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SUMMARY 

T h i s r e s e a r c h a d d r e s s e s t h e problem of d e t e r m i n i n g t h e c o n t r i b u t i o n 

of o p e r a t i o n a l m o b i l i t y t o the o p e r a t i o n a l e f f e c t i v e n e s s of a m i l i t a r y 

f o r c e and t h e c o n t r i b u t i o n of d i f f e r e n c e s i n o p e r a t i o n a l m o b i l i t y t o d i f 

f e r e n c e s i n o p e r a t i o n a l e f f e c t i v e n e s s f o r f o r c e s employ ing compet ing l a n d 

combat v e h i c l e s y s t e m s . Two d e f i n i t i o n s of t h e o p e r a t i o n a l m o b i l i t y of 

a f o r c e a r e proposed , a l o n g w i t h s u g g e s t e d methods f o r t h e i r r e p r e s e n t a 

t i o n as q u a n t i f i a b l e measures of e f f e c t i v e n e s s (MOE). The f i r s t d e f i n i 

t i o n i s based on a measure of r e l a t i v e momentum between two f o r c e s e n 

gaged i n combat, w h i l e the second i s based on r e l a t i v e measures of c r i 

t i c a l o p e r a t i o n a l performance c h a r a c t e r i s t i c s of p a r t i c u l a r v e h i c l e s em

p l o y e d i n combatant f o r c e s . 

A g e n e r a l methodo logy , based on c l a s s i c a l , w e l l - d o c u m e n t e d , m u l t i 

v a r i a t e s t a t i s t i c a l p r o c e d u r e s , i s then d e v e l o p e d t h a t e n a b l e s d e t e r m i n a 

t i o n of s i g n i f i c a n t d i f f e r e n c e s be tween t h e o p e r a t i o n a l e f f e c t i v e n e s s of 

f o r c e s employ ing compet ing m a t e r i e l sy s t ems and r e l a t i v e c o n t r i b u t i o n s 

of i n d i v i d u a l MOE, t o i n c l u d e any measure o f o p e r a t i o n a l m o b i l i t y , t o a 

f o r c e d o p e r a t i o n a l e f f e c t i v e n e s s and d i f f e r e n c e s be tween MOE t o d i f f e r 

ences i n o p e r a t i o n a l e f f e c t i v e n e s s . 

The methodology i n c l u d e s an i n v e s t i g a t i o n of t h e m u l t i v a r i a t e 

n o r m a l i t y o f a s e t of MOE o b t a i n e d from h y p o t h e s i z e d r e p l i c a t i o n s of a 

s t o c h a s t i c combat model by u t i l i z i n g two p r e v i o u s l y d e v e l o p e d t e s t s f o r 

m u l t i v a r i a t e n o r m a l i t y . One t e s t i s b a s e d on o r d e r s t a t i s t i c s , w h i l e t h e 

o t h e r u t i l i z e s a n o n - l i n e a r t r a n s f o r m a t i o n p r o c e d u r e t h a t i n d u c e s m u l t i -
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v a r i a t e n o r m a l i t y i n t o a d a t a s e t . An approx imate p r o c e d u r e was a l s o 

d e v e l o p e d t o f a c i l i t a t e t r a n s l a t i o n of i n f e r e n c e s drawn a f t e r n o n - l i n 

ear t r a n s f o r m a t i o n t o i n f e r e n c e s on o r i g i n a l v a r i a b l e s . 

The methodology i s a p p l i e d t o two h y p o t h e t i c a l example problems 

t o i l l u s t r a t e the f a c t t h a t e i t h e r d e f i n i t i o n of o p e r a t i o n a l m o b i l i t y 

i s conformable t o a n a l y s i s . S t a t i s t i c a l a n a l y s e s i n each example p r o b 

lem are l i m i t e d t o t h e two sample c a s e w i t h e q u a l sample s i z e s , unknown 

c o v a r i a n c e m a t r i c e s , and assumed independence between d a t a s e t s . 



1 

CHAPTER I 

INTRODUCTION 

Background 

The Army System A c q u i s i t i o n P r o c e s s 

The d e v e l o p m e n t , t e s t i n g , and f i n a l a c q u i s i t i o n o f major m a t e r i e l 

sy s t ems by the Department of the Army i s an e v o l u t i o n a r y p r o c e s s d e s i g n e d 

t o i n s u r e t h a t t h e U n i t e d S t a t e s Army p o s s e s s e s the b e s t equipment a v a i l 

a b l e i n o r d e r to f a c i l i t a t e the accompl i shment of i t s m i s s i o n . S p e c i f i c 

g u i d e l i n e s f o r i m p l e m e n t a t i o n of t h i s procedure a r e c o n t a i n e d i n a p p r o 

p r i a t e Army R e g u l a t i o n s t h a t f o l l o w b a s i c p o l i c i e s e s t a b l i s h e d by t h e 

Department of D e f e n s e ( 4 1 ) . A d e t a i l e d d e s c r i p t i o n of t h e Army m a t e r i e l 

a c q u i s i t i o n p r o c e d u r e w i l l n o t be p r e s e n t e d i n t h i s s t u d y ; however , a 

b r i e f d e s c r i p t i o n w i l l be p r e s e n t e d so t h a t t h e framework of t h e problem 

examined h e r e i n may be e s t a b l i s h e d . The i n t e r e s t e d r e a d e r i s r e f e r r e d t o 

B e t t e n c o u r t (9) and B u r n e t t e (13 ) f o r a d e t a i l e d summary of t h e p r o c e s s 

from t h e c o n c e p t u a l deve lopment phase through v a l i d a t i o n , f u l l s c a l e d e 

v e l o p m e n t , and f i n a l p r o d u c t i o n and deployment of the p a r t i c u l a r s y s t e m . 

Each of t h e f i r s t t h r e e phases mentioned above c o n s i s t s of i n d e 

p e n d e n t l y conduc ted o p e r a t i o n a l and d e v e l o p m e n t a l t e s t s . O p e r a t i o n a l 

T e s t i n g (OT) i s concerned p r i m a r i l y w i t h e v a l u a t i n g the o p e r a t i o n a l e f 

f e c t i v e n e s s of a f o r c e i n which the new s y s t e m i s u t i l i z e d , w h i l e D e v e l 

opmental T e s t i n g (DT) examines the e n g i n e e r i n g d e s i g n c h a r a c t e r i s t i c s of 

t h e s y s t e m i t s e l f . The r e s u l t s of t h e s e t e s t s a r e forwarded f i r s t t o 

the Army Systems A c q u i s i t i o n Review C o u n c i l (ASARC), then t o the Defense 
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Systems A c q u i s i t i o n Review C o u n c i l (DSARC) a t t h e c o n c l u s i o n of each 

phase of the a c q u i s i t i o n p r o c e s s . The f i n a l d e c i s i o n w i t h r e s p e c t t o 

p r o c e e d i n g to the n e x t phase of t e s t i n g , m o d i f y i n g the s y s t e m and r e t u r n 

i n g to the b e g i n n i n g o f t h e p r e v i o u s p h a s e , or t e r m i n a t i n g the p r o j e c t 

r e s t s w i t h t h e S e c r e t a r y of D e f e n s e ( 4 4 ) . 

O p e r a t i o n a l T e s t i n g 

T h i s r e s e a r c h i s concerned p r i m a r i l y w i t h the OT segment o f each 

phase of the a c q u i s i t i o n p r o c e s s . As mentioned p r e v i o u s l y , a pr imary o b 

j e c t i v e of OT i s t h e e v a l u a t i o n of the o p e r a t i o n a l e f f e c t i v e n e s s of a 

m i l i t a r y f o r c e i n which a new s y s t e m i s employed. For example , i f the 

Army had v a l i d a t e d a requ irement f o r a new, or improved, armored p e r s o n 

n e l c a r r i e r (APC) , then OT would most p r o b a b l y examine the o p e r a t i o n a l 

e f f e c t i v e n e s s of a b a t t a l i o n l e v e l mechanized i n f a n t r y f o r c e . 

Wi th in the s t r u c t u r e o f O p e r a t i o n a l T e s t i n g , s e v e r a l c r i t i c a l i s 

sues a r i s e . A s u i t a b l e d e f i n i t i o n of o p e r a t i o n a l e f f e c t i v e n e s s must 

f i r s t be e s t a b l i s h e d so t h a t the m i l i t a r y w o r t h of the new s y s t e m may be 

p r o p e r l y e v a l u a t e d . S e c o n d l y , t h i s d e f i n i t i o n must be a b l e t o be e x 

p r e s s e d i n measurable q u a n t i t i e s so t h a t an a d e q u a t e r e p r e s e n t a t i o n of 

o p e r a t i o n a l e f f e c t i v e n e s s may be o b t a i n e d from t e s t r e s u l t s . A d d i t i o n a l 

l y , e x p e r i m e n t s must be d e s i g n e d so t h a t the measurab le q u a n t i t i e s , u s u a l 

l y termed Measures of E f f e c t i v e n e s s (MOE), may be c a l c u l a t e d from e x p e r i 

menta l d a t a . F i n a l l y , a p p r o p r i a t e s t a t i s t i c a l t e c h n i q u e s must be u t i 

l i z e d i n o r d e r t o e v a l u a t e a f o r c e ' s o p e r a t i o n a l e f f e c t i v e n e s s i n terms 

of t h e d e s i g n a t e d MOE so t h a t v i a b l e and r e a l i s t i c comparisons may be 

made between the new s y s t e m and the e x i s t i n g s y s t e m . The r e s u l t s of t h e s e 

c o m p a r i s o n s , t o g e t h e r w i t h s u b j e c t i v e m i l i t a r y e v a l u a t i o n s , a r e forwarded 
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t o ASARC and DSARC t o supplement the a p p r o p r i a t e d e c i s i o n m a k e r T s p o r t 

f o l i o of i n f o r m a t i o n c o n c e r n i n g t h e new s y s t e m . 

With r e s p e c t t o t h e s e c r i t i c a l i s s u e s , the Army has d e v e l o p e d 

p o l i c i e s and p r o c e d u r e s t o i n s u r e t h a t e v a l u a t i o n of a f o r c e 1 s o p e r a t i o n 

a l e f f e c t i v e n e s s i s a d e q u a t e l y c o n d u c t e d . S u c c i n c t l y s t a t e d , t h e d e f i 

n i t i o n of o p e r a t i o n a l e f f e c t i v e n e s s i s the a b i l i t y of a f o r c e t o accom

p l i s h i t s a s s i g n e d m i s s i o n (48 ) . O p e r a t i o n a l T e s t i n g , t h e n , must e v a l u 

a t e a f o r c e f s a b i l i t y w i t h a new s y s t e m and compare t h i s t o the f o r c e 1 s 

a b i l i t y w i t h t h e c u r r e n t s y s t e m . 

Based o n t h i s d e f i n i t i o n a n d on the n a t u r e of t h e sys t ems and 

f o r c e to b e examined, the a p p r o p r i a t e t e s t a g e n c y s e l e c t s p e r t i n e n t MOE 

t h a t most a d e q u a t e l y r e f l e c t the a b i l i t y of t h e p a r t i c u l a r f o r c e t o a c 

c o m p l i s h i t s m i s s i o n . S p e c i f i c MOE t h a t may be examined w i l l be d i s 

c u s s e d i n a subsequent s e c t i o n . 

A f t e r f i n a l a p p r o v a l of the MOE by t h e Commander, U. S. Army 

O p e r a t i o n a l T e s t and E v a l u a t i o n Agency (OTEA), t h e e x p e r i m e n t a l e n v i r o n 

ment must be e s t a b l i s h e d . T r a d i t i o n a l l y , t h e s e e x p e r i m e n t s encompass 

f i e l d t e s t i n g of a c t i v e Army u n i t s i n c o n t r o l l e d maneuvers under s imu

l a t e d combat c o n d i t i o n s . In a d d i t i o n t o f i e l d t e s t s , i m p l e m e n t a t i o n of 

o t h e r t e s t p r o c e d u r e s i s h i g h l y d e s i r a b l e i n o r d e r t o maximize t h e a -

mount of i n f o r m a t i o n a v a i l a b l e to the d e c i s i o n maker. 

An e x p e r i m e n t a l p r o c e d u r e t h a t i s a v a i l a b l e t o p r o v i d e t h i s s u p 

p l e m e n t a l i n f o r m a t i o n i s a C o s t and O p e r a t i o n a l E f f e c t i v e n e s s A n a l y s i s 

(COEA). T h i s t y p e of a n a l y s i s i s a p e r i o d i c r e v i e w of t h e e f f e c t i v e n e s s 

of e x i s t i n g m a t e r i e l sys tems t r a d i t i o n a l l y based on a n a l y s i s of d e t e r 

m i n i s t i c a n d / o r s t o c h a s t i c computer s i m u l a t i o n s of combat a g a i n s t a h y -
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p o t h e t i c a l t h r e a t f o r c e (48) . Recent advancements i n computer t e c h n o l o 

g y , coupled w i t h near p r o h i b i t i v e c o s t s o f p r o d u c i n g l a r g e q u a n t i t i e s o f 

a major p i e c e of equipment t o be used s o l e l y f o r t e s t p u r p o s e s , make t h e 

COEA a h i g h l y d e s i r a b l e method of a n a l y s i s . 

C o n d u c t i n g a COEA c o n c u r r e n t l y w i t h , and i n d e p e n d e n t l y o f , one of 

t h e phases of OT i n the deve lopment of a new s y s t e m of equipment can thus 

p r o v e e x t r e m e l y advantageous i n e f f o r t s t o compare new and c u r r e n t m a t e 

r i e l s y s t e m s . In l i g h t of t h i s , t h e r e s e a r c h p r e s e n t e d h e r e i n w i l l be 

concerned w i t h t h e a n a l y s i s of o p e r a t i o n a l e f f e c t i v e n e s s d a t a o b t a i n e d 

from s t o c h a s t i c computer s i m u l a t i o n s o f h y p o t h e s i z e d combat . 

Once t h e a p p r o p r i a t e t e s t environment has been s e l e c t e d , t e s t s a r e 

conducted t o e v a l u a t e a f o r c e ' s o p e r a t i o n a l e f f e c t i v e n e s s i n v a r y i n g 

b a t t l e c o n d i t i o n s . An a d v a n t a g e of computer s i m u l a t i o n i n a COEA becomes 

e v i d e n t h e r e due t o the f a c t t h a t s e v e r a l b a t t l e s c e n a r i o s may be e x 

amined (e.,g..9 a t t a c k , d e f e n s e , or d e l a y ) i n a v a r i e t y of t e r r a i n s e t t i n g s 

(e. g.j d e s e r t or d e n s e l y v e g e t a t e d a r e a s ) . R e s u l t s of t h e s i m u l a t i o n 

a r e then a n a l y z e d u s i n g a p p r o p r i a t e s t a t i s t i c a l t e c h n i q u e s so t h a t v i a b l e 

c o m p a r a t i v e s t a t e m e n t s c o n c e r n i n g a f o r c e ' s o p e r a t i o n a l e f f e c t i v e n e s s 

w i t h compet ing sys t ems may be made. H i s t o r i c a l l y , u n i v a r i a t e t e c h n i q u e s , 

such as t h e A n a l y s i s of V a r i a n c e (ANOVA), a r e used f o r t h i s purpose ( 4 7 ) . 

N a t u r e and Scope of t h e Problem 

The s t a t i s t i c a l a n a l y s i s of a f o r c e ' s o p e r a t i o n a l e f f e c t i v e n e s s 

must be a b l e t o d e t e c t s i g n i f i c a n t d i f f e r e n c e s between e f f e c t i v e n e s s w i t h 

a c u r r e n t sys tem and e f f e c t i v e n e s s w i t h a p r o p o s e d , or a l t e r n a t i v e , s y s 

tem. S i m i l a r l y , i n f o r m a t i o n r e g a r d i n g d i f f e r e n c e s i n f o r c e e f f e c t i v e n e s s 
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between s e v e r a l proposed a l t e r n a t i v e s may a l s o be d e s i r e d . A n a l y s e s 

must a l s o d e t e c t s i g n i f i c a n t d i f f e r e n c e s between c o r r e s p o n d i n g MOE b e i n g 

examined so t h a t d i f f e r e n c e s i n e f f e c t i v e n e s s may b e f u r t h e r i s o l a t e d 

and a t t r i b u t e d t o t h e i r proper s o u r c e . 

T h i s r e s e a r c h , t h e r e f o r e , w i l l b e d i r e c t e d toward the deve lopment 

of a methodology t h a t w i l l encompass t h e d e t e c t i o n of d i f f e r e n c e s i n 

o p e r a t i o n a l e f f e c t i v e n e s s from one s y s t e m t o another and t h e d e t e r m i n a 

t i o n o f t h e c o n t r i b u t i o n of t h e MOE b e i n g examined to t h e e x i s t i n g d i f 

f e r e n c e s . A l t h o u g h the methodology w i l l b e a p p l i c a b l e t o the a n a l y s i s 

of a v a r i e t y of m i l i t a r y s y s t e m s , t h i s r e s e a r c h w i l l be concerned w i t h 

the a n a l y s i s of t h e o p e r a t i o n a l e f f e c t i v e n e s s of a f o r c e i n wh ich t h e 

major s y s t e m b e i n g examined i s a land combat v e h i c l e . I n h e r e n t i n t h e 

e x a m i n a t i o n of such a sy s t em i s an a s se s sment of t h e s y s t e m ' s m o b i l i t y 

and a d e t e r m i n a t i o n of the c o n t r i b u t i o n of m o b i l i t y t o t h e f o r c e ' s o p e r 

a t i o n a l e f f e c t i v e n e s s . 

M o b i l i t y 

In examining t h e m o b i l i t y of a land combat s y s t e m more c l o s e l y , 

i t becomes a p p a r e n t t h a t t h e r e a r e i n f a c t two t y p e s o f m o b i l i t y t h a t 

must be a s s e s s e d : performance m o b i l i t y and o p e r a t i o n a l m o b i l i t y ( 4 2 ) . 

Performance m o b i l i t y may b e d e s c r i b e d i n terms of t h e d e s i g n c h a r a c t e r 

i s t i c s of t h e p a r t i c u l a r v e h i c l e b e i n g examined. As a s s e s s m e n t of the 

performance m o b i l i t y of t h e v e h i c l e s of two compet ing s y s t e m s then b e 

comes m e r e l y a s t r a i g h t f o r w a r d comparison of such c h a r a c t e r i s t i c s as 

s p e e d , r a n g e , a c c e l e r a t i o n , and a b i l i t y t o t r a v e r s e o b s t a c l e s . I t shou ld 

be n o t e d , however , t h a t a v e h i c l e w i t h s u p e r i o r performance c h a r a c t e r i s 

t i c s may no t i n f a c t b e t h e s u p e r i o r v e h i c l e i n terms of a f o r c e ' s o p e r -
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a t i o n a l e f f e c t i v e n e s s . 

In l i g h t of t h i s , t h e o p e r a t i o n a l m o b i l i t y of t h e v e h i c l e must 

a l s o be d e s c r i b e d and examined. U n f o r t u n a t e l y , no p r e c i s e d e f i n i t i o n of 

o p e r a t i o n a l m o b i l i t y e x i s t s . H e u r i s t i c a l l y , however , i t may be v iewed 

as t h e c o n t r i b u t i o n of a s y s t e m ' s m o b i l i t y performance c h a r a c t e r i s t i c s 

t o the o p e r a t i o n a l e f f e c t i v e n e s s of t h e f o r c e i n which t h e s y s t e m i s em

p l o y e d . T h i s c o n t r i b u t i o n , when c o n s i d e r e d w i t h o t h e r MOE i n t h e d e s c r i p 

t i o n of o p e r a t i o n a l e f f e c t i v e n e s s , would more a d e q u a t e l y p o r t r a y t h e o p 

e r a t i o n a l e f f e c t i v e n e s s of a f o r c e t h a t u t i l i z e s t h e p a r t i c u l a r land com

b a t s y s t e m . A s i n g l e , or perhaps c o m p o s i t e , measure of o p e r a t i o n a l mo

b i l i t y i s thus d e s i r e d f o r a more comprehens ive and r i g o r o u s a n a l y s i s of 

sys tems of t h i s t y p e . 

I f i t were p o s s i b l e t o f o r m u l a t e a d e f i n i t i o n of o p e r a t i o n a l mo

b i l i t y i n terms of q u a n t i f i a b l e MOE, then a s t a t i s t i c a l a n a l y s i s of o p 

e r a t i o n a l e f f e c t i v e n e s s might proceed as u s u a l by u t i l i z i n g u n i v a r i a t e 

t e c h n i q u e s . However, i t has been r e c o g n i z e d t h a t c o r r e l a t i o n s e x i s t b e 

tween MOE c u r r e n t l y b e i n g used t o d e s c r i b e o p e r a t i o n a l e f f e c t i v e n e s s ( 4 2 ) . 

For example , i f two s e l e c t e d MOE were p e r s o n n e l l o s s e s and v e h i c l e l o s s e s , 

then we m i g h t s u s p e c t t h e e x i s t e n c e o f a p o s s i b l e p o s i t i v e c o r r e l a t i o n . 

A l t h o u g h t h e s e MOE may i n f a c t be i n d e p e n d e n t , t h e p o t e n t i a l p r e s e n c e of 

a c o r r e l a t e d r e l a t i o n s h i p must be e x p l o r e d . In a s i m i l a r manner, a MOE 

d e s c r i b i n g o p e r a t i o n a l m o b i l i t y may a l s o b e r e l a t e d t o p e r s o n n e l and v e 

h i c l e l o s s e s . These p o s s i b l e r e l a t i o n s h i p s must a l s o be e x p l o i t e d , which 

s u g g e s t s u t i l i z i n g m u l t i v a r i a t e s t a t i s t i c a l t e c h n i q u e s , r a t h e r than u n i 

v a r i a t e t e c h n i q u e s , i n an a n a l y s i s of o p e r a t i o n a l e f f e c t i v e n e s s . 
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O b j e c t i v e and Procedure 

The pr imary o b j e c t i v e of t h i s r e s e a r c h may now be s t a t e d i n t h e 

f o l l o w i n g manner: 

To d e v e l o p an improved methodo logy u t i l i z i n g m u l t i v a r i a t e s t a t i s 

t i c a l t e c h n i q u e s t o d e t e r m i n e : 

1 . s i g n i f i c a n t d i f f e r e n c e s between t h e o p e r a t i o n a l e f f e c t i v e n e s s 

of a f o r c e u t i l i z i n g a c u r r e n t s y s t e m of equipment and t h e o p e r a t i o n a l 

e f f e c t i v e n e s s of a f o r c e u t i l i z i n g a p r o p o s e d , or a l t e r n a t i v e , s y s t e m , 

and 

2 . r e l a t i v e c o n t r i b u t i o n s of i n d i v i d u a l MOE to o p e r a t i o n a l e f 

f e c t i v e n e s s , and d i f f e r e n c e s be tween MOE t o d i f f e r e n c e s i n o p e r a t i o n a l 

e f f e c t i v e n e s s . 

Accompl ishment of t h e s t a t e d o b j e c t i v e f o r t h e land combat v e h i 

c l e sys tems w i l l n e c e s s a r i l y i n c l u d e t h e d e t e r m i n a t i o n n o t o n l y of t h e 

c o n t r i b u t i o n of o p e r a t i o n a l m o b i l i t y t o the o p e r a t i o n a l e f f e c t i v e n e s s of 

a m i l i t a r y f o r c e , b u t a l s o the c o n t r i b u t i o n of d i f f e r e n c e s i n o p e r a t i o n a l 

m o b i l i t y t o d i f f e r e n c e s i n o p e r a t i o n a l e f f e c t i v e n e s s . These l a t t e r p r e 

sumptions a r e h i g h l y c o n t i n g e n t , of c o u r s e , on the p r e c i s e f o r m u l a t i o n 

of a r e a l i s t i c d e f i n i t i o n of o p e r a t i o n a l m o b i l i t y and q u a l i f i c a t i o n of 

t h i s d e f i n i t i o n as a s u i t a b l e MOE. The importance of t h i s c r i t i c a l i s 

sue p r e c i p i t a t e s t h e n e c e s s i t y f o r i t s d i s c u s s i o n i m m e d i a t e l y f o l l o w i n g 

a b r i e f o u t l i n e of t h e p r o c e d u r e t o be f o l l o w e d t h r o u g h o u t the remainder 

of t h i s s t u d y . 

The a forement ioned p r o c e d u r e w i l l c o n s i s t of f o r m u l a t i n g two d e 

f i n i t i o n s of o p e r a t i o n a l m o b i l i t y , r e v i e w i n g a p p r o p r i a t e m u l t i v a r i a t e 

s t a t i s t i c a l t e c h n i q u e s , d e v e l o p i n g the m e t h o d o l o g y , e x h i b i t i n g t h e meth-
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o d o l o g y i n two example p r o b l e m s , and d i s c u s s i n g a r e a s i n which t h e meth

o d o l o g y may be a p p l i e d . P e r t i n e n t a s sumpt ions and l i m i t i n g f a c t o r s c o n 

c e r n i n g t h e methodology and i t s a p p l i c a t i o n w i l l be d i s c u s s e d s e p a r a t e l y 

and summarized i n the c o n c l u d i n g c h a p t e r . 
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CHAPTER I I 

DEFINITIONS OF OPERATIONAL MOBILITY 

I n t r o d u c t i o n 

Based on t h e r e s u l t s of p r e v i o u s l y conduc ted independent s t u d i e s 

r e l a t i n g to c o n c e p t s o f o p e r a t i o n a l m o b i l i t y a s a f o r c e a t t r i b u t e , two 

d e f i n i t i o n s of a f o r c e ' s o p e r a t i o n a l m o b i l i t y w i l l b e p r e s e n t e d i n t h i s 

c h a p t e r . These d e f i n i t i o n s r e p r e s e n t a s y n t h e s i s of i d e a s , t h e pr imary 

o b j e c t i v e i n t h e i r f o r m u l a t i o n b e i n g t h e d e v e l o p m e n t o f r e a l i s t i c , v i a b l e 

d e f i n i t i o n s s u i t a b l e f o r q u a n t i f i c a t i o n as o n e , or s e v e r a l , MOE. E x 

p r e s s i o n of o p e r a t i o n a l m o b i l i t y i n such a manner w i l l o b v i o u s l y f a c i l i 

t a t e the c a l c u l a t i o n of i t s c o n t r i b u t i o n t o t h e o p e r a t i o n a l e f f e c t i v e n e s s 

of a f o r c e . 

C u r r e n t C o n c e p t s 

Macro-v i ew of O p e r a t i o n a l M o b i l i t y 

An e x c e l l e n t h i s t o r i c a l c o n c e p t u a l i z a t i o n of o p e r a t i o n a l m o b i l i t y 

was p r e s e n t e d by t h e R e s e a r c h A n a l y s i s C o r p o r a t i o n i n 1967 ( 2 ) . A l 

though t h i s s t u d y d i d no t d i r e c t l y propose s p e c i f i c methods f o r q u a n t i f i 

c a t i o n of the a t t r i b u t e i n q u e s t i o n , s e v e r a l p r a c t i c a l c o n c e p t s were i n 

t roduced and s u b j e c t i v e l y examined i n numerous b a t t l e s from the era of 

Ghenghis Khan through t h e Korean War. S i g n i f i c a n t r e s u l t s o f t h i s s t u d y 

c o n c e r n i n g a c o n c e p t u a l d e s c r i p t i o n of o p e r a t i o n a l m o b i l i t y may be sum

marized as f o l l o w s : 

1 . A l t h o u g h i n d i v i d u a l and s m a l l u n i t m o b i l i t y c o n t r i b u t e t o b a t -
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t i e outcome, i t i s the m o b i l i t y of an e n t i r e f o r c e which must b e examined 

i f the e f f e c t i v e n e s s of the f o r c e i s t o be d e t e r m i n e d . The t o t a l f o r c e 

thus i n c l u d e s not o n l y maneuver e l e m e n t s , b u t a l s o ground and a i r suppor t 

e l e m e n t s . 

2 . A f o r c e may e x h i b i t m o b i l i t y w i t h o u t r e s p e c t t o i t s m i s s i o n . 

A s u c c e s s f u l a t t a c k , d e f e n s e , d e l a y , or r e t r o g r a d e i s h i g h l y dependent 

on v a r y i n g l e v e l s of a f o r c e ' s m o b i l i t y . 

3. The o p e r a t i o n a l m o b i l i t y of a f o r c e i s r e l a t i v e , i . e . , an a d 

v a n t a g e may be ga ined by d e n y i n g the o p p o s i n g f o r c e some p o r t i o n of h i s 

m o b i l i t y . 

4. The speed and s i z e of a f o r c e a r e c r i t i c a l i n d i c a t o r s o f mo

b i l i t y p o t e n t i a l and may p r o v e a d v a n t a g e o u s or d e t r i m e n t a l depending upon 

t h e i r t a c t i c a l or s t r a t e g i c u s e . 

5 . In an e v a l u a t i o n of o p e r a t i o n a l e f f e c t i v e n e s s , o p e r a t i o n a l mo

b i l i t y must be c o n s i d e r e d i n c o n c e r t w i t h o t h e r f o r c e a t t r i b u t e s such a s 

t y p e and s t a t u s of equipment , f i r e p o w e r , l e a d e r s h i p , m o r a l e , and esprit 

de corps. 

A s u i t a b l e d e f i n i t i o n of o p e r a t i o n a l m o b i l i t y based on the above 

h i s t o r i c a l a n a l y s i s , t h e n , would n e c e s s a r i l y i n c l u d e measures of the r e 

l a t i v e speeds and s i z e s of oppos ing f o r c e s w i t h a p p r o p r i a t e c o n s i d e r a 

t i o n s g i v e n t o t a c t i c a l and s t r a t e g i c a l employment i n any g i v e n combat 

environment f o r a v a r i e t y of combat m i s s i o n s . F u r t h e r m o r e , t h e s e c h a r a c 

t e r i s t i c s must b e comformable t o q u a n t i f i c a t i o n so t h a t o p e r a t i o n a l mo

b i l i t y may b e examined i n c o n c e r t w i t h o t h e r f o r c e a t t r i b u t e s , such a s 

f i r e p o w e r . The a u t h o r s of t h e RAC s t u d y propose such a measurement i n 

terms of f o r c e momentum, where momentum i s p h y s i c a l l y e x p r e s s e d a s t h e 

• V 
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p r o d u c t of mass and v e l o c i t y ( 2 ) . A more d e t a i l e d e x a m i n a t i o n of t h i s 

p r o p o s a l w i l l be p r e s e n t e d i n a subsequent s e c t i o n . 

T h i s m a c r o - v i e w of o p e r a t i o n a l m o b i l i t y i s p r e d i c a t e d on i t s r e 

c o g n i t i o n as a f o r c e a t t r i b u t e c o n s i d e r e d i n the same p l a n e as o t h e r 

f o r c e a t t r i b u t e s . Focus w i l l now be d i r e c t e d toward a c o n c e p t t h a t a l s o 

c o n s i d e r s o p e r a t i o n a l m o b i l i t y a s a f o r c e a t t r i b u t e , b u t r e p r e s e n t s i t 

as a c o m b i n a t i o n of s y s t e m - o r i e n t e d a t t r i b u t e s . 

M i c r o - v i e w of O p e r a t i o n a l M o b i l i t y 

Major r e s e a r c h e f f o r t s t o d a t e imply a r e c o g n i t i o n of t h e f a c t 

t h a t performance c h a r a c t e r i s t i c s of l and combat v e h i c l e s i n f l u e n c e the 

o p e r a t i o n a l performance o f the f o r c e i n wh ich t h e y a r e employed ( 4 2 ) . 

T h u s , i f an APC has a l i m i t e d a b i l i t y to t r a v e r s e b a t t l e f i e l d o b s t a c l e s 

(both n a t u r a l and man-made), then throughout the c o u r s e of a b a t t l e a 

f o r c e ' s m a n e u v e r a b i l i t y may be h i n d e r e d . S i m i l a r l y , l o g i s t i c a l s u p p o r t 

may b e hampered by r e s t r i c t e d or l i m i t e d c a r r y i n g c a p a c i t y of p r i m e -

mover v e h i c l e s . T h i s r e c o g n i t i o n has l e d t o t h e deve lopment of a h i g h l y 

s o p h i s t i c a t e d m o b i l i t y model i n an e f f o r t to p r e d i c t t h e performance of a 

v e h i c l e over s p e c i f i c t y p e s of t e r r a i n , g i v e n s p e c i f i c performance c h a r 

a c t e r i s t i c s ( 2 4 ) . P r e d i c t e d performance d a t a i s then used as i n p u t d a t a 

f o r s t o c h a s t i c or d e t e r m i n i s t i c s i m u l a t i o n s of l a n d combat . A method f o r 

d e t e r m i n i n g how t h e s e performance c h a r a c t e r i s t i c s i n f l u e n c e t h e o p e r a t i o n 

a l m o b i l i t y of a f o r c e has been proposed i n ( 4 2 ) . E s s e n t i a l l y , t h i s 

method compares t h e f o r c e e f f e c t i v e n e s s MOE o b t a i n e d from a land combat 

s i m u l a t i o n u t i l i z i n g the performance i n p u t of one v e h i c u l a r sys tem t o t h e 

MOE o b t a i n e d u t i l i z i n g the performance i n p u t of a n o t h e r v e h i c u l a r s y s t e m . 

D i f f e r e n c e s i n f o r c e e f f e c t i v e n e s s ( a l l o t h e r i n p u t parameters b e i n g h e l d 
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c o n s t a n t ) a r e then a t t r i b u t e d to the m o b i l i t y d i f f e r e n t i a l s of the two 

s y s t e m s . 

A l t h o u g h t h i s p r o c e d u r e p r o v i d e s an i n t u i t i v e l y a p p e a l i n g approach 

t o the problem, i t c i r c u m v e n t s the i s s u e of d e t e r m i n i n g a p r e c i s e measure 

of o p e r a t i o n a l m o b i l i t y and i t s e x a c t c o n t r i b u t i o n to f o r c e e f f e c t i v e n e s s . 

However, i f t h e e f f e c t of a f i n i t e number of i n d i v i d u a l performance c h a r 

a c t e r i s t i c s on the m o b i l i t y of a f o r c e may be d e t e r m i n e d , then i n d i v i d u a l 

and o v e r a l l c o n t r i b u t i o n s t o f o r c e e f f e c t i v e n e s s may a l s o be d e t e r m i n e d . 

C o n s i d e r t h e a b i l i t y of a land combat v e h i c l e t o t r a v e r s e b a t t l e 

f i e l d o b s t a c l e s . A measure of t h i s performance c h a r a c t e r i s t i c i n a s i m 

u l a t e d b a t t l e may be t h e number of t imes t h a t v e h i c l e s of a g i v e n t y p e 

f a i l t o t r a v e r s e any o b s t a c l e . S i m i l a r measures of performance i n terms 

of speed may be d e t e r m i n e d , e.g. , the number of t imes v e h i c l e s of a p a r 

t i c u l a r t y p e d e l a y ordered t r o o p movements or f a i l t o keep pace w i t h 

o t h e r v e h i c l e s i n t a c t i c a l f o r m a t i o n s . For a g i v e n s e t of performance 

p a r a m e t e r s , t h e n , t h e r e a r e a c o r r e s p o n d i n g number of m o b i l i t y p e r f o r 

mance measures t h a t c o m p l e t e l y d e s c r i b e t h e performance of a p a r t i c u l a r 

t y p e v e h i c l e i n terms o f i t s e f f e c t on the o p e r a t i o n a l m o b i l i t y of the 

f o r c e . The o p e r a t i o n a l m o b i l i t y of a f o r c e may thus be d e s c r i b e d and 

measured i n terms of a v e h i c u l a r s y s t e m ' s o p e r a t i o n a l performance mea

s u r e s , where t h e performance measures a r e c o n s i d e r e d a s a c o m p l e t e l y d e 

s c r i p t i v e s u b s e t of o p e r a t i o n a l m o b i l i t y . T h e o r e t i c a l l y , t h e r e would be 

a s u b s e t of performance measures f o r each t y p e v e h i c l e i n t h e f o r c e . A 

c e r t a i n amount of s u b j e c t i v e judgment remains due t o t h e f a c t t h a t a d e 

c i s i o n must be made w i t h r e s p e c t to which performance measures w i l l be 
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c o n s i d e r e d t o c o m p l e t e l y d e s c r i b e t h e o p e r a t i o n a l m o b i l i t y o f t h e f o r c e 

f o r each t y p e v e h i c l e . T h i s r e c o g n i z e d l i m i t a t i o n of t h e m i c r o - c o n c e p t 

and i t s impact on t h e proposed methodology w i l l b e d i s c u s s e d i n Chapter 6 . 

Proposed D e f i n i t i o n s 

Based on t h e p r e c e d i n g d i s c u s s i o n , t h e f o l l o w i n g two d e f i n i t i o n s 

of o p e r a t i o n a l m o b i l i t y a r e proposed: 

1 . The o p e r a t i o n a l m o b i l i t y of a f o r c e i s t h e momentum of t h a t 

f o r c e measured w i t h r e s p e c t t o the momentum of an o p p o s i n g f o r c e , i» 

r e l a t i v e momentum. 

2. The o p e r a t i o n a l m o b i l i t y of a f o r c e i s t h e c o l l e c t i o n of s u b 

s e t s o f o p e r a t i o n a l performance measures o b t a i n e d f o r s p e c i f i e d v e h i c u l a r 

performances c h a r a c t e r i s t i c s . * 

Measures o f i n d i v i d u a l v e h i c l e per formance c h a r a c t e r i s t i c s have 

been proposed and examined i n ( 4 2 ) ; h e n c e , no d e t a i l e d j u s t i f i c a t i o n f o r 

t h e i r use w i l l b e proposed i n t h i s s t u d y . However, s i n c e t h e r e i s l i t t l e 

i n f o r m a t i o n a v a i l a b l e r e g a r d i n g t h e c o n c e p t of r e l a t i v e f o r c e momentum 

as a measure of o p e r a t i o n a l m o b i l i t y , t h e e x a c t measurement of t h i s a t 

t r i b u t e w i l l now be examined and a m i l i t a r y - b a s e d j u s t i f i c a t i o n p r o v i d e d . 

Measurement of R e l a t i v e Momentum 

From any t e x t i n e l e m e n t a r y p h y s i c s , f o r example ( 1 5 ) , t h e f o l l o w 

i n g m a t h e m a t i c a l e x p r e s s i o n f o r the momentum, p , of a s o l i d body may be 

o b t a i n e d : 

* T h i s d e f i n i t i o n i s a l s o conformable to r e l a t i v e measure as t h e r a t i o of 
or d i f f e r e n c e between c o r r e s p o n d i n g performance measures o b t a i n e d f o r o p 
p o s i n g f o r c e s . 
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p = mv , 

where m i s t h e mass o f t h e body and v i s i t s v e l o c i t y . Fur thermore , mass 

i s e x p r e s s e d as t h e q u o t i e n t of t h e w e i g h t of the body and g r a v i t a t i o n a l 

f o r c e , or 

w 
m - — » 

The a p p l i c a t i o n of t h i s c o n c e p t to t h e a n a l y s i s of t h e e f f e c t i v e n e s s of 

m i l i t a r y f o r c e s through t h e use of s i m u l a t e d combat models n e c e s s i t a t e s 

t h e e x a m i n a t i o n of s e v e r a l p h y s i c a l n o t i o n s . 

1 . Mass of m i l i t a r y f o r c e s ; 

The f o r c e s must be c o n s i d e r e d a s " s o l i d " b o d i e s i n o r d e r t o a p p l y 

p r i n c i p l e s of momentum. T h i s assumpt ion i s r e a l i s t i c , however , s i n c e 

even s o l i d b o d i e s i n p h y s i c s c o n t a i n s m a l l s p a c e s i n t h e i r m o l e c u l a r 

s t r u c t u r e . Taken i n a m i l i t a r y c o n t e x t , t h e n , t h e s e s p a c e s may be equated 

t o d i s t a n c e s be tween e l e m e n t s , or even between v e h i c l e s and p e r s o n n e l . In 

l i g h t of t h i s , t h e mass of a m i l i t a r y f o r c e i s m e r e l y i t s t o t a l w e i g h t 

( w e a p o n s , . v e h i c l e s , p e r s o n n e l , equipment , e t c . ) d i v i d e d b y g , t h e f o r c e 

of g r a v i t y . As a t t r i t i o n o c c u r s throughout the c o u r s e of a s i m u l a t e d 

b a t t l e , t h e mass of the f o r c e w i l l be r e d u c e d . 

2 . V e l o c i t y of a m i l i t a r y f o r c e : 

The v e l o c i t y , v , of a f o r c e may b e e x p r e s s e d a s : 

v - d i s t a n c e t r a v e l e d t t ime t o t r a v e l t h a t d i s t a n c e 

An a p p a r e n t drawback may be r e c o g n i z e d when c o n s i d e r i n g f o r c e s i n a d e -
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f e n s i v e p o s t u r e (i.e., v = o ) . T h i s would n o t a f f e c t a measure of momen

tum, however , i f t h e f o r c e ' s v e l o c i t y were measured w i t h r e s p e c t t o t h e 

c e n t r o i d ( c e n t e r of mass) of the f o r c e . In t h i s way , even " s t a t i o n a r y " 

f o r c e s would e x h i b i t v e l o c i t y a s a t t r i t i o n o c c u r s , r e s e r v e s a r e commit ted , 

and so f o r t h . 

3 . T a c t i c a l i m p a c t : 

The concept o f momentum a s a d e f i n i t i o n of o p e r a t i o n a l m o b i l i t y i s 

no t i n f l u e n c e d by t a c t i c a l d e c i s i o n s , m i s s i o n of a f o r c e , t e r r a i n , or any 

o t h e r m i l i t a r y c o n s i d e r a t i o n s . D i f f e r e n t s i t u a t i o n s w i l l m e r e l y r e s u l t 

i n o b t a i n i n g d i f f e r e n t n u m e r i c a l v a l u e s f o r t h e momentum measure. For 

example , i f a f o r c e l o s e s h a l f of i t s a s s i g n e d A P C ' s due t o f a u l t y r o u t e 

s e l e c t i o n by the u n i t commander, t h e s e l o s s e s w i l l be r e f l e c t e d i n MOE 

d e s c r i b i n g p e r s o n n e l and v e h i c l e l o s s e s ; s i m i l a r l y , t h e s e l o s s e s may be 

r e f l e c t e d by reduced momentum of t h e f o r c e s i n c e t h e t o t a l w e i g h t of t h e 

f o r c e w i l l h a v e d e c r e a s e d . 

4. Measurement: 

The momentum o f a f o r c e may b e computed a t any s p e c i f i e d t ime 

throughout a s i m u l a t e d b a t t l e by the r e l a t i o n s h i p p r e s e n t e d e a r l i e r and 

a v e r a g e d o v e r t h e e n t i r e b a t t l e to o b t a i n a measurement of a v e r a g e momen

tum. S i n c e t h e momentum of each of the o p p o s i n g f o r c e s may be computed, 

r e l a t i v e momentum may be e x p r e s s e d a s a r a t i o , i n a manner e q u i v a l e n t to 

t h a t t r a d i t i o n a l l y used t o compute l o s s exchange r a t i o s (LER) f o r p e r s o n 

n e l and equipment l o s s e s ( 4 8 ) . 

R e l a t i v e Momentum a s a MOE t o D e s c r i b e O p e r a t i o n a l M o b i l i t y 

J u s t i f i c a t i o n f o r d e f i n i n g o p e r a t i o n a l m o b i l i t y i n terms o f r e l a 

t i v e momentum w i l l be based p r i m a r i l y on t h e p r i n c i p l e s of w a r . The 
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p r i n c i p l e of mass d i c t a t e s t h a t " s u p e r i o r combat power must b e c o n c e n 

t r a t e d a t t h e c r i t i c a l t ime and p l a c e f o r a d e c i s i v e purpose" ( 4 5 ) . 

Degrees of adherence t o t h i s p r i n c i p l e w i l l be d i r e c t l y r e f l e c t e d by t h e 

r e p r e s e n t a t i o n of mass i n t h e e q u a t i o n f o r momentum. As mentioned p r e 

v i o u s l y , m i s s i o n , t e r r a i n , and t a c t i c a l d e c i s i o n s w i t h r e s p e c t t o t ime 

and p l a c e of t r o o p c o n c e n t r a t i o n s w i l l a l s o b e r e f l e c t e d mere ly as d i f 

f e r e n t n u m e r i c a l v a l u e s f o r momentum. T h u s , a d i r e c t a n a l o g y may b e 

drawn between t h e mass of a f o r c e and t h e p r i n c i p l e of mass . 

Speed, or v e l o c i t y , of a f o r c e may be a n a l y z e d i n terms of s e v e r 

a l p r i n c i p l e s of war ( q u o t a t i o n s b e l o w a r e a l l from r e f e r e n c e 4 5 ) : 

1 . O b j e c t i v e : "The o b j e c t i v e of each o p e r a t i o n must c o n t r i b u t e 

t o t h e u l t i m a t e o b j e c t i v e " , i . e . 3 the d e f e a t of enemy f o r c e s . "Each 

i n t e r m e d i a t e o b j e c t i v e must be such t h a t i t s a t t a i n m e n t w i l l most d i r e c t 

l y , q u i c k l y , and e c o n o m i c a l l y c o n t r i b u t e t o t h e purpose of the o p e r a t i o n " . 

2 . Economy of f o r c e : "Minimum e s s e n t i a l means must be employed 

a t p o i n t s o t h e r than t h a t of t h e main e f f o r t . T h i s p r i n c i p l e i s t h e r e 

c i p r o c a l of the p r i n c i p l e of mass". 

3 . S u r p r i s e : " S u r p r i s e r e s u l t s from s t r i k i n g an enemy a t a t ime 

and p l a c e and i n a manner f o r which he i s u n p r e p a r e d . . . . F a c t o r s c o n t r i 

b u t i n g t o s u r p r i s e i n c l u d e s p e e d , c o v e r and d e c e p t i o n . . . . " 

I n d i r e c t a n a l o g i e s may a l s o b e drawn be tween t h e speed of a f o r c e 

and o t h e r p r i n c i p l e s of w a r , e. g . , the p r i n c i p l e of o f f e n s i v e , which 

d i c t a t e s s e i z i n g t h e i n i t i a t i v e through e x p l o i t a t i o n of enemy w e a k n e s s e s . 

The d i r e c t a n a l o g i e s p r e s e n t e d a b o v e , however , s u f f i c i e n t l y p o r t r a y t h e 

p o t e n t i a l importance of speed and mass on t h e b a t t l e f i e l d . A measure of 

e f f e c t i v e n e s s t h a t encompasses a l l b u t a few p r i n c i p l e s of w a r , t h e n , 
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w i l l n e c e s s a r i l y c o n t a i n a l a r g e amount of i n f o r m a t i o n about the e f f e c 

t i v e n e s s of a f o r c e engaged i n combat . 

C o n s i d e r i n g MOE i n terms of the two proposed d e f i n i t i o n s , t h e 

problem of d e t e r m i n i n g the c o n t r i b u t i o n o f t h e s e and o t h e r MOE t o t h e 

o p e r a t i o n a l e f f e c t i v e n e s s o f a f o r c e b e g i n s to assume an i d e n t i f i a b l e 

s t r u c t u r e . With r e s p e c t t o D e f i n i t i o n 1 , r e l a t i v e momentum may be c o n 

s i d e r e d i n t h e same p l a n e as o t h e r MOE (e. g. 3 LER) t o d e s c r i b e o p e r a 

t i o n a l e f f e c t i v e n e s s . Hence , 

where ( ' ) d e n o t e s t h e t r a n s p o s e of t h e column r e p r e s e n t a t i o n of OE and 

each LER and t h e measure of r e l a t i v e momentum (M) i s r e p r e s e n t e d by a s e t 

of o b s e r v a t i o n s o b t a i n e d from r e p l i c a t i o n s of s i m u l a t e d combat . Conform

i n g t o s t a n d a r d n o t a t i o n t o be used throughout t h e remainder o f t h i s 

p a p e r , t h e above s i t u a t i o n may b e d e s c r i b e d by t h e f o l l o w i n g m a t r i x of 

o b s e r v a t i o n s : 

S t r u c t u r e of t h e Problem 

OE' = [ ( L E R ) 1 , ( L E R ) 2 , M] , 

X. 1 1 X 
12 

X. 
In 

X 
21 

X, 22 X 
2n X = ( 2 . 1 ) 

\ l
 Xl k2 

where each of t h e n columns r e p r e s e n t s a s e t of k o b s e r v a t i o n s on each of 

the MOE b e i n g examined. 

E x a m i n a t i o n of o p e r a t i o n a l e f f e c t i v e n e s s u s i n g D e f i n i t i o n 2 c o n -
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forms t o a s i m i l a r s t r u c t u r e : 

OE' = [ ( L E R ) r ( L E R ) 2 , M^, . . . . . Mr'] , 

where e a c h measure of o p e r a t i o n a l m o b i l i t y (M) i s now a s e t of o p e r a t i o n 

a l performance measures t a b u l a t e d f o r each of the r v e h i c l e s b e i n g c o n 

s i d e r e d . R e p r e s e n t a t i o n of t h i s d e s c r i p t i o n y i e l d s a d a t a m a t r i x s i m i l a r 

t o ( 2 . 1 ) , the o n l y d i f f e r e n c e p o s s i b l y b e i n g t h e d imens ions of t h e ma

t r i c e s . 

S i n c e each of t h e (MOE) i n t h e d a t a m a t r i c e s i s a random v a r i 

a b l e and i s q u i t e p o s s i b l y c o r r e l a t e d w i t h o t h e r X_ ,̂ e x p l o i t a t i o n of p o s 

s i b l e c o r r e l a t i o n s must be under taken i n o r d e r t o o b t a i n p r e c i s e i n f o r 

mat ion c o n c e r n i n g t h o s e MOE b e i n g examined. T h i s s u g g e s t s a p p l i c a t i o n 

of m u l t i v a r i a t e s t a t i s t i c a l methods , which w i l l be r e v i e w e d i n the n e x t 

c h a p t e r c o n c u r r e n t l y w i t h the deve lopment of a g e n e r a l methodo logy f o r 

a c c o m p l i s h i n g t h e s t a t e d o b j e c t i v e . 
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CHAPTER I I I 

REVIEW OF APPLICABLE MULTIVARIATE STATISTICAL METHODS 

I n t r o d u c t i o n 

The purpose of t h i s c h a p t e r i s t o r e v i e w t h o s e m u l t i v a r i a t e s t a 

t i s t i c a l methods t h a t a r e a p p l i c a b l e t o t h e o b j e c t i v e of t h i s r e s e a r c h . 

Rather than d i s c u s s i n g t h e s e methods i n an i s o l a t e d s t a t i s t i c a l vacuum, 

however , t h e i r r e l a t i o n s h i p t o the m e t h o d o l o g i c a l q u e s t i o n s a t hand w i l l 

b e e s t a b l i s h e d s o t h a t a g e n e r a l m e t h o d o l o g y w i l l b e c o m e a p p a r e n t a s the 

d i s c u s s i o n p r o g r e s s e s . In t h i s way , f o r m u l a t i o n of t h e p r e c i s e method

o l o g y t o b e p r e s e n t e d i n Chapter 4 w i l l be mere ly a s y n t h e s i s of methods 

p r e s e n t e d i n t h i s c h a p t e r . 

No a t t e m p t w i l l be made t o t r a c e t h e d e t a i l e d and r i g o r o u s t h e -

o r t i c a l deve lopment of m u l t i v a r i a t e s t a t i s t i c s ; h o w e v e r , some t h e o r e t i 

c a l d i s c u s s i o n w i l l b e n e c e s s a r y i n order t o e s t a b l i s h t h e r e l a t i o n s h i p 

between t h e w e l l - d o c u m e n t e d methods examined and the g e n e r a l methodo logy . 

Major a r e a s t o be d i s c u s s e d i n c l u d e an e x a m i n a t i o n of the assump

t i o n of m u l t i v a r i a t e n o r m a l i t y , h y p o t h e s i s t e s t i n g , s i m u l t a n e o u s c o n f i 

dence i n t e r v a l s , and p r i n c i p a l component a n a l y s i s . B e f o r e p r o c e e d i n g , 

however , i t w i l l p r o v e b e n e f i c i a l t o s u r v e y s e v e r a l b a s i c m u l t i v a r i a t e 

s t a t i s t i c a l c o n c e p t s and t o p r e v i e w the n o t a t i o n t o be used t h r o u g h o u t 

the remainder of t h i s p a p e r . Most o f the n o t a t i o n conforms t o t h a t used 

i n b a s i c t e x t b o o k s on m u l t i v a r i a t e s t a t i s t i c s , e . g. j (5) and (30 ) . 
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B a s i c M u l t i v a r i a t e S t a t i s t i c a l C o n c e p t s and N o t a t i o n 

In examining a p - d i m e n s i o n a l v e c t o r of c o n t i n u o u s random v a r i 

a b l e s as i n t r o d u c e d i n C h a p t e r I I and r e p r e s e n t e d b y : 

X' = [ x - , X o J X I , 
1 1 ' "2 ~P 

s e v e r a l b a s i c r e l a t i o n s h i p s become i m p o r t a n t . The c o v a r i a n c e between 

any two e l ements of t h e p o p u l a t i o n of X, s a y , X^ and X̂ . , i s d e f i n e d a s : 

Cov ( X ± , X ) = E { [ X ± - E ( X ± ) ] [X - E(X ) ] } , ( 3 . 1 ) 

where E i s t h e u s u a l e x p e c t e d v a l u e o p e r a t o r . I f i » j , then ( 3 . 1 ) r e 

duces t o : 

Cov ( X ± , X ± ) = Var ( X ± ) , 

the v a r i a n c e of t h e i t h e lement of X ( 1 8 ) . F u r t h e r m o r e , 

Cov ( X . , X . ) = Cov ( X . , X . ) . 

The p x p symmetric m a t r i x whose e l ement s a r e t h e p o p u l a t i o n v a r i a n c e s 

and c o v a r i a n c e s of X i s termed the p o p u l a t i o n c o v a r i a n c e m a t r i x and i s 

r e p r e s e n t e d b y : 

Z X = 

Var ( X x ) 

Cov ( X 2 , X x ) 

Cov (X , X . ) 
~p ~ 1 

Cov (X. X_) . . • Cov (X, , X ) 
~ 1 , ~ l ~ 1 ~p 

Var ( X 2 ) Cov ( X 9 , X ) 
~2 „p 

Cov (X , X_) • • • Var (X ) 
~p ~z ~p 

( 3 . 2 ) 

I f x ' Z x x > 0 f o r a l l n o n - n u l l x , then Z v i s s a i d t o be p o s i t i v e d e f i -
X 

n i t e ( 1 7 ) . In a s i m i l a r manner, t h e c o r r e l a t i o n between any two e l e -
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merits of X i s d e f i n e d by t h e Pearson c o r r e l a t i o n c o e f f i c i e n t i n (17) a s 

Gov ( X . , X . ) 
~ i ~J 

P U = 

m\JVn(Xi) -sjvar (X ) 
( 3 . 3 ) 

and t h e m a t r i x o f c o r r e l a t i o n s between e l ements of X i s : 

R = 
21 

12 

1 

I P 

'2p 

p i K

P 2 

( 3 . 4 ) 

where p . . = p . . and p . . = 1 f o r a l l i < p . I f X. and X. a r e i n d e p e n d e n t , 
i j j i i i - r ~ i ~J 

then p^j = 0 . However, t h e c o n v e r s e i s not a l w a y s t r u e ; t h u s , i f 

-1 < p . . < 0 or 0 < p . . < 1 f o r i ? H , t h e n X. and X . a r e s a i d to be d e -
" i j - " i j ~ J ~ i ~J 

pendent . The v e c t o r of p o p u l a t i o n means of t h e e l e m e n t s of X w i l l be 

denoted b y : 

V = [ u x r y x 2 ' % ] ' w h e r e 

u „ . i s t h e mean of X . . 
X i ^ l 

From a d a t a m a t r i x r e p r e s e n t i n g N o b s e r v a t i o n s on t h e e l e m e n t s 

of X , such as t h a t r e p r e s e n t e d by e q u a t i o n ( 2 . 1 ) , t h e p by p symmetric 

m a t r i x o f sums of s q u a r e s and c r o s s p r o d u c t s may be c a l c u l a t e d : 

N 

A = X] (X ± " x ) ( X ± ~ x ) ' , ( 3 . 5 ) 

where x i s the v e c t o r whose e l ements a r e t h e maximum l i k e l i h o o d e s t i m a t e s 

of t h e e l e m e n t s of The maximum l i k e l i h o o d e s t i m a t o r of t h e p o p u l a -
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t i o n c o v a r i a n c e m a t r i x , or t h e sample c o v a r i a n c e m a t r i x , may t h u s be 

c a l c u l a t e d b y : 

?x = F ^ T A - ( 3 - 6 > 

A l t h o u g h t h e p r e c e d i n g d i s c u s s i o n by no means r e p r e s e n t s a l l c o n 

c e p t s and n o t a t i o n t o b e used i n the s e q u e l , s u f f i c i e n t groundwork has 

been e s t a b l i s h e d so t h a t c o n t i n u i n g w i t h t h e e x a m i n a t i o n o f m u l t i v a r i a t e 

s t a t i s t i c a l methods i s now p o s s i b l e . 

The Assumpt ion of M u l t i v a r i a t e N o r m a l i t y 

As i n u n i v a r i a t e s t a t i s t i c s , t h e d i s t r i b u t i o n a l t h e o r y f o r m u l t i 

d i m e n s i o n a l , c o n t i n u o u s random v a r i a b l e s i s w e l l - d o c u m e n t e d f o r t h e 

m u l t i v a r i a t e a n a l o g of t h e u n i v a r i a t e normal d i s t r i b u t i o n . A l t h o u g h 

e x a c t d i s t r i b u t i o n s f o r o t h e r m u l t i v a r i a t e s t a t i s t i c s have been d e r i v e d 

( 8 ) , o n l y s t a t i s t i c s b a s e d on m u l t i v a r i a t e n o r m a l i t y of a v e c t o r r a n 

dom v a r i a b l e w i l l be d i s c u s s e d based on t h e p r e v i o u s l y mentioned d o c u 

m e n t a t i o n and u n i v e r s a l i t y of u s e . 

In an e x a m i n a t i o n of the v e c t o r random v a r i a b l e , X, t h e n , i t 

would be e x t r e m e l y b e n e f i c i a l i f t h e j o i n t d e n B i t y f u n c t i o n of X, qb (X), 

were of t h e form: 

wY>> 1 exp [ - 1 / 2 (X - vO' ^ ( X - u ) ] , ( 3 . 7 ) 

(2*?/2 \ l x \ 1 / 2 

where | £^ | and a r e t h e d e t e r m i n a n t and i n v e r s e of t h e s i g m a - m a t r i x , 

, r e s p e c t i v e l y . I f t h e j o i n t d e n s i t y of X i s of t h e form of ( . 3 . 7 ) , 

then X i s s a i d t o f o l l o w a m u l t i v a r i a t e normal d i s t r i b u t i o n , or 
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X - N ( u , x , E x ) . F u r t h e r m o r e , i f E i s of f u l l rank p , then U X | ^ 0, I . " 

a lways e x i s t s , and 1 ^ i s p o s i t i v e d e f i n i t e ( 1 ) . 

T h e r e f o r e , i n a s t a t i s t i c a l a n a l y s i s of X , s e v e r a l a l t e r n a t i v e s 

e x i s t : 

1 . Assume X - N(u , Zv) and proceed w i t h the a n a l y s i s ; 

2 . T e s t HQ : X - N(U X, I x ) a g a i n s t 

: X i s n o t N (U X, £ x ) and 

proceed w i t h the a n a l y s i s i f HQ i s no t r e j e c t e d ; or 

3 . Transform X by Y = f ( X ) so t h a t Y ~ N ( u Y , E y ) and such t h a t 

i n f e r e n c e s w i t h r e s p e c t t o X may be r e l a t e d t o i n f e r e n c e s d r a w n on Y . 

4 . D i s r e g a r d t h e d i s t r i b u t i o n of X and proceed w i t h a n o n p a r a -

m e t r i c a n a l y s i s . 

For l a r g e samples drawn from the p o p u l a t i o n of X , a l t e r n a t i v e 1 

i s c e r t a i n l y t e n a b l e based on a m u l t i v a r i a t e g e n e r a l i z a t i o n of the C e n 

t r a l L i m i t Theorem ( 5 ) . In most a n a l y s e s of m i l i t a r y o p e r a t i o n a l e f 

f e c t i v e n e s s , however , o b t a i n i n g l a r g e sample s i z e s (e. g. > >50) i s u s u 

a l l y no t f e a s i b l e due to c o s t s a s s o c i a t e d w i t h r e p l i c a t i o n s of s t o c h a s 

t i c combat s i m u l a t i o n mode l s . A l t e r n a t i v e 4 i s c u r r e n t l y b e i n g examined 

by an Army agency and w i l l not be d i s c u s s e d i n t h i s p a p e r . T h i s l e a v e s 

a l t e r n a t i v e s 2 and 3 , or a combinat ion t h e r e o f , a s p o s s i b l e a p p r o a c h e s 

i n commencing an a n a l y s i s of X. 

T e s t s f o r M u l t i v a r i a t e N o r m a l i t y 

U n t i l r e c e n t l y t h i s a r e a of m u l t i v a r i a t e s t a t i s t i c s has r e c e i v e d 

l i t t l e a t t e n t i o n . However, g e n e r a l i z a t i o n s of u n i v a r i a t e t e s t p r o c e d u r e s 

have been f o r m u l a t e d . One such p r o c e d u r e , based on order s t a t i s t i c s , i s 

due t o M a l k o v i c h and A f i f i (27) and i s a g e n e r a l i z a t i o n o f a u n i v a r i a t e 
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p r o c e d u r e d e v e l o p e d by S h a p i r o and Wi lk ( 3 8 ) . G i v e n the d a t a m a t r i x 

X = [ x ^ . ] , i = 1 , 2 , p , j = 1 , 2 , n and computing t h e m a t r i x of 

sums of s q u a r e s and c r o s s p r o d u c t s , A , as i n e q u a t i o n ( 3 . 5 ) , t h e t e s t 

p r o c e e d s as f o l l o w s : 

1 . Denote X. as t h e p x 1 o b s e r v a t i o n v e c t o r f o r w h i c h 

(X. - x ) ' A _ 1 (X. - x) = max (X. - x ) , A _ 1 ( X . - x ) . 

1 < j < n 

2 . Order the s t a t i s t i c s 

U. = (X. - x ) f A " 1 ( X . - x ) , j = 1 , 2 , n ( 3 . 8 ) 

and d e n o t e them by U^, t ^ , U^. 

3 . Compute t h e t e s t s t a t i s t i c , W: 

n 

[ E a i V 2 

W = i = 1 ( 3 . 9 ) 
( X ± - x r A " 1 ^ " x) 

where the {a^} a r e s y m m e t r i c , normal i zed b e s t l i n e a r c o e f f i c i e n t s t a b u 

l a t e d i n (36) and p r e s e n t e d i n T a b l e 20 , Appendix A. E x a c t v a l u e s of 

{a_^} f o r sample s i z e s up t o 20 a r e known, w h i l e v a l u e s f o r sample s i z e s 

up t o 50 have been approximated i n ( 3 8 ) . 

M a l k o v i c h and A f i f i compared t h i s t e s t w i t h o t h e r s based on m u l t i 

v a r i a t e g e n e r a l i z a t i o n s of d e f i n i t i o n s of u n i v a r i a t e skewness and k u r t o 

s i s and g e n e r a l i z a t i o n s of the u n i v a r i a t e Kolmogorov-Smirnof f and 

Cramer-Von Mises t e s t s t a t i s t i c s . The comparison examined Monte C a r l o 
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a p p r o x i m a t i o n s of t h e powers of t h e r e s p e c t i v e t e s t s a g a i n s t s e l e c t e d 

a l t e r n a t i v e d i s t r i b u t i o n s and showed t h a t i n most i n s t a n c e s w i t h s m a l l 

sample s i z e s (< 2 0 ) , the W s t a t i s t i c s performed as w e l l a s , i f not b e t 

t e r t h a n , the o t h e r t e s t s . These r e s u l t s , and t h e f a c t t h a t t h e e x a c t 

d i s t r i b u t i o n of W i s known f o r sample s i z e s up t o 50 ( T a b l e 2 1 , Appendix 

A ) , combine w i t h t h e r e l a t i v e e a s e of t h e p r o c e d u r a l computat ion of W 

t o make the t e s t a p p e a l i n g f o r p r a c t i c a l a p p l i c a t i o n . S h a p i r o and W i l k , 

i n the p r e s e n t a t i o n o f t h e i r u n i v a r i a t e p r o c e d u r e , i n d i c a t e t h a t the 

W - s t a t i s t i c i s somewhat s e n s i t i v e t o o u t l i e r s , which may b e v e r i f i e d by 

a c u r s o r y e x a m i n a t i o n of e q u a t i o n ( 3 . 9 ) . T h i s c h a r a c t e r i s t i c , however , 

may s e r v e t o the a n a l y s t ' s a d v a n t a g e by d e t e c t i o n of even s l i g h t d e p a r 

t u r e s from n o r m a l i t y , u n l e s s o u t l i e r s a r e due t o random e r r o r . In l i g h t 

of t h i s , a r e l a t i v e l y low c o n f i d e n c e l e v e l a s s o c i a t e d w i t h a g i v e n W, 

say a = . 7 or a = . 6 , may be s u i t a b l e i f t h e p r e s e n c e of o u t l i e r s may be 

v e r i f i e d . 

Other t e s t s f o r m u l t i v a r i a t e n o r m a l i t y have been p r o p o s e d , e. g . 3 

(26 , 28 , 2 9 ) ; however , c o m p u t a t i o n a l d i f f i c u l t i e s and l a c k of knowledge 

of e x a c t d i s t r i b u t i o n s of r e l a t e d t e s t s t a t i s t i c s f o r X of d imens ion 

p > 2 p r o h i b i t t h e i r u s e f o r t h e problem s i t u a t i o n of t h i s p a p e r , i n 

which t h e number o f MOE b e i n g examined w i l l most c e r t a i n l y be more than 

two. 

Data T r a n s f o r m a t i o n 

In an e x a m i n a t i o n of a l t e r n a t i v e 3 , s e v e r a l i t ems become immedi

a t e l y i m p o r t a n t . I f the t r a n s f o n m a t i o n Y = f ( X ) i s of t h e form 

Y = CX + b , i. e . 3 a l i n e a r t r a n s f o r m a t i o n , then i n f e r e n c e s c o n c e r n i n g 
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X a r e e q u i v a l e n t t o t h o s e drawn w i t h r e s p e c t to Y ( 3 3 ) . However, no 

l i n e a r t r a n s f o r m a t i o n i s known t o e x i s t t h a t simultaneously i n d u c e s joint 

n o r m a l i t y on a l l p d imens ions of X . Each e lement o f X may be transformed 

s e p a r a t e l y to i n s u r e m a r g i n a l n o r m a l i t y of each X ^ , b u t t h i s i s no t s u f 

f i c i e n t t o make any i n f e r e n c e s about t h e j o i n t d i s t r i b u t i o n of X . An 

e x a m i n a t i o n of a n o n - l i n e a r t r a n s f o r m a t i o n of X may then prove u s e f u l . 

Development of t r a n s f o r m a t i o n s to i n s u r e m u l t i v a r i a t e n o r m a l i t y 

has proceeded much i n t h e same d i r e c t i o n as the deve lopment of t e s t s f o r 

m u l t i v a r i a t e n o r m a l i t y through g e n e r a l i z a t i o n of u n i v a r i a t e p r o c e d u r e s . 

Box and Cox (12) p r e s e n t e d an e x t e n s i v e e x a m i n a t i o n of s e v e r a l u n i 

v a r i a t e p r o c e d u r e s , one of which was based on the c l a s s of power t r a n s 

f o r m a t i o n s 

* i 1 X * 0 

J B L ( X ± ) A = 0 

where Y i s now t h e trans formed v e c t o r of o r i g i n a l o b s e r v a t i o n s , { X _ ^ } , 

f o l l o w i n g the u n i v a r i a t e normal d i s t r i b u t i o n . I f Y i s assumed t o be 

n o r m a l l y d i s t r i b u t e d f o r some unknown p a r a m e t e r , X, then m a x i m i z a t i o n of 

the l o g l i k e l i h o o d f u n c t i o n , L ( X ) , w i l l produce t h a t v a l u e of X t h a t 
max r 

makes Y n o r m a l l y d i s t r i b u t e d . 

T h i s p r o c e d u r e has been g e n e r a l i z e d i n (3) by Andrews, Gnanades ikan , 

and Warner as a method f o r i n s u r i n g j o i n t n o r m a l i t y . G i v e n t h e o r i g i n a l 

d a t a m a t r i x X = [ X . J J ] » 1 = 1 » 2 , p , j - 1 > 2 , n and a s t a r t i n g 

v e c t o r of t r a n s f o r m a t i o n parameters X 1 = [X_, X - , X ] , proceed as 
1 Z P 

f o l l o w s : 
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1 . C a l c u l a t e 

[ X i . J X 3 _ 1 A * 0 
yCX) = „ (X) _ I A J ( 3 . 1 0 ) 

£tt(x. . ) , A. = 0 

2 . Us ing Y ^ \ t h e transformed d a t a m a t r i x , c a l c u l a t e t h e m a x i 

mum l i k e l i h o o d e s t i m a t e s of the mean v e c t o r and the c o v a r i a n c e m a t r i x by: 

i n _ 

S = 1 ( Y ( X ) - 1 • 7 ' ) ' ( Y ( X ) - 1 • ? ) 

where 1 i s a p - d i m e n s i o n a l v e c t o r of o n e ' s . 

3 . N u m e r i c a l l y maximize 

L m a x ( ^ " ' f l n l?l + f X] ^ " 1 } E ** ( X i 3 } ) ( 3 ' 1 1 } 

\ i = 1 j = 1 / 

t o o b t a i n A, t h e v e c t o r of maximum l i k e l i h o o d e s t i m a t e s of t h e t r a n s f o r 

mat ion p a r a m e t e r s . 

T h e o r e t i c a l l y , t h e o n l y s e t of p a r a m e t e r s , A, t h a t i s c o n s i s t e n t 

w i t h t h e h y p o t h e s i s t h a t X ~ N ( p . . , E v ) i s A = ( A , , A . , A ) = 1 
„ A A 1 Z p 

( 3 ) . Based on t h i s and an e x t e n s i o n of t h e r e s u l t s i n ( 1 2 ) , a 1 0 0 ( 1 - a ) 

c o n f i d e n c e l e v e l may b e e s t a b l i s h e d f o r A, where the t e s t s t a t i s t i c 

2[L (A) - L ( 1 ) ] - X 2 ( 3 . 1 2 ) 
max max n K ' 

when p e r f o r m i n g a l i k e l i h o o d r a t i o t e s t of H^: A = 1 ( 3 ) . 
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A l s o , s i n c e - 0 0 < A < 0 0 , a s e t of t r a n s f o r m a t i o n parameters t h a t 

has a l l e l ements r e l a t i v e l y c l o s e t o 1 , s a y .9 < A_̂  < 1 . 1 , i = 1 , p , 

i n d i c a t e s t h a t t h e o r i g i n a l s e t of d a t a d i d n o t have t o b e s u b j e c t e d t o 

a l a r g e d i s t u r b a n c e i n order t o enhance i t s n o r m a l i t y ( 3 ) . T h i s t r a n s f o r 

mat ion p r o c e d u r e , t h e n , a c t u a l l y p r o v i d e s s e v e r a l i n d i c a t o r s i n an a s s e s s 

ment of m u l t i v a r i a t e n o r m a l i t y . 

In comparing t h i s method w i t h s e v e r a l o t h e r s , t h e a u t h o r s of (3) 

conc luded t h a t t h e p r o c e d u r e o u t l i n e d above performed as w e l l as t h e 

o t h e r s a g a i n s t s i m i l a r a l t e r n a t i v e h y p o t h e s e s . T h i s p r o c e d u r e i s more 

p r a c t i c a l , however , b e c a u s e of t h e e x a c t n a t u r e of i t s d e r i v a t i o n and 

r e l a t i v e e a s e of c o m p u t a t i o n . Other p r o c e d u r e s d e v e l o p e d were based on 

approx imate d i r e c t i o n a l and a n g u l a r p e r t u r b a n c e s of the d a t a and were 

g e n e r a l l y not as p r e c i s e as the maximum l i k e l i h o o d p r o c e d u r e . 

The o n l y p h y s i c a l r e s t r i c t i o n on the above p r o c e d u r e i s t h a t 

x „ > 0 and y ^ ^ > 0, s i n c e t h e n a t u r a l l o g a r i t h m of a n e g a t i v e number 

i s n o t d e f i n e d . I f n e c e s s a r y , t h e means of X may b e s u i t a b l y s h i f t e d a t 

t h e o u t s e t of an a n a l y s i s t o i n s u r e s a t i s f a c t i o n of t h i s c r i t e r i a . From 

b a s i c s t a t i s t i c s , s h i f t s of t h i s n a t u r e w i l l n o t a f f e c t t h e u n d e r l y i n g 

d i s t r i b u t i o n s of X nor of Y . A t t e n t i o n w i l l b e d i r e c t e d i n a l a t e r s e c 

t i o n t o t h e i s s u e of drawing i n f e r e n c e s on the o r i g i n a l v a r i a b l e , X, 

a f t e r a p p l i c a t i o n of a n o n - l i n e a r t r a n s f o r m a t i o n . 

T e s t s of Hypotheses 

The purpose of t h i s s e c t i o n i s t o i n t r o d u c e c e r t a i n s t a t i s t i c a l 

t e s t s t h a t may p r o v e u s e f u l i n a p r e l i m i n a r y e x a m i n a t i o n of MOE b e i n g 

c o n s i d e r e d . P r e c i s e c o n t r i b u t i o n s of e a c h MOE t o o p e r a t i o n a l e f f e c t i v e -
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ness can no t b e determined s i m p l y by t e s t i n g the s t r u c t u r e o f a s y s t e m 

of d a t a ; however , approx imate i n f e r e n c e s may b e drawn which may p r e c l u d e 

t h e n e c e s s i t y f o r f u r t h e r t e s t i n g and thus r e d u c e a s s o c i a t e d c o s t s . Nu

merous s t a t i s t i c a l t e s t s a r e a v a i l a b l e which might p r o v e a d v a n t a g e o u s 

( 2 2 ) ; however , o n l y w e l l - d o c u m e n t e d t e s t s w i l l be examined. 

T e s t i n g E q u a l i t y of C o v a r i a n c e M a t r i c e s 

In most o p e r a t i o n a l e f f e c t i v e n e s s a n a l y s e s , of pr imary concern 

i s the e x a m i n a t i o n of s e v e r a l compet ing sys tems so t h a t t h e e f f e c t i v e 

nes s of a f o r c e w i t h one s y s t e m may b e compared a g a i n s t t h e e f f e c t i v e 

n e s s of a f o r c e w i t h a b a s e s y s t e m or a n o t h e r a l t e r n a t i v e s y s t e m . With 

r e s p e c t t o o u t p u t from a s t o c h a s t i c s i m u l a t i o n , t h e n , t h e c o n c e r n i s 

w i t h e x a m i n a t i o n of t h e d a t a s t r u c t u r e of each s y s t e m . As i n u n i v a r i a t e 

h y p o t h e s i s t e s t i n g , f i r s t c o n s i d e r a t i o n should b e g i v e n t o t e s t i n g e q u a l 

i t y of t h e c o v a r i a n c e m a t r i c e s f o r compet ing s y s t e m s , which i s s i m p l y 

t h e m u l t i v a r i a t e a n a l o g of t e s t i n g e q u a l i t y of v a r i a n c e s i n t h e u n i 

v a r i a t e c a s e ( h o m o s c e d a s t i c i t y ) . 

I f o n l y two sys tems a r e examined a t one t i m e , say t h e b a s e s y s 

tem and t h e f i r s t a l t e r n a t i v e , then t h e h y p o t h e s i s t o b e t e s t e d i s : 

V E X 1 = Z X2 

a g a i n s t R^. j Z^ 

where E ^ has d imens ion p^ and E ^ has d imens ion p£ (both o f f u l l rank) . 

Morr i son (30) p r o v i d e s a g e n e r a l i z a t i o n of a u n i v a r i a t e t e s t d e v e l o p e d 

by B a r t l e t t based on the g e n e r a l i z e d l i k e l i h o o d - r a t i o c r i t e r i o n . I f t h e 

o b s e r v a t i o n s f o r each s y s t e m a r e drawn from a m u l t i v a r i a t e normal popu-
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l a t i o n , then the e s t i m a t e s of and a n ( * ^ 2 ' ^ e c ° m P u t e ( * 

i n t h e u s u a l manner u s i n g e q u a t i o n ( 3 . 6 ) , where N i s r e p l a c e d by and 

r e s p e c t i v e l y . L e t t i n g n^ = N ^ - l , the poo led e s t i m a t e of E , S^, when 

H~ i s t r u e becomes: / 
0 / n S. 

/ i ~ i 

S = 
P 

i = 1 

( 3 . 1 3 ) 

\ i - 1 

and the s t a t i s t i c i s : 

M = j n i ) is

Pi • Y2 n±Zn 'Si' * (3'14) 

\ i = i 1 / ~ p i = i 

I f k i s the number of sys tems b e i n g t e s t e d , Box ( 1 1 ) has shown t h a t i n 

t r o d u c t i o n of t h e s c a l e f a c t o r 

^ • / ^ g V i f a - 1 ! ) (3-15) 

i n s u r e s t h a t 

M C _ 1 * X l / 2 ( k - l ) p ( P + l ) ( 3 - 1 6 ) 

f o r k and p < 4 or 5 and each n^ > 20. For l a r g e r d imens ions and sample 

s i z e s , Box proposes 

Mb 1 ~ F_. ( 3 . 1 7 ) 

f o r e q u a l sample s i z e s , = = N, and where 
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1 2 ( N - 1 ) 2 ( P ; l P 2 + 2) 
f l = P 1 P 2 ' f 2 = 2~ 2~~ 

Pi + Po ~ 5 

and 

P i + p 2

 + 1 £ i 

b ^ 1 " 2 ( N ^ ~ V . (3.18) 
P 1 P 2 

I f M C _ 1 < X 2 . , or Mb""1 < F f-, f_, t h e n u l l h y p o -
1-a; l / 2 ( k - l ) p ( p + 1) - 1-a; 1 2 

t h e s i s i s n o t r e j e c t e d w i t h c o n f i d e n c e 100 (l-a)%. 

T e s t s of Hypotheses on Mean V e c t o r s 

S e v e r a l t e s t s on mean v e c t o r s of d a t a o b t a i n e d f o r two compet ing 

sys t ems w i l l p r o v e u s e f u l . I f s t a t i s t i c a l i n f e r e n c e s i n d i c a t e no d i f 

f e r e n c e s between the means of two s y s t e m s , then f u r t h e r s t a t i s t i c a l 

a n a l y s i s may n o t b e w a r r a n t e d . S i m i l a r l y , e s t a b l i s h e d s t a t i s t i c a l d i f 

f e r e n c e s may j u s t i f y f u r t h e r a n a l y s i s and may i n f a c t i n d i c a t e which e l e 

ments a r e d i f f e r e n t and may t h e r e f o r e c o n t r i b u t e d i f f e r e n t amounts t o 

o p e r a t i o n a l e f f e c t i v e n e s s . 

I f H_: = Z „ r t i s no t r e j e c t e d then a t e s t of whether or n o t 0 XI X2 J 

the means of two sys tems a r e d i f f e r e n t may b e s t a t e d a s : 

a g a i n s t H ^ ^ + ^ . 

I f X 1 ~ N ( ^ x l » E

x l ) a n d x

2 ~ N ^ x 2 ' ZX2^ a n d t h e t r U e P ° P u l a t i o n 

c o v a r i a n c e m a t r i c e s a r e unknown, Morr i son (30) p r o v i d e s t h e f o l l o w i n g 

s t a t i s t i c : 
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N x + N 2 - p - 1 2 

F = (N x + N 2 - 2)p T I

V t K 1 + N 2 - p - 1 ( 3 * 1 9 ) 

where 

2 N 1 N 2 - - - 1 - -
T " i ~ r ^ ( ? 1 " ? 2 > ' ! p ( ? l - ? 2 > ( 3 - 2 0 ) 

2 
i s the H o t e l l i n g T s t a t i s t i c ( 2 1 ) , t h e m u l t i v a r i a t e a n a l o g o f the 

squared u n i v a r i a t e t - s t a t i s t i c . In e q u a t i o n ( 3 . 2 0 ) , S i s t h e u s u a l 
~P 

poo led e s t i m a t e of £, w h i l e and x^ a r e maximum l i k e l i h o o d e s t i m a t e s 

of u n and u x 2 . I f 

2 ( N x + N 2 - 2)p 2 

T - ( N l + N 2 - p - 1 ) F a ; p , N x + N 2 - p - 1 = T 0 ' ( 3 , 2 1 ) 

then H Q i s n o t r e j e c t e d w i t h c o n f i d e n c e 100 ( l - a ) % . 

Another u s e f u l t e s t may be 

H 0 : & i = ?0 

a g a i n s t 1 ^ : y x ± j y Q 

where y n i s a g i v e n v e c t o r of p r e - e s t a b l i s h e d s t a n d a r d means, Z a r e 

unknown, and X, ~ N(w__., £ v . ) . When EL i s t r u e , Morr i son shows t h a t 
^ i "Xi Xx 0 

N - P 2 
F = " r - v T ~ F „ , ( 3 . 2 2 ) 

p(N - 1 ) p , N - p ' 

2 
where T i s now d e f i n e d as 



3 3 

( 3 . 2 3 ) 

I f 

a; p , N-p 
= T 

0 

2 
( 3 . 2 4 ) 

then Hq i s no t r e j e c t e d w i t h c o n f i d e n c e 1 0 0 ( l - a ) % . 

When Hq . E ^ = E ^ i s r e j e c t e d , a d i f f e r e n t p r o c e d u r e must be 

used t o t e s t Rq. = ^ e s i t u a t i ° n n o w encountered i s the m u l t i 

v a r i a t e a n a l o g of the B e h r e n s - F i s h e r problem. A s o l u t i o n t o t h i s p r o b 

lem has been d e r i v e d by B e n n e t t ( 7 ) based on an e x t e n s i o n of Sheffe* T s 

s o l u t i o n t o the u n i v a r i a t e problem ( 4 0 ) and p r e s e n t e d i n Anderson ( 5 ) . 

Only the c a s e of e q u a l sample s i z e s w i l l be c o n s i d e r e d , i. e . 3 = N 2 » 

By forming t h e m a t r i x of d i f f e r e n c e s be tween o b s e r v a t i o n s on 

and X n ~1 

1 = { * i j } = { X l j " V • 

the f o l l o w i n g q u a n t i t i e s may be c a l c u l a t e d : 

y = 
1 
N 

• 1 ( 3 . 2 5 ) 

and 

N 

i = 1 

( 3 . 2 6 ) 
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A c c o r d i n g l y , 

N y f S y ( 3 . 2 7 ) 

has t h e T d i s t r i b u t i o n w i t h N - 1 d e g r e e s of freedom. I f 

T 2 < P f f i - F 

- N - p a; p , N - p 
( 3 . 2 8 ) 

then H Q i s n o t r e j e c t e d w i t h c o n f i d e n c e 100 ( l - a ) % . T h i s problem does 

n o t a r i s e when t e s t i n g EL: u . = u s i n c e no e s t i m a t e of a poo led c o -

v a r i a n c e m a t r i x i s needed t o e s t a b l i s h an a p p r o p r i a t e c r i t i c a l r e g i o n . 

As mentioned p r e v i o u s l y , i f no d i f f e r e n c e s i n means a r e d e t e c t e d 

i n t e s t s o u t l i n e d a b o v e , f u r t h e r t e s t i n g may be u n n e c e s s a r y . However, 

i f a n u l l h y p o t h e s i s on the mean v e c t o r s of two sys t ems i s r e j e c t e d , then 

i t i s d e s i r a b l e to know which e l ements of the mean v e c t o r s , i. e . 3 wh ich 

MOE, a r e c o n t r i b u t i n g t o d i f f e r e n c e s i n o p e r a t i o n a l e f f e c t i v e n e s s . T h i s 

may i n f a c t b e determined and i s the t o p i c of t h e n e x t s e c t i o n . 

S imul taneous C o n f i d e n c e I n t e r v a l s 

Once a g a i n , p r o c e d u r e s r e v i e w e d h e r e a r e d i r e c t e x t e n s i o n s of 

u n i v a r i a t e p r o c e d u r e s as p r e s e n t e d i n (5) and ( 3 0 ) , u n l e s s o t h e r w i s e 

s t a t e d . By e s t a b l i s h i n g c o n f i d e n c e i n t e r v a l s about t h e e l ement s of mean 

v e c t o r s a n d / o r d i f f e r e n c e s be tween mean v e c t o r s , i t w i l l be p o s s i b l e t o 

de termine e x a c t l y which e l ements caused r e j e c t i o n of a p a r t i c u l a r n u l l 

h y p o t h e s i s . 

Cons ider f i r s t H : u v , = y v o where H : Z v 1 = Z _ i s n o t r e j e c t e d . 0 W X X ^ i vZ 0 -AX A.Z 

The 1 0 0 ( l - a ) % s i m u l t a n e o u s c o n f i d e n c e i n t e r v a l s on a ' ( u - u ) a r e 
: x i : x 2 
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a' ( x x - x 2 ) ± 
( N x + N 2 ) ( N 1 + N 2 - 2)p 

a S a "TTTT ; rrn : , » F 
„p ( N 1 N 2 ) ( N 1 + N 2 - p - 1) a; p , N x . + N 2 - p - 1 

(3.29) 

where a 1 i s a v e c t o r of z e r o ' s e x c e p t f o r 1 i n t h e i t h p o s i t i o n c o r r e 

sponding t o the i t h i n t e r v a l . 

I f Hq. Z = i s r e j e c t e d , then 100(1-a)% s i m u l t a n e o u s c o n 

f i d e n c e i n t e r v a l s on a' (y,y- - y «) a r e c o n s t r u c t e d i n a s i m i l a r manner, 
; x i T x 2 

based on r e s u l t s of the B e h r e n s - F i s h e r prob lem: 

"a'S„a < N - *> * a ' ( x x - x 2 ) ± 
N(N - P) a; p , N - p (3.30) 

For e s t a b l i s h i n g i n t e r v a l s about a ' ( v x ^ ~ Uq) » e q u a t i o n (3.30) may a l s o 

be used by r e p l a c i n g (x^ - x 2 ) w i t h (x^ - y^) and S w i t h S i from e q u a t i o n 

(3.6). 

I n t e r p r e t a t i o n of i n t e r v a l s e s t a b l i s h e d by any of t h e above p r o c e 

dures i s c r i t i c a l . C o n s i d e r an example i n a t e s t of H ^ : y x ^ = y^ 2 

where X̂  and X2 a r e b o t h of d imens ion p = 2 and Hq has been r e j e c t e d . 

I n t e r v a l s e s t a b l i s h e d by e q u a t i o n (3.30) a r e found t o b e : 

L l - "x i l - U X 1 2 - U l 

and L 2 < w x 2 1 - M x 2 2 < U 2 

I f t h e c l o s e d i n t e r v a l [L^, U ] c o n t a i n s 0, then V x ^ 2 ~ V x 2 2 i s c o n s i d 

ered n e g l i g i b l e a t t h e s p e c i f i e d c o n f i d e n c e l e v e l and d i d n o t c o n t r i b u t e 

s i g n i f i c a n t l y t o t h e r e j e c t i o n of Hq. I f [L^, U ]̂ does n o t c o n t a i n 0, 
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then t h e c o n v e r s e i s t r u e . Hence , s t a t i s t i c a l d i f f e r e n c e s may be e s t a b 

l i s h e d between s p e c i f i c MOE used to d e s c r i b e o p e r a t i o n a l e f f e c t i v e n e s s , 

p r o v i d e d t h a t d i f f e r e n c e s between MOE of compet ing sys tems have been 

e s t a b l i s h e d . I f a n o n - l i n e a r t r a n s f o r m a t i o n i s a p p l i e d t o t o enhance 

m u l t i v a r i a t e n o r m a l i t y , however , a d d i t i o n a l c o n s i d e r a t i o n s must be e x a 

mined w i t h r e s p e c t t o i n f e r e n c e s drawn on the trans formed d a t a . 

S t a t i s t i c a l I n f e r e n c e A f t e r Non-L inear T r a n s f o r m a t i o n 

In g e n e r a l , t h e s i t u a t i o n now encountered may be s e p a r a t e d i n t o 

two c a s e s : 1 ) when t e s t i n g H^: - y ^ ~ 0> a n d 2) when t e s t i n g 

C o n s i d e r i n g C a s e 1 , c o n f i d e n c e i n t e r v a l e s t i m a t e s of t h e means of 

t h e transformed d a t a a r e of the form 

L j i "Y1J ~ " Y 2 j - V ( 3 , 3 1 ) 

where y y ^ j r e p r e s e n t s t h e mean of the j t h transformed v a r i a b l e i n d a t a 

s e t i , t rans formed by = f^O^) from e q u a t i o n ( 3 . 1 0 ) . S i n c e Y i s non

l i n e a r , t h e i n t e r v a l s [ L . , U,J must b e r e c o n s t r u c t e d t o b e of t h e form 

*<V - y X l j " ^X2j K- 8 ( V • 

where g i s some f u n c t i o n of [ L . , U . ] such t h a t i n f e r e n c e s drawn from 
J 3 

g[L^., u \ ] a r e e q u i v a l e n t t o , b u t not n e c e s s a r i l y the same a s , t h o s e drawn 

from [ L . , U , l . S e v e r a l a l t e r n a t i v e s t o t h e s o l u t i o n of t h i s s i t u a t i o n 
3 j 

become r e a d i l y a p p a r e n t . 

F i r s t , the e x a c t d i s t r i b u t i o n s of the t rans formed p a r a m e t e r s may 

be d e r i v e d so t h a t s t a t i s t i c s based on t h e s e d i s t r i b u t i o n s y i e l d t h e r e -
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q u i r e d i n t e r v a l e s t i m a t e s . T h i s would a c t u a l l y p r e c l u d e the n e c e s s i t y 

f o r r e c o n s t r u c t i o n of i n t e r v a l s on the transformed p a r a m e t e r s , b u t would 

d i c t a t e d e r i v a t i o n of e x a c t t e s t s f o r t h e t r a n s f o r m a t i o n u s e d . 

A second method would be to d e v e l o p an i n v e r s e f u n c t i o n of f . 
1 

such t h a t i n f e r e n c e s drawn from f . [ L . , U . ] a r e e q u i v a l e n t t o t h o s e drawn 
1 J J 

from [L^, U ^ ] . C o m p u t a t i o n a l burdens r e d u c e t h e p r a c t i c a l i t y of a d o p t 

i n g t h i s a p p r o a c h . 

A t h i r d a l t e r n a t i v e might be an a t t e m p t a t t h e i d e n t i f i c a t i o n of 

a r e a l i s t i c , i n t u i t i v e i n t e r p r e t a t i o n of t h e t rans formed i n t e r v a l e s t i 

mates i n terms of t h e o r i g i n a l d a t a . For example , i f y = f (x) = £jtx, 

then y may be i n t e r p r e t e d a s a measurab le v a r i a b l e r e p r e s e n t i n g some 

growth p a t t e r n of x . A l t h o u g h t h i s p r o c e d u r e has proved u s e f u l i n some 

i n s t a n c e s ( 2 3 ) , i t s a p p l i c a t i o n to m i l i t a r y problems i n v o l v e s s u b s t a n 

t i a l c o n j e c t u r e and s u b j e c t i v e e v a l u a t i o n . 

The f i r s t two p r o c e d u r e s i n v o l v e s t a t i s t i c a l t e c h n i q u e s and me

thods of f u n c t i o n a l a n a l y s i s beyond t h e scope of t h i s r e s e a r c h , w h i l e 

the t h i r d p r o c e d u r e i s no t r e a d i l y a p p l i c a b l e to t h e problem a t hand. 

In l i g h t of t h i s , an approx imate method w i l l be d e v e l o p e d t o o b t a i n r e 

q u i r e d i n t e r v a l e s t i m a t e s of t h e o r i g i n a l p a r a m e t e r s , V ^ q j ~ ' u x 2 j * 

Based on the independence of t h e t rans formed d a t a s e t s , Y ^ , 

y Y l j " y Y 2 j = E ^ Y l j ^ " E ^ Y 2 j ^ ' R e c a l l i n S t n a t t h e t r a n s f o r m a t i o n i s 

Y , V 3 ̂  

f o r ^ 0, j < p , a p p r o x i m a t i o n s f o r E ( Y ^ ) and E ( Y 2 ^ ) may be o b t a i n e d 
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from ( 1 8 ) , 

E ( Y . . ) = f ^ . . ) + 1 / 2 f - ( p x i j ) a ± . 2 + R. , ( 3 . 3 2 ) 

b a s e d on t h e T a y l o r s e r i e s e x p a n s i o n of f. a b o u t X . . = y „ . . . 
i i j X i j 

Us ing o n l y the f i r s t order a p p r o x i m a t i o n , e q u a t i o n ( 3 . 3 1 ) may be 

w r i t t e n as 

L j - E ( Y l j } ' E ( Y 2 j } - U j ' ° r 

L j ^ f l ( ^ X l j ) " f 2 ^ 2 J > * U j -

S u b s t i t u t i n g f u r t h e r g i v e s 

u l j - 1 u 2 ^ - 1 
L - 1 y X l j _ M X 2 j < U. . 

A A 

Combining denominators g i v e s 

A X A A - . 

L . < X 2 j ( * X l i 2 - X 1 1 ( M X 2 1 -V < U. , 
J A A 3 

or 

X l j X 2 1 

A / \ 

S o , 

1 • A A _ , A A A 

1 J - A .u____ Z J < 

( 3 . 3 3 ) 

X

2 j " X 1 J
 +

 X l j X 2 j

L

j 1 Vx lJ " - V x 2 j

 J i X 2J " Xlj + ^ V j 
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D e n o t i n g the l e f t and r i g h t hand s i d e s of t h e above i n e q u a l i t y by Li 

and U | , r e s p e c t i v e l y , g i v e s 

E q u a t i o n ( 3 . 3 4 ) may be f u r t h e r approx imated u s i n g 

y v . . ^ = 1 + X . . £ n (y ) + R. and o b t a i n i n g an e x p l i c i t e x p r e s s i o n f o r 

y X l j / y X 2 j J however , t h i s r e s u l t i n d i c a t e s t h a t i n f e r e n c e s drawn on t h e 

o r i g i n a l parameters a r e e q u i v a l e n t t o t h o s e drawn on t h e t rans formed 

p a r a m e t e r s . A l t h o u g h t h i s may i n f a c t occur when X^ - X 2 - 1 , t h i s s i t 

u a t i o n w i l l not g e n e r a l l y a r i s e . 

R e t u r n i n g t o e q u a t i o n ( 3 . 3 4 ) , l e t 

Qj " { | J X l j ' "x2j 8
 Lj 1 V x i j - V X 2 J 1

 VP • «-34a> 
The p a i r s ^ x i j ' ^X2j ̂  £ ^ t n u s r e P r e s e n t c o m b i n a t i o n s of untransformed 

means t h a t s a t i s f y the i n e q u a l i t y i n e q u a t i o n ( 3 . 3 4 ) and Q may be graphed 

i n terms of and a s *"n f i g u r e l a * I f Q c o n t a i n s some p a i r s , 

^ X l j ' ^X2p9 s u c n t ^ i a t ^ x i j " ^X2j = ^ ' t ^ i e s e v a l u e s m a y i n f a c t be 

o b t a i n e d by p r o j e c t i n g the i n t e r s e c t i o n s of and U . w i t h 

^ X l j ~ W X2j = ^ o n t o t n e ^ x i j a n d y X 2 j
 axes> r e s p e c t i v e l y , t o o b t a i n 

the c l o s e d i n t e r v a l s [A^, B^] and [k^, B^] a s i n F i g u r e l b . A t t h i s 

s t a g e of the p r o c e d u r e i t i s p o s s i b l e t o s t a t e t h a t f o r V^-^ e B^] 

and y _ . e [A , B ] such t h a t y - . - y Y 0 . * 0, t h e d i f f e r e n c e s be tween 
X 2 j 2 2 X l j X 2 j 

the untransformed means i s no t s i g n i f i c a n t . From F i g u r e l b , f o r example , 

the s t a t e m e n t may be made t h a t f o r 5 < y - . < 7 . 9 and 5 < y . < 7 . 9 , 
- X l j - - X 2 j -
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w X l j " w X 2 j = ° * 

A d d i t i o n a l i n f o r m a t i o n may b e o b t a i n e d by t a k i n g a d v a n t a g e o f 

t h e i n d e p e n d e n c e of and y x 2 j * B y f o rming ( 1 - a ) s i m u l t a n e o u s c o n 

f i d e n c e r e g i o n s f o r u y^_. and U y u s i n g e q u a t i o n ( 3 . 2 9 ) o r ( 3 . 3 0 ) , i n t e r 

v a l e s t i m a t e s f o r t h e t r a n s f o r m e d means may b e o b t a i n e d : 

i j - * T l j - i j 2 j - Y 2 j - 2j 

A g a i n u s i n g t h e f i r s t o r d e r a p p r o x i m a t i o n t o E ( Y . ) - f . ( y v . ) , t h e a b o v e 

e q u a t i o n s r e d u c e t o : 

x 0 . 
l i . 2j 

y X l i 1 < ^ 2 1 1 

T <
 A l.1 _ TT • T < -£±2 < TJ 

L i j - : u i j ' L 2 j - : - U 2 j ' 
A l j A 2 j 

w h i c h i n t u r n r e d u c e t o 

and 

1 / X 9 . 1 /X 
( X L + 1 ) 2 J < „ < ( X 2 j D 2 j + 1 ) 2 J . ( 3 . 3 4 c ) 

S i n c e y, r_ . and y v o . a r e i n d e p e n d e n t and a l l X . . and L . . i n t h e a b o v e e x -H X l j X2j * i j i j 

p r e s s i o n s a r e known f o r a g i v e n t r a n s f o r m a t i o n f u n c t i o n , t h e s e e s t i m a t e s 

may be computed and g r aphed a s i n F i g u r e l c . I f t h e s i m u l t a n e o u s c o n f i 

d e n c e r e g i o n , G^., d e f i n e d b y t h e i n t e r s e c t i o n o f t h e i n t e r v a l s 

[ A | , B^] and [ A ^ , B^] c a l c u l a t e d by e q u a t i o n s ( 3 . 3 4 b ) and ( 3 . 3 4 c ) , r e 

s p e c t i v e l y , c o n t a i n s u x l - y x 2 = 0 , t h e n H Q : y x l _ . - y ^ . . = 0 i s n o t 
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r e j e c t e d w i t h c o n f i d e n c e a p p r o x i m a t e l y ( 1 - a ) . 

In examining t h e r e l a t i o n s h i p between and , numerous s i t u a 

t i o n s may a r i s e . From F i g u r e I d , f o r example , G^ does not c o n t a i n 

u - . - u 0 . = 0 w h i l e Q. does i n d i c a t e t h a t f o r some p a i r s , ( u v 1 t , y «.)'., 

A±J AZJ J XIJ XZJ 
H 0 : ^ X l j ~ y X 2 j ~ ® i s n 0 t r e J e c t e c * » T n e c o n c l u s i o n i n t h i s s i t u a t i o n i s 

t h a t a l t h o u g h some p a i r s ( ^ ^ j > ^ x 2 j ^ ^ i a v e been i d e n t i f i e d f o r which 

H 0 : ^ X l j ~ ^ X 2 j = ^ ^ S n 0 t r e J e c t e d » t h e s e p a i r s do n o t appear r e a s o n 

a b l e based on i n t e r v a l s e s t a b l i s h e d about y Y 1 . and y v 0 . J h e n c e , 

Xlj Xzj 

^0* ^ X l j ~ ^ X 2 j = ^ -*-s r e J e c t e d . Other s p e c i f i c s i t u a t i o n s w i l l a r i s e 

i n t h e example problems examined i n C h a p t e r V and w i l l be a n a l y z e d i n d i 

v i d u a l l y . Note should a l s o be made of t h e f a c t t h a t t h e Q r e g i o n may 

have d i f f e r e n t shapes f o r d i f f e r e n t t r a n s f o r m a t i o n p a r a m e t e r s and i t may 

happen t h a t Q w i l l not c o n t a i n any p o r t i o n of (Vxj_j ~ ^X2 j = ^ £ o r a 

p a r t i c u l a r i and j . D i f f e r e n t Q r e g i o n s w i l l a l s o be encountered i n t h e 

example problems and w i l l b e examined i n c o n j u n c t i o n w i t h t h e i r a s s o c i 

a t ed G r e g i o n s on an i n d i v i d u a l b a s i s . 

A b e t t e r a p p r o x i m a t i o n t o Q may o b v i o u s l y b e o b t a i n e d by i n c l u d i n g 

second and h i g h e r order terms of E ( Y . . ) from e q u a t i o n ( 3 . 3 2 ) . The s i z e 

and shape of Q would thus change depending on the magni tude of X^ and t h e 

2 
v a r i a n c e of the untransformed v a r i a b l e s , S i n c e 

fi" <"xi> - »i -'W1 2' 
t h e second order term becomes 

X . - 2 
1 / 2 C A f 1 ) l J X i °± '* 
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For example problems c o n s i d e r e d i n t h i s r e s e a r c h , X were r e l a t i v e l y 

2 

c l o s e to 1 and t h e sample v a r i a n c e s , s . , were f a i r l y s m a l l so t h a t i n -

e l u s i o n of t h e second order term had l i t t l e e f f e c t on Q. T h i s i n t u r n 

had no a p p r e c i a b l e e f f e c t on i n f e r e n c e s drawn on t h e o r i g i n a l parameters 
A 

based on t h i s approx imate method. I f X^ a r e a p p r e c i a b l y d i f f e r e n t from 
2 

1 a n d / o r l a r g e sample v a r i a n c e s , s . , e x i s t , then h i g h e r order terms 
~ J 

should b e i n c l u d e d . A d d i t i o n a l i n f o r m a t i o n w i l l most l i k e l y b e s a c r i 

f i c e d even w i t h t h e i n c l u s i o n of h i g h e r order t e r m s , s i n c e t h e t r u e p o p -
2 2 

u l a t i o n v a r i a n c e s , o\., a r e p r o b a b l y unknown and must b e e s t i m a t e d by s ^ . 

The second case to be examined, H :̂ - y^ — 0 , is v e r y simi

l a r t o Case 1 i n t h a t an a p p r o x i m a t i o n p r o c e d u r e must b e d e v e l o p e d t o 

p r e c l u d e i n t r o d u c t i o n of t h e o r e t i c a l and c o m p u t a t i o n a l d i f f i c u l t i e s men

t i o n e d e a r l i e r . A g r a p h i c a l s o l u t i o n i s no t n e c e s s a r y , however , f o r 

r e a s o n s t o become immedia te ly a p p a r e n t . R e c a l l i n g e q u a t i o n ( 3 . 3 3 ) , t h e 

i n t e r v a l e s t i m a t e s of the transformed parameters may be approximated by 

L . < f . ( y v . . ) - y n ? < U. ( 3 . 3 5 ) 

where t h e s t a n d a r d mean v e c t o r , y ^ , has been transformed a c c o r d i n g t o 

T 
y^ = ^ i ^ o ^ " T h u s , e q u a t i o n ( 3 . 3 5 ) becomes 

A A 

X . . X . . 

L . < - ^ J < U. 
3 ' A 4 . X . . " J 
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which r e d u c e s t o 

A. X . . X j . A. 

X, .L < y Y . . 1 J -- y n . 2 < X. .U, 
i j j - X i j M 0 j ~ i j J or 

Now, s i n c e V Q 1 ^ i s a known c o n s t a n t , 

and 

l j + " o ^ . ^ w x i j l j < + - o ^ • ( 3 - 3 6 ) 

X. . 1 /X • • • i / x . 
+ U 0 j

1 J ) 1 J < W x i j < CDj + W Q j

1 J ) l j . ( 3 . 3 7 ) 

I f the i n t e r v a l e s t i m a t e of y Y . . from e q u a t i o n ( 3 . 3 7 ) c o n t a i n s y n . , then 
A l J U J 

H : y - y = 0 i s t r u e w i t h c o n f i d e n c e a p p r o x i m a t e l y ( 1 - a ) . A 
U A l J U j 

s l i g h t c o m p u t a t i o n a l d i f f i c u l t y a r i s e s , however , when e i t h e r s i d e of 

e q u a t i o n ( 3 . 3 6 ) i s n e g a t i v e . T h i s s i t u a t i o n w i l l be approached i n the 

f o l l o w i n g manner: 

1 ) I f L ! + y . , < 0 and U V + y n . > 0, s e t L ! + y . . = 0 and c a l c u -
J Oj J OJ J OJ 

l a t e t h e upper bound f o r y Y . , u s i n g e q u a t i o n ( 3 . 3 7 ) ; then m u l t i p l y e q u a -
A 1 J 

t i o n ( 3 . 3 6 ) by - 1 , c a l c u l a t e t h e lower bound, and m u l t i p l y a g a i n by - 1 

t o o b t a i n the t r u e lower bound. 

2) I f 1 / + y Q j < 0 and Uj + u < 0, m u l t i p l y e q u a t i o n ( 3 . 3 6 ) by 

- 1 , c a l c u l a t e t h e i n t e r v a l e s t i m a t e of y Y . . u s i n g e q u a t i o n ( 3 . 3 7 ) , then 
A 1 J 

m u l t i p l y t h e r e s u l t by - 1 t o o b t a i n t h e t r u e e s t i m a t e of • 

I f any X . . = 0, b o t h c a s e s d i s c u s s e d above become t r i v i a l . The 

t r a n s f o r m a t i o n f o r t h i s s i t u a t i o n i s y ^ = ln{x^). For t e s t i n g Case 1 , 
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the i n t e r v a l e s t i m a t e s of the t rans formed means become 

L < £ n ( w x y ) - & l ( u x 2 ; j ) < D » or (3 .38 ) 

e U < ^ S l < e DJ 

" " X 2 J -

For t e s t i n g H n : y. 
X i j 

- y n . = 0, e q u a t i o n ( 3 . 3 7 ) becomes 

e L 3 < < e

U J 
" y 0 j " 

( 3 . 3 9 ) 

E q u a t i o n s (3 .38) and ( 3 . 3 9 ) o b v i o u s l y i n d i c a t e t h a t l e [ e , e ] i s 

e q u i v a l e n t to 0e[L , U ] > f u r t h e r m o r e , t h e c o n c l u s i o n s w i l l a l w a y s be 

i d e n t i c a l . 

The i n t r i c a c i e s of t h e s e approx imate methods w i l l be d i s c u s s e d 

i n Chapter V , so t h a t c o n t i n u a t i o n of t h e s t a t i s t i c a l r e v i e w and g e n e r a l 

m e t h o d o l o g i c a l deve lopment i s now i n o r d e r . 

P r i n c i p a l component a n a l y s i s was o r i g i n a l l y i n t r o d u c e d by Pearson 

(31 ) and t h e o r e t i c a l l y g e n e r a l i z e d b y H o t e l l i n g ( 1 9 , 20) and o t h e r s (16) 

as a method f o r r e d u c i n g t h e c o m p l e x i t y of a p - v a r i a t e s y s t e m of d a t a i n 

order t o f a c i l i t a t e f u r t h e r s t a t i s t i c a l a n a l y s i s of r e l a t i o n s h i p s w i t h i n 

the s y s t e m . I n g e n e r a l , p r i n c i p a l components a r e mere ly t h o s e p l i n e a r 

c o m b i n a t i o n s of the o r i g i n a l v a r i a b l e s t h a t a c c o u n t f o r 100% of t h e v a r 

i a n c e i n the s y s t e m . With r e s p e c t t o t h e purpose of t h i s p a p e r , d e t e r -

P r i n c i p a l Components 
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m i n a t i o n of r e l a t i v e c o n t r i b u t i o n s of t h e p r i n c i p a l components w i l l p r o 

v i d e t h e b a s i s f o r d e t e r m i n i n g p r e c i s e c o n t r i b u t i o n s of i n d i v i d u a l v a r i 

a b l e s (MOE) t o t h e sys t ems of d a t a d e s c r i b i n g o p e r a t i o n a l e f f e c t i v e n e s s . 

T h i s t e c h n i q u e i s e x t r e m e l y u s e f u l s i n c e m u l t i v a r i a t e n o r m a l i t y 

of the d a t a i s n o t r e q u i r e d and,, w i t h one r e s t r i c t i o n t o be d i s c u s s e d 

l a t e r , the p r i n c i p a l components a r e u n i q u e . To f a c i l i t a t e i n t e r p r e t a 

t i o n of p r i n c i p a l component a n a l y s i s , p r e s e n t a t i o n of t h e method w i l l 

be g e o m e t r i c a l i n n a t u r e , as i n (30 ) ; t h e i n t e r e s t e d r e a d e r i s r e f e r r e d 

to (32) and (5) f o r p r e c i s e t h e o r e t i c a l c o n s i d e r a t i o n s . 

C o n s i d e r t h e s c a t t e r d i a g r a m of N o b s e r v a t i o n s on e a c h of t h e e l e 

ments of a b i v a r i a t e random v a r i a b l e , X - [X^, X ^ ] , as d e p i c t e d i n F i g u r e 

2 . 

F i g u r e 2. S c a t t e r Diagram of B i v a r i a t e O b s e r v a t i o n s 
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The swarm of o b s e r v a t i o n s i s g e n e r a l l y e l l i p s o i d a l i n n a t u r e w i t h major 

a x i s and minor a x i s Y ^ . The a n g l e s and r e p r e s e n t a n g l e s between 

Y^ and each of t h e o r i g i n a l r e s p o n s e a x e s , and X^; s i m i l a r l y , t h e 

a n g l e s y ^ and y ^ r e p r e s e n t a n g l e s between Y^ and each of t h e o r i g i n a l r e 

sponse a x e s . 

From a n a l y t i c g e o m e t r y , the o r i e n t a t i o n of Y^ w i t h r e s p e c t t o t h e 

o r i g i n a l axes i s c o m p l e t e l y de termined by i t s d i r e c t i o n c o s i n e s 

a 1 ; 1 = cosa.^ , a 2 1 = c o s a 2 ; 

t h e o r i e n t a t i o n of Y 2 may be s i m i l a r l y d e s c r i b e d by 

a 1 2 = C O S Y i 9 a 2 2 = C O S Y 2 * 

2 2 2 2 

where a ^ + a ^ = 1 and a ^ 2 + a 2 2 = 1 . F u r t h e r m o r e , the c h a r a c t e r 

i s t i c r o o t s , % - (£^, £ 2 ) , o f the sample c o v a r i a n c e m a t r i x , S , of t h e 

o r i g i n a l d a t a a r e known t o be s o l u t i o n s to t h e d e t e r m i n a n t a l e q u a t i o n s 

S - i l x . = 0 , 

where x . = ( x . _ , x . _ ) , i - 1 , 2 , a r e t h e c h a r a c t e r i s t i c v e c t o r s a s s o c i - -
~ i x l xz 

a t e d w i t h each c h a r a c t e r i s t i c r o o t , , of S ( 3 2 ) . 

I f t h e major a x i s , Y ^ , i s d e f i n e d t o be t h a t a x i s t h a t p a s s e s 

through t h e d i r e c t i o n of maximum v a r i a n c e i n the swarm, then M o r r i s o n 

(30) shows t h a t s o l u t i o n of the e x p r e s s i o n f o r t h i s v a r i a n c e 

N .N if 2 \ 

i = I E x

 y i i " S T S , ^ a 3 i ( x i J " * / ] 
( 3 . 4 0 ) 
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w i l l y i e l d v a l u e s f o r a^ w h i c h correspond t o t h e e l e m e n t s of the c h a r a c 

t e r i s t i c v e c t o r a s s o c i a t e d w i t h t h e l a r g e s t c h a r a c t e r i s t i c r o o t of S. 

S o l v i n g an e x p r e s s i o n s i m i l a r to e q u a t i o n (3 .40 ) t h a t maximizes t h e v a r 

i a n c e about the minor a x i s , Y^ , w i l l y i e l d t h e c h a r a c t e r i s t i c v e c t o r , 

a 2 > a s s o c i a t e d w i t h the second l a r g e s t c h a r a c t e r i s t i c r o o t of S. I f £^ 

and ^ a r e d i s t i n c t , then a^ and a r e u n i q u e . The p r i n c i p a l components 

Y ^ , of t h e o r i g i n a l s e t of d a t a a r e t h e n : 

II - a l l ? l + a 2 1 ? 2 • 

ll = a 1 2 X l + a 2 2 ? 2 ' 

or mere ly l i n e a r c o m b i n a t i o n s of t h e o r i g i n a l r e s p o n s e s . In g e n e r a l , 

t h e i t h p r i n c i p a l component may then be d e f i n e d a s t h a t l i n e a r combina

t i o n of t h e o r i g i n a l r e s p o n s e s whose c o e f f i c i e n t s a r e t h e c h a r a c t e r i s t i c 

v e c t o r s a s s o c i a t e d w i t h t h e i t h g r e a t e s t r o o t , & 9 o f S. The sample v a r 

i a n c e of t h e i t h component has been shown to be & ( 3 2 ) , so t h a t the t o 

t a l v a r i a n c e , V, of a p - d i m e n s i o n a l sy s t em i s : 

P 

V = H i l , ( 3 . 4 1 ) 
i = 1 1 

From e q u a t i o n ( 3 . 4 1 ) the c o n t r i b u t i o n of the i t h p r i n c i p a l component, P^ , 

i s o b v i o u s l y 

P t - ( 3 . 4 2 ) 

S e v e r a l i t e r a t i v e p r o c e d u r e s a r e a v a i l a b l e f o r e x t r a c t i n g t h e 

p r i n c i p a l components from a g i v e n s e t of d a t a (30) and w i l l no t be p r e -
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s e n t e d i n t h i s p a p e r . Cons idea:at ion w i l l be g i v e n , however , t o the 

q u e s t i o n o f whether the components shou ld b e e x t r a c t e d from t h e sample 

c o v a r i a n c e m a t r i x , S , or from the sample c o r r e l a t i o n m a t r i x , R, s i n c e 

d i f f e r e n t r e s u l t s a r e o b t a i n e d f o r each method. No e x a c t g u i d e l i n e s f o r 

t h i s s i t u a t i o n have been e s t a b l i s h e d ; however , cons.ensus on t h e t o p i c 

appears t o be c e n t e r e d on t h e p h y s i c a l d i m e n s i o n a l i t y of t h e d a t a ( 3 2 ) . 

I f v a r i a b l e s b e i n g examined r e p r e s e n t s i m i l a r measures (e.g., m e t r i c 

measurements ) , then l i n e a r c o m b i n a t i o n s of t h e s e measures a r e amenable 

to i n t e r p r e t a t i o n and computa t ions based on S would seem a p p r o p r i a t e . 

However, i f d i f f e r e n t measures a r e u s e d , then computa t ions shou ld p r o b 

a b l y be based on R to o b t a i n d i m e n s i o n l e s s compounds of t h e o r i g i n a l 

v a r i a t e s . 

C o n t r i b u t i o n of I n d i v i d u a l V a r i a b l e s 

By r e d u c i n g a p - d i m e n s i o n a l s y s t e m of d a t a to l i n e a r c o m b i n a t i o n s 

of t h e o r i g i n a l v a r i a t e s t h a t €txplain v i r t u a l l y a l l of t h e v a r i a n c e i n 

the s y s t e m , the o r i g i n a l problem has been s u b s t a n t i a l l y s i m p l i f i e d . 

The i s s u e encountered i s now one of p r o v i d i n g an i n t e r p r e t a t i o n of p r i n 

c i p a l components . 

The m a j o r i t y o f u s e f u l i n v e s t i g a t i o n i n t h i s a r e a t o d a t e has 

c e n t e r e d around t h e i d e n t i f i c a t i o n of e a c h p r i n c i p a l component a s a mea

s u r a b l e v a r i a b l e t h a t may b e examined i n f u r t h e r e x p e r i m e n t a t i o n . R e 

d u c t i o n of a l a r g e amount of d a t a i n t o a s m a l l e r s e t of i d e n t i f i a b l e 

v a r i a b l e s t h a t a c c o u n t f o r a l l , or n e a r l y a l l , o f the v a r i a n c e i n t h e 

o r i g i n a l d a t a s e t was i n f a c t the impetus f o r the development of t h i s 

t e c h n i q u e ( 1 9 ) . Rao (34) and o t h e r s (10) h a v e p r o v i d e d a d d i t i o n a l 

p r o c e d u r e s f o r i d e n t i f i c a t i o n of p r i n c i p a l components t h a t a r e e s s e n t i a l -



53 

l y e x t e n s i o n s of t h e o r i g i n a l methods , which i n v o l v e e x t e n s i v e s u b j e c 

t i v e e v a l u a t i o n . 

With r e s p e c t t o t h e o b j e c t i v e of t h i s r e s e a r c h , t h e n , p r i n c i p a l 

components would have t o b e i d e n t i f i e d a s measurab le MOE c o n t r i b u t i n g 

to t h e o p e r a t i o n a l e f f e c t i v e n e s s of a f o r c e . In c e r t a i n c i r c u m s t a n c e s , 

t h i s may prove p o s s i b l e ; however , s i n c e t h e MOE o r i g i n a l l y c o n s i d e r e d 

a r e assumed t o c o m p l e t e l y d e s c r i b e o p e r a t i o n a l e f f e c t i v e n e s s , f u r t h e r 

i d e n t i f i c a t i o n may be u n j u s t i f i e d and a t t e m p t s t o do so may p r o v e f r u i t 

l e s s . A d d i t i o n a l c o n s i d e r a t i o n , t h e n , must be g i v e n t o the m a t h e m a t i c a l 

c h a r a c t e r i s t i c s of the p r i n c i p a l c o m p o n e n t s i n a n e f f o r t t o d e t e r m i n e the 

c o n t r i b u t i o n of t h e o r i g i n a l MOE t o t h e o p e r a t i o n a l e f f e c t i v e n e s s of a 

f o r c e . 

The p r o c e d u r e d e v e l o p e d h e r e i n t o de termine t h i s c o n t r i b u t i o n i s 

based on the s i m p l e p o s t u l a t e t h a t t h e c o n t r i b u t i o n of a component of a 

s y s t e m i s mere ly the r a t i o of t h e c o r r e s p o n d i n g w e i g h t of t h a t e lement 

t o t h e t o t a l w e i g h t of t h e s y s t e m . S c a l e d p e r c e n t a g e s of t h e w e i g h t s 

of a l l components of a sys tem then a c c o u n t f o r 100% o f the w e i g h t of t h e 

s y s t e m . Two c h a r a c t e r i s t i c s of p r i n c i p a l components f a c i l i t a t e t h e e x 

p l o i t a t i o n of t h i s p o s t u l a t e and w i l l now be d i s c u s s e d . 

Many i n t e r p r e t a t i o n s of p r i n c i p a l components , e . g . , ( 3 2 ) , v i e w 

t h e c o e f f i c i e n t s of the v a r i a t e s i n each component a s t h e "we ight" of 

t h a t v a r i a t e i n t h e component. T h i s i s s i m i l a r t o i n t e r p r e t a t i o n s of r e 

g r e s s i o n c o e f f i c i e n t s as " w e i g h t s " of terms i n a r e g r e s s i o n e q u a t i o n . 

In l i g h t of t h i s , t h e w e i g h t of a sy s t em i n which a l l o f i t s v a r i a n c e 

i s a c c o u n t e d f o r i n t h e f i r s t k p r i n c i p a l components i s m e r e l y t h e sum 

of a l l c o e f f i c i e n t s , a . , i n t h e k components . There i s a drawback t o 
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t h i s p a r t i c u l a r i n t e r p r e t a t i o n , however , i n t h a t a l a r g e number of a 

< 0 w i l l r e s u l t i n a n e g a t i v e w e i g h t f o r t h e s y s t e m . Account must a l s o 

be g i v e n to t h e c o n t r i b u t i o n of each p r i n c i p a l component to the v a r i a n c e 

of t h e s y s t e m . 

T h i s s i t u a t i o n may be a l l e v i a t e d , however , by r e c a l l i n g t h a t t h e 

p r i n c i p a l components a r e or thog;ona l , i . e . . , a T a = 1 , which s u g g e s t s an 

2 
i n t e r e s t i n a . , r a t h e r than a . . . A l s o , t h e c o n t r i b u t i o n of t h e v a r i a n c e 

i j i j 

of each p r i n c i p a l component , P^, to t h e v a r i a n c e of the t o t a l s y s t e m may 

be found u s i n g e q u a t i o n ( 3 . 4 2 ) . The t o t a l w e i g h t of t h e sys tem may now 

be calculated as: 
W = 

[ ? 1 > P 2 ' V \ i 
2 2 

a l l a 2 1 ' * ' 
2 2 

a 1 2 a 2 2 ' " a k 2 

a l k a 2 k """ a k k 

( 3 . 4 3 ) 

where the f i r s t k p r i n c i p a l components a c c o u n t f o r 100% of t h e v a r i a n c e 
k 

i n t h e s y s t e m . S i n c e >̂ ' P. := 1 and a ' a = 1 , the t o t a l w e i g h t of any 
i = 1 1 ~ ~ . 

s y s t e m i s a l w a y s 1 . The c o n t r i b u t i o n of any o r i g i n a l v a r i a t e , s a y X^, 

t o t h e t o t a l s y s t e m i s then 

2 

w 
(3 .44 ) 

or s i m p l y 

1 j = l ^ ^ 
( 3 . 4 4 a ) 
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I n a c t u a l i t y , t h e n , t h i s p r o c e d u r e m e r e l y t r a n s l a t e s t h e p e r c e n 

t a g e c o n t r i b u t i o n o f p r i n c i p a l c o m p o n e n t s i n t o p e r c e n t a g e c o n t r i b u t i o n 

o f e a c h v a r i a b l e t o t h e t o t a l v a r i a n c e o f t h e s y s t e m o f d a t a b e i n g e x a 

m i n e d . 

M u l t i v a r i a t e Klandom V e c t o r G e n e r a t i o n 

S i n c e n o a c t u a l d a t a w e r e a v a i l a b l e f r o m s t o c h a s t i c s i m u l a t i o n o f 

t h e e x a m p l e p r o b l e m s t o b e p r e s e n t e d i n C h a p t e r V , o b s e r v a t i o n s h a d t o 

b e g e n e r a t e d i n o r d e r t o d e m o n s t r a t e t h e m e t h o d o l o g y . A l t h o u g h o b s e r v a 

t i o n s n e e d e d a r e t h o u g h t t o f o l l o w a d i s t r i b u t i o n o t h e r t h a n N ( u , Z ) , 

t h e a u t h o r was f o r c e d t o g e n e r a t e o b s e r v a t i o n s f r o m N ( u , Z) d u e t o a v a i l 

a b i l i t y o f r e q u i s i t e c o m p u t e r p r o g r a m s . T h i s l i m i t a t i o n p r o v e d a d v a n t 

a g e o u s , h o w e v e r , w h e n a s s e s s i n g t h e m e r i t s o f t e s t s f o r m u l t i v a r i a t e 

n o r m a l i t y . 

T h e g e n e r a t i o n was b a s e d on t h e f a c t t h a t X ~ N ( u , Z ) i f and 

o n l y i f 

X = CZ + u x , ( 3 .45 ) 

w h e r e Z - N ( 0 , I ) and C i s a u n i q u e l o w e r t r i a n g u l a r m a t r i x s u c h t h a t 

Z ^ = C C f ( 5 ) . T h e g e n e r a t i o n o f Z was a c c o m p l i s h e d b y u s i n g t h e f o l l o w 

i n g e q u a t i o n s f r o m F i s h m a n ( 1 4 ) : 

x ± = (-2 In U i ) 1 / 2 c o s (2irU\.) ( 3 .46 ) 

1/2 
X j = (-2 In I L ) ' s i n (2iru\.) , ( 3 . 4 6 a ) 

w h e r e and a r e i n d e p e n d e n t d e v i a t e s f r o m U ( 0 , 1 ) . T h e C m a t r i x may 
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be computed by t h e square r o o t method a t t r i b u t e d t o Scheuer and S t o l l e r 

( 3 7 ) . The g e n e r a t i o n of X from N(u , E ) i s thus accompl i shed b y : 
~ ~ A A 

1 . G e n e r a t i o n of independent v a r i a t e s from U(0, 1 ) ; 

2 . G e n e r a t i o n of Z from ( 3 .46 ) and ( 3 . 4 6 a ) ; 

3 . G e n e r a t i o n of C; and 

4. Computat ion of X u s i n g ( 3 . 4 5 ) . 
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CHAPTER IV 

DEVELOPMENT OF THE SPECIFIC METHODOLOGY 

I n t r o d u c t i o n 

The purpose of t h i s c h a p t e r i s to d e v e l o p the s p e c i f i c meth

o d o l o g y f o r a c c o m p l i s h i n g t h e pr imary o b j e c t i v e s t a t e d i n C h a p t e r I 

based on a s y n t h e s i s o f s t a t i s t i c a l methods r e v i e w e d i n Chapter I I I . 

The methodology e s s e n t i a l l y c o n s i s t s of two p o r t i o n s : 

1 . A s c e r t a i n i n g t h e p r e s e n c e of s t a t i s t i c a l l y s i g n i f i c a n t d i f 

f e r e n c e s between two s e t s o f MOE d e s c r i b i n g t h e o p e r a t i o n a l e f f e c t i v e 

n e s s of a m i l i t a r y f o r c e , and 

2 . D e t e r m i n i n g t h e c o n t r i b u t i o n of i n d i v i d u a l MOE to a f o r c e ' s 

o p e r a t i o n a l e f f e c t i v e n e s s and t h e c o n t r i b u t i o n of d i f f e r e n c e s i n MOE 

f o r two sys tems to d i f f e r e n c e s i n o p e r a t i o n a l e f f e c t i v e n e s s . 

As mentioned p r e v i o u s l y , t h e r e s u l t s of t h e f i r s t p o r t i o n may p r e 

c l u d e t h e n e c e s s i t y f o r i m p l e m e n t a t i o n of t h e s e c o n d ; s i m i l a r l y , t h e 

second p o r t i o n may b e e x e c u t e d w i t h o u t i m p l e m e n t a t i o n of t h e f i r s t , 

i . e . j the two s e c t i o n s supplement: one a n o t h e r , b u t may be e x e c u t e d i n d e 

p e n d e n t l y . 

D e t e r m i n a t i o n of S i g n i f i c a n t D i f f e r e n c e s 

Given two s e t s of d a t a , and X^, c o l l e c t e d from i n d e p e n d e n t l y 

conducted s t o c h a s t i c s i m u l a t i o n s of h y p o t h e s i z e d combat , c o n s i d e r a t i o n 

must f i r s t b e g i v e n to- t h e r e s p e c t i v e u n d e r l y i n g d i s t r i b u t i o n s of t h e 

random v a r i a b l e s (MOE) b e i n g examined. I f a s t a t e m e n t r e g a r d i n g t h e 

m u l t i v a r i a t e n o r m a l i t y of each s e t , X . , may be made, then f u r t h e r a n a l -
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y s i s may p r o c e e d . The m u l t i v a r i a t e W - s t a t i s t i c d e v e l o p e d by M a l k o v i c h 

and A f i f i , e q u a t i o n ( 3 . 9 ) , and the l i k e l i h o o d s t a t i s t i c d e v e l o p e d by 

Andrews, e t . a l , 3 e q u a t i o n ( 3 . 1 2 ) , a c t u a l l y p r o v i d e two methods from 

which s t a t e m e n t s c o n c e r n i n g m u l t i v a r i a t e n o r m a l i t y o f a v e c t o r random 

v a r i a b l e may b e made. 

The p r o c e d u r e adopted w i l l be to f i r s t compute t h e W - s t a t i s t i c 

f o r each d a t a s e t and a s c e r t a i n t h e a p p r o p r i a t e c o n f i d e n c e l e v e l a s s o 

c i a t e d w i t h t h e s e s t a t i s t i c s from T a b l e 2 1 , Append ix A. I f e i t h e r or 

b o t h d a t a s e t s s a t i s f y p r e - e s t a b l i s h e d c r i t e r i o n f o r assuming m u l t i 

v a r i a t e n o r m a l i t y , then the raw d a t a may be used i n f u r t h e r a n a l y s e s . 

However, i f e i t h e r or b o t h s e t s do no t s a t i s f y t h e c r i t e r i o n , then j o i n t 

m u l t i v a r i a t e n o r m a l i t y must b e induced i n t h e s e t t h a t v i o l a t e s t h e c r i 

t e r i o n so t h a t h y p o t h e s i s t e s t s based on ~ NO-^* ^ i ^ ^ e u s e d . 

For t h i s p u r p o s e , the n o n - l i n e a r t r a n s f o r m a t i o n = f ^ ( X ^ ) , 

e q u a t i o n ( 3 . 1 0 ) , w i l l b e used t o d e t e r m i n e t h e s e t of t r a n s f o r m a t i o n 

p a r a m e t e r s , A . , t h a t maximizes L ( A . ) . The c o n f i d e n c e l e v e l a s s o c i a t e d 
„ i max i 

w i t h A. w i l l then be computed u s i n g e q u a t i o n ( 3 . 1 2 ) . I f b o t h X and X 9 

- i ~ 1 

f a i l t h e i n i t i a l t e s t b a s e d on the W - s t a t i s t i c , then t h e t r a n s f o r m a t i o n 

w i l l be a p p l i e d s e p a r a t e l y t o each s e t of v a r i a b l e s t o o b t a i n two s e t s 

o f p a r a m e t e r s , A^ and A^. In t h i s way , c o n f i d e n c e l e v e l s may be o b t a i n e d 

f o r each s e t of p a r a m e t e r s wh ich would b e h i g h e r than a c o m p o s i t e A o b 

t a i n e d by max imiz ing L (A.,) and L ( A 0 ) s i m u l t a n e o u s l y . As a means 

• max 1 max 2 J 

of c h e c k i n g t h e v a l i d i t y of t r a n s f o r m a t i o n parameters o b t a i n e d t h r o u g h 

t h i s m a x i m i z a t i o n p r o c e d u r e , the W - s t a t i s t i c w i l l a g a i n be c a l c u l a t e d 

f o r t h o s e d a t a s e t s t h a t have been trans formed t o de termine a new c o n 

f i d e n c e l e v e l based on W which may be compared t o t h a t a s s o c i a t e d w i t h 
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Once m u l t i v a r i a t e n o r m a l i t y has been v e r i f i e d i n a n d / o r induced 

on each s e t of v a r i a b l e s , h y p o t h e s i s t e s t i n g may b e g i n . By f i r s t t e s t i n g 

f o r e q u a l i t y of c o v a r i a n c e m a t r i c e s 

H 0 : ^Xl L X 2 

a g a i n s t : L X ± i 

the a p p r o p r i a t e t e s t f o r the d i f f e r e n c e s i n mean v e c t o r s may be s e l e c t e d . 

I f each i s of d imens ion p <_ 4 or 5 and < 20, then e q u a t i o n s ( 3 . 1 4 ) 

- 1 2 
and ( 3 . 1 5 j w i l l be used to compute MC which w i l l be compared t o X ' 

l ' -a j p 

I f each X^ i s o f t h e d imens ion p > 5 or > 20, then e q u a t i o n s ( 3 . 1 4 ) 

and ( 3 . 1 8 ) w i l l be used t o compute Mb 1 wh ich w i l l be compared t o 

F t _ as proposed by Box. 
l—a; r^ , 1 2 

I f - H ^ : E ^ • E i s no t r e j e c t e d w i t h c o n f i d e n c e ( 1 - a ) , t h e n 

t e s t i n g 

V yxi " 
a g a i n s t H^: J y 

2 2 

w i l l proceed i n t h e u s u a l manner by comparing T a g a i n s t u s i n g e q u a 

t i o n s (3 .20 ) and ( 3 . 2 1 ) . I f H Q : E . ^ = E x 2 i s r e j e c t e d , t h e n B e n n e t t ' s 

p r o c e d u r e f o r s o l v i n g t h e m u l t i v a r i a t e B e h r e n s - F i s h e r problem w i l l be 
used t o t e s t t h e d i f f e r e n c e s of t h e means. In t h i s s i t u a t i o n , e q u a t i o n s 

2 2 
( 3 . 2 7 ) and ( 3 . 2 8 ) w i l l be used to c a l c u l a t e T and T Q t o p r o v i d e t h e 
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n e c e s s a r y c o m p a r a t i v e s t a t i s t i c s . 

I f a s t a n d a r d v e c t o r o f means i s a v a i l a b l e , then t e s t i n g 

V bci = So 
a g a i n s t H^: y X i ? u Q 

would be a p p r o p r i a t e i n an e f f o r t t o o b t a i n more i n f o r m a t i o n about p o 

t e n t i a l d i f f e r e n c e s between and X^. S t a t i s t i c s f o r t e s t i n g t h e s e 

h y p o t h e s e s w i l l be c a l c u l a t e d u s i n g e q u a t i o n s ( 3 . 2 3 ) and ( 3 . 2 4 ) f o r com-

2 2 
p a r i n g T and T Q . 

I f bo th d a t a s e t s s a t i s f y the i n i t i a l c r i t e r i o n f o r the t e s t of 

m u l t i v a r i a t e n o r m a l i t y based on the f i r s t W - s t a t i s t i c s computed, then i n 

f e r e n c e s drawn on t h e above h y p o t h e s i s t e s t s about t h e means a r e v a l i d . 

For t h o s e h y p o t h e s e s t h a t a r e r e j e c t e d , s i m u l t a n e o u s c o n f i d e n c e i n t e r 

v a l s w i l l be e s t a b l i s h e d a b o u t (u - a n c * ^vx± ~ ^0^ u s * n 8 e q u a t i o n s 

( 3 . 2 9 ) and ( 3 . 3 0 ) , r e s p e c t i v e l y , t o de termine w h i c h e l ement s o f X^ and 

X^ a r e i n f a c t c o n t r i b u t i n g t o the r e j e c t i o n of t h e a s s o c i a t e d n u l l h y 

p o t h e s e s . I n f e r e n c e s drawn from t h e s e i n t e r v a l e s t i m a t e s a r e a l s o v a l i d 

i f n e i t h e r d a t a s e t had t o be s u b j e c t e d t o a t r a n s f o r m a t i o n to i n s u r e 

m u l t i v a r i a t e n o r m a l i t y . 

However, i f e i t h e r or b o t h d a t a s e t s r e q u i r e d t r a n s f o r m a t i o n p r i o r 

t o p r o c e e d i n g w i t h h y p o t h e s i s t e s t s on t h e means, i n f e r e n c e s drawn from 

t h e s e t e s t s may or may n o t be e q u i v a l e n t t o i n f e r e n c e s drawn w i t h r e s p e c t 

t o t h e parameters o f t h e o r i g i n a l v a r i a b l e s . I n t h i s c a s e t h e a p p r o x i 

mate p r o c e d u r e s d e v e l o p e d i n C h a p t e r I I I w i l l be u t i l i z e d t o e q u a t e i n 

f e r e n c e s about p a r a m e t e r s of t rans formed v a r i a b l e s to i n f e r e n c e s a b o u t 
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parameters of t h e o r i g i n a l v a r i a b l e s . R e g a r d l e s s of whether or n o t h y 

p o t h e s e s on t h e means of transformed v a r i a b l e s a r e r e j e c t e d , s i m u l t a n e 

ous c o n f i d e n c e i n t e r v a l s w i l l be e s t a b l i s h e d u s i n g e q u a t i o n s ( 3 . 2 9 ) and 

( 3 . 3 0 ) . Th i s w i l l p r o t e c t a g a i n s t f a i l u r e to r e c o g n i z e d i f f e r e n c e s b e 

tween parameters o f the o r i g i n a l v a r i a b l e s when t e s t s a b o u t d i f f e r e n c e s 

of t h e parameters of t h e t rans formed v a r i a b l e s a r e n o t r e j e c t e d . 

C o m p u t a t i o n a l l y , f o r i n t e r v a l s c o n s t r u c t e d about (Uy^ ~ V q ) » 

e q u a t i o n ( 3 . 3 7 ) may b e used d i r e c t l y t o c a l c u l a t e i n t e r v a l s about 

X.. X . . 
( u v . - u A ) , a f t e r c h e c k i n g t o i n s u r e t h a t L ' + u n . 1 J > 0 and U! + u,.. 1" 3 

~ A 1 ~U J ~ U J J Oj 

> 0 f o r j = 1 , 2 , p . For i n t e r v a l s c o n s t r u c t e d a b o u t (Vy^ ~ y Y 2 ^ ' 

the g r a p h i c a l p r o c e d u r e i n t r o d u c e d i n C h a p t e r I I I w i l l b e a p p r o p r i a t e . 

To a v o i d c o n f u s i o n , a s e p a r a t e graph shou ld b e prepared f o r each ( U y i j ~ 

u Y 2 j ) » J = 1» 2 , p . Using; t h e s e approx imate methods w i l l thus a l 

low i n f e r e n c e s t o b e made w i t h r e s p e c t to parameters of the o r i g i n a l 

v a r i a b l e s . A n a l y s i s of t h e s e r e s u l t s i s f a i r l y s t r a i g h t f o r w a r d and f o l 

lows d i r e c t l y from t h e d i s c u s s i o n i n Chapter I I I . P o s s i b l e s t a t i s t i c a l 

d i f f e r e n c e s between MOE b e i n g examined w i l l now have been i d e n t i f i e d so 

t h a t d e t e r m i n a t i o n of i n d i v i d u a l MOE c o n t r i b u t i o n s may b e examined. The 

r e a d e r i s reminded t h a t c o n t i n u i n g a t t h i s p o i n t may no t b e a p p r o p r i a t e 

i f no d i f f e r e n c e s be tween MOE h a v e been s u b s t a n t i a t e d . 

C o n t r i b u t i o n of I n d i v i d u a l MOE 

The second p o r t i o n of the methodology f o l l o w s d i r e c t l y from the 

d i s c u s s i o n of p r i n c i p a l component a n a l y s i s i n C h a p t e r I I I . A f t e r d e t e r 

m i n a t i o n of whether p r i n c i p a l components should b e e x t r a c t e d from sample 

c o v a r i a n c e m a t r i c e s , S^, or from sample c o r r e l a t i o n m a t r i c e s , R^, compu

t a t i o n s may p r o c e e d . S i n c e m u l t i v a r i a t e n o r m a l i t y i s n o t r e q u i r e d f o r 



62 

computat ion of p r i n c i p a l components , and no i n f e r e n c e s about the l a t e n t 

r o o t s or e i g e n v e c t o r s a r e t o b e made, computa t ions w i l l be based on max

imum l i k e l i h o o d e s t i m a t e s of Ŝ , c a l c u l a t e d from the o r i g i n a l d a t a u s i n g 

e q u a t i o n ( 3 . 6 ) . 

In order t o o b t a i n as much i n f o r m a t i o n a s p o s s i b l e about i n d i v i 

d u a l MOE c o n t r i b u t i o n s , p r i n c i p a l components w i l l b e e x t r a c t e d from b o t h 

and X ^ , i n a d d i t i o n t o (X^ - X ^ ) . Once t h i s has been a c c o m p l i s h e d , 

c o n t r i b u t i o n s of i n d i v i d u a l MOE t o t h e v a r i a n c e o f e a c h X. and c o n t r i b u 

la

t i o n s of d i f f e r e n c e s i n MOE t o (X^ - X^) w i l l be c a l c u l a t e d u s i n g e q u a 

t i o n ( 3 . 4 4 a ) . In t h i s way , the c o n t r i b u t i o n of b o t h s e t s of MOE t o t h e 

o p e r a t i o n a l e f f e c t i v e n e s s of a f o r c e may be compared d i r e c t l y , i n a d d i 

t i o n to t h e e s t a b l i s h m e n t of t h e c o n t r i b u t i o n of d i f f e r e n c e s i n MOE t o 

d i f f e r e n c e s i n o p e r a t i o n a l e f f e c t i v e n e s s . Reminder i s made of t h e f a c t 

t h a t a n a l y s i s of t h e r e s u l t s of t h i s s e c t i o n of t h e methodology should 

encompass an i n v e s t i g a t i o n of t h e c o e f f i c i e n t s of t h e p r i n c i p a l compo

n e n t s i n c o n j u n c t i o n w i t h p e r c e n t a g e c o n t r i b u t i o n s of i n d i v i d u a l MOE and 

d i f f e r e n c e s i n MOE. 

M e t h o d o l o g i c a l Input 

P r i o r t o implement ing the methodology d e s c r i b e d i n the p r e v i o u s 

two s e c t i o n s , s e v e r a l d e c i s i o n s must be made a t an a p p r o p r i a t e l e v e l 

w i t h r e s p e c t t o t h e d e s i r e d e x a c t n e s s of t h e p r o c e d u r e . 

1 . An a d e q u a t e sample s i z e must b e determined so t h a t s u f f i c i e n t 

s t a t i s t i c a l i n f o r m a t i o n may be o b t a i n e d from t h e r e s u l t s of each r e p l i 

c a t i o n of the s t o c h a s t i c s i m u l a t i o n . 

2 . A p p r o p r i a t e c o n f i d e n c e l e v e l s must be e s t a b l i s h e d f o r t e s t i n g 

m u l t i v a r i a t e n o r m a l i t y , e q u a l i t y of c o v a r i a n c e m a t r i c e s , and d i f f e r e n c e s 
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o f mean v e c t o r s . T h e s e c o n f i d e n c e l e v e l s may b e d i f f e r e n t f o r r e a s o n s 

m e n t i o n e d p r e v i o u s l y . 

3 . I f p o s s i b l e , a s t a n d a r d v e c t o r o f means s h o u l d be e s t a b l i s h e d 

f o r t h e f o r c e s b e i n g c o n s i d e r e d s o t h a t as much i n f o r m a t i o n a s p o s s i b l e 

may b e o b t a i n e d f r o m t h e f i r s t p o r t i o n o f t h e m e t h o d o l o g y . 

4 . D e t e r m i n a t i o n m u s t b e made w i t h r e s p e c t t o e x t r a c t i o n o f 

p r i n c i p a l c o m p o n e n t s , i . e. f r o m t h e s a m p l e c o v a r i a n c e m a t r i c e s o r t h e 

s a m p l e c o r r e l a t i o n m a t r i c e s . 

A l t h o u g h n o n e o f t h e a f o r e m e n t i o n e d r e q u i r e m e n t s a f f e c t s t h e 

m e t h o d o l o g i c a l p r o c e d u r e , c o n s i d e r a t i o n m u s t b e g i v e n s o t h a t t h e b e s t 

i n f o r m a t i o n a v a i l a b l e may b e o b t a i n e d f r o m t h e d a t a . No p r e c i s e c o n s i d 

e r a t i o n w i l l b e g i v e n t o t h e s e r e q u i r e m e n t s ; r a t h e r , t h e s e d e c i s i o n s 

w i l l b e assumed t o h a v e b e e n ma.de p r i o r t o i m p l e m e n t a t i o n o f t h e m e t h o d 

o l o g y , w h i c h w i l l now b e d e m o n s t r a t e d t h r o u g h t w o e x a m p l e p r o b l e m s . 

T h e e n t i r e m e t h o d o l o g y , e x c e p t g r a p h i c a l c o m p u t a t i o n s , h a s b e e n 

p r o g r a m m e d i n FORTRAN I V D y t h e a u t h o r f o r u s e o n a CDC 7000 c o m p u t e r 

and i s p o r t r a y e d i n F i g u r e 3 , T h e c o m p l e t e p r o g r a m l i s t i n g i s i n A p p e n 

d i x 2 , e x c e p t f o r t h o s e p o r t i o n s t n a t u t i l i z e p r e p a r e d s u b r o u t i n e s o r 

f u n c t i o n s t a t e m e n t s o b t a i n e d f r o m ( 4 3 ) a n d (46).. T h a t p o r t i o n o f t h e 

m e t h o d o l o g y t h a t c o n c e r n s r e c o n s t r u c t i o n o f c o n f i d e n c e i n t e r v a l s i n 

t e r m s o f t h e p a r a m e t e r s o f t h e o r i g i n a l v a r i a b l e s was p e r f o r m e d o n a 

d e s k c a l c u l a t o r w h e n n e c e s s a r y . 

http://ma.de
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CHAPTER V 

DEMONSTRATION OF THE METHODOLOGY 

I n t r o d u c t i o n 

In t h i s c h a p t e r the methodology summarized i n C h a p t e r IV w i l l b e 

demonstrated b y t h e e x a m i n a t i o n of two p r a c t i c a l , a l b e i t h y p o t h e t i c a l , 

prob lems . The pr imary purpose i n so d o i n g , of c o u r s e , w i l l b e t o d e 

m o n s t r a t e t h e methodo logy; the s e c o n d a r y purpose w i l l b e t o examine t h e 

two d e f i n i t i o n s of o p e r a t i o n a l m o b i l i t y p r e s e n t e d i n Chapter I I . 

Background of t h e Problems 

C o n s i d e r a s i t u a t i o n i n w h i c h t h e U. S. Army has v a l i d a t e d a r e 

quirement f o r a new combat f i g h t i n g v e h i c l e (CFV-2) d e s i g n e d t o r e p l a c e 

t h e c u r r e n t v e h i c l e ( C F V - 1 ) employed i n mechanized i n f a n t r y b a t t a l i o n s . 

To o b t a i n as much i n f o r m a t i o n as p o s s i b l e on t h e e f f e c t i v e n e s s of C F V - 2 , 

the Commander, TRADOC, has t a s k e d an Army a g e n c y t o conduct a COEA. 

T h i s a n a l y s i s i s t o be conducted i n c o n j u n c t i o n w i t h phase one of o p e r 

a t i o n a l t e s t i n g ( O T - I ) i n order t o e s t a b l i s h c o m p a r a t i v e measures b e 

tween the o p e r a t i o n a l e f f e c t i v e n e s s of a mechanized i n f a n t r y b a t t a l i o n 

u s i n g C F V - 1 and t h e e f f e c t i v e n e s s of t h e same f o r c e u s i n g C F V - 2 . 

S i n c e CFV-2 has been d e s i g n e d to improve t h e m o b i l i t y of ground 

f o r c e s d u r i n g combat , t h e commander, TRADOC has d i r e c t e d t h a t measures 

of each f o r c e ' s o p e r a t i o n a l m o b i l i t y be i n c l u d e d i n t h e o p e r a t i o n a l e f 

f e c t i v e n e s s a n a l y s i s p o r t i o n of t h e COEA. 

Data f o r t h e a n a l y s i s w i l l be c o l l e c t e d from twenty r e p l i c a t i o n s 
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of a s t o c h a s t i c s i m u l a t i o n model d e s i g n e d f o r e x a m i n a t i o n of a mechanized 

i n f a n t r y b a t t a l i o n i n h y p o t h e s i z e d combat r o l e s . Three b a t t l e s c e n a r i o s 

w i l l b e examined i n two combat e n v i r o n m e n t s . For example , twenty r e p l i 

c a t i o n s of t h e exper iment w i l l b e o b t a i n e d f o r a mechanized i n f a n t r y 

b a t t a l i o n i n t h e a t t a c k u s i n g C F V - 1 i n E n v i r o n m e n t - I . 

With r e s p e c t t o t h e i s s u e o f o p e r a t i o n a l m o b i l i t y of t h e f o r c e s 

b e i n g examined, two s e t s of MOE have been approved t o r e p r e s e n t t h e o p 

e r a t i o n a l e f f e c t i v e n e s s of t h e f o r c e . S e t 1 w i l l c o n s i s t of f o u r MOE, 

d e s i g n a t e d MOE^ t h r o u g h MOE^, i n wh ich MOE^ w i l l be t h e measure o f the 

f o r c e ' s momentum. S e t 2 w i l l c o n s i s t of e i g h t MOE, d e s i g n a t e d MOE^ 

through M0E o . The f i r s t t h r e e MOE f o r each s e t a r e the same, w h i l e MOE. 
o *+ 

through M0E o of S e t 2 r e p r e s e n t a s u b s e t o f c r i t i c a l o p e r a t i o n a l m o b i l i t y 
o 

performance c h a r a c t e r i s t i c s common t o C F V - 1 and C F V - 2 . Performance 

c h a r a c t e r i s t i c s of o t h e r v e h i c l e s w i t h i n t h e f o r c e w i l l be h e l d c o n s t a n t 

t h r o u g h o u t the e x p e r i m e n t , s o l e l y f o r purposes of d e m o n s t r a t i n g t h e 

methodo logy . 

For purposes of d a t a a n a l y s i s , c o n f i d e n c e l e v e l s f o r h y p o t h e s i s 

t e s t s , e x c l u d i n g the t e s t s f o r m u l t i v a r i a t e n o r m a l i t y , w i l l b e 95%. For 

the t e s t s of m u l t i v a r i a t e n o r m a l i t y , any p o s i t i v e i n d i c a t i o n of n o r m a l i t y 

w i l l be a c c e p t e d . I n a d d i t i o n , p r i n c i p a l components w i l l be e x t r a c t e d 

from the sample c o v a r i a n c e m a t r i c e s of the r e s p e c t i v e d a t a s e t s s i n c e 

MOE w i l l be i n terms of d i m e n s i o n l e s s L E R . * A l s o , s t a n d a r d v e c t o r s of 

means f o r e a c h s e t of MOE have been approved by t h e Commander, TRADOC: 

* I f MOE were d e f i n e d some o t h e r way, say i n terms of f o r c e d i f f e r e n c e s , 
then p r i n c i p a l components should p r o b a b l y be e x t r a c t e d from sample c o r 
r e l a t i o n m a t r i c e s . 
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SET 1 : 

MOE- MOE„ MOE. M0E7 1 2 3 4 
[ 3 . 2 , 3 . 8 , 2 . 4 , 2 .0 J 

SET 2: 

MOE, M0E o MOE. MOE, MOEc MOE, MOE, M0E o 

[ 5 . 2 , 5 . 8 , 4 . 5 , 3 . 3 , 3 . 1 , 2 . 3 , 3 . 0 , 3 . 9 J 

A f t e r c o l l e c t i o n of a l l d a t a , the s t a t i s t i c a l a n a l y s i s may p r o 

c e e d . For d e m o n s t r a t i o n purposes o n l y , t h e f o l l o w i n g a n a l y s e s w i l l e x 

amine o n l y h y p o t h e s i z e d r e s u l t s o f one s c e n a r i o - e n v i r o n m e n t c o m b i n a t i o n 

f o r f o r c e s u s i n g C F V - 1 and CFV-2 f o r each s e t of MOE. A n a l y s e s of o t h e r 

combinat ions would proceed i n e x a c t l y the same manner. 

T h i s a n a l y s i s w i l l be concerned w i t h an e x a m i n a t i o n of h y p o t h e 

s i z e d s i m u l a t i o n r e s u l t s of the e f f e c t i v e n e s s of a mechanized i n f a n t r y 

f o r c e u s i n g C F V - 1 and CFV-2 i n terms of MOE S e t 1 , i n wh ich t h e o p e r a 

t i o n a l m o b i l i t y of the f o r c e i s measured i n terms of r e l a t i v e momentum. 

Numerica l r e s u l t s have been o b t a i n e d from t h e computer program l i s t i n g i n 

Append ix B. In the f o l l o w i n g a n a l y s i s , t h e s u b s c r i p t s 1 and 2 c o r r e 

spond t o d a t a p e r t a i n i n g t o C F V - 1 and C F V - 2 , r e s p e c t i v e l y . 

S e c t i o n I 

In t h e i n i t i a l a s se s sment of m u l t i v a r i a t e n o r m a l i t y f o r t h e MOE 

o b t a i n e d f o r each v e h i c l e , the a s s o c i a t e d W - s t a t i s t i c must be computed 

from e q u a t i o n ( 3 . 9 ) : 

Example Problem I 

W. = 
x ) ? A • L (X. -
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The order s t a t i s t i c s , U , c a l c u l a t e d from e q u a t i o n ( 3 . 8 ) , a r e d i s p l a y e d 

i n T a b l e 1 . O b t a i n i n g the n o r m a l i z e d c o e f f i c i e n t s , {a },' from 
n — 1 + 1 

T a b l e 20, Appendix A , and computing g i v e s 

W x = . 9 3 1 7 W 2 = .8378 

T a b l e 1 . Order S t a t i s t i c s f o r X 1 and X 2 

C F V - 1 CFV-2 

- . 2 0 9 0 .0249 - . 2 3 3 3 - .0004 
- . 2 0 5 2 .0330 - . 2 0 7 3 .0035 
- . 1 6 7 3 .0343 - . 1 5 9 7 .0065 
- . 1 5 9 2 .0453 - . 1 5 9 6 . 0 2 1 5 
- . 1 2 0 7 .0836 - . 1 1 9 2 .0446 
- . 1 1 2 0 .0862 - . 1 1 8 7 .0645 
- . 0 7 0 3 . 1 1 2 6 - . 0 3 9 4 .0722 
- . 0 3 9 1 . 1 2 4 6 - . 0 1 5 7 . 0 7 8 1 
- . 0 0 8 7 . 1 3 5 8 - . 0 0 9 6 .2239 

. 0 1 6 3 . 3 9 5 1 - . 0 0 8 7 .5569 

Note should be taken of the f a c t t h a t the c o e f f i c i e n t s a r e s y m m e t r i c , 

i . e . , ~ a

n _ i + i = a i * R e f e r r i n g t o T a b l e 2 1 , Appendix A t o de termine the 

l e v e l s of c o n f i d e n c e a s s o c i a t e d w i t h each W. r e v e a l s t h a t W_ - W o r i a t 
i 1 20 

the 20% l e v e l , w h i l e W"2 < W 2 Q a t the 1% l e v e l . A l t h o u g h the i n t e r p r e t a 

t i o n i s f a v o r a b l e f o r X^ based on W^, and u n f a v o r a b l e f o r W 2 > the a s 

sumption w i l l be made a t t h i s p o i n t t h a t n e i t h e r X^ nor X 2 i s m u l t i 

v a r i a t e normal so t h a t a l l f a c e t s of t h e methodology may be demonstrated , 

A p p l y i n g t h e t r a n s f o r m a t i o n 

X. ~ x - 1 

I t -
A. A t 0 

£tt(X.) , A. = 0 
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to each s e p a r a t e l y , max imiz ing 

n / 4 N 

\ j = 1 k = 1 

now becomes n e c e s s a r y i n o r d e r t o i n d u c e t h e m u l t i v a r i a t e n o r m a l i t y o f 

X^ and X^. The a l g o r i t h m adopted f o r t h i s p r o c e d u r e i s a c y c l i c c o o r d i 

n a t e method due t o Bazaara ( 6 ) . The t r a n s f o r m a t i o n p a r a m e t e r s o b t a i n e d 

a r e 

and 

g i v i n g 

A 1 = [.92, .95, 1.10, 1.58] 

A 2 = [.98, .98, .59, .59] , 

L (A- ) = 51.7963, L ( A 0 ) = 45.3018 
max ,.1 max \ 2 

Computing L (1)-, = 50.0283 and L (1)_ = 42.7555 y i e l d s 
max „. 1 max 2 

max „± max 
-A 

and 2 [L (A ) - L (1) ] = 5.0926; 
max _ Z max 

2 

c a l c u l a t i n g (1-a) f o r X^, g i v e s t h e c o n f i d e n c e l e v e l a s s o c i a t e d w i t h 

A^ as 47% and t h a t a s s o c i a t e d w i t h as 28%. 

R e - c a l c u l a t i n g W^ and f o r t h e t rans formed v a r i a b l e s g i v e s 

W 1 = .9456 W 2 = .8991 . 

R e t u r n i n g a g a i n to t a b l e s of t h e W d i s t r i b u t i o n r e v e a l s t h a t - W 2q 

a t a p p r o x i m a t e l y the 45% l e v e l , w h i l e W 2 - W^q a t a p p r o x i m a t e l y t h e 5% 

l e v e l . The c o n f i d e n c e l e v e l s a s s o c i a t e d w i t h X^ a r e o b s e r v e d t o be a p 

p r o x i m a t e l y t h e same and t h e W - s t a t i s t i c has more than doubled a f t e r the 

t r a n s f o r m a t i o n . A l t h o u g h t h e c o n f i d e n c e l e v e l s f o r X ? a r e no t i n t h e 
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same v i c i n i t y , t h e W - s t a t i s t i c f o r t h e transformed v a r i a b l e s now i n d i 

c a t e s m u l t i v a r i a t e n o r m a l i t y w i t h 5% c o n f i d e n c e , which i s s u b s t a n t i a l l y 

b e t t e r than no i n d i c a t i o n p r i o r t o t r a n s f o r m a t i o n . Low l e v e l s of c o n 

f i d e n c e a s s o c i a t e d w i t h assuming " NCUy^* ^y£^ ^ e a t t r i b u t e d t o 

the s e n s i t i v i t y of t h e W s t a t i s t i c a s mentioned p r e v i o u s l y . The e f f i 

c i e n c y of the p a r t i c u l a r n o n - l i n e a r m a x i m i z a t i o n p r o c e d u r e used a l s o 

a f f e c t s t h e a s s o c i a t e d c o n f i d e n c e l e v e l s and w i l l be d i s c u s s e d i n C h a p t e r 

V I . However, s i n c e p o s i t i v e i n d i c a t i o n s of m u l t i v a r i a t e n o r m a l i t y have 

been a c h i e v e d , t h e assumpt ions t h a t Y^ ~ N ( U y ^ , S y i ^ a n d Y 2 ~ ^ ^ Y 2 ' ^Y2^ 

w i l l be made and hypothesis testing on the transformed variables w i l l be 

g i n . 

In t e s t i n g e q u a l i t y of c o v a r i a n c e m a t r i c e s 

V ^ Y l = ^ 2 

-1 2 
t h e s t a t i s t i c MC w i l l be compared t o X ^ ^ s i n c e Zy^ and Zy^ a r e 

of d imension p = 4 and = = 20. U s i n g e q u a t i o n s (3.14) and (3.15) 
g i v e s 

M =( \ ' n , \tn\s I - \ 1 n.£n.\sA = 57.3539 , 
* i = 1 ' i - 1 

and 

= .8868 , 

—1 2 
so t h a t MC = 50.8638, w h i c h i s g r e a t e r than X ^ ^ « 18.307. The 

n u l l h y p o t h e s i s i s thus r e j e c t e d a t the 95% l e v e l of c o n f i d e n c e and t h e 

file:///tn/s


72 

B e h r e n s - F i s h e r problem has been encountered f o r t e s t i n g H^: -

0. 

The s t a t i s t i c s n e c e s s a r y f o r t e s t i n g Rq. U y ^ - = 0 a r e 

2 — - I — 
T = Ny 1 S y 

and 

2 = p ( N - l ) 
0 N-p .05; 4, 16 

2 
from e q u a t i o n s (3.27) and (3.28). These c a l c u l a t i o n s g i v e T = 255.4379 

2 

and Tq = 14.2829, so the n u l l h y p o t h e s i s i s r e j e c t e d a t the 95% l e v e l 

of c o n f i d e n c e . The c o n c l u s i o n i s made t h a t some, or a l l , o f t h e t r a n s 

formed means of t h e MOE f o r CFV-1 and CFV^2 a r e d i f f e r e n t . 

T e s t s w i l l now be made i n an e f f o r t t o d e t e r m i n e i f e i t h e r s e t of 

t rans formed means o f t h e MOE f o r CFV-1 and CFV-2 a r e d i f f e r e n t from t h e 
T 

t ransformed s t a n d a r d mean v e c t o r . In t e s t i n g H^: u v ^ - = 0 , s t a t i s t i c s n e c e s s a r y a r e 

T 2 = N ( y . - uJ)'St-hyL- VJ) 

and 

2 = p ( N - l ) 
0 N-p .05; 4, 16 

from e q u a t i o n s (3.23) and (3.24), r e s p e c t i v e l y . C a l c u l a t i o n s y i e l d 

2 2 
T = 1294.1079, T Q = 14.2829 so t h a t t h e n u l l h y p o t h e s i s i s r e j e c t e d a t 

t h e 95% l e v e l of c o n f i d e n c e . S i m i l a r c a l c u l a t i o n s f o r t e s t i n g Rq. 

T 2 2 UY2 ~ u0 = ° S ± V e T = 669.0139 and T Q - 14.2829, so t h a t t h i s n u l l 
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h y p o t h e s i s i s a l s o r e j e c t e d . The r e s u l t s of t h e s e t h r e e t e s t s i n d i c a t e 

t h a t no t on ly a r e t h e means of each s e t of t ransformed MOE d i f f e r e n t 

from t h e trans formed s t a n d a r d mean v e c t o r , b u t t h e y a r e a l s o d i f f e r e n t 

from each o t h e r . 

R e j e c t i o n of t h e s e t h r e e h y p o t h e s e s d i c t a t e s t h e n e c e s s i t y f o r 

c o n s t r u c t i o n of s i m u l t a n e o u s c o n f i d e n c e i n t e r v a l s a b o u t t h e d e t e c t e d 

d i f f e r e n c e s i n t h e t rans formed means. T h i s p r o c e d u r e w i l l i n d i c a t e w h i c h 

s p e c i f i c t rans formed means a r e i n f a c t d i f f e r e n t and w i l l p r o v i d e t h e 

b a s i s f o r t r a n s l a t i n g t h e s e i n f e r e n c e s i n t o i n f e r e n c e s on t h e means of 

the o r i g i n a l MOE. 

T T 
For t h e d i f f e r e n c e s ( K ^ i - Uq ) and ( y ^ - Uq ) , e q u a t i o n ( 3 . 3 0 ) 

g i v e s the r e s u l t s d i s p l a y e d i n T a b l e 2 . 

T 
T a b l e 2 . C o n f i d e n c e I n t e r v a l s f o r ( y „ . . - y n . ) 

Y i j Oj 

C F V - 1 C F V - 2 

- 1 . 0 2 3 4 < p Y 1 1 - y j < . 5 5 6 3 - 1 . 5 3 2 8 < y y 2 1 - y j < 1 . 0 6 5 7 

- 1 . 0 6 9 3 < - < 1 . 0 1 1 1 - 1 . 4 3 6 5 < y V 2 2 - y Q 2 < 1 . 3 7 8 3 

- 1 . 0 9 3 7 < y ^ - y Q 3 < - . 1 4 4 4 - 1 . 0 0 0 9 < y ^ - y Q 3 < - . 2 3 7 2 

. 0 1 1 8 < y v l 4 - y Q ^ < 2 . 1 2 5 9 . 6 0 3 0 < y V 2 4 - yQJ < 1 . 5 3 4 7 

U s i n g e q u a t i o n ( 3 . 3 7 ) , 

A A A A 

A . . 1 / A . A . . 1 / A . , 

( L | + y n . 1 J ) 1 J < y . . < (U| + y ' J ) 1 J 

j 0 j ' - M x i j - j . 0 j ' 

t o o b t a i n i n t e r v a l s on t h e means of t h e o r i g i n a l MOE g i v e s t h e i n t e r v a l s 

d i s p l a y e d i n T a b l e 3 . 

S i n c e ( y x l 3 - y Q 3 ) , ( y ^ - y ^ ) , - U Q 3 ) and ( y ^ - y ^ ) 
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do n o t c o n t a i n 0 , t h e c o n c l u s i o n i s made t h a t t h e means of M0E o and MOE. 
3 4 

f o r b o t h C F V - 1 and CFV-2 a r e d i f f e r e n t from the c o r r e s p o n d i n g e l ements 

o f t h e s t a n d a r d mean v e c t o r . S imul taneous c o n f i d e n c e i n t e r v a l s must now 

be c o n s t r u c t e d about (Uy^ ~ t o d e t e r m i n e which means f o r C F V - 1 and 

CFV-2 a r e d i f f e r e n t from each o t h e r . 

T a b l e 3 . C o n f i d e n c e I n t e r v a l s f o r (y„„ . - y r t ) 

X i j Z0 
C F V - 1 CFV-2 

- 1 . 1 0 5 5 < y x i i ~ y o i 
< . 6 1 5 8 - 1 . 5 5 9 9 < 

W X 2 1 ' y 0 1 
< 1 . 0916 

- 1 . 1 3 2 7 < 
y X 1 2 - y 0 2 

< 1.0907 - 1 . 4 6 9 5 < 
W X22 " v02 < 1 . 4170 

- 1 . 0 2 8 0 < 
y X 1 3 ~ y 0 3 

< - . 1 3 3 0 - 1 . 2 5 0 5 < 
W X23 " 

v03 < -. 3296 

.0081 < 
y X 1 4 " y 0 4 

< 1 . 2 2 1 8 .8657 < 
" X 2 4 " 

< 2 . 4436 

U s i n g e q u a t i o n (3 .30) a g a i n , based on the c a l c u l a t i o n s from t h e 

B e h r e n s - F i s h e r prob lem, g i v e s t h e c o n f i d e n c e i n t e r v a l s d i s p l a y e d i n 

T a b l e 4 . 

T a b l e 4. C o n f i d e n c e I n t e r v a l s f o r (y^.^. - P y 2 j ^ 

- 2 . 6 1 1 6 < 1 J Y 1 1 ~ ^ 2 1 
< . 5 2 7 9 

- 2 . 5 0 5 2 < 
1 J Y 1 2 " Uy.22. < . 7205 

- . 6 0 5 7 < 
y Y 1 3 ~ y Y 2 3 

< .6010 

.2200 < 
1 JY14 " y Y 2 4 

< 2 .5489 

The a p p r o x i m a t e g r a p h i c a l p r o c e d u r e d e v e l o p e d i n C h a p t e r I I I w i l l now b e 

employed so t h a t i n f e r e n c e s may be drawn on the d i f f e r e n c e s i n t h e means 

of t h e o r i g i n a l MOE. In o r d e r t o graph t h e Q - r e g i o n f o r each i n t e r v a l , 

e q u a t i o n ( 3 . 3 4 a ) was s o l v e d f o r y Y 1 . i n terms of y _ . g i v i n g two e q u a t i o n s 

c o r r e s p o n d i n g t o t h e lower and upper l i m i t s of Q . These e q u a t i o n s were 
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then s o l v e d f o r u

x ^ j f ° r i n t e g e r v a l u e s of u

x 2 j be tween 0 and 1 0 . 

The i n t e r v a l s , [ A ^ 1 , B ^ 1 ] and [ A ^ 1 , B 2 l - ' , n e c e s s a r y f ° r o b t a i n i n g the 

G_. r e g i o n s , j - 1 , 2 , 3 , 4 , may be o b t a i n e d by s o l v i n g e q u a t i o n s ( 3 . 3 4 b ) 

and ( 3 . 3 4 c ) d i r e c t l y . The r e s u l t s of t h e s e c o m p u t a t i o n s a r e p o r t r a y e d 

i n F i g u r e s 4 - 7 . 

In F i g u r e 4 , p r e l i m i n a r y i n d i c a t i o n s a r e t h a t H^: V v j ^ ~ ^ x21 " ^ 

should no t b e r e j e c t e d s i n c e ~ 1 J x21 = ^ ^ s c o n t a i n e d e n t i r e l y i n 

Q^. T h i s i s s u b s t a n t i a t e d b y the f a c t t h a t ~ ^ x 2 1 = ^ l s a l s o ^ n 

G_ , so t h e c o n c l u s i o n i s made t h a t HL: y „ - - - u___.. = 0 i s n o t r e j e c t e d 
1 0 X l l X21 J 

w i t h confidence approximately 100(1—.05) = 95%. Examination o f F i g u r e 

5 l e a d s t o an i d e n t i c a l c o n c l u s i o n . 

F i g u r e 6 p o r t r a y s a s l i g h t l y d i f f e r e n t s i t u a t i o n i n t h a t c o n 

t a i n s o n l y t h a t p o r t i o n of y ^ ^ ~ ^ x 2 3 = ® s u c n t h a t 0 < y ^ . j < 3 and 

0 < y V O Q < 3 . However, G Q a l s o c o n t a i n s p o r t i o n s of t h e same i n t e r v a l s ; 

h e n c e , t h e c o n c l u s i o n i s made t h a t HQ . y x ^ 3 ~ 1 J x 2 3 = ^ "*"S n o t r e 3 e c t e d * 

F i g u r e 7 a l s o i n d i c a t e s t h a t H . : y „ , . - y , T O / = 0 might a l s o not be r e -
0 X14 X24 

j e c t e d f o r y ^ ^ e [A^, B^J and e ^2^ ' h o w e v e r , e s t a b l i s h i n g 

t h e r e g i o n G^ i n d i c a t e s t h a t t h i s c o n c l u s i o n i s n o t t e n a b l e and 

V y X 1 4 " y X 2 4 = ° ± S r e J e c t e d « 

To d e t e r m i n e the e f f e c t of i n c l u d i n g t h e second o r d e r term i n 

e q u a t i o n s ( 3 . 3 4 a ) , ( 3 . 3 4 b ) and ( 3 . 3 4 c ) t o o b t a i n a b e t t e r a p p r o x i m a t i o n 

t o and G^, c o m p u t a t i o n s s i m i l a r t o t h o s e used f o r t h e f i r s t o r d e r 

a p p r o x i m a t i o n were used t o r e c o n s t r u c t the r e g i o n s . R e s u l t s i n d i c a t e d 

t h a t was expanded s l i g h t l y and remained of t h e same form. The r e 

g i o n G^ was reduced s l i g h t l y h o r i z o n t a l l y and expanded v e r t i c a l l y so 

t h a t y „ - . - y , r o / = 0 was s t i l l c o n t a i n e d w i t h i n G . ; h e n c e , c o n c l u -
X14 X24 4 
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s i o n s were t h e same. S i t u a t i o n s may occur where i n f e r e n c e s drawn a f t e r 

i n c l u s i o n of second or h i g h e r o r d e r terms a r e d i f f e r e n t than when o n l y 

a f i r s t order a p p r o x i m a t i o n i s u s e d . As mentioned p r e v i o u s l y , t h e n , i f 
A A 

t r a n s f o r m a t i o n p a r a m e t e r s , and X ^ , a r e s u b s t a n t i a l l y d i f f e r e n t , a 

second or h i g h e r a p p r o x i m a t i o n should p r o b a b l y b e used t o p r o t e c t 

a g a i n s t drawing f a u l t y i n f e r e n c e s . A d d i t i o n a l l y , n o t e shou ld be t a k e n 

of t h e f a c t t h a t i n f e r e n c e s based on t h e g r a p h i c a l p r o c e d u r e a r e i d e n t i 

c a l t o t h o s e drawn on t h e trans formed means as d e p i c t e d i n T a b l e 4 . 

A g a i n , t h i s i s a t t r i b u t e d t o t h e f a c t t h a t t h e t r a n s f o r m a t i o n s do n o t 

c a u s e much d i s t u r b a n c e i n t h e o r i g i n a l d a t a . 

F u r t h e r s e n s i t i v i t y of t h e g r a p h i c a l p r o c e d u r e t o o t h e r combina

t i o n s o f means and t r a n s f o r m a t i o n parameters may a l s o b e i n v e s t i g a t e d . 

For purposes of t h i s r e s e a r c h , however , s u f f i c i e n t examples h a v e been 

examined t o i n v e s t i g a t e the problem a t hand so t h a t r e t u r n i n g t o t h e 

methodology i s a p p r o p r i a t e . 

S i n c e one o f t h e means of t h e o r i g i n a l s e t s of MOE appear t o be 

d i f f e r e n t from each o t h e r (MOE^), and some of t h e means of MOE d e s c r i b 

i n g o p e r a t i o n a l e f f e c t i v e n e s s of t h e f o r c e u s i n g C F V - 1 and CFV-2 appear 

t o be d i f f e r e n t from t h e s t a n d a r d means, the COEA P r o j e c t O f f i c e r has 

approved f u r t h e r a n a l y s i s t o d e t e r m i n e e x a c t c o n t r i b u t i o n s of i n d i v i 

d u a l MOE t o o p e r a t i o n a l e f f e c t i v e n e s s . S p e c i f i c a l l y , n o t e has been 

t a k e n of t h e f a c t t h a t t h e r e l a t i v e momentum (MOE^) f o r t h e f o r c e u s i n g 

C F V - 1 and f o r the f o r c e u s i n g CFV-2 appear t o be d i f f e r e n t from t h e 

s t a n d a r d measure of r e l a t i v e momentum and from each o t h e r . 

S e c t i o n I I 

E x t r a c t i n g p r i n c i p a l components from t h e sample c o v a r i a n c e ma-
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t r i c e s of the o r i g i n a l d a t a s e t s , and X^, and from (X^ - X ^ ) g i v e s 

t h e r e s u l t s i n T a b l e s 5 - 1 0 . Computat ions f o r o b t a i n i n g t h e p r i n c i p a l 

components and t h e i r r e s p e c t i v e ' p e r c e n t c o n t r i b u t i o n s , T a b l e s 5 , 7 , and 

9 , were performed by a prepared s u b r o u t i n e i n ( 4 3 ) . The c o n t r i b u t i o n s 

of i n d i v i d u a l MOE were c a l c u l a t e d i n t h e program p r e p a r e d by t h e author 

i n Appendix B based on 

k 2 

j = i 

i n t r o d u c e d i n C h a p t e r I I I as e q u a t i o n ( 3 . 4 4 a ) . 

In examining f o r c e o p e r a t i o n a l e f f e c t i v e n e s s w i t h CFV-1 from 

T a b l e s 5 and 6 , the major concern i s w i t h c o n c l u s i o n s about MOE^, r e l a 

t i v e momentum. From T a b l e 5 , the e f f e c t of MOE^ on each of t h e p r i n c i 

p a l components i s s een t o be n e g a t i v e , w h i l e i t s c o n t r i b u t i o n from T a 

b l e 6 i s 21.3847%. 

T a b l e 5 . P r i n c i p a l Components f o r 
? 1 

Component C o e f f i c i e n t s f o r X ^ ( a ^ ) V a r i a n c e C o n t r i b u t i o n 

Y l 
.3838 - .6682 . 3 1 1 0 - . 5 5 6 3 6 6 . 9 5 7 9 

Y 2 
- . 3 7 8 0 . 2 5 8 1 - . 3 9 9 7 - . 7 9 4 2 2 1 . 0 5 7 0 

Y 3 
. 7 3 7 6 . 6 3 7 1 . 1058 - . 1 9 7 2 1 1 . 6 9 9 8 

Y 4 
- . 4 0 7 3 .2846 .8558 - . 1 4 4 3 .2853 

A s i m i l a r e x a m i n a t i o n of T a b l e s 7 and 8 f o r C F V - 2 , r e v e a l s t h a t 

the e f f e c t of r e l a t i v e momentum i s a l s o n e g a t i v e i n each p r i n c i p a l com

ponent and has an i n d i v i d u a l c o n t r i b u t i o n of 23.7283%. 
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T a b l e 6. MOE C o n t r i b u t i o n s f o r CFV-1(%) 

MOE C o n t r i b u t i o n 

1 20 .4853 
2 1 3 .0167 
3 45 . 1 1 3 4 
4 21 .3347 

T a b l e 7 . P r i n c i p a l Components f o r X 2 

Component C o e f f i c i e n t s f o r X 2 ± ( V a r i a n c e C o n t r i b u t i o n 

Y i . 3 4 1 6 • 2260 - . 6 3 5 3 - . 6 5 4 8 7 5 . 4 7 5 6 

Y 2 
- . 4 0 3 0 -. 0761 .5250 - . 7 4 5 8 1 5 . 4 0 4 7 

Y 3 
. 7 4 7 8 -. 5680 .3226 - . 1 1 8 9 9 .0207 

Y 4 - . 4 0 2 3 -. 7877 - . 4 6 5 6 - .0300 .0990 

T a b l e 8. MOE C o n t r i b u t i o n s f o r CFV-2(%) 

MOE C o n t r i b u t i o n 

1 1 3 .2747 
2 14 , .8853 
3 48, . 1 1 1 7 
4 23, .7283 

For t h e d i f f e r e n c e s between o p e r a t i o n a l e f f e c t i v e n e s s w i t h C F V - 1 

and C F V - 2 , e x a m i n a t i o n of T a b l e s 9 and 10 shows t h a t d i f f e r e n c e s i n r e 

l a t i v e momentum a l s o have a n e g a t i v e e f f e c t and t h a t t h e c o n t r i b u t i o n 

of t h e d i f f e r e n c e s i s 24.4449%. 

The p r e c i s e i n t e r p r e t a t i o n of t h e s e r e s u l t s depends h e a v i l y on 

the d e f i n i t i o n of o t h e r MOE b e i n g examined. A d d i t i o n a l l y , d e t e r m i n a t i o n 

of whether c o n t r i b u t i o n s a r e "good" or "bad" depends upon i n c o r p o r a t i o n 

of the r e s u l t s i n t o the c o s t p o r t i o n o f the COEA. T h i s a l s o a p p l i e s t o 
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T a b l e 9 . P r i n c i p a l Components f o r (X^ - X^) 

Components C o e f f i c i e n t s f o r ( X 1 ± -
? 2 1 ) 

V a r i a n c e C o n t r i b u t i o n 

Y i - . 3 6 2 4 - . 4 1 7 0 - . 4 8 2 8 - . 6 7 9 5 7 1 . 4 3 7 1 

Y 2 .3967 . 1 2 4 5 .5803 - . 7 0 0 3 1 7 . 8 6 9 5 

Y 3 
- . 7 2 4 9 .6482 . 1 8 4 7 - . 1 4 2 4 1 0 . 5 8 1 8 

Y A 
.4310 .6249 - . 6 2 9 4 - . 1 6 6 2 . 1 1 1 6 

T a b l e 1 0 . MOE C o n t r i b u t i o n s f o r D i f f e r e n c e s 

MOE C o n t r i b u t i o n 

1 1 5 . 0 0 7 8 
2 1 5 . 1 3 9 1 
3 45.4082 
4 24 .4449 

an i n t e r p r e t a t i o n of which i s t h e b e t t e r v e h i c l e . For example , i f the 

s c e n a r i o - e n v i r o n m e n t combinat ion b e i n g examined i s b a t t a l i o n i n the a t 

t a c k i n Environment I , the c o n c l u s i o n might b e made t h a t C F V - 1 and 

CFV-2 a r e n o t d i f f e r e n t , w i t h r e s p e c t t o o p e r a t i o n a l e f f e c t i v e n e s s , 

s i n c e the e f f e c t of r e l a t i v e momentum of t h e f o r c e remains a p p r o x i m a t e l y 

t h e same. 

Example Problem I I 

The s t r u c t u r e of t h i s problem i s e x a c t l y the same as t h a t of 

Problem I , e x c e p t t h a t o p e r a t i o n a l m o b i l i t y w i l l now be measured i n 

terms of f i v e o p e r a t i o n a l per formance c h a r a c t e r i s t i c s , MOE^ through 

M0E o , common t o C F V - 1 and C F V - 2 . P r o c e d u r a l l y , t h e methodology i s a p 
es 

p l i e d i n the same manner w i t h o n l y minor c o m p u t a t i o n a l a d j u s t m e n t s . 

I n t h e i n i t i a l a s se s sment o f m u l t i v a r i a t e n o r m a l i t y of X^ and X ^ t 
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t h e W - s t a t i s t i c s and a s s o c i a t e d c o n f i d e n c e l e v e l s a r e : 

and 

W x = . 7 4 9 3 ( 1 - a ) < 1%, 

W 2 = . 7 1 7 0 (1 -a) < 1%. 

Both d a t a s e t s must t h e r e f o r e b e t r a n s f o r m e d , g i v i n g 

A 1 = [ .92 , . 8 6 , . 5 3 , . 8 0 , 1 , 3 1 , 1 . 2 2 , . 9 5 , 2 . 4 2 ] ; ( 1 -a ) = . 3 1 9 4 , 

and 

X 2 = [ 1 . 0 7 , 1 . 1 3 , . 9 5 , . 8 9 , . 6 5 , 1 . 8 2 , 1 . 8 5 , . 6 5 ] ; ( 1 -a ) = . 2 0 7 1 . 

R e - t e s t i n g t h e t rans formed v a r i a b l e s w i t h the W - s t a t i s t i c s g i v e s 

W]L = . 7 5 6 6 ( 1 - a ) < 1% 

and 

W 2 = . 7 7 7 8 (1 -a ) < 1% 

A l t h o u g h t h e W - s t a t i s t i c s h a v e been improved , t h e c o n f i d e n c e l e v e l s a r e 

s t i l l l e s s than 1%, p o s s i b l y due t o t h e p r e s e n c e of an i n c r e a s e d number 

of o u t l i e r s i n the l a r g e r d a t a s e t s . However, s i n c e p o s i t i v e i n d i c a 

t i o n of m u l t i v a r i a t e n o r m a l i t y has been a c h i e v e d b a s e d on t h e l i k e l i 

hood s t a t i s t i c , - N d i y ^ , Eyi^- a n i ^ Y 2 ~ ^ ^ 2 ' S y 2 ^ W j j - ^ ^ e a s s u m e G ! . 

S i n c e b o t h Ey^ and E y 2 are of d imens ion p = 8, Mb ^ must be c a l 

c u l a t e d from e q u a t i o n s ( 3 . 1 4 ) and ( 3 . 1 8 ) t o t e s t H^: E v ^ = E y 2 ; h e n c e , 

M == 30.5366 

and 

b 1 = .0082 

g i v i n g Mb ^ = . 2504 . Comparing t h i s t o F n _ . - f = 1 . 3 1 2 r e v e a l s 
. U J ; r^, ^2 

t h a t the n u l l h y p o t h e s i s i s n o t r e j e c t e d a t the 95% l e v e l . 

T e s t i n g H Q 1 : ^ - = 0 , H ^ : ^ - = 0 and 
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H 0 3 : M ~ y Y 2 = ° g i v e S 

T 2 = 7 3 1 . 3 1 0 3 > T Q 1

2 = 3 6 . 0 8 1 5 : r e j e c t H Q 1 , 

T 2 = 1 4 2 1 . 8 8 2 8 > T 2 == 3 6 . 0 8 1 5 : r e j e c t H n o , 
2 02 J 02 

and 

T 3

2 = 2 3 9 . 5 7 9 4 > T ^ 2 = 2 . 7 6 4 1 : r e j e c t H ^ . 

2 

C o m p u t a t i o n a l l y , e q u a t i o n s (3 .20 ) and ( 3 . 2 1 ) were used t o o b t a i n 

2 
and T-_ s i n c e H_: E_ r 1 = E„_ was n o t r e j e c t e d . The c o n c l u s i o n s a r e 

01 0 Y l Y2 J 

s i m i l a r t o t h o s e i n Problem I . Hence , s i m u l t a n e o u s c o n f i d e n c e i n t e r v a l s 

w i l l be e s t a b l i s h e d about d e t e c t e d d i f f e r e n c e s . 

U s i n g e q u a t i o n s (3 .30 ) and ( 3 . 3 7 ) and t h e a p p r o x i m a t i o n p r o c e d u r e 

p r e s e n t e d i n C h a p t e r I I I , i n t e r v a l s on the o r i g i n a l means, (PYJJ ~ y 0 1 ^ 

and ( v X 2 j ~ y 0 j ^ ' w e r e c a l c u l a t e d and are d i s p l a y e d i n T a b l e 1 1 . T h u s , 

the o r i g i n a l means of M0E c and M0E o f o r C F V - 1 and M0E„, MOE. , and M0E_ 
J O J O / 

T a b l e 1 1 . C o n f i d e n c e I n t e r v a l s f o r ( v x i j ~ ^QJ^ 

C F V - 1 CFV-2 

- 2 . 0 4 1 6 < 
^ 1 1 " ^01 

< .3800 - 3 . 1 0 1 5 < 
^ 2 1 " y o i 

< .9300 

- 2 . 1 0 2 0 < 
y X 1 2 " y 02 

< 1 . 9 7 5 1 - 3 . 1 8 9 7 < y X22 " y 0 2 
< .3934 

- .7836 < 
y X 1 3 " y 0 3 

< 1 . 7 9 7 8 - 1 . 8 4 2 2 < ^ 2 3 " y 0 3 
< - . 4 1 7 6 

- 2 , 5 7 5 7 < 
y X 1 4 " y 04 

< . 4149 - 1 . 1 5 4 4 < y X24 " y 0 4 
< 1 . 1 9 6 4 

- 2 . 8 7 4 8 < 
y X 1 5 " y 0 5 

< - . 9 3 8 1 - 2 . 3 0 0 9 < 
y X 2 5 " y 0 5 

< 2 . 1 3 2 4 

- 2 . 0 9 7 8 < 
y X 1 6 " y 0 6 

< .6438 - 2 . 1 7 0 2 < y X 2 6 " y 0 6 
< - . 1 7 6 7 

- 1 . 9 7 6 4 < 
y X 1 7 " y 0 7 

< . 1 1 7 3 - 2 . 6 5 0 3 < y X 2 7 " y 0 7 
< - 1 . 4 4 6 4 

- 3 . 1 9 9 0 < 
y X 1 8 " y 0 8 < - 1 . 6 2 6 2 - 1 . 0 5 2 2 < y X 2 8 " y 0 8 

< 2 .0587 
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f o r CFV-2 a r e d i f f e r e n t from t h e r e s p e c t i v e e l ement s of t h e s t a n d a r d 

mean v e c t o r , U Q . 

From e q u a t i o n ( 3 . 2 9 ) the i n t e r v a l s about the d i f f e r e n c e s of t h e 

means, ( u y i j ~ y Y 2 j ^ ' w e r e c a x c u x a t e d a n d a r e d i s p l a y e d i n T a b l e 1 2 . 

In g r a p h i n g t h e Q and G r e g i o n s by the same p r o c e d u r e used f o r Example 

Problem 1 , r e s u l t s i n d i c a t e d t h a t t h e d i f f e r e n c e s be tween MOE^ and MOE 

T a b l e 1 2 . C o n f i d e n c e I n t e r v a l s f o r ( V y i j ~ ^ 2 ' ^ 

- 3 . 0 0 8 4 < 
U Y 1 1 " Y Y 2 1 

< 1 . 0 0 1 7 

- 3 . 7 6 4 1 < 
1 J Y 1 2 " Y Y 2 2 

< . 6 5 3 2 

- 1 . 6 6 3 3 < 
1 J Y 1 3 " ^ 2 3 

< - . 4 3 7 1 

- 2 . 2 7 3 5 < 
1 J Y 1 4 " Y Y 2 4 

< - . 0 3 3 5 

- 1 . 3 7 1 5 < 
Y Y 1 5 " Y Y 2 5 

< 1 . 6 5 1 4 

- 3 . 5 0 4 0 < 
1 J Y 1 6 " Y Y 2 6 

< 1 . 6 5 8 7 

- 2 . 6 1 6 8 < 
1 J Y 1 7 " 

U Y 2 7 

< . 7 6 0 0 

5 . 0 1 6 9 < 
1 J Y 1 8 " Y Y 2 8 

< 1 8 . 5 8 8 3 

were s i g n i f i c a n t as de termined by an e x a m i n a t i o n of F i g u r e s 8 - 1 5 . In 

comparing t h e s e r e s u l t s t o t h e r e s u l t s o b t a i n e d by examin ing T a b l e 1 2 , 

which i n d i c a t e t h a t MOE^, MOE^, and MOEg a r e s i g n i f i c a n t l y d i f f e r e n t , 

i t may b e seen t h a t t h e i n f e r e n c e drawn about t h e d i f f e r e n c e s be tween 

MOE. i s d i f f e r e n t . T h i s e x h i b i t s the f a c t t h a t i n f e r e n c e s drawn a f t e r 
4 

n o n - l i n e a r t r a n s f o r m a t i o n may be a f f e c t e d by t h e t r a n s f o r m a t i o n . S i n c e 

t h e means of some of t h e MOE a r e d i f f e r e n t from t h e s t a n d a r d mean v e c t o r 

and two MOE appear t o b e d i f f e r e n t from each o t h e r , f u r t h e r i n v e s t i g a 

t i o n i s w a r r a n t e d . 
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The r e s u l t s of t h e p r i n c i p a l component a n a l y s e s a r e g i v e n i n 

T a b l e s 1 3 - 1 9 . I n t e r p r e t a t i o n of t h e s e r e s u l t s f o l l o w s the same p r o c e 

dure as t h a t used f o r Problem I , w i t h one a d d i t i o n a l c o n s i d e r a t i o n . 

S i n c e t h e r e a r e now f i v e MOE d e s c r i b i n g f o r c e o p e r a t i o n a l m o b i l i t y f o r 

C F V - 1 and C F V - 2 , t h e i r i n d i v i d u a l c o n t r i b u t i o n s must b e summed t o g i v e 

the t o t a l c o n t r i b u t i o n t o o p e r a t i o n a l e f f e c t i v e n e s s . These r e s u l t s a r e 

g i v e n i n T a b l e 1 3 . 

T a b l e 1 3 . O p e r a t i o n a l M o b i l i t y C o n t r i b u t i o n s (%) 

C o n t r i b u t i o n 
C F V - 1 5 1 . 2 4 3 3 
CFV-2 4 7 . 7 7 8 2 

D i f f e r e n c e s 2 7 . 8 9 3 8 

F u r t h e r A n a l y s i s o f MOE C o n t r i b u t i o n s 

As mentioned p r e v i o u s l y i n t h e e x a m i n a t i o n of i n d i v i d u a l MOE c o n 

t r i b u t i o n s i n Example Problem I , p r e c i s e i n t e r p r e t a t i o n of p e r c e n t a g e 

c o n t r i b u t i o n s i s r e l a t i v e l y m e a n i n g l e s s w i t h o u t knowledge of the n a t u r e 

of MOE b e i n g examined. A g e n e r a l a n a l y s i s may b e c o n d u c t e d , however , 

b a s e d on an i n t e r p r e t a t i o n of what t h e p e r c e n t c o n t r i b u t i o n s a c t u a l l y 

r e p r e s e n t . 

R e c a l l t h a t t h e p e r c e n t c o n t r i b u t i o n of a p r i n c i p a l component, 

Y_£, t o t h e v a r i a n c e w i t h i n a g i v e n d a t a s e t r e p r e s e n t s t h e importance of 

t h a t l i n e a r c o m b i n a t i o n o f v a r i a b l e s t o t h e v a r i a n c e of t h e s y s t e m . By 

t r a n s l a t i n g t h e c o n t r i b u t i o n s of p r i n c i p a l components i n t o c o n t r i b u t i o n s 

of o r i g i n a l MOE, t h e a c t u a l r e s u l t i s a d e t e r m i n a t i o n of t h e c o n t r i b u 

t i o n of t h e v a r i a n c e of t h e MOE t o t h e v a r i a n c e o f t h e s y s t e m . I n com-



T a b l e 1 4 . P r i n c i p a l Components f o r X. 

V a r i a n c e 
Component C o e f f i c i e n t s f o r X - . ( a . . ) C o n t r i b u t i o n (%) 

Y l 
.4058 .7097 - . 0 8 4 9 - . 0 3 7 5 .2282 - . 2 5 2 5 - . 1 4 4 5 . 4 3 1 7 3 6 . 9 9 1 7 

Y 2 
- . 3 9 3 0 - . 0 3 6 4 .0902 . 1 8 6 7 - . 1 6 0 6 .2655 . 2 7 1 8 .7944 1 9 . 4 4 7 0 

Y 3 
.7264 - . 4 4 6 3 - . 0 5 3 2 .0474 - . 4 4 7 2 - . 0 4 9 5 .0120 .2559 1 5 . 0 3 5 8 

Y 4 
- . 3 7 4 3 .0407 - . 3 6 8 5 - . 0 3 6 4 - . 5 3 2 6 - . 4 2 9 5 - . 4 9 7 6 .0732 1 3 . 0 1 8 6 

Y 5 
- . 0 7 0 2 - . 4 3 3 3 - . 3 2 7 9 - . 5 7 9 7 .4837 - . 2 2 0 2 .0166 .2847 6 .6953 

Y 6 - . 0 6 1 4 . 1 1 5 4 .0098 - . 0 6 7 3 - . 2 0 4 3 - . 5 8 6 4 . 7 6 1 1 - . 1 1 6 1 6 . 2 5 9 1 

Y 7 
- .0006 . 2 1 9 7 .3528 - . 7 8 3 8 - . 3 7 9 1 .2628 - . 0 0 7 8 - . 0 0 7 9 2.5480 

Y 8 - . 0 6 5 9 - . 2 1 1 8 .7835 . 0 7 1 8 . 1380 - . 4 6 6 4 - . 2 7 9 2 . 1 3 1 2 .0046 



T a b l e 1 5 . P r i n c i p a l C o m p o n e n t s f o r X , 

C o m p o n e n t 

Y x . 3 7 5 4 . 3 8 5 3 

Y 2 - . 4 1 3 8 - . 3 5 0 7 

Y 3 . 7 1 5 4 - . 4 3 9 6 

Y , - . 4 0 5 1 . 1 2 1 5 

Y 5 - . 0 2 5 2 . 0 4 6 7 

Y 6 - . 0 5 2 0 - . 3 3 6 0 

Y ? . 0 0 6 6 - . 0 9 4 5 

Y n - . 0 9 2 6 - . 6 2 9 7 

C o e f f i c i e n t s f o r X 2 i 

- . 0 0 6 2 . 1 5 2 9 . 2 7 0 7 

. 1 6 5 0 - . 0 1 3 3 - . 3 1 4 2 

- . 1 3 1 2 - . 4 6 0 7 - . 2 2 3 0 

- . 4 2 7 4 - . 6 9 3 7 . 0 5 8 2 

- . 0 1 6 6 - . 0 9 0 4 - . 1 3 7 5 

- . 1 3 8 3 - . 0 6 5 7 . 8 4 7 3 

- . 8 6 0 4 . 4 5 6 8 - . 1 8 0 9 

. 1 1 5 2 . 2 4 8 6 . 0 7 2 4 

- . 0 6 9 4 - . 3 3 5 2 - . 7 0 4 8 

. 4 2 5 4 . 0 9 5 2 - . 6 2 4 2 

. 0 7 3 0 . 0 6 2 3 - . 0 8 0 6 

- . 3 1 7 8 = . 1 5 7 0 - . 1 6 7 8 

. 4 9 7 4 - . 8 0 4 7 . 2 7 3 5 

. 3 6 7 9 . 0 8 3 5 . 0 2 5 1 

. 0 8 4 7 . 0 3 2 2 - . 0 3 4 7 

- . 5 6 3 8 - . 4 4 1 0 - . 0 4 7 6 

V a r i a n c e 
C o n t r i b u t i o n (%) 

4 7 . 1 9 7 6 

1 6 . 8 3 9 6 

1 3 . 1 2 9 8 

9 , 6 4 6 1 

7 . 4 7 3 5 

4 . 1 9 1 3 

1 . 5 1 8 2 

. 0 0 4 0 



T a b l e 16. P r i n c i p a l Components f o r (X^ - X^) 

Component C o e f f i c i e n t s f o r ( X 1 ± - X ^ ) 
V a r i a n c e 

C o n t r i b u t i o n (%) 

- . 3 0 0 4 - . 3 7 1 6 - . 5 6 1 5 - . 0 3 5 0 - . 2 0 9 0 .6033 - . 1 8 9 1 .1084 70.5931 

2 .2906 .0192 .5874 .2102 .0469 .5903 - . 4 1 3 3 .0662 11 .0743 

3 - . 8 2 2 5 . 4881 .2597 - . 0 1 2 9 - . 0 6 3 6 .0814 - . 0 8 1 4 .0167 8.5626 

A 

*» r% rr n 
. / J O O — • J J J O _ I N A O . 1924 - . 0 4 4 7 ,0462 4 .0911 

.0144 .1024 - . 1 2 5 1 .9003 - . 3 6 8 6 - . 0 8 4 7 .1377 .0350 3.0826 

6 .0122 .0390 .1253 - . 0 1 5 3 .1550 .4577 .8627 .0680 1.4144 

7 - . 0 0 8 2 . 2565 - . 3 5 9 7 .2931 .8276 .0898 - . 1 4 4 9 - . 0 6 9 7 1.1608 

8 .0074 .0085 .0039 - . 0 0 9 0 .0964 - . 1 3 8 6 - . 0 2 2 6 .9853 .0212 



T a b l e 1 7 . MOE C o n t r i b u t i o n s f o r C F V - 1 (%) 

MOE C o n t r i b u t i o n 

1 1 6 . 8 1 5 1 
2 7 . 1 2 1 5 
3 24.8200 
4 1 0 . 9 5 9 7 

MOE C o n t r i b u t i o n 

5 1 1 . 6 9 5 8 
6 4 .3665 
7 1 2 . 2 0 3 3 
8 1 2 . 0 1 8 0 

T a b l e 1 8 . MOE C o n t r i b u t i o n s f o r CFV-2 (%) 

MOE C o n t r i b u t i o n 

1 1 0 . 1 1 7 3 
2 12 .02 .13 
3 30.0832 
4 1 5 . 5 2 2 4 

MOE C o n t r i b u t i o n 

5 2 . 3 1 1 1 
6 8 .2650 
7 1 2 . 1 6 0 4 
8 9 . 5 1 9 3 

T a b l e 1 9 . MOE C o n t r i b u t i o n s f o r D i f f e r e n c e s (%) 

MOE C o n t r i b u t i o n MOE C o n t r i b u t i o n 

1 1 1 . 2 9 7 2 5 4 . 0 3 1 2 
2 9 . 8 0 1 1 6 1 . 3 9 7 1 
3 5 1 . 0 0 7 9 7 4 .3399 
4 1 8 . 0 4 3 5 8 .0821 
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p a r i n g t h e c o n t r i b u t i o n s o f MOE t o o p e r a t i o n a l e f f e c t i v e n e s s f o r t h e 

f o r c e u s i n g C F V - 1 ( T a b l e 6) w i t h t h e v a r i a n c e s i n ( A p p e n d i x B ) , i t 

may b e s e e n t h a t t h e o r d e r o f c o n t r i b u t i o n s , h i g h t o l o w , c o r r e s p o n d s 

t o t h e m a g n i t u d e o f v a r i a n c e , l o w t o h i g h . I n o t h e r w o r d s , t h e MOE 

t h a t h a s t h e h i g h e s t p e r c e n t c o n t r i b u t i o n t o t h e v a r i a n c e o f t h e s y s t e m 

( M O E y 45.1134%) h a s t h e l o w e s t v a r i a n c e w i t h i n t h e d a t a ( ^ 3 3 = »4). 

T h i s was f o u n d t o b e t h e c a s e f o r b o t h d a t a s e t s i n b o t h e x a m p l e p r o b 

l ems w h e n t h e v a r i a n c e s w e r e s u b s t a n t i a l l y d i f f e r e n t . When v a r i a n c e s 

w e r e r e l a t i v e l y c l o s e , t h e n p e r c e n t c o n t r i b u t i o n s w e r e a l s o r e l a t i v e l y 

c l o s e , a l t h o u g h t h e o r d e r w a s s o m e t i m e s r e v e r s e d . 

By s a y i n g t h a t a p a r t i c u l a r MOE c o n t r i b u t e s a h i g h p e r c e n t c o n t r i 

b u t i o n t o t h e v a r i a n c e o f a s y s t e m , t h e n , i s e q u i v a l e n t t o s t a t i n g t h a t 

t h e v a r i a n c e o f t h a t MOE i s r e l a t i v e l y l o w w h e n c o m p a r e d t o t h e v a r i 

a n c e s o f o t h e r MOE. T h i s i n t u r n means t h a t t h e r e a l i z a t i o n o f t h e 

r a n d o m v a r i a b l e r e p r e s e n t i n g t h a t p a r t i c u l a r MOE w i t h l o w v a r i a n c e i s 

m o r e r e a l i s t i c t h a n a r e a l i z a t i o n o f a MOE w i t h h i g h v a r i a n c e . I n f u r 

t h e r a n a l y s i s , t h e n , a MOE w i t h a h i g h p e r c e n t c o n t r i b u t i o n , o r i m p o r 

t a n c e , s h o u l d b e w e i g h t e d b y i t s i m p o r t a n c e r e l a t i v e t o t h e o t h e r MOE. 

T h i s i s p r e c i s e l y t h e i n f o r m a t i o n p r o v i d e d b y d e t e r m i n i n g c o n t r i b u t i o n s 

o f i n d i v i d u a l MOE t o t h e v a r i a n c e o f t h e s y s t e m a n d , as m e n t i o n e d p r e 

v i o u s l y , i n d i c a t e s w e i g h t s o f i m p o r t a n c e o f t h e MOE t h a t may b e u s e d i n 

c o n s o l i d a t i n g t h e s e r e s u l t s w i t h c o s t d a t a o r o t h e r a n a l y s e s . 
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CHAPTER V I 

SUMMARY AND RECOMMENDATIONS 

T h i s r e s e a r c h has a d d r e s s e d t h e a n a l y s i s o f t h e o p e r a t i o n a l e f 

f e c t i v e n e s s of a m i l i t a r y f o r c e through t h e u s e of w e l l - k n o w n m u l t i 

v a r i a t e s t a t i s t i c a l t e c h n i q u e s a p p l i e d t o h y p o t h e s i z e d r e s u l t s of s t o 

c h a s t i c s i m u l a t i o n s . Problems examined were r e s t r i c t e d t o the two sam

p l e c a s e w i t h e q u a l sample s i z e s and p o p u l a t i o n c o v a r i a n c e m a t r i c e s u n 

known. The o v e r a l l o b j e c t i v e was t o d e v e l o p an improved methodology to 

de termine t h e c o n t r i b u t i o n of i n d i v i d u a l MOE t o t h e o p e r a t i o n a l e f f e c 

t i v e n e s s of a f o r c e , w h i c h was a c c o m p l i s h e d by e x t e n d i n g the methods o f 

p r i n c i p a l component a n a l y s i s d e v e l o p e d by H o t e l l i n g (19) and o t h e r s . 

S e v e r a l i n t e r m e d i a t e r e s u l t s o b t a i n e d d u r i n g t h e m e t h o d o l o g i c a l 

deve lopment were e x t r e m e l y b e n e f i c i a l and d e s e r v e s p e c i a l m e n t i o n . In 

S e c t i o n I of t h e m e t h o d o l o g y , two t e s t s f o r m u l t i v a r i a t e n o r m a l i t y were 

employed i n an e f f o r t t o a s s e s s the n o r m a l i t y of each s e t of random v a r i 

a b l e s d e s c r i b i n g o p e r a t i o n a l e f f e c t i v e n e s s . The maximum l i k e l i h o o d t e s t 

d e v e l o p e d by Andrews, et al. 3 appears to be more u s e f u l s i n c e a s e t of 

t r a n s f o r m a t i o n p a r a m e t e r s may b e o b t a i n e d t h a t i n d u c e s m u l t i v a r i a t e n o r 

m a l i t y i n the d a t a . The c o n f i d e n c e l e v e l a s s o c i a t e d w i t h a g i v e n s e t of 

parameters may a l s o be d e t e r m i n e d . The d e g r e e of n o r m a l i t y o b t a i n e d , 

however , i s h i g h l y dependent on t h e e f f i c i e n c y of t h e p a r t i c u l a r n o n - l i n 

ear o p t i m i z a t i o n p r o c e d u r e s e l e c t e d . The c y c l i c c o o r d i n a t e method was 

adopted f o r r e a s o n s of e x p e d i e n c y , a l t h o u g h a r e d u c e d g r a d i e n t a l g o r i t h m 

may h a v e been more e f f i c i e n t f o r t h e o b j e c t i v e f u n c t i o n examined ( 3 5 ) . 
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In a d d i t i o n , t h e t e s t d e v e l o p e d by M a l k o v i c h and A f i f i appears t o p e r 

form w e l l o n l y when t h e u n d e r l y i n g d i s t r i b u t i o n i s unimodal ( 2 7 ) . 

A l t h o u g h u s e of the method o f Andrews , et at. 3 e l i m i n a t e s the r e 

quirement f o r a s c e r t a i n i n g the e x a c t m u l t i v a r i a t e d i s t r i b u t i o n s of v a r i -

2 

a b l e s under c o n s i d e r a t i o n and p e r m i t s t h e u s e of c l a s s i c a l T s t a t i s t i c s 

f o r h y p o t h e s i s t e s t i n g , t h e n o n - l i n e a r t r a n s f o r m a t i o n e l i m i n a t e d the 

p o s s i b i l i t y of drawing i n f e r e n c e s d i r e c t l y from trans formed d a t a . To 

a l l e v i a t e t h i s s i t u a t i o n , an approx imate g r a p h i c a l p r o c e d u r e was d e v e l o p e d 

i n Chapter I I I , t h e a c c u r a c y of wh ich depends on t h e magni tude o f d i s t r i 

b u t i o n p a r a m e t e r s , t h e n a t u r e o f t r a n s f o r m a t i o n p a r a m e t e r s , and t h e order 

of a p p r o x i m a t i o n used i n t h e T a y l o r s e r i e s e x p a n s i o n of t h e e x p e c t e d 

v a l u e of a f u n c t i o n of a random v a r i a b l e . As d i s c u s s e d i n C h a p t e r V , i n 

c l u d i n g the second term of the e x p a n s i o n d i d not a f f e c t t h e i n f e r e n c e s 

drawn on the means of t h e o r i g i n a l MOE, b u t d i d i n c r e a s e t h e s i z e o f t h e 

c o n f i d e n c e r e g i o n s l i g h t l y . 

S e c t i o n I I of t h e methodology was a s t r a i g h t f o r w a r d e x t e n s i o n of 

p r i n c i p a l component a n a l y s i s and p r o v i d e s a method f o r d e t e r m i n i n g t h e 

r e l a t i v e importance of MOE b e i n g examined. As mentioned p r e v i o u s l y , 

p r e c i s e i n t e r p r e t a t i o n of the r e s u l t s of S e c t i o n I I i s h i g h l y dependent 

on t h e s p e c i f i c d e f i n i t i o n s of MOE b e i n g examined. In l i g h t of t h i s , 

o n l y g e n e r a l i n t e r p r e t a t i o n s of t h e p e r c e n t c o n t r i b u t i o n s were made 

h e r e i n due t o t h e f a c t t h a t a c t u a l d a t a were n o t a v a i l a b l e f o r t h e exam

p l e prob lems . 

With r e s p e c t t o t h e d e f i n i t i o n s of o p e r a t i o n a l m o b i l i t y p r e s e n t e d 

i n C h a p t e r I I , t h e c o n c e p t of r e l a t i v e momentum appears t o b e more p r a c 

t i c a l and u s e f u l . T h i s c o n c e p t s i g n i f i c a n t l y r e d u c e s t h e d i m e n s i o n a l i t y 
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of t h e problem and would b e r e l a t i v e l y s i m p l e t o measure , when compared 

t o D e f i n i t i o n 2 . The second d e f i n i t i o n a l s o depends on a s u b j e c t i v e d e 

t e r m i n a t i o n of performance c h a r a c t e r i s t i c s used i n d e s c r i b i n g o p e r a t i o n a l 

m o b i l i t y . For example , i f s e v e r a l , s a y , t h r e e , v e h i c l e s a r e examined and 

f i v e performance c h a r a c t e r i s t i c s a r e measured f o r each v e h i c l e , then t h e 

d imens ion of t h e o p e r a t i o n a l e f f e c t i v e n e s s v e c t o r i s p = 1 5 w i t h o u t i n 

c l u d i n g t h e o t h e r MOE, such as p e r s o n n e l and equipment l o s s e s . A l t h o u g h 

t h i s has no e f f e c t on t h e m e t h o d o l o g i c a l p r o c e d u r e , t h e mere magni tude 

of t h e problem may make m e a n i n g f u l a n a l y s i s and i n t e r p r e t a t i o n e x t r e m e l y 

d i f f i c u l t . 

With r e s p e c t t o t h e above c o n c l u d i n g s t a t e m e n t s , t h e n , t h e a u t h o r 

recommends t h a t t h e methodology p r e s e n t e d i n t h i s paper be u t i l i z e d i n 

t h e a n a l y s i s of a c t u a l d a t a o b t a i n e d from s t o c h a s t i c s i m u l a t i o n of h y 

p o t h e s i z e d combat t o d e t e r m i n e c o n t r i b u t i o n s of MOE b e i n g examined. F u r 

thermore , a d d i t i o n a l r e s e a r c h i s c e r t a i n l y w a r r a n t e d i n s e v e r a l a r e a s 

p r e v i o u s l y d i s c u s s e d . Foremost would be the deve lopment of a p r e c i s e 

c o m p u t a t i o n a l a l g o r i t h m t o measure r e l a t i v e momentum a n d / o r o p e r a t i o n a l 

performance c h a r a c t e r i s t i c s . D i r e c t i m p l e m e n t a t i o n of t h e methodology 

e x a c t l y as i n Example Problems 1 and 2 would then e n a b l e d e t e r m i n a t i o n 

of t h e c o n t r i b u t i o n of o p e r a t i o n a l m o b i l i t y t o the o p e r a t i o n a l e f f e c t i v e 

ness of a f o r c e . A d d i t i o n a l l y , a more e f f i c i e n t n o n - l i n e a r o p t i m i z a t i o n 

a l g o r i t h m might b e i n v e s t i g a t e d f o r the m a x i m i z a t i o n of L (A) i n c o n -
0 0 max „ 

j u n c t i o n w i t h a s c e r t a i n i n g t h e b e h a v i o r of the t r a n s f o r m a t i o n p r o c e d u r e 

when a p p l i e d t o d a t a w i t h d i f f e r e n t u n d e r l y i n g d i s t r i b u t i o n s . F i n a l l y , 

f u r t h e r i n v e s t i g a t i o n of the g r a p h i c a l p r o c e d u r e d e v e l o p e d i n C h a p t e r 

I I I should b e conducted t o d e t e r m i n e i t s s e n s i t i v i t y t o v a r y i n g t r a n s 

f o r m a t i o n parameters or e n t i r e l y d i f f e r e n t c l a s s e s of t r a n s f o r m a t i o n s . 
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APPENDIX A 

T h i s append ix c o n t a i n s t a b l e s of b e s t l i n e a r c o e f f i c i e n t s , 

{a^ _ ^ + T a b l e 20, and p e r c e n t a g e p o i n t s of the t e s t s t a t i s t i c , W, 

T a b l e 2 1 , used f o r t e s t i n g m u l t i v a r i a t e n o r m a l i t y of a v e c t o r random 

v a r i a b l e . Both t a b l e s h a v e been reproduced i n p a r t from r e f e r e n c e 39. 



T a b l e 20. B e s t L i n e a r C o e f f i c i e n t s , {a . , i K 
n - i + 1 

f o r n = 1 1 , 1 2 , 20 

i / n 1 1 12 1 3 1 4 15 16 1 7 18 19 20 

1 0 .5601 0 .5475 0 .5359 0 . 5 2 5 1 0 . 5 1 5 0 0.5056 0.4968 0.4886 0.4808 0 .4734 
2 . 3 3 1 5 . 3325 .3325 . 3 3 1 8 .3306 .3290 . 3 2 7 3 .3253 .3232 . 3 2 1 1 
3 .2260 .2347 . 2 4 1 2 .2460 .2495 . 2 5 2 1 .2540 . 2 5 5 3 . 2 5 6 1 .2565 
4 . 1 4 2 9 . 1 5 8 6 . 1 7 0 7 .1802 . 1 8 7 8 .1939 . 1 9 8 8 .2027 .2059 .2085 
5 .0695 .0922 .1099 .1240 . 1 3 5 3 . 1 4 4 7 . 1 5 2 4 . 1 5 8 7 . 1 6 4 1 . 1 6 8 6 

6 0.0000 0.0303 0.0539 0 .0727 0.0880 0 .1005 0 . 1 1 0 9 0 . 1 1 9 7 0 . 1 2 7 1 0 . 1 3 3 4 
7 - - .0000 .0240 .0433 .0593 .0725 .0837 .0932 . 1 0 1 3 
8 - - - - . - . 0000 n i a * . \j -j -j j 

r\c i i r\ i 
. U / l l 

9 - = - - - - .0000 . 0 1 6 3 .0303 .0422 
10 - - - - - - - .0000 .0140 

o 
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T a b l e 21 . P e r c e n t a g e P o i n t s o f W f o r n 3 , 4 , . . . 20 

C o n f i d e n c e L e v e l 

n 0 .01 0 .02 0 .05 0 .10 0 .50 0 .90 0 .95 0 .98 0 .99 

3 0 .753 0 .756 0 .767 0 .789 0 .959 0 .998 0 .999 1.000 1.000 
4 .687 .707 .748 .792 .935 .987 .992 .996 .997 
5 .686 .715 .762 .806 .927 .979 .986 .991 .993 

6 0 .713 0 .743 0 .788 0 .826 0 .927 0 .974 0 .981 0 .986 0 .989 
7 .730 .760 .803 .838 .928 .972 .979 .985 .988 
8 .749 .778 .818 .851 .932 .972 .978 .984 .987 
9 .764 .791 .829 .859 .935 .972 .978 .984 .986 

10 .781 .806 .842 .869 .938 .972 .978 .983 .986 

11 0 .792 0 .817 0 .850 0 .876 0 .940 0 .973 0 .979 0 .984 0 .986 
12 .805 .828 .859 .883 .943 .973 .979 .984 .986 
13 .814 .837 .866 .889 .945 .974 .979 .984 .986 
14 .825 .846 .874 .895 .947 .975 .980 .984 .986 
15 .835 .855 .881 . 901 .950 .975 .980 .984 .987 

16 0 .844 0 .863 0 .887 0 .906 0 .952 0 .976 0 .981 0.985 0 .987 
17 .851 .869 .892 .910 .954 .977 .981 .985 .987 
18 .858 .874 .897 .914 .956 .978 .982 .986 .988 
19 .863 .879 .901 .917 .957 .978 .982 .986 .988 
20 .868 .884 .905 .920 .959 .979 .983 .986 .988 
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APPENDIX B 

T h i s a p p e n d i x c o n t a i n s a c o m p l e t e FORTRAN IV l i s t i n g of t h e com

p u t e r program d e v e l o p e d by t h e au thor t o implement the methodology p r e 

s e n t e d i n C h a p t e r I V . The program i s e n t i r e l y i n t e r a c t i v e and i s p r e 

ceded by output f o r Example Problem 1 . I n p u t f o r t h e program i s i n f r e e 

f i e l d f o r m a t . 
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MULTIVARIATE STATISTICAL ANALYSIS PROGRAM 

ENTER ALPHA 
? .05 

DO YOU WISH TO EXTRACT PRINCIPAL COMPONENTS FROM COVARIANCE MATRICES 
(YES) OR FROM CORRELATION MATRICES (NO)? 
? YES 

DO YOU WISH TO ENTER DATA MATRICES (YES) OR GENERATE OBSERVATIONS (NO)? 
?NO 

BEFORE GENERATING DATA, YOU MUST INPUT SOME ADDITIONAL INFORMATION 

ENTER NUMBER OF MOE BEING EXAMINED 
? 4 

ENTER NUMBER OF SYSTEMS BEING EXAMINED 
? 2 

ENTER NUMBER OF REPLICATIONS YOU WISH TO GENERATE FOR EACH SYSTEM 
? 20,20 

ENTER COVARIANCE MATRIX FOR SYSTEM 1 

? 1 , . 9 3 , . 0 6 , . 1 7 
? . 9 3 , 1 . 7 7 , . 5 , . 1 1 
? . 0 6 , . 5 , . 4 , . 3 1 
? . 1 7 , . 1 1 , . 3 1 , .69 

ENTER COVARIANCE MATRIX FOR SYSTEM 2 

? 1 . 3 7 , 1 . 1 5 , . 08 , . 1 8 
? 1 . 1 5 , 1 . 9 6 , . 5 9 , . 1 1 
? . 0 8 , . 5 9 , . 4 9 , . 32 
? . 1 8 , . 1 1 , . 3 2 , .59 

ENTER MEAN VECTOR FOR SYSTEM 1 

? 3 , 4 , 1 . 9 , 2 . 5 

ENTER MEAN VECTOR FOR SYSTEM 2 

? 3 . 5 , 4 . 2 , 2 . 1 , 2 . 3 

ENTER VECTOR OF STANDARD MEANS 

? 3 . 2 , 3 . 8 , 2 . 4 , 2 
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ENTER SHAPIRO-WILK COEFFICIENTS FOR SYSTEM 1 

? . 4 7 3 4 , . 3 2 1 1 , . 3 5 6 5 , . 2 0 8 5 , . 1 6 8 6 , . 1 3 3 4 , . 1 0 1 3 , . 0 7 1 1 , . 0422 , . 0 1 4 

ENTER SHPAIRO-WILK COEFFICIENTS FOR SYSTEM 2 

? . 4 7 3 4 , . 3 2 1 1 , . 3 5 6 5 , . 2085 , . 1 6 8 6 , . 1 3 3 4 , . 1 0 1 3 , . 0 7 1 1 , . 0 4 2 2 , . 0 1 4 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

THE INPUT DATA IS AS FOLLOWS: 

ALPHA = .05 

COVARIANCE MATRIX FOR SYSTEM 1 I S : 

1.0000 .9300 .0600 . 1 7 0 0 
.9300 1 . 7 7 0 0 .5000 . 1 1 0 0 
.0600 .5000 .4000 .3100 
. 1 7 0 0 - . 1 1 0 0 .3100 .6900 

COVARIANCE MATRIX FOR SYSTEM 2 I S : 

1 . 3 7 0 0 1 . 1 5 0 0 .0800 .1800 
1 . 1 5 0 0 1.9600 .5900 . 1 1 0 0 

.0800 .5900 .4900 .3200 

.1800 . 1 1 0 0 .3200 .5900 

MEAN VECTOR FOR SYSTEM 1 I S : 

3.0000 4.0000 1.9000 2.5000 

MEAN VECTOR FOR SYSTEM 2 I S : 

3.5000 4.2000 2 .1000 2.3000 

VECTOR OF STANDARD MEANS I S : 

3.2000 3.8000 2.4000 2.0000 

NUMBER OF MOE BEING EXAMINED IS 4 

NUMBER OF ALTERNATIVE SYSTEMS IS 2 

NUMBER OF REPLICATIONS FOR SYSTEM 1 IS 20 

NUMBER OF REPLICATIONS FOR SYSTEM 2 IS 20 

SHAPIRO-WILK COEFFICIENTS FOR SYSTEM 1 ARE: 

. 4 7 3 4 . 3 2 1 1 . 2 5 6 5 .2085 

.1686 . 1 3 3 4 . 1 0 1 3 . 0 7 1 1 

.0422 .0140 
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SHAPIRO-WILK COEFFICIENTS FOR SYSTEM 2 ARE: 

.4734 

. 1 6 8 6 

.0422 

. 3 2 1 1 

. 1 3 3 4 

.0410 

.2565 

. 1 0 1 3 
.2085 
. 0 7 1 1 

PRINCIPAL COMPONENTS WILL BE EXTRACTED FROM THE SAMPLE COVARIANCE MATRICES 

IS YOUR DATA CORRECT? 
? YES 

YOUR DATA MATRICES HAVE BEEN GENERATED AND WILL NOW BE TESTED FOR MULTI
VARIATE NORMALITY 

THE SHAPIRO-WILK STATISTIC FOR SYSTEM 1 I S : . 9 3 1 7 

THE SHAPIRO-WILK STATISTIC FOR SYSTEM 2 I S : .8378 

DOES THE DATA FOR SYSTEM 1 PASS YOUR CRITERIA FOR MULTIVARIATE NORMALITY? 
? NO 

DOES THE DATA FOR SYSTEM 2 PASS YOUR CRITERIA FOR MULTIVARIATE NORMALITY? 
? NO 

THE DATA FOR BOTH SYSTEMS WILL NOW BE TRANSFORMED AND TESTED AGAIN FOR 
MULTIVARIATE NORMALITY 

TRANSFORMATION PARAMETERS FOR SYSTEM 1 

LAMBDA ( 1 ) = .9200 
LAMBDA ( 2) = .9500 
LAMBDA ( 3) = 1 .1000 
LAMBDA ( 4) = 1 .5800 

LIKLIHOOD RATIO STATISTIC = 3 .5359 CONFIDENCE LEVEL = . 5 2 7 6 

THE SHAPIRO-WILK STATISTIC FOR SYSTEM 1 I S : .9456 

TRANSFORMATION PARAMETERS FOR SYSTEM 2 

LAMBDA ( 1 ) = .9800 
LAMBDA ( 2) = .9800 
LAMBDA ( 3) = .5900 
LAMBDA ( 4) = .5900 

LIKLIHOOD RATIO STATISTIC = 5 .0926 CONFIDENCE LEVEL = . 7 2 2 1 

THE SHAPIRO-WILK STATISTIC FOR SYSTEM 2 I S : .8991 
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DOES THE DATA FOR SYSTEM 1 PASS YOUR CRITERIA FOR MULTIVARIATE NORMALITY? 
? YES 

SINCE THE TRANSFORMED DATA FOR SYSTEM 1 HAS PASSED THE TEST FOR MULTI
VARIATE NORMALITY, THIS TRANSFORMED DATA WILL BE USED IN THE FOLLOWING 
HYPOTHESIS TESTS 

DOES THE DATA FOR SYSTEM 2 PASS YOUR CRITERIS FOR MULTIVARIATE NORMALITY? 
? YES 

SINCE THE TRANSFORMED DATA FOR SYSTEM 2 HAS PASSED THE TEST FOR MULTI
VARIATE NORMALITY, THIS TRANSFORMED DATA WILL BE USED IN THE FOLLOWING 
HYPOTHESIS TESTS 

******************************************* 

WE WILL NOW TEST THE SYSTEMS FOR EQUALITY OF COVARIANCE MATRICES 

BARTLETT'S STATISTIC = 50 .8638 CHI-SQ. STATISTIC = 1 8 . 3 0 7 0 

THE NULL HYPOTHESIS IS REJECTED 

************************************************ 

WE WILL NOW TEST THE MEANS OF THE SYSTEMS 

TEST FOR EQUALITY OF SYSTEM 1 MEAN VECTOR AND STANDARD MEAN VECTOR 

T - S Q . STATISTIC = 1 2 9 4 . 1 0 7 9 HOTELLING TEST STATISTIC = 1 4 . 2 8 2 9 

THE NULL HYPOTHESIS IS REJECTED 

TEST FOR EQUALITY OF SYSTEM 2 MEAN VECTOR AND STANDARD MEAN VECTOR 

T - S Q . STATISTIC = 669 .0139 HOTELLING TEST STATISTIC = 1 4 . 2 8 2 9 

THE NULL HYPOTHESIS IS REJECTED 

TEST FOR EQUALITY OF SYSTEM 1 AND SYSTEM 2 MEAN VECTORS 

T - S Q . STATISTIC = 2 5 5 . 4 3 7 9 HOTELLING TEST STATISTIC = 1 4 . 2 8 2 9 

THE NULL HYPOTHESIS IS REJECTED 

*********************************************** 

SIMULTANEOUS CONFIDENCE INTERVALS WILL NOW BE PLACED ABOUT THE DIFFERENCES 
OF THE MEANS 



1 1 2 

SYSTEM 1 MEAN VECTOR AND 
LOWER LIMIT 

- 1 . 0 2 3 4 
- 1 . 0 6 9 3 
- 1 . 0 9 3 7 

.01.18 

STANDARD MEAN VECTOR 
UPPER LIMIT 

.5563 
1 . 0 1 1 1 
- . 1 4 4 4 
2 . 1 2 5 9 

SYSTEM 2 MEAN VECTOR AND STANDARD MEAN VECTOR 
LOWER LIMIT UPPER LIMIT 

- 1 . 5 3 2 8 
- 1 . 4 3 6 5 
- 1 . 0 0 0 9 

.6030 

1 . 0 6 5 7 
1 . 3 7 8 3 
- . 2 3 7 2 
1 . 5 3 4 7 

SYSTEM 1 AND SYSTEM 2 MEAN VECTORS 
LOWER LIMIT UPPER LIMIT 

- 2 . 6 1 1 6 
- 2 . 5 0 5 2 

- . 6 0 5 7 
.2200 

. 5 2 7 9 

. 7205 

.6010 
2 .5489 

PRINCIPAL COMPONENTS WILL NOW BE COMPUTED 

EIGENVALUES FOR SYSTEM 1 DATA MATRIX 

.0104 . 4257 .7662 2 .4363 

EIGENVECTORS FOR SYSTEM 1 DATA MATRIX 

.3838 - . 6 6 8 2 . 3 1 1 0 - . 5 5 6 3 
- . 3 7 8 0 . 2 5 8 1 - . 3 9 9 7 - . 7 9 4 2 

. 7 3 7 6 . 6 3 7 1 . 1058 - . 1 9 7 2 
- . 4 0 7 3 .2846 .8558 - . 1 4 4 3 

PERCENT OF SYSTEM 1 VARIANCE ATTRIBUTED TO ITS PRINCIPAL COMPONETS 

.2853 1 1 . 6 9 9 8 2 1 . 0 5 7 0 6 6 . 9 5 7 9 

PERCENT CONTRIBUTION OF INDIVIDUAL MOE TO OPERATIONAL EFFECTIVENESS WITH 
SYSTEM 1 



1 1 3 

MOE CONTRIBTUION 

1 20 .4853 
2 1 3 . 0 1 6 7 
3 4 5 . 1 1 3 4 
4 2 1 . 3 8 4 7 

*********************************************** 

EIGENVALUES FOR SYSTEM 2 DATA MATRIX 

.0063 . 5744 .9809 4 .8061 

EIGENVECTORS FOR SYSTEM 2 DATA MATRIX 

.3416 .2260 - . 6 3 5 3 - . 6 5 4 8 
- . 4 0 3 0 - . 0 7 6 1 .5250 - . 7 4 5 8 

. 7 4 7 8 - . 5 6 8 0 .3226 - . 1 1 8 9 
- . 4 0 2 3 - . 7 8 7 7 - . 4 6 5 6 - . 0300 

PERCENT OF SYSTEM 2 VARIANCE ATTRIBUTED TO ITS PRINCIPAL COMPONENTS 

.0990 9.0207 1 5 . 4 0 4 7 7 5 . 4 7 5 6 

PERCENT CONTRIBUTION OF INDIVIDUAL MOE TO OPERATIONAL EFFECTIVENESS WITH 
SYSTEM 2 

MOE CONTRIBUTION 

1 1 3 . 2 7 4 7 
2 1 4 . 8 8 5 3 
3 4 8 . 1 1 1 7 
4 2 3 . 7 2 8 3 

*********************************************** 
EIGENVALUES FOR DIFFERENCE MATRIX 

.0106 1 . 0 0 9 1 1 .7040 6 . 8 1 2 1 

EIGENVECTORS FOR DIFFERENCE MATRIX 

- . 3 6 2 4 - . 4 1 7 0 - . 4 8 2 8 - . 6 7 9 5 
.3967 . 1 2 4 5 .5803 - . 7 0 0 3 

- . 7 2 4 9 .6482 . 1 8 4 7 - . 1 4 2 4 
.4310 .6249 - . 6 2 9 4 - . 1 6 6 2 
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PERCENT VARIANCE OF DIFFERENCE MATRIX ATTRIBUTED TO ITS PRINCIPAL COM
PONENTS 

.1116 10 .5818 17 .8695 71.4371 

PERCENT CONTRIBUTION OF DIFFERENCES IN MOE TO DIFFERENCES IN OPERATIONAL 
EFFECTIVENESS 

MOE CONTRIBUTION 

1 15 .0078 
2 15 .1391 
3 45 .4082 
4 24 .4449 



1 1 5 

P R O G R A M M A I N C I N P U T , O U T P U T , T A P E S , T A P E 5 = I N P U T , T A P £ 6 = 

* O U T P U T ) 

C O M M O N / J H L / X ( 2 , ^ , 2 0 1 ) , S I G M A ( 2 , ^ , < + ) , N ( 2 > , S M U ( 2 , < • > 

C O M M O N / T W O / I P , N A , C H I S Q , I K • K I , S U M 5 , I B , I P P , K P P , N P P , I A , 

C O M M U N / T H R £ E / P V A R ( 2 T < * , 2 0 > 

C O M M O N / F O U R / U S ( 2 , 2 0 I , S W ( 2 ) , A ( 2 , 2 0 ) 

C 0 M M 0 N / F I \ / £ / Y 3 A R ( 2 , k ) , 0 I F F ( 2 , < • , 2 0 ) , I P R ( 2 0 1 , A M A T ( 2 J * ) 

C O M M O N / S I X / A I N V E R , T E M P O ( 2 , ^ , 2 0 ) , R M A X < 2 , 2 0 ) 

C O M M G N / S E V E N / S ( 2 , < • , < • > , S P O O L » , 3 F S ( 4 , M , S P 2 ( < • , < • > 

C O M M O N / E I & H T / A L P H A , F 1 , F 2 , M C , T S Q , T N O T S Q , H , S T A T 

C O M M O N / N I N E / E V A L ( > , £ V E C ( * + » ^ ) , V A R ( ^ > , X C O N T ) 

C O M M O N / T E N ' / C L I M L ( < • ) F C L I M U < < f ) 
C O M M O N / L L E V E N / X I , X S T A R < < 4 ) 

C O M M O N / T W E L V E / X M U < ^ > , P M A T ( 2 , < * , ^ > F Z B A R C - + ) F Q B A R ( 2 , h i 

C O M M 0 N / 3 I _ 0 C K L / J P P , M P P , L P P , C O U N T 

C O M M O N / 3 L O C K 2 / Y O I F F ( 2 , < * ) , X T ( 2 , ^ ) , S Z L < < • , < • ) • S Y 1 ) 

D I M E N S I O N L A N S ( 2 ) , J A N S C 2 ) 

R E A L M C 

I N T E G E R C O U N T 

C O U N T = Q 

< O U N T = 0 

I M A X = L 

I A = I 

I B = 1 

D A T A K A ; J 3 / 6 H Y E S / 

C 

C D A T A I N P U T S E C T I O N 

C 

W R I T E ( 6 , 1 U 2 > 

1 8 5 W R I T E < 6 , L I I 3 ) 

R E A O ( 3 , * ) A L P H A 

I F C E O F ( 3 1 ) 1 0 0 0 , 1 9 0 

X 9 U W R I T E < B , L G * > 

R E A D ( 3 , L 0 I ) I A N S I 

I F ( E O F ( 3 > ) 1 0 0 0 , 1 9 5 

1 9 5 I F < I A N S I . T Q , ' K A N S ) G O T O 2 0 0 

I A = 2 

2 0 0 W R I T E T 6 , L C 5 ) 

R £ A 0 ( 3 , I U L ) I A N S 2 

I F ( E O F ( 3 ) ) 1 0 0 0 , 2 0 2 

2 0 2 I F C I A N S 2 . E Q . K A N S ) G O T O 2 0 5 

I B = 2 

G O T O 2 1 5 

2 0 5 W R I T £ ( 6 , 1 G 6 > 

W R I T E ( 6 , 1 1 7 ) 

R £ A O ( J , * L I P 

I F ( £ O F ( 3 ) ) 1 0 0 0 , 2 0 7 

2 0 7 W R I T E ( 6 , 1 0 8 ) 

R E A D ( 3 , * ) N A 

I F ( E O F ( 3 ) > 1 0 0 0 , 2 0 8 



1 1 6 

2 0 8 W R I T £ ( 6 , i C 9 ) 
R E A O ( 3 , * ) ( N ( I ) , 1 = 1 , N A ) 
I F ( E O F ( 3 ) » 1 0 0 0 , 2 0 6 

2 0 6 00 2 1 0 1 = 1 , N A 
M = N ( I ) 
W R I T E ( 6 , l l 0 ) I 

2 1 0 R E A O ( 3 , * ) ( ( X ( I , J , K ) , K = 2 , M ) , J = 1 , I P ) 
I F ( £ O F ( 3 ) ) 1 0 0 0 , 2 0 3 

2 0 3 W R I T E ( b , 1 4 5 ) 
R t A O ( 3 , * > ( X M U C I ) , 1 = 1 , I P ) 
I F ( E 0 F < 3 ) ) 1 0 0 0 , 2 0 9 

2 0 9 DO' 2 1 4 1 = 1 , N A 
MS = N ( I ) 
I F ( M S / F L O A T ( M S > . E Q . i . ) GO TO 2 l l • 
K I = ( M S + l ) / 2 
GO TO 2 l 2 

2 1 1 K I = M S / 2 
2 1 2 W R I T t ( 6 , 1 2 9 ) I 
2 1 4 R E A D ( 3 , * ) ( A ( I , J ) , J = 1 , K I ) 

I F ( E O F ( 3 > > 1 0 0 0 , 2 2 6 
2 1 5 W R I T E ( 6 , i i i ) 

W R I T E ( 6 , 1 0 7 ) 
R i _ A 0 ( 3 , * ) I P 
I F ( E O F ( 3 ) ) 1 0 0 0 , 2 1 6 

2 1 6 W R I T E ( 6 , l 0 3 ) 
R £ A 0 ( 3 , * ) NA 
I F ( E O F ( 3 ) ) 1 0 0 0 , 2 1 7 

2 1 7 W R I T £ ( 6 , 1 2 8 > 
R c A D ( 3 , * ) ( N ( I ) , 1 = 1 , N A ) 
I F ( E O F ( 3 > ) 1 0 0 0 , 2 1 8 

2 1 8 DO 220 1 = 1 , N A 
W R I T E ( 6 , 1 1 2 ) I 

22U REA D ( 3 , * ) ( ( S I G M A ( I , J , K ) , K = l , I P ) , J = 1 , I P ) 
I F ( E O F ( 3 ) ) 1 0 0 0 , 2 2 1 

2 2 1 DO 2 2 5 1 = 1 , N A 
W R I T E ( 6 , 1 1 3 ) I 

2 2 5 R E A D ( 3 , * ) ( S M U ( I , J ) , J = l» I ° ) 
I F ( £ O F ( 3 ) ) 1 0 0 0 , 2 2 8 

2 2 8 W R I T E ( 6 , l 4 5 ) 
R E A O ( 3 , * ) (X Mil ( I ) , 1 = 1 , I P ) 
I F ( E O F ( 3 ) ) 1 0 0 0 , 2 1 9 

2 1 9 DO 2 2 4 1 = 1 , N A 
M S = N ( I ) 
I F ( M S / F L O A T ( M S ) . E Q . I . ) GO TO 2 2 2 
K I = ( M S + l ) / 2 
GO TO 2 2 3 

2 2 2 K I = M S / 2 
2 2 3 W R I T E ( 6 , 1 2 9 ) I 
2 2 4 R E A O ( 3 , * > ( A ( I , J ) , J = l , K I ) 

I F ( E O F ( 3 ) l 1 0 0 0 , 2 2 6 



1 1 7 

226 WRIT£(6,i26) 
WRITE(6,114) 
WRITE(6,115) ALPHA 
IFfIANS2.EQ.KANS) GO TO 2 3 0 
G O TO 245 

230 OO 235 1 = 1 , N A 
M=N(I) 
WRITE(6,116> I 

235 W R I T E(6,*) ( (X(I,J,K),K=1,W),J = 1,IP) 
W R I T E ( 6 , 1 1 7 1 IP 
W R I T L ( 6 , 1 1 3 ) NA 
DO 2*rfc 1 = 1 , N A 

240 'WRITE (6,119) I t N ( I ) 

•0 241 1 = 1 , N A 
WRIT£(b,l3G) I 

241 WRIT£(6,l25) (A(I,J),J=1,Kl) 
GO TO 260 

245 00 250 1=1,NA 
WRITE(6,120) I 

250 WRITE(6,125) ((S IGMA(I,J,K),K = l• I PI,J=l,IP) 
•0 255 1 = 1 , N A 
W R I T E(6,121) I 

255 WRITE(6,125) (SMU (I , J) , J=l , IP) 
WRIT£(6,146) (XMU ( I ) , 1=1,IP) 
.WRITE ( 6 t 117) 1° 
WRITE(6,il8) NA 
DO 256 1 = 1 , N A 

256 WRITE(6,119) I , N ( I ) 
DO 257 I=1,NA 
WRITE(6,130) I 

257 WRITE(6,i25) ( A (I,J),J = l,Kl) 
260 IFCIA.EQ.2) GO TO 265 

WRITE(6,122) 
GO TO 270 

265 WRITE(6,i23) 
270 WRITE(6,124) 

REA0C5.1U1) IANS3 
IF(EOF(5)) 1000,271 

271 IF(IANS3.£Q.KANS) GO TO 277 
GO TO 135 

277 IF(IANS2.N£.KANS) GO TO 276 
GO TO 3tf4 

C 
C GENERATE OBSERVATIONS IF DATA NOT AVAILABLE 
C 

2 76 CALL GEN 
WRITE(6,131) 
GO TO 305 

C 
C TEST THE DATA FOR MULTIVARIATE NORMALITY 

http://IFfIANS2.EQ.KANS
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3 0 4 W R I T £ ( 6 , i 3 6 ) 

3 0 5 I P P - i 

C A L L M T £ S T 

I P P = 2 

C A L L M T E S T 

I P P = 0 

C A L L O U T P U T ( 4 ) 

• 0 3 0 0 1 = 1 , N A 
W R I T £ ( 6 , i 3 2 ) I 

R £ A O ( 5 , i 0 l ) J A N S ( I ) 

I F ( E O F ( 5 ) ) 1 0 0 0 , 3 0 0 

3 0 0 C O N T I N U E 

C 

C I F T H E D A T A I S N O T M V N , A P P L Y T H E T R A N S F O R M A T I O N 

C A N D T E S T A G A I N F O R M V N . 

C 

I F ( J A N S d ) . E Q . K A N S . A N O . J A N S ( 2 ) . £ Q . K A N S > G O T O 3 9 $ 

I F ( J A N S ( l ) . E Q . K A N S . A N O . J A N S ( 2 > . N E . K A N S ) G O T O 3 2 5 

I F ( J A N S ( 2 ) . E Q . K A N S . A N D . J A N S ( 1 > . N E . K A N S ) G O T O 3 3 1 

W R I T E ( 6 , 1 3 3 ) 
K O U N T = l 

G O T O 3 3 1 

3 2 5 W R I T E ( 6 , 1 3 4 ) 2 

3 2 6 I P P = 2 

C A L L T R A . N S ( I P ) 

C A L L 0 U T P U T C 5 ) 

C A L L M T E S T 

C A L L O U T P U T ( 4 ) 

I F ( K O U N T . E Q . l ) I P P = 1 

G O T O 3 5 2 

3 3 0 W R I T £ ( 6 , 1 3 4 > 1 

3 3 1 I P P = i 

C A L L T R A N S ( I P ) 

C A L L O U T P U T ( 5 > 

C A L L M T E S T 

C A L L 0 U T P U T ( 4 ) 

I F ( K O U N T . E Q . l ) G O T O 3 2 6 

3 5 2 I F ( I P P . E Q . l ) G O T O 3 7 2 

I F ( I P P . £ Q . 2 ) G O T O 3 5 8 

5 5 8 W R I T E ( 6 , 1 3 2 ) 2 

R E A O ( 5 , i 0 l ) I A N S 6 

I F ( E O F ( 5 ) ) 1 0 0 0 , 3 6 3 

3 6 3 I F ( I A N S 6 . E Q . K A N S ) G O T O 3 6 4 

G O T O 3 7 1 

3 6 4 W R I T E ( 6 , 1 4 3 ) 2 

W R I T £ ( 6 , 1 2 b l 

G O T O 3 6 0 

3 7 1 W R I T E ( 6 , 1 3 5 ) 2 

D O 3 6 6 J = 1 , I P 
D O 3 6 7 K = 1 , M 
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3 6 7 X < 2 , J , K ) = A L 0 G ( P V A R ( 2 » J , K ) ) 
3 6 6 CONTINUE 

GO TO 360 
3 7 2 WRITE ( 6 , 1 3 2 ) 1 

R E A 0 ( 5 , l u i ) I A N S 7 
I F ( £ O F < 5 ) ) 1 0 0 0 , 3 8 3 

383 I F ( I A N S 7 •c .Q. KANS) GO TO 3 8 4 
GO TO 3 9 1 

3 8 4 W R I T E ( 6 t l 4 3 ) 1 
I F ( K O U N T • E Q . i ) GO TO 3 5 8 
GO TO 360 

3 9 1 W R I T £ ( 6 , l 3 5 ) 1 
• 0 3 3 6 J = 1 , I P 
• O 3 8 7 < = 1 , M 

3 8 7 X ( l , J , K ) = A L O G ( P V A R ( l , J , K ) ) 
3 8 6 CONTINUE 

C 
C TEST E Q U A L I T Y OF C O V A R I A N C E M A T R I C E S 
C 

3 9 5 I K = 1 
360 W R I T E ( 6 , 1 3 7 ) 

CALL S T E S T 
W R I T E ( 6 , 1 2 6 ) 

C 
C TEST MEAN VECTORS AND C A L C U L A T E CONFIDENCE 
C I N T E R V A L S I F D I F F E R E N C E S IN MEANS ARE DETECTED 
C 

W R I T E ( 6 , 1 3 9 ) 
CALL MUTEST 
I F ( K P P . E Q . l ) GO TO 390 
WRITE < '6»126) 
W R I T E ( 6 , 1 4 1 I 
CALL CONINT 

C 
C EXTRACT P R I N C I P A L COMPONENTS AND C A L C U L A T E MOE 
C C O N T R I B U T I O N S 
C 

W R I T E ( 6 , 1 2 6 ) 
3 9 0 W R I T E ( 6 , 1 4 2 ) 

CALL PRICOM 
1 0 1 F O R M A T ( A 6 ) 
1 0 2 F O R M A T ( 2 0 X f * M U L T I V A R I A T E S T A T I S T I C A L A N A L Y S I S 

* PROGRAM*) 
1 0 3 F O R M A T ( / , * E N T E R A L P H A * ) 
1 0 4 F O R M A T ( / , * D O YOU WISH TO EXTRACT P R I N C I P A L COMPONENTS 

* FROM C O V A R I A 
*NC£ M A T R I C E S ( Y E S ) * , / , * O R FROM C O R R E L A T I O N MATRICES 
* ? * ) 

1 0 5 F O R M A T ( / , * D O YOU WISH TO ENTER DATA M A T R I C E S CYES) OR 
* GENERATE * 
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• • O B S E R V A T I O N S ( N O ) ? • > 

1 0 6 F O R M A T ( / • • B E F O R E E N T E R I N G D A T A , Y O U M U S T I N P U T S O M E 

• A D D I T I O N A L * 

• • I N F O R M A T I O N * ! 

1 0 7 F O R M A T ( / • • E N T E R N U M B E R O F M O E B E I N G E X A M I N E D * ) 

1 0 8 F O R M A T ( / , • E N T E R N U M B E R O F S Y S T E M S B E I N G E X A M I N E D * ) 

1 0 9 F O R M A T ( / • • E N T E R N U M B E R O F R E P L I C A T I O N S F O R E A C H 

• A L T E R N A T I V E S Y S T E M 

• , B A S E S Y S T E M F I R S T * ) 

1 1 0 F O R M A T ( / . • N O W E N T E R D A T A M A T R I X F O R S Y S T E M * . I 2 , / ) 

1 1 1 F O R M A T ( / • • B E F O R E G E N E R A T I N G D A T A , Y O U M U S T I N P U T S O M E 

• A D D I T I O N A L • 

• • I N F O R M A T I O N ^ ) 

l i e F O R M A T ( / , * £ N T C R C O V A R I A N C E M A T R I X F O R S Y S T E M * , I 2 , / ) 

1 1 3 F O R M A K / , • E N T E R M E A N V E C T O R F O R S Y S T E M * , I 2 , / ) 

1 1 4 F O R M A T ( / , 2 l X , * T H E I N P U T D A T A I S A S F O L L O W S * * ) 

1 1 5 F O R M A T ( / , * A L P H A = * , F 4 . 2 ) 

1 1 6 F O R M A T ( / , * S Y S T E M * , I 2 , * D A T A M A T R I X I S * * , / ) 

1 1 7 F O R M A T ( / , * N U M 9 E R O F M O E B E I N G E X A M I N E D I S * , I 2 ) 

1 1 8 F O R M A T ( / , * N U M B E R O F A L T E R N A T I V E S Y S T E M S I S * , I 2 ) 

1 1 9 F O R M A T ( / , * N U M 8 £ R O F R E P L I C A T I O N S F O R S Y S T E M * , I 2 , * I S 

• * t I 2 ) 
1 2 0 F O R M A T ( / , • C O V A R I A N C E M A T R I X F O R S Y S T E M • , I 2 » * I S f * » / ) 

1 2 1 F O R M A T ( / • • M E A N V E C T O R F O R S Y S T E M • » I 2 » ^ I S t * ) 

1 2 2 F O R M A T ( / • • P R I N C I P A L C O M P O N E N T S W I L L B E E X T R A C T E D F R O M 

• T H E S A M P L E 

• C O V A R I A N C E M A T R I C E S ^ ) 

1 2 3 F O R M A T ( / • • P R I N C I P A L C O M P O N E N T S W I L L B E E X T R A C T E O F R O M 

• T H E S A M P L E 

• C O R R E L A T I O N M A T R I C E S * ) 

1 2 * F O R M A T ( / , * I S Y O U R D A T A C O R R E C T ? * ) 

1 2 5 F O R M A T ( / , 4 ( 1 X . F 8 . 4 ) ) 

1 2 6 F O R M A T ( / , 1 0 X , 5 8 ( 1 H * ) ) 

1 2 8 F O R M A T ( / • • E N T E R N U M B E R O F R E P L I C A T I O N S Y O U W I S H T O 

• G E N E R A T E * 

• • F O R E A C H S Y S T E M * ) 

1 2 9 F O R M A T ( / . • E N T E R S H A P I R O - W I L K C O E F F I C I E N T S F O R S Y S T E M 

• * , I 2 , / ) 
1 3 0 F O R M A T ( / • • S H A P I R O - W I L K C O E F F I C I E N T S F O R S Y S T E M * , I 2 , 

* * A R E : * , / ) 

1 3 1 F O R M A T ( / , * Y O U R D A T A M A T R I C E S H A V E B E E N G E N E R A T E D A N D 

• W I L L NOW * 

• • B E T E S T E D F O R M U L T I V A R I A T E * , / , * N O R M A L I T Y * ) 

1 3 2 F O R M A T ( / , * O O E S T H E O A T A F O R S Y S T E M * , I 2 , * P A S S Y O U R 

• C R I T E R I A * 

• • F O R M U L T I V A R I A T E N O R M A L I T Y ? * I 

1 3 3 F O R M A T ( / , • T H E O A T A F O R B O T H S Y S T E M S W I L L N O W B E 

• T R A N S F O R M E D • 

• • A N D T E S T E D A G A I N F O R * , / , • M U L T I V A R I A T E N O R M A L I T Y * ) 

1 3 4 F O R M A T ( / , • T H E O A T A F O R S Y S T E M • , I 2 , ^ W I L L B E 

• T R A N S F O R M E D A N D • 
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* * T E S T E D A G A I N F O R * , / , * M U L T I V A R I A T E N O R M A L I T Y * ) 

1 3 5 F O R M A T ( / , * S I N C E T H E T R A N S F O R M E D D A T A F O R S Y S T E M * , 1 2 , * 

* D O E S * 

* * N O T F O L L O W A M U L T I V A R I A T E * , / , * N O R M A L D I S T R I B U T I O N , 

* E A C H M O E * 

* * W I L L B E T R A N S F O R M E D S E P A R A T E L Y T O I N S U R E * , / , 

* * MA R G I N A L N O R M A L * 

* * I T Y . T H I S D A T A W I L L T H E N B E U S E D I N T H E R E M A I N D E R 

* O F * , / , * T H E * 

* * P R O G R A M * ) 

1 3 6 F 0 R M A T ( / , * Y O U R 0 A T A M A T R I C E S W I L L N O W B E T E S T E D F O R 

* M U L T I * 

* * V A R I A T E N O R M A L I T Y * ) 

1 3 7 F O R M A T ( V , * W E W I L L NOW T E S T T H E S Y S T E M S F O R E Q U A L I T Y 

* O F * 

* * C O V A R I A N C £ M A T R I C E S * ) 

1 3 9 F O R M A T ( / , * W E W I L L N O W T E S T T H E M E A N S O F T H E S Y S T E M S * , / 

* ) 
1 4 1 F O R M A T ( / / , * S I M U L T A N E O U S C O N F I D E N C E I N T E R V A L S W I L L N O W 

* B E * 

• • P L A C E - D A B O U T T H E D I F F E R E N C E S O F * , / , * T H £ M E A N S * ) 

1 4 2 F O R M A T ( / , 1 9 X , ^ P R I N C I P A L C O M P O N E N T S W I L L N O W B E 

* C O M P U T E D * ) 

1 4 3 F O R M A T ( / , * S I N C E T H E T R A N S F O R M E D D A T A F O R S Y S T E M * , I 2 , 

* * HAS * 
* * P A S S E O T H E T E S T F O R * , / , * M U L T I V A R I A T £ N O R M A L I T Y , T H I S 

* T R A N S F O R M E D * 

* * O A T A W I L L B E U S E O I N T H E * , / , • F O L L O W I N G - H Y P O T H E S I S 

* T E S T S * ) 

1 4 5 F O R M A T ( / , * E N T E R V E C T O R O F S T A N D A R D M E A N S * ) 

1 4 6 F O R M A T ( / , * V E C T O R O F S T A N D A R D M E A N S I S % * , / / , 4 ( I X , F 8 • 4 ) ) 

S T O P 

l u u O E N D 

S U B R O U T I N E G E N 

C O M M O N / O N L / X ( 2 , 4 , 2 0 ) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

C O M M O N / T W O / I P , N A , C H I S Q , I K , < I , S U M 5 , I 8 , I P P , K P P , N P P , I A , 

C O M M O N / T H R E E / P V A R ( 2 , 4 , 2 0 ) 

D I M E N S I O N S I G ( I O ) , W K V E C ( 4 ) , R V E C ( 2 0 , 4 ) 

I S E E O = 4 6 6 3 6 4 U 0 2 

O O 2 1 = 1 , N A 

M = N ( I ) 

J = i 
O O 3 L = 1 , I P 

D O 4 K = 1 , L 

S I G C J . ) = 0 . 

c 
c 
c 
c 
c 

T H I S S U B R O U T I N E G E N E R A T E S MVN V E C T O R S B A S E D O N 

X = C Z + M U . C O M P U T A T I O N S A R E A C C O M P L I S H E D B Y U S I N G 

AN I M S L I B P R O G R A M C A L L E D " G G N R M " . 
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S I G ( J ) = S I G M A ( I , L , K ) 

J = J + 1 

4 C O N T I N U E 

3 C O N T I N U E 

I S E E D = I S £ E D * 1 

I R = N ( I ) 

C A L L G G N R M ( I S E E O , M , I P , S I G , I R , R V E C , W K V E C , I E R ) 

I S E E D = 4 6 6 5 6 4 0 0 3 

00 6 J = i t I P 

• 0 7 • K = l f M 

P V A R ( I , J , K > = R V E C ( K , J ) + S M U ( I , J ) 

7 X ( I , J , K ) = R V £ C ( K , J ) * S M U ( I , J ) 

6 C O N T I N U E 

2 C O N T I N U E 

R E T U R N 

E N D 

S U B R O U T I N E . M T E S T 

C 

C T H I S S U B R O U T I N E T E S T S A G I V E N M U L T I V A R I A T E O A T A S E T 

C F O R M V N U S I N G T H E G E N E R A L I Z E D " W - S T A T I S T I C " 

C 

C O M M O N / O N E / X ( 2 , 4 , 2 0 ) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

C O M M O N / T W O / I P , N A , C H I S Q , I K , K I , S U M 5 , 1 8 , I P P , K P P , N P P , I A , 

C O M M O N / F O U R / U S ( 2 , 2 0 ) , S W ( 2 ) , A ( 2 , 2 0 ) 

C O M M O N / F I V E / Y 3 A R ( 2 , 4 ) , • I F F ( 2 , 4 , 2 0 ) , I P R ( 2 0 ) , A M A T ( 2 , 4 , 4 ) 

C O M M O N / S I X / A I N V E R ( 4 , 4 ) , T E M P D ( 2 , 4 , 2 0 ) , R M A X ( 2 , 2 0 ) 

C O M M O N / T W E L V E / X M U ( 4 ) » P M A T ( 2 , 4 , 4 ) , Z B A R ( 4 ) , Q B A R ( 2 , 4 ) 

C O M M O N / B L O C K 1 / J P P , M P P , L P P , C O U N T 

D I M E N S I O N S U M S Q ( 4 , 4 ) 

LNTEGtR C O U N T 

C O U N T = C O U N T + l 
I = I P P 
M = N ' ( I ) 

•0 30 J = l , I P 

D O 31 K = 1 , M 

U S ( I , K ) = 0 . 
R M A X ( I , K ) = 0 . 
T E M P O ( I , J , K ) = 0 . 

3 1 D I F F ( I , J , K ) = 0 . 
3 0 C O N T I N U E 

D O 2 5 J = i , I P 

D O 2 6 K = 1 , I ° 

A I N V £ k ( J , K ) = 0 . 
2 6 S U M S Q ( J , K ) = 0 • 



1 2 3 

2 5 C O N T I N U E 

S U M 7 = 0 • 

0 0 2 J = i . I P 
S U M 6 = G . 

0 0 3 K = 1 . M 

S U M 6 = S U M 6 + X ( I , J , K > 

3 C O N T I N U E 

Y 8 A R ( I , J ) = S U M 6 / F L 0 A T ( K ) 

2 C O N T I N U E 

I F C C 0 U N T . L E . 2 ) G O T O 3 0 

G O T O 8i 
8 0 0 0 8 3 L L = 1 » I P 

8 3 Q 3 A R ( I , L L ) = Y B A R ( I , L L ) 

3 1 0 0 4 K = i . M 

• 0 5 J = 1 , I P 

5 0 1 F F ( I . J , K > = X ( I , J , K ) - Y 9 A R ( I , J ) 

D O 6 L = i , I D 

• 0 7 L L = i , I P 

7 S U M S Q ( L . L L ) = S U M S Q ( L * L L ) + ( 0 I F F f I , L , K ) * D I F F ( I , L L . K ) ) 

6 C O N T I N U E 

C O N T I N U E 

0 0 6 0 J = 1 , I P 

• 0 7 0 K = 1 * I P 

I F ( C O U N T . G T . 2 > G O T O 7 0 

P M A T ( 1 , J , K ) - S U M S Q ( J , K ) 

7 0 A M A T ( I , J , K ) = S U M S Q ( J , K ) 

6 C C O N T I N U E 

C A L L I N V E R S C S U M S Q , I P . I P , I P R • A I N V E R , 0 1 ) 

0 0 3 K = 1 • M 

D O 9 J = i , I P 

D O 1 0 J J = 1 » I P 

1 0 T E M P O ( I , J , < ) = T E M P O ( I . J , K ) • ( D I F F i I . J J , K ) * A I N V E R ( J J . J ) ) 

9 C O N T I N U E 

3 C O N T I N U E 

1 1 D O 1 2 K = i . M 

D O 1 3 J = 1 , I P 

1 3 R M A X I I , K ) = R M A X ( I , K ) • ( T E M P O ! I . J . K ) * D I F F ( I f J . K ) ) 

1 2 C O N T I N U E 

3 M A X = R M A X ( I , 1 ) 

D O 1 4 K = 2 , M 

I F ( R M A X ( I . < ) . - G E . S M A X ) G O T O 4 0 

G O T O 1 * 

* 0 S M A X = R M A X ( I , K ) 

M A X = K 

1 4 C O N T I N U E 

D O 1 5 J = i . M 

D O 1 6 K = i , I P 

1 6 U S ( I t J ) = U S ( I , J ) • ( T E M P O ! I t K . M A X ) * 0 I F F ( I , K , J ) ) 

1 5 C O N T I N U E 

L = M - 1 
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• 0 5 u J = 1 » L 

I P 1 = J + 1 

• 0 1 7 K = I P i t M 

I F ( U S ( I t J > . L E . U S d t l O ) G O T O 1 7 

T c . M P i = U S ( I • J ) 

U S ( I » J ) = U S ( I , K > 

U S ( I , K > = T E M P 1 

1 7 C O N T I N U E 

5 0 C O N T I N U E 

• 0 5 5 J = i l , M 

5 5 A ( I , J ) = - A ( I , M - J + i ) 

0 0 2 2 J = 1 , M 

S U M 7 = S U M 7 + ( A ( I * J ) * U S ( I , J ) » 

S W ( I ) = ( S U M 7 * * 2 » / R M A X C I t M A X ) 

2 2 C O N T I N U E 

R E T U R N 

E N D 

S U B R O U T I N E T R A N S ( I T ) 

C 

C T H I S S U B R O U T I N E T R A N S F O R M S A G I V E N M U L T I V A R I A T E 

C D A T A S E T T O I N S U R E M V N A N D C O M P U T E S T H E C O N F I -

C D E N C E L E V E L A S S O C I A T E 0 W I T H T H E T R A N S F O R M A T I O N 

C P A R A M E T E R S 

C 

C 

C O M M O N / O N E / X < 2 1 4 , 2 G ) t S I G M A ( 2 t «* 1 4 > t N < 2 > t S M U ( 2 t 4 > 

C O M M O N / T W O / I P , N A , C H I S C » I K , K I * S U M 5 1 1 3 1 1 P P » K P P , N P P 1 1 A , 

C O M M O N / T H R E £ / P V A R < 2 t 4 t 2 0 ) 

C O M M O N / E . I G ' H T / A L P H A t F i f F 2 t M C . T S Q t T N O T S Q t H t S T A T 

C O M M O N / E L E V E N / X l ( 4 ) t X S T A R ( 4 ) 

C 0 M M 0 N / B L 0 C K 2 / Y 0 I F F < 2 , 4 > , X T C 2 t 4 ) t S Z 1 ( 4 t 4 ) t S Y 1 ( 4 • 4 ) 

R E A L M C 

D O 2 5 0 J = l t I P 

2 5 0 X i ( J ) = l . 

C A L L F U N C ( X l t F ) 

G = F 

• M I N = . 0 0 i 

D E L = . 0 1 

A M D A = 1 . 

D O 1 I = i t I T 

1 X S T A R ( I ) = ' . . 5 

S W = 0 . 5 

D O 6 0 1 = 1 . I T 

X I ( I ) = X S T A R ( I ) 
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6 0 C O N T I N U . 

Z S T A R = 9 9 9 9 9 9 9 9 9 . 0 

O I S P = 0 . 

X M 0 V E = 3 . 

1 0 0 D O 1 7 0 1 = 1 , I T 

1 1 0 X i ( I ) = X S T A R ( I ) + X M G V £ * D E I -

C A L L F U N C ( X 1 , F ) 

1 ^ 0 P F N = F + A M D A * F E A S 

I F ( P F N . G E . Z S T A R ) G O T O 1 5 0 

D I S P = G I S P + ( A B S ( X M O V E ) ) * D E L 

X S T A R ( I ) = X 1 ( I ) 

X M O V E = X M O V £ + X M O V E 

Z S T A R = P F N 

1 4 5 F t A S = C 

G O T O 1 1 0 

1 5 0 X I ( I ) = X S T A R ( I ) 

I F ( X M 0 1 / E . G T . 3 . 3 . 0 R . X M O V E . L T . > 2 . 7 ) G O T O 1 6 0 

X M O V E = - 3 . 

G O T O 1 ^ 5 

i 6 w X M 0 V E = 3 . 

F E A 3 = 0 • 

1 7 0 C O N T I N U c 

F E A S = 0 . 

I F ( O I S P . L T . D M I N ) G O T O 1 9 0 

I S O D I S P = 0 . 

X M O V E = 3 . 

G O T O 1 0 0 

1 9 0 C A L L F U N C ( X i , F ) 

M = N < 1 > 

D O 2 0 0 J = 1 , I P 

D O 2 0 5 K = 1 , M 

I F ( X I ( J ) . N E . 0 ) G O T O 2 i 0 

G O T O 2 1 5 

2 1 0 X ( I ° P , J , K ) = ( ( X t I P P j > J , K J * * X l ( J ) ) - l > / X l ( J ) 

G O T O 2 0 5 

2 1 5 X ( I P P , J , K ) = A L O G ( X ( I P P , J , K ) ) 

2 0 5 C O N T I N U E 

2 0 0 C O N T I N U E 

D O 2 2 C J = i , I P 

2 2 0 X T ( I P P , J ) = X 1 ( J ) 

S T A T = 2 • * ( G - F ) 

P A ' R M = I P 

H = C H I F R 3 ( S T A T , P A R M ) 

R E T U R N 

E N D 
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S U B R O U T I N E F U N C ( X 1 , F ) 

\ 

C T H I S S U B R O U T I N E E V A L U A T E S T H E L O G L I K L I H O O D 

C F U N C T I O N O F T H E T R A N S F O R M A T I O N P A R A M E T E R S 

C COMPUTED I N S U B R O U T I N E T R A N S 

C 

C O M M O N / O N E / X ( 2 , 4 , 2 G ) , S I G M A ( 2 , 4 , 4 ) . N ( 2 ) , S M U ( 2 , 4 > 

C O M M C N / T W Q / I P , N A , C H I S Q , I K , K I , S U M 5 , 1 8 , I P P , K P P , N P P , I A , 

C O M M O N / T H R E E / P V A R ( 2 . 4 , 2 0 ) 

D I M E N S I O N X I ( 4 ) , X S T A P ( 4 ) 

D I M E N S I O N 3 M L ( 4 , 4 ) , S U M ( 4 ) , Y B A R 1 ( 4 ) , Y ( 2 , 4 , 2 0 ) 

D I M E N S I O N D I F F 1 ( 4 , 2 0 ) , S U M S Q l ( 4 , 4 ) , I P R ( 4 ) 

E X T E R N A L V I P D A 

M = N ( 1 ) 

DO 7 J = 1 , I P 

D O 8 K = i , M 

I F ( X I ( J ) • N E • 0 • ) G O T O 9 

G O T O 1 0 

9 Y C I P * , J , K ) M ( X ( I ? P « J , K ) * * X i < J ) ) - i ) / X l < J ) 

G O T O a 
1 0 Y ( I ? P , J , K ) = A L O G ( X ( I P P , J , K ) ) 

8 C O N T I N U E 

7 C O N T I N U E 

O U N J = I , I P 

D O 1 2 K = 1 . I P 

1 2 S U M S O l ( J » K ) = 0 • 

1 1 C O N T I N U E 

D O 1 3 J = i . I P 

S ' J M 6 = 0. 

DO 1 4 K = i , M 

1 4 S U M 6 = S U M 6 * Y ( I P P , J » K ) 

Y B A R l ( J ) = S U M 6 / F L 0 A T ( M ) 

1 3 C O N T I N U E 

D O 1 5 K = l , M 

D O 1 6 J = i , I P 

1 6 D I F F l ( J , K ) = Y ( I P P , J „ K ) - Y R A R i ( J ) 

D O 1 7 L = 1 , I P 

D O 1 8 L L = 1 , I P 

1 8 S U M S Q 1 ( L , L L ) = S U M S Q l ( L , L L ) + ( D I F F 1 ( 4 , K ) * O I F F I ( L L » K ) ) 

1 7 C O N T I N U E 

1 5 C O N T I N U E 

D O 2 u J = 1 , I P 

D O 1 9 K = i , I P 

1 9 S M L ( J , K ) = S U M S Q l - ( J f K ) / F L O A T ( M ) 

2 0 C O N T I N U E 

C A L L D E C O M t S M L . I P , I P , I P R , I P R , D i , 7 I P 0 A I 

D E T S M L = D l 

O O 6 0 L = 1 , I P 

6 0 D E T S M L = D E T S M L * S M L ( L » L ) 

D O 3 1 J = 1 , I P 

C 



1 2 7 

S U M ( J ) = 0 • 

30 52 K = 1 , M 

3 2 S U M ( J ) = S U M ( J ) + A L 0 G ( P V A R ( I P P , J , K ) ) 

3 1 C O N T I N U E 

F i = 3 . 

D O 3 3 J = 1 , I P 

3 3 F 1 = F 1 + ( X 1 ( J ) - 1 ) * S U M ( J ) 

F = ( F L O A T < M > / 2 . ) * A L O G ( O E T S M L ) - F i 

R E T U R N 

E N D 

S U 3 R 0 U T I N E S T E S T 

C 

c 
C T H I S S U B R O U T I N E T E S T S E Q U A L I T Y O F T W O C O V A R I A N C E 

C M A T R I C E S B A S E D O N T H E G E N E R A L I Z E D 8 A R T L E T T 

C S T A T I S T I C 

C 
C O M M O N / O N E / X ( 2 , 4 , 2 0 
C O M M O N / T W O / I P , N A , C H 

) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

I S O , I K , K l , S U M 5 , I 8 , I P P , K P P , N P P , I A , 

C 0 M M 0 N / F I V E / Y 8 A R ( 2 , 4 ) , 0 I F F ( 2 , 4 , 2 Q > , I P R ( 2 0 > , A M A T ( 2 , 4 , 4 ) 

C 0 M M O N / S £ V E N / S ( 2 , 4 f «•) , 5 P O O L ( 4 , 4 ) , B F S ( 4 , 4 ) , S P 2 ( 4 , 4 ) 

C O M M O N / E I G H T / A L P H A , F l , F 2 , M C , T S Q , T N O T S Q , H , S T A T 

D I M E N S I O N S I ( 4 , 4 ) , I P R ( 4 ) , S P 1 ( 4 , 4 ) 

E X T E R N A L V I " O A 

R E A L M C 

S U M L = 0 . 

D O 3 I = * , N A 

M = N ( I ) - 1 

o o i O J = I , I P 
D O 1 5 K = 1 , I P 

1 5 S ( I , J , K ) = A M A T ( I , J , K ) / F L 0 A T ( M ) 

1 0 C O N T I N U E 

5 C O N T I N U E 

• 0 2 5 J = 1 , I P 

D O 3 0 K = 1 , I P 

S P O O L ( J , K ) = ( S ( i , J , K ! > + S ( 2 , J , K > > / 2 . 

S P 2 ( J , < ) = ( S ( 1 , J , K ) + S ( 2 , J , K ) ) / 2 . 

3 0 S P 1 ( J , K ) = ( S ( 1 , J , K ) + S ( 2 , J , K ) ) / 2 . 

2 5 C O N T I N U E 

D O 3 5 1 = 1 , N A 

D O * 0 J = i , I ° 

D O 4 5 K = 1 , I P 

* 5 S l ( J , K I = S ( I , J , K ) 

4 0 C O N T I N U E 



1 2 3 

C A L L D E C O M I S l , I P , I P , I P R , I P R , 0 1 , V I P D A ) 

0 £ T S l = Q l 

DO 6 0 L = 1 , I P 

6 0 D E T S 1 = D £ T S I * S 1 ( L , L ) 

S L O G = A L O G ( O E T S 1 ) 

S L O G = ( N ( I ) - 1 ) • S L O G 

S U M L = S U M L + S L O G 

3 5 C O N T I N U E 

C A L L D E C O M < S P i , I P t I P » I * R » I P R » D 1 , V I P D A ) 

D £ T S P = D i 

D O 6 5 L = 1 , I P 

6 5 D E T 3 P = D E T S P * S p l ( L » L ) 

5 P L 6 G = A L O G ( D E T . S P ) 
T £ S T = ( ( 2 . * ( N ( 1 I - 1 ) } * S P L O G ) - S U M L 

I N T = 6 * ( I P + l l * N A * ( N ( i ) - 1 ) 

C I N V = l . - ( ( < 2 . * ( I P * * E ) ) + ( 3 . * I P ) - l ) * ( N A * - i ) ) / F L O A T ( I N T ) 
M C = T E S T * C I N V 
P A R M = . 5 * I P * ( I ° - H ) 

P R O B = l - A L P H A 

F I = P I C H I ( P R O FTF P A R M V I P ) 

I F ( M C . L E . F l ) G O T O 7 0 

G O T O 7 5 

7 0 C A L t . O U T P U T ( 7 ) 

N P P = i 
G O T O 1 0 0 

7 5 C A L L 0 U T P U T ( 6 ) 

N P P = 2 

1 0 0 R E T U R N 
E N D 

S U B R O U T I N E M U T E S T 

C 

C T H I S S U B R O U T I N E T E S T S W H E T H E R A M E A N V E C T O R I S 

C E Q U A L T O A S T A N D A R D M E A N V E C T O R A N O W H E T H E R T H E 

C D I F F E R E N C E B E T W E E N T W O M E A N V E C T O R S I S Z E R O 

C 

C O M M O N / O N E / X ( 2 » A , 2 0 ) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

C O M M O N / T W O / I P , N A , C H I S O , I K , K l , S U M 5 , I B , I P P , K P P , N P P , I A , 

C 0 M M 0 N / F I V E / Y 3 A R ( 2 , 4 ) , O I F F ( 2 , 4 , 2 0 ) , I P R ( 2 0 ) , A M A T ( 2 , 4 , 4 ) 

C O M M O N / S E V E N / S ( 2 , 4 , 4 ) , S P O O L ( 4 , 4 ) , B F S ( 4 , 4 ) , S P 2 ( 4 , 4 ) 

C O M M O N / E I G H T / A L P H A , F 1 , F 2 , M C , T S Q , T N O T S Q , H , S T A T 

C O M M O N / T W E L V E / X M U ( 4 ) , P M A T ( 2 , 4 , 4 ) , Z B A R ( 4 ) , Q 3 A R ( 2 , 4 ) 

C O M M O N / 3 L O C K l / J P P , M P P , L P P , C O U N T 

C O M M O N / 8 L O C K 2 / Y O I F F ( 2 , 4 ) , X T ( 2 , 4 ) , S Z i ( 4 , 4 ) , S Y K 4 , 4 ) 

D I M E N S I O N S P I N V ( 4 , 4 ) , T E M P S ( 4 ) , D I F F S ( 4 ) , D F ( 2 ) , I P R ( 4 ) 
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D I M E N S I O N B.F I N V ( < • , < • ) * S U M S Q 3 C*» » 4 > * T B F ( 4 > * Z ( 4 , 2 C ) 

D I M E N S I O N 3 F 0 I F F C 4 , 2 0 ) , C F S ( 4 t 4 ) 

D I M E N S I O N S Y ( 4 y 4 ) f S Z ( < f f < * ) f S Y I N V f 4 t 4 ) f f S Z I N V ( 4 t < f ) t 

* Y T E M P U ) 

R L A L M C 
J P P = 0 

M P ° = C 

I F ' C l K . E T . l ) G O T O 2 9 9 

D O 2 0 0 I = 1 * N A 

J O 2 0 5 J = 1 . I P 

2 0 5 Y D I F F U , J ) = Y 8 A R ( I t > J ) - < ( ( X M U ( J ) * * X T ( I , J ) ) - 1 ) / X T ( I * J ) ) 

2 0 0 C O N T I N U E 

G O T O 3 5 0 

2 9 9 O O 3 0 0 1 = 1 , N A 

' O O 3 0 5 J = 1 1 I P 

3 0 5 Y O I F F ( I « J ) = Y B A R < I , J I - X M U ( J ) 

3 0 0 C O N T I N U E 

3 5 0 O O 2 1 5 J = 1 , I P 

D O 2 2 0 K = 1 , I P 

i Z ( J t ' K > = 3 ( l * J v < ) 

S Z l ( J , K ) = S ( l f J , K ) 

S Y ( J f K ) = S ( 2 t J f K ) 

2 2 0 S Y 1 ( J , K ) = S ( 2 t J , K ) 

2 1 5 C O N T I N U E 

D O 2 1 0 I = 1 . N A 

I F ( I . E Q . l ) G O T O 2 1 6 

G O T O 2 1 7 

2 1 6 C A L L I N V E R S ( S Z t . I P , I P t I P R . S Z I N V , D 1 ) 

G O T O 2 1 8 

2 1 7 C A L L I N V £ R S f S Y » I P , I P t I P R t S Y I N V » D l l 
2 1 8 D O 2 2 5 J = l t I P 

Y T E M P ( J ) = U . 

D O 2 3 0 < = 1 . I P 

I F t I . E Q . l l G O T O . 2 2 6 
G O T O 2 2 7 

2 2 6 Y T E M P ( J ) = Y T E M P ( J ) • ( Y D I F F ( 1 1 K ) * S Z I N V ( K t J ) ) 

G O T O 2 3 0 

2 2 7 Y T E M P ( J ) = Y T E M P ( J > + ( Y D I F F ( I , K ) * S Y I N V ( K » J l ) 

2 3 0 C O N T I N U E 

2 2 5 C O N T I N U E 

Y M A T = 0 . 

O O 2 3 5 J ' = i » I P 

Y M A T = Y M A T + ( Y T E M P ( J ) * Y O I F F ( I , J > ) 

2 3 5 C O N T I N U E 

T S 3 = N ( I ) * Y MA T 

D F ( 1 ) = I P 

D F ( 2 ) = N ( I ) - I P 

P R 0 3 = 1 • - A L P H A 

F = P I F D I S ( P R O B . D F , , I R ) 

Y P R D l = F L O A T ( I P * ( N ( I ) « i ) ) 
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Y P R D 2 = F L O A T ( N ( I ) - I P ) 

T N 0 T S Q = ( Y P R D 1 / Y P R D 2 ) * F 

I F ( T S Q . L E . T N O T S Q ) G O T O 2 4 0 

G O T O 2 4 5 

2 4 0 L P P = I 

C A L L O U T P U T ( 1 9 ) 

G O T O 2 1 0 

2 4 5 L P ° = I 

C A L L O U T P U T ( 2 0 ) 

I F ( I . E Q . l ) J ° P = 1 

I F ( I . E Q . 2 ) M P P = 1 

2 1 0 C O N T I N U E 

I F ( N P P . E Q . l ) G O T O 1 

I F ( N P P . E Q . 2 ) G O T O 5 0 

1 S M A T = C . 

O O 2 J = l , I P 

2 T E M P S ( J ) = 0 . 

C A L L I N V E R S ( S P 2 f I P , I P , I P R , S P I N V , D 1 ) 

• O 1 0 < = 1 , I P 
1 0 0 I F F S ( K I = Y 9 A R ( 1 , K > - Y B A R ( 2 , K > 

O O 1 5 J = i , I P 

O O 2 0 K = l , I a 

2 0 T E M P S ( J ) = T E M P S ( J ) + ( D I F F S ( K ) * S P I N V ( K , J ) ) 

1 5 C O N T I N U E 

D O 3 0 K = i , I P 

3 0 S M A T = S M A T + ( T £ I * P S (K) * O I F F S ( K ) ) 

T S Q = ( ( N ( 1 ) * N ( 2 ) ) / F L O A T ( N ( 1 ) + N ( 2 ) ) ) * S M A T 

• F ( 1 ) = I P 

O F ( 2 ) = N ( 1 ) 4-N ( 2 ) - I P - l 

P R 0 3 - 1 - A L P H A 

F 2 = P I F O I S ( P R O B , D F , I R ) 

P R O D l = F L O A T ( N ( l ) * N ( 2 ) « - 2 ) 

P R O D 2 = F L O A T ( N i l ) + N ( 2 ) - I P - l l 

T N O T S Q = ( P R O D I / P R O 0 2 ) * F 2 

3 2 I F ( T S Q . L E . T N O T S Q ' ) G O T O 3 5 

G O T O 4 u 

3 5 C A L L 0 U T P U T ( 9 ) 

K P P = 1 

G O T O 1 0 0 

4 G C A L L 0 U T P U T ( 8 ) 

K P P = 2 

G O T O 1 0 0 

5 0 O O 5 5 J = 1 , I P 

O O 5 6 K = i , I P 

3 F I N V ( J , K ) = 0 • 

S U M S Q 3 ( J , K ) = 0 . 

5 6 T D F ( J ) = 0 . 

5 5 C O N T I N U E 

O O 6 0 J = 1 , I P 

M = N ( 1 ) 



1 3 1 

0 0 6 5 K = 1 , M 

6 5 Z ( J , K ) = X < 1 , J , K ) - X ( 2 , J , K ) 

6 0 C O N T I N U c 

0 0 7 0 J = l , I P 
M = N ( 1 ) 

S U M 1 0 = 0 . 

D O 7 5 K = l , M 

S U M 1 0 = S U M 1 0 + Z ( J , K ) 

7 5 C O N T I N U E 

Z 8 A R < J ) = S U M 1 0 / F L O A T ( M ) 

7 0 C O N T I N U -

0 0 3 0 K = i » M 

D O 3 5 J = i , I P 

3 5 B F O I F F U , K ) = Z ( J , K ) - Z B A R < J ) 

0 0 9 0 L = 1 , I P 

D O 9 5 L L = 1 , I P 

9 5 S U M S Q 3 < L , L L ) = S U M S Q 3 < L , L L ) • ( 8 F C I F F ( L • K ) + 8 F O I F F < L L , K > ) 

9 0 C O N T I N U E 

8 0 C O N T I N U E 

M = N ( 1 > - 1 

D O ' 1 0 5 J = i . I P 

D O 1 1 0 K = 1 , I P 

C F S ( J , K > = S U M S Q 3 ( j , K ) / F L O A T ( M ) 

1 1 0 B F S ( J , K ) = S U M S Q 3 ( J , K ) / F L O A T ( M ) 

1 0 5 C O N T I N U E 

C A L L I N V E R S C C F S , I P „ I P , I P R , 3 F I N V , D l ) 

0 0 1 1 5 J = 1 , 1 P 

0 0 1 2 0 K = 1 » I P 

I 2 u T B F ( J ) = T 3 F ( J ) M Z 3 A R ( K ) * 9 F I N t f < K , J ) ) 

1 1 5 C O N T I N U E 

D F S = 0 . 

D O 1 2 5 J = l , I P 

1 2 5 D F S = D F S + ( T t f F ( J ) * Z 3 A R ( J ) ) 

T S Q = N ( 1 ) * D F S 

O F ( 1 ) = 1 * 

O F ( 2 ) = N ( i ) - I P 

P R O 0 = l - A L P H A 

F 2 = P I F D I S ( P R 0 3 f O F , I R ) 

P R O D l = F L O A T ( C N ( 1 ) - 1 ) * I P ) 

P R 0 0 2 = F L O A T ( N ( 1 ) - I P ) 

F N O T S Q = ( P R O D I / P R O 0 2 ) * F 2 

G O T O 3 2 

1 0 0 R E T U R N 

E N D 



1 3 2 

SUBROUTINE C O M NT 

C T H I S SUBROUTINE C A L C U L A T E S SIMULTANEOUS CONFIDENCE 
C I N T E R V A L S ABOUT MEANS A N O D I F F E R E N C E S O F M E A N S I F 
C DETECTED BY SUBROUTINE MUTEST 
C 

COMMON/ONE/X ( 2 . 4 , 2 0 ) , SIGMA ( 2 , 4 , 4 ) , N ( 2 ) , S MU ( 2 , 41 
C O M M O N / T W C / I P , N A , C H I S C , I K , K I , S U M 5 , I B , I P P , K P P , N P P , I A , 
C O M M O N / F I V E / Y B A R ( 2 , 4 ) , 0 I F F ( 2 , 4 , 2 Q ) , I P R ( 2 d ) , A M A T ( 2 , 4 , 4 ) 
C 0 M M 0 N / S E V £ N / S ( 2 , 4 , 4 ) , S P 0 0 L ( 4 , 4 ) , 8 F S ( 4 , 4 ) , S P 2 ( 4 \ 4 > 
C O M M O N / E I G H T / A L P H A , F i , F 2 , M C , T S Q , T N O T S Q f H , S T A T 
c o m m o n / t e n / c l i m l ( 4 1 , c l i m u ( 4 ) 
c o m m o n / t w l l v e / x m u ( 4 ) , p m a t ( 2 , 4 , 4 ) , z 8 a r ( 4 ) • q 9 a r ( 2 , 4 ) 
c o m m o n / b l o c k i / j p p , m p p , l p p , c o u n t 
c 0 m m 0 n / 3 l 0 c k 2 / y o i f f ( 2 , 4 ) , x t ( 2 , 4 ) , s z 1 ( 4 • 4 ) , s y 1 ( 4 * 4 ) 
d i m e n s i o n o e v ( 4 ) . * o f ( 2 ) , x o e v ( 4 ) , y o e v f 4 ) * x 0 ( 4 ) , y d ( 4 ) , 

* 4 L ( 4 ) , H ( 4 ) 
REAL MC 
I F ( J P P . E Q . O . A N O . M P P . E Q o O ) G O T O 5 
0 F ( 1 ) = FL 0 A T ( I P ) 
D F ( 2 ) = F L O A T ( N ( l ) - R P ) 
P R 0 8 = 1 . - A L P H A 
F = P I F D I S ( P R O B , D F , I R I 
Q 1 = F L O A T ( N ( l ) - 1 ) / F L O A T I N ! I I ) 
CONST = S Q R T ( Q l M O F ( l ) / D F ( 2 l ) * F ) 
I F C J P P . E Q . l ) G O TO 4 0 
I F ( M P P . E Q . l ) GO TO 4 5 

4 0 D O 5 0 J = i , I P 
X O ( J ) =SQRT ( P M A T d t J * J ) / ( N ( l ) - 1 ) ) 

5 0 X D E V ( J ) = S Q R T ( S Z 1 ( J . J ) ) 
O O 5 5 K < = l f I P 
Q L ( K K ) = Q B A R d , K K ) - ( X O ( K K ) * CONST) 
Q R ( K K ) = Q B A R ( i , K K ) + ( X O ( K K ) * C O N S T ) 
CLIML ( K K ) = Y O I F F d , K K ) - ( X O E V ( K K ) * C O N S T ) 
C L I M U ( K K ) = Y O I F F ( i , K K ) + ( X D E V ( K K ) * C O N S T ) 

5 5 CONTINUE 
L P P = i 
C A L L O U T P U T . ( 1 0 ) 

4 5 I F ( M P P . E Q . O ) G O TO 5 
D O 6 0 J = i , I P 
Y O ( J ) = S Q R T ( P M A T ( 2 , J , J ) / ( N ( 2 ) - i ) ) 

b O Y O E V ( J ) = S Q R T ( S Y 1 ( J , J ) ) 
DO 6 5 K K = i . I P 
Q L ( K K ) = Q 3 A R ( 2 , K K ) - ( Y D ( K K ) * C O N S T ) 
Q R ( K K ) = Q B A R ( 2 , K K ) - M Y O ( K K ) * C O N S T ) 
C L I M L ( K K ) = Y 0 I F F ( 2 , K K ) - ( Y O E V ( K K ) * C O N S T D 
C L I M U ( K K ) = Y O I F F < 2 , K K ) + ( Y D E V ( K K ) * C O N S T ) 

6 5 CONTINUE 
L P P = 2 
C A L L O U T P U T ( 1 0 ) 

C 



1 3 3 

5 I F ( K F P . E Q . 2 . A N O . N P P . £ Q . 2 ) G O TO 2 0 
I F ( K O D . E Q . l . A N O . N F P . E Q . i ) G O T O 1 G 0 

I F f K P P . E Q . i . A N D . N P P . E Q . 2 ) G O T O 1 0 0 

P R 0 D 1 = ( N ( 1 ) + N ( 2 ) ) * ( N ( 1 ) + N ( 2 ) - 2 ) * I < > 

P R O D 2 = ( N ( 1 ) * N ( 2 ) > * ( N ( 1 ) + N ( 2 ) - I P - 1 ) 

C O N S T = S Q R T ( ( P R O D I / P R O D 2 ) * F 2 ) 

OO 1 0 J = i , I P 

1 0 D £ V ( J ) = S Q R T ( S P O O L ( J ' J ) ) 

OO 1 5 K K = 1 , I P 

C L I M L ( K K ) = Y 8 A R ( 1 , K K ) - Y 8 A R ( 2 , K K ) - ( D £ V ( K K ) * C O N S T ) 

C L I M U ( K K ) = Y 8 A R ( 1 , K K ) - Y 3 A R ( 2 » K K ) + ( O E V ( K K ) * C O N S T ) 

1 5 CONTINUE 
C A L L O U T P U T ( I O ) 

G O T O 1 0 0 

2 0 D O 3 0 J = 1 , I D 

3 0 D E V ( J ) = S Q R T ( 8 F S ( J , J ) ) 

D O 3 5 K K = 1 , I P 
C L I M L ( K K ) = Z B A R ( K K ) - ( D E V ( K K ) * C O N S T ) 

C L I M U ( K K ) = Z 8 A R ( K K ) - M D E V ( K K ) * C O N S T ) 

3 5 C O N T I N U E 

L P P = 3 

C A L L O U T P U T ( I O ) 

1 0 0 R t T U R N 

E N O 

S U B R O U T I N E P R I C O M 

C 

c 
C T H I S S U B R O U T I N E E X T R A C T S P R I N C I P A L C O M P O N E N T S F R O M 

C T H E C O V A R I A N C E M A T R I X O R C O R R E L A T I O N M A T R I X O F A 

C G I V E N D A T A S E T A N O T H E D I F F E R E N C E O F T W O O A T A S E T S . 

C I T A L S O C A L C U L A T E S T H E C O N T R I B U T I O N O F I N D I V I D U A L 

C M O E T O T H E O P E R A T I O N A L E F F E C T I V E N E S S O F A F O R C E 

C 

C \ 

C O M M G N / O N E / X ( 2 . 4 , 2 0 ) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

C O M M O N / T W O / 1 P ' . N A , C H I S Q , I K , K 1 1 S U M 5 , I 3 , I P P » K P P , N P P , I A , 

C O M M O N / T H R E E / P V A R ( 2 , 4 , 2 0 ) 

C 0 M M 0 N / 3 E V E N / S ( 2 , 4 , 4 ) , S P 0 0 L ( 4 , 4 ) , 3 F S ( 4 , 4 ) , S P 2 ( 4 , 4 ) 

C O M M O N / N I N E / £ V A L ( 4 ) , E V £ C ( 4 , 4 ) , V A R f 4 ) , X C 0 N T ( 4 ) 

C O M M O N / T W E L V E / X M U ( 4 ) » P M A T ( 2 , 4 , 4 ) , Z 9 A R ( 4 ) , Q 3 A R ( 2 , 4 ) 

D I M E N S I O N C O R ( 4 , 4 ) , Y i ( 4 , 4 ) , Y 2 ( 4 , 2 0 ) , Y 2 B A R ( 4 ) , C 0 V ( 4 t 4 ) , 

* Y Y ( 1 0 ) 

D I M E N S I O N S U M S Q 2 ( H , 4 ) , T O I F F ( 4 , 2 0 ) , R C ( 1 0 ) , C C ( 1 0 ) 

D I M E N S I O N C 0 M ° ( 4 , 4 ) , C L ( 4 ) , C U ( 4 ) , V E C S Q ( 4 , 4 ) 
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0 0 3 0 1 = 1 , N A 

M = N C I > 

M I = I 

C L ( l ) = 2 d 
• 0 35 J = 1 , I P 

• 0 4 0 K = i , I P 

4 3 Y l ( J , K ) = P M A T ( I , J , K ) / F L O A T ( M - i ) 

3 5 C O N T I N U E 

0 0 65 J = i , I P 

0 0 7 0 K = l , I P 

7 0 C O R ( J . K ) = ( Y i C J . t K I ) / < C S Q R T ( Y l ( J , J I ) I * C 5 Q R T ( Y i C K , K ) I > ) 

6 5 C O N T I N U E 

L = i 

0 0 1 3 5 J = 1 , I P 

0 0 1 4 C K = 1 , J 

Y Y ( L ) = 0 . 

R C ( L ) = 0 . 

Y Y ( L ) = Y i ( J , K ) 

R C ( L ) = C O R ( J , K ) 

L = L + 1 

1 4 0 C O N T I N U t . 

1 3 5 C O N T I N U E 

I F ( I A . E Q . i ) G O T O 5 

G O T O 1 0 

5 C A L L C P R I N C C Y Y , I P , I P , E V A L , E V E C , C O M P , V A R . C L , C U , I E R ) 

G O T O 1 5 

1 0 C A L L O P R I N C ( R C , I P , I P , E V A L , E V £ C , C O M P , V A R , C L , C U , I E R ) 

1 5 L = I * 

0 0 250 J = l f I P 

0 0 2 6 0 K = i , I P 

2 6 0 V E . C S Q ( J , K ) = V A R (L) M E V E C ( K , J > * * 2 ) 

L = I P - J 

2 5 0 C O N T I N U E 

• 0 2 7 C J = 1 , I P 

X C O N T ( J ) = 1 . 

D O 2 8 0 K = 1 , I ° 

2 8 0 X C O N T ( J ) = X C O N T ( J ) + V E C S Q C K , J ) 

2 7 0 C O N T I N U E 

C A L L O U T P U T ( 1 1 ) 

3 0 C O N T I N U E 

M = N ( 1 ) 

0 0 4 5 J = 1 , I P 

D O 5 0 K = 1 , M 

5 0 Y 2 ( J , K ) = P V A R ( i , J , K ) - P V A R C 2 , J , K ) 

4 5 C O N T I N U E 

D O 4 6 J = i , I P 

D O 4 7 K = 1 , I P 

4 7 S U M S Q 2 ( J » K ) = 0 • 

4 6 C O N T I N U E 

D O 7 5 J = 1 , I P 
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M = N ( 1 ) 

sung=o. 
D O 3 0 K = 1 , M 

S U r 1 9 = S U M 9 + Y 2 ( J , K I > 

3 0 C O N T I N U E 

, Y 2 3 A R ( J ) = S U M 9 / F L 0 A T ( M > 

7 5 C O N T I N U E 

• 0 8 5 K = 1 , M 

D O 9 0 J = i , I P 

9 0 T O I F F ( J , K ) = Y 2 < J , K ) - Y 2 8 A R ( J ) 

D O 9 5 L = 1 , . I P 

D O 1 0 0 L L = 1 , I P 
1 C 0 S U M S Q 2 ( L , L L > = S U M S Q 2 ( L , L L ) + C T D I F F ( L , < ) * T D I F F ( L L , K ) ) 

9 5 C O N T I N U E 

3 5 C O N T I N U E 

M = N ( l ) « i 

D O 1 0 5 J = l , I P 

D O 1 1 0 K = 1 , I P 

1 1 0 C O V ( J , K > = S U M S Q 2 ( J » K ) / F L O A T C M ) 

1 0 5 C O N T I N U E 

L = l 

O O 2 3 5 J = 1 , I P 

O O 2 4 0 K = 1 , J 

C C ( L > = 0 . 

C C < L ) = C O V < J , K ) 

L - L + l 

2 4 0 C O N T I N U E 

2 3 5 C O N T I N U E 

C L ( 1 ) = 2 0 

C A L L C P R I N C < C C , I P , I P , E V A L , £ V E C f C O M P , V A R , C L , C U t I E R > 

L = I P 
D O 3 5 0 J = i , I P 

D O 3 6 0 K = 1 , 1 P 

3 6 0 V £ C S Q ( J , K ) = V A R ( L ) * ( E V E C ( K , J ) * * 2 > 

L = I P « J 
3 5 0 C O N T I N U E 

D O 3 7 0 J = 1 , I P 

X C Q N T ( J ) = 0 . 

D O 3 3 0 K = i , I P 

3 8 ' J X C O N T < J ) = X C O N T ( J > « - V £ C S Q ( K , J » 

3 7 0 C O N T I N U E 

C A L L O U T P U T ( 1 8 ) 

R E T U R N 

E N D 



1 3 6 

S U B R O U T I N E . O U T P U T ( K ) -

I F C K . E Q . 1 ) G O T O 1 

I F ( K . E Q . 2 ) G O T O 2 

I F C K . E Q . 3 ) G O T O 

I F C K . E Q . 4 ) G O T O 4 

I F C K . L Q . 5 I G O T O 5 

I F C K . E Q . 6 ) G O T O 6 

I F C K . E Q . 7 ) G O T O 7 

I F C K . E Q . 8 ) G O T O 8 

I F C K . E Q . 9 ) G O T O 9 

I F C K . E Q . 1 0 ) G O T O 1 0 

I F C K . E Q . 1 1 ) G O T O 1 1 

I F C K . E Q . 1 6 ) G O T O 1 8 

I F C K . E Q . 1 9 ) G O T O 1 9 

I F C K . E Q . 2 C ) G O T O 2 0 

1 C O N T I N U E 

2 C O N T I N U E 

3 C O N T I N U E 

4 I F C I ° P . E Q . l ) W R I T E ( 6 . 2 7 ) ( I P P , S W ( I P P ) ) 

I F ( 1 P F . £ Q . 2 » W R I T E C 6 . 2 7 ) ( I P P , S W ( I P P ) ) 

I F C I P P . E Q . C i l W R I T E ( 6 . - 2 7 ) C I . S W ( I ) , 1 = 1 , N A ) 

G O T O i O O 

5 W R I T E ( 6 , 4 5 ) I P P 

W R I T c ( 6 , 2 8 ) ( I . X 1 C I ) , 1 = 1 , I P ) 

W R I T E ( 6 , 4 6 ) S T A T , H 

G O T O i O u 

6 W R I T E ( 6 , 2 9 ) M C . P 1 

W R I T E ( 6 , 3 0 ) 

G O T O 1 0 0 

7 W R I T E ( 6 , 2 9 ) M C . F l 

W R I T E ( 6 , 3 D 

C T H I S S U B R O U T I N E P R I N T S O U T P U T C O M M U T E D I N O T H E R 

C S U B R O U T I N E S 

C 

C Q M M O N / O N E / X ( 2 . 4 . 2 0 ) , S I G M A ( 2 , 4 , 4 ) , N ( 2 ) , S M U ( 2 , 4 ) 

C O M M O N / T W O / I P , N A , C H I S Q , I K , K I , S U M 5 , 1 3 , I P P , K P P , N P P , I A , 

C O M M O N / T H R E E / P V A R ( 2 , 4 , 2 0 ) 

C O M M O N / F O U R / U S ( 2 . 2 G ) . S W C 2 ) . A ( 2 . 2 0 ) 

C 0 M / 1 0 N / F I V £ / Y ^ A R ( 2 , 4 ) , O I F F ( 2 , 4 , 2 0 ) , I P R ( 2 Q ) , A M A T ( 2 , 4 , 4 ) 

C O M M O N / S I X / A I N V E R ( 4 , 4 ) , T E M P O ( 2 , 4 , 2 0 ) , R M A X ( 2 , 2 G ) 

C O M M O N / S E V E N / S ( 2 , 4 , 4 ) , S P O O L ( 4 , 4 ) , 3 F 3 C 4 , 4 ) , S P 2 ( 4 , 4 ) 

C O M M O N / E I G H T / A L P H A , F i , F 2 , M C , T S Q , T N O T S Q , H , S T A T 

C O M M O N / N I N E / E V A L ( 4 ) , E V £ C ( 4 , 4 ) , V A R ( 4 ) , X C 0 N T ( 4 ) 

C O M M O N / F E N / C L I M L ( 4 ) , C L 1 M U ( 4 ) 

C O M M O N / E L E V E N / X I ( 4 ) . X S T A R C 4 ) 

C O M M O N / T W E L V E / X M U ( 4 ) , P M A T ( 2 , 4 , 4 ) , Z 3 A R ( 4 ) , Q B A R ( 2 , 4 > 

C 0 M M O N / 3 L O C K 1 / J P P , M P P , L P P , C O U N T 

C O M M O N / B L O C K 2 / Y D I F F ( 2 , 4 ) , X T ( 2 , 4 ) , S Z 1 ( 4 , 4 ) , S Y 1 ( 4 • 4 ) 
R E A L M C 

C 

http://IFCK.lQ.5I
http://IFCK.eQ.19


1 3 7 

G O T O I O C 

3 W R I T E ( 6 , 4 8 ) 

W R I T £ ( 6 , 3 2 ) T S Q , T N O T S Q 

W R I T E ( 6 , 3 Q ) 

G O T O 1 G G 

9 W R I T £ ( 6 , 4 8 ) 

W R I T E ( 6 , 3 2 ) T S Q » T N O T S Q 

W R I T E ( 6 , 3 l ) 

G O T O i U O 

1 0 I F C L P P . E Q . 3) G O T O 9 C 

W R I T E ( 6 , 3 3 ) L ^ P 

W R I T E ( 6 , 3 4 ) ( C L I M L ( L ) , C L I M U ( L ) , L = l , I P ) 

G O T O 1 0 0 

9 0 W R I T E ( 6 , 5 3 ) 

W R I T E ( 6 , 3 4 ) ( C L I M L ( L ) t C L I M U C L ) , L = 1 , I P ) 
G O T O 1 G 0 

1 1 W R I T £ ( 6 , 3 5 ) M I , T E V A L ( J ) , J = l , I P ) 

W R I T E ( 6 , 3 6 ) M I 

W R I T E ( 6 , 3 7 ) ( ( E V £ C ( J , L ) , L = 1 , I P ) , J = i , I P ) 

W R I T L ( 6 , 3 8 ) MI, ( V A R C J ) , J = l , I P ) 
W R I T E ( 6 , 4 9 ) M I 

W R I T £ ( 6 , 5 C ) 

W R I T E < b , 5 1 ) ( I , X C O N T ( I ) « 1 = 1 » I P ) 

W R I T E ( 6 , 4 4 ) 

G O T O 1 0 0 

1 8 W R I T E ( 6 , 4 0 ) ( E V A L ( J ) , J = 1 , I P ) 

W R I T E ( 6 , 4 1 ) 

W R I T £ ( b , 4 2 ) ( ( E V E C ( J , L ) , L = 1 , I P ) , J = 1 , I 0 ) 

W R I T E ( b , 4 3 ) ( V A R ( J ) , J = l , I P ) 

W R I T E ( 6 , 5 2 ) 

W R I T E ( 6 , 5 0 ) 

W R I T £ ( 6 , 5 l ) ( I , X C O N T ( I ) , 1 = 1 • I P ) 

G O T O 1 0 0 

1 9 W R I T E ( 6 , 4 7 ) L P P 

W R I T £ ( b , 3 2 ) T S Q , T N O T S Q 

W R I T £ ( 6 , 3 i ) 
G O T O 1 0 0 

2 0 W R I T £ ( 6 , 4 7 ) L P P 

W R I T E ( 6 , 3 2 ) T S Q , T N O T S Q 

W R I T E ( 6 , 3 0 ) 

2 1 F O R M A T ( F 1 5 . 9 ) 

2 2 F O R M A T ( / / , 3 X , * C H I - S Q U A R E D S T A T I S T I C = * , F 7 . 4 ) 

2 3 F O R M A T ( / , 3 X , * I K = * , I 3 ) 

2 4 F O R M A T ( / , * C - M A T R I X F O R S Y S T E M * , I 2 , * I S * * , / ) 

2 5 F O R M A T ( 3 X , 3 ( 1 X , F 8 . 4 ) ) 

2 6 F O R M A T ( / ^ O B S E R V A T I O N S F O R S Y S T E M * , I 2 , * A R E ! * , / ) 

2 7 F O R M A T ( / , * T H E S H A P I R O - W I L K S T A T I S T I C F O R S Y S T E M * , 1 2 , * 

* I S * * , F 7 . 4 ) 

2 8 F O R M A T ( * ( 2 8 X , * L A M B D A ( * , I 2 , * ) = * , F 7 . 4 , / ) ) 

2 9 F O R M A T ( / , * 3 A R T L E T T ° S S T A T I S T I C - * , F 9 . 4 , 5 X , * C H I - S Q . 

* S T A T I S T I C = * , 



1 3 8 

• F 7 . 4 ) 

3 0 F O R M A T ( / , * T H E N U L L H Y P O T H E S I S I S R E J E C T E D * ! 

3 1 F O R M A T ( / , * W E F A I L T O R E J E C T T H E N U L L H Y P O T H E S I S * ) " 

3 2 F O R M A T ( / , * T - S Q . S T A T I S T I C = • , F 9 • 4 , 5 X , • H O T E L L I N G T E S T 

* S T A T I S T I C 

* = • , F 7 . 4 ) 

3 3 F O R M A T ( / , 1 7 X , ' S Y S T E M * t I 2 , * M E A N V E C T O R A N D S T A N O A R O 

* * M E A N V E C T O R * , / , 2 5 X , * L O W € R L I M I T * » 9 X , * U P P E R L I M I T * ) 

3 4 F O R M A T ( / , 4 ( 2 7 X » F 7 , 4 , 1 3 X , F 7 » 4 , / ) ) 

3 5 F O R M A T ( / , 2 l X , * E I G E N V A L U £ S F O R S Y S T E M * » I 2 , * O A T A 

* M A T R I X * , / / , 

• 2 G X , 4 ( 1 X , F 7 . 4 ) ) 

3 6 F O R M A T ( / / , 2 0 X , * E I G E N V E C T O R S F O R S Y S T E M * , I 1 , * D A T A 

* M A T R I X * , / ) 

3 7 F 0 R M A T U ( 2 i X , H ( l X , F 7 . 4 ) , / ) ) 

3 8 F O R M A T ( / / , 5 X , • P E R C E N T O F S Y S T E M * , I 2 » * V A R I A N C E 

* A T T R I B U T E D * 

* * T O I T S P R I N C I P A L C O M P O N E N T S * , / / , 2 0 X , 4 C i X , F 7 « 4 ) , / ) 

4 0 F O R M A T < / , 2 0 X , ' E I G E N V A L U E S F O R O I F F E R E N C E M A T R I X * , / / , 

* 2 0 X , 4 ( 1 X , F 7 . 4 > ) 

4 H F O R M A T ( / , 1 0 X , 5 8 ( 1 H * ) , / ) 

4 1 F O R M A T ( / / , 2 0 X , * £ I G E N V E C T O R S F O R O I F F E R E N C E M A T R I X * , / / ) 

* 2 F 0 R M A T ( * ( 2 l X , 4 ( l X , F 7 . 4 ) , / ) ) 

4 3 F O R M A T ( / / , * P E R C E N T V A R I A N C E O F D I F F E R E N C E M A T R I X * 

* * A T T R I B J T E D T O I T S P R I N C I P A L C O M P O N E N T S * , / / , 2 0 X , 4 ( I X , 

* F 7 . 4 ) ) 

4 5 F O R M A T ( / , 2 0 X , * T R A N S F O R M A T I O N P A R A M E T E R S F O R S Y S T E M • , 

* 1 2 , / ) 

4 6 F O R M A T ( / , * L I K L I H O O O R A T I O S T A T I S T I C = * , F 7 « 4 , 3 X , * C 0 N * 

• • F I D E N C E L E V E L = * , F 6 . 4 ) 

4 7 F O R M A T ( / , * T £ S T F O R E Q U A L I T Y O F S Y S T E M * , I 2 , * M E A N 

* V E C T O R * 

* * A N D S T A N D A R D M E A N V E C T O R * ) 

4 8 F O R M A T ( / , * T E S T F O R E Q U A L I T Y O F S Y S T E M 1 A N D S Y S T E M 2 

* M E A N * 

• • V E C T O R S * ) 

4 9 F O R M A T ( / , • P E R C E N T C O N T R I B U T I O N O F I N D I V I D U A L M O E T O • 

• • O P E R A T I O N A L E F F E C T I V E N E S S * , / , * W I T H S Y S T E M * , I 2 ) 

5 0 F O R M A T ( / ' , 2 2 X , * M 0 E * * 1 5 X , * C O N T R I 8 U T I O N * ) 

5 1 F O R M A T ( / , < + ( 2 2 X * 1 2 , 1 9 X , F 7 . 4 , / ) ) 

5 2 F O R M A T ( / , * P E R C £ N T C O N T R I B U T I O N O F D I F F E R E N C E S I N M O E 

* * T O D I F F E R E N C E S I N O P E R A T I O N A L ^ , / , • E F F E C T I V E N E S S ^ ) 

5 3 F O R M A T < / , 2 3 X , • S Y S T E M 1 A N D S Y S T E M 2 M E A N V E C T O R S • 

• , / , 2 5 X , • L O W E R L I M I T * , 9 X , • U P P E R L I M I T S 

1 0 0 R E T U R N 

E N D 
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