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If you have questions during recitation

Voice

®use microphone any time

®to use mic, pres TALK, or press and hold
® Windows: control
® Mac: command

Text

® use chat window to send message

®can send a message to me, another student,
or to “main room”




Purpose of Recitations

Currently, the purpose of our recitations:

help students understand course material so
that they can complete assignments and
prepare for quizzes and exams.



QH6 1n a Nutshell

e students in Math 1502 are divided into 6 sections
e ours Is the only section that

e doesn’t have campus students

e uses Wimba for recitations
e Why Wimba?

e you can Interact with students at other schools



Wimba Technical Problems?

You can:

® reload your browser
® |og in/out of Wimba

® use a different web browser (don’t use Chrome)

® get help from another student and/or your TA

® contact Wimba tech support
http://support.blackboardcollaborate.com



http://support.blackboardcollaborate.com

Tablets and Mics

Students in QH6 can borrow tablets and mics

If you already have a tablet and/or mic you want to use,
that's ok too

Equipment need to be returned

If you don’t have a tablet and/or mic and want to borrow
one, email me

Tablets come with CD, use it to configure tablet settings



Grading Weights

Total

100

QHG6 (%) All other
sections (%)
Homework 10 10
Final 25 25
Quizzes 60 65
Recitations 5 0

100

Grades will be made available through T- Square




Activities not be graded for first few
recitations.

Each recitation activity Is worth 5% / N, where
N = number of graded activities in the
semester.



Related Websites

® Recordings of recitations and lectures:

® Discussion forum:
® | ectures:
® Homework: www.mymathlab.com

First homework due August 22, 11:59 PM


http://www.mymathlab.com

''''' 074610/ main.htm?flayout=default&type=ms&bandwidth=high&audioonly=no&trac
2 =i :

gtcourses.gatech.edu /201308 /fall_

MATH 1502 - Calculus 1l 08/19/2013 07:46 AM Georgia Profesgional
Thomas Morley Tech Edl.lGathl'l

YOUR QUESTION

Data posted successiully
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Your TA: Greg

r e Canadian, eh

« mon francais est tres mauvais

« moved to the US ~1 year ago

e post-doctoral fellow

 PhD in applied math (image
processing), MSc in Electrical
Engineering

Canapa - Political

« emaill or call me with any questions you have
e greg.mayer@ceismc.gatech.edu
e 404-894-8599



mailto:greg.mayer@ceismc.gatech.edu

Questions?

Any questions before we discuss

Geometric Series,
Alternating Series,
Taylor Series, and
Taylor Polynomials?



Geometric Series

The sum of the geometric series is equal to
k=1

Application
Express 1.79797979... as a rational number.



ﬁWc)lframAlpha o o

[ 1.79797979797979 E]

=D 8 T = Examples =2 Random

Input Interpretation:

L.79797979797979

Rational approximation:

78 _, L7

99 99

What other methods can you use to check your answer?




Koch Snowflake

Let's create a Koch Snowflake and find its area.
Start with an equilateral triangle with unit area.




Taylor Polynomials and Series

The formula for the IS

PN:kZ]:f(Z!( =11 }Ff'f! )x+f2! v +f(];\)f(! "
Formula for the IS
f(x):gf(:!( ) xk= £ )+f'1(! )x+f;(! Iy

How are these formulas different?



Formula for exp(x)

In class you saw (or will see that)

00 k

. X
exp(x)=¢e = ZF
=0 """

Find the Taylor expansions of:



First Question on Quiz 1 Last Year

Use series to find the limit as x — 0 of
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QH6 Recitation 02

Today:

1. Geometric Series (10.2)

2. Wimba

3. Taylor Series, Taylor Polynomials (10.8)

While we’re walting to start:
10
— =
03
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Wimba Status

clear away approve disapprove surprise
confusion clap laughter go faster go slower
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Taylor Polynomials and Series

Definition of the IS

P Zf(,;( o L5 L, +ﬂf;(!) "
Definition of the IS
o) Zf“‘)f ot L O

How are these formulas different?




Taylor Expansion of e*

The Taylor expansion of eX, about x = 0, Is:

()P0 4
_g =

€

Find the Taylor expansion of e*about x = 0.



Taylor Polynomials exp(-x¢), about x =0




Checking our result

3 WolframAlpha s,

taylor expansion of e (-x"2) =) |

E-BD-8- o = Examples =% Random

Input interpretation:

s

Serles e

Serles expansion at x=0: More terms

1—x2+x—4—£+£+f][x9]
2 6 24

Approximations about x=0 up to order 2: More terms

(order n approximation shown with n dots)

Enable interactivity &




First HW

* Whenis it due?
« If you get stuck, send me an email.
 We can meet on Wimba. Send me an email to set up a time.



Taylor Polynomials of exp(x), about x = 3




Checking our result

- A
‘ Taylor expansion of e™(x) at 3 = ‘
EB-D-B O = Examples =2 Random
Input Interpretation:
SETIES e point x=23
Serles expansion at x=3: More terms

EE-I—EEI:I—B]-I—EIEEEI—B}IE-I-—;EEI:I—E}IE-I—
A 3. o, 13 a6 T
= € (x— 3" + o€ (x 3)° + Of(x - 3)°)

iconverges everywhere)

Approximations about x=3 up to order 3; More terms




Remainder Theorems

Recall: the N Taylor Polynomial

-~ S90)
Py=). TR

Formula for the Taylor Series

(k) ' "
f(x)_z.f k(o) k f(O)'I— fl('O)x+f2('()) x2 T
:f(())_l_f'l('o)x_l_f;(o) 2+R (x)

Two useful expressions for the remainder

S(c) o
k()= (n+1)!

n+1

( te|0,x]

f(n+1)(t)‘) (n i)



Example 1: Find the Lagrange form of the remainder, R, (X), if
n = 4, and f(x)=e?~.
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QH6 Recitation 03

1. P,(x) of 1/(1-x)?

2. Lagrange remainder (10.9)
3. HW questions?

4. Announcements

5. Group work

While we’re waliting to start:

a)Plot a rough sketch of f(x) = 1/(1 - x)? for x between -1 and +1.
b)Use the Taylor expansion for 1/(1 — x) to find P,(x) of f(x) about x = O.

The Taylor expansion of 1/ (1 — x) aboutx =0 s

1
(I-x)

—14+x+x*+x°+...




P(x) of 1 / (1 - X)?

a) Plot a rough sketch of f(x) = 1/(1 - x)? for x between -1 and + 1.
b) Use the Taylor expansion for 1/(1 — x) to find P,(x) of f(x) about x = 0.

1
(I-x)

2, .3
The Taylor expansion of 1/ (1 — x) aboutx =0 Is =1+x+x"+x" +...



P(x) of 1 / (1 - X)?




Lagrange Remainder

Recall: the N order Taylor Polynomial about x = 0 is:

PN (x) _ Zf(k)(o)x

The Taylor Series about x =0 is:

(k)
f()C) _ Zf (0) x=




Questions about HW1?




Announcements

Online Survey
®| need your input on the recitations

®you’ll receive an email invitation today for an
online survey

®\we will discuss survey results next week

Technical problems viewing lectures? Call
Distance Education at

QHG6 recitations are for QH6 students.



Let’'s Try Group Work
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First Question on Quiz 1 Last Year

2x2 _1

Use series to find the limitas x - 0 of € —X

4
X



. 2
Example 3: Find the Taylor expansion for f(x):1 x2
—X
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QH6 ReCitation 04 If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today:
1. Group work
2. Remainder Theorems (10.9)

don’t click the ad

o

While we're waiting to start: (@ [} Before you begin the speed test: JBchip oul
*If possible, visit =R . — -

www.speedtest.net ‘ \(BEGINTESTS)

click BEGIN TEST

swrite your download speed
on this board, or type it in the
chat window




Group Work

* For today, I'll assign everyone randomly into
breakout rooms
e You'll have about 5 min

* A few suggestions:
o0 discuss a solution strategy before solving

O solve the question in 4 to 6 lines
e | will move between rooms and will move

everyone back to main room



A Question from Quiz 1 Last Year

2x2 _1

Use series to find the limitas x - 0 of € —X

Don’t use I'Hospital’s rule. x



If you can’t make It to a recitation or

lecture ...

e A video archive of recitations and lectures in
Math 1502 can be viewed at:



Taylor Polynomials of sin(x)




Another Question from Quiz 1 Last Year

Estimate e32 to within 104.




Estimate the integral to within 0.01 by using series

j xte™ dx

0
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Taylor Polynomials of sin(x)

We have a graph of sin(x) and a few Taylor Polynomials.
What color is sin(x)?

What color is P1(x)? How do we know? Is P1 always linear?
What color is P3(x)? Why?

P35 is purple.

Use the graph to estimate R1(m), R3(1r) and R5(1).

What could we do to get a better approximation of sin(x) at w?

becallt £ = B 09+ R W
50 p R’N = %(%)’PN (x,) |
b Wy 6 2

Rs 7503




Another Question from Quiz 1 Last Year =~

X K% y!
Estimate %2 to within 104, {: =< =R N \'\

Rﬁiﬁ: §‘/’“} "PN(X)
5P 125 Legme ) cetond |

S




QH6 ReCitation 5 If you are not in QH6, p_Iease_ att_enc{ your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Alternating Series, Partial Fractions, Integration of Series

Anather Question from Quiz 1 Last Year

Estimate ¥ to within 10,

\ "’Li\ t*}n;‘li?m wt | ‘j\m! ;S
QY
\ C® [P

E-“-i' nr




Announcements

Online Survey
®| need your input on the recitations

®you’ll receive an email invitation today for an
online survey

®we will discuss survey results



Group Work

* For today, I'll assign everyone randomly into
breakout rooms
 You'll have about 10 min

* A few suggestions:
o0 discuss a solution strategy before solving

O solve the question in 4 to 6 lines
e | will move between rooms and will move

everyone back to main room



Estimate the integral to within 0.01 by using series

j xte™ dx

0



Sum of a Series

Find the sum of i |

o (3k—2)(3k+1)



ESTdre o -
. £ To WITHN ’{O";l







pmavg LMe




QH6 ReCitation 6 ‘ If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Partial Fractions, Integration of Series, Convergence

| 3 I
Find the sum of: - (3k—2)(3k+1)




Quiz

To prepare for quiz:

-review the integral test for convergence (Section 10.3)

-pay close attention to tomorrow’s lecture

-complete practice quiz

-email me with questions

Bring a calculator.

Questions during quiz:

ecan call/text me on my cell,

ecan call Dr. Morley (his number provided to your facilitator),
oIf you can connect to Wimba, you can ask questions that way.

What are you putting on your formula sheet?



Integration of Series

2

Find a series representation of sdex
0

Find at least the first 3 non-zero terms.



Integral Test

Determine whether the series converges: Z 1
— kIn(1+k)




Bound on Finite Sum

N

Find an upper bound for e
k=1



T
T
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QH6 Quiz 3

Good luck on Quiz 3!

If you have any gquestions, you can message me through
wimba. I'll be on wimba until 8:55.



QH6 ReCitation 8 | If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Alternating Series Test, Quiz 1, Limits, Survey Results

Suppose we have the series Y (-1)q,

What conditions do we need to apply the alternating series test?

Does the following series converge? Why/why not?

N (ke




Checking Our Work

e @ https:/ jwww.desmos.com/calculator [ 7% B4~ Coogle
_——— *_& A

& WolframAlpha sz,

| sum (-1)~k k¥eA(-k) B \

E-0-8-o = Examples =2 Random

Input interpretation:

2 (Y

c
Infinite sum:

o2 k
Skt
€ (1+e)?

k=0

Decimal approximation: Mare diglts

—0.19661193324148185253742473358590902562226728542731357757632...

Convergence tests:

By the alternating series test, the series converges.

By the ratio test, the series converges.




How was Quiz 17

What challenges, if any, did you encounter when writing Quiz 17



Using Series to Evaluate a Limit

. x—tanx
Evaluate hm

>0 x —SIn X

The Taylor expansion of tan(x) is

x 2x
tan(x)=x+—+ +...
3 15




Checking Our Work

- 3 B N Y o T
Desmos Graphing Caleulator ‘x - —
R o 1 s y) &
A = L — . =y - A% 3 :1\ o = ———— e et
& https:/ /www.desmos.com/calculator C" E Google Q niE_g-::
— —— :'F'EA — - LW —




Using Series to Evaluate a Limit

(1 1
Evaluate lim :
=0\ sin(x) x/



Using Series to Evaluate a Limit

COSX

Evaluate 111’17} ]
x—); Sln(2x )
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QH6 ReCitation 9 If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: I’Hopital’s Rule, Quiz 2 Notes, Ice Breaker, Dot Products

. . x—tlanx
Use I'Hopitals rule to evaluate: lim

>0 x —SINnXx




Checking Our Work

- 3 B N Y o T
Desmos Graphing Caleulator ‘x - —
R o 1 s y) &
A = L — . =y - A% 3 :1\ o = ———— e et
& https:/ /www.desmos.com/calculator C" E Google Q niE_g-::
— —— :'F'EA — - LW —




Quiz 2 Formula Page Collaboration

Let’s work together on creating formula pages for Quiz 2!

Participation is optional, not graded.

Untitled document GOogle DOCS
File Edit View Insert Format Tools Table Help All changes saved in Drive .
e can add drawings
e can see who wrote
what
 has a chat feature
We can draw: e can export
- 4 documents to Word
1
j/f n X/L — and other formats
SWnK = X =7, =3 -+ revision history
* no log-in required to
view

| = i T—' 200% - Mormal text ~  Arial - 1 - B F U A - c2 More -

Mew equation

We can type:

-1
sin(x) = E(JzEleﬂ x2k+1




Quiz 2 Formula Page Collaboration

Vote using text chat: which technology would you prefer?

1.Google Docs
2.Plazza

Rules:

a)errors in contributions can be corrected by anyone
b)don’t delete other students contributions

C)



(First?) Icebreaker

WS

48
T
B

%

P

To use mic: press and
hold the talk button.

Everyone:

e say your name,

e one thing about
yourself,

 place a dot on the
map that
approximates your
current location.




The Dot Product

Ifu= 51+ 3] + 6k, and v =3I + 2] — 4k,

thenuev = + + =
Properties
2 o
1-94 = Ha” . which is the of vector a.

a-b=h-
a-b=|a|b|




Presenter Status

» allows you to move yourself and others in/out of breakout rooms
» allows you to give/remove others presenter status
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Dot Products

a) Arhombus is a parallelogram with four sides of equal length.
Show that the diagonals of a rhombus are perpendicular.

b) Show that 4(5 . 5) — HZJ‘+BH2 _Ha—EH2



Projections

Given any two vectors u and v, find u, = proj, u.



If you are not in QHB8, please attend your recitation at
@ﬁooc«mmm omﬂmo: ma: d:m _,mo:mﬁ_o: is dﬂoﬁ DIm mEamﬂm

m_m_w_w_._..oﬂm_h.u;\ F Io_o;m_ s Rule, D.EN zoﬂmm _nm w_,m.mxm_, -o_“ _un.oacnﬁm

a..S:a

Use I'Hopitals rule to evaluate: lim
=0 x —SIN X




a) Arhombus is a parallelogram with four sides of equal length.
Show that the diagonals of a rhombus are perpendicular.

b) Show that ﬁm.mv = __m+ M:N |:m|m:w

M.w QM %@w&ﬁ W ake & - Fb Q s% A iw '
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QH6 ReCitation 10 If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Dot Products

A rhombus is a parallelogram with four sides of equal length.
Show that the diagonals of a rhombus are perpendicular.




Dot Products

Showthar  4(a-5)=[a+8[ ~[a-5[



Application of Angles

Suppose vectorsu =1+ x] +k,andv =2i —] + yk. Find x and y
so that u and v are perpendicular.



Dot Products

What can we conclude about vectors a and b |f:

o [aff + 5] =[a+3]

o [l +[5] = Ja-2[



If you are not in QHB6, please attend your recitation at
gtcourses.gatech.edu. This recitation is for QH6 students.

Arhombus is a parallelogram with four sides of equal length.

Show that the diagonals of a rhombus are perpendicular.
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Show that

f/.,w+m // .ﬁL




Application of Length and Angles

Suppose vectorsu =i+ xj+ k,and v =

m_i_+<x _u_:n_xm:a<

.ri T




Dot Products b

What can we conclude about vectors a and b if: * b
2 2 L =12
) [+ =Ja+2| :

;mhiﬁr 2 AQ%S d?%rw = a.o + W b+ Mnﬂ;b =

= @krw@ = g and VQ%\_ .Lﬂi , 4
o) Jalf +|B| =Ja -5

Same o S Q,,q ;




QH6 ReCitation 11 If you are not in QH6, please attend your recitation at

gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Projections, Cross Products, Planes

Given any two vectors u and v, find u,, = proj, u.




Quiz 2, Midterm Grades

Quiz 2
Thursday October 10.
Questions?

Midterm Grades
e Submitted on Friday at noon
e Calculated as
e 50% quiz 1
 50% homework
* Let me know Iif any grades in t-square are not correct
e Did you get Quiz 1 back? How did you get it back?




Cross Product Properties

Ifa=1+6k,andb =3I + 2,

thenaXb =

Properties

axb is to vectors d and b
axb ~|al[e




Properties

IfaXb =0 and aeb =0, what can we conclude about
vectors a and b?



Planes

Suppose we have the points P(1,2,3), Q(1,3,4), R(2,2,2).
a) Find a unit normal vector to the plane that contains the three points.

b) Find an equation of the plane.
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- - If you are not in QH6, please attend your recitation at
QH6 ReCItatlon 12 gtcourses.gatech.edu. This recitation is for QH6 students.

Today: Cross Products, Planes, Lines

Suppose we have the points P(1,2,3), Q(1,3,4), R(2,2,2).
a) Find a unit normal vector to the plane that contains the three points.
b) Find an equation of the plane.




Dot and Cross Products

Which of the following make sense? Explain why/why not.

1)a % (b ¢ c)

2)a (b ec)

3)a X (b xc)

4)a s (b xc)



1) What do you get when you cross an elephant and a grape?

2) What do you get when you cross a mountain-climber with a mosquito?



Coplanar

Determine whether the vectors are co-planar:
] —Kk
3i—j+2k
3i—2j + 3k



Scalar Parametric Form

What do these equations represent?
x, =1+t x,=1-u
y,=—1-t ¥y, =1+4+3u
z, =—4+2t z, =—2u



Planes

Find the equation for the line that is perpendicular to the
yz-plane, and also passes through P(1,4,3).
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QH6 Recitation 13

Today: Cross Products, Planes, Lines

Do these lines intersect each other? Why?
x, =1+1 X, =1-u
y,=—1-t v, =14+3u
z,=—4+2t z, =—2u




Announcements

 Fall Recess: October 14, 15 — no lectures and recitations?
 Technology online survey: everyone please complete the

survey!
* Any guestions about HW77?



Presenter Status

» allows you to move yourself and others in/out of breakout rooms
» allows you to give/remove others presenter status

88 e Wimba Classroom - QH6 Recitation and Office Hours "
| & https://gatech.wimba.com/main/classroom.html?channel=_BLTI_wc_503616ac191c77_89781090&x=1349895780

HE]
@ Archive : Stopped L]_—.]

Content Breakout Rooms
il e o

| Default Content Folder =+ |"EJ'£J

Reset Content Frame

A
o
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MNote: This folder does not have
any slide content.
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|

S&enter for the
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|eaching and

AUID NPUE dEwiCe, BUIIE-In Microphone, now
active

-8l People (1)
_ail Mayer__Gregory_5S ]

>> Mayer__Gregory_Stuart has moved you to
Breakout Room 2.

>> Mayer__Gregory_Stuart has moved you back
to the Main Room.

@: | Main Room &




Q1, Last Year’s Quiz 2

Find a parametrization of the line that is the intersection of the planes
P:. x-2y+z=3
Q:2x+y+z=1
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QH6 Recitation 14

Today: Cross Products, Planes, Lines

Q1, Last Year's Quiz 2

ol v ohe»a fe

0o f
Find a parametrization of the line thatis the intersection nf{'ze pﬂjn}:s

(P: x-2y+z=3-4
Q:2x+y+z=1
_m-lr). = }
st-Fy 2

Qéx*%”’:’l

by
éﬁ w




Announcements

 Quiz 2 Office Hours are:



Planes and Lines

Line L is determined by P,(4,-3,1) and P,(2,-2,3).
Plane Q is determined by Q,(2,0,-4), Q,(1,2,3), Q5(-1,2,1).
Do L and Q intersect? If so, where?



Planes and Lines

Find the equation for the line that is perpendicular to the
yz-plane, and also passes through Q(1,1,7). Explain your
process.



Q2, Last Year’s Quiz 2 (basically)

For what values of b is w in the plane determined by vectors u and v?

1 4 1
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QH6 Recitation 15

Today: Review for Quiz 2

For what values of z does the series converge?

i 1

2 k(Ink)’




Announcements

Quiz 2 Office Hours
e I'll be iIn Wimba
e Tuesday: 7:30 pm to 9:00 pm
 Wednesday: 7:30 pm to 9:00 pm
 May need to get my attention with mic ©
 Lastyear’s Quiz 2, Q2 and Q3, will be more helpful for your
Quiz 3
« Google Doc notes
e Bring calculator
* Any gquestions about Quiz 27



Planes and Lines

a) Find the angle between the planes:
X+y+z=1
X—2y+3z=1
b) Find the symmetric equation of the line between the planes.



Distance Formula

Vector r is || to line L. Find the distance between L and an
arbitrary point P.



Lines

L is the line r(t) = r, + td.

a)Find the scalar t, so that r(t;)) L L

b)Find the parameterization R(t) = R, + tD for L, where
R, 1L, and ||D|l =1.
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QH6 Quiz 4

Good luck on Quiz 4!

If you have any gquestions, you can message me through
wimba. I'll be on wimba until 8:55.



QH6 Recitation 17

Today: Pop Quiz, Linear Systems

e Pop quiz grading
e Correct 5 points
« Name on page 3 points
* Did not take: O points.
e Time: 10 minutes
e To submit your work, either
a) work on whiteboard in breakout room, press the SAVE
button
b) work on paper,
e give to facilitator,
e leave 2 inch margin,
e write your name and QH6 at the top




Moving to Breakout Room
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Pop Quiz

For what values of a does

IX+2y-3z2=25
y+ 32=5
Jy+az = 3

Have a solution?



Linear Combinations

For what values of h is b a linear combination of vectors v,, v,?

l

[a—

2

V)

-5
—3
2

b=




Announcements




Solutions to a System

Find h and k such that the system has a) no sol'n, b) a
unique sol’n, and c) many solutions.

X, +hx,=2
4x, +8x,=k



Two Fundamental Questions

If

y=cv, +c,v,+c,v,
then y 1s a linear combination of v,,v,, v,.
If we are only given y,v,,v,,v,, then:

1. can we find the c's?
2. how do we find the ¢'s?




Example 1 | Determine whether b is a linear combination of the

vectors formed from the columns of A.

N )
1 0 5 2
A= =2 1 -6 | b=| -1
0 2 8 6

\ / \ /



QH6 Recitation 17

Today: Pop Qui, Linear s

« Pop quiz grading
| « Correct 5 points
 Name on page 3 points
* Did not take: O points.
* Time: 10 minutes
« To submit your work, either
a) work on whiteboard in breakout room, press the SAVE
button
b) work on paper,
« give to facilitator,
* |eave 2 inch margin,
« write your name and QHG6 at the top




Pop Quiz

For what <m_cmm 9n a Qomm

NX+N<:@NHN@
y+ 3z=5
Jy+az = 3

Have a solution?
B | 15 2 - 0
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T N
For what values of h is b a linear combination of vectors v, v,?
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mo_cﬂo:m S m m<m$3

Find h and k such that the system has a) no sol’n, b) a
unique sol’'n, and ¢) many solutions.
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Two Fundamental Questions

It

Yy =CV,+C,V, +CV,
then y 1s a linear combination of v, v,,V;,.
If we are only given y,v,,v,,V,, then:

1. can we find the ¢’s?
2. how do we find the ¢’s?




QH6 Recitation 18

Today: Linear Dependence

Determine whether b is a linear combination of the vectors formed
from the columns of A.

N )

1 0 5 2
A= 2 1 -6 | b=| 41
02 8] (6,

The vector b is a linear combination of the columns of matrix A if:




Pop Quiz

For what values of a does

IX+2y-3z2=25
y+ 32=5
Jy+az = 3

Have a solution?



Linear Dependence (1.7)

Vectors v, v,, v,..., v, are linearly dependent (LD) 1f 3 ¢, c,,c,, ..., Cy
not all , such that

Vv, +C, Vv, +e v, +....cy vy =0

If the vectors are not LD, they are

To determine whether a set of vectors are , we solve:

ey, +e, v, +e v+t vy, =0
which has the same solution as the linear system whose

augmented matrix 1s [171 V, Vy ... Vy O].



Announcements




Conceptual Question

Determine whether the following vectors are LlI.

HHBE



Conceptual Question

Determine whether the following vectors are LI.

5 0 || -7
3Ll o | 2
1 ]]o0 4
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Example 1 | Find the values of h s.t. the following vectors are LD.
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QH6 Recitation 19

Today: Linear Dependence, Transforms

Find the values of h s.t. the following vectors are LD.

3 —6 9
-6 | 4 L[| h
1 -3 3

|f . then the three vectors are LD.




Tuesday: Graded Activity

You'll have about 10 minutes to solve question 3 from last year's quiz
Can work by yourself or in a group of up to 3 students

You'll need to submit your work through wimba in a breakout room
Press the SAVE button to create screen shot of your work

P L
El |

e [0 11 Cos|[5| -sin[
“ 11 0" . e [=z] =T f
' : \Sin|| Cos|[7| |
C = Ié lll.ﬂc:mput.e the image of the house under

the transformation ABC . Showthe intermediate steps.
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Transforms

Let e =

transformation that maps e, onto y,, and e, onto y,.

Find the image of

1
0

982:

5
2

0
1

9y1:

2
5

under 7.

9y2:

| and 7" be a linear
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teta = (0 |, B= ‘COS[T] Smf] .,
\1 0] \sin[F]| cos[F] |
i lll.Conputetheimgeofthehmse under

C;lo 1 )
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QH6 Recitation 20 ‘

Today: Transforms (1.8), LU Decomposition (2.5)

Find an LU factorization of A, if possible.

| 9 12
18 21




Announcements

 HW due tonight on inverses

e Quiz on Thursday

» Office hours tonight and tomorrow, 8:00 pm to 10:00 pm, on
Wimba

* I'll email you last year’s Quiz 3 today. Only questions 2 and 3
from it are relevant.



Graded Activity

* You'll have about 10 minutes to solve question 3 from last year's quiz
e Can work by yourself or in a group of up to 3 students

* You'll need to submit your work through wimba in a breakout room
 Press the SAVE button to create screen shot of your work



Moving in/out of Breakout Rooms

To Move Yourself Into a Breakout Room:
1. Select the Breakout Rooms tab

2. Select Manual

3. Select your name
4.

M Ove to " Se | eCt a rOO m il ' @ hitps://gatech.wimba.com/main/classroom.htmi?channel=_BLTI we_520a60dd30cd49_42932138&x=1381348372
.
HE
m @ e Archive : Stopped Ll::]
/ o Content Breakout Rooms
T r‘: Move People: Automatic Manual
— Main Reom (1}
=
H Ereakout Room 1 (0)
— Ereakout Room 2 (0)
g:m: Breakout Room 3 (0)
- Lobby
SLIDE
amnr
S]save

Move to:
| Main Room (1) T

+ Add a Breakout Room +

_all TALK a))) §§ (tiEh [a] optinns Exit - Lobby - Help - Cookie Policy

Connecting to server. sl People (1) VX ¥ @ ok moe 3
You have connected successfully! -all Mayer__Gregory_S 000 -
You have entered 'QHE Recitations'. Senter for the

Your media format is WimbaMedia.
Erlhancuxlcnt of
Audio input device, Built-in Microph, now active

: : ( Y/ eaching and
fo:| Main Room 7 vl xl¥le-~] En| % ~ | Hmmmg




b

!

et |T ;:; _ C?El_{‘: EE?J I,
| ! ._Sllll_;‘ EDSH___-,:'J !
C = |3 11 : . Compute the image of the house under

the transformation ABC . Showthe intermediate steps.




LU Factorization (2.5)

Suppose we have matrix A and vector b, and we want
to find X, where

Ax=b

If we can find matrices, L, U, such that
e Lis lower triangular

o U Is upper triangular

 where A=LU

then we can solve Ax=b by solving



LU Decomposition (From Homework)

Solve the equation Ax =b by using the LU factorization given for A.

3 -6 3 | 1 o003 -63] 9
A=l -6 100]|=| -2 100 -26|b=| -8
6 ~10 1 | 2 -11]lo o1 g




Inverse Matrix

Find the inverse matrix of: [ 3 2 }
8 5



Example 3 | Determine whether the following vectors are LI.




QH6 Recitation 20

‘Today: Transforms (1.8), LU Decomposition @.5)

Find an LU factorization of A, if possible.
Aﬁ[ 9 12 }
18 21 )
=LirL Lwﬁ,nﬁ'tj L oongt {/{I priaL

Z’{, {;‘l L’{n L (L;h /X
g Y&-i 9 % ] §
- ( N j‘) “"’“‘\E..._——i/”*

ﬂ;c@ w=ig L?\}‘@CI =18 B e L
0 L2 [l e tot £y o

\«w@éﬂ‘m ("‘ “

Announcements

* HW due tonight on inverses

* Quiz on Thursday

+ Office hours tonight and tomorrow, 8:00 pm to 10:00 pm, on
Wimba

I'll email you last year’s Quiz 3 today. Only questions 2 and 3
from it are relevant.

10/28/13



10/28/13

/,' PN B
Cos[-) -Sin[§ ]

. it gzt i
sin[F] cos[F]

001y |
Leth = N u,.“B"

(1 -1%
€=le 1)

the transformation ABC . Showthe intermediate steps. Kﬁﬁﬂ{ g

- Compute the image of the house under

Suppose we have matrix A and vector b, and we want
to find x, where

AX=b

If we can find matrices, L, U, such that
* L is lower triangular

* U is upper triangular

* where A=LU

then we can solve Ax=b by solving




Determine whether the following vectors are L.
5
-3 1,
-1

(g§ peeprf® oo

¢ ﬁrLf%mTV\-

10/28/13
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Today: Subspaces of R" (2.8)

Find 1) a nonzero vector in Nul A, and i) a vector in Col A.

1 2 3
4 5 7
A= -5 -1 O
2 7 11
3 3 4



Announcements

* Quiz 3 graded on Friday, you'll get it back next week
o Graded Activity Thursday
* You'll have about 10 minutes to solve guestion 1 from last
year's quiz 3
e group size: 1 to 3 students
» submit your work through wimba, in a breakout room
 Press the SAVE button to submit your work
 Write name on board
« Everyone in group use a different color



Definitions (From Section 2.8)

Let’s fill In the blanks:

Col 4 1s the set of all linear combinations of the of A.

Nul 4 1s the set of all solutions to

The columns of the matrix A form a basis for the
column space of A.




Example 2

a) how many vectors are there in the set {v,, v,, V3}?

b) how many vectors are there in Col A?
c) ispin ColA?

)V2:

:v3:

an]

—10
11

A=V, ,, V3]




Example 3 | Determine whether the vectors form a basis in R?

ol S

o[ H



Example 6

Construct a 3x3 matrix A and a nonzero vector b s.t.
b is not in Col A.
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QH6 Quiz 4

Good luck on Quiz 4!

If you have any gquestions, you can message me through
wimba. I'll be on wimba until 8:55.
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Today: Null Space Example, Pop Quiz, Graded Activity (2.8)

Find i) a basis for Col A, and ii) a basis for Nul A.

3 -1 3 -1 8 3 -1 3 0 6
31 3 0 2 0 2 6 0 A4
0 3 9 -1 4 0O 0 0 -1 2

6 3 9 -2 6 0O 0 0 0 O

A=




Pop Quiz Instructions

e Pop quiz grading
 Correct 5 points
« Name on page 3 points
« Did not take: O points.
e Time: 10 minutes
e To submit your work, either
a) work on whiteboard in breakout room:
e write name on board
e press the SAVE button
b) work on paper
e (give to facilitator,
e leave 2 inch margin,
e write your name and QHG6 at the top




Moving in/out of Breakout Rooms

To Move Yourself Into a Breakout Room:
1. Select the Breakout Rooms tab

2. Select Manual

3. Select your name

4. Move to: select a room

il a https:/ /gatech.wimba.com/main/classroom.html?channel=_BLTI_wc_520a60dd30cd49_42932138&x=1381348372
—

IRNE2
"0 [

12111

@:m:

CLEAR
SLIDE

amm'
5]smue

=

Connecting to server...
You have connected successfully!

You have entered 'QHE Recitations'.
Your media format is WimbaMedia.

Audio input device, Built-in Microph, now active

HIE]
¢ Archive : Stopped _l::|

Content Breakout Rooms

Move People: Automatic Manual
Main Room (1)
Ereakout Room 1 (0}
Breakout Room 2 (0)
Ereakout Room 3 (0)
Lobby

Move to:
| Main Room (1) :

+ Add a Breakout Room +

Exit - Lobby - Help - Cookie Policy

fo:| Main Room % || ln|vix]¥l[@~] ]

“6e o - l
Senter for the
Erlhanccmmtof
(| eaching and
-] i




Pop Quiz

1)

Find the coordinates of the vector |: 4l with respect to the basis

Wi =

g amd va = |

_(11 [ -1




Graded Activity

* Quiz 3 graded on Friday, you'll get it back next week
o Graded Activity Thursday

You'll have about 10 minutes to solve guestion 1 from last
year's quiz 3

group size: 1 to 3 students

for full marks: identify basis vectors, state nullity and rank
submit your work through wimba, in a breakout room
Press the SAVE button to submit your work

Write name on board

Everyone in group use a different color



Graded Activity

3 -11-12
Find a basis for the null space ofA, whereA = |0 1 3 2 4
0 1 3 2 4

Find the rankof A and the nullityof A



._.oam< zcz m_umnm mxmau

von OEN m_xmm_mm_ >n:<;< AN 9

Find i) a basis for Col A, and 5 a basis for Nul A
-3 -1
0

8
2
4

-3 0

L
m -
- § \
] ’ ot Lo
L } L
.&M? m w S 3 Jnﬁﬂw
.,.a.y..mw




Pop Quiz

1

Find the coordainates of the vegtor

i 4

M with regpect o the basisg

, . _— L \
At Bw =l 2 U
e 1 i




Find a basis for the null space of A, whereA =

} i u‘
Y \.\\\\i . m ( ) .\p.,
i ¢ W W,._:. - oy, - uﬂﬁ . £ ,ﬁ 5 E.w m\m w,:xm
NI ™ 1S L T e g 9
! d , o ;ﬂiﬂ“ B
#1 i
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Today: Col A Example from Thursday, Eigenvalues (5.1, 5.2)

Construct a 3x3 matrix A and a nonzero vector b s.t.
b is not in Col A.

5531
5’ ﬂ

How do we know if this is correct?




Announcements




Pop Quiz

1)

Find the coordinates of the vector |: 4l with respect to the basis

Wi =

g amd va = |

_(11 [ -1




5.1

Is A = 2 an eigenvalue of matrix A? Why/why not?

{31



Find a basis for the eigenspace of A, for the eigenvalue A = -5.

4




5.2 Find the characteristic polynomial and e-values of:

|2 7
a)A{7 2}

00 0
b)B=| 0 3 4
00 -2



4
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Today: Diagonalization (5.3)

An matrix A is diagonalizable if it can be written in the form:

where

Pis

D is

Suppose Ais N X N. To diagonalize A:

1.find all of A
2.find N eigenvectors of A
3.construct from vectors in step 2

4.construct from values of step 1




Diagonalize the following matrices, if possible.

a-| V3 L g3 2] (o
4 2 0 3

where A'sof C are 2,2.5

— (D

1
3
1

U bt




5.2 Find the characteristic polynomial and e-values of:

|2 7
a)A{7 2}

00 0
b)B=| 0 3 4
00 -2



5.1

Isv‘:[

1

} an eigenvector of B :[

5 2
3 6

|

?



oIo mmn;mcos Nm

._.oam< !mmo:m:cho: G ...3

An matrix A is diagonalizable if it can be written in the form:

POP”

where

Pis « ?ﬁuﬂm JA @me 0. Mw Gany) mam\,ﬁf ors

/s

lﬂx

Dis » Qy ,.39. 4 %/%{m Ay frm,,& gaﬁ e mpnm i~ \/ et m U @\, zm

Suppose A is NxN. To diagonalize A:

1. find all mséqi_sﬁ of A

2. find N 1  eigenvectors of A

3. construct P from vectors in step 2
4. construct ) from values of step 1

A. Fuwd P




mw Diagonalize the following matrices, if possible.

where A's of C are 2,2,5

oy
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Today: Orthogonality, Quiz Review

-1 1 1
Iletwv, = [ﬂ g V2 = [—2 s V3 = 1].
1 1 1
Show that these are (pairwise) orthogonal. If

2
(3] = 31V + Va2 + a3Vi,
5

where the v; ' s are as above and the a; ' s are scalars, FINDa;




Quiz 4

I'll have office hours tonight, tomorrow, 8 to 10 PM, on Wimbaaaa.

1.What topics does Quiz 4 cover?

2.What would you like to us to review now?



2012 Quiz 4, Question 2

12 3 -3
2 9 1 |.Find acorresponding eigenvector.
-6 3 15

6 1s an eigenvalue of




6.4 Orthog Basis, QR Decomposition

3 -5 1
O R T B
-1 1 -2

3 -7 8

Are the columns of A LI?
Do the columns of A form a basis for R4?

Are the columns of A mutually orthogonal?



6.4 Orthog Basis, QR Decomposition

3 -5 1

O R T B
-1 1 -2
3 -7 8

Find an orthogonal basis for the column space of A.



6.4 OR

A=QR. R is an upper triangular matrix. Find R.

5 9 5/6 -1/6

a| 17 o] V6 516
3 -6 —3/6 1/6
1 5 | | 1/6 3/6



2012 Quiz 4, Question 1

Finda the eigenvalues and corresponding eigenvectors for the matrixh =
| i g | . Use thisto finda formula for A®

(yvoumay leave it as a product of three 2 « 2matrices) in terms of these quantifies.



E-Values & E-Vectors | True or false:

a) Eigenvalues must be nonzero scalars.

a) Eigenvectors must be nonzero vectors.



5.1

Isv=| 1 |an eigenvector of B = > 2
1 3 6

Answer this question without finding eigenvalues.



5.2 Find the characteristic polynomial and e-values of:

|2 7
a)A{7 2}

00 0
b)B=| 0 3 4
00 -2



Basis Vectors

Determine whether the vectors form a basis in R2. Explain your
reasoning.

ol 4
o[ 24 5
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QH6 Quiz 4

Good luck on Quiz 4!

If you have any gquestions, you can message me through
wimba. I'll be on wimba until 8:55.
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Today: Announcements, Least Squares

Dec 2: Quiz 4 graded, Least Squares HW due

Dec 6: last day of classes

Dec :final exam

Jan 6: first day of Math 2401, please complete online survey

Exemptions from final exam? | have no idea. | hope so.




Motivation

Consider the system Ax = Db, where 4_—

—_—0 A
_— N

1) Are the columns of ALI?

2) Do the columns of A form a basis for R3?

3) Isbin Col A?

4) Is there a solution to Ax = b?

5) Therefore, we will:




Essential Idea i 40 i i ) |
Consider the system Ax =b,where 4| 0 2 [ b=| 0
1 1 11

Our solution to this system:

find a vector x such that || b —Ax || = || b — Ax ||




Solve

Consider the system Ax = b, where

A=

- o A

_— N




A Special Case

Find a least squares sol'n to Ax=Db, where:

1 5 4
A=l 3 1 | b= 2
2 4 -3




Example | True or false:

a) The LS problem is to find an x that makes Ax as close as
possible to b.

a) A LS solution of Ax=Db is a vector x such that:



Example

Describe all LS solutions to

x+y=2
x+y=4



Example | True or false:

a) If {v,v,,v5} form an orthogonal basis, then {v,,v,,cv;} Is
another, different orthogonal basis

a) If A=QR, and Q has orthonormal columns, then R=Q'A

a) If xis in subspace W, then x-proj,, x#0



oIo mmn;mco: Nm

._.oam< >::oc:nm3msﬂm _.mmmﬂ mn_cm_.mm

Dec 2: Quiz 4 graded, _.mmmﬁ Squares I<< Qcm

Dec 6: last day of classes

Dec : final exam

Jan ©: first day of Math 2401, please complete online survey

Exemptions from final exam? | have no idea. | hope so.




Consider the system Ax =b, where 4-

0 A

1) Are the columns of A LI?
Ve S
2) Do the columns of A form a basis for R3?

Vg ¢

3) Isbin Col A?
N O
4) Is there a solution to Ax = b?
NO

5) Therefore, we will:  Flvp THE  CewesST  S0UUT )




Essential Idea.

Consider the system Ax =Db, where A=

- o A
=
>
]
-

Our mo._cao: to this system:

find a <moﬁoq\vmcos that || b ....>»>__ <||b-Ax]||

“_.
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(i, ; 1%, ?f., o
<o D p - % ¢

> > mp@m %br o
x (R4 K /o/

A \“ ﬁD ﬁ@pﬂ

.




Consider the system Ax = b, where 4=
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QH6 Recitation 28

Today: Least Squares, Initial Value Problems

| | x+y=2
Describe all least squares solutions to

x+y=4




Dates

Dec 2: Quiz 4 graded, Least Squares HW due

Dec 6: last day of classes

Dec :final exam

Jan 6: first day of Math 2401, please complete online survey

Can students be exempted from writing the final exam?



True or False

a) If {v,v,,v5} form an orthogonal basis, then {v,,v,,cv;} Is
another, different orthogonal basis.

a) If A=QR, and Q has orthonormal columns, then R=Q'A.

a) If xis In subspace W, then x - proj,,x # O.



Initial Value Problems

x,'(t)=ax, +bx,
x,'(t)=cx, +dx,

a) We can write this system as:

b) If wis a solution to x'=Ax, then w'=
c) Ifb=c =0, what is the solution to x’ = Ax?

d) If A has e-value A and e-vector v, then show that



Example 3 | Let A be some 2 X 2 matrix.

S| - s | —a g1 =< 2
LTy

If X(t) Is the position of a particle at time t, and X’(t)=Ax, find
an expression for x(t).



Example 4

y

1

4

I

Solve the IVP x=Ax, where
-5

-1, 4,=3 X, =[

3
2
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QH6 Recitation 29

Today: Differential Equations

If You Are Writing the Final

eexam has two parts, each part is 50 minutes

*Work with your facilitator to schedule a time on either the 9t or
10t to write the final

*Your facilitator has complete instructions for writing final

| will not be on wimba during the final

*Grady students write on campus on Dec 11

«Office hours: Sun 3:00 pm to 4:00 pm & 8:00 pm to 9:00 pm

Grades: after this recitation | will

1.enter your HW grades in t-square

2.apply recitation grades in t-square

3.send you an email to indicate if you are/aren’t exempt from final




Example

a) Solve the IVP: ty’' + 2y = 412, y(0) = y,.
b) Plot the solution for various values of y,,.



Example

Solve the BVP:
y'+ 4y’ + 13y = 0, y(0) = 2, y(11/2) = 1.



Example

(10 3 -1
12 is an eigenvalueof | 2 o 2
\-2 3 11/

. Find as many linearly independent eigenvectors for this eigen-

value as possible.



Initial Value Problems

x,'(t)=ax, +bx,
x,'(t)=cx, +dx,

a) We can write this system as:

b) If wis a solution to x'=Ax, then w'=
c) Ifb=c =0, what is the solution to x’ = Ax?

d) If A has e-value A and e-vector v, then show that



Example 3 | Let A be some 2 X 2 matrix.

S| - s | —a g1 =< 2
LTy

If X(t) Is the position of a particle at time t, and X’(t)=Ax, find
an expression for x(t).



QH6 Office Hours

Thank you for coming to office hours! If you have a
guestion, you may need to get my attention by typing
something in the chat window. Or by saying something with
the mic.

Today’s office hours run from 8:00 PM to 10:00 PM.
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