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SUMMARY 

An investigation was made of the methods which have been pro

posed for the calculations of swept back wing stresses, and a brief 

description of each method given in the introduction of this thesis. 

The shear stresses in the webs and the normal stresses in the 

flanges of a sweptback box beam which was tested by the National 

Advisory Committee for Aeronautics at Langley Field, Virginia, with 

a concentrated load applied at the tip were calculated by using a 

simplified method of minimum potential energy. These theoretical 

values were plotted against the stresses obtained experimentally for 

this beam and a comparison was made of the results. They were then 

cross-plotted against the theoretical and experimental values obtained 

in a test of a similar sweptback box beam at Massachusetts Institute 

of Technology, and a further comparison made. 

The theoretical shear stresses in the webs and covers of the 

sweptback box beam tested by the National Advisory Committee for 

Aeronautics when loaded by a constant torque load applied at the tips 

were calculated by two different methods. One was the simplified 

method of minimum potential energy, and the other was a method devel

oped by Mr. J. J. Thompson and Mr, V. H. Wittrick of the University 

of Sydney, Australia. The theoretical and experimental values of 

these stresses were then compared. 
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CHAPTER I 

nnsoDuc^roN 

The calculation of the stress distribution in the vicinity of 

the root of a sweptback box beam is a very difficult problem. Several 

methods have been proposed for the calculations of these stresses, but 

most of these methods are very cumbersome to use. What is needed is a 

method of solution that is not too difficult for use in preliminary 

design calculations but which will still give reasonably good results 

for the stress distribution, especially in the vicinity of the root. 

It has been found by experiment that the stresses in a swept-

back box beam at a section remote from the root can be predicted very 

accurately by the elementary methods for an unswept box beam. Further

more, experiments indicate that there is a relief of stresses in the 

vicinity of the front spar at the root and an increase of the stresses 

in the vicinity of the rear spar at the root that cannot be predicted 

by the simple methods. 

Up until the present time there has been very little material 

published on the subject of the calculations of sweptback box beam 

stresses. A method has been described by Levy (1) by which the stresses 

and deflections in sweptback box beams with ribs parallel to the air-

stream can be computed. In this method the wing is broken down into 

structural units. The number of unknown internal forces depends on the 

number of structural units which make up the wing. Then the equations 



of equilibrium are written for these structural units. In those cases 

where equilibrium conditions are not sufficient in themselves to deter

mine the stress distribution, additional equations may be written by 

considering the fact that the actual distribution corresponds to a min

imum of the strain energy. This condition, called the principle of 

minimum complementary energy, is a variational condition on the stresses. 

It is a condition which defines the correct state of stress, among all 

possible states of stress, that satisfies the conditions of equilibrium. 

Enough equations may be written utilizing the principle of minimum com

plementary energy so that the total number of equations is equal to the 

total number of unlsnowns. These equations are then solved simultane

ously by matrix methods. 

Bisplinghoff and Lang (2) have developed a modified Levy method 

by which a sweptback box beam having the ribs perpendicular to the spars 

can be analyzed. It has been observed by experiment that, at a distance 

sufficiently removed from the root, the stresses in a sweptback wing of 

fairly high aspect ratio may be predicted accurately by the ordinary 

unswept box beam theories. In the modified Levy method the outboard 

portion of the wing is analyzed using the ordinary St. Tenant theory of 

bending and torsion in which the cross-sections are assumed free to 

warp. In the inboard portion, the same procedures suggested by Levy 

are used to introduce the restraining influence of the root. The strain 

energies in the inner and outer sections are added, finally, to deter

mine the matrix of influence coefficients. 

Bisplinghoff and Lang (3) also describe a method of minimum 

potential energy in which the assumption is made that the root rib is 



elastic and all the other ribs are rigid. The method is very similar 

to the Levy method in that the structure is broken down into its struc

tural units and equilibrium equations are written for these members. 

The additional equations in the minimum potential energy method are 

written, utilizing a variational condition on the displacements, how

ever, instead of a variational condition on the stresses, as in the Levy 

method. The variational condition on the displacements determines the 

deformation configuration, among all possible deformations consistent 

with the boundary conditions, that satisfies equilibrium. These 

equations are then solved by matrix methods in the same manner as those 

of the Levy method. 

Zender, Heldenfels, and Libove (k) present a method for the 

analysis of a ̂ 5° sweptback box beam having ribs perpendicular to the 

spars and having an elastic carry-through structure. The carry-through 

structure is a section of rectangular box beam which connects the swept -

back portions of the box beam and simulates the fuselage structure to 

which the sweptback beams would be attached on an airplane. In this 

method the outer sections and carry-through bay are analyzed by the 

simple methods used for unswept box beams. Then the triangular section 

joining them is divided into free bodies and equilibrium and continuity 

equations are written. A system of linear equations results which can 

be solved for the rotations and translations of the vertical edges of 

the triangular section. Since the unknown internal forces in the struc

tural members and the joint displacements are both related to the 

applied loads, force-displacement relationships may be written, utilizing 

certain stiffness parameters which include both the shear and bending 



resistance of the beam, to define relationships between the joint dis

placements and the internal forces. By using these relationships the 

forces in the equilibrium equations can be replaced by the loads applied 

to the structure and the Joint displacements* These equations can then 

be solved simultaneously, by matrix methods, for the displacements. 

Once the Joint displacements are known the stresses and distortions of 

the entire structure may be determined by using the force-displacement 

relationships again. 

Wittrick and Thompson (5>6) have developed a method based on the 

work of Hadji-Argyris (7) for calculating the stress distribution in a 

swept tube with ribs parallel to the airstream. In this derivation the 

assumption is made that the section of the tube is maintained by closely-

spaced ribs which are rigid in their own planes and unable to offer any 

resistance to warping out of their planes. The method was derived for 

the loading conditions of a constant bending moment applied at the tip, 

a constant torque applied at the tip, and for an exponentially varying 

load. It was also derived for a tube of arbitrary cross-section. In 

this method the structure is broken up into its components and equili

brium and continuity equations are written. The elementary expressions 

for stresses, strains, displacements, and rotations are used, and, ex

cept for the differences in geometry, the analysis is very similar to 

one for an unswept tube or box beam. It is shown later on that for the 

case of ribs perpendicular to the spars this method reduces to the ele

mentary formulas for stresses in an unswept box beam. This method does 

not take into account the variation of stresses in the vicinity of the 

root. 



The simplified minimum potential energy method developed by 

Bisplinghoff and Lang (8) is, as the name implies, a simplified method 

utilizing the principle of minimum potential energy. The principle 

of minimum potential energy is, as defined earlier, a variational con

dition on the displacements which determines the deformation configu

ration, among all possible deformations consistent with the boundary 

conditions, that satisfies equilibrium. In the simplified method of 

minimum potential energy the principle of minimum potential energy is 

applied to the outboard section of a sweptback box beam as if it were 

an unswept box beam attached to an elastic support. A simplified 

analysis, also utilizing the principle of minimum potential energy, is 

made of the triangular inboard section to determine the properties of 

the elastic support. An equation of continuity is then written which 

requires that the warping across the section at the juncture of the 

ijaboard and outboard sections be equal in each. The assumption is 

made in this analysis that a large number of closely spaced ribs, com

pletely rigid in their own planes, are used to preserve the cross sec

tion of the wing at all points along the span. The problem is simpli

fied considerably by this assumption, and the errors which are intro

duced are of second order importance. 

The methods described herein comprise the main published theo

retical literature on the sweptback beam problem. 

The purpose of this thesis is to compare theoretical shear and 

bending stresses with experimental results for a 45° sweptback box beam 

loaded by constant tip shear and constant tip torque loads. The 
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simplified method of minimum potential energy and the Wittrick and 

Thompson method vere used for the calculations of the theoretical 

stresses. The stresses were calculated for the shear and bending 

stresses in a M>° sweptback box beam tested by the Kational Advisory 

Committee for Aeronautics, hereafter referred to as the UACA beam. 

The experimental and theoretical results for this beam under the 

condition of a constant tip shear load were compared with the theo

retical and experimental results obtained in a test of a similar 

beam at Massachusetts Institute of Technology, hereafter called the 

MIT beam. The other methods which have been described were con

sidered for the calculations, but because of the extremely lengthy 

calculations involved in these methods it was decided that it was 

not practical to include them in this thesis. 



CHAPTER II 

METHODS USED FOB ANALYSIS 

The Simplified Method of Minimum Potential Energy for the Condition of 

£ Shear Load Applied at the Tip 

The simplified method of minimum potential energy was described 

in the introduction of this thesis. A complete derivation of this 

method is not given here as it has been completely derived in ref., 8* 

The basic equations are given, however, and also the expressions vhlch 

were used for the sample calculations in Appendix I* 

The wing is considered in two parts, as Is explained in ref. 8, 

as shown In Fig. 1 of Appendix II* The portion of the wing outboard 

of Section A-B is analyzed on the assumption that It is attached to an 

elastic support at Section A-B. A simplified analysis is made of the 

triangular section inboard of Section A-B to determine the properties 

of the elastic support. Then the two sections are joined by writing 

an equation of equilibrium which requires the warping across the Sec

tion A-B to be equal In each. A free body diagram for the loading con

figuration under consideration (9) in this section is shown in Fig. 2. 

The expression for the total Internal strain energy of the outer 

section is (10), 



L i " 1 / 2 JL I — i — * — • — - * — ~ 
c c 

X 

G 0 J 

and the potent ial energy of the external loads i s ( l l ) , 

Ue « - Pv($) + 2K1u1(0) (2) 

where, 

v(J) Vertical deflection of the center line of the beam at 
the tip, station % , where the load is applied. 

uj_ (0) the deformation in the x direction of flange 1 at the 
juncture of the inner and outer sections, station 0. 

The expression for the total strain energy of the inner section 

including the web and covers is (12), 

, M fV 2Ai CTf ^ xc
2 y T f

2 y \ 
Ui = 1/2 ̂  ^ — + + — j dx (3) 

and the potential energy of the external loads is (13), 

Ue = - 2Kxui(b) (4) 

In the analysis of ref. 8 the following expressions were derived 

for the stresses (14): 

<?1 *1 / Sinh £x\ 
~P™ = Aj l G o s h fl x "Tanh/IJ j 

I / Sinh jfix n , * 1 , ? - x + 5n^ [ ? a ^ 0 7 " C0Snj6xJ + 2hA7 (5) 
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OA 
P 

\ f Slnhjx ^ } 
A: \ Tanh fit * J 

- $-A±(r^ ftv Sinh JQ x i 

^ \ C o s h ^ x " Tanh fi I J 2hA4' 

2hA4
2 C6) 

<h , Oi 
T - ~ (7) 

0 3 B - _^4 
P " " P (8) 

u 4£U 
L dx 2h 

i£ - JL_ 
P 2tc L dx r 2h J (9) 

f w - — ^£ c . 
P " tw P 2htw (10) 

trw _ ^£ **c 1 
P = t w

 p 2 h t w (11) 

The value for Ri in the expression for 0* i s obtained by ana-
P 

lyzing the inner section and writing an equation of continuity joining 

the inner and outer sections, 

Analysis Including Inner Section Shear Lag Effects.—For the analysis 

of the inner section including shear lag effects (15) the unknown inter

nal force Ri is obtained by equating, 

u (0) . _ ( 2coth H \ R ( I coth fij\ p (12) 
v fihE ) \ *A4Bh J 

for the outer box t o , 

Mb ) * TL c i b j <i3> k"" 



for the inner oox. Fig. 3 shows a diagram of the inner section, 

For the sweptback wing outboard section (16) 

^2 
>-> A p 

a2o 

( 
cc 

Lit 
c 

A l £ 

2Utw 

hAjfi 

^ ) 

&1 
~ • i 

+ b§Cj - 1 

+ . 1(1 • 1) 

(14) 

(15) 

(17) 

expanding Eq. (13) to obtain u^(x), 

u:(x) = {c^x + C2x
2 + C3x

3-f- C4x
4 -l- C5x

5 + ..} (18) 

Utilizing the boundary conditions (17) 

Ul(0) = o ; Ax£ — - A — = kx U9j 

C, may oe obtained in terms of ft • 

Then x « b is substituted into Eq, (IS) and, for continuity, 

ui (0) outboard, Eq. (12), is equated to Uj_ (b) inboard, cq. (13), to 

solve for R̂ . 

The normal and shear stresses in the outboard section may now 

be computed for the case including inner section shear lag effects by 

substituting the value of kj_ calculated above into Eqs. (5) to (11). 

Analysis neglecting Inner Section Shear Lag effects. — For the analysis 

neglecting inner section shear lag effects the deformation of flange 
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number one in the x direction becomes, from elementary theory, simply 

(18), 
Rl 

u - — i _ x (20) 

In this case x is set equal to b. The equation of continuity requires 

that Eq. (12) be equated to Eq. (20). The value for Rj obtained by 

this method is substituted into Eq. (5) to (ll) to solve for the normal 

and shear stresses in the outboard section. 

The Simplified Method of Minimum Potential Energy for the Condition of 

£ Torque Load Applied at the Tip 

For the case of a constant torque load applied in the plane of 

the rib at the tip of the box beam, as shown in Fig. 4, the simplified 

minimum potential energy method yields the following expressions for 

the shear stresses in the webs and covers (19)J 

Tc ' i(EK>=20h la) 

Tf w - Trw = - — Tc + . = (22) 
tw ~ w V>h 21^bh 

Ite Wittrick and Thompson Method 

The method derived by IVittrick and Thompson in refs. 5 and 6 has 

been, described in the introduction of this thesis. This method yields 

the following equations for the shear stresses in the webs and covers 

and the direct stress parallel to the stringers in the covers (20): 
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r T - Mytan 0( 
X r W ' L f W = ~^bh 

(23) 

Tc = 
T - Mytan CK 

2 t c b h 
+ f2cot 0 (24) 

fo = -

where 

L = 

s i n <p cos 
2bhGKU 

• 5 - [ T - Mytan 0( -

(T + _J£ 7T (2™2<P £ sin2«> 
I s m O t cos PC V • - Y 

- sin2«}]( V ) U5) 

+ Ksin $ 4E I kjL + k-

l l f 3 

If 
T? 

t i +• t. 
MA p^T? 
4Et 

"It sin $ 
f ! ? • ! § • ii t3 

I? (26) 

For the case of a sweptback box beam with ribs parallel to the 

airstream, a rectangular cross section, and loaded only by a torque 

load these equations reduce to, 

Trw = H'w -
2twbh 

(27) 
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f2 = 

Tc - 2 0 H + f 2 c o t * W 

T C s in CX cos<X 

^ ^ L s i n 2 « + £ . co S ^« 

s in Qt cosQC I 

L' ( s i n 2 a + k , . c o s 2 a J J (29) 

where, 

L' = 1 + I 2 r t G 2nr ^ J E' hcpsOl / 2 tw \ 

EcosC* ( ov Vo s 0> l l (30) 

If the ribs are perpendicular to the spars <J> is 90° and the 

equation for the shear stress in the covers further reduces to, 

Tc = 2tcbh (31) 

It may be seen that these equations for the shear stresses reduce 

to the same equations used for calculating the shear stresses in an 

unswept box beam. 
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CHAPTER III 

EQUIPMENT 

The Massachusetts Institute of Technology Test Beam,--The box beam 

tested at MIT was a stressed skin, two spar wing, sweptback at h^°* 

The planforta and cross section of this beam are illustrated by Fig* 

5* The spars were parallel, of equal length, and of constant cross 

section* The spar flanges were made up of two 3 A x 3 A x l/8 2l*ST 

extruded angles, back to back, and separated by the spar webs* Three 

equally spaced l/2 x l/2 x l/l6 2ltST extruded angles were used as 

longitudinal stiffeners on the upper skin and three on the lower 

skin. The webs and ribs were constructed of 0*051 inch 75ST sheet. 

The upper and lower skins were constructed of 0*032 inch 75ST sheet* 

The cross section perpendicular to the spars was a rectangular box 

12 inches wide and 6 Inches deep* Six solid ribs parallel to the air-

stream were spaced at 8.̂ -dU inch intervals along a line normal to the 

airplane center line* 

The overall length of the beam measured parallel to the spars 

was 60 inches* The root section of the box beam, inboard of the inner 

rib, was built around a heavy steel attachment fitting to approximate 

a fixed end condition. This is illustrated by Fig. 5« 

A single Black Hawk hydraulic jack with a one ton capacity was 

used to load the wing* The point of application of the load was located 

precisely by Inserting a knife edge between the jack pad and the wing* 
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Electric strain gages were located at k3 points on the flanges 

and webs and these were used to obtain the stresses • The normal 

stresses were measured by gages, mounted longitudinally in pairs on 

opposite sides of the flanges, along the flanges* The shear stresses 

were measured by gages mounted at ^5° to the vertical on only one side 

of the webs* The majority of the gages were mounted in the vicinity 

of the root. The vertical deflections were measured at 10 points by 

Ames dial gages attached to a fixed supporting structure above the 

wing (21). 

The National Advisory Committee for Aeronautics Test Beam.—The swept-

back box beam tested by the NACA at Langley Field, Virginia, consisted 

of two stressed skin, two spar box beams, sweptback at right angles to 

each other. These beams were joined by and continuous with a short 

rectangular carry-through bay. The planform and cross section of this 

beam are illustrated by Fig. 6. The material used in the construction 

of this beam was 2*fST aluminum alloy except for the ribs. The ribs were 

solid rectangular steel sheets with a 90° bend at each edge forming 

flanges for attachment to the spars and covers* Bibs 2, 3, **•> and 5 

were 3/32 inch thick and the other ribs were l/8 Inch thick. The spar 

flanges were I 1 A z I3-A x V ^ ^^ angles. The webs were O.O78 inch 

thick, and the covers were 0.050 inch thick. Thirteen equally spaced 

3 A x 3 A * l/l6 inch angles were used as longitudinal stiff eners on the 

upper skin and thirteen on the lower skin. The cross section perpen

dicular to the spars was a rectangular box 30 inches wide and 7.05 inches 

deep. 
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The beam was supported by steel rollers, with axes parallel to 

the center line of the carry-through bay, at the corners of the carry-

through bay* The loads were applied at the tips of the sweptback beams 

by means of hand-operated winches * The loads were transferred from the 

winches to horizontal steel I-beams and then to the tip ribs* 

All strains were measured by Tuckerman optical strain gages* 

All stringer strains and strains at a 45° angle to the spar-web center 

lines were measured using 2-inch gage lengths* All other strains were 

measured using 1-inch gage lengths* The smallest divisions of the gages 

used to measure stringer strains were 0,000004 in./in. The smallest 

divisions of the gages used to measure the strains at a 45° angle to the 

spar-web center lines were 0,000002 in./in. The smallest divisions of 

the 1-inch gage lengths were 0.000004 in,/in. The spar deflections were 

measured by means of dial gages. The smallest divisions of these gages 

were 0,001 inch in the bending tests and 0,0001 inch in the torsion 

tests. The forces exerted by the winches were measured by means of 

dynamometers accurate to within 10 pounds of the exact values (22), 
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CHAPTER IV 

METHODS OF LOADING THE SHEEPBACK BEAMS 

The methods of applying the shear loads to the MIT beam and the 

NACA beam were different in that the MIT beam was loaded by applying 

the shear load at a point midway between stations 2 and 3 while the 

shear loads applied to the HACA beam were applied through steel I-beams 

which were fastened to the tip ribs by brackets at each end of the ribs. 

Fig. 7 illustrates the method by which the shear loads were applied to 

the NACA beam. The loads were applied to the NACA beam both symmetri

cally and antisymmetrically* For the test in which the beam was sym

metrically loaded, the loads were applied vertically downward at each 

tip. For the test In which the beam was loaded antisymmetrically the 

load was applied vertically downward at one tip and vertically upward 

at the other tip. 

The HACA beam was also tested under the conditions of constant 

torque loadings applied at the tips. An illustration of the method by 

which the torque loadings were transferred to the beam is shown in Fig. 

8. These loads were also applied both symmetrically and antisymmetri

cally. For the symmetrically loaded condition both torque loads were 

applied in the same direction. For the antisymmetrically loaded condi

tion the torque loads were applied in opposite directions at the tips. 



CHAPTER V 

DISCUSSION 

It vas found by the KACA that vhen symmetrical shear loads vere 

applied to the tips of the bean vhich they tested the normal stress In 

the rear spar at the root vas approximately l**t times the stress pre

dicted by the elementary Mc_ formula. The vertical shear stress in the 

rear spar veb at the root vas about lV3 times the vertical shear 

stress at the tip. When symmetrical torque loads vere applied the 

shear stresses in the vebs and covers in the vicinity of the root 

shoved a marked decrease. It vas also found that normal stresses In 

the stringers of about half the magnitude of the shear stress ^ vere 
lAt 

produced at the root as a result of the restraint against cross-

sectional varping provided by the triangular bay. 

For the case of antisymmetrical shear loads applied to the tips 

of the beam, it vas determined that the normal stress in the rear spar 

at the root vas 1.6 times the Mc_ stress. The vertical shear stress In 
I 

the rear spar veb at the root, for this case, vas over 1*6 times the 

vertical shear stress at the tip. Vhen antisymmetrical torque loads 

vere applied there vas an appreciable decrease in the shear stresses in 

the covers and vebs in the vicinity of the root. It vas found that 

longitudinal stringer stresses of about half the magnitude of the shear 

stress T vere produced at the root also, 

In the simplified method of minimum potential energy the assump

tion is made that the root of the box beam is rigidly supported. This 



assumption is not completely justified in the case of the NACA beam as 

there is some distortion of the carry-through hay. If there vere no 

distortion of this hay the stresses should he the same for symmetrical 

loading as for antiaymmetrical loading. The NACA test more nearly 

approximates the stress conditions that would he encountered in an air

plane wing as there is always some distortion of the fuselage or other 

wing supporting structure when the wing is under load. 

The simplified method of minimum potential energy including shear 

lag yields results which are unconservative for the normal stresses in 

the spar flanges in the vicinity of the root of the NACA heanu When 

shear lag is neglected the theoretical results for the normal stresses 

in the rear spar flanges are conservative for the case of symmetrical 

loading and unconservative for the case of antisymmetrical loading. 

This is illustrated by the curves in Pig. 9. In Fig. 10 the rear spar 

flange stresses in the MIT and the NACA beams are plotted against per 

cent of the semi-span as measured along the leading edge of the beam* 

This figure illustrates that the theoretical results, both including 

shear lag and neglecting shear lag, are conservative for the rear spar 

stresses in the MIT beam. 

In Fig. 11 the shear stresses in the webs are plotted against 

the station along the span for the NACA beam. This figure shows that 

the results using the simplified method of minimum potential energy 

tend to become unconservative for the shear stresses in the vicinity of 

the root when shear lag effects are included in the theory. The results 

are conservative for the rear web stresses and unconservative for the 

front web stresses when shear lag effects are neglected. The elementary 
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Jr. formula, for the shear stresses in the webs caused by a unit shear 

load, yields acceptable results for the stresses outboard of a section 

one chord width from the root • The unit load form is used for both the 

KACA and the MIT beams so the results may be compared for these beams 

when both are under the same load condition* The theoretical and exper

imental results for the shear stresses in the rear spar webs, caused by 

unit shear loads applied at the tips, of the MIT and SAGA beams have 

been plotted in Fig* 12. Here, the experimental shear stresses in the 

webs of the HACA beam followed the same general trend as the shear 

stresses in the webs of the MIT beam. For the case of antisymmetrically 

placed shear loads the rear spar web shear stresses in the NACA beam 

increased very rapidly in magnitude in the vicinity of the root. At the 

31 per cent station, for example, corresponding to 6.8 Inches from the 

rear spar root, the shear stresses In the webs for antisymmetrical load

ing were 1.2 times as large as for the symmetrically loaded condition. 

In the description of the methods of analysis it was shown that 

both the simplified method of minimum potential energy and the Wittrick 

and Thompson method reduce to the T formula, as for an unswept box 
2At 

beam, for the case of a sweptback box beam having its ribs perpendicular 

to the spars and loaded by a constant torque load. Figs. 13 and Ik 

illustrate the comparison of the experimentally determined shear stresses 

in the webs and covers of the NACA beam with the stresses calculated by 
m 

the — — formula. Fig. 13 shows that the shear stresses in the covers In 
2At 

the vicinity of the root are higher for the symmetrically loaded condi

tion than for the antisymmetrically loaded condition. These figures 

indicate that conservative results will be obtained if the T formula 

2*t 



is used to calculate the shear stresses In the webs and covers for the 

condition of a constant torque loading. 

The box beam tested at MIT had ribs which were parallel to the 

root section and the MCA beam had ribs which were perpendicular to 

the spars. Bar foot (23) stated that for the same number of ribs the 

torsional rigidity of a sweptback box beam is far greater when the 

bulkheads, or ribs, are perpendicular to the spars than when they are 

parallel to the root section* This probably explains, at least in 

part, the fact that In the MIT tests the theoretical results compared 

more conservatively with the experimentally determined values for the 

stresses than in the BACA tests, 

A search was made of the literature In an attempt to find an 

analogy between sweptback plate and sweptback box beam theory* No 

direct analogy could be found In the literature and none Is readily 

apparent. Several of the references on sweptback plate theory are 

cited in the bibliography. 
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CHAPTER VI 

COffCLOSIONS 

The simplified method of minimum potential energy neglecting 

inner section shear lag effects gives conservative results for "both 

the shear and normal stresses caused "by symmetrical loading "but gives 

unconservative results for the normal stresses in the stringers caused 

by antisymmetrical loading, 

The simplified method of minimum potential energy including 

inner section shear lag effects does not give conservative results 

for the root stresses for all cases. Thus, if this method is used in 

preliminary design it must "be used with caution, 

The Wittrick and Thompson method is satisfactory only for pre

dicting the stresses remote from the root in sweptback "box beams as 

it does not take into account the variation of stresses in the vicinity 

of the root, 

The elementary formulas for an unswept "box beam give conservative 

results for the stresses in the front spar flanges and spar webs and may 

also be used to predict the stresses remote from the root in the rear 

spar flanges and webs of sweptback boz beams. 

A carry-through bay creates the effect of an elastic support at 

the root of a sweptback box beam and allows a very rapid buildup of the 

normal stresses in the rear spar flanges in the vicinity of the root for 

the case of antisymmetrical loading, A rigid support at the root does 

not allow such a rapid buildup of these stresses in the vicinity of the 

root. 



CHAPTER VII 

RECOMMENDATIONS 

It is highly recommended that more experimental data on the 

stresses in sveptback box beams be obtained* It is thought that if 

sweptback box beams of several different degrees of sweep, several 

different aspect ratios, and of both straight and tapered planform 

vere tested and the experimental results for the stresses vere plotted 

that a much better idea of the general trend of stress variation in 

these beams would be gained. The methods developed so far for the 

calculations of these stresses should be compared with the experi

mental results obtained in the proposed tests as there is a lack of 

experimental evidence to substantiate the theories which have been 

developed. 

It is also recommended that an attempt be made to derive a 

method for the calculations of stresses in a sweptback box beam having 

thick webs and thick cover skins. In this type of construction the 

webs and covers take a considerable portion of the bending stresses as 

well as the shear stresses. Under such conditions, lumping all the 

bending material into four spar cap areas may not be a satisfactory 

approximation* If such were the case, the basic theory might have to 

be revised. 
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APTEHDIX I 

SAMPLE CALCULATIONS 

The Elementary Formulas for the Flange and Web Stresses as for an 

Unsvept Bog Beam. —For the case of a 3hear load applied at the tips of 

the KACA beam, applying the elementary formulas gives the following 

results: 

For the normal flange stresses; 

CT = *!£ 

I = 4(1.815) (3*525)2 * 90,23 in.1* 

a - 3.525* - 0.03912 
P 90.23 

For the web shear stress; 

T*: JL-
2M* 

Tw : 1 = 0.915 
V 2(7.05) C0.O-W 

Analysis Including Inner Section Shear Lag Effects. —For the 1+5° swept' 

back wing outboard section, 

J- . 8G - 8(4) (1Q6)  
P - Alte /b . h \ - (1.815) (10.5) (106) / 30 A 7*05 \ 

\*c *w" / v s^o + o^fB) 

^ 2 . 0.002432 

;8 r 0.04932 



From cq. (12 ) , 

Ux(0) « r— % 
0.04932(1.815) (10.5) (10°) 

88.75P 

0.04932(1.815) (10.b) (106) (7.05) 

Ux(0) = - 2 .1279xl0" 6 n 1 + 13.3934xl0~6P 

a 2 = S f i « 4(106) (Q Q50) ^ 
AXE 1 . 8 1 5 ( 1 0 . 5 ) ( l 0 b ) 

2 _ 2G^w _ 2(4) (106) (0.078) 

" ^ 7 .05(1.815) (10.5) (lO6) 
b " hST = * ' 

CJ + 1 = 

atf
 2Cj + b 0

 2Cj _ JL 

j ( j + 1) 

C2 * 0 . 0 0 5 2 4 7 ^ 

C3 = 0 .000783177^ 

C4 = 0.2715477xl0"bC1 

G5 * 1.83278x1O"7^ 

C6 = 0.484466xl0"9C1 

C7 « 2 . 0 3 8 6 4 1 x 1 0 " 1 1 ^ 

C8 • 0 .439963xl0 - 1 3 C 1 

C9 r 1.321336xl0"1 5O1 

C 1 0 * 0 . 2 4 2 4 2 8 x 1 0 " 1 7 ^ 

C u = 0.560157xlO"1 9C1 

C l 2 « 0.897438x10"2 2C i 

C 1 3 a 1. 673581x10"24CX 

From Eq. (18 ) , 
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Ux(z) = Cx ( x +- 0.0052iv7x2 + 0.000783177s3 

t 0 .2715^77x10"^ + 1.832765(10"7)a-5 

+ 0.Ji5^466(10-5h6 + 2.0386lH(10-11)x^ 

+ 0.1(39963 ( 1 0 ' 1 3 ) z 8 + 1.321336(10"15)x9 

+ 0.2i*2428(10" r0x10 + 0.560157(10- I^)x11 

+ 0,897438(l0-2 2)x1 2 + 1.67358l(10"2 l f)x13.. .] 

From the boundary conditions given by Eg.. (19), 

Cx = O.OH27(10"6)B1 

Putting s "- 30 inches^ 

^ ( 3 0 ) = 0 . 0 1 1 2 7 ( 1 0 - 6 ) R 1 / 30 + lf.7223 + 21.1^5779 

+ 2.199536 + if. 1*53668 -f- 0.353176 + 0M5851 

+ 0.028866 + 0.026008 + 0.001^32 + O.C00992 + 0.0000lf8 

+ 0.000027 + . . . . 1 - 0.71^266(10"6)B1 

For cont inui ty , 1^(0) s 1^(30), 
OutVd. Inb*d. 

-2.1279(10"6)B1 + 13.393^(10 -6)P = 0.71^266(10-6)BX 

% = ^.71239P 

Putting Bx = lf.71239P, M = 0, and T s 0 in to Eqs. (5) to ( l l ) and 

reducing these equations gives the following r e s u l t s for the normal and 

shear s t resses in the outboard sect ion: 

Q\ - 0.8715 { Sinh(0.0lf932x) - Cosh(0.0lf932x)} 
P 

+ 3.^679 - 0.03908x 



30 

<?4 / 1 
- p - = 0.8715 ^ Cosh(0.04932x) - Sinh (0.04932x)J 

+ 3.4679 - 0.039C8x 

a? o 
p p 

T 
—• = - 0,5001 { Cosh(0.04932x) - Sinh(0.04932x)J 

+ 0.9093 

_ r w = 0.5001 { Cosh(0.04932x) - Sinh(0.04932x)j 

- 0.9093 

The above equations have been evaluated for several different 

stations along the span as illustrated by Tables I, II, III, and IV. 

Analysis neglecting Inner Section Shear Lag effects* — The same value 

ior fi is used as in the preceding analysis, £q. ^12) is equated to 

t-q. (20) in which x is set equal to o3 3C inches, to solve for Rj_« 

- 2.1279(10"°} ̂  + 13. 3934(10""°) P - 1.5742(lO"6)R1 

Rj = 3.6178P 

Putting Rj_ • 3.617SP, M • C, and T « 0 into Oqs. (5) to (ll) and reduc

ing tnese equations gives the following results for the normal and 

shear stresses in the outboard section: 

•—- - 1.4746 { Sinh(0.04932x) - Cosh(0.04932x) ] 

+ 3.4679 - 0.0390Sx 



. - • - . 

—•— s 1.4746 | Cosh (0.04932x) - Sinh (0.04932x)j 

+ 3,4679 - 0.03908x 

0*2 0"i 
p p 

0"3 _G* 
P P 

L fw 
= - 0.8461b [ Cosh (0.04932x) - Sinh (0.04932x)J 

P 
+ 0.9093 

trw 
= - 0.84615 { Cosh (0.04932x) - Sinh (0.04932x)J 

- 0.9093 

The above equations have been evaluated for several different 

stations along the span as illustrated by Tables V, VI, VII, and VIII. 

The Simplified /.lethod of iVlinimum Potential Energy for ̂ a Constant Torque 

Load Applied _at jthe Tip. — For the case of a constant torque load 

applied at the tips the shear stresses are calculated by substituting 

into ifqs. (21) and (22) as follows: 

T C = 
2(0.050) ( T ^ W ) =0'°473T 

ffw Trw 0.050 ,- n._0^ . 1 
T ~ S " T " " " 0^78 t°-047^ + 0.07S(30) (7.05) 

= 0.0303 

s. 0.0473 

The Uittrick and Thompson Method. — For the case of a wing having the 

ribs perpendicular to the spars the I/it trick and Thompson method was 
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T found to reduce to the elementary •—• s t resses as for an unswept box 

beam. The —i- s t resses are calculated as follows: 
2At 

T c l l 
T " 2tfE£ ~ 2Hh"tc 

2(30) (7.0b) (0.050) 
- 0.047_3 

T w I I 
~ = ^ = 2(30 j (V.ObJ lo.07S) 

= 0*0303 

I t may be seen tha t the simplified method of minimum potent ia l 

energy and the V/ittrick and Thompson method both yield the same r e su l t s 

for the shear s t resses in the webs and covers. These r e su l t s are the 

same as the ones which would be obtained i f the beam were not sweptback. 



Table X« Sample Calculations Including Inner Section Shear Lag Effects for the Normal Stresses 

in the Front Spar Flanges at Several Different Span Stations in the Outer Wing 

Section* 

—ro (sj w PB u) m w 
STATION SmH(0.04932x) COSE(0.04932s) (2]i-(3) 0.8715(4) 0.03908* 3.4679 + (5) - (6) 

o o i.oooo -l.oooo -0.8715 0 2.5964 

10 0.51344 1.12412 -0.61068 -0.5322 0.3908 2.5449 

20 1.15434 1.52726 -0.37292 -0.3250 O.7816 2.3613 

30 2.08165 2.30946 -0.22781 -O.I985 1.1724 2.0970 

40 3.52589 3.66497 -0.13908 -0.1212 1.5632 1.7835 

50 5.84523 5.93016 -0.08493 -O.O740 1.9540 1.4399 

60 9.61538 9.66724 -O.05186 -0.0452 2.3448 1.0779 

80 25.8762 25.8955 -O.O193 -0.0168 3.1264 0.3247 



Table 2. Sample Calculations Including Inner Section Shear Lag Effects for the Normal Stresses 

in the Bear Spar Flanges at Several Different Span Stations in the Outer Wing 

Section. 

—m pa u) m u) foT m — 
STATION C0SB(0.0U932g) SIHH(0.04932x) (2) - (3) 0,8715(4) 0.0390&C 3.4679 + (5)-(6) 

0 1.0000 0 1.0000 0.8715 0 4.3394 

10 1.12412 0.51344 0.61068 0.5322 0.3908 3.6093 

20 1.52726 1.15^3^ 0.37292 0.3250 0.7816 3.0113 

30 2.30946 2.08165 0.22781 O.I985 1.1724 2.4940 

40 3.66497 3.52589 0.13908 0.1212 1.5632 2.0259 

50 5.93016 5.84523 0.08493 0.0740 1.9540 1.5879 

60 9.66724 9.61538 O.P5186 0,0452 2.3448 1.1683 

80 25.8955 25.8762 O.OI93 O.0168 3.1264 0.3583 



Table 3. Sample Calculations Including Inner Section Shear Lag Effects for the Shear 

Stresses in the Iront Spar Webs at Several Different Span Stations in 

the Outer Wing Section* 

(U 
STATION 

[21 
COSH(O.Qi>932x) 

HI 
smH(o.oit93as) 

—un~ 
(g)-(3) 

— ( 5 1 — 
o.sooiCO 

[51 
0.9093 - <3) 

1.0000 1.0000 0.5001 0.4092 

10 1.12412 O.51344 0.61068 0.3054 0.6039 

20 1.52726 1.15434 0.37292 O.I865 0.7228 

30 2.30946 2.08165 0.22781 0.1139 0.7954 

40 3.66497 3.52589 0.13908 O.O696 0.8397 

50 5.93016 5.84523 0.08493 0.0425 0.8668 

60 9,6672^ 9.61538 0.05186 0.0259 0.8834 

80 25.8955 25.8762 0.0193 O.OO97 O.8996 



Table 4. Sample Calculations Including Inner Section Shear Lag Effects for the Shear 

Stresses in the Bear Spar Webs at Several Different Span Stations in 

the Outer Wing Section 

~"TTT 
STATION 

72} 737 — P T — 
P> - (3) 

COSH(O.Ok932x) SIHH(0.(ft932z) 
T5T-

o.gooi(if) 
[SJ— 

-0.9O93-(5) 

0 1.0000 1.0000 0.5001 -1.4094 

10 1.12412 0.51344 0.61068 0.3054 -1.2147 

. 1.52726 1.15434 0.37292 0.1865 .I.O958 

30 2.309^6 2.08165 0.22781 0.1139 -1.0232 

40 3.6649T 3.52589 0.13908 O.O696 -O.9789 

50 5.93016 5.84523 0.08493 0.0425 -O.9518 

60 9.66724 9.61538 0.05186 0.0259 -0.9352 

80 25.8955 25.8762 0.0193 0.0097 -0.9190 



Table 5* Sample Calculations Neglecting Inner Section Shear Lag Effects for the Normal 

Stresses in the Front Spar Flanges at Several Different Span Stations in 

the Outer Ving Section. 

"~iu m 
STATIOH SIMH(0.O't93ac) 

155 
cosH(o.c&93aO 

m u) m m— 
(2) - (3) 1 . ^ 6 ( 4 ) 0.03903* 3.U679 + (5)-(6) 

0 0 1.0000 -1.0000 -1.4746 1.9933 

10 0.51344 1.12412 -0.61068 -O.9005 0.3908 2,1766 

20 1.15434 1.52726 -0.37292 -0.5499 O.7816 2.1364 

30 2.08165 2.30946 -0.22781 -0.3359 1.1724 1.9596 

4o 3.52589 3.66497 -0.13908 -O.2051 1.5632 I.6996 

50 5.8^523 5.93016 -0.08493 -O.1252 1.9540 1.3887 

60 9.61538 9.66724 -0.05186 -O.O765 2.3W+8 1.0466 

80 25.8762 25.8955 -0.0193 -0.0285 3.1264 0.3130 



Table 6. Sample Calculations Neglecting Inner Section Shear Lag Effects for the Normal 

Stresses in the Hear Spar Flanges at Several Different Span Stations in 

the Outer tflng Section, 

—JT) (5j (3i m m m r n — 
STATION COSH(0.(A93ac) SIHH(O.Ok93gx) (2) - (3) l^T^CO 0.03908* 3Ml9 * (5)-(6) 

1.0000 1.0000 1.1*746 4.9425 

10 1.12412 0.51344 0.61068 0.9005 0.3908 3.9776 

20 1.52726 1.15434 0.37292 0.5499 O.7816 3.2362 

30 2.30946 2.O8165 0.22781 0.3359 1.1724 2.6314 

HO 3.66497 3.52589 0.13908 0.2051 1.5632 2.1098 

50 5.93016 5.84523 0.08493 0.1252 1.9540 1.6391 

6o 9.66724 9.61538 0.05186 O.C765 2.3448 1.1996 

50 25.8955 25.8762 0.0193 0.0285 3.1264 0.3700 

: 



Tahle 7. Sample Calculations Neglecting Inner Section Shear Lag Effects for the Shear 

Stresses in the 5rant Spar Wehs at Several Different Span Stations in 

the Outer Wing Section-

w 
STATION 

[5] 
COSH(O.0l*932x) SJ 

SINH(O.Ol+932x) 

P i T " -
(2)-(3) 

(5T~ 
0.81+615(4) 

C5] 
0.9093 - (5) 

1.0000 " 1.0000 0.81+615 0.0631 

10 1.121+12 0 . 5 1 3 ^ 0.61068 O.5167 0.3926 

20 1.52726 145*3* 0.37292 0.3155 0.5938 

30 2.3O9I+6 2.08165 0.22781 0.1928 0.7165 

1+0 3.661+97 3.52589 0.13908 0.1177 0.7916 

50 5.93016 5.81+523 0.081+93 0.0719 0.837^ 

60 9.66721+ 9.61538 0.05186 0.01+39 0.8654 

25.8955 25*8762 0.0193 0.0163 0.8930 



Table 8. Sample Calculations Neglecting Inner Section Shear Lag Effects for the Shear 

Stresses in the Hear Spar Webs at Several Different Span Stations in 

the Outer Wine Section, 

-TTJ 
STATION m 

C0SH(0.04932x) 
m 

SINH(0.04932x) 

— p n — 
(2)-(3) 

U) 
0.84615(4) 

&) 
-0.9093 - (5) 

1,0000 . 1,0000 0.84615 -1.7555 

10 1.12412 0,51344 0.61068 O.5167 -1.4260 

20 1.52726 1.15434 0.37292 0.3155 -1.2248 

30 2.30946 2.08165 0.22781 O.1928 -1.1021 

• 3.66497 3.52589 0.13908 0.1177 -1.0270 

50 5*93016 5.84523 0,08493 0.0719 -0.9812 

6o 9.66724 9.61538 O.05186 0.0439 -0.9532 

80 25.8955 25,8762 O.O193 0,0163 -O.9256 



APPENDIX II 

FIGURES 

Inner Section 

9L Outer Section 

Fig. 1. DIVISION OF SWEPTBACK WING INTO OUTBOARD AND 
INBOARD SECTIONS 

Eizfld 

Fig. 2. FREE BODY DIAGRAM OF OUTER SECTION WITH SHEAR 
FORCE 



Fig. 3. INNER SECTION AND ITS APPLIED LOADS 

Fixed Edge 

Fig. 4. OUTER WING WITH TORQUE APPLIED 
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Attachaent 
F i t t i n g 

S e c t i o n A-A 

Inner 
Rib 

F i g . 5 . PLANFORM AND CROSS-SECTION OF THE 450 SWEPT-
BACK WING TESTED AT MASSACHUSETTS INSTI
TUTE OF TECHNOLOGY 



Section A-A 

Fig, 6. PLANFORM AND CROSS-SECTION OF THE 45° SWEPTBACK WING SPECIMEN 
TESTED BY THE NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
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Carry-through Bay 

Tip Rib 

Bracket 

I-Beam 

Fig. 7. METHOD OF APPLYING THB SHEAR LOAD TO THE TIP 
OF THE NACA 45° SWEPTBACK BOX BEAM 
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Carry-through Bay 

Fixed Pulley 

Fig. 8. METHOD OF APPLYING THE TORQUE LOAD TO THE TIP 
OF THE NACA 45° SWEPTBACK BOX BEAM 
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Experiment: 
A Front Flanges, Symmetrical Load 
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H Front Flanges, Antisymmetrlcal Load 
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Fig. 9. NORMAL STRESSES IN THE FLANGES OF THE NACA SWEPTBACK 
BOX BEAM RESULTING FROM UNIT SHEAR LOAD APPLIED 
AT THE TIP 
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Experiment: 
°MIT Beam 
0NACA Beam, Antisymmetrical Load 
0 NACA Beam, Symmetrical Load 

Theory: 
NACA Beam Including Shear Lag Effects 
NACA Beam Neglecting Shear Lag Effects 
MIT Beam Including Shear Lag Effects 
MIT Beam Neglecting Shear Lag Effects 
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F i g . 1 0 , NORMAL STRESSES IN THE REAR FLANGES OF THE NACA 

AND MIT SWEPTBACK BOX BEAMS RESULTING FROM UNIT 
SHEAR LOAD APPLIED AT THE TIP 
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Experiment: Theory: 
A Front Web, Symmetrical Load Including Shear 
O Rear Web, Symmetrical Load Lag 
0 Front Web, Antisynuietrical Neglecting Shear 
0 Rear Web, Antisymmetrical LaE 
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F i g . 1 1 . SHEAR STRESSES IN THE WEBS OF THE NACA SWEPTBACK 
BOX BEAM RESULTING FROM UNIT SHEAR LOAD APPLIED 
AT THE TIP 
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Experiment: 
• MIT Beam 
ONACA Beam, Symmetrical Load 
0NACA Beam, Antisymmetrical Load 

Theory: 
NACA Beam Including Shear Lag Ef fec t s 

~NACA Beam Neglect ing Shear Lag Ef fec t s 
"MIT Beam Including Shear Lag Effects 

KIT Beam Neglect ing Shear Lag Effects 
220 

200 

180 

4i • 160 

l-c leu 
H 140 
E 
o 

B 120 
<X 

I 100 

^ | o . 80 

60 

40 

20 

0 100 
PER CENT SEMI-SPAN MEASURED ALONG THE LEADING EDGE 

F i g . 1 2 . SHEAR STRESSES IN THE REAR WEBS OF THE NACA AND 
MIT SWEPTBACK BOX BEAMS RESULTING FROM UNIT SHEAR 
LOAD APPLIED AT THE TIPS 
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Experiment: 
A Front Web, Symmetrical Load 

Q Front Web, Antisymmetrlcal Load 

° Rear Web, Symmetrical Load 
0 Rear Web, Antlsymmetrlcal Load 
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F i g . 1 3 . SHEAR STRESSES IN THE WEBS OF THE NACA SWEPTBACK 
BOX BEAM RESULTING FROM UNIT TORQUE LOAD APPLIED 
AT THE TIP 
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Experiment: 
'Symmetrical Load 
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Fig. 14. SHEAR STRESSES IN THE COVERS OF THE NACA SWEPTBACK 
BOX BEAM RESULTING FROM UNIT TORQUE LOAD APPLIED 
AT THE TIP 


