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PREFACE

This study conslders certaln qualltles of finlished
products and the service tests required to evaluate them.
It is concerned with military weapons, especlally those
assoclated with direct, almed fire. The statlstical a-
nalyses and graphlcal methods of solution used are within
the scope of readers famillar with only elementary statis-
tics,

Since the items under conslideratlion are military
weapons, their senslitive nature precludes identifying them
or reporting on thelr performance characteristics in physi-
cal units of measurement. Numerlcal wvalues have been coded
so0 as to have only academic interest. Military clearance
for publishing thils paper was granted by 0ffice, Chief of
Army Fleld Forces, Fort Monroe, Virginia, on June 4, 1954.

This opportunity 1s taken to express my apprecliation
to the officers and enlisted men of Board No. 3, Conti-
nental Army Command, Fort Bennlng, Georgla, for thelr co-
operation in gathering materlal, and to the faculty of the
School of Industrial Engineering, Georgia Instltute of
Technology, for thelr stimulus and advice 1n this under-

taking.
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ABSTRACT

SAMPLE DESIGNS AND ANALYSES FOR SERVICE TESTS
OF MILITARY WEAPONS (FINISHEED ASSEMBLIES)

VICTOR B. KOVAC

An analysis 1s made of the factors which contribute
to the quality of military weapons. Accuracy and rella-
bility are Investigated to determine simple and effective
methods of proof testlng and analyzing results.

Ballistlc errors appear to be bivariate distribu-
tions on a vertical target plane, normally distributed a-
bout the center of impact along vertlcal and horizontal
axes. Alming errors and human errors appear to follow
similar dlstributions about the aiming point. Aiming
errors for expert gunners are negliglible compared with
human and incidentel errors and therefore, the two terns
should not be treated as synonymous.

The human and incldental errors in two types of
weapons Investigated appear to be significantly larger
than ballistle errors, hence they tend to determine sys-
tem performence at fleld targets more than do ballistic
errors. It is therefore not sound policy to base decisions

on ballistlec accuracy of weapons alone. A more approprlate
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test of gunner-weapon system accuracy 1s to determine the
characteristic hit probebility on approprlate targets dls-
posed at several dlstances. For greatest consistency, on-
ly proficient gunners should be used. Average gunners ap-
pear to distribute thelr hits more widely in the horilzontal
directim than 1n the vertlcal direction.

A nomograph for converting probsble errors into hit
probabllity for a wide range of target slzes 1is submltted.
it may be used to estimats total system errors from hit
probability, hence total field firing errors and balllstic
errors may be compared directly. The dlifference between
total system varilance and ballistic varlance ylelds a re-
sultant which is conslidered as the human error variance.
Further investigation 1s necessary to evaluate the effects
whlch mske the human error the domlnant factor in field
firing.

Malfunctions under normal firing conditions appear
to follow the Polsson distribution. Severe trials may be
used to induce higher rates of occurrence, but the result-
ing counts of malfunctions must be tested for consistency.
The CHI-Square statlistlc may be used for comparing the fre-
quencies of failures occurring to two weapons, but a graph-
lc comparison made on Blnomial Probabllity Paper seems to

be more informative,.
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Two statistical methods found to be effective in
evaluating dispersion are ansalysis of varlance and re-

gression of errors on range (distance).



CHAPTER 1

INTRODUCTION

Definition of the Problem

Complexity of modern weapons.--Durlng the last century,

the instruments of war have become increasingly complex.
Consider the transition from the smooth bore firearms of
the Civil War, through the machine gun of World War I, to
the present semimutomatic rifle with its myriad supporting
arms. For both the individual soldier and his unit, the
complement of arms has Iincreased in number, range, saccuracy
and eutomaticity.

This study is concerned with the Army direct fire
weapons, i.e., those that can be used to engage the enemy
with direct, aimed flre. The present comptement of these
weapons ranges from the small arms such as c¢arbines, rifles
and machine guns to the larger caliber antitank rockets and
recolliless guns. Those of the future depend, to a great
extent, on the mammer in which we evaiuste the capabilities
end limitatlons of existing material and on our alertness
in utilizing technical developments.

Until World War II, the Armed Forces tended to a-
dopt & new weapon as & single entity, either to improve

upon an exisating one, or to fill a gap. It is noteworthy



that the U. S. water cooled machine gun, which helped pro-
duce a stalemate in World War I end which was used effec-
tively even in World War II, was developed by one man, --
Browning. Vennevar Bush, in his "Modern Arms and Free
Men," states:
Guns were made bigger, and muzzle velocltles and
preclision incressed somewhat. But the whole gamut
of new ordnance devices -~ rockets, recoilless
guns, gulded misslles, proximlty fuzes, bazooksas,
frangivle bullets ~- walted for the pressure of
war, appearing then largely outside the organized
saystem of ordnance development, and some times in
apite of 1¢t.

During the last war, in addition to developing
better weapons; sclentiflic research improved the effec-
tiveness of existing implements through operat;onal a-
nalysis, mrovided means for accelerated training and se-
lJection of crews for crltical materlial, and influenced the
deslgn of new weapons to accommodate the capabillities of
the using troops.

Essentlally, these scientific technlques consiated
of simply analyzing existing materlal or procedures and
comparing them with alternatives. This analysis undertook
the measurement of crew and weapon cepabilities and limi-
tatlons and translated the findings into simpler, more
readily understandable mathematlical form., These tech~
niques, applying the laboratory procedures of the physical

sclentists to the instruments of war, are essentlally simi-

lar to the aclentific management tools used by iIndustry to



simplify executive decision. It must be noted, however,
that such effort was rarely attempted by a single re-
ssarcher, but rather by teams of speciallsts from dlverase
fields selected for their probable contribution toward
resolution of the problem. Furthermore, there would have
been little suiccess had 1t not been for Industry's ablility
to maass produce materlial to acceptable tolerances under
stringent standards through quality control. This study
proposes to adapt some of the wartime lessons, in a simple
form, to the proof testing of finlished products, speclfical-
ly to direct fire weapons,

Purpose of the study.--Since the value of a slngle product

depends not only on 1ts ablillty to excel in one character-
1stic, but to perform satisfactorily over a wide range of
cheracteristics, it 1is obvious that all pertinent factors
must be teken into account. Thus, while it may be risky
to accept an outstanding item which contalns a serilous de-
ficiency, it may not be better to accept an item that 1is
barely acceptable, merely because 1t contalns no serious
defects., Judgement must be exerclsed constantly. Further-
more, a finished product may be so complex, that only
specially trained operators may obtaln satisfactory re-
sults and, to expect ldentical performance from less train-
ed persomnel, particularly under difficult condltlons, 1is

to be unreallstle.



Thus the purpose of this study is to select valld
proof tests for direct fire weapons under simulated ser-
vice coditions, in order to measure performance with re-
gard to rellisbility and the overall accuracy of the man-
gunsight-weapon system.

Events leading up to the study.--During the course of re-

search for a simple method of measuring and computing ac-
curacy of the weapons system, consisting of the man-gun-
sight-weapon combination, 1t became apparent that there

was little publlic or clessified information availaﬁle.
True, there were a good number of publications, both books
and periodicals, devoted to arms, sportling rifles and ord-
nance, but they were gulte inconslstent 1ln thelr treatment
of accuracy. It soon developed, that accuracy alone was
not a sultable basls for Jjudging weapon effectivensss,

but, like the speed of an automobile, it was one of the im-
portent charascterlstics. For a proper perspective, it is
better to set up standards that are essentiasl or desirable,
listing all the factors approprlate to a specific weapon
family. Then the testing, evaluation and analysis take on
a more reliable aspect. The problem 1ls somewhat analogous
to the testing of the quality of a finsl assembly or prod-
uct, and ls therefore subjeet to technlques used by in-
dustry in quality control. It goes beyond the analogy of

the man-machine combination, in that psychological and



environmentel factors are Involved. There appears to be a
need for an appraisal of the problem for the beneflit of
Service test sgencies and possibly for similar civillian
agencies. At any rate, the investigatlion of human errors

in gunnery alone appears to warrant further exploration.

Literature Survey

Background of proof tests.--Early European proof tests of

cannon and hand weapons consisted of firing shots with re-
inforced 1oéds (1, pp 2~12). These were acceptance tests
based on structurel sturdiness and perhaps for safety. At
any rate, the privllege of stamplng a proof mark was both
an honor and a safeguard esgeinst inferlor products, a tradse
mark. As firearms improved, government ordnance establish-
ments undertook to provide stimulus and direction to arma-
ment makers and to safeguard thelr forces against faulty
material. Since the turn of the Twentieth Centure, Lissak
and Cranz have publlshed mathematlcal treatises on internal,
external and terminal ballistlcs (2) (3). Their efforts
were directed toward lmproving the knowledge of ordnance
and toward the replacement of earlier emplrical rules.
Cranz utilized statistical sampling methods to reduce the

costs of proof tests. The probable error technique wes also

(1) Numbered footnotes refer to Bibliography.



adopted and is still in use by our armed forces. In 1930,
the Coest Artillery Journal published "CGunnery and Fire
Control for Antisircraft Artitiery" which differentiates
between accidental error and systematic error, the Latter
being one that could be corrected in subsequent firing.
Since the start of World War II, U. S. Ordnance
published the "Ordnance Proof Manual, OPM 7-27," which
i1llustrates the use of statistical methods in evaluating
external ballistics. Simon's "Manual" is an excellent
guide for Ordnance officers as well as engineers (4)}. It
contains practical appiications of atatistical tools and
examples of the type of proof tests conducted by Ordnance.
Two factors should be apparent. First, free discus-
sion of aimoat any facet of Ordnance, including proof
tests, 13 hampered by the restrictions imposed by the need
for gecurity. This tendency applles especially to new de-
velopments, and is true for our own as well as for foreign
governments. Second, most of the tests conducted by Ord-
nance are in tne nature of strictly engineering tests and
any human error is carefully screened from them. In the
treatment thet follows, it will be noted that & greater
freedom of expression prevalls. It appears that scientists
prefer a more liberal interpretatlion of securlity measures.

Wartime scientiflc developments.--The impact of science on

modern weapons 1s revealed by a considerable number of



published works, principally concerning the operations of
the Office of Scientific Research and Development (OSRD)},
end the National Defense Research Committee (NDRC) (5).
Gray calls it the physicists' war, and from the viewpolint
of this study, they contributed to the accuracy, velocity
and terminal affect of modern weapons. Bray expounds on
the contributions of the Applied Paychology Panel of NDRC
in this manner:
One of the greatest intellectual achlevements

of the war was the application of sclentific method

to meking the materlal weapon fit the man, and to

testing, tralning, snd selecting the man to wutllize

the particular weapon.
There 1s no doubt that the human error is s significant
factor In accuracy and in the very handling of weapons,
hence performance tests must teke 1t into serious account.
¥From the published works concerning operations research, 1t
1s evlident that certain aspects apply to the front line
combatants and thelr individual or crew served weapons (6).
These aspects inelude analyses directed toward obtaining
the maximum effectiveness from weapons, toward lmproving
hit probabllity, and toward increasing the effectlivenssas
of hits.

While this paper is concerned with the customers!

or users' viewpoint, it may be well to keep in mind

(5) Refer to Blbllography: Vannever Bush, J. P.
Baxter, L. R. Thiesmeyer, G. W. Gray, C. W. Bray.



contributions by industry (7). They are: Iimproved rellia-
bility in functioning, particularly of automatic weapons;
greater consistency in performance of weapons; trends in
development, especially in weight reductions through the
use of new alloys; and Industrial engineering techniques

of time, motion, and dollar economles, and In alds to exec-
utive declsion. One other englneering contributlion which
1s of wvital interest to the Army 1s the determination of
the service life of weapons and the means for minimizing
deterioration.

Present method of proof testing.--In addlition to the evalu-

ation of weapons conducted at the U. S. Army Proving
Grounds, which is an Ordnance establishment, the Contl-
nental Army Commeand (CONARC) supports Test Boards, which
evaluate military weapons In the hands of troops. These
Boards utllize combat experlenced officers to plan, con-
duct, and evaluaté tests. They are supported by technical
service advisors. These Boards are equipped with libraries
of technical literature, including files of the reports
made by National Defense Research Council. The facillitles
available include: fleld ranges, maintenance shops and, of

course, trained military personnel.

(7) Refer to Blbllography: G. I. Butterbaugh,
E. B. Kurtz, L. E. Simon.



Lack of ecivilian counterpart.--Letters of inquiry, ad-~

dressed to several testing agencles, drew responses which
were not very frultful. A letter from the American Soclety
for Testing Materlals, dated August 10, 1953 states 1in part:
This {performance testing of finished assemblies) is
a field in which our Society has attempted no stand-
i1zation. Each assembly, from past experience, seems
to regquire 1ts own simulated service test. It 1s
very difficult to break down the performance of a
product into all the essential propertlies which Iin-
fluence the end result.
An editorial expresses this modest e¢laim, ". . . test
methods for consumers' goods are at an elementary stage of
development aside from the work done by Consumers' Re-

gearch, . ." (8 p 2).
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CHAPTER II
ACCURACY

Hit Probabllity
Weapon system under field conditions.--The capablility of a

man-weapon system to obtaln hlts on a field target is an
important measure of 1ts effectlveness. Frequently, mili-
tary standards prescribe minimum per cent hits on a given
target at a stated distance. Unfortunately, at least two
major blocks exist which hinder direct measurement of per
cent hits: the existence of external factors which confuse
the response and thus vell the true effects, and difficul-
ties Inherent In evaluating the true effects and expressing
the conditions under which they apply.

Although military standards speclfy target distance,
service tests require the gunner to fire at several ranges
unknown to him ~- hence each gunnert's abllity to determine
range and to sense corrections, 1s introduced. The terrsain,
target vislibility eand alming point clarity may be obscure
or deceptive. Frequently, the sample size 1s inadequate.
Other factors which tend to defy description and therefore
duplication are: wlde range of proficlency among gunners,
unequal state of learning wilith the test weapon between

gunners, their physicel and mental state at time of firing
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and a host of intangibles which change durling the course
of a test and between tests.

Morse and Kimball (6, p 1l30) are strong proponents
of the concept whereln system performance ls tested with
weapons under normal maintenance, serviced by average
crews. However, they are careful to evaluate the nature
and distribution of sempling errors lnvolved. In the en-
suing example, a direct measure of hits and misses 1is de-
scribed, along with the analysis used. Subsequent exam-
ples illustrate other means of measuring accuracy, and
when feasible, how these measures can be transformed into
hit probability.

Example 1. Weapon A.--Four well trained gunners were used

to fire two models of Weapon A at standard targets dispos-
ed at six distances. Four targets were grouped arcund
each selected range so that the exact distance was un-
known to the gunners. Targets were designated at random
and each gunner rasnged in and flred one shot. He was then
agssigned a new target at a different range. The total
number of shots fired and number of targets hit at each

range were recorded.
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Table 1. Expert Gumers Firing at Fleld Targets, Weapon A

Number Number Per
Range Shots of Hits Cent

Pired Hits
R1 21 19 90.5
k2 24 16 66,7
R3 41 13 43.8
R4 28 7 25.0
RS 14 2 14.3
Ré 10 0 0

The progression of per cent hits In Table 1 1s con-
sistent with increasing range. Frequently, however, these
percentages fluctuate without any apparent trend. Ip ordser
to establish limits for the true percentage of hits, 90%

confidence limits are introduced.

Table 2. Per Cent Hits; 907 Confidence Limits; Trend,

Weapon A

Range % Hits 90% Confldence Limits  Trend #
Rl 90.5 76 98 90.5
R2 66.7 51 80 65

R3 45.8 o8 56 43

R4 25.0 14 38.5 25.5
RS 14.3 4 94 11

R6 0 0 21 2

In Table 2, the 90% confidence limits were obtained
graphically from Table 9b of Dlxon and Massey (9, pp 193,321).

For computing confidence limits when Np exceeds 5, the same

# Values of probability read from trend line in
Fig. 1.
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authors offer the following normal approximation of the

binomial distribution:

P t % /.P_..I%}.:E)__ (1)

where 2z equals 1.645 for the 90% confidence limit,

Thereifore, for row R5 in Table 2, we have:

0,438 + 1.645 0'4384£0.5621

0.438 + 1.645 (0.0773)

0.438 + 0.127 = 0.565 or 56.5%, and

0.438 - 0.127 = 0.311 or 31.1%

"
]

These values are consistent with those obtained graphical-
ly. A plot of the values in Table Z on normal probability
paper permits the drawling of a smooth trend of true hit

probability (rig. 1}).

Sample size.--In the example Just cited, Weapon A was com~

pared with a military standerd. When two weapons are to be
compared, 1t may be desirable to determine whether a diliffer-
ence between thelr hit propeortlons attains a significance
level of 10%. Hence, some estimate of sample slze 1s need-
ed. We wlll consider the test weapon superior to the con-
trol ltem. Therefore, the one tall test of the statistic

t, may be used.
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g . P~ P (2)

051'92

Duncan simplifies this relation by an Inverse sine trans-

formation (10, pp 382-3):

# = 2 arc sin /p degrees and (3)
0, = 28, degrees
P VT &

which transforms Equation (2) into

2( Py -~ ¥ )
£ - - (2)
/T 1
57.3/ %7 * Ta
Letting N; = Ny, and solving for Ny,
57.3 ¢ | °
Ny = %Im_z (5)

For N of ebout 120, and a one tail test at 10% level,

t = 1l.29.

2
.91

Ny =
1 1 -
For pj - pp the sample size depends on the level of
py. This is 1llustrated by the sample values in Table 3
increasing in steps until Po equals 0.5, or 45 degrees.
The lower half of the table, not shown, 1s symmetrical

with the upper healf,
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Teble 3. Semple Size N for Which pj-ps - .1 1s Just Sig-

nificant at the 10% Level. (K, = Ny )
73.917
# g, -¢ N N
Py P2 A 2 1 P2 B, %, 1
« 90 «80 71.56 63.44 8.12 9.103 83 42
«80 .70 63.44 56.79 6.65 11.115 124 62
«70 80 56.79 80.77 6.02 12.278 180 75
« 80 «50 50.77 45,00 S5.77 12.810 164 82

Binomial probability paper provides a much guicker
solution of N and is far more flexible in its application
(11, pp 191-2). For example, assuming p; of .20 end p,
of .10, Example 1 in Flg. 2 shows their corresponding
splits, (80-20) and (90-10). For 90% level of confidence,
there is & line drawn at a2 distance 1.28 ¢", or 6.5 milli-
meters from each split and parellel to it. These parallels
interseét at a point (71,12). Thils corresponds to the de-
sired minimum semple, l.e., (71 + 12 = 1) = 82. This value
agrees reasonably well with that of N in the first row of

Table 3.

Weapon Dispersion

Measures of disperslion.--The Army uses several measures of

dlspersion; mean redlus for small arms end the probable
error for larger callber weapons. One objectlon to probable
error is that + 4 PE is designated as a 100% zone. Actuslly,

1 PE = .6745d, hence + 4 PE z 4+ 2.7d, which includes only
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99.3% of & normal population. Obviously, setting confi-
dence limits or zones of dispersion near 100% 1s likely to
cause confuslion. |

Mean radius is consldered an adequate yardstlck of
dispersion because it appears approprlate for clrcular shot
groups. Actually, it is troublesome to compute from rec-
tangular coordinates; it has a distinct one~-tall distribu-
tion with the origin at the center of impact; and the mean
radius cannot be resolved into horizontal and vertical com-
ponents. One final weakness of the mean radius 1ls the
prevelent fallure to consider the distribution of shot
group centers of impact.

Although this study uses the statistic, standard
deviation, frequently results are expressed in probable
errors. For ease in computing, the former 1s used exclu-
sively. 8Since balllistic and other errors have horizontal
and vertical components which are generally normally dis-
tributed, combining variances or resolving errors lend
themselves to the use of standard deviation. Also, the
various confidence levels, normal probability funetions
and other statistics are tabled Iin terms of standard dev-
ilation.

Ballistic error.--If we place a gun on a substantial mount,

balance out any non-concentric masses of metal, and fire

along a wind-proof fence, the resulting shot group on a
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vertical panel ylelds a measure of smmunition dispersion.
This method was originated by F. W. Mann, who made exten-
give tests with rifles st the turn of the century (12).
He found that the deviation of a bullet beglins at the
mizzle as & result of & number of causes, Several of
these causes are listed in the Ordnance Proof Manual (13)}.
If the gun 1s placed on its mount, the resulting
dispersion Includes the effect of the mount on the gun dur-
ing firing. Now, if a gunner alms and fires each shot,
the human erroy is introduced. From experience, the aliming
errors of experts tend to be small, comparable to units of
error (UOE) for optical instruments {(14). However, when
the gun alignment is disturbed at the moment of firing,
then dispersion increases markedly.

Human errors.--An appreclably different error is introduced

into the system when the gunner attempts to fire at a field
target at an unknown range. Here range determination,
sight adjustment and other factors take effect. For a
single gunner, this might be a characteristic blas, but for
8 class of well-trained gunners, the blas takes on some
distribution. Based on experlence, the horizontal and ver-
tical components of human error tend to follow the normal

distribution about the point of alm,
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Example 2, Dispersion of Two Types of Ammunition, Weapon

B.-~There are two parts to this example, Intended to i1llus-
trate two methods of snslysls. Due to differences in the
physical charscteristics of ammunition types K and L, 1t
appears likely that some difference in dispersion may exist.
Hence the varlances may be subjected to an F ratio test.
An analysis of variance may be made using the total shot
deviations from the mean points of impact.

Four expert gunners fired a ten-round shot group at
a8 vertical panel, using type X and type L ammunition in
turn. Two ldentical guns were used so that both types were

fired at one time. The coordinates of each point of impact

were measurede.

Table 4. Vertlcal Distribution of Shots, Ammunition K and L.

Ammanition K Ammmition I
Shot Gunner: A B c D A B C D
1 1 55 28 12 29 0 43 65
2 33 20 81 C 0 10 40 57
3 22 24 32 45 7 40 70 48 ‘
4 0 0 14 8 31 51 40 4
5 38 29 1 54 53 49 21 11
6 33 50 26 26 62 60 54 60 |
7 17 31 40 55 4] 39 60 74
8 27 21 29 24 42 3 0 0
9 88 8 12 25 27 65 a8 83
10 37 25 0 21 50 31 32 31
Total 296 263 243 270 332 348 448 413
S8 5476 2516 3082 3202 3016 4908 5604 6864

82 608 279 342 356 335 545 622 762
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Analysis I. Pooled Varlances. Flsher's F Ratlo.

Variances for each weapon type may be pooled, pro=-
viding they are homogeneous.# Divliding the larger vari-
ance by the smaller yields a computed F ratlo which can be

compared with tebles for the F statistic.

Sk = SS/DF (7)
= 14,276 / 36 = 396.5
s% = 20,392 / 36 = 566
F = Si / 2 (8)
Sk
- 566 / 396,65 = 1.42
Fog for DF = 4 X 9, (36,36) = 1.75

The computed F does not exceed the table wvalue, hence there
1s not sufflclent evidence to suspect a difference between
the two types of ammunition at the 5% level of significance.

Analysis II. Analysis of Varlance (15, pp 51, 86).

Measurement data as In Table 4 may be analyzed by
3t1ll another method. This procedure resolves the total
varlance into components due to one or more variables and
a residual error. The residual is used to test the signifi-

cance of main effects.

4% These varliances have been subjected to the Bart-
lett Test and found homogeneous.
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Table 5., Sums of Vertlical Measurements

Type of Gunner: A B c D Total
Ammunition
K 296 263 243 270 1,072
L 332 348 448 413 1,541
Total 628 611 691 685 2,613

Each number of Table 5 corresponds to the sum of
measurenents In Table 4., For the calculations which fol-
low, the rule for the dlvisor 1s: the number of individ-
uals in & set such as & row, column, or grand total, times
the number of measurenents which 1t represents. Here ten
rounds were measured for each gunner.

(1) Square each shot group sum (individual), and total:

1/10 (296° + 263 4+ - - +4482 , 413%) . 89,133
(2) Square both row totals and divide their sum by the
number of individusls per row:

1/40 (1072% + 1541%) - 88,096
(3) Sgquare column sums and divide their sum by the number
per column:

1/20 (628° + 6112 + 691° + 6832) - 85,584
(4) Correction factor, "C": Square the grand total and

divide by the total number of original individuals:

C = 2613%9/80 = 85,347
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(5) Square each individual 1in Table 4 and total:
(12 4+ 552 + - - 4322 4+ 31%) = 123,801

Assemble these results as indlcated in Table 6.

Table 6. Analysis of Varilance

Source of Variance Sum of Squares DF Mean
Between Rows {Ammunition) (2) - 2,749 1 2,749
Between Columns (Gunners) (3) -C 237 3 79
Interasction (A X G) 800 3 266
Subtotal (1) -C 3,786 7

Individusal Error (Residusl) 34,668 72 480
Total (5) -¢c 38,454 79

All the sums of squares are thus accounted for ex-
cept those for Interaction and individual errors. These
are obtained by subtraction. Note that the sum of squares
for individual error 1s equal to the sum of the deviations
for ammunition X and L in Eqguation (7):

14,276 + 20,392 = 34,668

The degree of freedom (DF}, 1n Table 6, is set by
one less than the number of levels In each variable. Thus
for four gunners, the DF 13 (4-1), or 3. For interaction,
the DF is the product of the DF's for ammunition and gunners.

The mean square for Individual error is used to test

interation and the two maln effects. By inspection, none

but the effects due to ammunitlon appear slgnificant.
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F - 2749/480 = 5.727
Fog for DF (1, 72),z 3.98

Hence, there 1s evidence of a significent difference be-
tween ammunition types K and L at the 5% level of sig-
nificence.

Example 3., Regression, Dispersion at Several Ranges.--

This 1s & continuation of Example 2, except that: two
gunners were used instead of four, and firing was conduct-
ed af-six target distancea. Disperslion, In terms of ver-
tlcal and horlzontal probaeble errors, was computed for each

shot group and combined.

Table 7. Probable Errors of Ammunitlon X and I, at 8ix

Ranges
Ammunition K Ammunition L
Range Horizontal  Vertical Horizontal  Vertical
5 6.7 6.5 9.8 10.8
8 12.3 10.0 14.7 16.3
10 15.3 15.5 17.0 13.9
10 15.3 15.9
12 22.2 15.8 21.7 23.8
15 29.4 27.5 ' 28,6 31l.2
20 35.6 46.5 34,2 40.0

The replicatlon at Range 10 was combined into one
estimate of disperslion for horlzontal components, hence
the blank spaces. A plot of the respective components a-
galnst range does not permit a gbod estimate of the trend.
In order to obtain the best estimate of each trend, it ap-

peared advisable to obtain a fit by using least squares.
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Snedecor glves a detalled expisnation of linear and curvi-

linear regression and its implications (16, pp 103, 374).

Table 8 is arranged so as to provlde the values

needed to solve the constants a and b in the linear

equation:

X = & 4+ bx

(9)

Table 8, TLinear Regression of Horlizontal Provable Errors

Range Deviations Ammunition X Ammunition T,

Code PE from Mean o PE

R X r X r rx X X T'X
O 3 =10 =-17.1 100 171.0 0 -18.0 180

5 6.'7 - 5 -10.7 25 55.5 908 - 8.2 41
8 12'5 - 2 - 501 4 10.2 1407 - 3.3 6.6
10 15.3 0 - 2.1 0 0 i7.0 - 1.0 0
12 22.2 2 4.8 4 9.6 2l.7 =~ 3.7 7.4
15 29.4 5 12.0 25 60.0 28.6 10.6 53
20 35.6 10 18.2 100 182.0 34.2 16.2 182
70 121.8 0 0 258 486.3 126.0 Q 450
10 17.4 Mean 18.0
The linear regression formuta 1s,

- > (rx
R o R (10)

X = 17.4 + 486/258 (R - 10)

1.4 + 1.88 K

18 + 450/258 (R - 10)

)
n

These regression lines are plotted in Figuré
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Analysis III.--An additional component of range (R2), may

be asdded to linear regression to establlish curvlilinear re-
gression. This method 1s applled to the vertical probable

arrors.

Table 9. Curvilinear Regression. Vertical PE's of Ammuni-

tion K

2 Deviation Products aquargs
R R Y I‘l I'2 y 1‘11‘2 rl'y I‘z'y 1’1 I'B
0 0 0] =10 =132 =17 1320 170 2244 100 17,424
5 25 6.5 -5 =107 =10 535 50 1070 25 11,450
8 64 10.0 -2 -68 -7 136 14 476 4 4,613
10 100 13.5 0 -32 -3 0 0 g6 0 1,024
10 100 15.5 0 -32 -1 0 0 32 0 1,024
12 144 15.8 2 12 -1 24 -2 =12 4 144
15 225 27.5 5 93 10 465 50 930 25 8,650
20 400 46.5 10 266 29 2660 290 7714 100 70,755
80 1058 135.1 0 0 0 5140 570 12550 258 115,084
10 132 17 Mean A B c D E

The curvilinear regression equation 1ls,

Y = 8+ b (R-H) + ¢ (R°- B2) (11)

where:

K - 10 end B° - 132
, .BE=-4AC 511 x 115,084 - 5140 x 12,550
“DE-AA - 258 x 115,084 - 5140 x 5140
= 11,000 = 0.315
35,064
o -CD-AB_ 12550 x 258 - 5140 x 5§70
DE - A A 35,064
= _95,352 = 0.095
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Substituting, we have:
T, = 17 + 0.315 (R - 10) + 0.095 ( R® - 132)
- 0.15 + 0.315 R + 0.095 R®

Following the same procedure with smmunition L, we obtain:

Y, = 1.5+ 1.48 R +0.0233 R

The advantages of regression lines become apparsent
when the curves are drawn as in Flgure 5. Regression lines
permlt the drawing of the best fitting curves to data and
are superlor to approximating lines by eye. There 1s a
continuous estimate of the dependent varlable over the en-
tire range of the independent variable. The behavior of
weapon dlispersion 1s presented graphically and analytically.,
A regression line draws its power from the combined weight
of seversl samples. Comparison between two weapon‘aystem

dispersions may be presented graphically or analytically.

In Figure 3, there 1s little or no difference in the hori-
zontal components of ammunition X and I dispersions. But
in verticel dispersion, ammunitlon K is obwviously superior
to ammunition I from zero range to RS,

Analysis of weapon system dispersion as a funetion
of range provides the mexImum of information and is eco-
nomical from the point of view of ammunitlon expenditure.
Semples may be obtalned at convenlent levela of the inde-

pendent variable, or be spaced at equal intervals. Since
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regression llnes smooth out fluctuations in sample ylelds,
final presentation of results should use values establlshed

by regression lines.

Relation Between Dlspersion and Hit Probability

Conversilon of dispersion into hit probability.--Polnts of

impact on a vertlical target are generally recorded as co-
ordinate polnts with respect to an arbitrary origlin or to
an aiming point. Horlzontal ballistic dlspersion 1s the
deviation of these points from the center of impact (X, Y),
and the vertical balllistic dispersion 1s the vertical devi-
ation from the center of impact. Generally, each com=-
ponent population is normally distributed about the mean
and eech component is Independent of the other. The hori-
zontal and vertical components of dlispersion are not neces=-
sarily equal. Horizontal standerd deviation and probable

error are expressed by:

- x - X)°
Ox = /Z—n—.—r (12)
PE, = 0.6745 G (13)

where n 1s the number of shots in a shot group.
When several shot groups have homogeneous varlances,

a pooled estimate of the varlance is given below:
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/

where k 1is the number of shot groups.

/&

= /T ongst (14)
2
)

ng

When the outline of a rectangutlar target w units
wlde and £ unicvs high is placed over a shot group so that
the target center is over the center of 1impact, we obtain
an estimate of the proportion of hits failing inside the
target, or hit probabllity. An estlmate of the same hit
probability may be obtained by determining the area under
the normal curve defined by the horizontal dispersion error
and target width, and a corresponding area for the vertical
directlon, respectivery. The statlstic 2, used to enter a
table of areas under the normal curve, is equal to X/7 ,
(17, p 114). Here X 1s equel to nalt the width of the

target. Thus, for the horlzontal component of dispersion:

ZX - 1t lé%?"z_ (15)

Similarly, a value of Zy for the vertical component of dis-
persion and target helgnt may be obtained. Eaech 2Z thus
determined establishes the respective component probabili-
ties, py and py, of falling within these limits. Since

the component distributions are independent,

P = Py Py (16)
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where p is the probabllity of hits on a given rectangu-
lar tserget.

The case Just described, applles to the condition
when the ﬁean point of impact and center of target coln-
clde. A second case applles to alming errors. Alming
errors are comparable to balllstic errors, but thelr dis-
tribution 1s about the alming polnt. Hence, in the total
distribution of shots flred by a number of gunners, it 1s
obvious that Indlvidual shots are dlstributed about mean
points of impact, and the MPI's are distributed sbout the
aiming peolnt. In this study the aiming polnt 1s always
at the geometric center of the target.

Nomograph, per cent hits - target size - probable error.--

For all ballistic cases in which the distribution of com=-
ponent errors may be assumed normal, there are three relat-
ed variables: per cent hits, target size, and dispersion
probable error, snd 1t is possible to solve for any one un-
known varlable when the other two are known. A nomograph
can be readlly produced to relate these three wvarisbles
(18).

Let us choose a variable, such as hit probability,
and select a nominal velue, say p =z 0.90. Assume that the
component probabllities, Px and Py, are equal, and Equa-
tion (16) becomes:
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and (17)

Px

2
Px
/P

From the normal distribution area table, we extract the

Z = 4 1.94 corresponding to an area of 0.948. Then if

X = 50, ¢ = X/Z2 = 50/1.94, or 25.8 units. Thus for
90% of a shot group hitting a square target 100 units on a
side, the component of dispersion in terms of standard devi-
ation, ¢, 1s 25.8 units. In terms of probaeble error, the
estimate 1s 0.6745 (25.8), or 17.4 units. Refer to the
dotted line iIn Figure 4.

The nomograph shown In Flgure 4 was constructed on
three-cycle, semi-logarlithmic paper. The scales were a-
ligned so that a PE of 50 units, a target size of 100
units, and the nomlnal probabllity of 0.25 are on the same
horizontal line. Note the 1:2 ratio of PE's and target
sizes along stralght lines radlating from the nominal prob-
ability of 0.25. The left scale was made ldentical with
the logarithmliec scale. These known points on the left
scale, connected by straight lines with the nominal proba-
blility of 0.25, made 1t a gimple matter to identify the
points along the target scale. Now, with two scales identi-
fled, it was easy to allgn the computed PE's and target

sizes with nominal probabilitles to fix the last scale.
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Note that a distinction must be made between nominal
probability and component (X or Y) probabllity. The former
expresses the proportion of hits falllng between two sets
of target 1lilmits, whereas the latter ylelds the proportion
of hlts between a set of limits In one direction only.

Now, if, beside the scale of nominal p 1in Figure 4 there
were also a scale of sguare roots of p, then the nomograph
could be used for relating component PE's, target widths
and component probabllitles. An example of thls method
will help clarify such use.

Supposing we had a known balllstlic error with PEy
= 17.4 units and PEy = 30 units. We wish to determine
the hit probability on a target 100 units wide and 60 units
high. Allgning the X components first, the p scale
reads 0.90. Extracting the square root, this becomes 0,95,
In a similar manner, the Y component probability is /0.25,
or 0.50. Note that the target height just equals 4 1 PEy.
Thus by definition, 50% of the vertical disapersion falls
wlthin these limits. 1In accordance with Equation (16), the
resulting hit probebillity p, 1is 0.95 (0.50), or 0.475.

We can now take the dispersions of Weapon A and con-
vert them Into hilt probaebillities on a target of given dimen-
slons. Method (2) in Figure 4 was used in determining the
hit probabllity of Weapon A because the two component dis-

perslons were not equal. The results are plotted on the
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graphs in Figures 5 and 6*. Note the divergence between
ballistic capabllity of the system and performance of ex-

pert gunners 1n tne field.

# For reasons of security, nelther target size nor
units of dispersion may be discliosed. Hence the dats is
not tabulated. TFor our purposes, a target of 100 units 1s
a sultable approximation.
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RESTRICTIONS
{1). For PEX= PEY and Target Height = Width:
Align any two known variables with a straight line to 99.5 7
obtain the third (unknown}) variable, 99 |
400 (2. For PE. # PE or Target Height we Widths
| Extract square root of prohability {expressed as a a5 _|
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CHAPTER III

THE HUMAN ERROR IN GUNNERY

Nature of dlstributlion of errors.--At known distances,

where the firers have ranged In on the target, the dls-
tribution of Individual shots is known to be normal about
the point of alm. Since ballistic dispersion 1s normally
distributed about the center of Iimpact, the distribution
of mean points of impact about the slming point 1s there-
fore also normal. When targets are dlsposed at unknown
distances, the increased incldence of overs and shorts re-
flects the effect of range esatimatlion errors. The standard
deviation of visual range estimation errors 1s around 20%
of the range, and the mean may have a small bias, depend=-
ing on the nature of the terraln and visibility. Lateral
errors are proportional to target distance. Except for
gross errors, it may be assumed that the total distribution
of human errors forms an oval pattern centered on the tar-
get, wlth the range axls longer than the lateral saxis.
Both components are normally dlstributed, or nearly so,
about the point of aim.

With the assumption of normality and independence,
error varliances are additive, and we can thereby combine

or resolve component errors. Let Sh be the human error,
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and the subscripts "t" and "b" represent total and

ballistic sets. Then we have:

2 2 2
S% = Stz) + Si or, Sh = St - Sb {18)

Example 4. Experts Firing Weapon A.--Wlth the aid of the

nomograph in Flgure 4, the fleld firing probability 1n
Pigure 6 was converted into total probable errors. Based
on observation of gtrikes, the horizontsal and vertical com-
ponents were assumed equal. The values of total error at
four ranges are gilven in Table 10, Each of two expert gun-
ners fired three ten-round shot groups with two weapons and
the resulting ballistic probable errors are lncluded in
Table 10. Estlimates of the human error may be obtained by
using Equation (18), or graphically, from the relationship
between two sides of a right triangle and the hypotenuse.

A graphlcal solution l1s given in Flgure 7, where OF = BH
is the hypotenuse and ‘OB and OH are the two perpendicu-
lar arms. The human errors were thus scaled off at conveni-

ent intervals and plotted as shown by the dotted line in

Figure 7.
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Table 10., Total, Ballistic end Human Probable Errors

2
Range Component  PE, PE,, PE}, FEn leEl
PE,, PEy,
Rl X 15.0 8.7 12.2 1.40 1.96
Y 10.2 11.2 1.10 1.21
R2 X 23.6 13.4 19.6 1.46 2.13
Y 15.2 18.4 1.21 1.46
R3 X 31.3 16.5 26.7 l.62 2.62
Y 17.9 250.8 l.44 2,07
R4 X 42.5 19.5 37.8 1l.94 5.76
Y 20.1 379 1.87 3.59

Table 10 lists the magnitudes of the total, human,
snd ballistic errors and provides an estlmate of the weapon
system performance iIn the hands of expert gunners. In an
ideal system, the humen and ballistic errors would be egqual.
Here the human-ballistic wvariance ratio {last column in
Table 10), reaches a significant difference at about 2.1.
The last column in Table 10 shows that the varlance ratio
for the X component reaches significance before the Y
component, at range R2 and R3, respectively. Thus an ef-
fort to reduce the lateral error by the gunners at these
two ranges should yield an appreclable gain in hit proba-
billity. A glance at Pigure 7 reveals that total and human
errors increase exponentially with range. 1In fact, it is
evlident that the human error governs system performance,

at least for ranges R3 and over.
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Analysis I.--From the foregoing, 1t appears that balllstic

dispersion is merely one factor to be considered in evalu-
ating weapon performence. For Weapon A, there is a falr
balance betwsen human and balllistle errors only up to range
R2. Beyond that range, performance response depends upon
the human error. Therefore, any comparison of two or more
models of Weapon A family, should be based on total system
performance or on the magnitude of the human errors involv-
ed. It is obvious that ballistic dispersion should be kept
small, but more emphasis should be on reducing the magni-~
tude of the human serrors.

Analysis II.~--The term "human error" as used so far, has
NER

been at times mistaken for the term, "aiming error." Actu-
ally, the latter is merely a component of the former. A
more restrictive definition identifies it as the accuracy
with which & gunner can realign the sight axls of his gun-
sight with the line to the siming point. The aiming error
is comparable to the unit of error (UOE), used in determin-
ing the resolving power of an optical instrument.

In order to establish the magnitude of asimlng error,
three experts made three trials with a fixed sight compsra-
ble to the one on Weapon A. 1In each trlal, a movable target
was adjusted to intersect the sight axls, and the gunner

then made four attempts to have the target realigned with
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the original point. The total number of measurements was

36. The computed alming errors are listed in Table 1l.

Table 11. Alming Errors wilth Weapon A Type Gunsight

‘ 2
Range Comp PE, PE, PEp PEp
PEg PEg
Rl X 12.2 0.95 12.8 164
Y 11.2 0.92 12.2 149
R2 X 19.6 1.30 15.0 225
Y 18.5 1.30 14.2 202
R3 X 26,7 1.54 17.4 303
Y 25.8 1.56 16.8 282

The most notable fact about the aiming error in
Table 11, 1s that the magnitude is very small. Relative to
the humsan error, 1t 1s almost negligible and was therefore
not plotted on a graph.

Example 5. Errors of Experts and Marksmen with Weapon C.--~

The test described below wes performed by a military agency,
and 1s included here because it is one of very few experi-
ments in which deviations of all shots from a fleld target
were measured. The purpose of thils experiment was to evalu-
ate expert and average marksmen with Weapon C. The data,

sultably coded, 1s given 1n Table 12.
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Table 12. Field Firing Errors of Experts and Marksmen

Experts Marksmen
Range P PEX PEy P PEX PEY
Rl 88 3.0 4.3 80 5.5 6.4
R2 60 10.0 7.8 447 13.2 9.5
RS 44 7.4 8.8 217 12.8 11.0
R4 a7 12.8 9.8 16 17.2 14.2

In order to evaluate the ballistic error, two ex-
perts fired four ten-round shot groups, using Weapon C
fixed in an appropriate bench rest to minimize extraneous
vibrations. The weapons were first ranged 1n on targets
at known distances B, C and E. Probable errors were comput-
ed from the measurements taken at each target, and listed

in Table 13.

Teble 13. Ballistic Error of Weapon C Fired from Bench

Rest
Target Distance
Component B C B
PEX 1.9 2.8 4,35
PEY 1.8 3.28 6.4

The total and ballistlc errors are plotted in Figure 8,

Analysis I.=~-The data in Table 12 indicates, by an ir-

regular progression of the horlzontal probable errors, that
an external disturbing factor was present. Although the
cause was not determined, this phenomenon occurs fairly
often and may be attributed to deceptlve appearance of the
target due to unequal target contrast. These irregulari-

ties were arbitrarily smoothed out by stralght or curved
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lines drawn in Figure 8. Separation of the human error was
done graphicaliy at convenient points, and the human error
alone plotted in Flgure 9. In the table below, the ballis-
tic error provides a common measuring stick for the human
errors of experts and marksmen, which were scaled from

Figure 9.

Table 1l4. Comparison of Human Errors, Experts and Marksmen

PE} PE}, | 2
Range Comp FE F —_— I I
n P FE, &,
EXPERTS
A X 4.0 1.0 4.0 16.0
Y 4.0 0.8 5.0 25.0
B X 7.8 1.9 4.1 16.8
Y 7.1 1.8 3.95 15.6
C X 10.8 2.6 4.15 17.2
Y 9.4 5.1 3.05 2.3
D X 12.0 2.85 4,2 17.6
Y 1o.0 5.85 2.6 6.7
MARKSMEN
A X 5.0 1.0 5.0 25.0
Y 5.0 0.8 6.2 38.4
B X 10.9 1.9 5.7 32.5
Y 9.5 1.8 5.3 28.1
C X 16.7 2.6 6.4 40.9
Y 12.7 3.1 4.1 16.8
D X 19.5 2.85 6.8 46.2
Y 14.0 3.85 346 13.0

In the last columm of Table 14, all the human-bal-
listic varlance ratios are obviously significant. Their
values are much higher than those in Table LO. The hori-

zontal ratlos for marksmen are the largest. In Figure 9,
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the curve of horizontal human errors has the steepest alope
end contains the highest wvalues. Thus it appears that
marksmen suffer the greatest loss 1n hit probabllity due to
excessive lateral dispersion. For targets which are tall
and narrow, this factor weskens marksmen's performance even
more than the figures or the curve indlcate. On the other
hand, the vertical component of humen errors for experts
indicates a better trend (Fig. 9).

Analysis II.--The question may arise whether any difference

between weapon types C and A may be assigned to differences
in theilr sights. In order to determine the alming error

with Weapon C gunsight, a test was performed simllar to the
one made with Weapon A sight (Table 11). Three experts per-
formed the experiment with the resulting alming errors list-

ed in Table 15 and plotted in Pigure 10.

Table 15. Aiming Errors with Weapon C Gunsight

P
Renge Comp PEy, PE, o |f§£
FE, PEg
A X 4.0 1.0 4.0 16
Y 2.0 .3 13.3 177

B X 7.8 1.1 7.1 50.4
Y 7.1 .52 13.6 185
¢ X 10.3 1.2 8.6 74
Y 9.4 .7 13.6 185

In Table 15, the human error-siming variance ratios

for experts are significant at all ranges. In Figure 10,
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the aiming error 1s obviously negligible. It is therefore
evident that human errors are not aiming errors, but that
other signiflicent effects are present during fleld firing.

Among expert shots at known distance ranges (where
the firer can range in prior to a match), there 1s a say-
ing, "What you can see, you can hit." Evidently, the small
errors assoclated with allignment of gunsights, tend to sup-
port thls saying.

For e finel compaerison of experts and marksmen fir-
ing Weapon C at field targets, the total errors in Flgure
8 were converted into probabillity using the nomograph (Fig.
4}, and the results plotted in Filgure 1ll. A plot of =actual
per cent hits indicates a reasonasbly close agreement, par-
ticularly for experts. This agreement suggests that the

nomograph is usable, and reasonably saccurate.
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CHAPTER IV

RELIABILITY

Counts of malfunctlons.--In service tests of weapons, the

term, "reliability" is associated with the occurrence of
malfunctions, that is, failure to fire or the breakage of

a component in the firing mechanism. ¥Fallure of ammuni-
tion is not charged against weapon performance. The like-
lihood of malfunction occurring in modern weapons 1s very
amall, nevertheless 1t exlists, and appears to occur at ran-
dom. This independence and small probabllity of occurrence
suggest a Poisson distribution. During routine firing
tests, the oceurrence of melfunctions per hundred rounds
fired 1s very often zero, occasionally one or two, and
rarely three or more. Breakages are even less frequent.
But any fallure 1s considered serlous, hence every attempt
to fire during the various service trials 1a csarefully ac-
counted for. This scrutiny is particularly essential when
two types of weapons are subjected to rough usage. It has
been found feaslible to expose weapons to unusually severe
test condlitions and thereby induce a higher incldence of
failures. The blg problem 1s to control these artificial

conditions so that both types are equally exposed.
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Example 6. Failures During Normal and Severe Tests.--Six

weapons of type D and type E were subjected to four trials
under conditlons designed to lnduce fallure to function.
The number of attempts to fire was kept equal for each
weapon type and the malfunctions were counted for each

toest.

Table 16. Number of Malfunctlons for Tests Varying in

Severity :
Weapon Trial
Type a b c d Total
D 22 30 32 41 125
E 13 20 20 28 81

The frequency of malfunctions is ansalogous to de-
fectives occurring to two types of machines operating at
four different speeds. Two questions are posed by the
data. (1)} Do the weapon types retain their consistency
under different stresses? (2) Do thelr frequencies differ
significantly?

We now introduce the hypothesis that the expected
frequency E of one weapon type 1ls equal to the other.
The deviations of observed frequencliles from the expected
are used %o calculate the statistic, CHI-Square. The cal-
culated value is then compared wlth & critical velue at a
given significance level. The contribution to CHI-Square
by each trial 1s:
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Where E 1is the expected frequency based on the hypothesis

0 1s the observed frequency for weapons D and E.
S8ince there are four trials, there wlll be four contribu-
tions to total CHI-Sguare, and therefore four degrees of
freedom. The number of degrees of freedom is necessary to
select the appropriate critical CHI-Square from the table
(17).

The hypothesls to be tested 1s that the frequencles
of both weapon types are equal. Tne expected frequency for
each trial in Table 16 is the mean of the two observed
values. It 1s shown in the table below, ailong with the

contrlibutions to CHI-Square by the two cells of each trial.

Teble 17. Malfunctions of Weapon Types D and E Under Se-
vere Trials; Expected Frequencies; and Vaiues of

CHI-Square

Triali Weapon Type Total Expected Differ- (CHI-
D E ME G ence Square DF
a 22 13 35 17.5 4.5 2.314 1l
b 30 20 50 25.0 5.0 2.000 1l
c 32 20 52 26.0 6.0 2.769 1
d 41 28 69 34.5 6.5 20449 1
Sum of four CHI-Squares 9.543 4
Totals 125 81 206 103 22.0 9,598 1
Difference O.1%4 3

The CHI-Square table permits the tollowing compari-

sonsg
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(1) CHI-Squares for individual trials do not reach 3.841,
the ecritical value for one degree of freedom at the 5%
level.

(2) Their sum exceeds 9.488 (DF=z4), at the 5% level.

{(3) For column totals, the value exXceeds 6.635, which is
the CHI-Square for one degree of freedom at the 1% level,
(4) The difference, based on three degrees of freedom, 1s
a small value and 1s not significant.

The two questions mentioned eariier can now be an-
swered. Consistency of the data 1s evidenced by the small
vaiue of CHI-Squaere difference (4), which indicates no in-
teraction between severity of trial and the type of weapon
under test. This conclusion is reinforced by the smaii
variation between individuel trisl CHI-Squares (l1).

The primary basis for rejecting the hypothesis of
equality reats on the total CHI-Square (2}, and its small
probabllity, -- less than 5% chance of occurrence. This
conclusion is reinforced by (3), whilch can stand on its
own merit providing there 1s evidence of consistency.*

Example 7. Two Weapon Types and Two Categories of Fallures,

During the trials llsted in Example 6, each malfunction was
inveatigated in order to determine whether it was correcti-

ble by the gunner, or whether more extensive repairs or

# This .analysis of the problem provides a mathematl-
cal equlvalent for the graphlcal solutions which follow
{16, p 189}.
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replacement of a pert was required. For convenience, the

faiiures are divided into major and minor categorles.

Table 18. Two-iay Contingency Table. Two Categorles of
FPailures Qccurring to Two Weapon Types.

Weapon Category of Failure Total
Type Ma jor Minor
D a = 50 P - 75 125
E c = 22 a =z 89 8l
Total 72 134 206

Table 18 is also known as a 2 X 2 Contingency
Table. The problem that a two-way contingency table seeks
to solve is whether one classlficatlon 1s 1ndependent of
the other. Here, we are interested in evidence whether a
difference exists between the true ratlo of major to minor
defects for the two weapon types., If a difference exists,
then each category, major and minor, may be used to com-
pare the two weapons.

A 2 X 2 table requires no "a priori" hypothesis
to determine expected frequency, since 1t is entirely pre-
scribed by the row and column totals. There is but one de-

gree of Ifreedom. EZXxpected cell frequencies for Table 18 are:

Eg = 72 X 125/206 =  43.69
Ep, = 134 X 125/206 = 81.31
E, = 72X 81/206 = 28.31
Eq = 134 X 81/206 = 52.89
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Applying these and observed values to Equatlion (19):

). (50-43.69)% _6.31% = 6.31% 6.5

i3.60 ‘Y 8l.31 ‘tg8.31 * 55.e9

= 0.911 + 0.490 + 1.407 + 0.756

= 3.564

This value is less than the critical wvalue of CHI~
Square for one degree of freedom at the 5% level, which is
3.841. Hence the two categorles may be considsred inde-
pendent. There is not sufficient evidence that a differ-
ence between the true ratios exlsts. The Investigation may
be carried one step further, by wusing the procedure of Ex-
ample © and the hypothesis that the expected occurrence of

malfunctions for both weapon types 1s equal.

Table 19. Malfunctions of Weapon Types D and E by Cate-~
gory; Values of CHI-Square

Category Weapon Type CHI- Significance
D E 3quare DF Level (%)

Ma jor 50 22 8.88 1l 0.3

Minor 75 59 _1.68 1 19.0

Sum of two CHI-Squares 10.36 2 0.6

Totals 1256 81 8.92 1 0.27

Interaction 1.44 1 26.0

Table 19 ylelds this evidence:; there appesars no
signiflicant interactlon; the hypothesls of equality is dis-

proved by the large sum of CHI-~-Squares and CHI-Square for
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totals. The disparity for major malfunctions 1s highly

significant.

Use of binomlal probability pasper.--Binomial probabllity

paper (Fig. 12), lends 1itself to the statistical comparison
of paired counts and provides a visual appraisal as well.
The grid lines on this graph paper are based on the sguare
root scale. A palr of numbers, read as coordinates, repre-
sents a point on the graph. Fqual counts fall along a line
called the "50-50 split." A split 1s a line from the orl-
gin representing a theoretical proportion which corresponds
to a ratio of the expected frequencles. For example, the
80-20 split is equal to the ratio, 4:1.

A set of palired counts may glve evidence against a
fixed theoretical proportlon in two ways. (1) Variabllity
of observed values may be tested in order to infer a lack
of homogeneity if the samples came from different popula-
tions.* (2) Lack of agreement between the observed propor-
tion and the theoretlical one, such as equality {(l:1 ratio),
may be tested at a given significance level, usually 5%.

If a set of paired counts l1ls homogeneous, a CHI-Square test

of their sums with respect to the 50-50 split is sufficient.it

% To apply the CHI-Square test for homogeneity, plot
the paired counts and the split through their sum. Combilne
the perpendiculars as shown under "Crab Addition" in Fig.
12, and read off the CHI-Square value at the marginal scale.

#3* Refer to text and footnote on page 55.
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- Graphical analysis is faclilitated by the fact that
the deviation of a coordinate polnt from a split provides
a measure of CHI-Square with one degree of freedom, and
that ten millimeters on the graph is equal to the 5% level
of significance. Thus two parallel lines, one above and
one below the 50-50 split, serve to distinguish those co-
ordinate points which are outside the 5% level. Refer to
lines AB and A'B'!' in PFigure 1l2. If an observed split 1s
homogeneous, dlvergence of its end polnt from the 50-50
split is related to either parallel by 1nspection.

Example 8. Fallures of Two Weapon Types During Six Trials.--

Table 20 lists the counts of maifunctlons of Weapon C and
Weapon D obtained during six trlals. It is desired to de-
termine whether both weapons types were egqually exposed,

l.e., whetheg the data 1s homogeneous, and if so, whether

there 1s any difference in the frequency of occurrence.

Table 20. Malfunctions of Weapon Types C and D; S8ix Trials

Weapon Trial

Type a b c d e £ Total
¢ 6 8 16 22 80 66 o 198
D ) 5 14 32 91 135 282

The computed CHI-Square for the homogenelty test of

Table 20 is 12.856. For five degrees of freedom, this value
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is significant at the 2.5% level.” The lengthy calcula-
tions determine only that the data is not homogeneous. 1In
Flgure 12, the graphical solution consists of plotting co-
ordinate points and the 282-198 spiit. The six deviations
{a through f, Fig. 12), combined graphically by "crab addi-
tion," produce a CHI-Square which messures 13.0.%% mphls 1s
very close to the calculated value., In addition, the co-~
ordinate polnt {(135,686), is more than 10 mm from the 282-198
split, thus indicating that the count in trial "f" is not
homogeneous with the others, i.e., 1ts contribution to total
CHI~-Sgquare 1s significant at the 5% level. If the distribu-
tion were homogeneous, the set of paired counts differs from
equality because the end polnt of the split is outside the
5% leveli, line A'B'. If the count for trial "f" is removed
from the total, then the snd point of a new split would be
at the coordinate (147,172). Since the coordinate points

do not deviate significantly from the 147-172 split (not
drawn), the data would appear homogeneous. Also, the co-
ordinate (147,172) lies within the 5% limit from equality,
line AB.

A graphical representation of a 2 X 2 continency

s+ Normally, there 1s one DF for each trial. Here
one DF 1s lost when the expected frequency (or split) is
determined not by an "a priori® hypothesis, but by the
count totals.

#% In "erab addition," the first two deviations (e
and f), are perpendicular. The third deviation {c) is drawn
perpendicular to the hypotenuse, and so on. Note that (4)
is zero.
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table, such as Tablie 18, is given in Example 7 in Figure 2.
Homogeneity with respect to the 81-125 spLit corresponds to
the hypothesis of "independence." The two deviations, "a"
and "b," (Pig. 2), combined at the upper left corner of the
graph, yield a CHI-Square of 3.6. This agrees closeliy wlth
the computed value, 3.56. A second comparison, with respect
to the 50-50 split, reveals that minor maifunctions do not
differ significently from equality whereas the two frequen-
cles for major malfunctions are highly significent. Here
the devlations of points (59,75) and (22,50) are measured
wlth respect to the 50-50 split. The end point is outside
the Line AB, hence the comblned frequencles are different
from equality at the 5% level.

Semple size for reliability tests.-~It is not possible to

estimate sample slze needed to determine significantly
different frequencies of malfunctions., However, it is pos-
sibie to infer when one frequency approaches significance
with respect to a kmown control weapon's rate. TFor a 5%
level, lines AB and A'B' in PFigure 12 furnlish a locus of
coordinates which fulfill this requlrement. The equation

of this line for values of X from 40 to 100 is:

Where X and ¥ are the counts of malfunctions of a cone

trol weapon and test weapon, respectlvely.



65

For & lower iimit,

Y = X - 1004 (21)
1.23

BEquation (20) or (21l) can be readily applied at the
test site. For example, 1f the counts of control and test
weapon malfunctions are 100 and 72, respectively, by Equa-

tion (21);

y . 100 - 10.4 _ B89.6
- 1.23 = TI.23

T2.9 or 73

Since the actusl count 1s less than computed 7Y, the test
item's fregquency 1is significantly smaller at the 5% level.
It must be remembered, however, that a valid comparison
can be made only after the palred counts are tested for

homogenuity with other paired counts obtained.
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CHAPTER V
CONCLUSIONS

General .--Most weapon charecteristics subjected to investi-
gation during service tests lend themselves to analysis by
statistical methods. Statlstics serve to condense data in-
to usable terms, set confldence limits, test hypotheses,
estimate probabllities and assist 1n the presentation of
data. Comparlisons between two or more items can be made
according to the frequency of occurrence, or based on meas-
urements of some characteristic of performanqe.

Measurement dats.--Measurements can be summarized in terma

of the central tendency (mean) and the dispersion (variance
or probable error). When populations can be characterlzed
by the normal probabllity, Binomlal, or Polsson distribu-
tions, then the mathematlcal model provided by these distri-
butions enhances our information concerning these entities.
Ballistic disperslon 1s a bhivariate distribution, in
which the horlzontal and vertical components are normally
distrivuted about the mean point of impact. Aiming errors
for expert gunmers using optical or metalllic sights are very
small, and their horizontal and vertical components are
normally distributed about the aiming point. For distinct

eiming points, they are comparable to or slightly greater
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than errors obtained with a surveyor'!s transit. When ex-
pert gunners register on a target, subsequent firing results
in distributions which are somewhat larger than the ballis-
tic error, but are known to be small.

When gunners engage targets at unknown ranges without
previously registering, then the resulting dlspersions tend
to be very pronounced. With Weapon A, expert gunners a-
chieved & normal dlstribution, but thelr human error was
comparables to fhe baliistic error only up to mid-range (half
of weapon's usable range}). Beyond that, the human error
rises exponentially snd governs the man-weapon system per-
formance. Human and Incldentel errors need considerable
investigation. One valid conclusion obtained ls that alm-
ing errors are insignificant compared to human errors, and
the two should be carefully distinguished.

Weapon C permltted a comparison between hit proba-
bility converted from measured total probable errors and
actual per cent hits and thereby indicates that, at least
for expert guﬁners, total dispersions at field targets tend
to be normally distributed in horizontal and vertical di-
rections about the point of alm. As a by-product, use of
the nomograph for converting probable errors into hit prob-
ability appears acceptable,

Count data.--Malfunctions under normal firing conditions

appear to follow the Polsson dlstribution. Severe trisals
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may be used to induce higher rates of occurrence providing
the weapons are equally exposed and the resulting counts are
tested for consistency. The statistic, CHI-Square, may be
used for compering the maifunction rsates of two weapona, but
Binomial Probability Paper permits a more vivid, graphic
analysils.

Hit probability.--A graph of hit probabllity versus range

1llustrates total system performance more forcibly than
any other measure of accuracy. Its use should be encourag-
ed. But care must be used to select only proflcient gun-
ners and to provide reasonable safeguards against spurious

effects.
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APPENDIX 1
GLOSSARY OF SYMBOLS AND TERMS

8 horizontal or vertical measurement.
average of a group.
nmumber of Individual messurements 1in a group.
number of groups.
- 2
sum of squares, SS = > {X-X)

degrees of freedom. Normalliy one less than the
number of measurements, e.g., (n-1}, or (k-1).

variance. A mathematical ratio, S8 / DF.

standard deviation. The square root of wvarl-
ance. ¢ 13 a unit of measure of population
dispersion such that 99.75% of the individuals
of a normally distrilbuted population fall with-
in limits of the true mean 4 3 4.

studentt's t ratlio. Used to compare the diff-
erences between two means or & sample mean and
a standard.

Flegherts F ratlio. Used to compare ssmple vari-
ances.

A velue Iin a statistlical F table located by the
degrees of freedom of the varlances under in-
vestigation.

probable error. Equal to 0.6745 & for a nor-
mal distribution. It 1s that error which is
Just as likely to be exceeded as not.

probability, expressed from 0.0 to 1.0.

Percentage. (0 to 100%).
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APPENDIX 2

DESCRIPTION OF WEAPONS

This 1s a large caliber weapon for an Infantry
plece. It 1s crew served. The muzzle veloclty
is over Mach 1.

This weapon is similsr to A, but has a different
mount.

This is a small calliber weapon with a projectile
velocity over Mach 2.

This weapon is comparable to ¢, but has an ap~
preclably different silhouette.

This weapon is of the same famlly of weapons as
C, but has different physical characteristics.

This is & small caliber weapon of a different
family than Weapon C, and differs from C in
physical and performance characteristics.
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