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We present a new way of forming phononic crystal waveguides by coupling a series of line-defect
resonators. The dispersion proprieties of these coupled resonator acoustic waveguides �CRAW� can
be engineered by using their geometrical parameters. We show that single-mode guiding over a large
bandwidth is possible in CRAW formed in a honeycomb-lattice phononic crystal slab of holes in
zinc oxide. In addition, a finite length of CRAW structure acts as an efficient selective acoustic filter
for Lamb waves. © 2010 American Institute of Physics. �doi:10.1063/1.3500226�

I. INTRODUCTION

In the last two decades, a great effort has been devoted
to the study of the so-called phononic crystals.1–5 These
structures, constituted of a periodic repetition of inclusions in
a matrix background, are for acoustic or elastic waves in
solids and in fluids the analogs of photonic crystals for opti-
cal or electromagnetic waves.6,7 Several classes of phononic
crystals have received attention, which differ mainly by the
physical and geometrical nature of the inclusions and by the
matrix. We can find among them the solid/solid, fluid/fluid,
and mixed solid/fluid composite systems. They typically ex-
hibit stop bands in their transmission spectra for which the
propagation of sound or vibration can be strictly forbidden in
all directions of propagation. In other words, they play the
role of perfect mirrors for elastic or acoustic waves in the
frequency range of the band gap. The location and width of
the obtained band gaps result from the choice of the lattice,
the shape of the inclusions, and the constitutive materials.

The fundamental interest in controlling the elastic energy
and the subsequent foreseeable applications of phononic
crystals are now well established. An ingenious use of the
concept of band gap can allow the propagation of elastic or
acoustic waves to be regulated. They can indeed be used to
filter, confine, or guide acoustic energy, which may lead to
new prospects in a variety of applications including wireless
communications and sensing.

Various types of acoustic and elastic wave propagation
have been studied in different classes of phononic structures.
The studies of the propagation of bulk waves in two- or
three-dimensional phononic crystals include the analysis of
the band gap effect in finite structures as well as the confine-
ment and guiding of acoustic energy through the use of de-
fect inclusions in the perfect phononic crystal structures.8,9

The surface wave in semi-infinite phononic crystals with cy-

lindrical holes etched in a single material or a solid/solid
composition have already been studied.10–14 Recently, the
guided waves in phononic crystal slabs have attracted more
attention due to the natural confinement of elastic energy
within the slab. Different configurations of phononic crystal
slabs including the cylindrical holes etched in unsupported
membrane15,16 and solid/solid compositions with the cylin-
drical rods inserted17–19 or deposited on the top of the
slab20,21 have been proposed to provide omnidirectional
phononic band gaps. The formation of functional devices
like waveguides and resonators by adding defects to a perfect
phononic crystal have been reported.16,19 Typically wave-
guide is formed by adding a line defect �e-g., by removing
one row of holes� to a perfect crystal. Resonator can be
formed by adding either a point defect or a line defect in the
form of a Fabry–Perot structure.22

In this paper, we present a new form of waveguiding in
phononic crystals formed by coupling a series of the line-
defect resonators. These structures, which we refer to as
coupled resonator acoustic waveguides �CRAW�, provide us
the flexibility of engineering their dispersion using only geo-
metrical parameters. In addition, by selecting a finite length
of CRAW, filtering of acoustic signals can be achieved. In
Sec. II, we discuss the details of the model and the method of
calculation. The results for the CRAW are presented in Sec.
III and the conclusion of the paper in Sec. IV.

II. MODEL AND METHOD OF CALCULATION

We consider a honeycomb-lattice array of cylindrical
hole etched in a free standing membrane as illustrated in Fig.
1. The z axis is chosen to be perpendicular to the surface.
The lattice parameter of the phononic crystal is a. The filling
fraction is defined as F= �4 /3��3�r2 /a2, where r is the ra-
dius of the holes. The thickness of the membrane is h. Dis-
persion curves are calculated for the prefect phononic crystal
using a finite element method, where only the unit cell isa�Electronic mail: abdelkrim.khelif@gatech.edu.
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meshed, and Bloch–Floquet conditions are implemented via
periodic boundary conditions.17 In the case of the perfect
structure without defect as depicted in Fig. 1�a�, a three-
dimensional mesh is used, and the structure is assumed to be
infinite and periodic in both the x and y directions. A phase
relation is applied on the lateral sides of the unit cells, defin-
ing boundary conditions between adjacent cells. This phase
relation is related to the Bloch wave number of the modes of
the periodic structure. By varying the wave vector in the first
Brillouin zone and solving an eigenvalue problem, the eigen-
frequencies are obtained. The eigenvectors in this case, rep-
resent the modal displacement fields. To introduce the defect
like coupled resonators of Fig. 1�c�, we use the supercell
technique, where phase change is enforced only in one direc-
tion, i.e., x, and the structure is repeated in the y direction
with zero phase shift. The computation domain in this case is
shown in Fig. 1�b�.

For transmission calculations, the model depicted in Fig.
1�c� is used. An acoustic wave with a specific polarization
�ux ,uz ,uy� is modeled by applying a line source vibrating on
the surface. We apply a periodic boundary condition in the y
direction, which emulates an infinitely long line source. This
line source, will generate propagating waves in the �x direc-
tion with uniform phase fronts along the y direction. To pre-
vent reflections caused by wave scattering from the domain
boundaries, perfectly matched layers �PMLs� �Ref. 23� are
applied as illustrated in Fig. 1�c�. PMLs have the property of
gradually absorbing mechanical disturbances in a given layer
without causing a reflection.24 Consequently, PMLs will not
disturb the propagation of the acoustic waves, emulating in-
finite media. We can write the governing equation of a PML
as

1

� j�r�
�Tij

�xj
= − ��2ui, �1�

where � is the mass density of the material, and � is the
angular frequency. Summation over repeated indices is im-
plicitly assumed. Tij; are the stress tensors, ui; are the dis-

placement components and the xj are the coordinates �x1

=x , x2=y , x3=z�. The function � j�r� is the artificial damp-
ing along the xj axis at an arbitrary position r inside the
PML. As PMLs are added to attenuate acoustic waves propa-
gating in the x direction, only �x is different from 1, and is
given by

�x�x� = 1 − i�x�x − xl�2, �2�

where xl is the coordinate of the interface between the regu-
lar domain and the PML and �x is a constant. There is no
damping outside the PMLs and here � j =1 is assumed. A
suitable thickness for the PML as well as for the value of �x

must then be found by trial calculations so that mechanical
disturbances are absorbed before reaching the outer bound-
aries. The absorption must also be sufficiently gradual so that
reflections occurring at the interface between the regular do-
main and the PML are kept minimal.23 The mechanical
stresses Tij further depend on the strains as

Tij = CijklSkl, �3�

where the Cijkl are the elastic stiffness constants. Strains are
related to the displacements following:

Sij =
1

2
� 1

� j

�ui

�xj
+

1

�i

�uj

�xi
� . �4�

III. RESULTS AND DISCUSSION

It is well known that a complete and large band gap is
needed to confine the elastic energy by introducing a defect
in a phononic crystal structure. Recently, we have studied
different geometrical parameters and lattice symmetries of a
two-dimensional array of etched holes in free standing sili-
con membranes.15 We showed a large band gap with a rela-
tively low filling fraction occurs in a honeycomb-lattice ar-
ray of holes. In this case, the two parameters that can play an
important role in the chosen geometry are the thickness of
the slab and the radius of the holes. We calculated the band
diagrams of the phononic crystal slab depicted in Fig. 1�a�
for a phononic crystal formed in a zinc oxide slab. Propaga-
tion, here, is in the �x ,y� plane, and the band diagrams are
generated along the high symmetry axes of the first Brillouin
zone. Figure 2 shows the structure has an absolute band gap
in the band structure with a relative radius �r /a=0.43� and
relative slab thickness �h /a=1�. The band gap extends from
850 to 1150 m/s, and holds for all polarizations and direc-
tions of propagation in the slab. Indeed, the phononic crystal
slabs surrounded by vacuum, naturally provide a perfect con-
finement of waves in the vertical direction, and the added
two-dimensional structure produces an in-plane band gap.

It is well established that the addition of defects to a
perfect phononic crystal with a complete phononic band gap
allows for the design of devices like waveguides and cavities
to control the propagation of acoustic waves inside the band
gap and to enable novel functionalities in a very compact
structure. Usually, the defects are created by removing or
modifying a number of inclusions. In this work, we have
selected to add a line defect of solid material with “d” width
between two holes in �K direction of reduced Brillouin

FIG. 1. In plane projection of the phononic crystal slab composed of a
honeycomb-lattice array of cylindrical holes etched in free standing mem-
brane. The lattice parameter is a and the holes have radius r. The thickness
of slab is h. �a� The unit cell domain used for band diagram calculations is
meshed in three dimensions and Bloch–Floquet periodic boundary condi-
tions are applied. �b� Super cell unit for band diagram calculations for a
coupled resonator structure. �c� The domain used for transmission computa-
tions has periodic boundary conditions along the y direction and a finite
extent along the x direction. PMLs are used to prevent reflections from the
domain boundaries. A line source generates waves propagating in the x
direction. The transmitted signals are collected in the detection line.
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zone. In this defect structure, we conserve the translational
symmetry along the x direction as pictured in Fig. 1�b�. Ba-
sically, the line defect acts as a single resonator and the cou-
pling between those single resonators is managed by the
number of periods that separate two successive line defects.
First, we simulated the band diagram of line defect of width
d /a=1 and, the successive line defects are separate by two
periods of the lattice in the propagating direction. We used a
supercell technique, where the phase change is injected only
in one direction �i.e., x�. The structure is repeated in the
orthogonal direction �i.e., y� with a zero phase change. The
band diagram is illustrated in Fig. 3, which exhibits three flat
bands within the central band gap region related to the pres-
ence of the line defect. The flatness of the bands indicates
that the group and energy velocities are approximately equal
to zero, and the displacements are spatially confined. This
signature supposes that two periods separation ensures the
elimination of the overlapping between the displacement
fields of the two line defects and each line defect is therefore,
isolated from other defects. In order to corroborate these ob-
servations, we plot in Figs. 4 the out-of-plane displacement

field of the first band in Fig. 3 �f �a=0.975 km /s�. The
wave vector kx selected for this illustration is close to the
limit of the first Brillouin zone. We emphasize that the acous-
tic energy is mostly confined to the line defect, and the struc-
ture acts as an acoustic single resonator.

As shown in the Fig. 4, the two-period distance between
the defects provides a good isolation of the resonators, and
the acoustic energy, therefore, will be confined to the line
defect. However, to allow the propagation of the acoustic
energy and achieve waveguiding functionality, an efficient
acoustic coupling between the resonators is needed. To ob-
tain such efficient coupling, the separation between two suc-
cessive resonators is reduced to one period. The band dia-
gram of such structure is shown in Fig. 5. Adjacent defects
affect the flatness of the bands resulting in a nonzero group
velocity, which leads to the transfer of the acoustic energy
through these coupled defects. This designed waveguide has
the advantage to control the dispersion and the group veloc-
ity through the geometrical parameters. In Fig. 5, where two
values of the relative width of the line defect �i.e., d /a
=1.10 and d /a=1.15� are plotted, we can distinguish a range
of frequency with single-mode characteristics for these
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FIG. 2. Band diagram of a honeycomb-lattice phononic crystal slab composed of cylindrical holes etched in a zinc oxide slab, calculated along high symmetry
directions of the first irreducible Brillouin zone. The lattice parameter is a and the relative radius r /a=0.43. The relative thickness of the slab h /a is equal to
1.
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FIG. 3. Band diagram of a line-defect waveguide made using a phononic
crystal slab. The associated supercell is composed of two complete periods
of the phononic crystal structure separating the line defect. the propagation
is considered to be along �K direction in the reciprocal lattice. The relative
width of line defect is equal to d /a=1.

min max

FIG. 4. �Color online� Out of plane displacement filed distribution of first
band �f �a=0.975 km /s� in Fig. 3. The wave vector kx selected is close to
the limit of the first Brillouin zone.
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waveguides. This single mode occurs within the omnidirec-
tional bang gap of the phononic crystal slab in the frequency
range �0.87	 f �a	1.0� for the first band in Fig. 5. Besides
the separation between the line defect, the relative width d /a
can play a role in the dispersion of the waveguide. Indeed,
when the line-defect width is increased from d /a=1.10 to
d /a=1.15, we can notice that the sensitivity of the wave-
guide modes to the relative width is not equivalent for all the
bands. Especially, the second and the third bands remain at
the same position for both line-defect width values, while the
first and fourth bands are shifted down toward lower fre-
quencies. To understand this behavior, we calculated the
mode profiles for bands 1 and 2 in Fig. 6 for the waveguide
with d /a=1.10. We observe that for the first band, the dis-
placement field is distributed within the line defect in the
unit cell, while it is mostly localized outside of the defect for
the second band. This can explain the sensitivity and insen-
sitivity of the first and second bands to the line-defect width,
respectively.

The results described so far are obtained for the struc-
tures with infinite periodicity. To evaluate the effect of the
finite size, which is very important for practical realization,
the transmission spectra were computed for elastic waves
propagating along the x direction using the domain depicted
in Fig. 1�c�. The domain is finite along x with five resonators
sandwiched between the input and the output media. As dis-
cussed in Sec. II, the structure is infinite and periodic along y
direction. A line source is placed on the surface of the slab on
one side of the phononic crystal structure. This line source
vibrates at a monochromatic frequency and can have two
different polarizations: �i� �ux ,uz�, sagittal displacements that
can excite the lamb waves of the homogeneous slab, and �ii�
uy, transverse displacements that can be considered as a
shear horizontal wave source of excitation.

Figure 7 displays the computed transmission spectra for
the sagittal and the shear horizontal polarization line sources.
Transmissions are computed for the �K direction of the band
diagrams. The band diagram is also added to Fig. 7 to help

with the interpretation of the results. In Fig. 7�a�, the band
diagram shows four branches of the waveguide starting at
f �a=0.89 km /s. The transmission in Fig. 7�b� shows the
total displacement �i.e., 	ux	+ 	uz	+ 	uy	� collected in the detec-
tion line of a sagittal source �ux ,uz� �straight line� and shear
source �uy� �dashed line� excitations. In the case of sagittal
source, one pass band is apparent corresponding to the first
branch in the band diagram. The CRAW structure acts, here,
as an acoustic filter where the relative bandwidth of the filter
can be managed by the interaction between the resonators.
We notice several oscillations appear in this pass band of the
filter which indicate the back-and-forth travel of the wave
inside the five coupled resonator structure due to the acoustic
impedances mismatch between the CRAW structure and the
homogeneous slab. The higher bands do not have significant
transmission to the sagittal excitation and act as deaf band.
Besides, in the case of shear source excitation, we note a
very low magnitude in the transmission for the first band,
and a significant transmission for the higher bands. Obvi-
ously, the use of the CRAW structure as an acoustic filter is
more suitable for sagittal waves �Lamb waves� than the shear
one where the transmission spectra are more complex. Be-
sides, the relative bandwidth of the filter is 10% which can
be very useful for practical realization of acoustic filtering
devices.
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FIG. 5. Band diagram of a coupled resonator waveguide made using a
phononic crystal slab composed of cylindrical holes etched in a zinc oxide
slab. The supercell unit is composed by one period separation from the
adjacent line defect. The propagation is considered along �K direction. The
relative width of line-defect is equal to d /a=1.10 �filled dot� and d /a
=1.15 �hollow dot�.

min max

(a)

(b)

FIG. 6. �Color online� Distribution of the out of plane displacement field for
the coupled resonator waveguide analyzed in Fig. 5. The wave vector value
is close to the limit of the Brillouin zone for band 1 �a� and 2 �b�.
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IV. CONCLUSION

In this paper, we have studied the possibility of forming
a new phononic crystal waveguide that can be used as an
acoustic filter device. The filter is based on the confinement
and guiding of the acoustic energy in a phononic crystal slab.
The structures are made by etching a honeycomb array of
holes in a free standing slab. This phononic slab structure
exhibits an absolute phononic band gap for all polarizations
of the guided waves inside the slab. A line defect is intro-
duced which allow to confine spatially the acoustic energy
and to achieve an acoustic resonator. Besides, we presented a
waveguide in phononic crystal slabs composed of several
single resonators that are coupled periodically through eva-
nescent waves. We illustrated the considerations that must be

applied to achieve single-mode guided bands in these sys-
tems. The waveguide acted as selective acoustic filter, where
the acoustic energy is localized in the extended defect
formed by the collective behavior of the coupled resonators.
The frequencies of the filters are sensitive to the geometrical
parameters of the defect line and to the separation distance
between the single resonators. The transmission through the
finite size structure shows the importance of the polarization
of the propagation wave. The numerical simulations are per-
formed using the finite element method and considering a
zinc oxide slab.
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phononic crystal slab. �a� Band diagram for guided waves propagating along
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of all displacement components, 	ux	+ 	uz	+ 	uy	, as a function of frequency.
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