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SYMBOLS AMD DEFINITIONS 

R Amplitude of output produced by unit amplitude oscillation of 

input 

R. Amplitude of aircraft oscillation produced by unit amplitude 

oscillation of control surface 

R Amplitude of aircraft oscillation required to produce unit con­

trol surface deflection by autopilot 

Q Angle between airplane longitudinal axis and horizontal, radians 

S Control deflection, radians, subscripts refer to: a-aileroh, 

e-elevator, r-rudder 

E Difference between actual value and reference value of quantity 

being controlled, radians 

(E Phase angle in degrees between 6 and S > positive when 0 is 

ahead of 6 ; subscripts are: a-aircraft, p-autopilot 

0 Angle of roll, radians 

ty Angle of yaw, radians 

0 Angle of side slip, (3 - tan" f side-slip velocity | radians 
V V j 

/ Angle between flight path of center of gravity and horizontal, 

radians 

r Yawing angular velocity d^, radians per second 
dt 

p Rolling angular velocity d0 , radians per second 
dt 

q Pitching angular velocity, d 8 
dt 

t time, seconds 

s Non-dimensional time unit 
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^ Angular frequency, radians per span or chord-length traveled 

k-r Angular frequency at which C a
 = €. 

Z-axis In plane of symmetry and perpendicular to relative wind 

X-axis In plane of symmetry and perpendicular to Z-axis 

Y-axis Perpendicular to plane of symmetry 

ky Radius of gyration about X-axis, feet 

ky Radius of gyration about Y-axis, feet 

kz Radius of gyration about Z-axis, feet 

b Span of aircraft, feet 

c Mean aerodynamic chord of aircraft, feet 

/° Air density, slugs per cubic foot 

S Reference wing area of aircraft, square feet 

V Velocity along flight path, feet per second 

q Dynamic pressure, /° v , pounds per square foot 

D Differential operator d or d 
dt ds 

i Imaginary unit, i=v^r 
C Yawing moment coefficient, yawing moment 

qSb 

C-, Rolling moment coefficient, rolling moment 
qSb 

C Y Side force coefficient, side force 
qS 

C-r Lift coefficient, lift 

C Pitching moment coefficient, pitching moment 
m qSc 

C n ^ Clo> G I A indicate ^C n ^ 1 <*Cy 
e * e 73 ze ze 
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C^ L i f t curve s lope <) Cj, 

C P i t c h i n g moment curve s lope j Cm 

C Damping i n p i t c h J Cm 

° 2v 

K G (iwJ ) Indicates open loop transfer function of system 

of Angle of attack 

/4 Relative density factor mass of airplane 
/^Sb 

or mass of a i r p l a n e 

/3o<o/y ax/s 

Z~crx/s 

Ho r/z. on fa/ 

X~ax/s 

Rela t i on Between 0 > oc , and f 
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DETERMINATION AND CLASSIFICATION 

OF AIRPLANE TRANSFER FUNCTIONS 

SUMMARY 

A theoretical investigation has been made of airplane 

transfer functions. The airplane configuration chosen for 

analysis was typical of modern high speed aircraft. The 

stability characteristics of the airplane were expressed in 

terms of non-dimensional parameters, thus making the results 

applicable to aircraft of any size. 

The stability parameters were substituted in differ­

ential equations of motion and the response of the airplane 

as a function of the driving frequency was obtained. The 

response as a function of frequency was obtained by use of the 

operator D = iu) and the derivation of this method is pre­

sented in detail. Calculations were made to determine the 

response in the following quantities; pitch angle, angle of 

attack, flight path angle, normal acceleration, roll angle, 

and yaw angle. 

The results are presented in the form of frequency re­

sponse curves and transfer function curves for the each various 

quantities* The responses in pitch angle, angle of attack, and 

flight path angle were calculated for a range of airplane 

inertia values* 
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INTRODUCTION 

During and since World War II the performance of military-

aircraft, and potentially of commercial aircraft, has been greatly 

improved. Most of the improvement, however, has been evident in 

higher top speeds and longer ranges, rather than in those features 

•which would tend to reduce pilot fatigue and error. The higher top 

speeds and their accompanying evil, higher rates of fuel consumption, 

have increased the effects of small errors in navigation and at the 

same time reduced the time available for navigational work. The 

longer ranges have also meant longer periods of active flying by the 

pilot. These features have caused considerable effort to be devoted 

to the development of devices intended to relieve the pilot of routine 

duties and allow him to conserve his energies for the more urgent 

periods of combat or other emergencies. 

Practically all of the devices designed to aid the pilot in­

volve some form of automatic control. Unfortunately, the theory of 

servo-mechanisms is not one with which most aeronautical engineers 

are well acquainted. This fact has caused the burden of designing 

such devices to be thrown upon the electronic engineers who have for 

some years been using automatic control theory in the design of feed­

back amplifiers. As might be expected, considerable confusion can 

arise because of the dissimilar terminalogy in the two fields and the 

of aerodynamic experience on the part of the electronic engineers. 

There seems to exist a need for the dynamic characteristics of 

airplanes to be expressed in terms of quantities which can be readily 



handled by the existing servo-analysis methods. 

It is the purpose of this paper to present the results of 

calculations made to determine those airplane characteristics which 

would be necessary in the rational design of automatic pilots, and to 

classify those characteristics in such a manner as to make them intel­

ligible to a servo engineer who is unfamiliar with airplane dynamics, 

The required airplane characteristics have been calculated from 

differential equations of motion by the use of operational mathematics, 

The basic values of the airplane parameters used in the equations are 

representative of current airplanes; in some cases certain parameters 

have been varied over wide ranges in order to indicate the effect of 

such changes and to increase the applicability of the results. 

The types of characteristics calculated are as follows: the re­

sponse in pitch angle, angle of attack, flight path angle and normal 

acceleration to elevator deflection and the response in roll and yaw to 

both aileron and rudder deflections. The longitudinal responses were 

calculated for a range of inertia and static stability values, A total 

of seventeen airplane responses are presented. 

The results are presented in the form of frequency response 

curves and transfer function curves for each of the above mentioned 

cases. The curves are classified according to the form of their 

mathematical expression and also, as well as is possible, according 

to the type of autopilot response necessary to insure a stable air­

plane-autopilot combination, 
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GENERAL DESCRIPTION OF FREQUENCY RESPONSE METHOD 

Frequency Response Curves 

The frequency response method of autopilot-aircraft analysis 

involves the use of four (U) quantities as shown by the curves on 

Figure 1* These four consist of two pairs. One pair of curves 

describes what a forcing oscillation of the control surface (input) 

does to the motion of the aircraft (output). The other pair of curves 

describes how the autopilot moves the control surface (output) in 

response to the motion of the airplane (input)* The two quantities 

plotted to describe each response are the amplitude ratio between the 

airplane motion and the control surface motion, R, and the phase angle, 

£ 9 between the airplane motion and the control surface motion. The 

relationship of the body motion both in amplitude and phase (time re­

lationship) to the forcing control deflection depends solely upon air­

plane parameters. The relationship of the enforced control notion to 

the body motion both in amplitude and phase depends solely upon auto­

pilot parameters. These response curves are usually determined for a 

range of frequencies from zero to about three times the natural frequency 

of the airplane. Both sets may be determined either experimentally or 

by use of equations of motion. Generally the response of the airplane 

is calculated and the response of the autopilot is measured,, 

The response of the aircraft is obtained by the calculation of 

a steady state solution of the equations of motion. The procedure 

involves the replacement of the differential operator D by a sinusoidal 
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frequency variable 'ik)'. This permits the response of the airplane 

per unit disturbance to be plotted as a function of the periodic 

disturbance. 

The response data for the autopilot are obtained by similar 

calculations or by oscillating the autopilot at various frequencies 

and amplitudes and measuring the control or servo motion produced, 

The two sets of curves on figure 1 were calculated for a typical 

airframe and autopilot. They are used to determine stability as follows. 

The intersection of the 6 curves is determined. This intersection, or 

critical frequency, determines the frequency at which a neutrally stable 

oscillation may exist. The values of the R curves at the critical fre­

quency, OJc determine if the oscillation can exist. Thus, if, at the 

critical frequency, the R values are equal, i. e,, the R curves inter­

sect at OJc , then there will be a neutrally stable oscillation. If, 

however, R^ is greater than R as in this example the oscillation will 

be damped, and conversely if R is greater than R instability will be 
a p 

indicated. The existence of a stable or unstable oscillation is the only 

definite conclusion that can be drawn directly from the two sets of curves. 

By definition, see below, the response curves are valid only for the con­

dition of zero damping of the oscillation and, therefore, if the R curves 

do not intersect at the same frequency as the £ curves, the inter­

section of the € curves no longer determines the frequency of oscillation. 

This can be stated in another way - if the airplane-autopilot combination 

is either stable or unstable, the basic response curves will indicate the 

fact, but will not define the frequency or the damping of the oscillation, 



The frequency response data mentioned above may be considered in 

another manner which increases the applicability of the data, and is 

more usual in servo-mechanism analysis. The total response may be con­

sidered as a vector quantity of amplitude R and phase angle € . A plot 

of the locus of the head of this vector as a function of the forcing 

frequency, CJ } is known as a transfer function curve* There is a 

significant difference in the form of the response curves and in the 

transfer function curve. The response curves for both airplane and 

autopilot must be expressed in terms of the same ratio. That is, they 

must be (using the pitch response as an example) curves of /,§ and 

/̂  vs. uJ or they must be curves of v © a^d Ve. vs. cJ . (The latter 

form requires a slightly different interpretation from that used on 
ft Tjl 

the /j and /$ curves) The transfer function curve, however, is 

always the ratio of output to input and thus the transfer function 

for the airplane will be in terms of ®/$ while that for the auto­

pilot will be given in terms of ^/E 

The method of predicting the stability of a system through 

use of transfer function curves is outlined below. 

1. The transfer function of the entire system is obtained 

(for single loop systems) by taking the product of the transfer func­

tion of the component parts. 
Thus ( % ) = ( 9/s ) X ( i/% ) 

complete system airplane autopilot 

2. This system transfer function is plotted and the Nyquist 

criterion is applied. In its simplest form this criterion requires 

that the system transfer function curve lie between the point 1.0 and 
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the origin where it crosses the 0 ray. This is reversed from the cri­

terion as usually used by electrical engineers, the reversal being due 

to the fact that aeronautical convention requires that a plus sign be 

assigned that control deflection used to correct a plus deviation. 

METHOD OF ANALYSIS 

Calculation of the Airplane Transfer Function Curves 

If an airplane is considered as a rigid body, it has six possible 

degrees of freedom and a set of six differential equations of motion is 

required to represent the motion. Because of the symmetry of the airplane 

in the X-Z plane there will be a negligible amount of coupling between 

the lateral (rolling, yawing, and sideslipping) motions and the longi­

tudinal (pitching, vertical, and forward) motions, provided the oscil­

lations are small. The assumption of zero coupling between the above 

mentioned motions allows the six equations to be divided into two sets 

(one lateral, one longitudinal) of three equations each. The validity 

of this assumption is discussed at length by Jones1. In some special 

cases where further simplifying assumptions may be made it is possible to 

eliminate one or two of the equations and thus reduce the set of three 

equations to two or one. 

The equations of motion, as presented in this report are complete­

ly non-simensional. Not only Are they written in terms of dimensionless 

coefficients but the derivatives themselves are taken with respect to a 

1 
Jones, B. Melville - "Dynamics of the Airplane" - Aerodynamic 

Theory W.F. Durand, Editor. Julius Springer, Berlin, Div. N, Vol.V ppl23 



non-dimensional time unit. The definition of this time unit and its de­

rivatives are given below. 

Dimensional time, t, is equated to a non-dimensional unit, s, 

multiplied by the ratio of an airplane dimension to the forward velocity: 

that is, t = sb for lateral equations 
v 

or 
t — s_c for longitudinal equations. 

v 

From these definitions the following relationships for the derivatives 

are obtained 

D^ - v n or D+ _ v 2
 Tz for lateral equations (l) 

D, — v -p. D, 2_ v„ n2 for longitudinal equa- (2) 
t - —us t - -£- u s 

tions 

The use of this non-dimensional time unit causes the solutions of the 

equations to be in terras of span or chord lengths traveled. Thus the 

frequency of the forcing function is always in units of radians per 

span or chord length traveled. 

Longitudinal equations 

The three longitudinal equations mentioned above describe a 

motion that is usually the sum of two well defined oscillatory motions. 

One of these, the phugoid, is a lightly damped, long period motion in 

which the angle of attack remains nearly constant, and the forward speed 

and the horizontal inclination vary. The other motion is a short period, 

heavily damped motion in which the forward speed remains constant and Q 

and o< vary. 
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The phugoid is easily controlled, or rather eliminated, by proper 

manipulation of the controls• Its period is so long (30 seconds - 100 

seconds) that a human pilot 'flies it out' without conscious effort and 

therefore it is not involved in the flying qualities requirements as 

given by Gilruth . 

On the other hand, the period of the shorter oscillation is of 

the order of one second and its damping is quite important in determin­

ing the flying qualities of the airplane. It thus seems reasonable to 

assume that any autopilot which does not cause an unstable short period 

oscillation will have a sufficiently rapid response to completely mask 

any phugoid characteristics which might be inherent in the uncontrolled 

airplane. On this basis it is only the response characteristics of the 

airplane in Q and OC that need be investigated to obtain information 

for use in autopilot design. The elimination of the forward speed 

variable, , reduces the number of longitudinal equations to two and 

greatly simplifies the computations necessary in obtaining response 

curves. The longitudinal equations of motion, as used in this paper, 

are given below. 

fa&Jb* - i c*, o)e - cmn * -- c^ s (3: 

a/j oe -fes<tD+cLJ« *cH s w 

2 
Gilruth, Robest R. "Requirements for Satisfactory Flying 

Qualities of Airplanes" U.S. National Advisory Committee for Aero­
nautics Wartime Report L-276 



Lateral Equations 

The lateral equations of motion used to calculate the response 

presented herein are taken from a paper by Sternfield . The equations 

as presented have been somewhat simplified by the assumption that the 

principal axes of inertia are co-incident with the stability axes. 

This condition is not often met exactly on actual airplanes, but it 

does represent a rather median condition. The lateral equations are 

given below. 

fe/uWb'-ic^pJt-iW-Ci,* = V (5) 

-ic^Dfi+faf^jfr-ic^DJr-c^fi ;c„} / (« 

-CL 0 +(2/jD-<£Lta>n ft)Y* +(Z/uD -C^ 0 = CYj i (7) 

Solution of equations for sinusoidal forcing function 

The term transfer function, as used herein, is taken to mean 

that function of frequency which describes the above mentioned air­

plane response curves. The transfer function curves could be obtained 

by computing several discrete solutions to the equations of motion 

using sinusoidal forcing control motions of several different fre­

quencies. It is much more convenient, however, to use a method that 

gives the response directly as a function of the forcing frequency. 

This may be done by setting up a solution for the desired response and 

substit ting the relation For example 

3 
Sternfield, Leonard "Effect of Product of Inertia on Lateral 

Stability" U.S. National Advisory Committee for Aeronautics Technical 
Note 1193, Washington D.C. 
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if f(D)0 = K5 

then 9 _ K (8) 

I " flb) 
and substituting D - iL«-) gives 

e _ K (9) 

S " fTa^) 

The presence of both odd and even powers in f(D) will cause the f(iu)) 

to be a complex number and the expression may be written 

9 _. K__ _ K' Ke"16" 
3 "a+ib "" Re16 R 

where r-r—r-
R* Va +b* and 6- a tan"1 b (10) 

a 
m 

The above expression describes U as a complex quantity of amplitude K 
a H 

and phase ( - 6 ) , both of which are functions of frequency, 

The setting of D equal to iu) is a device often used, but 

seldom explained. The following justification for this substitution 

has been amplified somewhat from that given by Brown and Campbell^. 

Consider again a system having the equation of motion 

f(D) 9 = KS 

The ratio of output to input may be written 

e _ K (8) 

. 1 ' W) 
and when S = <£ftsin uJ t 

6 _ K sinuJt (11) 
s ~ f(D) . 

c 
Brown, Gordon S. and Campbell, Donald P.,"Principles of Servo-

mechanisma", John Filey and Sons New York Chapter IV 
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If the Laplace transform, as defined by Gardner and Barnes', is applied 

to the equation it becomes 

( ! ) (s) - fTiT(s 2+uJ 2), (12) 

2 2 
and the characteristic equation, f(s) (s + < ^ ) - 0, may be factored 

into (s-s-j_) (s-S2) (s-iu)) (s+iu>) = 0. Ihen the inverse 

Laplace transform, is applied, the general form of the solution will be 

(i) 
s-,t spt i<*H -iuJt 

_ Kxe
 X 4- K2e Kiu, e +- K ^ e (13) 

For a consideration of the steady state behavior those terms having 

real exponents may be discarded leaving 

iuJt -iuJt 

Siss(t) 
/§) ,.N -

 Kiuue + K - i ^ e 

I rt/l 

if the expression for/9\ is broken up into partial fractions the 
\I/(s) 

value of the coefficients will become 

K i f l , = K and S_HtlJ - K 
f(iu>)2i f(-iuJ)2i 

The steady state solution now becomes 

iu^t -iuJt 
fe\ _ K e K e 
V<sJss(t) f(iuJ)2i f(-iu>)2i 

which reduces to 

(15) 

iu^t -ioJt 
Re K e 

(B) _ f(icJ) f(-ioJ) (16) 
IsJss(t) " 2i 

5 
Gardner, Murray F. and Barnes, John L#, "Transients in Linear 

Systems" John Wiley and Sons New York 19h2. Chapter V 
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The terms may be written as 
- i e 

1 • _JL __ 1 e (17) 
T ( i ^ ) a + i b \Z a2^.b2 

and 

1 _ 1 1 e 1 * (17a) 
-fTiiL) a-ib - y a 2 + b 2 

•where £ = tan" b and a and b are functions of t J . 
a 

This gives for / e \ 
U;ss(t) 

i(u)t-6) -i(u->t-£-) 
/9\ _ K x e -e (18) 

UJss(t) - ya2_+.b2
 A 2i 

•which by use of Euler's formula may be changed to 

x sin(uJt-£) (19) 

b2 
(*\ = K 

Ujss(t) VT^T 
The maxium value of the above expression will occur when sin(u>t-6 ) = 1. 

This will, of course, occur at a phase angle € away from the time at 

which sint-J t = 1. 

Thus the expression for /0\ in the steady state, and as a 
' S Jmax 

function of frequency, may be written as 

Ks> \ T 7 T b 
or 

at a phase angle (-6) 
2 

( I ) - i \ - 6 , where both R and 6 are functions of (20) 

frequency. 

It will be noticed that this is the same result as was obtained 

by substituting D = i uJ in the response equation (8), 



Estimation of stability derivatives 

The airplane for which the aerodynamic derivatives have been 

estimated is described by the foilowing dimensions, 

yC/ 10£ - - - longitudinal 

17.5> - - lateral 

0.17 

1.0, l.lpit, 0.̂ 0 

.20 

Wing aspect ratio 6 AS 

Taper ratio 0.5 A* 

Horizontal tail area 0.20S 6 

Vertical tail area 0.10S c 

Tail aspect ratio 3 6 
Tail length 2c or 

3 

The values of the derivatives were estimated by use of methods 

now current in airplane stability analysis. These methods are out­

lined and extensive bibliographies on the subject are given by Donlan, 

7 
and Campbell'. The values of the derivatives used in this paper are 

given in table I. 

Estimation of autopilot characteristics. 

The autopilot curves shown on figure 1 describe the response 

characteristics typical of current electric-servo autopilots. The 

autopilot is assumed to contain both rate and displacement gyroscopes 

and to be equipped with synchro pick-offs and feedback links which 

feed into a phase sensitive amplifier. The output of the amplifier 

Donlan, Charles J. "Factors affecting Longitudinal Stability 
and Control" MACA-University Conference Collection U.S, National Ad­
visory Committee for Aeronautics. 19h9 pp 197-202 

7 
Campbell, John P. "Factors Affecting Lateral Stability" NACA 

University Conference Collection U.S. National Advisory Committee for 
Aeronautics, 19U7 pp 203-229 



A system of this sort may be represented by the following equation. 

*/E - %± ' K ^ • (K/ + KjD) 
"D'-H K J D + - K 6 

A block diagram of the system is shown in figure 2. 

Methods of Classification of Transfer Functions 

Low frequency characteristics 

It quite often happens that an airplane which has been carefully 

trimmed (i. e., put into equilibrium as regards forces and moments) 

will subsequently develop out of trim moments. Such moments may be 

caused by the using of fuel, the dropping of bombs, the accumulation of 

ice or the shifting of passenger load. These moments, unless cancelled 

oat, will cause the airplane to deviate from the desired course. 

The tendency of any airplane-autopilot system to maintain zero 

error (that is stay exactly on course) under a steady disturbing load 

may be determined qualitatively from the shape of the system transfer 

function curve. This is done by considering the physical menaing of 

the behavior of the curve at low frequencies. At or near zero frequency 

the R value of the transfer function may be likened to a sensitivity 

constant. Thus if at 6J = 0 the value of R goes to infinity the slight­

est deviation from the input reference will cause an infinite response 

from the airplane in a direction such as to reduce the deviation. 

Mathematically to have zero error required that 9 out = 9 in, or 

that 6 out — 1. It is shown by Brown and Campbell'that 8 out _ 
8 in 0 in "" 

- K-G(iu^) 
H-K-G(iu)"7 

B ~ ~ ~ — 
Brovrn and Campbell Op. cit. Chapter 6, section 8. 



and thus that for a steady input angle 

Qo, - 1 if limit K-G(io)) = oo 
/Qf UJ—O 

and for a steady input velocity 

^B- = 1 if limit K-G(io;)ia;=oo 
'y< to-* o 

Obviously the case of the airplane with a steady out-of-trim load is 

not covered by the criterion for a steady input angle. It can be seen, 

however, that the criterion for a steady input velocity will cover the 

case of a system subjected to a steady extended load. If the system, 

be it airplane or not, is subjected to a steady input velocity there will 

be created on the system a steady load due to the output velocity and 

caused by the viscous damping always present in actual systems. If 

the system can overcome this load and maintain zero position error 

it can also evercome any external steady load and still maintain zero 

error. 

This sort of an analysis then leads to the possibility of classi­

fying airplane transfer functions by their behavior and that of their 

first derivatives as cJ goes to zero. It will usually not be necessary 

to consider the system (airplane and autopilot) transfer function because 

a proportional autopilot (one in which there is a definite ratio between 

the error signal and the central deflection under static conditions) 

will never have an infinite response at zero frequency and thus all 

infinities in the system transfer function must come from the airplane. 

Maximum allowable autopilot gain 

The gain in the autopilot determines the amount of corrective 

control deflection per unit error that will be called for by the auto-
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pilot. The higher the gain the stiffer the system will be, that is with 

a high gain a small deviation from course will cause a large corrective 

control moment to be applied and this may be likened to a stiff spring 

which creates a large restoring force when subjected to a small deflect­

ion. 

In systems which are inherently zero error systems at zero fre­

quency such high stiffness is unnecessary but in other systems a high 

gain is sometimes quite desirable in order to prevent out-of-trim 

moments from causing objectionably large static errors. 

Unfortunately the use of high gain in the autopilot is quite like­

ly to cause the system to become unstable. This is shown by the curves 

on figure 1. If the gain in the autopilot were increased V £ "would 

increase and ^A would decrease, thus decreasing ftp and lessening the 

stability of the system. The limiting value of Rp at LUC is that value 

which will make the fraction Rp / 1. It can be noticed that this 
Eg 

limiting value could be changed considerably if were changed. It 

is evident that there is an infinity of solutions to the problem of 

designing a stable airplane-autopilot system and it is impossible to make 

any definite classification of airplane transfer functions unless the 

analysis is made using data for a specific autopilot and airplane. 

RESULTS AND DISCUSSION 

General Characteristics of Airplane Transfer Function 

The most evident feature of all the longitudinal response curves, 

shown in figures 3-7 is the fact that they all bear a resemblance to the 
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response curves Tor a one degree of freedom system consisting of a spring, 

a mass and a dashpot. The second resonant peak characteristic of two 

degrees of freedom appears in a degenerate form in the O and f re­

sponses as an infinite point at zero frequency, but does not show up at 

all in the <X and Of (or normal acceleration) responses. This indi­

cates the possibility that a good approximation to the oC and Df curves 

might be obtained by using a single equation of motion, 

Another general observation which may be made is that the & and f 

responses exhibit rather low resonant peaks, thus indicating that in 

these two variables the conventional airplane is nearly critically damp­

ed, On the other hand the responses in o< and Of indicate rather low 

damping. It may be concluded from this that autopilots sensitive to <£ 

or f would not be as seriously affected by shifts away from the design 

phase characteristics as those autopilots sensitive to <* or Df for 

the following reasons. A change in the phase responas of the autopilot 

would change "4; if the resonant peak is sharp a small change in uJc can 

cause a large change in the value of Ra at uJc and thus completely alter 

the stability picture. 

Those responses computed with variations in pitching inertia and 

static stability (on figures 3-6) show about what would be expected from 

a knowledge of simple forced vebrationsj namely, an increase in inertia 

lowers the frequency at which resonance occurs and an increase in static 

stability increases the frequency of resonance. 

The lateral curves (see figures 8-11) in general do not exhibit 

as sharp peaks in the amplitude responses as do the longitudinal. In 
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fact the roll amplitude response curves might be approximated except, 

at zero frequency, by a one degree of freedom system having only a mass 

and viscous damping, even though they actually represent motion in 

three degrees of freedom. The closeness of this approximation is 

illustrated by the dotted curve on figure 8. The amplitude response 

curves in yaw are also somewhat similar in shape to the approximate 

roll curves but the yaw phase angle curves are quite different from 

any others. Experience gained in computing the curves indicates that 

by only slight changes in the airplane parameters the phase angel curve 

may be made to reverse its downward trend at about 180 and shoot up 

o 

sharply to finally approach 90 • It may be noticed that the fact that 

the phase angles drop sharply down to lagging or negative values will 

tend to make CcJc occur at a relatively low frequency. As zero frequency 

is approached the R curve rises quite rapidly and thus tends to reduce 

the allowable value of autopilot gain. 

Low frequency characteristics 

As mentioned above the chief point of interest in the low fre­

quency region is the behavior of either the amplitude curve or of the 

complete transfer function as zero frequency is approached. The mathe­

matical form of each transfer function and the value of the derivative 

as UJ goes to zero are presented in table II. These values of the 

derivative limits indicate that, for any of the types of motion studied 

here, any airplane-autopilot combination will have some steady state 

error under steady load unless the autopilot is eq-.tipped with an inte­

grator. 
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Permissable autopilot gain 

The fact that an airplane-autopilot system will inherently be 

subject to steady state errors makes the use of high autopilot gain 

more desirable. It has previously been shown that, for the airplane 

response on figurel, the value of Rp will have to be 1.0 or more if 

OUc is at 0.08. This when put in terms of •/„, means that the con­

trol deflection produced per degree of airplane deviation must be 

less than one degree. If the same autopilot is applied to the roll 

response data on figure 8 it can be seen that Rpwould have to be great­

er than 3.0. This would mean that to insure stability the autopilot 

o 
could produce only 0.33 aileron deflection per degree of airplane 

deviation. 

The above amounts of control deflection are relatively small 

compared to those which would be required to trim an airplane subject­

ed to battle damage or out-of-trim moments caused by asymmetrical use 

of fuel. Therefore if an automatically stabilized airplane is to have 

satisfactory characteristics under steady out-of-trim conditions it 

will probably be necessary to use an autopilot which incorporates 

powerful phase-compensating devices. Such devices would make the cri­

tical frequency higher and thus allow the use of higher autopilot gain. 

CONCLUDING REMARKS 

The problem of attaining all desirable characteristics in an 

airplane-autopilot system is not one which can be solved by a consider­

ation of the airplane characteristics alone. However this analysis 



indicates that by a study of typical airplane transfer functions it 

is possible to obtain a general view of the problem and to propose 

plausible solutions. The final answer, though, must in all cases 

depend upon a detailed study of the particular airplane and auto­

pilot involved. 
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APPENDIX I 

Tables 



TABLE I 

STABILITY DERIVATIVES 

Longitudinal Derivatives 

Response CL 
nioj H 

&/s -J4.614. U.6U -6 105 

% - U 6 U k.6k -6 105 

«/s -Mk k.6h -6 105 

«/& -.U61* h.6k -6 105 

«u -.k6k k.6k -6 105 

% -.U6U h.6h —6 105 

eu -.058 kJk -6 105' 
rh -J46I1 h.6h -6 105 

% -Mh h.6U -6 105 

% -.1*61; h.Sk -6 105 

or/i - -U6U kM -6 105 

% 
-.232 U.6U -6 105 

C 
1.0 s 

-1.032 

c 
-.516 

l.UlU -1.037 -.516 

1.0 -1.032 -.516 

1J41U -1.032 -.516 

.5 -1.032 - .516 

.5 -1.032 - .516 

1.0 -1.032 -.516 

1.0 -1.032 -.516 

i.mu -1.032 -.516 

.5 -1.032 - .516 

1.0 -1.032 - .516 

1.0 -1.032 -.516 

ro 
JET 



TABLE I - Cont. 

Lateral Derivatives 

S 

% 

% 

*u 

n, T. n. n, H 
15 

.0 B -.025 -.U7U5 -.i»5 -.0267 .116 -.071 17.5 .20 .17 

^ a ^ r 

.12 0 0 

0 0 

0 0 

.01*6 -.137 

1 •0U6 -.137 

6 



TABLE I I 

FORMS OF AIRPLANE TRANSFER FUNCTIONS 

Response Transfer Ftinction 

8 / s a -HbuJ 

<*/s B.Ui'j ± JbUJ 

cuJ 2 + i(duJ -e«*J) 

S a t < J~ + i b u j 
cu) + i ( d u > 2 - e t J ) 

/ / < ( a u 2 + b) •+icu) 
da i^ + i ( e u ; ^ - fu>) 

0J7r (auJ^-t-b)-hiccu 
(duJ 2 -e ) - i f u J 

^ / c one-degree-of - a  
freedom -bu> + icuJ 

0/c a u ) 2 - f i ( b u ) 3 _ C ( j y 
( d u ^ _ e t J 2 ) + i ( f w 5 - g t L ) 3 4 

^ % ( a ^ 2 - b ) + i ( c t < / 3 + dfc;) 

0 / 5 a + r - a ^ 2 + i (bu>3_cuO 
(duJ^-euJ^) + (f w^-guJ^ + hLj) 

^ / S a + r " ^ h * b) i(-c<*>3 + duO 
( e u / ^ - f i u 2 ) + i{guj5-huJJ-kuj) 

hu)) 
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APPENDIX I I 

Figures 



0.02 004- 0.06 
CO 

o.oa Q/O 

r^/gfure / . /<?e5/Donse curves for cruto/ot/of 
& not a/rp/one /r? /D//C/I. Cun/e^s /nc//ca/e 
sforb/e sysf&m, 



D/s/o/crc emen t 
qfyro3co/oe 

D/s/o/crc emen t 
qfyro3co/oe • 

&//? Amp/tf/er 4ervo 
rr?ofor 

O O t f / &//? Amp/tf/er 4ervo 
rr?ofor 

O O t f / Amp/tf/er 4ervo 
rr?ofor Amp/tf/er 4ervo 
rr?ofor 

-

/eafe 
gyroscope 

/eafe 
gyroscope 

/eafe 
gyroscope 

F'/yunt 2.. 3/ocA d/agram of sam/o/e crc/fop//of vo 



30 

/e e 
/Z /zo 

/o /oo 

3 30 

6 60 

4 40 

2 ZO 

O , 

O O.OZ 0.04- O.OQ 0.03 O/O 
OJ 

/^/grure *3. Effect of /nerf/at on response /n 
jo/fch. 



/ o oo, 9QK 

at UJ = 0 

/so 

j^/grure 3-conf, 
H 



32 

o aoa 0.04- aoo oo& a/o 
oO 

F/g/ure 4- Effect of sfaf/c sfab/Z/fy oh 
Ae$/oor?$e /r? /?//e/? 



/^/yure 4 confi 

O' 

UJ 



3k 

O QO£ 0.04- 0-06 G08 Q/O 
CJ 

F/gurQ 3, Effect of /r>erf/a 0/7 response /n 
or/?ff/e of affack 



^/grure 5 confi 

o 

vn, 



36 

& £ 1 
5 

\ / 0 0 \ 

4 80\ 

3 6o\ 

2 40 

/ \2o\ 

&\ 

• 

&\ 

A*. 
c 

/.O-
/4-
0.5 

O OOZ 0O4 0.06 008 O./O 

a) 

/^/yure 6. Effect of /nerf/a on response /n 
f//<?hf /><?//) orngr/e , if. 



Ftgure 6 oonf. 

to 00,90 
cyfcJ = 0 



Fryure 7 Response /n a/er/vaf/ve of f/zphf 
pa/h anq/e , D f. 



• 

.. 

I V o) = o 'cJ = <» \ o° 
-

o.os a/o C 

-

^/grure 7 cont. 
1 

• 

VJJ 



/O 
Approx/rnafe 

£LXcrcf 

6 

f^/gure 8. /Response /n ro//i ft, by /"wo /7?e//?oc/s 
A//eron con fro/ on/y. 



/ © ottj/SO 

aftt): 

^"/pure 8 cortt 

to <~, 90" 
atu)-0 

P 



U2 

6 

\/60 

30 

O 4 O 

-SO 

-/60 

-24d\ 
OS 

r^/gure 9 Response /n t/aw- Af/eron 
con fro/ on/y. 



at u)=0 

/gure 9 cant 
fr 
KJJ 



nil 

1 

/o ZOO 

8 /60 

1 \* 
6 /ZO 1 

4 ao 
\ e 

2 40 
' 

/) 

O G/ 0.2 0.3 04 OS 
U) 

/^/yure /O Response /n ro//, 0. A//eron crs?cf 
ruo/c/er confro/. 



/o mo, mo° 
at?u)=0 

/ ^ 

\ \ 1 /»« 1 1 / OJ=~ ^ ^ V \ \ 1 /»« 

/vyt /re / 0 co/?/! 

2 * 6 v 

vn 



& 

6 

O 

/^/gfure / / /Zesjoonse /n yaw} $*-< A//eron and 
rucfofer controf. 



^/jure // con/: 

/o oo, 90 
a/ aJzO 

KJ 

es 

hPo 

CJ! 

o 

• t -


