the conjecture is not satisfied.
2) the conjecture is satisfied (for non-zero f and g).

1) 1(t) = g(t) =

LHS : fabf(t)-g(t)dt =

RHS: [ f(ydr- [ g(r)dr=



RO3
Announcements

« Survey: reminder sent last night, only 5 people
responded as of yesterday ...

« HW2: due Tues Feb 21 at 11:59 pm, covers sections
13.1t0 13.5

« HWH1: due tonight, any questions related to the HW?

* Thursday: Graded Group Work: Question 1 from last
years Quiz 1, group size 2 or 3

At what point does the twisted cubic
r1 (t) =ti+t?j + t3k,
intersecttheplanex + 2y + 3z = 347?
Find their intersection and find the cosine of the
angle between the tangent to the curve and the normal to this plane.




Sketching Vector Functions

Sketch r(t) = t3i + t2j

RO3



Wolfram Alpha Syntax for Parametric Curves

This is the syntax you would use for plotting parametric curves in WolframAlpha.

&WolframAlpha A

| plot x(t)=tA3, y(t) = tA2 B

" O B == B g = Examples == Random
Input interpretation:

x(t) = t3
plot

y(t) = t*

Parametric plot:

(t from -1.285 to 1.285)

Enable interactivity ©

RO3



RO3

Projectile Motion (13.2)

A projectile is fired at angle 8 with speed v,. /,
a) derive its horizontal distance as a function of time 0
b) derive its maximum height /



Tangent Vectors O3

Let r(t) = x(t)i + y(t)j + z(t)k.

a) How is the unit tangent vector, T(t), defined mathematically?

b) Suppose x =12,y =13, z =12, and tis any real number. Then what is the
unit tangent vector when t = 07?



RO3

Position Perpendicular to Tangent

r(t) is the position of a moving particle. Show that ||r(t)|| = constant iff r L r’



Recitation 04 Today: Tangents, Arc Length (13.3)

Let r(t) = x(t)i + y(t)j + z(t)k.

a) How is the unit tangent vector, T(t), defined mathematically?

b) Suppose x =12, y =13, z =12, and tis any real number. Then what is the
unit tangent vector when t = 07?



R04
Announcements

Quiz 1 is exactly 3 weeks away
office hours, night before quiz
HW2: Tue Feb 21 at 11:59 pm, sections 13.1-13.5 (hard?)

Today: Graded Group Work: Question 1 from last years Quiz 1,
group size 2 or 3

At what point does the twisted cubic
r1 (t) = ti+t¥j + t3k,
intersect theplanex + 2y + 3z = 34?
Find their intersection and find the cosine of the
angle between the tangent to the curve and the normal to this plane.




Group Work
1
2
3
4

6

. Group size: 2 to 3 students
. Someone is in your group when they write their initials on board
. Students can create breakout rooms
. Colors:
a) Every student uses a different color
b) Every student signs initials (or name) on board in their color
. Only have 10 minutes
. Press SAVE button to submit your work



At what point does the twisted cubic R04
ri (t) = ti+ t29§ + tik,
intersecttheplanex + 2y + 3z = 347?
Find their intersection and find the cosine of the
angle between the tangent to the curve and the normal to this plane.



: RO4
Intersection Angle

r,(t) = cos(t)i + sin(t)j
r,(u) = cos(u)j + sin(u)k

Find the point of intersection, and the angle between their tangent vectors at
that point.



R04

Additional Problems (if time permits)

1. Acable is suspended between two poles that are 10 m apart. Find the length of the
cable, if the cable’s shape is y(x) = k [cosh(x/k) — 1], -5 < x < 5.
2. Calculate the curvature of

a) y=e
b)  r(t) = 2ti +13]

3. Vector r(t) is the position of a moving particle. Show that ||r(t)|| = constant for all t iff
r L r forallt.

4. From last year’s Quiz 1:
Find the arc length between 1 and t for the curve :

r (s) =si+ (2—Sz)j+(82 -4) k

(Don ' t evaluate the integral)

Solutions to these problems contained in later recitations.



Recitation 05 ‘ Today: Arc Length, Acceleration |

A cable is suspended between two poles that are 10 m apart. Find the length of the cable, if
the cable’s shape is y(x) = k [cosh(x/k) —1],-5<x < 5.




R0O5

Arc Length (2013 Quiz 1, Question 2)

Find the arc length between 1 and t for the curve :

r(s) =si+ (2—sz)j+(s2 —4) k

(Don ' t evaluate the integral)



R0O5

Table of Formulas on page 756, 13.5

Unit tangent vector T=
Principle unit normal vector N =
Binormal vector B=
Curvature K=
Torsion T=

Tangential and normal scalar components of acceleration:



R0O5

Acceleration (Quiz 1, Q3)

Let r(t) = 2ti + tj + 2tk be a motion. Compute the tangential and normal
components of the acceleration.



R0O5

Rectifying, Normal, and Osculating Planes

r(t)

normal plane

rectifying plane

osculating plane

The names of the three planes determined by T, N, and B



R0O5

Rectifying, Normal, and Osculating Planes

Find r, T, N, and B at the given value of t. Then find the equations for the osculating, normal,
and rectifying planes at that value of t.

r(t) = cos(t)i + sin(t)j - k, t = -m/2.



R0O5

Position Perpendicular to Tangent

r(t) is the position of a moving particle.
Show that | |r(t)| | = constant, for all t, iff r L v’ for all t.



Recitation 06

Today: Acceleration, Level Curves

Write a in the form a=aT + axN at the given value of t without finding T and N.

r(t)=(e'V2 )i+ (e'cos t)j+ (e'sin Dk, t=0

RO6




Level Curves

1. The level curves of z = f(x,y) are the curves that satisfy the
equation:

2. In a topographic map, z describes , and the
level curves describe




Recitation 07 Surfaces, Domain, Limits, Gradient

Having trouble with your audio? Other issues?

* make sure speakers are not muted « navigate to Help >>Troubleshooting
* navigate to Meeting >> Audio Setup Wizard ||+ see Quick Start Guide (PDF)

Attendees (2)

Qq Active Speakers

v Hosts (1)

& Greg Mayer
» Presenters (0)

v Participants (1)

Chat (Everyone)




Quadratic Surfaces o7
Consider z = Ax? + By?, A and B are constants. Describe all possible
surfaces for the following cases.

) A=B=0

i) AB>0

i) AB<O



Caseii, AB>0

WolframAlpha sz
knowledge engine

| plot z = -2*xA2 - 3*yA2

~

/

&880

Input interpretation:

plot z=-2x%-3)?

Geometric figure:

elliptic paraboloid

3D plot:

= Examples == Random

Show contour lines

Enable interactivity ©



Case iii, AB<0

% WolframAlpha

computational..

knowledge engine —

m—

plot z=x"2-y"2

~
‘]

v,

~

—E-B-8-%

Input interpretation:

plot z=x%-)*

= Examples =2 Random

Geometric figure:

hyperbolic paraboloid

3D plot:

| Show contour lines




Domain Ro7

Sketch the domain of g(x,y) = (x + 1)V2/ (yx2 + xy?) in the xy plane.



RO7

Limits x(x=1)+ y2

Evaluate hm 2 3
(=10 4(x =1)> +9y



RO7

Gradient and Level Curves

If g(x,y) = K defines a curve C in the xy-plane, show that Vg is perpendicular
to curve C.



Recitation 08 Quiz Review, Gradients

Having trouble with your audio? Other issues?
* make sure speakers are not muted « navigate to Help >>Troubleshooting
* navigate to Meeting >> Audio Setup Wizard ||+ see Quick Start Guide (PDF)

Let F = V{ = (x+sin(y))i + (xcos(y)-2y)j. Find f(x,y).



RO8
Quiz 1

As announced on Friday

 Covers HW1,2,3 + additional problems
« 2 sheet of 8 1/2 x 11 motes (both sides)
« (Calculators allowed

Office Hours

* |n Adobe Connect at
https://georgiatech.adobeconnect.com/distancecalculusofficehours/

 Tuesday and Wednesday 8:00 pm to 9:30 pm

Prepare
« Solve HWs on MyMathLab
* Practice Quiz

During Quiz

* |l be in Adobe Connect
https://georgiatech.adobeconnect.com/distancecalculusquiz/

« Grady HS students: Klaus 2447

Do You Have Any Questions?



RO8
Gradient and Level Curves

At which point will the gradient 4
vector have the largest

magnitude? 5
a) (0,2) :
b) (-4,-4)

c) (0,0) 2
d) (6,-2)

Explain why, and sketch the
gradient at that point.




R08
Tangent Planes

Consider z = 3xy -x3 - y3.

a) Find an equation for the tangent plane at (1,1,1).

b) Determine points where the tangent plane is horizontal.

c) What do points where the tangent plane is horizontal represent?



Wolfram Alpha

& WolframAlpha

computational..
knowledge engine

plot z(x,y) = 3xy —x/3 — y~A3

N

—EB-B-8-%

= Examples ~= Random —

Input interpretation:

plot  z(x,y)=3xy-x> -y

Contour plot:

1.5

1.0

Y o5

0.0




RO8

Directional Derivative

Find the directional derivative of f = z In(x/y) at (1,1,2) toward the point (2,2,1) and state
what it represents.



RO8
Mixed Partial Derivatives

f(x,y) is a function with continuous 1st and 2"4 partial derivatives on D, and
f(X.y) = 0 everywhere on D.

a) What can we say about f(x,y) on D?
b) Provide two functions that have this property.



o RO8
Gravitation

Newton’s Law of Gravitation in R3 is
F =

a) Describe the shape of the level surfaces
b) Provide physical interpretations of the level surfaces and the gradient of F



RO8

Tangent Plane Intercepts

Show that, for all tangent planes to the given surface, the sum of their

int ts is th .
intercepts is the same surface:\/;+\/;+\/;=\/;



Recitation 09 Quadratic Surfaces, Extreme Values

Having trouble with your audio? Other issues?
* make sure speakers are not muted « navigate to Help >>Troubleshooting
* navigate to Meeting >> Audio Setup Wizard ||+ see Quick Start Guide (PDF)

The strength of an electric field at a point due to an infinitely long wire
along the y-axis is given by ;

o)

Describe, in words, the level surfaces of E. What do they represent?




RO9
Quadratic Surfaces

Circle the correct answer.
The set of all points whose distance from the z-axis is 4 is the:

a) sphere of radius 4 centered on the z-axis

b) line parallel to the z-axis 4 units away from the origin
c) cylinder of radius 4 centered on the z-axis

d) plane z=4



R0O9

Announcements

« HW4 due tomorrow
* Quiz 1 marked on Friday:



The Gradient and Local Maxima

A) Image z = z(x,y)

B) Surface Plot of z(x,y)

0 1

1) Place a dot on image (A) that could correspond to a local maximum.
2) What characteristics does the gradient vector have at local maxima?

R0O9




R0O9

Stationary Points

Find and describe the stationary points of f(x,y) =y + x sin(y).



WolframAlpha

— #% WolframAlpha

Enter what you want to calculate or know about:

computational..
knowledge engine

([ plot y+xsiny

Input interpretation:

plot  y+xsin(y)

3D plot:

Place dots on the
3D plot where the
gradient is zero.

e)

= Examples == Random

Show contour lines

Enable interactivity ©



Grapher

Untitled

s Gl * Lo L]

_ Action  ZoomIn Zoom Out Center Origin Equalize Axes Inspector
z=y+xsin(y) 3




. : R09
Local Minima/Maxima

Let f(x,y) = x2 + kxy + y2.

a) Where are the stationary points?

b) For what values of k will f have a saddle at the origin?

c) For what values of k will f have a local min at the origin?

d) For what values of k is the second partials test inconclusive?



Part a)

& WolframAlpha

computational..
knowledge engine

[ plot xA2 + yA2 + 2xy EJ
-8B -PD-8-9 = Examples == Random
Input interpretation:
plot  (x* +)*)+2xy
3D plot: Show mesh



Part b)

& WolframAlpha

computational..

knowledge engine

\ plot xA2 + yA2 - 8xy

<

v,

—E-B-8-%

Input interpretation:

(x* +y*)-8xy

plot

3D plot:

= Examples =< Random —

Show contour lines

Enable interactivity ©



R09
Temperature Optimization

The shape of a wire in R3 can be modeled by x2 + y2 < 1. If the temperature of
the wire is T(x,y) = xy, find the coldest and hottest regions of the wire.



Recitation 10 ‘ Extreme Values, Lagrange Multipliers |

Let’s try group work in Adobe Connect

* You'll solve the question that we started at the end of Tuesday’s
recitation

 Three breakout rooms

« Everyone randomly assigned to a room

* Not graded

* You'll have 10 to 15 minutes

« ['ll circulate between rooms

| suggest starting by discussing a solution strategy with the other people in
your group using a mic and/or text chat.

R10



Second Partials Test
Let f(x,y) = X% + kxy + y2.

a) Where are the stationary points?

b) For what values of k will f have a saddle at the origin?

c) For what values of k will f have a local min at the origin?

d) For what values of k is the second partials test inconclusive?

R10



Part a)

WolframAlpha sz
- kKnow!l ILTL-'I;; e engine -

[ plot xA2 + y~2 + 2xy EJ

-8B -PD-8-9 = Examples == Random

Input interpretation:

plot  (x* +)*)+2xy

3D plot: Show mesh




Part b)

& WolframAlpha

computational..
knowledge engine

\ plot xA2 + yA2 - 8xy

N

v,

—E-B-8-%

Input interpretation:

(x* +y*)-8xy

plot

3D plot:

Show contour lines

Enable interactivity ©

= Examples == Random



Lagrange Multipliers

The shape of a wire in three dimensions can be modeled by x? + y2 < 1.
If the temperature of the wire is T(x,y) = xy, find the coldest and hottest regions

of the wire.

R10



Recitation 11 ‘ Taylor Approximations, Integration |

* Pop quiz grading
* Correct 5 points
* Name on page 3 points
* Did not take: 0 points.
* Time: 15 minutes
 To submit your work, either
a) work on whiteboard in breakout room
. press the SAVE button
b) work on paper and give work to facilitator
. leave 2 inch margin
* write your name and QH6 at the top
 facilitator can email quiz to cdlops@pe.gatech.edu
c) work on paper and take a photo of your work
. email your photo to me before 8:30
 writein text chat that you are emailing your work to me

R11



Pop Quiz

Find the cubic approximation of f(x,y) = 4x cos(y) near the origin.

R11



Announcements

o HWS5
o due tonight at 11:59 pm
o seven questions on Taylor approximations from Section 14.9
o HW®G
o fifteen questions on integration from Section 15.2 and 15.3
o due Thursday at 11:59 pm
o Quiz 2: Tuesday March 4

How would you like to spend the rest of the recitaiton? Text your preference.

a) A Taylor approximation example and some integration
b) Integration examples

Do you have questions about the homeworks and/or the quiz?

R11



Find and sketch the area of the triangular region
with vertices (1,1), (4,1), (3,2).

R11



Change the order of integration and integrate

[ S v

R11



Change the order of integration and integrate

f nydedy

R11



Change the order of integration and integrate

['f v

R11



Quadratic Approximation

Find the quadratic approximation to f(x,y) = exp(—x? — y2) near the origin.

R11



Surface Plots

f(x,y) = exp(—x2 — y2) quadra1t|c_ axlgrircs);lmatlon

—h

quadratic approximation
ol -

R11



Recitation 12 ‘ Integration |

Sketch the petal curve r = 2cos(20) and find the area of one petal.

R12



Petal Area: Cartesian Grid

/

07

25




( Petal Area: Polar Grid




1) Sketch and find the area of the region inside the curve r = 5 + cos(0) (from last year’s quiz).

R12




2) Sketch the region of integration, change the order of integration, and then integrate

f nydedy

R12




3) Sketch the region of integration, change the order of integration, and then integrate

['f v

R12




4) Find the quadratic approximation to f(x,y) = exp(— x2 — y2) near the origin.

R12




Surface Plots

f(x,y) = exp(—x2 — y2) quadra1t|c_ axlgrircs);lmatlon

—h

quadratic approximation
ol -

R12



Recitation 14 ‘ Triple Integrals |

Set up a triple integral that represents the volume of the region bounded by
y2+z2=1and the planesy=x, x=0, z=0.

R14



Breakout Rooms in Connect

we need to first switch to the “Collaboration” layout

[ & Adobe Connect N6 3 1 @ O 3 = ¢ 86%xEF Wed 4:04PM gmayer Q =
Recitation 12 (Collaboration) - Adobe Connect

Al Meeting  Layouts Pods  Audio
Adobe

Share - Whiteboard - Breakout 1 W8 Product Notification 1/1 [x]

rd T m & Breakouts

You are now in a breakout session.

End Breakouts Broadcast Message

OK

Attendees (1)-Breakout1

@ Active Speakers
End Breakouts
Main Meeting (0)

» 1

Files 2 - Breakout1 Chat 3 - Breakout 1 (Everyone) Notes 5 - Breakout 1

Name Size

Upload File... Everyone

1 students: 2 rooms
5 students: 3 rooms
9 students: 4 rooms

—_—

R14



Represent the volume of the region bounded by z2 =y, y+z=2, x=0, z=0, x=2.
Set up the integral(s) in at least two different ways.

R14




Set up a triple integral that represents the volume of the region bounded by
x2+y2+z2=2 andbyx?+y2=1.

R14




Recitation 15 ‘ Triple Integrals |

Set up an integral that represents the volume of solid bounded by x? + y2 = 1,
x2+ y?2 =4, bounded above by x2+ y2 + 4z2 = 36, and bounded below by z = 1.

R15



Recitation 15 ‘ Triple Integrals |

Set up an integral that represents the volume of solid bounded by x? + y2 = 1,
x2+ y?2 =4, bounded above by x2+ y2 + 4z2 = 36, and bounded below by z = 1.

R15



Announcements

Next HW due Thursday Mar 13: any questions?
Quiz 3 on Thurs Mar 27
Graded group work on Thurs Mar 13:

« 3 to 5 students per group

* random grouping

 include a rough sketch that describes the region of integration
« technical issues? email me, we’'ll figure something out

« can’'t make it? email me, we’ll figure something out

The question is from last year’s Quiz 3

Let V be the volume between the hyperboloid of two sheets
-x%? -y? + 22 = 4 above the plane z = 8 and below the plane
z = 10. Set up the volume as a triple integral . Donot Evaluate

R15




Breakout Rooms in Connect

we need to first switch to the “Collaboration” layout

[ & Adobe Connect N6 3 1 @ O 3 = ¢ 86%xEF Wed 4:04PM gmayer Q =
Recitation 12 (Collaboration) - Adobe Connect

Al Meeting  Layouts Pods  Audio
Adobe

Share - Whiteboard - Breakout 1 W8 Product Notification 1/1 [x]

rd T m & Breakouts

You are now in a breakout session.

End Breakouts Broadcast Message

OK

Attendees (1)-Breakout1

@ Active Speakers
End Breakouts
Main Meeting (0)

» 1

Files 2 - Breakout1 Chat 3 - Breakout 1 (Everyone) Notes 5 - Breakout 1

Name Size

Upload File... Everyone

0 students: 2 rooms
5 students: 3 rooms
0 students: 4 rooms

N =

R15



Set-up an integral that represents the volume of the solid bounded above by z = 1, and
below by z2 = x2 + y2. Set this integral up in at least two different ways.

R15




Change the order of integration.

R15




Set up a triple integral that represents the volume of the region bounded by
x2+z2=4andthe planesy+z=6, x=0, y=0, z=0.

R15




Recitation 16 ‘ Triple Integrals, Cylindrical Coordinates |

Set up an integral that represents the volume of solid bounded by z = x? + y2, and
z = y. Use cylindrical coordinates.

R16



Graded Group Work

Structure;

« 3 to 5 students per group

* random grouping

* include a rough sketch that describes the region of integration
« technical issues? email me, we'll figure something out

« can’'t make it? email me, we’ll figure something out

The question is from last year’s Quiz 3.

Let V be the volume between the hyperboloid of two sheets
-x%? -y* + 2?2 = 4 above the plane z = 8 and below the plane
z = 10. Set up the volume as a triple integral . Donot Evaluate

You’'ll have about 15 minutes. Your group only needs one correct solution for
full marks, but there are many ways to solve the problem. You can use
Cartesian coordinates, you can use polar (cylindrical) coordinates

R16



Breakout Rooms in Connect

we need to first switch to the “Collaboration” layout

| # Adobe Connect N6 €6 & @ O 3 = ¢ 86%EF Wed4:04PM gmayer Q =
Recitation 12 (Collaboration) - Adobe Connect

Al Meeting  Layouts Pods  Audio
Adobe

Share - Whiteboard - Breakout 1 W8 Product Notification 1/1 [x]

rd T m & Breakouts

You are now in a breakout session.

End Breakouts Broadcast Message

OK

Attendees (1)-Breakout1

» 1

Files 2 - Breakout 1 Chat 3 - Breakout 1 (Everyone) Notes 5 - Breakout 1

Name Size

Upload File... Everyone

0 students: 2 rooms
5 students: 3 rooms
0 students: 4 rooms

N =

R16



Let V be the volume between the hyperboloid of two sheets
-x% -y? + 22 = 4 above the plane z = 8 and below the plane
z = 10. Set up the volume as a triple integral . Donot Evaluate

R16



Announcements

Next HW due tonight: any questions?
Quiz 3 on Thurs Mar 27: two weeks from now

R16




Set up an integral that represents the volume of the “ice cream cone” bounded by
x2+y2+z2=1, and z2 = 3(x? + y2). Use cylindrical coordinates.

R16




Recitation 17 ‘ Triple Integrals in Spherical Coordinates |

Fill in the blanks.

X = p cosBO

y = p sin@

Z=pP X

Provide a geometric interpretation of each expression.
a) psing =1

b) pcos ¢ =1

R17



Set-up an integral that represents the volume bounded by z = 0, x2 + y2 = 4, and
z = 2(x2+ y?)V2,_ Use spherical coordinates.

R17




Quiz 3

For your quiz:

« 2 pages of 8 1/2 x 11 inch notes (both sides) allowed
« Calculators allowed.

Also:

» Office hours: Wednesday, 7:30 pm to 9:30 pm

» If you can, during quiz connect to
https://georgiatech.adobeconnect.com/distancecalculusquiz/

» What topics could be on the quiz?

« HWT7: triple integrals in Cartesian and cylindrical coordinates
» Extra problems for Quiz 3: spherical coordinates

R17




Breakout Rooms in Connect

we need to first switch to the “Collaboration” layout

| # Adobe Connect N6 €6 & @ O 3 = ¢ 86%EF Wed4:04PM gmayer Q =
Recitation 12 (Collaboration) - Adobe Connect

Al Meeting  Layouts Pods  Audio
Adobe

Share - Whiteboard - Breakout 1 W8 Product Notification 1/1 [x]

rd T m & Breakouts

You are now in a breakout session.

End Breakouts Broadcast Message

OK

Attendees (1)-Breakout1

» 1

Files 2 - Breakout 1 Chat 3 - Breakout 1 (Everyone) Notes 5 - Breakout 1

Name Size

Upload File... Everyone

0 students: 2 rooms
5 students: 3 rooms
0 students: 4 rooms

N =

R17



Use spherical coordinates to set-up an integral that represents the volume of the solid
bounded by
0 =<x =1

2

0 <y =+l-ux

JZ #2227 + )

R17



Recitation 19 Line Integrals and Work

Fill in the Blanks: Work is the transferred to or from an object by

means of a acting on the




Work Over a Straight Path

Force F is applied to an object as it moves from x = a to x = b along the x-axis.

A
y
>
a b 2
Applied Force Work
Case 1 F =4i =
Case 2 F=4i-2j W =

we need to extend this concept to curved paths in R3

R19



Work Over a Curved Path

Force F applied to an object as it moves from r(u) to r(u + h) along curve C.

Work done by force F from r(u) to r(u+h)
r(u+h) s W(u +h) ~W(u).

. r(u) C

Applied Force Work

Case 3 F = F(r(u)) W(u + h) - W(u) =

R19



Calculating Work

Set up an integral that represents the total work.
a) F=(x+2y)i+(2x+Yy)j, pathisy=x?from (0,0) to (2,4).
b) F=(x-y)i—xyj, along theline from (2,3) to (1,2).

R19



Announcements

Quiz 4: Tuesday April 15 (two weeks away)
Homework 8: due Friday at 11:59 pm
My prediction: one last pop quiz, this week or next

R19




Recitation 20 ‘ Line Integrals: Circulation and Flux |

circulation =T = f v(r)-dr
C

Sketch the velocity field for v, and calculate the circulation over curve C, where Cis
the circle of radius R.

21, R<=y=<R

0, else

-

R20



Circulation Examples

Sketch the velocity field for v, and calculate the circulation over curve C, where Cis
the circle of radius R.

b) v =-Xi-yj C) V="-yi+Xj

y y

R20



Application of Circulation

The circulation of a vector field V around a directed closed curve is

defined as
circulation =1 = f dr

take C to be a closed path around the wing on its surface

v ’c'—v\‘ I,‘-,'

¥ O A W /71 -
e 3 : {
{. Paain 74'... s "‘ ahle /TR '%me'c | N \ o

Upward I|ft foroe IS proportlonal to Clrculatlon [ R
K Note the Cross- seotlonal profile of the Wlng in thls photograph G ekl

‘ O y B ," y .\‘ .‘
e "," " by / Y - '™ "85 e RS O

B 1/ , LA~
o L A AN AR VRS ,_/Ja
Ch ™ . \ 3
- [/ \ | LN
N

Yy o T



Application of Circulation

circulation =1 = f dr

take C to be a closed path around the wing on its surface

/ \
__/ \
K

lower

- R

rY Y YUYy

 Writel'asT =T e + Tiower
* [ ypoper @and I, have opposite signs
« the magnitude of V along the upper surface of the wing is greater than along

the lower surface: net circulation is non-zero




Announcements

Quiz 4: Tuesday April 15

My prediction: one last pop quiz, next week?

Homework 8: due Friday Apr 4 at 11:59 pm. Questions?

Homework 9: due Friday Apr 11 at 11:59 pm. Questions?

Survey: please complete the brief technical issues survey, email sent yesterday

R20



Circulation and Flux

circulation = f V-rFdt = f v-Tdt
C

C

flux = f\7 y Ndl‘ N is the outward pointing, unit, normal vector of curve C
C

The textbook derives a computational
formula for flux:

N=Txk

COUNTERCLOCKWISE MOTION
IN XY PLANE

k is the unit vector parallel to the z-axis
R20




|Recitation 21 ‘ Flux, Conservative Fields, Green’s Theorem |

flux =fMdy—Ndx
C

Calculate the flux over curve C, where C is the circle of radius R.

r

Zf,‘R <y<R

0, else

R21



Announcements

Quiz 4: Tuesday April 15

My prediction: one last pop quiz, this week?

Homework 8: due Tues Apr 8 at 11:59 pm. Questions?

Homework 9: due Tues Apr 8 at 11:59 pm. Questions?

Survey: please complete the brief technical issues survey, email sent last Wed.

Graded group work activity on Thursday.

Problem 1 (10 points)

Let R be the region in the plane, inside the cardiodr = 1+ cos (S) ,
and C its boundary Consider the line integral

~

Xy dx - xy’dy. Use Green' s theorem to convert to andouble integral,
<C

and express this as a double integral in polar coordinates with limits.

R21



Circulation Examples

Calculate the flux over curve C, where C is the circle of radius R.

=-xi-yj

R21



Circulation Examples

Calculate the flux over curve C, where C is the circle of radius R.

C) V=-yi+Xj

R21



Summary

Fill in the blanks:

a) Circulation measures flow

b) Flux measures the flow

velocity field velocity field equation circulation

equation

path C.

of C.

is v conservative?

pipe v =2ifor-R<y<+R,

v = 0 otherwise

drain V = -Xi - Yj
vortex, V = -yi + Xj
whirlpool

R21



Conservative Vector Fields

Recall the Pipe example.

a) Why was the circulation zero?

b) For any path that starts and ends at point A, and stays inside “the pipe”, the

circulation is

c) For all paths that starts at A and ends at point B, the integral
is the same.

y

R21




Conservative Vector Fields

Is this vector field conservative?

iy

R21




Conservative Vector Fields

Is this vector field conservative?

C) V=-yi+Xj

R21




Green’s Theorem

If D is a region that is ,
and P and Q are scalar fields that are differentiable on D,
and Cis the boundary of D, then:

Below are five regions. For which regions can we apply Green’s Theorem?

R21




Green’s Theorem

a) Evaluate icyz dx+2xydy, C 1s one loop of r=2s1n20

b) Change the integral so that it represents the area of one loop.

R21




Recitation 22 ‘ Green’s Theorem |

a) Evaluate Eﬁcyz dx+2xydy, C 1s one loop of r=2s1n260

b) Change the integral so that it represents the area of one loop.

R22



Announcements

Quiz 4: Tuesday April 15

Homework 8: due Tues Apr 15 at 11:59 pm. Questions?

Homework 9: due Tues Apr 15 at 11:59 pm. Questions?

Questions for Quiz 4 (not graded)

Office Hours: Monday 7:30 to 9:30

Survey: please complete the brief technical issues survey, email sent last Wed.

Graded group work activity. Solve the question below in groups of 30 5
students, you have about 10 minutes. I'll circulate from room to room.

Problem 1 (10 points)

Let R be the region inthe plane, inside the cardiodr = 1+ cos (5) ,
and C its boundary Consider the line integral

~
xydx - xy’dy. Use Green' s theorem toconvert to andouble integral,
<C

and express this as a double integral in polar coordinates with limits.

R22




Problem 1 (10 points)

Let R be the region inthe plane, inside the cardiodr = 1+ cos (5) ,
and C its boundary Consider the line integral

[‘xy dx - xy’dy. Use Green' s theorem to convert to andouble integral,
~C

and express this as a double integral inpolar coordinates with limits.

R22



Fundamental Theorem of Line Integrals

If F is a conservative field, then:
Example

Calculate line integral of F = (x2-y)i + (y%2 — x)j, over path
r=acos(t)i+bsin(t)j, 0<t<2n

R22



The Cycloid

0 e o 3m/2 2m

X

The curve traced by a point on a rolling wheel is

X(t) =t —sin(t)
y(t) =1 — cos(t)

R22



The Cycloid

Find the area under one arch of the cycloid:
X(t) =t —sin(t), y(t) = 1 — cos(t)

0 ™2 m 3an/i2 2m

R22



Recitation 24 Today: Pop Quiz, Surface Integrals

There’s a pop quiz today! :D
You have a few minutes to review your notes.
Start time: 8:10
Ends at: 8:307?
Pop quiz grading
« 5 points: on the right track
* 4 points: something correct
« 3 points: name on the page
* 0 points: did not take pop quiz

To submit your work, either
a) work on whiteboard in breakout room
« write in text chat that you'd like to work in breakout room,

«  submit work by letting me know when done, or email me a screen

capture of your work
b) work on paper and give work to facilitator
 leave 2 inch margin
«  write your name and QHG6 at the top
« facilitator can email quiz to cdlops@pe.gatech.edu
c) work on paper and take a photo of your work
« email your photo to me before 8:40
« write in text chat that you are emailing your work to me

R24



Pop Quiz

Set up as a double integral, the surface integral of F dot n ds , where
the surface is z(x,y) = x?-y? ,F=xi+zk,and 0<x<1, -1<y<1.

R24



Announcements

Quiz 4: Marked on Friday? Monday? I'm not sure yet.
Last HW : due Sun Apr 27
Technical issues during lecture yesterday: fiber cut?

Engagement Survey
Please complete the brief engagement survey, email sent last Tuesday.

Technical Survey
Follow-up question: | often let students write on the board at any time. In what
ways, if any, did this help your learning in recitations?

R24



Parametric Representations

Find an equation in X, y, z, for the surface whose parametric
representation is

r = Au cos(v)i + Bu sin(v)j+ u’k, u>0, 0<v<T.
Describe and sketch the surface.

R24



Parametric Representations

Find parametric representations for the following surfaces.
a) the upper half of 4x? + 9y? + z? = 36
b) the part of the plane z = x + 2 inside the cylinder of x? + y? =1

R24



Recitation 25 ‘ Today: Surface Integrals |

a) What properties does a parametric representation of a surface
need to have?

b) Find a parametric representation for the part of the planez=x + 2
in the first octant and inside the cylinder x? + y? = 1.

R25



Announcements

Quiz 4: marked yesterday, grades should be entered today.
HW grades: check in t-square that | entered grades correctly
Last HW : due Sun Apr 27

Cut-off for final exam: | don’t know if there is one, or what cut-off would be

Engagement Survey
Please complete the brief engagement survey, reminder email sent yesterday.

Technical Survey

Follow-up question: most students didn’t communicate with microphones very
often. Why do you think this was the case?

R25



Surface Area

Calculate the surface areaof z=y?, for0<x<a,0<y<bh.

R25



Flux Across A Surface

Flux is @ measure of flow rate per unit length, or flow rate per unit area.

To calculate flux across a curve: flux = fﬁ-ﬁdu = fM dy— N dx
C

C

To calculate flux across a surface:



The Pop Quiz (from last rectation)

Set up as a double integral, the surface integral of F dot n ds , where
the surface is z(x,y) = x?-y? ,F=xi+zk,and 0<x<1, -1<y<1.

R25



Divergence

In a two-dimensional, steady-state, incompressible fluid flow, the
velocity, v, of the flow is v = f(x,y)i+ g(x,y)j, where f(x,y) and g(x,y) must
satisfy Vv = 0.

If f(x,y) = x/2, and v(0,0) = 0i + 0j, find g(x,y), and sketch v.

R25






Prove Archimedes Principle

R25



Volume as a Surface Integral

Express the volume, V, of an object with a surface integral.

R25



Electric Charge

E = electric field. Then, Gauss’s Law states that:
charge = g, ( flux of E through closed surface )

Find the charge conained in a solid hemisphere if E = xi + yj + zk.

R25



| Recitation 26 ‘ Today: Divergence |

Divergence measures a flow’s tendancy to

If v(x,y) = f(x,y)i + g(x,y)j, then div(v) =

velocity field velocity field equation divergence

equation

pipe v=2ifor-R=<y<+R,

v = 0 otherwise

drain V = -Xi - Yj

vortex, whirlpool V = -yi +Xj

nozzle V = Xi—yj
X221

R26



Incompressible Fluids
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4.5

If a fluid is incompressible, then its divergence is
The field v = xi — yj could represent an incompressible flow.

As x increases, flow moves towards , and its speed

R26



-\ : Water is (approximately) an incompressible fluid.

SR

Ou place your thumb at the end of a hose,

N J of the water — ,

pecause




Announcements

Quiz 4: grades entered Tuesday.

HW grades: check in t-square that | entered grades correctly

Last HW: due Sun Apr 27

Cut-off for final exam:

Pop-quiz adjustments: made Wednesday

Graded activities: I'll apply adjustments today, only to those writing final
Tablets and mics: please return to facilitator

Final Exam

If attending Grady: May 2, on campus.

If not attending Grady: facilitator has instructions.

Engagement Survey

Follow-up question:
Is it important to get to know other students in recitation? Why/why not?

R26



The Divergence Theorem

The divergence theorem states that:

R26






Prove Archimedes Principle

R26



Electric Charge

E = electric field. Then, Gauss’s Law states that:
total charge = (g,)(flux of E through closed surface )

Find the total charge contained in a solid hemisphere if E = xi + yj + zk.

R26



Office Hours for Quiz 2

« 2 pages of 8 1/2 x 11 inch notes (both sides) allowed
« Calculators allowed.
« Covers HW 4,5,6 and the “Questions for quiz 2” HW
» Office hours: Sunday and Monday, 7:30 pm to 9:30 pm
« If you can, during quiz connect to
https://georgiatech.adobeconnect.com/distancecalculusquiz/
» What topics could be on the quiz?
« HWA4: surfaces and optimization, Lagrange multipliers
« HWS5: Taylor approximations and estimating their error (see last question)
« HWSG6: setting up and evaluating double integrals
* Questions for Quiz 2: polar integrals

Q2Review



Quadratic surface: a question from last year’s quiz 2

Consider the surface
-6x+x’+4y+y*+8z-22=4

This is a qudratic surface. Find out the center, and what kind it is. Draw a picture, labeling the center and the axes.

Q2Review




Quadratic surface: a question from last year’s quiz 2

- & WolframAlpha sz

[ X2 - 6X +4y +y~2 +8z -z72= 4

8)

=R O R == R/ |

Input:

X —6x+4y+y* +8z-2z° =4

Geometric figure:

one-sheeted hyperboloid

Surface plot:

= Examples =2 Random

Enable interactivity ©

Q2Review




An Optimization Problem

Find the minimum value of the function f(x,y) = x? + (y — 2)? subject to the

constraint x2 —y? = 1.

Q2Review




An Optimization Problem

Find the minimum of the function f(x,y) = (x/a)? + (y/b)? subject to the
constraint x + y = L. The numbers a, b, and L are positive constants.

Q2Review




An Optimization Problem

A company produces widgets at N factories. The cost of producing x, widgets
at factory i is x?/a, where a, > 0. Minimize the total cost of producing L widgets.

Q2Review




A Conceptual Lagrange Multipliers Question

The diagram shows a contour plot of f(x,y),
and the circle of radius 2 centered at (0,0).
How many local maximums and mins does
f(x,y) have on the perimeter of the circle?

Assume the origin is a global max of f(x,y).

Q2Review




Max/Min Electrostatic Potential

The electrostatic potential in the region 0 = x<1,0<y <1, is given by
V = 48xy — 32x3 — 24y2. Find the locations of the minimum and maximum
values.

Q2Review




Max/Min Electrostatic Potential

plot  (48xy-32x%)-24y*

3D plot:

Contour plot:

- .o lew



Setting Up a Polar Integral

Set up, but do not evaluate, an integral representing the area the region
enclosed by r = 2 — 2cos0. Sketch the region of integration.

Q2Review



Convert a Cartesian Integral to a Polar Integral

a) Sketch the region of integration

2 p4-x? > >
b) Express the integral in polar coordinates f f \/ X +Y dy dx
0JO0

Q2Review



2) Sketch the region of integration, change the order of integration, and then integrate

f nydedy

Q2Review




1) Sketch and find the area of the region inside the curve r = 5 + cos(0) (from last year’s quiz).

Q2Review




3) Sketch the region of integration, change the order of integration, and then integrate

['f v

Q2Review




4) Find the quadratic approximation to f(x,y) = exp(— x2 — y2) near the origin.

Q2Review




Surface Plots

f(x,y) = exp(—x2 — y2) quadra1t|c_ axlgrircs);lmatlon

—h

quadratic approximation
ol -

Q2Review



Quiz 3 Review

For your quiz:

« 2 pages of 8 1/2 x 11 inch notes (both sides) allowed
« Calculators allowed.

Also:

» Office hours: Wednesday, 7:30 pm to 9:30 pm
» If you can, during quiz connect to
https://georgiatech.adobeconnect.com/distancecalculusquiz/

Quiz3Review



Set-up integrals that provide the centroid of the region bounded by r = 1 + cosB. The
mass density at any point in the region is proportional to its distance to the origin.

Quiz3Review




A region, with constant density D, is bounded by x2 + y2= a2, and x? + z2 = a2. Find the
moment of inertia about the x-axis. Use Cartesian coordinates.

Quiz3Review




A region above the xy plane, with constant density D, is bounded above by z2 = x? + y2,
and below by z = x? + y2. Find the moment of inertia about the z-axis. Use cylindrical
coordinates.

Quiz3Review




Set-up an integral that represents the volume of the solid bounded by
x? + y? + (z — R)? = R2. Use spherical coordinates.

Quiz3Review



Set up an integral that represents the volume of solid bounded by 2x = x? + y?, and
2z = 4 + x. Use cylindrical coordinates.

Quiz3Review




Change the order of integration.

Quiz3Review




Set up a triple integral that represents the volume of the region bounded by
x2+z2=4andthe planesy+z=6, x=0, y=0, z=0.

Quiz3Review




Set-up an integral that represents the volume bounded by z = 0, x2 + y2 = 4, and
z = 2(x2+ y?)V2,_ Use spherical coordinates.

Quiz3Review




Welcome Back!

1. Announcements
2. Vector Derivatives (14.1)




Surveys

® Teaching assistant survey

©)

O

O

it focused on evaluating your TA
closed in December
results sent by email

® Engagement survey

©)

O

O

made available yesterday

closes next week Monday

we’ll discuss its results next week

it focuses on how we can improve recitations
PLEASE complete this survey



Research Contact

If you have any questions about the research we are
conducting, contact information has changed to:



Technologies: same as last semester

Recitations run in Wimba (yay!)

® Wimba technical problems, can contact

technical support
http://www.wimba.com/services/support

® Recordings of our recitations on Tegrity
gatech.tegrity.com

® Tablets, mics: please bring and use them
® All homework on MyMathLab
® Piazza: link in t-square




Adobe Connect

® Made available to Georgia Tech

® |’m looking into what would be involved in
switching from Wimba to Adobe Connect



Grading Weights: Same as Last

Semester
QHG6 (%) All other
sections (%)

Homework 10 10

Final 25 25

Quizzes 60 65
Recitations 3 0

Total 100 100

+ random pop quizzes



Questions, Office Hours

Office Hours

Generally held on the night before quizzes
(same as last semester)

Questions
email:
phone (office):
phone (cell):




Definition of Torque

Torque, 1, is defined as

T =



If the posrtlon of a particle with constant mass m is r(t) its angular momentum
is L(t) = mr(t) x r'(t).

Show that L'(t) is equal to torque. ;.

)
i / \\‘} R / 3 )

-0t Xr | =mpm Y SV 4 ¥ Xy
= gt J; o ;

:; :;’: —t . } ;‘j
Z X W o/




Show that if the torque is a zero vector
particle is constant for all t.

A = ’;’f
— () T 7
/
— a—
- V x {%ﬁ ¥

!

for all t, then the angular momentum of the

] —] s
o
- s




Magnetic Resonance Imaging (MRI)

MRI Scanner MRI Image

applied magnetic field, B=| 0 |, @ = known constant

The applied field creates a measurable signal, M ().
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Recitation 02

T@day Vector Functmns (13 1 13 2)

While we're waiting to start: describe situations where the following is true for all t.

r

(1)
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« HW1 is on MyMathLab
* due next Tuesday at 11:59 pm
« covers 13.1 and 13.2




Velbc':'i'ty, 'Acc_elerati_on :

1) The position of particle is r(t) = sin(t)i + cos(t)j.

a) Show that position is perpendicular to its velocity

b) For what values of t do the position and acceleration have the same direction?
2) Provide another example of a vector function, s(t) that satisfies s”(t)=s(t) for all £.

(\ ﬁ\ Chapn  ON BREVICS  CLApg
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Integration

A moving object starts at point (1,0) and its velocity is given by
the vector [2, 41]. Its position is given by:

—-F /:?’({\:i‘:{;x
- 16

- ['L{:L

| 1

) 1€ e,y
r=lat,
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“uge O T, R Le ¥




ik wn e

Group size is 2 or 3 students

Someone is in your group when they write their initials on board
Students can create breakout rooms

Have 10 minutes

Reflect on the problem for a minute before moving into groups




Int'e'_'gr'a_tioh' |

Consider the conjecture: f:}(f) 'Q(l‘)dl‘ = f;f(t)dt'fabg(t)df

Provide an example to the other members of your group of an f(t) and a g(t) such that
1) the conjecture is not satisfied.
2) the conjecture is satisfied (for non-zero f and g).

i. :
B evanplel £z V«&)"J ’({X

[HS =0
RS #0




Rec1tat10n 3 Today Vector F u nctions (1 3 1 13 2)

Consider the conjecture: f f(t) g( )df ff(t)dt f g(t)dt

Provide an example to the other members of your group of an f(t) and a g(t) such that
1) the conjecture is not satisfied.

2) the conjecture is satisfied (for non-zero f and g).

T ? 1 ( o M - Am)

will YA

LHS - fa”f(t)-g(z)dz= S

RHS : fabf(t)dr fabg(t)dt= O




Survey: reminder sent last night, only 5 people
responded as of yesterday ...

HW2: due Tues Feb 21 at 11:59 pm, covers sections
13.1t0 13.5

HW1: due tonight, any questions related to the HW?
Thursday: Graded Group Work: Question 1 from last
years Quiz 1, group size 2 or 3

At what point does the twisted cubic
ri{t) =ti+ t¥j+ 3k,
intersect the planex + 2y + 3z = 3472
Find their intersection and find the cosine of the
angle between the tangent to the curve and the normal to this plane.




Sketch r(t) = t3i + 2j > [+

Pfs{: S‘%ua(an"\’): { - - / ,: \.-
WTWL )MP‘{;@; (“ﬁ) = (‘t) ., So 4= OJ .‘t/ Ew §

.

‘L-{iwo joo G(ZL,»
(o 1=
e}’(’lﬁﬁ-é
onvete O ok (2 : 4

\IE/

). 7
¥ Le, H@ﬁm“l"\"é? Cetu L.] be ﬂ@?ﬁ e s

DQNAN/?;AMQE ~‘ Cow
AnSWER xe R, ye Csj eo)

— . o I
Kk \WAT 1S TTie TAVRENT VECTa AT £20°
—— L 2=t azd T
bo !l Y(o U v’*\@’éf"r‘?ﬁ@a{f.




| plot x(H)=tA3, y(t) = tA2

Input interpretation:

- x(t) = ¢
plot
yit) = t*

Parametric plot:
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A projectile is fired at angle 8 with speed V.-
a) derive its horizontal distance as a function of time
b) derive its maximum height
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Let r(t) = x(t)i + y(t)j + z(Hk.

a) How is the unit tangent vector, T(t), defined mathematically?

b) Suppose x =12,y =13, z =12, and tis any real number. Then what is the
unit tangent vector when t = 0?
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r(t) is the position of a moving particle. Show that ||r(t)l| = constant iffr L 1




QH6 Recitation 04 | Today: Tangents, Arc Length (13.3)

Let r(t) = x(t)i + y(t)j + z(t)k.

a) How is the unit tangent vector, T(t), defined mathematically?

b) Suppose x =12,y =13, z =2, and { is any real number. Then what is the
unit tangent vector when t = 0?7
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Announcements

Quiz 1 is exactly 3 weeks away
office hours, night before quiz
HW2: Tue Feb 21 at 11:59 pm, sections 13.1-13.5 (hard?)

Today: Graded Group Work: Question 1 from last years Quiz 1,
group size 2 or 3

At what point does the twisted cubic

ri(t) =ti+t?2j+ ik,

intersecttheplanex + 2y + 3z = 34?

Find their intersection and find the cosine of the

angle between the tangent to the curve and the normal to this plane.




H WN -

. Group size: 2 to 3 students
. Someone is in your group when they write their initials on board
. Students can create breakout rooms
. Colors:
a) Every student uses a different color
b) Every student signs initials (or name) on board in their color
. Only have 10 minutes
. Press SAVE button to submit your work
. What does the ERASE button do?



At what point does the twisted cubic

r(t) =ti+t?j+ t3k, ?/(«k V+Z‘t’ +3‘EL]<

intersect the planex + 2y + 3z = 34?

|
Find their intersection and £ind the cosine of the Y(\i '\/H—Um’]l “\/H
angle between the tangent to the curve and the normal to this plane.
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Intersection Angle

r,(t) = cos(t)i + sin(t)j ; __A
r,(u) = cos(u)j + sin(u)k
Find the point of intersection, and the angle between their tangent vectors at
that point.
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Arc Length RJC (—" m\) U \D

A cable is suspended between two poles that are 10 m apart F|nd the length

of the cable, if the cable’s shape is y(x) =k [cosh(x/k) 1], -5 =<x=<5.
3 Cosw - \ &( e ) 1%
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Arc Length (Quiz 1, Q2)

Find the arc length between 1 and t for the curve :

r(s) = si + (2-52)j+(sz-4)k \(

(Don' t evaluate the integral) /

/:_legj+15k
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Position Perpendicular to Tangent

r(t) is the position of a moving particle. Show that ||r(t)|| = constant for all tiffr L r
for all t.
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QH6 Recitation 06

Today: Level Curves and Surfaces

Write a in the form a=a7T +ayN at the given value of t without finding T and N. o= dz"'

r® = (e'V2 )i+ (e'cos O+

\/ —\)"{‘_6 L+'~e

4);‘9”4—@

(e'sin Ok, t=0

ax = k|v[* = V]a|* — as* |

C= 005‘6

(og-é—s%fnj + e,t(c -rS)k —fsm
c,'s) +<— --c.)) +e [(d—s 4—( s-\-cﬁ Q
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' A=5 e B e

I-“Leve_l Curves “{ U6 J

1. The level curves of z = f(x,y) are the curves that satisfy the
equation:

Zz = 4= CONSIANT
2. The level curves in a topographic map describe: |
CURNES oF

CAFANT
cce AT




Iy —— |\ -
| B 14wt =
| Quadratic Surfaces }t@ o xamos’ plaiY —:o\

~ Consider z = Ax2 + By?, A and B are constants. Describe all possible
surfaces for the following cases.

i) A=B=0
i) AB>0
i) AB<O0

T, Ry P
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Ik WolframAlpha

computational..
knowladge engine

Input interpretation:

plot z=-2x*-3y°

w figure:
elliptic paraboloid

30D piot:

plot z = -2%xA2 - 3*¥yA2
o)

= Examples == Random

Enable interactivity &

Rz




— *WolframAlpha’

N

computational..
knowladge engine _——

Input interpretation:

plot z=x2_y2

= Examples =2 Random ..~

Géom-etric figure:
hyperbolic paraboloid

3D plot:

[ Show contour lines
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QH6 Recitation 08 | Quiz Review, Gradients

Having trouble with your audio? Other issues?
» make sure speakers are not muted » navigate to Help >>Troubleshooting
 navigate to Meeting >> Audio Setup Wizard ||+ see Quick Start Guide (PDF)

Let F = VT = (x+sin(y))i + (xcos(y)-2y)j. Find f(x,y). ;
A STURITE

We onom bt = could constant o F
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Quiz 1

As announced on Friday
« Covers HW1,2,3 + additional problems
« 2 sheet of 8 1/2 x 11 motes (both sides)

e (Calculators allowed R\
_

Office Hours

* In Adobe Connect at
https://georgiatech.adobeconnect.com/distancecalculusofficehours/

« Tuesday and Wednesday 8:00 pm to 9:30 pm

Prepare
« Solve HWs on MyMathLab
* Practice Quiz

During Quiz

* I'll be in Adobe Connect
https://georgiatech.adobeconnect.com/distancecalculusquiz/

« Grady HS students: Klaus 2447

Do You Have Any Questions? Rog




Gradient and Level Curves

At which point will the gradient vector have the largest magnitude?

a) (0,2) :
b) (-4,-4)
c) (0,0)

Explain why, and sketch the gradient |
at that point.
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Tangent Plane | g cyrfoc?
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Forz =3xy - X3 — y3, find an equation for the tangen? planea Ie determine

where the tangent plane is horlzontal What do those p0| s represent?
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Wolfram _—Al'p_h.a' pr— * WolframAlpha“ Rnoviodge sngne
|V_|plot Z(x,y) = 3)_<y -x/~3 - Z"B —-j | - —E_] I|

-89 — — — ———————— T Examples 3 Random

Input interpretation:

plot zx,y)=3xy-x -y

Contour plot:




Directional Derivative

Find the directional derivative of f = z In(x/y) at (1,1,2) toward the point (2,2,1) and state
what it represents.
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Mixed Partial Derivatives

f(x,y) is a function with continuous 1st and 2" partial derivatives on D, and
fy(X,y) = 0 everywhere on D.

a) What can we say about f(x,y) on D?
b) Provide two functions that have this property.
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Gravitation

o3
What is the formula that describes Newton’s Law of Gravitation? | m

QCC}Q)}B? Q (X?,\lv;\l-};—k )
a) the level surfaces

~ b) State, in words, what the surfaces describe
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Tangent Plane

Show that, for all tangent planes to the given surface, the sum of their

int ts is the same.
intercepts is the same surface:\/;+\/;+\/_z_=\/;
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QH6 Recitation 09 | Quadratic Surfaces, Extreme Values

Having trouble with your audio? Other issues?
* make sure speakers are not muted « navigate to Help >>Troubleshooting
 navigate to Meeting >> Audio Setup Wizard ||+ see Quick Start Guide (PDF)

The strength of an electric field at a point due to an infinitely long wire
along the y-axis is given by .

R e

Describe, in words, the level surfaces of E. What do they represent?

| ( | k
l k - (A P+O (e & " wn ::4 W == & e Jt.‘xac-t 1
\’6\}'2 ¥ f_?' S 7 ,__J m s Con St
1 Ty
?\euwﬂme', X vt - K<L 1/
| T | = "/I
This ts o  _Cielraiddr
<PQP(Q”""T~{ (u¥rToces a‘{ CmJ‘lM_%/ fiolh {‘f}e«g-a )_,,,_,_,_.f. el Y
.-""
< X Ro9




Quadratic Surfaces

Circle the correct answer.

The set of all points whose distance from the z-axis is 4 is the: ("*?7

/1

a) sphere of radius 4 centered on the z-axis (2% /i
b) line parallel to the z-axis 4 units away from the orlgln/,w*‘a” A
c) cylinder of radius 4 centered on the z-axis T

d) planez=4

\C”J Let P Oay) be a m . P
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Announcements

« Next HW should be posted today
« Quiz 1 marked on Friday or next Tuesday
« What did you think of Quiz 1?

Ro1




The Gradient and Local Maxima

A) Image z = z(x,y) = B) Surface Plot of z(x,y)
O:' Ofﬂ"\‘g \ ""&)ci T

1) Place a dot on image (A) that could correspond to a local maximum.
2) What characteristics does the gradient vector have at local maxima?

= =3 0 or iU /"’m\’
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Stationary Points

Find and describe the stationary points of f(x,y) =y + x sin(y).
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WolframAlpha

#WolframAlpha :

Entas what you
[ plot y+xsiny EJ
R O ﬁ ______ — , — = Examples = Randcm

Input interpretation:

plot  y+ xsin(y)

3D piot: Show contour nes

Place dots on the
3D plot where the
gradient is zero.
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A U‘t

Enable interactivity ©
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Second Partials Test

Let f(x,y) = X2 + kxy + y
a) Where are the statlona : -
b) For what values of k will f have a saddle at the origin?

c) For what values of k will f have a local min at the origin?

d) For what values of k is the second partials test inconclusive?
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Recitation 10 Extreme Values, Lagrange Multipliers

Let’s try group work in Adobe Connect

« You'll solve the question that we started at the end of Tuesday’s
recitation

 Three breakout rooms

« Everyone randomly assigned to a room

« Not graded

« You'll have 10 to 15 minutes

« [ll circulate between rooms

| suggest starting by discussing a solution strategy with the other people in
your group using a mic and/or text chat.



Second Partials Test

Let f(x,y) = x> + kxy + y
a) Where are the statlona : s
b) For what values of k will f have a saddle at the origin?

c) For what values of k will f have a local min at the origin?

d) For what values of k is the second partials test inconclusive?

¢ A
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-85 -0- B3

[ plot xA2 + y*2 + 2xy

@_ =

Input interpretation:

plot

30 plot:

(P +y*)+2xy

= Exampoles

~Z Randsm

Show mesh




Part b)

# WolframAlpha

computational..
knowledge engine —_—

m——

.

‘ [plot X"2 + y"z - 8xy

a)

-8 -8-8-0

Input interpretation:

plot (X +y*)-8xy

3D plot:

= Exampies == Random

| Show contour lines |

Enable interactivity ©
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QH6 Recitation 11 Taylor Approximations, Integration

Pop quiz grading
* Correct 5 points
 Name on page 3 points
* Did not take: O points.
Time: 15 minutes
To submit your work, either
a) work on whiteboard in breakout room
» press the SAVE button
b) work on paper and give work to facilitator
* leave 2 inch margin
« write your name and QHG6 at the top
« facilitator can email quiz to cdlops@pe.gatech.edu
c) work on paper and take a photo of your work
« email your photo to me before 8:30
« write in text chat that you are emailing your work to
me

fu




Pop Quiz

ET (T cosY 4 ST Sih Y
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g,‘:) =-4%x 9
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S
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D eQvATQUE

| evunTe T (EeT ]

i ———,

O L0000 0 0=

Find the cubic approximation of f(x,y) = 4x cos(y) near the origin.
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Announcements

o HWS
o due tonight at 11:59 pm
o seven questions on Taylor approximations from Section 14.9
o HW®G6
o fifteen questions on integration from Section 15.2 and 15.3
o due Thursday at 11:59 pm
o Quiz 2: Tuesday March 4

How would you like to spend the rest of the recitaiton? Text your preference.
a) A Taylor approximation example and some integration
b) Integration examples

Do you have questions about the homeworks and/or the quiz?

&\




Set up an integral that represents the area of the
triangular region with vertices (1,1), (4,1), (3,2).

)




Change the order of integration and integrate
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QH6 Recitation 12 Integration

- Sketch the petal curve r = 2cos(20) and find the area of one petal.
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Petal Area: Cartesian Grid
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Petal Area: Polar Grid
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1) Sketch and find the area of the region inside the curve r = 5 + cos(8) (from last year’s quiz).
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2) Sketch the region of integration, change the order of integration, and then integrate
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3) Sketch the region of integration, change the order of integration, and then integrate




Quadratic Approximation

Find the quadratic approximation to f(x,y) = exp(—x? — y?) near the origin.
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QH6 Recitation 14 Triple Integrals

Set up a triple integral that represents the volume of the region bounded by
y2+z2=1 and the planesy =x, x=0, z=0.
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Set up a triple integral that represents the volume of the region bounded by

Z2=y, y+ z=2 x=0, z=0, x=2. Setup the ihtegral in at least two different ways.
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Set up a triple integral that represents the volume of the region bounded by
x2+y2+272=2 andbyx?+y2=1. ]
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Set up an integral that represents the volume of solid bounded by x?+ y2 =1,

X2+ y2 =4, above by x?+ y2 + 4z2 = 36, and below by z = 1.
ack Thebdr solid, ketch 1 ¥ plone i
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QH6 Recitation 15 [ Triple Integrals

Set up an integral that represents the volume of solid bounded by x? + y2 = 1,
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Set -up an mtegral that represents the volume of the sohd bounded above by Z= 1 and .'
_?below by 22=x2 + y2 Set this sntegral up in at least two dlfferent ways. |

. (Oala‘)

Y 4 GYECTHN oNTO
')( & Eﬁj, i] - ?R 3 .




Recitation 16 - :_ Tr-'ipélief | n_t';égi}'kiaf%lsﬁ,' | Cylmd rﬁcal Coardmates L

Set up an integral that represents the volume of solid bounded by z X2+ y2 and
z = y. Use cylindrical coordinates. ' '
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Iet V be the volume between the hyperboloid of two sheets
-x* -y? + 2% - 4 above the plane z - 8 and below the plane
z = 10. Set up the volume as a triple integral . Do not Evaluate
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Set up an lntegral that represents the volume of the loe cream cone” bounded by
x2 + V2 + 2= 1, and 72 = 3(x2 + y2), Use cylmdncal coordmates | -
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Recitation 17 | Triple Integrals in Spherical Coordinates

Fill in the blanks.
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Set up an mtegral that represents the volume bounded by z= 0 x2 + y = ’4 and '
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Set-up an integral that represents the volume of the solid bounded by
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Work Overmé Straight F’athm

Force F is applied to an object as it moves from x = a to x = b along the x-axis.
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we need to extend this concept to curved paths in R3
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Force F applied to an object as it moves from r(u) to r(u + h) along curve c

o)

Work done by force F from r(u) to r(u+h)
is W(u + h) — W(u).
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Exampleg

- Setupan mtegral that represents the total work.
a) F=(x+2y)i+(2x+y)j, pathisy = x? from (0,0) to (2,4).
~ b) F = XCos{y =y sir(x)j,along: nolygen. gonnectmg 0:;0)-(15
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! Announcements

Quiz 4: Tuesday April 15 (two weeks away)
Homework 8: due Friday at 11:59 pm
My prediction: one last pop quiz, this week or next




ReCitatlonZO Lme !nteg rals C1 rcu iatmn and Flux

circulation =1I" = f V dr
C

Sketch the velocity field for v, and calculate the circulation over curve C, where Cis

the circle of radius R. - T S
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| CH’CUIa"EEOﬂ Examples

a) Drawtheveloutyﬁeld
~ b) Calculate the circulation, whenCisthea@ﬁicirele‘(mﬁu

1) v =

HE J—
/@ 2)v=-yi+xj_ " -

Dﬂii&




Announcements

Quiz 4: Tuesday April 15

My prediction: one last pop quiz, next week?
Homework 8: due Friday Apr 4 at 11:59 pm. Questions?

Homework 9: due Friday Apr 11 at 11:59 pm. Questions?

Survey: please complete the brief technical issues survey, email sent yesterday




Cirgulationand Flux 0

circulation = f Vrdt= f v-Tdt
C C

flux = f V- N dt N is the outward pointing, unit, normal vector of curve C
C

The textbook derives a computational

formula for flux: winys T
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Recitation 21 | Circulation, Flux, Conservative Fields

flux =§Mdy—N\dx
C

Calculate the flux over curve C, where Cis the circle of radius R.
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Circulation Examples

Calculate the flux over curve C, where C is the circle of radius R.
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Calculate the flux over curve C, where Cis the circle of radius R.
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Recall the Pipe example.

a) Why was the circulation zero? |
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b) For any path that starts and ends at point A, and stays inside “the pipe”, the

circulation is @

)
c) Forall paths that starts at A and ends at point B, the integral i \ O{ r

is the same.
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Is this vector field conservative?
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Is this vector field conservative?
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Fill in the blanks: Qﬂtm )

a) Circulation measu@ +°“"“j"/“\ Yo path C.

b) Flux measures the flow OU\f( O‘P’ of C.

velocity field  velocity field equation circulation s v conservative?

equation

pipe v=2ifor-R<y<+R, O O

v = 0 otherwise

drain vV = -Xi - yj

@
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vortex, V = -yi + Xj
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Green sTheo rem fﬁpe d m{ Cmﬁ | mg 5’ ﬁ; /Cf g -7"4 m) : o L

If D is a region that is losed - Sfmg? |
and P and Q are scalar fields that are differentiable on D, > o
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and Cis the boundary of D, then: L
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Below are five regions. For which regions can we apply Green’s Theorem?
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Recitation22 | Green'sTheorem

a) Evaluate gﬁc y> dx +2xydy, C is one loop of r=2sin20

b) Change the integral so that it represents the area of one loop.
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Announcements sl e e

Quiz 4: Tuesday April 15

Homework 8: due Tues Apr 15 at 11:59 pm. Questions?
Homework 9: due Tues Apr 15 at 11:59 pm. Questions?
Questions for Quiz 4 (not graded)

Office Hours: Monday 7:30 to 9:30

Survey: please complete the brief technical issues survey, email sent last Wed.

Graded group work activity. Solve the question below in groups of 3 to 5
students, you have about 10 minutes. I'll circulate from room to room.

Problem 1 (10 points)

Let R be the region inthe plane, inside the cardicdr = 1+ cos (&) ,
and C its boundary Consider the line integral

r
E Xydx - xy*dy. Use Green' s theorem to convert to andouble integral,
i .

and express this as a double integral inpolar coordinates with limits.




Problem 1 (10 points)

Iet R be the region in the plane, inside the cardiodr = 1+ cos (5] ,

and C its boundary Consider the line integral
it~ IRz,

- Y -

| Xxydx - xyz dy. Use Green' s theorem toconvert toandouble integral,
o =

and express this as a double integral inpolar coordinates with limits.
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If F is a conservative field, then: % T, O‘{ - gg} Codhy %(Z) 4%{}@)
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Example
Calculate line mtegral of F = (xz-y)i + (y% — x)j, over path
r=2& cos(t)u + b sin(t)j, 0<t<2m
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The curve traced by a point on a rolling wheel is

X(t) = t — sin(t)
v(t) =1 — cos(t)
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Find the area under one arch of the cycloid:

X(t) =t —sin(t), y(t) = 1 — cos(t) | Mo acn D
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Recitation 24

There’s a pop quiz today! :D
You have a few minutes to review your notes.
Start time: 8:10
Ends at: 8:307?
Pop quiz grading
« 5 points: on the right track
« 4 points: something correct
« 3 points: name on the page
« 0 points: did not take pop quiz

To submit your work, either
a) work on whiteboard in breakout room
» write in text chat that you’d like to work in breakout room,

Today: Pop Quie, Surface Itegrals

»  submit work by letting me know when done, or email me a screen

capture of your work
b) work on paper and give work to facilitator
« leave 2 inch margin
« write your name and QHG6 at the top
« facilitator can email quiz to cdlops@pe.gatech.edu
c) work on paper and take a photo of your work
« email your photo to me before 8:40
« write in text chat that you are emailing your work to me




Set up as a double integral, the surface integral of F dot n ds , where
the surface ISWW and 0<x<1,
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Quiz 4: Marked on Friday? Monday? I’'m not sure yet.
Last HW : due Sun Apr 27

Technical issues during lecture yesterday: fiber cut?

Engagement Survey
Please complete the brief engagement survey, email sent last Tuesday.

Technical Survey

Follow-up question: | often let students write on the board at any time. In what
ways, if any, did this help your learning in recitations?




Parametric Representations

Find an equation in x, y, z, for the surface whose parametric
representation is

r = Au cos(v)i + Busin(v)j+u%k, u>0, 0<v<m.
Describe and sketch the surface.
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Find parametric representations for the following surfaces.
a) the upper half of 4x? + 9y? + 22 = 36

b) the part of the plane z = x + 2 inside the cylinder of x> +y?=1
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?Recltat'lon 2@* Today Surface Integrals

a) What propertles does a parametric representa’uon of a surface
need to have?
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b) Finda parametrlc representation for the part of the planez=x+ 2
in the first octant and inside the cylinder x? + y? = 1.
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Announcements

Quiz 4: marked yesterday, grades should be entered today.
HW grades: check in t-square that | entered grades correctly

Last HW : due Sun Apr 27
Cut-off for final exam: | don’t know if there is one, or what cut-off would be

Engagement Survey
Please complete the brief engagement survey, reminder email sent yesterday.

Technical Survey
Follow-up question: most students didn't communicate with microphones very
often. Why do you think this was the case?




We want the surface areaof z=y2, over0<x<a,0<y<bh.

a) Find a parametric representation for the surface.

b) Find equation of normal at an arbitrary point on the surface.
c) Set-up anintegral that represents the surface area
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PopQuiz

Set up as a double integral, the surface integral of F dot n ds , where
the surface is ,and 0sxs1, -Asys<st. Fo,t (ST, qcfece
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Recitation 26 | Today: Divergence

Divergence measures a flow’s tendancy to mcwf /QXPIQ@{Q,
CX] !

If v(x,y) = f(x,y)i + g(x,y)j, then div(v) = _%% -P%

‘equation -

pipe v=2ifor-R<y=<+R, {]."1}3 =:§; () ‘1’9'{;3 {o) = O

v = 0 otherwise Llow rot @Xfmmf(zw:]
drain vV = =Xi - yj PE‘}JVT xi-yj ‘/

-2 0 %,!EJ

e 3y 4 -
Lo i conpreraiy” “%?ﬁ;‘“ﬂtf

2R W
vortex, whirlpool v =-yi + xj O )N.,Aﬁi/ J
6) v=-yi+x

nozzle V=Xi—Vj
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If a fluid is incompressible, then its divergenceis O .

The field v = xi — yj could represent an incompressible flow

As x increases, flow moves towards X- a¥| S , and its speed

(hcrease |,




Water is (approximately) an incompressible flu d
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Prove Archimedes Principle

Lot (; be surface oF  undsrundin \W‘Hm of u[f)i%d’,

AN u"g 5\;%@() ggt'ﬁ"&m\f

A9 =

N 2/
D = peswee = /S
A

K_‘

- 7 dS
At RS | R = ot il ol
- - %g% ?3 OKS) loecav&& P ;“‘3‘3%
"’Tf)-’lc»ﬁ_{ ,(m,e,::. %g) - ?)\%:t é‘w{:\\iois , L&Ca!ﬂt }\ori-‘m\'h( CMtt{)mw‘+'3 (‘;omc.é’,{,
4 1
e x‘_ —_ i ™ - H' "4"""4‘4 ror
S )
0

— ﬁgvs \7,([3.8;\\0&\// \ﬂﬂ AW, Thoorem
-~ CD\_S\/ ) \/ﬂ UOlW of r)laj@c‘(' 4’(&0&5 fueamjj,p/\




Electric Charge

E = electric field. Then, Gauss’s Law states that:
total charge = (g,)(flux of E through closed surface )

Find the total charge contained in a solid hemisphere if E = xi + yj + zk.
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Consider the surface
~6X+xX2+4y+y*+8z-22=4

This is a qudratic surface. Find out the center, and what kind it is, Draw a picture, labeling the center and the axes.
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Quadratic surface: a question from last year's quiz2

WolframA [pha s, o

[ N2 - OX 44y +yn2 48z -2 2= 4

- Input:
X -bx+4y+y  +8z-2" =4

Geometric figure:

one-sheeted hyperboloid

Surface plot:
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An Optimization Problem

Find the minimum value of the function f(x,y) = x2 + (y — 2)2 subject to the
constraint x2 —y2 =1,
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An Optimization Problem

Find the minimum of the function f(x,y) = (x/a)? + (y/b)? subject to the
constraint x + y = L. The numbers a, b, and L are positive constants.
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An Optimization Problem

A company produces widgets at N factories. The cost of producing x; widgets
at factory i is x?/a,, where a > 0. Minimize the total cost of producmg L widgets.
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The diagram shows a contour plot of f(x,y), :F
and the circle of radius 2 centered at (0,0). ;
How many local maximums and mins does N
f(x,y) have on the perimeter of the circle? ’

Assume the origin is a global max of f(x,y).
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Max/ Min Electrostatic :._F’Oftént'ia_l Gl

The electrostatic potential in the region 0 < x<1,0<y <1, is given by
V = 48xy — 32x3 — 24y2. Find the locations of the minimum and maximum
values. A ALoWE €y o V= 49y=22 2", 4ELo
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MaX/ Mln EleCtFOStatICPOtentlal plot  [48xy 32 .1'3] - 24 y*

30 plot:

Contowr plot:




Setting Up a Polar Integral

Set up, but do not evaluate, an integral representing the area the region
enclosed by r = 2 — 2c0s8. Sketch the region of integration.
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Convert a Cartesian Integral o a Polar Integral

a) Sketch the region of integration

2 p4-x* > 2
b) Express the integral in polar coordinates f f \/ X" +y dy dx
0J0
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For your quiz:

* 2 pages of 8 1/2 x 11 inch notes (both sides) allowed
« Calculators allowed.

Also:

« Office hours: Wednesday, 7:30 pm to 9:30 pm
* If you can, during quiz connect to
| https://georgiatech.adobeconnect.com/distancecalculusquiz/




Lo~ RE GioN
@W_,j..w“j“"’”’ﬂm‘”w (MOTE; by 5\3wme1r\-‘/); (jM shottlf “’"”k>
4

Glxdb +D Le. “2eryo ,

L(TS ot WTEGRATIN

- e[@,l“ﬁ‘j
e elo, et )

wre TecRaL Fek MAsS

9, MM;)(S:VM = Sfﬁ SJHMe?L r ol?"J@' ) nmkr (kHWﬂ{M/E,/)
6 Yo |

rbs of CENTRAD e 3
- e (vTeGrap g FoRk cootbs OF CERIRID - . 6 orol B
@) w\i\).p\l? _W,:Wmii?‘;glkm}@“ 7\:(\(‘(05 6)(r‘) G’ArD{é - -ﬁj\ go S \<‘r ¢S
U T N Je B ‘

PN S R Ter R (o5 %)
‘vl\"fd AN o

0




A reglon W|th constant denSIty D |s bounded by x2 + y2_'_ 2 _and P e

moment of mertta about ---the" X-i aX|s Use Cartesnan coordthates__ -
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A reglon WIth constant denS|ty D |s bounded above by 22- x2 + y and below by
z x2 + y2 Fmd the moment of mertla about the z ax;s Use oylindrloal coordlnates
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Set-up an integral that represents the volume of the solid bounded by
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-Set up an lntegral that represents the volume of SOIld bounded by 2x x2 + y and &‘ a
2z=4+x Use cyllndrlcal coordinates. - L S 8
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Change the order of |ntegrat|on

V= f f9xf2xdzdydx
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QH6 Rec1tat1on14

Set up a triple integral that represents the volume of the’ region bounded by
x2+z2-4andtheplanesy+z 6, x = 0 y =0, z/O
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Set—up an mtegral that represents the volume bounded by z 0 x2 + y = -4 and .
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