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ABSTRACT

Crocco's three-dimensional nozzle admittance théory is extended to
be applicable when the amplitudes of the combustor and nozzle oscillations
increase or decrease with time. An analytical procedure and a computer
program for determining nozzle admittance values from the extended theory
are presented and used to compute the admittances of a family of liquid-
propellant rocket nozzles. The calculated results indicate that fhe nozzle
geometry, entrance Mach number and temporal decay coefficilent significantly
affect the nozzle admittance values. The theoretical predictions are shown

to be in good agreement with available experimental data.
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INTRODUCTION

The interaction between the pressure oscillations inside an unstable
rocket combustion chamber and the wave motion in the convergent section of
the e%haust nozzle can have a significant effect on the stability charac-
teristics of the rocket motor and is an important consideration in analytical
studies concerned with the prediction of the stability of liquid-propellant
rocket engines. This report is concerned with the investigation of this
interaction.

To determine the stability of a liquid-propellant rocket engine, the
equations describing the behavior of the oscillatory flow field throughout

the rocket motor must be solved, To simplify the problem, it is convenient

to analyze the oscillations in the combustion chamber and the nozzle separately.

For such an analysis, the combustion chamber extends from the injector face to
the nozzle entrance as shown in Fig. 1. All the combustion is assumed to take
place in the combustion chamber where the mean flow Mach number is generally
assumed to be low. On the other hand, no combustion is assumed to take place
in the nozzle and its mean flow Mach number increases from a low value at the
nozzle entrance to unity at the throat. Downstream of the throat the flow

is superscnic and disturbances in this region cannot propagate upstream and
affect the chamber conditions. Therefore, in combustion instability studies
it is only necessary to consider the behavior of the oscillations in the
converging section of the nozzle since only these oscillations can influence
the conditions in the combustion chamber.

The nozzle admittancel’2 is the boundary condition that must be
satisfied by the combustor flow oscillations at the nozzle entrance. Defined
as the ratio of the axial velocity perturbation to the pressure perturbation
at the nozzle entrance, the nozzle admittance can also be used to determine
whether wave motion in the nozzle under consideration adds or removes energy
from the combustor oscillations. Furthermore, this boundary condition
influences the structures and resonant fregquencies of the natural modes of
the combustor under investigation.

To theoretically determine the nozzle admittance, the equations
which describe the behavior of the waves in the convergent section of the

exhaust nozzle must be solved. These equations have been developed by




Crocco2 and were solved numerically to obtain admittance values for one-
and three-dimensional oscillations. These values were tabulated over a
wide range of frequencies and entrance Mach numbers for a specific nozzle
geometry. By applying the scaling technique developed in Ref. 2, the
admittances of related nozzles can be determined. It was pointed out,2
however, that interpolation of the tabulated values can result in large
errors in the predicted nozzle admittances; furthermore, the accuracy of
the scaling procedure is open to gquestion. In addition, Crocco's theory
is only applicable to constant amplitude periodic wave motions, and in its
present form it cannot be applied to cases where the amplitude of the
oscillations varies in time.

In this report, the equations needed for computing the nozzle admit-
tance are presented and their solutions are ouﬁlined. Crocco's theory is
extended to account for wave-amplitude variation with time. Typical
theoretical predictions are shown and compared with available experimental
data. The effects of the nozzle geometry and chamber Mach number on the
nozzle admittance are presented in plots showing freguency dependence of the
real and imaginary parts of the nozzle admittance. The effects of the decay
coefficient are also assessed. A manual describing the use of the computer
program which calculates nozzle admittance values along with a program

listing is presented in the appendix.

SYMBOILS
A, B, C variable coefficients defined below Eq. (1L)
c nondimensional speed of sound, c*/Eé
gm, EW’ & unit vectors
i v-1
Jﬁ Bessel function of the first kind of order m
K(¥,0,t) a function having the following space and time dependence:

1
Jm[s ( Jr_)zjeiwt % imd
mn\{
w

M Mach number at the nozzle entrance
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number of mode diametral nodal lines
number of mode tangential nodal lines
nondimensional pressure, p*/ﬁé

nondimensional velocity, q*/5§
iry

nondimensional radius, r*/r§
nondimensional radius of curvature at the nozzle entrance,
/px o
rcc/ c _
nondimensional radius of curvature at the nozzle throat,
*/r¥
rct/ e _
nondimensional frequency, w*ré/c*
the nth root of the equatiocn
dJm(X) s,
— =
nondimensional time, t*Eﬁ/rﬁ
nondimensional axial veloeclty component, u*/Ezje
nondimensional radial velocity component, v*/Eé
nondimensional tangential velocity component, w*/5§
irrotational specific nozzle admittance defined in Eq. (13)
7 ' 7 - ‘ '
* u
P
D * D
nondimensional axial coordinate, z*/r§

ratio of specific heats

a function used to compute the nozzle édmiﬁtance; defined below
Eq. (13) ' ' |
tangential coordinate, radians

nozzle half-angie, degrees

nondimensional temporal decay coefficient, K*ré/aé
nondimensional density, p*/5§

a function used to compute the nozzle admittance; T = 1/C
nondimensional steady state veloclity potential, w*/6§r§

a function describing the ¢-dependence of the radial velocity
perturbation

nondimensional steady state stream function, %ﬁ(m)a(w)r2

nondimensional frequency, w*r?/cﬁ




Subscripts:

c evaluated at the chamber wall

i imaginary part of a complex guantity
o] . stagnation value

r real part of a complex quantity

th evaluated at the nozzle throat

W evaluated at the nozzle wall

- vector gquantity

Superscripts:
! perturbation quantity
- steady state value

* dimensional quantity

ANATYSIS

Derivation of the Wave Equations

_ The equations used by Crocco2 to compute the nozzle admittance will
be developed from the conservation equations. To keep the problem mathe-
matically tréctable and yet physically meaningful, the following assumptions
were employed.
(1) The nozzle flow is a calorically perfect gas consisting of
a single species.
(2) Viscosity and heat conduction are negligible.
(3) The steady state flow is one-dimensional; this assumption
implies that the nozzle is slowly converging.
(4) The amplitudes of the waves are small so that only linear
terms in the perturbed quantities need to be retained in the
- conservation equations.
(5) The oscillations are assumed to be irrotational.
Using these assumptions, the equations of motion in nondimensional
form become ‘

Continuity

2 4 ve(pg) =0 (1)




Momentum
3q
-1 -2 1
3p tEVa = - o (2)
2
and, from the isentropic conditions, ¢~ =p/p and p = p .
To obtain the Linearized wave equations, the dependent varisbles

are expressed in the following form:
- 7 - 7 - /
d=q+q, p=p+p, p=p +p (3)

Substituting these expressions into Egs. (1) and (2), neglecting all non-
linear terms involving primed quantities, and separating the resulting system
of equations into a set of steady state equations and a set of unsteady
equations yield the system of steady state equations:

- 2 _ v -1 -1-2 - - |
ve(og =05 c” =p =1-15=3% p=5" (%)

and the following system of unhsteady linear equations that describe the wave

motion:

ap, - 2 - , '
_B? + V-((}'p + pg ) =0 (5)
3q’ , _

e+ (@) = - (B | | (6)

Yp
7 -2 .
p’ =25’ : (7

To simplify the application of the boundary conditions at the nozzle
walls, these wave equations are solved in the orthogonsal coordinate system
shown in Fig. 1. In this coordinate system the steady state velocity
potential ¢ replaces the axial coordinate z, the steady state stream function
U replaces the radial coordinate r and the angle 6 is used to denote azimuthal
variations. Using this coordinate system the velocity Vectors can be expressed

as follows:




|

4= a(e) %

4

7 ’ 7
9.' =u§cp+v_e‘¢+w_e‘e

Using the definitions of the steady state velocity potential and stream

function for a one-dimensional mean flow, it can be shown2 that

-
Q(CP) - dz

¢ = 3@ (o) r

Rewriting Eqs. (5) and (6) in the (®,¥,0) coordinate system yields the

following system of equationsez

Continuity
)+ P L) v () B (8)
rpq
Momentum
¢p-component
(L) o
2P L) + ) =0 (©)
q P .

{-component

L) e @ L)+ &) =0 (10)

8 - component

1
o

d S, =2 3, d(p’

2w + 3 ) + () = (12)
Yp

Equations (7) through (11) constitute a system of five equations in the five

unknowns -- p'/ﬁ, u’/d, v'/rﬁa, rw', and p'/YB. These equations are solved

by the method of separation of variables and the solutions are

6




' _a¥(p)
- = dep k(‘b:e)t)
q
= 8() 3 K(4,8,0) ]
rpg
’ ar
rw’ = 8(9) g K(0,8,9) |
E - i - 030 + 200 ED ] k0,0
1Y
HRR-ECREDRORERORS SR
where
- .k .
JﬁLSmn(ﬁi>2] cos meel(w i)t for standing W§Ves
K(‘b)e :t) = _ , %7 . .
JmLSanJI) | Eimb el(w -0t for spinning wayes

These solutions identically satisfy the momentum and energy equations.
Substituting these solutions into Eq. (8) and eliminating variables give

the following differential equation for the function &:

2 -2
2,2 -2 a“% -2[ 1 dgq : . a3
q(c" -q) —=-a|5—— +2i(w - 1%)] —
d¢2 02 dep de
(12)
2=-2
-2 -2 S "¢
r -
+|_(w-i)\)2-v—2]“i(w-i)\)%%-—%—]@:O
c r
W

The function ® can be related to the specific acoustic admittance by

the formula2

y=vie L . Yok

(13)
D ¢ + 1w - 1)




where { = é gi Using the definition of { and Eq. (12), the following

differential equation for [ is derived:

i B c
E-Bocfa- g (1k)
where
_2,-2 -2
A=gq(c” - q)
: -2
_=2[1 dq . ]
B =1 r3 + 2i(w - id)
c
2-2
S "¢ =2
_ Loy 2 mn . Y -1lqg dq
C = [(w - iA)° - 5 - i(w - id) 25 5
r c

Equation (14) is a complex Riccati equation which must be solved
numerically to obtain . Once the value of { is determined at the nozzle
entrance, the nozzle admittance can be computed directly from Eq. (13).
inspection of Eq. (14) shows that the value of [ depends upon its coefficients
A, B, and C which in turn depend upon w, XA, Smn’ and the space dependence of
q and ¢ in the nozzle. The behavior of q and ¢ in the nozzle can be computed
once the value of ¥ and the nozzle contour are specified.

To determine [ for given values of w, A, S and Y and a specific
nozzle contour, Eq. (14) must be integrated numerlcally. A major difficulty
which can occur during this integration is that { becomes unbounded whenever
% gpproaches zero, which causes numerical difficulties in the integration
scheme. Crocco and Sirignano2 noted that this phenomenon occurred for low
Mach numbers and high values of w/Smn. At these Mach numbers and frequencies
they developed asymptotic solutions for (.

Instead of using the asymptotic solution, an exact numerical solution

is obtained in this study. The problem is resolved by introducing a new
dependent variable

T =

e

-2
- a2

d

2
3]




As & approaches zero and the magnitude of { becomes large, T becomes small. |
Introducing the definition of T into Eq. (1) gives the following Riccati
equation for T “ '

4t | B

c 2
| dmv+ TT-3T o= 1 o (15)

At those regions where ( becomes unbounded, Eq. (15) is integrated instead of
Eq. (14).

Method of Sclution

To obtain the nozzle admittance from Eq. (13), values of ( and T are
computed by numerically integrating Eq. (14) or (15). To evaluate the coeffi-
cients A, B, and C, a differential equation that describes the variations of
the steady state velocity in the subsonic portion of the nozzle must be derived.

Differentiating the continuity equation

- o. .

Prd = g Ty Gy = constant ‘ . (16)
=2 -2
where Q. = C. = 2/(y + 1), and using Eq. (4) yield the following differential
equation -
5 e

-2 @A - 2 Y |
dq ~ _ 1 _ I ( 2 > - [ 54 J :
ar dr/dag rog N 1 | 1.y g 1 -2 (17) |

Using Eq. (17) and the specified nozzle contour in terms of r(z), the quantity

dq/dw can be obtained from the relationship

dq- _ dq° dr dz - 4g dr ' (18)
4o dr dz do dr dz j

Once ag is known the corresponding value of 52($) can be obtained by
use of Eq. (4). To evaluate dr/dz in Eq. (18), the nozzle contour shown in
Fig. 2 is used. §8tarting at the combustion chamber the contour is generated

by a circular arc of radius rcc turned through an angie el, the nozzle

half-angle. This arc connects smoothly to a straight line which is inclined

9




at an angle 91 to the nozzle axis. This straight line then joins with another

circular arc of radius r , which turns through an angle 91 and ends at the

throat. Using this nozziz contour, in regions I, II and IIT of Fig. 2
1
ar| [yl -rg) - (- T 1
dz| - Ty FTp -7
dr
rT . = - tan 91
1
| [P @-n - (-0°T
dz| 11y T-Tee =T

Utilizing the appropriate expression for dr/dz, Eq. (18) can now be solved
simultaneously with Eq. (14) or (15) to determine the nozzle admittance.

The numerical integration of these equations must start at some
initial point where the initial conditions are known., Since the equation
for C is singular at the throatz, the integration is initiated at a point
that is located a short distance upstream of the throat. The néeded initial
conditions are obtained by expanding the dependent variables in a Taylor
series about the throat. To obtain this Taylor series, its coefficients

¢) = € and Ql 'S mist be evaluated at the throat where ¢ = 0.

do © =0
These coefficients are evaluated by substituting the series

C=Cp + 5@+ -

into Eq. (14) and taking the limit as ¢ -+ 0. The results are

¢, = ) =§—z
C C.\2
€1 =%c% o0 [%(%) - Al(%) - Cl]/ (4, - By).

where




5
c, = c'(p _o = | (- 1) 2(y - l)jfl:_jf? mg(y 2 1)]
(v + D)/rpr oy th
L o1
B = B| = i +i(w - ik)]
0] © =0 v + 1_ — .
in"et
5. =B b6 +y L4 2l -jA)]
S PR TS EE JroT L
ct
dA - L
A = — =
17 —
© =0 (v + D/rgre
o 2
NG -
o-8] e m e ,]
® = T Tentet | c

The following relations are used in the evaluation of the above quantities:

_ 2
q—lcp:O Yy + 1

in
0 (v + l)Vrthrct

R
I

Once C, and {; are known, the initial condition at ¢ = ®; is obtained from
the expression Q(wl) = Ly + CqPqe

The numerical solution is obtained by use of a modified Adams
predictor-corrector scheme, and employing a Runge-Kutte scheme of order
four to start the numerical integration. TInitially, Egs. (14) and (18)
are integrated to determine {; if the magnitude of [ exceeds a specified
value at which numerical difficulties can occur, the integration of Eq. (1)

is terminated. Using the value of { at that point, T is computed and the

11




integration proceeds using Eq. (15). Similarly, should the magnitude of T
become excessively large, the integration of Eq. (15) is terminated, [ is
computed from the value of T at that point, and the integration proceeds
using Eq. (14). This process is repeated until the nozzle entrance is
reached. A computer program utilizing this procedure has been written in
FORTRAN V for use on the UNIVAC 1108 computer and it is presentéd in the
Appendix.

RESULTS AND DISCUSSION

Using the previously mentioned computer program, theoretical values
of the real and imaginary parts of the nozzle admittance have been computed
for several nozzle configurations having contours similar to the one presented
in Fig. 2. 1In these computations the radii of curvature, L and r.ys are
assumed to be equal. The admittance values are presented as functions of the
nondimensional frequency S in Figs. 3 through 9 where they are compared with
avallable experimental data obtained from Ref. 3. In these figures, the
frequency has been nondimensionalized by the ratio of the steady state speed

of sound at the nozzle entrance to the chamber radius rc.

Admittances for Longitudinal Modes

Longitudinal-type instabilities in general occur in the range of S
from O to approximately 1.8 which is in the vicinity of the cutoff frequency

of the first tangential modes. The cutoff frequency of a particular transverse

mode is Smn (L - M?) wﬁere Smnris the transversé mode eigenvalue and the sub-
scripts m and n respectively denote the number of diametral nodal lines and
the number of tangential nqdal lines. Values of Smn are given in Table 1 for
several values of m and n.

For longitudinal modes good agreement exists between the experimental
and theoretical values of the real and imaginary parts of the admittance as
shown in Figs. 3 through 5. The effect of changing the nozzle half-angle is
presented in Fig. 3 for a nozzle with an entrance Mach number M of 0,08 and
rcc/rc = 0.4, The data indicate that increasing Gl increases the frequency
at which the real and imaginary parts of the admittance attain maximum values.

These data also indicate that the assumption of a one-dimensional mean flow

12




Table 1. Values of Transverse Mode Eigenvaluesgssmn

S

Transverse Wave Pattern m n .
Longitudinal 0 —g— 0
First Tangential (1T) 1 0 1.8413
Second Tangential (2T) 2 0 3.0543
First Radial (IR) 0 1 3.8317
Third Tangential (3T) 3. 0 h.2012
Fourth Tangential (4T) b 0 5.3175.
First Tangential, First Radial (1T,1R) 1 I 5.3313
Fifth Tangential (5T) 5 0 64154
Second Tangential, First Radial (2T,1R) 2 1 6.7060
Second Radial (2R) 0 2 . T7.0156

used in the development of the theory appears to be valid. Even for nozzles
with halanhgles as high as 45 degrees, for which it has been shownh that the
mean flow is tx«ro-dimensional,LL the experimental and theoretical nozzle admit-
tance values are in good agreement. '
Examination of Fig. 4 shows that the entrance Mach number M has a
gilgnificant effect on the admittance values for Gl = 15 degrees and rcc/ré =
0.44. However, increasing the nozzle half-angle appears to decrease the

influence of the entrance Mach number, and for 6. =45 degrees variations in

M has little effect.3 The dependence of the nozile admittance upon the radius

of curvature for a nozzle with M = 0.16 and 91 = 30 degrees is shown in Fig. 5.
The data presented in Figs. 3 through 5 show that for longitudinal

modes the real part of the nozzle admittance is always positive. As indicated

by Croccol”2

positive values of the real part of the nozzle admittance imply
that the nozzle removes acoustic energy from the combustor wave system which
implies that the nozzle exerts a stabilizing influence upon the chamber
oscillations.

In combustion inStabilityuanalysés of liquid-propellant rocket motors,
it is often assumed that the nozzle ig short. This assumption implies that
the nozzle length and throat diameter are much smaller than the chamber length
and diameter so that the wave travel time in the nozzle is much shorter than

the wave travel time in the chamber. ~For a short nozzle the real and imaginary

13




parts of the admittance are independent of frequency and are given by the
5

expressions

These theoretical short nozzle admittance results do not agree with the
results obtained for typical liquid rocket nozzles presented in Figs. 3
through 5. The disagreement is especially evident for nozzles with low
values of 91, which imply that the nozzle is long, and for high values of
S where the wave length of the oscillation becomes of the same order of

magnitude as a characteristic¢ nozzle dimension.

Admittances for Mixed First Tahggntial—Longitudinal Modes

The mixed first tangential-longitudinal modes are those three-
dimensional‘modes which exist between the cutoff frequencies of the first
tangential (S o~ 1.8) and second tangential (S ~ 3.0) modes. Theoretical
and experimental nozzle admittance data for these modes are presented in
Figs. 6 through 8. _

In Fig. 6 the influence of the nozzle half-angle on the admittance
values is shown. The theoretical and experimental results are in good
agreement and they indicate that increasing 91 increases the frequency at
which the real and imaginary parts of the admittance reach maximum values.

The effect of Mach number on the admittance values is presented in
Fig. 7 for 91 = 15 degrees and rcc/rc = 0.4k, Mach number effects are
especially significant at the higher frequencies. However, as shown in
Ref. 3, increasing the nozzle half-angle decreases the dependence of the
admittance values on the Mach number. The effect of changing the radii of
curvature on the admittance values is presented in Fig. 8.

The results presented in Figs. 6 through 8 show that for mixed
first tangentigl-longitudinal modes the real part of the nozzle admittance
can be negative which means that the nozzle radiates wave energy back into
the combustor; this process exerts a destabilizing influence on the oseil-
lations in the cham'ber.2 These negative values occur only for three-
dimensional modes and, as shown by Crocco,2 their cause can be traced to

the term involving 8  in Eq. (12) . For longitudinal modes, for which Son

14




is zero, the real part of the nozzle admittance is always positive, and for
those modes the nozzle always exerts a stabilizing influence upon the eombustor

oscillations.

Effect of Decay Coefficient upon Admittance Data

The nozzle admittance theory has been modified to include the effects
of a temporal decay coefficient, A. . Typical fesults are shown in Figs. O
and 10 for values of ) of -0.05, 0, and 0.05. These results indicate that
varying ) affects both the‘real and imaginary parté of the adhittance. There-
fore, the decay coefficient should be included in the nozzle admittance

computations when the osecillations are not neutrally stable.

SUMMARY AND CONCLUSIONS

The equations necessary: to determine the nozzle admittance for one-
and three-dimensional oscillations have been developed. The analytical
approach used in solving the nozzle wave equations is outlined end emploYed
to obtain nozzle admittance deta for typical nozzlefconfiguratione. These
data show the deﬁendence*of the nozzle admittancelvaldes upon nozzle geometry,
nozzle Mach number, mode of oscillation, and the temporal damping’coefficient.

The results can be summarized as follows for longitudinal and mixed
first tangential—longitudinal'modes. Decreasing the nozzle length by increas-
ing the nozzle half-angle and Mach number or by decreasing the threat and
entrance radii of curvature decreases the frequency dependence of the nozzle
admittance, Good agreement exists between the theoretical predictions and
available experimental data. However, the nozzle admittance'values for typical
liquid rocket nozzles are not in agreement with the Values‘Obtaihed from short
nozzle theory. Including the effects of a temporal damfiﬁg'coefficient in"
the nozzle admittance eomputationscehanges,the'admitﬁepce;values.» Therefore,
when the oscillations ere not neutraliy'sfable,‘fhe temporal decay coefficient

should be accounted for in the computations.
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APPENDIX

COMPUTER PROGRAM USED TO DETERMINE THE IRROTATTIONAL NOZZIE ADMITTANCE

The computer program for calculating the irrotational nozzle admit-
tance from Crocco's theory2 which is extended to account for temporal damp-
ing is written in FORTRAN V interpretive language compatible with the
UNIVAC 1108 machine language compiler. This program consists of seven
routines - the main or control program and'six subroutines. The names of
the routines are listed in Table A-1 in sequentiai order. The FORTRAN
symbols used in these routines and their definitions are presented in Table
A-2 in alphabetical order. The input parameters necessary for the admit-
tance computations must be specified in the main program and are listed in
Table A-3. The output parameters and their definitions are listed in Table
A-4. A detailed flow chart of the computer program is-shown in Fig. A-1,
and the program listing and sample output are presented in Tables A-5 and
A-6, respectively. |

This computer program has been written to predict nozzle admittances
for nozzle contours shown in Fig. 2. The run time required depends upon
the number of admittance values desired and the nozzle length. To obtain
Lo admiﬁtance values at different frequencies for the nozzles investigated
in this study, one to two minutes of run time on the UNIVAC 1108 computer

are required.
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Table A-1.

Iist of Subroutines in the Cemputer Program Used
to Determine the Irrotational Nozzle Admittance

Subroutine

Description

MAIN

NOZADM

RKTZ

RKZDIF

RKTDIF

ZADAMS

TADAMS

Specifies the nozzle geometry and
operating conditions in the converging
section of the nozzle

Specifies initial conditions at the
throat, computes the final nozzle admit-
tance values, and contains all output

‘formats

Uses the Runge-Kutta of order four to
obtain initial values for the modified
Adams integration routine

Computes the differential element in
the converging section of the nozzle
used to solve Eq. (1k4)

Computes the differential element in the
converging section of the nozzle used to
solve Eq. (15)

Numerically integrates Eq. (14) using
the modified Adams numerical integration
scheme

Numerically integrates Eq. (15) using
the modified Adams numerical integration
scheme
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Table A-2. Definition of FORTRAN Variables

(Page 1 of k)

Variable Definition

A Real coefficient A of Egs. (14) and (15)

A(5) Coefficients of the Runge-Kutta formulas of order four

AF Nondimensional temporal damping coefficient A

ANGLE Nozzle half-angle, degrees

AlR | Derivative of the coefficient A evaluated at the throat

BI Imaginary part of the coefficient B in Egs. (14) and (15)

BR Real part of the coefficient B in Eqs. (14) and (15)

BOI ~Value of BI at the throat

BOR Value of BR at the throat

B1I Derivative of BI evaluated at the throat

BIR Derivative of BR evaluated at the throat

C Nondimensional speed of sound squared, 02

CI Imaginary part of the coefficient C in Egs. (14) and (15)

CM Mach number at the nozzle entrance

COR(5) Formula for the corrector in the modified Adams inte-
gration routine

CR Real part of the coefficient C in Egs. (14) and (15)

CoI Value of CI at the throat

COR Value of CR at the throat

ClT Derivative of CI evaluated at the throat

CIR Derivative of CR evaluated at the throat

DP Integration stepsize

DP(5) Derivative used in the corrector formula in the modified
Adams integration routine

DR Derivative of the local wall radius with respect to
axial distance

DU Derivative of the nondimensional velocity 52 with respect
to the wall radius r

We Increment of the nondimensional frequency w
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Table A-~2. Definition of FORTRAN Variables
~ (Page 2 of L)

Variable Definition

DY(5,4) Derivative used in the modified Adams integration scheme

F Constant given as a/YE evaluated at the nozzle entrance

Fz(4,5) Derivative used in the Runge-Kutta method

Fl Lumped parameter determined by the conditions at the
throat

F2 Lumped parameter determined by the conditions at the
throat

GAM Ratio of specific heats v

a(5) Dependent variable in the Runge-Kutta integration routine

H Integration stepsize

I Integer counter

Ip Integer constant. If IP = O the nozzle admittance is

output. If IP # O the amplitude and phase of the
pressure oscillation are output along the length of the

nozzle
Iq If IQ = 2, the integration of Eq. (15) for T is complete
Q7 = 1: Eq. (15) for T is integrated
= 2: Eq. (14) for { is integrated
J Integer variable
JOPT = 1l: Eq. (15) for T is integrated
= 2: Eq. (14) for { is integrated
X Integer variable
N Integer variable
NU Number of differential equations to be solved by the
Runge-Kutta or the modified Adams integration routine
NWC Number of frequency points
P Value of the steady state velocity potential
PARG Phase of the pressure oscillation in the nozzle
PHII Imaginary part of &
PHIR Real part of @
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Table A-2. Definition of FORTRAN Variables
(Page 3 of L)

Variable Definition

PT Imaginary part of the pressure oscillation

PMAG . Magnitude of the pressure oscillation

PR Real part of the pressure oscillation

PRED(5) Predictor formula for the modified Adams integration
routine

vy +1

Q Constant given as (rth/h)(;—:fi?

QBAR Nondimensional steady state velocity q

R Local wall radius r

RCC Ratio of the radius of curvature at the nozzle entrance
to the radius at the nozzle entrance

RCT Ratio of the radius of curvature at the throat to the
radius at the nozzle entrance

RHO Nondimensional, steady-state density p

RT Nondimensional throat radius

R1 Nondimensional radius at the entrance to Section 2 of
the converging portion of the nozzle

R2 Nondimensional radius at the entrance to Section 3 of
the converging portion of the nozzle

SRTR Constant give as Vr,,r /r

th ece’ "¢

SVN Smn

SVNR smnrc/rth

SYT . Imaginary part of the specific admittance y

SYR Real part of the specific admittance y

T Nozzle half-angle, in radians

TDN Inverse of the square of the magnitude of (

TI Imaginary part of T

TMAG Magnitude of T

TPT Derivative of TT with respect to ¢
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Table A-2. Definition of FORTRAN Variables

YT

(Page L of W)

Variable Definition

TPR Derivative of TR with respect to @

TR Real part of T

Tz Value of ¢ &t the nth integration point

T2 Square of the magnitude of T

U Steady state velocity squared, a2

UZ Dependent veriable in the Runge-Kutta integration scheme

w Nondimensional frequency S

WC Nondimensional frequency w

X Value of @ gt the nth integration point

Y(5) Dependent veriable used in the modified Adams integration

‘ scheme -
Imaginary pert of the irrotational nozzle admittance
defined by Crocco in Ref. 2

YR Real part of the nozzle admittance defined by Crocco
in Ref. 2

ZDN Inverse of the square of the magnitude of C

ZT Imaginary pert of C

ZMAG Magnitude of C

ZPI Derivative of ZI with respect to @

ZPR Derivative of ZR with respect to ©

ZR Real part of C

Z0oT Value of ZI at the throat

ZOR Value of ZR at the throat

Z1lI Value of ZPI at the throat

Z1R Value of ZPR at the throat

zZ2 Square of the magnitude of [
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Table A-3. Input Parameters

Variable Definition
GAM Ratio of specific heats, ¥y
CM Mach number at the nozzle entrance
| a7,(x)
SVN Nth root of the eguation —x = 0. Corresponds to
S . Values of S _ are given in Table 1 for various
mn mn
acoustic modes
WC Initial value of
owe Increment of frequency
Nwe Number of frequency points desired
ANGLE - Nozzle half-angle, degrees
RCT Radius of curvature at the throat nondimensionalized
with respect to the chamber radius
RCC Radius of curvature at the nozzle entrance nondimensional-
ized with respect to the chamber radius
IpP = 0: nozzle admittances are printed
# 0: pressure magnitude and phase are printed at each
point along the nozzle
AF Temporal damping coefficient A
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Teble A~L. Output Parameters

Variable Definition

WC Nondimensional frequency, @

YR Real part of the admittance as defined by Crocco in
Ref. 2

YT Imaginary pert of the admittance as defined by Crocco
in Ref. 2

W Nondimensional frequency

SYR Real part of the specific admittance y

SYT Imaginary pert of the specific admittance y
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Table A-5.
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Listing of the Computer Program Used to Determine
the Irrotational Nozzle Admittance (Page 1 of 10)

SVN,
211

COMMON/X1/GAM,
COMMCN/Xx3/721R
COMMON/XU/Z €M
GAM = 1,233
AF 0

IP=p
RCC
RCT

ANGLE? RCT, RCC /X2/T+RTo Qv R1» R2» IP» WCeAF

1
S.457+2/11.82
40

005

20

.?S
;01 =1,2
ZQ.,2) 60 TO 5
v

27

20
SVN 1.84129
NWC = 20
CONTINUE
DO 2¢0 v = 1,3
AF = 0,05«(J=2)
IF (1 ,£Q,2) GO TO 25
we 0.55

wC =
CONTINUE
IF(IP LEQ,
WRITE(6» 1000) CM»
CALL NOZADM(CM,
CONTINUE

CONTINUE
FORM* T (46X» 2BHPRESSURE MAGNITUDE AND PHASE: //» 3BX»

14HMACH NUMRER = ¢ F3.,2, 7H SVN v Fbolhe OH GAYMA = » F3,1
¢ /0 22X» 1SHNOZZLE ANGLE = , Fli.1» 21H RADII 0F CURVATURE:
¢ YGHTHROAT = » F6.4%» 12H ENTRANCE = » F6,U4¢ 7/, U46X,

2H X¢ Xy 4HPMAGe 10X, 4HPARGe /)

0) 60 TO 1n
SVN, GAM, ANGLE,
NwCr» DWC).

RCTs RCC

sTop
END




1

e

e

Ys

5«

(X

Te

B

Qe
10+
11
12%
13»
14e
15«
16%
17+
18x%
19«
20%*
21
22
23x»
24
25
26%
27
28*
29*
30
31»
32%
33
Iy
35
36*
.37
38%
39x
40=
4le
B2«
43
4us»
45*
46n
47
48»
[3°1 ]
50«
Sis
52%
53
She
55«
Sé*
ST»
S8
59«
60=

20 .
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Table A-5. Continued (Page 2 of 10)

SU3ROUTINE NOZADM(CM, NwCes DWC)
DIMENSION DY (Ss4)e B(S)s GP(5), Y(5)
COMMON/X1/3AMs SV ANGLE+RCTIRCC/X2/TRT»QoR19R2:IP,WC, AF
COMunl/x3/721R0211
OP = -OOOUI

T = 3,1415927 * ANGLE /7 180

'«QITE(évIOOO) CM, SvN, GAM, AF, ANGLE, RCT, RCC

o 1 N = 1, HwWC
d‘ﬂ. = WC + ch
RT =(c1s40e5)*( (14 (GAM-l)thth/z)ttc(-sAM-x)/(u*(sAM-1)))

Y ((2/7(5AM+1))ea((=GAM=1) /{4x(GAM=1))))

B = (0,25%RT) 4 ((2/(GAM+1)) xx ((GAM41) /(4 (6AM=1))))
PHIR =
PHITI = n
R1 = RT + RCT#*(1. = COS(T))
R2 =1 = RCCx(g = COS(T))
R = RT
P=0
U =2 7 (GAV+)1)
SRTR = (RT * RCT)##0.5
ALR = 4 /((GAM41)%5RTR)
BOR = ~AlR +uxAF/(GAM+1)
BOI = 4 * wil /(gAu+1)
SVNR = SVN/RT
COR = WC & WC =((SVNRsSVNR) % 2 /7 (GAM+1))
- AF#AF = 24AF#(GAM=1)/((GAM+1)*SRTR)
CO1 = =2 &« WC * (GAM=1) /7 ({GAM#1)#SRTR) = 24AFeWC
BIR = (24 + 4*GAM) /(3«RCT+«RT#(GAM+1)) =~ B#AF/(SRTR*(GAM+1))
Bil = 8 * WE s (SRTR¥(GAM+1))
CIR = 2 % (6AM o 1) & SVNR * GVNR /(SRTR % (GAM41))
- AF% (B1R+B*AF/(SRTRE(AAM41))) % (GAM=1)x0,5
C1l = =31R » WC % (GAM = 1) % 0,5
ZOR = (30R«COR 4+ BOI*COI) / (ROR«30R + BOI*Bpl)
201 = (ROR«LCOI - BOI*COR) / (ROR%BNR + BOI+A0l)
FL = BIR#«2DR =~ B1I%20] = ZOR«Z0R*A1R + A1R#201,201 - C1R
F2 = B11#ZOR + BIR*Z0] = 2*A{R#20I+Z0R = Cj1
2IR = (F1#(AIR « BOR) = F2¢80I) ;s ((ALR=~BOR)4(AjR=-BOR) +
80I4B01) |
Z11 = (F2«(AIR = BOR) + F1%B0I) / ((A1R=-BOR)=(A1R=-Bor) +
30Is301)
cC=v
G(1) = v
Gt2) = z0R
G¢3) = z01
G(4) = pHIR * 20R = PHII =« zox
G(5) = pHII =* 70R + 201 & PHIR
DY(1,1) = -AIR
Dy(2,1) = 21R
DY(3,1) = z11
DY(4,1) = pHIR
DY(S,1) = pHII
162 = 2

00 30 I = 2+t
CALL RKTZ(5,0P+P1G,6P,1Q2)

P =P +Dp
Uy = 6(1)
ZR = G(2)
21 = 6(3)
PHIR = 6(4)
PHII = 6(5)
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36

6le

62«
63»
64w
65
66
67%
68#
694
TCe
71e
72
T3s
Tue
759
76
77
TEe
798
BOs
B1s
ver
82+
8ue
8%
8o
87
dte
8O»
90 e
Fle
Geo
93«
Sye
95«
95
97s

9be

99«
100+

191« .

102+
103e
104s
105«
166

Table A-5. (Continued (Page 3 of 10)
DY(1,1) = GP(1)
DY(2,1) = GP(2)
DY(3,1) = GP(3)
DY(4,I) = GP(Y)
30 DY(By1I) = GPI(5)
Y(1) = v
Y(2) = ZR
Y(3) = 21
Y(u4) = pHIR
Y(95) = pyll
CALL ZANAMS(5,DP,prYeDY,102)
IF(IP LEGQG. 1) 50 TO 10
U = y(l)
ZR = yi(2)
21 = y(3)
PHIR = Y (u)
PHIT = Y(Y)
S4AR = yre0,.5
2 T 1 = Ux(a54(GAM=1)
RAD = cae(1/(GAval))
F = q3aR /7 (GAM#RHO)
Iei1;2 ,:0, 1) Gop TO 35
29 S (UPZNHAF) & (UZR+AF) + (wWC+Us2I)&(WC+U=Z1)
YR = ~{Z23«{UsZR+AF) + ZIx(WC4+UxZT))=F/2DN
YI = =#(wlsZR - AF#21)/20N
50 T un
35 TR = y(2)
TI = v(3) .
ToMN 2 (USATTR=uC#TI) €« (U+AFXTR=WCHTI) + (WCxTR) « (WCxTR)
fR T ~Fa(U=nC4TI+AF*TR) /TON
YI = £ (aCeTR+AF*TII/TON
Yl = 5 » wC &« 7R / TON
4o SYR = aAMx(Cas ((GAM+1)/(2%x(GAM=1))))*YR
SYI = GAMe{(T#e ((GAMH1) /{24 (GAYU=1))) ) *YI
_ Wi T ul #(Cer= . 5)
50 WiIT<(6,100%) wC, YRe YIs wWe SYRe SYI

10 CONTINUE
1000 FORY: T(1-41+s u5Xs 3OHT4EORETICAL NOZ7LE ADMITTANCES, //¢ 25X«

1 14-4MACH NUMRER = o F3,2, 7H GVN = » F6.l4r 9H GAMMA = ¢ F3,1
b 1214 DECAY COEFFICIENT = » FB, 4 //»
2 224 15H%027LE ANGLE = , Fu,1» 2x, 21HRADIT oF CURVATURE:?
3 r OHTHAROAT = , FG.4s 12H ENTRANCE = o Fbelby //9 34Xe 2HWC
4 Ixs 24YRe Bxe» 24YIe BXs 1HW, 8X, 3HSYR! 8Xs» 3HgY1ls /)
10065 FORMAT(31X+ Fb.4s» SF10,5)
RET M
END




1»

2

3

4w

1]

(1]

7=

(-3

9%
10»
11=
12+
13
14w
15«
16=
17«
18=
19«
20*
21
22+
23
2u4se
25
25
27
28»
25
3G
31
32+
33
Juse
35
36e
37s
3B
39
40«
4ls
4zs
L3s
Uis
45+

35

CHE

Ug
5n
3o
S5
60

65
To

1009
e

Teble A-5. Continued (Page 4 of 10)

SUBROUTINE RKTZ(NU, H, T1» U, DUMe JOPT)
COMMON/X2/ToRT+QsR1sR2,IPIWC,AF
DIMENSION Uls)e A(S), yZ(S)r FZ{4+5)DUM(S)

Aty = ¢
Al2) = ¢
Al3) = 0.5
Al4) = 0,5
Al5) = 1,0
T2 =711

D0 1¢ =1, NU
vzqJd) = ytd)
DUM({J) = F2(1,J)
IF(JOPT LEQ, 2) GO TO 315
CALL RKTDIF(TZ,UZ»DUM)
60 10O 20
CALL RKZDIF(TZoUZeDUM)
DO 25 J = 1» NU
FZ(1,J) = pumdJ)
20 35 1 = 24
TZ = T1 + A(I+1)»H
20 35 J = 1» NU
U20y) = UgJd) & A(I+1)4H*FZ(I=1rJ)
UMty = F2(1, N
I£(JOPT LEG, 2) 50 TO 4O
CaLL RLTIIF(TZoUz,0UM)
30 VO un-
CaLl RLZIIF(TZ2Uz,DUM)
20 50 J = 1., NU
F2LiL, ) = DUM(Y)
CONTINYE
I 56 J =1 NU
Ugd) = Utd) + He(FZ(led) 42« (FZ(20J)4F2(30J))4F2(4ed)) / 6,0
GO Y0 (n0eBSY»JOPT
CALL RRTDIF(TZ2U QUMY
39 10 7¢ .
Chol RLZDIF(TZsU 1DUM)
IF(IFera,u) 50 TO 75

PR = vcaUls)= Ul1)#puM(l) = AF®U(y)
PI = =al#Uqu) = (H1)«DUMIS) « AFAyl5)
PHAG = T (NRPR 4+ PI4PI)
PARG & ATAN(RI/PR)
SHIT {61000y TZe PWA5, PARS
FORM/ T(NBAY So.lr 11Xy F10.5r 3x» F10.5)
R Tun
2.4
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Table A-5. Continued (Page 5 of 10)

SUBROUTINE RKZDIF(P»G,sP)

COMMCH/X1/6GAMy» SYN2» ANGLE»RCT/RCC/X2/TPRT1Q+1R1,R2¢IP,WC, AF
COMMON/x3/21Re 211

DIMENSION G(s)s GP(5)

U= 6(1)
ZR = 6(2)
21 = 5(3)
PHIR = G(4)
PHIT = 5(5)

IF(P) 15, lo, 15

GP(1) = 4/ ((GAM+1) % ( (RCT*RT)#%0,.5))
6P(2) = z1R
GP(3) = 211
GP(4) = Z1R
G6P(5) = 211
60 To 20
C =1« (GAM = 1) » U % 0,5
R=0 & ((Cleslel/(2¢(GAM=1)))) & (Uss=0,25) »4,0
IF(Ra1) 22» 22: S0
IF(R = R1) 25+ 30+ 30
283 = =((2¢R2T«(R=RT) = (R=RT)*«(R=pT))*%0,5)7 (RT+RCT~R)}

50 T~ 45

IF(R=R2) 35, 40 40

33 = ~TAN(T)
50 TL Wb

9% = ((24R2Cw{1=R) = (R=1)%(R=1))«*0,5)/(1~R=RCC)

DU = =(uU*s0e75) 8 (Che(24GAM=1)/(24(GAM=1))))/(Qu(1=(GAM+1) *Us.5)
1 )
5GP (1)Y= DU«IR
IV
5°(1) = 0

Az ge{C=p)

a2z 0z e (1) /0 + 2%pFaU

31 = 244541

CR = r24al = SVNeSV «C/(RAR) = AF4AF

1 _(JI\\'-[)tﬂFtU‘GP(l)‘O.S“‘(I/C)

L1 = = (A1) anCallesp (1) #0,56(1/C) =~ 2+AF*WC
Got21Z ((ulezR = BleZ] = CR) / A) = ZR#xZR + ZleZ1l
3(8, = ((31.(1{ + GR#Z2] = Cl) 7/ A) = 2xZR#21
37P{G4)}S FlePdlR = 212411
GP{HYT ZR&PHID + ZI1#P-IR
HETyx™
(2!
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5%
6%
T
8s
O
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11»
12s
13»
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15»
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17»
18»
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21w
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2i»
24e
25e

‘269

27
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29se
30
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32s
33«
J4e
35«
36«

Table A-5. Continued (Page 6 of 10)

SUBROUTINE RKTOIF(P«G,GP)
COMMON/Xx1/GAMsSYN)ANGLE »RCT,RCC/X2/T+RT»Q,R1,R2,IP, wC AF
-onENSIOM Glg)y GP(5)

= G(1)
TR s 6(2)
TI = 6(3)
PHIR = G(4)
PHI1 = 6(5)
C=1-- (GAM-I)tUto 5
R=@g* ((Clenla 1/(2#(GAW-1)))) . (u.:-o 25) *4,0

IF(R=1) 22+22:50

22 IF(R=R1) 25+ 30» 30 -

2s 2R = =((2+RCT#{R=RT) = (R=RT)*{R=RT))*20,5)/(RT+RCT=R)
GO TC uS

30 IF(R=R2) 35,40,40

35 DR = =TAN(T)

GO Tn 4S
4o DR = ((2*RcC#(1=R) = (R=1)*(R=1))%*0,5)/(1=R=RCC)
bs by = -(U‘to.TS)t(Ctt((ZtGAM-l)/(Z*(GAM-l)))) / (Qt(1-(GAM+1)*Ut
1 0+45))
6P (1)= DUsDR
60 T0 S5
50 5P(1) = ¢
55 A =vu‘(C-U)
BR = UsGP(1)/C + 2%aAFsU
31 = 2+45xy
CR = wisWC = SVNeSYN&C/(R#R) = AF4AF
1 =(3AvYL1)«AF*U*Gp(1)%0,5a(1/C)
Cl « (ALl ) *WCHU5p (1) %0,5%(1/C) = 28AF%WC

57¢(2)

GP(3)= (=3R+T1 = BI*TR + CIx(TR*TR=TI%TI) + 2«CR*TR«TI) /A
T2 TR«TR + TIxT]

GPU4)YS (TR*PAHIR = TIspulll/T2

:H(5)= (TR*PII + TI*pHIR)/T2

RITy

END

-

1 - ((3R*TR=BI4TI) = (CR*({TR4TR=TI#TI)=24CTaTRaTI))/ A

39




o)

1=
2%
3
Y»
S
6%
Te
8
1 ]
10
11s
12+
13«
14e
15=
16#
17»
16
19s
20+
21s
22+
23w

24se

25

26«
27
2t
2%
30
31a
3z
33
34
35
3es
37
35
33s
40e
Lls
42
s
Yue
4S&e
4Ee
474
bes
45
50+
51»
52*
53«
5S4
55%
Se*
57
S56=
S50s
6L
51

Table A-5. Continued (Page 7 of 10)

1g

SUBROUTINE ZADAMS(NeH,xsYeDY,162)
COMMCN/X1/GAM SVN» ANGLE+RCT,RCC/X2/T¢RT»QsR1,R2,IP,wC, AF
COMMON/ X4/ Cv
DIMENSION COR(S)e DP(5)¢ DY(Seu)r PRED(5)s Y(5)e @(5), GP(S)
CONTINUE
DO 15 1 = 1N
PRED(I) = Y(I)+Hu(55,4DY(I,%)=59,40Y(1,3)437 ,w0Y(1+2)=9,xDY(70s1)

1 /2440
15 CONTINUE _
X = x+4
Y = PRZJ(1)
Z = PREJ(2)
Z1l = PRZI(3)
P11} = PRIJlY)
PHII = PRZJ(s)
2 2} = (3AM=1)*U*q,5
Az 5 o« ((Cresl=1/(pe(GAM=1)))) & (Usx=0.25) =4,0
17 (R=1) 17917100
17 17(i=R1) 20 25 25
20 R = «((2+3CTx(R=RT)a{R=RT)*(R=RT))*»»0,5) / (RT+RCT=R)

45

S2

55

60

62
65

Tc
75

50 17 40
I-(R-FKz) 30, 35, 35

Iaox ATAN(T)
G0 10 40
DR = ((2%R7Ce(1-R) - (1=R)*(1=R))4*0,5) / (i=-R=RcC)
DU = =(Us0e75) % (Cha((246AV=1)/(24(GAM=1))))/(Q%(1=(GAM+1)%Ux0,5
)) ) .
JP(1)= ZRe3Jy
A = Usl(Cmr))
3RO UsDP(1)Y/C+ 2%AFxU
B1 = 2eaCHl
£ = wienl = (GVNeSyN«C)/(ReR) = AFsAF
= (GAY_1)«AFsUsDp(1)%0,5/C
ST = w (501 )&nCallsDp(1)%0,5/C = 2%AF*WC
P21z ((4R47R = Bls2] = CRI/AY = ZR*ZR 4+ ZI#Z]

22(33= {(3lez + BR#Z] = CI)/A) = 242ZRs21
P (%)= Ze7HIR = Z1ePAId
JP(5)= ZRePHII + ZIxPyIR

20 4n 1 o= Ly
SOR(L) = y(II#He (DY (112)=5,40Y{1,3)419,%DY{1e4)+944DP(1))72440
Y(1) = (251.,%J0R(1) + 19.*PRED(I)) / 270+
J = Y(t)
2R = y(2)
2l = v(3)
P-Ix = Y(u)
P-ITI = Y(5)
2 =1 - (3AV=1)#U#0,5
JV 54 1 = 1eN
Jy(I, 1) = 0v(I,2)
dy(I,2) = DY(1.,3)
2Y(1,3) = oY (I.G)
ZUA5 = (ZA%2R + 21eZ1)«20.5

1F(2' A5 =« 1n ) 60¢ 90, 90

R= 0 &« ((Clesl-1/(2+(GAM=1)))) & (Uss=0.,25) »4,0
IF(R=1) 62+ g2+ 10D
IF(R-R1) 65¢70+70

SR 2 e ({2+43CT#(R=RT) = (R=-RT)*(R=RT))*%0.5)/(RT+RCT=R)

60 T° 85

I (3=72) 75:,80:B0
03 = =TAN(T)

50 T.o &%




bex
63
6ux
65«
66
67+

6B%.

69
Tus
T1ls
T2
T3
Ths
75
76
T7*
78
79+
80w
Bls
82=
B3s
Bus
85
86%
87
882
89«
90
91
92«
93
Guw
95
96
97
98+

99« -

100w
101»
102
103
104s
105s
106«
107
1p8s
109
110e
111e
li2=
113«
114e
115+
1le»
117
118=
119
120«
121
122+

89
8s

87

o Ye2)

Table A-5. Continued (Page 8 of 10)

OR
oJ

¢,
A

((24R2Cx(1=R) (1=R)*(1=R))4*0,5) /(1=R=RCC)

)= ORenU

Je(C=())

UsdY{1r4)/C + oxAFel

2+swCey

WCHAC = (SVNaSyreC)/(RaR) = AF&AF

B8R
BI
CR

My EPp

1 - (GAV_1) #AFsUs)y(1r4)%0,5/C

Cl = «=(GAMa1) #WCaUsDy(1/4)%0,5/C 24AFeWC
DY(2,4)= (BR#ZR = BI¥?] =CR)/A « ZRxZR + Z2Ix2l
OY(3,4)= (3I«ZR + BR*21 =CI)/A = 2¢2Rx21
DY(4,4)= ZRxpHIR = ZI4pHII
DY(5,4)= ZR+pHII + ZI,pHIR
IF(IF ,EQ. 0) GO TO 87

PR = WC#PHIL = UsDY(4rk) ~ AFsPHIR
PI ~WC*PHIR =UsDY(504) = AFxpyIl
PMAG (PR*PR + PI*Pljyans,5
PARG ATAN(PI/PR)
WRITE(+1000) X» PMAG, PARG
G0 TC 10
Iaz
22

1
ZMAGEZMASG
2R/22
=217/22
ZPR pY(2s4)
ZP1 DY(3.4)
DY(2,4)= =(Z2PRe(ZR&ZR . 21#21) + 2+2Re2I142P1)/(22%22)
D{(S f4)= (242PR#2R¥21 = 2PI#(2R*ZR = ZItZI))/(ZZtZz)
6(1) u
5(2) Y(2)
6(3) Y(3)
Glu) PHIR
6(5) PHII
DY(1,1)= OY(g.4)
DY(2,1)= DY(2:4)
DY(3,1)= DY(3:4)

Y(3)

. DY(4,1)= PHIR®ZR = PHII*Zl

95

1000
109

DY(5,1)= PHII+ZR + PHIR%2l
DO 95 I = 2+4
CalLL RKTZ(51HsXsG,GPrIQ2)
X X+H
U (1)
TR gl2)
TI G(3)
PHIR 6ly)
PAlI G6(5)
DY(1,1) GP(1)
DY (2,1) GP(2)
DY (3, 1) GP{3)
DY(4,1) GP(4}
DY(S I) GP(5)
v(}1) ‘
Y(2)
Yi3)
Y(u) PHIR
(%) PHIIL
CALL TADAMS(NvHerYoDY,IQZoIQ)
GO T0 (10 190)elQ
FORWAT(QSX:F&.“-[X F10,593XsF10.5)
RETURN
END

TR
TI

L1

-(U*to.?S)t(Ct.¢(2ta\M-1)/‘2t(GA“-1))))/(Gt(1-(GAM+1)#U/Z)l




L2

1=

2

3s

G

5%

6%

T»

B*

O
10+#
11s»
12w
13+
14e
15s
16
17
18+
19«
20
219
2z
23e
24

S
254
27«
25
29
30
31
32
321
LY
35%
36
17»
38
39
Yo
G]%
42
bis
Quse
45«
ues
u7s
Las
Low
50
Sl»
52s
53
Sus
55e
56
57«
Sas
53«
60s
61»
62e

Table A-5., Continued (Page 9 of 10)

ig

1s

4s

52

55

60

62
65

79
75

1 .
-CONTINUE

SUBRCGUTINE TADAWS(N!H'le'DY'IGZ'xG)

COMUUN/X1/GAMs SYNeANGLE»RCTIRCC/X2/TrRTeQsR1,R2,IP, wC,AF

COMYON/ x4/ CM

DIMENSION COR(S)e DP(S)e DY(Se4)r PRED(S)s Y(5)s G(5), GP(S)

CONTIMNUE

DO 15 1 = 14N
PRED(I) = y(I)+Ha(S54DY(Ir84)a59:.40Y(I¢3)437.40Y(1,2)=9%DY(1s1))/

2440

X+H

PRED (1)

pPRIEI(2)

PRIJ(3)

PRzZI{y)

PRZJU8)

1 = (3AM=1)sU*,5

G % ((C)anlay/(22(6AM=1)))) % (U*%=0,25) *4,0
17,17:100

)y 20r 25 2%

T

=

—

—
a1ty o ouu

—((2¢2CTe{R=RT) = (R~RT)#»(R=RT))*%,5)/(RT+RCT~R)

4
2) 30, 35, 35

1
" x

((292-2#(1=R) ~ (1=R)&(1=R)})4%,5)/(1=R=RCC)
—( et 75) ¢ (Can ((24GAM=1) /(2% (GAM=1))))/(Gs(1a(GAM+1) %l*.5))

IPL1)E DReIY
A = ys(Ce=y))
3 = UsP(1)/C+ 2¢AFsU
31 T Faanw |
CR = woenl = (SVHeSyrnsC)/(ReR) = AF#AF
(A1) e AF K URDp (1) 20,5/C
T1 = (s =a1)awCalUenp(1)%0,5/C0 = 2%AF*WC
320212 1 ¢+ (= ReTR4BIaTI+CR#(TRATR=TI#TI)=2xCIsTReTI) /A

JZ(3)2 (=3R0T] = BI14TR + CI#(TR&TR = TI«TI) + 2xCRxTRTI)/A

T2 = TReTR + TI*TI
OP ()= (TR*P4IR = Tl4pylld)/T2
INLSYIT (TRePHLI + TI#pHIR)I /T2

J0 u= 1 = Y4y
SeRtI) T oy (D a0y 1,2)=5,2DY 131419, xDY (11 4) 49, xDP (1)) /21,0

Y(1) = (251.#COR({1) + 19.,¢PRED(I)) /270,
T oY)
TR = Y(d)
11 = Y(3)
PIR = Y(4)
PIill = Y(5)

o 1 = (sAM=1)%xUs, 5
J0 5% 1 = 1,y

JY(I, 1y =Y (L. 2)

Srilyey = aY(led)

DY(L,y3) T aY(1.4)

T2 = TasT + TIeTI
TYAG = T2¢%,5
IF(T A- - 1n ) &0 90, 90

Rz u ok ((C)ax(=1/(24(GAM=1)))) & (Usx=0,25) =4,0
TF(¢«=1) 62r g2+ 100
15 (R=R1) 65,70+70

38 = =((2+3CT*x(R=RT)w(R=RT)*(R=RT))x%.5)/ (RT+RCT=R)
30 1. 85
I¥¢{=R2) 75,80,80

JR = =TAN(T) -

ETCRER S £ bt




63
bus
65%
66
67»
6he
69%

Tos -

28
T2»
73
Tux
75«
T6s
T7%
T78=
79%
80#
81«
82
B3¢
8us
85%
86*
87s
88s
89
90»
91x
92
93
94«
95
96
97+«
9as
99
100
101»
102+
103
10G4s
105»
1o6x*
107+»
108+
109»
110«
111s
112»
113«
114»
115+
116+
11 7=
118
119»
120»
121
122»
123»

Table A-5. Continued (Page 10 of 10)

85
bs

87
90

95

109
1000
108

% = ((2#R-C2(1=R) a (1=R)*(1=R))u*,5)/(1=R=RCC)
DU S =(uss,75) & (Chn((2¢GAM=1)/(24(GAM=1))))/(a*{1-{gAM*1) »Us 5))
IY(1.%)= SRaDJ : ‘
A = uUx(C=y)
5% = UsIY(104)/C 4 2xAFsU
Bl = 2enlsy _
CR = WC*WC = (SVN*Syp#C)/(ReR) = AFsaAF
= (GAVL1) «AFRUsDY{1s4)%0,5/C

CI = »(GAM=1)*WCaU*ny(1s4)%0,5/C ~2«AFxnC .

DY(2,4)= 1 + (=-BR*+TR 4 BI%*TIl + CR*(TR«TR =« TI®TI) o 24CI*TRxTI)/A

DY(3,4)s (~AR*TI = BI4TR ¢ CI«(TR*TR = TI&TI) 4 24CR*TR*TI)/A
DY(u4,)= (TR«PHIR = PHII*TI)/T2

DY(Syu4)= (TR4PHII + PHIR®TI)/T2

IF(IP LEGe. 0) 60 TO 87

PR = WC#«PHII = UxDY(4s4) = AFxPHIR
PI = =WC*PHIR =UxDY(504) - AFspPHII
PVMAG = (PR*¥PR + PI#PI)x%,S
PARS = ATAN(pI/PR)
WRITZ(6+1000) X, PMAG, PARG
GO To 10
Igz = 2
yl2) = TR/T2
Y(3) = =TI/T2
TPR = Dy(2r4)
TPI = DyY(3s4) :

DY(2,4)= =(TPR*(TReTR « TI#TI) + 24TR&TIxTPI)/(T2%T2)
DY(3¢4)=(2*TPR*TRTI=TpI*(TR*TR=TI*TI))/(T2%T2

6l1) = U -
6(2) = y(2)
~6(3) = v(3)
Glu) = PHIR
6(5) = pHIl

DY(1,1)= OY(1,4)
DY(2,1)= DY(2+4)
DY(3,1)= OY(3e44)
DY{(4y1)= (PHIR*TR = PHIIsTI)/T2
DY(5,1)= (PHII*TR = PHIR*TI)/T2
DO g5 I = 24

CALL RKTZ(SsHeXs5,5P¢102)

X = y+H
U =601)
ZR = 6(2)
21 = 6(3)
PHIR = 6(4)
PHII = 6(%)
OY(1,1) = 6P(1)
DY(2,1) = 5P(2)
DY(3,1) = 6P(3)
dviu,1) = 6P(4)
0Y(S,1) = GP(5)
Y(1) = v
vy(2) = 2R
v(3) = 21
vly) = PHIR
Y(5) = PHII
I =1
GO TO 108
Ig =2
FORMAT(U46Xe FG¢He 1Xs F10e59 3X» F10¢5)
RETJRN
END

43
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v hﬁfﬁ
ShGLED =

1.5070
L.H6273)
L.700n
1 FOON
13000
13900
L.9900
1, 4220
RSN

A
L * - .
AR DM el G
RERG NG (o
a2 >
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L
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e
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ANDTE
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- 282773
—-?,7001
-e20320
—.24715
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- 12432
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Table A-6.

1oa41s Garier

OF CUvATUnT:

Y
e -‘51{!‘95
‘oger)us
e 3?21.9
-, 02044

. 32407
L8216
14058
21027

LPEATS

.26791

Sample Output

1.20554
1.25A72
l.e0A90
1.935709
2- -‘”727
2.75745
2.,1n763
2.,15781
2 . ?'799

2,25812
2.,32226
2,5585y
DL 0RTR
2. -:j"qgl)
D R FEP L
B

- ,9234 EnTRANCE

e Y 35670
~.32154
-.30749
—-.29u%3
-.26936
"025803
-02461\13

-.23335

-021950
-,202u8
-.13430
-, 15954
—'12713
-.082g1
-, 2210
26709
. 19290
. 36047
+29155

SECAY CoEFFICIENT =

5YT

- u2732
=.37937

e 32221

-.2h084s
=.21343%

-.15672

=-.N9278n
-.0303¢
w2867
09784
£ 17217
25270
e 240928
9“3814
« 514955
«5A3IKT
75202
. 22470
34z
1:‘-

1.
1. ;557

-.050n

= 1.0000




Figure A-1.

INPUT WC, DWC,
NWC, CM, RCC,
RCT, ANGLE, IP,
AF, SVN, GAM

WRITE
CM, SVN, GAM,
ANGLE, RCT,
RCC ‘

Flow Chart for the Nozzle Admittance
Computer Program (Page 1 of 10)

L5




(j SURROUTINE

NOZADM

Y

STEPSIZE
DP = -0.001

/

WRITE
CM, SVN, RCT,
RCC, ANGLE

DO THROUGH
QI

FOR N = 1,NPT

|

WC = WC + DWC

COMPUTE
F, RT, R1, R2
We

COMPUTE INITIAL
VALUES OF
PHIR, PHII, U,
A,B,C,C1R,C1T,

BIR,B1I,7R,ZI

7R = ZOR
7ZI = Z0I

G(1) =71
g(2) = 7R
G(3) =zI
G(4) = PHIR
G(5) = PHII
DY(1,1) to

DY (4,1) JJOPT

y(1) =
Y(2) = ZR
Y(3) = 2I
v(4) = PHIR
Y(5) = PHII

DO THROUGH
B

COMPUTE
GBAR, YR, YI .
FROM ZR, ZT

DERIVATIVES

i

COMPUTE
Y |GBAR, YR, YI
FROM TR, TI

COMPUTE
NEW VALUES OF
c, U, CM

—

L6

Figure A-1,

GP(1)
GP(2)
GP(3)
ar()
ar(5)

DY(1,I)
pDY(2,I)
DY (3,I)
DY (4,T)
DY(5,1)

Continued (Page 2 of 10)




SUBROUTINE
RKTZ

.. COMPUTE
A(1) = A(5)
77 = T1
u(1) - u(s)
Fz(1,1) - Fz(1,5)

\
DO THROUGH .«
J = 1,NU | .

1

Uz (J) = u(J)
DUM(J) =
FZ(1,J)

CALL
SUBROUTINE
RKZDIF

CALL
SUBROUTINE
RKTDIF

DO THROUGH B
J = 1,NU

Figure A-l. Continued (Page 3 of 10)

D @

(

DO THROUGH A
I =24

l

TZ = T1 +
AT + 1)*¥H

|

DO THROUGH &

)

A DO THROUGH €
J = 1,NU J=1,

uz(J) = U(J)
+ A(T + 1)*H*
FZ(I - 1,J)
DUM(J) =FZ(I,J)

SUBROUTLNE
RKZDIF

CALL
SUBROUTINE
RKTDIF

J = 1,NU

FZ(I,J9) =
DUM(J)

)

1””

COMPUTE
NEW VALUES
OF U(J)

47




L8

=D =1 :
CALL
SUBROUTINE SUBROUTINE
RKZDIF RKTDIF

COMPUTE Y
PR, PI, PMAG
PARG

' 1

3

Figure A-1l. Continued (Page 4 of 10)




(: SUBROUTINE
RKZDIF_

COMPUTE
R
<0 COMPUTE
R - R1 . DR
FOR SECTION I
0=
20 L
' COMPUTE
>0 ¢,DU,A,BR,BI
CR,CI‘,GP(l)
COMPUTE 1 GP(2) — GP(5)

IR
FOR SECTION II

Y

GgP(1) ;

L /(SQRT(RT*
(GAM + 1))

Gp(2) = ZI1R
GP(3) = Z1I
aP(l4) = ZIR
Ggp(5) = 0.0

=D

Figure A-l. Continued (Page 5 of 10)
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50

AUBROUTINE
RKTDIF

)

U - o() .
TR = g(2) . COMPUTE
TI = G(3) ™ R
PHIx = G(}4)
PHIT = G(5)
20
R - R1 R - R2
50
<0 <0
COMPUTE COMPUTE COMPUTE
DR DR FOR DR FCR
FOR SECTION I SECTION TIT SECTION ITT
COMPUTE
¢,DU,A,BR,BT,
CR,CI,GP(1), g

GP(2) ,GP(3) ,
GP(L) ,GP(5)

!

<i RETURN

D

Figure A-1. Continued

(Page 6 of 10)




SUBROUTINE
ZADAMS

COMPUTE DU,A,BR,
BI,CR,CI,PHIR,
PHII ‘

DO THROUGH @ \ o DP(1) - DP(5)
T =1,N

- DO THROUGH B
COMPUTE ' \_T=58
PRED(I) . Y
COMPUTE Jr |COMPUTE DR FOR

COR(T) ,Y(T) SECTTION IIT

COMPUTE DR FOR |

R SECTION II
[x=x+m e |
U = PRED(1)
ZR .= PRED(2) _ COMPUTE DR FOR [l
ZI = PRED(3) : CO?gTE SECTION I
PHIR = PRED(L) 2 .
PHII = PRED(5)
COMPUTE C,R
COMPUTE
¢,DU,A,BR,BI, CR,
CI,PHIR,PHIT,
20 \ pY(1,4) THROUGH
R-R1 R-R2 DY(5,4)
<0
p-d
COMPUTE IR <01=0 | +
FOR SECTION I _ DO THROUGH T
I=1,N
COMPUTE DR 7 »
FOR SECTION II
‘ p¥(I,1) = D¥(I,2)|
DY(I,2) = DY(I
1 COMPUTE DR FOR DY§I:3% _ DY%I:?L% @
SECTION III

Figure A-l. Continued (Page 7 of 10)

51




DO THROUGH €
I = 1,5

CONVERT 7
TO T:JOPT = L

CALL
SUBROUTINE
RKTZ

<i RETURN 41)
COMPUTE

INITIAL
VALUES

Figure A-l. Continued (Page 8 of 10)




(:' SUBROUTINE

TADAMS

COMPUTE
PRED(I)

DO THROUGH o
I =1,N

X +H
PRED(1)
PRED(2)
TI = PRED(3)
PHIR = PRED(L)
PHII = PRED(5)
COMPUTE C,R

QC:N
nn

COMPUTE DR FOR

SECTION I

<01l =20

COMPUTE DR FOR
SECTION II

!

COMPUTE DR FOR
SECTION IIT

COMPUTE DU, A,
BR,BI,CR,CI,
DP(1) - DP(5)

DO THROUGH B
I=l,N A

!

COMPUTE
COR(I)

- COMPUTE DR FOR

COMPUTE
c,T

| COMFUTE DR FOR|
SECTION III

SECTION II

COMPUTE DR FOR
SECTION I

yl

COMPUTE
DU,A,BR,BI,CR,C,
cI,

DY(l:L") - DY(135>

DO THROUGH T
I=1,N

K
DY(I,1) = DY(I,2
py(I,2) = DY(I,3
DY(I,3) = DY(I,k

53

<0




=10

DO THROUGH A
I = 155

CONVERT T TO

Z: JOPT = 2 ; SET
Py
Iz = 1
CALL
RKTZ
COMPUTE *
INITTAL
VALUES < RETURN
A

Figure A-1. Concluded. (Page 10 of 10)
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NOTICE

This report was prepared as an account of Government-sponsored
work. Neither the United States, nor the National Aeronautics

and Space Administration (NASA) nor any person acting on behalf
of NASA:

A.) Makes any warranty or repreésentation, expressed or
implied, with respect to the accuracy, completness,
or usefulness of the information contained in this
report, or that the use of any information, appara-
tus, method, or process disclosed in this report may
not infringe privately-owned rights; or

B.) Assumes any lisgbilities with respect to the use of,
or for damages resulting from the use of, any infor~

mation, apparatus, method or process disclosed in
this report.

As used sbove, "person acting on behalf of NASA" includes any
employee or contractor of NASA, or employee of such contractor,
- to the extent that such employee or contractor of NASA or em-
.ployee of such contractor prepares, disseminates, or provides
access to any information pursuant to his employment or con-
tract with NASA, or his employment with such contractor.

Requests for copies of this report should be referred to:

National Aeronautics and Space Administration
Scientific and Technical Information Facility
P.0O. Box 33

College Park, Md. 20740 -
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SUMMARY

In this report the results of an experimental investigation under-
taken to determine the frequency dependence of the response factors of
various gaseous propellant rocket injectors QUbject to axial instabili-
ties are presented. The injector response factors were determined,
using the modified impedance-tube technique, under cold-flow conditions
simulating those observed in unstable rocket motors. The tested in-.
jectors included a gaseous—fuel ihjector element, a gaseous-oxidizer
injector element and a coaxial injector with both fuel and oxidizer
elements. Emphasis was given to the determination of the dependence of
the injector response factor upon the open-area ratio of the injector,
the length of the injector orifice, and the pressure drop across the
injector orifices. The measured data are shown fo be in reasonable
agreement with the corresponding injector response factor data predict-

ed by the Feiler and Heidmann model.
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INTRODUCTION

The Stabilit& of the combustor of a rocket motor depends upon
~ the wave-energy balance between the various gain and loss mechanisms
that are present in the system. The primary source of wave-energy
gain is the combustion process. Wave-energy lossés are provided by
the mean flow, the nozzle, and mechanical damping devices (e.g., acous-
tic liners) which may be pfesent in the system.  As the stability of a
rocket motor depends upon the difference between the gain and loss
mechanisms, it is of utmost importance that quantitatiVe data capable
of describing the damping provided by the loss mechanisms and the driv-
ing provided by the unsteady combustion process must be available.
Furthermore, an understanding of the dependence of these gain and loss
mechanisms upon engine design parameters and operating conditions is -
needed. The investigation descrited in this report was undertaken for
the purpose of obtaining a better understanding of the driving provided
by the unsteady‘combustion.processﬁ specifically, this investigation was
concerned with the acquisition of experimental data that quantitatively
describes the manner in which various injector designs affect the energy
gain provided by the unsteady combustion process. ‘

The injector elements of a gaseous rocket motor control the steady
state gas floﬁ and heat transfer paﬁterns inside the combustion chanmber.
In addition, the injector design influences the response of the flow
rate through the injector to combustion chamber disturbances. The -
éharacteristics of this response have a profound effect upon engine
stability. iCustomarily, the influence of the injector upon the chamber
stability is described by an injector response factor which describes
the manner in which the propellants' burning rate responds to a given
pressure oscillation in the chamber. The injector response factor
basically accounts for the dependence of the unsteady burning rate up-
on both the unsteady combustion process and unsteady flow of propel-
lants -through the injector elements. This response factor canh be used
to evaluate the energy added by the combustion process into the distur-

bance in the combustion chamber. It can also be used as the injector




end boundary condition that needs to be satisfied in a stability analy-
sis of a gaseous rocket combustion chamber.

1-7

Most of the available experimental investigations .on the be~
haviof of gaseous propellant injectors were concerned with the steady
operation of these devices with little or no consideration being given
to the corresponding unsteady problem. In contrast, the analytical
studies of Feiler and Heidmann were concerned with the predictions of
the characteristics of the response factor of a gaseous injector ele-

3,9

ment. In the Feiler and Heidmann analysis, a single gaseous hydro=

gen injector element is modeled as a combination of lumped flow elements.

The desired expressions for the injector response factor are then ob-

tained by solving the conservation equations that describe the unsteady

flow inside the various components of the injector. The resulting ex-
pressions describe the dependence of the injector response factor upon
the injector geometry and the flow conditions in the chamber and the
injector. In this analytical model, combustion is assumed to be con-
centrated in front of the injector face and the effects of mixing and
chemical reactions are accounted for by the introduction of an as yet
unknown time delay T:. The period T:,describes the time required for
the gaseous oxidizer and fuel streams to mix and burn. In Ref. 10, the
Feiler and Heidmann predictions8 have been modified to account for the
compressibility of the gaseous streams flowing through the injector
elements. '> . _

The results of Refs. 8 and 10 indicate that for a given frequency
range and for certalin ranges of the parameter T

b
signs can indeed result in the amplification of chamber disturbances.

s various injector de-

When m: is identically zero, which corresponds to the. case of no com-
bustion present in the system, the results of Refs. 8 and 10 indicate
that under these conditions the injector acts as a mechanical damping
device; a situation that is to be expected from related studies of
Helmholtz resonators and acoustic liners.

Although the predictions of the Feller and Heidmann ahalysis have

been known for a number of years,they have never been verified experi-

mentally. It is one of the objectives of this investigation to provide




experimental data that could be used to check the validity of the

Feiler and Heidmann model. In addition,. this inveétigation is concerned
with providing experimental data that will quantitatively describe the
manner in.which various coaxial injector designs affect the stability
of gaéeous propellant rocket motors. In pursuit Qf the_ébove-mentioned
objectives, the response factors of a nﬁmber of gaseous rocket in-
Jjector configurations have been measured under cold-flow conditions
simulating those observed in rocket motors experiéhcing axlal insta=~
bilities. Specifically, the response factor of configuratiohs that
simulate the flow conditions in a gaseous-fugl injector element, a gas-
eous-oxidizer injector element, and a coaxial injector with both fuel
and oxidizer elements have been determined using the modified impedance-
tube technique. The measured injector response factor data are pre-~
sented ahd the results discussed in this report.

NOMENCLATURE

area

Q >

Capacitance, defined by Eq. (4)
speed of sound _
Inductance, defined by Eq. (4)

length of the injector orifice

P &2 H 0

oFF effective orifice length given by Eg. (1k)

Mach number ‘

nondimensional injector response factor
pressure |

Resisténce, defined by Eq. (H) ﬁ
injector dome volume

mass flow rate of propellant

admi ttance | o
nondimensional admittance

Jadmittance'paraméter defined by Eq. (7)

™R W K D g W RE =R

" admittance parameter defined by Eg. (8)
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Superscripts
)

()"

()"

Subscripts

(),
e
()
(),
()OX
(),
(),
(),

specific heat ratio
al to (5. - B) /B
equ a " e c

wavelength

density

open=area ratio’ of the injector
time lag

angular freguency

steady state quantity
dimensional guantity

perturbation quantity

associated with the combustion process
evaluated in the chamber

evaluated in the injector dome
associated with the fuel

associated with the oxidizer

evaluated at the injector surface
evaluated at injector orifiée entrance

evaluated at injector orifice exit

ANATLYTICAL CONSIDERATIONS

The ability to quantitatively describe the injector respohse factor

is of great practical importance since the combined response of the in-

jector flow rate and the combustion process to chamber disturbances is

the mechanism responsible for amplifying and maintaining combustion

ins tability oscillations. In an effort to develop an analytical tech-

nique for the prediction of the response factor of a gaseous injector,




Feiler and Heidmann 8, 9 analyzed in detail the unsteady flow -
through the gaseous hydrogen injector element shown in ‘
Fig. 1. Combustion is assumed to occur a certain distance downstream
of the injector exit plane and the response of the injectoi‘ flow rate
to e, small amplitude pressure oscillation in the chamber is determined
by analyzing the linearized conservation equations for each of the in-
Jector components. Assuming that each of the injector components be-

haves as a lumped element, and. applying the Laplace transform to the

linearized conservation equations, the relationships presented in Fig. 1

are obtained. By eppropriate manipulations of these equations and set-

ti.ng the Laplace operator s equal to iw, which implies a sinusoidal
t:.me dependence of the perturbations, the follomng express:Lon for the

1n3ector response factor was obtained:

W . |
N = —= =( mazl )ele (l)
p’ ‘P! | -
c Coax
where
W’ , L , ,
bmax _ . ‘ (2)
= T
p’ R « % 2 R AP, AP, 2.5
max RE ry - T w + 2( :@* + %T)
Cw Py o
R AP* *
Y e R
13* L
* %
G—E-w-rb-arcta.n Rd 2 (3)
1 * %
¥xx -l %
Cw
and | | |
* % % K, K\ % - ¥ %
Cwow = <pdV /'yW )w 3 [ /L /A )/gP w (4a)
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The gquantity T appearing in Eq. (3) is the residence time of a propel-

lant mass element in the combustor‘prior to its combustion; m:‘is
identically zero when there is no combustion in the system. The para-
meters appearing in Eq. (4) depend upon the injector'gedmetry and engine
operating conditions, and their influence upon the injeétor element
response factor is also of interes@ to rockgj designers.

. Expressions similar to tho%e developed above for the gaseous-
fuel injector element can also be developed for the gaseous-oxidizer

injector element. The total response, N, , of a coaxial gaseous in-

t , -
jector element can then be obtained, by substituting the expressions

for the fuel and oxidizer response factors into the following equation:

oo (), J(Wéx)' S (5)

Eopr (@) YE @) /5

- * ’
= KJQ_}E N + £ N \ ( )
I = 0xX -% - £ >

t ' t T .

respectively represent the response factors of the

where N and N
0xX £ ¥ ek T

oxidizer and fuel injector elements while WbX/W£ and W'f/Wt represent

the ratios of the mean oxidizer and fuel flow and the total mean flow,

respectively.




RESPONSE FACTOR DETERMINATION

The required injector response factor data were determined in this
investigation from injector admittance data~measured'by use of the
modified impedance-tube technique. The impedance tube setup shown in
Fig. 2, consists of a 6-inch diameter cylindrical tube with a sound
source capable of génerating harmonié waves of desired frequehcy Placed
at one end. The injector element under investigation is placed at the
other end. During an experiment, the flow of a gaseous propellant
through the injector is simulated by the flow of air. Regulating
valves are provided to ensure that the pressure drop across the injector
orifices is maintained at a required wvalue. By means of an acoustic
driver, a standing wave pattern of a given freguency is excited in the
tube and a microphone probe is traversed along the tube to measure the
axiél variation of the standing pressure wave pattern. As explained
in the next section, the admittance of the injector end of the lmpedance-
tube is determined from the measured axial variation of the standing
pressure wave. The frequency dependence of the admittance and the re-
sponse factor of the injector is determined by repeating the experiment
at different frequencies. ‘

The first step in the determination of the injectoruresponse fac=-
tor N consists of the measurement of the "average' surface admittance
Y: at the injector end of the modified impedance tube. The "average"
surface admittance is defined as the ratio of the "average" normal
velocity perturbation across the injector surface and the local pres-

sure perturbation; that is:

% '
; e n
* . e
Y = EE__T_. (6)
s P*
S

*
The admittance YS is a complex number whose real and imaginary parts
describe ‘the relationships that exist at the location under consider-
ation between the amplitudes and phases of the velocity and pressure

perturbations.




From a physical point of view it is more satisfying to describe
the admittance by means of two parameters o and B which respectively
describe changes in amplitudes and phases between the incident and

reflected pressure waves.at the location under consideration; that is:

Amplitude of Reflected Pressure Wave _ e-2na 7y
Amplitude of Incident Pressure Wave |Injector _
Face
Phase change Between Incident and _
[Reflected Pressure Waves ]Injector = m(1 +.28) 8)
- Face

The parameter B appearing above satisfies the condition|B|<0.5.

The expressions required for the calculation of the injectorvsur-
face admittance are dbtained«from:solutions of the,eystemyqf,conser-
vation equations which describe the behavior of small amplitude, one-
dimensional waves inside an impedance-tube containing a steady one-

dimensional flow. These solutions are required to satisfy an admit-

tance boundary condition at the injector surface in terms.of the as yet .

unkhown parameters o and B. The resulting expressions (See Ref. 12 for
detailed derivations of these solutions), describing the time and space
dependence of the pressure and veloclity perturbations at’tﬁe injector
surface, are substituted into Eq. (6) to obtain an expression for the
injector surface admittance. Normalizing the resulting expression
with the characteristic admittance Y; = 1/5*5* of the gas medium, the
following expression for the nondimensional injector surface admittance

Vg is obtainedlzz
*
Ys
¥, =— =T +1i0 = coth n(a - iB) (9)
Y
g

It can. also be shown12 that the'parametere'a and B, which appear

in Egs. (7), (8) and (9) must satisfy the following relationships be-




tween variables describing the characteristics of the standing wave pat-

tern:
B 1 o7
o = = tanh™ Cainl\ g Zuin (10)
IPIﬂaJil . >\

/

In impedénce-tﬁbe experiments and in the present study, fhe relation-
ships presented in Eq. (10) are used to determine the admittance
variables o and B. The procedure leading to the determination of o and
B cdﬂéists of measuring (a) the distance Z:in from the. injector surface
to the first pressure amplitude minimum and (b) the ratio of[P:inJ/lPZax|
of the minimum pressure amplitude to the maximum pressure amplitude.,

The resulting values of o and B are then substituted into Eg. (9) to
7 obtain the injector surface admittance.

From the measured injector surface admittance ys, the injector

orifice admittance Vo is determined by using the following relation-

ship obtained from the perturbed form of mass conservation law:
* g K K, K
(u)S AS - (U. )2 A2
. / *
which upon dividing by (P )é gives

y2 = ys/c ‘ (11)

where g = AZ/A:’is the injector open-area ratio. In deriving Eq. (ll)
the gas has been assumed to be incompressible; an allowable assumption
for the situation under consideration.

An expréssion relating the nondimensional response factor N to the
nondimensional admittance y is thained from the definitions of these

two quantities as follows:




1 [ B 03
=—_Ir ¢ il S
vM P
l. . -‘ .
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- - yM

In deriving Eq. (12) it has been assumed that the gas is perfect and
that the oscillations are isentropic. The response factor N of the
test injectors is finally obtained by subs%ituting the measured ori-
fice admittance y, into Eq. (12) which can be rewritten in the follow-
ing form for the experimental setup of this investigation:

N%%kzg+l] ‘ (13)

TEST INJECTORS

In order to obtain the needed data, the frequency dependence of
the response factors of the injector configurations shown in Figs. 3
through 6 have been'determined. The characteristic dimensidhs of these
injectors, namely, the injector orifice open-area, ratio, the orifice
length, and the injector dome volume are also presented ih the above=-
mentioned figures. a

Injector configurations 1 and 2 were designed to simulate the flow
behavior through gaseous~fuel injector elements. The dimensions of
these configurations were chosen to provide data capable of determining
the effect of the injector open-area ratio upon the injector response
factor. Injector configurations 3 through 5 were designed to simulate

the flow behavior in gaseous-oxidizer injector elements, and their

10




dimensions were chosen to allow the determination of the dependence of
the injector response factor upon the orifice length. Injector con-
figuration 6, shown in Fig. 6, consists of a combination of configura-
tions 1 and 3. This configuration was designed to simulate the flow
behavior in a coaxial injector of a gaseous rocket motor. This injector.
configuration was tested to check the validity of Eq. (5) by comparing
its measured response factors with predicted response factor data ob-
tained by substituting the individually-predicted response factors of
configurations 1 and 3 into Eq. (5).

RESULTS

© Introduction

The results presented in this section were cbtained by measuring:

the admittances and response factors of the test injectors over the
frequency range of 150 to 800 Hz which included their resonant frequency.
To establish the repeatablility of the experimental -data, the frequency
dependence of the response factor cne of the test injectors was measured on
two different oacasions_éﬁd the response factor data dbtained.in these
tests are presented in Fig. 7. An examination of this figure indicates
that the measurement technique yields repeatable data. The scatter ob-
served in the measured values of the imaginary part of the response
factor is due to the fact that at the corresponding frequencies the
standing wave in the impedénce tube had a flat minima and hence its

axial location could not be precisely measured. ‘

Before presentingtﬁhe results, it is necessary to point out a
difference between the geometrical configurations of the injector ele-
ments whose admittances were measured in this study and 'the injector
configurations considered in the theoretical model of Feiler and Heid-
mann.8 The theoretical analysis considers thé_behavior of a single
injector element and its predictions provide a response factor thét is
valid at the exit plane of the injector orifice. As it would be ex-
tremely difficult to directly measure the response factor of a single

injector element, this study undertook the measurement of the response




factors of configurations containing either 5 or 13 injector elements.
As stated earlier, the admittances measured in this study represent
"average" admittances over the tested injector surface. -Hence, before
any meaningful comparisons between the predicted and the measured sets
of admittance data can be made, the above-mentioned difference must be
suitably taken into consideration. This point was discussed in ‘the:
previous section where it-was shown that by using mass conservation
considerations, this difference can be accounted for by multiplying the
theoretically predicted orifice admittances by the open-area ratio o

of the injector configuration. This step "averages" the predicted
orifice admittance over the injector surface. To illustrate this point,
the theoretically predicted frequency dependence of the admittances of
injector configuration 1 with a pressure drop § of 0.068 across the in-
jector orifices is presented in Fig. 8. The broken lines in this fig-
ure describe the admittances at the exit plane of the injector orifices
while the solid lines represent the "average" admittances of the injec-
tor surface. It is this "average" data which has to be compared with
the admittances measured during this investigation.,

In the present study, the expressions provided by Feiler and
Heidmanna have been slightly modified when used to compute the pre-
dicted admittances and response factors of the test injeéﬁor config-
urations. This was necessitated by the observation that the measured
resonant frequencies of the tested injectors did not coincide with
their predicted values. This is illustrated by the data presented in -
Fig. 9. The broken line in’ghis figure describes the theoretically -
predicted frequency dependence of the real and imaginary parts of the
response factor of one of the test injectors. An examinétion of this
figure indicates that while the two sets of data are similar in magni-
tude and shape, the observed injector resonant frequency is lower than
its predicted value. In an effort to explain this frequency shift,
use was made of knowledge developed in studies concerned with the be-
havior of Helmholtz resonators and acoustic l:i.ner.s'-l'?"":I'LF where it has
been well known that the effective length of the slug of the gaseous -

mass oscillating within the orifice is longer than the orifice length.

12




It is also well known that the resonant frequencies of Helmholtz
resonators and acoustic liners are inversely proportional to the square
root of the orifice length.A This suggests that the actual length L* of
the injector orifices should be replaced by an effective length lsz-
whenever it appears in the analytical expressions of the Feiler and
Heidmann analysis. From experimental reasctance data of acoustic liners
with apertures of various thicknesses, Garrison13 developed the follow-
ing empiricalrelation for the effective length l:ffﬁ

* *

1ep= * 4 0.85 [1 - 0.70n/5 ]énz - Di) ' (1115)

where Dﬁ and Dz are respectively the outer and inner diameters of the
orifices. Computing the predicted response factor data of the test
injector with ¥ replaced by the effective length l:ff, the result in-
dicated by the solid line in Fig. 9 was obtained. The experimental
resonant frequency now is in better agreement with the predicted re-
sonant frequency than the original Feiler and Heidmann prediction.
Based on this result all of the theoretically predicted data presented
in the remainder of this report was obtained by suitably incorporating

Eq. (14%) into the expressions of Ref. 8.

Comparison of Measured and Predicted Injector Admittances

The injector admittances measured during the course of the present
study are presented in Figs. 10 through 1k along with admittance data
predicted by the Feiler and Heidmann model. These figures describe,
respectively, the frequency dependence of the resl and imaginary parts
of the surface admittances of injector configurations 1 through 5. An
examination of these figureé indicates a reasonable agreement between -
the measured and predicted admittances. The discrepancy dbserved in
the data may be, among other factors, due to the fact:that radisl pres-
sure gradients were measured in the domes of some of the tested injec-
tors. These pressure gradients resulted in different.pressure drops

across different injector elements. The pbssibility of such pressure
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gradients is not considered in the theoretical model8 and their effect
cannot be accounted for in predicting the injectors' response factors.
The theoretical admittances obtained in this study were computed as=
suming that the pressure diops across all of the injector orifices were
equal to the pressure drop measured across one of the outer injector
elements; an assumption that is contrary to the above-mentioned obser-
vations.

The response factors of injector configurations 1 through 5 were
obtained by substituting the measured admittance data into Eq. (13).
As suggested in Ref. 8, the response factor data for the injectors
tested in this program, with different pressure drops, are plotted in

Fig. 15 in terms of a generalized response factor ¢ defined as

R.AP. AP,

171 2
© = Npean {2R2 ( = T ;*)} : (15)
Pd P2 . )

and a generalized reactance Y defined as

Nk

R R. AP AP .
v - (_L ] I*w*)/z( 22 (16
C B

w P2

i
o

An examination of Fig. 15 indicates a reasonable égreement between the
experimental data and the predictions of the Feiler and Heidmann model.
Furthermore, this plot points to a convenient way for correlating and

plotting injector response factor data.

Effect of Injector Design Parameters Upon Injector Response Factors

During this investigation, the dependence of the injector response
factors upon the pressure drop across the injector orifices, the open-
area ratio of the injector and the length of the injector orifices were

investigated. The dependence of the injector response upon the pres-

sure drop across the injector orifices is demonstratediby the data pre-

sented earlier in Figs. 10 through 1k. An examination of these figures
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indicates that the injector admittances and response factors decrease
rapidly in magnitude with increase in pressure drop across the orifices.
Increase in pressure drop resuits in-an ihcrease'in fhe resistance of
the injector plate. This decreases the coupling between the pressure
oscillation inside the injector dorie and the pressure oscillation in
the combustor in front of the injector plate. ‘The increase in the in-
Jector pressure drop is observed, however, to have little effect upon
the resonant frequency of the injector. \

In order to determine the dependence of‘the injector response fac-
tor upon the injector charactefistic dimensions, the admittance data
measured with test configurations 1, 4 and 5 were substituted into Eq.
(13) and the response factors cbtained are presented in Figs. 16 and
17. The data presented in Fig. 16 describes the effect of the open-area
ratio upon the injector response factor for a given orifice length and
mass flux through the injector orifices. An examination of Fig. 16 in-
dicates that an increase in the open-area ratio of the injector results
in an increase in the damping provided by ‘the injector. In addition,
the data indicates an increase in the resonant frequency which is to be
expected from results of studies on Helmholtz resonantors. The increase
in the injector damping is due to the fact that for a given mass flux
an increase in the open-area ratio results in a decrease in the pres-
sure drop across the orifices. This in turn decreases the injector
resistance. From a stability point of view this seems to suggest thst,
for a given mass flow across the injector plate, an injector should be
designed with as large an open-area ratio as possible. However, in
contemplating such changes in actual systems, one should also consider
how aﬁ increase in the open-area ratio would affect other gain or loss
mechanism in the system. For example, in an actual gaseous propellant
rocket motor a decrease in the pressure drop across the injector ori-
fices also affects the mixing rate and hence the propellants bBurning
rate. ' '

For a given open-area ratio -and pressure drop across the orifices,
data describing the effect of the orifice length upon thedinjector re=-

sponse factor is presented in Fig. 17. An examination of this figure
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indicates that an increase in the orifice length from 0.875" to 1.75"
resulted in a decrease in the resonant freguency of the injector.
Further examination of Fig. 17 indicates that although there is no ob-
servable change in the magnitude of the response factor at resonance,
an increase in the orifice length decreases the band width of the re-

sponse curve.,

CONCLUSIONS

The measured data indicates that under the test conditions en-
countered in this study, there is reasonable agreement between the
measured injector response factors and those predicted by the Feiler
and Heidmann model. The good agreement observed between the measured é
and predicted total response factors of coaxial injectors containing |
both fuel and oxidizer elements suggests that the procedure suggested
by Feiler and Heidmann for calculating the total responsé factors from i
individual injector response factor data is indeed valid.

The measured response factor data indicates that the orifice
length can be varied to shift the resonant fregquency of the injector
without any change in the magnitude of the response factor at reso- /
nance. However, changes in pressure drop across the orifices and the
open-area ratio cf the injector were found to have a considerable ef- .
fect on the injector reéponse factor. , - ‘ |

The injector configurations investigated in this program were
similar to Helmholtz Resonators with a steady through flow. The inter-
action of such a configuration with a sound wave is not, expected to
produce any wave amplification, as was recognized by Feiler and Heidmann

and confirmed by the data reported in this report. When a time delay,

m:, due to combustion-is added to the theoretical model, the phase re-
lationship between the pressure and velocity perturbations required
for wave amplification (and instability) is obtained. To test the
latter hypothesis, and in the'process measure. the characteristic com-
- bustion time, mg, additional studies that will measure the response

factors of "reacting" gaseous rocket injectors, under a variety of
conditions simulating those observed in unstable engines, are needed.
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In combustion instability analyses’ of rocket engines, it is necessary to determine the
interaction between the oscillations in the combustor and the wave system in the nozzle.

This interaction can be specified once the nozzle admittance is known. The present paper
is concerned ‘with the experrmental and theoretlcal determlnatlon of the admlttances of

" modified to account for the presence of a mean flow, was used 0 experlmentally measure_
the one-dimensional nozzle admittarices. The modified 1mpedar1ce fube theory and experi-
mental facility used to evaluate the nozzle admittance are briefly discussed in this paper.
Crocco’s nozzle admittance, theory is'used to predict the admittances of the tested nozzles

- for comparison with the experimental data. The theoretical and experlmental nozzle admit-
tances aré obtained for a famlly of noz.zles having Mach numbers from 0-08 to 0-28,
different angles of convergence, and different radii of curvature at the throat and entrance
sections. The analytical and experlmental results are presented as curves showing the
frequency dependence of the real and imaginary parts of the nozzle‘admlttances Examina-
tion of these data shows that the theoretical and experimental admittance values are in -
good agreement with one another which indicates that existing nozzle admittance theorles
may be used in practice to predict one- -dimensional nozzle admittances.

1. INTRODUCTION

Combustion instability studies are concerned with analyzing the:behavior of disturbances
(i:e., waves) which may occur in the combustors of rocket engines as a result.of such phe-
nomena as-local explosions that result frorn uneven distribution of unburned. propellants,
malfunction of the- feed system in liquid rockets, turbulence, and so on. To determine the
stability characteristics of a rocket engine, the interaction between.the disturbance and the
“various processes occurring inside the combustor (e.g., the unsteady combustion process,
the mean flow, etc.) and various system components {e.g., the nozzle) must be evaluated to
ascertain whether the amplitude of the disturbance will grow .or decay with time.-Previous
studies [1] of combustion instability indicate thatthe interaction between the nozzle and-the
combustor wave systems.can significantly affect the stability characteristics of the rocket
motor. Therefore, the influence of the nozzle on the disturbance inside the combustor is an
important consideration in combustion instability analyses. This paper is concerned with
both the theoretical and experimental determinations of the effects of various nozzle designs
upon the stability of combustors ‘experiencing longitudinal type of mstablllty Their effects

on the three-dimensional instabilities are discussed in reference [2].*
|

|+ Sponsored under NASA grant NGL 11-002-085; Dr R J. Priem grant monitor: -
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The interaction between the combustor -and nozzle wave systems may be described by
specifying the nozzle admittance which is defined as the complex ratio of the axial velocity
perturbation to the pressure perturbation, evaluated at the nozzle entrance. Once the nozzle
admittance is known, it can be used to describe the nozzle boundary condition in analytical
combustion instability studies and to evaluate the mean wave-energy flux that is crossing the
nozzle entrance plane.

In linear combustion instability analyses it is generally assumed that the time dependence
of the disturbance is exponential (e.g., p « exp(4,¢)) and the analysis usually attempts to
determine how various phenomena affect the magnitude and sign of 4,. Such an analysis
usually establishes the dependence of 4; upon the nozzle admittance. For example, Crocco’s
investigation [3] of linear axial instabilities in liquid propellant rocket motors yielded the
following relationship:}

Y ) edQr wr.z

Aze=—(y.+yM) + cos d
12 (e + M) (nPoo dz c i
wr, o . 2wr.z
+(2—y)—stm dz.
c c
0

In the above equation, the terms involving Q,, M, and y,, respectively, represent the depend-
ence of A, upon the unsteady combustion process, the mean flow Mach number and the
oscillations in the nozzle. From the expression for Ay, it can be seen that when the real part
of the nozzle admittance y, is positive the interaction between the oscillation in the combustor
and the oscillation in the nozzle will tend to decrease 4, and thus exert a stabilizing influence
on the rocket motor; the opposite occurs when y, is negative.

The prediction of the nozzle admittance has been the subject of several theoretical analyses.
In these investigations the mean flow in the nozzle is assumed to be one-dimensional, and
the gas is assumed to be ideal and non-reacting. Tsien [4] was the first to study the response
of a choked nozzle under the influence of axial pressure and velocity perturbations super-
imposed upon the steady-state flow. To account for the effect of the nozzle upon engine
stability, Tsien introduced a transfer function defined as the ratio of the mass flow pertur-
bation to the chamber pressure perturbation evaluated at the nozzle entrance. Assuming
isothermal perturbations and a linear steady-state velocity distribution in the nozzle, Tsien
restricted his studies to the limiting cases of very high and very low frequency oscillations.
Later, Crocco [1, 5] removed the assumption of isothermal oscillations, extended Tsien’s
work to include the entire frequency range, and introduced the concept of admittance to
study the influence of the nozzle on the combustor oscillations. By assuming a linear steady-
state velocity profile and isentropic perturbations in the nozzle, Crocco obtained a hyper-
geometric equation which he then solved to determine the nozzle admittance. In 1967,
Crocco extended his earlier analysis to consider the admittances of choked nozzles with
three-dimensional flow oscillations [6]. By numerically integrating the equations governing
the wave motion in the nozzle Crocco was able to evaluate the admittances of various nozzle
configurations over the frequency range of interest in combustion instability studies. All of
the analytical nozzle admittance investigations predict that in the range of frequencies which
is of interest in longitudinal combustion instability studies; the real part of the nozzle admit-
tance is positive, implying that the nozzle exerts a stabilizing influence on axial instabilities.

Although the predictions of reference [6] have been widely used in analyses of various axial
combustion instability problems (e.g., see reference [7]), the accuracy of these predictions

t A list of nomenclature is given in the Appendix.
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has never been fully determined. It is the objective of the present investigation to experi-
mentally and theoretically determine the admittances of a variety of nozzle designs that are
of interest in combustion instability studies. In the following sections, the experimental
technique and apparatus used to measure nozzle admittances for longitudinal oscillations
are discussed. The procedure used to numerically calculate the nozzle admittance from
Crocco’s theory [6] is then presented. Finally, the theoretical and eéxperimental admittance
results are presented for a family of practical nozzles having entrance Mach numbers from
0-08 to 0-24 with different convergent half-angles and different radii of curvature at the
throat and entrance sections.

2. EXPERIMENTAL TECHNIQUES

Two techniques have been used previously to measure the one-dimensional nozzle admit-
tance. In 1961, Crocco, Monti and Grey [§] determined the real and imaginary parts of the
admittance from direct measurements of the pressure and velocity perturbations at the
nozzle entrance. However, the accuracy of the data was limited by wave distortion at higher
frequencies, a low signal-to-noise ratio, and difficulties in measuring the velocity perturba-
tions with hot-wire anemometers. The second method, often referred to as the half-power
bandwidth technique, was developed by Buffum, Dehority, Slates and Price [9]. The limita-
tions of this technique were later discussed by Culick and Dehority [10], who in conclusion
recommended that the classical impedance tube method [I1, 12, 13] be adopted for nozzle
admittance measurements. In an independent investigation, Bell [14] also concluded that
the impedance tube method should be used in the experimental determmatlon of nozzle
admittances. :

Based on the analyses of references [10]-and [14], a modification of the classical impedance
tube method was developed for this investigation. The apparatus used in the classical im-
pedance tube technique consists of a smooth-walled cylindrical tube with a sound source at
one end and the sample, whose admittance is to be measured, at the other end. The sound
source is used to generate a standing wave pattern in the tube. The shape of the resulting
standing wave pattern depends upon the admittance of the tested sample. By measuring the
spatial dependence of the amplitude of the standing wave in the tube, the admittance of the
sample can be determined. In this investigation, the classical impedance tube technique is
extended to account for the presence of a one-dimensional mean flow in the tube.

To determine the nozzle admittance in a modified impedance tube experiment, an ex-
pression describing the behavior of the standing wave pattern in the tube must first be
derived. This expression is obtained by solving the wave equation describing the behavior
of a one-dimensional pressure oscillation superimposed upon an axial mean flow. This wave

equation is [13] ,
1o . 2)\? 0? :
(——+ M—) =1—p. (1
Z . . ‘

The solution of equation (1) can be expresszd as follows:

Ny kmz \|[ ikz . ikz )
P,T.éxP_l wt+m J + €Xp 1——M5 + exp 1—M2 | (})

Equation (2) describes a standing wave pattern formed by a combinétion of two simple
harmonic waves traveling along the tube; the wave with amplitude A, travels in the positive z
direction, while the one with amplitude 4_ travels in the negative z direction. In impedance
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tube analyses, it is convenient to express the axial dependence of ‘the waves i terms of
hyperbolic functions. Introducing the relationship

A, —3dexplefra—inB+ D) C)

into equation (2) yields : : : ‘
. ) r kMz 1. . 1 22 R 4
p=Aexpii wt+ITM—2 cosh|my —in B+2+,—A_ . )

'By letting z = 0 at the nozzle entrance, the non-dimensional specific admittance y can be
expressed in terms of the parameters « and §. From the definition of the specific admittance,

Uu
y=pec—

B

z=0

and the axial component of the linearized momentum equation [13],

R AN
pc(ik+M—)u=——p

y

0z 0z
the following expression for y is obtained: ) .
y = coth ni(a — if) o “(5)

To compute the nozzle admittance from equation (5), « and ff must be determined. These
parameters can be computed from either pressure amplitude or phase measurements taken
axially along the tube. From equation (4) the pressure can be written in the form

- p=|p|eit@r+d,

where the pressure amplitude | p| is given by

‘ : L 2z\ |2
|p| =A[cosh2m—coszn(ﬂ+—l-) (6)
and the phase J is
5 kM:z canl tanh !t N 2z -
= T co -
g T arean| enhmccotx 4 5

In this study, pressure amplitude measurements are used to obtain values bf o aﬁdﬂ from
which the nozzle admittance is determined. The pressure amplitude measurements are taken
at several axial positions along the tube as shown in Figure 1. Knowing the Mach number
from the nozzle contraction ratio, and measuring the frequency and temperature directly,
one can then determine the wavelength A from the following relation:

(1 — M?)
s _
where ¢ = (yRT)V 2 As shown in Figure 1, increasing « decreases the difference in amplitude
between the maxima and minima along the standing wave. Varying § changes the positions
of the minima or maxima relative to the location-of the nozzle entrance. By taking several

pressure amplitude measurements along the length of the tube, it is possible to determine
o and . ' :

4
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‘ C : - - Figure 1. Modified impedance tube experiment.

" In principle, only three amplitude measurements at different axial locations are required
to solve for the three unknowns o, §, and A4 by use of equation (6). However, Gately and
Cohen [15] have shown that large errors in « may result from relatively small errors in
pressure amplitude measurements when only three pressure amplitudes are used. This
observation was verified in this study, and it was attributed to the fact that three amplitude
measurements do not yield enough information about the shape of the standing wave pattern
from which « and f are determined. To i 1mprove the accuracy of the measured nozzle admit-
tances, it is desirable to take as many pressure amplitude measureménts as possible, at
- different axial locations, to better diagnose the shape of the standing wave pattern. In the
| experiments conducted in thrs 1nvest1gat10n ten pressure amphtude measurements have
been taken. ‘

To compute « and g from the measured amphtude data the method of non-hnear regression
[16] is used. This method consists of finding the values of «, 8, and A4 which provide the best
fit between the -experimental amplitude data and equation (6). This is accomplished by
computing-the values of «, 8, and 4 which minimize the r.m.s. déviation between the theo-
retical-amplitude predictions and the corresponding experimental’ data To determme the
minimum r.m.s. devratron the following function F is minimized:

F= Z[E ~ T, AP . o a®)

Ji=1

In the above expressron nis the number of pressure amplltude measurements 3 <10
for the present experiment. For a given pressure amplitude measurement £; taken at a
l distance z; from the nozzle entrance, the corresponding theoretical pressure amplitude is 7,
(and it is obtained from equation (6); that is,

|

o V zzi 1/2
T,= A{cosh?7ia — cos®n | + - 9)
At the location where Fis a minimum
oF oF OF -
- =—=0. , (10)
Ao op o4 .

Equation (10) yields three non-linear equations whrch are solved numerrcally for the three
{unknowns «, §§, and 4. :
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Equation (10) is solved numerically by use of Marquardt’s algorithm [16, 17]. This
algorithm is an extension of the Newton-Raphson iteration scheme which keeps the rapid
convergence properties of the Newton-Raphson method and improves its stability charac-
teristics at the same time. To start the iteration, equation (8) is solved explicitly for «, f§, and
A, combinations of three amplitude measurements being used. For ten amplitude measure-
ments taken axially along the tube, 120 combinations of three different pressure amplitudes
can be obtained. The computed set of values of «, f, and 4 which gives the minimum value
of Finequation (8)is then used to start the numerical iteration. The values of  and f§ obtained
from the iteration are then used to compute the real and imaginary parts of the admittance
from equation (5).

3. APPARATUS

The experimental apparatus, described in detail in reference [14), is a modified impedance
tube apparatus designed to accommodate a one-dimensional mean flow through the tube.
As shown in Figure 1, the regulated air flow enters the 10 ft long, 12 inch diameter impedance
tube through a porous plate at the driven end and is exhausted through the nozzle under
investigation, which is attached to the other end of the tube. The pressure in the impedance
tube is maintained at a sufficiently high level to assure sonic flow at the nozzle throat through-
out the test.

A standing wave pattern is superimposed upon the mean flow by two electropneumatic
drivers which are positioned opposite to one another on the walls of the tube immediately
downstream of the injector plate. To measure the pressure amplitude of the standing wave
pattern in the tube, pressure transducers are located from 1 to 60 inches from the nozzle
entrance along the length of the tube. Provisions have also been made for the installation
of thermocouples and for static pressure monitoring.

During a test the frequency of the generated axial waves is varied linearly by a sweep
oscillator. The signals from the sweep oscillator, pressure transducers, and thermocouple.
are continuously recorded during testing by a 14-channel tape recorder. Upon completion
of a test, the pressure amplitude data is Fourier analysed (i.e., filtered), the signal from the
sweep oscillator being used as a reference signal. For each frequency of interest the filtered
pressure amplitude data together with the measured temperature data, used to compute the
speed of sound, are input into a computer program which employs the non-linear regression
method to obtain the nozzle admittance values over a range of the non-dimensional
frequency S.

In this study, nozzle admittance data are obtained for a series of axisymmetric nozzles.
The contour of these nozzles, shown in Figure 2, is generated by a circular arc of radius r,,

Section ' [Sechon
I

Section
I

Figure 2. Nozzle contour geometry.
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TaBLE ] -

Parameters of nozzles tested

M

r N —A N
0, . 008 0-16 024
15 0-44, 1-0% 044 0-44
30 0-44 0-44, 1-0 0-44

45 0-44 044 0-44

T Foclte.

which starts at the impedance tube and is turned through the nozzle half-angie 0,. This arc

smoothly connects to a conical nozzle section of half-angle 0,. This conical section then -

joins with a circular arc of radius r,. that is also turned through an angle 6,. The properties
of the nozzles tested in this investigation are described in Table 1 which presents the value
of the ratio of the radius of curvature to the chamber radius, for each nozzle with a given
half-angle 6, and a given entrance Mach number M. By testing this group of nozzlés, the
dependence of the nozzle admittance upon the half-angle, entrance Mach number, and radii
of curvature can be determined.

4. NOZZLE ADMITTANCE THEORY

Crocco’s theory [6] was used to obtain theoretical nozzle admittance values for com-
parison with the experimental data. In this study Crocco developed the following expression
for the nozzle admittance:

_ —(p/po) &
y_(c/co)MzC—HS’ (11)

where { is a complex quantity whose behavior is governed by the non-linear Riccati equation

d
;— + (%= A(p){ + B(yp), (12)
¢

|2 S5t L -}

wr\*  y—1for)  dg/c) c\ (g}
o[ - (e T (2

and ¢ is the non-dimensional steady-state velocity potential. Once { is determined from the
integration of equation (12), the specific nozzle admittance is readily obtained from
equation (11).

To determine { for given values of the non-dimensional frequency .S and a specific nozzle
contour, equation (12) must be numerically integrated. The major difficulty in this integration
is that { can assume large values over certain ranges of ¢, which causes numerical difficulties
in the integration scheme. Crocco and Sirignano [6] noted this behavior and. developed
asymptotic solutions far { for use when these difficulties are encountered.

* where
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Instead of using the asymptotic theory, a different approach is employed in this study.
The problem is resolved by defining a new independent variable

|
T=-.
¢

Thus, as { takes on very large values, T tends towafd zero. Introducing the definition of ©
into equation (12) gives the following Riccati equation for 7:

dr

d¢
At those points where { becomes very large, equation (13) is integrated instead of equation
(12) or (13). Equations (12) and (13) are singular at the throat; consequently the numerical
integration must start at that point. Following the procedure used in reference [5], ¢, the
mean flow variables, and the coefficients A and B are evaluated at the throat. These values
are thern used to obtain initial values for the initiation of the numerical integration. Equation
(12) and the equations describing the behavior of the mean flow (6) are then integrated by a
modified Adams predictor—corrector scheme, a Runge-Kutta scheme of order four being
used to start the integration. During the integration the value of { is monitored. If the magni-
tude of { exceeds a value at which instabilities can occur in the integration scheme, the
integration of equation (12) is terminated, the value of 7 at that point.is computed, and the
integration proceeds with equation (13) being used. Similarly, should the magnitude of
become excessively large, then the value of { is determined at that point and the integration
proceeds with equation (12) being used. This process is repeated until the nozzle entrance
plane is reached. A computer program which employs this procedure was written and used
to calculate the theoretical nozzle admittance values for the nozzles investigated in this study.

+A(¢)T+ B($)* = L. (13)

5. RESULTS
The experimental values of the nozzle admittance are presented as functions of non-
dimensional frequency S in Figures 3 through 6. The range of S covered in this investigation :
is from zero to the cut-off frequency of the first tangential mode (i.e., S ~ 1-8). For values of

3

Yr

Yi

Figure 3. Test-to-test repeatability of experimental nozzle admittance ddta and comparison with theoretical
predictions. 8, = 15°, M = 0-08, r../r. = 0-44. O, Experiment, test no. 1 ; A, experiment, test no, 2; ——, theory.
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Figure 4. Effect of nozzle half-angle on the experimental and theoretical nozzle admittance values.
M =008, r.jr.=044. 6, =15°: O, experiment; ——, theory. 8, = 30°: A, experiment; ———, theory.
#, = 45°: 0, experiment ; —-—, theory.

-2 L 1 1 ! A ! 1 A
5 o2 04 06 08 10 12 14 -6 -8
S
Figure 5. Effect of entrance Mach number on the experimental and theoretical nozzle admittance values.
0, =15° recfre=044. M =0-08: O, experiment; -——, theory. M =016: &, experiment; ———, theory.
M = 0:24: O, experiment; ———, theory. : )

" S higher thar 1-8, the oscillations in the tube become three-dimensional and purely one-

dimensional oscillations cannot be maintained in the impedance tube, The determination of
nozzle admittances when the oscillations are three-dimensional is discussed in reference {2].
To indicate the repeatability and reliability of the experimental technique, data from two
different tests are compared in Figure 3; the two sets of data are in close agreement. It is

also shown'in Figure 3 that the theoretical predictions compare quite well with the experi-
mental data. . o
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Figure 6. The effect of the ratio of the radius of curvature to chamber radius on the experimental and
theoretical nozzle admittance values. M =0-16, 8, =30°. r.fr.=10: O, experiment; ——, theory.
Feclte = 0-44: O, experiment; ———, theory.

The effects of changing the nozzle geometry and entrance Mach number on the admittance
values are presented in Figures 4, 5, and 6. For M =0-08 and r../r. =044, increasing 6,
tends to increase the frequency at which the maximum values of the real and imaginary
parts of the admittance occur, as shown in Figure 4. The effect of varying the entrance Mach
number is shown in Figure 5 for 8, = 15° and r_./r. = 0-44. The effect of changing the ratio
ree/re from0-44 to 1-0 is shown in Figure 6 for nozzles with 8, = 30° and M = 0-08. Examina-
tion of Figures 3 through 6 shows that the theoretical and experimental results are, in general,
in good agreement to within experimental error and the limitations of the impedance tube
theory.t These data also show that at low frequencies where the ratio of the length of the
nozzle convergent section to the wavelength is small, the nozzle admittances are almost
independent of frequency. At these frequencies these nozzles respond in a quasi-steady

manner.

6. CONCLUSIONS

Based on the results of this investigation, the modified impedance tube technique can be
used to determine the admittance of a duct termination in the presence of a mean flow. In
the present study, quantitative nozzie admittance data were obtained using this technique
for a family of nozzles with different entrance Mach numbers, different convergence angles,
and different radii of curvature. The theoretical and experimental nozzle admittance data
are in close agreement, indicating that Crocco’s nozzle admittance theory can be used to
predict nozzle admittances needed for longitudinal stability analyses

t For example, in the theory a uniform velocity profile across the tube is assumed, and the presence of a
boundary layer near the walls is neglected. However, the good agreement between the theoretical and experi-
mental data obtained in this study suggests that when the impedance tube diameter is large the shear flow
near the wall has little effect upon the measured data.
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APPENDIX
NOMENCLATURE
A constant defined by equation (3), Ibf/in?

A, amplitude of a pressure wave moving in the positive z direction, Ibf/in?
A_  amplitude of a pressure wave moving in the negative z direction, Ibf/in*

Al(p), B(p) variable coefficients defined in equation (12)

¢ steady-state speed of sound, ft/s
E; experimentally measured pressure amplitude at the /th location along the impedance
tube, Ibf/in?
frequency, Hz
/=1, imaginary unit

wwave it her — raife radian /T4

.
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