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SUMMARY 

The phenomenon of synchronization has been observed in mechanical 

and electrical systems for many years. Synchronization of sinusoidal 

oscillators by sinusoidal synchronizing signals has been the subject of 

many papers in the literature. Analytical and graphical methods used 

by several authors lead to essentially the same conclusions although the 

methods of attack are variedo The synchronization behavior of the oscil

lator is explained by these authors in terms of the instantaneous phase 

angle existing between the oscillator voltage and the signal voltage° 

There is a unique relationship existing between the instantaneous 

phase angle of an oscillator being synchronized and the instantaneous 

frequency of the oscillator. The mathematical analysis in this investi

gation utilizes that relationship to extend the results of other authors 

to a more general study of instantaneous frequency as well as instantan

eous phasec Of particular interest in this investigation is the effect 

of circuit parameters and initial phase angle on the frequency transient 

during synchronization. 

A nonlinear differential equation, called Adler's (6) equation 

in the development, gives the starting point for the mathematical analy

sis . This equation is solved for the instantaneous phase angle by a pro

cedure similar to that used by Labin (7)0 The solutions of this equation 

are presented in analytic and graphical form for three cases which occur 

when the synchronizing signal lies within, outside, or on the boundary of 

the bandwidth of synchronization of the oscillator, 
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The expressions for the instantaneous phase angle are differen

tiated to give Instantaneous frequency deviation expressions which are 

combined with the frequency of the synchronizing signal to give equations 

describing the instantaneous frequency behavior of the oscillator„ The 

same three cases considered in the study of the instantaneous phase angle 

are considered in the study of the instantaneous frequency. Complete 

results of the phase angle and frequency investigation are given as a 

set of universal curves. Parameters determined by the signal frequency, 

the oscillator frequency* and the synchronization bandwidth of the oscil

lator fix the choice of the particular curves of the set to be used in a 

given transient study* 

Effects of initial phase angles on the instantaneous frequency 

behavior of the osciLlator are available when the proper curves, deter

mined by the parameters mentioned above, are selected from the instan

taneous phase angle and instantaneous frequency set of curves„ A given 

initial phase angle, when its value is located on the instantaneous 

phase angle curve, establishes a time reference on the instantaneous 

frequency curve. The instantaneous frequency curve then gives the fre

quency transient from this reference time out to infinite time., 

A unique experimental set-up allows the observation of frequency 

transients in an oscillator affected in a manner described in the mathe

matical analysis, The equipment offers the following features; 

(l) A control circuit to inject the synchronizing signal when the 

proper phase relationship exists between the osciLlator and synchronizing 

source voltages; 
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(2) A circuit for measuring and controlling the phase angle 

between the oscillator and source voltages; 

(3) A circuit for observing and measuring the actual frequency 

transient; 

(k) A delay circuit for ensuring that one transient has completely 

died out ofter observation and that the oscillator has returned to the 

normal free-running condition before the synchronizing signal is injected 

again; and 

(5) A circuit for careful measurement of the reference frequencies 

involved. 

Photographs of the experimentally observed transients verify with 

good accuracy the results predicted by the mathematical analysis* These 

photographs are presented in several places with the corresponding theo

retical curves. 

The following conclusions can be considered the principal results 

of the investigation: 

(1) The possible frequency transients that can occur in a given 

oscillator being synchronized by a given synchronizing source are deter

mined by the half synchronization bandwidth of the oscillator and the 

difference between the synchronizing frequency and the frequency of the 

free-running oscillator; the exact transient that does occur is deter

mined by the phase angle between the oscillator voltage and the synchron

izing voltage at the time the signal is injected. 

(2) The maximum departure of the instantaneous oscillator fre

quency from the free-running frequency of the oscillator is equal to the 

half synchronization bandwidth of the oscillator. 
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(3) The maximum theoretical duration of an oscillator synchroni

zation frequency transient is infinite; practically, however, when the 

instantaneous frequency of the oscillator approaches within a certain 

degree of proximity to the synchronizing frequency, synchronization can 

be said to have occurred; if the degree of proximity is defined as being 

ten per cent of the half synchronization bandwidth, the maximum tran

sient duration is given empirically by the half synchronization radian 

bandwidth divided into ten* 

(k) If a frequency transient during synchronization is to be 

minimized, the synchronizing signal must be injected into the oscilla

tor at such a time that the instantaneous phase angle between the oscil

lator voltage and the synchronizing voltage is equal to the final angle 

normally reached after the synchronization transient. 

(5) Oscillators with a large synchronization bandwidth are sub

ject to greater frequency fluctuations during synchronization but the 

duration of the transient is inversely proportional to the maximum ampli

tude of the fluctuation. 

(6) Synchronization frequency transients are independent of the 

actual values of the free-running frequency of the oscillator and the 

frequency of the synchronizing source; it is the difference between the 

two that is of importance. 

(7) An inversion of the resultant curves makes the entire 

mathematical analysis valid when the synchronizing frequency is less 

than the free-running frequency of the oscillator. 

(8) The period of the difference frequency between the free-

running frequency of the oscillator and the synchronizing frequency is 
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of the order of9 or greater than the duration of the synchronization fre

quency trans lento 

The graphical procedure developed in this investigation gives an 

alternate way of solving a synchronization problem proposed and investi

gated by Fraser (8)0 Fraser investigated the effect of gating a sinu

soidal synchronizing signal with a rectangular gate voltage„ Many of his 

results are compared with data obtained by the alternate method and the 

comparison shows that both methods of attack lead to the same results„ 

Synchronization is interpreted in terms of the fundamental signal fre

quency and in terms of the sideband frequencies„ 

An application of interest in the event that a synchronization 

frequency transient is undesirable involves the use of an outgrowth of 

the experimental equipment to automatically inject the synchronizing 

signal at such a time that the frequency transient is minimized. The 

equipment is discussed in block diagram formD It has the shortcoming 

that a delay greater than the duration of the synchronization transient 

is introduced by the systemc 
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CHAPTER I 

INTRODUCTION 

The phenomenon of synchronization has been observed for many years 

in electrical and mechanical systems. Huygens, who discovered that clocks 

hanging on the same wall tend to synchronize, was probably the first to 

note this phenomenon. Electrical oscillators, discussed in such refer

ences as Edson (1), van der Pol (2), and Gillies (3>)> are subject to syn

chronization effects. 

Electrical oscillators can be broadly classified as sinusoidal or 

non-sinusoidal* These oscillators can be synchronized by signals which 

are usually either of sinusoidal form or of fixed-interval pulse form., 

Mathematical attention lias been given to all combinations of oscillators 

and synchronizing sources, ice., non-sinusoidal oscillator — sinusoidal 

source, non-sinusoidal oscillator — non-sinusoidal source, sinusoidal 

oscillator -- non-sinusoidal source^ and sinusoidal oscillator —- sinu

soidal source. The literature concerning the analysis of the synchroni

zation of a sinusoidal oscillator by a sinusoidal synchronizing source 

is of the most importance to the discussion in the following chapterso 

Some of the most important papers on this subject are by Appleton (4), 

Huntoon and Weiss (5), Adler (6), and Labin. (7)0 

When a sinusoidal oscillator with a free-running frequency u is 

synchronized by a small-amplitude synchronizing signal of frequency w.. 

there is a time interval when the actual frequency of the oscillator is 



2 

changing from u to w. and the frequency differs from both w and w „ 

Several important papers, mentioned previously, study the behavior of 

the instantaneous phase angle between the oscillator voltage and the 

synchronizing source voltage during this time interval, but the treat

ment stops short of the instantaneous frequency behavior of the oscilla

tor. 

The subject of the investigation in the following chapters is the 

instantaneous frequency behavior of a sinusoidal oscillator which is 

being synchronized by a small amplitude sinusoidal synchronizing signal. 

In particular the effects of different initial conditions and circuit 

parameters on the actual frequency transient are considered. The in

vestigation is both mathematical and experimental.. 

Chapter II reviews some "basic oscillator theory which is helpful 

in introducing the idea of synchronization of oscillators. 

Chapter III reviews several papers on the synchronization of 

sinusoidal oscillators by sinusoidal synchronizing signals. Two major 

references (6,7) are developed in sufficient detail that their results 

form the basis for the mathematical development of the problem„ 

The problem is analyzed mathematically in Chapter IV. The syn

chronization of the oscillator by the synchronizing source is described 

by a nonlinear differential equation. Solutions to this equation are 

fully developed analytically and a family of curves plotted from this 

analytic solution gives the possible frequency transients during synchron

ization. A graphical procedure is developed to allow initial condition 

effects to be considered. 

The experimental procedure is described in Chapter ?a The test 
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oscillator, the synchronizing source, the control equipment, and the 

measurement equipment are described in enough detail that duplication of 

the equipment is possible,, Calibration procedures are given with a dis

cussion of the use of the equipment -

Chapter VI demonstrates how the results of the development can 

be utilized in an alternate approach to a problem analyzed by Fraser (8) 

and it considers a possible application of the results to the problem of 

avoiding or at least minimizing the frequency transient that occurs during 

synchronizationo A block diagram description of a circuit for accom

plishing the minimization is included. 

Chapter VII reviews the results of the development and it sum

marizes the conclusions reached concerning the problem-
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CHAPTER I I 

REVIEW OF BASIC OSCILLATOR THEORY 

An o s c i l l a t o r can be defined as a device for t ransforming d-c 

energy i n t o a-c energy. I t can be c l a s s i f i e d in. many ways, some of 

which a res feedback or nega t i ve r e s i s t a n c e ; s i n u s o i d a l or non- s inu 

s o i d a l ; s t a b l e or u n s t a b l e ; and synchronized or f ree-running„ I t can 

be c l a s s i f i e d according; t o t h e a c t i v e element used as vacuum tube > t r a n s 

i s t o r , o r t u n n e l d iode . I t can be c l a s s i f i e d according t o t h e name of 

t h e i n d i v i d u a l c i r c u i t used as H a r t l e y , C o l p i t t s , o r tuned c o l l e c t o r , 

e t c . There i s no need here for a complete t r ea tmen t of a l l t h e s e sub

j e c t s ; t h i s chap te r b r i e f l y reviews only t hose o s c i l l a t o r p r i n c i p l e s 

which a r e he lp fu l in unders tanding the fol lowing work. 

S inuso ida l O s c i l l a t o r s 

True s i n u s o i d a l o s c i l l a t o r s do not e x i s t bu t in many cases t h e 

harmonic content of t h e o s c i l l a t o r output can be minimized. Only t h e s e 

s o - c a l l e d s i n u s o i d a l o s c i l l a t o r s a r e considered throughout t h i s develop

ment . Approximate mathematical ana lyses of many s i n u s o i d a l o s c i l l a t o r s 

a r e p o s s i b l e whi le mathematical ana lyses of many n o n - s i n u s o i d a l o s c i l l a 

t o r s a r e almost impossible„ 

Many o s c i l l a t o r s , no mat te r whether they a r e feedback or nega t ive 

r e s i s t a n c e o s c i l l a t o r s , can be reasonably approximated by a tuned c i r 

c u i t in p a r a l l e l w i th a nega t ive conductance<> Figure 1 r ep r e s en t s one 

equ iva len t c i r c u i t . Descr ibing t h e behavior of t h e nega t ive conductance 
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and its effect on the circuit is a complicated procedure in most cases 

and comprises the most difficult part of the analysis,. 

I 

Figure 1. Approximate Representation of an Oscillator. 

As a first approach to the problem consider the node differential 

equation for Figure Is 

c d T +(Gn + G>v + i A d t = ° (1) 

If i n i t i a l conditions are neglected, the Laplace transform of equation 

(1) gives 

Cs V(s) + (G„ + G) V(s) + (-ji) V(s) = 0 
n 

(2 ) 

If oscillations are to exist the system determinant must equal zero, 

i.e. 

o G + G , 
2 , n , 1 n (3; 

The roots of equation (5) are given as 
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Gn + G / G + Gv2 ~ 
S ^20— ±\/(" JW7 "-EC • <*> 

Since G is a negative quantity, these roots are imaginary for the case 

JGI = |G|. In this case any disturbance in the system produces sustained 

oscillations which neither increase nor decrease unless some other dis

turbance occurs» 

When |G | < |G| the roots have negative real parts indicating the 

fact that any disturbance in the system produces decaying oscillations. 

For the case |G | > |G| the roots have positive real parts indicating 
E. 

that any disturbance in the system produces increasing oscillations, 

A practical oscillator is not composed of linear elements„ If it 

were, a set of G values would have to be available for the system to 

function<> Initially |G | would have to be greater than |G| so noise 

currents or fluctuations could establish the build up of oscillations 

in the circuit. After oscillation build-up |G | would have to equal |G| 

so that oscillations would be sustained at a fixecl amplitude and, to afford 

a control action., |G | would have to become greater than |G| if any 

effects attempted to decrease oscillation amplitude and |G | would have 

to become less than JG| if any effects attempted to- increase oscillation 

amplitude. 

Van der Pol (2) Analysis of Sinusoidal Oscillators 

As was stated previously, no practical oscillator can be truly 

linear and purely sinusoidal because it must somehow produce increasing 

oscillations until a desired amplitude is reached and it must regulate 

the amplitude of oscillation thereafter. No practical source of the 

negative conductance effect produces a linear negative conductance«, 



7 

Instead, the characteristic curve of the device has an appearance some

what like that of Figure 2o The operating point of the oscillator is 

^ v 

Figure 2„ Typical Nonl inear Characteristic * 

established approximately at the center of the negative conductance 

region. Any disturbance causes increasing oscillations until the net 

effective conductance of the system goes to zero whereupon oscillations 

are maintained» Regulation is automatically accomplished by the charac

teristic of the negative conductance elemento The output of such an 

oscillator is sinusoidal if the tuned circuit in parallel with the non

linear element is a high Q circuit so that it offers a high impedance to 

only one frequency component of the generated waveform,, Figure 1 shows 

the general circuit configuration of a practical oscillator if the G of 

Figure 1 is furnished by an active element with a characteristic similar 

to the characteristic of Figure 2. 

Van der Pol analyzed the system described in the above paragraph 

by approximating the negative conductance region of the characteristic 

curve of Figure 2 by a cubic equation of the form 

i a F(v) - -av + bv5 . (5) 
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With t h i s approximation the d i f f e ren t i a l equation 

C £ + (Gn + G) r + £ f r i t = 0 (1) 

becomes 

C ~ + (-av + bv3) + Gv + i / v dt = 0 .. (6) 

Equation (6) is eas i ly reduced to the form 

i l . £ (cv - Dv5) + £ , = 0 . (7) 
dt 

Equation (7) is referred to as the van der Pol (2) equation. This form 

of equation a r i se s in many p rac t i ca l s i t ua t i ons . 

Since the present discussion is r e s t r i c t ed to sinusoidal o sc i l l a 

t o r s , the assumption is made that the f i r s t der ivat ive term of equation 

(7) is small. Van der Pol (2) offered two methods for the solution of 

equation (7) under t h i s condition.. The two methods are referred to as 

the method of var ia t ion of parameters and the method of equivalent 

l inea r iza t ion . iSince both of these methods lead to the same r e s u l t s , 

only the method of var ia t ion of parameters wi l l be described b r i e f ly . 

The analysis of equation (7) by the method of var ia t ion of param

eters proceeds somewhat i n tu i t i ve ly . The tuned c i r cu i t i s a high Q c i r 

cui t and the second term of equation (7) is considered to be small so 

the voltage across the tuned c i rcu i t may be closely approximated by 

v ts A(t) cos 00 t (8) 
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where A(t) is the slowly varying amplitude of the voltage. The first 

and second time derivatives of equation (8) yield several sine and cosine 

terms multiplied by A(t') and its first and second derivatives-, If equa

tion (8) and the derivative terms obtained from it are substituted into 

equation (7) and the terms involving harmonics and the derivatives of 

A(t) are neglected as being small, the resulting equation will have either 

a sinco t or a cosw t associated with each of its terms. This resultant o o 

equation, when separated into its sine and cosine components, yields two 

equations, one of which when solved gives the amplitude of the oscilla

tion and the second of which when solved gives the frequency of the oscil

lation o The actual details involved are rather lengthy and can be found 

in many references,, 

The results of this procedure are; 

for the amplitude 

A • /a - G (9) 

and for the frequency 

to s= 
o 

(10) 

The analysis outlined in the preceding paragraphs has reviewed 

some simple oscillator theory and it has attempted to show some of the 

restrictions and limitations involved in the class of oscillators to be 

treated from a synchronization standpoint in the next chapters» 
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CHAPTER III 

SYNCHRONIZATION OF SINUSOIDAL OSCILLATORS 

BY SINUSOIDAL SIGNALS 

This chapter reviews some of the more important papers on synchron

ization by sinusoidal signals,, Two major references are summarized in 

sufficient detail to establish the basic equations from which the re-

suits of this investigation are developed<> Other references are summar

ized briefly to show several approaches to the subjects 

Development of the Synchronization Equation 

Many oscillators which consist of an active element and a passive 

feedback network can be analyzed for phase transients by a method described 

by Adler (6)» A physical line of reasoning leads to a differential equa

tion which can be solved for the instantaneous plia.se difference between 

the oscillator voltage and the synchronizing signal voltageo This devel

opment is based on the assumption that time constants in the oscillator 

circuit are small, compared to one period of the difference frequency.., 

Adler!s equation is developed in considerable detail in the following 

paragraphso Refer to Figure 3 for the oscillator configuration, 

In Figure 3, V is the phasor voltage representing the injected 

synchronizing signal, V^ is the phasor voltage representing the voltage 

returned from the feedback network, and V is the phasor voltage repre-
6 

senting the voltage input to the active element0 The relationship among 

A detailed discussion of the assumption is given by Adler (6)° 

plia.se
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V, 

Active Feedback 

. i A 
Element Network 

V 
r 

V 
« V 

r 

V 
« 

Figure 3. Oscillator Representation, 

these voltages can be written 

V • V, + V 
8 1 r 

(11) 

This re la t ionship can be i l l u s t r a t ed toy the phasor diagram of Figure k. 

Vn has the angular veloci ty w of the synchronizing source, V has the 
1 1 g 

angular veloci ty 00 of the o s c i l l a t o r , and, if V., is small with respect 

to V , V has approximately angular veloci ty w of the osc i l l a to r„ Note 

tha t $ increases posi t ively in the counterclockwise d i rec t ion . 

U)-, 

— a: U), 

dt 1 
- U) 

Figure 4. Relationship Among Oscillator and 
Synchronizing Voltage Phasorso 

Examination of Figure 4 reveals that, for ^ < < V , 

P i tan 
V sin^ V sine 
_ „ __ (12 
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The phase angle £ between V and V is a function of frequency. Its 
r g 

behavior depends on the elements in the feedback network. For small 

deviations of frequency the relationship can be expressed 

P = Is ^ ~ Wo ) + P ( w o ) (15) 

where J- i s evaluated a t u> = co . For a simple tuned c i r c u i t J - * —-S ow o dw w 
o 

and p(w ) » 0 so equat ion (15) can be w r i t t e n 

0 i £3 (w - u>J . (14) 
to 

o 

A combination of equat ions (12) and (ik) y i e l d s 

w V 
w - wc> - 2 5 T s i n e ' ( 1 5 ) 

6 

It is important to note that the phasor diagram of Figure k shows 

difference frequency and phase. The assumption that many high frequency 

oscillations occur during; a small shift of the phasors allows the inter-

6.0 
pretation of —- as an instantaneous angular velocity- In other words OJ 

dt 

changes slowly and the feedback network is able to respond to these changes 

Examination of Figure k suggests that Q changes at a rate determined 

by the difference between w, and u>. 

3E - ^ - « • (16) 

When t h e o s c i l l a t o r i s synchronized, u> = 00 and d©/dt ~ 0 . When w f w-., 

then d8 /d t / 0 and t h e o s c i l l a t o r i s not synchronized. Equation (16) 

can be w r i t t e n 
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d0 •ST- B ( c o n - c o ) - ( c o - c o ) o 
d t v 1 o v o' (1?: 

Substitution of equation (15) into equation (17) and defining 

CO., CO s CO 

1 o s 
(18) 

allow equation (17) to be written in the form 

d£> 
d t 

u> - (tj s i n s c (19: 

where 

co « 

co V 
_0 1 
2QV (20) 

Equation (19) is taken as the starting point for most of the development 

in the following chapters. A frequency spectrum shown in Figure 5 illus

trates the relations between the terms of this equation.. 

CO w 11 ' • & * » • • 

w, 

ii s in 6 d e / d t 

CO 10 co, 

Figure 5° Frequency Spectrum Re la t ing Terms of 
Synchronizat ion Equation,, 

Since equat ion (19) is ' so impor tant , t h e f u l l s i g n i f i c a n c e of 

each of i t s terms', must not be missed. An o s c i l l a t o r of f ree - runn ing 
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frequency to is being synchronized by a signal of small amplitude V, and 

of frequency to, . This establishes w « w. - to . The angle 9 is the 

instantaneous phase angle between the phasor representing the active ele

ment voltage and the phasor representing the injected synchronizing sig

nal voltage., The angle 9 can assume any value between -it and -Ht„ The 

time derivative of 9, &9/&t, represents an instantaneous frequency whose 

value is the difference between the synchronizing source frequency and 

the Instantaneous oscillator frequency. The difference between the 

instantaneous frequency of the oscillator and its free-running frequency 

is given by the term to sine. The development of this term is based on 

the assumption of small linear phase shifts due to the feedback networks 

The assumption is justifiable for small departures of co from to , 
o 

Since 9 can assume a l l valuesj, sint9 can assume a l l values between 

plus one and minus one. The terms of equation (19) are a l l frequency 

terms« Use of l imit ing values of sinQ allows an in terpre ta t ion of the 

frequency l imi ts to be expected„ Note that the condition co. < to allows 
s — c 

svochroniEation since d0/dt can be zero for t h i s condition while to > to 
a ' S C 

does not allow synchronization since dO/dt cannot be zero for t h i s condi

t i o n . The half-bandwidth of synchronization is equal to to » 

When synchronization occurs, to « to and dfi/dt « 0. Equation (19) 

gives value of co for t h i s condition as 

0- • s in" co /to 0 (2! 
f s/ c v 

The l imit ing value of 0_, 0„ • ± 90°, is the value obtained as co is 
1 1 s 

allowed to move to the boundary of the synchronization band. 
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Solutions of the Nonlinear Different ial Equation of Synchronization 

The nonlinear d i f f e ren t i a l equation 

d0 
-rr • OJ _ co sin0 
dt s c 

(19) 

can be solved by d i rec t in tegra t ion . Jones (9) has developed the resu l t s 

in the form 

0 = 2 t an" 1 - i -
00 s 

» . - / 2 2 OJ - OJ tanh c s 
1 nr-
2>/Uc -

u)2 ( t + s v (22, 

where 00 < u> and t is an integrat ion constant. For the case w > OJ s c o ° . s c 

the solution is 

0 * 2 t a n " 1 - i-
OJ s 

w o + / u - OJ tan 4/ OJ 
<"c <* + *o> (23) 

where t is again an integrat ion constant. 

Equation (22) for the case u> < OJ leads to the resul t of equa-
s c 

t i on (21) for the value of 0 and to the resu l t d0/dt • 0 as t goes to 

i n f i n i t y . These r e su l t s a re t rue because the hyperbolic tangent term 

goes to unity in the l im i t . Therefore, synchronization occurs and the 

f ina l value of 0, given by equation (21), can also be expressed as 

0 = 2 tan 
- 1 

OJ -M~-OJ 

OJ 
(24) 

Equation (23) for the case OJ > u> leads to 0 as a periodic 
s c 

function of time as t goes to infinity because the natural tangent 

varies periodically. In this case d0/dt is never equal to zero and 

synchronization never occurs. 
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Synchronization by Phase Control 

An alternate development of the synchronization equation is pat

terned after a treatment described by Labin (7)» The result is Adler's 

equation although the two systems from which the results are derived are 

considerably different. The solutions offered by Labin are of interest 

because they, when modified, give another way of developing solutions of 

Adlerfs equation. This modification forms the basis for much of the work 

in Chapter IV. 

Consider the system of Figure 6- The oscillator to be synchronised 

Synchroni
zing 
Signal 

e i Mixer = e? O s c i l l a t o r Synchroni
zing 
Signal 

Phase 
De tec to r 

U 

To Be 
Sync'd 

1 t 

U 

M 

"RMl+AT* 
U Reactance 

. 

Tube 

Figure 6. Block Diagram of Phase-Locked Oscillator, 

is considered to have an instantaneous frequency u, The synchronizing 

source has a fixed frequency w, . The output e? of the oscillator to be 

synchronized is fed to the mixer along with the output e, of the syn

chronic 3.ng source. These two mixer inputs produce a mixer output unless 

the two inputs are at exactly the same frequency and phase angle. The 

mixer output in combination with the filter delivers a control voltage 

u to the reactance tube which adjusts the frequency (phase) of the 

oscillator to be synchronized. 
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The control of the frequency co by the regulat ing voltage u is 

expressed by an equation of the type 

li) s W + SU 

o 
(25) 

for w - w = S u < 7 where w is the free-running frequency 1 o' max • (max. — o ° u J 

of the oscillator to be synchronized. As long as the error |w - w | does 

not exceed the value y 3 linear regulation of the oscillator frequency by 

the reactance tube is achieved. The assumption is made that a constant 

value a) = co i 7 is maintained for y/S < |u| < &7S and filially a forbidden 

region is assumed when |u I > o/s. Figure 7 shows a sketch of the instan

taneous oscillator frequency w versus the reactance tube control voltage 

u, 

+7/S +6/S 

Figure 7» Oscillator Frequency as a Function of 
Reactance Tube Control Yoltageo 

Consider now the possibility that e., and e^ are so near each 

other in frequency that the following equations can be written; 

e, « E, sin cont (26) 
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and 

"2 2 
fo^t - 0(t)J Q « E cos w t - 0(t) (2' 

where d9(t)/dt is the frequency difference. Since d0/dt is much less 

than w, the filter can separate, from the mixer output, the frequency 

difference d0/dt which arises$ along with other frequencies, from the 

product of e, and e? in the mixer. The actual control voltage for the 

reactance tube is then written as 

u « K3?i?2 SilL df^ B U Sin ° ^28^ 

where U = K-.E-.Ep. 

The frequency equation involved in the control loop is 

w • w1 - de/dt = w + Su (29) 

where u = U sin 6>„ 

Allowing u - w « + w and SU« w in equation (29) leads to the filial 
X 0 S U 

form 

de/dt * + w - w sin 0 o (30) 

Equation (.50) is ident ica l in form to Adler 's equation 

de/dt • + u - 00 sin 0 0 (19) 

I t i s important to note tha t the solutions of equations (19) and 

(30) are for the instantaneous phase angle as a function of time0 Instan

taneous frequency as a function of time can be found from these results« 

K-.E-.Ep
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The effect of different initial conditions on the frequency transient is 

also needed for a complete picture of the synchronization process. 

Other Approaches to Synchronization 

Huntoon and Weiss (5) using a more general approach than Adler (6) 

used show that a synchronizing voltage in an oscillator can be replaced 

by a fictitious impedance Z • R + JX through which a constant current is 

flowing to produce the same voltage effect. The output voltage V and 

the output frequency F of the oscillator are affected by this fictitious 

impedance according to a set of compliance coefficients defined as 

3V/dR - AR, dF/3R « FR, -dV/dX » A ^ - dF/dX • Fx . (51) 

Manipulation of these compliance coefficients in complex form in connec

tion with the fictitious impedance leads to a synchronization equation 

which can be reduced to Adler's equation. 

Chapter II gives van der Pol's nonlinear differential equation 

representing the behavior of a free-running oscillator as 

i l - ± (cv - Dv3) + u§r. 0 . (7) 
dt 

Van der Pol considered synchronization in terms of this equation with a 

driving voltage E, sin w,t added. The resulting equation for the driven 
JL -L 

oscillator is 

2 
^ 4 - 4r (cv - Dv5) + u?v« <£ E, sin u>_t . (32) 
,.2 dt * ' o i l 1 dt 

Van der Pol ' s solutions for t h i s equation describe the conditions for 
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synchronization but his method of a t tack doesn' t lend i t s e l f to the 

study of frequency transients, , With some simplifying assumptions, how

ever, the equation can be reduced to a form similar to Adler 's equation. 
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CHAPTER IV 

SYNCHRONIZATION FREQUENCY TRANSIENTS AS A FUNCTION 

OF INITIAL PHASE DIFFERENCE 

Mathematical Development 

The nonlinear differential equation governing the synchronization 

process of a sinusoidal oscillator synchronized by a sinusoidal synchron

ising source of small amplitude has been presented in Chapter III In 

the form 

d0/dt = o> - w sin Q • w.. - w (33) 

with 

u)s - o,x - u)o (3^) 

and 

¥here 

a > - w = u ) s i n 0 3̂*}) 
O C "^ 

w V, 
UL - * 2 ~ ^ . (36) 'c " 2^T 

Figure 8 illustrates by means of a phasor diagram the conditions 

existing in the oscillator which is being affected by the synchronizing 

signal- V is the phasor representing the synchronizing signal voltage 

of angular velocity u>, and V is the phasor representing the active 
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V 
r 

\ \ dG/dt 

Figure 8» Phaser Diagram Showing Oscillator Conditions 
During Synchronization. 

element input voltage of angular velocity w, V is the phasor repre

senting the voltage returned by means of the feedback network. The 

angular velocity of V is approximately to because V. is small in ampli

tude o Defining V as the reference phasor, the following interpretations 

can be mades 

to is the instantaneous angular velocity of the phasor which 

represents the oscillator voltage; 

9 is the instantaneous phase angle existing between the 

phasors representing the oscillator and synchronizing 

source voltages. 

6 is the value of 9 at the time the synchronizing signal is 

Introduced or turned on. 9 can assume any value within 

a 36 0° interval| and 

d0/dt is an instantaneous angular velocity deviation which 

can be combined with w.. to give the instantaneous angular 

velocity to of the oscillator,, 

Some preliminary interpretations of equation (33) are useful to 

indicate the manner in which the transient problem, is approached., Note 

that the steady state is reached when d©/dt = 0U Then the relations 
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OJ s? U) 

and 

w s= w sin 0 
s c 

define the angular veloci ty w « <*>., and the phase angle 0 = sin"' w /w 
x S/ C 

which must ex is t when the osc i l l a to r is synchronized or in the steady 

stateo 

When steady s t a t e conditions are not satisfied,, 

dfl/dt « to - u) sin 9 f Q (37) 

and 

(o « (o t o o s i n 0 
o c 

» to 1 + u) . de/dt 
O S ' 

- ua - de/dt . (38) 

Equation (37) is d. d i f f e ren t i a l equation which can be solved for 0( t ) 

and equation (38) gives the actual angular veloci ty w as a function of 6 

or of d0/dto An I n i t i a l value of 0, 0 _« a t t « 0 leads to a unique value, 

a t t * 0, of dfl/dt which establishes the s t a r t ing point of the frequency 

(angular velocity) t rans ien t to be considered,, A complete study of f re

quency t rans ien ts must consider three cases« 

Case I<> w < w with the synchronizing signal fa l l ing within the s c 

syachror.i?,at ion band; 

Case IIr, vi > w with the synchronizing signal fa l l ing outside 
s c 

s^nchrGii.ization foandj and 
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Case IIIo u> = w_ with the synchronizing signal falling on the boundary 

of the*, synchronization bando 

Equations (37) and (38) describe the phase transient 0(t) and the 

angular velocity trans lent co(0) or oo(t).. The solution of equation (37), 

in terms of an initial phase angle 9 9 describes the behavior of 0(t) as 

•j 

this angle goes from 0= 6 to its steady state value 0 a sin" w /ô o 

Equation (38) then gives the angular velocity transient tu(t) corresponding 

to this phase transient, In cases I and III the transient will die out 

as the oscillator becomes', synchronized. Case II is handled in a similar 

manner but no steady state condition is reached. 

Development of Case I o> < u 

* S £ 
Equation (37) can be r e w r i t t e n as 

dd/dt = u> - co s i n 0 to < to (39) 

or a s 

d t o ui <. tti 
u - u 3 in d s c 

s c 

A solution of equation (kO) for 0{t) can be obtained and the derivative 

of 0ft) with respect to time can be used in equation (38) to give 'u(t),, 

the desired frequency transient. The initial phase angle, $ , establishes 

a particular phase transient which in turn, has associated with it a par

ticular frequency transient for the given 6 u 

A sketch of equation (39) in Figure 9 provides interesting in

formation about some, possible instantaneous angular velocities when it 

is used in conjunction with 
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a) « \V - de/dt a (3B) 

Examination of the sketch and equation (38) shows the maximum instan

taneous angular velocity deviation from u, to be w + to occurring for 
1 s c & 

0 as -i t /2, the minimum instantaneous angular veloci ty deviation from w. 

Figure Q„ Plot of de/dt = u - w sir. Q for co < w „ 
' s c s c 

-•I 

to be zero occurring for two values of 9 & sin u) /w „ and a smaller 
s/ c 

peak deviation to fc-s co_ - w occurring for 0 « +JI/2» Note that one of 
D C 

the zero deviation po in ts , wh^re an increase in 0 makes ds /d t negat ive, 

i s s table while the other point , where an Increase in 9 makes d0/dt posi 

t i v e , is unstable,, These observations yield some insight into the prob

lem but they a rs short of the goal which is a solution for instantaneous 

frequency as a function of time* 

Equation kjG.00 in Dwight's Table of Integrals (10) gives the so l 

ution of 
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ae 
co - h) s i l l 0 

a d t u> <.. to 
s c (**0) 

as 

/ < 

In 

0) - 10 

w tan , ! 0/2) -. a) 
S " ' C «= t + 

w t a n i 0 / 2 ) - a) +JiJ~ « '.o 
S " C V C S 

/ T — " ~ 5 
where t v i s a cons tan t of in t eg ra t ion , , L e t t i n g B = 7w"' o c

 w
s , equation 

(kl) can be written 

oj 

u> 

tan(e/2) - U(5 - B + 

;an (e/^T"^), + B a + p' 1̂ 2) 

The ± sign in equation (k2.) is necessary because e'v °' can not change 

sign yet 0 can have any value within a 360° interval which means that 

tan [d/2) cazi assume all values from minus infinity to plus infinity. 

WlK-r, 

tan (0/2) 
w + B 

UJ-
fh W . 

i ha numerator cf t h e left , band s ide of equat ion (h2) equals zero.. Values 

of 0 above and below tfei va lue thus defined cause the numerator and., 

Pf-fc -f t n ) 

t h e r e f o r e , fche r a t i o t o change s ign- Note t h a t e"ikJ '° equals zero a t 

tha va lue of 0 defined by equat ion (U3) and t h e va lue of B( t + t ) must 

equal minus i n f i n i t y a t t h i s value of do A s i m i l a r e f f e c t i s noted .in 

t h e denominator* When 
co - B 

t a n (0 /2) * 
CO 

(h-k 
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the denominator of the left hand side of equation (k2) equals zero. 

Values of 9 above and below this value cause the denominator and^ there

fore, the ratio to change sign* At the value of 9 defined by equation 
R (+ 4- h ^ 

(hk), e v " °' must equal infinity and this means that B(t + t ) must 
o 

equal plus infinity at the same value of 9* 
Considering first the plus sign^ equation (h2) becomes 

u>s tan (9/2) - u>p - B « WQ tan ( 0 / 2 ) e B ( t + t o ) - u»ce
B(t + t o ) (k$) 

+ B e B ( t + t Q ) 

or 

0 Ur B B ( t + t o ) 

t ang- - ~ - _ - coth £ — . (46) 
s s 

In like manner the equation derived with the negative sign .in 

equation (k2) becomes 

. 9 "c B + B(t + tQ) 

S S 

Let s in ©,, - w /w which leads to tan £,, * w/B u Figure 10 i l l u s t r a t e s x s/ c x s/ 

t h i s relationshipo Equations (46) and (4-7) can be wr i t ten in terms of 

0„ as 

6 1 B(t+tQ) 
tan - « "STHT" ~ c o t 0f c o t h "~~T " ^ 

and 

9 1 B ^ t + t o 
taEl 2 " i i T T ; " c o t eftanb ~r 
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Figure 10. Diagram Defining 6f. 

Observe from equations (48) and (k$) that allowing B(t + t ) to 

approach minus infinity (corresponding to the sign change condition of 

equation (kj)) reduces "both equations to 

tan 2 = l i n - s T + c o t ef - tanV/2 (50) 

which leads to 

cr 

e « n - eJ 

9 = _« _ 0 

depending on which equation is used in the limiting process. 

Allowing B(t + t ) to approach plus infinity (corresponding to 

the sign change condition of equation {kk)) reduces equations (48) and 

(k9) to 

tan 2 sin Q 

-1 

£ _ . cot 0- * tan (0f/2) (51) 

which leads to 

9 * 0f . 
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Equations (48) and (49) resulted from, a sign choice in equation 

/1 \ B( t + t o ) 
(42) o The conclus ion i s now obvious , s ince co th •———-—— can go t o 

B(t + t 0 ) 
i n f i n i t y and t anh — ^ cannot go t o i n f i n i t y , t h a t t h e choice, of 

t h e s ign and> t h e r e f o r e , t h e choice between equat ions (48) and (49) de 

pends on where t h e 

equat ion (49) for 

pends on where t h e i n i t i a l phase a n g l e , 9 , a p p e a r s . In summary use 

Q < 6 < it - 9 
f o f 

and use equat ion (48) for 

- it - e „ < e < e _ 
f o f 

Note t h a t 

coth y * ....— L £ _ « 1 - — ~ - (52) 
e y - e°¥ 1 - e 2 y 

and 

e y - e"y , 
•— — « 1 -
e^ + e""y 

2 e y - e"y , 
•— — « 1 -
e^ + e""y 1 - e2^ 

t anh y * _ J L - i — « l - .». „ (55) 

Use of t h e i d e n t i t i e s of equat ions (52) and (53) in equa t ions (48) and 

(49) and t h e combination of equat ions (48) and (49) l eads t o t h e form 

Use of 

fl 1 - cos 9f 2 cot 6f 
t a * 2 - - s z n ^ - + B(t 1 1 0 ) • {3k) 

1 - cos 0f 0 f 

s i n 9 .̂ " 2 
= t a n -7T- (55) 
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and 

2 cot S = 
1 - tan e /2 

tan 0f/2 
(56) 

changes equation (5^) to 

. 0 
tan ;j 

= tan 
1 - tan 0 / 2 

(tan V 2 ) T L ± fiB(t + t o )J 
(57) 

In a given case 9„ is constant, therefore , l e t tan (0 f /2) • k and rewrite 

equation (57) as 

tan o° w k + 
k 1 ± e" 

1 - kc 

,B(t + t0}j (58) 

Use + in equations (57) and (58) for 0 < 0 < JI - 0 „ 

Use - in equations (57) and (58) for -* - e < 0 < 0 . 

In equation (58) the term e * ° can be considered as e e ° 

If e ° is a r b i t r a r i l y set equal to 1/k, which amounts to choosing t 

such tha t 0 - ± */2 a t t « 0, equation (58) can be wri t ten as 

tan p- = k + 
1 - k 

k[ 1 ± (1/k) eBt] 
39) 

or 

0 = 2 t a n k + 1 - k 
k ± e Bt 

(60) 

Use + in equations (59) and (60) for 0 < 0O < n - 9 » 

Use » in equations (59) and (60) for -it - 0 < 0Q < 0 
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Equation (60) is the general solution for the instantaneous phase 

angle as a function of time. A curve sketched from this solution appears 

in Figure 11 <> Note that 0 always approaches 0 asymptotically as syn

chronization occurs and note also that 0_ may be approached from above 

or below depending on Q , the initial value of 9, when the synchronizing 

signal is introduced. The limiting value of Q above 0„ is it - 6f and the 

limiting value below 0 is -it - Q , These limiting values are calculated 

by allowing t to approach minus infinity in equation (60)» These are the 

same values predicted in the discussion immediately following equations 

(̂ 8) and (̂ +9) corresponding to sign change condition equation (43). 

e A 
_180°^ 9f  

Figure 11, Sketch of Instantaneous Phase Angle as a 
Function of Time* 

At this point in the development observe that no loss of general

ity occurred from setting e ° • l/k because it is a simple matter to go 
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to the curve in Figure 11 with an a rb i t r a ry i n i t i a l phase angle^ 0 . A 

sh i f t of time scale places t • 0 a t the proper 0 on the curve and the 

t rans ien t curve is avai lable as G progresses from Q to Qf while t goes 

from zero to infini ty* 

Figure 12 shows 9 versus Bt for three different values of Gf 

corresponding to sin 0 f * 0.2, sin 0 f * 0,$, and s in 0f * 0.96^. Use of 

these curves is i l l u s t r a t ed by the following example.. ., 

Let w = 2it (500) and w s 2a (1000). This es tabl ishes values s c 

/
2 2 

u> - w * 2n (866) and s in 0 = w /w » 0<>5o If the i n i t i a l 
phase difference between the synchronizing voltage and the o s c i l l a t o r 

voltage is -150% the variat ion of 0 with respect to time is obtained 

by entering the sin. 0 f = 0.5 curve a t 0 * -I5O0 , which is a t the value 

Bt = -0072, and following i t to Bt « i n f in i t y . The Bt scale shifted 

O.72 uni ts and divided by B gives the proper time scale for the curve• 

See Figure 15 for the r e s u l t . 

Equation (60) gives instantaneous phase angle as a function of 

time0 Equation (38) can now be used with the der ivat ive of equation 

(60) t o develop an expression for instantaneous frequency as a function 

of t ime. Repeated for convenient reference are 

2 t an" 1 

k ± e B t 
(60) 

and 

U) « w - de/dt o (38) 

Differentiat ing equation (60) yields 
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200 — 

•100 -

-200 -

0 » s i n w /u) 
f s ' c 

Figure 12o Ins tan taneous Phase Angle as a .Function of Time 
for 0 = 11.53°> 0 f

 ffi 30° , and 0 f - ?4020o 



^ 

«=r- - 0f - 30° 

600 800 

(microseconds) 

Figure 1^0 Ins tan taneous Phase Angle as a Funct ion of Time 
for u> = 2Jt(500)^ u) • 2JT.{1000)^ and 6 «-150°» 

dg_ 
dBt 

d t k + 
1 - k 2 1 

k ± e E t J 

1 + k + 1 - k 
21 2 

k ± e Bt 

± (k - 1) 

(k + 1) cosh Bt ± 2k 
(61! 

F i n a l l y 

d0 dd 
d t = dBt 

(62) 
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and 

d0 ± B(k2 - 1) 
«-— s "" -jy- ••—-. 

(k + l) cosh Bt ± 2k 

Equation (63) can be combined with equation (38) to obtain 

(63) 

U) * w - de/dt « w + ± B(l - k2) 

k + 1 ) cosh Bt ± 2k 
£64) 

which is the equation for instantaneous frequency as a function of time» 

IMPORTAUTs For equations (6l), (63), and (6k), 

use + sign for Gf < 0 < it ~ 0 and 

use - sign for - it - 0 < 0 < 0 « 
1 w 1 

Consider an example to i l l u s t r a t e the use of equation (6k). Let 

w = 2fl (500) and w = 2rt (1000) which es tabl ishes sin. 0„ • w /w • 0*5, 
S C X S/ C 

k SB tan 15° * 0*268, and B = 2it (866). When these parameters are sub

s t i t u t ed in equation (6*0, the equation becomes 

w » 00 + ± 2* 866(0.958) , £ , 
(lo072)cosh 2it""B66t± O.556 ° l ^ 

This aquation is plotted in Figure l4(a)« Figure 14(a) now shows a l l 

possible frequency t rans ien t s that can occur as the o sc i l l a t o r is syn

chronized under the conditions of t h i s example- To complete the p ic ture , 

the effect of the i n i t i a l phase angle between the synchronizing signal 

voltage and the osc i l l a to r voltage must be considered* Figure lh(h), 

obtained from Figure 12, is a plot of instantaneous phase angle versus 

time with the same constants tha t were used in Figure 14(a)„ If the 

curve of Figure 14(b) is entered a t the value of the i n i t i a l phase angle, 
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upper curve 
.50° < eQ < 150s 

lower curve 
210° < 0 < ^0° 

o 

-800 -400 0 400 800 (microseconds) 

Figure 14(a). Instantaneous Frequency as a Function of Time 
for co * 2* (500), GJ « 2*; 1000) and 8. • 30°. s c x 

et - 30° 

-200 

Figure 14(b)« Ins tantaneous Phase Angle as a Funct ion of Time 
for oo « 2it(500), w « 2^(1000) , and 0,, ~ 30°* s c i 
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a cer ta in time^, which may be projected d i r ec t ly up to the curve of 

Figure 14(a) , i s read. This time is now taken as the reference t » 0 for 

the s t a r t ing of the t rans ient which then runs i t s course along the curve 

as t goes to infinity.. Note tha t the 9 curve with negative slope projects 

to the instantaneous angular veloci ty curve above to. while the 9 curve 

with posi t ive slope projects to the instantaneous angular veloci ty curve 

below (A)-, „ Note a lso tha t Figure 14 w i l l hold with appropriate scale 

changes for any set of frequency values such that s in 9„ - Oo^, If the 

frequency values should double, the time of the t rans ien t would be cut to 

one half the or ig ina l time and the amplitude of the t rans ien t would be 

twice the amplitude of the or ig ina l t r an s i en t , e t c 

Figure 15 i l l u s t r a t e s the t rans ient tha t occurs when the i n i t i a l 

phase angle is -200°, w - 2TC (200), u> • 2n (kOO), and sin. 0_ « 0 .5 . 
s c 1 

Figure 15 is obtained from Figure 14 in the following manner „ F i r s t the 

time scales of Figures 14(a) and 14(b) are multiplied by 2°5<> Second 

the amplitude scale of Figure 14(a) is divided by 2»5o Third Figure 

14(b) is entered a t 6 ~ -200° where the time, t » -105 milliseconds on 

the new scale is read and projected upward to the lower frequency curve 

of Figure l4(a)« Finally the t rans ient is sketched by jumping from w 

to the lower curve a t the projected point , now considered as t • 0> and 

by following the curve as t goes from zero to infinity«> As a matter of 

in teres t some points measured experimentally are shown on the grapho 

Figure 16 shows a family of t rans ien ts obtained from Figure 1.4 by 

assuming different i n i t i a l phase angleso This family is for the condi

t ions sin. 0„ = 0.5, w ~ 2n (200), and w = 2JI ( 4 0 0 ) O For comparison 

i s c 

purposes an experimentally measured family can be seen in. Figure 1.7« The 

same conditions apply» 
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to, 

to 

(i)n - 2 f l ( > 0 C ) 

to, - 2 T T ( 8 0 0 ) 

Calculated 
curve 

(mil l iseconds 

F.igtLra 15- Instantaneous Frequency as a Function of IT.ime for 
to « 2JT(200)> to = 2«(ij-00), 9 = 30% and G. <= -200° s c x o 
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CO, 
* o « 0 * UL — 9 » -180* 1 o 

CO 

OJ., — 

f 
t=0 0 « 30* 

o 

U) 

•t « 

u) — 

t • 0 

0 » 140° o 

U) 

t = C 

w, 

00 

00, 

to 

Time; Scale 
1 mi l l i second per inch 

Amplitude Scale 
4 00 cps per inch 

Figure 16 o T h e o r e t i c a l Family of Frequency Trans i en t s for 
GO « 2 J I ( 2 0 0 ) , OJ S 2fi(kQQ), and 0 f « 50°.. 
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e0 = 20° 

d0 = + 30° 

e0 = + 90° 

= + 125c 

V E+ 130° 

= 2TT(200) 

= 2TT(400) 

30° 

*o = . 150° 

e0 = - 200° 

eQ = - 180° 

= -50 £ 

^o = 0° 

Time Scale: 0.4 millisec./cm. 
Amplitude Scale: 200 cps/cm. 

Figure 17. Experimental Family of Frequency T r a n s i e n t s . 
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A complete treatment of all possible transients occurring in all 

the other cases (i0e„, for all the other 0 values) can be developed in. 

expanded form in exactly the same manner as this case for sin 6„ = Q»5 
x 

was developed. The treatment starts with equation {6b) which gives a l l 

possible frequency transients•> Since u> and B are known constants in a 

given case, i t is convenient to plot the variable part of equation (6*0 

rewritten as 

S£~ - M i - k2) u&\ 
_ . - . : *_ _ — 0 ^ 5 J 

(1 + k ) cosh Bt ± 2k 

Use + sign for 9^ < 6 < x - 0- . 
f o f 

Use - sign for - x - 0_ < 0 < 0_ . 
° f o f 

This equation is plotted for several values of 9 in Figure 18(a). Figure 

18(b) is Figure 12 repeated for convenient reference in establishing the 

ini t ial conditions0 

Equation (66) or, in graphical form, Figure 18(a) represents the 

normalized difference between the oscillator angular velocity w and the 

synchronizing signal angular velocity u>,. Since co is constant, the 

curves of Figure 18(a), properly scaled, show the actual angular fre

quency transients which can occur„ An init ial phase angle3 9 t can be 

taken into account by referring to Figure 18(b) and reading the Bt value 
at 0 - 0 o This Bt value establishes the Bt • 0 point (reference) for 

o 

the frequency transient curve of Figure 1.8(a) „ 

The entire development up to now has been based on the solution of 

the differential equation (.33)° The quantity w has been defined as 
s 

a) - bi which implies that the synchronizing frequency is above t.ha 



" ' B t 

~2*Q 

+20 

2Q0" 

•1...U 

Figure 1.8 u Family of Ins tantaneous Phase Aiigle and Frsqusnc; 
Curves for 6f~ 11«53 * •=)0% a n d k P 74« 
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oscillator frequency. There is no reason why u> cannot be negative which 

would be the case for the synchronizing frequency below the oscillator 

frequency„ With the modifications listed belows which will hold for 

cases II and III as well, the solution to the problem when u> is nega

tive is readily available. 

1. The sign of the phase angle, 0> changes«, In case I this 

amounts to an inversion of Figure 12. 

2. The sign of - d©/dt changes.. In case I this amounts to an 

inversion of Figure 13(a). 

3. The actual transients are inverted and the signs of the 

initial phase angles are changed. In, case I this means 

that Figures 16 and 17 are inverted and the signs of the 

initial phase angles are changed. 

The photograph of Figure 19 shows an experimental comparison of 

synchronization transients with the synchronizing signal above and below 

the oscillator frequency* Conditions in this photograph are the same as 

for Figure 17 except that u> takes on both signs. 
s 

Development of Case I I , w > w 
S Q 

Development of case I I proceeds in the same way as the development 

of case I . A solution of equation (37) with w > u> 
s c 

f? m u
8 - » c s i a ^ 0 ^57) 

yields G as a function of time. d0/dt is then obtained and used in the 

equation 

u - uj_ - §f (38) 
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- 3 0 ° 

= - 130c 

= + 200° 

0 « + 180° 

0o = + 30° 

e0 = + 90° 

= + 130° 

= - 200° 

6Q = - 180c 

coc m 2^(400) wc » 2^(400) 

cus = - 2^(200) ws = +2^(200) 

0f = - 30° 0f = + 30° 

Time Scale: 0.8 mi l l i seconds per cent imeter. 

Ampl i tude Scale: 200 cps per centimeter. 

Figure 19• Family of Experimentally Observed Frequency Transients. 
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to es tab l i sh the instantaneous angular frequency as a function of time,, 

The only difference is that the condition of case I I must apply„ The 

effect of an i n i t i a l phase angle, 9 } is handled by matching a time 

determined by 9 in the 9 solution to a corresponding time in the w(t) 

solut ion. This matched value on the curves amounts to a shi f t along the 

time axis which establ ishes a new t * 0 axiso 

A plot of equation (37)/ shown in Figure 20, for the condition 

> w reveals tha t d©/dt i s never equal to zero« Since d0/dt is never 

e ro , w never becomes equal to ŵ  and synchronization never occurs. 

% + w
c de/dt 

u> 

+« 9 +3*/ 2 

Figure 20o Plot of d#/dt » w - w sin 0 for to > u> . 
s c s c 

This case is not of primary importance in th i s work because in teres t is 

centered on the frequency t rans ien ts during synchronization^ however, i t 

wi l l be pursued further to add completeness to the general treatment• 

Equation (37) c a a be wri t ten in the form 

de 
w - w sin 6 

8 C 

dt O) > 10 (67) 
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Equation kjSo00 in Dwight/s Table of I n t e g r a l s (10) can be used t o in te 

g r a t e equat ion (67) t o g ive equat ion 

2 2" 
O) - CO 

s c 

— tan 
- 0J 

• 1 s 
t a n 0/2 - w 

+ t 

/ 
2 2 

OJ - to 

s c 

(68) 

where t is a constant of integration. Solve equation (68) for 

t a n 0/2 / 
2 2~ 

CO - CO 

s c 
OJ 

~ t a n 
/ 

2" 2 
CO - CO 

s c (t +t0) 
to 

CO (69) 

or 

0 • 2 t a n / 
2 2 

U) /U) - U) 

c v s c 
CO 00 

s s 

t a n 
/to2 - u2 ( t + t ) 

V s c ^ o ' 

Use t h e t r i gonomet r i c i d e n t i t y for t h e tangent of an angle t o w r i t e 

equa t ion l ID) as 

/ n • to /to - to s i n -1 c J s c 2 t an < -— + 
to s to cos 

[p. 2 2 
to' i t + t 

s c o>]/< 
[/FT^ <*+V]A 

71 

or 

0 ^ 2 t a n a, 1 (S. cosJ%-% <*+ v / 2 + y ? ^ s 4 / ? ? ( w o ^ 
to 

cos /w~ - t o ( t + t ) / 2 
L v s c x o J ' .72) 

Define 
CO 

<t> - t a n 

/ 
2"" ~~2 

CO - tO 

s c 

(73: 
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and equation (72) becomes 

s i n 
6 - 2 tan" 

l~o 2 
fa - OJ ( t + t ) v s c v o ' 

cos 
/w2 - to2 (t + t ) V s c % o ' 

(7*0 

No loss of generality occurs if 

/~2 ~ T , 
/CO - CO ( 

V s c * 

t + t 
(75) 

is used; equation (7*0 can then be written 

6 « 2 tan 
• 1 sin{x + <t>) 

cos x 
76 

Equation (76) is the general solution for instantaneous phase 

angle as a function of time in case IIo The general solution is sketched 

in Figure 21(a)„ 

Since instantaneous frequency is of more interest than the instan

taneous phase angle, equation (76) can foe differentiated and combined 

with equation (38) for the desired result. Differentiating equation 

(76) with respect to x gives 

2 — sln(x -f <j>) 
dO _ dx cos x 
dx " . 2 , . . . 

i 4 s i n (x * ' 

cos ' x 

2 cos <i> 
1 + s i n (2x + 0) sin, <j> 
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Repeats from here 
Slope « a) 

Slope « a) + u) 
s c 

Slope = u) 

Slope ss u) - w 
s c 

Slopes are with respect 
to t. 

— J j | L- ! j L_ 
* / 6 ^ * / 3 Jt'/2 2ic/J \ 5«/6 ^ 

n/k-*/l 5n/k-$/2 it—<t> 

Figure 21 (a ) • Ins tan taneous Phase Angle for u> > u> 
s c 

d e / d t , 

2w 

I.OCJJ 

0 50 

s i n <t> = 0.9 

s i n 0 = 0.6 

^ . s i n (j> = O.J 

100 150 (degrees) x 

Figure 2 1 ( b ) . Ins tantaneous Frequency for u) > w 
s c 
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Since 

f 2 2 
d6 _ d0 dx d0 y s c _ dO s 
d t S d x d t s d i 2 ~ dx 2 (78) 

(79) 

use equat ion (77) In equat ion (78) t o ob ta in 

2 * ,_ w cos $ 
d0 _ s 
d t " 1 + s i n (2x + <t>) s i n <t> 

and then use equat ion (79) 1& equat ion (38) t o ob t a in 

2 
OJ cos <i> 

U) as U) - d Q / d t = W, - -s—; 3 r * r—r-r 1 T • ( 8 0 ) 
1 ' 1 1 + s i n (2x + $ ; s i n <t> s ' 

Since GJ i s a cons tan t in a g iven s i t u a t i o n , t h e ins tan taneous frequency 

i s determined by t h e v a r i a t i o n of equat ion (79) which i s p l o t t e d in 

Figure 21(b) for s e v e r a l va lues of <K 

Figure 21(b) i s mis leading because i t seems t o i n d i c a t e t h a t for 

d i f f e r e n t va lues of <t> t h e range over which OJ v a r i e s i s d i f fe ren t . , Equa

t i o n (79) can be w r i t t e n in t h e form 

2 * , ^ w cos <*> 

d t " s i n * (1 + s i n (2x-H>)sin<t>) ° y ; 

Figure 22 i s a ske tch of equat ion (81) and i t shows t h e frequency v a r i a 

t i o n i n c o r r e c t p r o p o r t i o n . Note t h a t t h e maximum va lue of equat ion 

(81) i s OJ (1 + cosec $) and t h e minimum value of equa t ion (81) i s 

a) (cosec $ - 1 ) . The d i f f e r e n c e between t h e maximum and minimum va lues 

of equa t ion ( 8 l ) i s independent of $ and i s always equal t o 2u>c„ 

Consider as an example a case where OJ = 2 JX(1000) and u> « 2jt(900) 
s c 
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a. 6 
d t u 

C / \ sin $ • 0.5 

3co -
J c 

/ \ s i n 0 = O06 

2co -
c 

111) -

c 
""̂ ^^ — ^ J \ s i n <t> = 0«9 

1 1 1 1 

\- - -- -\ 1 1 
50 100 150 (degrees)200 

Figure 22. Instantaneous Frequency for u> > w „ 
s c 

,2Jt(100Cf" 

'1 
»2*(200C& 

I0899 (milliseco) t 

{-

Figure 23« Oscillator Frequency Behavior for co = 2fl(1000) 
(i> « 2it(900). 
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This determines sin<t> as 0.9 and the time scale factor as 2it(220)0 The 

properly modified curve of Figure 21(b) i s subtracted from w1 t o give a), 

the instantaneous angular veloci ty , as a function of t ime. The resul tant 

curve is sketched in Figure 23. 

An i n i t i a l phase angle can be taken into account in the following 

manner. F i r s t a curve l ike that of Figure 21(a) must be plotted for the 

proper value of<t>=sin w / w . A given 9 w i l l , when used with t h i s 

curve, determine an x value. This x value is then used in Figure 21(b) 

with the proper sin * curve to es tab l i sh the x = 0 or t « 0 reference. 

Since synchronization is never a t ta ined , the instantaneous frequency 

curve is periodic and an i n i t i a l 9 value simply determines the s t a r t i ng 

point of the curve, 

Development of Case I I I w = co 
s c 

As in the previous two cases development proceeds by solving 

equation (37) 

de/dt = w - u sin 9 / 0 (37) 

for 0( t ) but with the condition u = u in t h i s case, de/dt i s then 
s c 

obtained and used in the equation 

w « w - de/dt (38) 

to establish w(t). The initial phase angle is accounted for by matching 

proper time axis values of the e(t) and w(t) solutions„ 

Figure 2k, a plot of equation (37) for the condition w = w , 

reveals that d0/dt is equal to zero for only one value of 0, 9 = 3t/20 
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Synchronization, therefore, occurs for only one value of 9, 9 = n/2, 

de/dt .i 

Figure 2k. Plot of d0/dt = to, - to sin 0 for u> • u> . 
o C S C 

This case is the "boundary "between cases I and I I and i s a case of zero 

probabi l i ty . Consider equation (37) rewri t ten as 

d0  
w (1 - sin 9) sv 

d t . w « co (82) 

Equation k'^,02 of Dwight's Table of In t eg ra l ' s (10) gives for the solu

t ion of equation (82) 

tan (x/k + 0/2) » u>s ( t + t Q ) (83) 

where t is a constant of in tegra t ion. Solving equation (83) for 9 gives 

= 2 t a n ' 1 w ( t + t ) - it/2 

s x o ' ' 
(90 

No loss of general i ty occurs if w t is a r b i t r a r i l y set equal to zero, 
s o 
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This amounts to choosing 6 = jt/2 at t = 0. Equation (8k) becomes 

-1 
6 = 2 tan (u> t) - n/2 . (85. 

Equation (85) gives instantaneous phase angle as a function of 

to t (or t upon division of the w t scale by w )„ Equation (85) is plotted s s s 

in Figure 25(a), 

Differentiating equation (85) with respect to w t yields 
s 

2 (86) doo t n . , . N2 
s 1 + (to t ) 

s 

and since 

&e d0 
to dt s dw t 

s 

the result 

d t 1 + ( u t f 
s 3 ' 

is available. Finally, the instantaneous angular velocity is given by 

2w 
to s w - d9/dt « u>1 - , ^ £ . (88) 

1 + (w t ) 

Equation (87) is plotted in Figure 25(b). Use of equation (88) with the 

curves of Figure 25 will allow calculation and plotting of any frequency 

transient with arbitrary ini t ial phase conditions for the case w = to. 
s c 

Note that the curves of Figure 25 are similar to the curves of Figure 18, 
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+100° -

+50' 

0* 

-50' 

-100° — 

-150° -

-200° — 

-250* 

-300' 

-0) — 

-2w — 

-10 +10 u) t 
s 

Figure 25. Plot of Instantaneous Phase Angle and 
Oscillator Frequency for Qf • 90°• 



Equation (88) can be developed as a limiting case of 

U) = U) + 
± B (1 » It) 

(k + 1) cosh Bt ± 2k 
(6^: 

from which t h e curves of .Figure 18(a) a r e ske tched . 

An example i l l u s t r a t e s t h e use of F igure 25« Let to - to =s 2ft (JQQ) 

and l e t t h e i n i t i a l phase angle be -200 d e g r e e s . Enter Figure 25(a) a t 

6 - -200 degrees arid p ro j ec t down t o the same ^> t va lue 3 u> t -• -I .A5., on. 
S S 

Figure 25(b). This w t value corresponds to t = 0 and the time scale is 
s 

s e t up by d i v i d i n g t h e 00 t s c a l e va lues by co = 2 T T ( 3 0 0 ) . Add to t o a l l 
s s _i. 

ordinate values, properly scaled, and the transient is sketched„ Figure 

26(a) shows this example and Figure 26(b) and 26(c) show the effects of 

two ether initial angles. Figures 27 and 28 show experimental curves for 

several initial angles and several bandwidths. These experimental, curves 

are actually for the case to slightly less than to „ 
s c 

Development of Universa l Curves 

The r e s u l t s of cases I and I I I can be modified and combined in 

one s e t of curves which can be used t o solve any synchron iza t ion t rans• 

i e n t problem. Consider agaija. t h e r e s u l t s of case I 

0 2 t a n 
• 1 

k + 
1 

k ± e 
(60) 

and 

w « to - d©/dt ss to + ± B (1 - k 2 ) 

(k + 1) cosh Bt ± 2k 
(Zk^ 



CO, 

w » ^ - 2 ^ ( 3 0 0 ) 

" l - 2 * 

-200° 

( s e c ) 

CO. 

co =* w -23t(300) 

w-. - 2it(600) 

( s e c . ) 

w, 

u) » w_ - 2jt(300) 
o 1 

(sec 

Ficcure 26o Severa l O s c i l l a t o r Frequency Trans i en t s for 
w = OJ ^ 2s(300) and 0 * 90° „ 

s o w f 
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= + 10c 

= - 30c 

= - 70< 

- 140° 

= - no£ 

Time Scale: 0.6 millisec./cm. 

Amplitude Scale: 200 cps/cm. 

0O = - 170° 

6> = - 210° 

60 = - 250° 

= +80° 

6>Q = + 40° 

Figure 27 . Family of Frequency Trans i en t s for a) = (JD = 2TT(200) 
s c 
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Ampl i tude Scale: 200 cps / cm. 

cos = (oc = 2rr(100) 

Time Scale: 0.6 m i l l i s e c . / c m . 

cos = coc = 2rr(200) 

Time Scale: 0.6 m i l l i s e c . / c m . 

(Os m COc m 277(300) 

Time Scale: 0.6 m i l l i sec . / c r 

Figure 28. Family of Experimentally Observed Frequency Transients. 
The effect of bandwidth on the transient amplitude and 
the transient duration is clearly shown. 
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where k • t a n 9/2, s i n 0 « co /to , and B • /< 
s' c 

i 
o 

to cos 9„„ Use + sign, for 0_ < 0 < it c f f ^ 

- « - e f < e o < e f . 

The r e s u l t s of case I I I a r e 

co - to 

0- and use 

• to / l - t 

- s ign for 

in 0, 

- 1 
2 t a n " to t - JS/2 s / ;85 

and 

co co - d s / d t « to 
2to 

1 + (w t ) ' 
v s 

(88) 

where to • to . 
s c 

Equat ions (60) and (8.5) a r e p l o t t e d .in Figure 29(a ) w i t h t h e t ime 

s c a l e of equa t ion (60) ad jus ted by t h e r e l a t i o n s h i p B « to cos 9f so t h a t 

t h e a b s c i s s a i s to t r a t h e r than B t . The time s c a l e i s a l r e a d y co r r ec t 
c 

for equa t ion (85)" Note t h a t a l l curves a r e adjus ted so t h a t 9 • ± rt/2 

a t t » Co 
The bracke ted term of equat ion (6k) has maximum values of 

£0 
d t 

max 

l _ ^ k 
1 + k *= u»c(l - s i n 6 ) (89) 

and 

09 
d t 

max 

1 + k to (1 + s i n 0,,, 
c" f 

(90) 

I f t h e bracketed term of equat ion {vk) i s normalized by d iv id ing by t h e 

proper magnitude of equat ion (89) or equat ion (90) t h e r e s u l t i s 

dfl 
d t 

(1 + k) ' 

n (1 + k )cosh Bt + 2k 
(91) 
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+200' 

0, 

•- -200° 

0° 

30° 

•" 0* * 60c 

- e^ « 90° 

-1.0 

• ^ 

> 
^ 

\< 

\ 

*' 
<s 

w 

—-0.5 
C 

y 
&. 

9, 

Figure 29. (a) Family of Instantaneous Phase Angle Curves. 
(b) Family of Normalized Instantaneous Frequency Curves. 
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for 0. < 0 < it - 0^ and 
i o f 

*£ . ( 1 - k ) 2 (92) 
u ri (1 + k )cosh Bt - 2k 

for - it - 0^ < Q < 0^ . 
f o f 

The "bracketed term of equation (88) is normalized by dividing by 2w «= 2to 
c s 

which is the maximum value of the term. The term becomes 

•% ~ " 7 7 7 - 7 - (95) 

n 1 + u t 
v c 

Equations (91), (92), and (95) are plotted in Figure 29(b) for 

the corresponding 0 values of Figure 29(a)„ 

Figure 29 gives the solution for any synchronization frequency 

transient which can occur regardless of the in i t ia l phase relationship 

between the synchronizing source voltage and the voltage of the oscilla

tor to be synchronized,, The solution is effected in the following manner 

with known quantities being to ,» co , 10 . and to « Sin 0 = co /to deter-
C. S O .i. X o* C* 

mines the proper curves of Figure 29 to use, 
L Enter Figure 29(a) on the curve determined by 0f and read 

the u) t value corresponding to the in i t ia l phase angle,, 

2. The w/t value read in step 1 determines the starting point 

(t = 0) on the particular transient curve of Figure 29(b) 

corresponding to the 0f value0 

3„ The abscissa scale of Figure 29(b) is divided by co to give 

the time scale in seconds.. 

ko The ordinate scale of Figure 29(b) is multiplied by to ( l -s in0j 
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i f the upper curve is used, and by GO (1 + sin 9 ) i f the 

lower curve is used. 

5* w., is added to a l l the ordinate values corrected as in step k, 

6 . The complete instantaneous angular veloci ty curve is given by 

following OJ * u) to the OJ t value corresponding to t » 0. At 

t h i s point the instantaneous angular veloci ty changes s tep

wise to the curve of part 5 and follows t h i s curve as t goes 

to in f in i ty where OJ equals OJ . 

The normalized curves of Figure. 29(b) tend to disguise the fact 

tha t the actual frequency t rans ien ts above and below the u> t axis di f fer 

in amplitude. An a l t e rna te set of curves is given in Figure JO. Figure 

30(a) i s the same as Figure 29(a) but Figure 30(b) d i f fers from Figure 

29(b) in the fact tha t the ordinate of Figure 30(b) is - d0/dco t and the 

curves are not normalized. Multiplying the ordinate scale of Figure 30(b) 

by w gives ->dG>/dt. These curves show the r e l a t ive amplitudes of the 

t r a n s i e n t s . The same six steps for using the curves of Figure 29 apply 

for using the curves of Figure 30 with the exception that the step k 

multiplying factor for Figure 30 is OJ for a l l the instantaneous frequency 

curves. The appendix gives several individual curves for different va l 

ues of 9„o These curves are more accurate and are eas ier to read. 

The fact tha t w is negative for OJ, < OJ offers no d i f f i cu l ty in s • 1 o 

the use of the general curves of Figures 29 and 30* The curves are used 

by changing the sign of 9 in Figures 29(a) and 30(a) and by changing the 

sign of -d^/dt in Figures 29(b) and 30(b). This amounts to an inversion 

of the curves. As an i l l u s t r a t i o n consider 9 - I500 with OJ, < OJ . 
o 1 o 

Figure 29(a) is used as though +150° is below the time axis and the time 
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Figure 30. (a) Instantaneous Phase Angle as a Function of Time 
(b) Instantaneous Frequency as a Function of Time. 



value read on the proper 0 curve is used to establish the reference 

t « 0 on Figure 29(b). The lower curve, for the proper 9f value, of 

Figure 29(b) is inverted to yield the desired transient. 
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CHAPTER V 

MEASUREMENT OF SYNCHRONIZATION FREQUENCY TRANSIENTS 

The ob jec t of t he exper imenta l work i s t o observe t h e frequency 

t r a n s i e n t s t h a t occur when t h e frequency of t h e o s c i l l a t o r t o be syn

chronized i s pu l l ed from i t s f ree - runn ing va lue t o i t s f i n a l value„ This 

p u l l i n g i s e f f ec t ed by an i n s t a n t a n e o u s l y in j ec t ed synchron iza t ion f r e 

quency of a r b i t r a r y but c o n t r o l l a b l e i n i t i a l phase . The f i n a l frequency 

of t h e o s c i l l a t o r i s t h e same as t h e frequency of t h e synchroniz ing 

s o u r c e . These exper imenta l obse rva t ions a r e compared wi th t h e t h e o r e t i 

c a l t r a n s i e n t s p red ic t ed by t h e r e s u l t s of Chapter IV. 

The exper imenta l s e t - u p for t h e obse rva t ion of synchron iza t ion 

frequency t r a n s i e n t s o f fe r s t h e following f ea tu r e s J 

1 . A c o n t r o l c i r c u i t t o i n j e c t t h e synchroniz ing s i g n a l when 

t h e proper phase r e l a t i o n s h i p e x i s t s between t h e o s c i l l a t o r 

and source v o l t a g e s ; 

2o A c i r c u i t for measuring and c o n t r o l l i n g t h e phase angle 

between t h e o s c i l l a t o r and source v o l t a g e s ; 

Jo A c i r c u i t for observing and measuring t h e a c t u a l frequency 

t r a n s i e n t s ; 

ko A de lay c i r c u i t fo r ensur ing t h a t one t r a n s i e n t has completely 

died out a f t e r obse rva t ion and t h a t t h e o s c i l l a t o r has r e 

turned t o t h e normal f ree- running cond i t ion before t h e syn

chroniz ing s i g n a l i s in jec ted aga in ; and 
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5 c A circuit for careful measurement of the reference frequencies 

involved, namely OJ and w-.. 

Experimental verification of the predicted transients of Chapter 

IV requires measuring equipment some of which must meet rather critical 

specifications. This chapter considers, first, the general nature of 

the experiment from a block diagram viewpoint and, second, some details 

of using and calibrating the equipment. Finally, the chapter describes 

the more important pieces of equipment in sufficient detail that the 

measurement could be duplicated. 

General Description of the Equipment 

A block diagram of the equipment devised for observing the fre

quency transients that occur when a synchronizing signal of arbitrary 

and controllable phase is injected into an oscillator is shown in Fig

ure 31. To simplify the discussion, let the equipment be classified 

according to its function as subject, control, and measurement equip

ment o 

The subject equipment consists of the oscillator to be synchron

ized and the synchronizing source. As the word subject implies, the 

entire experiment concentrates on the behavior of this equipment, in 

particular the effect of the source frequency on the oscillator frequency 

is desired. 

The control equipment consists of mixer number one, the counter, 

the monostable multivibrator, the phase shifter, and the gate circuit. 

The function of the control equipment is to inject the synchronizing 

source signal voltage into the free-running oscillator at the time that 

the desired phase relationship exists between the voltages of the free-
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Transient Measurement Reference Frequency Measurement 

Limit er 
and 
Discrim
inator 

I 

Oscilloscope 

Oscillator 
To Be 

Synchronized 

Buffer 
Amplifier 

1 mc 
Crystal 

Oscillator 
and 
Mixer 

EPUT 
Meter 

Mixer 
Number 
One 

Counter 

~1 

Control 
Equipment 

Mixer 
Number 
Two 

Monostable 
Multi
vibrator 

J 

Dual 
Trace 

Oscilloscope 
Phase Angle 
Measurement 

Figure 31. Block Diagram of Experimental Equipment for Observing 
Oscillator Synchronization Frequency Transients. 
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running oscillator and the synchronizing source. The control equipment 

allows enough time for the transient to completely run its course and it 

then removes the synchronizing signal. After the signal has been removeds 

the control equipment introduces enough delay for the oscillator to re

turn to normal before the cycle is repeated. 

Signals from the synchronizing source and the oscillator to be 

synchronized are fed continuously to mixer number one. When the oscilla

tor is synchronized, the mixer output through a low-pass filter is zero 

and when the oscillator is not synchronized, the mixer output through the 

low-pass filter is at the difference frequency, u> - w . The instantane

ous amplitude of the difference-frequency voltage is uniquely related to 

the instantaneous phase difference between the oscillator voltage and 

the synchronizing source voltage. Because of this relationship, the 

phase shifter between the synchronizing source and mixer number one can 

control, with respect to time, the zero-crossing points of the difference-

frequency voltage appearing at the output of the mixer. The counter, 

actuated by the positive-going zero-crossing points of the difference-

frequency voltage, counts cycles of the difference frequency any time the 

oscillator is not synchronized. After a set number of counts the counter 

delivers a pulse to the monostable multivibrator. The monostable multi

vibrator immediately operates the gate circuit which allows the synchron

izing source to synchronize the oscillator. Since the control of the 

gate circuit comes from the output pulse of the counter and this pulse 

depends on the zero-crossing time, controlled by the phase shifter, 

of the difference-frequency voltage, the synchronizing signal voltage 
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can be introduced with a predetermined phase relationship relative to 

the oscillator voltage. When the synchronizing signal is introduced, 

a transient occurs; the duration of the gate pulse, determined by the 

period of the monostable multivibrator, must be long enough for the 

transient to be seen. When the multivibrator switches back to normal, 

the gate is closed, synchronization is lost, a difference frequency 

again appears at the output of the mixer, another count is started and 

the cycle is repeated. The counter simply creates a time delay, con

trollable by varying the number of counts before an output pulse appears, 

to ensure that the oscillator has returned to its normal free-running 

condition before the next synchronization cycle. 

The measurement equipment consists of three basic units. The 

unit formed by the one-megacycle crystal oscillator and mixer combined 

with the Events Per Unit Time Meter, abbreviated EPUT meter, measures, 

with respect to the frequency of the one-megacycle crystal, the fre

quency f = (u) /2n) of the free-running oscillator and the frequency 

f - (u) /2it) of the synchronizing source. The second basic measurement 

•unit consists of the limiter and discriminator followed by an oscilloscope. 

This unit presents a trace on the oscilloscope screen which is proportional 

to the instantaneous frequency, w(t), of the oscillator. The third 

basic unit consists of mixer number two and the dual trace oscilloscope. 

This unit displays simultaneously on the face of the oscilloscope screen 

a difference-frequency voltage, resulting from mixing the oscillator and 

the synchronizing source outputs, and the gate control voltage. The rel

ative time position of these two voltages provides the value of the rela

tive phase angle between the oscillator voltage and the synchronizing 
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source voltage at the time the gate is actuated. 

The translent-measuring unit is described in more detail in another 

section of this chapter, but a brief discussion of its operation is nec

essary here. The limiter keeps amplitude variations of the oscillator 

from affecting the discriminator and it contributes nothing to the mea

surement itself. The discriminator is a ratio detector to minimize even 

more the amplitude effects of the oscillator. The actual frequency mea

surement is made by the discriminator and the oscilloscope. The oscilla

tor is being synchronized when the gate is open and it loses synchroniza

tion when the gate is closed. The output of the discriminator thus jumps 

back and forth between the values w and w and this output appears as a 

near rectangular wave form on the oscilloscope screen. The actual fre

quency transient appears each time as the w.. value is approached as 

Figure 32 illustrates. The transient is available in more detail when 

the oscilloscope sweep circuit with an expanded scale is triggered by 

the gate control voltage each time the gate is operated. 

w„ 

w 

Nc trans ient ' ^ < 
transient 

Figure 32, Oscilloscope Trace Showing Discriminator Output. 

Measurement of the instantaneous phase angle between the oscilla

tor voltage and the synchronizing voltage involves the output voltage of 

mixer number two and the control voltage for the gate circuit. These two 

signals appear simultaneously on the dual trace oscilloscope in a form 
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similar to Figure 33. When the gate opens, the synchronizing signal is 

applied to the free-running oscillator. The mixer output voltage imme

diately changes wave shape, indicating that a transient is occurring as 

the oscillator is pulled into synchronization. The transient is indicated 

by the dashed portion of Figure 33. At the time of the gate opening the 

Mixer number two output voltage 

Trans ient 
effect 

1 ^ 

' Gate opens here 
Gate control voltage 

Figure 33° Typical Trace on Dual Trace Oscilloscope, 

relative phase angle between the free-running oscillator voltage and the 

synchronizing source voltage is measured by the intersection of the 

gate control voltage step with the mixer output voltage curve„ For 

instance, an intersection at the zero-crossing of the mixer output 

voltage curve, as indicated in Figure 33, would indicate a phase dif

ference of ninety degrees if all phase shifts in the measuring equip

ment could be ignored. More detail is given in another section of this 

chaptero 

Use of the Equipment and Calibration Procedures 

This section describes the complete experimental procedure. In 

addition, as the need for each measurement arises, the calibration pro

cedure for that measurement is clarified. 

An experimental run shows the instantaneous frequency, ô  of the 
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osc i l l a to r as a function of t ime. Four parameters, constants for a given 

run, determine the actual instantaneous frequency behavior of the o s c i l 

l a to r . These parameters, which must be measured and set to t h e i r desired 

values before each run, ares 

1. The free-running frequency, u> , of the osc i l l a to r to be 

synchronized; 

2 . The frequency, to of the synchronizing source; 

3» The half synchronization bandwidth, u> , of the o s c i l l a t o r ; and 

ko The i n i t i a l phase angle, 9 , between the o sc i l l a to r voltage 

and the synchronizing voltage, 

Other constants , OJ , 0_, and k, are established from the above four 1 s f ' 

constants by the relat ionships of Chapter IV. 

A general discussion of the necessary measurements i s now pre

sented. Included with the discussion is an example using 6 * 150°, 
c 

to = 2it(200) rp s , to » 2it(^00) rps , and f « (10 + 7550) cps. 

The free-running frequency of the o sc i l l a t o r i s measured by com

paring i t with the frequency of the one-megacycle c rys ta l osc i l la toro The 

two di f ferent s ignal frequencies present a t the inputs of the mixer cause 

the mixer to deliver a difference frequency signal to the EPUT meter, 
c 

The EPUT meter counts t h i s difference frequency, (f - 10 ) cps. The 

difference frequency for the example is 7550 cps. 

The frequency of the synchronizing source is now compared with 

the c rys ta l o sc i l l a to r frequency and the synchronizing source frequency 

is varied u n t i l the desired u),, or u> , value is indicated by the EPUT 
J- S 

meter. For the example, OJ is 2it(200) rps so the EPUT meter counts 7750 
S 

cpso 
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The synchronization bandwidth of the oscillator is a linear func

tion of the amplitude of the synchronizing signal voltage, V.. . In the 

experimental equipment V is related to the output voltage of the syn

chronizing source by a constant, since a voltage divider and a linear 

amplifier are between the synchronizing source and the injection point 

at the oscillatoro It is more convenient to read the output voltage of 

the synchronizing source than to read the actual value of V-. injected into 

the oscillator, so the synchronization bandwidth calibration curve in 

Figure j4 is plotted as a function of the actual source voltage, k, V,, 

3000 --

Bandwidth 
2f 
c 

2000 

(cps) 

1000 

0.5 lo0 1-5 

k ^ (volts) 

2.0 

Figure $4. Synchronization Bandwidth as a Function 
of Signal Source Voltageo 

rather than as a function of the injected signal voltage, V . Note that 

the calibration curve is linear. In the example, adjusting the source 

voltage to k,V = 0°72 volts sets the w value to 2it(i+00) rps. 
J. JL t» 
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The initial phase angle, Q , between the synchronizing signal 

voltage and the free-running oscillator voltage is controlled by the 

time appearance of the gate step. The phase shifter moves the gate 

step voltage in a manner discussed previously until the gate step volt

age curve intersects the output voltage curve of mixer number two at the 

point corresponding to the desired 6 . This measurement is made on the 

screen of the dual trace oscilloscope. 

Before the actual calibration curves used in the experiment are 

given, a general discussion of mixer operation is helpful. Assume that 

one input is 

v • V sin co t (9^) 
g gm o ^ ' 

and the other input is 

v1 = V ^ sin (u>ot + e) (95) 

where 6 is a function of time and 

de/dt » w1 - wQ . (96) 

To a good approximation, the mixer output depends on the product of the 

two inputs and it can be written in the form 

v - V cos 0(t) (97) 
o om 

after the high frequency terms are removed. The instantaneous phase 

angle between the two input voltages can be written 

e(t) » (u>x - wo)t . (98) 
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Note that u, can be greater than or less than w * This means that 0(t) 

can increase positively or negatively with time according to equation 

(98). In either case the output of the mixer is given by equation (9?)» 

Since 

cos x a cos (-x) , (99) 

the output of the mixer appears the same for both cases. The sign of 

the instantaneous phase angle is important in the study of synchronization 

t r a n s i e n t s , therefore , i t is expedient to use two curves to r e l a t e the 

instantaneous amplitude of the mixer output t o the instantaneous phase 

angle. The upper curve of Figure 35 is used when w, is greater than GO 

and the lower curve is used when wn is less than OJ . 
1 o 

Several of the circuits used in the experiment introduce phase 

differences between their input and output voltages. These phase differ

ences must be accounted for in the calibration procedure used in cali

brating the instantaneous difference-frequency output voltage of mixer 

number two as a function of the actual instantaneous phase angle exist

ing between the oscillator voltage and the injected synchronizing volt

age, Phase shifts of 180° are introduced by the buffer amplifier, mixer 

number two, and the gate circuit. A piece of coaxial cable, used to 

carry the output of the buffer amplifier to mixer number two, causes a 

loading effect which makes the mixer number two input voltage from the 

buffer amplifier lag the oscillator output voltage by 30°. Stray effects 

within the gate circuit cause the actual voltage injected into the oscil

lator for the purpose of synchronization to lag the synchronizing source 

voltage input to mixer number two by 30°. Without considering the 180° 
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Figure 35. Calibration Curves Relating Instantaneous Output Voltage 
Amplitude to Instantaneous Phase Between Two Input 
Signals. The Curves are for the Ideal Case. 
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phase shifts, the actual calibration curve must differ from the ideal 

curve by this effective 60° lag. When the 180° phase shifts are con

sidered, the actual calibration curve differs from the ideal curve, 

point by point, by 120°. Figures 56(a) and 36(b) give the actual cali

bration curves used in the experiment. To set 9 « I5O0 in the example, 

use Figure 56(a) as a reference and set the intersection of the gate 

control voltage step and the difference-frequency voltage curve on the 

dual trace oscilloscope to the point where the instantaneous value of 

the difference-frequency voltage curve is 0.866 times the positive 

maximum value of the difference-frequency voltage on the negative-going 

side of the curve. 

All required values are now introduced into the circuit. The 

performance of the oscillator during synchronization is cycled over and 

over at fixed intervals. The transient is available as a trace on the 

oscilloscope following the discriminator. Figure 57 shows that the dis

criminator response is linear over a range greater than the instantaneous 

frequency range of the transient. It is convenient to calibrate the 

oscilloscope by adjusting its input attenuator so that a fixed distance, 

say one cm., represents 00, - w . Adjustment of the oscilloscope sweep 

time puts the near-rectangular output wave shape of the discriminator on 

the oscilloscope screen for this calibration procedure. After the cali

bration, the sweep time is chosen so the transient itself occupies most 

of the screen. The oscilloscope time scale calibration is used to deter

mine the actual time values for the transient. Figure 38 shows several 

photographs of the same frequency transient. The amplitude scale is 

the same for each of these photographs but the time scales are different* 
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Figure 36 • Calibration Curves Relating Mixer Instantaneous Output 
Voltage Amplitude to Instantaneous Phase Between Two 
Input Signals. These Curves Are the Actual Curves Used. 
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Output Voltage 
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-2000 +1000 +2000 
f l * fo ( c p s ) 
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Figure 37. Linearity of Discriminator in Range of 
Instantaneous Observed Values. 

Equipment Details 

The osc i l l a to r to be synchronized is bas ica l ly a tuned-plate 

o s c i l l a t o r . The osc i l l a to r c i r cu i t i s shown in Figure 39. In a l l of 

the theore t i ca l work presented in Chapter IV concerning the synchroni

zation of the o s c i l l a t o r , the assumption is made tha t w is the t rue 

half bandwidth of synchronization. This assumption is valid i f the 

o s c i l l a t o r operates in a l inear phase region. Any experimental depart

ure from t h i s condition causes non-symmetrical t r ans ien t s for the two 

cases, co1 greater than GO and w, less than a> . Figure 39 differs 

s l i gh t ly from an ordinary tuned-plate o sc i l l a to r because of the addi

t ion of an R-C section between the secondary co i l and the coupling capac

i t o r . This network, with experimentally adjusted values, serves to adapt 

the osc i l l a to r for operation in the l inear phase region so that oj is 
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Time Scales: 0.4 mil l isec./cm. 
0.5 mil l isec./cm. 

Time Scale: 1.0 mil l isec./cm. 

In all Three Cases 

cos = 2/7(200) 

coc = 2^(400) 

0 f = 30° 

60 = - 200° 

Amplitude Scale: 200 cps/cm. 

Figure 38. Experimentally Observed Frequency Transient. 
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Figure 39. Test Osci l la tor . . 

established a t the center of the synchronization band of the o s c i l l a t o r . 

Figure ho i l l u s t r a t e s the symmetry achieved. 

k V Voltage Required 
for Synchronization 

2000 ^ (cps) 1000 

Figure kO. Symmetry of Synchronization Bandwidth 
about a) . 

o 

The buffer amplifier following the o sc i l l a t o r under t e s t is an 

ordinary R-C amplifier using one half of a 12AU7 vacuum tube. 

The synchronizing source is a Measurements Corporation Standard 

Signal Generator, Model 65-B. 



82 

Mixer number one is a typ ica l vacuum tube mixer using a 6SA7 

pentagrid tube. The mixer output is delivered through a low-pass f i l t e r 

to the counter. 

The counter is a s ix stage binary type counter using type 59^3 

vacuum tubes in the multivibrator u n i t s . 

The monostable multivibrator c i r cu i t is shown in Figure kl; there 

are no special features of t h i s c i r c u i t . I t provides a var iable "on t ime," 

roughly the order of ten times the t rans ient durat ion, for the control 

of the gate c i r c u i t . 

1 +250 vol ts 

Figure kl. Monostable Multivibrator 

The gate c i r cu i t i s shown in Figure k2. The large time constants 

in the different par ts of the c i rcu i t are necessary t o make sure the 

"on time" i s suff ic ient ly long for the t rans ient to be seen. The diode 

i s added to improve the r i s e time response of the gate so tha t the syn

chronizing signal can be switched in with a minimum delay in build-up 

of output s ignal amplitude. Actual r i s e time is less than five micro

seconds. 
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F igure 1*2. Gate C i r c u i t . 

The phase s h i f t e r , shown in Figure k$, i s an R-C b r idge followed 

by a d i f f e r e n c e a m p l i f i e r . The a m p l i f i e r i s neces sa ry t o p re se rve t h e 

proper s i g n a l ground. The vo l t age d i v i d e r from which t h e (b) output i s 

t aken i s neces sa ry t o equa l i ze t h e ga ins of t h e two halves of t h e ampli

f i e r . 

From Sync. Source 
To Mixer No0 1 

500uuf 

M9 

Figure kj. Phase Shifter and Amplifier. 



& 

The one-megacycle c rys ta l o sc i l l a t o r and mixer are an in tegra l 

uni t obtained by modifying a U. S. Army Signal Corps BC 221-C Frequency 

Meter. The local o sc i l l a to r i s disabled and only the c rys ta l o sc i l l a t o r 

is running. This c rys ta l o sc i l l a t o r is used with the in terna l mixer and 

a s ignal of unknown frequency to produce an audio output difference-

frequency. The output f i l t e r is broadened in response bandwidth to 

accommodate expected audio frequencies, up t o 20 kc. 

As the resu l t s of Chapter IV show, the maximum duration of a 

synchronization frequency t rans ient i s of the order of t = ^ / w
c
 s e c " 

onds. The t rans ien t response of the discriminator , used to measure 

the synchronization t r a n s i e n t , must be fast enough not to in te r fe re 

with the measurement. In the experiment most of the measurements were 

made with w » 2fl(400) rps which gives a maximum synchronization t r a n s 

ient duration of 4.0 mill iseconds. The discriminator used in the exper

iment has a r i s e time of less than 0.2 mill iseconds. (This includes the 

effect of the output f i l t e r . ) This r i s e time is short enough that only 

a few of the measurements were appreciably affected by i t . 

This discr iminator , shown in Figure kk, contains hand wound coi ls 

-1- 4uf 

+50 vol ts 

Figure kk* Limiter and Discriminator. 
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These coils have unloaded Q's approximately equal to 50 and their loaded 

Q's are approximately equal to 25 • An estimate of the linear bandwidth 

of the discriminator is given by f /2Q as 20 kc. Figure 45 shows the 
o 

ac tua l amplitude versus frequency curve for the un i t . The smaller more 

l inear portion in which operation ac tua l ly occurs is shown in Figure 37. 

The output of the discriminator is fed through a low-pass f i l t e r 

to eliminate as much high frequency interference as poss ib le . The f i l t e r 

output i s observed on the screen of a Tektronix 5lkAD cathode ray o sc i l 

loscope. 

Mixer number two is a typ ica l vacuum tube mixer using a 6L7 penta-

grid vacuum tube. The mixer has a low-pass f i l t e r in i t s output c i r c u i t . 

The f i l t e r output is observed on a dual- t race Hewlett-Packard Model 122A 

cathode ray osci l loscope. 
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Figure ^5. Discriminator Characteristic 
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CHAPTER VI 

APPLICATIONS 

Interrupted Synchronizing Signals 

Fraser (8) analyzed a synchronization problem involving the use 

of a gated synchronizing signal of the form of Figure k6. The synchroni

zing signal of frequency u>, is applied to the oscillator to be synchron

ized for KT seconds out of the period T seconds of the rectangular modu

lating (gating) signal. ••, Synchronization is a function of u>,, the 

A 

"1 U 

(\ a 
V U 

\r KT -^W (l-K)T 

Figure 46. Synchronizing Signal Used by Fraser . 

frequency of the synchronizing source, T, the period of the gating func

t i on , and K, the duty cycle of the gating source. Synchronization is 

a t ta ined when the average frequency of the osc i l l a to r to be synchronized 

i s equal to the frequency of the synchronizing signal* Fraser ' s analysis 

is complete but an a l t e rna te approach to his problem using the method 

developed in Chapter IV is given below. 

If synchronization is to be maintained by a synchronizing signal 
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of the form of Figure kG, the change of phase angle 9 during the "on 

time," KT, must be balanced by a negative change of the same amount 

during the "off time/' (1 - K)T. This can be explained in terms of 

Figure k"J where V, is the phasor representing the synchronizing signal 

V, 

yx 

Figure kj. Illustration of Change of Phase Angle During 
One Period of Gate Signal. 

voltage of angular velocity, UL, and V is the phasor representing the 

oscillator active element voltage of angular velocity, w. During the 

"on time," 9 changes from 0g to 0 nonlinearly according to equation (60) 

in Chapter IV and during the "off time," 9 changes from 9, to 9~ lin

early according to the relationship 

0 a W t • (Cd, - W )t • (100) 
s 1 o s 

Since V was taken as the reference in the development of Chapter IV, 
o 

0., and 0p must be taken as positive quantities in Figure hf. 

Note that two solution curves are given by equation (60). One 

curve approaches 9„ from above for 0„ < 0 < n - 0 and the other curve 

approaches 9„ from below for - n - 0 < 0 < 0f. If synchronization is 
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effected the 9 var ia t ion is given by the upper curve. This is evident 

because the - d0/dt curve, vhich is the companion to the lower 9 curve, 

gives a negative frequency deviat ion. This frequency deviation combined 

with a), makes u) < GO, during the "on t ime." Since w < u . . u is less than 1 1 o L 

a), during the "off t ime," a l so . The average frequency, therefore , cannot 

equal to, for 9 var ia t ion along the lower curve. 

A graphical procedure based on the discussion in the preceding 

paragraph and the resu l t s of Chapter IV solves a par t i cu la r example of 

Fraser ' s problem. In a l a t e r development a general graphical procedure 

w i l l be outlined for the solution of the general case of Fraser ' s prob

lem. Consider for the example tha t OJ =» 2it(400), OJ » 2it(80), K • 0 .5 , 
c s 

and T • 1.59 mill iseconds. These values es tab l i sh s in 9 • 0 .2 , 9f • 

11.55°, KT = 0.795 mill iseconds, and ( l - ED) - 0.795 mill iseconds. 

The synchronizing signal is on for 0.795 milliseconds and off for 0.795 

mill iseconds. During the "on time" the o sc i l l a to r phase angle, 0, fo l 

lows the n o n l i n e a r 9 curve of Figure 12 corresponding to 9 « 11.55°. 

During the "off time" B changes l inear ly according to equation (100). 

In t h i s example the slope given by equation (100) is 6.28 (0.08) 57.3 * 28.8 

degrees per millisecond or for 0-795 milliseconds the change in 9 is 2 J° . 

The graphical solution is i l l u s t r a t ed in Figure kd. The non l inea r 9 

curve is repeated af ter a time corresponding to T so the complete cycle 

can be constructed with the l inear var ia t ion linking the nonl inear var

i a t ions . The cycle is constructed by s l iding the l inear portion of 

slope 28.8 degrees per millisecond over the two non l inea r curves u n t i l 

a f i t is achieved with the change in 9 of +23° in 0.795 milliseconds of 

"on time" offset by a change in 9 of -23° in 0.795 milliseconds of "off 

t l ine. 
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200°- -

0.0 O.795 1.59 ( m i l l i s e c . ) 2.385 t 

F igure k-Q* Change in O s c i l l a t o r Phase Angle During One Period of Gating Funct ion 
When O s c i l l a t o r i s Synchronized by I n t e r r u p t e d Synchronizing Signal 
for u> = 2 J C ( 8 0 ) , W = 2JT(1KX)), T « I . 5 9 , K - 0 , 5 , and 0 - 1 1 . 5 3 ° . 

s c 1 vo 
o 



.91 

Although the construction just discussed gives a true time repre

sentation of the 9 cycle, it is awkward to develop and use. An alternate 

construction method is much easier to use. If synchronization is 

achieved, 9 forms a closed cycle in the sense that a change of 9 in one 

direction during the "off time" is cancelled by a change of 9 in the other 

direction during the "on time." This closed cycle is easily constructed 

if the linear change of 9 is plotted in the reverse direction along the 

time axis during the "off time." Although the linear 9 curve must still 

be moved across the nonlinear 9 curve to establish a fit, this construc

tion makes matching conditions easy to read. Figure k$ shows the same 

example with the alternate construction. 

As a second example consider the case where w «= 2n(^00) and 

w = 2it(200) which establishes sin 9 » 0.5 and 9 • 30°. Let the duty 
S X X 
cycle be 0.75 which means the synchronizing signal is on three times as 

long as it is off. Finally, let the frequency of the gating signal be 

675 cPs with a corresponding period of 1.̂ -8 milliseconds. The "on time" 

is, therefore, 1.11 milliseconds and the "off time" is O.57 milliseconds« 

Figure 50 gives the proper 9 curve for use with this example. The value 

of w s 2rt(0.200) 57*3 = 72 degrees per millisecond establishes the slope 
s 

of the change of 9 during the "off time" but a modification of the time 

scale must be used to take the duty cycle into account. Since the non

linear 9 curve applies for O.75T and the linear portion applies for 0..25T, 

the time scale in Figure 50 used with the nonlinear curve must be divided 

by three for use with the linear 72 degrees per millisecond curve. This 

allows a closed loop to describe the full cycle of 0. The cycle is loca

ted by sliding the linear curve over the nonlinear curve until the time, 

measured on the original time scale, between the points of intersection 
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is 1.11 milliseconds. The resultant cycle is labeled on Figure 50. 

As a matter of interest, Figure 51 shows one cycle of the 0 vari

ation for example two as it actually occurs in time. Underneath the 0 

curve an instantaneous frequency curve shows the behavior of the oscil

lator frequency. Note that the average frequency, as predicted by 

Fraser, is truly f, . The nonlinear portion of the instantaneous fre

quency curve is a result of scaling the proper curve of Figure 29 in. 

Chapter IV. 

A general procedure is now developed to allow the solution of 

many problems associated with Fraser's study. Some results obtained from 

the graphical procedure are compared with Fraser's theoretical and mea

sured results. 

Figure 52 gives two typical curves from the results of Chapter IV. 

One curve shows instantaneous phase angle as a function of time and the 

other curve shows instantaneous frequency deviation from w1 as a func-

tion of time. Only one of the possible 0 curves is shown because a 

change of 0 beyond the K - 9r value cannot be recovered during the "on 

time" of the synchronizing signal. The proof of this statement lies in 

the fact that instantaneous frequencies associated with the omitted curve 

are less than to., and, since u) is less than to.,, the average frequency 

during a cycle consisting of the omitted curve and the linear curve must 

be less than o>, . The given curve, therefore, shows all possible "on 

time" values of 9 if synchronization is effected. During the "off time'5 

the angle 9 changes linearly according to a slope d0/dt * +w . A com-
s 

plete cycle of 9 follows the 9 curve toward 9f until the synchronizing 

signal is removed at 0 • 0, whereupon 9 increases linearly to 0 « 0 „ 
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Figure 52. Synchronization by a Synchronizing Signal Interrupted 
by a Rectangular Gating Function. 
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Note t h a t t h e a b s c i s s a i s l abe led oo t» The a c t u a l t ime s c a l e for t h e 
c 

n o n l i n e a r 6 curve i s obta ined by d i v i d i n g the to t s c a l e by oo . The 

t ime s c a l e of t h e l i n e a r 6 curve i s modif ied, t o account for t h e duty 

cyc le of t h e g a t e s i g n a l , by d i v i d i n g t h e oo t s c a l e by Kw / ( l - K) „ The 

oo s lope of t h e l i n e a r p o r t i o n i s p l o t t e d wi th r e s p e c t t o t h i s modified s 

s c a l e . Refer t o F igure kf for t h e n o t a t i o n and t o F igure 52(a) for a 

complete t y p i c a l 6 c y c l e . 

A complete frequency cyc le i s shown in F igure 5 2 ( b ) . During t h e 

"on t i m e , " KT seconds , t h e n o n l i n e a r curve a p p l i e s . The a b s c i s s a t ime 

s c a l e for t h i s p o r t i o n of t h e cyc le i s obta ined by d i v i d i n g t h e w t s c a l e 

by OJ . During t h e "off t i m e , " T ( l - K) seconds , t h e o s c i l l a t o r i s f r e e -

running a t oo r a d i a n s per second. The t ime s c a l e for t h i s p o r t i o n of 

t h e cyc le i s obta ined by d i v i d i n g t h e oo t s c a l e by w K / ( l - K ) . The f r e -

quency cyc le in Figure 52(b) i s drawn for K • 0.5 t o show t h a t t h e ave r 

age frequency dur ing t h e cycle i s equal t o UL, t h e synchroniz ing f r e 

quency. 

The n o n l i n e a r 9 curve of Figure 52(a) has a maximum s l o p e , 

d^ /d t , of oo - oo r ad ians per second. I n s p e c t i o n of t h e Figure shows 
max c s 

t h a t t h e s t r a i g h t l i n e p o r t i o n of t h e cycle must have a s lope equa l t o or 

l e s s than t h i s maximum s lope i f synchroniza t ion i s t o be effected., The 

s t r a i g h t l i n e has an e f f e c t i v e s l o p e , because of t h e modified a b s c i s s a 

s c a l e , of (l-K)oo /K = •' " ' oo s i n 0 . Equating t h e equiva len t slop? 

of t h e s t r a i g h t l i n e t o t h e maximum s lope of t h e n o n l i n e a r po r t i on 

determines t h e l i m i t i n g va lue of t h e du ty c y c l e . 

1 K 
•=J£ oo s i n 0 « O J -oo coo ( l - s i n 6 J f lOl) 

K c f c s c f 
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or 

( 1 - K) u>c s i n 0 f - w K(i _ s i n 0 ) . (102, 

The s o l u t i o n of equat ion (102) determines t h e l i m i t i n g va lue of 

K t o be 

K1Jf ... « sin 0„ c (103) 
limiting f v -" 

This conclusion verifies Fraser8s calculated and experimental results 

shown in graphical form in Figure 53 • 

These graphical procedures are useful in still another area of 

Fraser's study. Assume that a duty cycle has been established by choice, 

If the period of the gating function is too long, the change in 9 during 

the "off time" is too much to be recovered during the "on time0" The 

question of a minimum gate function frequency thus arises „ The pro

cedure for arriving at this value follows. 

In a given case u> and u> are known quantities. This establishes s c 

Q =s sin~ cj /u) and tan 0~/2 • k which determines the proper 9 curve, 
X S G X 

of the form of Figure 52(a), to use from the general set. The duty 

cycle is'also known, which establishes Ko The value of K determines 

the equivalent slope of the straight line portion of the 0 cycle„ The 

minimum value of the gate function frequency is obtained by moving the 

straight line until it becomes tangent to the nonlinear 9 curve„ With 

the line in this position, KT is read as the time between the tangent 

point of the two curves and the other intersection point of the two 

curveso Figure 5^ shows a typical construction for obtaining the mini

mum frequency of the gating functiono KT divided by K, of course, gives 
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the period of the gating function. Several limiting values of gating 

function frequency are calculated from the curves of Figures 4 9 and 50. 

These values are placed in Figure 53 o n a family of curves calculated 

and verified experimentally by Fraser. Note that the graphically calcu

lated values agree more nearly with Fraser"s measured values than they 

agree with his theoretical values. The agreement is good, however, in 

both caseso 

\-+— a) KT nonlinear — ^ c 

|-*—- (l-K)w t linear-—*-| 

Figure $ko Determination of Minimum Gate Function Frequency. 

Synchronisation by Sidebands 

Fraser discovered tha t synchronization to an average frequency, 

w , could be effected by a synchronizing signal of the form of Figure 

46o Ee also discovered tha t synchronization by the same signal form to 

an average frequency, GO, ± nw , i s possible . The quanti ty nw is an 

integer times the frequency of the gating function and the frequencies 

u), ± nw are sideband frequencies. A general treatment of th i s subject 1 m 

is possible using the methods of the present development. 

For example, l e t u> » 2it(400), w « 2 J I (20Q) , W « 2 J I (263) and 
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K • OA17. These values es tabl i sh sin 9 *= 0 .5 , 9 • 3O0, T « 3.81 

m s e c , KT » I.59 m s e c , and ( l - K)T * 2.22 msec. Figure 55 shows 

9 and -d0/dt curves applicable to the example. During the "off time" 

9 changes l inear ly according to a slope w which is equivalent t o 72 
s 

degrees per millisecond. Since the "off time" is 2.22 msec, the change 

in 9 is 160°. For synchronization to be effected the total 9 change per 

T period must be zero or integral multiples of 36O0. The change in 9 

during the "off time" is 160° which is greater than the range of the 

upper 9 curve of Figure 55(a), therefore, the lower 9 curve must be 

used. Zero total change of 9 during the T period is impossible in this 

case but a change of 200° during 1.59 milliseconds is available to make 

the total change during T equal to 360°, The resultant 9 curve is sketched 

in Figure 55(a). Figure 55(b) shows the behavior of the oscillator fre

quency for one cycle. Note that the average frequency is w. - w which 

corresponds to synchronization by the first lower sideband. 

Minimizing the Frequency Transient 

An oscillator to be synchronized must have a finite synchroniza

tion bandwidth. If this oscillator is synchronized, the initial phase 

angle between the synchronizing voltage and the oscillator voltage 

determines what kind of frequency transient occurs and the synchroni

zation bandwidth of the oscillator determines the maximum frequency 

deviation and the maximum time duration of the transient. It is con

ceivable that for some applications a frequency transient is not 

desirable. An outgrowth of the experimental procedure used in the 

verification of the results of this study can be used to inject a 

synchronization signal at the proper time so that only a minimum 
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+1.59 ( m i l l i s e c o ) 

u)1-2n(200)»*j) 

w,-2j t( i f00) 

w «2jt(600) 

Figure 55 • Synchronizat ion fey t h e F i r s t Lowsr Sideband for u*r2it{200^ 
0) 2n(400) , u> • 2i t(263), K - 0 .417, and 6f - 30° 
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t r ans ien t occurs. Figure 56 shows a system in block diagram form which 

automatically injects the synchronizing signal a t the proper time to 

minimize the t rans ien t regardless of the values of 00 , co or 0 „ 

Osci l lator 
To Be 

Synchronized 
Mixer 

1 
\ 

Gate 
Sync 

Source 

©— Divider 
Number 
Two 

Limiter-
Discrimi

nator 

Rect i f ier 
Number 

One 

V\ 

Rectif ier 
Number 

Two 

0 © V. 
max 

CO 

• s 

Divider 
Number 1 

and Absolute 
Value Circ 

•0) 

+ I co /co 
1 R» I S ' C 

max 

Figure 56* Block Diagram of Circuit for 
Minimising Frequency Transient 

Operation of the c i r cu i t of Figure 56 proceeds in the following 

manner. The synchronizing source of frequency w del ivers a signal to 

the l imiter-discriminator which is tuned to the free-running frequency 
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of the osc i l l a to r to be synchronized. The discriminator is adjusted so 

tha t i t s output i s zero for to = w , posi t ive for GO > w , and negative 

for w < w „ In effect the discriminator output is proportional to 

w - OJ which is w . The amplitude of the synchronizing source voltage 
-L C S 

determines the synchronization bandwidth of the o s c i l l a t o r , therefore , 

the output of r e c t i f i e r number one is a d-c output proportional t o oo . 

The number one divider divides the output of the discriminator by the 

output of r e c t i f i e r number one and the divider output i s a d-c voltage 

proportional to |w /u> | which is the sine of the angle a t which the 

synchronizing source voltage should be injected into the o s c i l l a t o r . 

The output of the osc i l l a to r to be synchronized and the 90° 

shifted output of the synchronizing source are fed to the mixer whose 

low frequency output is a t the instantaneous difference frequency 

co - w = u) . The instantaneous amplitude of the difference frequency 

can be expressed in the form 

v, = V. sin OJ t 
b b s 

max 

(io*0 

and when 

- 1 w t = s i n " w /u) , 
s' c 

w /OJ = v, /v. s' c b' b 

(105) 

(106) 
max 

The voltage r a t i o of equation (106) is obtained by dividing the mixer 

output, which is v , by the output of r e c t i f i e r number two. This rec-
b 

tifier output is proportional to V, . The ratio v /v , which is 
max max 

the divider number two output, carries its sign. 
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Note that the final value of 6 always lies between 0° and 90°. 

There are four times in the difference frequency cycle when equation 

(106) is satisfied in magnitude., At only one of these times does the 

desired 9 value appear and that time corresponds to a coincident 

v /v ratio and a positive slope of the v, curve. The logic circuit 
max 

which could consist of two comparators, a differentiator, and a coinci

dence circuit, compares v./v. and |w /u)J„ There is an output from 

max 

the logic circuit only when the conditions, described above, are cor

rect for the desired 9 value» The output of the logic circuit actuates 

the gate,, The equipment could be designed for repetitive use or it 

could be designed with a hold circuit for one time injection only,, 

The system of Figure 56 needs to run for a few difference cycles 

to make sure the reference voltages have stabilized before synchroniza

tion is effectedo Since the period of the difference frequency cycle 

is of the same order of magnitude as the duration of the frequency 

transient, this system would introduce a time delay of synchronization 

longer than the transient duration., 

It is possible that a synchronization scheme could be devised for 

injecting the synchronizing signal at the first time the proper phase 

relationship arises. Such a system would allow a minimum transient and 

the delay in synchronization would be of the same order of magnitude as 

the transient duration. 
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CHAPTER VII 

SUMMARY AND CONCLUSIONS 

A sinusoidal o sc i l l a to r synchronized by a small amplitude sinu

soidal signal can he analyzed for frequency t rans ien t s by the semi-

graphical procedure developed from Adler*s equation. The procedure 

gives the t rans ien t frequency as a function of time and i t considers 

the effect of the phase angle exis t ing between the synchronizing vol t 

age and the osc i l l a to r voltage a t the time the synchronizing voltage is 

injected into the o s c i l l a t o r . The family of curves necessary for such 

an analysis i s given in Figure 57-

In a given case, the free-running osc i l l a to r frequency, w ; the 

synchronizing s ignal frequency, w ; the half synchronization bandwidth, 

oo ; and the i n i t i a l phase angle, 9 , exis t ing between the osc i l l a to r 

voltage and the s ignal voltage, are known quan t i t i e s . The difference 

frequency, w - u> , gives GO which establ ishes 6 » s i n - GO /GO . The 

value of t h i s angle fixes the choice of the curves to be used in Figure 

57. The i n i t i a l phase angle, 9 , determines the point of entry into the 

0 curve. The instantaneous var ia t ion of 0 is given by t h i s curve as 9 

progresses from the or ig ina l 9 » 9 value to the f ina l 9 • 0 value. The 

instantaneous var ia t ion of frequency is obtained by using the GO t value 

read of the 9 cure a t 9 = 9 to es tabl ish the reference value of GO t on 
o c 

the -d0/dt curve. The complete frequency picture is obtained by follow
ing 00 , located w « GO sin 9„ uni ts below the GO t ax i s , to the reference 

° o' s c f c ' 
oj^t value a t which point the instantaneous frequency of the osc i l l a to r 
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-4.0 -2.0 +2.0 +4.0 w t 
c 

-2.0 

Figure 57» (a) Instantaneous Phase Angle as a Function of Time, 
(b) Instantaneous Frequency as a Function of Time. 
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changes step-wise to the -d6>/dt curve. The instantaneous value of the 

frequency is given by t h i s curve as w t goes to i n f in i t y . The f ina l 

value of the osc i l l a to r frequency is u>_. Note tha t dividing the abscissa 

values by OJ gives the time scale and multiplying the ordinate values 

by w
c gives the frequency sca le . 

The conclusions to be drawn from the present study may be sum

marized as follows: 

1. The possible frequency t rans ien ts tha t can occur in a given 

osc i l l a to r being synchronized by a given source are determined by the 

two quant i t i es OJ and u> and the ac tual frequency t rans ien t tha t does c s 

occur i s determined by the i n i t i a l phase angle , Q . 

2 . No matter what the value of w i s , the maximum deviation of 
o ' 

instantaneous frequency from OJ in e i ther d i rec t ion i s equal to the value 

of co . c 

J . The maximum theore t i ca l duration of the frequency t rans ient 

i s i n f i n i t e ; p r ac t i ca l l y , however, when OJ approaches within a cer ta in 

nearness to w , synchronization may be said to have occurred; if the 

nearness i s defined by a frequency band 0.1 OJ wide on e i the r side of 

OJ , the maximum t rans ien t duration i s given by the approximate re la t ion

ship OJ t 
c max 

10. 

ka If a frequency transient during synchronization is to be 

minimized, the synchronizing signal must be injected into the oscilla

tor at such a time that the initial instantaneous phase angle, 9 , is 

equal to the final value of 6, Q , to be reached. 

5. Oscillators with a large synchronization bandwidth, 2OJ , 

have greater frequency fluctuations during synchronization but the 
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duration of the transient is shorter in proportion. 

6. The frequency transients are independent of the actual values 

of co and to. ° it is the difference between the two that affects the 
o 1 

transient. 

7» The analysis developed in Chapter IV holds for «. < « 

and the same curves can be used if they are inverted. 

8. The period of the difference frequency, u> , is always of the 
s 

same order as or greater than the maximum duration of the frequency 

t r an s i en t . 

The conclusions l i s t ed above apply to many osc i l l a t o r synchroni

zation problems but i t is important to note the l imi ta t ions of the 

ana lys i s . The analysis applies only i f the time constants of the o sc i l 

l a t o r a re short compared with one period of the difference frequency, 

i f the o s c i l l a t o r and synchronizing source are s inusoidal , i f the 

amplitude of the synchronizing signal is small so tha t amplitude mod

ulat ion of the osc i l l a to r i s neg l ig ib le , and if the synchronization 

bandwidth of the o s c i l l a t o r is symiaetrical about the free-running f re

quency of the o s c i l l a t o r . 
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A P P E N D I X 
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APPENDIX 

The appendix consists of individual curves which can be used to 

solve frequency t rans ien t problems. These curves are of the same form 

as those given in Figure 57, Curves are given for 0 f • 0% 0 f • H.,55% 

0 f • 30% 0 « 53.1° , S f - 60% and 0 * 90°. 
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-1.0 

Figure 58. Instantaneous Phase Angle and Instantaneous 
Frequency Curves for 0 - 0°. 
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Figure 59« Instantaneous Phase Angle and Instantaneous 
Frequency Curves For Q„ = 11.55°» 
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Figure 60. Instantaneous Phase Angle and Instantaneous 
Frequency Curves For 6 » 30°. 
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Figure 61. Instantaneous Phase Angle and Instantaneous 
Frequency Curves for 0„ = 53.1°. 
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Figure 62. Instantaneous Phase Angle and Instantaneous 
Frequency Curves for 0 « 60°. 
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Figure 63. Instantaneous Phase Angle and Instantaneous 
Frequency Curves for 6 = 9O0. 
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