DEGENERATE LOWER DIMENSIONAL TORI IN
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ABSTRACT. We study the persistence of lower dimensional tori in Hamilton-
ian systems of the form H(z,y,z) = (w,y) + %(z,M(w)z) + eP(z,y,z,w),
where (z,y,2) € T™ x R® x R?®™, ¢ is a small parameter, and M(w) can be
singular. We show under a weak Melnikov non-resonant condition and cer-
tain singularity-removing conditions on the perturbation that the majority
of unperturbed n-tori can still survive from the small perturbation. As an
application, we will consider persistence of invariant tori on certain resonant
surfaces of a nearly integrable, properly degenerate Hamiltonian system for
which neither the Kolmogorov nor the g-non-degenerate condition is satisfied.

1. INTRODUCTION AND MAIN RESULTS

We consider the Melnikov persistence problem of lower dimensional, possibly
degenerate, invariant tori for Hamiltonian of the form

(1.1) H=ece(w) + (w,y) + %(z, M(w)z) + eP(z,y,z,w,&),

where (z,y,2z) € T™ x R" x R?®™, w is a parameter in a bounded closed region
O C R", ¢ € (0,1) is a small parameter, M is a real analytic, matrix-valued
function on some complex neighborhood O(r) = {w : |Im w| < r} of O taking
values in the space of 2m X 2m symmetric matrices, and P is real analytic in a
complex neighborhood D(r, s) x O(r) x A of T™ x {0} x {0} x O x (0, 1) for some
D(r,s) = {(z,y,2) : |Im z| < r,|y| < s?,|z] < s}. The Hamiltonian H is associated
with the standard symplectic form

n m

i=1 j=1
Clearly, the unperturbed system associated to (1.1) admits a family of invariant
n-tori T,, = T™ x {0} x {0} with linear flows which are parameterized by the toral
frequency w € O.

The Melnikov persistence problem, initiated by Melnikov in [24, 25], concerns
the persistence of the majority of the unperturbed n-tori 7,, under certain cou-
pling non-resonance conditions, called Melnikov conditions, between the tangen-
tial frequencies w and the normal ones associated to the eigenvalues of M (w).
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Such persistence problem has been extensively studied in various non-degenerate
cases (i.e. M is non-singular over ), and also in infinite dimensional setting (see
3,4,5,6,7,9,11, 12, 14, 15, 16, 17, 19, 21, 28, 29, 30, 31, 33, 35, 36] and references
therein).

A similar persistence problem was posted by Kuksin in [18] for the degener-
ate case when M (w) becomes singular. The problem was studied in [21] under
tangential non-degeneracy, i.e., the quadratic term in (1.1) has the form

(1) M (V)

and M(w) is non-singular over O. The aim of this paper is to consider the de-
generate case without assuming tangential non-degeneracy. More precisely, we will
study the Hamiltonian (1.1) and show that some non-degenerate conditions on the
perturbation can remove the singularity and hence yield the persistence of the ma-
jority of invariant, quasi-periodic n-tori under a suitable non-resonance condition
of Melnikov type.

For simplicity, we will use the same symbol | - | to denote an equivalent vector
norm (and its induced matrix norm) in an Eucleadian space, absolute value of
numbers, Lebesgue measure of sets, and ! norm of integer-valued vectors. Also,
| - |p will be used to denote the sup-norm of a function on a domain D.

Let A1 (w), -+, Aam(w) be eigenvalues of JM (w), where J denotes the standard
2m x 2m symplectic matrix. We assume the following conditions for (1.1):

H1) The set
{weO0: V-1{k,w) — N(w) = \j(w) #0, Vk € Z"\{0}, 1 <i,5 <2m}

admits full Lebesgue measure relative to O.
H2) There exists a real analytic family z. : O(r) — D(s) = {z: |z| < s} such
that

M (w)ze(w) + €0, [P)(0, ze(w),w,0) =0,

for all w € O(r), where [P](y, z,w) = [;.. P(x,y,z,w,0)dz.
H3) There exists a constant N7 > 0 such that the minimum X{; (w) among the
absolute values of all eigenvalues of M. (w) = M (w) + £02[P](0, z.(w),w)

satisfies AS; (w) > Nie for all w € O(r).
Our main result states as the following.

Theorem 1. Assume H1) - H3). Then there is an g9 > 0 and Cantor sets O, C O,
0 < e < eg, with |O\ O] — 0 as € — 0 such that for each 0 < € < g¢ the
Hamiltonian system (1.1) admits a Whitney smooth family of real analytic, quasi-
periodic n-tori TS, w € O, which also varies smoothly in €.

We note that if M(w) is non-singular over O, then conditions H2) H3) are au-
tomatically satisfied. In the case that M (w) becomes singular, invariant n-tori can
be destroyed if the condition H2) fails. For example, it is easy to see that the
Hamiltonian

1
H(z,y,u,v) = (w,y):l:iuzztsv, (z,y,u,v) €T" x R™ x R* x R!

admits no invariant n-tori for any € > 0 and H2) is not satisfied for this Hamiltonian.
The condition H3) is of course not optimal for the persistence of invariant n-tori
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of Hamiltonian (1.1). In general, it should be possible to replace H3) by a weaker
non-degenerate condition. This is certainly an interesting problem worthy for a
further study.

The condition H1) is stronger than the first Melnikov non-resonance condition
but is weaker than the second Melnikov non-resonance condition by allowing mul-
tiple normal eigenvalues of JM (w). This condition was first introduced in [36] and
has been employed in various studies on the persistence of lower dimensional tori
in Hamiltonian systems (see [9, 21]).

Theorem 1 has no restriction on the invariant tori type, i.e., the perturbed tori
can be normally hyperbolic, elliptic or of mixed type. However, unlike the non-
degenerate cases considered in [21, 36], an unperturbed, persisted torus of (1.1) can
change its type after perturbation in the case of normal degeneracy. Consider the
following two Hamiltonians:

H = (w,y) +u®+eu—cv?+ePi(z,y,u,v),
= (wy) +eh(z,y,z2)

Hy = (w,y)+eu+ev+eu®+ev® +ePo(x,y,u,v),
= (wy) +eP(z,y,2)

where z,y,w are as in (1.1), z = (u,v) € R? and [P] = 0, i = 1,2. Clearly,
M = ( (2) 8 ) for H; and M = ( 8 8 ) for Hy. Hence the unperturbed n-tori
in both cases are of degenerate elliptic types.

Since M are constant matrices in both cases, H1) is satisfied for both H; and

1 1

H,. Moreover, it is easy to see that z. = (—%,O) for Hy and z. = (—5, —5) for
H,, i.e., H2) is satisfied in both cases. Since M. equals

2 0

0 —2¢
and

2¢ 0

0 2e
for Hi and H, respectively, and AS; = 2e in both cases, H3) is also satisfied for

both H; and H,. Hence Theorem 1 is applicable to both H; and Hs to yield the
persistence of two respective families of invariant, quasi-periodic n-tori.

However, for Hy,
0 —2
M, = ( o )

has eigenvalues AL = +2+/¢, and, for Hy,
0 2
IMe = ( —2 0 >
has eigenvalues Ay = +2+/—1e. Thus the perturbed n-tori are all (non-degenerate)
hyperbolic for H; and are all (non-degenerate) elliptic for Hs.

Normal degeneracy naturally occurs in a nearly integrable, properly degenerate
Hamiltonian system. As an application of Theorem 1, we consider the following
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properly degenerate Hamiltonian
(13) H(I7978):H00(Il,"' ,IT)+€P(9,I,€)

associated to the symplectic form

d
> do; Ad;,
=1

where (1,0) = (I, ,Iq,01,--- ,04) € GxT? G C R?is a bounded closed region,
r < d, Hyy, P are real analytic, and Hg satisfies the Kolmogorov non-degenerate
condition on G' = {(I,--- ,1,): I €G},ie.,

H3) the Hessian (%%33)%21 is non-singular on G

The unperturbed system associated to (1.3) admits a family of invariant, res-
onant d-tori Tt parametrized by I € G. Under the condition H3) and certain
condition on the perturbation which removes the degeneracy of the unperturbed
Hamiltonian, it was shown by Arnold ([2]) that there is a large subset of the phase
space which is filled by invariant, quasi-periodic d-tori of the perturbed system
exhibiting both fast and slow oscillations. However, if the perturbation fails to
completely remove the degeneracy of the unperturbed Hamiltonian, then in general
the unperturbed d-tori are expected to break up but some non-degenerate frictions
or sub-tori of them can persist under certain Poincaré non-degenerate conditions
on the perturbation. An extreme case is when r-dimensional sub-tori are consid-
ered. Let y = (I, -+, I.), u= (Lyg1, - , 1), o = (61, -+ ,0r), ¥ = (Or11, - ,04),
z = (u, 1), and [P|(y,z) = [ P(¢, 1), y,u,0)de¢ in (1.3). We assume the following
Poincaré non-degenerate condition that

H4) [P](y,-) has a real analytic family of non-degenerate critical points, i.e.,

there exists a real analytic function z, : G — R*™, where m = d —r, such

Now, for each I = (y,u) € G, the unperturbed, resonant d-torus Ty is foliated
into invariant r-tori le = T" x {¢} with frequencies wo(y) = d,Hoo(y), parame-
terized by ¥ € T™.

The following result is a corollary of Theorem 1.

Theorem 2. Assume H3) and {14) Then there is an €9 > 0 and Cantor sets
G: CG,0< e <eg, with |G\ Ge| — 0 as € — 0 such that for each 0 < € < €9
the Hamiltonian system (1.3) admits a Whitney smooth family of real analytic,

quasi-periodic r-tori T;7, y € G, which also varies smoothly in €.

The persistence of sub-tori split from resonant tori of a nearly integrable Hamil-
tonian system has been studied in [10, 22, 20, 32] on any g-resonant surface under
Poincaré non-degenerate conditions of the perturbation and Kolmogorov or g-non-
degenerate condition of the unperturbed Hamiltonian. For the properly degenerate,
nearly integrable Hamiltonian (1.3), Theorem 2 gives a result along the same line
when neither the Kolmogorov nor the g-non-degenerate condition of the unper-
turbed Hamiltonian is satisfied. We note in the present case that the resonance
group g is simply {0} x Z™, where 0 is the zero vector in Z”", and G is the -
dimensional g-resonant surface.
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To prove Theorem 1, we will first reduce the Hamiltonian system (1.1) to the
following normal form:

(1.4) H(z,y,z2) =es(w) + (Qs(w),y) + %(z, Ms(w)z) + 6P(x,y, 2, w,d)

associated to the symplectic form (1.2), where (z,y,z) € T™ x R™ x R*™ and
w € O and § € [0,1) are parameters with @ C R™ being a bounded closed region,
Qs = id + O(9), and Ms(w) is a 2m x 2m symmetric matrix for each ¢ and w.
Moreover, for some complex neighborhoods A of [0,1), O(r) = {w : |Im w| < r}
of O, D(r,s) = {(z,y,2) : [Imz| < ryl < s?]z] < s} of T x {0} x {0} C
T" x R* x R*™ e, Q, M are real analytic on A x O(r), and P is real analytic on
D(r,s) x O(r) x A. We assume the following condition:

H5) There is a constant o > 0 such that

1
inf |det—=M;| >0 > 0.
0<é<1 1

Clearly, when P = 0, the unperturbed system of (1.4) admits a family of invariant
n-tori T,, = T™ x {0} x {0} parametrized by the toral frequency w € O.

We will prove the following result from which Theorem 1 follows.

Theorem 3. Assume H5) and that H1) holds for eigenvalues of JMoy(w). Then
there are p = p(r,s) >0, 6 > 0, v > 0 sufficiently small such that if

2
(1.5) |P|p(rsyxom) <™ $*u,

then there exists a Cantor set O, C O, with |O\ O.| — 0 as~,0 — 0, for which the
following holds. For each § and w € O, the unperturbed torus T, persists and gives
rise to a slightly deformed, analytic, quasi-periodic, invariant torus of the perturbed
system (1.4), and moreover, these perturbed tori form a Whitney smooth family.

The rest of paper is organized as follows. Section 2 is devoted to the proof of
Theorem 3 via KAM method, in which we will give details for one KAM step,
prove an iteration lemma, show convergence of KAM iterations, and conduct mea-
sure estimate. We will prove Theorems 1 in Section 3 by making a normal form
reduction to (1.1) in order to remove the singularity of M and to improve the order
of perturbation. Theorem 2 will also be proved in this section as a corollary of
Theorem 1.

2. PROOF OF THEOREM 3

We will prove Theorem 3 in this section by using KAM method, i.e., we will con-
struct a symplectic transformation, consisting of infinitely many successive steps,
called KAM steps, of iterations, so that the z-dependent terms are pushed into
higher order perturbations after each step.

Initially, we set ¥ = es, Q¥ = Qs, M? = Ms, Py =P, Oy =0, rg =1, 509 = s,
s = 1, Yo =7, and

1
No = €'+ (Qo(w)7y> + 5(2, Mo(w)z>
Hy = No+46bF,.

For simplicity, we suspend the dependence of all quantities on § in the rest of the
section.
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By (1.5) and Cauchy’s estimate, we have that
2
|8LP0|D0><(90 < CO”YSlm Sg:u*v |l| < 4m2
for some constant ¢y > 0 only depending on 7g. Let o = copt«. Then
2
|6LlUPO|D0><OO < /ng 83/1’07 |l| < 4m?.

Suppose that after a vth KAM step, we arrive at a real analytic, parameter-
dependent Hamiltonian

(2.1) H=H,=N+4P,
1
N = N, = o) + (Qw), ) + 5 (2 M(@)2),
where (x,y,2) € D =D, = D(r,s), r =1, <rp,s =8, < sg, w € O =0, C Oy,
e(w) = e’(w), Yw) = W (w), M(w) = M¥(w),P = P,(x,y,z,w) are real analytic
in all their arguments and also depend on ¢ € [0,1) analytically, and moreover,

2
0L P|pxo < '™ s%u, |l| < 4m?,

for some 0 < v =", <70, 0 < p=p, < pp.

We will construct a symplectic transformation &, = ®,,1, which, in smaller
frequency and phase domains, carries the above Hamiltonian into the next KAM
cycle. Thereafter, quantities (domains, normal form, perturbation, etc.) in the
next KAM cycle will be simply indexed by + (= v+ 1). Also, all constants ¢; — cg
below are positive and independent of the iteration process.

2.1. One step of KAM iteration. Below, we will show detailed constructions of
the KAM iteration for the Hamiltonian (2.1).
First, we expand the perturbation P into Taylor-Fourier series

P = E Ppijy'2leV —IL{k,z)
keZn i€Zn jeZm

and let
22 R = Z (Proo + (Pr10,y) + (Pror, 2) + (2, Peozz))e” 1),
|k| <K
(2.3) I = Z ZPkijyizje‘/j<k’x>,
‘k‘>K+ %]
(24) 11 = Z Z Pkijyizje‘/__l<k’w>,
|k|< K4 2[i|+]5]=3
where
1 3
K, = ([log—} + 1) .
I
Then
P—-R=T1+1I.
Let

ol
_|_
|3

T4+ =
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We now estimate 0L (P — R), w € O, |I| < 4m?, on a smaller complex domain
D(r.,as), where o = /3 and

3
Ty =74 + Z(T —T4).
For each w € O, |I| < 4m?, since

D LBy’ < |0, PIpe M
iezn jezn

for all |y| < s?,|z] < s, we have

_IkI(r=ry)
|8LI|D(T*,S) S Z |8LP|D(’I",S)6 4
k| > K4
< s 3 et
l>K+
/\(7‘ o)
< 74’”282#/ Ate™ =da
Ky
(2.5) < AR
provided that
oo _
C1) A"e
Ky
Hence

2
|8LIU(P - I)|D(r*,s) < |a<lnP|D(r,s) + |8LIUI|D(’I‘*,S) < 2,}/4m 52,u

for all w € O.
By Cauchy’s estimate, we also have

gli+il e
011D = |/W > O Prige” T8y 2 dydz| (. os)
KI<K 4 12415123

lil+lil

= | 5y ajai)(P Ddydz| pr. as)

lil+lil
/|ayza j i) I)|D(r*,as)dydz

(2.6) < cw4m aBs?y < 0174m252u2,

for all w € O and [I| < 4m?, where [2i| +|j| =3 and [ = [J--- [ [5 -+ [y is the
2|i| + |j|-fold integral. Thus by (2.5), (2.6),

10L(P = R)|p(r..as)xo < |0L1|p(r. .syx0 + 10L1T| p(r. as)x0

(2.7) < ey SR, I < am?,

It follows that

(2.8) |0LR| (. as)x0 < ey ™ 2y, |1 < 4m?,
Next, we construct a Hamiltonian F' of the form

(2.9) F= > Frijy'2leV =102 4 (Foor, 2).

0<|k|<K,2]i|+|7]<2
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such that the time 1-map ® = ®L generated by the Hamiltonian vector field Xp =
(Fy, —Fy, JF.)" carries H into the Hamiltonian in the next KAM cycle.
Denote [R] = [, R(z)dz and R = R — [R]. We let F be such that

(2.10) {N,F}+6R+ 6(Poo1,2) = 0.
Then

H., Ho®=Hod} = (N+6R)od)+6(P—R)odp

1
0

1
= e +(QT,y)+ §<Z,M+Z> + Py

(2.11) = Ny +6Py,
where
(212) €+ = e+ (5P000,
(2.13) Qf = Q-+ 3P0,
(2.14) M* = M+ 6Pyq,
(2.15) R = (1-¢)([R]—R- (Po1,z2))+ R,
1
(2.16) P, = / {Ry, F} o ®%.dt + (P — R) o ..
0

Substituting (2.2) and (2.9) into (2.10) yields

- > VL Q) (Froo + (Fio, y) + (Frot, ) + (2, Froaz))e¥ T8

0<|k| <K
+ > (M2, JFwo) + 2(Mz, JFpopz))eY 102 4 (M2, T Fyor)
0<|k|<K 4
= - 4 Z (Proo + (Pe1o, ) + (2, Pro1) + (2, Prozz))e¥ T8 — §(Pyoy, 2).
0<|k|<K

By comparing coefficients above, we obtain the following linear homological equa-
tions

(2.17) VvV —=1{k, ) Fro0o = 6 Pioo,
(2.18) VvV —=1{k, Q) Fr10 = 6 P10,
(2.19) A1k Fror = 0 Pyor,
(2.20) Aok Fio2 = 6 Pro2,
(2.21) M T JFyo1 = —6Poou,
where
A = v Tlk, Qo — MJ,
Aoy = V=L, Wiz — (MJ) @ Loy, — Lo @ (MJ).

Hereafter ® denotes the tensor product of two matrices.
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It is clear that the equations (2.17)-(2.20) are uniquely solvable on the new

frequency domain

2m
O+ = {w eO: |<k7Q(W)>| > |k|7_, |detA1]€( )| > W,
,.)/4m2

to yield the desired function F'.
To estimate the transformation, we let

D, = D(rs,s),
i(r—ry) as
2 T2

For each w € O, and |I] < 4m?, since by Cauchy’s estimate,

= D(ry+

|0 Prij| < |04 P|pxos™ @itiemIkr < yAm* (2=2i=j o=Iklr 1 < 9j 4 j <2,

we have by (2.17)-(2.21) that
1
|—3l Froo| < calk|7spe™ M7,

g%Fm < calk|7pe ",
S‘%Fmﬂ < cal kP spe kI
5 0L, Fioa| < cal k[T e~ HI",
0L, Foor| < spe™ M < essp.

By direct differentiation, we have

(2.23) [0L9¢ OLF

% (y,2) u.) (r_r+)+06/1’7 |l|+|j|§2, |l|§4m2

for all w € O, where

Doy = 3 fafint 2o He

kezn
Since
t
(2.24) ot = id+ / JDF o ®3.d)\,
0
t
(2.25) DO = IDynym) + / J(D?*F)D®}d)\,
0

we have by (2.23) that
L D%a — Dg,
for each w € O, 0 <t <1, provided that

C2) coul(r —ry) < =+,
C3) coul'(r—ry) < o
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Moreover,

(2.26) 0L D' (®% —id)|p, xo, <crul(r —r4) +crp, || < 4m?, i=0,1,
la
forall 0 <t < 1.
We now estimate the new Hamiltonian. It is clear from (2.12)-(2.14) that

(2.27) 104 (e — Mo, < csyi™ s2p,
(2.28) 1042 = Qo < csdr'™ sp,
(2.29) OL(M = M¥)|o, < esdy"™ s

for all |I| < 4m?2.
To estimate the new frequency domain, we let

Yo
4—1—

o2

T+ =

If we choose p sufficiently small such that

2m __2m am?2 __am?
Am?r4+4m? s ory=yy Y=Yy -7}
C4) 3cgdpuK? < min{ Yo gm0 am? 1,
0]

then by (2.13), (2.14),

[(k, Q7)) > [k, )| — d[(k, Poro)]|
Y m? Y
(2.30) 2 W~ Sesy '™ pl K| > ﬁ’
|detAIrk > |detA1k| — |\/ —1<l€, 5P010>12m + 5P002J|
2m
FY m2 m m2
> G (Bery™™ K )*™ — desy™™ p
v am? 72 peis
(231) > W — 2085'}/ m ,LLK_i_m > |k|2m7_,
|detA§rk Z |detA2k| — |\/ —1<k7 (5P010>I4m2
(6Poo2J) @ lom — I2m @ (0 Poo2 )|
am?
’7 m2 m2 m2 m
> T~ (Bery™™ pK )™ = 2(8esy™™ p)?
am? 4m?
Y m2 m? 7
(232) > W — 3685’}/4 ,UKjlr > |k|1m27

forall 0 < |k| < K4, w € Oy.
To estimate the new perturbation, we let

54 = —as,

Dy = D(ry,s4).
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Then by (2.7),(2.8),(2.15),(2.16),(2.23) and Cauchy’s estimate, we have

IN

1
0L Py by xo, < | / OL{ Ry, F} o @ludt] +10L(P — R) 0 ®kip, vo,

g ot g gr Iy o dtdt
Ox 0y Oy Ox + 0z J@z)o rdtlp %o,

w

| /1 31 (8Rt 8_F 8Rt oF % oF
0

am? (22
+ |0L(P ~R)o ®y|p, xo, < T = (D(r 1) + )M
r—Tr4+
(2.33) < 0951717”2 (D(r —r4) 4+ 1)+ 3
for all |I| < 4m?2.
Finally, let
py = (16c00)% g,
where
co = max{cy, - ,C9}.
If
C5) cop® (D(r —ry) + 1™+ < gy
then
2
(2.34) |a¢luP+|D+><(9+ < 'ﬁ-m 53-#4” I < 4m?.
This completes one step of KAM iterations.
2.2. Iteration lemma. For each v = 1,2, -, we index all index-free quantities

above by v and index all ‘+’-indexed quantities above by v + 1. This yields the
following sequences

1% 174 1%
Tus Vs s Suy Qs oy Hyy Ny, Py e 0V, MY, D,,K,,0,,®,.



12 YUECAI HAN, YONG LI, AND YINGFEI YI

In particular,

1
TV:TQ(l— 2i+1)’
i=1
~ 1
W ="0(-3 1)
=1
1
Sy = Z 0y _15p—-1,
4 1 1
1
Qy = /LS,
My = (1660041/—1)%/1*1/—17
HI/ = Nu + 5P1/7
1
N, = e’ + <Quuy> + §<Z7MUZ>7
D, = D(TV,SV),

1 3
KV B (|:10g :| + 1> ’
Hy—1

2m
0, = {w cO,_1: |<k7Q>| > %7 |detAlllk(w)| > |]Z|l;7'm’
am?
|det A%, (w)] > |,Z|—m 0 <[kl < Kv}’
where
o= VIR Q) D — MY

ok V=Uk, Q") 2z — (MY J) ® Iop — Inm @ (MY J)

for 0 < |k| < K.
The following iteration lemma ensures the validity of the KAM iteration for all
steps.

Lemma 2.1. If ug = po(ro, so,v0) s sufficiently small, then the following holds
for all |I| <4m? andv =1,2,---.

1) ®,: D, — D,_1 are real analytic, symplectic, and c4m’ depend onw € O,,.

Moreover,
H,=H, 10®,=N,+6P,
1
(2.35) 0L D*(®,, — id)|p, x0, < ;—ﬁ, lI] <4m?, i=0,1.
2) On D, x O,,
(236) 1oL — <) oL@ — )], 0L — M) < cobri™ o
a1 oLl — e, (@ -9, ol — 2y < 28

(238)  |OLP| < 4im s2um,, (1] < 4m?.
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3) 0, =0,-1\ U RY (7o), where
K, _1<|k|<K,

R0 = {we o (o) < 22

2m am?
or [det AV (w)] < —=L | or [det Al (w)] < =k }

for all k € Z™\ {0}.

Proof. We need to verify the conditions C1)-C5) for all v = 0,1, --.
First, we choose g sufficiently small such that

1
—2y+2 log Z > 1
Then
1
log(n+ 1)! +n(v +2)log2 +nlog K41 — K”HW
1 1 1
=log(n + 1)+ n(v +2)log2 + 3nlog(log[;] +1)— W(log[;] +1)3
1 1
<log(n + 1)! +n(v + 2)log 2 + 3nlog(log — + 2) — (log —)?
[ f
1
< —log —.
o
Hence

oo K}
/ Ate AT T < (o )l e M) <y
Kot Ty — TV+1)

i.e., C1) holds.
Next, we note that

1 o0
L(r, = 70s1) = Dlgrps) < /)\n+47m2+26—>\ﬁd>\
1
(239) < (n+47_m2 +2)!2(u+5)(n+47m2)'
Thus, to prove C2), it is sufficient to show that
1
(2.40) copty(n + 4rm? + 2)!2(V+5)(n+47'm2) < Sore

which clearly holds for v = 0 if pg is sufficiently small. We now consider v > 1.

Since
19(v—1)

v—1
f = (16co0,—1) 8 py—y = (16c0) T pg *
(2.40) is equivalent to

119
(2.41) (2§+n+47m2+208’u68 )V_lco(n + 47_m2 + 2)!25(n+47m2) <1,

which also holds if pg sufficiently small. This proves C2).
C3) follows from (2.39) and a similar argument as above.
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To prove C4), we note that for any constant § > 0, £ > 1, uﬁ(log% +1)5 =0
as pt — 0. Hence as po (hence p, ) sufficiently small, we have

2 2 1 1
3005'LLK;1T17+4771 — 3605uy([10g M_] + 1)3(4m27+4m2) < (1 — —24m2 )7
i.e. C4) holds.

Note that C5) is equivalent to

Sfer

1
(2.42) [ wuy—mﬂj+n“ﬂﬂ<igu&@a
Since, by (2.39),

(D(ry = Tyg1) + D < (0 + drm? + 2)120 48 (b armStyim® 1,

it is sufficient to show that

i
* 2 19(v+5) (n+drm?+2)+1 08(47n2+1)
(2.43) ot (n 4+ 4rm* 4 2)12 < LGeam
6(4m=+1)
Let A > 1 be such that
1
to < ———as; = L
(1600/\6 518 )3
Then by induction
; 1
(244) My = (1601u5—1)%/141/—1 < e < T/},O
E)

Hence (2.43) holds if py is sufficiently small.

It follows that the KAM step is valid for all v = 0,1, - -, from which 1) follows.
In particular, (2.35) follows from (2.26), (2.42) and (2.44). Moreover, 2) follows
from (2.27)-(2.29) and (2.44), and, 3) follows from (2.30)-(2.32). O

2.3. Convergence and measure estimate. Applying Lemma 2.1 inductively we
obtain the following sequences:

\I/V:(I)Qoq)lo'-'oq)VZDVXOV—>DQ,
HyoWU, = H, =N, +6P,,

N, = e"(w) + (" (w),y) + %(mM”(w)z), v=1,2,---

By (2.38) and Cauchy’s estimate, we also have

2.45 DP, s < g~Am? —1.2....
( ' ) | VlD(T,,,T“)X(’)V =247, M, V IR .
Let
0.=()0,
v=0

Then by Lemma 2.1 and (2.45), ¥,,, H,, N, e”, Q¥, M", P, converge uniformly on
D(7,0) x Oy, say, to Voo, Hoo, Noo, €, Q%°, M, P, respectively, and moreover,

Hag = Nug = €(0) + (0%(), 1) + 3 (2 M*(0)2).

Since Hyo V¥, = H,,
Yy oW, =V, 0P .
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It follows that
Pl oW = Uy 0 B,

on D(%O,O) x O,. This implies for each w € O, and 0 < § < 1, (1.4) admits an

invariant, quasi-periodic n-torus with the Diophantine frequency w. The Whitney
smoothness of these tori follows from a standard argument using the Whitney
extension theorem (see [21, 27] and references therein).

For measure estimate, we need the following lemma from ([21]).

Lemma 2.2. Let M(w), w € O, be a family of symmetric, 2m X 2m matrices

and A1 (W), -+, Aam(w) be the eigenvalues of JM (w) satisfying the Melnikov non-
resonant condition H1). Denote

An(w) = V=1{k,w) Iz, — M(w)J,
Agp(w) = V=1{k,w) 42 — (M(w)J) ® Iz — Iz @ (M(w)J), we O, ke Z™\ {0}.
Then the following hold.

1) For every k € Z™\ {0},

detAq, = ﬁ(\/—_1<k7w> - A’i)a
2m
detAgr = [ (V=1(k,w) — Xi = ;).

i,j=1
2) The set
{we O: (kw) #0,detA1x(w) # 0,det Agg(w) # 0, Yk € Z™\ {0}}
admits full Lebesque measure relative to O.

We are now ready to estimate the measure |0\ O,/|. Since

Ou+1 — Ou\ U R]I:+1(’7)u V= 0717"' )
K, <|k|I<K, 41
we have
ovo.=U U &7
I/:OK,,<“€‘SKV+1

By (2.36), we have that

02" AL ()| = [K[P™((2m)! + O(

) o0 )

o A = B () + Ol ) + 06 + )

where O(‘k‘%) and O(0 + p) are independent of v,w. It follows from ([34]),

Lemma 2.2 that there is a positive integer ng and a positive constant ¢ such that

v Y
|Rk+1(7)| < CW7
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for all v and |k| > ng. Let vy be such that K, > ng as v > 1. Then

0 1) U BTy S #zom

v=vo K, <|k|<K,+1 v=vo K, <|k|<K,41

To estimate RZH for 0 < |k| < Ky, v < ng, we let v, § be sufficiently small such
that

2m
()| < 2

v * 2
REN) € Ri) = (0 € Out [(h)| < (2 or ety (w)] < T

2
k|

or |det A, (w)| <

|k|47’m2}

for all 0 < |k| < K,, v < ng. Then by H1) and Lemma 2.2, R/ (y)] < |Ri(7)]
— 0 as 7,6 — 0, uniformly for all 0 < |k| < K, v < ng. Consequently,

J U rroli-o

v=00<|k|<K,

as 7,0 — 0. Combining this with (2.46), we have that

oNo.<Iy U B"0+1U U BTMl—o,

v=00<k|<K, v=uy K, <|k|<K, 1

as vy, 0 — 0.
The proof of Theorem 3 is now completed.

3. PROOF OF THEOREMS 1 AND 2

1. Reduction to normal form. Consider Hamiltonian (1.1). In order to apply
Theorem 3, we need to first remove the singularity of M (w) by considering M. (w)
as in H3).

Let z.(w) be as in H2) and consider the translation ¢ : x = 2,y = y,z — 2z + z..
Then

H = HO¢($7y,Z)
(31) = 2(0) + {00} + 3l Me() + <P,y 7,0),
where
é(w) = ¢e[P](0,2(w)),
Q(w) = w+edy[P0,z2:(w)),
M.(w) = M(w)+edZ[P)(0,2(w)),
P(z,y,z,w) = O((yl+120)*) + D> Prjy'sleY 10,

k#0 1,5

where O((|y| + |2])?) is independent of z.
The Hamiltonian (3.1) is in the form (1.4) when 6 = ¢ but the order of P needs
to be improved in order for the condition (1.5) to satisfy. To improve the order
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of P, a crucial idea is to perform one step of KAM iteration similar to that in
Section 2. Write

R = Z Pkijyizjeﬁ<k’z>,
0<|k|<Kq,2[i+|j]<2
I = Z Pkijyizjeﬂ<k’x>,

0<|k|<K71,2i|+]5|=3

Il = Z Pkijyizje‘/jl<k’x>
[k|>K1,i,j

for some K7 > 0 to be determined later. Then
P=0((lyl +|2))>) + R+ T+ 11I.

Consider re-scaling y — s%y, z— 5%z, H — 5 H. Then the re-scaled Hamiltonian
reads

H = 1 :N+P
£3

_ 1

N = e + <sty> + _<27M€(w)z>

2

P e50((lyl +12)%) + e3 R+ es T + 311,

where €., R, I, II are obtained from their respective terms above via re-scaling. We
choose K such that

(3.2) 1| pirsyxo@) < €
Then there is a constant ¢ > 0 such that
(3.3) |P— E%R|D(r,s)><0(r) <ced

for some constant ¢ > 0. We note that K; — 00 as € — 0.
Next, similar to Section 2, we eliminate e3R by the symplectic transformation
1., where

(3.4) F(z,y,2) = Z Fkijyizje\/jl%@
0<|k|<K71,2lil+|j|<2

satisfies

(3.5) (N,F}+e3R=0.

Similar to (2.17)-(2.20), the equation (3.5) is equivalent to the following system of
homological equations

V=1(k, Q) Froo = €% Proo,
VoI(k, Q) Fiao = €5 Pio,
Afj Fro1 e% Por,
A5 Froa = €5 Proa,
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which can be uniquely solved on the open domain

0, = {w €0 |(k,Q(w))| > ﬁ |det Af;, (w)| > %
2
|det A5, (w)] > ThE 0 <[kl < Kl} ,
where
S = V=1(k, Q) o — M.J,
S = VL{k, Q) e — (MoJ) ® Lopy — Iom ® (M.J).

This yields a real analytic function F' of the form (3.4) which also depends on w

real analytically. We note by H1) and Lemma 2.2 that |O\ Og| — 0 as ¢ — 0.
Similar to (2.23), we also have

(36) |a;agy1z)F|D(%,s)><(90(£) = C(T)Wv |Z| + |.7| <2,

for some continuous function ¢(r) > 0. It follows from (2.24), (2.25) that if ¢ is

sufficiently small, then

r S T 3r
P : D(Z’ 5) X 00(1) - D(Zas)a 0<t<l,
and moreover,
c3
(3.7) KR, F} bz oxo0(s) < € gaim?
for some constant ¢ > 0.
Now,
(3.8) Ho=Ho®L = Ny +ehy,
where
Ny = N
1! _
P = T/ {tR,F}od)%dt—}—(P—e%R)oqﬁ};.
g3 Jo

If welet 0 =€, 70 = %, s0 = 3, then (3.8) is in the normal form (1.4), and by (3.3),
(3.7),

1
£3

)

1
|PO|D(T07SO)><OO(’I"0) < C(EG + ———
507

for some constant ¢ > 0.

3.2. Proof of Theorem 1. Let0<a<%,0<b<%—2a,0<ﬁ<%—2a—b

be fixed constants and let € be small such that sg > &% Define v = 547%2 and
i = 2ce”?. Then

|P0|D(Tg,so)><(’)o(ro) < 74m283/1“
Since H3) implies H5), all conditions of Theorem 3 are satisfied. Applying Theo-
rem 3, we obtain a subset O, of O, with |Oy\O.| — 0 as ¢ — 0, which parametrizes
a Whitney smooth family of quasi-periodic n-tori of (1.1). Since |0\ Op| — 0 as
e — 0, we have |O\ O.| — 0 as e — 0. This proves Theorem 1.
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3.3. Proof of Theorem 2. Let

y = (117"' 7I7‘)7
r = (917"' 797‘)7
z - (I’r‘+17"' ;Idvo’r‘Jrlv"' 79d)-

We associate w € O with yo € G by w = 9yHoo(yo) through the diffeomorphism
between G and O = 0,Hoo(G). Then up to a constant the Hamiltonian (1.3) under
the translation y — ytyo reads

H = (w,y) +eP(z,y +yo,z,¢) + O(|y|?).
After re-scaling y — 5§y, H — =3 H, we have
H={w,y)+ 5%P(m,y,w,s),
where
P(z,y,w,e) = P(m,sgy +y0,2,€) + E%O(|y|2).
Replacing es by a parameter, again called e, we obtain the Hamiltonian
H = (w,y)+eP(z,y,w,e),
P(z,y,w,e) = P(x,e?y+yo,2e)+e0(yl?)

which is in the form (1.1) with M = 0. Hence the Melnikov condition H1) holds
automatically, and H2), H3) are implied by H4), H5) respectively. Applying Theo-
rem 1, Theorem 2 follows.
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