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SUMMARY

This research deals with the second harmonic generation of Lamb waves in
nonlinear elastic, homogeneous, isotropic plates. These waves find current applica-
tions in the field of ultrasonic, nondestructive testing and evaluation of materials.
The second harmonic Lamb wave generation is investigated analytically in order to
provide information on suitable excitation modes maximizing the second harmonic
amplitude.

Using an existing solution for the problem of second harmonic generation in wave
guides, the solution is explained for the plate and examined as to the symmetry
properties of the second harmonic wave, since published results are contradictory.
It is shown that the cross-modal generation of a symmetric secondary mode by an
antisymmetric primary mode is possible.

Modes showing internal resonance, whose conditions are nonzero power flux from
the primary wave and phase velocity matching, are shown to be most useful for mea-
surements. In addition, group velocity matching is required. A material-independent
analysis of the linear Lamb mode theory provides mode types satisfying all three
requirements.

Using the example of an aluminum plate, the found internally resonant modes are
evaluated with regard to the rate of second harmonic generation and practical issues
such as excitability and ease of measurement. Pros and cons of each mode type are

presented.
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CHAPTER I

INTRODUCTION

Since its early stages in the late 19th century, the field of nondestructive evaluation
(NDE) of materials has undergone a long process of development and innovation. To
these days, most methods focus on detection of flaws and defects, which then need
to be evaluated as to the probability of a fatal failure of the structure. Bray et al. [4]
provide an extensive background on this topic. While these methods come into action
when the risk of material failure might be fairly high already — since the detection of
cracks requires their existence — recent approaches attempt to monitor the material’s
properties and draw conclusions on the material’s state of fatigue, even before visible
cracks arise. Thereby, fatigue damage can be detected at an early stage.

Previous research has shown that the nonlinear material properties are much more
sensitive to changes in the microstructure, as for example due to plastic strain [19]
or fatigue damage [20, 12], than the linear properties. Therefore, recent attention is
drawn on experiments employing the nonlinear behavior of wave motion in order to
characterize the nonlinear acoustic properties of a material. These nonlinear acous-
tic properties can then be related to the material microstructure properties such as
plasticity.

Measurement of the second harmonic amplitude is the goal of many of these meth-
ods. Second harmonics are waves that contain components at twice the frequency of
the excitation wave. These waves at the double frequency arise due to the structure’s
material nonlinearity when considering the quadratic approximation of the nonlinear
problem, as opposed to the linear approximation in linear elastic theory. The intensity

of the second harmonic amplitude is shown to be related to the nonlinear material



constants, so that measurement of the former is a direct measure of the degree of the
material’s nonlinearity. The use of second harmonics as opposed to higher harmonics
is justified by the fact that the higher ones have much smaller amplitudes than the
second harmonic, whose amplitude itself is already very small when compared to the
linear portion of the wave at excitation frequency.

In order to facilitate measurements of second harmonics, and to back out the mea-
sured data physically, theories on nonlinear wave motion are needed. While theoret-
ical publications on the nonlinear behavior of elastic bulk and surface waves [16, 24]
appeared early, the development of an applicable theory for Lamb waves in plates
turned out to be more difficult because of the dispersive behavior of these guided
waves. De Lima et al. [5, 6] developed an analytical solution for the second harmonic
generation in wave guides using perturbation theory and a modal expansion method.
Shortly after, Deng [8] followed, using the same approach. Both solutions employ
perturbation to obtain a primary wave, associated with the wave launched into the
plate, which causes a secondary wave, associated with the second harmonic wave, due
to body forces and surface tractions driven by nonlinearities at twice the excitation
frequency. A modal expansion expresses the secondary wave as a sum of modes at
twice the excitation frequency.

For practical applications, the excitation of certain modes is more advantageous
than others. Modes satisfying phase velocity matching, i.e. the phase velocity of
the primary mode equals the phase velocity of the secondary mode, are favorable
for measurements because the second harmonic mode shows a linear increase of the
amplitude in this case. In this context, several questions arise concerning practical
applications.

First, De Lima et al. [6] and Deng [8] contradict each other with regard to the
symmetry properties of the second harmonic wave. Specifically, De Lima’s conclusion

allows for the excitation of an antisymmetric secondary mode, while Deng’s conclusion



does not. Moreover, Deng does not mention explicitly which type of symmetry of the
primary mode will generate a symmetric secondary mode. In short, the question is
whether the cross-modal generation from an antisymmetric primary to a symmetric
secondary mode is possible. This is crucial as to the choice of excitation frequencies
and modes.

This research will demonstrate that there are several modes which satisfy phase
velocity matching. This leads to another question: Which mode should be selected in
order to obtain a strong second harmonic amplitude, which is most easily excitable
and measurable? In addition to the rate of second harmonic generation, other practi-
cal issues include what are the displacements at the surface, or what is the symmetry
of the modes involved?

Thus, the objective of this work, is to understand the process of second harmonic
Lamb wave generation by means of the solution derived by De Lima [5]. This goal
is approached in Chapter 2, where not only De Lima’s solution is presented and
customized for this work, but also physical interpretation and explanation is provided.
This chapter also presents a proof about the symmetry properties, which shows that
both a symmetric and an antisymmetric primary mode can generate a symmetric
secondary mode, but neither a symmetric nor an antisymmetric secondary mode can
generate an antisymmetric secondary mode.

Chapter 3 presents an analytical investigation of the linear dispersion relationship
of Lamb modes with regard to phase velocity and group velocity matching. The latter
concept, that the group velocity of the primary and the secondary mode should be
equal, is introduced because finite signals, as opposed to infinite harmonic signals are
considered in practice. The analysis of this chapter yields five types of modes satisfy-
ing phase and group velocity matching, which are then evaluated further in Chapter 4
for the example of an aluminum plate. Features as to the rate of second harmonic

generation and other practical issues such as excitability and ease of measurement



are presented and compared, which is followed by conclusions on which modes are

favorable to practical applications.



CHAPTER 11

SECOND HARMONIC LAMB WAVE GENERATION

Early work on nonlinear Lamb wave propagation such as Deng [7] was based on the
concept of partial bulk waves comprising the effective Lamb wave. By reflection at the
surface, each partial wave produces new partial waves and so on. While this approach
appears to be complicated, the concept of modes simplifies the analysis significantly.
The mode solution to the linear problem is well known and established long ago. Yet,
there was no way to apply it to the nonlinear problem until recently. De Lima [5]
and later Deng [8] developed an analysis employing the linear mode solution for the
nonlinear problem via a modal expansion approach. Not only has the analysis of the
problem become less cumbersome, but it also provides greater physical insight into
the process of second harmonic generation.

This chapter presents a concise derivation following De Lima’s notation. First,
the nonlinear boundary value problem is derived. A pertubation method transforms
the nonlinear problem into two linear boundary value problems. The first one is
associated with the wave launched into the plate, which is called the primary wave,
while the other one represents the governing equation for the second harmonic wave
due to nonlinearities, called the secondary wave. The perturbation condition that
the secondary wave must be much smaller in amplitude than the primary wave is
crucial for the validity of this solution. Solving for the primary wave leads to the well
known linear Lamb mode solution. The secondary boundary value problem is forced
by the primary wave and is approached via a modal expansion method. Power fluxes
from the primary wave to the secondary modes in the expansion are calculated, which

determine the rate of second harmonic generation for each of the secondary modes.



Section 2.2 then discusses features of the solution more thoroughly, beginning
with a physical interpretation. A proof follows that antisymmetric secondary modes
cannot exist and that both symmetric and antisymmetric primary modes can generate
symmetric secondary modes. Finally, two types of solutions are discussed and their

implications on methods for the characterization of materials are presented.

2.1 Derivation

The subject under consideration is an isotropic, homogeneous, nonlinear elastic, infi-
nite plate with thickness d = 2h. Nonlinearities arise due to both finite deformation
and nonlinear material behavior. The coordinate system is chosen to be Cartesian
{z,y, z} with its origin at y = 0 as shown in Figure 2.1. At the surface y = +h, the
plate is assumed to be stress free.

For the wave motion, only time-harmonic plane waves propagating in the positive
z-direction are considered, assuming plane strain in the z-direction. Motions are
restricted to the y-z-plane, representing Lamb waves in the linear theory. That is,

shear horizontal (SH) waves are beyond the scope of this work.
2.1.1 Nonlinear Boundary Value Problem and Perturbation

In the first step, the set of equations describing nonlinear wave propagation needs to
be obtained. Details on the underlying basics of continuum mechanics can be found in

Malvern [15]. The starting point is the balance of linear momentum for a continuous
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Figure 2.1: Coordinate Sysyem of the Infinite Plate




medium neglecting body forces

0’u
\v4 FT _

using the second Piola-Kirchhoff stress S, the density in the reference configuration

po, and the deformation gradient
F=I1+Vu (2.2)

in terms of the displacement vector u, and the second-order identity tensor I. In order
to obtain a displacement description of Eq.(2.1), the second order elastic constitutive

law for an isotropic medium derived by Renton [21]

S = Mr(E)I+2uE+

(Ctr(E)* + Btr(E*) I +2Btr(E) E + A(E*)" (2.3)

is applied, where X is Lamé’s constant, u the shear modulus, A, B, C the third-order

elastic constants as proposed by Landau and Lifshitz [13], and
| R
E:§(F -F 1) (2.4)

the Lagrangian strain tensor. Combining Eqs.(2.1) to (2.4), the equations of motion

become
_ 0u
A+2u)V(V -u) — uV x (V ><u)—|—V-S:p0W, (2.5)
where S contains all nonlinear terms of S - F7 | i.e.
S-F'=8"+8§, (2.6)

with S¥ being the linear portion of the second Piola-Kirchhoff stress.
Since the plate is assumed to be stress free on its surface, the boundary condition

for Eq.(2.5) is stated as

n, (S-F')=0 at y=+h, (2.7)



or using Eq.(2.6)
n,-S*=-n,-§ at y==h, (2.8)

where mn,, is the outward unit normal vector to the surface in the reference configura-
tion.

In order to solve the nonlinear boundary value problem (BVP) represented by
Eqgs.(2.5) and (2.8), a perturbation approach is chosen, which assumes that the total

displacement field can be written as
u=ub +u®, (2.9)

where (") is called the primary solution associated with the linear BVP, while the

secondary solution w(? arises due to nonlinearities. If it is assumed that
] < [u], (2.10)

which is referred to as the perturbation condition, the nonlinear BVP can be broken
down to two linear BVPs. It is noted explicitly that the solution presented here
cannot be applied if the perturbation condition is not satisfied. Measurements have
shown, however, that second harmonic amplitudes are usually much smaller than the
primary wave’s amplitude.

As contributions from the nonlinearities are small, u(" is the solution to the
homogeneous linear BVP

PuV
ot? ’

n, - St(uW)=0 at y=+h. (2.11Db)

A+ 2)V(V - uW) — 4V x (V x uM)) = py

(2.11a)

By substituting Eq.(2.9) into the nonlinear BVP from Eq.(2.5) one obtains the BVP
for the secondary solution as

. 204(2)
A+ 20)V(V - u®) = 4V x (V x u®) + v - 8V = po%

n, S*u?)=-n, 8" at y=+h (2.12b)

(2.12a)



The term S depends only on quadratic terms of the primary solution ™. Higher
order terms of u® and cross terms can be neglected due to the perturbation condition
Eq.(2.10). Third and higher order terms of u™ are not taken into account because
all displacements are still assumed to be small. With SV known, Egs.(2.12) may
be regarded as a linear, forced BVP with nonzero stress boundary conditions. For

convenience, the definition

f=Vv-S (2.13)

is introduced. Eqs.(2.2) to (2.4) yield the forcing terms given in index notation

- A, 0% 0u; 0%y Ou, %*u; Oy
— MR (e e I e ) il
Ji (M + 4 ) ( a3 da;  dai A Oa;0ay, 8ak)

8216[ aul aQUk (9uz>

A
+ ()\ tht 4 + B) (8@@% Oa;,  Oa;0ay 8_al

+ (A +B) (%{%) +(8+20)( a‘zgzk 2_2)
" (%l +5) (aijgzk gZi " 8ijgclzk 2_1;;) (2.14a)
and
_ A\ Ouy, Ouy, Ouy, Oy Ouy Ou; A Ju; Quy,
C <§ Oa; da; * C@ak 8_al>5ij 8_ak da; 4 Oay, aTj
(gl o) et
0+ ) Gt e * e 30 30 30 2140
where a; represents the coordinate basis in the reference configuration, i.e.
{a1,a9,a3} = {z,y, z}. (2.15)

The following section shows the solution to the primary and secondary BVP using a

modal expansion technique.



2.1.2 Solution of the Linear Boundary Value Problems
2.1.2.1 Primary Solution

In order to obtain the forcing terms f and S for the secondary BVP, the primary
solution of Egs.(2.11) must be known, as Eqgs.(2.14) need to be evaluated for the
primary wave solution. The primary BVP displays a homogeneous, linear problem
for a stress free plate, whose solution is given, for example, in Graff [10]. A review of
the established solution can be found in Appendix A. For future reference, the main
results are stated shortly.

There exist four different types of modes which are characterized by their fre-
quency relations and their displacement fields. The latter ones have the common

form

u(‘fE7 yJZ7 t) = 1‘1(3?7 y) ei(ﬁz*wt)? (2‘16)

where £ is the wave number and w the angular frequency of the mode @ (z,y). Two
types — symmetric and antisymmetric shear horizontal (SH) modes — are not consid-
ered in this research because of the plane strain assumptions, which means there can
be no dependency in the z-direction. The other two types are the symmetric and

antisymmetric Lamb modes. Symmetric Lamb modes follow the frequency equation

tan Sh 4a3K?

- _ 2.17
tan ah (k2 — (32)2 (2.17)
and their displacement field reads as
iy = 0, (2.18a)
2 A2\ & h
Uy = z’D(— (r 2/{23 (S;Llﬁ sin oy + K sin ﬁy), (2.18b)
2 22\ h
U, = —D<(K; ﬁ )sin 3 cos ay + [ cos 6y> ) (2.18¢)
2acsin ah
Antisymmetric Lamb modes satisfy the frequency equation
¢ h 2 _ 422
anfh _ (= 5) (2.19)

tanah daFK?

10



and show the displacement field

U, =0, (2.20a)
_ (k? — [3%) cos Bh
Ty = ZC( Srcosah S + K cos ﬁy) : (2.20b)
(K= %) cos Bh .
U, = C’( Socosah  Snoy + Bsin ﬁy) ) (2.20c)
The wave numbers o and (3 are defined as
Q= (w/CL)2 - K;27 /8 - (o‘)/cT)2 - ’%27 (221)

where the material constants c;, and cp are the longitudinal and shear velocities in
an infinite medium, respectively. The complex constants C' and D determine the
amplitude of the respective mode and depend on the actual excitation.

The symmetry of a mode is defined by the y-symmetry of the in-plane displace-
ment component u,(y), i.e. for symmetric modes, the in-plane component u.(y) is
symmetric in y, while the out-of-plane component ,(y) is antisymmetric in y. For
antisymmetric modes, the in-plane component . (y) is antisymmetric in y, while the
out-of-plane component ,(y) is symmetric in y.

An important implication of the frequency equations is dispersivity of the modes,

Symmetric Lamb Mode

Antisymmetric Lamb Mode

Figure 2.2: Deformed Plate for Symmetric and Antisymmetric Lamb Mode

11



which means that the phase velocity
w
Con = — (2.22)

depends on frequency according to the frequency equations. Dispersion curves such
as the one shown in Figure 2.3 for an aluminum plate, whose material properties
are presented in Chapter 4, display the solutions to the transcendental frequency
equations graphically. It is observed that for a given excitation frequency w, there
exist only a finite number of propagating modes for which the wave number x and
the phase velocity c,, are real. Modes showing a complex wave number are called
evanescent as they decay exponentially with propagation distance, being detectable
only in the near field.

Other field variables such as the linear strain tensor € or the Cauchy stress tensor

15

=
o
T

phase velocity ¢pn in m/ms
(63}

0 1 2 3 4 5 6 7 8 9 10
frequency-thickness fd in Mhz - mm

Figure 2.3: Lamb Mode Dispersion Curve for an Aluminum Plate. S — Symmetric
modes, A — Antisymmetric Modes.
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o can be obtained from the displacement field w using Eqs.(A.14) and (A.13) in

Appendix A.
2.1.2.2 Secondary Solution

The final step is to solve the secondary problem of Eqgs.(2.12), which represents a
linear BVP that is forced by the second harmonic body force term f and second
harmonic tractions on the surface due to the stress tensor S. By substitution of the
primary solution into Eqs.(2.14), the forcing terms f and S for the secondary BVP are
obtained. It should be pointed out, however, that one has to use real displacements

since products of displacements are involved. Thus, substituting

real —

1 .
Y = 51~L(1)(y)61(fﬂz—wlt) +ce. (2.23)

— where c.c. stands for conjugate complex — in Eqs.(2.14) yields the real forcing terms

wi(ZJ)@%(m_”t) + c.c. + const, (2.24a)

5’2“)(@/)62"(’“*”) + c.c. + const. (2.24b)

It is noted that the term ‘const’ signifies a real constant, which leads to a static
deformation of the plate. However, this phenomenon is not investigated in this work.
Further manipulations are carried out in the harmonic complex domain again, for

which reason the harmonic complex portions of Eqgs.(2.24) are absorbed as

=(1 2w i(kz—w
FU = 72 (y)eiteet) (2.25a)
54(1) — Szw(y)e%(/«cszt)' (225b)

Note that the forcing terms are harmonic at twice the primary frequency, from which
the term second harmonic originates. This is due to the fact that in the second-order
approximation of the constitutive law, quadratic terms of displacements enter the

equations, resulting in forcing terms at twice the primary frequency.

13



Having obtained the forcing terms, the secondary BVP is defined completely,
constituting a forced linear problem. Before the final solution is derived, some pre-
liminary results from linear elastic theory need to be reviewed. These results can be
applied because the secondary BVP presents a linear problem.

First, the complex reciprocity relation is derived by Auld [2] and customized by
De Lima [5]. Given two solutions m and n for the linear BVP with body forces b,

and b, respectively,

Kmz—wt)

V= U (y) €10 . O = G ()il (2.26)

v, = {]n<y) ei(ﬂnzfu.nt)7 o, = &n<y)ei(/€nszt) (227>

where the complex particle velocity v = u, the linear stress tensor o and the body

forces b are all complex variables, the complex reciprocity relation reads as

V. -(v,-om+v, 0,)=-v, b, —v, b, (2.28)

n

where the superscript * means conjugate complex. Based on this relation, Auld [2]
concludes orthogonality of the linear plate modes, which is defined via the power flux
between two modes. The power flux per unit depth in x between two modes m and

n is defined as
1 h
Prin = —/ (=0 - O — V- ) - 1, dy, (2.29)
with the unit normal vector n, in propagation direction z. Mode orthogonality means
that for two propagating modes at the same frequency, the power flux is nonzero only
if the two modes are equal, or

0 if n#m
Prn = (2.30)

1 h ~x ~ . .
—sRe [0, 0, -6, -n.dy if n=m.

This statement is interpreted physically in such that in linear theory, two different

modes do not interfere by transferring energy to each other, while P,,,, quantifies how

14



much energy is transported by mode n over the cross section unit area per unit time
and unit depth.

Having introduced these concepts from linear elastic theory, the secondary BVP
can be approached. The pair {v®, §®} is the unknown solution under body force
f(l), where the short notation 8§ = S%(u®) is used. Substituting the unknown

solution and an arbitrary known mode under zero body force

v, = f)n(y) ei(ﬁnz—wt), o, = &n(y)ei(nnz—wt)’ bn -0 (2‘31)
into the reciprocity relation Eq.(2.28), one obtains

o - 8@ L @ . ') -n, e—m;;z) — _((@* 8@ 4 @ . G

n

|
¥l
=
>4

since d/0xr = 0 and e cancels.

The key step in the derivation of the secondary solution is the expansion of the
secondary solution to a series of secondary modes. For a fixed frequency, there exist
an infinite number of modes (propagating and evanescent), so that the unknown

secondary field variables may be expressed as modal expansions of all these modes,

i.e.
u® = 3" A (A ) e, (2:330)
m=1
v® = i A (2) 912 (y) e~ 2t (2.33b)
m=1
S = 3 An(2) 62 (y) e, (2:330)
m=1

acting at frequency 2w, since the body force and surface tractions act at the second
harmonic frequency. Each mode m in the expansion enters the secondary solution
with its own amplitude coefficient A,,(z). Therefore, the amplitude coefficient A,,(z)

expresses how strong the secondary mode m in the expansion is generated by the
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primary wave. The final goal consists of finding an analytical expression for the
amplitude coefficient A,,(z) of each secondary mode m.
To achieve this, one substitutes Eqgs.(2.33) in the first term of Eq.(2.32) and inte-

grates the result over the plate thickness to obtain

o0

Z Ap(2)(@ - 6P + 32 . 67) . nze—i(n;zwwt)] dy

L |h h _ -
(8, -8 + v 57) e | = / o f emimnz 4y, (2.34)

h

Using the definition of the power flux Eq.(2.29) and regarding the fact that the mode

n is stress free at the surface, i.e. &,(£h) =0, Eq.(2.34) is rewritten as

0 > —i(Kk* 242w ~ % —ikhzZ h
% [mz:l N o t)} — 05 - 8@ . p, e .

h
- / o . FY emimaz . (2.35)
—h

Furthermore, the boundary condition Eq.(2.12b) for the secondary BVP and the

orthogonality condition Eq.(2.30) yield

8 —i(k: 242w O h
&<4An(2)73nne (242 t)>+ny-S T

h
= / A AR ) (2.36)
—h

since @ is a symmetric tensor. The power fluxes from the primary wave to the
nth mode in the expansion of the secondary wave via body forces f'°! and surface

tractions f5™ respectively,

h
A (2.37a)
—h
£ S2w  ~ h
S =—n, -8 -0, . (2.37b)

are not only defined to make some expressions shorter, but more importantly, because
they provide much physical insight into the solution. This notation will enable the

observation that the amplitude coefficient A, (z) is proportional to f¥°' and fsuf
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meaning that the second harmonic generation of a mode is caused and characterized
by the magnitude of the power flux from the primary wave to the respective second
harmonic mode.

Using the definitions of Eqgs.(2.37) in combination with Eqgs.(2.25) and Eq.(2.36),

one arrives at the first order, linear, ordinary differential equation

i .k _ surf vol\ 2ikz
4Pn"(dz — mn>An(z) = (fo 4 freh)es . (2.38)

for A, (z). To come up with an initial condition, it is assumed that the primary wave
is excited at z = 0 where the secondary solution has to be zero due to causality, since

the secondary wave is forced by the primary wave. Thus,
u? =v@ =0 at z=0, (2.39)

and from Eqgs.(2.33)
Ay(2)=0 at z=0. (2.40)

The solution to Eq.(2.38) with the initial condition Eq.(2.40) is given by

) 2ikz iKYz : *
f;bzol + fzurf o —2n (6 —ern ) if Ky, 7é 2K

z €2z if k' =2k,

which — in combination with Eqgs.(2.33) — provides an analytical solution for the
second harmonic wave, when small secondary amplitudes compared to the primary
wave’s amplitude are assumed. Table 2.1 summarizes the essential equations that
yield the solution for the secondary wave.

Having achieved the solution for the secondary wave, subsequent sections will draw
conclusions from the results and explain the physical interpretation of the solution in

a more detailed way.
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Table 2.1: Overview — Essential Equations for the Second Harmonic Solution

Modal Expansion (Eq.(2.33))
u® =32 A (z) al (y) e,

with amplitude coefficient A,,(z) for the nth mode in the expansion (Eq.(2.41))

, _ ;
2 e%irz it K =2k,

4nn

7 2iKkz KXz : *
1, psurf _ (e —e ") if & 2K
A, () = B { "7

where f¥°! and f5! are power fluxes from the primary to secondary mode n

n .

frel = fh o* - 2 dy ... via volume body force (Eq.(2.37a)),

h

surf __ QoW ~x
fn =Ny S v,

L via surface tractions (Eq.(2.37b)),

and Py, is the power flux of secondary mode n (Eq.(2.29))

Body force £ and stress §° are obtained from Eqgs.(2.14) and Egs.(2.24) ap-
plied for the real primary mode u"). Secondary field quantities i, @, and &,
are solutions of the linear plate theory as in Appendix A evaluated for frequency
2w and wave number &,,.

18



2.2 Discussion

2.2.1 Physical Interpretation

The obtained solution can be understood most easily by looking at a simple, ideal
thought experiment: A transducer excites the infinte plate with the primary frequency
w. Even though several modes can propagate at frequency w, a single mode can be
selected by adjusting the angle between the transducer and the plate in the correct

D propagates along the plate, nonlinearities in the

fashion. As this primary mode @'
plate lead to body forces f ) and surface tractions n,-S M that act harmonically at
twice the primary frequency, 2w, as shown by Eqgs.(2.25), and thus, excite modes at
twice the primary frequency. Figure 2.4 shows an arbitrary example of this process
in the dispersion curve: the mode S1 is excited at the primary frequency fd") =
3.6 MHzmm and generates all the modes at twice the primary frequency fd® =
7.2 MHz mm, whose sum displays the secondary wave as described by Eqgs.(2.33). In
this example, only symmetric secondary modes are marked because it will be proven
in the following section that antisymmetric Lamb modes are not excited in the process
of second harmonic generation.

As mentioned before, the sum of the secondary modes is represented by Eqs.(2.33)
and constitutes the secondary wave u(®. Note that in many cases, only propagating

modes are of interest, so that the evanescent modes may be disregarded in the modal

expansion. Then, the expansion is comprised of N propagating modes
N
u® =" A, ()@l (y) e, (2.42a)
n=1
v® =" A, (2) 8P (y) e (2.42D)

S® =" Au(2) 6P (y) e, (2.42¢)

n=1
Each mode n enters the sum with its own amplitude coefficient A, (z) making certain

second harmonic modes more or less excitable by the primary mode. Thus, the
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Figure 2.4: Lamb Mode Dispersion Curve for Aluminum with Example for Second
Harmonic Generation. S — Symmetric Modes, A — Antisymmetric Modes.

amplitude coefficients for the secondary modes provide significant information about
the secondary wave.

The amplitude coefficient A, (z) for mode n depends on various factors. First,
regarding Eq.(2.41) the wave number of a respective second harmonic mode n de-
termines whether case one (k, # 2k) or case two (k, = 2k) applies for this mode.
Note that all wave numbers are real and k] = k,,, since only propagating modes are
considered. The second case in Eq.(2.41) is referred to as phase velocity matching —
or short, phase matching — as the condition on the wave numbers implies that the
phase velocities of the primary and the secondary mode are the same. The result
is a linear increase of the second harmonic amplitude, while the first case leads to
a sinusoidal behavior of the secondary amplitude. Both cases are discussed in more

detail in Section 2.2.3 and Section 2.2.4, respectively.
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The possiblity of a secondary mode to be excited in general, however, is indepen-

dent of the condition on the wave numbers. Eq.(2.41) shows that the quantity

1 f
_ A g

an P (2.43)

needs to be nonzero for a secondary mode n to enter the modal expansion. Eqs.(2.37)
for f¥°' and f5"f may be interpreted as power fluxes from the primary mode to the
secondary mode n via body forces and surface tractions, respectively. That is, the
quantity a,, is zero if there is no power flux from the primary mode to the respective
secondary mode n. If the power flux is nonzero, the values of f'°! and f5"! indicate
the intensity of coupling between the primary and the secondary mode n due to
nonlinearities, i.e. a high absolute value indicates that the secondary mode n is
easily excited by the primary mode. With regard to practical methods measuring the
secondary amplitude, high energy coupling between the primary and the secondary
wave is desirable, since it leads to higher measurable amplitudes.

The term P, displays the power flux of the secondary mode n and is nonzero
for propagating modes. It serves as a normalization factor to compensate for the
degree of freedom in the choice of the secondary mode in the expansion, as Eqgs.(2.18)
and (2.20) leave the value for D or C, respectively, open.

Extension of the problem to several primary modes traveling at different frequen-
cies is easily achieved by performing the discussed analysis for each primary mode and
adding the obtained secondary solution sums. This procedure is justified by the fact
that the perturbation analysis transforms the nonlinear problem into linear problems

so that the superposition principle may be applied.
2.2.2 Symmetry Properties of the Secondary Wave

Based on the modal solution presented above, both De Lima [5] and Deng [8] con-
clude symmetry properties of the secondary wave. Surprisingly, their conclusions are

contradictory. De Lima states that a primary mode can generate a secondary mode
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only of the same symmetry, e.g. an antisymmetric primary mode can excite an anti-
symmetric but not a symmetric secondary mode, and vice versa. In contrast, Deng
states that the secondary wave must be purely symmetric, thus contradicting De Lima
who allows second harmonic generation from an antisymmetric to an antisymmetric
mode. While it seems to be common sense that a symmetric primary can generate
a symmetric secondary mode, Deng does not conclude explicitly that a symmetric
secondary mode can be generated by an antisymmetric primary mode. This question
is of practical importance in experiments since antisymmetric modes are easier to
excite and therefore preferred to symmetric modes.

This section intends to clarify the issues mentioned above using the modal solution
presented in Section 2.1. As discussed in Section 2.2.1, nonzero power flux from the
primary to the secondary mode is necessary for a secondary mode to be generated.
That is to say, f'°' + f5f £ 0 means that mode n is generated by the primary wave,
while for fv! + fswf = (0, mode n is not generated by the primary mode. In general,
froland f5uf are very complicated to compute, being comprised of many terms that
need to be multiplied, simplified and integrated. This task is approached later on in
Chapter 4 using the symbolic toolbox of Matlab. Conclusions on symmetries can be

achieved, however, by utilizing simple symmetry properties of functions.
2.2.2.1  Symmetric Primary Mode

First, let the primary mode be a symmetric Lamb mode whose displacement field is
given in Eqs.(2.18). Also recalling Figure 2.1, it is observed that the displacement field
is independent of x and its z-component is zero, which results in a two-dimensional
description in the y-z-plane. The same holds for antisymmetric Lamb modes.

In order to investigate symmetries along the y-axis, the following notation is in-
troduced: S(y) is a generic, unspecified element of the set of symmetric functions in

y, while A(y) is a generic, unspecified element of the set of antisymmetric functions in
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y. As discussed in Section 2.1.2.1 on the primary solution, u, = A(y) and u, = S(y)
hold for a symmetric mode. Further, it is seen that a derivative of u; with respect
to y changes the type symmetry in y, while a derivative with respect to z does not

change the type of symmetry in y. Moreover, the following rules are known:

L. S(y) - S(y) = S(y) and A(y) - Ay) = S(y),
2. A(y) - S(y) = A(y) and S(y) - Aly) = Aly),

3. S(y) +S(y) = S(y) and A(y) + A(y) = A(y).

Using these results, each term in Eq.(2.14b) can be investigated in the same way as
it is shown exemplarily for the first term as follows

Ouy Quy — duy du,  duy, du,  du, Ju, n Ou, Ou,
da; oy Oy Oy 0z 0z Jy 0y 0z 0z

= S%(y) + A2(y) + A%(y) + S*(y) =

=S(y) +Sy) +Sy) +Sy) =Sy). (2.44)

For completeness, Appendix B shows the calculation for all terms in Eq.(2.14b), which

yields

Sy = 5w AW) : (2.45a)
Aly) S(y)

Furthermore, by the definition of f in Eq.(2.13),

- , (2.45b)

)_ S(y) Aly) Aly)
Aly) S(y) S(y)

F — (o o
fsym - (8_y Oz
where the subscript stands for the type of symmetry of the primary mode.

2.2.2.2  Antisymmetric Primary Mode

Before attention is drawn on the conclusions, the same preparatory work is perfomed
for the case of an antisymmetric primary mode. Given the displacement field for anti-

symmetric modes in Eqgs.(2.20), it is seen that u, = S(y) and v, = A(y). Application
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to the same exemplary term as in the section above

OQuy Quy  Ou, Ou,  Ouy Ou,  Ou, Ou, n Ou, Ou,
da; da; Oy Oy 0z 0z dy 0Oy 0z 0z

= A%(y) + S*(y) + S*(y) + A%(y) =

=S8(y) +Sy) +Sy) +Sy) =S) (2.46)

shows that — although each single term changes its symmetry — the result is the same
in terms of symmetry as for the symmetric primary mode above. This is due to
the fact that products of displacements are involved. Again, by carrying out this

manipulation for all the terms of Eq.(2.14b) in Appendix B, one obtains

Sasym: S(y) A(y) ) (247&)
Aly) S(y)
and thus,
Fasym = AW : (2.47b)
S(y)

as above. Hence, the forcing terms show the same symmetry properties for the cases

when the primary mode is either symmetric or antisymmetric.
2.2.2.83  Conclusion

Eqgs.(2.25) show that the y-coordinate symmetry properties of f and S are identical
to those of £ and 8™, since only the dependency on exp(2i(kz — wt)) is removed.
Hence, the final conclusion on the power fluxes f'°' or f5uf in Eqs.(2.37) depends on

the symmetry of the secondary mode n considered in the expansion. Since
v(y,z,t) = —iwu(y, z,1), (2.48)

the symmetry properties of the particle velocity equal those of the displacements, i.e.

'i’sym = (249&)



for a symmetric mode, and

'l~7asym = (24913)
Aly)

for an antisymmetric mode. Finally, with n, = (1, 0) and the secondary mode being

symmetric, Eqgs.(2.37) read as

] Str) A\ (A |

= Ay) Z:h# 0, (2.50a)
ol _ /h Aly)) [ AW a
o he\sw ) \sw)

_ / Sy #o. (2.50b)

It is noted that the inequality from zero holds in general, but there might be special
frequencies and pairs of primary and secondary modes, for which at least one of these
terms or their sum can be zero. Thus, if the secondary mode is symmetric, A,(z) # 0
holds generally.

For the secondary mode being antisymmetric, one obtains

S(y) A S
o — (1’ 0) [ S AW} [ SW) h_
Aly) S(y) Aly) ] 7

=S(y T 0, (2.51a)
fvol — /h S(y) A(y) dy
oA aw ) \sw
= ih A(y)dy =0, (2.51b)

implying that A, (z) = 0 according to Eq.(2.41).
Summarizing these results, it is concluded that both a symmetric and an antisym-

metric primary mode can excite a symmetric mode at twice the primary frequency.
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In contrast, neither a symmetric nor an antisymmetric primary mode can excite an
antisymmetric mode at twice the primary frequency. Figure 2.5 displays this result
graphically.

Other authors [7, 8, 25] have declared that the secondary wave is purely symmetric
at the double frequency. However, they do not prove explicitly that the cross-modal
excitation from an antisymmetric primary mode to a symmetric secondary mode is

possible.
2.2.3 Internal Resonance

Recalling the modal solution of Section 2.1.2, it was observed that the amplitude
coefficient A, (2) in Eq.(2.41) shows two fundamentally different behaviors depending
on the relation between the wave numbers of the primary mode and the nth secondary
mode. The second case in Eq.(2.41) is referred to as phase velocity matching or phase

matching, since

kY =2 and w® =2 (2.52)
imply with Eq.(2.22) that
(2
@_wYw _vY_ O
cph = m == ; == Cph’ (253)
Primary Secondary
Mode Mode
symmetric > symmetric
A3

antisymmetricf___ > antisymmetric

_> possible

====J» not possible

Figure 2.5: Symmetry Scheme of Second Harmonic Lamb Wave Generation
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where the superscript (1) stands for the primary and (2) for the secondary mode. That
is, the primary and the secondary mode match phase velocity. Recalling Figure 2.4,
a case of phase velocity matching is observed between the S1 mode and the S2 mode.
Further investigations on phase matching are performed in Chapter 3.

If in addition to phase matching, nonzero power flux from the primary to the
secondary wave is assumed, the mode is called to show internal resonance. In this

case, the solution for mode n in the expansion takes the form
u'? = a, za? (y) 2=, (2.54)

where a,, # 0 is defined in Eq.(2.43). The terminology internal resonance is motivated
by the linearly growing amplitude with propagation distance z. The proportional-
ity between amplitude and propagation distance suggests that the secondary mode
can grow without any bounds. This obviously unrealistic behavior is prohibited by
the perturbation condition Eq.(2.10). Once Eq.(2.10) is violated, this perturbation
solution is no longer valid. That is, conclusions can only be drawn up to a certain
propagation distance, which must be determined in the specific application.

For material’s characterization applications in NDE, internal resonance has several
important advantages. Firstly, the growing amplitude results in large displacements
after some propagation distance, making the signal-to-noise ratio better for measure-
ments. Secondly, the proportionality between amplitude and propagation distance
makes it straightforward to calculate the power flux from the primary wave, as the
slope in an amplitude-distance-diagram. And finally, after some distance, other modes
that are not in internal resonance, as discussed in the following section, may be dis-
regarded as small when compared to the mode in resonance, so they do not disturb
measurements of the resonant mode under consideration. In the following discussion
of non-resonant modes, the advantages to require internal resonance for practical

applications become even clearer.
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2.2.4 Non-Resonant Solution

The non-resonant solution represents the usual case. If k) # 2k the solution for the

respective secondary mode n is written as

ug) = % 1‘17(12) (y) <€2inz _ eim(2>z> e—2iwt7 (255)
Kd
according to Eq.(2.41), where

ra = k? — 2k (2.56)

is interpreted as the deviance from phase matching. Using complex algebra, Eq.(2.55)
can be rewritten as

2 n . ~ 7 1 K+K z2—2w
u® = = sin(3kq2) @ (y) e (5mtez-201). (2.57)
Rd

A few observations are noted. First, the maximum amplitude varies sinusoidally
with propagation distance. At distances z, where the sine term becomes zero, the
displacements are identically zero for all times. The distance between those points is
called the dispersion length and defined by

_27r

Ly, (2.58)

Kq
Also, the maximum amplitude is bounded by the term 2a, /kq. These features reveal
the infeasibility of these modes for experimental use.

If, however, kq is small, the solution behaves approximately like internal resonance.
That is, for some propagation distance the amplitude grows almost linearly. The
valid distance of this approximation can be assessed intuitively as one fourth of the
dispersion length, i.e.

1

L™ =—-1L,. 2.59
we = (2.59)

Thus, not only phase matching modes are of interest for application methods, but also
modes that deviate only slightly from exact phase matching. Figure 2.6 shows the
qualitative behavior of the second harmonic amplitude depending on phase matching.

An example of the application of this concept is given in Chapter 4.
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Figure 2.6: Qualitative Behavior of the Second Harmonic Amplitude
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CHAPTER III

CHARACTERIZATION OF MODES WITH INTERNAL
RESONANCE

Having shown in Section 2.2 that exact or approximate internal resonance is a de-
sirable feature for practical methods, the next step is to analyze the theory of Lamb
waves with respect to modes satisfying internal resonance. Apart from phase veloc-
ity matching and nonzero powerflux, which were stated as necessary conditions for
internal resonance already, the condition of group velocity matching will be required,
meaning that the primary and the secondary mode have the same group velocity. Fur-
thermore, using the existing theory of Lamb modes as summarized in Appendix A,
conclusions on the displacements at the surface can be drawn, which are critical as
to measurements of motions in the plate.

The following section introduces the concepts of phase velocity matching and
group velocity matching mentioned above in a more detailed way and shows pre-
liminary manipulations for subsequent sections, where different categories of modes
showing internal resonance are analyzed.

The calculus of this chapter is independent of the material’s properties and, there-
fore, employs a large number of analytical relations. In Section 3.2, summaries at the
end of each subsection present the results concisely. Also, Chapter 4 presents these
results applied for the example of an aluminum plate, which might be more useful for

the more practically oriented reader.
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3.1 Preliminary

3.1.1 Phase Velocity Matching

Nonzero power flux from the primary mode and phase velocity matching are the
conditions for internal resonance. The symmetry analysis in Section 2.2.2 shows that
nonzero power flux can be satisfied in general, if and only if the secondary mode is
symmetric. The major effort in this chapter, therefore, is to find modes satisfying

phase velocity matching. For further manipulations, the normalization

w=wh, k==krh, a=ah, [=_/h, (3.1)

is found to be useful. Note that @ is not dimensionless but has the unit of an angular

frequency-thickness product. Then, phase velocity matching is defined as follows.

Definition. (Phase Velocity Matching) Let X and Y be Lamb modes, c,u x the phase
velocity of X at frequency @ and cﬁwg/ the phase velocity of Y at frequency 2. Phase
velocity matching from X to Y is defined as the fact that cpnx = cfhw; By the
definition of the phase velocity in Eq.(2.22), this also implies, if X has the values R,

a and 3 at frequency @, then Y has the values

o) =20, R =2, a® =2a [ =23 (3.2)

at frequency 2w. The terminology ‘phase matching’ is equivalent to ‘phase velocity

matching’ in this work.
3.1.2 Group Velocity Matching

In practical applications, where signals are neither pure harmonics nor infinitely long
in time, as assumed by the solution presented in Chapter 2, the group velocity of the
signal plays an important role. Rose [22] states that the “group velocity is associated
with the propagation velocity of a group of waves of similar frequency,” and is defined
as

Cdw  dw

Cg

31



Achenbach [1] shows that the velocity of energy equals group velocity, meaning that
the speed of a finite “wave packet” is given by the group velocity, not by the phase
velocity. For finite signals in the time domain, it follows that signals at different group
velocities shift relative to each other with propagation distance. If the primary and
the secondary mode have different group velocities, the secondary mode generated at
the beginning and the primary mode separate locally, making the power flux from the
primary to the initial secondary mode zero. Thus, a bounded secondary wave arises,
whose amplitude does not show linear increase. Therefore, for practical applications,
in which only finite wave packets are used, group velocity matching is required. The

definition of group velocity matching follows.

Definition. (Group Velocity Matching) Let X and Y be Lamb modes, c, x the group
velocity of X at frequency @ and cf“{,) the group velocity of Y at frequency 2w. Group

(2w)
2 Y :

velocity matching from X to Y is defined as the fact that ¢, x = ¢,

The terminology

‘group matching’ s equivalent to ‘group velocity matching’ in this work.

While it is commonly agreed on that phase velocity matching is a necessary condi-
tion, the concept of group velocity matching is more controversial. Deng et al. [9], for
instance, deny group matching as a necessary condition, while Lee et al. [14] support
the argumentation given above. The analytical complexity to describe the influence of
the group velocity on time domain signals makes analytical arguments to prove one or
the other statement difficult. The physical interpretation given above suggests group
velocity matching at least as an adjuvant condition, if not necessary. The following
paragraphs show some preliminary analysis on group velocity.

There are different ways to express group velocity in terms of the variables w, £ and
¢ph- Note that according to Eq.(2.22), only two of these values are independent. First,
an expression in terms of @ and & is derived. By rewriting the frequency equation for

symmetric modes in Eq.(2.17) and for antisymmetric modes in Eq.(2.19), respectively,
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as

Doy (0, &) = cosasin 3 (k* — 3?)? + sinacos § 4afk* = 0 (3.4)

and

P osym (@, &) = sinacos § (k> — 3%)% + cosasin 8 4apk* = 0, (3.5)

the frequency equations are expressed as implicit functions of w and k. If @ is regarded

as w = w(k), the group velocity reads as

Doy /O Nigm
sym = — — pu— 3- 6
N T T 98 ym/00  Deym (3.6)

and
8<I>asym/a"% Nasym
Cgasym — — — = )
By 8(Dasym/aw Dasym

(3.7)

according to Eq.(3.3) and the rules of derivatives of implicit functions. By carrying

out these derivatives, one obtains

Ngym = cos @ cos 3 [@R(,zﬁ — 52?2+ 4@3253}
— sinasin 3 [B/?;(,zf — 5%+ 40725/?63]
+ sin & cos 3 [432,?;3 +4a%R — 807252/%]

— cos asin 3 8afr(R* — 3%), (3.8a)

Dayn = cosdicos § |a(@/e3) (R — B°)? + 46°R(2/ <}
_ sindsin 3 [5(@ J2)(R2 — B2)? + 462 BR(@ /cé'f)}
+ sin @& cos [4@2/%2(@/6%) + 4642/%2(@/6%)}

— cosasin 3 4ap(w/cr)(R* — B?), (3.8b)
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for symmetric modes and

Nasym = cos @ cos 3

1

BR(R? — B%)? + 4@2@%3}
—sinasin 3 [dfi(RZ — )7+ 4@52R3]
— sina cos 3 S@BR(RQ - 52)

+ cos asin 3 [462/%3 + 4a°R? — 8@252/%] , (3.9a)

D asym = €OS @ cos 3 [ﬂ_(d)/ci)(f{? — %)+ 4@23122(@/0%)}
_ sinasin [a(@ JE) (R — %) + 4a R (@ /ci)]
—sinacos 3 4ap(w/ck)(r* — 3%)
+ cosasin 3 [432@2(50/@3) + 4@2;;2(@/0%)], (3.9b)
for antisymmetric modes. Keep in mind that both & and 3 are functions of @ and &.
A description of the group velocity in terms of @ and cpy

depn\ 1
Cg = Cih (Cph — W d;)h> . (310)

is presented by Rose [22].

3.2 Matching Pairs

In this section, linear Lamb mode pairs satisfying phase matching, as the principal
condition, and group matching, as a subordinate condition, are presented and an-
alyzed. Due to the demonstrated nonexistence of antisymmetric secondary modes,
the focus is on symmetric modes at the double frequency. Each subsection about the
different types of modes provides general information and conditions, a proof of phase
velocity matching and group velocity matching, respectively, and an investigation of

the displacement field, especially at the surface.
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3.2.1 Crossing Points of Symmetric and Antisymmetric Modes

In the region ¢, > cr, it is possible for symmetric and antisymmetric modes to cross,
as will be shown. These distinctive points of crossing, called crossing points from now

on, have already found applications in experiments as for example in Deng et al. [9].
3.2.1.1 General Conditions

First, it is noted that both & and (3 are real and positive in the region Cph > . A
crossing point is characterized by the fact that both Egs.(3.4) and (3.5) need to be

satisfied simultaneously. By subtraction of Eq.(3.4) from Eq.(3.5) one obtains
(sinacos 3 — cosasin B) ((R* — 3%)* — 4apr*) = 0. (3.11)

Solving for

(R* — B*)* —4apBr* =0 (3.12)

reduces to the solution of the Rayleigh equation (see Graff [10] for reference), which

is not the solution sought after. Hence, from Eq.(3.11)
sin @ cos 3 — cos @sin 3 = sin(a — 3) =0 (3.13)

or

a—pB=nr, neEN (3.14)
is inferred. Substituting this condition into Eq.(3.4)
cos(nm + ) sin 3 (k* — $%)* + sin(nm + () cos 3 4apk* = 0 (3.15)

yields
cos Bsin 3 (kK — B%)? + sin B cos B 4aBk* = 0, (3.16)

hence one concludes

B=nr/2, necNt (3.17)
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Recalling Eq.(3.14), it is proved that at a crossing point either case I

B=ngm, a=mngm, ngn,ecN" (3.18)

or case I1I

6= —(2”"2_1)7r, a= —(2”a;1)”, ng,ne € N* (3.19)

must hold. Eq.(3.18) is referred to as case I and Eq.(3.19) as case II. Note that
ng > N by the definition of @ and 3. Using Eq.(2.21), these conditions allow for the
computation of the corresponding frequencies as

n
2

W= — 2 CrLCtT, (320)

L, — Cp

where n = n3 — n?, for case I, and n = ng(ng — 1) — na(ne — 1) for case II.
3.2.1.2  Phase Velocity Matching

Assuming that (&, k) is a crossing point, Eq.(3.18) or Eq.(3.19) must hold. In the

case of phase matching, it is concluded for both cases with Eq.(3.2) that
B = qgm, @) =figw, A, M, € N, (3.21)

at frequency 2w. For case I, ng, i, are even, and odd for case II. This fulfills Eq.(3.18)
and it follows that (@), &(*?)) is a crossing point of case I, which matches phase
velocity with the point (&, &). By the definition of a crossing point, it is obvious that
there is phase velocity matching from the symmetric as well as from the antisymmetric

mode to both the symmetric and antisymmetric mode at the double frequency.
3.2.1.3  Group Velocity Matching

To calculate the group velocities, the results from Eqgs.(3.6) to (3.9) are recalled. For

case I, using Eq.(3.18) the group velocity takes the form

¥ R(R? = 52)° + 45°F
g,sym (—/ %>(R Bi) + 462/?62(@/0%)7 (322)
A _ /23( _ﬁ ) + 4a°%R3
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while for case II, using Eq.(3.19) one arrives at

- R(R? — 3?)? + 4a%R®
Cosym = =73 = 1022 (o) (3.24)
(@/c)(R? = 52)? + 4R (&/c1)
k(R? — B%)% + 45%R®
Casym = 7= = PR ) (3.25)
(w/c)(R? = 52)* + 40°R*(w/ i)
Note that cg sym = cgasym and cg sym = gasym hold.

Regarding the crossing point at the double frequency, it was stated already that
it can be only of case I. Further, as phase matching is shown, applying Eq.(3.2) to

the group velocities in Eqgs.(3.22) and (3.23), the factors of two cancel and it is shown

that
Csym = Cays (3.26)
I _ L(2w
Cg,asym _ Cg,(asyzn' (327)

From the statements above, the following conclusions are made:

e If the crossing point (w, k) is case I, there is group velocity matching from the

symmetric mode at (@, &) to the symmetric mode at (2w, 28), i.e. ¢j o = c{gj(fyﬂ,
as well as from the antisymmetric mode at (v, k) to the antisymmetric mode

_ 1 _ L(2w)
at (20, 25K), i.e. Cgaqm = Cgasym-

e If the crossing point (w, &) is case II, there is group velocity matching from the

11

symmetric mode at (@, %) to the antisymmetric mode at (2w, 25), i.e. cg o =

clg 22;“;211, as well as from the antisymmetric mode at (w, &) to the symmetric mode

N 11 I,(2w)
at (20, 2K), i.e. Cgaqm = Csym-

Table 3.1 shows each possible combination along with the results about the displace-

ments at the surface presented in the following subsection.
3.2.1.4 Displacements at the Surface

Looking at case I crossing points, the displacements at the surface follow by substi-

tution of Eq.(3.18) into Eqs.(2.18) and (2.20), setting y = h. For symmetric modes,
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one obtains

iy (h) =0, (3.28a)
il(h) = Dhj - ’;"2 a 52 cos 3, (3.28b)

where the frequency equation Eq.(2.17) is applied to simplify the expression. The

displacements at the surface for the antisymmetric modes take the form

=2 | 32 7
iy (h) = iCh = cos g, (3.29a)
it (h) =0, (3.29b)

where the frequency equation Eq.(2.19) is used.

Regarding case II crossing points, Eq.(3.19) and (2.17) to (2.20) yield

iy (h) = iDh & ﬁ ” sin 3, (3.30a)

i (h) =0 (3.30b)
for symmetric modes, and

i, (h) =0, (3.31a)

(k) = —Chi % R+ gz sin 3 (3.31b)

for antisymmetric modes.
3.2.1.5  Summary

Table 3.1 summarizes the results obtained in this section. Two observations deserve
special mention. First, only the first two entries in Table 3.1 satisfy all the conditions
required for practical applications. The other entries have either an antisymmet-
ric secondary mode making the power flux from the primary wave zero, or do not
match group velocity. Secondly, for all the relevant pairs, the normal displacements
at the surface are identically zero, which displays a disadvantage for experiments
where transducers excite and measure mainly out-of-plane displacements or particle

velocities at the surface.

38



Table 3.1: Phase Matching Pairs at Crossing Points

FROM MODE AT w TO MODE AT 2w Group-
Sym. Case dy(h) a,(h) | Sym. Case ,(h) u.(h) | match
sym I 0 #0 | sym I 0 #0 yes
asym  II 0 #0 | sym I 0 #0 yes
sym II #0 0 sym I 0 #0 no
asym I #0 0 sym I 0 #0 no
asym | #0 0 asym | #0 0 yes
sym II #0 0 asym I #0 0 yes
asym I 0 #0 | asym I #0 0 no
sym I 0 #0 | asym I #0 0 no

3.2.2 Symmetric Modes at the Longitudinal Velocity

An investigation of symmetric Lamb modes at the longitudinal phase velocity ¢, with
regard to normal displacement at the free surface and group velocity was presented by
Pilarski et al. [18]. They provide frequency-thickness products, where phase velocity
equals longitudinal velocity. Then, they prove that the normal displacement at the
surface vanishes and that all modes have the same group velocity at these frequencies,
where the group velocity depends only on the linear material properties. In this
section, these results are summarized and related to the concepts of phase matching

and group matching as defined in Section 3.1.

3.2.2.1 General Conditions
From the condition ¢, = ¢, and Eq.(2.21), it is inferred that
a=0, (3.32)
and with the frequency equation for symmetric modes Eq.(3.4)
f=nm, neN' (3.33)

follows. These are the two equations characterizing all the points in the dispersion

curve where the phase velocity of symmetric modes equals the longitudinal velocity.
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The corresponding frequencies

p=—— T peNt (3.34)
1—(cr/cL)?

are obtained from Eq.(3.32), Eq.(3.33), and the basic relations between @, & and (3.

3.2.2.2  Phase Velocity Matching

Assuming phase matching, Eq.(3.2) yields
a®) =0 and B®*) =2nw, neNT, (3.35)

which satisfies Egs.(3.32) and (3.33). Thus, there is phase matching from each sym-
metric mode at frequencies described in Eq.(3.34) to another symmetric mode at

double frequency, both having longitudinal phase velocity.
3.2.2.3  Group Velocity Matching

Substitution of Egs.(3.32) and (3.33) into the relation for the group velocity Eq.(3.6)

results in

_ R(R? — 3%)% + 83%R°
= (@/c2)(R? — B2)% + 832R2(w/c3)’ (3.36)

where the limit sin(a@) ~ @ is used, since @ is very small. This is simplified as

2 (4 2 2 4
_ cLcq (e + 4ef ¢ — 4ey)
& 12cch — dcf e+ — 8,

(3.37)

and thus, depends only on the material’s properties. Consequently, the group ve-
locity is constant for all symmetric modes at the frequencies according to Eq.(3.34).
Furthermore, for each phase matching pair, group matching is fulfilled as well. Note
that Pilarski et al. [18] obtain another value for the group velocity. Confidence in the
value presented here is gained by comparison to numerical results from the software

Disperse [17].
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(3.38)

3.2.2.4 Displacements at the Surface
By looking at the displacement field in Eq.(2.18) it is seen immediately that

—2 | 732
—+ _
ﬁ_ cos (3,

i.e. the normal displacement is zero at the surface. Using the frequency Eq.(2.17),
the in-plane displacement at the surface becomes
s

which is nonzero.
3.2.2.5  Summary

In summary, each symmetric mode at the longitudinal phase velocity shows phase

and group matching with another symmetric mode at the double frequency. The

respective frequencies and the common group velocity are given above. As in Sec-
tion 3.2.1 for crossing points, the out-of-plane displacement at the surface is zero,

while the in-plane displacement at the surface is nonzero. The lowest pair (S1,52)

has been used by Bermes et al. [3] and Pruell et al. [19].

3.2.3 Nonzero Order Modes at Cutoff Frequencies
Graff [10] provides a concise introduction on cutoff frequencies, which are obtained

for the low wave number limit £ — 0. Besides presenting the basic conditions that

result naturally from the linear theory, this section relates the results to phase and

group matching.
3.2.3.1 General Conditions

In the low wave number limit £ — 0,
“ B — (3.40)
cr
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hold, hence

acy, — fer
follows. For & — 0, the frequency equations Eqgs.(3.4) and (3.5) become

N w . W [w\*
Py (W, k) — cos — sin — (—) =0,
Cr, CcT Cct

and

o LW w /w4
@ psym (W, ) — sin — cos — (—) = 0.
CL Cr \Cr

(3.41)

(3.42)

(3.43)

The choice @ — 0 leads to the fundamental modes SO and A0. For the nonzero modes,

however, it is required that

case Sl: a— n €Nt or

case SII: B8 — n, n € NT,

for symmetric modes, or

case Al: a — n, n €Nt or

case AII: 8 — n € N*t,

(3.44)

(3.45)

(3.46)

(3.47)

for antisymmetric modes. From Eqgs.(3.40) and (3.44) to (3.47), the respective cutoff

frequencies are obtained as

(2n — D)7

case SI: w — TCL, n € N*,
case SII: w0 — nwer, n € NT,
case Al w — nwey, n € NT,
case AII: o — WCT, n € NT.

(3.48)
(3.49)
(3.50)

(3.51)

Depending on the ratio ¢, /cr, the cutoff frequencies can be similar for different modes.

However, it is assumed in this work that the cutoff frequencies of all modes are distinct.
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3.2.3.2  Phase Velocity Matching

To show phase matching for a case SI mode in the limit & — 0, the conditions Eq.(3.2)

are applied to Eq.(3.44). One obtains

al”) = (2n— 1)1 € case Al (3.52)

where the subindex indicates the type of the mode at frequency @w. This means that
there is phase matching from every case SI mode to the case Al mode at double

frequency. Similarly, the phase matching conditions for the other cases

Bl = onm € case SII, (3.53)
o_sz)) =2nm € case Al, (3.54)
BE) = (2n—1)r € case SII (3.55)

are obtained. In other words, in the limit & — 0 there is phase velocity matching
e from every case SI symmetric mode to a case Al antisymmetric mode,
e from every case SII symmetric mode to a case SII symmetric mode,
e from every case Al antisymmetric mode to a case Al antisymmetric mode,
e from every case AIl antisymmetric mode to a case SII symmetric mode.

Note that

Con — 00 (3.56)

as k — 0, and thus, phase matching in this limit case means that both phase velocities

of the mode pair approach infinity.
3.2.3.3  Group Velocity Matching

The group velocities for all the modes described above converge to zero, i.e.
¢, — 0, i=SILSIIAILAII (3.57)
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as k& — 0, which can be seen by Eqs.(3.6) and (3.7): Using the relations above, all the
terms in the nominator tend to zero, while there is always a term in the denominator
that does not vanish. Hence, each phase matching pair shows group matching with

group velocity tending to zero.
3.2.3.4  Displacements at the Surface

For the discussion on the displacements at the surface, it is noted that both @ and /3
have finite values, as is concluded by Eq.(3.41) and Eqs.(3.44) to (3.47).

As k — 0, Egs.(A.27) yield

iy (y) — —dasinal, (3.58a)

a.(y) — —2Bcos L, (3.58Db)

for the displacements of symmetric modes. For case SI according to Eq.(3.44), the

boundary condition Eq.(A.17b) requires D = 0, and thus,
aS'(h) — —2asina, (3.59a)
a'(h) — 0, (3.59h)

with & — (2n—1)m/2. For case SII on the other hand, Eqs.(3.45) and (A.17¢) require

A =0, resulting in

aM(h) — 0, (3.60a)

)

@ (h) — =23 cos B, (3.60b)

z

with 3 — nr.

Using Eqs.(A.30), the displacement field for antisymmetric modes reduces to

iy, (y) — Bacosal, (3.61a)

i, (y) — $Bsin BL. (3.61Db)
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Specifically, Eq.(3.46) for case Al and Eq.(A.17b) yield C' =0, or

ﬁﬁl(h) — Bacosa, (3.62a)

@ (h) — 0 (3.62D)
with & — nm, while Eqgs.(3.47) and (A.17¢) require B = 0, and thus,

i, " (h) — 0 (3.63a)

atM(h) — £3sin B, (3.63D)

for case AIl modes, where 3 — (2n — 1)7/2.
3.2.3.5 Summary

Table 3.2 shows all possible combinations with their displacements at the surface.
Again, only symmetric modes at double frequencies are useful for second harmonic
generation, i.e. the first two entries in the table. One observes that the out-of-plane
displacement at the surface for these modes is zero, while the in-plane component is
nonzero.

For k = 0, the group velocity is zero, meaning that no energy is carried and the
wave does not propagate. For that reason, these modes are practically relevant only
in the approximation where & is small but nonzero. Then, phase matching holds
approximately, and the group velocity and the normal displacement at the surface

are small but nonzero.

Table 3.2: Phase Matching Pairs at Cutoff Frequencies

FROM MODE AT w TO MODE AT 2w

Case a, (3 ty(h) u.(h) | Case a, 3 ty(h) u.(h)
SII B =nn 0 #0 | SII B =2nm 0 # 0
All B=02n—-1)7r/2 0 #£0 | S B=02n—-1)7 0 #0
SI. a=02n-1)7m/2 #0 0 Al a=2n—-1)m #0 0
Al a =nm #0 0 Al a =2nm #0 0
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3.2.4 Nonzero Order Modes with High Wave Number

For high wave numbers, i.e. kK — 00, nonzero order modes show nondispersive be-
havior. It will be shown that both the phase and the group velocity converge to the
shear wave speed cr for all nonzero order modes, and thus satisfy approximately the

matching conditions when both wave number and frequency become large.
3.2.4.1 General Conditions

In this section, the region cp < ¢, < ¢y, is considered. It follows that & = &'i, where
o2
a =\ [R? — (—) : (3.64)

and thus, the frequency equations read as

_ c N B 2 ? —/ o) @,B
Py (w, k) =sinf |1 — <%> — 4tanh &' cos 3 = = 0 (3.65)
and
_ B2 2 _a
@y (@, F) = cos [1 — (:) } +4cotha'sin3 —- = 0. (3.66)
K K
In the high wave number limit K — oo, requiring
B —nm, neNt (3.67)

satisfies Eq.(3.65) for symmetric modes. Similarly, Eq.(3.66) for antisymmetric modes

holds for
_ 2n —1
3 - WT)W n € N*. (3.68)
In these cases, since
3 2
b (@) 10, (3.69)
K cT
one concludes
Cph — CT, (3.70)
and
2
a'=Fy/1— <@> — Ry — 00, (3.71)
CL



where
2
y=4/1— (C—T) . (3.72)
CL
That is, the phase velocity of all the nonzero order modes converges to the shear

velocity for K — oo. Furthermore, since
W — ek — 00, (3.73)

frequency increases with wave number. As to the fundamental modes, it will be shown
in Section 3.2.5 that they converge to the Rayleigh wave speed for high frequencies

and wave numbers.
3.2.4.2  Phase Velocity Matching

Since all the nonzero order modes converge to the same phase velocity, there is phase
matching from each to every nonzero order mode in the high wave number limit £ —
oo. For a large but finite wave number, there are mode pairs satisfying approximate
phase matching. The number of matching pairs depends on the wave number and

the approximation tolerance that is applied.
3.2.4.3  Group Velocity Matching

Application of the limits obtained in Section 3.2.4.1 on the expressions for the group

velocities Eqgs.(3.6) and (3.7) yields
2
cosh &' yk? (RQ - (mr)2>
Cgsym —7 5 —CT (3.74)
cosh d’y% <R2 - (n7r)2>

for symmetric modes, and

— 2 — CT (3.75)

. — r2 [ = 2n—1)7\ 2 2
smha”yg (Hz — (%) >

sinh @ &2 (RZ _ ((2n—1)7r) 2) 2

Cg,asym

for antisymmetric modes, i.e. the group velocities of all the nonzero order modes

converge to the shear velocity. Thus, group matching from each to every nonzero
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order mode is concluded for the limit K — oo. Again, for a large and finite wave

number, group matching holds approximately.
3.2.4.4  Displacements at the Surface

For the subsequent investigation of the displacements, the limits

@ — 1 (gﬂ SR (3.76)
and B _
(7 gﬁ):%’%[l—(gﬂ _é (3.77)

will be helpful. Another limit for symmetric modes is obtained using the frequency

equation Eq.(3.65) and the limits presented in Section 3.2.4.1,
_ap

K

Rsin 3 — 4tanh &' cos
— 4yBcos B < o0, (3.78)

which is used to calculate the displacements at the surface from Eqs.(2.18) as follows:

@Y™ (h) — iDh(—%Fsin § + Fsin 3)
= %’iDhR sin 3
— 2iDhyB cos B < o0, (3.79a)
a>™(h) — —Dh(—% cotha' &sin 8+ 3 cos 3)

— —Dh(—2Bcotha&’ + (3) cos 3

— DhfBcos 3 < <. (3.79b)

Note that tanh(.) and coth(.) converge to 1 as the argument becomes large.
Eqgs.(3.79) indicate that the displacements at the surface are nonzero. Yet, if for
example the depth y* = h/(2n) is considered, one term in the normal displacement

of Eqgs.(2.18) approaches infinity, since

ksin(By*/h) — REsin(n/2) = k — oo. (3.80)
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In order to interprete this correctly, it is noted that the displacements in Eqs.(2.18)
and (2.20) are of a relative nature. This means that as long as D and C' are not
specified, these terms express only the shape of the displacement field. The absolute
magnitude is defined by D or C, respectively, which is determined physically by the
external excitation of the mode. In the case above, this means that D has to approach
zero in order to obtain a physically reasonable, finite displacement field. Thus, the
out-of-plane displacement at the surface u,(h) becomes infinitesimally small compared

to the displacement w,(h/(2n)), and

@™ (h) — 0. (3.81)

Y

For the in-plane displacement u,(y), there is no depth y to make any term unbounded,
so that

a?™(y) — 0, forally (3.82)

follows, i.e. the wave tends to become a pure shear wave as kK — oo, propagating with
shear wave speed.

Regarding antisymmetric modes, Eqgs.(3.66) and (3.68) yield the limit

_a'p

K

kcos 3 — —4coth &’ sin

— —47fBsin 3 < oo, (3.83)
which is used to calculate the displacements of Eqs.(2.20) at the surface

™™ (h) — iCh(—3F cos 3 + K cos 3)

= %z’ChFc cos 3
— —2iChyfBsin 3 < oo, (3.84a)
@™ (h) — Ch( tanh &' cos 3 + Fsin 3)
— Ch(—2Btanha + 3)sin 3

— —ChfB3sin 8 < oo. (3.84Db)
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If the middle layer y* = 0 is considered in Egs.(2.20), the normal displacement tends
to infinity, because

i cos(By* /h) — R cos(0) = k — oo, (3.85)

while there is no y that makes the in-plane displacement unbounded. Hence, with

the same argumentation as above,

@™ (h) — 0. (3.86)

Y

and

¥ (y) — 0, for all y. (3.87)

z

Thus, as k — 00, both symmetric and antisymmetric modes tend to become pure

shear waves at the shear velocity with zero normal displacement at the surface.
3.2.4.5 Summary

As kK — oo in the region cr < cpn < cr, it is shown that all nonzero order modes
approach the shear velocity cr in both phase and group velocity, whence phase and
group matching is concluded from each to every mode in the high wave number
limit. Furthermore, the out-of-plane displacement at the surface and the in-plane
displacement over the whole cross section converge to zero, so that motion becomes
pure shear.

In a practical view, the results may be applied approximately, i.e. as k being
large but not infinity. Then, dependent on the wave number and the approximation

tolerance applied, the results hold up to a certain number of modes.

3.2.5 Fundamental Modes with High Wave Number
(Quasi-Rayleigh Surface Wave)

In the region cpn < er < ¢, for K — o0, the wave length becomes very small compared
to the thickness of the plate, so that the fundamental modes take the form of a

Rayleigh surface wave, whose characteristics are presented for example in Graff [10].
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3.2.5.1 (General Conditions

The condition ¢, < cr implies that @ and 3 are complex and written as & = ia’ and

B =i, where @ as in Eq.(3.64) and
_ 2
B =[R2 - (i) . (3.88)
The frequency Egs.(3.4) and (3.5) then reduce to the Rayleigh wave equation
(R* + 3%)? — 48/ fR* = 0, (3.89)
whose solution is the Rayleigh wave speed cg with the property cg < cr. Hence, the
limits
2
) s Ry — 00, (3.90)
2
> — Ryg — 00 (3.91)
are concluded, where
2
Yo = - <C_R> ) (392)
CL,
CRr 2
v = /1 — (-) . (3.93)
cr
The term quasi-Rayleigh wave is used for these kind of modes because in the high
wave number and frequency limit, these Lamb modes behave approximately like a
Rayleigh wave. As the wave length becomes much smaller than the plate thickness,
the plate appears to be an infinite half space for the propagating wave as in the
Rayleigh surface wave problem. The additional term quasi indicates that not the

original Rayleigh wave — as defined for an infinite half space — is meant, but the

Lamb modes that behave like a Rayleigh wave in the high frequency domain.

3.2.5.2  Phase Velocity Matching

Since the fundamental modes SO and A0 converge to the Rayleigh wave speed in the

high wave number limit K — oo, there is phase matching from each fundamental mode
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to itself and to the other one. For a large but finite wave number, phase matching

holds approximately.
3.2.5.83  Group Velocity Matching
Due to the nondispersive behavior, group velocity equals phase velocity, i.e.
Cg — Cph — CR (3.94)

as can be inferred from Eq.(3.10). Hence, group matching for the fundamental modes

is concluded.
3.2.5.4  Displacements at the Surface

Substituting the limits obtained in Section 3.2.5.1 in the displacement fields Eqgs.(2.18)

and (2.20) results in

(1 +~2)sinh & _
s (y) = —[,’f(< 2;@3}1@, 5 sinho’/%—sinhﬁ’%) (3.95a)
5 DR (14 ~2)sinh 3 B =
)= 2 (DI oty peony)  (aomy

for the symmetric fundamental mode SO, and

R on( (1473)cosh B - _
uﬁo (y) = % (— ool cosha'# + cosh ﬁ'%) (3.96a)
_ L (L8 coshp s
a(y) = %( 2 iosh 5 sinh@'# — 5 sinh ﬂ’%) (3.96Db)

for the antisymmetric fundamental mode A0O. These equations show — according to
the theory of Rayleigh waves — that the energy is concentrated at the surface and that
displacements vanish exponentially with depth: As @ and 3’ become large, the sinh(.)
and cosh(.) terms grow with a faster exponential rate as y approaches h. In the very
limit &', 3" — oo, the displacement is concentrated entirely in an infinitesimally small

layer beneath the surface. At the surface, Eqgs.(3.95) and (3.96) take the form

@ (h) = L5 2 cosh 3 (3.97a)
G50 (h) = 125 20 gy (3.97b)



and

GA0(h) = —1CE 15 ol (3.982)
Y h 2 .
a20(h) = G5 B0 oh (3.98)

as cosh(.) — sinh(.) for large arguments.

3.2.5.5  Summary

In summary, for large wave numbers and frequencies, both the phase and the group

velocity of the fundamental modes SO and A0 converge to the Rayleigh surface wave

speed cr < cr.

Due to the nondispersive behavior phase and group matching is

concluded. The displacements at the surface are large compared to the ones in the

inner part of the plate, since energy is concentrated in a thin layer beneath the surface.

Herrmann et al. [11] and Shui et al. [23] use this mode in their experiments.
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CHAPTER IV

EVALUATION OF MATCHING PAIRS FOR AN
ALUMINUM PLATE

The statements concerning frequencies where phase and group matching can occur
— as provided in Chapter 3 — are general and can be applied to any homogeneous,
isotropic, elastic plate. The objective of this work, however, is not only to give pos-
sible excitation frequencies, but also to evaluate them with regard to practical issues
related to excitation and measurement. With the investigation of the displacements
at the surface in Chapter 3, a first step in this direction is made already. However,
other factors, most importantly the rate of second harmonic generation, have not
been addressed yet. Also, for some modes in Chapter 3, the wave number is assumed
to converge to zero or infinity, respectively, which is practically impossible. There-
fore, how to determine deviation tolerances from exact phase matching and how the
approximation influences the second harmonic wave, are questions of importance.

One of the most important factors, the rate of second harmonic generation, among
others, cannot be analyzed conveniently in a general framework. In order to obtain
comparable numbers and ratios, and descriptive plots of dispersion curves, the ma-
terial properties must be known. For this reason, the calculations in this chapter are
performed for an aluminum plate, whose material properties are given in Table 4.1.
The same procedure can be carried out easily for other materials as well. Even though
the absolute numbers may be different for different materials, a similar qualitative
behavior is expected.

The following section summarizes previously mentioned and newly introduced

factors that are critical as to the evaluation and comparison of modes and excitation
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Table 4.1: Material Properties of Aluminum. ) Disperse [17]. 2 Landau and
Lifshitz [13].

oo V) oLV ) e A D A2 B2 c2
2700 kg/m® 6320 m/s 3130 m/s 26.5 GPa 54.9 GPa -320 GPa -200 GPa -190 GPa

frequencies. Section 4.2 then evaluates the matching pairs found for the aluminum
plate up to a frequency-thickness-product of fdp.x = 20 MHz mm with regard to
these influencing factors. Pros and cons for each type of matching pair are given and

then compared to other types.

4.1 Influencing Factors

Displacements at the Surface. Measurements using wedge transducers mainly detect
the out-of-plane displacement at the surface since they are mostly liquid-coupled to
the structure. A large normal displacement at the surface is therefore advantageous.

For the investigation of displacements in this chapter, the normalization

= (4.1)

is introduced so that further calculations will be independent of the plate’s thickness.
As to crossing points and symmetric modes at the longitudinal phase velocity, it is
shown in Sections 3.2.1 and 3.2.2 that only the in-plane displacement at the surface is
nonzero. For the other three types, however, there is a nonzero normal displacement at
the surface since only approximations are considered. That is, while the derivations
in Chapter 3 are carried out for the wave number converging to zero or infinity,
this chapter deals with high finite or low nonzero wave numbers, which results in
small deviations from the theory presented before. In order to quantify the normal

displacement of a mode, the ratio

Ty = = (4.2)



is introduced, where

ﬁy,max - yé[nfafiih] |ay(y)| (43)

is the maximum normal displacement in the cross section of the plate. A high value
for r, indicates a high out-of-plane displacement at the surface, making excitation
and measurement of this mode easier.

Rate of Second Harmonic Generation. While the discussion above deals only with
the mode shape of the modes involved in second harmonic generation — either as
primary mode or as one of the secondary modes — the actual rate of second harmonic
generation is important with regard to the measurement of the second harmonic
mode: The stronger the secondary mode gets excited, the bigger are its amplitude
and signal-to-noise ratio. The amplitude ratio

A

2@ (4.4)
Al

rs =

quantifies the rate of second harmonic generation. fl(l) and 121(2) represent the ampli-
tude of the primary and secondary mode, respectively. Further explanations on how
the amplitude of a Lamb mode is defined, are given in Section 4.2. It is noted here
that r, normalizes the secondary amplitude by the squared amplitude of the primary
mode. This is due to the fact that the primary mode enters the calculation of the
secondary mode quadratically, as one can see in Eqs.(2.14) and Eqs.(2.37). Moreover,
in the theory of second harmonic bulk waves in an infinite medium, as for example
presented by Norris [16], rs is proportional to the nonlinear parameter B and the prop-
agation distance. While it is true for Lamb waves according to Eq.(2.41) that ry is
proportinal to the propagation distance if phase matching is satisfied, the dependency
on the nonlinear parameter has not been shown yet. Nevertheless, experiments such
as those by Bermes et al. [3] and Pruell et al. [19, 20] employ r; to show a correlation
between the material’s nonlinearity and the second harmonic amplitude.

Dispersion Length. For approximate phase matching pairs, the dispersion length
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L as defined in Eq.(2.58) determines those values of propagation distance for which
measurements are reasonable. As stated in Section 2.2.4, the useful propagation
distance is one fourth of the dispersion length where a linear increase of the amplitude

holds approximately. If the dispersion length is normalized as

- L
L=— 4.
=3 (1.5)

the normalized useful propagation length is obtained by

_ L s
L¥ = — = . 4.6
4 2|Rq| (4.6)
In the following section, L' is required to be at least
L' > 400, (4.7)

which means that measurements can be performed along a propagation distance that

is at least 200 times the plate thickness. Using this requirement and Eq.(4.6) yields
T
Ra| < ——= ~4-107° 4.8

for the allowed deviance from exact phase matching.

Symmetry of the Ezcitation Mode. A practical issue is proposed by the symmetry
of the excitation mode. As shown in Chapter 2, the secondary mode can only be
symmetric, so that only the symmetry of the primary mode can be selected by the
experimenter. By experience, the excitation of an antisymmetric mode turns out to
be easier than that of a symmetric mode. The reason for that is the y-symmetric
normal displacement field of antisymmetric modes as discussed in Section 2.1.2.1 on
the primary solution.

Isolated Ezcitation Mode. Also, for the excitation of a primary mode, the mode
should be isolated in the dispersion curve. That is, no other mode should have a
similar wave number at a similar frequency . Otherwise, that other mode is likely to

be excited as well, and thus, complicates the signals measured.
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Frequency. The excitation frequency should not be too high due to attenua-
tion and high requirements on measurements and signal processing. The maxi-
mum frequency-thickness-product fd for the primary mode assumed in this work
is fdmax = 20 MHz mm based on experience. Also, modes with higher frequency are
more difficult to excite.

Group Velocity. Depending on the situation, a high value for the group velocity
might be helpful. Signals with high group velocity will separate from signals with
lower group velocity and arrive earlier at the point of measurement, so that slower
waves cannot disturb the signal being measured. However, it is noted that this

requirement does not apply to all practical applications.

4.2 FEvaluation

In order to evaluate the mode types presented in Section 3.2 with regard to the factors
proposed above, two software tools are used. The program Disperse [17] provides
numerical dispersion curves for various wave propagation problems. The numerical
data for a stress free aluminum plate are exported from Disperse to Matlab and
analyzed there with regard to frequencies, phase velocity, group velocity, etc. Also, the
search for approximate matching pairs according to condition Eq.(4.8) is performed
with numerical results from Disperse.

Concerning the computation of the second harmonic amplitude, the term a,, for
the secondary mode n as in Eq.(2.43) needs to be obtained. Referring to the deriva-
tions in Section 2.1, it is observed that the computation requires derivatives as well
as integrations. In this work, the symbolic toolbox of Matlab is employed to per-
form these calculations analytically. Matlab offers a variety of symbolic operations
and possibilities to create new functions, which makes the computer-based symbolic
calculation convenient and comprehensible. Also, as opposed to numerical methods,

convergence issues need not to be addressed.
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The following sections present the results obtained for the five mode types from
Section 3.2. The dispersion curves in Figure 4.1 overview the points of phase velocity

and group velocity matching that are investigated in the following.
4.2.1 Crossing Points of Symmetric and Antisymmetric Modes

The investigation of matching pairs at crossing points, which are listed as ‘C’ in
Figure 4.1, for the frequency range up to fdmna.x = 20 MHz mm of the primary mode
results in the mode pairs that are presented in Table 4.2. The table itemizes the
reference tag, the mode pairs involved, the frequency-thickness product of the primary
mode, and the conditions on @ and 3 for the primary mode. The phase velocity
cph and the group velocity c,, respectively, are the same for both the primary and
the secondary mode as shown in Chapter 3. The group velocity ¢y of the mode at
the primary crossing point, which does not satisfy group velocity matching to the
secondary symmetric mode, is given as well. The latter mode is referred to as non-
matching mode.

Regarding the rate of second harmonic generation ry for exact phase matching,

Eq.(2.41) yields

_(2) =(2) 72
a(h) | etz (B)z| _|awu(h) | 2z 4.9
@y | @) | (@) 2w Y
where
_(2)
_ @@ (h) - 4.10
s (ﬁg1)(h))2 ( )

In words, the rate of second harmonic generation r, represents the slope of the ampli-
tude of the secondary in-plane displacement at the surface normalized by the primary
mode squared. The in-plane component at the surface is chosen for this definition
because the normal component vanishes at the surface as shown in Chapter 3, so that

the in-plane component displays the only measurable quantity.
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phase velocity ¢p, in m/ms

group velocity ¢, in m/ms

Figure 4.1: Dispersion Curves for an Aluminum Plate with Matching Pairs:
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Table 4.2: Evaluation of Matching Pairs at Crossing Points. fd in Mhz - mm.

Ref.  Modes fd a, B cph [m/s]  cg [m/s]  cy [m/s] s

Cl A2-54 5.095 /2, 3m/2 8057 2000 3752 2.49
C2 A3-S6 8.825  w/2, 5m/2 6769 2943 4779 6.98
C3 S4—S8  10.190 m, 3w 8057 2000 3749 9.97
C4  A5—-S10 11.390 3w/2, Tw/2 11394 1086 2913 4.83
C5 A4—S8 12480 7/2, Tmw/2 6533 3220 5368 14.68
C6  S5—S10 13.950 w, 4w 7089 2622 4355 16.29
C7  A6—S12 15.290 37/2, 97/2 8057 1992 3750 22.43
C8 A5—S10 16.113  7/2, 97/2 6554 3337 5660 24.93
Cc9 S7—S14 16.510 2m, 5w 9824 1360 3230 13.25
Cl10  S6—S12 17.650 m, 5T 6769 2940 4784 27.91
Cl1 A8—S16 17.650 57/2, 117/2 14179 802 2475 7.70
Cl2 A7—S14 19.065 37/2, 117/2 7284 2462 4180 29.16
C13 A6—S12 19.734 7/2, 11xw/2 6403 3398 5848 37.74

Analyzing the results of Table 4.2 with regard to the factors mentioned in Sec-
tion 4.1 reveals the following features of modes at crossing points. The major advan-
tage of crossing points is marked by the fact that a variety of antisymmetric primary
modes can be selected, first of all C1 with the lowest frequency. Even though the
rate of second harmonic generation appears to be smaller for antisymmetric modes
compared to symmetric primary modes, the benefit from choosing an antisymmetric
primary mode might outweigh this factor. Furthermore, the fact that exact phase
matching occurs at crossing points, removes any concerns about approximation tol-
erances on phase matching.

As will be seen later on, the absolute value of the rate of second harmonic gen-
eration is rather small compared to the other mode types, except the nonzero order
modes at high wave number. Also, zero out-of-plane displacement at the surface
presents a disadvantage as to measurements and excitation.

For low frequencies, crossing points are isolated very well as is seen in Figure 4.1.
Even though second harmonic generation seems to be higher for high frequencies, the
disadvantages of high frequencies stated in section 4.1 are likely to favor the choice of

low frequencies. As crossing points are distributed all over the frequency range, they
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offer the opportunity to investigate the dependency on frequency experimentally.
By the definition of a crossing point, both a symmetric and an antisymmetric
primary mode simultaneously get excited, only one of which matches group velocity
with the secondary mode. As seen in Table 4.2, the group velocity of the non-matching
mode is much bigger than that of the matching mode. This means that the undesired
non-matching mode propagates ahead of the matching mode pair. Since the non-
matching mode generates secondary components as well, the measured signal can be
disturbed by these waves. This problem might be moderated by exciting the mode
shape of the matching primary mode as precisely as possible, so that the amplitude
of the non-matching mode becomes small. This is complicated by the fact that the
non-matching mode has nonzero normal displacement at the surface. An in-plane
excitation approach might be needed, therefore, to excite only the matching primary

mode.
4.2.2 Symmetric Modes at the Longitudinal Velocity

Table 4.3 presents the quantitative results for symmetric modes at the longitudinal
phase velocity abbreviated with ‘L’ in Figure 4.1. The rate of second harmonic
generation is defined as in Eq.(4.10) because the normal displacement at the surface
is shown to be zero in this case as well.

Compared to crossing points at similar frequencies, these mode pairs allow a

Table 4.3: Evaluation of Matching Pairs at the Longitudinal Phase Velocity. fd in
Mhz - mm.

Ref.  Modes fd con (m/s] ¢ [m/s] 7y

L1 S1-—S2 3.603 6320 4326 3.76
L2 S2—54 7.206 6320 4326 15.05
L3 S3—S6  10.809 6320 4326  33.87
L4 S4—-S8 14.412 6320 4326  60.22
L5 S5—S10 18.015 6320 4326  94.09
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higher rate of second harmonic generation. Figure 4.2 compares the second harmonic
amplitude for the first two mode pairs of each type. It is pointed out that this
figure only expresses the rate of second harmonic generation, and does not allow for
any conclusions on the excitability of the primary wave. That is, for Figure 4.2,
it is assumed that all primary modes of the mode pairs C1, C2, L1, and L2 are
excited with the same in-plane displacement at the surface. Since modes at higher
frequencies are usually more difficult to excite, modes with lower frequencies might
be preferred, even though mode pairs with higher frequencies show larger second
harmonic generation. Or in other words, a high rate of second harmonic generation
is useless if the primary mode cannot be excited strongly enough, since the secondary
amplitude is proportional to the primary amplitude squared.

Regarding the other factors, the primary mode is well isolated in the dispersion
curve for lower frequencies. Moreover, L1 represents the matching pair with the lowest

frequency. A last advantage is presented by the comparably high group velocity of
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Figure 4.2: Second Harmonic Amplitude (s.h.a.) for Crossing Points and Symmetric
Modes at Longitudinal Velocity
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the modes involved.

Yet, two disadvantages stand out. First, only symmetric modes can be excited,
which might speak in favor for crossing points with an antisymmetric primary mode,
and secondly, the normal displacement at the surface vanishes as for crossing points.

Again, an in-plane excitation method might help to excite a strong primary mode.
4.2.3 Nonzero Order Modes at Cutoff Frequencies

For nonzero order modes at cutoff frequencies, which are tagged ‘O’ in Figure 4.1,
phase and group matching hold only approximately. For this reason, Table 4.4 shows
not only the phase and group velocity for the primary but also for the secondary
mode. The frequency of evaluation is chosen to be at one percent deviation from the
exact cutoff frequency, i.e.

fd=1.01 fdeyor- (4.11)

By analyzing all the modes at these frequencies, it is found that only three mode pairs
are close to condition Eq.(4.8), while only one mode pair, O1, satisfies the condition.
Due to the high rate of second harmonic generation, however, a smaller value for L
than required above might still be sufficient.

As the approximation for low but nonzero wave numbers is considered, the normal
displacement at the surface does not vanish identically as suggested by Chapter 3.
The rate of the normal displacements r, is given in Table 4.4 for the primary and the
secondary mode, respectively.

Also, the rate of second harmonic generation is derived in a slightly different way

than before. Since approximate phase matching holds, Eqs.(2.41) and (2.57) yield

an @7 (h) 2sin(Lkq2)

(@’ (h)*  ka

2
2 sin(3ha )

a, ay (h)
(@ (h))?
: (4.12)

/_i_d sin(%kd }%)

:7"8
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where
an ity (h)

(@ (h)*|

Note that the rate of second harmonic generation reads in terms of the normal dis-

s =

(4.13)

placement at the surface as opposed to the in-plane component above. Furthermore,

one observes that for small 7q z/h

_3 sin(

Ts %I_ﬁd %) = Tg— (414)
Rd

which shows that approximate phase matching results in an approximately linear
increase of the second harmonic amplitude over a long distance, if the deviation kq
from exact phase matching is small enough.

The critical observation in Table 4.4 is the big rate of second harmonic generation
for these modes. This is explained by the wave propagation of the partial waves com-
prising the Lamb mode. Since the wave number £ of the mode is small, the partial
waves propagate at an angle almost perpendicular to the plate’s surface, bouncing
back and forth between the surfaces at a sharp angle. In this way, the partial waves
pass a long distance in the material while proceeding only little in the propagation di-
rection. The long travel distance in the material leads then to a high second harmonic
generation due to nonlinearities.

Besides this big advantage, there are a couple of issues that need to be addressed.
Since the phase velocity and the wave number are very sensitive to changes in fre-

quency, the modes are highly dispersive, meaning that it will be hard to excite a mode

Table 4.4: Evaluation of Matching Pairs at Cutoff Frequencies. fd in Mhz - mm.
Velocities in m/s.

Ref.  Modes fd c&) cfh) cg) Cg) T L rz(,l) rz(f)

01 S3—-S6 6.323 23125 23135 480 482 261.10 1960 0.07 0.14
02 S6—S12 12.645 23136 23182 482 478 568.27 228 0.14 0.26
03 S9—S18 18.969 23154 23272 475 499 98999 60 0.20 0.38
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with specific frequency and wave number. Also, only symmetric primary modes show
sufficient approximation precision, and the ratios of normal displacements at the sur-
face rz(,l) and 7‘52) tend to be small, especially for the mode pair O1 with the lowest
frequency.

Low group velocity displays another remarkable feature of these modes. Depend-
ing on the application this might lead to problems as reflexions from the boundaries

of faster modes might influence measurements. On the other hand, this feature might

be used to obtain a signal that is well separated from other modes in the time domain.
4.2.4 Nonzero Order Modes with High Wave Number

Table 4.5 shows the evalution of nonzero order modes for high wave numbers, which
are abbreviated with ‘T” in Figure 4.1. It is found that no mode pair can satisfy
Eq.(4.8) for a primary frequency smaller than fd = 20 MHz mm. The two best
mode pairs in terms of a long dispersion length at frequency fd = 20 MHz mm are
presented, nevertheless, in order to evaluate them with regard to other factors. The
items in Table 4.5 are defined in the same way as those of Table 4.4 in Section 4.2.3.

In short, the only positive feature of these modes turns out to be the antisymmetry
of the primary mode of mode pair T1, which offers an advantage in the excitation
of the primary mode. For most of the other factors, however, these modes perform
worse than other mode pairs.

First, even at very high frequencies, the dispersion length is fairly small. For the

mode pair T'1 and a plate of thickness 1 mm, measurements are useful along a distance

Table 4.5: Evaluation of Matching Pairs for Nonzero Order Modes with High Wave
Number. fd in Mhz - mm. Velocities in m/s.

Ref. Modes fd célh) cl(fh) cg) c;(;) Ts L 7"51) 7’152)

T1 Al —S1 20.000 3144.0 3141.5 3111 3116 0.6684 494 0.16 0.14
T2 S1—S2 20.000 3186.3 3176.6 3056 3077 23354 13.0 0.29 0.28
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of about 5 cm from the source, for example. Besides the small normal displacement at
the surface, the rate of second harmonic generation remains small as well. Also, the
nonzero order modes are barely isolated from each other for high frequencies, which
makes the excitation of a single mode difficult. The group velocity at the shear wave

speed is neither particularly high nor low.
4.2.5 Quasi-Rayleigh Surface Wave

The quasi-Rayleigh wave, which is marked as ‘R’ in Figure 4.1, is evaluated at the
lowest frequency where the condition on |kq| in Eq.(4.8) is satisfied. All items of
Table 4.6 are defined in the same way as in the two sections on approximate matching
pairs above.

Table 4.6 reveals several advantages for quasi-Rayleigh waves. While all other
mode pairs have zero or near zero normal displacement at the surface, the quasi-
Rayleigh wave shows by far the largest normal displacement component at the sur-
face, making it much easier to excite and detect. Also, the rate of second harmonic
generation is exceeded only by modes at cutoff frequencies. Figure 4.3 compares
the rates of second harmonic generation for the approximate matching pairs O1, T1,
and R1 according to Eq.(4.12). Returning to the quasi-Rayleigh wave, the fact that
the quasi-Rayleigh wave is approximately nondispersive displays another advantage,
making the excitation less sensitive to shifts of the excitation frequency. Thus, there
is much freedom in the choice of the excitation frequency.

The major disadvantage is presented by the fact that quasi-Rayleigh waves are

Table 4.6: Evaluation of Matching Pairs for the Quasi-Rayleigh Wave. fd in Mhz -
mm. Velocities in m/s.

Ref. Modes fd cl(olh) cfh) cg) Cg) Ts L 7’3(/1) 7"152)

R1 SO0 — SO0 10.288 2921.3 2920.8 2917 2921 54.4327 400 0.91 0.91
R2 A0 — SO 10.264 2920.2 2920.8 2924 2921 54.2234 400 0.91 0.91
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Figure 4.3: Second Harmonic Amplitude (s.h.a.) for Approximate Matching Pairs
(01, T1, and R1)
basically surface waves, meaning that the energy is concentrated within a thin layer
with the thickness of one wavelength beneath the surface. Thus, with regard to
material’s characterization methods that are intended to evaluate properties of the
whole volume of a plate, the quasi-Rayleigh wave is useless. Applications of quasi-
Rayleigh waves are common, however, where the surface of the plate is of interest, as
for example in Herrmann et al. [11].

Rather low group velocity and the proximity to nonzero order modes in the disper-
sion curve are minor disadvantages. The discussion on the symmetry of the primary
mode is unessential as the symmetric and the antisymmetric primary mode com-

prise the quasi-Rayleigh wave together. In this context, it is noted that the theory
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presented here suggests that the secondary wave will differ in shape from the pri-
mary wave, since only symmetric second harmonic modes are generated according
to Chapter 2. This means that both surfaces of the plate have to show the same
normal displacement for the second harmonic wave, while for the primary wave, the
superposition of the symmetric and the antisymmetric fundamental mode can cancel

out the displacement at one surface.
4.2.6 Summary

The pros and cons for the different types of matching pairs, as presented above, are
listed in Table 4.7 for quick reference. It remains to summarize the most important
observations from the above evaluation.

First, all modes satisfying phase and group velocity matching show zero or small
normal displacement at the surface except the quasi-Rayleigh wave. The latter has
the crucial disadavantage of not being an actual Lamb mode since the quasi-Rayleigh
wave does not penetrate the whole plate but only the region beneath the surface.
As to the other modes, an in-plane excitation approach is suggested to increase the
excitation of the primary wave.

In terms of second harmonic generation, the modes at cutoff frequencies domi-
nate the other mode pair types. However, due to several disadvantages mentioned in
Table 4.7, the practicability of these modes needs to be investigated experimentally.
Besides quasi-Rayleigh waves, which could be useless for some material’s characteriza-
tion methods because of their surface wave character, crossing points and symmetric
waves at longitudinal velocity represent the set of modes to choose from. Crossing
points offer the advantage of allowing an antisymmetric mode as a primary mode,
while the excitation of the other, non-matching primary mode at the crossing point

might cause problems as discussed in Section 4.2.1. The nonzero order modes with
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high wave number appear to have no crucial advantage over other mode pairs, prob-

ably making them useless for practical applications.

70



Table 4.7: Pros and Cons of Matching Pairs

CROSSING PoinTs — C

+ antisymmetric primary wave pos-

sible

+ exact phase and group velocity

matching
+ low excitation frequency possible

— zero normal displacement at sur-
face

— rather low rate of second harmonic
generation

— excitation of non-matching primary
mode

SYMMETRIC MODES AT LONGITUDINAL VELOCITY — L

+ exact phase and group velocity

matching
+ high group velocity
+ low excitation frequency possible

MoODES AT CUTOFF FREQUENCIES — O

— zero normal displacement at sur-
face
— no antisymmetric primary mode

+ very high rate of second harmonic

generation

— approximate phase and group ve-
locity matching

— highly dispersive

— low normal displacement at the sur-
face

— very low group velocity

NONZERO ORDER MODES WITH HIGH WAVE NUMBER — T

+ antisymmetric primary wave pos-

sible
+ approximately non-dispersive

QUASI-RAYLEIGH SURFACE WAVE — R

— very low rate of second harmonic
generation

— low normal displacement at the sur-
face

— fairly short dispersion length even
for very high frequencies

— modes not well isolated

+ high normal displacement at the

surface

+ Good rate of second harmonic gen-

eration
+ approximately non-dispersive

— energy of the mode concentrated at
the surface
— high frequencies
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CHAPTER V

CONCLUSION

Recalling the objectives in Chapter 1, the solution of second harmonic Lamb wave
generation is derived in Section 2.1 following De Lima [5]. The major result is the
amplitude coefficient A, (z) for each secondary mode n in the modal expansion of
the secondary wave. It is concluded that a secondary mode shows internal resonance
if the power flux from the primary to the secondary mode is nonzero, and exact or
approximate phase velocity matching occurs. While internal resonance is favorable to
measurements due to the linear increase in the secondary amplitude, the nonresonant
solution proves to be unfeasible for applications in material’s characterization, because
the amplitudes of the second harmonic wave remain small in this case.

With regard to the symmetry properties it is shown in Section 2.2.2 that both
a symmetric and an antisymmetric primary mode have nonzero power flux to a sec-
ondary mode, but zero power flux to an antisymmetric secondary mode. This confirms
Deng’s statement [8] that the secondary wave is purely symmetric, and extends it to
the conclusion that the cross-modal generation from an antisymmetric primary to a
symmetric secondary mode is possible.

The above result is necessary as to the search for phase velocity matching pairs in
the dispersion curve of Lamb modes, as performed in Chapter 3. The analysis shows

that there are five types of modes that satisfy phase and group velocity matching:
1. Modes at crossing points
2. Symmetric modes at the longitudinal phase velocity

3. Nonzero order modes at cutoff frequencies

72



4. Nonzero order modes with high wave number
5. Fundamental modes with high wave number (quasi-Rayleigh Wave).

Each of these mode types is evaluated in Chapter 4 with regard to a strong measurable
second harmonic amplitude as summarized in Table 4.7. The investigation shows that
modes at cutoff frequencies display a very high second harmonic generation. Yet,
they suffer from several disadavantages, whose impact on real experiments needs to
be investigated in practice. Quasi-Rayleigh waves turn out to be most useful when
the plate’s surface is of interest. While nonzero order modes with high wave numbers
appear to be unfavorable in some respects, the pros and cons of modes at crossing
points and symmetric modes at the longitudinal velocity do not clearly allow for a
general conclusion as to which of these two mode types should be preferred. Instead,
the information provided in this work can be used to decide the answer to this choice
for a specific application.

As to limitations of the results presented in this work, it is pointed out that the
solution in Section 2.1 employs a perturbation method which requires the secondary
mode to be much smaller than the primary mode. If this condition is violated, the
perturbation solution does not hold. Moreover, the results presented in Chapter 4 are
evaluated for the example of an aluminum plate, so that only qualitative conclusions
for other materials are possible. Finally, it should be noted that the analysis applies
only to elastic, isotropic, and homogeneous plates. Most metals meet these conditions,

while composites, concrete or rock, for instance, do not.

“Knowing is not enough; we must apply.
Willing is not enough; we must do.”

J. W. VON GOETHE
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. describes in the most appropriate way which future work is needed and sug-
gested. As a first step, the results presented in this thesis should be confirmed ex-
perimentally. Especially, the modes at cutoff frequencies present a good opportunity
to achieve high second harmonic amplitudes. Also, results from crossing points and
symmetric modes at longitudinal velocity should be compared experimentally, since
the pros and cons cannot identify without doubt, which mode is to be preferred.

As a second step, the information provided should be used to improve existing
methods for material’s characterization and NDE by obtaining stronger signals for
the second harmonic amplitude.

Further theoretical work might be needed as to the influence of damage and fatigue
on the material’s properties, and consequently on the second harmonic amplitude.
Also, the extension to materials that do not satisfy homogeneity or isotropy might
be of interest for future applications. Concerning different geometries, De Lima’s
work [5] provides tools for cylindrical rods and shells, which could be investigated for
practical issues in a similar way. Also, a theory for plates with varying thickness or

for wave guides with surrounding materials could be of interest in the future.
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APPENDIX A

LINEAR PLATE THEORY

In this appendix, the solution for a linear plate is presented following Graff’s [10]
derivation. Waves propagate in the positive z-direction. Furthermore, plane strain is
assumed in x and the surface of the plate is stress free.

The linear, homogeneous equations of motion in displacement formulation

82
A+ 20)V(V 1) — uV x (V x u) = pa—:; (A1)
in combination with the stress free boundary conditions
Oy =0 (A.2a)
oyy =0 (A.2Db)
Oy, — 0 (AQC)

at the surface y = +h, is the linear boundary value problem to be solved. Lamé’s
constant A, the shear modulus p and the density p are constant material properties.
A common solution approach is the use of Helmholtz potentials. In terms of the

scalar potential ¢ and the vector potential ¥, the displacement field reads as

u=Vo+Vxp, (A.3)

where the divergence condition

V. =0 (A.4)

on v is required. The equation of motion Eq.(A.1) is then rewritten as two wave

5



equations

2, 109

V ¢ - C% 62,:27 <A5a>
24)y — i82_¢

Vi = = o (A.5b)

for the potentials, where

A+ 2p
Cy, = P (A6)
_ |E

the shear velocity in an unbounded medium. If the potentials are assumed to have

is the longitudinal velocity and

the form

o(y, z,t) = gzg(y) glrz—wt) (A.8a)

Y(y, 2, 1) = p(y) e, (A.8b)

where & is the wave number and w the angular frequency, solving for Eqs.(A.5) yields

8y, 2) = (A cos ay + Bsin ay) ¢ (A.92)
Ya(y, 2) = (Ccos By + Dsin By) "1 (A.9b)
Uy(y, 2) = (E cos By + Fsin By) "7, (A.9¢)
:(y, 2) = (G cos By + H sin By) =1, (A.9d)
where
a=+/(w/c)? =K B=+(w/or)? — K (A.10)

Writing the displacement field as

u(y, 2, t) = a(y) e, (A.11)

76



one obtains

U, = —FEikcos By — Fiksin fy — GBsin By + H 3 cos By, (A.12a)
u, = —Aasinay + Bacos ay + Cik cos By + Dik sin By, (A.12b)
U, = Aikcosay + Biksinay + CFsin By — D cos By (A.12¢)

by the use of Eq.(A.3). In order to get the stress field from the displacement field,
the constitutive relation

Oij = Aerrlij + 2pei; (A.13)

in index notation is employed, where the linear strain is defined by
Eij = % (ui,j + Uj,i) . <A14)
In this case, Eqs.(A.12) yield

Eze =0 (A.15a)
eyy = (a’(—Acosay — Bsinay)+

+ ikB(—C'sin By + D cos By)) eilrz=wt) (A.15b)
e.. = (kK*(—Acosay — Bsinay)+

+irB(Csin By — D cos By)) e’ (A.15¢)
Eyr = %(z’/{ﬁ(E sin By — F cos By)+

+ 3*(—G cos By — H sin By)) eilra=wt) (A.15d)

1
Eyz = 5 (2@'/-@04(—14 sin ay + B cos ay)+

+ (8% — ?)(C cos By + Dsin By)) e'"= =) (A.15¢)

for the strain components needed in the boundary conditions. The convergence con-

dition Eq.(A.4)

(—Efsin By + Ffcos By + Gir cos By + Hirsin fy) /") = (A.16)
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and the boundary conditions Eqs.(A.2)

Oye = 2MEy, =0 (A.17a)
O-Z/y = (/\ + 2#’)5313/ + A(gzx + 5zz) = 0 (Al?b)
Oy, = 2pey, =0 (A.17¢)

evaluated at the surface, yield eight independent equations for the unknown variables

A to G in Egs.(A.9). These equations can be simplified as

ik cos Bh Bcos Sh 0 0 0 0 0 0 G
32 cos 3h h cos Bh 0 0 0 0 0 0 F
0 0 —Bsin Bh ik sin Bh 0 0 0 0 E
0 0 —hsin Bh B2 sin Bh 0 0 0 0 H ([ _
0 0 0 0 —ccosah fcosBh 0 0 A 0’ <A18)
0 0 0 0 dsinah gsinBh 0 0 D
0 0 0 0 0 0 —gcos Bh dcosah C
0 0 0 0 0 0 fsinBh csinah B
where
c=(A+2u)a® + A%, d=2ika
f=2uxB, g=~r*>—p3* h=1ikB. (A.19)

For a non-trivial solution, the determinant of the matrix has to be zero. Note that
every two unknowns are decoupled by a two-by-two submatrix. Thus, setting to
zero the determinant of one submatrix and the unknwons which are not associated
with this submatrix, results in four different types of solutions, called mode types.
The condition on the respective submatrix will yield a frequency condition, also called
dispersion relation, for each mode type, while the ratio of the two associated unknowns

is given by Eq.(A.18). The results for the mode types are presented below.
o Symmetric SH modes (E, H # 0)

Frequency Equation

2
(w_h) — (nm)? + (kh)?, n=0,1,2,3,.. (A.20)
cr
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Displacement Field

U, = —Fikcos By + Hp cos By (A.21a)

iy =@, = 0 (A.21Db)

Simplified Displacement Field

u, = H il cos By (A.22a)
Uy =u, =0 (A.22D)
o Antisymmetric SH modes (G, F' # 0)

Frequency Equation
(i—f)Q = (M)Q + (kh)?, n=0,1,2,3,... (A.23)

Displacement Field
U, = —Firsin Sy — GG sin By (A.24a)
Uy = u, =0 (A.24D)

Simplified Displacement Field

t, = —G K —g g sin By (A.25a)
Uy =1u, =0 (A.25b)

o Symmetric Rayleigh-Lamb modes (A, D # 0)

Frequency Equation

2
o~ (Féa—ﬁ;)z‘ (4.26)

Displacement Field
U, =0 (A.27a)
o, = —Aasin oy + Dik sin By (A.27b)
U, = Aikcosay — D cos By (A.27¢c)
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Simplified Displacement Field

Uy =0
2 22\ & h
Uy = z'D(— G 2H§ir3 2126 sin ay + K sin By)
. k? — (3?) sin Bh
Z:—D<( 2asir?ah cosay—irﬁcosﬁy)

e Antisymmetric Rayleigh-Lamb modes (B, C # 0)

Frequency Equation

Displacement Field

tan Sh  (k* — (%)

tanah

U, =0

u, = Bacos ay + Cik cos By

U, = Biksinay + Cfsin [y

Simplified Displacement Field

Uy =0
_ (k? — B%) cos Sh
Uy = zC’<— Srcosah (S + K cos ﬁy)
2 932 h
ﬁZ:C((,i §7) cos 8 sinay—i—ﬁsinﬁy)
2accos ah
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(A.28a)
(A.28h)

(A.28¢)

(A.29)

(A.30a)
(A.30D)

(A.30c¢)

(A.31a)
(A.31b)

(A.31c)



APPENDIX B

SYMMETRY PROPERTIES OF FORCING TERMS

In order to investigate the symmetry properties of S in Eq.(2.14b), all terms are

analyzed as shown exemplarily in Section 2.2.2.
B.1 Symmetric Primary Wave
For a symmetric primary mode, one obtains the following terms in S:

e Entry i=j=2

Ouy Quy  Ouy Ou,  Ouy Ou,  Ou, du,  Ou, du,
da; Oa; Oy Oy 0z 0z dy 0Oy 0z 0z

= S%(y) + A (y) + A%(y) + S*(y) =

=Sy) +S(y) +Sy) +Sy) =S), (B.1a)
ouy, % _ Ouy du,  Ouydu, Ou,Ou, Ou,Ou,

day, Oa; dy Oy dy 0z 0z Oy 0z 0z
= S%(y) +S*(y) + S*(y) + S*(y) =

=S(y) +Sy) +Sy) +Sy) =SW), (B.1b)
Quy Oup  Ouy, du, n Ou,, Ou, n Ou, Ouy n Ou, Ou,
Oa; Oy, Oy Oy 0z 0Oy Jy 0z 0z 0z

=8 (y) + A(y) + A(y) + S*(y) =

=S(y) +Sy) +Sy) +Sy) =SW), (B.1c)
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Quy Quy  duy, duy, n du du,
dar Day Oy Oy 0z oy

= S*(y) + S*(y) = S(y) + S(y) = S(y),
Oug Quy,  Ouy, u, n Ouy Ou,
day Oay Oy Oy 0z Oy

= 8 (y) + A*(y) = S(y) + S(y) = S(y),
Ouy Quy  Quy duy N Oou, Ou,
dar Oa, Oy Oy 0z 0z

= 8%(y) + A%(y) = S(y) + S(y) = S(y),
OQuy Quy  Ouy, Ouy n Ou, Ou,
das day Oy Oy oy Oy

= S8%(y) + A%(y) = S(y) + S(y) = S(v).

e Entry i=j=3
Quy Ouz  Juy, du, . Ou, Qu,
day Oag Oy Oz 0z 0z

= S*(y) + S*(y) = S(y) + S(y) = S(v),
Ouz Quy,  Ou, Ouy, n Oou, Qu,
da, Oas Oy 0z Dz 0z
= A*(y) + S*(y) = S(y) + S(y) = S(y),
Ouz Quz  Qu, Ju, N ou, Ou,
da, Oar, Oy Oy 0z 0z
= A*(y) + S*(y) = S(y) + S(y) = S(v),
OQuy Quy  Ouy, Ouy n Ou, Ou,
das Das 0z 0z 9z 0z

= A%(y) + S*(y) = S(y) + S(y) = S(y),

plus Egs.(B.1a) to (B.1c) shown above.
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(B.1e)

(B.1f)

(B.2a)

(B.2b)

(B.2¢)

(B.2d)



e Entry i=2, j=3

Ouy, Oug _ Ou,, Ou,, n Ou, Ouy
day, Oas dy 0z 0z 0z

=S(y) - Aly) + S(y) - Aly) = Aly) + Aly) = Aly),
Ouy Quy,  Ouy, Ouy, n Ou,, Ou,
day, Oas Oy 0z 0z 0z

=S(y) - Aly) + Aly) - S(y) = Aly) + Ay) = A(y),
Ouy Ouz  Juy, du, n ou, Ou,
day, Oas Oy Oy 0z Oy

=S(y) - Aly) +S(y) - Aly) = Aly) + Aly) = Aly),
Ouz Quy  Ou, Ou,  Ou,Ou,

day Oa, Oy Oy 0z 0z

=Aly)-S(y) +S(y) - Aly) = Aly) + Aly) = Aly),
Ouy, Ouy,  Ouy Ou,  Ou, Ou,

das day, 0z Oy dz Jy

=A(y)-S(y) +S(y) - Aly) = Aly) + Aly) = Aly),
Ouz Ou  Ou,Ou,  Ou,Ou,

da day Oy dy Oz Oy
=A(y) - S(y) +S(y) - Aly) = Ay) + Aly) = A(y).

o Entry i=3, j=2

Oup Qug  Ouy du, n Ou, Ou,
day Oa, Oy Oy 0z 0z

=S(y) - Aly) + Ay) - S(y) = Aly) + Aly) = Aly),
Ouy, Quy,  Ouy, du, n ou, Ou,

day Dag Oy 0z oy 0z -
=S() - Aly) + Aly) - S(y) = Aly) + Ay) = A(y),

plus, Egs.(B.3a) to (B.3c) and Eq.(B.3f) shown above.
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(B.3a)

(B.3b)

(B.3c)

(B.3d)

(B.3e)

(B.3f)

(B.4a)

(B.4b)



B.2 Antisymmetric Primary Wave

For an antisymmetric primary mode, one obtains the following terms in S:

e Entry i=j=2

Ouy Quy  Ou, Ou,  Ou, du,  Ou, du, v ou, Ou,
da; da; Oy Oy 0z 0z Jy Oy 0z 0z

= A (y) + S*(y) + S*(y) + A*(y) =

=S(y) +S(y) +Sy) +S(y) =Sy), (B.5a)
ouy, % _ Ouy du,  Ouydu, Ou,Ou, Ou,Ou,

day, Oa; dy Oy dy 0z 0z Oy 0z 0z
= A(y) + A%(y) + A%(y) + A(y) =

=S(y) +S(y) +Sy) + S(y) = S(v), (B.5b)
OQuy Oup  Ouy, duy, n Ou, Ou,  Ou, Ou, n ou, Ou,
Oa; Oy, Oy Oy 0z 0Oy oy 0z 0z 0z

= Ay) + S*(y) + S*(y) + A(y) =

=S(y) +Sy) +Sy) +Sy) =SW), (B.5¢)

Ouy, Oug ~ Ouy Ouy,y, — Ou, Ouy,

da, Oay Oy Oy 0z Oy

= A%(y) + A%(y) = S(y) + S(y) = S(v), (B.5d)
OQuy Quy,  Juy, u, n Ouy, Ou,
day Oay Oy Oy 0z Oy

= A%(y) + S*(y) = S(y) + S(y) = S(y), (B.5¢)
(9u2 (9u2 . 8uy 6uy 8uy Buy .
day Oay, Oy Oy 0z 0z

= A(y) + S*(y) = S(y) + S(y) = S(y), (B.5f)
Ouy Quy  Ouy Ou,  Ou, du,
day Day Oy Oy oy dy

= A(y) + S*(y) = S(y) + S(y) = S(v). (B.5g)
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o Fntry i=j=3

Ouy Quz  Ouy, u, N u, Ou,
day Oag Oy Oz 0z 0z
= A%(y) + A%(y) = S(y) + S(y) = S(v), (B.6a)
Ouz Ouy,  Ou, Ouy N Ou, Ou,
day Oas Oy 0z 0z 0z
= S%(y) + A%(y) = S(y) + S(y) = S(y), (B.6b)
Ouz Quz  Qu, du, n Ou, Qu,
da, da, Oy Oy 0z 0z
= S*(y) + A%(y) = S(y) + S(y) = S(y), (B.6c)
Ouy, Ouy,  Ouy, du, n Ou. u,
das dag 0z 0z 0z 0z

= S8%(y) + A*(y) = S(y) + S(y) = S(v), (B.6d)

plus Egs.(B.5a) to (B.5¢) shown above.
e Entry i=2, j=3

da, Oag Oy 0z 0z 0z

=A(y) - S(y) + Aly) - S(y) = Aly) + Aly) = A(y), (B.7a)
Ouy Quy, ~ Ouy Ou,, ~ Ouy Ou,

day Oag Oy 0z 0z 0z

= A(y) - S(y) +S(y) - Aly) = Aly) + Aly) = A(y), (B.7b)
Ouy Quz  Ouy, Ou, N ou, Ou,
Oay, Oas oy 0y 0z 0Oy
= A(y) - S(y) + Aly) - S(y) = Aly) + Aly) = A(y), (B.7¢)
Ouz Quy  Ou, Ou,  Ou, Ouy
day Oa, dy 0Oy 0z 0z

=S(y) - Aly) + Aly) - S(y) = Aly) + Aly) = Aly), (B.7d)

Ouy Oug  Ouy Ouy n Ou, Ou,
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Ouy Ouy,  Ouy Ouy  Ou, Ou,

das Das 0z Oy 0z 0y

=S(y) - Aly) + Aly) - S(y) = Aly) + Aly) = Aly), (B.7e)
Ouz Quy  Ou, Ouy ~ Ou,Ou,

dap, Oas Oy Oy 0z 0y
=S) - Aly) + Aly) - S(y) = Aly) + Aly) = A(y)- (B.71)

o Entry i=3, j=2
Ouy Quz  Ouy Ou, n Ou, Ou,
da, Oa, Oy Oy 0z 0z

= A(y) - S(y) + S(y) - Aly) = A(y) + Ay) = A(y), (B.8a)
OQuy Quy  duy, Ouy, n Ou, Ou,
day Dag Oy 0z oy 0z

=A(y) - S(y) +S(y) - Aly) = Aly) + Aly) = Aly), (B.8b)

plus, Egs.(B.7a) to (B.7¢c) and Eq.(B.7f) shown above.
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