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P EXECUTIVESUMMARY 

This report summarizes the current flotation model, which incorporates the various 

microprocesses typically associated with flotation separation. The model is then applied to a 

semi-batch flotation process, approximating laboratory conditions. Laboratory flotation data 

are also obtained to compare predicted flotation efficiencies with experimentally determined 

values. It was shown that the predictions did not match the experimental results very well. 

The discrepancy between the theoretical predictions and the experimental values was the 

result of two primary shortcomings. First, the experimental flotation cell did not supply 

enough mixing to evaluate the possible destabilization of the bubble/particle aggregate. 

Second, the theoretical model was originally derived assuming that only one particle can 

attach to a bubble. Both of these shortcomings over-simplified the actual flotation process 

and caused discrepancies in the observed results. 

Research is currently being conducted to remove the shortcomings identified above. This 

includes using a standard laboratory flotation cell, which creates a significant amount of 

mixing, in the validation experiments, as well as allowing for more than one particle to 

’ attach to a bubble in the theoretical model. 

2 INTRODUCTION 

Flotation deinking is a common unit operation used in the paper industry to remove 

hydrophobic contaminant particles (i.e., inks, toners, etc.) from cellulose fiber suspensions. 

A recent summary of the fundamentals of this process has been presented by Heindel [1999]. 

Although much research has been completed in this area, the current level of understanding 

is insufficient for complete process optimization. The goal of this research effort is to develop 

a model of the flotation deinking process that can be used in the optimization of current 

flotation technology and in the development of new (improved) technology. 

This effort began by reviewing the current technology, which is commonly divided into 
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2 Report 9 

a series of microprocesses. A two-parameter population balance-type kinetic model of the 

overall macroprocess was then proposed based on the microprocesses. This has been sum- 

marized in Report 1 of this project [Heindel and Bloom, 19951. Predictions based on the 

initial model have been presented in Report 2 of this project [Heindel and Bloom, 19961. 

and 6 [Heindel and Bloom, 1998b] of this project re- 

and attachment by sliding, respectively, and provided 

Report 4 [Heindel and Bloom, 1998a] 

visited the microprocesses of collision , 

improved probabilities that these microprocesses will successfully occur. Report 7 of this 

project [Maruvada and Heindel, 1998) provided an initial methodology for validating our 

flotation model. This current report improves upon the model validation procedures and 

presents initial flotation model validation data. Discrepancies between the data and model 

are also summarized in this report. Finally, experimental validation and theoretical model 

improvements are also highlighted. (Note that Reports 3 [Heindel, 19971, 5 [Heindel and 

Emery, 19981, and 8 [Heindel and Garner, 19991 of this project involve bubble size visualiza- 

tion and measurement results, which will be incorporated into the modeling aspects of this 

project when the time comes.) 

3 MATHEMATICALMODEL 

The flotation model employed in this study is summarized below. This includes previ- 

ously described improvements to our model, as well as new improvements to the collision 

“frequencies” (2 and 2’). The extension to a semi-batch process which is used in the model 

validat ion is also highlighted. 

3.1 Model Equation Review 

In this section we recall the system of equations developed by Maruvada and Heindel 

[1998] for the semi-batch flotation process; the model in question represents a special case of 

the earlier work presented in Report 1 [Heindel and Bloom, 19951. In all the work referenced 

above it is assumed that the bubbles and particles are spherical and uniform in size and that 
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only one particle can attach to a given bubble. 

The experimental apparatus to which the model described below applies consists of a 

column into which a desired furnish is loaded and a sparger at the bottom for air supply. Air 

at a known, constant, volumetric flow rate (Q) , is bubbled through the suspension containing 

the recycled cellulose fibers and ink particles. It is assumed that air bubbles that are formed 

at the bottom of the column rise through the suspension at their terminal rise velocity. 

Bubble coalescence is assumed to be negligible and the entire bubble surface is assumed 

to be rigid because of the presence of surface active subst antes; this is a valid assumption 

as long as the bubble size is small. In the assumed semi-batch process a fixed volume of 

the pulp suspension is used while air is continuously injected. The experimental system is 

indicated in Fig. 1. The mixture volume (including stock and gas) in a steady state situation 

is denoted by V. The agitator provides the agitation necessary for bubble/particle mixing. 

Assuming that all bubbles have a uniform size, the number of bubbles in the column can 

be calculated by measuring the gas holdup and the size of an individual bubble. The total 

number of bubbles consists of bubbles free of particles and those with particles attached to 

them. Both the free bubble concentration (&) and the bubbles with particles attached (n$) 

are functions of time, while the concentration of bubbles is a constant, nB, at any given 

instant of time: 

ng = &(t) + nag(t) (3 1) . 

If VB is the volume of a single bubble, then the total number of air bubbles entering the 

column per unit time is 
Q li7.B E - 

VB 
(3 2) . 

The superficial gas velocity is defined as the volumetric gas flow rate divided by the 

column cross-sectional area, i.e., 
Q 

vg = A c (3 3) . 

Since Q and A, are easily measured and controlled, the superficial gas velocity can be 
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specified in any experiment. This parameter is used to define a characteristic time 

*- t - 
H HA, V -m- --- 
219 Q Q (3 4) . 

which is the time required for the gas to replace one column volume. 

Assuming negligible bubble coalescence, under steady-state conditions the tot al number 

of bubbles entering the column is identical with the total number of bubbles leaving the 

column. We let nz/rz~ denote the fraction of bubbles with particles attached inside the 

column. As the contents of the column are assumed to be well mixed, the same fraction 

also represents the fraction of bubbles with attached particles in the exit stream. Assuming 

that each bubble with attached particles is carrying only one ink particle, the number of ink 

particles leaving the column can be calculated by multiplying this fraction with the total 

number of bubbles leaving the column. Hence, the rate of decrease of the ink particles inside 

the column is given by 

V 
dn P Q ---- 

( 
f 

dt VBnB 
nP- p n> (3 5) . 

where np and npf, which are both functions of time, are the total number of particles per unit 

volume and the number of free particles per unit volume available to attach to free bubbles, 

respectively. 

Another balance equation can be written for the concentration of free particles inside 

the column. We note that no free ink particles are either entering or leaving the column 

and they are only participating in the formation. of bubble/particle aggregates. Using the 

two-parameter kinetic model previously detailed in Report 1 [Heindel and Bloom, 19951, the 

balance equation for the concentration of free ink particles has the form 

dnf P - -k&+zf + kgaa -- 
dt P B B (3 6) . 

In (3.6) k1 and k2 are the rate constants for the forward and reverse reactions respectively; 

these two constants depend upon the various microprocess probabilities that comprise the 

mechanism of bubble/particle aggregate formation and destruction and are functions of the 
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bubble, particle, fluid, and system properties. Specifically, the rate constants are given by 

h = ~Pc~asZPtp,P,tab (3.7a) 

k2 = Z’PcEestab = Z’(l - Pstab) (3.7b) 

where 2 is the collision frequency between the particles and bubbles, PC is the probability of 

collision between a particle and bubble, P&l is the probability of adhesion by sliding, Ptpc is 

the probability of three-phase contact, Pstab is the probability of stability of a bubble/particle 

aggregate, Pdestab is the probability of destabilization of a bubble/particle aggregate, and 2’ is 

the detachment frequency of particles from bubbles. Updated expressions for the frequencies 

2 and 2’ are developed in this report in Section 3.2. The probability of the formation of 

a three-phase contact between a liquid, bubble, and particle has been shown to be nearly 1 

over a wide range of parameters Schulze [1993, 19941 and will be specified to be exactly 1 in 

this report, i.e., Ptpc = 1.0. 

The probability of stability, Pstab, addresses the stabilization/destabilization of a bub- 

ble/particle aggregate. According to Schulze [1993], a reasonable form for Pctab is 

P stab = I- exp(l-&) (3 s> . 

where the modified Bond number (Bo’) is defined as the ratio of detachment to attachment 

forces, i.e., 

Bo - I- Fdetachment = 
F attachment 

Apzg + (3 9) . 
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The various parameters introduced in (3.9) are defined as follows: 

T 1 I  l 

9 
cr 
e 
PB 
Pl 
PP 

the particle radius 
the bubble radius 
the (Kolmogorov) turbulent energy 
density (or dissipation rate) 
acceleration due to gravity 
the surface tension 
the contact angle 

(3.10) 

the bubble (gas) density 
the fluid density 
the particle density 

I &B = the density difference (PB - pI> 
fb P = the density difference (pp - pl) 

In our computations we will employ the following relationship among the surface tension, 

bubble radius, and turbulent energy density to estimate c since cr and RB are measured 

[Schulze, 19941: 

, 
Rp 
RB 
c 

o= W B,max > 5/y/3 Pl (3.11) 

For the probabilities of collision (PC> and adhesion by sliding (P,,l) we will employ new 

results which have been developed, respectively, in Heindel and Bloom [1998a, b] for flotation 

deinking conditions. Beginning with PC, if vp represents the particle velocity, and Rep is the 

particle Reynolds number 

Re 24lVPl 
P= (3.12) 

Vl 

where ~1 = b&l is the kinematic viscosity (,UI being the dynamic viscosity), then for an 

intermediate flow about the bubble surface, in which 2 < Rep < 500, it follows from the 

work in Heindel and Bloom [1998a] that 

P 
1 1 

= = l+ IGI 2(R, + RB)~ 
(2R; + SE;&} + (;;e;Bj4{&& + 2R;R;) 

I 
+ l ZL, 

(3.13) 

In (3.13) G is the dimensionless particle settling velocity, i.e., 

G = vps/vB (3.14) 

where vps is the particle settling velocity and VB is the bubble (terminal) rise velocity. Also, 

Re 
1 

ii=15 B 
~~0.72 (3.15) 
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where ReB, 

Re 2vBRB 
B=- 

v 
(3.16) 

is the bubble Reynolds number. For the same kind of intermediate flow over the bubble 

surface (e.g., Yoon and Luttrell [1989]) it follows from recent work of Heindel and Bloom 

[1998b] that 

(3.17) 

where 
3R B R3 
--4 

r 4r 

4 
RB R3 2R 
-+$-A 
1” r4 

(3.18) 
* m 

and 
R3 

+ $ 
R4 R3 R2 RB -$---$-A+- 

r r 

while 

(3.19) 

is the dimensionless friction factor (f the usual fluid flow friction factor). Also, CB is a 

parameter which varies between one (for a completely immobilized or rigid bubble surface) 

and four (for an unrestrained bubble surface), ho is the (initial) thickness of the liquid film 

in the sliding process, and hcrit < ho is the film thickness at which the film spontaneously - 

ruptures. The recently derived expressions (3.13) for PC and (3.17) for Pasl will be employed 

in the computations reported in the present work, i.e., in (3.7a,b). 

Since the total number of particles per unit volume can be represented as 

rip(t) = n;(t) + n;(t) (3.21) 

where $ (t) denotes the number of particles per unit volume attached to bubbles at time t 

(with $(t) = ns(t> in this report), we may rewrite (3.6) in the form 

dn f P -- 
dt - -hn,fn~ i-hn,f(n, -n$+ kz(n, -ni) (3.22) 
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Equations (3.5) and (3.22) are coupled to each other and must be solved, simultaneously, 

subject to the initial condition that ~2~ (0) = $ (0) = & where niO is the number density 

of free ink particles at time t = 
A  

0. The governing equations can be non-dimensionalized by 

noting that 
f 

nPO 

1 ( > t*nf - PO 
f np,np rv kl rv 

t rv t*(= 

Once a bubble reaches the froth 

dimensionless variables 

V/Q> k2N * (t > -1 

layer, it is assumed to be removed from the system. The 

= n{/n{o 
- 
kl = klt*nio 

Iy (3.23) 
t = t/t* k2 = k2t* 

Using the above scheme, the two governing equations, (3.5) and (3.22), with the accompa- 

nying initial conditions, may be scaled and rewritten as follows: 

cpa’ = -(a!-$; c@=O)=l (3.24a) 

In (3.24a,b) the prime indicates differentiation with respect to dimensionless time. The two 

parameters that appear in the scaled equations are cp = vB?%B and E = n&{o, where ep is * 

the gas 

respect 

The 

holdup per unit volume and E is a measure of the relative bubble population with 

to the initial number of ink particles. 

system of equations (3.24a, b) will be the starting point for the analysis of the 

semi-batch process model in Section 3.3. 

3.2 Update of Z and 2’ 

In this section we obtain new expressions, specific to flotation deinking fluid mechanics, 

for the ‘frequencies’ Z and 2’ which appear in the definitions of the kinetic constants kl and 

k ( 2 i.e., in (3.7a,b)). We note that, in (3.7a,b), 2’ is a true detachment frequency inasmuch 

as it will be seen, below, to have the dimensions of t -’ ; however, it will also be clear, from the 

IPS’I’ Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project F00903 9 Report 9 

discussion which follows, that 2 is not a true frequency because it will have the dimensions 

L3t-i . Thus k, has dimension t-l while that of ICI is L t 3 Ml Each of the three distinct terms . 

in (3.6) has the dimension of number/volume-time. 

3.2.1 The Bubble/Particle Attachment Frequency (2) 

Many different expressions 

associated with the interaction 

have appeared in the literature for the attachment ‘frequency’ 

of particles in a moving fluid; among the best known of these 

are the results attributed to Smoluchowski [1917], i.e., 

212 = 4/3NlN2dT2c (3.25) 

where Ni is the number of particles of species i per unit volume (i = 1,2), d12 = RI + R2 

is the sum of the radii of particles associated with the two distinct species, and G is the 

velocity gradient perpendicular to the direction of motion of the particles. The expression 

(3.25) assumes a suspension of particles in a fluid moving under uniform shear with the 

particles being randomly distributed and following, up to the moment of impact, the fluid 

streamlines as if no other particles were present. 

For turbulent flows, Camp and Stein [1943] applied (3.25) with c replaced by the mean 

velocity gradient G = @/v#/~; thus 

212 = ~NlN2d~2(~/vl)1/2 (3.26) 

Saffman and Turner [1956] obtained a result similar to (3.26), the only Uference b&g the 

replacement of the constant 4/3 in (3.26) by the value 48~/15. However, results like (3.26) 

are only valid when d 12 is small relative to the smallest eddies in the fluid and for particles 

which completely follow the fluid motion. In particular, results such as (3.26) are based on 

turbulence with low energy dissipation, with the problem confined within the smallest eddies, 

and assumes that the particle paths relative to an eddy are fully determined by the eddy 

fluid velocities and accelerations. Results such as (3.26), therefore, are not valid for larger 

particles and/or more vigorous fluid turbulence. In large scale industrial situations (e.g., 
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(For IPST Member Company’s Internal Use Only) 



Project F00903 10 Report 9 

commercial flotation deinking tanks) particles will acquire momentum in one or more eddies :: 

and then will be projected into a neighboring eddy; such a situation calls for a classical 

kinetic theory treatment and entails finding an expression for the distribution of particle 

velocities. 

Batchelor [1953] showed that because fluid elements in a turbulent flow are subject to the 

influence of large numbers of neighboring random eddies, the Central Limit Theorem may be 

used to predict that the resultant particle velocity distribution should be Gaussian. Thus, if 

the particle velocity distribution has a mean of zero and a variance i?i (which is dependent 

on the particle size) the distribution of velocitie; 

given by the probability distribution 

dP = 
1 

-2 
J- 

=P 
27rUl 

for 2 

s u2 - 
P 

2u -2 
- P 

particle moving in one direction is 

dU P (3.27) 

which represents the probability of finding the particle with a velocity between Up and Up + 

dU,. The derivation of (3.27) also assumes that the turbulence is in the inertial convection 

subrange, i.e., that 

L>x>rl (3.28) 

where L is the macroscale associated with the turbulent flow, 7 = (v;/E)~/~ is the (Kol- 

mogorov) microscale, and i is comparable to the eddy size of interest (e.g., a particle, 

bubble, or aggregate diameter). 

In order to employ (3.27) to compute a collision frequency, as we do below, we must 

assume the independence of colliding particle velocities, both in magnitude and direction; in 

particular, as noted by Abrahamson [1975], the fluid must be isotropic on the scale of the 

collision process. The smallest particle diameter dp for the independent velocity assumption 

to hold must satisfy 

(3.29) 

where 0 is the mean fluid velocity deviation. If we are, indeed, talking about a collision 

process between two different types of particles then (3.29) must hold for each class of 
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particle. If, however, we follow the work of Schubert and Bischofberger [1981], and apply 

the analysis which follows to the case of particle/bubble collisions in a flotation tank, then 

(3.29) must hold with respect to the (ink) particles and the analogous restriction, i.e., 

(3.30) 

must be satisfied by air bubbles of diameter dB. As PB is very small it is not immediately 

clear that (3.30) will be satisfied in any situation of practical interest. That (3.30) is, indeed, 

reasonable for particle/bubble collisions, in a simple laboratory scale semi-batch process, will 

be verified once we have completed the derivation of the expression for 212; this derivation 

follows the analysis in Abrahamson [1975] and is based directly on the Gaussian probability 

distribution (3.27) for the particle velocities. 

3.2.1.1 212 Without Particle Body Forces 

If we consider two species of particles with concentrations A$, &, velocity distribu- 

tion variances (i.e., velocities relative to the mean fluid velocity) Ur, U2, and velocity fields 

p-l,vL,W) and (uz,v2,~2), th en the concentration dN1 of particles of the first species, 

with velocity components in the range Ur to Ur + dU1, VI to VI + dV1, and W; to Wr + dWr 

is 

dN 1 = dPudPvdPw (3.31) 

where dPU, e.g., is given by (3.27) with UP = Ur and i!?P = &, while dPv is given by (3.27) 

with UP = VI and Up = Ui, and dPw is given by (3.27) with Up = WI and Up = Ur- Thus, 

taking into account the particle concentrations 

dN 1= 
N 

(427xq)3 

-(“?+v,2+w;2) &JdVdW 
1 11 1 (3.32) 

and, in an analogous fashion, for the second species of particles 

dN 2= 

It we set 

N2 -(‘; + h2 + w;) 
1 
&J dvdlifr 

2 2 2 

R2 = (Ul - u2)2 + (vi - vg2 + (WI - w2)2, 

(3.33) 

(3.34) 
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i.e., Viz is the relative velocity between the particles of the two species (or between par- 

ticles and bubbles for particle/bubble interactions), and set dzr2 equal to the number of 

collisions/volume-time between the two types of particles (within the given velocity inter- 

vals) then 

dZ12 = dNldN2d$‘12 (3.35) 

Substituting (3.32) - (3.34) into (3 

total number of collisions per unit 

35) and integrating, one obtains as the expression for the 

volume, per unit time 
1 

42 = 23/2d/2 Nl N2df2 ,/o; + @ 

cv 5.0NlN2df2,/m 
(3.36) 

. 

In applying (3.36) to particle/bubble collisions we must take 

%+RB 
up & = & (3.37) 
n;, N2=n:, 

where the effective values of relative velocity between (respectively) particles (bubbles) and 

the fluid are given by the expressions first delineated in Liepe and Mijckel [1976], namely, 

(3.38a) 

(3.3813) 

It is important, however, to note that in (3.7a) 

z f f 
= &2/n,nB 

r~ ~.o(R, + RB)~ JQTQ 
(3.39) 

is not a true frequency because it has the dimensions of volume/time. 

3.2.1.2 212 With Particle Body Forces 

The collision ‘frequency’ 2, as given by (3.39), has been used in the earlier work of Bloom 

and Heindel [1997a,b] ; this expression, however, does not take into account the (terminal) 

settling velocity (2lps) of particles or the rise velocity (21~) of bubbles and is, therefore, not 
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entirely consistent with the recent expressions for PC (i.e., (3.13)) and pasl (i.e, (3.17)) which 

have been derived by Heindel and Bloom ([1998a] and [1998b], respectively). In order to 

obtain an expression for 2 which does take into account both ups and VB we return to the 

general case considered in Section 3.2.1.1 and suppose that the particles in species 1 have 

a terminal velocity equal to Vi& in the x direction while those of species 2 have terminal 

velocity Wtz . In an application to particle/bubble interactions 

W t1 = +ps[, wt2 = ‘UB (3.40) 

In this case the probability distributions for motion in the IZ: and y directions arestill governed 

by expressions of the form (3.27) while for particles of species 1 the probability distribution 

for velocities in the x-direction must be modified to 

dP 1,z = 
1 

J- 27s; 
(3.41) 

with an analogous result for particles of species 2. In lieu of (3.32) and (3.33) we obtain 

dN 1= 
N 

(J27q)” 

and 

-(‘;2 + h2 + cwl - wtl>2> 1 dU dVdW 
11 1 

-('; + Q2 + cw2 - wtz)2) 
2u -22 1 du 

2 
dVdVt/’ 

2 2 

(3.42) 

(3.43) 

Substituting (3.42), (3.43), and 

x2 = pi - u2)2 + (vi - vg2 + [(Wl - wt,) - (w2 - wt2)12 (3.44) 

into (3.35) and then integrating, we obtain in place of (3.36) 

212 = 23’2r1/2 Nl N2df2@ + @ 

i [ 
1 (wtz - wt1)2 X exp -- 
2 Of +u; I) 

2 <wt,-wt,)“+q+o; 
+NN2-/r42 

i 
W w erf [ygg$]} t2 - t1 

(3.45) 
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where the ‘error function’, erf (z), satisfies 

14 

1 
- erf (z> -+ 0, as z -+ 0 m (3.46) 
ub 

Because of (3.46), (3.45) converges to the result in (3.36) as Wt2 - VI& + 0. 

If we now take into account both the particle settling velocity and the bubble rise velocity 

in particle/bubble interactions, then from (3.45) we obtain the following modification of 

(3.39): 

Report 9 

2 = 5.o(R, + RB)2@q 

(3.47) 

++$I + RB)2 (lvpsl + vB)2 + u; + 0; 
Ivpsl + ‘UB erf [ &$g]} 

. 
Remarks: In order for the expression (3.47) to be valid, the condition (3.30) must be 

satisfied. Using (3X), noting that in our experiments (to be described) RB+~ = lmm, 

cr = 35dynes/cm, and using water properties 

2 W 
6 25 1.2 x 1047 = 1.2- 

I-cg 
(3.48) 

The inequality (3.30) is clearly equivalent to 

Using (3.48) and the values 

pi = lcp = 10e2 g/cm-set 
dB = lO%m 
PB = 1.13 x 10V3 g/cm3 

we obtain from (3.49) the restriction that 

U < 0.951 cm/set 

Now, 

u = VB - &j 

(3.49) 

(3.50) 

(3.51) 

(3.52) 
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while i& is given by (3.3813). Employing pl = lg/cm3 and the values of c:, PI and dg in (3.48) 

and (3.50), we obtain from (3.3813) 

UB rv 20.1 cm/set (3.53) 

Thus, by virtue of (3.52) and (3.53) 

hvB- 20.1 cm/set (3.54) 

Combining (3.54) with (3.51) we find that (3.30) is satisfied provided 

U + 20.1 cm/set = 21 cm/set (3.55) 

Thus a bubble rise velocity, for the laboratory situation considered, of slightly less than 10 

cm/set should suffice to ensure the applicability of the expression (3.47) for 2. 

Remarks: We have noted that the derivation of the expression (3.27), for the unidirectional 

velocity distribution, depends on assumption (3.28) i.e., that the turbulence is in the inertial 

convection subrange. For the situation under consideration, namely, particle/bubble inter- 

actions, x = dp for the first species while x = dB for the second. The Kolmogorov microscale 

q may be expressed as 
314 

rl- 
Pl 

- 314 l/4 
(3.56) 

Pz c 

and for the values used above, it follows easily from (3.56) that q rv 3.02 x 10-3cm. For 

values of dg and dp which are given, respectively, by the approximate values of lO%m (& = 

0.5~72~2) and 10B2cm (I$ = 5Opz~) the restriction expressed by (3.28) is clearly satisfied. 

3.2.2 The Bubble/Particle Detachment Frequency (2’) 

The only treatment of the problem of particle/bubble detachment frequency which has 

been referenced in the literature is that of Mika and Furstenau [1968]; the concept of floe 

disruption frequency for floes subject to turbulence in the inertial convection range, governed 

by (3.28), has been treated by several authors, e.g., Thomas [1964] as well as Parker et al. 

[1972] and Wigberg and Lindstrijm [1987] and the mechanisms at work in the two different 
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problems appear to be, fundamentally, the same. As noted in Wigberg and Lindstrijm [1987], 

“eddies with 

the floes”; a 

the size of a 

sizes comparable to the size of fiber floes are considered to cause disruption of 

similar commentary appears in Mika and Furstenau [1968], where vortices of 

typical particle/bubble aggregate diameter are thought to be responsible for 

aggregate destruction. r;mploymg an analysis based on tne expression 

E(k, t) = k*E2’3x5’3 (k = l/X) (3.57) 

for the energy spectrum, in the inertial convection range (/& being an empirical turbulence 

constant) both Thomas [1964] and Parker et al. [1972] derive as the expression for the floe 

disruption frequency fx 

fx = P 1/2$/3r;-2/3 (p = 48k ) * (3.58) 

In (3.58), x is comparable to the eddy sizes of interest, i.e., those of the same order of 

magnitude as the floe diameter. In using the expression (3.57) for E(lc,t), Thomas [1964] 

attributes a value of k* = 0.73 to Hinze [1959]; using this value of Ic, in (3.58) one obtains 

fi E 5.g2py3 (3.59) 

for the floe disruption frequency in the inertial convection subrange. 

Mika and Furstenau [1968] consider a situation in which the turbulence is induced by an 

impeller blade rotating at high speed; in such a case it has been established that the local 

energy dissipation has the form 

c = KlN;D,2 (3.60) 

where DI is the impeller diameter, NI is the rotational speed of the impeller blade, and Kl 

is an empirical constant. Employing a turbulence analysis similar to that in the work cited 

on floe disruption, Mika and Furstenau [1968] find as the expression for the particle/bubble 

detachment frequency 2’ 

z I = C1K:/3NID;‘3(dp + dg)-2/3 d- (3.61) 
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where Cl is a an empirical value whose range is quoted as being 1.61 < Cl 5 2.33. Using 

the expression (3.60) for the local energy dissipation in (3.61) we obtain 

2’ = ,/cc1/3 (dp + dB)-2’3 (3.62) 

which is, formally, of the same structure as the floe disruption frequency fi; in (3.59); in (3.62) 

the relevant eddy size X is one which is comparable to an aggregate diameter dp + dg. As 6 

has dimensions L2tm3 it is clear that both & in (3.59), and 2’ in (3.62) have dimension t-l, 

i.e., both expressions represent frequencies. With Cr = 2, E = 1.2m2/sec3, and an aggregate 

diameter dB + dp cv dB = 10w3m, one obtains a value of 2’ z 150sec-l. 

3.3 The Semi-Batch Process Model 

In this section we derive both short-time and low gas holdup solutions for the initial- 

value problem consisting of (3.24a,b). In (3.24a,b) we recall that I = d/df, with t” = t/t* and 

*- t - V/Q 7 cP = v’&nB is the gas holdup parameter, E = n+$ where n$ = n{(O) is the 

initial concentration of free particles, $1 and iF, are the dimensionless kinetic constants, and Q . 

and y, respectively, are the concentrations of (total) particles and free particles (normalized 

in each case by n$). It is understood that both Q! and y in (3.24a,b) are functions of the 

dimensionless time t”; thus, the initial conditions associated with these equations have the 

form 

a(0) = 1, y(o) = 1 

where we have assumed that n{ (0) = n, (0). 

3.3.1 Short-Time Solution 

For small E we may expand a@) in a convergent power series in t of the form 

1 1 
a@) = c(o) + a’(o)2+ g2’(o)t2 + gcu’“(o)t’3 + l l l 

(3.63) 

(3.64) 
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From (3.64) we have ~(0) = 1 while, by virtue of (3.24a) and (3.65), a’(O) = 0. Therefore 

1 1 
a!@-) = 1+ p” (o) t ”  + gcu”‘(o)P + l l l 

Differentiating (3.24a) with respect to 5 and setting, subsequently, ? = 0, yields 

cpa”(0) = y’(0) (3.66) 

Setting t= 0 in (3.2413) yields 

so that 

a”(O) = &E/E, 

(3.65) 

(3.67) 

(3.68) 

in which case 

(3.69) 
N 

44 = 1 
LE 1 - 

&P + 6a”‘(o)P + l l l 

P 

Differentiating (3.24a) twice, with respect to 2, yields 

a”‘(0) = 
1 IcE 

-r”(O) + $ (3.70) 
cP P 

in which we have also used (3.68). But if we differentiate (3.2413) with respect to f, and then 

set 5 = 0, we find that 

~“(0) = k;E” + &FE + k,ji2E (3.71) 

In obtaining (3.71) we have used a(O) = y(O) = 1, a’(O) = 0, and y’(O) = -LIE. Combining 

(3.70) with (3.71) yields 

iE 
d”(0) = -$- 

1 

P 

+ <(k;E’ + &FE + &k2E) (3.72) 
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The use of (3.72) in (3.69) now yields the solution for small dimensionless time t” up to terms 

of order f4: 

AI -f &ET 
w - 

LE - -t + 
2c P 

&(’ + cp{klE + iI + i,)) 1 p + O(t”> (3.73) 
P 

For sufficiently small t the short-time solution given by the parabolic estimate 

which iS obtained from (3.73), may suffice outside the low gas holdup (small cp) regime; 

(3.74) 

however, one must be cautious as (3.74) ignores, to some extent, 

destabilization which is governed by LJ. 

From (324a) it follows that 

T(E) = EpQ’(t”) + a(E) 

From the approximation given by (3.74), and (3.75), we obtain for small t”: 

the effect of particle/bubble 

(3.75) . 

(3.76) 

We note that (3.74), (3.76) are consistent with a(O) = y(O) = 1, ~‘(0) = 0, and y’(O) = -klE. 

The dimensional form of the short-time solution for rip(t), up to terms of order t2, is 

nP(t> = nPco) 1 
[ -(%$y2] 

while that for nl,f (t) is 

n,f(t) = TIP(O) 1 [ -klnBt- (e)t2] 

(3.77) 

(3.78) 
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3.3.2 Low Gas Holdup Solution 

For small gas holdup (Q) we proceed by looking for solutions of the system (3.24a, b) in the 

form of perturbation series in the parameter c~, i.e., 

(3.79a) 

(3.79b) 

We must substitute (3.79a, b) into (3.24a,b), equate like powers of the gas holdup pa- 

rameter c~, and determine, successively, the coefficient functions a&), y&), (i = 0, 1,2, l l 0). 

Setting t = 0 in (3.79a, b) and using a(0) = y(O) = 1, we obtain the initial data 

aoo = l,ai(O) = 0, for i > 1 
~~(0) = 1, yi(O) = 0, for i 3 1 - 

(3.80) 

Next, we insert the expansions (3.79a,b) into (3.24a); equating like powers of 6; we obtain 

so(f) = Yo@j (3.81) 

as well as the sequence of first order ODE’s 

= 71 - Ql 

= 72 - 02 

= 3/n+l - %+l 

(3.82) 

all of which are subject to the initial data in (3.80). Inserting the expansions (3.79a, b) into 

(3.2413) yields 

(3.83) 

x [ (Qg - Yo) + (a - n>E, + (012 - 72)$ + l l l ] 
Expanding the right-hand side of (3.83), collecting like powers of c~, and equating like powers 

of C~ on both sides of (3.83) yields a companion sequence of first order ODE’s for (3.82); the 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project PO0903 21 Report 9 

first three equations in this sequence are 

/ 
70 = -k&, + (ao - yo)(kyo + h) 

I 
71 = -jE,Ey1+ hYl(QO -yo)+ (hyo + &2)(a, -71) 

I- 
72 - -my2 + &yz(ao - 70) 

+&(a1 -r1)+(byo + fz)(az -72) 

As so(f) = Yo(t"), i.e. (3.81), equation (3.84a) reduces to 

I 
70 = -klEyo 

whose solution subject to TO(O) = 1 is 

Also 

w (t> - = &Et 

Next, by virtue of (3.86), (3.87), equation (3.84b) reduces to 

I 
71 = -hEy1+ ($1yo + i,)(a, -71) 

(3.84a) 

(3.8413) 

(3.84~) 

(3.85) 

(3.86) 

(3.87) 

(3.88) 

However, by the first equation in the set (3.82), and (3.87), 

a1 - y1 = -a!; = j@&&Ef (3.89) 

Using (3.89) as well as (3.86), in (3.88) we obtain 

y; + ilEyl = (kle-k’Ei+ k2)klEt+lE” (3.90) 

The solution of (3.90), subject to the initial condition yl(0) = 0, is easily seen to be 

Y Yl w = &(e -iF1 Et” - ,-2i& Ei? ) + jLJ2,k-“1E~ (3.91) 

Prom the first equation in the set (3.82), as well as (3.87) and (3.91), one easily finds that 

al(f) = j&(1 + @+E~&@lEf+ j&~2&-"lEf (3.92) 
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Finally, using (3.84c), (3.86), (3.87), (3.91), and (3.92) we have 

$ + &Ey2 = ~~@-hE” { j&(e-h’EE - ,c+hE~) + j&k2fe-“1E”) 

+(kle-il-lE” + &)(a2 - 72) 

However, by virtue of the second equation in the set (3.82), and (3.92), 

a2 - 72 = @(I + @-“1E” - ~@E&E~ 

-&jEaEe -&Etl+ ~;~2~2&+1Ef 

Substituting (3.94) into (3.93), and collecting terms, we arrive at the equation 

y; + &Fy2 = qb&, k2, E; f) 

where L 
qb = JC1i2E(JC1(1 + E) - i2)cilEf 

c 

+&fE(& + &(l+ E) - i2)e-261EE 

-@E(l + 2jEl)e-3i1Et 
+@;E&&” + @i2E(1 + E)t~~~l~” 

Solving (3.95), subject to 72(O) = 0, then produces for 72 the following result: 

where the constants a,& c, d; and E are defined by 

U -. a= 1-1 k (k 
1 

-i,)+i2(1+E) l+= -$(1+2i,) 
( ) 1 

b = &k2E(iI(l + E) - i,) 

1 C= -pj& 
2 l 2 

d= iE,(i, -&)+i2(1+E)+i;k2(1+E) 

1 c= $(l+ 2&) 

Report 9 

(3.93) 

(3.94) 

(3.95) 

(3.96) 

(3.97) 

(3.98a) 

(3.9813) 

(3.98c) 

(3.98d) 

(3.98e) 

From the second equation in the set (3.82) we have ~2 = 72 - ai/, ; therefore, employing (3.92) 

in conjunction with (3.97) we find that 
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with 

Report 9 

(3SOOa) 

(3SOOb) 

(3sooc) 

(3JOOd) 

(3.100&J 

Inserting the results for y&), rl(t”>, and y&), i.e., (3.86), (3.91), and (3.97), into (3.7913) 

now yields, up to terms of order $, 

(3.101) 

Similarly, inserting the results for cr&), ai(f) and Q2(t”), i.e., (3.87), (3.92), (3.99) into the 

perturbation expansion (3.79a) yields, up to terms of order $, 

Dimensional expressions for n{(t) and np (t), respectively, may be easily produced by using 

(3.101), (3.102) and the definitions of ii, &, E, and fi in conjunction with (3.98a-e) and 

(3.1OOa-e). 

3.4 Model Summary 

In this section we will briefly summarize the model equations and their approximate 

solutions in the short-time and low gas holdup regimes. The semi-batch process model 

equations are (3.24a,b), i.e., 

$)a = -(Q--Y) (3.24a) 

7 / = -&Jq + &(a - 7) + qo - r> (3.2413) 
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In (3.24a,b), ’ = 2, i.e., differentiation with respect to the dimensionless time t” = t/t* where 

t * = V/Q. The normalized total particle and free particle concentrations enter (3.24a,b) as 

and 

respectively, where nio = ni (0) G np (0). The dimensionless attachment and detachment 

rates & and &, respectively, are given by 

Cy 

kl = lqt*nf and & PO 2 = kzt* 

where, by (3.7a,b), 

kl = WcLl PtpcPstab (3.7a) 

kz = Z’pdestab = z’( 1 - &ab) (3.7b) 

In (3.7a,b) Ptpc rv 1, Pctab is given by (3.8) and (3.9), PC by (3.13), Pasl by (3.17), and the 

collision ‘frequencies’ 2 and 2’ by (3.47) and (3.62), respectively. Finally, the parameters cp - 

(gas holdup per unit volume) and E (the relative bubble concentration with respect to the 

initial concentration of ink particles) in (3.24a,b) are defined by 

cp = v&B and E = n&Lo, 

respectively, with ?%B the constant concentration of air bubbles per unit volume in the column, 

as given by (3.4), and VB the volume of a single bubble. The system (3.24a,b) is subject to 

the init ial conditions 

cl!(o) = 1, y(o) = 1 

For small t (short-time) we have found that, up to terms of o.rder 0 (t4), (3.73) holds, 

i.e., 

4) - 
1 LE, rd - -t + 

2c P 

and, then, by virtue of (3.24a) 

$(I+ E~{~E + iE, + i2})] t’3 
P 

y(t) = Epa!‘(t”> + a@) 
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For very small E, (3.73) may be replaced by the parabolic estimate (3.74), i.e., 

in which case (3.75) leads to (3.76), i.e., 

Tw 
u, -I-&Et”--t 
2c P 

Other estimates are also available as a consequence of (3.73), (3.75), e.g., if 

cp(hl[l + E] + &) << 1 

then from (3.73) we have 

in which case (3.75) produces 

‘From (3.74), (3.76) we have 

for all sufficiently small t > 0, while from (3.103), (3.104) 

w, a@) - r(f) = &Et”- 2Et = ilEt” 
P 

only for t < 2cp, i.e., for 

t < ~(n,v,, 

(3.103) 

(3.104) 

(3.105) 

(3.106) 

The inequality (3.106) serves to make precise the meaning of ‘short-time’ with respect to 

the application of the estimates (3.103), (3.104); on the other hand, the somewhat cruder t 

estimates (3.74), (3.76) are applicable provided that (3.73) may be replaced by (3.74) i.e., 

provided that t < < 1, or 
V 

it<<- 
Q 
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For the case of low gas holdup (small c~) we have obtained the following results which are 

based on substituting the perturbation series (3.79a,b) into (3.24a,b), imposing the initial 

conditions a(O) = y(O) = 1, and equating like powers of c~: Define the two families of 

constants 

0 i 

and 

and 

ii = zi + (i;E(l + E) - klk2E) 

b = b + @i2E 

then up to terms of order c:, for C~ small: 

(3.108) 

(3.109) 

4 EXPERIMENTALPROCEDURES 

Flotation experiments were completed to determine particle removal efficiencies for var- 

ious size ranges of toner particles. This section summarizes the procedures used in these 

experiments. The model flotation cell will first be described. Then stock preparation pro- 

cedures and experimental conditions will be outlined. Finally, the data analysis procedures 

will be reviewed. 
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41 l Model Flotation Cell 

A schematic of the model flotation cell is shown in Fig. 1. It consisted of a 6.4 cm 

diameter clear acrylic cylinder that was 68.6 cm long. One end of the cylinder was attached 

to a conical section, where the cone apex contained a sintered stainless steel sparger with 

40 ,um openings. The sparger location also acted as a sampling port when the experiment 

was completed. The opposite end of the cylinder was open to allow for foam removal. The 

flotation column was vertically mounted in a test stand such that the sparger was located 

at the column base. A low-speed agitator (i.e., mixer) was used to prevent fiber flocculation 

and help keep the stock mixed. 

42 a Stock Preparation 

The stock used in these flotation trials consisted of fused toner particles that were added 

to unprinted copy paper and then repulped. 

4.2.1 Toner Particle Generation 

To eliminate the complication of “hairy” toner particles [Johnson and Thompson, 1995; 

Pan et al., 1995; Vidotti et al., 1995a, b; Thompson, 19971, our experiments were completed 

with toner particles that were fused prior to pulp addition. Following the procedures of 

Vidotti et al. [1997], images were printed on cellophane using an HP-6P laser printer with a 

LaserLife Toner Cartridge (LL C3903A). The images were composed of twelve black rectan- 

gles, each with an area of 11.2 cm 2. Therefore, each sheet had approximately 22% printed 

area. The image regions were then soaked in DI water and the fused toner separated from 

the cellophane. This procedure was completed multiple times to generate a sufficient amount 

of fused toner particles for each flotation trial. 

4.2.2 Fiber/Toner Mixture 

A number of unprinted copy paper sheets (i.e., 20) were shredded and soaked in DI 

water following TAPPI Method T 205 om-88. Fused toner particles from nine (9) cellophane 
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sheets where then added to the soaked copy paper and disintegrated following standard 

TAPPI procedures. This disintegration procedure ensured no “hairy” toner particles were 

present in the suspension, and that the true toner particle size effects could be addressed 

during the flotation experiments. This process also resulted in a wide distribution of toner 

particle sizes. Figure 2 displays the particle size distribution from three separate feed trials, 

showing the uniformity in the particle size from trial to trial. These data will be discussed 

in detail below. 

4.3 Experimental Conditions 

Flotation trials were performed for a given time period ranging from 2 to 60 minutes. 

Each trial consisted of a known volume of stock with the added toner particles. Initial trials 

were completed with 1 L of 1% stock. T!riton X-100, henceforth identified as TX-100, was 

used as the foaming agent in all trials, and was added at a rate of 200 mg of TX-100 per 

liter of 1% stock. 

During the flotation trial, zero purity air (Air Products) was injected through the sparger 

at a constant rate of 1 L/min . Foam was generated throughout the flotation period and was 

removed at the column top. After a specified flotation period, the sparger was removed from 

the column base and a 500 ml sample of the remaining stock was collected. This sample 

represented the accepts from the flotation trial and was collected from the column bottom 

to eliminate the possibility of collecting some foam with the accepts. Therefore, particles 

transported to the foam were ,assumed to be removed from the system. The remaining stock 

from the trial was discarded. 

This flotation procedure was repeated for each specified flotation time, using a new 1 L 

stock sample from a feed bucket for each trial. 
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4.4 Data Analysis 

4.4.1 Surface Tension Measurements 

The surface tension of the accept filtrate from selected trials was measured using a 

Dynamic Contact Angle Analyzer. Since the experiment was performed in a batch process, 

the accept stream surface tension varied with flotation time. This result was due to the air 

bubbles transporting some of the surfactant to the foam layer, where it was removed with the 

foam. Figure 3 displays how surface tension varied with flotation time for these experiments. 

As expected, the lowest surface tension corresponds to the initial conditions. The surface 

tension then increases with increasing flotation time toward the value associated with DI 

water. Since data for only the first 10 minutes of flotation was used in the model validation, 

a constant surface tension value was estimated for use in the model predictions. For these 

calculations, the surface tension was fixed at 0 = 35 dynes/cm. The effect of surface tension 

variations will be addressed in Section 5.4.1. 

4.4.2 Handsheet Preparation 

Handsheets from the feed and accepts of each trial were prepared following standard 

TAPPI handsheet making procedures with two modifications. First, very thin handsheets 

were made (15-20 g/m2) to reduce the likelihood that the handsheets were two-sided. Second, 

the handsheets were formed in a British Handsheet Mold, but filter paper (VWR Brand 

#415) was placed on the screen before the handsheet was formed. This prevented the 

loss of any toner particles that could pass through the screen. Note that when making these 

handsheets, dilution water was added from the top of the handsheet mold to prevent damage 

to the filter paper. 

4.4.3 Image Analysis 

Image analysis was performed on three handsheets from each flotation trial to obtain 

a representative sample of the particle removal efficiencies. Five random image fields were 

scanned, with a 1500 dpi resolution, from each* handsheet. Each field represented approxi- 
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mately 5.4 cm 2. Optimas 5.2 image analysis software was used to determine the particle size 

of all toner particles found in the random areas. The equivalent diameter, defined as the 

circular diameter whose area is equal to that of the particle, was then determined for each 

particle. Particles with an equivalent diameter larger than 50 ,um could be identified with 

this procedure. (A new image analysis system has recently been purchased that will allow 

for improved analysis at smaller particle resolutions.) 

5 RESULTS 

This section presents the experimental particle removal efficiencies obtained in the flota- 

tion trials, compares these efficiencies with predicted values, and provides possible reasons 

for the discrepancies between the experimental data and the theoretical model. This section 

concludes with a limited parametric model study to show the model sensitivity to selected 

-variables. 

5.1 Experimental Results 

Figure 4 presents the particle concentrations for the flotation trials identified as Trial 1. 

This represents flotation trials for various flotation times using the same feed stock. Trials 2 

and 3, discussed below, represent similar flotation trials, but from different feed stock. The 

effective particle diameter is classified in 50 ,um wide bins, beginning at 50 ,cLm. From the 

image analysis and the exact handsheet basis weight, the particle concentration is determined 

as the number of particles per gram o.d. fiber. This assumes that the handsheet formation 

is uniform and the ink particle mass is negligible. Both of these assumptions are reasonable. 

The feed sample (solid symbols) provides a high (and fairly uniform) particle concentration 

over a wide range of effective particle diameters. The concentration begins to decrease after 

approximately 300 pm. There is also a high particle concentration for particles larger than 

400 pm, but these particles include a wide size distribution (i.e., approximately 400-1000 . 

Pm> . 
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Performing flotation for various time periods on this feed stock results in a decrease 

in particle concentration with increasing flotation time. There is a significant decrease in 

particle concentration between the 10 and 20 minute flotation periods. There is also a 

negligible difference from one particle size range to another as flotation time increases. After 

30 minutes of flotation, nearly all particles are removed, and after 60 minutes of flotation, 

only a few particles are visible in the entire accept sample. For this reason, the 60 minute 

flotation data have been removed from Fig. 4 and all subsequent figures. 

The experimental particle removal efficiency can be defined by 

Eff(t) = 1 - 
Accept Particle .Concentration x Ioo% 
Feed Particle Concentration (5 11 . 

This value is shown in Fig. 5 for the Trial 1 data. As expected, the removal efficiency is 

initially low, but increases with increasing flotation time. Figure 5 also shows that particles 

in the 50400 pm size range are initially removed more effectively than very large (> 400pm) 

particles. However, after 20 minutes of flotation, all particles have a high removal efficiency. 

After 30 minutes of flotation, the removal efficiency for all particle size ranges approached 

100%. This was also visually confirmed by viewing the individual handsheets for the 30 

minute trial - they only had a few particles on them. 

Two additional flotation trials were completed, and the particle concentrations and re- 

moval efficiencies for these trials are shown in Figs. 6-9. As shown, similar trends are 

observed to those of Trial 1 and good repeatability between the three trials was obtained. 

This is also shown in Appendix Table A.1, where the flotation efficiency for each condition 

is summarized. 

The average particle removal efficiency, as a function of flotation time, from all three trials 

for each particle size range is shown in Fig. 10. As expected, the removal efficiency increases 

with increasing flotation time. For the conditions of this study, there also appears to be only . 

small variations between each particle size range. It is hypothesized that this result is due 

to the low mixing intensity (i.e., turbulence) in the flotation cell, and the ramifications of 
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5.2 Comparisons to Model Predictions 

Comparisons between our flotation model and this initial data have been made. In these 

comparisons, y(t) is defined as 

- n f 
YW - 

P 6) Accept Particle Concentration 
- - 

f - 
nP0 Feed Particle Concentration (5 2) . 

The gas holdup in the various experiments was recorded to be approximately 2.2%. There- 

fore, cp = 0.022 in (3.101) and, as a first approximation, second-order and higher terms 

involving cp will be neglected in (3.101). Hence, on a dimensional basis, (3.101) reduces to 

Y(t) 
V 

c ,+nBt + kl - npfo(e-klnBt - e-2klnBt) + [ 0 Q 
nBklk2te-klnBt cp 1 (5 3) . 

The experimental data, as a function of time, for each particle size range is then fit to 

(5.3) to determine kl and k2. Only the first 10 minutes of flotation were used in these 

comparisons because y(t) approached zero for the larger flotation times (i.e., experimental 

removal efficiencies approaching 1) l More data will be collected for t < 10 minutes in - 

subsequent flotation trials. 

Based on bubble size measurements completed in a TX-100 saturated solution, the bubble 

radius (RB) was between 0.4 and 0.6 mm, and the maximum bubble radius was approxi- 

mately 1.0 mm. This information was used in conjunction with the gas holdup ( cp) to 

estimate the number of bubbles per unit volume (73~). The initial number of free particles 

in a given size range (vz{~) was determined from image analysis of the feed stream. 

A sample plot of y(t) is shown in Fig. 11 for the particle size range of 100450 pm. . 

The midpoint particle radius (Rp = 62.5pm) is used to characterize this particle size range. 

Flotation results for up to 10 minutes of flotation are included in the figure. The experimental 

data follow a decaying exponential curve. The “best fit” to (5.3) has been determined to be 
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with kr = 3.4 x low8 and kg = -4.8 x 10B4 (R2 = 0.87). This curve is also included in Fig. 

11. The experimentally determined k1 and k2 values for other particle size ranges are shown 

in Table 1. 

This table highlights two unexpected results: (1) the experimentally determined kl values 

are very similar for all particle size ranges; and (2) the “best fit” to the data includes negative 

k2 values which physically should be a positive number. It is hypothesized that these results 

are due to the experimental facility creating only minor turbulence (mixing) in the flotation 

cell. Therefore, if a bubble/particle is formed, it is unlikely that turbulence would destabilize 

the aggregate. This will be further discussed below. Low turbulent mixing would also cause 

k2 (the kinetic constant describing bubble/particle aggregate destruction) to have only a 

minor influence on y(t) in (5.3). Th e negative k2 was determined simply from a “best fit” 

curve fitting technique. 

To show that k2 does indeed have only a minor influence on the results in this these 

experiments, kl was also determined through a “best fit” curve fit while k2 was fixed at 

one of two values. The first corresponds to k2 = 0 (no destabilization of the bubble/particle 

aggregate), and the second corresponds to k2 set to the theoretically determined value (3.7b). 

These results are also included in Table 1. For a fixed Rp, k2 has a very minor effect on 

the value determined for k1 when the magnitude of k2 is small. Therefore, for the resulting 

experimental conditions of this study, k2 plays an insignificant roll. It is expected that this is 

not the case in actual flotation cells, and the experimental conditions in upcoming laboratory 

flotation trials will be modified to correct for this deficiency (see Sections 5.3 and 7). 

To determine the predicted kl and k2 values, based on our model, additional assumptions 

were made. These include: (1) the particle size was fixed at the midpoint particle radius 

for the size range considered for each condition; (2) the bubble size was fixed at a bubble 

radius of Rg = 0.5 mm, the midpoint of the bubble size measurements; (3) the liquid surface 

tension was fixed at 0 = 35 dynes/cm, even though it varied with flotation time; (4) the 

turbulent energy density was determined from (3.11) using the appropriate values for surface 
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tension (a = 35 dynes/cm), maximum bubble radius (RB,~~ = 1 mm), and fluid density 

(P 1 = 1 g/cm3); (5) the surface mobility coefficient was specified as CB = 1, corresponding 

to an idealized rigid bubble surface; and (6) the ratio of initial-to-critical film thickness was 

taken to be ho/h,it = 3. 

The theoretical value of y(t) for Rp = 62.5pm is also shown in Fig. 11 and is near 1 for the 

majority of the shown flotation time (i.e., prediction (1)). The predicted kl and Its values for 

the theoretical y(t) for the conditions in Fig. 11 are 2.0 x low9 and 1.4 x 10-l, respectively. 

These values do not match the experimental conditions very well. Table 2 summarizes the 

theoretical ICI and /&J values for the same particle size ranges shown in Table 1. In all cases, 

the theoretical kr is approximately 5 to 50 times smaller than the experimentally determined 

value. For the experimental conditions used here, k2 had a negligible influence on the results 

so it is inappropriate to compare the experimental and theoretical kg values. Potential 

reasons for the discrepancies in ICI and ks will be detailed in the next section. However, it 

is instructive to show that slight variations in two parameters, CB and ho/h,it, which have . 

been estimated from the mineral flotation literature but are unknown for our system, can 

have a significant effect on the predictions. For example, prediction (2) in Fig. 11 maintains 

all the same values as prediction (l), except CB = 2 and ho/hcrit = 2. This produces a 

predicted k1 ( kz does not change) of 2.3 x 10B8, which is much closer to the experimental 

values. Although CB and holh,it were varied only slightly, they have a large impact on the 

predicted k1 values. These variations will be highlighted in Section 5.4. 

Combining (5.1) and (5.2), flotation efficiency can be described by 

w(t) = 1 - y(t) (5 4) . 

The flotation efficiency for the conditions shown in Fig. 11 is presented in Fig. 12. The under 

prediction of the theoretical flotation efficiency is the primary result of the under prediction 

of kl. However, slight changes to CB and ho/h crit greatly improves these predictions. 
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5.3 Discrepancy Explanation 

This section presents potential reasons for the wide discrepancies between the experi- 

mental and theoretical kinetic constants ki and !Q. Possible experiment al and theoretical 

problems are outlined and potential solutions to these problems are presented. 

5.3.1 Experimental 

After obtaining and analyzing all of the experimental data, it has been determined that 

the model flotation cell used in this study had one serious flaw. That is, very little turbulence 

was produced in the flotation cell. This allowed all bubble/particle aggregates that formed 

to remain stable as they rose to the froth layer (i.e., p&b = l), Therefore, as shown in Table 

1, lQ had a negligible effect on the overall results. This would not be true in actual flotation 

cells because severe mixing is typically introduced [Heindel, 19991. 

To correct this deficiency, future laboratory flotation trials will use a Wemco flotation 

cell. This type of flotation cell also operates as a batch process. However, it is a standard 

laboratory flotation cell with considerable mixing. Figure 13 is a schematic representation 

of this cell. It consists of a 3.5 L plastic tank, an impeller and perforated stabilizer, and a 

hollow stainless steel shaft. It is equipped with a variable speed rotor (3004900 RPM) and 

a gas inlet valve. With the gas inlet open to the atmosphere, the aeration rate is a function 

of the impeller speed. However, if the gas inlet is connected to pressurized air, the air flow 

can be metered into the cell. Therefore, the aeration rate can be controlled independently 

from the impeller speed. 

5.3.2 Theoretical 

Recall that two (major) assumptions were included in the flotation model [Heindel and 

Bloom, 19951: (1) a bubble can pick up at most one particle and carry it to the surface of the 

flotation cell, and (2) all particles are spherical. These assumptions were made in order to 

solve the initial model equations. However, bubbles in actual flotation cells will carry more 
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particles, are non-spherical. 

than one particle is allowed 

and the predicted efficiency 

than one particle to the surface, and particles, particularly tone] 

We believe the first assumption is the most restrictive. If more 

to attach to a bubble, which is more realistic, kr will be larger 

n 

,  

will also be higher. We are currently in the process of removing this severe restriction to 

our model equations, and it is expected that the predictions will be much closer to the 

experiment al values. 

In addition to this severe restriction, other factors may also influence the theoretical 

predictions. For example, certain parameters must be know to determine the various micro- 

process probabilities. The effect of variations in three of these parameters on the theoretical 

kinetic constants are presented in Section 5.4. Additionally, some of the needed information 

is determined from the mineral flotation literature because the two flotation processes are 

commonly assumed to be similar (see Heindel [1999] and the citations therein). However, 

their direct applicability to flotation deinking has yet to be verified. 

5.4 Limited Parametric Studies 

Various parameters must be known before the theoretical JQ and kz values can be deter- 

mined. This section presents limited parametric studies for three of these parameters: the 

surface tension (a), the surface mobility coefficient (CB) , and the ratio of initial-to-critical 

film thickness (/@/&it). These calculations were completed for the conditions outlined in 

Table 3. All parameters are fixed at these conditions except for the one that was varied. 

5.4.1 Effect of Surface Tension 

The surface tension of a flotation deinking liquor can easily be measured and may be 

assumed to be approximately constant in a continuous flotation process. However, in a batch 

flotation process like the one carried out in the laboratory, surface tension does not remain 

constant because some of the surfactant that is used as a frothing agent is removed with 

the foam (e.g., Fig. 3). However, in the model, it is assumed to be independent of time. 

Therefore, it is of interest to determine the impact surface tension variations have on both kl 
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and /&. A minimum surface tension in our experiments is on the order of 30 dynes/cm and 

a maximum would correspond to DI water (-72 dynes/cm). Therefore, the surface tension 

could vary between ~30 and ~70 dynes/cm, but as shown in Fig. 3, in most trials it will 

range between 30 and 40 dynes/cm. 

Figure 14 shows how kr and Icz vary as the surface tension in increased from 20 to 70 

dynes/cm. Over this wide range of surface tensions, both ki and kg increase by approximately 

a factor of 2. In the surface tension range encountered in most of the experiments (30-40 

dynes/cm), kl increases by a factor of ~1.30 and k2 increases by a factor of ~1.15. This 

variation is not considered to be a major influence on the theoretical results. 

5.4.2 Effect of the Surface Mobility Coefficient 

The bubble surface mobility coefficient, CB, characterizes the degree of immobilization 

of the bubble surface due to the influence of the adsorption layer of surfactant on the bubble 

surface. It will influence ICI through .& and has been shown to vary between 1 and 4, 

depending on the surfactant concentration. For pure water CB = 4, and for a completely 

rigid surface CB = 1. Figure 15 shows that k1 increases by over an order of magnitude as 

CB increases from 1 to 4. However, since an air bubble in a deinking system is more likely 

to act as a rigid surface due to surfactants and other chemicals coating the bubble, CJJ will 

generally be much closer to 1 than 4. 

5.4.3 Effect of the Initial-to-Critical Film Thickness 

The ratio of initial-to-critical film thickness, h&crit, must also be known to determine 

pasl, which will influence k1. Schulze [1991, 19921 has specified two different equations for 

h crit 7 which are functions of surface tension and contact angle. These equations also appear 

to be system dependent. Schulze [1993] has also indicated that ho is a function of particle 

diameter, fluid viscosity, particle settling velocity, surface tension, and surface mobility, 

and this function depends on the particular system of interest. Rulev and Dukhin [1986] 

concluded that both ho and hcrit are functions of the surface tension and collision process. 
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They determined that for quasi-elastic collisions (St > 1)) /~/h,it = 3, and for inelastic 

collisions (0.1 < St 5 l), ho/h,it = 4. Therefore, although the specific values of ho and 

hcrit are system dependent, the ratio ho/h,it is typically on the order of 3 to 4 for mineral 

flotation systems. Since mineral flotation and flotation deinking are assumed to follow similar 

microprocesses [Heindel, 19991, we assume that ho/hcrit for flotation deinking systems is also 

within this range. 

Figure 16 shows how holh,it influences kl for 2 < holh,it 5 5. In this range, kl varies 

by two orders of magnitude. This parameter is probably one that has a significant influence 

on the theoretical kl value. However, with limited information available in the literature, it 

can only be assumed to be similar to mineral flotation and range from 3 to 4. This range 

produces a variation in ICI by a factor of 5. 

6 CONCLUSIONS 

This report summarized the current state of the flotation model and provided updates to 

The current experimental results did not match the theoretical flotation efficiency pre- 

dictions very well. It was determined that improvements in the experimental procedures, 

as well as enhancements in the model will decrease the discrepancy between the predictions 

and experimental results. We are currently implementing these improvements. 

7 FUTUREWORK 

The current focus of the flotation modeling aspect of this project addresses the ex- 

perimental and theoretical improvements alluded to above. Procedures are currently being 

developed to improve the quality of the experimental data. This will involve the use of a 

Wemco flotation cell (Fig. 13) and a new image analysis system recently acquired by IPST. 
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Improvements to the theoretical model are also being made. These involve allowing the 

bubble to carry more than one particle which is a much more realistic process. 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project F00903 40 

8 NOMENCLATURELIST 

A C- 

I Bo - 

flotation column cross-sectional area 

modified Bond number 

Cl - constant 

CB - parameter characterizing bubble surface mobility 

DI - 

dP - 

dP u- 

dP V- 

dP W- 

dU i - 

dU P- 

dV i - 

dK . - 

d P’ 

42 - 

impeller diameter 

(differential) probability distribution 

differential probability distribution for motion in the x-direction 

differential probability distribution for motion in the y-direction 

differential probability distribution for motion in the z-direction 

differential increment in the zc component of the velocity field 

unidirectional particle velocity differential 

differential increment in the y component of the velocity field 

differential increment in the x component of the velocity field 

particle diameter 

R1+ R2 

nB/n;* 

energy spectrum 

standard error function 
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f- 

f r 

G- 

G- 

g- 

d > r 

H- 

- h crit 

ho - 

Kl - 

k- 

k *- 

kl - 

k2 - 

k( > r 

N 
kl - 

U 
k2 - 

L- 

NB 

fluid flow friction factor 

flow disruption frequency 

dimensionless particle settling velocity 

velocity gradient perpendicular to the direction of particle motion 

acceleration due to gravity 

radial velocity (intermediate flow) 

height of the flotation column 

critical film thickness 

init ial film thickness 

empirical turbulence 

wavelength (l/x) 

constant 

empirical turbulence constant 

forward rate constant (attachment) 

reverse rate constant (detachment ) 

tangent ial velocity (intermediate flow) 

dimensionless forward rate constant (klt*n$) 

dimensionless backward rate constant (kzt*) 

macroscale of turbulence 

total number of bubbles in the column at any time 
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lvB - 

NI - 

N i - 

nB - 

72% - 

number of air bubbles entering the column/time 

impeller rotational speed 

number of particles of species i per unit volume 

(constant) concentration of air bubbles 

concentration of bubbles with particles attached to them 

f 
nB - 

nP - 

ni - 

f 
nP - 

nf - PO 

concentration of free bubbles 

total number of particles/volume 

number of particles/volume attached to bubbles 

number of free particles/volume 

initial concentration of free particles 

o- order symbol 

P as1 - 

P C- 

P destab 

P stab - 

P tpc - 

Q- 

probability of adhesion by sliding 

probability of collision between a particle and a bubble 

probability of destabilization of a bubble/particle aggregate 

probability of stability of a bubble/particle aggregate 

probability of three phase contact 

volumetric air flow rate 

RB - bubble radius 

Re B- bubble Reynolds number 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project F00903 43 Report 9 

Re b- 

Re P’ 

Rz l -  

% -  

t -  

*  

t  -  

LI 

t -  

UB - 

u i- 

u i- 

u P- 

-2 
u P- 

V- 

VB - 

V i- 

x2 - 

VB - 

vi? - 

1 
15 

~~0.72 
- B 

particle Reynolds number 

radius of ith species 

particle radius 

time 

bubble residence time 

dimensionless time 

mean fluid velocity deviation 

relative bubble velocity 

1x3 component. of the velocity field of the ith species 

velocity distribution variance for the ith species 

unidirectional particle velocity 

variance of a unidirectional particle velocity distribution 

mixture volume (stock and gas) 

volume of an individual bubble 

y component of the velocity field of the ith species 

relative velocity between particles of species 1 and 2 

bubble rise velocity 

superficial gas velocity 
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vP - 

vps - 

W i - 

W ti - 

z- 

/ z- 

a!- 

Y 
a (9 i 

APB 

AP P 

c- 

cP - 

rl- 

Y- 

Y (t> i 

x- 

- 
x- 

Pe - 

ve - 

particle velocity 

particle settling velocity 

x component of the velocity field of the ith species 

terminal velocity of the ith species 

collision frequency between particles and bubbles . 

detachment frequency of particles from bubbles 

dimensionless (tot al) particle concentration 

ith coefficient in the perturbation expansion 

density difference (PB - pe) 

density difference (pp - me) 

(Kolmogorov) turbulent energy density (or dissipation rate) 

gas holdup per unit volume (V&B) 

microscale of turbulence 

dimensionless (free) particle concentration (n,f/$J 

ith coefficient in the perturbation expansion of r(i) 

dimensionless friction fact or 

eddy scale comparable with an aggregate diameter 

fluid dynamic viscosity 

kinematic viscosity 
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PB - bubble (gas) density 

Pe - fluid density 

PP - particle density 

o- surface tension 

e- cant act angle 
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Table 1: Experimentally determined kl and ks values through a “best fit” curve 
fitting technique. 

RPb4 

37.5 

62.5 

87.5 

112.5 

Report 9 

“best fit” to both kl “best fit” to k1 with 
. 

“best ht” to kl with k2 
and kg k2 = 0 determined from (3.7k~) 

kl 3.447 x 1o-8 3.447 x 1o-8 3.449 x 1o-8 . 

k2 -5.067 x 1O-5 0 4.818 x 1O-4 

R2 0.91 0.91 0.91 

kl 3.393 x 1o-8 3..395 x 1o-8 4.136 x 1O-8 

k2 -4.754 x 1o-4 0 1.447 x 10-l 

R2 0.87 0.87 0.87 

h 3.151 x 1o-8 3.152 x lo-' -1.394.x 1o-8 

k2 -3.616 x 1O-4 0 1.645 x 10’ 

R2 0.96 0.96 0.80 

kl 3.578 x lo-' 3.587 x 1O-8 -3.276 x lo-' 

k2 -1.811 x 1O-3 0 6.285 x 10' 

R2 0.90 0.90 0.72 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project F00903 50 Report 9 

Tables 2: Theoretical k1 and k2 values. 

37.5 6.673 x 10-l' 4.818 x 1O-4 

62.5 2.001x 1o-g 1.447 x 10-l 

87.5 4.137 x 1o-g 1.645 x 10' 

112.5 6.971 x lo-' 6.285 x 10' 

Table 3: Conditions for the parametric evaluations in Section 5.4. 

Rp 62.5pm 
PP 1.2 g/cm3 
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Figure I.: Schematic of the laboratory flotation cell used in this study. 
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Figure 2: Particle concentration distribution of the flotation feed streams. 
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Figure 3: Surface tension variation as a function of flotation time. 
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Figure 4: Particle concentrations for various Trial 1 flotation times. 
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Figure 5: Particle removal efficiency for various Trial 1 flotation times. 
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Figure 7: Particle removal efficiency for various Trial 2 flotation times. 
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Figure 8: Particle concentrations for various Wal 3 flotation times. 
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Figure 9: Particle removal efficiency for various Trial 3 flotation times. 
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Figure 12: Experimental and theoretical flotation removal efficiency for 4 = 
62.5 pm and Rg = 0.5 mm. 
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Figure 13: Laboratory Wemco flotation cell schematic. 

Tverflow 
rejects 

foam 

\3.5 L tank 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project F00903 64 Report 9 

30 0 

k,,k 2 

25 0 

20 0 

15 l 

10 a 

05 0 1111 1111 1111 1111 I I I1 I I I I  1111 I I I1 I I I1 I I I  

20 25 30 35 40 45 50 55 60 65 70 
Surface Tension (dynes/cm) 

Figure 14: The effect of surface tension on ICI and I&. 
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Figure 15: The effect of the surface mobility coefficient on ICI. 

IPST Confidential Information - Not for Public Disclosure 
(For IPST Member Company’s Internal Use Only) 



Project FO0903 66 Report 9 

1x10 -7 

k 
1 

1x10 -* 

1x10 -11 
2 25 0 3 4 

Figure 16: The effect of the critical-to-initial film thickness ratio on IQ. 
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12 APPENDIX 

Report 9 

Table A. 1: Experiment al flotation efficiency summary. 

Particle Size Range Trial Flotation Time (minutes) 
2 5 10 20 30 60 

Trial 1 38 36 43 80 97 95 
Trial 2 35 38 45 68 100 100 

50-100 pm Tkial 3 -2 22 47 90 99 99 
Average 24 32 45 79 99 98 
Tlrial 1 11 12 31 82 99 97 
Trial 2 33 29 52 71 98 100 

lOO-150pm Trial 3 29 44 59 95 99 100 
Average 24 28 47 83 99 99 
Trial 1 .6 17 23 91 99 100 
Trial 2 28 35 58 a81 100 99 

150-20Opm r Trial 3 4 44 52 97 100 99 
Average 12 32 44 90 100 99 
Trial 1 14 33 31 94 99 100 
Trial 2 23 31 50 79 100 100 

200-250pm Tkial 3 22 47 53 97 100 100 
Average 20 37 45 90 100 100 
Trial 1 17 33 29 87 99 100 

Average 

Trial 1 17 23 29 82 98 99 
Trial 2 32 33 48 76 100 100 
Trial 3 15 46 51 95 99 100 

Overall 
Average 21 34 43 84 : 99 100 
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