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SUMMARY

The phenomenon cof synchronization has been observed in mechanical
and electrical systems for many years. Synchronization of sinusoidel
oscillators by sinusoidal synchronizing signals has been the subject of
many papers in the literature. Analytical and graphical methods used

by several authors lead to essentially the same conclusions although the

methods of attack are varied. The synchronization behavior of the oscil
lator is explained by these authors in terms of the instantaneous phase
angle existing between the oscillator voltage and the signal voltage.

There is a unique relationship existing between the instantaneous
phase angle of an oscillater being synchronized and the instantaneous
frequency of the osciliator. The mathematical analysis in this investi-
gation utilizes that relationship to extend the results of other authors
to a more general ;tudy of instantaneous frequency as well as Instsntan-
ecus phese, Of parficular interest in this investigation is the effect
of circuit paramsters and initial phase angle on the frequency transisnt
during synchronizetion. _

A nonlinear differential squation, called Adler's (6) squation
in the development, gives the starting point for the mathematical analy-
5is. This equation is solved for the instantaneous phase angle by a pro-
cedure similar to that used by labin (7). The solutions of this equation
are presented in analytic and graphical form for thres cases which occur
when the synchronizing signal lies within, outside, or on the boundary of

+the bandwidth of synchronization of the oscillator.




xii

The expressions for the instanteneous phase angle are differen-
tiated to give instantaneous frequency devletion expressions which are
combined with the frequency of the synchronizing signal to give equations
describing the instantaneous frequency behavior of the oscillator. The
game three ceses considered in the study of the instantaneous phase angle
are considered in the study of the instantaneous freguency. Complete
results of the phase angle and frequency investigation are given as a
set of wiversal curves. Parameters determined by the signal frequency,
the oscillator frequency, and the synchronization bandwidth of the cscile-
lator fix the choice of the particular curves of the set to be used in a
given transient study.

Effects of initial phase angles on the instantsneous frequency
behavior of the cscillator are available when the proper curves, deter-
nined by the parameters mentioned above, are selected from the instan-
taneous phese angle and instantaneous frequency set of curves. A given
initial phase angle, when its value is located on the Instantaneous
phase angle curve, establishes a time reference on the instantanecus
frequency curve., The instantaneous frequency curve then gives the fre-
quency transient from this reference time out to infinite time.

A unique experimental set-up allows the observation of frequency
trancisnts in an sscillator affected in = manner described in the mathe-
matical analysis. The eguipment offers the following features:

{1) A control circuit to inJect the synchronizing signal when the
proper phase relationship exists between the cscillator and synchronizing

gsource voltages;




(2) A circuit for measuring and controlling the phase angle
between the oscillator and source voltages;

(3) A circuit for observing and measuring the actual frequency
transient;

(4) 4 delay circuit for ensuring that one transient has completely
died out ofter observation and that the oscillator has returned to the
normal free-running condition before the synchronizing signal is injected
again; and

(5) A circuit for careful measurement of the reference frequencies
involved.

Photographs of the experimentally observed transients verify with
good accuracy the results predicted by the mathematical analysis. These
photographs are presented in several places with the corresponding theo-
retical curves.

The following conclusions can be considered the principal results
of the investigation:

{1) The possible freguency transients that can occur in a given
ogcillator being synchronized by a given synchronizing source are dater-
min=d by the balf synchronization bandwidth of the cscillator and the
difference between the synchronizing frequency and the frequency of the
free-running oscilllator; the exact transient that does occur is deter-
mined by the phase angle between the oscillator voltage and the synchron-
izing voltage at the time the sigral 1s injected.

(2) The maximum departure of the instantaneous oscillator fre-
quency from the free-running frequency of the oscillator is equal to the

half symchronization bandwidth of the oscillator.
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(3) The maximum theoretical duration of an oscillator synchroni-
zation frequency transient is infinite; practically, however, when the
instantaneous frequency of the oscillator approaches within a certain
degree of proximity to the synchronizing freguency, synchronization can
be said to have occurred; if the degree of proximity is defined as being
ten per cent of the half synchronization bandwidth, the maximum tran-
slent duration is given empirically by the half synchronization radian
bandwidth divided into ten.

(&) 1If a frequency transient during synchronization is to be
minimized, the synchronizing signal must be inJjected into the oscilla-
tor at such a time that the instantaneous phase angle between the oscil.
lator voltage and the synchronizing voltage is equal to the final angle
normally reached after the synchronization transient.

(5) Oscillators with a large synchronization bandwidth are sub-
Ject to greater frequency fluctuations during symchronization but the
duration of the transient is inversgely proportionsl to the maximum ampli-
tude of the fluctuation.

(6) Synchronizetion frequency transients are independent of the
actual values of the free-running frequency of the oscillator and the
frequency of the synchronizing source; it is the difference between the
two that is of importance.

(7) An inversion of the resultant curves makes the entire
mathematical analysis valid when the synchronizing frequency is less
than the free-running frequency of the oscillator.

(8) The period of the difference frequency between the free-

running freguency of the oscillator and the synchronizing frequency is
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qf the order of; or greater than the duration of the synchronization fre.
guency transient.

The graphical procedure developed in this investigation gives an
alternate way of solving & synchronization problem proposed and investi-
gated by Fraser {8). Fraser investigated the effect of gating a sinu-
soidal synchronizing signal with a rectangular gate voltage. Meny of his
results are compared with data obtained by the alternate method and the
comparison shows that both methods of attack lead to the same results.
Synchronization is interpreted in terms of the fundamental signal fre-
quency and in terms of the sideband frequencies.

An application of interest In the event that a synchronization
frequency transient is undesirable involves the use of an outgrowth of
the experimental eguipment to automatically inject the synchronizing
signal at such a time that the frequency transient is minimized. The
equipment is discussed im block diagram form. It has the shortcoming
that a delsy grester than the duration of the synchronization transient

is introduced by the system.




CHAPTER I
INTRGDUCTION

The phenomenon of synchronization hes been observed for many years
in electrical and mechanical systems. Huygens, who discovered that clocks
banging on the szame wall tend to synchronize, was probably the first %o
note this phenomenon. Electrical oscillators, discussed in such refer-
ences as Edson (1), van der Pol (2), and Gillies {3), are subject to syn-
chronization effects.

Electrical osc¢illators can be broadly classified as sinusoidal or
non-sinusgidal. These oscillators can be synchronized by signals which
are usually either of sinusoidal form or of fixed-interval pulse form.
Mathematical attention has been given to all combinations of oscillators
and synchronizing sources, i.e.; non-sinusoidal oscillator -~ sinusoidal
source, non-sinusoidal oscillator -- non-sinusoidal source, sinuscidal
oscillator -- non-sinusoidal source, and sinusoidal oscillator -- sinu-
goidal source. The literature concerning the analysis of the synchroni-
zation of a sinugoidal osciliator by a sinusoidal synchronizing source
is of the most importance to the discussion in the following chapters.
Some of the most important papers on this subject are by Appleton (4},
Huntoon and Weiss (5}, Adler (6), and Labin (7).

When a sinusoidal oscillator with a free-running frequency Wy is
synchraﬂized by a small-amplitude synchronizing signal of frequency wy

there is a time interval when the actual frequency of the oscillator is




changing from W, to Wy and the frequency differs from both w, and W) .
Several important papers, mentioned previously, study the behavior of
the instantaneous phase ang;e between the oscillator voltage and the
synchronizing source voltage dquring this time interval, but the treat-
ment stops short of the instantaneous frequency behavior of the oscilla-
tor.

The subject of the investigation in the following chapters is the
instantanecus freguency behavior of a sinusoidal oscillator which is
being synchronized by a small amplitude sinuscidal synchronizing signsl.
In particular the effects of different initisl conditions and circuit
paramefefs on the actual frequency transient are considered. The in-
vestigation is_both methematical and experimental.

Chapter II reviews some basic oscillator theory'whicﬁ is helpful
in jntroducing the ides of synchronization of oscillators.

Chapter II] reviews several papers on the synchronization of
sinusoidal oscilistors by sinuscidel synchronizing signals. Two’maaor
references (6,7) are developed in sufficient detail that their results
form the basis for the mathematical development of the problem.

The problem is analyzed mathemstically in Chapter IV. The syn-
chronlzation of the oscillator by the synchronizing source 1s described
by a nonlinear differential equation. ©Solutiong to this equation are
fully developed analytically and a family of curves plotted from this
analytic solution gives the possible frequency transients during synchron-
ization. A graphical procedure is developed to allow initial condition
effects to b2 considered.

The experimental procedure is described in Chapter V. The test




oscillator, the synchronizing source, the control eguipment, and the
measurenent equipment are described in enough detail that duplication of
the eguipment is possible. Calibration procedures are given with a dis-
cussion of the use of the equipment.

Chapter V1 demonstrates how the results of the development can
be utilized in an alternate approach fo a problem analyzed by Fraser {8)
end it considers a possible application of the results to the problem of
avoiding or at least minimizing the frequency trensient that occurs during
synchronization. A block diagram description of a circuit for accBmF
plishing the minimization is included.

Chapter VII reviews the results of the development and it sum-

marizes the conclusions reached concermning the problem.




CHAPTER II
REVIEW OF BASIC OSCILLATOR THEORY

An oscillator can be defined as a device for transforming d-c
energy into e-c energy. It can be classified in many ways, scme of
which are: feedback or negative resistance; sinusoidal or non-sinu-
scidal; stable or unstable; and synchronized or free-running. It can
be classified according to the active element used as vacuum tube, trans-
istor, or tunnel diode. It can be classified according to the name of
the ihdividual ¢ircuit used as Hartley, Colpitts, or tuned collector,
etc. There is no need here for a complete treatment of all these sud-
Jects; this chapter briefly reviews only those oscillator principles

which are helpful in understanding the following work.

Sinusoidal Oscillators

True sinusoidal oscillators do not exist but in many cases the
harmonic content of the oscillator output can be minimized. Only thase
so-called sinuscidal oscillators are considered throughout this devalop-
ment. Approximete mathematical analyses of meny sinusoidal oscillators
are possible while mathematical analyses of many non~sinusoidal escilla-
tors are almost impossible.

Meny oscillators, no matter whether they are feedback or negative
resistance oscillators, can be reasonably approximated by a tuned cir-
cuit in parallel with a negative conductance. Figure 1 represents one

gquivalent circuit. Describing the behavior of the negative conductanca




and its effect on the circuit is a complicated procedure in most cases

and comprises the most difficult part of the analysis.

[ ops
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Figure 1. Approximate Representation of sam Oscillator.
Ag a first approach to the problem consider the node differential

equation for Figure l:

dv 1
CEE+(Gn+G)v+T‘ fvdt= 0. (1)

If initial conditions are neglected, the Iaplace transform of egquation

(1) gives
1y o ;
Cs V(s) + (Gn + G) ¥(s) + (TE) Vig) = 0 . {2)
If oscillations are to exist the system determinant must equal zero,

iﬂel’

82+'ET"3+%80° (3)

The roots of equation (3) are given as




Gn + G Gn + Gy 1
5= -—3pg— ¢ (‘3&“'135" (4)

Since Gh is a negative gquantity, these roots are imaginary for the case
|Gn] = |G|. In this cese any disturbance in the system produces sustained
oscillations which neither inc¢rease nor decrease unlsess some other dis-
turbance occurs.

When lGnl < |G| the roots bave negative real parts indicating the
fact that any disturbance in the system produces decaying oscillations.
For the case |Gnl > |G| the roots have positive real parts indicating
that any disturbance in the system prevduces increasing oscillations.

A practical oscillator is not composed of linear alements. If it
were, & set of Qn values would have to be available for the system to
function. Initially IGn] would have to be greater than {G| so noise
currents or fluctuations could establish the build up of cscilletions
in the circuit. After oscillation build-up |Gnl would have to equal |G|
so that oscillations would be sustained at a fixed amplitude and, to afford
a control action, IGhI would have to become graster than |G| if any
effects attempted to decrease oacillation amplitude and ]Ghl would have
to become less than JG] if any effects attempted to increase oscillarion

amplitude.

Van der Pol (2) Analysis of Sinusoidal Oscillators

As was stated praviously, no practical oscillator cam be truly
linear and purely sinusoidal because it must somehow produce incressing
oscillations until a desired amplitude 1s reached and it must regulate
the amplitude of voscillation thereafter. No practical source of the

negative conductance effect produces a linear negative conductance.




Tnstead, the characteristic curve of the device has an appearance some.

what like that of Figure 2. The operating point of the oscillator is

i}

g <0

¥

Figure 2. Typical Nonl inear Characteristic,

established approximately at the center of the negative conductance
region. Any disturbance causes increasing oscillations until the net
effective conductance of the system goes to zero whereupon oscillations
are maintained. Regulation is automatically accomplished by the charac-
teristic of the negative conductance element. Thz ouktput of such an
oscillator is siauscidal if the tuned circuit in parsllel with the non-
linear element is a high @ circuit so that it offers a high impedance to
only one frequency component of the generated waveform. Figur2 1 shows
the general circuit configuration of & practical oscillator if the Gn of
Figure 1 is furnished by an active element with a characteristic similar
to the characteristic of Figure 2.

Van der Pol analyzed the system described in the above paragraph
by approximating the negative conductance region of the characteristic

curve of Figure 2 by a cubic equation of the form

1= F(v) = -av + bv> . (5)




With this approximation the differential equation

dv 1
CH,E+(Gn+G)v+I [vdt= 0 (1)
becomes
C %% + (-av + bvj) + Gv +‘% }r vat = 0. (6)

Equation (6) is emsily reduced to the form

2
dv d 2
E?-EE (CV-DV’B) +W0V = (. (7)

Equation (7) is referred to as the van der Pol (2) equation. This form
of equation arises in many practical gituations.

Since the present discgséion is restricted to sinusoidal oscilla-
tors, the assumption is made that the first derivative term of equation
(7) is small. Van der Pol (2) offered two methods for the solution of
equation (7) under this condition. The two methods are referred to as
the method of variation of parameters and the method of eguivalent
linearizetion. &Since hoth of these methods lead to the same results,
only the method of veriation of parameters will be described briefly.

The analysis of equation {7) by the method of variation of param-
eters proceeds somewhat intuitively. The tuned circuit is a high q cir-
cuit and the second term of equation (7) is considered to be small so

the voltage acrosas the tuned circuit may be closely approximsted by

v = A(t) cos w b




where A(t) is the slowly varying smplitude of the voltage. The first
and second time derivatives of equation (8) yield several sine and cosine
terms multiplied by A(t) and its first and second derivatives. If equa-
tion (8) and the derivative terms obtained from it are substituted into
equation (7) and the terms involving harmonics and the derivatives of
A{t) are nEglec.ted as being smll, the resultiné eguation will bave either
a sinwot or a coswot associated with each of its terms. This resultant
equation, when separated into 1ts sine and cosine comporpents, yields two
equations, one of which when solved gives the amplitude of the oscilla-
tion and the second of which when solved gives the frequency of the oscil-
lation. The actml details involved are rather lengthy and can be found
in many references.

The results of this procedure are:

for the amplitude

a ~ (3

(9)
)b

and for the frequency

w o= \/-%_ 0 {12)

The analysis outlined in the preceding paregraphs has reviewed
some simple oscillator theory and it has attempted to show some of the
restrictions and limitetions involved in the class of oscillators to be

treated from a synchronization standpoint in the next chapters.
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CHAPTER III

SYNCHRONIZATION OF SINUSOIDAL OSCILLATORS

BY SINUSQOIDAL SIGHALS

This chapter reviews some of the more importent papers on synchron-
ization by sinuscidsl signals. Two major references are gummarized in
sufficient detail to establish the basic egquations from which the re-
sults of this investigation are developed. Other references are summar-

ized briefly to show several approaches to the subject.

Development of the Synchronization Equetion

Meny oscillators which consist of an active element and a passive
feedback network can be analyzed for phase transients by & method described
by Adler (6). A physical line of reasoning leads to a differsntial equa-
tion which can be solved for the instanteneous phase difference between
the oacillator voltage =nd the synchronizing signal voltag=. This devel-
opment is based on the assumption that time constants in the oscillator
circuit are small compared to on2 period of the difference frequencyo*
Adler's equation is developed in comsiderable detail in the following
paragraphs. Refer to Figure 3 for the oscillator configuration.

In Figure 3, Vl is the phasor voltage representing the injectad
synchronizing signal, Vr is the phasor voltage representing the voltage
returned from the feedback network, and ‘J’g is the phasor voltage repre-

senting the voltage input to the active element. The relationship among

¥A detailed discussion of the assumption is given by Adler (6).
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Active Feedback
Elemsnt Network

Pigure 3. Oscillator Representation.

these voltages can be written
Vg = Vl + Vr . {11)

This relationship can be illustrated by the phasor diagram of Figure L.
Vl has the angular veleocity W, of the synchronizing source, Vg hes the
angular velocity w of the oscillatoer, and, if Vl is small with respect
to Vr’ Vr bas approximately angular velocity w of the oscillator. Note

that 6 increases positively in the cownterclockwise direction.

w Vr

8
ml\
v

Figure 4. Relationship Among Oscillator and
Synchronizing Voltage Phasors.

Examination of Figure & reveals that, for V, << Vg s

V, siné V. s5in®

[ -l 1. © l

B & tan 7 = 7 . (12)
4 g




The phase angle 3 between Vr and Vg is s function of frequency. Its
behavior depends on the elements in the feedback network. For small

deviations of fregquency the relationship can be expressed

¥

(w-w)+Bw) (13)

ap . OB 2Q
where 30 is evaluated at w W . For a simple tuned Circultb?ﬁ = =

o
and B(wo) = 0 so equation {13) can be written
L] 2Q (
g = -t:}—gm-wo). {1k )
o
A combination of equstions (12) and (14) yields
wovl

It is important to note that the phasor diagram of Figure 4 shows
difference frequency and phase. The assumption that many high frequency
oscillations cccur during =2 small shift of the phasors allows the intar-
pretation of 3—5 as sn instantaneous angular velocity. In other words w
chenges slowly and the feedback network is able to respond tc these changes.

ﬁxamination of Figure 4 suggests that @ changes at a rate determinel

by the difference bhetween wy apd w.

48
—d.-‘E = ml - w - (16}

When the oscillater is synchronized, « = w, and defdt = 0., When w W, ,

then d6/dt # O and the oscillator is not synchronized. Equation (16)

can be written
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dé

I = (wl - wo) - (w - wo) . (I-T)

Substitution of sguation (15) into equation (17) and defining

W, - W o= oW (18)

allow equation (17} to be written in the form

ae

I = Y- wcsin o (19)
where
w Vv
o 1
I.,I.'lc = §Q'v;-— » (20)

Equation (19) is teken as the starting point for most of the development
in the following chapters. A freguency spectrum shown in Figure 5 illus-

trates the relations between the terms of this eguation.

W

Jroti——— g i
C

L]
<

| I E— ws_..

w sin 6defal

Figure 5. Freguency Spectrum Relating Terms of
Synchronization Equation,

Since equation {19) is so important, the full significance of

each of its terms must not be missed. An oscillator of free-running
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frequency W is being synchronized by & signal of smzll amplitude Vl and
of frequency W, . This establishes Wo = Wy - W The angle @ is the
instantaneous phase angle between the phasor representing the acitive ele-
ment voltage and the phasor representing the injected synchronizing sig-
nal voltage. The angle 6 can assume any velue between -x ﬁnﬁ +t. The
time derivative of 6, d6/d%t, represents an instantaneous frequency whose
value is the difference between the synchronizing source freguency and
the instantaneous oscillator frequency. The difference batween the
instanteneous frequency ¢f the coscillator and its free-running freaquency
is given by the term W, sin6. The development of %this term 1s based on
the sgsumption of small linear phase shifts due to the feedback aetwork.
The assumption i3 Justifiable for small departures of w from W,

Since € can assume all values, sind can sssume all values between
rius one and minus one. The terms of equation (19} are sll freguency
terms. Use of limiting values of 8in? allows an interpretation of the
frequency limits to he expected. Note that the condition QE'E-QE allows
synchrenization since 46/dt can be zero for this condition while ws> W,
do2g not allow synchronization since de/ht cannot be zerc for this condi-
tion. The half-hendwidth of synchronizetion is egual to A

When synchronization occurs, w = w, and dg/dt = 0. Equation {19)

gives thé value of w for this condition as
8; = sin~t w fo, . (21)

The limiting value of ef, ef = + 90°, is the value obtained as W is

alleowed to move to the boundary of the synchronizetion band.
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Solutions of the Nonlinesr Differential Equation of Synchronization

The nonlinear differential equation

ds
T’ = Y - ¥ sl (19)

can be solved by direct integration. Jones (9) has developed the results

in the form

-1 1 [ 2 2 1L /2 )
0= 2 tan -&;[ws o CNE A tanhé- Wy - Wy {(t + to)J (22)

where W < W, and to is an integration constant. For the case W > w,

the solution is

-1 1 2 1 /2 2
8 =2 tan T‘J';[wc+ h.ls-wc tan.é' ws-wc (t+t‘0)] (25)

whers to is again an integration constant.

Equation (22) for the case w, < w, leads to the result of equa-
tion (21) for the value of © and to the result d8fdt = 0 as t goes to
infinity. These results are true becasuse the hyperbolic tangent term
go2s to unity in the limit. Therefore, synchronization occurs and the

final value of @, given by equation (21), can alsc be expressed as

6, = 2 tan . (24)

Equation {23) for the case w, > w, leads to O as a periodic
functior of time as t goes to infinity because the natural tangent

varies periodically. In this case dG/dt is never squal to zero &and

synchronization never occurs.
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Synchronization by Phase Control

An slternate development of the synchronization equation is pat-
ternad after a treatment described by Labin (7). The result is Adler‘s
equation although the two systems from which the results are derived are
considerably different. The solutions offered by Labin are of interest
because they, when modified, give another way of developing solutions of
Adler's equation. This medification forms the basis for much of the work
in Chapter IV,

Consider the system of Figure 6. The oscillator to be synchronized

Synchroni~ € Mixer = € Oscillator
zing ] Phase - To Be
Bignal Detector Sync'd
A
u Reactance
Filter » Tube

Figure 6. Block Diagram of Phase-Locked Oscillator.

is considered to have an instantaneous freguency w. The synchronizing
gource has a fixed frequency Wy « The output &, of the oscillator to be

synchronized is fed to the mixer along with the output e, of the syn-

1
chronizing source. These two mixer inputs produce a mixer output unless
the two inputs are at exasctly the same frequency and phase angle. The
mixsr output in combination with the filter delivers a comtrol voltage

4 to the reactance tube which ad justs the frequency (phase) of tha

cscillator to be synchronized.
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The control of the frequency w by the regulating voltage u is

expressed by an equation of the type

we @ + Su {2%)

for |w - w0|max = Slu}max < 7 vhere w  is the free-running frequency

of the oscillator to be synchronized. As long s the error |w - “5' does
not exceed the value ¥, linear regulation of the oscillator freguency by
+he reactance tube is achisved. The assumption is made that a constant
vglue w = w ty is maintained for 7/S < Jul < i‘)/S and finslly a forbidden
region is assumed when |u| >®/S. Figure T shows & sketch of the instan-
taneocus oscillator frequency w versus the reactance tube control voltage

u-D

w
e

-8fs =98 +y/S 4B

Figure 7. Oscillator Frequency as a Function of
Reasctance Tube Control Voltage.

Consider now the possibility that ey and e, are so near gach

other in frequency that the following equations can be written:

2

= E, sin wt (26}

1 1
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and
e, = E, cos [mlt - o(t)] (27)

where d6(t)/at is the frequency difference. Since d6/dt is mmch less
than Wy the filter can separate, from the mixer output, the frequency
difference da/dt'which arises, along with other frequencies, from the

rroduct of ey and e, in the mixer. The actual control voltage for the

2
reactance tube is then written as

u = KEE sin 8(t) = Usin 6 (28)

.whare U = KlElEE'

The frequency equation involved in the control loop is
w=w -dffdt = u +8u (29)

where u= U gin &,
Allowing w o~ w =+ w end SU= w, in equation (29) leads to the final

form

- /
dgfdt = + W, -, gin e . 130)

Equation (30) is identical in form to Adler's aquation
aefat = + w, - &, sin 6 . : | (19)

14 is important to note that the solutions of equations (19) and
{30) are for the instantaneous pbase angle as a function of time. Instan-

taracus frequency as a function of time can be found from these resulis.
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The effect of different initial conditions on the freguency transient is

also needed for a complete picture of the synchronization process.

Other Approaches to Synchronization

Huptoon and Weiss (5) using & more general approach than Adler (6)
used show that a synchronizing voltege in an oscillator can be replaced
by a fictitious ilmpedance Z = R + JX through which a constant current is
flowing to produce the same voltage effect. The output voltage V and
the output frequency F of the oscillator are affected by this fictitious

impedance according to a set of compliance coefficients defined as

V/3R = Ap, /IR = Fp, ~N[/&K = Ay, - XK = Fy . (31)

Manipulation of these coumpliance coefficients in complex form in connec-
tion with the fictitious impedasnce leads to a synchronization equation
which can be reduced to Adler's equation.

Chapter II gives van der Pol's nonlinear differential equation

representing the behavior of a free-rumning oscillator as

2
Y _ S (cveDv) + WVe 0.
th dt [

~
~3
et

Van der Pcl considered synchronizetion in terms of this equation with a
driving voltage El sin wlt added. The resulting equation for the driven

oscillator is

2

d_g. - Ed'E (ev - va) + u)ivs wi El gin wl‘b s (32)
dt

Van der Pol's solutions for this equation describe the conditlons for




20

aynchronization but his method of attack doesn't lend itself to the
study of frequency transients. With some simplifying assumptions, how-

evar, the squation can be reduced to a form similsr to Adler's equation.
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CHAPTER IV

SYNCHRONIZATION FREQUENCY TRANSIENTS AS A FUNCTION

OF INITIAL PHASE DIFFERENCE

Mathematical Development

The nconlinear differential equation governing the synchronization
process of a sinusoldal cscillator synchronized bty a sinusoidal synchiron-

izing sourcs of smmll amplitude hes been presented in Chapter IIT in

the form
a6fdt = w - w s 6 = W -w {33)
with
o = - u (%)
and
) e = {zc
w wo wc sln 6 33
where
wo Vl
wc = m; ° {36}

Figure 8 illustrates by means of a phasor diagrar the conditions
existing in the oscillatcr which is being affeckad by the synchronizing
signal. ’Jl is the phasor rapresenting the synchronizing signal voltage

of angular velocity Wy and Vg is the phasor repressenting the activa
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-

ki

Figure 8. Phascr Disgram Showiag Oscillator Conditious
During Syrchronization.
=lzment input voltags of angular velocity w. Vr is the phasor repre.
senting the voltage returred by means of the fezdback network. The
angalar velocity of Vr is approximately w because Vl is small in ampli-
tuda., Defining Vg as the reference phascr, the following interpretations
can be made:
w is the instantaneous acgular velocity of the pbassor which
represenss the oscillator voltage;
& 1s the instantanscus phase angle existing between the
phasors rapresenting the oscillator and synchronizing
souros volbages:
90 is the valus of 8 at the tims the synchronizing silgnal is
lntrodured or turnad on. 190 can assums any valus withic
a 3%0° interval; amd
a6fat is an instantancous angular velotlty deviation which
can be combined with wy to give the lustaptansons angular
velocity w of the oscillator.
Some prsiiminary interpretations of equeticn (33) axe useful to
indicats the menver in which $th: transient problem is approached. Note

that the sheadv state is reached wher 46/dt = 0, Then the relatinos




23

and

W = w sin 0
s c

defing the angular welos ty w = Wy and the phass angle 6 = sin'"l ws/mc
which mst exist when the oscillator is synchronized or in the steady
statsa.

Wien steady stabe corditions are not satisfied,

d6/at = w, - w_ sin 6 f O (37)

w=w +w sin @
o C
=0t - ds/dt

= w - defat . (38)

Fouation {37) is a diffsrentisl sguation which can be solved for 8(t)

and sxmation [38) gilves the actual argular velocity w as & funciion of @
wr of d8fdt. Au initial velus of 8, 90, et L = 0 lsads to a upigue value,
at t = 0, of d6/ar which establishes the starting point of the fraguency
{engular wslosity) transisnt to b2 considered. A complets study of fre-
quincy transiznis must considsr Lhree casses

Coecx Y. W < W, with the syochronizing signal falling within the

synchreritation band;

Cas= II. a > o with ths synchronizing signgl falling ocuiside the

synehronization band; and




Case 1II. W, = W with the synchronizing signal talling on the hcundary
of ﬁhe synchronization band.

Bquations (37) and (38) describe the pbase transient 9{%) ard %he
angular velocity tremsient w(8) or w(t). The solution of equation {37),
in terms of an iritisl phase angle 603 describes the behavior of 8{%) as
this angls goes from 6 = 6 to its steady state valus 0 = gin~t ws/wc"
Bguatior (38) then gives the angular velocity trapsient w(t) corresponding
¢ this phesa transient. In cases I and III the transient will die oul
as the oaclllator bscomes syncbrorized. OCase II is handled in & zirilar
manrer but no steady state condition is reached.

Devalopment of Case I w, < w,

Equation {37) can bs rewritten as
d9/dt = W oW sin &8 w, < {39}
or ag

ag
T T " at . w8<wc (40}

A solution of equation (40) for 8{t) can be obtained end the derivative
of 8{t) with respect to time can be used in eguation (38) to giwve wii),
ths desired fraquency transisnt. The initial phase angle, eo, establishes
a pafticular phase transispnt which in turp has associated with it & par-
ticular freguency transient for the givsan Gou

A skstch of equation (39) in Figure 9 provides interssting in-
formation ashout soms posaible Instantan=ous engular velocities when 1%

is wsed in conjmction with




W o= - dG/dt » {38}

Examirstion of the sketch and equation (38) shows the maximum irstan-

tansous angnlar wslocity deaviation from Wy t0 be o + W, occcurring for

g = -n/2, the minimum instantaneous angular velocity devietion from wy

as/at }
wE + W

B2 - wrif2 ) /2 +35f 2

Figure 9. Plot of d6/dt = w, - o sin g for W <@

Lo bz zere ocourring for SHwo values of 6 = sin"l W, [ s and & smalley
prak deviation o be W, - W ocourring for 9 = +n/2, Note that cne of
the zero devianlor points, whvre an increase in 6 makes de/dt. negativa,
iz stable while the other point, whers an increase in @ makes d6/dt posi-
tive, 1z uustsble. Thes=2 cbservations yield soms insight into the prob-
lam tut they ars short of the goal which is a solution for instantancous

fraguency as a funeticn of time,

Bquation 4326.00 in Dwight's Table of Integrals {10} glves the sol-

utice of
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as »
o - w sing "4t “s & %% {40}
5 <
as
w, tan/e/2) « w_ - mé N
1 ] s e s [ B

[\

- i o
3
o - wg w taniffe) - w_ +y o - w
c s 5 ¢ c

1]

whats tc_ jis a coostant of in{sgraticn. Ietting B = ./ w{: - ws s 2guation

(41 can ba written

w_ tan{6/2) - w, -3

B{t + t5)
Tan (§/2) ~ @_ 1 B y

+ =2

o —
=
o

s’

The + sign in equaticn (32) is pecossary becauss Bt + to) can not change
gigr. vau 6 can have any value within a 360° interval which mezns that
tar (6/2) caz assum: all values from minus infinity to plus infinity.

Wh-r,

tan 16/2) & e %3)

1ha pumerator of +pe laft kand side of aguation (42) eguals zerc. Values
of 0 above aud below the value thws defined suse the npumerator and,

B, g
tharefore, the ratilo to change sign, Note that &“‘t * %o)

squals zero at
the velue of @ dsfined by =quation (b3} and the valus of B(t + t ) must
squal mirus infinity at this valus of 8. A similar «ffect is notesd in

the denominator. When

w - B
tan {6/2) = "E&T_" (L )
8
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the denominator of the left hend side of equation {42) equals zero.
Values of @ above and below this value cause the denominator and, there-
fore, the ratlc tc change sign. AL the value of 6 defined by equation
(bh), BUE+ ta) oy equal infinity and this means that B(t + to) must
gqual plus infinity at the same valus of 4,

Considering first the plus sign, =quation (h2) becomes

w, tan (8f2) - w, ~ B =« ten (Q/E}eB(t + t5) _ wceB(t +t5) (45)

+ BeB(E * %)

or
w B{t + t )
'!;émg- = E:E - -l-i-?-— coth —-—-—-2—--9-- . {46)

8 B

In like mamnsr tha equation derived with the negative sign in

squation {42) becomes

o w, 5 B{t + to)
s s

Let sin 8, = w_ /wc which leads to tan Hf = wB/B" Figure 10 illustrates

this ralstionship. BEquations {(46) and {47) can be written in terms of

Bf as
o 1 B{t+t ) (
tan 57 = Eﬁw—a; = ot ef coth > {48)
and
9 B(t-l'te)
tarn 5 = sin 0. cot ef tanh -—*2—'—-‘ o (Ll-9)




28

Figure 10. Diagram Defining Bf.

Observe from equations {48) and (49) that allowing B{t + to) to
approach minus infinity (corresponding to the sign change condition of

equation {4#%)) reduces both equations to

g 1 1

tan 5 = ———= 4 cot 8, = {50)
2 sin 8 £ ﬁg‘a‘gﬁ
which leads to
6 = g - Sf
cr
g = o1 - Qf

depending on which eguation 1s used in the limiting process.
Allowing B(t + t 0) to approach plus infinity (corresponding to

the sign changs condition of aquation (44)) reduces equations (48) and

(49) to
tan 2w _1 cot @, = tan {0 /2) (51)
2 sin ‘E'f - f b
which leads to
g = @
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Equations (48) and (49) resulted from a sign choice in equation

B(t + t,)
2

cannot go to infinity, that the choice of

(42). The conclusion is now obvious, since coth
B{t + t,)
2

the sign end, therefore, the choice between equstions (48) and (49) de-

can go to

Infinity and tanh

Pends on where the initial phase angle, 90, appears. In summary use
equation (49) for
ef < eo <A -~ 9

and use squation {48} fecr

- Xa Gf < 90 < Bf s

Note that
y -y :
cothy = L8 ~ =1 - -——ELE- (52)
ey - & ¥ la-¢ ¥
and
¥ ~¥
e’ . & 2
tenh y = = 1 - . (53)
el + e 1- &Y

Use of the identities of equations (52) and (53) in equations (48) and

(49) end the combination of equations {48) and (49) leads to the form

9 1l - cos Sf 2 cot Bf ‘
Ryt Twme, TRt (54)
Use of
l~-cos @ 8
T f
msin 5 = tan -—2— (55)

T




20

and

2
1 - tan® 9,/2

2 cot 6, =
cot B tan 0,72 (56)

changes equation (54) to

Bf l-tan29ﬁ/2
= tan = +

tan . :
©  (tan ey2) [1¢ R to)]

(57)

vj @

In a given case Bf is constant, therefore, J.et tan (ef/e) = k and rewrite

equation (57) as

2
k + 1-X

tan k[ PR to_}] . (58)

=

)o@

Use + in equations {57) and (58) for 0, <6 <X -8, .

Use - in equatioms (57) and (58) for -n - 0, <6, <8

f 1.
B(t + to) Bt _Bto

In equation (58) ths term e can h2 considered as e

Bt

If @ 70 is arbltrarily set equal %o l/k, which amounts to choozing *.:0

such that 8 = # N/E at t = 0, equation (58) can be written as

2
tan § = k4 -k (59)

k[ 13 (1/k) eB"]

or

-—

2
8 = 2tan‘l[k+ %J . (60)
ke

Use + in equations (59) and (60) for 8 <6, <% - 6

f o
Use - iu equations (59) and (60} for -n - 6, <6, < 8p -
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Bquation (60) is the general solution for the instantaneous phase
angle as a function of time. A curve sketched from this solution appears
in Figure 11. Note that € always approaches Gf asymptotically as syn-
chronization cccurs and note also that Bf mey be approached from above
or below dependirg on 90, the initial value of 6, when the synchronizing
signal is introduced. The limiting value of & above Gf is 1 = Gf and the
limiting value below 8, is -x - @.. These limiti%§_va1ues are calculated
by sllowing + to approach minus infinity in equation {6C). Thesz are the
same values pradicted in the discussion immedlately following equations

(48) ana {49) corresponding to sign change condition eguation (43).

90°

— - 100°

b+ ~200°

L]

a2
-180° - 6¢

Figure 11, Sketch of Instantaneous Phase Angle as a
Fupction of Time.

At this point in the development observe that no loss of general-

ity occurred from setting eBtO = l/k because it is a simple matter to go
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to the curve in Pigure 1l with an arbitrary initiasl phese anglé, 60. A
shift of time scale places t = O at the proper 90 on the curve and the
transient curve is available as @ progresses from 90 to er while t goes
from zerc to infinity.

Figure 12 shows @ versus Bt for three different values of 9f
corresponding to sin @, = 0.2, 8in 6, = 0.5, and sin 6, = 0.964. Use of
these curves is iliustrated by the following example. .

Let w, = 2x (500) and w, = 2¢ (1000). This establishes values

2 .
for B = [, - w = 2x (866) and sin 6p = wsfmh = 0.5. If the initial
phase difference between the synchronizing voltage and the oscillator
voltage is -150°, the variation of @ with respect to time is obtained

by entering the sin 6, = 0.5 curve gt 8 = -150°, which is at the value

b
Bt = -0.72, and following it to Bt = infinity. The Bt scale shifted
0.72 units and divided by B gives the proper time scale for the curve.
See Figure 13 for the result.

Bquation (60) gives instantaneous phase angle as a function of
tim=2. Equation (38) can now ﬁe used with the derivative of equation

f60) to develop an expression for instantsmeous frequency as a function

of time. Repeated for cornvenient reference are

Bt

2
6-2ta.n.'l[k+ l'k,J (69)
kt e

w o= W - d9/dt . (38)

Differentiating equation (60) yields




200 —

100 —— ===

Degrees
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R = e e

Figure 12.

Bt

2
9= 2 tan~t |k + -k
I )

wa sin™* ws/mc

Instentansous Phase Angle as a Punctior of Time

for Sf = 11.53°, Op = 307, and 8, = ™.2%.
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- e = s = = e e = = — 0, w 307
Dagress f 5
| 1 -
L LN L
600 800 t
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ard

ae + B(k2 - 1)
T 5
(X~ + 1) cosh Bt £ 2k

. (63)

Equation (63) can be combined with egquation {38) to obtain

£ B(1 - ¥°)
(k?+ 1) cosh Bt % 2k

W= w - d8fdt = w, +

L L (64)

which is the squation for instantaneous frequency as a function of time.
IMPORTANT: For equations {61), (63), and (64),

use + sign for 6f<90<n-9 and

T

usa - sign for -u-ef<s:*o<ef“

Consider an example to 1llustrate the use of equation (64). Let

@ = 25 (500) and w = 2x {1000) which establishes sin 0,y = ws/uc = 0.5,
k= tan 15° = 0.268, and B = 2x {866). When these parameters are sub-

stituted in equation {64), the equation becomes

+ 21 866{0.928)
| +[ 1.072)cosh 2n TT 0.5% J . (65)

This equation is plotted in Figure 1lk(a). Figure 14{a) now shows all
possible frequency transisnts that can occur as the oscillator is syn-
chronized under the conditionsg of this example. To complete the pichure,
the affect of the initial phase angle between the synchronizing signal
voltage and the oscillator voltage must be considered. Figurs 1k(h),
obta.ineci frox Figure 12, is a plot of instantaneous phase angle versus
time with the same constants that were used in Figure 1h{a). If the

curve of Figure 14(h) ie entered at the value of the initisl phase angle,
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Instantanacus Phase Angle as a Functior of Time

for w_ = 2n{500), w, = 27(1000}, and 0, = 30°.
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a certain time, which may be projected directly up to the curve of

Flgure 14{a), is read. Thie time is now teken as the reference t « 0 for
the starting of the trarsient which then runs its course along the curve
as t goes to infinity. Note that the @ curve with negative slope projects

to the instantanseous angular velocity curve above w, while the 6 curve

1
with positive slope projects to the instsentaneous angular vel&city curve
below w, . Note also that Figure 14 will hold with appropriate scale -
changes for any seh of fregquency values such that sln ef = 0.5, If the
frequsncy values should double, the time of the transient would he cut to
one balf the original time and the amplitude of the transient would be
twice the amplitude of the original transient;, etc.

Figure 15 illustrates the transisnt that occurs when the initilal
phase angle is -200%, w_ = 2n {200), w, = 2 (400), and sin 0, = 0.5,
Figure 15 is obtained from Figure 14 in the following manner. First the
time scales of Pigures (=) and 14(b) are multiplied by 2.5. Second
the amplitude scale of Figure 4 {a) is divided by 2.5. Third Figurs
14{B) is antered at 6 = -200° where the time, t = 1.5 milliseconds on
+he new scale is read and projected upward to the lower frequency curve
of Pigur= M{a). Finally the transient is sketched by jumping from w,
o +the lowszr curve at the projected point, now considered as £ = 0, and
by following the curve as t goes from zZero to infinity. As a matter of
interest some points measured experimentally are shown on the graph.

Figure 16 shows a fsmily of transients obtained from Figure 14 by
nssuming difforent initial phase angles. This family is for the condi-

tiors sin 8, = 0.5, w = 21 (200), and w, = 2n (0C). For comparison

f
purposes an experimentalily measured family can be seen in Figure 17. The

same condit.ions apply.
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6, = 20°

8°=+ 30°

6, = + 90°

6,=+125°

8°-+ 130°

wg = 2r(200)
w, = 27(400)
85 = 30°

8, = 150°

6, = ~ 200°

6, = - 180°

30--50°

6, = 0°

Time Scale: 0.4 millisec./cm,
Amplitude Scale: 200 cps/cm.

Figure 17. Experimental PFamily of Frequency Transients.




A complete treatment of all possible transients occurring in all

the other cases (i.e., for all the other 6_ values) can be developed in

I

expanded form in exactly the seme manner as this case for sin @, = 0.5

£

was developed. The treatment starts with equation (64) which gives sll
possible frequency transisnts. Since wy and B are known constants in a
given case, it is convenient 0 plot the varisble part of equation (64)

reyritten as

£ (L - ¥°)
(1 + k?) cosh Bt £ 2k

ae
-3 = . {66)

Use + sign for Gf < 90 <M. Gf o

Use - sign for msc—ﬁf(Bo <9f"
This equation is plotted for several values of 6, in Figure 18(a). Figure
18(») is Figure 12 repeated for convenient reference in establishing the
initisl conditions.

Equation (66) or, in graphical form, Figure 18(a) represents the
normalized differencs between the oscillator angular velocity w and the
syrchronizing signal angular velocity W, . Since Wy ig constant, the
curves of Figure 18{a), properly scaled, show the actual angular fro-
guency trensients which can occur. An initiml phase angile, 60, can bha
taken in%c account by referring to Figure 18(b) and reading the Bt value
at 8 = 60u This Bt value establishes the Bt = O point (reference} for
the frequency transient curve of Figure 18(a}.

The entire development up to now has been based on the golution of
the differential equation (33). The quantity w, bas been defined as

Wy - Wy whirh implies that the synchrenizing frequanéy is above tha

1
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oscillator frﬁ-q_luency., There is no remsorn why w, cannot be negative which
wonld be the case for the synchronizing freguency bdelow the oscillator
freguency. With the modifications listed below, which will hold for
cases 1I and 11T as well, the solutlon to the problem when W is nega-
tive is readily available.
1. The sign of the phase angle, 6, changes., In case I this
amounts to an Inversion of Figure 12.

2. The sign of - 46/dt changes. In cese I this amounts to an
inversion of Figure 18(a).

3. The actunl transients are inverted and the signs of the
initial phase angles are changed. In case I this means
thet Figures 16 and 17 are iInverted and the signs of ths
initiel phase angles are chaonged.

The photograph of Figure 19 shows an experimental comparison of
synchronization transients with the synchronizing signal sbove and below
+he ogcillator frequenéyo Conditions in this photograph are the same as
for Figure 17 except that ws takes on hoth signs.

Devslopment of Case II, W > w,

Development of case 1I procesds in the same way as the d«valoprent

of case I. A solution of equation (37) with wo > W,

g‘g““’s““’csmefo {37)

yields 6 as & function of time. d8[dt is then obtained and used in the

equation

W ow W - {28)




6, = - 30° 6, = + 30°
6, = = 90° 8, =+ 90°
6, = — 130° 8, =+ 130°
6°-+200° 6, =~ 200°
6, =+ 180° 6, = - 180°

w, = 27{400) @, = 2r(400)
wg = = 2r(200) wg =+ 27(200)
O = — 30° 6 =+ 30°

Time Scale: 0.8 milliseconds per centimeter,

Amplitude Scale: 200 cps per centimeter.

Figure 19. Family of Experimentally Observed Frequeney Transients.
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to establish the instantaneous angular frequency as a function of time.
The only difference is that the condition of case II must apply. The
=ffect of an imitial phase angle, Bo, is handled by matching a time
determined by 6, in the 6 solution to a corresponding time in the w(t)
solution. This matched value on the curves smounts to & shift along the
time axis which establishes & new t = Q axis.

A plot of equation (37), shown in Figure 20, for the condition
W, > w_ reveals that d@fdt is never equal to zero. Since d6/dt is never

Zero, W never becomes egqual to Wy and synchronization never occurs.

e dgfdt |

w o+ w
8

' I - | |
-3n/2 % -nf2 0 tnf2 +n 9 43u/2

Figure 20. Plot of dé/dt = @ - o, sin 6 for w > w..

This ~ase 1s not of primary importance in this work because interest is
centered on the frequency transients during synchronigation; however, it
will be pursuved further to add completeness to the general treatment.
-Equation {37) can be written in the form
de =dt . w >w (67)

W - W8 2] ] 4]
8 ¢ in
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Bguation 4%6.00 in Dwight's Table of Integrals {1C) can be used tc inte-
grate equation (67) to give equation
wten 6/2 - w_

2 tan™t -t 4t (68)

f,
o
m2-w fw-u.f?
s C 8 C

where t is a constant of integration. Solve equation (68) for

W W

W w -
tan 6/2 = g S (bt )| + s (69)
8

-
m tan
3

or

- {70)

Usa2 the trigonometric identity for the tangent of an angle to write

egustion {70} as

3 [ _.

W wo - w  sin W o~ W t,t+t,)]2

9=2tanml GE-+ s = ° .o {71)
s w cos[ “‘i o (t+t03] /2

or

} 2 2 [‘2‘ 2 2
1 1 (W cosy w-u (t + to)/e + fu - gin ws-wc{t+t0§1/2

= 2 tan o !

8 2
cos[ u - o (t + to}] /2

(72)

Define
(73)
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and equation {72) becomes

2 2
Wy = o, (t+t)

0
A sin 5 + ¢ !
8= 2 tan = . (7%}
2 2
v % ™ % (t+to)
cog 5

No losz of genzrality occurs if

t + to
x'fua"wc.(z ) (75)
is used; equation (74) can then be written

-1 sin{x + ¢)
8= 2 tan W° (T6)

Bquation (76) is the general solution for instantaneous phase
angle az & function of time in case 1I. The general solution 1s sketched
in Figure 21{a).

Since instantanecus freguency ie of more interest than the instan.
tarsous phase angle, equation (76) cen be differentiated and comwbined
with equation {38) for the desired result. Differentiating equation

{76) with respect %o x gives

n & sin{x + ¢)
48 dx Cos X
dx 2
p 4 Sin(x + 4)
cos: x

2 cos ¢
* T¥sin (2x ¥ 9) sin & (77)
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e
560" = e - e e e e — = - \
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Slope = w
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Slope = ws + W,
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Figure 21(a). Instantaneous Phase Angle for W > w .

defat }

0 50 100 150 {degrees)x

Figure 21(b). Instantaneous Freguency for w, > 0.
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EE de Sf - Eﬁ 8 c _ de 8 ( 8)
AT > 3 T ax v 7

use equation (77) in equation (78) to obtain

ae _ ms c082 ]
az 1+ sin (2x + ¢) sin ¢ (79)
end then use equation {79) in equation (38) to obtain
: 0 cos® ¢
@ = W) - d8fat = w - TTsn (2x+ ¢) 5n ¢ ° (80)

Since w, is a constant in a given situation, the instantaneocus frequency

is deterﬁined by the variastion of equation (79) which is plotted in
Figure 21(b) for several values of é.

Figure 21(b) is misleading because it seems to indicate that for
different values of ¢ the range over which w varies is different. Equa-

tion (79) can be written in the form

2
22 . wc cos ¢ ’81)
at 3ic ¢ (1 T 5in (2%+9)8ins) * :

Figure 22 is a sketch of equation (81) and it shows the frequency varia-
tion in correct proportion. Note that the mwaximum value of equation
(81) is w (1 + cosec ¢} and the minimum value of equation (8l) is
w_(cosec ¢~ 1). The difference between the maximug and minimum values
of equation (81) is independent of ¢ and is alweys equal to 2u.

Consider as an £xample & case where u% = 2r(1000) and w, = 21{500}.
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Figure 22. Instantaneous Freguency for W > W,
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Figure 23, Oscillator Frequency Behavior for w_ = 2r{1000),
w, = 21{900).
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This determines sin¢ a&s 0.9 and the time scale factor as 2x(220). The
properly modified curve of Figure 21(b) is subtracted from w, to give w,
the instantaneous angular wvelocity, as & function of time. The resultant
curve is sketched in Figure 23,

An initiasl phase angle can be itsken into account in the following
manner. First a curve like that of Figure 21(a) must be plotted for the
proper value of ¢4 = sin'l mc/ms. A given 90 will, when used with this
curve, determine an x value. This x value is then used in Figure 21l(b)
with the proper sin ¢ curve to establish the x = 0 or t = 0 reference.
Since synchronization is never attained, the instanteneous frequency
curve is periodic and an initial 6 value simply determines the starting
peint of the curve.

Development of Case IT1I W, = w.

As in the previous two cases development proceeds by solving

equation {37)

d6fat = w_ - w sin 04 0 (37)

for 8(%) but with the condition ms =W, in this case. de/dt is then

obtained and used in the equation

W= w - d6/dt (38)

to establish w(t). The initisl phase angle is accounted for by matching
proper time axis values of the 8(t) and w(t) solutions.
Figure 24, a plot of equation {27) for the condition w =W,

reveals that d8/dt is equal to zero for only one value of &, 6 = /2.
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Synchronization, therefore, occurs for only one value of 8, 6 = /2,

aefat §

lws

-

! i | (I
3% f2 o -x f2 0 2 +1t +3% 2

-——
—

Figure 24, Plot of d48/dt = w, - w sin 8 for w = w_,

Thies case is the boundary hetween cases I and II and is a case of zero

probability. Consider equation (37) rewritten as

a6
G osme) - M 9T (82)

Equatior 433,02 of Dwight's Table of Integral's (10) gives for the solu-

tion of equation (82)

tan (n/h + 8/2) = w, (t+ to) (83)
where to is & constant of integration. Solving equation (83) for 6 gives
o=2tan’ 0 (t+t ) -2 . (8)

No losgs of generality occurs if wsto is arbitrarily set equal to zero.
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This amounts to choosing € = /2 at t = 0. Equation (84} becomes

@ = 2 tan~* (w,t) - af2 . (85)

Equation (85) gives instantaneous phase angle as a function of
.t {or t upon division of the w.t scale by wSJ., Fquation (85) is plotted
in Figure 25(a).

Differentiating equation (85) with respect to W t yields

ae 2
wt - 2 (86)
5 1+ (mst)
and since
ae - w ae
at Ewst
the result
de 2wS
- 'a? = - 2 (87)
1+ (ugt)

is aveilable. Finally, the Instantanecus angular velocity is given by

5
we @ - d6/dt = 0 < —— . (88)
1+ (wst)
Equation (87) is plotted in Figure 25(b). Use of equation (88) with the
curves of Figure 25 will allow calculation and plotting of any frequency
transient with arbitrary initiel phase conditions for the case W = W

Note that the curves of Figure 25 are gimilar to the curves of Figure 18,
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Equation (88) can be developed as & limiting case of

£ B (1« ¥)
(k? + 1) cosh Bt 2k

W= by -+

from which the curves of Figure 18{a) are sketched.

An example illustrates the use of Figure 25. Let W, = W= 2n(300)
and let the initial phase angle be -200 degrees. Epter Figure 25(a) at
8 = 200 degrees and project down to the same wst veluz, wst = wl,hf, on.
Figure 25(b). This w %t value corresponds to t = 0 and the time scale is
set up by dividing the w_t scale values by w_ = 27(300). Add w, To all
ordinate values, properly scaled, and the transient is sketched. Figure
26{a) shows this example and Figure 26(b) and 26{c) show the effezts of
fwo cther initial angles. Figures 27 and 28 show experimental curves for

several initisl angles and several bandwidths. These experimental ~urves

are actually for the case w slightly lass then W o

Development of Universal Curves

The results of cases I and ITI can be modified and combined in
one szt of curves which can be used to solve any synchronization trans-

ient, problam. Consider again the results of case I

2
o = 2 tan"" |k + 2 kB+ (60)
k+ e "
and
wom Wy - d9/ b= w4 (Ha)

(k2 + 1) cosk Bt = 2k




w 10
$o SR3500 w500 (8ec-)
Wy : e B
t
6, = -200°
w = mlw2:r,(300) —
wy - 21{600)
2 0
“§ o BR300 57300 \eec-)
“ ~ Tt
6 = -90"'
W, = wluEﬁ(joo? -
w, = 2x{600) |
W 5 R
l o 57506 (sec.)
G e ——fpn
1 t
eo = 0°

h)o = ml - 21‘({;500}

Figure 26, Gaveral Oscillator Fregquency Transients for
W, o= W = 2%{300) and 9f = 90°,
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8, =+ 10°
0, = ~ 30°
6, = ~ 70°
6, = — 140°
f, == 110°

Time Scale: 0.6 millisec./cm.

Amplitude Scale: 200 cps/cm.

g, = - 170°

8, = - 210°

6°=_ 250°

O, =+ 80°

B, = + 40°

Figure 27. Family of Frequency Transients for w, = o, = er(200).
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Amplitude Scale: 200 cps/cm.

wg = we = 2r(100)

Time Scale: 0.6 millisec./cm.

wg = we = 27(200)

Time Scale: 0.6 millisec./cm.

(13}

- ﬁJc = 217(300)

5

Time Scale: 0.6 millisec./cm.

Figure 28. Family of Experimentally Observed Fregquency Transients.
The effect of bandwidth on the transient amplitude and
the transient duration is elearly shown.




where kK = tan effe, gin Bf = w fw., and B = /wcé - W o /l -~ gin Gfs

w, cos Bf. Use + sign for af < 90 <A - ef and use -~ sign for

-fcuef<_60<9fg

The results of case III are

-1 .
& = 2tan Wt - n/2 {85)
and
2w
w = wl-ade/dt-wl- ——-—-?-—-—-é- (88)
1+ (wst)

where W, = W,

Equations (60) and (85) are plotted in Figure 29(a) with the time
scale of equation (60) adjusted by the relationship B = w, CO8 ef 80 that
the abscissa is wct rather than Bt. The time scale is already correct
for equation (85). Note that all curves are adjusted so that 6 = + #/2
at £+ = Q.

The vracketed term of eguation (A4) has mximum values of

l.k ; 4
F, e [ER] e eme @
max
and
#, - e (B e im0

If the bracketed term of egquation (64) is normalized by dividing by the

proper megnitude of equation {89) or equation {90) the result is

ie (1 + k)

e m— =

> (91)
n (1 + kK" )eosh Bt + 2k
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Figure 29. {a) Family of Instantaneous Phase Angle Curves.
(v) Family of Normalized Instantaneous Frequency Curves.
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for 6, < 90 <n - 8 _ &end

f T
2
dt e
n {1 + X )cosh Bt - 2k
- - < .
for - =n Gf 90 < Bf

The bracketed term of equation (88) is mormalized by dividing by 2w, = 2w

which is the maximum value of the term. The term hecones

ae 1
- = - . (93)
aty 14 (uht)z

Equations (91), (92), end {93) are plotted in Figure 29(b) for
the corresponding 9, values of Figure 29(a).
Figure 29 gives the solution for any synchronization freguency
transient which can occur regardless of the initisl phase relationship
between the synchronizing source voltage and the voltage of the oscilla-
tor to be synchronized. The sclution is effected in the following manner
with known quantities being w_, w_, @ , and w,. Sin Qf = ws/wc deter-
mines the proper cufves of Figurz 29 1o use.
1. Enter Figure 29(a) on the curve de*ermined by'ef and read
the w.t value corresponding to the initial phase ahgle.

2. The wct value read in step 1l determines the starting point
(t = 0) on the particular transient curve of Figure 29(b)
corrasponding to the ef value.

%. The abscissa scale of Figure 29(b) is divided by wc to give

the time scale in seconds.

4, The ordinate scale of Figure 29(%) is multiplied by wc(l-sinsf)
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if the upper curve 1s used, and by wc(l + sin ef) if the
lower curve is used.

5. Wy is added to all the ordinate values corrected as in step U,

6. The complete instantaneous angular velocity curve is given by

following w = W, to the u%t valuz corresponding to t = 0, At
this point the ins@ant&neous angular velocity changes step-
wise to the curve of part 5 and follows this curve as t goes
to infinity where w equals W, .

The normalized surves of Figure 29{(b) tend to disguise the fact
that the sctugl freguency transients sbove and below the wct axis differ
in amplitude. An eliternste set of curves is given in Figure 30. PFigure
30{n) is the same as Figure 29{a) but Figure 30(b) differs from Figure
29{%) in the fact that the ordinate of Figure 30(b) is - dq/dwct and the
curves are not normalized. Multiplying the ordinate scale of Figure 30(b)
by w gives -d6fdt. These curves show the relative amplitudes of the
transients. The same six steps for using the curves of Figure 29 apply
for using the curves of Figure 30 with the exception that the step &4
miltiplying factor for Figure 30 is W, for all the instantaneous freguency
curves. The appendix gives several individual curves for different val-
ges of Gfu Theze curves are more accurate and are easier to read.

The fact that w_ is negative for w, < w  offers no difficulty in
the use of the general curveg of Figures 29 end 30. The curves are used
by chenging the sign of € in Figures 29{a) and 30(a) and by changing the
sign of -d6fdt in Figurss 29(b) and 30(b). This smounts to en inversion

of the curves. As an illustration consider 6 = 150° with w) < W

Figurs 29{a) is used as though +150° is below the time axis and the time
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Figure 30. {a) Instantaneous Phase Angle as & Function of Time.
{(b) Instantaneous Frequency ss & Function of Time,




value read on the proper Gf curve is used to establish the reference

t = 0 on Figure 29(b). The lower curve, for the proper Of value, of

Figure 29(b) is inverted to yield the desired transient.
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CHAPTER V
MEASUREMENT OF SYNCHRONIZATION FREQUENCY TRANSIENTS

The object of the experimental work is to observe the frequency
transients that occur when the fregquency of the oscillator to be syn-
chronized is pulled from its free-running value to its fingl wvalue. This
pulling is effected by an instantanecusly injected synchronization fre-
quency of arbitrary but controllable initiaml phase. The final frequency
of the oscillator is the same as the frequency of the synchronizing
source. These experimentsl observations are compared with tﬁe theoreti-
cal transients predicted by the results of Chapter IV.

The experimental set-up for the observation of synchronization
frequency trensients offers the following features:

1. A control circuit to injJect the synchronizing signal when

the proper phase relationship exists between the oscillator
and source voltages;

2. A circuit for measuring and controlling the phase angle

between the oscillator and source voltages;

%. A circuit for observing and measuring the actual frequency

fransients;

k., A delay circuit for ensuring that one transient has completely

died out after observation and that the oscilletor has re-

turned to the normal free-running condition before the syn-

chronizing signal is injected again; and
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5. A circuit for careful measurement of the reference frequencies

involved, namely w and W, «

Experimental verification of the predicted transients of Chapter
1V requires measuring eQuiment some of which must meet rether critical
specifications. This chapter considers, first, the general nature of
the experiment from a block diagram viewpoint and, second, some deteails
of using snd calibrating the egquipment. Finally, the chapter describes
the more important pieces of equipment in sufficient detail that the

measuremént could be duplicated.

General Description of the Equipment

A block diasgram of the equipment devised for observing the fre-
quancy transients that occur when a synchronizing signal of srbitrary
and controllable phase is injected into an oscillator is shown in Fig-
ure 31, To simplify the discussion, let the egquipment be classified
according to its function as subjlect, control, and measurement equip-
mant.

The subject equipment consists of the oscillator to be synchron-
ized and the synchronizing source. As the word subject implies, the
entire experiment concentrates on the behavior of this equipment, in
particular the effect of the source fregquency on the cscillator freguency
is dssired.

The control eguipment consists of mixer number one, the coumter,
the monostable multivibrator, the phase shifter, and the gate circuit.
The function of the contrel equipment is to inject the synchronizing

source signal voltage into the free-running oscillator at the time that

he dasired phase relationship exists between the veoltages of the free~
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running oscillator and the synchronizing source. The control equipment
allows enough time for the transient to completely run its course end it
then removes the synchronizing signal. After the signal has been removed,
the control equipment introduces enough delay for the ogcillator to re-
turn to normal before the cycle is repeated.

Signals from the synchronizing aourcé and the oscillator to be
synchronized are fed continuously to mixer number one. When the oscille-
tor is synchronized, the mixer output through a low-pass filter 1s zero
and when the oscillator is not synchronized, the mixer output through the
low-pass fllter is at the difference fregquency, W - W The instantane-
ous amplitude of the difference-frequency voltage is uniquely related to
the instantanéous Phase difference bhetween the oscillator voltage and
the synchronizing source voltage. Because of this relationship, the
phase shifter between the synchronizing source and mixer number one can
control, with respect to time, the zero~-crossing points of the difference-
frequency voltage appearing at the output of the mj..xer. The cowmter,
actuated by the positive-going zero-crossing points of the difference-
frequency voltage, counts cycles of the difference frequency sny time the
oscillator is not synchronized. After a seﬁ pumher of counts the counter
delivers a pulse to the monostable multivibrator. The monostable multi-
vibrator immediately operates the gate circuit which allows the synchron-
izing source to synchronize the oscillator. 8ince the control of the

gate circuit comes from the output pulse of the counter and this pulse

depends on the zero-crossing time, controlled by the phase shifter,

of the difference-frequency voltage, the synchrorizing signal voltage




69

can be introduced with a predetérmined phase relationship relative to
the oscillator voltage. When the synchronizing signal is introduced,
a transient occurs; the duration of the gate pulse, determined by the
reriod of the monostable multivibrator, must be long enough for the
transient to be seen. When the multivibrator switches back to normal,
the gate is closed, synchronizatlion is lost, & difference frequency
again appears 8t the output of the mixer, another count is started and
the cycle is repeated. The counter slmply creates a time delay, con-
trollable by varying the number of counts before an output pulse appears,
to ensure that the oscillator has retumed to its normel free-running
condition before the next synchronization ¢ycle.

The measurement equipment consists of three basic wnits. The
unit formed by the one-megacycle crystal oscillator and mixer combined
with the Events Per Unit Time Meter, abbreviated EPUT meter, measures,
with respect to the fregquency of the one-megacycle crystal, the fre-
quency f_ = (ub/2ﬁ) of the free.running oscillator and the frequency
I, = (uﬁfan) of the synchronizing source. The second basic measurement
unit consists of the limiter and discriminator follewed by am oscilloscope.
This unit presents & trace on the oscilloscope screen which is proportiomal
to the instantaneous frequency, w(t), of the oscillator. The third
basic wmit consists of mixer number two and the dual trace oscilloscope.
This unit displays simultaneously on the fece of the oscilloscope screen
s difference-frequency voltage, resulting from mixing the oscillator and
the synchronizing scurce outputs, and the gate control voltage. The rel-

ative time position of these two voltages provides the value of the rela.

+ive phase angle between the oscillator voltage and the synchronizing
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gource voltage at the time the gate is actuated.

The transient-measuring wnit is described in more detail in another
section of this chapter, but a brief discussion of its operation 1s nec-
essary here. The limiter keeps amplitude variations of the oscillator
from affecting the discriminstor and 1t contributes nothing to the mea-
surement itself. The discriminator 1s a ratio detector to minimize even
more the amplitude effects of the oscillgtor. The actual freguency mes-
surement 1s made by the discriminator end the oscilloscope. The oscilla-
tor is being synchronized when the gate i3 open and it loses synchroniza-
tion when the gate 1s closed. The output of the discriminator thus Jumps
back and forth between the values W, and Wy and this output appears as a
near rectangular wave form on the ogcilloscope screen. The actual fre-
quency transient appears each time as the wy value is approached as
Pigure 32 illustrates. The transient is available in more detail when
the oscilloscope sweep circult with an expaﬁded scale is triggered by

the gate control voltege each time the gate is operated.

transient transient

LY, e — —_—— — -

Figure 32. Ogcilloscope Trace Showing Discrimingtor Output.

Measurement of the instantaneous phase angle between the oscilla-
tor voltage and the synchronizing voltage involves the output voltege of
mixer number two and the control voltsge for the gate circuit, These two

signals appear simultaneously on the dual trace oscilloscope in a form
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similar to Figure 23. When the gate opens, the synchronizing signal is
applied to the free-rmmning oscillator. The mixer output voltage imme-
diately changes wave shape, indicating that a transient is occurring as
the oscillator is pulled into synchronization. The transient is indicated

by the dashed portion of Figure 33%. At the time of the gate opening the

Mixer number two output voltage

W\ Transient
effect

) >

e o re
Gate control voltage Gate opens here

Figure 3%, Typical Trace on Dual Trace Oscilloscops.

relative phase angls between the free-running oscillator volitage and the
synchronizing source voltage is measured by the intersection of the
gate control veltage step with the mixer output voltege curve. For
instanca, an intersection at the zero-crossing of the uwixer output
voltage curve, as indicated in Figure 23, would indicate a phase dif-
ference of ninety degrees 1f a1l phase shifte in the measuring =gquip-
ment could be ignored. More detall is given in another section of this

chapter.

Use of the Equipment and Calibration Procedures

This secticn describes the complete experimental procedure. In
addition, as the need for each measurement arises, the calibration pro-
cedure for that memsurement is clarified.

An experimental run shows the instantaneous frequency, w, of the
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oscillator as a function of time. Four parameters, constants for a given
run, determine the actual instantaneous frequency behavior of the oscil-
lator. These parameters, which must be measured and set to their desired
values before each run, are:
1. The free-running freguency, Wy of the oscillator to be
synchronized;
2. The frequency, wl,of the aynchronizing source;
3. The half synchronization bandwidth, W, of the oscillator; and
k. The initial phase angle, 90, between the cscillator voltage
and the synchronizing voltage.

Other constants, W 8., and k, are established from the above four

f}
constants by the relationships of Chapter IV.

A general discussion of the necessary measurements is now pre=-
sented. Included with the discussion is an example using 90 = 150°,
w, = 2n(200) rps, w, = 2n(400) rps, and £, = (106 + 7550) cps.

The free-rumning frequency of the coscillator is measured by com=-
paring it with the frequency of the one-megacycle crystal oscillator. The
two different signsl frequencies present at the inputs of the mixer cause
the mixer to deliver a difference fregquency signal to the EPUT meter.

The EPUT meter counts this difference frequency, (fb - 105) cps. The
difference freguency for the example is 7550 cps.

The frequency of the synchronizing source is now compared with
the crystal oscillator frequency and the syanchronizing source frequency
is varied until the desired W , or ws, value is indicated by the EPUT

meter. For the example, w, is 2n(200) rps so the EPUT meter counts 7750

eps.
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The synchronization bandwidth of the oscillator is a linear fumc-
tion of the amplitude of the synchronizing signal voltage, Vl. In the
experimental equipment Vl is related tc the output voltage of the syn-
chronizing source by a constant, since a voltage divider and a linear
amplifier are between the synchronizing source and the injection point
at the oscillator. It i3 more convenlent to read the output voltage of
the synchronizing source than to read the actusl value of Vl injected into
the oscillater, sc the synchronization bandwidth calibration curve in

Figure 34 is plotted as a function of the actuasl source voltage, klvl,

3000 4
Bandwidth
2f
c
2000 + = = — - - = e o — — i
(cps) I
]
|
|
: |
1000 +— — — =—— =~ '
| | '
| | b
i [ | |
I I I ]
0 } } ; -
0.5 1.0 1.5 2.0

klvl (volts)

Figure 3. Synchronization Bandwidth es a Function
of Signal Source Voltage.
rether than as & function of the injected signal voltage, Vl. Note that
the calibretion curve is linear. In the example, adjusting the source

voltage to k,V, = 0.72 volts sets the w, value to 2n(400) rps.




The initisl phase engle, 60, between the synchronizing signal
voltage and the free-running oscillator voltage is controlled by the
time appearance of the gate step. The phase shifter moves the gate
step voltage in s manner discussed previously until the gate step volt-
age curve intersects the output voltage curve of mixer number two at the
point corresponding to the desired 90. This messurement 1s made on the
screen of the dual trace oscilloscope.

Before the actual calibration curves used in the experiment are

given, a general discussion of mixer operation is helpful. Assume that

one input is
vg = ng sin w t (9% )
and the other input is
vy = Vi sin (0t +0) (95)

where @ is a function of time and

agfat = w - w . (96)

To a good approximation, the mixer output depends on the product of the

two inputs and it can be written in the form

v, = V_ cos 6(t) (97)

after the high frequency terms are removed. The instantaneous phase

engle between the two input voltages can be written

o(t) = (wl - wo)t .
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Note that w, can be greater than or less then w . This means that a(t)
can incresse positively or negatively with time according to equation
(98). In either case the output of the mixer is given by equation (97).

Since
¢os X = cos (-x), (99)

the output of the mixer appears the same for both cases. The sign of

the instantaneous phase angle is important in the study of synchrﬁnization
transients, therefore, it is expedient to use two curves to relate the
instantaneous amplitude of the mixer output to the instanteneous phase
angle. The upper curve of Pigure 35 is used whe; Wy is greater than W,
and the lower curve is used when w, is less then w, .

Several of the circuits used in the experiment introduce phase
differences between their input end output voltaeges. These‘phase differ-
ences must be accountad for in the calibration pfocedure used in cali-
brating the instantaneous difference-frequency output voltage of mixer
number two as 8 function of the actusl instantaneous phase angle exist.
ing between the oscillator voltege and the injected synchronizing volt-
age. Phase shifts of 180° are introduced by the buffer amplifier, mixer
nunber two, and the gate circuit. A pi@ce of coaxisl cable, used to
carry the output of the buffer amplifier to mixer number two, causes a
loading effect which makes the mixer number two input voltage from the
buffer emplifier lag the oscillator output voltage by 30°. Stray effects
within the gate circuit cause the actual voltage injected into the oscil.
iator for the purpose of synchronization to lag the synchronizing source

voltage input to mixer number two by 30°. Without considering the 180°
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phase shiftse, the actual callbration cwrve must differ from the ideal
curve by this effective 60° lag. When the 180° phase shifts are con-
sidered, the actual calibration curve differs from the ideal curve,
point by point, by 120°. Figures 36(a) and 36(b) give the actual cali-
bration curves used in the experiment. To set 90 = 150° in the example,
use Figure %(a) as & reference and set the intersection of the gate
control voltage step and the difference-frequency voltage curve on the
dual trace oscillcscope to the point whefe the instantaneous value of
the difference-frequency voltage curve is 0,866 times the positive
maximum value of the difference-frequency voltage on the negative-going
side of the curve.

All required values are now introduced into the circuit. The
performance of the oscillator during synchronization is cycled over and
over at fixed intervals. The transient is awmilable as a trace on the
oscilicscope following the discriminator. Figure 37 shows that the dis-
criminator response is linear over a range greater than the instantaneous
frequency range of the tramsient. It 1s convenient %0 calibrate the
oscllloscope by ad justing its Input attenuator so thst a fixed distance,
gay one cm., represents W, - “B' Ad jJustment of the oscilloscope swaep
time puts the near.rectangular output wave shape of the discriminator on
the oscilloscope screen for this calibration procedure. After the cali-
bration, the sweep time is chosen so the transiemt itself occupiles most
of the screen. The oscilloscope time scale calibrat;on is used to deter-
mine the actual time values for the transient. Figure 38 shows several
photographs of the same frequency transient. The amplitude scale is

the same for each of these photographs but the time scales sre different.
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Figure 37. Linearity of Discriminator in Range of
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Equipment Details

The oscillator to be synchronized is basically a tuned-plate

oscillator. The oscillstor circuit is shown in Figure 39. In all of
the theoretical work presented in Chapter IV concerning the synchronie
zation of the oscillator, the assumption is made that Wy is the true
half bandwidth of synchronization. This assumption 1s valld if the
oscillator operates in a linear phese region. Any experimental depart-
ure from this condition causes non-symmetricel transients for the two
cases, W, greater than W, and Wy less then W, . Figure 39 differs
slightly from an ordinary tuned-plate oscillator because of the addi-
tion of an R-C section between the secondary coil and the coupling capac-
itor. This network, with experimentally adjusted values, serves to adapt

the oscillator for operation in the linear phase reglion so that ub is
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Figure 38. Experimentally Observed Frequency Transient.
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Figure 39. Test Oscillator..

established at the center of the syncbronization band of the oscillator.

Figure 40 illustrates the symmetry achieved.
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Figure 40. Symmetry of Synchronizstion Bandwidth
gbout w_.
o
The buffer amplifier following the oscillator under test is an
ordinary R-C amplifier using one half of a 12AU7 vacuum tube.

The synchronizing source is a Measurements Corporation Standard

Signal Generetor, Model 65-B.




Mixer number one is a typical vacuum tube mixer using a 6SAT

pentagrid tube. The mixer output is delivered through & low-pasg filter
to the counter.

The counter is a six stage binary type counter using type 5963
vacuun tubes in the multivibrator units.

The monosteble multivibrator cirduit is shown in Figure 41; there
are no special features of this circuit. It provides a variable "on time,”
roughly the order of ten times the transient duration, for the control

of the gate circuit.

l +250 volts
50kf
20k

100kQ < _

.001pt S0k A_ To gate
=— L

From k
Counter 6BR7

20k

Figure 41. Monostable Multivibrator.

The gate circuit 1s shown in Figure 42. The large time constants
in the different perts of the circuit are necessary to make gure the
"on time" is sufficiently long for the transient to be seen. The diode
ig added to improve the rise time response of the gate so that the syn-
chronizing signal cen be switched in with a minimum delay in bulld-up
of output signel amplitude. Actual rise time is less then five micro-

geconds.
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Figure k2. Gate Circuit.

The phase shifter, shown in Figure 43, is an R-C bridge followzd
by a difference amplifier. The amplifier is necessary to preserve the
proper signal ground. The voltage divider from which the (:) output is
taken is necessary to egualize the gains of the two halves of the ampli~

Fier.

2k
Fror Syne. Source

[ Tc Mixer Wo. 1
500upt

100ka

Figure 43. Phase Shifter and Amplifier.




The one-megacycle crystal oscillator and mixer are an integral
unit obtained by modifying & U. 8. Army Signal Corps BC 221-C Frequency
Meter. The local oscillator is disabled and only the crystal oscillator
iz running. This crystal oscillator is used wi_th the internsl mixer and
8 gignal of unknown freguency to produce an audlo output difference-
frequency. The output filter is broadened in response bandwidth to
accommodate expected eudio fregquencies, up to 20 ke.

As the results of Chapter IV show, the maximum duration of a
synchronization frequency transient is of the order of t = lo/mc sec-
onds. The transient response of the discriminator, used to measure
the synchronization transiemnt, must be fast enough not to interfere
with the measurement. In the experiment most of the measurements were
made with w, = 2n{%00) rps which gives & meximum synchronization trans-
ient duration of 4.0 milliseconds. The discriminator used in the exper-
iment hes & rise time of less thesn 0.2 milliseconds. (This inclﬁdes the
effect of the output filter.} This rise time 1s short enough that only
e few of the meassurements were appreciably affected by it.

This discriminator, shown in Figure 4k, contains barnd wound coils.

170upt

~

E hur

50-80
11Tk f

+50 volts

Figure 44. Limiter and Discriminator.




These ¢oils have unloaded Q's approximately equal to 50 end their luaded
Q's are approximstely equal to 25. An estimate of the linear bandwidth
cof the discriminstor is given by fo/zQ a8 20 kc., Figure 45 shows the
actual amplitude versus fregquency curve for the unit. The smaller more
linear portion in which operation actually occurs is shown in Figure 37.

The output of the discriminator is fed through & low-pass filter
to eliminate as much high frequency interference as possible. The filter
output is observed on the screen of s Tektronix 514AD cathode ray oscil-
loscope.

Mixer number two is & typicel vacuum tube mixer using a 6L7 penta-
grid vacuum tube. The mixer has a low-pass filter in 1ts output circuit.
The filter output is observed on a duel-trace Hewlett-Packard Model 122A

cathode ray oscilloscope.
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CHAPIER VI
APPLICATIONS

Interrupted Synchronizing Signals

Fraser (8) snaslyzed a synchronlzation problem involving the use
of a gated synchronizing signal of the form of Figure 46. The synchroni-
zing signal of fregquency Wy is applied to the oscillator to be gynchrone-
ized for KT secopnds out of the pericd T seconds of the rectangular modu-

lating (gating) signal, + Synchronization is a function of w,, the

Figure 46. Synchronizing Signal Used by Fraser.

frequency of the synchronizing source, T, the period of the gating funce.
tion, and K, the duty cycle of the gating source. Synchronization is
attained when the average frequency of the oscillator o be synchronized
is equal to the frequency of the synchronizing signal. Fraser's analysis
is complete but an alternate approach to his problem using the method
developed in Chapter IV is given below.

If synchronization is to be maintained by a syachronizing signal




of the form of Figure 46, the change of phase angle @ during the "on
time," KT, must be balanced by a negative change of the same amount
during the "off time,” (L - K)T. This can be explained in terms of

Figure 47 where Vl is the phasor representing the synchronizing signsal

Figure 47. Illustration of Change of Phase Angle During
One Period of Gate Signal.
voltage of sngular velocity, W, and VE is the phasor representing the
oscillator active element voltage of angular velocity, w. During the
"on time," @ changes from 8, to 8, nonlinearly according to equation (60)
in Chepter IV and during the "off time," 6 changes from 8, to 92 lin-

early according to the relatiomship
6 = vt = (ml - mo)t . (100}

Since Vg vas taken as the reference in the development of Chapter IV,
0, and 6, must be taken as positive quantities in Figure 47.
Note that two solution curves are given by equation (60). One

curve approaches ef from above for Gf < 90 < - Sf and the other curve

apoproaches ef from helow for - x - Bf < eo < Gf. If synchronizetion is




effected the 6 variation is given by the upper curve. This is evident
because the - d6/dt curve, which is the companion to the lower 8 curve,
gives & negative frequency deviation. This frequency deviation combined
with w, makes w < w, during the "on time." Since w < w , w is less than

o 1
| during the "off time," also. The average frequency, therefore, camnot

W)
equal Wy for & variation along the lower curve,

A grephical procedure based on the discussion in the preceding
paragraph and the results of Chapter IV solves & particular example of
Fraser's problem. In a later development a general grapliical procedure
will be outlined for the solution of the general case of Fraser's prob-
lem. Consider for the example that w, = 2n(400), w, = 2n(80), K = 0.5,
and T = 1.59 milliseconds. These values establish sin Gf = 0.2, Gf =
11.55°, KT = 0.795 milliseconds, and (1 - KP) = 0.795 milliseconds.

The synchronizing signal is on for 0.795 milliseconds and off for 0.795
milliseconds. During the "on time" the oscillator phase angle, 8, fol-

lows the nonlinear & curve of Figure 12 corresponding to 8_.= 11.55°.

f
During the "off time" 9 changes linearly according to eguation (100).

In this example the slope given by equation {100) is 6.28 (0.08) 57.3 = 28.8
degrees per millisecond or for 0.795 milliseconds the change in 6 1is 23°.
The graphical solution is illustrated in Figure 48. The nonlinear &

curve is repeated after a time corresponding to T so the complete cycle

can be constructed with the linear variation linking the nonlinesr var-
iations. The cycle 1s constructed by sliding the linear portion of

slope 28.8 degrees per millisecond over the two nonlinear curves until

a fit 1s achieved with the change in 6 of +23° in 0.79% milliseconds of

"on time" offset by a change in 8 of -23° in 0.795 millisecounds of “off

tine.”
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Although the construction just discussed gives a true time rapre-
sentation of the ¢ cycle, 1t is awkward to develop and usé. An alternste
construction method is much easier to use. 1If synchronization is
achieved, & forms a closed cycle in the sense that & change of € in one
direction during the “off time" is cancelled by a change of € in the other
direction during the "on time." This closed cycle is easily constructed
if the linear change of € ig plotted in the reverse direction along the

time axis during the "off time." Although the linear 6 curve must still
be moved across the nonlinear 6 curve to esteblish a fit, thils construc-
tion makes matching conditions easy to read. Figure 49 shows the same
example with the alternate construction.

As a second example consider the case where w_ = 2x(400) and
v, = 2n(200) which establishes sin 8, = 0.5 and 6, = 30°. Let the duty
cycle be 0.75 which means the synchronizing signal is on three times as
long as it is off. Finally, let the frequency of the gating signal be
675 ¢cps with & corresponding period of 1.48 milliseconds. The "on timz"
is, therefore, 1'.11 milliseconds end the "off time” is 0.37 milliseconds.
Figure 50 gives the proper 8 curve for use with this example. The value
of w_ = 25(0.200) 57.3 = 72 degrees per millisecond establishes the slcpe
of the change of 8 during the "off time" but a modification of the time
scale must be used to take the duty cycle into account. Since the non.
linear @ curve applies for 0.75T and the linear portion applies for 0.25T,
the time scale in Figure 50 used with the nonlinear curve must be divided
by three for use with the linear T2 degrees per millisecond curve. This

allows a closed loop to describe the full cycle of 8. The cycle is loca-

ted by sliding the linear curve over the nonlinear curve until the time,

measured on the original time scele, between the points of intersection
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is 1.11 milliseconds. The resultant cycle is labeled on Figure 50,

As a matter of interest, Figure 51 shows one cycle of the & wari-
ation for example two as it actually occurs in time. Underneath the @
curve an instantaneous freguency curve shows the behavior of the oscil-
lator frequency. WNote that the average freguency, as predicted by
Fraser, is truly fl. The nonlinear portion of the instantanecus fra-
quency curve is a result of scaling the proper curve of Figure 29 in
Chapter IV.

A general procedure is now developed to allow the golution of
many problems associated with Fraser's study. Some results obtained from
the graphical procedure are compared with Fraser's theoretical and mea-
sured results.

Figure 52 giveé two typical curves from the results of Chapter IV.
One curve shows instantaneous phase angle as & function of time and the
other curve shows instantaneous frequency deviation from w, as a func-
tion of time. Only one of the possible 8 curves is shown because a
change of 6 beyond the n - 6, value cannot be recovered during the "on
time" of the synchronizing signal. The proof of this statement lies in
the fact that instanteneocus frequencies associated with the omitted curve
are less than Wy and, since w, is less than W, , the average frequen&y
during a cycle consisting of the omitted curve and the linear curve must
be less than «, . The given curve, therefore, shows all possible "on
time" values of & if synchronization is effected. During the "off tims"
the angle & changes linearly according to a slope do/dt = . A com-
plete cycle of 6 follows the & curve toward Gf until the synchronizing

signal is removed at & = 8, whereupon € increases linearly to 6 = &8,.

1 2
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Figure 51. Instantaneous Oscillator Phase Angle and Frequency
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and XK = 0.75.
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Note that the abscissa is labeled mbt, The actual time scale for the
nonlinear & curve is obtained by dividing the wct scale by w, . The
time scale of the linear € curve is modified, to account for the duty
cycle of the gate signal, by dividing the w t scale by ch/(l - K). The
W slope of the linear portion is plotted with respect to this modified
scale. Refer to Figure 47 for the notation and to Figure 52(a) for a
complete typical @ cycle.

A complete frequency cycle is shown in Figure 52(b). During the
"on time,"” KT seconds, the nonlinear curve applies. The sbscissa time
scale for this portion of the cycle is obtained by dividing the wct gcale
by w_. During the "off time," T(1 - K) seconds, the oscillator is free-
running at Wy radians per second. The time scale for this portion of
the cycle is obtained by dividing the w_t scale by ch/(l-K). The fre-
gquency cycle in Figure 52(b) is drawn for K = 0.5 to show that the aver-
age freguency during the cycle 1ls equal to W) the synchronizing fre-
quency.

The nonlinear 8 curve of Figure S2(a) has a meximum slope,

defdt , of W, = ws radians per second. Inspection of the Figure shows

max
that the straight line portion of the cycle must have a slope equal to or

less than this maximum slope 1f synchronization is to be effected. The
straight line has an effective slope, because of the modified abscissa

scale, of (l-K)wS,K - {1-K)

w, 5in Bf. Equating the equivalent slope
of the straight line to the meximum slope of the nonlinear portion |

determines the limiting valus of the duty cycle.

1-K
% W sin bp= 0, - W f W, (1 « sin ef) f101)
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or
(1 - K) w, sin O, f mcK(l - sin ef) . (102)
The solution of equation (102) determines the limiting value of
K to be
K imiting = %10 Op - (103)

This conclusion verifies Fraser's calculated and experimental results
shown in graphical form in Figure 53.

These graphical procedures are useful in still another ares of
Fraser's study. Assume that a duty cycle has been established by choica.
If the period of the gating fumction is too long, the change in 6 during
the "off time" is too much to be recovered during the “on time." The
question of a minimum gate function frequency thus arises. The pro-
cedure for arriving at this value follows.

In & given case w_ and w, are nown quantities. This establishes
6, = ain™* wb/LE and tan Bf/2 = k which determines the proper 8 curve,
of the form of Figure 52(a), to use from the general set. The duty
cycle is’also known, which establishes K. The value of K determines
the equivalent slope of the straight line portion of the @ cycle. The
minimum value of the gate function frequency is obtained by moving the
straight line until it becomes tangent to the nonlinear @ curve. With
the line in this position, KT is read as the time between the tangent
point of the two curves and the other intersection point of the two

curves. Figure 5S4 shows a typical construction for obtaining the mini-

mum frequency of the gating function. KT divided by K, of course, gives
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the periced of the gating function. Several limiting values of gating
function frequency are calculated from the curves of Figures 49 and 50,
These wvaluss are placed in Figure 53 on a family of curves calculated
and wverified experimentally by Fraser. Note that the graphically calcu-
lated values agree more nearly with Fraser's measured values than they
agres with his theoretical values. The agreement 15 good, however, in

both cases.

|

tangent

here

I

|

|

I I

I
 — w KT nonlinear —wf wcr

|
le— (1-K)w_t linear——w
Figure 54. Determinstion of Minimum Gate Function Frequency.

Synchronization by Sidebands

Fraser discovered thet synchronization to an average frequency,
W, could be effected by a synchronizing signal of the form of Figure
k&, Ee also discovered that synchronization by the same signal form to
an average frequencsr, wy i ne is possihle. The quantity nw, is an
integer times the frequency of the gating function and the frequencies
Wy * nw, are sideband frequencies., A gene;-al treatment of this subject
is possible using the methods of the present development.

For exemple, let w_ = 2x(400), w, = 2n(200), w = 2n(263) and
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K = 0.4317. These values establish sin Bf = 0.5, Bf = 30°, T = 3.81
msec., KT = 1,59 msec., and (1 - K)T = 2.22 msec. Figure 55 shows

8 and -dG/d‘t curves applicable to the example. During the "off time"

@ changes linearly according to & slope W, which is equivalent to T2
degrees per millisecond. Since the "off time" is 2.22 msec., the change
in 9 is 160°. For synchronization to be effected the total 6 change per
T period must be zero or integral multiples of 360°. The change in @
during the "off time" is 160° which is greater than the.}ange of the
upper 6 curve of Figure 55(a), therefore, the lower 8 curve must be
used. Zero total change of 6 during the T period is impoasible in this
case but a change of 200° during 1.59 milliseconds is available to make
the total change during T equal to 360°, The resultant & curve is sketched
in Figure 55{(a). Figure 55(b) shows the behavior of the oscillator fre-

quency for one cycle. Note that the average frequency is w

- wm which

corregponds to synchronization by the first lower sideband.

Minimizirng the Frequency Transient

An oscillator to be synchronized must bhave a finite synchroniza-
tion bandwidth. If this oscillator is synchronized, the initial phase
angle between the synchronizing voltage and the oscillator voltage
determines what kind of frequency iransient octurs and the synchroni-
zation bandwidth of the oscillator determines the maximum frequency
deviation and the maximum time duration of the transient. It is con-
ceivable that for some applications a frequency transient is not
desirable. An outgrowth of the experimemtal procedure used in the

verification of the results of this study can be used to inject &

synchronization signal at the proper time so that only a minimum
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Figure 55. Synchronization by the First Lower Sideband for we2n(200)
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transient occurs. Figure 56 shows a system in block diagram form which
automatically injects the synchronizing signal at the proper time fo

minimize the transient regardless of the walues of W s W, OT eoo

Oscillatorf Rectifier
- To Be Mixer T Number
Synchronized Two
| v,
| V.
- bmx
" N Sync. Limiter-
Gate M Source "1 Discrimi-
nator ”ws
Divider
Number 1
and Absolu
Value Circ.
Mo
Rectifier ¢
l_‘l KNumber
\ One #
[
+ |u fu
@——— Divider Logic
Number e Circuit
®—— Two vbf V.b
mXxX
il

Figure 56. Block Diagram of Circuit for
Minimizing Frequency Transient.

Operation of the circult of Figure 56 proceeds in the following
manner. The synchronizing source of frequency wy delivers g signal to

the limiter-discriminator which is tuned to the free-running freguency
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of thz oscillator to be synchronized. The discriminator is adjusted so

1

for uﬁ_< w, . In effect the discriminator output is proportional to

W - W which is W The amplitude of the synchronizing source voltage

determines the synchronization bandwidth of the oscillator, therefore,

that its output is zero for w, = W, positive for ml> W) and negative

the output of rectifiser number one 1s a d-c output proportional to w, o
The nuumber one divider divides the output of the discrimingtor by the
cutput of rectifier number one and the divider output is a d-c¢ voltage
proportional to ]u%/hkl which is the sine of the angle at which the
synchronizing source voltage should be injected into the oscillstor.
The output of the oscillator to be synchronized and the 90°
shifted output of the synchronizing souwrce are fed to the mixer whose
low fregquency output is at the instantaneous difference freguency
Wy - W= W, The instanteneous amplitude of the difference frequency

1
cen be expressed in the form

vw = V sin w_t {104)
b bmax 8
and when
wtesint w /o (105)
8 s/ ¢’
wio = v v . (106)
g ¢ b b

The voltage ratio of equation (106) is obtained by dividing the mixer
putput, which is L by the cutput of rectifier number two. This rec-
tifier cutput is propeortional to Vb . The ratio vb/Vb , Which is

max mx
the divider number two output, carries its sign.
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Note that the finsl value of @ always lies between 0° and 90°.
There are four times in the difference frequency cycle when equation
{106) is satisfied in magnitude. At only one of these times does the
desired & value appear and that time corresponds to a coincident
vb/Vb ratio end a positive slope of the v, curve. The logic circuit
whichﬁzguld consist of two comparators, & différent;ator, and a coinci-
dence circuit, compares vb/V5 and st/wclu There is an output from
the logic circuit only when tﬁzxconditions, described above, are cor-
rect for the desired ¢ value. The output of the logic circuit actuates
the gate. The equipment could be designed for repetitive use or it
could be designed with a hold circuit for one time injection only.

The system of Figure 56 needs tc run for s few difference cycles
to make sure the refersnce voltages have stabilized before synchroniza-
tion is effected. ©Since the period of the difference frequency cycle
is of the same order of magnitude &s the duration of the frequency
transient, this system would introduce a time delay of synchromization
longer than the transient duration.

It 1s possible that a syuchronization scheme could be devised for
injscting the synchronizing signal at the first time the proper phasze
relationship arises. BSuch a system would allow a minimum transient and

tbs delay in synchronization would be of the same order of magnitude as

the transient duration.
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CHAPTER VII
SUMMARY AND CONCLUSIONS

A sinusoidal oscillator synchronized by & small smplitude sinu-
soidal signel can be anslyzed for frequ_ency transients by the semi-
graphical procedure developed from Adler's equation. The procedure
gives the transient frequency a&s a function of time and it considers
the effect of the phase angle existing between the synchronizing volt-
age and the oscillator voltage at the time the synchronjizing voltage is
injected into the oscillator. The family of curves necessary for such
an analysie is given in Pigure 57.

In a given case, the free-running oscillator fregquency, w3 the
synchronizing signal frequency, W, 3 the half synchronizatjion bandwidth,
w3 and the initial phase angle, 90 » existing between the oscillator
voltage and the signal voltage, are known guantities. The difference
frequency, w, - W , gives w  which establishes 0, = sin~t wstc‘ The
value of this angle fixes the choice of the curves to be usged in Figure
57. The initial phase angle, 90 s determines the point of eniry into the
8 curve. The instantanecus varistion of @ is given by this curve as @
progresses from the original 6 = 90 value to the final 6 = @ £ value. The
instantaneous variation of frequency is obteined by using the wct value
reed of the 6 cure at 6 = 80 to establish the reference value of mct on
the -dG/dt curve. The complete frequency picture 1s obtained by follow-

ing W located W, = W, sin Bf units below the wct axis, to the reference

wct value at which point the instantaneous frequency of the oscillator
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Figure 57. (a) Instantaneous Phase Angle as a Function of Time.
{b) Instantaneous Frequency &s & Function of Time.
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changes step-wise to the -de/dt curve. The instantaneous value of the
frequency is given by this curve as wct goes to infinity. The final
value of the oscillator frequency is W, . Note that dividing the abscissa
values by wc glves the time scale and multiplying the ordinate values

by Wy gives the frequency scale.

The conclusions to be drawn from the present study may be sum.-
marized as follows:

l. The poasible frequency transients that can occur in a given
oscillator being synchronized by a given source are determined by the
two quantities w, and w and the actual frequency transient that does
occur is determined by the initial phase angle, eo.

2. No matter what the value of w, is, the maximum deviation of
instantaneous frequency from W, In either direction is equal to the walue
of uc.

3+ The maximum theoretical duration of the frequency transient
is infinite; practically, however, when w approaches within a certain
nearness to W, , synchronlzation may he sald to have occurred; ir the
nearness is defined by a frequency band 0.1 W wide on either side of
W) 5 the maximum transient duration is given by the epproximste relation-
ship w b . = 10.

4, Ifa fregquency transient during synchronization is to be
minimized, the synchronizing signal must be injected into the oscilla-
tor at such a time that the initial instantaneous phase angle, 90 ; is
equal to the final value of &, ef, to be reached.

5. Oscillators with a large synchronization bandwidth, 2wc 3

have greater frequency fluctuations during synchronization but the
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duration of the transient is shorter in proportion.

6. The frequency transients are independent of the actual values
of w, and W, 3 it is the difference between the two that affects the
transient.

T. The analysis developed in Chapter IV holds for ql<: W,
and the same curves can be used if they are inverted.

8. The period of the difference freguency, W, is always of the
same order as or greater than the maximum duration of the frequency
transient.

The conclusions listed above apply to many oscillator synchroni-
zation problems but it is Importent to note the limitations of the
aralysis., The analysis applies only if the time constants of the oscil-
lator are short compared with one period of the difference frequency,
if the oscillator and synchronizing source are sinusoidal, if the
amplitude of the synchronizing signal is small so that amplitude mod-
ulation of the coscillator is negligible, and if the synchronization
pandwidth of the oscillator is symmetrical sbout the free-running fre-

quency of the oscillator.
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APPENDIX

The appendix consists of individual curves which can be used to
solve frequency transient problems. These curves are of the same form
as those given in Figure 57. Curves are given for 8, = 0°, 6y = 11.55°,
Gf- 30°, ef- 53.1°, Gfs 60°, and Gf- 90°.
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Figure 58. Instantaneous Phase Angle and Instantaneous

Frequency Qurves for ef = 0°,
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Figure 59. Instantaneous Phase Angle and Instsntaneous
Prequency Curves For ef = 11.55°,
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Figure 60, Instantaneous Phase Angle and Instantaneous
Frequency Curves For 6, = 30°.
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Figure 61. Instantaneous Phase Angle and Instantaneous
Frequency Curves for 8, = 53.1°.
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Figure 62. Instantaneous Phase Angle and Instantaneous
Frequency Curves for sf = 60°.
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Figure 63. Instantaneous Phase Angle and Instantaneous
Frequency Curves for 8, = 90°.
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