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1. Summary of Progress to Date.

Several areas of research were suggested i1in the proposal
for Grant No. MC381-03444. Much of our effort was devoted to
robust optimal designs for the estimation of a linear functional.
We employed a robust linear estimator due to Speckman [65) and
utilized the similarities between the form of 1ts maximum mean
square error and that of the usual best linear unbiased
2stimator to provide a basic framework of theorems which
enable the calculation of cptimal designs. These theorems were
successfully applied to the following problem.

Consider the problem of the extrapolation of a function

o a point outside the interval on which observations may be

t
taken. We suppose that for every collection of points

(xl....xn) in la,bil we may observe with error the values of

an unknown function & and that we are to provide on the basis

of observed values {y(xj},....ylxy)}, y(xj) = 61lxy) + €5,
J -

Eiew) = 0, E(elej) = 611' an estimate of the value 8(c) where
¢ » b. We prove that if we allow for an error in our assumed
ftorm

Bix) = Bg + Byx +...+ B ;x" 1

c
of the mean function of the type I (e M) (¢1)2ax < €? then the

a
optimal design concentrates on m pcints in [a,bl as it would if
nc contamination were present, the weights at the points are
calculated from the same tormula as for Hoel-Levine [30)

igns, and the optimal linear estimator is the usual least
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estimator. In addition, for the case m=2 we show that

h
L2
c

when Ne“ is sufficiently small the optimal design coincides

with the Hoel-Levine design. Thus the Hoel-Levine design

1€ robust. “Sufficiently small" appears to be reasonably

large indicating that in many cases the Hoel-Levine design can
be used without fear that reasonable deviations from the assumed
model will give large mean sguare errors. We alsc have obtained
preliminary numerical evidence of this behavior for m > 2.

The applicability of our theorems does not end here. We can

with time and effort utilige the
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for the estimation of,derivatives at points. The course 1
though the specific details are probably, as in the extrapolaticon
problem, quite difficult. For example, if our method of proof is
to carry over with minimal changes then we would be required to
understand the oscillation properties of the minimax approximant

to our arbitrary continucus function from the set of functions

Yy

spanned by (1,%% % .,x™ 1) on an interval containing zero.
This 1s not even a weak Chebychev system, see [32], so the
properties of the error are., as far as I know, unknown. We
can answery these gquestions at present for an endpoint but the
detail:s of finding the design are far from complete. The
theorems are not model specific so other forms of mean functions
and contamination can be studied. The theorems also apply to
data which are stochastic process valued. In addit:ion the proof
of the exXtrapolation results uncovered a very mathematically
interesting set of functions which are splines possessing
hebychev-like oscillation properties. Finally, when m=2 these
functions are shown to be the trajectories of the solutions

to the following non-standard control problems.

A particle of unit mass travels in the x-y plane. Its

coordinates at time t are (x(t),yf{t)) where x'{t) = -1, and
(x{0),y(0)) = (c,1). The y coordinate may be controlled. For

e
those controls which have the property that the particle hits

c-a
the line x=a, c>a, the energy expended is g (y”(t))zdt. Denote

the corridor ((x,yJ:x € la,b), |[y| £ 7} by C(7), where b & (a,c).

Given that E < EO is to be spent, what is the minimum 720 for

whilich the particle may be made to pass entirely through the
corridor C(7) and 1ts trajectory?

Although there are many papers on robust optimal designs,
for example [131.,0281,0313,0371,(39]),0431,[441,10461,1471,1[511,
(60},0741,1761,[781, the model we employed and the criterion
of interest do net match any of them. The closest 1is Huber's
paper [31) which treats minimax extrapolation on a half-line

Wwith contamination measured in the sup norm rather than the

L, norm. The results appear to be somewhat different although

they share the property that both are supported on the same




and that as far as we know are the only ones which potentially
have a direct bearing on showing that the usual Hoel-Levine

designs are robust.

II. Proposed Kesearch

For several years the principal investigator has been
working toward the accumulation of a body of facts which
would be useful to experimenters whose data are "time

recordings”, or more properly speaking, second order stochastic

processes. Cur intent is to contlnue our investlgations 1in
the optimal design of experiments focusing on this aspect.
much of our effort will be directed toward obtaining

Of

However,
solutions to problems involving scalar observatins.
immediate interest is the set up described in the summary of
our progress to date on MC5-8103444. 1In that problem the mean

function 8 is assumed to be a member of the Sobolev space

W

Wola,cl]l of functions with m-1 absoclutely continuous derivatives

3 b

on (a,cl and the nth 1in L2[a,c]. Speckman's linear estimator

!Oy minimizes the maximum mean sguare error

sup Egtt'y - e1c)) 2.

{m)
¥ N2 £ €

It was shown that that in contrast to the case ©f best linear

unbiased estimation one must specify beforehand the number of

observations to be Setting n ' = Ne?

employed. we prove that

the optimal design can be characterized as follows. Define for

each collection of points a £ t, < t, < ...< t s b the
functions on la,cl.

5 5 -1 m . c
(1) 6 = (s24nz) " tige S (-1t Gp (XD [ htsih (srast,

i=1 a
N N (x—s)T'l 2 (ti—s)m"l
where (s) = - ¢ (x) .
x {m=1)1 £ Tt (m=1)¢
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