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SUMMARY

An investigation is made of an algebraic approach toward the
study of discrete-time time-varying linear systems. The approach is
based on a module structure over skew (noncommutative) polynomial
rings. The thesis first adopts a global-in-time representation
consisting of viewing the system coefficient matrices as elements of
an arbitrary difference ring of time functions. The concepts of
semilinear transformations and skew polynomial rings are then intro-
duced and 2 module structure emerges as a consequence of incorporating
the theory of noncommutative difference polynomials into the state
variable description. This algebraic structure is used to study
various properties of discrete-time time-varying linear systems and
is applied to control design problems. |In particular, via the con-

struction of a characteristic polynomial in the time-varying case,

new results on state-variable feedback and stabilization are given in
the single-input case. A new global-in-time duality theory, termed
T~duality, 1s introduced and is used in the construction of asymptotic
state estimators and regulators in the single-variable case. Finally,
a generalization of the above constructions and results to the multi-

variable case is given.



CHAPTER |

INTRODUCT | ON

1.1 Brief Historical Sketch

During the sixties an algebraic theory for linear constant
discrete-time systems was established by Kalman [11]) using a k[z]-
module description where k[z] Is the ring of polynomials in the inde-
terminate z over an arbitrary commutative field K. Two important
avenues were since followed in connection with this approach., The
first has relaxed the requirement that the system's elements be chosen
from the field k; this resulted in the study of linear dynamical sys-
tems over various rings of scalars. |In particular, Rouchaleau, Wyman,
and Kalman [25,26,27] have studled the realizatlon problem for linear
systems over Noetherian domains, integrally closed and unique factori-
zation domains, and principal ideal domains. Recently, Johnston [9]
has given a general formulation for discrete-time linear time-invariant
systems over an arbitrary ring with identity, extending some of
Rouchaleau's results. The second avenue has studied the effects of
replacing the operator ring k[z] by some other rings of operators;
for infinite dimensional continuous-time constant systems Kamen [16]
provided an algebraic representation in terms of modules over convolu-
tion algebras of Schwartz distributions; he also developed an algebraic
theory for linear hereditary systems, including delay-differential

systems [15], in terms of Noetherian operator rings (see also the



papers by Morse [20] and Sontag [31]).

In the time-varying case, a new algebraic approach to discrete-
time, linear, time-varying systems was developed very recently by
Kamen {17] using skew (noncommutative)} polynomial rings and a global-
in-time representation specified in terms of a varfable time-reference.
Although noncommutative polynomials (mainly differential polynomials)
appear in the engineering literature [21,36], it seems that the first
serious attempt to apply this algebraic structure to the state space

setting was made by Kamen [17].

1.2 The Problem: Goals and Objectives

Much of the work done in system theory has dealt with constant
systems, as they are much easier to study in general than nenconstant
systems. Most real systems are, however, time-varying and In recent
years there has been an increasing interest in such systems as adap-
tive control systems, biological systems with time delays, integrated
circuits with time-varying components, communication systems with time-
varying channels, etc. At present, a complete theory for the study
of linear time-varying systems is not available, although there exists
a fairly well-developed state space theory based on the pointwise-in-time
representation; that is, at every instant of time the system dynamics
are given in terms of linear transformations between vector spaces over
a field of scalars (usually the realsR}. 1In this setup, the condi-
tions and the operations involved are given and carried out at every
point in time. For example, many deep results in control [34] are
based on uniform controllability which requires that the rank of the

controllability matrix [29] be the same as the dimension of the given



system at every point of a given interval. However, the 'pointwise
approach' is usually elther tailored for restricted classes of time-
varying systems such as those with slowly-varying coefficients [23,24]
or Is cumbersome from a computational standpoint since separate calcu-
lations must usually be performed at every instant of time [34,35].

On the other hand, one can also view systems globally-in-time,
that is, the elements of the system coefficient matrices are elements
of a certain ring of time functions. Criteria and operations can then
be given in terms of the naturally assocliated module setup. For
example, the uniform controllability condition then becomes a genera-
tion condition on the columns of the controllability matrix when
viewed over the underlying ring of time funcfions. This viewpoint was
adopted in [19] as a basis of study for certain classes of continuous-
time, time-varying, linear systems,

The present work is devoted to the development of an algebraic
theory for discrete-time, linear, time~varyijng systems that permits a
global treatment of the system's structure and dynamical behavior. A
major goal is to achieve more effective procedures for the study of
system structure and properties, and to obtain a clearer or more com-
plete picture of what the fundamental issues are, as opposed to the
technical details. From an application viewpoint, the goal is to make
effective use of (global-time) algebraic operations that are well
suited for machine processing. For example, there is a good deal of
motivation for constructing a system theory in terms of the ring of
polynomials in time R[k], as operations within this structure are

easily programmable.



1.3 Methodology

Our algebraic theory is based on a noncommutative structure con-
sisting of a module framework whose ring of operators is noncommutative.
More specifically, we shall incorporate the theory of noncommutative
difference polynomials into a state variable description resulting in
a new structure theory. The noncommutativity stems from the differ-
ence operator not commuting with the time functions in the polynomial

ring structure.

1.4 Outline of Thesis

This thesis first places the proper class of systems under inves-
tigation into the proposed algebralc framework, and then proceeds by
developing the structural properties of this setting.

Chapter Il presents a global-in-time representation which will
be the primary object of investigation and gives some specific examples
of the rings of time functions which can be considered.

Chapter |1} develops a new algebraic framework which evolves
naturally from the global-In-time representation presented in Chapter
il. The contributions here include a new characterization of time-
varying systems in terms of semilinear transformations, new results on
difference equations developed via a skew polynomial structure, and a
new adjoint construction which is central to the structure of ''cyclic
system,"

Chapter 1V exploits the algebraic properties of the framework.
The contributions of this chapter consist of the introduction of the

n-cyclicity concept and its relation to control cancnical forms, the



construction of a characteristic polynomial in the time-varying case
and its system-theoretic interpretation, and results on state-variable
feedback and stabilization, in the single-input case.

Chapter V introduces a new T-duality theory and investigates its
relations to the existence of asymptotic state estimators and to the
construction of regulators in the single-variable case. The main con-
tributions here are the T-duality theory itself, the relation of this
latter to the "T-adjoint' operation defined in Chapter 1ll, and the
constructions of asymptotic estimators and regulators.

Chapter V| generalizes the results of the preceding chapters to
the multivariable case. The contribution here is a generalization of
the usual technigque used in the constant case tc reduce the multivaria-
ble case to the single-variable one.

Finally, Chapter Vil gives a brief discussion of the results and

a summary of the thesis,



CHAPTER (1
SYSTEM DESCRIPTION

This chapter reviews the conventional system definition and intro-
duces a global-in-time representation which will form the primary object

of investigation of the present work.

2.1 Pointwise-in-time Representation

Following [31], let
L = ring of integers,
R = field of real numbers,
U = space of input values = Rm = space of m-element column vectors
over R,
n
X = state space =R
Y = space of output values ==Rp.

Then,

Definition 2.1. An m=Input p-output terminal n-dimensional discrete-

time, linear, time-varying system overR{D.L.TVN. R-system) is a collec-

tion of triples E, = {(F(k),G{k),H(k)) of linear maps

F(k): X——X ,
G(k): y———X ¥

Hik): X———Y ,

defining the equations

(2.1) x{k+1) = F{k)x(k) + G{k)u(k)



and

(2.2) y{k) = H(k}x{k}

where kel, x(k)eRn is the state at time k, u(k)eRrn is the input
applied at time k, y(k)eRp is the output at time k.

We shall usually not make a distinction between F{k), G(k), and
H(k) as linear maps or as matrices representing these maps with respect

M and RP.

to the standard bases of R", R
Let ¢: ZxZ ——R |, where R denotes the ring of nxn
nxn nxn

matrices over R, be the nxn matrix function defined as follows

(2.3) ¢{k,j) = F{)F{k-1)...F(j+1)F(j), j,keZ, k>],
¢(k,k+1) = Inxn (the nxn identity matrix)},
¢{k,j) = undefined for j>k+1.

Then from equation (2.1), it is easy to see, by iteration, that the

solution at the kth instant starting from initial time ko and state

k-1
(2.4) x(k) = e(k~1,k )x_ + I elk=1,j+D)&(j)u(j) .
J=keo
In definition 2.1, equations {2.1), (2.2) describe the dynamical
behavior of a D.L.T.V. R-system for every k ¢Z, or alternatively, at
every instant of time k the system dypamics are given in terms of the
triple I, = (F(x), G(k), H(k)) of linear transformations between vector

spaces over the field of scalars R. This fact will be referred to, in



the sequel, as the pointwise-in-time representation.

2.2 Global-in-time Representation

Most existing theories are based primarily on the pointwise-in-~
time representation where the system is treated at every point of a
given time interval. As a result, the time-variance of a given class
of D.L.T.V. R-systems defined over the interval is not clearly charac-
terized in the élgebraic framework provided by the underlying vector
space structure. Further, the available pointwise-in-time methods of
analysis and design are for the most part limited to certain classes
of systems such as those with slowly-varying coefficients [23,24].

The main objective of the present research effort is the develop-
ment of a general algebraic theory for large classes of D.L.T.V. R-
systems based on a giobal-in-time representation. Toward this latter

we introduce the following

2.2.1 HNotation

Let Rz be the commutative ring of real-valued functions defined
on Z with pointwise addition and multiplication, and let o: Rz ———*Rz:
f —of: k —>f(k-1} be the right shift operator on RZ. Let Ac
denote the subring (field)} of constant functions in Rz and consider
the n-fold direct sum Az. Then A2 is an n-dimensional {right) vector
space over Ac’ and bn = (bi)lfjin will denote the standard basfs. Let
A be a subring of RZ which contains Ac. Assume that A is an integral

domain, and that the restriction of o to A, denoted by the same letter,

is an A-automorphism (1-1 and onto ring homomorphism). We shall let



a-l: A ———*A:m——*o-k:k —a(k+1) denote the left shift operator, the

inverse of 0. Recall [5] that such a ring is referred to as a differ~
ence subring of Rz. Let A" be the free right A-module generated over
A by bn' Throughout this work Ac will be identified with R and no dis-
tinction will be made between M: A™— A” as an A-module morphism or as
mxn matrix over A representing this morphism relative to the bases bm
and bn. The action of o is extended to nxp matrices over A and to
elements in A" in the obvious way: If M = (mij)’ then oM = (omij);

ax = Ebioxi, where x = }:bixi with biebn and xieA. Similar extensions

are made for u-‘.

Definition 2.2. A time-varying system over A (t-v A-system) is a

triple £ = (F, G, H) of matrices over A defining the equations

{(2.5) g x=Ffx + Gu ,
and
(2.6) y = Hx ,

where F is nxn, G is nxm, H is pxn, and ue(Rz)m.
From (2.4) and the fact that F, G, H are over A, it follows that
if u eAm, then (2.5) has a solution x in A" and consequently vy e AP,

For convenience, we shall use the following version of (2.5)
(2.7) x = D{ox) + E{ou), with D = ofF, E = oG.

Note that on applying o (resp. o-}) to (2.5) (resp. 2.7) we get (2.7)

(resp. 2.5). We shall be mainly concerned with t-v A-systems
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T = (D, E, H) defining the equations {2.6) and (2.7).

In contrast to the pointwise-in-time representation (2.1) and
(2.2), the above definition sets up the appropriate class of systems
without the need of any fixed time consideration. For this reason, we
shall refer to it as the global-in-time representation {(over A).

Observe that since A contains R (or Ac’ the ring of constant func-
tions), the theory of discrete-time, linear, time-invariant systems
over R can be viewed as a subcase of that of t-v A-systems. On the
other hand, from the standpoint of generality, one would like to take
A as large as possible. We require however that A be an integral domain,
because we then avoid difficulties due to the existence of zero divi-~
sors and we can use quotient field constructions.

Before concluding this section, we shal) stop briefly to give
some important examples of A together with their structural properties.

1. R[k}, the ring of polynomials in time, is a principal ideal
domain which, from a computational standpoint, is well adopted for
machine processing.

2. The same is true of the ring R[eak],aeﬂ.

3. The subring of functions Rz which vanish only at a finite
number of points is an integral domaln

4. R[sin ak, cos bk}, a,beR, is a Noetherian integral domain.

5. LetA = {f|¥ = f|, = the restriction of f to I, feA},
o Ko o
where 1, = [ko,w), k,eZ, and A is a difference subring of RZ. It is
o
then clear that A with S and o defined by
o
L (of){x), k= ks
(af)(k} =

0, k= ko
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where f is any element of A such that F[l = f, is a difference sub-
i k
k
ring of R ©. ©
Finally, a pcint to be emphasized here is that example 5 allows

us to consider t-v A-systems defined on half intervals of the form

lko = [ko,w), ker.

2.2.2 Q(A)-Systems

Let A be a difference subring of Rz, let Q(A) denote the field of
quotients of A, and let M be a right A-module. Since A is a subring of
Q(A), any right Q(A)-module is certainly a right A-module. In particu-
lar, Q(A) is a right A-module, and one can form the tensor product

M QAQ(A). Then this latter is an A-module and we have the following

Theorem 2.1. The multiplication defined by

M@AQ(A) x Q(A) ———*MQAQ(A)

(meq, A) —— (m®q)x 2 m&qx, meM, q, 1eQ(A),

turns the A-module M@AQ(A) into a Q(A)-module.

Proof : See [2] for a proof.
Moreover, if M is free on n-generators {ml,...,mn}, then M@AQ(A)

is also a free Q(AR)-module (an n-dimensional Q(A)-vector space) with

basis {mlﬁ‘] ,...,mnﬁ 1}, and u,: M-—-—-*H@AQ(A): m——m®1 is an A-

"
monomorphism termed the Q(A)-extension of M [2]. We shall use uy to
identify M with its image uH(M), an A-submodule of M@AQ(A). Thus,
every basis of M is also a basis of M @AQ(A).

Next, A-homomorphisms can be extended as follows



Theorem 2.2. Let M, N be right A-modules, and let E: M —+ N be an
A-morphism. Then there exists a unique Q{A)-morphism, which will be
denoted by the same letter, E: M@AQ(A) ——»N@AQ(A) with uNE = EuM,
where U {resp. uN) is the Q(A)-extension of M (resp. of N}.

Proof: See [2] for a proof.

Note that when M and N are finite and free, then any matrix £
over A representing the morphism £ relative to some fixed bases of
M and N may also be regarded as a matrix over Q{A) representing the
extended morphism E relative to these same bases.

Recall that A Js a difference subring of RZ, or that the pair
{A,0) is a difference ring. Since A is an integral domain, ¢ can be
extended to a Q(A)-automorphism [5] given by o: Q{A) — Q(A):p/q —>
op/oq. The pair (Q(A),s), where we denoted by the same letter the
extension of o{i.e., the Q(A)-automorphism whose restriction to A is
the same as the A-automorphism o), is called the quotient difference
field of A.

With the constructionall aids_just sketched, given a t-v A-system

= (B, E, H) let

Uy(a) = AmoAQ(A) ,
¥aa) = A ° 240
Yo(a) = A"@AQ(A).

As before a triple of matrices Zaqa) = (Dq(A)’ EQ(A)’ HQ(A))’

together with the equations
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(2.8) X = DQ(A)&Jthq(AfUu)'

(2*9) Y - HQ(A)x’

where XEXQ(A)’ ueUQ(A), YEYQ(A)’ DQ(A) is an nxn matrix over Q{A),
EQ(A) is an nxm matrix over Q{A) and HQ(A) Is an nxp matrix over
Q(A), defines a t-v Q(A)-system.

Then given a t-v A-system L = (D, E, H), we can always embed it
in a Q{A)-system by viewing the matrices D, E,and H as matrices over
Q(A) with respect to the same bases, or alternatively, by extending
the A-morphisms D, E, and H. However, although t-v. Q(A)-systems are
well defined from a global-in-time point of view, they, unfortunately,
may not be definable at every point in time. More precisely, if Kbez
is a zero of geA (i.e., g(ko) =0), and q = f/g is an element of a
Q(A)-system, then this element will ""blow up' at time ko'

What lies between A and Q{A)} is of great interest. In particular,
we can hroaden the class of t-v A-systems by taking instead of the ring
A, the largest subring A of Q(A) contained in Rz. More precisely, given

the ring A, let

N = {geAlg(k)} # 0, for all keZ} ..
N is clearly a multiplicative subset of A; we can thus construct
(z.10) Ay = {f/g | feA, geN) ,

the quotient ring of A with respect to N. Note that if A is a princi-
pal ideal domain {(resp. Noetherian domain), then so is AN. tet EE=AN;

it is then clear that A is the largest subring of Q(A) whose elements
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belong to Rz. Further, the restriction of the Q{A)-automorphism ¢ to
A is an E;automorphism, i.e., A is a difference subring of RZ. Hence,
we can consider t-v E;systems and shall do so throughout the rest of

the work.

2.3 ELEquivalence

As it will be seen later, the module A" plays a role similar to
the state space of a D.L.T.V R-system, and our line of attack will,
in most cases, aim at fully exploring the properties of some more simpli-
fied forms (e.g., canonical forms) of t-v A-systems obtainable from the
given ones by a change of coordinates. The precise formulation is given

by

-~

Definition 2.3. Two t-v A-systems I = (D, E, H) and I = (D, E, H) are

said to be E;equivalent if there is an nxn matrix (over A) P, invertible

over A, such that

o

It
)

]

o
—
Q
)
S
-

{(2.11)

m»
)
-
m
-

x>
H

HP .

Note that the invertible matrix P takes us from the standard basis
bn of A" to another basis b = (Ei)1<i<n' Hence, if X denotes the col-
umn vector whose elements are the c&g;ginates of x relative to the new
basis b, then Px = x, and referring back to equations (2.6) and (2.7}

we have
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Px = D(oP) (0x) + E(ou), since ox = (oP)(oX),
and
y = HPx .
Therefore
x = Plox) + E{ou),

y =Hx

where B, £, and A are given by equations (2.11), and the point to be

emphasized here is given in

Theorem 2.3. E;equivalence corresponds to a coordinate change applied

to the dynamical equations (2.6-7) of a t-v A-system.

2.4 Summary

This chapter has given a rigorous formulation of a global-in~time
representation for classes of discrete-time, linear, time-varying sys-
tems, and has introduced the important notion of A-equivalence. The
next chapter will set up a new algebraic framework for the study of t-v

A-systems,
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CHAPTER 11}
ALGEBRAIC THEORY OF t~v A-SYSTEMS

This chapter lays the foundations of a new algebraic theory toward
the analysis and synthesis of time~varying systems. The algebraic
framework we propose here is based on a module structure over a non-
commutative {skew) polynomial ring. This type of setup evolves natu-
rally from the global-in-time representation discussed in the previous
chapter. In the next two sections we develop some mathematical back-
ground for our considerations. What we require is the notion of semi-
linear transformations and the concept of skew polynomial rings. The
discussions represent a generalization of these concepts defined

originally over various fields, to the case of commutative rings.

3.1 Semilinear Transformations

Semilinear transformatiops and their generalizations, pseudo-
linear transformations, were introduced and studied by Jacobson in {8].
The domain of these operators were vector spaces over arbitrary fields,
Since t-v E;systems are of prime interest, we are lead to consider
modules rather than vector spaces. We thus extend the notion of a

semilinear transformation as follows.

Let X be a finitely generated free right R-module with basis bz(bi)}<i<n
where R is a commutative difference ring with 1, T:R —>R is its R-

automorphism, and © is extended to n-vector and nxn matrices as in Chap-

ter 11, section 2.2.1.
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Definition 3.1: A mapping T: X —= X is said to be a semilinear

transformation (s.%.t} (relative to 7} if
(3.1} (x+y)T = xT+yT,
(3.2) {(xa)T = xT{ta), x,yeX, aeR .

A homothety hu: X =Xy —= xa, where o is an invertible
element of R, is an s.¢.t, relative to the inner automosphism ———ru"l;a.
Another example is provided by taking X to be a vector space over the
field of complex numbers C and the automorphism T to be conjugation.

If we take v = identity map on C, then T is a linear transformation
of X.
A matrix representation of an s.2.t can be obtained as follows.
T sends bi into biT = ijtji, where the tji are elements of R. The
nxn matrix (tji) is by definition the matrix of T relative to b, denoted

hereafter by Hb(T). Thus, Mb(T) is defined by the relation

{3.3) (blT,...,bnT) = (bl,...,bn)Mb(T).

If x = Ebici z by, where [ = (cl,...,;n)t and t stands for transpose,

then it readily follows that
(3.4) XT = M_(T) (x2) -

Hence, T is completely determined by T and its matrix representation
relative to a basis of X, and conversely; every R-automorphism

1:R — R and every nxn matrix over R defines an s.2.t on X by (3.4).
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Let P be an nxn invertible R-matrix defining a change of bases in
X, say x = bz = b'g', where xeX and b' = bP, or equivalently Pg' = .
if we let Mb(T) = B and ML(T) = , then a simple computation shows

that
(3.5) cC = P-]B(tP) .

Two matrices B and C satisfying (3.5), where P is invertible, are said

to be similar and will be denoted by B = C.

Definition 3.2: Two s.%.t's T, and T, are said to be similar {denoted

TI = Tz) if there exists a bijective linear transformation P in X such
that

-1
(3.6) T, = P.T; . P

where . denotes composition and T, X —X: Ebici —-—*Ebir(;i).

For later use, we record the following

Lemma 3.1: The matrices corresponding to two similar s.2.t's with
respect to the same basis are similar, and conversely.

Proof: Ciear.

Having developed the concept of an s.2.t, we are now in a position
to set forth what is* to be a main tool of our investigation, namely,
the concept of an s.%2.t of a t-v A-system.

Let = = (D, E, H) be a t~v A-system. The matrix 0 defines an s.%.t
on A" relative to o, the right shift operater; it Is this s.2.t which

will be termed the s.L.t of E. More precisely,
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Definition 3.3: Given a t-v E;system L =(D, E, H), the s.z.t

TA——A": x —= xT = D{ox) is called the s.%.t of L.
The matrix representation of T relative to the standard basis
bn is thus equal to D, and the dynamical equations (2.6) and (2.7) take

the following form when ueA"
(3.7) x = xT + E{ou);

(3.8) y = Hx .

Observe that the triple D, £, H of A-linear maps defining the t-v
A-system does not include directly the effect of the shift operator

o. However, the triple T, E, H does as seen from the following

Theorem 3.2. A necessary condition for two t-v A-system & = (D,E,H)
and £ = (D,E,R) to be A-equivalent is that T = T, where T is the s.%.t
of £ and T that of I.

Proof : follows immediately from Lemma (3.1).

The above remarks suggest denoting the t-v A-system % = (D, E, H)
by L = (T, €, H). We shall do so throughout this work and note that
similar considerations apply to t-v Q(A}-systems.

Finally, it is important to emphasize that the novel feature of
associating an s...t T with a t-v A-system I defined in terms of
D, €, H is that with respect to the A structure & is completely char-

acterized by the triple T, E, H.

3.2 Skew Polynomial Rings

The above basic concept plays a central role in our setting. Of
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equally important significance is the concept of a skew polynomial
ring. Again, we shall sketch only the basic prerequisites using
Ore [22) as a basis.

tet (R,T) be a difference ring where R is a commutative Integral

domain with 1, and let R[z) denate the set of formal polynomials

(3.9) w{z) = z"an4-zn—lan_|+...+ a,

in the indeterminate z with coefficients taken on the right in R. With
the usual addition, R[z] is an additive group with R as a domain of

multipliers. f in (3.9) a, # 0, the integer n is called the degree of
w(z) and will be denoted by deg(n); =(z)} is said to be monic when a =

Let us define multiplication in R(z] as follows,

(3.10) . zl'zJ'zl+J:iJj€z’

(3.11) az = z(ta), aeR.

It readily follows that this is a noncommutative multiplication which
turns R[z] into an integral domain termed a skew polynomial ring and
denoted hereafter by RT[2].

For example,C_{z] consisting of polynomials with coefficients in

the field of complex numbers C and with multiplication
az = za, where a is the complex conjugate of a,

is known as the compiex-skew polynomial ring.
Since R is an integral domain, by (3.11-12) deg(n) = Max{iIai#O}
is a degree function on Rt[z] (see [4]).

tet (Q(R), ) be the quotient difference field of R and construct
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the skew polynomial ring Q(R)T[z]. 1f n(z)eQ(R)T[z] is such that

n(z) = “I(z) nz(z), then nz(z) (wl(z)) is called a right-hand (left-
hand) divisor of n{(z). A right and left Eucledian algorithm exist for
any two polynomials with the consequence that Q(R)T[z] is a left and
right principal ideal domain. |If nl(z), nz(z) are arbitrary poly-
nomials, then the monic polynomial of lowest degree which is right-
hand (left-hand) divisible by both nl(z) and ﬂz(z) will be called the
least common left(right} multiple of nl(z) and wz(z) and will be denoted
by [wl(z), nz(z)]g([n](z), wz(z)]r). A highest common left{right)
factor (nl(z),'nz(z))E ((wl(z),nz(z))r) and a least-common left{right
multiple [w](z), “2(2)12([“](2)’“2(2)]r) exist for any two polynomials
n](z) and nz(z) in Q(R)T[z]. Two polynomials n](z) and "2(2) are
similar, denoted ﬂ](z) = ﬂz(z), if el(z)ﬂ](z) = ﬂz(z)ez(z), for some
polynomials e](z) and 92(2) such that e](z) and nz(z) are relatively
left prime and ﬂl(z), Bz(z) are relatively right-prime. Equivalently,
nl{z) = wz(z) iff Q(R)T[z]/nl(z)Q(R)T[z] is isomorphic to
Q(R)T[z]/wz(z)Q(R)T[z] when both are viewed as right Q(R)T[z]-modules.
In this case, a similar isomorphism holds also between the quotients
module the left ideals generated by ﬂl{z) and nz(z).

Unfortunately, most of the above properties do not carry over to
RT[z]. For example, RT[z] is not necessarily a left or right principal
ideal domain; further the highest common left or right factor and the
least common left or right multiple of two polynomials in Rt[z] may not
exist. However, the notion of similarity of two polynomials, as will

be seen later, is extendable to RT[z]. We also have the following
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important result.

Lemma 3.3. Let ﬂl(z), ﬂZ(Z)ERT[Z] be two polynomials of degrees > 0.
If the leading coefficient of nz(z) is a unit in R, then there exist

unique polynomials q(z),r(z)eRT[z] such that
n;(z) = ﬂz(z)q(z)i-r(z), with deg{r) < deg(nz).

Proof: See [18] for a proof in the commutative case (i.e., when
Rt[z] is the usuatl ring of polynomials) which immediately generalizes

to RT[z].

The requirement that 7t be an R-automorphism leads quite naturally

to another skew polynomial ring

_ _ _n-1
RT_I[z] = {n(z) =z bn_]+...+b0|bieR} ,

where z is an indeterminate, and muitiplication is defined by

i)

{(3.12) 2 +z , i,iel ,

2(:"'b), beR .

(3.13) bz

There exists a very useful relationship between RT[Z] and

Rr-I[ZJ :

Theorem 3.4: The mapping *: RT[z] —R _[z]: w(z) — (2},
T

. | n -1 -1 n
T " = \T ceat + 7 n = +...
where (Z) ( a )Z + (T aI)Z a_, (Z) Z a +zal +a ,

is a ring antiisomorphism of RT[z] onto R _;[z].
T

Proof: it is clear that #* is 1-1 apd onto; in addition, it is easy

to check that (2)* = 2z and (wl(z) + 1:2(2))"c = n?(z) + ng(z).
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n
= +...*
Let n{z) = 2 a, a,s then

-1 n+l -1
(t an)z +...+{1 ao)z

(z n(z))*

-1 n
((z an)z ..+ rao)z

n*(z)z*.

By using this last equality and a double induction on the
degrees of nl(z) and wz(z), we can prove that (ﬂl(z)nz(z))*==ﬂ;(z)ﬂT(ZL
For suppose that n'(z) = acR, the proof is then trivial when the degree of
nz(z) = 0. We thus let nz(z) be any polynomial in RT(z) of degree >0,

and write

wz(z) =b + Zﬂz{z) ,
where beR and deg fﬁé) < deg(wz). ‘Then

n;(z] = b* + ;"‘2"(2}2"r .

Further, a first induction on degree of uz(z), yields

(anz(z))* (alb+ z?z(z)])* ,

(ab + az;é(z))*,

(ab)* + (z(za)T,(2))”,

{(ab)™ + ((Ta)Fz(Z))*z* ,

= b*a* + ;;{z)(ra)*z* (induction hyp.),

b*a* + F;(z)z*a*,

(b* + ?;(Z)Z*)a* »

* *
nz(z)a .
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Next, let ﬂ](z) be any polynomial of degree >0, and write
ﬂ](Z) = z;}(z)-Pa, acA , and deg(;}) < deg(n]) .

Using the second induction on deg(nl), we have

(r)(2) 7, (2" = (lz7, (2) + alw,(2))¥,

(z;](Z)ﬂz(z) + anz(z))*,

(i?I(Z)wz(Z))* + (am,(2))¥,

(m, (2)n, (2))*z* + w3 (2)a*,

ﬂ;(Z);T(Z)Z* + n;(z)a* (induction hyp.),

wy(2) [y (2)2" + a* 1,

n;(z)w?(z) .

Note that the inverse of the antiisomorphism (%), denotedlby?(i)is
defined as follows: if n(z) = znbn+...+bos:RT-;[z], then wﬁ(z) =
(Tbn)zn+.,.+rb.

The ring RT[z] will be called the ring of difference polynomials
in t; the ring of difference polynomials in T-], RT-I[Z], is referred
to as the T-adjoint of RT[z]. This adjoint construction will be
utilized later. |

As developed by Amitsur {1], a similar antiisomorphism exists
in the differential case, i.e., when we consider the ring of differen-
tia) polynomials F(t) in the indeterminate t, where F is a commutative
field of characteristic zero with a derivation d (2 mapping d:F—F:

a —+a' such that (a+b)' = a'+b' and (ab)' = a'b+ab' and where
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multiplication is defined by at = ta + a'. This antiisomorphism is,

however, unique and is from F[t] onto F[t].

3.3 Difference Equations

This section introduces difference equations along lines similar
to those used by Amitsur [1] for the differential case.

Let Q(R]T[z] be the ring of difference polynomials in 1t defined
over the guotient difference field Q(R) of R, and let =n(z) = znan+...+ao

be a polynomial in Q(R)T[z]. Then
G(R) x Q(R)T[Z] ~— Q{R)
(3.14) (q, 7(2))— =(q) ¢ (r"q)an + (r"_lq)an_|+-n+qao.

defines a module structure on Q{R).

th order linear difference

If aa, # ¢ then n(q) = u, ueQ(R), is an n
equation over Q(R); when u = 0, n{(g) = 0 is a homogeneous linear dif-
ference equation. If € = {qeQ(R)|tq = q} is the constant subfield
of Q(R), then it is wel) known that the solutions in Q{R) of n{q)=10
form a C-module of dim < n, n = deg {n). The dimension r of this space
is called the nullity of w(z). Polynomials whose degrees are the same
as their nullities are termed completely solvable in Q(R).

It is easy to see that ye Q(R) is a solution of m{q) = u if and

only if
(3.15) yr{z) = (z-l)n](z) + u, for some n](z)e:Q(R)T[z] X

In particular, y is a solution of n(q) = 0 if and only if
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(3.16) yr(z) = (z-1)7, (2)

If y # 0 in (3.16), then
n(z) =y (z-D)m, (2) = Gly) -y D (2)
w(2) = (2 - (ey)y” D ((ay )w, (2))

An element ae Q(R) is called a left(right) root of al[z] if
w(z) = (z-a)m, (z}(n(z) = =, (z){z-a)).

Thus

Lemma 3.5. 0 # yeQ(R) is a solution of w(q) = 0 Iff {ty)y-l is a

left root of n(z).

Lemma 3.6 . z-a=z-lLi.e., z-a is similar to z- 1, if and only
if a= (tb)b"!, for some be Q(R).

Proof : z-a = z~1 if and only if there exist b, ¢ & Q(R) such that
b{z-a) = (z-1)c
Hence c = ba, a = (Tb)b—l, and conversely.

Let m(z) be a polynomial of degree n and nullity r and let n(z)
be the least common right multiple of all left factors of w(z) which

are similar to z-1. We then have

Lemma 3.7 - m(z) is of degree r and is a completely solvable poly-
nomial in Q(R) which is unique up to right multiplication by an ele-

ment of Q{R). Further w{q) = 0 is the minimal order equation in Q(R)
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satisfied by all solutions of m(q) = 0 in Q(R).
Proof : In view of the above lemmas, the proof is similar to the

one given by Amitsur [1], and is therefore omitted.
For later use, we record the following

Lemma 3.8. A necessary and sufficient condition for n elements
Yyreooa¥, of Q(R) to be C-independent is that the least common right
multiple of the polynomials Z-(tyi)y{' be of degree n.

Proof : Again the proof is similar to the one given in [1], and is

omitted.

Similar considerations apply to Q(R} _;[z], the T-adjoint of
T
Q(R)T[z]. Hence, if n(z} = znbn+...+bo is an nth degree polynomia) of

Q(R) _y[z], with b #0, then
T

-(T-nq}bn+...+ qb_=u, ue Q(R) ,

is an nth order difference equation over Q(R}, and 0 £ yveQ{R) is a
solution of w(q) = 0 if and only if (t-ly)y-] is a left root of n(z).

For later use we note the following

Theorem 3.9. y(ry-]) is a right root of w(z) if and only if y is
a nonzero solution of the T-adjoint equation ﬂ*(q) = (.

Proof : Readlly follows from the fact that the antiisomorphism (*)
implies that an element ye Q(R) is a right(left) root of w{(z) if and

only if T-IY is a left(right) root of = (z).
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fn like manner, from polynomials in R [z] and in R -1[z], one can
define difference equations over R, Unfortunately, the; do not enjoy
the same properties as those defined over Q(R); this is primarily due
to the absence of the Eucledian algorithm and to the fact that not
every element in R is a unit. For instance, although ye R is a solu-
tion of n{(g) = 0 (n{q) = u, ueR), where n(z)e RThﬂ, if and only if
(3.16) ((3.15)) holds, Lemma (3.5) is not true unless y is a unit
in R. Note, however, that since R C Q{R), then RT[z](RT_][z])
is a subring of Q(R)T[z](Q(R)T_][z]) and any difference equation over R

can be viewed as a difference equation over Q(R).

3.4 Module Structure

One of the simplest yet most important tools of our investiga-
tion is the module structure naturally induced by an s.2.t. This is
a generalization of the usual module structure associated with a linear
transformation. Toward the former we note the following

Consider a t-v A-system I = {T, E, H) and denote by A[T] the ring
of transformation in A" generated by T and the elements of A, It

readily follows that

n n n-1 -
AlT) = (=) m(T) =T a,+T an_]+...+a0,aieA }

As noted by Jacobson [8], A[T] is isomorphic to E;[z]. T thus
induces a natural right Aalz]—module structure on A" which proves to
be very useful in studying t-v A-systems. The first system theoretic
application of this module structure was made by Kamen [17]. We sum

up the above discussion in the following
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Theorem 3.10. With pointwise addition and the following multiplication

A

A" x Ko[z] — A" x —xn(z) £ xn(T),

(3.17)
A" s a right E;[z]-module.

We thus propose to study the action of T on A" in terms of this
E;[z]-module structure. As it will be seen later, this algebraic frame-
work incorporates in a natural way, structural and dynamical aspects of

t-v A-systems.

3.5 Summary

In this chapter, we have laid the foundations for a global-time
algebraic theory of time-varying linear systems. This algebraic approach

is based on a module framework defined over a skew polynomial ring.
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CHAPTER IV

n- CYCLICITY AND FEEDBACK

In this chapter we begin to exploit the mathematical and struc-
tural properties of the module framework formulated in the previous

chapter.

4.1 n-Cyclicity

Referring for details to [18,4] we first recall several algebraic
concepts.

Let S be an arbitrary integral domain {not necessarily commuta-
tive) with 1 and let X be a right S-module. Then X is said to be cyclic
if it is generated by a single element g. The annihilator of g given

by
Ann(g) = {oeS|ga = 0}

is a right ideal of $, and X is isomorphic to the right gquotient module
s/Ann{g).

Let R be a commutative difference ring with R-automorphism
Tt:R>R, and let T: X— Xbe an s.2.t. relative to rwhere Xis a
free finite (right) R-module of dimension n. As noted before, the skew
polynomial ring RJZ] is @ noncommutative integral domain, and T induces

a right RT[z]—module structure on X.

Definition 4.1 : (X,T}, or simply T, is said to be cyclic if X is a

cyclic right RT[z]-moduIe.
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Note that because of the noncommutativity of RT[Z]? it is not
necessarily true that elements in Ann(g), where g is a generator of the
cyclic module X, annihilate every element in X.

To say that T is cyclic with generator g is clearly equivalent
to saying that the elements {g, gT,...,ng,...} generate X overR. If
R were a field K then {g, gT,...,ng-l} would form a basis for X as
a K -vector space. It is not surprising that this very important
property may fail to hold for R-modules even when R is a principal
ideal domain. MNevertheless, we would like to avail ourselves of this

possibility which will be referred to as n-cyclicity. More specifically,

Definition 4.2: A cyclic s.2.t. T is said to be n-cyclic if there

exists an element ge X such that {g,gT,...,ng-l}form a basis for X.
In this case g will be referred to as an n-cyclic generator of T.
The n-cyclicity concept is closely related to the form of the

annihilating ideal Ann{g) as revealed by the following

Theorem 4.1: The s.2.t. T is n-cyclic with n-cyclic generator g if
and only if Ann(g) = T(z)Rt[z] Qhere ¥{z)}) is a monic polynomial of
degree n.

Proof: If T is n-cyclic and g is an n-cyclic generator, then

{9, gT,...,ng-I}or,equivalently.{g,gz,...,gzn-l} form a basis for X,
and it readily follows that every nonzero polynomial annihilating g

should be of degree >n-1. Further, the relation

-1
gzn = gzn Bn"'---"'Bl » Bi eR ’
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vields the fact that g is annihilated by the monic polynomial

(4.1) ¥(z) = 2" - zn-]Bn-...-Bl

Now that Ann(g) = W(Z)RTIZJ follows immediately by Lemma 3.3.
Conversely, let Ann{g) = ?(z)RT[z], where ge X and ¥(z) is given
by (4.1). Then {g, gz,...,gzn-ﬁ-are linearly independent over R. For

if

n-1
gal+...+gz an = Q, aie R,

then n(z) = zn-lan+...+a'£:Ann(g), which contradicts Ann{g) =
?(z)Rt[z] since deg{r)} < deg(¥). Finally, the relation 0 = g¥ (2}
coupled with the fact that g is a generator of X implies that

{qg, gz,...,gzn-]}generates the R-module X, whence the conclusion.

The polynomial ¥{(z) alluded to in the above theorem plays a major
role in subsequent develcopments. We shall refer to it as the order of
the n-cyclic generator g, or as a characteristic polynomial of the
n~cyclic s.2.t. T.

Let T be n-cyclic and let g, g'.be two n-cyclic generators of
T. The cyclic module X has then the presentations X 2 RT[z]/T(z)RT[z]
and X = Rt[z]/W'(z)RT[z],where ¥(z) and ¥'{z) are the orders of g and
g' respectively, so that RT[z]/?(z)Rt[z] z RT[z]/W'(z)Rt[z]. We say
that ¥(z) and ¥'(z) are similar elements of Rt[z], i.e., similar
polynomials. We recall [4] in this case that the isomorphism
¢:RT[z]/T(z)RT[z] ———*Rt[z]/W'(z)RT[z] is determined by an element

m(z) e Rr[z] such that
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(4.2) 1(2)¥(2) = ¥ (2)n'(2),

for some polynomial n'(z)e:RT[z]. Note that n(z) and n*{z) have the
same degree and the same leading coefficient.

From the above discussion, it is then clear that all character-
istic polynomials of an n-cyclic s.L.t. T are similar, and we shall

refer to any one of them as "the'" characteristic polynomial of T.

Lemna 4.2. The characteristic polynomial of an n-cyclic s.%.t. is
unique up to a similarity.

Proof : Clear,

Throughout the remaining part of this work we shall consider
a fixed n-cyclic generator g for a given n-cyclic s.4.t. T, and take
the order of g as the characteristic polynomial of T. The pair (T,g)
will be referred to as an n-cyclic pair.

The correspondence between similar n-cyclic 5.2.t.'s and similar
characteristic polynomials is a one-one correspondence as revealed by

the following.

Lemma 4.3. A necessary and sufficient condition for two n-cyclic s.t.t.'s
to be similar is that their characteristic polynomials be similar.

Proof : straightforward.

We conclude this section by noting the following alternative

(matrix) formulation of n-cyclicity. Let T be n-cyclic and g an

n-1

n-cyclic generator. Fix a basis in X and view g, gT,...,9T as col-

umn vectors, then
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Lemma 4.4. (T,g) is n-cyclic if and only if the matrix [g gT...qT" ']
is invertible over R.

Proof : Clear,

h.2 Control Canonical Forms

As one of the first facts justifying the introduction of the
n-cyclicity concept we prove the following important
Theorem 4.5. Consider the single-input t-v A-system I = (T,e,-)
where E in this case consists of a single column e, and H is
immaterial. Then, a necessary and sufficient condition for the pair

(T,e) to be n-cyclic with characteristic polynomial ¥{z) =

for AN

n .
X ; s that there exists a basis ¢ = (ci)l<i<n
i

rela ve to which T and e have the matrix representations
(0 1 o | 0)
(&.3) MC(T) = - 0 ] e = : ¥
0 1 “ 0
- n-

Proof : Suppose that (T,e) is n-cyclic and define the elements
(Ci)]jjjp as follows

(&.4) c. = ey 5y

where

"P(l)(z) =1,
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v D) = vy - o™

T(n)(z) = ?(nql}(Z)z - 0-182—

It readily follows that ¢ = (ci)l<i<n is a basis for A" since
the ci's are a triangular linear combination of {e,ez,...ﬁznﬂ‘}
which form a basis by the n-cyclicity of the pair (T,e}. Using the

two equations
0 = a¥(z), and c, = e
we can easily compute M(T) as follows.
e T=cz= e?(")(z)z,
= e(T(n-l}(z)z -o_lsz)z ,
= e‘{’(n-])(z}z2 - ez8, ,
- ev(n2 (), -o7%83)2% - ez8,

o oagln=2), 3 2. _
= eV (z)z ez 83 ez, ,

-

n n-1 _
= ez ez Bn . ezB2 = an'.

Similarly,

z = ezn-] - ez"-'z(g' an)-. .. €z (0-133) =c, e, (U-IBZ) ’

=n+]

4]
-t
"
O
N
[}

=cn_]+cn(0 Bn)-
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Thus
0 1 0 0
MC(T) = : T . , e=1. .
-1 -+
By o By ... snj IJ

The converse follows from the fact that the preceding proof can be

carried also in the reverse direction.

Let L = (7, e, ~) be the t-v A-system whose matrices are given

by (4.3) (i.e., My (f) = M_(T) and & = [0...011%). Then
n

Definition 4.3. & = (T,e,-) is called the control canonical form of

L= (T,e,~).

In terms of a change of coordinates, we have the following pic-

ture
P S
(4.5) a" >R o
i-1
b, {ez )‘f}fﬁ c
where (ezl—])l<i<n is the basis resulting from the n~cyclicity of

{T,e), ¢ is the control canonical basis, and the nonsingular matrices

P and $ are given (and denoted hereafter) by

-1 -2 -n+l N
-0. Bz -0 %oo - Bn I
n -
(4.6) P=le ez ...e2" '], 5= " o )
-0 B
n
-o'g !
n
“ 1 0 . . O/
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Thus, we have the

Corollary 4.6. A t-v A-system L = {T,e,-) has a control canonical

form if and only if it is A-equivalent to a t-v A-system L = (¥,e,-)
with Hb () and e given by (4.3).
n

Proof : the nonsingular matrix giving the A-equivalence is PS.

Now we are very close to giving a system-theoretic i{nterpreta-
tion of the characteristic polynomial corresponding to an n-cyclic
pair (T,g) of a t-v A-system; we have still to make the following
observations.
Let £ = (T,e,-) be a t~v A-system where the pair (T,e) is n-cyclic
with characteristic polynomial ¥(z) = 2" - E zi-‘Bi, and let
i=)

A"

(4.7) ¢+ A —A_[2]/¥(2)A_[z].

be the K;[z]-module isomorphism which sends e to 1 {mod ¥(z)). Assume
that ue A; the dynamical equation x = xT + e{ou)} defining the system

Z can also be written as
(4.8) x{z-1) + e{gu) = 0 .

We shall assume that x ¢ A" is some fixed solution of (4.8).

Then, applying ¢, we have
$(x(z-1) +e{ou)) = wx(z)(z-l)i-ou =0 (mod ¥{2)),

where wx(z) ( = #(x}) can be chosen of degree <n. It therefore

follows that there exists yxe:ﬁ'such that
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(4.9) ﬂx(Z](Z‘]) + gu = ?(z)yx.

By applying the antiisomorphism (*):‘Ea[z] ~——*E-_I[z]: m(z) —1™{(z),
o

to both sides of equation (4.9), we get

(0-‘yx)‘l'*(z) = (z-1)n(z) +u,

where ¥"(z) = 2" -

zinl(o-]B.).
. i

I\ t~12

By (3.15), it follows that o-lyx is a solution of the difference equa-

tion

{(4.10) v*(q) = ¢ 'q- c‘nﬂq(o-an)-. . .-q(u-'gl) =u, qc A
wr =1

i.e., ¥* (o yx) =u.

We now come to the following picture. Since (T,e) is n-cyclic

it then follows by Theorem 4.5 that there is a basis c = (ci)l<i<n

relative to which £ = (T,e,-) has a control canonical form (4.3). Let

Qi’ i=1,...,n, be the coordinates relative to c of any fixed solution

x of x = xT + e(ou). Referring back to the definition of c (see {4.4)),

we have

n n
x= ] c.x = J (e‘P{n-Hl)(z))ii ,
= i=

n
=e(] V(n-i+])(z)ii) .

n .
If we take nx(z) - 7 T(n '+])(z)ii, then by equating coefficients,
i=1
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equation (4.9) vields

(4.11) X; =6 Y,
X, = o-li
2 1 °?
x, = o '%
3 2’
-~y - —'I\
X =0 .
n n-1
. * )
The first coordinate X, is therefore a solution of ¥ (q) = u, i.e.,

T*(ﬁ‘) =y, and the rest of the coordinates are obtainable from the
first one by repetitive application of o-]. Hence we have the following

simulation of the system I = (T,e,-)
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Note that X passes through a device with gain PS5 which is memoryless

in the sense that its output x(k) at time k depends only on its input
x{k) at the same time k. Since the components of x are shifts of the
solution q of ¥*(q) = u, it is clear that ¥*(z) plays a major role in
I's dynamical behavior. In other words, the adjoint of the character-
istic polynomial ¥{(z) is central to dynamical behavior in the cyclic

case. As will be seen later, this polynomial setting is particularly

useful in the problem of achieving stability via state feedback.

4.3 Feedback

Let us focus our attention upon the control canonical form. Here
a key problem is that of coefficient assignability of the characteris-
tic polynomial for the closéd-loop system. For discrete-time, linear,
constant systems defined over an arbitrary field, complete reachability
was found to be the necessary and sufficient condition for constructing
an arbitrary characteristic polynomial of the closed-loop system [10].
For D.L.T.V. R-systems, we can consider characteristic polynomials
defined for each point of the time interval. However 'pointwise char-
acteristic polynomials' are not very useful for solving certain prob-
lems and, in fact, can lead to incorrect conclusions. For a simple
example illustrating this, let us consider the continuous-time constant

system defined over R by

dx(t)
(4.12) d)t(

= Fx{t) ,

where teR, and F is an nxn matrix over R.
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It is well-known that (4.12) is stable (see definition 4.5 below),

if and only 1If, all the roots.of the characteristic polynomial of F
(i.e., the eigenvalues of F) have negative real parts. However, if
the roots of the pointwise characteristic pelynomials of the time-
varying system %%lsl-= F(t)x(t), have negative real parts, this does
not necessarily imply that the system is stable [33].

Nevertheless, as we proceed now to show, our algebraic framework
can be used to great advantage in the study of state variable feedback
for the single-input case, and in particular it yields a simple con-
structive procedure for stabilization by feedback.

Let £ = {T,e,-) be a single-input t-v A-system of dimension n,

we then have

Theorem &.7. {T,e} is n-cyclic with characteristic polynomial

n .
¥(z) = z"-J z' ]Bi if and only if, given any fixed nth degree monic
= n ool —
poiynomial A{z) =z -7 z a, in AO[Z], there exists a row vector
i=1

W= (w],....wn). wie:ﬁ} such that the s.%.t. of the closed-loop system

5 = (Tl,e.-), where Mb (T]) = D-e(ow}, is n-cyclic with n-cyclic genera-
i1

tor e and characteristic polynomial {2},

Proof : if (T,e) is n-cyclic with characteristic polynomial

n .

¥(z) = 2" - | 2’ ]Bi’ then £ = (T,e,-) is A-equivalent to £ = (f,e,-),
i=1

where D, the matrix of T relative to the standard basis bn' and e are

In the control canonical form, i.e.,
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—_ 0

o
1]

_—

o

L]

[
Iy R
]

LI I I ) Q

R e S —

-1 -n+l
B]c BZ...U B

n .

Let A{z) = zn - Z z' Iaie Eb[z], and define relative to the control
i=|

canonical basis ¢ (see (4.4)), the row vector w = (&],...,ﬁn), where

Qi = c-iBi- c-'ai, i=1,2,...,n. It then follows that

G'U (12-..0

and by Theorem 4.5, DI (Tl,e],~), where Mb (T]] = p-efow), and
n
w = w(PS) ! is such that (T],e) is n-cyclic with characteristic poly-

noos_
nomial A(z) = 2" - I z' Iai.
i=|

2' V. in E;[z], there

| i
exists an row vector w such that El = (Tl,e,-), where Hb (TI) = D-elow),
n

Conversely, if for any i(z) = 2" -
i

il t~123

is such that (T],e) is n-cyclic with characteristic polynomial X (z},

then we have

eT (D-e(ow))ge ,

Doe -efolwe)),

eT - ea, acA.
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eT} = (0-elow)oleT - ea),

= eTz- (eT)al- ea , ao and a, ¢ A ,

(e} 1

n-1 h=1 -
eT] =eT - (T 2)32-.. -e-ea

Hence, the determinant of [e eT. ..eTn-I] is equal to that of

(e éﬁ...eT?*'], and the conclusion follows by lemma 4.bL.

Corollary 4.8. If £ = (T,e,~) satisfies the hypothesis of above

theorem, then there exists a bijection between nth degree monic poly-
no._ .

nomials A{z) = z" - z z' lui and s.2.t.'s T {relative to ¢) defined
i=]

by T: A" — A" <, —+e(owi), i=1,...,n, where ¢ = (ci)lf_iin is the

control canonical basis and w = (wl,...,wn) is the row vector defined
in the above theorem, (i.e., HC(T) = [e(awl)...e(uwn)]), such that

TI = T-T is an n-cyclic s.2.t. with n-cyclic generator e and charac-
teristic polynomial x(z).

Proof : Since both T and T are s.%.t.'s of A" relative to a, it then

follows that Tl =T-T is also such an s.%.t. The corollary will thus

follow from Theorem 4.5 if we can show that d = (d?)l<i<n’ dT=

el("*'*"(Tl), is a basis for A'. For this, let w = (w],---,wn),

where wi = c-'Bi - G—Iui, i=1,2,...,n and use induction on i.

For i =1, A(])(TI) = W(‘)(T) - ?(])(z) = ], by definition (see {4.4)).

Suppose that A(iél)(Tl) = W(inl)(T),
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then

) ey - o™

n-i+2
- e[‘l'(i.])(T)TT - 0_n+i-]un_i+2]
= el " V@) - ™ e
= e[?(inl)(T)T SOW_i4g " c-n+i-]an_i+2]
- e[W(i-l)(T)T _ (o-n+i-an_i+2_ U-"+i-]“n-i+2)' -n+l-lan-i+2]
= ey o™il ]
- vy,
d = (dl)ljjjp therefore forms a basis for A" since c = (ci)Ijjjp does,

and the correspondence A —Tis obviocusly 1-1 and onto.

Definition 4.4, The pair (T, A(z)) or, simply the s.%.t. T, is called

a control law for £ = (T,e,~} where (T,e) is n-cyclic,

With this definition, we can interpret the passage from T to
TI via T as the passage from the open-loop system £ = (T,e,-) to the
closed-loop system ZI = (Tl,e,—) via the control law T. Note the

remarkable similarity to the constant case (12].

4.4 Applications

h.4.1 Stability and Algebraic Equivalence

Of great importance in system theory is stabilization through

the use of state variable feedback. We now proceed, in this section
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and the next one, to show how the preceding results lend themselves
to yield a simple and effective solution to this problem.

For the purpose of this discussion, we let || || denote the
Euclidean norm in R" and recall [13] the following definitions.

Let
{4.13) x{k+1) = F(k)x(k}, kel
be an n-dimensional free (i.e., zero input) D.L.T.V. R-system.

Definition 4.5. The system (4.13) is said to be stable (uniformly

in the sense of Lyapunov) if given ¢ > 0 there exists §({(¢) > 0 such
that ”xOH < 8 implies that [[x(k)|| < e for any k_ and for all k > k_,
where x(k} is the solution of (4.13) at the kth instant starting from

the initial state x_ = x{k_ )} at time k_.
o o o

Definition 4.6. The system {4.13) Is said to be asymptotically stable

(uniformly in the sense of Lyapunov) if it is stable and if every
motion starting near the origin 0 converges to 0 a k>, i.e,, there
exists ay > 0, and for any € >0 there corresponds a positive u(e,y)
such that [ix || < v implies that [[x(k)|| < e for all k > k_ +u and
for any ks where x{k) is the solution of (4.13) starting from the ini-
tial state x_ = x(ko) at time k_.

If (4.12) is a constant system {i.e., F(k) = Fs:Rnxn), it is
well known then that a necessary and sufficient condition for the sys-
tem to be asymptotically stable is that all the eigenvalues of F lie

in the unit circle of the complex plane.
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Next, let £ = (T,e,-) be a single-input t-v A-system such that
(T,e) is n-cyclic with characteristic polynomial ¥(z). We then know
that the closed-loop system 5 = (T].e,'), Mbn(Tl) = Mbn(T) -e{ow), can
have any desired characteristic polynomial A{z) in E;[z]. Let us

choose A{z) = 2".

It then follows from the proof of Theorem 4.5 that
relative to the control canenical basis ¢ = (ci)I<i<n the closed-loop sys-

tem z‘ = (T],e,-) has the following dynamical equation

(h.14) x =

In other words, the closed-lcop system Z] is A-equivalent to the con-
stant system (4.14), the matrix of the A-equivalence being PS (see
{(4.5)), and this constant system {4.14) is obviously asymptotically

n

stable since the eigenvalues of F, i.e., the roots of A{z) =z, lie

in the unit circle. Further, it is clear from equation (4.14) that
(%.15) i(ko+n)==0, for any i(kole R" and any initial time ko'
In light of the interpretation of the characteristic polynomial given

in section 4.2, we can summarize the above situation in the follow-

ing picture

e ¥ (2) ] w >~
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Since {(4.15) holds and since x = {PS)x, it readily follows that the
closed~loop system E‘ = (Tl,e,-) is asymptotically stable regardless
of the properties of the transformation PS. Moreover, from (4.15),

x(k} + 0 in n steps.

The interesting fact here is that we have been able to stabilize
t-v A-systems without resorting to any topological conditions such
as uniform boundedness.
Example 4.1. Let us take A = R[k], the ring of polynomials in time
and form A = {p/qlp,qc A, and q{k) # O,¥keZ}. Consider the single-

input t-v A-system

k 0 1
(%.16) x(k) = x{k-1) + ulk-1) .
1/2 2k-1 1
Thus ,
k 0 ]
(T)'= y &=
HbZ
1/2 2k-1 !
It is easy to see that
] k
P=[e eT] = ,

! 2k-1/2
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and that det P=k-1/2 is a unit in A. (T,e) is therefore n-cyclic,

and expressing eT2 in terms of e and eT, we obtain the characteristic

polynomial

3 2
_ .2 _ _6k-1lk+4  -4k7 + BkT -3k
¥z) = 2" - 2z =5 Tk 1

The control canonical form is therefore given by

x{k) = x{k-1)}+ ulk-1}).

i3 + 8k2 - 3k 6kZ+ k- 11 |

2k -1 2k + 1

If we pick A{z) = z2, then

. [-hk3+8k2-3k 6kZ+ k- | ]
Ow =

7k - 1 Tk + 1

Since

b+ ] - i

KT 1 ' ] !

. -1, 2

-4Kk” 4+ 1 : k™ -1 -4k” + 1

T2k + 1) 202k + 1) 2k+ 1
then gwu(gﬁ)g(PS)-l is given by

2 [8k“-20k3+10k2+5k-3 S16k" + 32k - 8K2 - BK+3
W= T2k 3 2(Zk+1) (2k-1) (Zk+1) (2k-1)

The closed-loop system has the form
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16k +32K3-8K2-8k+3 16k -32K3+8K248K-3

Z(2k+ 1) (2k-1) (Zke 1) (2k-1)
W7 x(k) = oy x(k=1)
S16k43213-8K2-8Kk+3 16K -32K 348K 248K-3
L{2k+1) (2k-1) 2(2k+1) (2k-1)
1
+ ulk-1)

By direct computation, one can verify that (4.17) is asymptotically

stable for any initial time ko and initial state x(ko). In fact
(D-e(ow))(J)(D-e(ow)) (j-1) =0, »jeZ,
and therefore x(ko-l- 2) =0, vkoez .

4.4.2 Stability and Topological Equivalence

It is well known [14,36] that algebraic equivalence between
time-varying systems does not in general preserve stability properties.
Lyapunov transformations, however, do preserve stability; toward this
latter, we recall the following facts.

An nxn matrix P = (Pij) over Rz is said to be uniformly bounded
if there exists a u > 0 such that lpij(k)l <n, kel and where | .|

is the absolute value.

Definition 4.7. An nxn matrix P over A is said to represent a Lyapunov

transformation if it is uniformly bounded and if there exists a posi-~
tive constant y such that 0 < y < | det P{k)|,skeZ.

It is well known [36], that this definition is equivalent to
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requiring that both P and its inverse P! be uniformly bounded.
Further, the Lyapunov transformations form a group and if x = Pﬁ, where

P is Lyapunov, then the t-v A systems

(4.18) D{ox) ,

x
]

6 {ox) ,

x>
I

{4.19)

have the same stabiiity properties. It is because of this that we
shall refer to the two systems (4.18) and (4.19) as being topologically
equivalent.

If the Lyapunov transformation x = Px is such that the result-
ing system (4.19) is constant, i.e., D is a constant matrix, then the
system (4.18) is said to be reducible. Again both systems have the

same stability properties.

With the above preliminaries we can state and prove the following

Theorem 4.9, Let £ = (T,e,~) be a single-input t-v A-system, where
D and e are uniformly bounded, and such that (T,e) is n-cyclic with

no ..
characteristic polynomial ¥(z} = z - } z! IBi. If there exists a v
i=1

such that 0 < vy < | det p(k)| for all keZ, where P = [e eT...eTn-I]

’
then there exists a control law T whose matrix is uniformly bounded
and such that the closed-loop system EI = (Tl,e,-) is reducible to a
constant one with arbitrary eigenvalues.

Preof : In view of Theorem 4.5, £ = (T,e,-) is A-equivalent to

= (T, e, -) in control canonical form and the A-equivalence is given

by the transformation PS. Since M (T) = D and e are uniformly bounded,
n
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then so is P and the assumption that 0 < y < |det P(k)|,¥keZ implies

therefore that P in Lyapunov. Recall from (4.5)that

0. g
I ]
-1 .
M, i- (T) =P Mg (T)(oP)}=]: . ,
(ez! ])I<i<n b, ok
== 0...1 B8
n

where the Bn's are the coefficients of the characteristic polynomial
¥(z). Hence, since an(T) =D is uniformly bounded and P is Lyapunov,
the 8,'s are uniformly bounded. It readily follows that S (see (4.6))
is uniformly bounded and is in fact Lyapunov since its determinant is
equal to (=1)". The transformation PS is therefore Lyapunov and if
we choose A(z) = 2" -.E zi‘]ai. aiE:R, the characteristic polynomial
of the closed-loop sy;:;m, then this latter is A-equivalent to a con-

stant system. Clearly, the feedback control law T (see {(Def.(4.4))

has a uniformly bounded matrix.

Note that if A(z) is a stable polynomial (i.e., with zeros in

the unit circle), then the closed-loop system is also stable,

b.4.3 Specification of Fundamental Sets
]

" g i-
Let n{z)} = 2 + E z
' i=1
A _l[z] and consider the associated homogeneous linear difference egua-

g
tion

o be a monic polynomial of degree n in

(4.20)} w{q) = 6 "q +(o.n+lq)an+...+qaI =0, qehA

1f n{z) Is completely solvable in A, then the set of solutions of

(4.20) forms an R-vector space of dimension n.
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Let Yyreeoo¥, be n elements in A, then they are said to be linearly
R-dependent if there exist constants CpreersCys c]e:R, not all zero

such that

(4.21) Y &t oty e, = 0.

If whenever {4.21} holds, c, = 0 for i = 1,...,n, then Yyreeesy, are
said to be linearly R-independent., A fundamental set of solutions of a
completely solvable poiynomial of degree n is a set of n linearly
R-independent solutions of (4.20); in this case, any solution of
{4.20) is an R-linear combination of this set.

Next, let y|,...,y  be n nonzero elements of A and let
-1 -1 -1 -1
(4.22) AMz) = [z-(0 "y dy; seeenz=(o Ty dy ]

denote the monic least common right multiple of the polynomials

z - (G-Iyi}y{q, i=1,2,...,n. As mentioned in section 3.2, the

Euclidean algorithm in Q(A} _;[z] implies the existence and unique-
J

ness of A(z) in Q(A) _4[2]. Let
g

YI . Yn
U-IY U-]Y
(4.23) c= . ! . n
~n+] -kl
L y].. g Yn‘

be the '"Casorati matrix" of Yisereo¥ e

It is well known [6] that if (det C)(k) # 0,skeZ, then there
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exists a unique homogeneous linear difference equation of the nth
order having Yyseors¥, @s a fundamental set of solutions and that the
coefficients uiezz; i=1,,..,n of this difference equation are given

by the system of linear equations

(4.24) Ct(al,...,an)t = (-0 ”y],,_,,-a'“y )t
n

As we proceed now to show, this linear difference equation obtained
under the assumptions that det C{k) # 0, ¥ keZ {or equivalently,

det € is a unit in A), is nothing else but the difference equation

{4.25) rg) =0,

associated with A{z), the monic least common right multiple of the
polynomials z - (U-Iyi)yi.l, i =1,...,n. It is easy to see that if
YyrreesY, are R-dependent then det C = 0. Since det C{k) # 0,
NkelZ, the elements, Y #YgreesY, are therefore R-independent and by
Lemma 3.8 it follows that A(z) is of degree n. Further, A {z) is a

no._
completely solvable monic polynomial, A(z) = 2"+ ) 2! lu;, a;eQ(A),
i=l

and Yyr¥gseees¥y is a fundamenta) set of solutions of the associated
homogeneous equation (4.25). By the uniqueness of the difference equa-

tion having YyreeosY, 35 3 fundamental set of solutions and correspond-

ing to the ntl.l degree monic polynomial A{z}, it follows that a; = o,

i=t,...,n, and A{z) c A _I[z].
g
Example 4.2. Let A = R[k] and et A={p/q|p,qc A and q{k) # 0,¥ ke 2}.

2

Let Y, = 1, Y, = k, Y3 = k™. it is then easy to check that det ¢ = 2

where C is the ''Casorati matrix'of Yi» Yoo Y3 (see {4.23)). Referring
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to [22] for details, we recall that the least common right multiple

of two polynomials ﬂ#z), nz(z) in Q(A) _y[z] is given by
o
[n)(2) 5, @] = 7 (D3 Dy (2w (2) wy@)enom ! (2dw ) H2dn (),

where the element ac Q(A) must be chosen so that the resulting polyno-
mial is monic, and where ui(z), for i = 3,...,n, are given by the

Euclidean algorithm
., (2) = 7, (2)0,(z) + "3(2) .

ﬂz(Z) = w3(2)62(2) + ﬂh(ZJ ,

ﬂn_z(z) = ﬂn_](z)ﬁn_2(2)4'ﬂn(z),

ﬂn_l(z) = ﬂn(z)en_l(z) .

A simple computation gives

z~1=(z - EEI—)'(I +'%),

z - 5—:(1=%(z(k+l) - (k+1)) .

Hence

(-1, z - 8L 1= ke 2 - B - L

= (z-1)}(z-1),

= 22 -z2+ 1.

Similarly,
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2

2
22-22+Is(z--(k—+gz)—)(z+ 2k 2)"'—2'2-,
k (k+1) k
2 2 2
7 - (k+;) _% (z (k+21) ) (k+21) ),
k k
whence
2 2 2
[22-22+I,z-—(k"'+)]=(zz-zz+l)~£2—- (z-(k;” )- 2 5
k k {k+1)
= (22-2241) (z-1) ,
i.e.,
2 (ke)20 3. 2
©Mz) = [25-22+1, z- 3 ]J=27-2°3+23-1,
k

and the homogeneous linear difference equation in q is given by

673q -6 %q)3 +{c"'P3 -q=0 .

The above way of computing the difference equation having a given set

of elements as a fundamental set of solutions is believed to be simpler
in general than the usual way which consists of solving the system
(4.24) of linear equations.

Finally, it is clear that if £ = (T,e,-) is a single-input t-v
A-system where (T,e) is n-cyclic with characteristic polynomial ¥(z),
and if Yy»-++»Y, are n nonzero elements of A with the property that
the determinant of their''Casorati matrix'' € is a unit in A, then by
feedback we can change ¥*(z) to A*(z), where 3*(z) is the completely

solvable polynomial for which {yl,...,yn} is a fundamental set of
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solutions. Moreover, referring back to section 4.2, we see that C
is a fundamental matrix solution of the zero-input system x = if, in
the control cancnical basls. Hence,

Theorem 4.10. Let I = (T,e,-) be a t-v A-system where (T,e) is n-cyclic

with characteristic polynomial ¥(z) and let Yyseooa¥po be n nonzero
elements of A. |If det C, C the '"Casorati matrix" of Yirero¥s is a
unit in A, then by feedback the T-adjoint of the characteristic poly-
nomfal of the closed-loop system can be made completely solvable with
{yl,...,yn} as a fundamental set of sclutions. Further, C is a funda-
mental matrix solution of the zero-input closed-lcop system in the con-
trol canonical basis.

The above concludes our discussion of control canonical forms and
related matter. In the final part of this chapter, we would like to
make a little detour and establish some connections with the existing
results.

A fundamental concept in the theory of linear time-varying sys-
tems is uniform controllability [29). In the one-input case, Silverman
[30] has shown that uniform controllability is necessary and sufficient
for the existence of control canonical (phase-variable} forms for con-
tinuous-time systems.

In order to make a connection between our n-cyclicity concept
and uniform controllability of t-v A-systems in the single~input case
we consider the system £ = (T,e,-} and recall that, when viewed point-

wise, it is said to be uniformly controllable if

rénk[e(k), plk,k)elk=-1),...,¢9(k,k-n+2)e{k-n+1)] = n,wkelZ,



57

where ¢{(-,*) is as defined in (2.3).

The above condition turns out to be equivalent to
rank P(k) = rank [e eT ... eTn-I](k) =n, ¥kel,

and this latter is equivalent to saying that det P(k}) # OykeZ,

i.e., det P is a unit in A. Hence,

(4.26) Uniform Controllability of = (T,e,~)<=>{(T,e) is n-cyclic.

It is very interesting that our algebraic theory Is quite similar
to that given by Kalman for discrete-time, linear, constant systems,
In particular, via the cyclic module structure, we can solve a ''coeffi-
cients assignment problem' in the time-varying case, which as we have

seen is very useful in studying the effect of state-variable feedback.

L,5 Summary

This chapter has investigated the important concept of n-cyclicity
of an s.%.t. with a series of results in stabilization and feedback
as an outcome. The next chapter introduces a new concept of duality

for t-v A-systems and investigates its consequences.
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CHAPTER V
T-DUALITY

Unlike the continuous-time case where linear time-varying sys-
tems have unique dual, or adjoint, systems, there are several possible
dua) systems one can associate with discrete-time time-varying linear
systems [28]. It is the purpose of this chapter to introduce the con-~
cept of T-duality and to apply it to the construction of asymptotic

observers,

5.1 Dual of an s.&.t.

Let (X,T) be the pair consisting of an n-dimensional free right
R-module X with basis b = (bi)l<i<n’ together with an s.2.t, T:X —X
relative to the R-automorphism ;-;% a commutative difference ring R
with 1. Let X* denote the dual module of X, that is, the set of all
R-homomorphism £:X — Rix — Ex with the usual addition and the fol low~

ing multiplication
X*xR — X*: (£,a) =+ Eaix Anr— (Ea)(x) = (Ex)a = E(xa) -

The module X* is thus considered as a right R-module, and it is well

known that the set of elements b* = (b?) with b?(bj) = 6ij’ where

1<i<n

Gij denotes the Kronecker delta: 5ij = 0 or 1 according as i # j or

i =], is a basis for X* termed the dual basis of b.

Following [3] we introduce the



Definition §.1. The dual of T is the mapping T* defined by

THe o —x* g — T XWT-1(£(XT)) .

Since ET* is clearly additive as a mapping X —R, and

[}

(T) (xa) T"I(E(xaT)) ,

T-I(E(XT)ra) ,

T Neam)a

ET* (X)a '
where ae R, it therefore follows that T* is well-defined.

Lemma 5.1: The dual T* of T is an s.%.t. relative to T-], and
Yy o o] t
Mo (T%) =« " (M (TH)".
Proof : The second part of the lemma can be readily verified by

computation. For the first part, let El’ Ezex”' and consider

(£, + £)T () = 7 (5, +£,) 6T,

]

HE T) + g, (M),

(g, T () + (5,T) (x) .
if ae R, then

(5a)T*(x) = 1 {Ea(xT)),

'r-l (£(xT)a),

ey,

(™) () o

59
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Note that the requirement that T:R — R be a ring automorphism
is essential to define the dual of an s.%.t. relative to 1. In like
manner, the dual of an s.%.t., relative to T-] is an s.£.t. relative
to T.

Next, recall that the similarity of two s.2.t.'s Ti: X —X,

i = 1,2, was denoted by TI = T2.

- - . ¥ - *
Lemma 5.2. Tl = T2 implies TI T2 .

Proof: T] = T2 if and only if there exists an invertible nxn
matrix P such that Hb(Tz) = P-IHb(T])(TP), On applying T-I to and trans-

posing the matrices of the last equation we get
-1 t t, -1 t -1, -1t
<, T =t NS T

By Lemma 5.1, it follows that

-1 -1
Hb* (Tz*) = pt Hbi‘.— (T]*) T (pt) »

and the conclusion follows by considering the invertible matrix
P* = (pt)-] and replacing it in the last equation.
As in section 3.8 the skew polynomial ring R _{[z] is asso-
T

ciated with the s.2.t. T® which induces a right R _][z]—module struc-

T
ture on X* as follows,

X* R-_][z] —X*1 (g, 7(2)) —En(2) & en(T%) .
T
Again we define n-cyclicity as before: T x* —x* is n-cyclic

and £ is an n-cyclic generator, or briefly (T*,€) is n-cyclic if
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{E,ET*,...,gT*n-]} form a basis for X*. In this case, X* has the

representation X* = R _][z]/X(z)R _l[z], where x(z), the order of &,
T T

is an pth degree monic polynomial in R _;[z].
T
The relation between the n-cyclicity of an s.2.t. T and that

of its dual T* is given by

Theorem 5.3. T is n-cyclic with characteristic polynomial

() = 2" U
z) =z -}z B

3

i=1

i if and only if T* is n-cyclic with character-

n . ,
istic polynomial ¥*(z) = 2" - § z'-l(o-'Bi)-
i=l

Proof : Let g be an n-cyclic generator whose order is
n

v(z) = 2" - z z'-'Bi We then know that there exists a basis
j=]

1 -n+l

B'I 0-82.-.- [4) B

It readily follows that

[0 . o B]
l .
#y _ |9
HC*(T ) )
l0... 01 o "8 |
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Hence, cTT* = c; ,
A% o A%
czT c3 .
c* TF = ¥

n-1
P Y| %, ~N
ch = c](u B])-l-...'l-cn(o Bn),

ok

and {CT,CI ..,c*T*n-l}forms a basis for X*. The s.2.t. T" is

1

noo.. .
therefore n-cyclic and ¥*(z) = 2" - § z' I(c lBi) is the order of
i=]
*
<

The converse is proved by reversing the above steps.

It is because of this result that we termed RT-I[Z] (in section
2.2) as the T-adjoint of RT[z].

The definition of the dual of an s5.2.t. given above is also
given by Bourbaki [3]. It seems, however, that the Investigation of

T*'s properties in terms of the skew polynomial ring R _j[z] is new.
T

5.2 T-dual of a t-v A-System

In this section we introduce a new type of duality, the T-duality,
which evolves naturally from the global-in-time representation we have
been dealing with.

Recall that each mxn matrix over A was considered to be the

. ™ | -m
unique representation of a morphism A —+A" in the standard bases
bn and bm and that a matrix and its corresponding morphism were
denoted by the same symbol (see section 2.2.1),

Consider the t-v A-system I = (T,E,H) and recall that Mo (T) =D.
n
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Definition 5.2. The T-dual of £ = (T,E,H} is the triple of A-matrices

I* = (U-IDt,Ht,Et) defining the dynamical equations
=1.t, -1 t

(5.1) g=0 D {o '€) +Hn,

(5.2) $=E &,

where r|dH;}P, and t stands for matrix transposition. Note that
when ne (AP, then Ee A" and ¢eA".

I

Since D = oF (see (2.7)), it follows that o pt = ¢t and equa-

tion (5.1) takes the more familiar form
(5.3} £ = Ft(o"g) + 1% .

A comparison between equation (5.3) and (2.7) shows that the
T-dual system evolves in ''reverse'' time.

Let T%: (ﬁﬂ)* ——*(Kn)* be the dual of T; then T* is an s.%.t.

-1t t

relative to o and Mp {(T*) = o D =F". As before, we introduce the
n

Definition 5.3. The dual T* of the s.t.t. of a t-v A-system I is

called the s.%2.t. of the T-dual system I*.

The s.%.t. T* is thus defined as follows

T EM* — @AM g— e = Fho7'e).

Viewing Ht(Et) as the matrix of the A-morphism Ht:(zp)* ——+(§")*
-— ] N N L N
(€ 2 A™)" — (A™™*) with respect to the bases b o’ b (bﬁ, b;), equa-

tions {5.2) and (5.3) could also be written as

(5.4) E=£T% + Htn ,
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and,

{5.5) ¢ = EE.

- Let P* be an nxn invertible matrix over A, defining the change

of coordinates P*f = ¢ in (A")*. Equations (5.2) and (5.3) take then

the form
(5.6) e = (% ST 67Ty + (P W,
(5.7) o = (E'P%)E .
If we let prIEt (o 1pty — pt
P*-IHt - ﬁt ,
et = £,

then the triple * = (?t,ﬁt, Et) defining the dynamical eguations
{5.6) and {5.7) is an A-equivalent system to I¥in the sense of defi~
nition 2.3. Hence, A-equivalence in the T-dual framework corresponds
to a coordinate change applied to the equations (5.4) and (5.5).
Clearly, the s.2.t.'s T* and 1* of I" and i* are similar. We shall
therefore denote the T-dual of the t-v A-system £ = (T,E,H) by the
triple z* = (T%,0%,eY).

Upon endowing the free n-dimensional right A-module (Eﬂ)* with
the right Eg_l[z]-module structure induced by T*, all the results
obtained for t-v A-systems can be duplicated for their T-duals when

these latter are considered as t-v E;systems in the T-dual framework.
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For example, if the single-input t-v E;system g* = (T*,ht,-) is

such that (T*,ht) is n-cyclic, then there exists a basis ¢ = (C?)l<i<n

relative to which

0o . 0 0
% : t_
(5-8) M (%) : , bt =
B] g B2 s cn-IBn |
n % i *
where Xx{z} = z - Z z Bi is the characteristic polynomial of T
i=)

(the order of the n-cyclic generator ht).
The above result has the following important consequence

Theorem 5.4.

Let £ = (T,-,h) be a single-ocutput t-v A-system, where

H in this case consists of a row vector h, and E is immaterial. If

the single-input T-dual system £* = (T*,h%,-) is such that (T*,h")

n .
is n-cyclic with characteristic polynomial x(z) = 2P -_Z z'-] Bis then
1=

I is A-equivalent to Ly = (To,-,hol whose matrices have the form

o e . UB]
1 .
(5.9) M(Ty) = | : : , h=[0... 17,
0 ...1 a"sn

and conversely.

Proof : The fact that (T*,h*) is n-cyclic with characteristic

polynomial X {(z) = zn—z 2" Bi implies that ™ is A-equivalent to
i=1

’\* Fd ~

£ = (T*,h") 1n the control canonical form (5.8). Hence £ = (T,-,h)
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is A~equivalent to I, = (To,-,hol whose matrices have the form (5.9).

Definition 5.4. The form (5.9) is called the observability canonical

form of E.

In the next section the cbservability canonical form will be
applied to the problem of state estimation.

Finally, we note the interesting fact that there Is a connec-
tion between uniform observability, in the single~output case, and
the n-cyclicity of T* similar to the one which exists between uniform
controllability and the n-cyclicity of T (see (4.26)). More specifically,
let us recall [29] that the single-output t-v A-system £ = (T,-,h},
when viewed pointwise-in-time, is said to be uniformly observable if

rank[h(k), ¢S (k, k)" (k+1),...,0% (k,k¢n-2)h" (k+n-1)] = n,¥keZ,

where ®(-,:) is defined by {2.3).

if we let P'=[pt htT*...htT*"-I], then the above rank condition
is the same as the condition rank P*(k) = n, % keZ, and this latter
is equivalent to saying that det P*(k) # 0,¥keZ, i.e., det P* is a

unit in A. Hence
(5.10) Uniform Observability of £ = (T,-,h) <=> (T*,ht) is n-cyclic.

5.3 State Estimation

In most cases, the states of a given system are not available,
i.e., they can not be measured directly. Thus, to design control laws
for time-varying systems, one first must design a system which esti-
mates the state variables. In this section, sufficient conditions

are given to insure the existence of such state estimators.
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Let £ = (T,E,H) be a t-v A-system defining the dynamical equa-

tions
{5.11) x = D(ox) + E{ou),
(5.12) y = Hx ,

Definition 5.5. Z is said to have an asymptotic state estimator

given by
(5.13) x = D{ox) + L{oy - oH{ox)) + E{ou)},
Y= %X

If the nxp matrix L is over A and x(k) = x{k) - x{(k}) ~—+0 with k —,
In this definition x{k} is the state at time k estimated from
past outputs and inputs. Note that equation (5.13) can be written

as
(5.14) x = (D - LoH) {ox) + L{oy) + E{cu),

and by subtracting (5.11) from (5.14), we see that x, the error between

the real state x and the estimated one x, satisfies the equation
(5.15) x = (D - L(oH)) (ax) .

The following theorem tells us when such an estimator exists in the

single-output case,

Theorem 5.5. tet £ = (T,E,h) be a single-output t-v A-system. |If
(T*,ht) is n-cyclic, then there exists a state estimator with x{k)—0

in n steps.
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Proof : If (T*,ht) is n-cyclic, then by Theorem 5.4 it follows
that T = (T,E,h) is A-equivalent to ZO = (TO,EO,hO) in the observability

canonical form

0... O oB
i 1
M(T,) = : y hg =0 ... 11,

0o... 1 © Bn

where the Bi's are the coefficients of the characteristic polynomial
X{z) of (?*,ht). Let J be the nxn invertible matrix over A giving
the K;equivalence. If we let A(z) = zne:zs[z] and define

_ - i . _
20 = (Eor...,£0n), where £Oi o BE for i l1,...,n, then

M(TD) = io(oho)

e e

Let
x = (M(Ty)- Eo(oho))(o§0)+£0(cyo) + EO (ou) .

This is an asymptotic state estimator for the given system in the
observable canonical form. For it is easy to see that if io = Xg" 50,

then
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and It is clear that io(ko+n-l) = 0, for any k_ and any initial
state x(ko-l).

Now the system
x = (D-2(oh)) (ax) + 2{oy) + E(ou),

where ¢ = EOJ, is an asymptotic state estimator for I = {T,E,h) since
x = x=x is related to x by J, i.e., x = Jio, and io(k) —0

(xo(ko+n-1) = 0) in n steps.

5.4 The Regulator Problem

By the usual definition, a regulator for a given system consists
of a control law {or a controller) and of an asymptotic state estima-
tor [10]. In previous sections, we have established conditions under
which the characteristic polynomial of the closed-loop system can be
assigned arbitrarily {i.e., can design an arbitrary control law, see
section 4.3) and an asymptotic estimator can be designed. In this
section we combine these results to construct regulators for single-
input single-output t-v A-systems.

Let £ = {T,e,h) be a single-input single-output t-v A-system
and assume that {T,e) is n-cyclic and that ht is an n-cyclic generator
of T*. Then by Theorem 4.7, given any monic polynomial A(2) of

degree n in A[z], there exists a row vector w such that (T),e) where

My (Tl) = My (T} - e(ow), is n-cyclic with characteristic polynomial
x(;), i.e., ; has an arbitrary control law {see (Def. 4.4)). Let us
choose a stable control law characterized by x{z) = 2", Then, the
closed-loop system x = {D-e(ow))aox is stable. On the other hand,

by hypothesis (T*,ht) is n~cyclic, and, by Theorem 5.5, I has an



70

asymptotic state estimator which gives an estimate x of the real
state x of I such that the error x = x = x approaches zero as k —+,

Mow substitute u = wx into equation {5.11}. We then get

D{ox) + elow) {ox} ,

>
[

D(ox) + elow){ox - ox) ,

(D - el(ow))ox - elow) {ox) ,

which is clearly stable since x(k} — 0 as k — = and w was chosen to
yield a stable closed~loop system.

We summarize the above discussion in the following.

Theorem 5.6. Let L = (T,e,h) be a single-input single-output t-v E;sys-
tem such that {T,e) is n-cyclic and ht 15 an n-cyclic generator of T*,

the dual of T. Then there exists a control law such that A(z) = 2"
is the characteristic polynomial {of the s.2.t.) of the closed-loop

system and there exists an asymptotic state estimator such that the

overall system is stable.

5.5 Summary

This chapter has introduced the important concept of T-duality.
The construction of asymptotic state estimators was given in the single~
output case. These estimators and the results of section 4.3 on

feedback were used in constructing regulators for single-input single-

output t-v A-systems. The next chapter extends these results to the

general case.
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CHAPTER VI
MULTIVARIABLE t-v A-SYSTEMS

The generalization of the previous results to the multivariable
case, even fof constant systems, is by no means a trivial matter, and
the methods used are much less transparent. The difficulties could be
attrfbuted to the fact that inputs and ocutputs of multivariable systems
are generally coupled in the sense that an input may control more than
one output, and an output may be controlled by more than one input.

In this chapter, we investigate the multivariable case and make
effective use of our previous results. More specifically, our line
of attack will aim at reducing the multivariable case to the single-
variable one and then applying the already established techniques.

As it will be seen, this treatment of the multivariable case is new

(in the time-varying case), simple, and constructive.

6.1 Stabilization by Feedback

Let us consider an m-input p-output t-v K;system t = (T,E,H)

together with its dynamical equations
{6.1) x = D{ox} + E{ou) ,
(6.2) y = Hx ,

where My (T) = 0.
n
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Let e, be the it colum of E; that is, E = [eI ez...em]- if
T were n-cyclic and e for some i = 1,2,...,n, were an n-cyclic
generator, then the results of section 4.3 could {after minor modi-
fication) be applied here and the s.%.t. of the closed-loop system
could be assigned any characteristic polynomial in Eg[z]. Conse-
quently, the system could be stabilized by appropriate feedback. In
the following discussion,sufficient conditions under which I can be
transformed, by feedback, to a t-v A-system whose s.k.t. is n-cyclic
with any e, 1<i<r {r to be specified), as an n-cyclic generator are
derived.

An interesting point to be noted here is that t-v A-systems appear
in our framework as constant systems, and the proof of the just men-
tioned result is based on the one employed by Heymann [7] in solving
the pole placement problem for time-invariant systems.

Let V denote the set of elements of A" defined as follows

n-1 n-1 n-1
vV = {el,eiz,...gnz 3 €ys€,Z, .. 0,7 R R LR }.

We shall select a special subset of V as follows. Start with e, and
Vo=l
then proceed to ez, e]zz,... up to €2 L where the integer v, is

v
selected such that the element e,z 1 can be expressed as a Q(A)-tinear

vy-! . . ,
12 } (Q{A) is the quotient fieid of A).
vi-1
In other words, vy is the smaltest integer such that el,e]z,...,e]z ! .

combination of {e],elz,...,e

v
e,z ! are linearly dependent over Q{A). Then take e, and proceed as
v vy~
before until e,z 2 is a linear combination of {e],elzl....,e!z L veys

Va1
.,ezz 2 }. Assume that there exists an integer V. (selected
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in the above fashion) such that v|4-u24'...+ v.=n and view each

i -
efz"' s lsisr, 12, <v,, as a column vector with respect to the
standard basis bn of A". Let B denote the nxn matrix defined by

\’"] v r
(6.3) B = [e1 ez...e2 €,...e,2 coe€ ...e 7 ].

Theorem (6.1). If B is invertible over A {or equivalently det B is a

unit in A), then there exists an nxn matrix Hi over A such that the
single-input closed loop system Ei = (Ti’ei’H)’ where 1< i <r and
My (Ti) =M (1) - E(qwi),is such that (Ti,ei] is n-cyclic.

ﬁ: w?thout loss of generality we prove the theorem for i=1,

Let S denote the mxn matrix defined by

S=00.... 0s,0..... 0s.0.... 01

column column column

where S is the ith column of lmxm’ the mxm unit matrix. Since B

is invertible over A, define the mxn matrix NI, over A, by

(6.4) W, = sg”!

and let T, : ﬁn

I —+ A" be the s.2.t. whose matrix is given by

an(TI) = Mbn(r) - E(cwl) .

Now we claim that (Tl’el) is n-cyclic; that is, [e] eIT]...eITln-I] is

invertible over A (see Lemma &4.4), or equivalently, det [eI eIT]...eIT?'I]

is a unit in A. In fact, we shall prove that det [e, elT]---e]T?'l]=



¢ det B, ¢ = 1. From (63) we can write w]B = § explicitly as

v,-l v,-1 v -1
z) e ...ez?2 ...e ...ezf 1=

{6.5) wl[e] e @ 5 P e

1

[0 ... s 0 ... s e 01

and consider eIT]; by definition and from (6.5), it is easy to

verify that

e, = (o - E(cml))oel ,
= 0(031) = EU(HIEI) = eIT )
2
e T = (D-E(owl))o(elT),
= Do{e;T) - Ea(W, (e,T)) = esz ,
\,'I-] _ T‘UI"I
eITI = . = el »
Vl v|-]
eITI = (b - E(cwl))a(elT ),
V-1 v]-l
= Da(elT ) - Eo(wﬂefT )N,
\J] 'U'I
= eIT - Es2 = eIT T ey,
= e2 - R
\J|+l _ - V1
e, = (D E(u\dl))c(ez e,T ),
= ezT- . . N
’ -1 v.-2 v -1
tta]Tr]1 = (D-E(UNI))o(erT ro. ..)=erT r

74
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where, in the above equations, the ellipsis ... stand for linear
combinations of the preceding vectors. It readily follows that

n-I] is

n=1q _
det [e] ey - T, ] = ¢ det B. Hence, [e, e,T,... e Ty

1 11

invertible over A and (Tl’el) is n-cyclic.

Corollary (6.9). |If det B is a unit in K} then the closed-loop t-v

A-system I, = (TI,E,H) has an n-cyclic s.2.t. T, whose characteristic

polynomial A(z) can be arbitrarily chosen.
Proof : By the above theorem, the t-v A-system L' = (T',E,H),

where Hb (T') = Hb (t) - E(cw;), is such that (T',eI) is n-cyclic
n n

n-

noo.
with characteristic polynomial ¥(z)} = z ) z! ]Bi (order of e]).

i=1

The system § = (T',e],H) satisfies the conditions of theorem 4.7;
it therefore follows, by appropriate choice of the row vector w, that
- F = = 1) -
the closed-loop system Z) (TI’eI’H)’ where Mbn(Tl) Mbn(T ) e](ow),
is such that (Tl,e]) is n-cyclic with characteristic polynomial A(z).

If we let W denote the nxn matrix

it readily follows that E (oW} = e](cw). Hence, if we define HI==H;4-W,

then Mb (T.) = My (T)-E(UH]), and the control law W, renders the s.%.t.
n n

I i

TI of the closed-loop system El = (TI,E,H] n-cyclic with characteristic

polynomial A(z).
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Corollary (6.3). If det B is a unit in A, then the closed-loop sys-

tem L, = (TI,E,H) can be made asymptotically stable.

1
Proof : Readily follows by the results of section 4.4.1 and by
the above corollary when we take A(z) = 2",

Finally, note that the feedback gain matrix {or control law) H]
which renders the s.2.t. T  of the closed-loop system L, = (TI,E,H]

n-cyclic is obviously not unique, since any € 2 <i=<r, would yield

a control law wi accomplishing the same result.

I1tustrative Example 6.1. Let A= RI[k], let A = {p/q| pP,qe A, and

qlk) # 0,% keZ}, and consider the t-v A-system £ = (T,E,~) with

0 0 k™41 0 k
My (T) =0 ) 0 , E=]0 1
n
1 0 1 | g
It is easy to verify that
K241 K2+
elT = G . esz = 0 .
] k2 - 21+ b

and that e, T are linearly independent but (el,eIT,e Tz) are not.

i
Hence we consider e2 and form the matrix

0 k™ + 1 k

B = [e] e T e2] =10 0 i

]
| i 0



which is invertible over A with inverse

-1 k
B =1/k201 | 1 -k
| 0 KZ+)
Define Wl by
0O 0 0 ) -1
wl = 1/k+]
0 1 0 ]
0
0 0 0
17241 -k/KkE 0
and form
o o0 K

"b (TI) =My (T)-E(o‘wl)= o 1 0
n n
1 0 1

-k/ (k=132 41

= -17(k-1 %0

Now

K24

0

0
k k24
-k 0
kK241 0

k (k=1) A(k-1) 241

1+ (k=1)7 (k=1) 241

2

k™+1

0

17

+1 0 k|lo 0 0
- |0 1 l/k2+l —k/k2+l al,
1 0

-
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(124e1) [ k2141

eT. = 0 , e T = -1

L1 J \(k-1)2+ZJ

and det [e] eT, eIT?] = -(k2+l) = -det B; that is, (Tl,e])

is n-cyclic.

6.2 Asymptotic Estimators

Let £ = (T,E,H) be a t-v A-system and consider its T-dual system
¥ = (T*,Ht,Et). If £*, as a t-v A-system, satisfies the conditions
of Theorem 6.1 then we can find an asymptotic estimator (see defini-

tion 65.5) of I. More specifically, if the nxn matrix

- t  tox t*vl']tt* t-,t,-vz-] t toxs t_%xr
(6.6) ¢ [hy hyT°...hT hy hT .. h,T b A TE R T |
is invertible over K} where v]+...+ur = n and Vi i=l,...,r, is

W
selected such that h?T"'= ' is a linear combination of the preceding

vectors, then there exists an nxp matrix LY over B such that (T’;",ht)

is n-cyclic where

(6.7) s (T]) = My (1) - "NCRIRD

By Theorem 5.5 the single-output t-v A-system ZI = (T],E,h]) has
an asymptotic estimator. It follows, by a similar argument to the one
used in the proof of Corollary 6.3, that L, = (TI,E,H) has an

asymptotic state estimator.
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6.3 The Requlator Problem

In light of the results of the preceding two sections, the con-
struction of the regulator in the multivariable case is straight-

forward and will be omitted.

Finally, we note in passing that stabilization by feedback and
the existence of exponential estimators were established, in the con-
tinuous-time case, for a class of time-varying systems termed index-
invariant [19,34,35]. These latter can roughly be characterized as
haviﬁg their controllability properties invariant under time-variance.
The comparison between our conditions and the conditions used in [34,
35] for index-invariant systems is somewhat difficult since the setups
and the techniques of generating certain '"canonical' bases are dif-
ferent. We believe, however, that our treatment is more transparent

and is easy to implement,

6.4 Summary

This chapter has extended the results of Chapters |V and V to the

multivariable case.
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CHAPTER VI

CONCLUSIONS

7.1 General Remarks

This research effort has centered on a new algebraic approach
toward the study of discrete-time time-varying linear systems. The
methodology was based on a noncommutative algebraic framework consist-
ing of a module structure over skew polynomial rings, and the resulting
algebraic structure was used to study large classes of time-varying lin-
ear systems, termed t-v A-system. The outcome was a network of interest-
ing system theoretic results. The n-cyclicity concept, for example, was
found to be equivalent to the existence of control canonical forms --
well known for their usefulness in state variable feedback. The n-cycli-
city concept is a "time-varying version" of fhe usual cyclicity concept
which has been successfully used in Kalman's algebraic theory for discrete
time time-invariant linear systems. The equivalence between n-cyclicity and
uniform controllability in the single-input case makes it possible to apply
module theory to the study of dynamical properties in the time-varying
case,

The T-duality theory which evo]véd as a consequence of adopting a
global representation in terms of semilinear transformations made jt
possible, together with the module structure associated with the "T-
adjoint" constructions, to treat T-dual systems as t-v A-system. This

dual framework allowed us to solve the estimation problem by dualizing
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the resuits on state-variable feedback.

As for the multivariable case, the simplicity of our approach
results from that of Heymann's for the constant case. The process of
reducing the multivariable case to the single input case allows us
to apply the n-cyclicity concept with the resulting characteristic
polynomial to the study of multivariable systems without having to
use any general canonical forms.

On the other hand, the computational tasks the designers are faced
with in control problems are usually of sizeable magnitude; this is
especially true, if the computations must be carried out at every instant
of time. Through the global representation and the incorporation of the
theory of noncommutative difference polynomials inte the state variable
description, the computations involved in such problems are performed
within the A-structure. If A is such that operations in it are easily
programmable, then the constructions presented in this work can be
carried out on a computer. This gives, for example, control laws which
are specified in terms of an arbitrary time-reference.

Finally, it is believed that for certain classes of time-varying
systems, deep system theoretic results can be obtained under more relaxed
conditions than those considered here. |In fact Kamen is currently
investigating this problem for t-v A-systems, where A is a semi-local

ring of time functions.

7.2  Summary

Chapter |l reviewed the basic system description. The usual

pointwise-in-time definition was discussed and a global-in-time repre-
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sentation was given.

Chapter 11l layed the foundations of our algebraic approach. The
concepts of semilinear transformations and skew polynomial rings were
introduced and adapted to the system theoretical needs of our investi-
gations. This resulted in a module structure whose rings of operators
was noncommutative.

Chapter IV presented the n-cyclicity concept of an s.f£.t. and
exploited its relation to control canonical forms and state variable
feedback in the single-input case. The so-called characteristic poly-
nomial of an s.%.t. was defined and a system theoretical interpretation
of it was also given. The ''"coefficient assignment'' and stabilization
problems were considered.

Chapter V introduced a new global-in-time duality theory which
was termed T-duality. This T-duality provided the necessary elements for
the construction of asymptotic state estimators in the single-output case,

which then lead to the construction of regulators.

Chapter V] generalized the results of Chapters 111, IV and V

to the multivariable case.

Finally, some general remarks and a summary of this thesis were given

in Chapter ViI.
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