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AN ENGINEER'S APPROACH TO THE
ﬁrmﬁmic BEHAVIOR OF MICROEGONOMIC SYSTEMS
- - (59 paseS) -
| o |
‘Paul Truninger
Dr. J. Krol, Thesis Advisor

ABSTRACT
A micreoeconomlc system is an ecOnomic'system strictly
relatedwto a single enterprise. In a free, cempetitive -eco~ .
ncmg, such a system (as well as any other economic organliza-

tion) is-subJect tc continuous changes. These variations are

“due to exterior influences acting upon ‘the system, one of them o0

being the demand for the manufactured goods.: A theory of the
staties of a micrceconomic system cannot take-into acceunt
rapld variations in time of system parameters. Therefore,

the dimension "time" has to be introduced explicitly by study-
ing the dynamics of the'system.

The problem is to find an optimum price policy for a
product underlying a random demand and manufactured 1n a
‘selected microeconomic system. This system consists of the
following elght components: Management, Production,llnventory,
Market, Demand,'Cost, Accounting and Forecasting. These com-
ponent s represent=all éssential functlons necessary in 2 typl-
cal production - marketing cycle. The problem 1s solved quan-

titatively by mathematical methods;. A block dlagram based on
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the law of supply and demand is derived showing the mechanism
of the system. Then, a differential equation expressed in
terms of the Laplace Transformation, a so called eperator_,
is assigned to each block, defining 1ts 1nput - output re4
1ationsh1p.,-Exceptione are the management and-the forecast-
ing operators, which are 1ntroduced into the equations as
unknowns and then determined quantitatively:by'requiring'the
system to operate at'every'instance-with the maximum possible
profit; Such a solution is found, but 1t 1s only stable if
the slope ‘of the demand curve is bigger than the slope of

the approximated cost curve. With this optimum management
operator, the best price policy for any demand can be de-

" termined. ? ' :

S An electronic analogue appreximating the eymbolic
model was derived and constructed, using R+ C networks and -
vacuum tubes._ The analogue was tested and found to represent
the symbolic mode with acceptable ‘accuracy. The analogue
serves two-main_purposes:_ First, 1t'provides-for.displaying
the.best price policy for any demand_on an oscillescope,
thus eliminating'direct:calcnlations. Second, with 1ts-aid,"
effects of variations of system parameters upon different

variables can be studied.eaeily.



CHAPTER I
INTRODUGT ION

The succeSSreugineers?bave had in the past in derelop—
ing variousﬁpbysicaltsystems,is'certainly based on a thorough
knowledge of the behavior of such systems'under changing
conditions. For systems where experimentatioa 1s not
possible or too costly, enly with the aid of mathematics
could optimum design specifications be derived. It 1s uot
only virtually impossible but also not'ethical to experiment
in economics without reasonable chances ef success. .These
chances can only be guessed by qualitative verbal reasoning
or determined with limited accuracy by mathematical methods.
The engineer tends‘to:prefEr thenlatter, not-because of a
déformation Qrofessionelle, but simply because too much 1is
at stake to allow guessing, and because a quantitative analy—
sis can only be done wWith' the aid of mathematics. Therefore,
the purposs of this study was to point out the pcteutialities
of a systems engineering approach to economic systems. _

| In traditional Industrial Engineering, many problems
eucountered_are of the following type: Given a certain pro-
duction volume or output (supposed to be constant eover a |
Klong periecd of time),.determine the most economical solutlen
of a certaiu-preblem. Now suppose for a‘specific enterprisei
all problems of this kind have been solved (which will natu-~

rellﬁ never be achleved completely in reality), g0 that the




prlant 1is working at'its optimum capacity. .We'nave.gOOd rea-
son to assume that the output‘uill sooner or later deviate
from its optimal value (this means simply that the output
gemerally will not remain constant, 1nstead, 1t will be a
function of time) This’ change 1n output is‘primarily due
to fluctuations in demand. Alcng with the’ output and demand,
other factors vary,‘such'as costs, profit inventory, mana-
gement decisions regarding the. output, etc. In an actual
plant, all these factors are integrated in a ‘gystem, in
this caeezcalled a "microeconomic systemg. ‘The choice ef
the-word explalns 1tself'by:considering an‘economywetrictly
related to a specific enterprise as an ”atom of the everall
7 national economy the latter being called a macroeconcmic
system. The study of variations of the. system with respect
to time is the atudy of its dynamlec behavior. The mathe-
‘matical tools-and metheda for the study of the dynamica of
mechanical and electrical systems are well known ard widely -
used by englneers. The present study was an attempt to
capply‘the same mathematical tools and methods for the.analy-
slg of a non-physical microeconemic system. . |

‘To point out the need of such an approach and to
_1llustrate the nature‘of the problem, the following prac-
tical example is given: _
| Consider a product whoee demand undergoas seaeonal
changes, say glovea‘for men. There will be a high sales

volume during the late fall and winter months, and very few



saleercan be'madefdﬁriﬁg.the~rest efithe-time;7-Suppcee‘the :
manufacturer produces only this 1tem and that the plant fer-,
'merly was working during the on-seascn enly. New, for some
'reasen,_it 1s iecided to take up year-reund production.

The capital means. to maintain an 1nventery of a capacity of
more than half a year's production are not available. ‘There-
fore,_a.geod;part'ef=the:actual production must‘be sold dﬁring
the-summsrfﬁenthe} Tg,ﬁetivate‘retaiiere-to buy during that-
time, 1t 1s décided to give them an incentive. in form of a
price reduetien-fer offeSeasen:buys. Therefore, the fellee-
ing questiens-are to“be7answeredl Hew'and'hew mugh must the -
price change during the year? Knowing the expected demand

for a fixed price, what weuld be the demand for the variable

price? What profit can be. expected if a variable price
policy is adcpted? Which variable price pelicy, if any, doee
‘ yield a maximum prefit? ‘

‘ . To anewer these and similar questien:, a thorough
'-Eunderstanding of the mechanism ef such a single plant system
| 1s needed. In this study, the eptimumrprice policy for-a
selected. micreeccnomic system was derived, and . beth its

mechanism and a mathematical method to attack the problems

of 1ts dynamiceiare‘presented;



CHAPTER II
ANALYSIS OF A. naicRoEoONome- SYSTEM

: General Nature of Microeconomic Systems.

The reader is undoubtedxy familiar with- erganization
cherts. They show exactly the relationship between all em-
ployees of a factory and the ‘way in which a management deci—
sion goeS'"dovn_the 1ine”. Every man in the organization
has a superior; exceﬁt the-manager. Now it would be complete-
ly false to infer that the manager ¢an do whatever he likes°
Instead, a_sound management bases 1ts decisions-en_certain
facts, mestly ecogomie In nature. ‘While_employees are con-
trolled-by'their‘superiors, the~mansger is'eontrolled by
his desire to maintain'sueeessful operations, a measure of
ohichvis the profit a plant is making. Each'managemEnt‘&e-
cision will affeet in a eerthin Sequenoe'the.employees; the -
output, and the profit.- If~theractua1~profit does not attain

desirable level, then the maoagement will undertake correc-

tive aetiou. This again affects ‘the output and the profit,
and based on this new profit -and the expected demand,.a

neu output level will be set by the management. Clearly
'there 1s a closed sequence of 1nterdependenoe, in other
words, we are faeed with a closed loop system (also called
feedbaok or ser?o—system). This suggests the use of the
Servomechanisms Theory for the enalysis'Of the system. In

order to be allowed to use this'theory, we have to formulate.




the following hwpothesis.-

The mathematical analysis developed for physical sys-'
tems (1n particular the Servomechanisms Theory) ¢an be applied
for the analysis of F microeconomic system.' o

If this’ hypothesis 1s true, we ¢an 1nfer that 1t st
be possible to simulate a microeconomic system-by a physical
analoéue; The realization of ‘a physical analoguo of a miecro-
economic system vill be a tost of tho hypothesis. We shall
see that ‘we can do it theoretically, but that practically
we can-only approximate’ it.g Ve have good reasons to believe -
that this generalization holds for a11 possible microecono—
mic systems, although we shall show 1t only for one specific

case.

Choice of a Particular Microeconomic System  - _ _

A1l that we know 80 far about our system 1s that 1t
will contain at 1east one closed loop. All microeconomic
systems certainly have some others common characteristics
and parts, but they‘are connected differently from case to
~case, thus forming diffErentlsystems. From the infinity of
ooSSible'systems we are.goihg to_Select(cafefully-arsystem
.which should be as realistic as pOssible; and:also'as,sihﬁlo
as possible. Both'conditions oppose themselves; thefefore
we have to choose a compromise. This will be a- system _which |
contains all 1ts important factors (1mportant with respect to |
1ts dynamic behavior) and in which all details are emitted.
This choice.demonstrateﬂ-clearly‘the purpose of the study:




Bmphasis was given to the usefulness of.thiértype'of.thiﬁk-;_
ing rather than to thé selutibn“of an actual problem with
all 1ts details. -
To meet:the describedLcenditionsgfthe following -
éséumptiéns'are made: |
1. The enterprise, whose micfoéconomicﬁsystem will
| be”investigatéd,‘operates in a free, competitive
economy. |
2; The plant 18 producing only one item. (For-a £1rm
producing a‘numbar‘of items the system éeuld be
~ considered as a part of an 6ferallrsy9tem'related
to this specific item.) | '7
3. Management bases its decisions reéarding the out-
put entirely on the profit resulting from the
maﬁufacturing progeas,‘and_this-prefit_is measured
in dollars per unit of the output. However, this
éssumption willfbe dropped later on. 

1. The demand— and cost- functions.—-ﬁssumption 3 needs to be

further 1nvestigated. Let us assume a price demand curve and-
a cest eutput curve for the product t0~be manufactured (Figs.'
1 and 2). -The profit then w111 be the difference between
price and costs at the.same;outputKO? demand (Figs._3 and %),
For a certain eutﬁutrthé prefit‘hﬁs a maximﬁm. We assume

that the management seeks to maximize the profit in every
instance. If there is a deviation in output a0, the new -

profit 1is Po - aP. Notlce that the same profit Po - A?'
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Price | o Costs

D
($/pc) \‘\ ($/p¢)

| L

0 Demand (pc)1 ’ 0 Qutput (pc)

'

Fig. 1l: Demand Function |Fig. 2: Cost Function

D,c | P}
($) D
pe
S - O 4 ¢ ‘ o
0 (pc) 0 a0, O, AO2 (pe)
Fig. 3: Combined Demand- |[Fig. 4: Profit P as a Function
' and Cost Functions of the Qutput

o 9, T (p) 0 0 (pe)

Fig. 5: Construction of |Fig. 6: anstruction of C!' and
P! : C

1pc 1s the abbreviation for "pleces"
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would result from an output of 0. +-z302. Therefore;_the
management has to know two facts. '“ - i .J |

1. The actual value of the' profit P, L AP, and

-2. on which side of the 00,--pdint the'précSSS 15‘

running. . ST |

‘In other wofds, the manager mﬁsﬁﬁkﬁﬁw if ﬁﬁé:ﬁiant is pro-
ducing too many of too few items. We can (aﬁd~we shall see
later that we have to) coﬁbine thésé two ltems of information
into one, by the folléwing'reasoning (see Fig. 5): The upper.
part of the profit curve 0 < 0 1s rotated around an axis
of symmetry as mdicated. This mg.-a-ns' simply that the profit
deviation - a P for 0 <0, changeslthe sign from minus to plus.
The new ecurve P' = £ (0) 1s now single-valued, because for |
every 0 only one ?f'cbfrespondsﬁ;:Frem P! only, the manage-
ment knows exactly the output O and the profit, which now is
given by P = P, +laPl. _ |

According to P', ﬁe_haﬁé to define a mew cost func-
tion C', which;will be determined by the equation |

P'=D-c or C'=D- P

_ Fig. 6 shows the graphical derivation of C!'.

: But C!' 18 not yet the final form of the cost fUnction
to be used._ C' 13 not a linear function and as sueh is very
diffieult to handle mathematically. A common method of over-
‘coming this difficulty is to linearize the curﬁe.l:Keeping

1 S
0 = Outpit”




1n mini.thet anly'reletiveij.emall variations around a cer-
tain point (in this ease;a°)=hara”td'be considered, we can
replace the eetual curve bj'its tangent at the point consi-
dered (Qd)' “In our. case we choose a stralght line G? having
a slope slightly-bigger_ﬁhén D, because C' has at Oola slope
equal the‘sibﬁe'okib; éﬁéffﬁe difference between both 1lines
| would be constamt. Our final cost curve is then C”. 'Iﬁ
any further consideration ve: shall emit the two primes of
7-0" and speak” about C as. our cost function (straight line

'approximation)

.., 5

2. presentation of a microeconomic svstem as & clcsed—-

!.

,¢E

leqp svstem.—4We are now prepared to sketch a microeco-

'~nemic system as a closed—loop relatienship. In order to _
explain the derivation of the system, we first have to estab-
lish its graphical representation. Before doing so, we

shall gilve a brief deseription of the symbols used.

Tnput (Gpmmanq)'.

Output (Responee)‘

@
=1
]

‘Transfer Funetion

Symbol _ ) _Equatioﬁ. |
c>=— G}~ | R=06 G=RrRE (1)
Ri+ e | ez Ry - Bé-(errerﬂrr o {2)
(= ; ’
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‘Symbol R '_-‘:'q,fEduéﬁioni'
Ry, R | Ry=Ry=R o (3)
I R : [ Information:direction =
_ ' ,3- : _ o directlion 1ndicated by
: - o L arrovs : _

‘(follews from (1) )

Géneféilj, R' and C:éfe functiéna of tims. They will
be.tranSIated witﬁ”the Labiace-Transformétion into complex
fréquency-fﬁhctions'ﬁ (p)"and C (p), and for 6onvehiencé all
calculations are made in“thelp-dbméin;' Then the results will
betinverse-transformsd into the t-démain;~thus maklng possible
thelr interpretation. |

With the symbolic'notatibns described above,'a,micro-
econemié sjstem is sketched in Pig. 7. In this systém,
management bases 1ts=dgcision§ regarding the price of the
product on the deviation of the actual profit from the de-
.8ired profit. If there 1s an error‘?eﬁ, managemeﬁt will |
t#ka corrective‘acﬁion and adjust théAﬁrice'in order to re-
gulate the demand. The.reiatiohﬁhip between price and demand
1s glven by the pricé-demand,curve.. The difference between
supply and demand, 63, is the‘nﬁMber of pleces per day by
which the inventory increases. The integral with respect
to time of 93 1s the inventory level. This level has to
be reported to the production departmsnt, and this will be
achieved with a certain delay, the 1nventory control delaya_



' Inv
Inventory|to Inventory
- fﬁg%l Control
Integraton Delay
Actual
- Inventory
Desired
Profit Level
e _ S4
- 1-
Management Price Demand De Supply Market Outputl Pziduc N
v b ] on
Operator Function - + Delay . Delay - S
0
Desired
, Inventory
| Actual
Profit Level
Price
Accounting €, Costs Cost
Delay - ~ |Function
Profit

Fig. 7: Block Diagram of a Microeconomic System

1T
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We sﬁppeee that'the'ﬁreductien rate.is determihedrso as to
keep the 1nventory at an optimum, cdnstant level S -« If
.there is a small error zss between the actual and the opti-
mum 1lnventory level, the productionwrate will be changed in
order tO'bring'Siﬁack todso- After a market déiay; the
output will be theﬁeupply‘On‘thé ﬁarket. ‘From the output,
ve derive with[the aid of the cost-curve the costs; and the
difference betweenwthe_priee and the costs,"ea,_is the pro-
f1t. The actual profit will be reported to management by
the aceounting department after aidelay, called #accounting
delay?.'riased on this new profit, the management will de-
termine a'dew'priee, etc. Thie_is one complete cyele of
“theusystem ﬁhichiwill be repeeted_again andtegainﬁ 1Thus,

the mechanism of the system has been explained.

,3.:uGhQ;ce-ethhe operaters.-*The remaining task 1s to in-

vestigate the hature of the different blocks; Each bleck'
1s a symbol fer_a transfer functlon or an eperater. The
derivation ef‘an operator follows directly from an experi-
ment. Suppose we would llke to determine the preduction
“delay operator.' We would then have to perform the follewing
experiment: Assume the production rate as determined by
manégement:hae been constant over a'longiperiod of tiﬁe.'

. Due te a certain change in demand, the management decides

'that the production department has to proceed at a new output

level O + A0, The production department generally wlll not

be able to follow-the nev order inmediatelyj'instead, it



Desired h
Produc-

tion level] Tit)

(Input)

Fig. 8

t

Actual |
Production|
level

(Outmt)

i —— — i

P{t-T

Flg. 9

e |

Input-Output Relationshlp of the Production Department

13

Oparator Example
# Description
F(p) Input Output
_ q_
Proportional 1
1 k
Action :
t t
1
Rate
2 P tﬂc& = 1
Actio Ny
c n - -
Integral 1l 1
3 . tgd = 1
Action
t t
Time Lag or -pT 1 1 — —
e P
Transportation . —— -
Lag T T
T
Exponential 1 1 _;L._.__
1 /
Lag 1+ pT
t t
Fig. 10: Basic Unit Processes
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has to make breparatiené;over a dertain period_of time. Only
after the time lag "I" can the desired production level be
obtained (Figs. 8 and g9).

_ The operator P will then be such that 1t delays an
input function P(t) to an output fUnction P(t- T) This
operator is in terms of the Laplace Transformation e-pT and'
1t 1s independent of the shape of the input function. The
éymbol p¥ is the,Laplace_variable (substituted for the time
t) which éenotes'a'complex frequency of the type P = A+ jw.
The reason for choosing functions bf,p rather than fuhctions
of t lies in the simplicity of the Laplace Transformation
approach. The equation C :‘RG holds only for c(p), R(p)
and G(p). © = RG (p. 8) does not held for C(t), R(t) and
G(t). The Laplace Tranéformation also allows 6ne'to'trans#
form linéarwdifferehtial equations to common algebraic ex-

' preSQions. Instead of establishing the differenﬁial equa-
tions governing our system we can diréctly determine the

eorfesponding algebraic functioné of p.

Definition. . -
o -pt
F(p) e  f(t)at
- symbolteally: L[ £(t)} & F(p)
| _Théfé exist tables of the'LaﬁlaéérTranéformations in
.which the F(p) of all possible f£(t) can be found. _Naturally,
the table also can be used. tp find the 1inverse transform £(t)
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if.F(p) 15 ‘knovn. Ne-shsll not go further into this purely u
mathematioal7as§eot’of,the orotiem. |

- There are only a few oossibls'basic formslthe opera—'
tor can take. These are listed and iilustrsted in Fig. 10
(p. 13). Of course, there are an unlimited number of other
operatofs;”but'the'bssio-features-of'tho microeconomic system
can be described byjtheSe.fite operators. Prof. D. P. Campbell ‘
calls them "unit processes” (Ref. 2). 'He_gives an excellent
descriptioniof these unit ﬁrooessesé q

'"Proportional action” (1) is self-evident. Response

is in proportion to command, R = kC." The constant k
~may be greater than, equal to, or less than unity.
"Integral action” (3) defines how a quantity builds up
in proportion to.the integral with respect to time of
another gquantity, R = C¢/p. Thus, the bulld up of stock
or the accumulatlion of materlal between successive
stages in production rocesses 1llustrates integral
action. "Rate actlon” (2) 1s best defined in a mathe-

" matical sense as a derivative. It signifies a situa-

- tion where the rate of change of a quantity 1n a pro- -

- duection process 1s in proportion to another guantlty;
thus R = pC. 'Pranspertation lag” (4), or a dead time,
is encountered most commonly when' materials are moved
from one place to amother in a production system, or
vhen the groups, humans or machines possibly computers,
respoasible for directing the action of himan operators,
or production machinery show periods of indecisiona

The mathematical definition becomes R = e”@BC, vhere
#a” is the lag or’ dead ‘time in seconds, minutes or
hours™® dependin§ upon the particular time scale. "Ex-
-ponential lags 5 are common throughout the whole of
dynamics. They are found whenever the rate of change’
‘of a quantity with respect to time is In proportion to
the magnitude of the quantity.

In our case, the demand function has this property.
Having defined and described the unlt- processes, ‘we can assign
each block in our system an operator. This 1s dene 1n the

table below (Figa 11):



Description
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| Numerical

Unit _ Qﬁeretcr Dimension =
of blocks bol |process| “loef “value
o , no. .eonstants assumed
Demand - D 1+5 (-4 = '('-pc)-g/'dayi'. d - 10
Integrator (8 |3 1/p - -
Inventory -T, ' '
Control I 4 e T, = day T, =1
Delay ' : ﬁ
Production | - - |, -Pf, (b= 1/day b = 0.125
Delay P 1+ 4 be. T, = day T, = 10
Market _ -pT |
Delay . B |4 e 7 |T5= day T5 = 6
Cost. . 2 .
Functien ¢ 1 -c ¢ = $day/(pe)” | ¢ = 0.08
" Accounting. . T, |
Delay A 4 e Tl; = day Tl} = 1
Fig.'llz ChciCe of Operators

In comparing the operators with the defimitlons given

in Fig. 10, the significance of the censtants can be seen

‘immediately.

further.
lines.

The coefficients ¢ and d have to be explained

Both the cost- and demand functicns are;etraight

Since we afe‘cencerned only'with:deviaticns of the

demand and the costs from a coﬁetant or statie velue, the

deviation in demand aD is equal to aP°d, and the deviation
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of the costs AC is equal A@ 'C (see Fig. 7) ﬁhe ceeffi-
cients d and ¢ represent the slope of the D- and C curves.
Because'these are assumed to be- straight lines, ¢ and . d are
censtant.i Furthermore, d is negative, because an- increase
injprice will decrease the demand. The same is true fer C,.
because an . increase in output results in a decrease in costs
:per unit, when using the appronimation of the cost curve es-
peclally fitted for eur purpese.

The con-tant b can be best explained by interpreting
its inverse l/h The value 1/b represents the time in which
the production department plans to restere any deficiency 1n..

the inventory level.

Derivatien of the Management Operator

| In the previous sections we have completely defined

a'specific microecenomic system with the exception of the

' management eperater.; All other operaters have been derived

from the result of a simple: experiment- We apply a- unﬂt step :

function to the input of a bleck. This perturbatien vill
have a eertain‘influenee on thesoutput of the same bieck,.

: and kneving this response, together with the input, we were

able to derive'the corresponding_eperator, Tb‘perferm:a |
simiiar_experiment'ﬁith'the;management ueuld'prebably be‘a

very‘difficult undertaking, and the’results would vary

greatly from manager te_manager. Inagine asking several

executives which actlon they would take vhen facedrwith the

problem of keepingfthe production on a standard level'and
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‘knowing that therdemaed‘would-failﬁte a new level one week
frem new@ 'Suppose all managers would have exactly the same
preblem te-selve, and the preduct in questien has a demand
curve similar;to:that‘described‘ia:Fig..l.,-All menegers
weuld.agree thet:they have te-adjueﬁ the price of the predﬁct,
but they‘weuld have different opinions on the. question of
how to do it. 8hould the priee be reduced by the. necessary
amount at one- time and, if so, at what time? Or weuld it
not he better to make the reduction in steps? Hew big eheuld
the steps be. and 1n which time 1nterval ehould the part-re—
duction be granted? ‘0r are - other courses of aetion mere .
effective? Alluthese gquestions weuld be answered differeﬁtly
by different persens, and therefore they ceuld not be used
' for the determination of the best policy. But among the
variety ofropinions might'be one which is 'in fact‘the'best.
one.r This'is the problem to whieh a good partref the etﬁdy
 1is devoted, the finding of an optimal management operator.
To start with, the management operater is intredueed
1ﬁ'the system'as'an unknown, and 1t will be eetermined 80
‘as to allew the system to behave 1n a preecribed manner.
_A natural condition to. impose upon the system 13 not very

difficult to find. Since an enterprise ehould be a profit-

making orgeniZation, the system must werk at every instance
with a maximum profit P,. Each deviation of the actual
prefit from the_maximuﬁ value 13 a direct loss, and we try

to minimize this loss (o error e,).
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] S —a I
33 Sl
M. Price D h C: 0 B o p -C'J S‘-o
- - -+ o el +
Prod. Rate
o+

Cost

Fig. 13: Block Diagram of a Microeconomic System with

Exterior Diaturbance_
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Let us draw again the micreecenomic system already _
sketched in Fig. 7, but instead ef ueing the descriptien of
the blocks we use -only their symbels as defined in Fig. 11.
For the management eperator We use the symbol M (Fig. 12).

Assume the system to'be-in a state of equilibrium. Then
P, = Py and S, = Sl.‘ ife shall nov omit the static terms
P, and S, which determine only the level upon vhich dynamic
fluctuations caused by a varilable dlsturbance are superim-
. posed. The:quantities Po and So'haﬁe no influence upon the
dynamic behavier; We can represent Py and-si_es being
and S 35
P, - P =P_= -0 and - 8 - 8 = 32 = -ey

and introduce new variaﬁies P2 and 82 for the difference
Py - P and 8) -~ 8,. To incorporate the equations e ='—P2
‘and e] = -8, into the system, & and P must be multiplied by
1 _ ) : | |

' We also have to consider éxternal disturbances. In
our case this'eill be a'stochastlc demand. The mean of the
 distribution in question 1s controlled by the management,
wvhile the superimposed fluctuatlions cannot be controlled by
the management and act upon the system as an exterior dis-
turbanee-Dl.- Making the adjustments described abeve, e
obtaln a new system as sketched in.Fig.ilB.r

 For any possibie disturbance-Dl, the error e, must be

a minimum. The least value that e, can have 1s 0, therefore
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we are going to seek an operator for M vhich will makg‘ez =
0. Or in other vords, we éeek a management'pqiicy that re-
'sults in 2 maximum profit over a long perilod of time inde-
péndentrof fluctuations in demand Dy. We reallze immedlately
that a solutlon to this problem cannot be found with the
Systém of Fig. 13; The‘error es represents not only the
deviatioen @f the actual profit ffem 1ts maxlmum level P,,
but also the information ypén which management bases 1ts
decisiens. If €5 13 gqaalZ;o,?,;§h§:management does not get
any 1nt0rmatidn, and tﬁéreferelw111 not'b§ ab1é to decide
anythiﬁg{ 'Tﬁiéiuﬁﬁeﬁs tpe*medhgnisq:of the:whéié é&s%em,
and we:eaﬁhét'éxpecf any soﬁﬁd sélution. ;Thefé AEQ'Ghly two .
- alternatives to remedy ths siﬁﬁation: Either we reiax*the
condition imposed upon the sj@@egggyéwé_try'to_find an al-
ternative system toéwhichjth;ﬁbrigiééi chdition can be
applied. The preference 1s given fé the second approach,
béc#use we would like to keep the condition e, = O.

4 logical way to alter the system i1s to provide manage-
ment with mofe informatien about the fariatibns in demand
-tDl;rtherefore, a.link between the input of the management

operétor and D. has te be installed. The opérator in this

1 RS _
link will have the symbol F, because it has the function of

forecasting the demand-fluétuations Dy, a8 we shall establish

later. In Fig."l#: the sgystem of FiQ.fl} 1s-sketched_iﬁ-a .
different manner and the block F is added.

This is the final form of the“system wvhich we are
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goingfta_énalyze;thérbuéhly. All trénsfer'fhnctiens'afe
khevﬁ except F and M.. We further know that e, must be zero
independentlyiqf Whét?héppengatojthe input of thé.systeﬁ.
Let us determine:the tﬁansfer funetiog 32/b1 = G. According

to the-iefinitions glven on pp;;g‘and 10 we can write:

| h..d1+ D; S @
| -e5SIFB - h = e3 | | .(2);
+e38IPC + M(-ex4 + DiF) = ep - (3)
-n a | (2)
SIPB' + 1 '

ez =

D1+ dl =MD (-oph + DlF) + Dy (%)
-e5 = ( ~eoA + D1F)MD + Dl | o

"SIPB + 1

[(eA+D1F)MD+D]SIPC -
— +:DyFH

SIFB + 1 3

We obtain finally

e _ FM(SIPB + 1) - SIPG(FMD + 1) |

D1 ._("‘1'+-A-m) (s?m +"1). 4.;__mgngo

)

For 32 -0 (1ndependent of Bl) we must have
FM(SI?B + 1) - SI?C(FM'D + 1)

or | FM - : SIPC : I 5 . . -._C | - .
SIFB + 1 - SIPCD ' B-CD + 1/s1P




a3

Input

Fig. 15: Explanation of the Forecasting Operator
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This result 1s very interesting, because FM 13 not a fumction
of A. A glance at Fig. 14 shows that this has to be true,

2
-Theoretically we could remove A from our block diagram.

becéuse'm does not get any 1nfcrma£ion through A if e, = 0.

Now we replace, in the expression for FM, the symbols

by their operators:

pr. .
M = - ce 3 | i
pT p(T _+ Tsr+Tx)
cde}3 _ pe ° .2 2 -1
1490, v

We choose to assign F and M the following transfer functions:

P = eepr and

M= T
_PTx . P(T,+ To+T53)
cde 3 - .P_e_ . © .2 3 = 1
l+ﬁrl b

The Significance of F and M |

With these expressions, tﬁe system 1s‘completelycde-"
fined. Howsver, both F andJM have to bé interpreted in terms
of their time functions, whiéh: will explain their choice and
practical significanceo_él',il_A

1. The s;gnificance of. F.--Suppcse ‘the input of F, Dl’ is

a unit step occurring T3 days after t = 0. Then, the Laplace

Tranaform of the output would be
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Pa(p) -ce 28 2

[
@icﬁ'

P

. In tablee‘of'the Laplece Transtrmeticn we can find the

corresponding time function '
'P"(t) = ct(t)

This 1s the unit step occurring at t Q. Mcre generally,
1f the input is any functicn Dl(t - T3) U(t - T3), its

ALaplace Transform 19

-pp
Dy(p) o 4.3‘-
——

and the cﬁtput 1s given by

o pps |
P5(p) = ce 2 e 2 py(p) = < Dy(p)
AN | | 5
The inverse transformation of P3(p) is
3(t) eD (t‘)tr"(t) " - (see F:Lg';. 15)

The output P3 has to kncw T3 days in advance what the input
.1s.geing-tc doj therefore the-function of ¥ 1s clearly fere-

casting. Notice that we are able te define the optimal fore-

casting pclicy more accurately than the management has to
know somewhat in’ advance the expected variations in demand.

In our system management must knew today the expected demand

LR
1
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T3rdays-from nei. It does not need tofworry at'all'abbut
the demand in 5 days or in 7 or 60 days. Hence 1t 1is not

only possible to establish the need of forecasting, but also

to define clearly its function in gquantitative terms.

At this point, it is interesting to note a statement
-bfinofi A. Tustin in his excellent book "The Mechanism of
Economlc Systems” (Ref. 8): | - | '

Ip may be that an immediate possibility from the
study of dynamic models 1is to bring aboit changes in

business forecasting that would in themselves contri-
‘bute greatly te economic stability. :

2. The significance of M.—-The choice of F 1s only justified

1f M is
B ::‘_- »
pm PP+ T T T )

3 - pe 0 "2 3h

-1

l+-PT1 b
It is much more difficult to‘hasdle this function mathema~
tically than F, but the method of interpretation will be
the same. For the‘inﬁut.function vwe choose a unit‘impulse,
which is defined as follows:

§() = 1m _U(E) - U(E - ot)
At =0 T At

where U (t) 1s the unit step, and

+at/2

S(tyas - 1
~-at/2 _
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Ths La-p’iace Transform of the uzi;it‘.'inipulse is L[é _(t)]_' =
1t follows that‘the-Laplace Pransform of the response of M
to an unit impulse 1is simply M(p).

1t ls not possible to find in. any table of the Laplace
Transfermation the inverse transferm of the expressien M(p)
A method of 1nyerse transformation-which;ean ba uged,suceess-
fully in this case 1s the .,derivaﬁion- of M(t) by contour in-
_tegration. The inverse Laplace Transform of any functien :
F(p) is defined as ' '

T R (A" .
[ ",f(t), cz__1 O F(p)e dp
o [.._i‘g';rj A _

'Therefore, f(t) 1s the sum of the residues of the function-”

'F(p)e 1th respeat to' all 1ts singular points in the finite:

complex-p-plane.ﬁ The singular points of M(p)e are the
solutions of the equation

' .PT} , p(T°+ T2+ 7. ) :

cde - pe H3, -1 =0

1+p‘I‘1 b
Because ‘this equation is tranﬁéégdent and'compléx, 1t 1s
het-possible to soive 1t analytically. However, we can find '
a real solution by determining graphically the intersection

point of the followlng twe curvés:
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~D(T +-T +T)
Tp = 1 4 pe :

b
Y1 -7, = 0
In Fig. 17 the two curves
6p : .
| - 0. 17p-
J1 = flj%i“. | and ¥ =1 + 8pe
1+ 5p '

are drawn and the solution 1s
) -1 : .: '
p; = -0.10 day |1/py| = T5 = 10 aays
It'can“be shown thdat there exist no ofher sblﬁtioﬁs, By

'1méginary parts of Yl and yej Re MY Re yg'and Tm AT Im-je.

Then, in order that' P, = o(i-'-q- jwi

to have

Re yllp — R§ Yo
and

Im T2

Pi . b

1
Only if for the samedpi both conditiong*are fulfilled py 1is

a singular:point of M. ‘This is possible only for w, = 0O,

i
that 1s for real values of py. Here, a numérical proof 1s
omitted, because it invOIﬁéé lengthy calculations and the
result only is important. . .

. In fact the ‘result 1s extremely 1mpertant. Any

o( > 9 and to f- 0 would have questioned seriously the

1s a solﬁtion,~we have .




Yis Yo

YQI 410.9

-0015

-Pig. 16: Construction

I

|

|
-0.1 -0.05 . Rep
p1

of the Singular Point of M(p)

62
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‘ eeunimess of the'findings. An cxi >0 weuld mean an unetable

factor eio(it and an w, # 0 an. oscillatory term in the ex-

pressien'fer-M(t) But-we expect management to be nelther

lunstable ner wavering in its decisions.r That 1s: why only

unegative,real solutious for pi are meaningful. This result

" glves us’ geod evidence that Ve are moving on solid ground.
‘Let us novw Iinvestlgate the conditiens under which

the system 1s unstable.f-Fer this purpose conglider Fig. 17.

if cd > 1, p, 1s pesitive (unstable solution) This means

that 1if the slope of the demand function is equal_of less

' than the slope :of the-cost function, the system would be

: uastable.' If a_; 1/c, D and C areibarallel (compare Fig. 6),

_and‘there would no longer be any finite point of equilibriuﬁ.
The remaining task is to find the residue ef the

: function

St
e
T (To+ T2+T)
cde ~ - pe - 1
1+, Db
atfplgseThe‘valﬁe'ef‘theffesidue 1s equal to
. .8 ‘
| pT (P + T, + T)
d |ede 3 . pe O 2 3.3
dp [ 1+pTy b P=DP
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i _ Y1, %
2
— — — e — r—— \1 —
| 1
cd
| |
] | : )
D, Epo 0 Re p
I
"-I
Y1 1ﬁ3
177, -
Fig. 17: Solution for M(p)
D, 10 pc/day
0 67 t (day)
P3
0.8 $/day
01 6 12 18 24 30 t {day)
o i

7‘1

/'7‘
-M(fJ’ 0.23 $/pc

Fig. 18: Optimum Managementlﬁfcisioﬁ to Counteract

- Unit Impulse Disturbance
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The numerical evaluation of this expression yields the value:

For p; = -0.10 , Residue = -0.288e

'M(t) - _0-2883

This 1s the optimal_maoagement-decieion:iseued to counteract

a unit impulse disturbence.' The mechanism of this system 1is

11lustrated with some oscillograms‘in Fig.'18. If an Iincrease

in demand of 10 pieoes per day is expected to teke place in
6 days and to vanish again completely the following day, the
‘management would have """ to decreaae the price ‘of the product
according to M(t) ianig. 18. Because a continuously vary-
ing price is not practical, M(t) hae to be approximated with

- a time series. If we chocse time intervals of 2 days, the
L* price reductions vary from 23¢ per piece at the beginning to

0 after 30 days ‘following the steps indicated in Fig. 18.

A management's price policy accordlng to the smooth curve

M(t) would cause the error to be 0 at every instance between

t = 0 and 6o » With the approximated time series, we have good
reasons to believe that €5 (e = deviation frcm maxlimum profit)
i3 very small preceding, during and after the occurrance of
the dilsturbance. - .

Generally, the”iﬁputlof the management operator will
not be a unituiﬁpulse function. “If;the input 1s some arbi-
t‘ra'ry function 1?3_(1-,)-; then the mahagement decision M;(t) can.
be given in terms of a superposition integral
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R ¢ -
M (t) = PB( Tim(t - THaT.
For every.specific Pj(’r), this integral has to be &valuated
in order to knov the manééement response for this particular
case. However, the calculations may be 1engthy“or may not
be péséible5of-soiﬁtiop'wiph-analyticél tools. We can avold
this difficulty by constructing 2 model of the ‘system. It
will be a spécialrpurpose analogue computer for the inves-

tigation of business system behavior.
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- CHAPTER III .
o THE.ANALOGUE

Derivation of an Analogue of the Symbolic Model :'

In the preceding part we were concernei vith the de—
velopmsnt‘of-a mathematiqal or sympolic-modelwof a micro-
economic sysﬁe@; The differential equatigns_goferning-the
‘behavior of the syétem have been derivéd in terms of Laplace
Transferms,*and.theée equations represent a sjmbdlic model
of the system. Based on these, ﬁe-ShaIi'defive an electro-
nic analogue of the'symboliéfmodel;In_qthér_words, the
anaibgue directly simulétes.the differential equations of
the system, and simulates only indirectiy the éyéfem“it-
self. This implies that the analogue cannot be a.better
approximation thém thefequations, as long as we restrain_,'
ourselves to these equations. But it might be approximated
better by considering other facfors too, which had to.be
néglected for the der;vation of the symbolic model, e.g.,

we could introduce instead of the linearized cost- and
-.deménd curves the actual ones, or ve couldfintroduce 1imi-
tations 1m the preduction 19#61-or other_non1inear1t1es.
In the present analogue, this has not been done, because
'the first step -in the.pfocedure is the construction of an
analégue-which represents as closely as possible the sym-
bolie m@del. Only after its verification could we justify

proceeding further. However thils second step, the intro-
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duction of‘nOnlinearities, exceeds the scope of the present

'stndy and therefore will net he discussed here.

1. .Realizatiog;ef the management'operator;—-The problem to

be solved 1s to find an electrical circult whose response
to a unit impulse 1s the function M(t) sketched in Fig. 18.
Since it is in this case easier to find the cirecult by know-
ing-its response to‘a unit stepnfunction, we are golng to
derive this response;' Ineidentally, we note that Wwe are
| allowed to do this, because, although the response will vary
according to the input the circuit cenfiguration and the
.values of the componenta are not affected by the wave shape.
It follonS'that ve have to'obtainhthe same circuit in either
éay. ene'may interpret this well kmown behavior of a phy-
sical System in terms of a manager's behavior.as'folloosf
o In order to determine the actual price of the pro-
duct, the manager has to know the past, actual and expected
demand. This demand has to be weighted with a certain _
weighting function . Generally, the present demand is.weigh—.
ted the most, and‘the weight-coefficients decrease as time
increases (see Fig. 18) The ‘sum (in the discrete case and
the integral in the continuous case) of the weighted demands.
over the complete time range is the price which has to be
set for the present time. What is inherent to the manager
'1s the weighting function, it is his declsion-making policy
which is not changed by the amplitude or waveform of the :

demand function. We realize that in practice the manager
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| most probably>decides intuitively on the Easis'of'soﬁe kind
of weighting function not exactly defined. An accurate de-
finition can only be formalated by conducting the calculations'
described on the previous pages. | |

The Laplace Transform of managemenx's respense te a
unit step is. |

Coaye) = 1me) = nfigge)]
| o >

The corresponding time function (inverse transform) cam be
found by following the_same procedure as @utlined'in the
‘derivation of M(t).

I PT33';:' BT+ Tp+ T5)

S.p | cde - pe . . o= 1

L 1+PT1 b

£

For the two peles of this expression ve obtain the fellewing

residues. '
Forp = O . ,  ° Residus.' = 1f{ed - 1) z -
For py = -0.10 , Residue = 3.85e
R C-0.1t
CMy(t) = -5(1 - 0.77e )

Me(t) can also be written as M,(t) = -7(0.714 - 0.55e

Consider theffelloﬁing:ﬁetwerk:
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Rl -G
e MV H 'g —
~ C,
U, T,
! 4 §

. Fig. 19: Network for M

The response of this netwdrk to a unlt step lnput 1s pro-
portional to-Ma(t) 1f-the'pompoﬁents satisfy the following

conditlons:

¢

- - 0.164 and — Tl - 0.714
Ry + Ry | ¢, + .G,
(R, + Ry)C.C, -5
t 1% . 10x10  sec.

It 1s necessary tb.make a time'trangformati@p; otherwise'fhe
: éﬁaloéﬁenéould'préétiéallyﬁnot;bé‘réaiiﬁgég“‘We put 1 day_**
| kle*séec.-f_104micfbsé06ﬁasi ‘This means %h%ﬁ’the period_of o
' one day is siﬁﬂiatedfby'thé aﬁaiogue in 10 microseconds.
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This particuiaf“tfﬁﬁsfdfmatioﬁ has”éhbéeh in order that the'
analogue can be used 1n the audiofrequency range._
The following values for the network comp@ments

satisfy the cenditions: -

58.5 kR

Rl -

Ry =- _1_1.-571{52
€y = 5000 mmfd
C, = 2000 mmfd

The network must be preceded'by.an amplifier which takes
 ¢are of the factor -7. The complete eircuit for the manage-

ment operator 1s sketched in Fig. 20.

2. The realization of the fbrecast;gg dperate:.--

T pT '
"P(p) = ce 2 where ¢ z 0.08 $day/(pc)
o  and 3 = 6x10 “sec.

Approxi‘mation: F(p) = c(1+ pT3+(p'I‘3) + ¢ e )

Ifrwe neglect the second and“highér*order terms, then F(p)
is approximately | |

| F’(P)‘ ~ el +,,p'T3)' z :;q+-fciaT3

This equation can be repreaented with the follewing block

diagram.
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Iip)
C
cpTy
Fig. 21: Block Diagram of the”Forecasting‘Operator
Input = I(p) (Laplace Transform)
Output - = 0(p) = <I(p) + cpT I(p)

The inverse transform 1s

O(t) = CI(t) + cT3§£ (Trend forecasting)
s a . A _

d‘

Hence we have to find an electrical circult ‘whose output is

equal to the sum of the input and 1ts derivative multiplied

by T3. Consider the network in Fig. 22.

e T R pT
& ’ ' -—% b ¢ § = _ = ,
P ‘[Wher‘e'.--P‘-.‘.f._-'jm . and T = RC

rFig. 22‘ Netwerk for Derivatiam' ?

If we make pT very small compared with 1, pm<<< 1, then we

can write approximately G pT. The variable p will have




40

|
Amplifier Management Circuit; Amplifier

Filg. 20: BSchematic of the Management Circult

In all schematics, R 1s given In kR , and C in mfd.

Differentiation Amplifier Addition
18 |
0.05
Y[
7
. Y70
T2\ d12ATT7 7
1000 "] i

470< 1000

0.4 25-{

Fig. 23: BSchematic of the Forecasting Operator
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values betveeééxibj'to 30x¥03,ﬂ;mo méet‘the ¢6qﬁit;oph:ll¢
pT << 1, T.is%choaén;ag 2;19i§23§£:a5theﬁ ﬁT'ﬁiiiihet exgeéd
0.06. -In other words, the maximuﬁ?egror 13'6%.4 Hovever, it

| 1s possible to lbwer this error by éxégt'differentiation
through use of a spe¢ial reédﬁgck'agbli?iérﬁ ,Siﬁce‘after
differentiati@n théfaignal 1s low 1n_ieve1 and has a hegative
sign, 1t bas to be amplified. The amplification v must be
such théﬁ '

-TV': TB or V= Tj/? = 30

S -6 _ : ‘
T=RC = 2810 sec., R = 10 kR, C = 200 mmfd

We are now ready to design the forecasting circult
sketched in Fig. 23. We use the same type of tube‘(Twin--

Priode 12AT7) as vas used for the management operator.

3. [The rea;;ggtiéﬁibf the demand operator.--

= 10 (pe)e/ﬁay$

and Tl = 5x10-5'éec.

D{p) $ -8 where - 4
' 1+PT.1

Consider the féllowing network:

Yy N 1

Fig. 24: Network for D

Rz 100 k@ , C z 500 mufd
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Since the aigna}_is already negative after the output ampli-
fier stage'ef the-management'ogerétor, the ecircult of Fig. 24
will yield an output proportional to the demand with the .

correct sign.

4, The realization of the inventory integrator.-- -

8(p) = i 7
Consider the following circuit:

ANN—

o _ﬁ‘G(ﬁ) = Y2 =

Ul 1+ p‘I'

§

Fig. 25t - Network for§ "here (T = RC

rIfiﬁe mﬁié;pm:;ai5 wé céﬁewélﬁe{éﬁpréximateig;_ﬂf?f; :
oGP~ 1/ = S(p)A

For T = 10 2 sec., the Hinimm of pF 1s 2x107x10°2 = 20,

or:the-error is 5%. HowéVer;rlewer this‘érrorzby integra-

ting with thédai@'of a Miller Integrator, which is aéain a

apecial kind of feedbaek amplifier. |

For T = 10 2 sec., R = 100 k® , € = 0.1 mfd

For purely electrical reasons (impedance transformatien},
Vthe~Millef integrator 1s‘foliowed_by-a cathode follower - -
(see Fig. 26). - |
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5. ghe'féaiizaﬁidhVof.fhe-invéatorgfgggg product;gg_ﬂeiay
éperatops.f-;eéaése the inventory- and the production
delay epera¥bﬁs€ére'twd{cénéecutive-blécks in the diagraﬁ
of Pig. 14 and:ﬁaﬁe‘the_samé type of operators (no. 4 of
Fig. 10), we.canfrepresent both wiﬁhlonly'oné éircuit; hav-
ing as time lag the sum of the lags of ‘the 1adividual de-

partments.,
G m ' L A L. A '
T' = To+T, = (1 + 10)10 ~ = 11x10 - sec.
-p(T,+ T,)  -pI!
..o : 2( = -be .

PI = -be

The realization of this opefétof'is'ﬁotfasrobvious.és that
of the previbus_engs+  The problem is to find an electrical
circuit whesé‘output is de1ayed T'“secohds*against the in-
put. This could be appfoximated'very closely by & s0 called
.deléy 11ne. Since this would need many gemponénts, it wouid

disturb the simplicity of the analogue; therefore no attempt

was made to gseek an appropriate delay line. Another solu-

tlon would be the recording of the input by means of a tape

recorder-amd'theiﬁléy-béck of the 1nformatién-30_s€ored

_ aftér the élapse time 1Y, but we shéll try to solve the
problem by a simpler method. This is suggested‘;n an arti-
clé ‘wfitten by Smith and Erdiey (Ref. 10).

Consider the following.circuit:




Ly

Addition Integrator Cathode Follower
o— o o
+ 225V

470

VL
- 0.1

Fig. 26: Schematic of the Inventory Integrator

‘ G(t)?
Unit Step
|
L ‘* PpProx.
0.5
o1 T2 3 4 5 6 7

'ﬂld-"

Fig. 28: Approximation of a Delayed Step Function
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: Fig. 27: Delay Circuit

Because thé'impedancé of the first'twé C@mpbnehts R and C
is much less than the impedance of its load, we can write

approximately-

G = 1 _ where T = RC
(1 + pr)° o
If.Ul";s a unit step time fUnct16n3 itﬁlﬁaplace‘Transform |
iS‘Ul(p)' 1/@, and the Laplace Transform of the output
U5(p) 1s then G(p)vl(p) = 2.(p) - |

U (p) -ff 1
T p(l * Iﬂ')3

To £ind how close this circuit approximates the ideal case,
the time function U,(t) vas derived and plotted in Fig. 28.
The approximatien ia rather rough, bnt‘it also has a good
feature: For rery rapid changes in demaﬁd, the‘productién
départﬁént'no'10nger.adjust§ the'predﬁction leveitto the
full extent. This is meaningful, beeansé quick changes in
production are costly or perhaps cannot be carried out.

According to Fig. 28 the time lag 7' 1s ehosen equal

to 2T. 'The distance t/T = 2 1s the abscissa of the inflection
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polnt of the approximated response.

For the 1nventory- and production delay, we have

5.5x10f5

0.055 mfd

llxlo 5sec. - and T sec. = RC

.1o3sz~‘ - c

l]’_!!

'R

N

.The correeponding circuit is sketched ‘Fig. 29. - An amp-
'lifier 15 previded for the purposes of amplification and
sign change-oirthe-sigpal,eand_a cathode follower supplies

the power for the next stage.

6. Realization of the market- snd accounting delay .

operators.--A similar calculation as desCribéd;abo#e X
- ¥ields the circults for the market- and acceunting delay

operators:.

Market délay:- '1’3 = 6x10-5eec.
' TB": Bxlo-Ssec. - Flg. 30
Accounting delay: Ty = 1x10 sec.
o | Tu' - %10 °sec. Fig. 31

Te The comp1ete5Q;;eui$wdia am_of the anale ue.;?With the
ald of the bloek aiagrém of Fig. 14, the different oircuits
derived above are put in proper sequence to furnish the .
final circult plotted in Fig. 32. Generally, the sigmal |
changes the “sign several times (each amplifier), and special
'care only has‘beeh taken‘fer the signal to have the preper
aign when two signals had to be added (or‘eubtfacted).. Be;
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Because-eg 1s-theenetically_eqUai‘té 0, the output*of'tﬁe
accounting de§artment is not fedltortheainput.pf the mana-
‘gement operator. Fig. 32 differs'from'Fig.'lh in this
respect. ) | L o |

‘The'analogue.mékes use of 6'é1éctronic,tﬁbes (12'tubé
‘functions),lbut 1t ﬁight be well to emphasize‘that they have
only secoﬁdary-tasks-to-fulfill.-’These-are:

1. Amplification o

_2. Impedance transformatien

3._ Signal flow direction guard

This’ ‘last property, howvever, 1s 1mportant. It means
that there is no reaction from the output to the . 1nput in
-amplifiers and cathode followers. This allows us to keep
the flaw directions as prescribed 1n Fig. 1k,

The main objective, the physical‘realizafién of the
"differeﬁt operétofs; is achleved only-with,RG'ci?éuits,.with‘
the eiception of the management operéter;'where-anfamplifier
constitutes a part of the opératef, ‘The électr@nic cif;-

cultry techniques used are.elementary:and could be refined.

The Construction and Test of the Analegue'

' The circuit in Fig. 32 has “been built (Fig. 33) and
tested (Fig. 34) Fop%tp;sfpurppse,the-follpwing_apparatug‘
is needed: ' R A

a) ?ower supply (-+225V dc,L: 613Vvac)

a

b) Functlon generator to simulate demand variatians.

This may be an audio=frequencyrsine-and square
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Cathode Follower

Delay Amplifier
e -
+ 225V
1
0.05 12AT7
)| o L
;T [ =
1 10 100 » .
S 31000 A
3 0.3
ot : 1000
0.055| 0.0055| 0.00055 0.4 AR
: ' EBI : 15
f L O e & & 5 o
Fig. 29: Schematic of Inventory- and Production Delay
Operator
o Delay Amplifigr
+ 225V

0.031' 0.003 |

-

g

Fig. 30:

(* e

o

o

Schematic of the Market Delay Operator
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Addition |Amplifier Delay Cathode Follower
e, O Crm )
+ 225V :

18
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. 10 100 1000
A —o—AMAA— oA —
470 7]
| |
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1000 = ~ ~
0.0005| 0.00008/0. 000005
0.4 | :
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470

470

QO;( 00&{-0ﬂ00%f

O —l

-

1000

18

1000 0005

100

100
R e 35 0.0005

fig.32: Complete

Schematic of the Analogue

0.4 1_25

Tubes: 12ZAT7

C in mfd
R (n k%
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wave generator} a random noise generator or a
function generator. Sinoe only sine and square
- wave generators were available and because the
: approximated forecasting operator is unable to
; forecast step functions, the experiments vere
performed with the sine generator only. Results
based upon square wave inputs will have to be
interpreted cautiously.,
¢) Voltmeter to measure the deviation from maximum
- profit (called errortegj.
d) Oscilloscope to make the price of the product
 visible as a functlon of time (terminals m),
or to observe the error (terminals eé)._ The
oseilloscope is preferably a double beam type;
.othersise an electronie switch may be provided
to trace two curves at a time.- |
To cheek the calculations, experiments were performed
to test the deviation from maximum profit under_given con-
ditions. We recall that the manegement-operator has been
derived by putting this error equal to 0. Therefore, by
setting all dials to the values used in the‘oalculations,
the error has to be theoretically O or practically very
small. As demand function a sine wave is;chosen withi-
a) a freﬁuency of 380 c/s. Ip reality this corresponds to-
a buslness cycle of one year, if e business year'is de-

fined to have 260 days.



Plg. 35°
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The Analogus

¥ig. 34:

Test Set-up
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| b) a.frequency of 2250 ¢/s. in reality this éorresponds to
" a business cycle of two moaths. |

In both cases the ampiiﬁude.is kept constant. Thé'corres-
ponding oscillegrams_are piétured and gcaled in'Figs 35a)
and 35b). The demand and the " re-sulting price as it should
be set by the managembhf can be coﬂp&fed on one plcture.
The error was measured by”a‘voltmster and is expressed as
‘a percentage of the price._ Remsmber'that the demand, the
price and the.error represenﬁ deviatlions from static valﬁes
vhich, incidentally, need not be known. The percentage of
error is very low, especiaily when ve keep in mind that 1t
1s expressed in percentsge of the price deviation, not in
percentage of the maximuﬁ profit. The latter percentage
‘would be conaistentlyllover. |

The error should be 0O indepenient of the frequency of
the input. However, because of the approximation used for
the reallization sg thesisreqasting—, inventory-, production-,
snd market délays;*thisiérfar increases ﬁith,thelfrequency._
7 It could be.removeﬁ=ﬁith a slight change in the ﬁotentio-
meter.settings. tHQwsysr, these sfe'thefsamsTfer both fre-
-'quéﬁéies appiieﬁ,“as ﬁouid'be*ﬁhé hssegin seality.
| These tests assure that the analogue 1s a good appro-
ximation to the symbolic model. Théy also reveal that ths
analogue and the model yield logical results and that this
method has good possibilities. | ' '

The experiments performed are not at all exhaustive,
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104
Demand Dl
c/da
(pc/day) )
[w . v T - v y o
' 0 2 4 6 8 10 12 month
34
Price m
($/oc) 2
'1_ EI’I‘OI‘ = 3%
e T T T T T T . e
0 2 b 6 8 10 12 month

Fig. 35a: Best Price Policy (m) for a Sinuscidal

Demand (Dl). Cycle Duration of 1 Year.

i
104
Demand D
1
(pc/day) 5]
0 1 5 month
3 L
Price m
($/pc) 2
1
Error = 15%
O T T —
0 1 2 month

Fig. 35b: Best Price Policy (m) for a Sinusoidal

Demand (Dl). Cycle Duration of 2 Months.
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the analogue 1s much more versatile. With its aid, we also
could study such matters as-hew'the different time lags
effect the optimal mahagement poliey or'hew big the error
would be if the policy 13 not optimal. Although the optimal
management pelicy should be independent of the waveshape,
in the anslogue this is enly appreximately true. Therefore
the influences of different waveshapes could be investiga—
ted. Hovever; further experimentatien weuld enly be mean-

1ngfu1 if there vere, a specific preblem 1n mind.
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CHAPTER IV

'CONCLUSIONS AND RECOMMENDATIONS

Conclusiens.

For the particular microeconomic system investigated,

the folloving can be concluded°

1.

2.

b,

5.

6.

Using simple, fundamental relatienships between the
causes and effécts (as the law of supply and demand),

the dynamics of the m;creeconomie system can be stu-

died qualitatively and quantitatively.

It 1s possible to derive a symbolic model of the

f"microeoonomic system.

The symbolic model gah be approximated by a phyéical
analogue. by { G

It is possible tb aerivé éﬁantitd%ively an optimum
price policy for any variation 1n the demand.

This and only this price policy yields a" maximﬁm
profit. | '

The microecdgﬁﬁic'system iS'bnly stable 1f the siepe
of the demand curve is bigger than the slope of the
apprcximated cost curve. ’

An accurate guantitative forecasfing function can

be defined.

Recommendations:

It is repeated that the system considered so far is

net a géneral one; 1t 1is.only claimad that 1t containé é@me
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basic relatioﬁships common to ali Qossible'microeeonomic 8y s-
“tems. Naturally, for reasons of simplicity, much had to be
neglected; and much more work along these lines remalins to
be done. . ..
@ne-neoéssary-a@dition"to}too>§ystem-1a the procure-
- ‘ment loop for raw_ﬁateriais. It should not introduce any
insurmountable difficultiés in the"anaiysis.:‘Another rofine—
ment would bé the introduction or-a.bost-oompoﬁéht propor-
tional to the rate of change of the produetion'volume.
Every 1ncréasetin-production causes additional costs which
--ar_é not proportional to the output, and whilech, lncidentally,
_cannot be'redeomed'completely_by decreasing the output again
(Goodwinfs'nonlinear acoeleratorjprineipie). This nonlinear
réiationship, hovever, 1is difficﬁit £o handle mathematically.
- Other ‘eriteria could be applied, e.g. instead of using
the profit per unit of the output as criterion, the total
'profit (profit per piece times number of pieces) could-be
used. | |
. The elsctronic analogue should be improved to match
more closely the. symbolic model by better approximating the

forecasting and delay operators.




58

~ BIBLIOGRAFEY

ﬂieroeconenic‘moééle:

1.'

5

Te

‘Simon, H. A.,'"An Exploration into the Use of Servo-

mechanisms ‘Theory in the Study of Production Control,”

_Eoonometrioa, 20,1952, 247—268.,
- Campbell, D. P., ”Dynamio Behavior of" Linear Produc-

tion Systems,” Mechanioal‘gggineer g, 75, 1953,
279-283, ;

Smith, 0. J.. M.;~ "Beonomlc: Analogues,“ Proceedings

of the Ianstitute of Radio Eggineers, 41, 1953,

'15IE3"519.-

 Moorehouse, Strotz and Horwitz, "an Electro - Analogue
- Method for Investigatinﬁ Problems in Economic Dynamics,

Inventory Oscillations,

Econometrica, 18, 1950,
313-328-

Strotz, Galvert and Moorehouse, ”ﬁnalogue Computing

Techniques Applied to Economics,” Transactions of -
the American Institute of Electrical Engineers Engineers, 17,
1951, 557- 563

Gooper, W. W., "A Proposal for Extending the Theory
of the Firm,” Quarterly Journal of Economiecs, 65,
1951, 87-109.

Simon, H. A., "Modern Organization Theories,
Advanoed Management, 15, 1950, -k,

Macroeeonomic.Models:

8.

9.

10.

?ﬂetems,'
1953.

Goedwin, R. M., "'he Nonlinear Aocelerator and the
Persistence of Business Cycles,r Econometrica,
19, 1951, 1‘17. - .

Tustin, A., The Mechanism of Economlc.:
Cambridgse: Harvard University Press,

Smith, 0. J. M., and Erdley "An Electronic Analogue
for an Economic System,” Electrical Engineering,
T1l, 1952, 362-366. .



11.

12.

13.

14,

General

59

Strotz, Anulty and Naines,]”Goedwin s Nonlinear Theery
of Business Cycles: An Electro-Analogue Solution,
Econometrica, 21, 1953, 390—411.,

Tobin, J., YDynamic Aggregative Model of the Busi-
ness Cycle- and of Bconomlic Growth,” Journal of
Political Economm, 63, 1955, 103-115.

Enke, S., “Equilibrium Among Spaclally Separated
Markets, Solution by Electric Analogue, BEconometrica,

19, 1951, 40-47-

Klein, R. L., ”The Use of Econometric Models as a
Gulde to Economic Policy, Ecememetrica, 15, 1947,
115-151. .

15.
16.
17.

18.

Theories of Business Cycles:

Kaleckiﬁ M., T4 Macrodynamic Theery ef Business
Cycles,” Econometrica, 3, 1935, 225-239.

Kalecki, M., Studles in Econemic‘gz_amics, London
@. Allen and Erwin Ltd., 1943.

Leontief, W., The Structure of American Ecenegg
1919 - 1929, New York: Oxford University rress, 1951.

‘Hicks, J. R.y & Contribution to the Theory of the

Trade €ycle, Oxferd' Claredon Press, 1950.

Mathematical Tools:

20.
21,

22.

25.

Wiener, M., beernetics, New York: John Wiley and

80..8, Inco; 19

Chestnut, H. and Mayer, Re Woy Servoméchanism and
Regulat g-System Design, Vol. 1, New York: John
Wiley and Sons, Ine., 1951. )

Brown, G. 8., and Campbell, D. P., Princigle of
Servemechanisms, New York Jobhn Wiley and Sons,
Inc., 19

Bethwell, F. E., "The Method of Equivalent Lineari-‘
zation, Econometrica, 20, 1952, 269-283.

Solow, R., "6n the Structd®e of Linear Models,
Econometrica, 20, 1952, 29-46. .



