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SUMMARY

An investigation was made of the methods which have been pro-
posed for the calculations of sweptbeck wing stresses, and a brief
description of each method given in the introduction of this thesis.

The shear stresses in the webs and the normal stresses in the
flanges of a sweptback box beam which was tested by the National
Advisory Committee for Aeronautics at Langley Field, Virginia, with
a concentrated loed applied at the tip were calculated by using a

simplified method of minimm potential energy. These theoretical
values were plotted against the stresses obtained ezperimentally for
this beam and a comparison was made of the results. They were then
cross-plotted against the theoretical and experimental values obtained
in a test of a similar sweptback box beam at Massachusetts Institute
of Technology, and a further comparison made.

The theoretical shear stresses in the webs and covers of the
sweptback box beam tested by the National Advisory Committee for
Aeronautics when loaded by a constant torque losd epplied at the tips
wvere calculated by two different methods. One was the simplified
method of minimm potential energy, and the other was a method devel-
oped by Mr. J. J. Thompson and Mr. W. H. Wittrick of the University
of Sydney, Australia. The theoretical and experimental values of

these stresses were then compared.



CHAPTER I

INTRODUCTION

The calculation of the stress distribution in the vicinity of
the root of a sweptback box beam is a very difficult problem. Several
methods have been proposed for the calculations of these stresses, but
most of these methods are very cumbersome to use. What is needed is a
method of solution that is not too difficult for use in preliminary
design calculations but which will still give reasonebly good results
for the stress distribution, especlally in the vicinity of the root.

It has been found by experiment that the stresses in a swept-
back box beam at a section remote from the root can be predicted very
accurately by the elementary methods for an unswept box beam. Further-
more, experiments indicate that there is a relief of stresses in the
vicinity of the front spar at the root and an incresse of the stresses
in the vicinity of the rear spar at the root that cannoct be predicted
by the simple methods.

Up until the present time there has been very little material
published on the subject of the calculations of sweptback box beam
stresses. A method has been described by Levy (1) by which the stresses
and deflections in sweptback box beams with ribs parallel to the air-
stream can be computed. In this method the wing is broken down into
structural units. The number of unknown internal forces depends on the

nunber of structural units which make up the wing. Then the equations



of equilibrium ere written for these structurel units. In those cases
where equilibrium conditions are not sufficient in themselves to deter-
mine the stress distribution, additional equations may be written by
considering the fact that the actual distribution corresponds to a min-
irum of the strain energy. This condition, called the principle of
minimm complementary energy, is a veriational condition on the stresses.
It is a condition which defines the correct state of stress, among all
possible states of stress, that satisfies the conditions of equilibrium.
Enough equations may be written utilizing the principle of minimum com-
plementary energy so that the total number of equations is equal to the
total number of unknowns. These equations are then solved simultane-
ously by matrix methods.

Bisplinghoff end Lang (2) have developed a modified Levy method
by which a sweptback box beam heving the ribs perpendiculer to the spars
can be analyzed. It has been observed by experiment that, at a distance
sufficiently removed from the root, the stresses in a sweptback wing of
fairly high aspect ratio may be predicted accurately by the ordinary
unswept box beam theories. In the modified Levy method the outboard
portion of the wing 1s analyzed using the ordinary St., Venant theory of
bending and torsion in which the cross-sections are assumed free %o
warp. In the inboard portion, the same procedures suggested by Levy
are used to introduce the restreaining influence of the root. The strain
energies in the inner and outer sections are added, finally, to deter-
mine the metrix of influence coefficilents.

Bisplinghoff and Leng (3) also describe a method of minimum

potentiel energy in which the assumption is made that the root rib is



elastic and a2ll the other ribs are rigid. The method is very similar
to the Levy method in that the structure is broken down into its struc-
turael units and equilibrium equations are written for these members.
The additional equations in the minimum potential energy method are
written, utilizing a variational condition on the displacements, how-
ever, instead of a variational condition on the stresses, as in the Levy
method. The variationsl condition on the displacements determines the
deformation configuration, smong all possible deformations consistent
with the boundary conditions, that satisfies equilibrium. These
equations are then solved by matrix methods in the same menner as those
of the Levy method.

Zender, Heldenfels, and Libove (4) present a method for the
analysis of a 45° sweptback box 1*:eam having ribs perpendicular to the
spars and having an elastic carry-through structure. The carry-through
structure is a section of rectangular box beam which connects the swept-
back portions of the box beam and simulates the fuselage structure to
which the sweptback beams would be attached on an airplane. In this
method the outer sections and carry-through bay are analyzed by the
simple methods used for unswept box beams. Then the triangular section
Joining them is divided into free bodies and equilibrium gnd continuity
equations are written. A system of linear equations results which can
be solved for the rotations and translaetions of the vertical edges of
the trianguler section. Since the unknown intermal forces in the struc-
tural members and the Joint displacements are both related to the
epplied loads, force-displacement relationships may be written, utilizing

certain stiffness parameters which include both the shear and bending



resistance of the beam, to define relationships between the Joint dis-
placements and the internal forces. By using these relationships the
forces in the equilibrium equations can be replaced by the loads applied
to the structure and the Jjoint displacements. These equations can then
be solved simultaneously, by matrix methods, for the displacements.
Once the Joint displacements are lmown the stresses and distortions of
the entire structure mey be determined by using the force-displacement
relationships again.

Wittrick and Thompson (5,6) have developed a method based on the
work of HadJji-Argyris (7) for calculating the stress distribution in a
awept tube with ribs parallel to the alrstream. In this derivation the
assumption is mede that the section of the tube 1s maintained by closely
spaced ribs which are rigid in their own planes and unable to offer any
resistance to warping out of their planes. The method was derived for
the loading conditions of a constant bending moment epplied at the tip,
a constant torque applied at the tip, and for an exponentially varying
load. It was also derived for a tube of arbitreary cross-section. In
this method the structure is broken up into its components end equili-
brium and continuity egqusations are written. The elementary expressions
for stresses, strains, displacements, and rotations are used, and, ex-
cept for the differences in geometry, the analysis is very similar to
one for an unswept tube or box beam. It 1s shown later on that for the
case of ribs perpendicular to the spars this method reduces to the ele-
mentary formulas for stresses in an unswept box beam. This method does
not take into account the variation of stresses in the vicinity of the

root .



The simplified minimum potential energy method developed by
Bisplinghoff end Leng (8) is, as the name implies, a simplified method
utilizing the principle of minimum potential energy. The principle
of minimum potential energy is, as defined earlier, a varistionsal con-
dition on the displacements which determines the deformation configu-
retion, among all possible deformations consistent with the boundary
conditions, that satisfies equilibrium. In the simplified method of
minimum potential energy the principle of minimum potential energy is
applied to the outboard section of a sweptback box beam as if it were
en unswept box beam attached to an elastic support. A simplified
analysis, also utilizing the principle of minimum potential energy, is
nade of the trianguler inboard section to determine the properties of
the elastic support. An equation of continuity is then written which
requires that the warping across the section st the Jjuncture of the
inboard and outboard sections be equal in each. The assumption 1s
made in this analysis that a large number of closely spaced ribs, com-
pletely rigid in thelr own planes, are used to preserve the cross sec-
tion of the wing at all points along the spen. The problem is simpli-
fied considersbly by this assumption, and the errors which are intro-
duced are of second order importance.

The methods described herein comprise the main published theo-
retical literature on the sweptback beam problem.

The purpose of this thesis is to compare theoretical shear and
bending stresses with experimental results for a 45° sweptback box beam

loaded by constant tip shear and constant tip torque loads. The



simplified method of minimum potential energy and the Wittrick and
Thompson method were used for the calculations of the theoretical
stresses. The stresses were calculated for the shear and bending
stresses in a 45° sweptback box beam tested by the Nationel Advisory
Committee for Aerconautics, hereafter referred to as the NACA beam.
The experimental and theoretical results for this beam under the
condition of a constant tip shear load were compared with the theo-
retical and experimental results obtained in e test of g similar
beam at Massachusetts Institute of Technology, hereafter called the
MIT beam. The other methods which have been described were con-
sidered for the calculations, but because of the extremely lengthy
calculations involved in these methods it was decided that it wes

not practical to include them in this thesis.



CHAPTER II
METHODS USED FOR ANALYSIS

The Simplified Method of Minimum Potential Energy for the Conditiom of

& Shear Load Applied at the Tip

The simplified method of minimm potential energy was described
in the introduction of this thesis. A complete derivation of this
method is not given here as it has been completely derived in ref, 8,
The basic equations are given, however, and also the expressions which
were used for the sample calculations in Appendix I.

The wing is considered in two parts, as is explained in ref. 8,
as shown in Fig. 1 of Appendix II, The portion of the wing outboard
of Section A-B is analyzed on the assumption that it is attached to an
elastic support at Section A-B. A simplified analysis is made of the
trianguler section inboard of Section A-B to dgtemine the properties
of the elastic support. Then the two sections are joined by writing
an equation of egquilibrium which requires the warping across the Sec-
tion A-B to be egqual in each. A free body dlagram for the loading con-
figuration under consideration (9) in this section is shown in Fig. 2.

The expression for the total intermal strain energy of the outer

section is (10),



Us = 1/2
1 / E E G
z 2. ’
=l 5\ A ToRE. "
wa w 5 w 1:} dic (1)
G G

and the potential energy of the external loads is (11),
Us = = Pv(Q) + 2kju; (0) (2)
where,

v(8) Vertical deflection of the center line of the beam at
the tip, station § , where the load is applied.

uj (0) the deformation in the x direction of flange 1 at the
juncture of the inner and outer sections, station C.

The expression for the total strain energy of the inner section

including the web and covers is (12),

b 5 .
1/21. (2A1 o5 . 2 TS b . ngztwn )

Uy = _
i B G dx (3)
and the potential energy of the external loads is (13),

Ue = = 2Rjuj(b) (4)

In the analysis of ref. © the following expressions were derived

for the stresses (14):

(o] _ Ry {- _Sinh Bx
7 =& LCosh Ax"TamR gy

+—L Sinh Bx _ Cosh ﬂx} ¥

o |
2hig Tanh B 2hA, (5)



Os _ R [ sinh Bx
P 1 Tanh {

- Cosh B x}

+——&2i: {Cosh ﬁx - ————ﬂ—-,-?.igg ﬁx}

! 2hing2 (6)
(o)) 01
P *~7F (7)
Oz __ 04
P P (8)
0,
Teo 1 [Al i__'T)+_;._ ]
P 2tc dx 2h (9)
wa = - ig _I_C + -—l—
3 tw P 2hty (10)
Trw - E.E Tec . |
P =~ ty P  Zhty (11)

The value for Ry in the expression for _C_J'__ is obtained by ana-
lyzing the inner section and writing an equation of continuity joining
the inner and outer sections.

Analysis Including Inner Section Shear Lag Effects.--~For the analysis

of the inner section including shear lag effects (15) the unknown inter=

nal force K} is obtained by equating,

_ 2coth B
up(0) = _ (_“;’_ME_ ) B+ (3.!555 cothﬂf)P (12)

for the outer box to, n

ni) = jZ 53 (13)
-]
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for the inner box. Fig. 3 shows a diagram of the inner section,

For the sweptback wing outboard section (10)

86

3
B = ar7E & (14)
( te tw
Gt
2 o A
8% = (15)
1
b2 QUtw
o - ; -
hAln
" _ aéCj + bgc_']"l
i+l (G + 1) (17)

£xpanding £q. (13) to obtain u;(x),

ule} = {plx + C2x2 + ng3-+ C4x4 + CE_-,X‘rJ + ..} (18)
Utilizing the boundary conditions (17)

‘ . duy(b) :

wu(0) = 0; ME - di = b (19)

Cl may be obtained in terms of 1&.

Then x = b is substituted into Zg. (18) and, for continuity,
ul (0) outboard, Zqe (12), is equated to u; (b} inboard, =q. (18), to
solve for Rl.

The normal and shear stresses in the outboard section may now
be computed for the case including inner section shear lag effects by
substituting the value of kj calculated above into Egs. (5) to (11).

Analysis leglecting Inner Section Shear Lag cifects. == For the analysis

neglecting inner section shear lag effects the deformation of flange
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number one in the x direction becomes, from elementary theory, simply

(18),
Ry
AjE

up = X (20)

In this case x is set equal to b, The equation of continuity requires
that Eq. (12) be equated to Eq. (20). The value for R) obtained by
this method is substituted into Eq. (5) to (11) to solve for the normal

and shear stresses in the outboard section.

The Simplified Method of Minimum Potential Energy for the Condition of

a Torque Load Applied at the Tip

For the case of a constant torque load applied in the plane of
the rib at the tip of the box beam, as shown in Fig. 4, the simplified
minimum potential energy method yields the following expressions for

the shear stresses in the webs and covers (19):

< L (1\_. 1
Te = - (E‘E) = ZE_bh k21)
t
Tiw = Tew = -ﬁ 'tc,-r thh = 21::;bh (22)

dhe Matizick and Ihompson Method

The method derived by Wittrick and Thompson in refs. 5 and 6 has
been described in the introduction of this thesis. This method yields
the following eguations for the shear stresses in the webs and covers

and the direct stress parallel to the stringers in the covers (20):
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T - Mytan X
Tiw = Csy = -
W fw St oh (23)
T = Mytan a
T = [~CoOt 24
o 3t .oh + fycot§ (24)

: sin ¢ cos ¢ »
fr, = = ZohGK T [ T - Mytan (0'¢

I .
{T + dy (2c052¢ 3,(,". sin'2¢

sin O cos QL
L

i 1+ 83 \° B
- sin“Ql T (25)

where,

Sy {ﬁﬂ%*!l 13}

3.’%

+Ksin¢[4:—_‘ [k1+ k3 —g—% ]

3
2" ll 3

TN
3.t | TR

2 2
fEE i+ 15+ 4 s
sin ’
3 2
*2 E (26)

For the case of a sweptback box beam with ribs parallel to the
airstream, a rectangular cross section, and loaded only by a torque

load these equations reduce to,

Trw = wa = : (27)
2t,,bh
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= QF:EH + fcot @ (28)
;o= - I sin® cos® _
2 Ztchh sinX 4 E"' cos2 XX
sin X cos &
L (:inza-f-(ﬁir cosza) (29)
where,
; E' 2ty
L' = 1 + (Siﬂza + -ET COSZQ ) { 6@10;)%& ( _'EC )
. t .cos Q¢
CCcos s

If the ribs are perpendicular to the spars @ is 90° and the

eguation for the shear stress in the covers further reduces to,

T
g™ 2t ¢ bh (31)

It may be seen that these equations for the shear stresses reduce
to the same equations used for calculating the shear stresses in an

unswept box beam.
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CHAPTER III
EQUIPMENT

The Massachusetts Imstitute of Technolog Test Beam.--The box beam

tested at MIT was a stressed skin, two spar wing, sweptback at 459,
The planform and cross section of this beam are illustrated by Fig.
5. The spars were parallel, of equal length, and of constant cross
section. The spar flanges were made up of two 3/4 x 3/k x 1/8 248T
extruded angles, back to back, and separated by the spar webs. Three
equally spaced 1/2 x 1/2 x 1/16 24ST extruded angles were used as
longitudinal stiffeners on the upper skin and three on the lower
skin, The webs and ribs were constructed of 0,051 inch T5ST sheet,
The upper and lower skins were constructed of 0,032 inch T5ST sheet,
The cross section perpendicular to the spars was a rectangular box
12 inches wide and 6 inches deep, Six solid ribs parallel to the air-
stream were spaced at 8.484 inch intervals along a line normal to the
alrplane center line,

The overall length of the beam measured parallel to the spars
was 60 inches, The root section of the box beam, inboard of the inmer
rib, was built around a heavy steel attacoment fitting to approximate
a fixed end comdition., This is illustrated by Fig. 5.

A single Black Hawk hydraulic jJack with a one ton capaclty was
used to load the wing. The point of application of the load was located
precisely by inserting a kmife edge between the jJack pad and the wing.
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Electric strain gages were located at 43 points on the flanges
and webs and these were used to obtain the stresses. The normal
stresses were measured by gages, mounted longitudinally in pairs on
opposite sides of the flanges, along the flanges. The shear stresses
were measured by gages mounted at 45° to the vertical on only one side
of the webs. The majority of the gages were mounted in the vicinity
of the root. The vertical deflections were measured at 10 points by
Ames dial gages attached to a fixed supporting structure above the
wing (21).

The National Advisory Committee for Aeromautics Test Beam.--The swept-

back box beam tested by the NACA at Langley Field, Virginia, consisted
of two stressed skin, two spar box beams, sweptback at right angles to
each other. These beams were joined by and continuous with a short
rectangular carry-through bay. The planform and cross section of this
beam are illustrated by Fig. 6. The material used in the comstruction
of this beam was 24ST aluminum alloy except for the ribs. The ribs were
solid rectangular steel sheets with a 90° bend at each edge forming
flanges for attachment to the spars and covers. Ribs 2, 3, 4, and 5
were 3/32 inch thick and the other ribs were 1/8 inch thick. The spar
flanges were 11/4 x 11/L x 1/8 inch angles. The webs were 0.078 inch
thick, and the covers were 0,050 inch thick. Thirteen equally spaced
3/4 x 3/4 x 1/16 inch angles were used as longitudinal stiffeners on the
upper skin and thirteen on the lower skin., The cross section perpen-
dicular to the spars was a rectangular box 30 inches wide and 7.05 inches

deep,
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The beam was supported by steel rollers, with axes parallel to
the center line of the carry-through bay, at the corners of the carry-
through bay. The loads were applied at the tips of the sweptbeck beams
by means of hand-operated winches, The loads were tramnsferred from the
winches to horizontal steel I-beams and then to the tip ribs.

All strains were measured by Tuckerman optical straln gages,

All stringer strains and strains at a 45° amngle to the spar-web center
lines were measured using 2-inch gage lengths, All other strains were
measured using l-inch gage lengths. The smallest divisions of the gages
used to measure stringer strains were 0.000004 in./in. The smallest
divisions of the gages used to measure the strains at a 45° angle to the
spar-web center lines were 0,000002 in./in. The smallest divisions of
the l-inch gage lengths were 0.000004 in./in. The spar deflections were
measured by means of dial gages. The smallest divisions of these gages
were 0,001 inch in the bending tests and 0.0001 inch in the torsion
tests., The forces exerted by the winches were measured by means of

dynamometers accurate to within 10 pounds of the exact values (22).
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CHAPTER IV

METHODS OF LOADING THE SWEFTBACK BEAMS

The methods of applying the shear loads to the MIT beam and the
NACA beam were different in that the MIT beam was loaded by applying
the shear loed at a point midway between stations 2 and 3 while the
shear loads applied to the NACA beam were appllied through steel I-beams
which were fastened to the tip ribs by brackets at each end of the ribs,
Fig. 7 1llustrates the method by which the shear loads were applied to
the NACA beam. The loads were applied to the NACA beam both symmetri-
cally and entisymmetrically, For the test in which the beam was sym-
metrically loaded, the loads were applied vertically downward at each
tip. TFor the test in which the beam was loaded antisymmetricelly the
load was applied vertically downwerd at one tip and vertically upward
at the other tip.

The NACA beam was also tested under the conditions of comstant
torque loadings applied at the tips. An illustration of the method by
which the torque loadings were transferred to the beam is shown in Fig,
8. These loads were also appllied both symmetrically and antisymmetri-
cally. For the symmetrically loaded condition both torgue loads were
applied in the same direction. For the antisymmetrically loaded condi-

tion the torque loads were applied in opposite directions at the tips.
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CHAPTER V
DISCUSSION

It was found by the NACA that when symmetricel shear loads were
applied to the tips of the beam which they tested the normal stress in
the resr spar st the root wes approximately 1.4 times the stress pre-
dicted by the elementary l'Ilc_ formula. The vertical shear stress in the
rear spar web et the root was sbout 11/3 times the vertical shear
strees at the tip. When symmetrical torque loads were applied the
shear stresses In the webs and covers in the vicinity of the root
showed a marked decrease. It was ealsco found that normal stresses in
the stringers of about half the magnitude of the shear stress % were
produced at the root as & result of the restreaint against cross-
sectional warping provided by the triangular bay.

For the case of antisymmetricel sheer loeds applied to the tips
of the beam, it wes determined that the normal stress in the rear spar
at the root was 1.6 times the Mc stress. The vertical shesr stress in
the rear sper web at the root ,Ifor this case, was over 1.6 times the
vertical shesr stress at the tip. When antisymmetricsal torque loads
were applied there was an eppreciable decrease in the shear stresses in
the covers end webs in the vicinity of the root. It was found that
longitudinal stringer stresses of about half the magnitude of the shear
stress 2%5. were produced at the root also.

In the simplified method of minimum potential energy the assump-

tion is made that the root of the box beam is rigidly supported. This
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assumption is not completely Justified in the case of the NACA beam as
there is some distortion of the carry-through bay. If there were no
distortion of this bay the stresses should be the same for symmetrical
loading as for antisymmetrical loading. The NACA test more nearly
approximates the stress conditions that would be encountered in an air-
plane wing as there is always some distortion of the fuselage or other
wing supporting structure when the wing is under load.

The simplified method of minimum potential energy including shear
lag ylelds results which are unconservative for the normal stresses in
the spar flanges in the vicinity of the root of the NACA beam. When
sheaxr lag is neglected the theoretical results for the normal stresses
in the rear spar flanges are conservative for the case of symmetrical
loading and unconservative for the case of antisymmetrical loading.
This is 1llustrated by the curves in Fig. 9. In Fig. 10 the rear spar
flange stresses in the MIT and the NACA beams are plotted against per
cent of the semi-span as measured along the leading edge of the beam.
This figure 11lustrates that the thearetical results, both including
shear lag and neglecting shear lag, are conservative for the rear spar
stresses in the MIT beam.

In Fig. 11 the shear stresses in the webs are plotted against
the station along the span for the NACA beam, This figure shows that
the results using the simplified method of minimm potential energy
tend to become unconservative for the shear stresses in the vicinity of
the root when shear lag effects are included in the theory. The results
are conservative for the rear web stresses and unconservative for the

front web stresses when shear lag effects are neglected. The elementary
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’&%—t; forrula, for the shear stresses in the webs caused by & unit shear
load, ylelds acceptable results for the stresses outboard of a section
one chord width from the root, The unit loed form is used for both the
NACA and the MIT beams so the results may be compared for these beams
when both are under the same load condition. The theoretical and exper-
imental results for the shear stresses in the rear spar webs, caused by
unit shear loads applied at the tips, of the MIT and NACA beams have
been plotted in Fig. 12. Here, the experimental shear stresses in the
webs of the NACA beam followed the same genersl trend as the shear
stresses in the webe of the MIT beam. For the case of antisymmetrically
placed shear loads the rear spar web shear stresses in the NACA beam
increased very rapidly in megnitude in the vicinity of the root. At the
31 per cent station, for example, corresponding to 6.8 inches from the
rear spar root, the shear stresses in the webs for amtisymmetrical load-
ing were 1.2 times as large as for the symmetrically loaded condition.
In the description of the methods of eamelysis it was shown that
both the simplified method of minimum potential energy and the Wittrick
and Thompson method reduce to the _2{,'? formula, as for an unswept box
beam, for the case of a sweptback box beam having its ribs perpendiculer
to the spars and loaded by & constant torque load. Figs. 13 and 1L
illustrate the comparison of the experimentally determined shear stresses
in the webs and covers of the NACA beam with the stresses calculated by
the i_t. formula, Fig. 13 shows that the shear stresses in the covers in
the vicinity of the root are higher for the symmetrically loaded condi-
tion than for the antisymmetrically loaded condition. These figures

indicate that conservative results will be obtained if the 2%_ formila
%
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is used to calculate the shear stresses in the webs and covers for the
condition of a constant torque loading.

The box beam tested at MIT had ribs which were parallel to the
root section and the NACA beam had ribs which were perpendicular to
the spars. Barfoot (23) stated that for the same number of ribs the
torsional rigidity of a sweptback box beam is far greater when the
bulkheads, or ribs, are perpendicular to the spars than when they are
parallel to the root section. This probably explains, at least in
paxrt, the fact that in the MIT tests the theoretical resulis compared
more conservatively with the experimentally determined values for the
stresses than in the NACA tests.

" A search was mede of the literature in an attempt to find an
analogy between sweptback plate and sweptback box beam theory. No
direct analogy could be found in the literature and none is readily
apparent. Several of the references on sweptback plate theory are
cited in the bibliography.
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CHAPTER VI

CONCILUSIONS

The simplified method of minimum potential energy neglecting
inner sectlon shear lag effects gives conservative results for both
the shear and normal stresses caused by symmetrical loading but gives
unconservative results for the normal stresses in the stringers caused
by entisymmetricel loading.

The simplified method of minimum potential energy including
inner section shear lag effects does not give conservative results
for the root stresses for all cases. Thus, if this method is used in
preliminary design it must be used with caution.

The Wittrick and Thompson method is satisfactory only for pre-
dicting the stresses remote from the root in sweptback box beams as
it does not take into account the variation of stresses in the vicinity
of the root.

The elementary formlas for an wmswept box beam give conservative
results for the stresses in the front spar flanges and spar webs and may
also be used to predict the stresses remote from the root in the rear
spar flanges and webs of sweptback box beams.

A carry-through bay creates the effect of an elastic support at
the root of a sweptback box beam and allows a very rapid buildup of the
normal stresses in the rear spar flanges In the vicinity of the root for
the case of entisymetrical loading. A rigid support at the root does
not allow such a rapid buildup of these stresses in the vicinity of the

root.
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CHAPIER VII

RECOMMENDATIONS

It is highly recommended that more experimental data on the
stresses in sweptback box beams be obtained, It is thought that if
sweptback bax beams of several different degrees of sweep, several
different aspect ratios, and of both straight and tapered planform
were tested and the experimental results for the stresses were plotted
that a much better idea of the general trend of stress variation in
these beams would be gained. The methods developed so far for the
calculations of these stresses should he compared with the experi-
mental results obtained in the proposed tests as there is a lack of
experimental evidence to substantiate the thearies which have been
developed.

It is also recommended that an attempt be made to derive a
method for the calculations of stresses in a sweptback box beeam having
thick webs and thick cover skins. In this type of comnstruction the
webs and covers take a considersble poartion of the bending stresses as
well as the shear stresses. Under such conditions, lumping all the
bending material into four spar cap areas may not be a satisfactory
approximation. If such were the case, the basic theory might have to

be revised.
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APPENDIX I
SAMPLE CAICULATIONS

The Elementary Formulas for the Flange and Web Stresses as for an

Unswept Box Beam.--For the case of a shear load applied at the tips of

the NACA beam, applying the elementary formulas gives the following
results:

For the normal flange stresses;

- Me
g h

I - 4(1.815) (3.525)% = 90.23 in.k

g - 3.52? - 0.0391x

d

For the web shear stress;

- v
T""E‘t;

T:V:

Tw 1 = 0.915
v 2(7.05) (0.078)

Analysis Including Inner Section Shear Lag Effects.--For the 45° swept-

back wing outboard section,

ﬁzz_ﬁ 8 i 8(4) (196)
il ($_+ ) (65 TT_(T)T(UEJ.O.B l)(b:%ﬁ*%ﬁﬁa

B 2 0.002432

0.04932

™
"



From Eq. (12),

Ul (0) =

Cjgp1™

From Eq. (18),

2
= R

0.,04932(1.815) (10.5) (10%)

88.75P
+

(10%)
P

0.04932(1.815) (10.5)

6

(7.05)

- 2.1279x107%; + 13,3934x10°
4(100) (0.050)
1.815(10.5) (10°)
(0.078)
(10.5) (109)

Stg -

= 0.010494
AlE

2Gt,,

_ 2(4) (109
hAE

7.05(1.815)

= 0.004644

a,ZCj'I-boij_l
i3+ 1)

Cp = 0.005247C;

(@]
W
i

0.000783177C,

0. 2715477x107°C,

)
5
1]

1.83278x1077C,

(@]
L6
(]

0.484466x10”°C;

O
o~
]

- = 2.038641x10711c,

0.439963x10"13¢,

1.321336x1071°0,

Cyo= 0.242428x10717¢,

Cll =

c

12

0.560157x10'19c1

0.89?438x10'22Cl

Cy 3= 1.673581x10"2C;
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Up(x) = €y { x + 0.005247x° + 0.0007831T7x>
+ 0.27154T7x10-2x* + 1.832785(107)x?
+0.484466(10"9)x8 + 2.038641(1071)xT
+0.439963(10713)x8 + 1.321336(10-15)x9
+0.242428(20717)x10 4+ 0,560157(10719)x 1L
+0.897438(20%2)x12 + 1.673561(1024)x3. ..}

From the boundary conditions given by Eq. (19),

Cq = cf.0112'{(110"6)121

Putting x = 30 inches,

U;(30) = 0.01127(10°6)R; { 30 + L.7223 4 21.145779
+2.199536 + 4.453668 + 0.353176 + 0.445851
+0.028866 + 0.026008 + 0.001432 + 0.000992 + 0.0000L8

+0,000027 + «uoo ) : 0.714266(1076)R;

For contimuity, U;(0) = (30),
Outb'd. Inb'd.
-2.1279(10"0)R, + 13.3934(10°0)p - 0.714266(10-6)R;
Ry = L. 71239P

Putting Ry = L.71239P, M = O, and T = O into Egs. (5) to (11) and
reducing these equations gives the following results for the normal and

shear stresses in the outboard section:

01 - 0.6725 { 51nn(0.04932x) - Cosh(0.04932x)}
-+
+ 3.4679 - 0.03908x



=%~ = 0.8715 { Cosh{0.04932x) - Sinh (0.0GQBQX)}

Oz __ 0,

P P

0.3 0'4

P "TF

Ty, . . .
——Fil = - (0.5001 '{ Cosih{0.04932%) = Sinh(U.C4932x)]

+ 0.9093
Tru

= 05000 { Cosh(0.04932x) - Sin11(0.04932x)}
- 0,9093
The above equations have been evaluated for several different
stations along the span as illustrated by Tables I, II, III, and IV.

Analysis ueglecting Inner Section Shear Lag cffects., == The same value

for B 1is used as in the preceding analysis. £q. (12) is equated to

£g. (20) in which x is set equal to b, 30 inches, to solve for i.

- 2.1279(107%) iy + 13.2934(107°)p = 1.5742(107%) )

Ky = 2.6175P
Putting k) = 3.0l76P, il = 0, and T = 0 into Igs. (5) to (11) and reduc-
ing tnhese equations gives the following results for the normal and

shear stresses in the outboard section:

(o)1

—— = l.4746 [ Sinh(0.04932x) - c;osh(o.04932xj}

+ 3.4079 - 0.03908x
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2 . 14746 { Cosh (0.04932x) - Sinh (0.04932x)}

op 0,
——— == e s mee—

P P

Oz _ O

P P

Tiw = :

5 = = 0.84619 Cosh (0.04932x) = Sinh (0.04932x)

-+ 0.9093
Trw

5 = - 0.84615 { Cosh (0.04932x) = Sinh (0.04932x)}
= Oo 9093
The above equations have been evaluated for several different

stations along the span as illustrated by Tables V, VI, VII, and VIII.

The Simplified Method of Minimum Potential Energy for a Constant Torque

Load Applied at the Tip. == For the case of a constant torque load
applied at the tips the shear stresses are calculated by sbbstituting

into Egs. (21) and (22) as follows:

¥ I ( T )=0.0473T
¢ = 3{0.0%0) 7.05(30)
wa .Crw 0.050 1
- 2" 7 = ~ o078 \0-%473) * 547 7705
= 0.0303
i
= S = 0,0473

The Wittrick and Thompson llethod. == For the case of a wing having the

ribs perpendicular to the spars the Wittrick and Thompson method was
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found to reduce to the elementary —2-%_'- stresses as for an unswept box

beam. The E%E stresses are calculated as follows:
Tec 1 1
T = Tt © Zbhte
= L 0.,0473
2(30) (7.05) (0.0%0) =
1rw 1 1

T = Z&ty T (0] (7.05] (0.078)

= 0,0303

It may be seen that the simplified method of minimum potential
energy and the Wittrick and Thompson method both yield the same results
for the shear stresses in the webs and covers. These results are the

same as the ones which would be obtained if the beam were not sweptback.



Teble 1.

Sample Calculetions Including Inner Section Shear Lag Effects for the Normal Stresses

in the Front Spar Flanges at Several Different Span Stations in the Outer Wing

Section.
STAé%f)JN Smr(f?c)).oh%?xl 008315?33@32::) (ET)?S) O-BT{T?&) 0.0%%8: 3.@9(?(5) - (6)
0 0 1,0000 -1,0000 -0.8715 0 2.5964
10 0.5134% 1.12412 -0,61068 -0,5322 0.3908 2.5449
20 1.1543% 1.52726 -0.37292 -0.3250 0.7816 2.3613
30 2.08165 2.30046 -0.22781 -0.1985 1,172% 2,0970
ko 3.52589 3.66497 -0,13908 -0.1212 1.5632 1.7835
50 5.84523 5.93016 -0.08493 -0,0740 1,9540 1.4399
60 9.61538 9.6672k -0,05186 -0,0452 2,3448 1.0779
80 25,8762 25.8955 -0,0193 -0,0168 3.1264 0.3247

39



Teble 2. Sample Calculations Including Immer Section Shear Lag Effects for the Normal Stresses

in the Rear Spar Flenges at Several Different Span Stations in the Outer Wing

Section.
STE'%ON 00535310@32:) SM(t(Eths?sax) (2) EI?3) 0.87%)@0 0.053& 3.4679 +r?%)-(6)
0 1.0000 0 1.0000 0.8715 0 4.339%
10 1.12k12 0.51344 0.61068 0.5322 0.3908 3.6093
20 1.52726 1,1543k 0.37292 0.3250 0.7816 3.0113
30 2.30946 2.08165 0,22781 0.1985 1.1724 2,.4940
40 3.66497 3.52589 0.13908 0.1212 1.5632 2.0259
50 5.93016 5.84523 0.08493 0.07%0 1.95%0 1.5879
60 9.66724 9,61538 0.05186 0.0452 2,348 1.1683
80 25,8955 25.8762 0.0193 0.0168 3.126k 0.3583

———

€



Table 3. Sample Calculations Including Inner Section Shear Lag Effects for the Shear
Stresses in the Front Spar Webs at Several Different Span Stations in

the Outer Wing Section,

smg%on COSI(I%g).OllSBEx) smg%.ougsex) ;_2523) o.sséo_gh) 0.905?- (5)
0 1.0000 0 1.,0000 0.5001 0.4092
10 1.12412 0.5134% 0.61068 0.3054 0.6039
20 1.52726 1.15434 0.37292 0.1865 0.7228
30 2.309%6 2.08165 0.22781 0.1139 0.7954
40 3.66497 3.52589 0.13908 0,0696 0.8397
50 5.93016 5.84523 0.08493 0.0425 0.8668
60 9.6672k 9.61538 0.05186 0.0259 0.8834
80 25.8955 25.8762 0.0193 0.0097 0.8996

Ge



Table 4. Sample Calculations Including Inner Section Shear Lag Effects for the Shear
Stresses in the Rear Spar Webs at Several Different Span Stations in

the Outer Wing .Sect:lon

STASI%N cosn(t(ie.f)@sa) smH(f()%g‘hsgsg) (2)@(3) 0.50}:'25) -0.90532 (5)
0 1.,0000 0 1.0000 0.5001 -1,%004
10 1.12412 0.51344 0.61068 0.305k4 -1.2147
20 1.52726 1.,15434 0.37292 0.1865 -1.0958
30 2.30946 2,08165 0.22781 0.1139 -1,0232
4o 3.66497 3.52589 0.13908 0.0696 -0.9789
50 5.93016 5.84523 0.08493 0.0425 -0.,9518
60 9.66724 9.61538 0.05186 0,0259 -0.9352
80 25.8955 25.8762 0.0193 0.0097 -0,9190

o€



Table 5.

Sample Calculations Neglecting Imner Section Shear Lag Effects for the Normal

Stresses in the Front Spar Flanges at Several Different Span Stations in

the Outer Wing Section.

swg'::‘c-:)[on snmégzohgszx) cosat(gzoh%ax) (_2)(1-0 (3) 1.1+7hg%?+) o.o;gcggu); 3.4679 + ((;)T.(s)
0 0 1.0000 -1.0000 -1.4746 0 1.9933
10 0,5134L 1.12412 -0,61068 -0.9005 0.3908 2,1766
20 1.15434 1.52726 -0.37292  -0.5499 0.7816 2,136k
30 2.08165 2.30946 -0.,22781  -0.3359 1.172k 1.9596
Lo 3.52589 3.66497 -0,13908  -0.,2051 1.5632 1.6996
50 5.84523 5.93016 -0,08493  -0,1252 1.9540 1.3887
60 9,61538 9,.6672k -0,05186 -0,0765 2.3448 1,0L66
80 25.8762 25.8955 -0.0193 -0.0285 3.1264 0.3130

LE



Table 6, Sample Calculations Neglecting Imner Section Shear Lag Effects for the Normal
Stresses in the Rear Spar Flanges at Several Different Span Stations in

the Outer Wing Section,

smé;%on cosa(é?é&gsax] SINH(S?E#QBEx) 12)t¥)}3) 1.u§§g(u) o.éggoax 3.4679 + E;}-gs)
0 1.0000 0 1.,0000 14746 0 L, o425
10 1.12412 0.51344 0.61068 0.9005 0.3908 3.9776
20 1.52726 1.15434 0.37292 0,5499 0.7816 3,2362
30 2.30946 2.08165 0.22781 0.3359 1.172h 2,631
40 3.66497 3.52589 0.13908 0.2051 1.5632 2,1098
50 5.93016 5.84523 0,08493 0.1252 1.95%0 1.6391
60 9.66724 9.61538 0.05186 0.0765 2.3448 1.1996
80 25,8955 25,8762 0.0193 0.0285 3.1264 0.3700

gt



Teble 7.

Sample Calculetions Neglecting Inner Section Shesr Lag Effects for the Shear

Stresses in the Front Sper Webs at Seversl Different Spen Stetions in

the Outer Wing Section.

ST}L%%OH 0063(0521);932::) SB!H({()S.()}M-QSE::] 125133] o.eugj)ﬂ) 0.90_9_3(6-)- (5)
0 1.0000 0 1,0000 0.84615 0.0631
10 1.12h12 0.5134% 0.61068 0.5167 0,3926
20 1.52726 1.15434 0.372% 0.3155 0.5938
30 2,30946 2,08165 0.,22781 0.1928 0.7165
Lo 3.66L97 3.52589 0.13908 0.1177 0.7916
50 5.93016 5.84523 0.08L493 0.0719 0.8374
€0 9.66724 9.61538 0.05186 0.0439 0.865%
80 25.8955 25.8762 0.0193 0.0163 0.8930

6€



Table 8. Sample Calculations Neglecting Inner Section Shear Lag Effects for the Shear
Stresses In the Rear Spar Webs at Several Different Spam Stations in

the Outer Wing Section.

sﬁ%ou cosn(osgl{gaax) SIHE(OE%R%E:) (21)%(73) 0.8152}_5(&) _0.5;09_5,62 (5)
0 1.,0000 0 1.0000 0.84615 -1.7555
10 1.12412 0.5134k4 0.61068 0.5167 -1.4260
20 1.52726 1.15434 0.37292 0.3155 -1.2248
30 2.30946 2.08165 0.22781 0.1928 -1.1021
Lo 3.66497 3.52589 0.13908 0.1177 -1.0270
50 5.93016 5.84523 0.08493 0.0719 -0,9812
60 9.66724 9.61538 0,05186 0.0439 -0.9532

80 25.8955 25,8762 0.0193 0,0163 -0,9256
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APPENDIX II
FIGURES

Inner Section

B Outer Section

Fig. 1. DIVISION OF SWEPTBACK WING INTO OUTBOARD AND
INBOARD SECTIONS

o

=M

y
v

Fig. 2. FREE BODY DIAGRAM OF OUTER SECTION WITH SHEAR
FORCE -
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Fig. 3. INNER SECTION AND ITS APPLIED LOADS
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Fig. 4. OUTER WING WITH TORQUE APPLIED
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Fig. 5. PLANFORM AND CROSS~-SECTION OF THE 45° SWEPT-
BACK WING TESTED AT MASSACHUSETTS INSTI-
TOTE OF TECHNOLOGY



Section A-A

Fig. 6. PLANFORM AND CROSS-SECTION OF THE 45° SWEPTBACK WING SPECIMEN
TESTED BY THE NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
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Fig. 7. METHOD OF APPLYING THE SHEAR LOAD TO THE TIP
OF THE NACA 45° SWEPTBACK BOX BEAM
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Fig. 8. METHOD OF APPLYING THE TORQUE LOAD TO THE TIP
OF THE NACA 45° SWEPTBACK BOX BEAM
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Experiment:
A Front Flanges, Symmetrical Load
ORear Flanges, Symmetrical Load

O Front Flanges, Antisymmetrical Load
QRear Flanges, Antisymmetrical Load

Theory:

Including Shear Lag Effects

~ ———= Neglecting Shear Lag Effects
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Fig. 9. NORMAL STRESSES IN THE FLANGES OF THE NACA SWEPTBACK
BOX BEAM RESULTING FROM UNIT SHEAR LOAD APPLIED
AT THE TIP



Eﬂ;eriment:
MIT Beam

¢ NACA Beam, Antisymmetrical Load
© NACA Beam, Symmetrical Load

Theory:

NACA Beam Including Shear Lag Effects
————NACA Beam Neglecting Shear Lag Effects
e MIT Beam Including Shear Lag Effects
—-—MIT Beam Neglecting Shear Lag Effects
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Fig. 10, NORMAL STRESSES IN THE REAR FLANGES OF THE NACA

AND MIT SWEPTBACK BOX BEAMS RESULTING FROM UNIT
SHEAR LOAD APPLIED AT THE TIP
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Experiment: Theory:
A Front Web, Symmetrical Load Including Shear
O Rear Web, Symmetrical Load Lag
8 Front Web, Antisymmetrical ——-— Neglecting Shear
9 Rear Web, Antisymmetrical Lag
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Fig. 11, SHEAR STRESSES IN THE WEBS OF THE NACA SWEPTBACK
BOX BEAM RESULTING FROM UNIT SHEAR LOAD APPLIED
AT THE TIP
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Experiment:
COMIT Beam
ONACA Beam, Symmetrical Load
QNACA Beam, Antisymmetrical Load
Theory:
NACA Beam Including Shear Lag Effects
T 7 7 T NACA Beam Neglecting Shear Lag Effects
"7 MIT Beam Including Shear Lag Effects
— "~ MIT Beam Neglecting Shear Lag Effects
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. 12, SHEAR STRESSES IN THE REAR WEBS OF THE NACA AND
s ol MIT SWEPTBACK BOX BEAMS RESULTING FROM UNIT SHEAR
LOAD APPLIED AT THE TIPS
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Experiment:
A FPront Web, Symmetrical Load

O Front Web, Antisymmetrical Load

O Rear Web, Symmetrical Load
Q Rear Web, Antisymmetrical Load
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Fig. 13. SHEAR STRESSES IN THE WEBS OF THE NACA SWEPTBACK

BOX BEAM RESULTING FROM UNIT TORQUE LOAD APPLTED
AT THE TIP
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Eager iment:
Symmetrical Load
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Fig. 14. SHEAR STRESSES IN THE COVERS OF THE NACA SWEPTBACK

BOX BEAM RESULTING FROM UNIT TORQUE LOAD APPLIED
AT THE TIP



