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SUMMARY

The theory of electricity and magnetism is basically the theory of
Maxwell's equations. In specialized forms these equations provide the
basis for the analysis of lumped-element circuits, antennas, waveguides,
transmission lines, etc. Any problem in each of these specialized areas
has Maxwell's equations as a starting point, and is usually solved by
applying suitable boundary conditions. However, the task of applying
boundary conditions at a surface of discontinuity in space guite often
proves to be mathematically difficult, if not impossible, unless the dis=-
continuity corresponds to one of the coordinates of the chosen frame of
reference. For this reason, applications of the theory of Maxwell's
equations are usually restricted to those problems which involve mathe-
matically convenient boundaries.

The purpose of this investigation is to develop a new method of
formlating problems in electromagnetic field theory. This method is

based upon a variational principle which asserts that

2 2
M(% ¢|E|] - % w|E|] + TK - -;e’p';dxodyodzodt =0 (1)

where X4 Y %, 8Te space variables, t is time, and, in traditional
notation, ¥ and H are the intensities of the field, Q and A the poten-
tials, and J and p.the current and charge densities, respectively. The
first term in the integrand of equation (1) is recognized to be the

energy density of the electric field; the second term, the energy density
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of the magnetic field; the third term, the work required to set up the
current density J in the field A; and finally, the fourth term, the
work done in bringing p from infinity to a point in the field of @.

It is shown mathematically that tae variational principle ex-
pressed by equation (1) is a direct consequence of Maxwell's equations.

In free space J = p = 0 and, therefore,

UBTATE] 2 2
Eﬂﬂ ('-;% ejE] - %g}'ﬁ] ) ax dy dz dt = O (2)

In other words, the distritutions of charge and current in a system of
conductors are such that, if it extends over sourcefree regions; the
integral of the difference between the energy stored in the electric
field and the energy stored in the magnetic field has a stationary value
as compared with the value of the same integral when the integration ex-
tends over the same volume in Tree space and over the same time interval,
but for all other nearby varied current and charge distributions satig-
fying the boundary conditions for the prescribéd conducting system. An
illustrative example of the principle is provided by uniform plane waves
which are characterized by the condition

2 g
1 5 L=
2eE| -2uiE -o

which states that the energy content of the electric field is numerically
equal to the energy content of the magnetic Tield.

Now, according tec Maxwell's equations, there can exist but one

distribution of sources in a given system of conductors with prescribed
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excitation. This unique distribution is guaranteed by Maxwell's equa-
tions to be such that both the conditions demanded at the boundaries
and the condition expressed by equation (2) are met. Therefore, in-
stead of solving Maxwell's equations subject to the conditions demanded
at the boundaries, a completely equivalent procedural substitute is to
integrate the point source solution of Maxwell's equations and, subse-
quently, constrain the distribution of the sources To be such that the
energy content of the electric field is as nearly equal to the energy
content of the magnetic field as the conditions at the boundaries sllow.
Thus, the fundamental =assertion of this work is that boundary value
problems may be replaced by equivalent variational problems and, in so
doing; the mathemstical difficulties associated with the mechanics of
applying boundary conditions are avoided.

The manner of formulating electromagnetic field theory problems
using the principle expressed by equation (2) may be illuminated by con-
sidering the general case. Assume, for example, that currents and
charges are distributed throughout a closed region R, and let (x, Vs z)

be the coordinates of a point in R and

r \/(x-xj b () + (e )P (3)

its distance to a fixed point of observation (xo, Ty zo) outside R. 1In
terms of the source distributicns, the scalar and vector potentials of

the field are obtained using, respectively, the formulas

" all 2 1 , st
g(xos YOJ ZO’ &) = E;EL{}; T o(x, ¥, 2, t =~ \2,) dx dy dz (L)
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A (Xoy }’Oy Zo_v 13) = E‘EI[J = J(x, ¥y 2z © _\‘,_) dx dy dz (

in which the ratio r/v denotes the time required for electromagnetic waves
to travel the distance r. Now the field inftensities are computed using

the expressions

_ . -
E=-W - b (6)
H = % 7 x A (7)

where the differentiations denoted by the operator V are with respect to
X+ Yo» 2z, Inspection of expressions (&), (3!, (6), and (7) shows clearly
that E and H are functions of the source distribuzions J and p. But,

gince the latter cannot be specified independently and, in fact, since

they mist always be such as to zatizfy the equation of continuity

Ved + *g{ =: ) {8)

it is clear that the field intensities E and H and, consequently, the
integrand in equation (2) are functions of the comporents of the current
density J. Hence, the resulting variational protlem expressed by (2)
implies as many integral equations as J has components. Solving these
equations simultaneously ylelds; 1in theory at least, the unkunown source
distribution from which the field can be calculated in the usual mancer.
The foregoing procedure ie used in this work to treat three spe-

cific examples. The first of these deals with a hollow cylindrical



antenna sustaining an axial current sheet the magnitude of which is pre-
scribed at the antenna's driving point. The application of the varia-
tional principle at points along the axis of the antenna results in an
integral eguation which is very similar in form fto the equation derived
when the cylindrical antemna problem is formulated by the so-called
method of Hallén. Hallén's method is a procedure in which the electric
field intensity is calculated on the basis of an assumed current dis-
tribution. Once the source distribution is assumed, the simplifying
assumptlion of a perfectly conducting, thin-walled cylinder 1s made in
order to make the axial component of the resulting electric field inten-
sity identically zero on the metal surface of the antenna. Tnis con-
dition leads to an integral equation the solution of which has been the
main topic for much of the literature of the past two decades on the
subject of cylindrical antenna theory. But, in spite of ‘intensive
efforts;, this equation has never been solved exactly. Usually, in order
to put the equation in a manageable form, its kernel is so approximated
that the resulting integral equation is now found to be identical with
the equation obtained directly by the new variational method. There-
fore, existing approximate solutions of an equation that has all along
appeared to be approximste are, in fact, solutions of an exact equation.
The second example treated in this work has to do with a rectan-
gular aperture antenna. Classical formuiation cannot be employed in
this case because no actual physizal boundary exists. This problem is
formilated here for the first time on a rigorous mathematical basis.

The resulting integral equation is found o have precisely the same
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form as the equation associated with the cylindrical antenna problem.
A method for solving the new equation is presented.

The treatment of the third and final problem shows that the
natural behavior of center-driven linear arrays, consisting of an odd
number of equally-spaced short antennsas, is characterized by the fact
that the field at distant points on the axis of the array vanishes
identically. This characterization is accompanied by analytical expres-
‘sions for the magnitude and phase angles of the currents induced in the
parasitic elements.

Since circuit relations are Jjust special cases of Maxwell's equa-
tions, the investigation concludes with a brief introduction to the
lagrangian treatment of the network problem including analysegs of ftwo
illustrative examples by the dynamical method. Finally, a general proof
of the theorem of constant flux linkages by variational methods is found
to eliminate certain ambiguities hitherto associated with this tool of

circuit analysis.



CHAPTER I

INTRODUCTION

The classical approach to the electromagnetic field problem is
based upon the solution of Maxwell's equations subject to the condi-
tions imposed by appropriately chosen boundary conditions. This study
will show that it is possible to treat the same problem by a second
general method which to this date has not been explored.

The simplest problem of electromagnetic theory arises in elec-
trostatics. It is common knowledge that the electrostatic problem
essentially requires solutions To Laplace's or Poisson's equations which
guarantee that each conductor surface is maintained at equal potential.,
With the exception of a small number of relatively simpie configurations
the general problem in electrostatiecs, unfortunately, presents quite a
formidable task. The fundamental reason for this is that usually the
surfaces of the conductors do not correspond to a particular value of
one coordinate of the chosen coordinate system. As a result, analyses
of many configurations lacking mathematically attractive boundaries have
not been carried out.

The transition from electrostatics to electrodynamics compounds
even more the complexity of the corresponding proolem because time is
introduced as an additional variable. The most familiar problems in
electrodynamics are those which fall under the categories of a-c cir-

cuits, guided waves, and antemnas. Since the regions in which solutions



to the antenna problem are sought are infinite in extent and since,
furthermore, retardation effects are not neglected, this is without
doubt one of the most difficult and complex problems in the field of
electromagnetic theory. The problem of determining the electromagnetic
field associated with even the simplest type of radiators is not trivial.
The reason, of course, is that the field can be calculated only when the
antenna current distribution is known; but since the latier can be estab-
lished only if a sufficiently complete description of the electromagnetic
field is given, a serious dilemma arises in that the solution to the
problem needs to be known hefore the problem can be solved. Neverthe-
less, if the current distribution in question can somehow be established,
the associated radiation field can be obtained by integration of the
point-source solution of the radiation problem over the physical confines
of the antenna. Clearly, the difficulty is not in finding the radiation
field corresponding to a given source distribution, ut rather in deter-
mining the current and charge distributions. In the absence of such
information, it is necessary at times to assume a distribution in order
to calculate the field. But since the accuracy of such ar assumption can
be checked only through experiment, this approach leaves much to be de-
sired.

The task of bridging the wide gap separating, even today, antenns
theory from engineering practice has taxed the ability and imagination
of several investigators. An excellent account of their accomplishments
both from the historical and the qualitative point of view is presented
by King (1). The essential features of the three most general methods

of attack which have been developed are outlined in one of the classical



books on antennas and electromagnetic theory by Jordan (2). The first
of these methods is a procedure in which the antenna is conceived as an
open-ended wavegulide, and the problem is scolved in terms of waves trans-
mitted along the antenna. The second method is a procedure in which the
free, or natural, modes of the antenna are established first and, once
this is done, the solution is obtained as an infinite series of these
natural modes with the coefficients determined so as to satisfy the
driving conditions. The third method proceeds with the solution by
obtaining general expressions for the field which correspond to an
assumed current distribution and, upon application of the boundary con-
ditions on the metal surfaces of the antenna, yields an integral equa-
tion whose solution provides the required current distribution.

Over the last two decades considerable effort has been concen-
trated on the solution of the cylindrical antenna problem by the third
method which, actually, was originally conceived and developed in con-
junction with that particular antenna shape (3). The succeeding treat-
ments of the same problem have contributed only to the mechanics of
solving the same integral equation (4). Naturally, in the process some
refinement of the final solution has been achieved.

Applications of the three methods of attack to actual problems
have been restricted to relatively few antenna shapes: the biconical
antenna, the prolate spheroid, and the cylindrical antenna. The reason
for this poor dividend, poor in proportion tc the effort expended, is
that the resulting equations are so complex that their solution amounts

to a challenge even to the most capable applied mathematician.



The work reported here will by no means provide the ultimate answer
to the extremely complex problem of electrodynamics, best exemplified by
the antenna. TInstead, it will hopefully shed some light upon a previcusly
unexplored path leading to the solution of this same general problem.
Thus it will be shown that, in place of solving Maxwell's eguations sub-
ject to the conditions imposed at the boundaries,; a completely equiva-
lent approach is to integrate the point source scolution of Maxwell's
equations (that is, the field generated by a Hertzian dipole) over the
entire conducting region, and then demand that the difference in the
energy content (density) of the electric field and the energy content of
the magnetic field have the minimum value allowed by the boundary condi-
tions. The last statement expresses a principle which, as it will be
shown, governs the behavior of electromagnetic fields in sourcefree
regions, and one which is cobviously analogous to Hamilton's principle
in mechanics.

Based upon this principle, the formulation of the electrodynami-
cal problem leads, as it will be shown, to integral egquations which, when
solved, yield the unknown source distributions. In this work specific
antenna problems will be formulated to illustrate the application of the
method. Included among these is an aperture type problem which has not
been Tormulated rigorously by means of any other existing method.

The use of this principle in establishing unknown source distri-
butions parallels that of Hamilton's principle which is used in arriving
at the equations of motioﬁ of a mechanical system acted upon by some
prescribed system of forces. To illustrate the general procedure let
(x5, ¥, z) be the rectangular coordinates of a point in a closed region R,

and



r = qf o)+ ) 4 (2m)” (1)

its distance to some point (xo, Yoo zo) of observation outside R. Let
t represent the time of observation of an electromagnetic disturbance at
(xo, Yo zo) caused by currents and charges distributed throughout the
conducting region R. If v denotes the velocity of wave propagation, the
quantity (t - %) expresses the time of generation of fthe disturbance at
the point (%, ¥, z), and, as a result, the charge and current densities

may be expressed thus:

p(}{, Vs Z, t - .;f?) (2)
3

E(XJ Yy 2, T - ,%) :Z -;':n Jn(xy Yy %25 b - %) (3)
H=t

The scalar and vector potentials at (xo, Vo zo) are obtained using the

formilas

' 1 i T .
Q(XO: yos ZO, t) = m]ﬂR o D(X,e Y, 2, t = ;)dT (‘h‘)
— [l 1 == ; .
A(XO: YO} Zos t) = %fl/;_{ = J(%x, ¥y 2, t - é}dT (5)

the integrations extending throughout the volume of the region R. In

terms of these potentials the field vectors E and H are given by

E--vg-3 (6)



T-L1vx2a (7)
L

where the differentiations denoted by the operator V are with respect to
; at ti ir rvation.
X yo, Zo at the point of observation

In an isotropic medium, characterizea by the scalar permittivity ¢
and the scalar permeability u, the density of the energy stored in the

electric field is given by

2
Lowmem. L -
== = =¢e |E
and that stored in the magnetic field by
B
le== 1 = ;
Wy =5H8B=3u l[H (9)

By virtue of expressions (4) through (7) the energy density expres-

sions (8) and (9) are, to be sure, functions of J and p. But inasmuch as

J and p are related to one another by the equation of continuity

= . Op -
VI 4= 0 (10)
it follows that the difference
W._ - W (.ll)

may be regarded as a function of the current density J alone or, when J
consists of a single component, of the charge density p alone. The form
of the equation of continuity is such that, when J is made up of two or

three components, it becomes mathematically impossible to express each



of them independently in terms of the charge density p. Therefore, the
difference (11) may always be regarded as a function of J alone, but
not necessarily of p alone.

Now the principle under consideration demands that, at every

and W _are defined,

point in a sourcefree region where the quantities wE M

the wvariation

f[\ - & = -
aj\ﬁu (wE W Jdx dy_ dz_dt =0 (12)

Equation (12) expresses a constraint on J which implies as many integral
equations as there are components comprising the current density func-
tion J. These components can be found by solving simultaneously the set
of equations implied by the condition (12)}. Since the problem of a
driven conducting system involves not only the requirement expressed by
equation (12) but also the driving conditions, the components of J must
be such that they satisfy the boundary conditions at the location of the
source.

Thus formulated, the problem is expected to have a unique solution
on grounds that the electromagnetic field is also unique.

Evidently, the complexity of each individual problem depends, to
a large extent, upon whether J consists of one, two, or three components
requiring the solution of as many simultaneous equations. The complexity
of the problem also depends upon the conductor configuration, though to
a lesser extent. Nevertheless, since the requirement expressed by equa-

tion (12), as shown later, is equivalent to the requirements imposed upon



the field by the boundary conditions, the variational principle renders
any electrodynamical problem conducive to formulation regardless of the
degree of compatibility existing between the physical configuration of
the conductors and the chosen frame of reference.

Since circuit relations are special cases of more general field
equations, it is reascnable to suspect that a variational principle
equivalent to the one expressed by equation (12) governs the behavior of
lumped-element networks. Hence this study included among its objectives
an investigation into the network energy relations from the variational

point of view.



CHAPTER II

A NOTE CONCERNING THE ORIGIN OF THE MAGNETIC FIELD

The variational principle to be discussed in the next chapter may
be developed logically by a thought process which is based upon the con-
cept that mass and energy are manifestations of the same physical pherom-
enon. Such a development is preceded by a simple exercise which shows
that the magnetic effect is a direct consequence of relative motion be-
tween an observer and a system of charges which are static in their own
frame of reference but are otherwise arbitrary.

In proving this assertion the point of departure is equation (8),

repeated here in modified form:

=
i
M|
ol
=

(13)

Thus, every element of volume dV of the space in which the field is de-

fined contains a guantity of energy equal to

P
]
=
o
=

Since mass and energy are manifestations of the same natural phenomenon,
it may alternately be imagined that space is completely filled with an

hypothetical mass of density dnb such that

ol

dm = (14)

&

wnere ¢ 1s the velocity of light.
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Let an observer move relative to the electrostatic field with a

uniform velocity v. In the observer's frame of reference

dm
dm = ——2 (15)
1. =K
where
e
k=< (16)

However, since length suffers the Lorentz contraction in the direction

of motion, the actual mass density observed has a magnitude given by
m = ——5 (17)

Thus, owing to relative motion, the energy density appears to have in-

creased by an amount

Let € be the permittivity of the medium and introduce a parameter

L such that

e = (19)

omll—‘

Also let & be the angle between the velocity wvector v and the electric

field intensity E. Evidently, 0 is a scalar point funection. Now since
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sin2 g + cosd g =1

it follows that

2 . o 2
M, = AW cosEQ + AW, sinee = i DE c0528 + L DE = sin @
B E E 2 2 2 2
1 -k 1 -k
(20)
and, therefore,
.2 2
W LA = 2B 4= TE 5 wosg+ =D —— was (o)
E E 2 2 1 - k2 2 1 - k2

Combining the first and third terms in the right-hand member of (21)

gives

|
jw]|
=]
.+.

M|
1]
=
o
S-
@D
Il

N
]|
=i
}._._I
b

1 — — sinee i 00529 - k?cosee
=5 DE 2

2
e T 3 iz st =g
= % D°E cos™6 + % 5.F 225 g
1 -k
and, therefore, equation (21) may be put in the form
2 .2
1l ==k 2 l == 2 l ==2gin @
- - . e T R, |
Wy + MW, = 5 DE 5 cos 6 + 5 D'E cos ™9 + 5 D'E > (21a)
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Usually v << ¢ so that k << 1 and

1 =.= . 1 == .
Wy + &, = = D'E cos™8 + 5 D'E - = (22)
Examination of equation (22) suggests the existence of a quasi-electro-

static field intensity E' consisting of a component parallel to v which

is equal in magnitude to that of the static field,

na
Ll
PR

1
EiW =E
1= =
plus a normal component

B | e (2k)
.
It is surprising to find that equations (23) and (24) are in complete
agreement with established relativistic field transformations, as given

by Stratton (5).

Now since

|; X 5| = vD sing
it follows that
. 2 /= = &
Nt 81078 = = T'F —=— 81176 = = \_‘M__>n<uiﬂ__>
E 2 - 2 2 -
1 -k 1 =%



Define

" = _vxD (26)

and

B=pH =u = : (27)

If in direct analogy to the field of gravity it is conjectured that the
change in "potential" energy (25) is balanced by an equal but opposite
change in "kinetic" energy, then the scalar product % H-B must be the
energy associated with a new field identified by the vectors H and B.
Such a conjecture may be supported by the fact that (26) is the generic
formula of the so=-called Biot-Savant law. Thus, from the theory of

static electricity it is known that a point charge dq generates a radial

field
Pe i g
}4 2 X
T
Hence
v x D[ = ds d9 ., o . 1ds sin 6
dt 2 — 5
b Jjzas

The vector (v x D) is normal to the plane defined by v and Er and it
points in the direction of advance of a right-hand threaded screw when

v is rotated into Er. Therefore, if v << c, equation (26) gives



1L

_ I ds x E

HB o s (28)
i '
iy

This is the well-known mathematical statement of the Biot-Savant law.

Ids L u

el

—~path followed by charge dq

Figure 1. Motion of a Charged Particle Giving Rise to =
Magnetic Field in Accordance with the Biot-Savant Law
Next, consider a rectangular coordinate system S' moving along
the z-axis of another system S with velocity v, as shown in Figure 2.

Chosen as a field source is a single point charge located at the origin

3 st

test charge
or |

Z

source charge

Figure 2. Charges in Relative Motion in
an Inertial Frame of Reference
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of 8 and moving with velocity

V.=V _ 1+V_J+vV Kk (29)

This choice of the field source does not destroy the generality of the
situation since it is possible to construct the most general field by
superposition of simpler fields genersted by point charges. To an ob-
server O', stationary in S8', the source charge appears to te moving at

a velopecity ;{ with its components related to those of vy acecording to

the formilas

2 vx
. ) ;
v =(1-%) = (30)
L-=
c
5 v
v V.
1 ==
cﬁ
%, = &
f o= y
= vy (32)
L= 2=
CC.
Tnese relations may be found, among other places, in reference (6). As
before
v
k=< (16)
let
-
: 1 ;
By wiEH (33)
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'_]m

(34)

ol
Il
ol <

b
il
[ <
S
—~~
(O¥
A

Then
(k) 1 LI ()@ >
1 ()%= 1o (vD) (36)
e
o vxe 4 VY2 (VZ - v)
T (1 T ) V‘V 2 v v 2
2 Z 24 z
C(I-T) C(J—"'_E"")
(1 -0 - 1)
(1 - ka)2

Let E, D, dmo be defined as before. The mass density measured by

observer Q' is

dmO
dn' = ————— (37)

1 = (ki)g

When referred to the system S5, this mass density becomes

5 dm
dm = (1 - ¥°) ———-9~——5 (38)
1 - (_s«:i)
Combining (36) and (38) gives
(1~ kzk)2
dm = dmo 1 _ kg ijgj
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Since (39) reduces to (17) whenever v, =0, it is permissible, without

loss in generality, to set

v.=v_=0 (Lo)

5 A2
(1 - Kl_t{)

(k1)

In the zx plane of S the electric field intensity vector E con-
sists of two components only, Ex and Ezs By comparing it with (l?},
equation (41) may now be interpreted in terms of a modified electro-

static field such that

[is!
*
i

E (L - kik] (¥2)
E % = Ez(l - klk) (43)

The term (- k k Ex) in (42) is approximately equal to (v x B) because

_ T k|
v, X E
= 1 1 == j
~ D — = —_— LL
B 5 5 0 O vy J 3 Ex (L)
a ¢ e
E 0 B
X z
and
1 3 k
~ = g - :
v X B = 0 0] v =-1-;é-Ex=—lKlKEX (14'5)
s
0 *—é'EXO
c
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Therefore {? x B) represents a force exerted upon The test charge as a
consequence of its motion in the field of the moving point charge.

Thus, without recourse to the invariance of charge with respect to
coordinate transformations, it has been shown that the so-called magnetic
field is a second-order effect which may be derived using Coulomb's law,
the Lorentz and mass transformations, plus the postulate that mass and
energy are different manifestations of the same physical phenomenon., Such
a postulate, incidentally, has another interesting implication in that,
if the domain of an electric field is envisioned as a continuum permeated
by an hypothetical mass distributed according to the density formula (L4},
then such a continuum must of necessity behave much like an ordinary
mechanical system.

One of the laws which governs the behavior of conservative mechan-
ical systems is known as Hamilton's principle; this principle asserts that
the natural motion of a mechanical system is characterized by the fact
that the time integral of the difference between the total kinetiec and
total potential energy taken between two configurations of the system is
minimum. Reflection upon Hamilton's principle gives birth to a strong
intuitive belief that charges and currents which generate electromagnetic
fields must be so distributed on conductors that the energy associated
with the field must obey some physical law similar to the one expressed
by Hamilton's principle. Indeed, this 1s the case, and this topic is

treated in the next chapter.
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CHAPTER III

THE VARTATTONAL PRINCIPLE

Statement of the Principle.--In media which are linear, homogeneous,

isotropic, and sourcefree the behavior of electromagnetic fields,
generated by currents and charges distributed throughout a prescribed
system of conductors, is characterized by the fact that the time inte-
gral of the difference between the energy stored in the electric field
and the energy stored in the magnetic field has a stationary value as
compared with the value of the same integral when The integration ex-
tends over the same volume in space and over the same time interval,
but for all other nearby varied current and charge distributions satis-
fying the required boundary conditions for the prescribed conducting
system.

In discussion of the principle, Maxwell's equations provide the
obviously inescapable point of departure. In familiar notation they

are:;

vxﬁ+§§=o (46)
vx‘ﬁ-%f-_zﬁ (47)
VB = 0 (L48)

(49)

4
o
1]

o}



20

For the purposes of the work which follows, their solution, as given by
Stratton (7), is restricted to sourcefree regions, that is, regions char-
acterized by the condition J = p = 0. Further, it is assumed that the
region of interest is homogeneous and isotropic.

Hence,

(50)

(o} |
1
m
=

and

(51)

o
1
f o
ja=

In terms of the potentials the general solution of Maxwell's equation is

given by the set

=V x A (52‘)

ve]]

B- -2 (53)

The potentials ¢ and A satisfy the respective wave equations

2
T (-

54)
ot
P
Fh - ne éﬁ% ==ud {55)
ot”
which, when J = p = 0, become
&
P« ne 22 o g (56)

31—?
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, %
VR = a—‘g -0 (57)
ot
The potentials also satisfy the so-called Lorentz condition
- J ;
VA + pe sE =0 (58)

Now under the stated assumptions it is to be shown that E and E,
subject to prescribed boundary conditions, are solutions of the varia-

tional problem

il E 2
5./]1[(% clEl - % ulE| ) ax ay dz dt = © (59)

in which x, ¥y, 2z are the variables of some arbitrarily chosen rectangular
coordinate system, and t denotes time.

First, substituting expressions (52) and (53) in (59) gives

&Zzzyﬂ% {e[-(f@x * 35& ® Ek’ﬂ'z.)"(ﬁim‘;!*l = Eﬁg + Eﬁ3)i2 = ﬁ|v X AJEJ dx dy dz 4t

where the subscripts x, y, z denote partial differentiations with respect
to the respective space variables, the dot over the letters denotes par-

tial differentiation with respect to time, and in terms of its components
A=1A +JA,+kA
Now

VxA=1i(A, -A_ )+ :}'_(Alz < Bl # E(Aex - Aly)
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so that the integral to be extremized becomes

I :L/1Z?”% [E(Q# + Aljg 4 e(@y i A?)E 4 E(Qz i £3)2 _ %(Agy _ AEZ)2 (60)

- 8 i

2
M(Alz - A3x' L 2}{ E Aly) } dx dy dz dt.

Inspection of the integrand in (60) shows that it involves four inde-

pendent variables, x, ¥, 2, t, and four dependent variables ¢, Alg Ae_g

A_. Let F denote this integrand. A necessary condition that the inte-

3

gral be stationary is that the variation

ffff{[s@f-_(—@r 5 &) 56 -5 @)e @
+[%i"l"d ‘aA (aF z%)'%f 2%;)}8‘6‘]
+.@‘i§'%§ (%%)‘%y(ﬁi) jz 'SK—Z) dt(aF >}

laF  a (a:? a (M) a a;;) 4 <6F )J i}
flal T = r“A3X> BRI A ANA  af
) 3

vanish (8). Now the coefficient of &F in (61) may be expressed as Tollows:

SF—dx( > 'dz< ) Fry §§> (62}

= el- (g, + &) - g—y.(af

. . :
, A - (@, ¢ Ay)]
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= E[Q

QZZ # Ay, F Ay A ]

XX s ¢yy " X 2y 3z

- elPP + & (VE)]

But equation (58) implies that

=

d o= ¢

(V:A) = - pe —5

3t P

and, therefore, by virtue of the wave equation (56), the right-hand mem-

ber of (62) becomes

Qs
[P
[

i %—E(v-ﬁj =P - ue SL -0 (63)
t

o/
o

Thus, it is seen that the coefficient of 6¢'in (61) vanishes identically.

The general procedure of evaluating the coefficients of 6Al, 5A2,'6A in

3
(61) may be illustrated by considering the treatment of the coefficient

of SAl.
or o (v ) a (o) oa( o) a(a) -~
A, T X\ A _ ay \ A 3z \ A, CANNY

But equation (58) implies that



Alxx + Any + ABZX + HE Qx =0

so that, by virtue of eguation (57), the right-hand member of (64) becomes

= B (65)

In view of these results, the integrand in (61) vanishes identically and,

therefore, the condition

8L = O (66)

now guarantees that the integral in equation (59) meets the first neces-
sary requirement for the exdstence of a relative extremum. To show that
the extremum exists or that, in fact, is a minimum is a very difficult
task. However, for practical problems of the type considered in this
research it will not be absolutely necessary to know whether or not the
value of the integral in equation (59) is actually minimum. Instead, it
will suffice to know that its wvariation vanishes. Nonetheless, asserting
without proof that the extremum implied by equation (59) is indeed a
minimum would not be entirely out of the ordinary since many problems in
engineering and physics are usually treated on the basis of assumptions
which either from past experience or through physical intuition appear
reasonable enough as to expect with some confidence that the results ob-
tained in the forms of theoretical solutions will be correct. Hilde-
brand (9) lends further suppert to the argument by stating that in pnysi-

cally motivated problems of the type treated in this investigation
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considerations relating to sufficiency conditions may frequently he

avoldeds ATERE al1; Veter T1ows downils.

The General Variational Principle.--When the condition J = p = O does

not hold, the integrand in equation (59) must be modified to inciude
two additional terms, as suggested by Morse and Feshbach (11). Thus,

in the general case Maxwell's equations guarantee that

2 2
5&0% <|E| - % w|H| + J°A - o) dx dy dz dt = O (67)

The proof of this statement parallels the one already presented with the
exception that equations (54) and (55) must now be used in place of equa-
tions (56) and (57), respectively. Specifically, the expression which

corresponds to (63) is

E[V2¢~ue—aig}-o (68)

3t°
which vanishes by virtue of equation (54). Furthermore, since

JA = JlAl + JQAE + J3A3

inclusion of the term (J*A) in equation (67) implies that the left-hand

member of equation (65) becomes

2 -
oA
1 1 .
L] P e 7 |4, (69)

lThe principle was conceived and proved in the foregoing manner
with no prior knowledge of other treatments of the topie, such as the
one by Morse and Feshbach (10).



which, in accordance with equation (55)y ie identically zero. There-

fore, the proof of equation (67) is now complete.

Corollaries.--When the field sources consist of charges at rest the
variational principle states that in free space the value of the inte-

gral

M% E|E|2 dx dy dz dt (70)

is minimum, or, in other words, the distribution of the charges on the
surfaces of the conductors is such as to minimize the energy of the re-
sultant electrostatic field. 1In electrostaties this result is commonly
referred to as Thomson's theorem (12). The fact that Thomson's theorem
is simply &a degenerate case of a more general variational principle is
interesting but not surprising because the field of gravity has a very
similar and, indeed, completely analogous characteristic. Thus, Hamil-
ton's prineiple tacitly implies that a body at rest in the field of
gravity has the least possible potential energy. Naturally its kinetie
energy is zero, but at the same time its potential energy is as close
to zero as physical barriers permit. The correspondence in the two
cases is apparent.

A second principle, which does not appear in any of the better-
known texts on electromagnetic theory, follows directly from the varia-
tional problem expressed by equation (59). If a current is caused to
flow in some conducting region by the motion of charge which is time-

invariant and which, furthermore, does not result in the accumulation
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of free charge anywhere in the conducting region, then the current lines
close upon themselves, and since p = 0 it follows that at points outside
the conducting region E = 0. Therefore, the so-called magnetostatic
field is characterized by the fact that the distribution of current in

the conducting system is such that in free space the value of the inte=-

gral

ffff% uiﬁle dx dy dz dt (71)

is minimum.
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CHAPTER IV

DISCUSSION OF THE METHOD

Careful reflection upon the variational principle under consider-
ation gives rise to a series of questions regarding its interpretation
and manner of application. The purpose of this chapter is to state and

discuss these gquestions.

Interpretation of the Variation Principle.--In Chapter III it was shown

that Maxwell's equations for free space correspond to the requirement that

£ o 3 .
5 SelE] -zulHE ) axdyazat=0 (59)

A careful examination of the derivation of equation (59) makes it quite
clear that it is satisfied by every solution of Maxwell's equations, and
that it is valid for any volume in free space regardless of its size.

Wow in order to solve any problem in electromagnetic theory dealing
with driven conducting systems, time variations must be specified a priori.
Accordingly, when this information is made available relative to equation
(59), the integration with respect to time may be performed initially.
Then, since the integrand becomes a continuous function of the space co-
ordinates there must exist small regions in which the integrand does not
change sign, so that if the integral is to have a minimum value it is

sufficient that the integrand be as small as possible. Thus, equation



(59) implies that, if currents and charges exist in a conducting region
R, the resulting electromagnetic field is such that the magnitude of

the difference

Wy - Wy = 5 elBl - 5 ulg| (72)

is minimum at every point of free space outside R.

At this point a question that might be asked is, can the distri-
bution of charges and currents in the region R be determined as the
solution of the variational problem (59)% At first thought, the answer
to this question is negative because the distribution of the sources has
no direct bearing upon the derivation of equaticn (59), so that as long

as the formulas

A
I

E}ng/:/:/l;%dr
il F e

are used to evaluate the potentials, Maxwell's equations and, hence, con-

=l
i

dition (59) will be satisfied automatically throughout free space regard-
less of the manner in which the changes and currents distribute themselves
in the conducting region R.

On second thought, however, it may be reasoned that since there is

but one distribution of sources for which the wave equations

2
\—ﬁa-ueggzo (56)
t
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A - ue = () (57)

are satisfied outside the prescribed conducting region R, and since these
equations form an essential link in the development of equation (59)? it
follows that the unknowns J and o are sclutions of the variational prob-
lem defined by equation (59). Tn other words, since Maxwell's equations
require the existence of a unique current distribution satisfying the
boundary conditions on the surface of the prescribed conducting system,
and since Maxwell's equations also guarantee the validity of equation (59),
the latter may be used in place of the former to determine the unknown
source distributions. Furthermore, since the field is a unique function
of the source distribution, the variation in equation (59) may be calcu-
lated in terms of the current density instead of directly in terms of

the field.

The same question may be raised from a different point of view as
follows: The variational principle is to be applied in order to find
charge and current distributions by formulating the problem thus: Deter-
mine the distribution of current and charge which among all other distri-
butions that can possibly exist in a conducting region R, subject only to
the requirements imposed by the driving conditions and, of course, Max-
well's equations, satisfies equation (59). However, because, as demanded
by Maxwell's equations, there is but one distribution for which the
boundary conditions on the conductor surfaces are satisfied, and because,

as already stated, Maxwell's equations automatically imply condition (59),
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the formulation of the problem on the basis of equation (59) seems to
lack a firm foundation. In other words, the formulation requires that
a choice be made when, in reality, there is no alternative.

At first thought, this last consideration may be discounted on
grounds that the proposed approsch would parallel the development of
equation (59). However, the restrictions imposed in the case of equa-
tion (59) are on the potentials and not on the sources. Specifically,
a glance at the derivation of equation (59) shows that ¢ and A are re-
quired to be such as to satisfy equations (56) snd (57), respectively,
and, of course, they are assumed to be continuocusly differentiable; but
are otherwise arbitrary. Hence, in the case of equation (59) a choice
can definitely be made.

In view of the foregoing considerations the situation appears
hopeless. Yet it is reasonable to ask, if there is but one source dis-
tribution and thus one field, the integral in equation (59) is extreme
as compared to what other possible values? One thought is tha%} per-
haps, the value of the integral does not change with variations in source

distributions. Were this to be the case, then either

=
l
=
|

constant £ 0 (73)

ar

Wy = Wy =0 (74)

=
=

Tor all possible combhinations of J and p. Eaguation (73) can never hold

‘for it does not hold when J = p = 0. On the other hand, were equation
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(74) to hold in all cases, it would demand the simultaneous existence of
electric and magnetic fields under all possible conditions, a virtual

impossibility; and, therefore, W

5 is not always equal to W, . As a result,

M

it mist be concluded that the value of the inftegral in equation (59) does
indeed change with variations in J and o, and that, consequently, the
true J and the true g render the integral minimum as compared to all
nearby varied current and charge distributions.

The notion of nearby variations may be clarified by considering a
similar problem in elementary calculus. The roots of the eguation
specify those points on the x axis at which some differentiable function
T attains its relative extremes as compared to the values it takes on
when x deviates somewhat either above or below the root around which the
comparison is made. This is illustrated in Figure 3. At x = X, the fune-

tion f has a relative minimum, and at x = X, it has a relative maximum

f(x)

|
|
! \‘;h\
i 1 x
X

X
1 o 3 L

Figure 3. Relative Maximum and Minimum Values of f(x)
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neither of which 1is, respectively, the minimum or the maximum value which

the function f attains in the interval [0, x,

e+ Note, in passing, that

8t x = x3 the derivative of f vanishes even though the value of f is not
extreme.

S5till a third expression of the same question that was posed
earlier is based upon the following line of reasoning. According to the
calculus of variations the wave equations (56) and (57) are in essence
the so-called Euler equations of the variational problem (59). As such,
their solution constitutes the next step in the treatment of the prob-
lem. But, since the potentials do indeed comprise the complete solution
of equations (56) and (57), the situation again appears hopeless. Fortu-
nately, it is no more hopeléss than the situation encountered in solving
any electromagnetic field problem by the classical method; because such
a solution is normally effected through the application of boundary con-
ditions which express nothing more than Maxwell's eguations at the bound-
aries. In other words, both the classical method of soclution and the
proposed method of solution have one and the same starting point, namely
Maxwell's equations.

In view of the foregoing discussion it becomes clear that problems
in electromagnetic theory may be solved by first finding the potentials
of the field in terms of the unknown current density J and, subsequently,
demanding that the source distribution be such as to satisfy both the
prescribed driving conditions and condition (59). This approach consti-

tutes a valid procedural substitute for the classical method of solution.

Speclal Cases of the Difference in Energy Contents.--It has been shown

that the difference In electric and magnetic energy contents cannot always
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be zero. It is interesting to observe, nevertheless, that the require-
ment

)

2 2
1 = 1l =
*‘é’ElEl -§L1|H| =0
implies that the ratio of the field intensities

i

is equal to the so-called intrinsic impedance ZC of the lossless medium.

The ratio of the field Intensities 1s equal to W/ e in travellng
waves, common examples of which are uniform plane waves propagated in
sourcefree and unbounded media, and TEM waves sustained along uniform
transmission lines. In both cases the energy content of the electrie
field is exactly equal to the energy content of the magnetic field, as

it may be verified by consulting references (13) and (l4). If the dif-
ference vanishes the medium may be conceived to be in a relaxed state.

In most practical cases the difference is not identically zero and the
medium may be envisioned in a state of tension. A transmission line with
reflections furnishes a simple example of an electromagnetic system under

tension.

The Polnt Source Solution and the Far Field.--For purposes of further

discussion of the principle, and by way of introduction to the treatment
of specific examples, consider the point source solution of Maxwell's
equations, that is, the electromagnetic field of an oscillating electric

dipole, as given by Jordan (15). For a current element Id4 egum’ located



at the origin of a right-hand spherical coordinate system with variables

r, 8, ¢ in that sequence, the expressions for the fileld intensities are

7 T4 sin 6 o 7 / i
g . _0© T 1,1
2] barr \ J r .2
Jer
% PG agn 8 g BT
o s g, .2 (75)
ol Lgrr - i
JBr

]

Tas sin 9 e 9PT ([ 1)
LR

By Tir /

. ust .
1fu;€ and the time factor e’ " is understood.

Il

where B = w/v, ZO
The distant, or radiation field is by definition the one obtained by
deleting those terms in the set (75) that involve inverse powers of r

larger than one. Hence, the radiation field is given by

ZO IdZ sin @ e_JBr
EB = JP Ly
. =0
.
g, . jp 104 sin 6 o"dPx
g Ugrr

Inspection of these simplifiied expressions shows that

E6 = ZO Hg



which means that the radiation field of a curren. element acts locally

like a uniform plane wave and, therefore,

W = Wpp=0 (74)

It is interesting to inquire as to the validity of equation {T74) in com-
plicated situazions involving actual antennas. Since the total field at
any point is obtained hy a linear process, namely by integration of the
point source solution, the ratio of the total electric to the total mag-
netic field is maintained equal to Zoo Therefore, any radiation field
satisfies equation (7Y4) automatically regardless of the manner in whnich
the sources distribute themselves in the conductors and, as a result; it
is impossible to formulate the strictly distant field on the basis of the
variational principle. When using the principle to formuilate physically
realizable problems, the entire point source solution must always be used

in the evaluation of the fields.
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CHAPTER V

THE CYLINDRICAL ANTENNA PROBLEM

An illuminating example of the manner in which the variational
principle may be applied is furnished by the cylindrical antenns prob=-
lem. The fundamental reason for the selection of this type of antenna
is that, an mentioned earlier, its investigation has been carried out
as completely as the presently available tools of mathematical analysis
permit. A favorable comparison with existing results should provide the

basis for some degree of confidence in the new approach.

Formulation of the Problem.--Consider a hollow cylindrical antenna,
radius a, embedded in a dielectric which is characterized by the scalar
permittivity € and the scalar permeability w. The pertinent geometry

is shown in Figure L. Let a total axial current I(&, t - %) be uniformly

Fﬁ‘\ 7
P(p,0,2,t) e C)’ .
™~
\
|

- “Jpa-gpaCOSQ + a2
x

Figure 4. The Geometry of a Cylindrical Antenna
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distributed around the antenna. Because of cylindrical symmetry the
point of observation P may, without loss in generality, be assumed to

be located in the 6 = O plane. Inspection of Figure 4 shows that the
distance from P to the point (2, 6, t) on the surface of the cylinder is

given by

r = \/(g - z)2 + p2 - 2pa cos 6 + o= (76)

The vector magnetic potential at P is given by

ol

7
. 2 e _ X
R A &
= Ly r =Y I ) 0 r ar °
i

in which ﬁz is a unit vector pointing in the direction of the positive =z

axis. Thus, A consists of a single component:

TUE, & = =)
i =5 v 51_5_9 .
Az(o,z) "'EEJF JF 57y 4t (77)

Likewise, the scalar potential is given oy

Z
2 2T T
1 i ptéﬁ t = \_r) ae
B, 2) F] fo 0 B G (78)
gl

where p(&, £ - %) denotes the linear surface charge distribution in the

axial direction of the antenna. The scalar potential (78) may be expressed



in terms of I(E, t - é) if use is made of the equation of continuity

VT + a’przo
5(t—;§)
which, by virtue of the fact that 3/3t = d3/3(t - %), may be expressed as
- 9
VT4 5p=0 (79)
Thus,
¥ o1(E, - 3)
pz—f = dt (80)
and
“> or r t &
1 1 | oI(t, t - =) 1
oo, )= | | -1 y 8- Jao |
e Z) 0 r L s dt | &7 de (81)
The field intensities may be found using the expressions
= dA
E:-vg-gg
ﬁz}-VJ{K
HL
In cylindrical coordinates
vVg=u &l .5 %M}Zég (82)

p Op 6
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Therefore,
E = mrff op{ ( *’dt>} —dﬁ]
3 so)}e
'“[EFEJ,O AZ{ <J ar £
1
Z2 21
ARSI Y (25
IZ O L)
i
Now
- e — I —~ OAz
H:EVXAZT;(—HGE*
?'2 21 :
nlE ) s (&
Z 0 ) -
1
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Let f(p, 2z, t) denote the right-hand member of (85). The variational

principle assets that the integral

ST =ffff(p, z, t) d p dz dt (86)
R

regarded as a functional of T, satisfies the first necessary condition

for the existence of an extremum:
58[1] =0 (87)

The letter R in (86) denotes a closed region in the p, z, t space. ILet
IO(E’ t - %) be the actual current distribution for which equation (87)
is satisfied, and choose any arbitrary function n(&, t - %) which is
continuously differentiable with respect to its arguments and which,
furthermore, vanishes at points to be specified presently. If & is a
constant, the function Io(g, t - %) +om(e, t - %), when substituted for
(e, t - %) in (85), makes the integral (86) a function of Q, once I, and
n are assigned, and this integral takes on its minimum value when @ = Q.

This fact is expressed mathematically by the condition

45(2) = 8 (88)
| s
The procedure involved in the evaluation of (88) will now be illus-
trated in detail starting with the treatment of the first term in the

right-hand member of (85). Thus,
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ﬂ] ff {( I) dt)J é—dggdcdzac

(89)
and
%5 By 5 . . r
s, (@) _[/:[[ff 59{ <f of&> ® - ;;J:ﬂ(” F oY) dt)} %%dgfdpdzdt
(90)
Let

“ T t r
aI ('_C'.; = ;)
SO i B < ALy TP
L,

Then, assuming that the proper requirements for the following differen-

tiation are satisfied, it follows that

ds, (oz

ﬁ"f [2 T (0,2, t dd f ao{ (J g, t - 2) dt) 36 4, ]dodzdt

(92)

By virtue of its definition, T] is a functional of IO' However, if IO

does indeed exist then Tl is a funection of only the independent variables

p, z, t, as indicated, and therefore (92) may be written as follows:

ds, {a}

ol Troen 00 D ) g

2, 0
L (93)
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Suppose now that I(f, t - %: and, consequently, n(&, t - ;I;-) contain time

o
only as a factor e‘jm(t "\?') « Then

: 2 2 y .
“1kPs By T Jo S0 1 + Af 21

1

(94)
“1
where
B == fie (95)
Observe that IO is a function of a single argument, namely E. BSet
_ -JBr
Yle, 8, £ - z) = = T (96)
and
Glp; & - 2) = %—ﬁ Vip, 6, £ - 2z) a8 (97)
0
Then
Lot oL (&)
: G - 0O
T,(er 2 ¥) - S f oyt - 2) 07 4 (98)
and
%5
dS Ot)‘ Jwt 3 % .
M [l Tl(p)zyt> ?JTE Glp, & - 2) —H‘é“gl d&]dpdzdt (99)



Suppose now that n(t) is chosen so that it vanishes at & = ; and £ = z,.
Integration by parts puts (99) in the form
as, (oc) b 52
G - Z -
= JFJF \j i) (p,b,t) (gg = ) n(e) dt } de dz dt (100)

The treatment of the remaining two terms in the right-hand side of (85)
parallels that of the first, step by step. For sinuscidal time varia-

tions the results are:

Jut [ (e, & - 2) dI(E)
T,(py2,t) = S— b/w i e S - Bo(e, € - z)IO(a)]dg - (101)

ds, (o: jot [ 2 - ‘ |
M ];[ T, (p,2,%) ejm {o Géfgézﬁ z) 52(}(9, E“Z}f q(&)dgi]dpdzdt
* (102)
Zs
(e, 2z, t) = - pe eJumkfw da(p, & - 2 T () at .
2 p
1
as_(a)
3 jot da(p, & - z) }
= [ff[ oy 5 0 e 2t =) ) e e
(1o4)
Equation (88) requires that
a(s. (@) + s (@) + s (@))|
= : — =0 (105)

dd 1@:0



b5

That is, the sum of (100), (102) and (104) must vanish. If in these
expressions the integrations with respect to the independent variables
¢, Z; bt involve integrands which are continuous functions of these coor-
dinates, there must exist small regions in which the integrands do not
change sign. Consequently, if equation (105) is to be satisfied for
arbitrary regions R it 1s necessary that the sum of the integrands be

identically zero; that is,

-
jot |2
u 5 u
.Zf {" T, (py 2, t) eém G(g’gag z) (106)
1.

g0t [ a(p, & - 2)

- TQ(Q; Zy t) 30 agaz + BQG(Q; £ - Z)J

- st 3G -z NI i3
+ TB(Q} Zy t) ejw - (p’ag 2) } 1'1(5.-) dt = 0O

By virtue of the Fundamental Lemma of the calculus of variations, the

coefficient of n(¢) in the integrand of (106) is identically zero. Thus,

1
- = T.(p, 2

2
t} o G(D, E = 2‘)
jo 71

&SP (107)

%t [ 3G - 2
e T (e, 2z, t) 1= (%EBE 2). B=G(p, & - Z)}

oG -
& T3(p, z, t) (p’aé z) _ 0
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The factor e‘:lwt, appearing in the expressions of Tl’ Te, and T3 may be
divided out when the latter are substituted in (107):
Z
2
3°6(p,8-2) f aGng‘é-zz 810(5) at (108)
JEop ” 2 B
1

Zr
3 r oL, (&)
J 2 oG - 0 2
{ (_gg;.é.i_z_ + B G(p,g-z)}ch JL- —(%’;é—ﬁ —35i - P G(D;E‘Z)IO(ED}dE
1

aG G = : i
Since ST E and io(zl) = IO(ZE} = 0, integration of the terms involv-

3T (&)
ing ——g—g— by parts puts equation (108) in the form

2 2 .
3 G(p,E-2z f 3 G(p,E~2) ;
s ———gggs—a— IO(E; at (109)

Z

= 2

2 2 -

+{%§—Z) - 6ap,t-a)p | {M}e}%ﬁﬂ : fﬁdG(oﬂé-Z)} I (t) at
Z Z.L Z

ﬂg! o&jng z I (g
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The next objective in the development is to show that equation
(109) can be derived by a much shorter route, namely, by specifying the
time variation from the outset and by applying the variational principle

at a convenient point in free space. Thus, assuming time variations in

. I
the form e‘]w(t - ;), equation (TT) may be written as follows:
2o
i _ = 1
Alp, z) = 3= k/ Gle, & - z) Iy (&) at (110)

21

The Lorentz condition

VA * ue%%=0

implies that

1 aAZ

§ = (1)

Now, since

1t follows that

= & ( E; %g o EG gga ¥ Ez gg‘> e ja)(ﬁéAz) (112)

Z
2
- s 3 G(p,E-2)
5 T fjerz IO(&.)dE
“1

=l
f

Z

2
n 2
- 1 37G(p,E-2) 2 }
+u, T o “é '{ azg + B G(p, &~2) IO(E) dag
.
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Also

Z
2
SA
= - _od17ms L dG(p, t-2) ;
B=vuflg=-0% = "W Lép o Lole) at (113)
1

Expressions (112) and (113) may now be used in the evaluation of

2

Z
2
2 2 2
yﬁﬁe<§dm —%um]>=-[l\aG%§ﬂ)%@)ﬂJ (114)
g

2

'[fe{f%%£ﬂ+ﬁ%mgaﬁz&gaﬂ
2 ;

25 )
2 dG(p,t-2z }
- B U; —i&'}——llomde
1

Since (11k) involves only the unknown function Io(gj the corresponding

Euler equation is

29

2 2
3°G(p,&-2) d7G(p, t-2)
Bgéz L Bpéz IO(E) dg

(115)

Z

~ &
e , . ; " EG -z,
 Prelags) fegien) BgGLo,E-z)}j 5 épeg = ﬁgg(pﬂé“z)}%m e
7 Z

L
adz 4

Z
2
2 36(p &-z)f 36(p, £-2) _
+ B _af?—“? TIO(E)dE—O
"1
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The function G(p, £-z) is continuously differentiable and, therefore, the
order of differentiation with respect to its arguments is immaterial.
Consequently equations (109) and (115) are identical.

Now the partial derivatives of G(p, t-z) with respect to its argu-

ments may be computed from its defining expression (97). Thus,

21

Silasi<g) 1 > .. -
(pég z) _ - %{ - h+}r_.> a6 (116)

|

ar
L

3 ( e—jBr‘> dr
Bl ShT T AW

i

i

21T
i B(e_‘jr>}o—acost9.
§£{§; r R

Inspection of the definition of r in (76) shows that when p = O both r

3 e dPT
and 5 are independent of 6. Hence
T T
21T
- | -JjPr
Oy =By, L [ = a—( f (- a cos 8) ap (117)
P 2r L r or r -0 O

The value of the integral in (117) is identically zero; so

(0,82 _ g (116

il

A similar procedure leads to the following partial derivative
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I's - By
da(p,t-z) 1 d (e o )} -(E-2)
—Lé—lz = o7 [ i 3\ T el

2T

Z-£ | -~
E'r'—f N(I’) ag

0]

Il

where

%

) -1 ( )

Therefore, the mixed partial derivative

21
62G(DJE-Z) _ z=k éﬁ N(r) p=-a cos @ a6

dpdz T or r r

evaluated along the z axis vanishes identiecally:

<
0 G(0,E~2) '
ooz - ©
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(119)

(120)

(121)

(122)

By virtue of the identities (118) and (122) equation (115) holds along

the z-axis if and only if

Z

2

i 2
/ '{ 2 6l0E2) Beafo,s-z):} 1,(8) 4& = 0
zy oz

or
Z Z
a° ) 2 /“2 -
=3 /ﬁ ¢(0,€-z) I,(€) d& + B" | G(O,€-z) I (&) A& =0
dz Lzl ”zl

(123)

(124)
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where

-Jjpr 1o
6(0,£-2) = = g i = [(E-Z)g +a° } (125)

r

Equation (124) may be regarded as a linear differential equation

with constant coefficients the unknown, of course, being the integral

i

f G(0,¢-2) T (&) at (126)

o

Thus, in the final analysis, IO(E) is the solution of the integral equa-

tion

A

ljp 6(0,6-2) I (&) a& = ¢ edPP g omdP2 (127)

VA

Al

in which the arbitrary constants C and D may be determined from the
boundary conditions IO(Zl) = Io(zg) = 0, as specified by Schelkunoff (16).
The exactness of these boundary conditions is demanded by the equation

of continuity. Thus, from equation (111) it follows that the z-component

of the electric field intensity may be expressed as

2
oA
e (128)

=
I
I
1S4
i
.
€
=
r2
|

2z Oz

and, therefore, for a distribution of current parallel to the z-axis,



52

L=

f{—(}i&-—ww,az)} I(e) at (129)

z 4WJG£

On the other hand, for sinusoidal variations in time, the continuity

equation (79) requires that

VT = - A ar(e) (130)

&
Jw Jo "at

Therefore, the scalar potential, as defined by (78),becomes

#oy 2) = = ngﬁ o(e) ¥(e, 6, t-z) £2 at (131)
1
Ze
= Evi‘ux % ég) ¥es 8 ¢- Z) ar dE
Hence,
o £ z) _ lmwef I dt(a) aw(péze, E-z) 90 g (132)

Integration by parts results in

8(2:/:):_%%@[1()3_@%%4)} (133)

G
Z
>
T T [ ne Eelegtma) o
Tjne J E0z

1
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Since gg = = g% , it follows that
i oF _ . :
E == Eg - Jw Az (134)
z
Z - 2
! [ (e g-z)}“’ 1 3%a(e
= I”TJLL)G' —<§) § 7z . ok TTJUJ Vz[‘ g) SF 'iz d&
1 11

- Jo %;b/ﬁ I(&) Glp, £-2) dt
Zin

“p
o1 8 Glp, &=z }
= brjee [ (¢) JEdZ =

z
2
2
1 3 Glp, E-z) 2 ; :}
¥ 4Wj¢eggw { 822 + B G(p, &-z) [ I(&) at
1

Comparison of (134) with (129) shows that the two expressions are identi-

cal, as they should be, if and only if in (133) the term

- Z
i { aegpggz\Jg
Eﬁjuz L 1(e) Edz 5

1

is identically zero. In general this condition is met only if
I(z,) = I(z;) = 0 (135)

which was to be proved.
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Obviously, IO(E) can be determined as the solution to equation

(124) only to within a multiplicative constant; this constant, however,
may be obtained from the driving conditions of the problem, that is
from the requirement that Io(g) have a prescribed value at the driving
point of the antenna. 1In usual theoretical analyses the coordinate
system is so oriented, and the antenns so driven that perfect symmetry
prevails and I(-t) = I(&). Then (135) together with the driving condi-
tions specifies two boundary conditions, thus permitting the evaluation

of the constants C and D.

Comparison of Results.--The derivation of the integral equation obtained

by the method of Hallén (L) may be outlined as follows: If variations
in time are sinusoidal the vector potential, as a function of position,
is

Vi

3

[

AZ(OJ Z) = ‘}j? f G(Dﬁ E-2 ) IO(E) dg (llO)

oy

For purposes of theoretical analysis the actual situation is idealized
to the extent that the antenna is considered as a thin-walled tube,
radius a, of infinite conductivity, and is driven by a generator con-
nected electrically to a very narrow gap in the center of the antenna.
Thus, the applied elsctric field is assumed to be zero everywhere except
at the driving point.

Now from the relations
E=-% - joi (136)

VeA + jaued = O (137)
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it follows that the z-component of the electric field intensity is

\2
. 1 = Az 2 > (138
= ae\ T T PA, (138)

in which B is expressed by (95). Therefore, on the surface of the

antenna

2
1 3 [°8 e

R 2 ¢
E = e N\ TS + B AZ " (139)

where Ei denotes the impressed electric field, being finite at the
driving point but zero everywhere else. In other words, Ei is an im-
pulse type function with respect to the space variable z and, therefore,
the complete solution of the differential equation (139) consists only
of the complementary function

A, = C glF2 .y o~UPE (140)

On the surface of the antenna p = a; hence, (96) and (97) give

o dPT
‘f’lf(a}' 8, E'Z) = =
and
21T
1
G(a, £-z) = = ng Y(a, 6, £-z) d6 (141)
in which

r = wj(§~z)2 L85 - 2a" ous O = 1/(5—2)2 4 b s g (1k42)
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Therefore, combining equations (110), (140), and (141) results in the

integral equation

i

f G(a, &-z) I (t) a& = C eIP? 4 p &7IP? (143)

Z 4
53

Equation (143) is Hallén's integral equation for the cylindrical
antenna problem. Comparison of equations (143) and (127) now shows that
one difference between them lies in the kernel G. 1In particular, the
difference is in the expressions of r given by (125) and (142). However,
solutions of equation (143) are usually based on the assumption that
either r = [(5—2}2 + 32]1/2 or, in the extreme, a = 0 and, therefore,

r = |t-z|, a result which is deduced easily from both (125) and (142).,

A second difference between equations (143) and (127) is due %o
the range of the variable z. Thus, whereas in (143) z is restricted to
in equation (127) z may take on any value between

the range z. <z < 2

il 2

minus and plus infinity.

Insofar as the known solution of (143) are concerned neither of
the differences cited is of any significant conseguence. It is to he
noted, however, that equation (143) is based on the assumption that the
antenna comprises an infinitely conducting structure and is, therefore,
not to be regarded as an exact mathematical model of a physical device,
In view of this, it is claimed that equation (127) is exact whereas

equation (143) is approximate.

A Critigue on the Mechanics of Application of the Principle.--Although

equation (109) was derived in accordance with well-established procedures
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of the calculus of variations, its solution is mathematically possible
only if the point of observation is so chosen that only one term appears
in its left-hand side. The reason for this is that the dummy variable

E appears outside the integrals, thus meking it 1lmpossible to solve equa-
tion (109) in the most general case. In order to illustrate the point,
consider the problem of attempting to find a function f, continuously

differentiable in the interval O < x < 7, which minimizes the difference

g 2 " 2
[\éﬁ f(x) sin x dx } - [L/ﬁ f(x) cos x dx } (144)
- 0
subject to the boundary conditions
f(0o) = 1 (145)
i) =~ 2 (146)

On a trial-and-error basis it is found that expression (144) vanishes

identiecally if
f(x) = sin x + cos X (1h7)

" m m
2

2
| (sin x + cos x) sin x dx} - [L£“ (sin x + cos X) cos x dx} (148)

T e

m E
2
= [L/“ (sin2 x + sin x cos x) de - [ éﬁ (sin x cos x + cosex) de
o L
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1

- T 3 5 T 5
5 \ 1 - cos2x i sin2x } dx} _ [ sinfx i 1 + cos2x }'
ks 2 2 s 2 2

(2f-(3) -

Hence, expression (147) is a solution to the problem since it also satis-
fies the boundary conditions (1L45) and (1L46).

The attack of the same problem by the variational method gives

T AT T T
Eké’ f(x) sin x dxhé 8f(x) sin x dx - Eké .f‘(x)cosx.d,ia[1 5f(x) cos x dx = 0
0
(149)

WO T
(
Since the integrals \ f(x) sin x dx ) and f(x) cos x dx ) are
0 0
constants they may be taken inside the second integrals, by which they

appear miltiplied in (149):

™ ™

r
u/\ [ sin xkéﬁf(x)sin x dx - cos xb/ﬁ f(x) cos x dx J 8f(x) dx = 0  (150)
0

0]

Hence, by the Fundamental Lemma of the calculus of variations

i m

sin xkéﬁ f(x) sin x dx - cos xkéﬁ f(x) cos x dx = 0 (151)
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Since the functions sin x and cos x are linearly independent, equation

(151) has a solution for all x such that O < x <7 if and only if

™

L/ f(x) sin x dx = 0 (152)
0

\’Frr-
%{ £(x) cos x dx = O (153)

which is the trivial case. Obviously, the problem cannot be solved in
the foregoing manner. A little reflection upon the preceding develop-
ment shows that the only questicnable step might be in considering the
integrals (kéjﬁf(x) sin x dx > and (k/ﬂwf(x) cos x dx’> as constants,
despite the fact that f(x) is a functgon vet to be determined. Perhaps
this is the source of the trouble.

Even though this particular point did not play an important role
in the treatment of the cylindrical antenna problem there may be cases
in which this hurdle must be overcome, and; therefore, other methods of
sclution must be known. One possible method which merits particular con-
sideration is the so-called Ritz method (l?), which is a procedure in
which the function to be determined is approximated as a linear combina-

tion of n suitably chosen functions, in the form

y = C Wl(x) + B W (%) # sneve 4 c, wn(x) (154)

1L 2 2

where Cl’ C a0 Cn represent constants to be evaluated by the varia-

2,9

tional method. Each function Wk(x) is chosen so that it satisfies the

boundary conditions of the problem on an individual basis. When (154)
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is substituted in the integral to be made stationary and the necessary
integrations performed, the quantity to be extremized changes from an
integral to a polynomial in the C's. Setting each derivative of this
polynomial with respect to the C's equal to zero provides as many alge-
braic equations as there are C's, and, therefore, thelr simultaneous
solution yields the required values of these unknowns.

In applying the Ritz method to the preceding example the first

trial must be of the form

f(x) = C,(sin x + cos x) (155)

l(

because, first of all, the function Wl(x) = sin x 4+ cos x satisfies the
prescribed boundary conditions (145) and (146), and, secondly, because
the integrands in (14l4) contain circular functions as factors. Expres-
sions (155) and (147) differ only in the multiplicative constant Cl which,
nevertheless, has no bearing on the fact that (144) vanishes identically

when f(x) is specified by (155).

Next, let
WE(X) = sin x 4+ cos x (156)
Wé(x) = sin 3% + cos 3x (157)
Then
f(x) = Cl(sin X + cos X) + Cefsin 3x + cos 3x) (158)

Adding the function W _(x) makes no difference in the value of (1LlL),

2
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which again is equal to zero, because Wé(x) introduces circular functions
of arguments (2x) and (3x) which, when integrated over the interval [0, 1]

obviously vanish. Similar considerations show that if

Wl(x) = sin x + cos x (159)
We(x) = sin 3x + cos 3x (160)
wn(x) = sin(2n + 1) x + cos(@2n + 1) x (161)
so that
n
f(x) = E Ck[sin(zk + 1) x + cos(3k + 1) x] (162)
k=0

the difference (144) vanishes identically for all n, and, therefore,

(162) is the general solution of the problem.
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CHAPTER VI
THE APERTURE PROBLEM

Boundary conditions, in the electromagnetic theory sense, are
meaningless unless the boundary separates two media of different elec-
tromagnetic properties. Therefore, the formulstion of an aperture
problem in the usual manner is impossible. The new approach presented
in this work makes it possible to formulate the problem for the first
time on a rigorous mathematical basis.

Consider, for example, an aperture antenna such as a radiating
horn. In the case of any secondary source both electric and magnetic
currents must be taken into account. However, since Maxwell's equations
are satisfied where these currents are considered separately, as shown

by Jordan (18), the mathematical expression of the variational principle

o 2
5M (% ¢|E| - % u[E| Jax_ ay_dz_at = 0 (163)

is satisfied by both the part of the total field generated by electric
currents and that generated by magnetic currents. It is therefore per-
missible to consider a simple configuration, as in Figure 95, wherein a
linear current density E(X), directed along the y axis and defined at

3 —Egyggj with

|

all points of a two-dimensional region R(-

no|

< x <

he

fixed magnitude at some given point in R, is to be determined such that

equation (163) is satisfied. By virtue of the nature of the assumed
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Figure 5. A Rectangular Aperture
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current density wvector 3,
accumulate, respectively,

rectangular source.

positive and negative line charge densities

at the boundaries y = § and y = - g of the

The vector potential at some point P(xo, yo, zo) of observation

is calculated in the usual manner.

it is given by

Assuming sinusoidal time variations,

a b
[ﬂE 2
K (XO’ yo} 2 ) = E %F J N Ljﬁb J(X) ¢(r) dy dx (l6u)
T2 TP
in which
_‘jBr
Y(r) = = (165)
and
r=V&-x92+w-yJ2+&f (166)



N
Now
Iﬁ:’:-vg-?—&=-v¢-ja'ﬁ (167)

in which the differentiations denoted by the operator V are with respect

to the variables Xyr Vor 2y The Lorentz condition in the form

g = - ljl::l:;_]_(—: V’E (l‘68}

allows (167) to be put in the form

=_ _ _J Y L T i
E = T V(V°A) - juA (169)

let A denote the magnitude of the vector A. Then

VR = %; (170)
and, therefore,
I(Ven) = a—f—%—?+ §2—éj+ 6—%%‘ (171)
o ‘o dyo oo
Since
L - o)

with similar relations being satisfied by the other two variables, the
third term in the right-hand member of (171) vanishes when z, = O.

Further, assuming that J is an even function of x, substitution of (164)



in (171) renders the integrand of the x-component

tion of x, so that

when compiled, result in

2
= J [ Pa 2 } -
‘G'-——.,_' b . =
7 uue L 3 5t BA | & *o
¥
In & like manner, it is found that
EED; XO=
Now let
b
2 P
Mayg=fé ¥(r) dy
T2
where

r = (x2 + (v - v)°

65

of V(V'A) an odd func-

If the point of observation lies on the y axis, then

~

e

Aly,) =

roje  oje

and

G(x, yO) J(x) dx

z =0 (173)
z, =0 (174)
z, =0 (175)
(176)
(177)
(178)
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2

R [d A 2 j

B¥) =~ e o2 B7A (1793
o

Equation (175) expresses the vanishing character of the magnetic field

intensity of all points on the y axis. Therefore, WM

tity (W? - WM} has its least possible value certainly if the right-

= 0 and the quan-

hand member of (179) is identically zero:

2 &
2 [z » 2 |
— Glx, y.) J(x) dx + B L/W Glx, y.) J(x) dx = 0 ('180)
dy o o
o _ 8 i -
2 2

The vanishing of E at points where H = 0 is a condition imposed by Max-
well's equations upcon time varying fields. The complete solution of
equation (180) is obtained through an elementary application of the theory

of differential equations. The vesult is

nojm
Cou
vy
7]

!
s
w
o

o

f a(x, yo) J(x) dx = D, e + Dy e (181)

ro| o

Equation (181) bears a striking resemblance to the integral equation
describing the behavior of the cylindrical antenna whose solution, as
pointed out earlier, is not a trivial matter. An interesting method of
solving integral equations, such as (181), is the one suggested by

Storm (h), and is carried out in the following manner.
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Without loss in precision let ¥(r) = cos B r/r replace its complex
counterpart y(r) = e_Jﬁr/r. Then the function ¢ 1s real and equation

(181) may be replaced by

/

a(x, yo) J(x) dx = C,cos By +C,sinBy, (182)

e oo

The Storm method is a procedure in which the unknown function is
approximated as a linear combination of a dominant fterm and a trigono-

metric series, in the form

N
3(x) = Bsin B (2 - |x|) +ZFn cos {2RE LT, (183)
n=0
Substitution of (183) into (182) yields
N
MO(yO}B + 21, Sn(yo) F_=C, cos By +C,sin B 8 (184)
n=0
where
2
2 . .
M (v,) =f§ sin B (35 - [x]) o(x, y ) ax (185)
T2

"3
s (v ) :k/ . CO8 (en + 1)m x G(x, yo) dx (186)
T2
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Following Storm, if the evaluation of the integrals (185) and (186) can
be carried out and, subsequently, equation (184) satisfied explicitly

at (N + 2) points there will result (N + 2) equations in (N + 2) unknowns,
which are B and the (N + 1) of the Fn's. There are two more constants to
and C.. OSince the function J(x) is presumed to be even,

1 2

the boundary conditions J{

be evaluated, C

- %) = 0 furnish enough information

Mo

S
II

=

for one additional equation. The last equation is obtained from the
driving conditions, that is, from the prescribed value of the current
density at the driving point. Simultancous solution of the (N + 4) equa-
tions will yield the wvalues of the constants B and Fn which may then be

substituted in (183), thus completing the solution of the problem.



CHAPTER VII

CURRENT DISTRIBUTIONS IN LINEAR ARRAYS

The purpose of this chapter is to examine the distribution of
current in linear antenna arrays, subject to conditions that are to be
specified presently, by a method of attack which is based upon the var-
iational principle the general treatment of which is the subject of this

study .

Three-Element Array.--Let an array of three short radiators, spaced

equally along a straight line, as shown in Figure 6, be so excited that
the current in the center element is IO 0 and the current in the outer

two radiators Ilﬁz . Let k denote the ratioc Il/IO. Inspection of

}é+— d —sme— q —=

Figure 6. A Three-Element Array

equations (75) shows that at every point P on the axis of the array the
radial component of the electric field generated by each of the radiators
is zero, and so the electric field vector is parallel to the radiators;

the magnetic field vector is normal to the plane of the paper. If the
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@oint P is sufficiently remote from the array, then, insofar as the magni-
tudes of the fields are concerned, the distance from the point P to each
of the elements may be approximated by T Under the foregoing assumptions

the fields generated by the elements of the array are specified by the

expressions
B :k}‘:ej(a_ﬁd)
1
E, = E (187)
B = W edte TER)
3
and
¥ = g oI P
1
H, = ) (188)
-k E A+ pa)

where the subsecripts 1, 2, 3 refer to the respective elements of the array,

and B and H are obtained from the set (75) with € = 90° and I = Iye The
total field is specified by the sums
[ i - ga) io + pa) |
E. +E. + B = L k e +1l+ ke ' E (189)
1 2 3 ]
H + Hy + H3 = [ k eJ(a - Bd) + 14+ k ej(a + pd) H (190)

If the current IO is included in the bracketed expression appearing in

equations (189) and (190), the relative magnitude of

1 i il - € ez 2':"2|
e elE| - = wlH| = = |E| - Z, 1 | (191)
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depends striectly upon the factor

k I d(@ - Ba) I, + k T (@ + Bd) (192)

the absoclute magnitude of which is equal to

I 2 4o B 7 Il cos @ cos Pd + 4 T

2 2
. 5 cos PBd (193)

1

The development down to this point has been of an introductory
nature. Now the problem may be stated thus: If only the center element
is driven, what is the magnitude and phase of the current induced in the
parasitic elements? What 1s, in other words, the complex current Ilﬁz—
induced in the outer elements if the center element is driven with a cur-
rent Iozgﬂ 7

The solution proceeds as follows. In the first place, observing
that the difference (191) must have the least possible value reduces the

problem to one of finding the extremals of (193) subject to the constraint

I, = constant 194)
Therefore, setting the derivatives of (193) with respect to Il and O each
equal to zero results in the two algebraic equations

4T, cos a cos B + SIl e Bd = O (195)

- AIO I. sin & cos Bd = O (196)

1

which may be solved simultanecusly for Il and &, For nonvanishing values

of cos Bd, equation (196) demands that



T2

sin @ = 0
and, therefore,
& = nr (8 o= 18y 25 8 )
Equation (195) gives
T - - Eg cos O
1 2 cos Bd
Now, when n is odd, cos @ = -1 and
Ly & E_Eé%_ﬁg 357}
When n is even, cos @ = 1 and
S é—:fé—sa (158)

Hence, for a fixed value of cos Bd equations (197) and (198) are completely

equivalent to the statement that

To

Il - D cos BE

and that & = 180° when cos Bd is positive, or @ = 0° when cos Pd is nega-
tive. Figure 7 depicts graphically the functional relation between Il

and (Bd).
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Figure 7. Variation of the Current Induced in the Parasitic Elements
of a Three-Element Antenna Array with Changes in Spacing
Between Elements
Under the foregoing conditions expression (193) is identically
zero, and so it is conecluded that the natural behavior of the three-

element array is characterized by a vanishing field at distant points

along the axis of the array.

Five-Element Array.--The treatment of an array with five elements follows

much along the same lines with the exception that the development has to
be modified in order to establish one additional constraint corresponding
to the additional degree of freedom possessed by a five-element array as
compared to the three-element array assuming, of course, that both arrays
are center-driven. The work which follows shows that the search for this
additional constraint leads first to an impasse, but finally ends after

an analysis of a four-element array.



Figure 8 shows the pertinent geometry of a five-element array. As

before, P is some distant point along the axis of the array.

sions which correspond to (192) and (193) are respectively

P T L LA LA

The expres=-

€— d —>E— d —ome— d €~ d —»

Figure 8. A Five-Element Array

+ee + Ile + IO + Ile + i2@

and

® & b aee® 2Bd + hIlg COSEBd - BIeIlcos(Qé s

. )
I, > ) cos Rd

1

+ 4T cos O, cos 28d + LI T. cos &
= 73

I, cos PBd

1
Suppose

IO = constant

ja, - 2pd) Jla, - Bd) jlay + Bd) (e,

+ 2Bd)
(199)

cos 2Bd (200)

(201)

As before, the first step is to set the derivatives of (200) with respect

to the unknowns equal to zerc:
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i
O

2
812cos 2Bd + MIOLosaQQOSEﬁd + BIlcos(ae - al)COdeCOSESd

|
L

81l00526d il MIOcosx cosPd + SIgcos(a - al)cosﬁdcoseﬁd =

1 2

(202)

il
O

- il i - - 1 3 ]
8121151n (QE al)cosBdcosesd L101251na2cos_5d

- -l R =
SIEIlsin (a2 al)cosBdCOSQBd HI I, s1n0 cospd = O

0

Assuming cos Bd # 0, cos2fd £ O, Il £ 0, I2 # O the preceding set may be

simplified and put in the form

2T,c082Ba + I costl, + Ellcos(aé - al)cosﬁd =0 (203)
[=] = — ),
2T, cospd + Lycosd, + 2I2coo(a2 al)cosea& 0 (20k)
. = Ve . =
21151n(a2 a, JeosBa + I sind, 0 (205)
21251n(a2 - al)COSEBd - I sin =0 (206)
Equations (205) and (206) give the relations
sin 012
Ly =~ % Baimla. - & Joos Ba (207)
]
sin al
a )
=1y g sin(a, - &, )cos 2 A4 (208)

Substitution of (207) and (208) in equations (203) and (204) shows that

the latter are satisfied identically. Therefore, unless

sin(a’e -Q,) =0 (209)
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the set (203) through (206) possesses no unique solution. In the event
that condition (209) is true, then in conjunction with equations (205)

and (206) it requires that

1}

Q. = mr fm=8 1, 8, 3 «is) (210)

Il

o, = B 58, 1B 3y e (211)

which means that the current Il and 12 are either in phase or 180° out

of phase. If they are in phase, equations (203) and (204) become

+ T i ; 3 _ o
21, cos 2 Bd + I, cos O, + 2L, cos Bd = 0 (212)
2I, cos Bd + I cos @, + 2I, cos 2 Bd = 0 (213)
and, therefore, since cos @, = cos @,, equations (212) and (213) are not
independent. Either of them states that
IO
(Il cos PBd + I, cos 2Bd) = - 5 cos Q (214)

Observe, that upon setting I, = 0, equation (214) reduces to equation
(197).

According to equation (21L) the problem of a five-element array,
subject to the condition (201), has an infinite number of solutions, =z
fact which can be predicted from the outset since the five-element array
has two additional degrees of freedom when compared with the three-element
array; and yet the two systems have identical constraints. DPicking either

I1 or I, at random reduces the problem to the class of the preceding
&
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problem, namely that of the three-element array which, as already shown,
has a unique sclution once IO is fixed. Similar comments apply if Il and
I, are 180° out of phase.

Evidently, what is needed here is a reduction in the number of de-
grees of freedom of the system. Among the several possibilities imagin-
able one is to fix the angles al and aeo Then the currents Il and 12 are

constrained by equations (203) and (204) which may now be written thus:

I
. 0 ;
I, cos Bd cos (32 - al) + I, cos 2 Bd = ~ 5= cos @, (203a)
IO
I, cos Bd + I, cos 2 Bd cos (a2 - al) = - 5~ cos O (20ka)

When solved simultaneously, equations (203a) and (20La) yield

I sin O

_ .9 2
Il - 2 cos Bd sin (0, - O.) (215)
2 1
I sin @
T, g - (216)

27 2 cos 2 Bd sin (@2 - dET

Comparison shows that equations (215) and (216) are identical with equa-
tions (207) and (208), respectively. In fact, these same relations are

obtained upon fixing I, and I_. rather than ¢ and ¢ because only two

1 2 i 27
of the four equations (203) through (206) are idependent. So, again

equation (214) applies and, as before, it is impossible to find unique

values for Il and 12
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Observe, however, that an attempt has been made to solve a problem
involving coupled systems when the coupling coefficients are unknown.
What is lacking here is the type of information implied by, for instance,
equations (197) and (198) regarding the three-element array. Specifi-

cally, the ratio

1
il 1
D e e S, E 3
IO| 2cospd (217)

is a current transfer ratio which conveys information as it relates to
the system much like a transfer, or mutual, impedance does in circuit
analysis. Therefore, the next obviocus step in the development is to
determine the current transfer ratio Ig/Il of the four-element array ob-
tained when the center element in Figure 8 is deleted. Accordingly, upon

setting I. = O expression (200) becomes

0]

ur 2 COSEEBd + hILE cosgﬁd + 81211 cos(a. - O )cosPd cos2Bd (218)

2 2 l)

Without loss in generality &, may be taken zero, and, therefore, expres-

1
sion (218), after division through by four, may be put in the form

2 .
I cosEQﬁd + :12 cos“pa + 21 cosPd cos2Bd (219)

I. cos O
o 1

2 2

Differentiating (219) first with respect to I, and then with respect to

2

ag, and setting each result egqual to zero gives

212 COSEEBd + 211 cos Q, cosPd cos2Rd = 0O (220)
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- 2 I,I, sin &  cosBd cos2Bd = O (221)

2

Therefore,

cos a2 cosBd

2 1~ cos 2 B4 (222)

sina_. =0 (223)

t is clear now that, depending on the signs of cosBd and cos2fd, the

current I, is either in phase or 180° out of phase with I The current

2 1’
transfer ratio may be obtained easily from equation (222):
B compn -
Il ~ cos2Bd :

Now the relation (224) may be substituted in equation (214), with the
latter modified to take intc account the 180° phase difference. The re-

sult is

Ty

sty i /
1~ L cosBd (225)

T
0
2 = T cos2Bd (226)

1

with @, = 180°, a, = 180°. Under these conditions expression (210) is
identically zero.
The preceding analysis may be extended easily to linear, symmetri-

cal arrays consisting of any odd number of short radiators.
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CHAPTER VIIT

FIELD THEORY, CIRCUIT RELATIONS, AND THE DYNAMICAL METHOD

The Connection Between TField and Circuit Theories.--The relation between

circult concepts and field theory has been the subject of extensive treat-
ments in the literature of the past (19) (20). Thus, it has been shown
that Kirchhoff's current law expresses the principle of conservation of
charge, and that Kirchhoff's voltage law is a mathematical extension of
the integral form of Maxwell's emf equation, that is, Faraday's law, on
the premise that the current existing in a given closed circuit distrib-
utes itself uniformly throughout the conductors' cross section and has
the same magnitude in all parts of the circuit. ©Such an assumption is
of extreme importance in that it demands the circuit inductance to be a
function of the circuit geometry alone and independent of the current;
further, it neglects the effects of retardation, namely radiation, thus
implying that circuit dimensions are negligible compared to wavelength;
finally, it neglects the internal reactance of the conductors. These
approximations are good only at low frequencies and, therefore, Kirch-
hoff's voltage law breaks down at higher frequencieg unless provisions
are made to incorporate properly selected lumped elements in the equiva-
lent network. Thus, the two main laws of the electric circuit are just

special cases of Maxwell's equations.

Circuit Aspects of the Variatiomal Principle.--Tnasmuch as the varia-

tional principle, as already shown, is based upon Maxwell's equations, a
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reasonable question that might be asked is, can this principle be used
in place of Kirchhoff's voltage law? The snswer is yes.
By way of illustration, consider first a simple series LC circuit
and let g be the instantaneous charge on the plates of the condenser.
Let é denote the time rate of change of g, i.e., i = dg/dt. (In the lan-

guage of dynamics g is the generalized coordinate of the problem,) Then

2
W, = o (227)

sl
o
2

is the instantanecus energy stored in the capacitance, and

W= 5 L(a)° (228)

is the instantaneous energy stored In the inductance. Now form the

integral

2

=
=
1
=
:g‘-_.l
(7]
cl
Il
-\\\\‘) 3

[%2 - 2 (0)° J at (229)

cf
&
|

and inquire as to what function q(t) extremizes the value of (229). Thus

posed, the variational problem implies the following Euler equation:
3 | &€ el adal & o2l .
Sglag -3 Jmwlslas -3 JJ=0 (230)
s > 5 2

which, when simplified, becomes

Q+7F74a4="0 (231)



82

an equation that can be written down easily through an elementary appli-
cation of Kirchhoff's wvoltage law.

The preceding example illustrates the application of the varia-
tional principle in the case of a conservative system. The treatment of
the general electric circuit problem, by analogy with Hamilton's prin-
ciple in its most general form ag given by Hildebrand (21)j may be based
upon the equation

b7

2

by
5f ui-_ vl Bay + V, 8y + eeee + V) Sqn)dtzo (232)

il

in which the g's are the generalized coordinates, and the Vi‘s the gen-
eraglized forces of the system corresponding to the qi'sn Equation (232)
implies as many simultaneous equations as there are independent qi's,
Its application may be illustrated by considering a series RLC circuit
excited by a source of E volts. In this case the generalized coordinate

q is the charge on the condenser plates,
(233)

and the generalized force

Ko

V=E-Rq-2 (234)

Lo

Since equation (232) implies the following system of so-called lagrange's

equations

-— = (1 =1, 2, +oo n) (235)



substitution of (233) and (234) in (235) yields the familiar equilibrium

equation of the circuit

Iq + Rq 3 (236)

+
ale
il

Equation (235) may be put in a more recognizable form upon letting

1g° -
WE =50 (237)
V==E (238)
P = 3R (239)

Then a system with a single degree of freedom, such as the single-loop
circuit being considered, is characterized by the condition
o

%
; aP - ]
5k/p (W, - W_) dt +k/q (E-=— ) 8gqgdt =0 (240)
). M E .
6y t dgq

1

and the corresponding Lagrange equatlon becomes

oW, - W) |l oW, - W_)
[H——\M,EJ- e (241)
dq 4

£
dt 30

In the past, several investigators have shown that the electric
circuit, considered as a dynamic system, may be analyzed by means of
lagrange's equation. Since a treatment of the same topie here would
seem redundant, the Interested reader is referred to the existing

literature (22)(23)(24%). It is to be shown, however, that equaticn (232)



may be used to derive the theorem of constant flux linkages. In this
regard, the point of departure is an example which illustrates an appli-
cation of the theorem.

Thus, consider the circuit of Figure 9, and let it be required to

find the current in the circult as a function of time after the switch

i 10 1 ny
2 AAMA— TN
' 1
Ry i
R2 10
R R t‘OvSL
L, Q2 hy

Figure 9. An Electric Circuit Undergoing a Transient

is opened at t = 0. The differential equation describing the network's

behavior for t > 0 is

21 + 3 %% =1 (242)

2
-
The complementary function of the differential equation (242) is De 3 ,

where D is a constant which is to be evaluated, and its particular inte-

gral is %. Thus, the complete solution is

i(t) = % + De (2k43)

Before the switch is opened, i = 1 ampere and the current through L2 is

zero. Now the question is, what 1(0) should be used to evaluate the
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constant D? Should i(0) be zero or one? The answer to this gquestion is
furnished by the theorem of constant flux linkages which demands that the
flux linkages of the circuit be maintained constant. Thus, evaluating

the flux linkages for t > O

L1+ L, 1= (1)(1) + (2)(1) = 34 (2bL)

and for £t < O

L, (1) + L

1 o, (0) = (1)(1) =1 (245)

and equating the numerical results (24h4) and (245) yields
(246)

Evaluation of D in equation (24) is now a simple matter, and the com-

plete solution becomes

i:%_—é.e 3 t>0 (2}"‘7)

In his book, Bewley (25) gives credit to Doherty (26) for being
the first to formulate the theorem of coanstant flux linkages and to use
it extensively in the study of machine transients. However, since
Doherty's derivation of the theorem tacitly implies that circuits must
contain no capacitances and no applied voltages but, aside from induc-
tances, only resistances which are negligibly small, the application of
the theorem appears to be restricted to a class of circuits which does

not include the type of circuit considered earlier.
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These restrictions may be eliminated as follows: As before, let
it be postulated that magnetic energy in electrical circuits is analogous
to kinetic energy in mechanical systems, and consider a circuit having a

generalized force V,, self inductance Li and mutual inductances Mi with

s k

neighboring circuits. Then the magnetic energy stored in the circuit is

. Z‘ 1 -0
by &y ¥, 8 Mg G (248)
T

=
PO

When (248) is substituted in equation (232) and the indicated manipula-

tions performed, it is found that

a . D
EEL Lyy 85 +ZM:U«: Ay :[ =g (249)
k

Integration of equation (249) over the time interval [to, t] gives

t

YM ) J =ftvi at (250)

. g, F q.
ks i z?w ik “*k t s
k 0 0

L L
Unless the generalized force Vi is an impulse centered at to the right-

hand member of equation (250) vanishes as t ﬂ-to and, therefore,

~ t

1im : ¢ ° ;
£ -t |f'ii 9y +Zmik Qe J =4 (251)
© k to

which is a mathematical statement of the fact that the flux linkages of

the circuit must be maintained constant. This proves the theorem.
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It is important to note that V, in equation (250) can include
terms due to resistance, capacitance and source voltage. If, in par-
ticular, the source voltage happens to be an impulse, then equation
(250) may be used to derive the initial conditions.

Suppose, for example, that a series RLC circuit, initially at
rest, is excited by a unit impulse centered at to = 0. Then equation

(250) gives

1q(0) = 1
or the well-known initial condition

: _ L

1(0) = =

In the most general case, it is possible to arrive at the initial
conditions by solving simultaneocusly the set of algebraic equations im-
plied by equation (250). If the circuit is characterized by N indepen-
dent qi's, there will accordingly be N independent equations to be
solved simultaneously. The circuit does not necessarily have to be
initially at rest, for, 1f any of the qi's have non-zero values prior
to &t = to, the corresponding ?quations will be affected only to the
extent that their right-hand members will contain additional terms, but
they will still remain linéar in form just as they would if all of the

qi's are zero prior to t =t .

{5
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CHAPTER IX

CONCLUSIONS

The analytical problem treated in this work demonstrates con-
clusively that certain problems in electromagnetic theory may be solved
by integrating the point source sclution of Maxwell's equations subject
to the condition that in free space the difference in electric and mag-
netic energy contents has the minimum value allowed by the boundary con-
ditions. The application of the method to the time-honored cylindrical
antenna problem leads to an integral equation which is an improved ver-
sion of the equation obtained when the same problem is treated by the
method of Hallen. The aperture problem, formulated here for the first
time on a rigorous basis, is found to lead to an integral equation which
is similar in form to the equation describing the behavior of the cylin-
drical antenna. The natural behavior of linear arrays, consisting of
an odd number of equally-spaced short antennas, is characterized by the
fact that the far field along the axis of the array vanishes identically,
provided that only the center element is driven. By observing that both
Kirchhoff's equations and the eguation expressing the variational prin-
ciple are different manifestations of Maxwell's equations, it is not
surprising to find that electric networks may be treated as dynamical
systems. 1In this connection, a general proof of the theorem of constant
flux linkages is found to eliminate certain ambiguities which restrict

the applications of the theorem.
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Since the complete development of the new approach to the electro-
magnetic problem is a complicated task, the scope of this work was ac-
cordingly restricted to the treatment of a few simple antenna configura-
tions. The new method is, to be sure, no less complicated than the

classical method, but it can be used in formulating some problems where

the old method fails to do so.



90

APPENDTX

BASIC CONCEPTS OF THE CALCULUS OF VARTATIONS

The Simplest Problem of the Calculus of Variations.--Consider the

integral
x2
i =uf (%, ¥, y')dx (252)
X

1

in which the integrand f is a continucus function of its arguments,; namely
the variable x, the function y(x), and its derivative y'(x), and it has
continucus second derivatives, elther mixed or unmixed, with respect to

all its arguments for all y' and for x and y in the region defined by

vy (%) < ¥(x) <y,(x)

The problem is to determine y(x) such that the integral (252) has a rela-
tive extremum, elther maximum or minimum, in this region subject to the

boundary conditions
yla) = & ¥(x,) = K,

where Kl’ K2 are given constants. For the purposes of this discussion,

let it be required that the so-called "basic" integral I is to be mini-
mized. Then the question is, among all the so-called "admissible com-

parison functions" y(x) is there a particular function yo(x) such that



91

Iy 1< 1lyl (253)

for all y(x)? The brackets in (253) are used to signify the fact that I
is a "functional” of y.

Suppose yo(x) is, indeed, the minimizing function. Then

X X
2 2

f £z, Yoo .YO') dx _<_f f(}{: Vs y') dx (25L4)

X,

4 4

for every admissible comparison function y(x). Iet q(x) be a given funec-
tion which has continuous second partial derivatives on [Xl, Xg]’ and
which vanishses at Xy and X, Then, for any ccnstant ¢, the function
yo(x) + on(x) is an admissibvle comparison function because, first of all,
it has continuous second partial derivatives, being the sum of two fﬁnc—
tions satisfying this condition; secondly, yo(xl} + an(x:) = K, and
yo(XE) + an(xe) = K,; and, finally, yl(x) < yo(x) + on(x) < yg(x) when

@ 1s chosen convenlently small. As a result,

o 2
/ (%, vy, v,') dx < f £(x, y  + Om, vy '+ on')ax (255)
=L 1

The right-hand member of (255) is a function of &, once y and n are
assigned, and has a minimum when & = O. Thus, letting I(Q) and I(C)
denote respectively the left- and right-hand members of (255) the latter

becomes

1(0) < I(a@) (256)
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and, therefore,

ar(a) _ B :
=0 when @ = O (257)
That 1is,
*s
y e 1 [ a - ] F I"
) /“ [8‘(Xsyo,yo ) &, of(x,y ,v ") aly +om) X of (%7 ,¥,") aly, ')
J ax da oy da oy ' dor
X 8] o
1
-
- L/“ [ 52 £(x,5_,5,") + 0 5§**-f(x Y ¥,')]1dx =0
J ayo 15579 N yol R Res

Integration by parts now gives

i 2 2 =
o) : o d fo
a_:y'__:" f<X}yO}yé)dx =T '5? f(X?yO}Yé)-’ "’L[\ i ax ‘:W f(X:yO;y(‘))J dx (259)
o o [x X, o
1

But since, by assumption, n(xl) = n(xg) = 0, the first term in the right-
hand member of (259) vanishes, so that equation (258) may now be written

as

X
_\2 [ 1
dI(o 9 1 | 9 \
0 [ sty - el om0 e
1

The next step in the development involves an application of the
Fundamental Iemma of the calculus of variations which may be stated thus:

Let X and x2 be real constants with %y = Xy If F(x) is continuous on

de (258)
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e
rxl, xel and if L/ﬁ n(x) F(x) dx = 0 for every function n(x) which has
X
1
continuous second partial derivatives on [xl, xgl, and for which

n(xl) = q(xg) = 0, then the function F(x) is identically zero on [xl, X2}.

Accordingly, the integrand in equation (260) must vanish identically:

O rlay,y') - & | < fy L) | =0 (261)
55_ o’“o dx 3}; o’ "ol

8]

which means that, if a Yo satisfying (254) exists, then it is a solution

of the differential equation
> . d [ B . e
Fy _f'(x‘,y,y'} " % [ ‘an( f(x,y,y')} = 0 (262)

which is usually called "Huler's equation.”

An illuminating example of the manner in which the foregoing prin-
ciples may be applied is furnished by the classical problem of showing
mathematically that the shortest distance between two points in a plane
is a straight line. Thus, let (xl, yi) and (XE’ yg) be two points in the
xy plane and let y(x) represent the admissible comparison functions. The

integral to be "extremized" is

X
Ily] :f 1+ y'? ax (263)
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Obviously, equation (26L) gives

y¥ = € (265)

and, therefore,

v =Cx+C (266)

which is clearly the equation of a straight line. The constants of inte-

gration C,, C, may be evaluated from the boundary conditions y(xl) =¥,

2
and y(xg) =¥y

The Variational Notation.--The term On(x), introduced in the preceding

development, changes a given function y(x) into a new function y(x)} + an(x,.

By convention
8y = om(x) (267)

is called the "variation” of y(x). Corresponding to this change in y(x),
a given function f(x, y, ¥y') varies by an amount which, neglecting higher
order terms, is defined to be the variation of f and is, accordingly, ex~

pressed by

of of .
= it o4 e 7 5
af ?y N+ gyu Otn {268;
Evidently, the integrand in equation (258) is, to within the multiplica-
tive constant O, equal to the variation of L%, ¥ y'). And in view of
this; the preceding development of the simplest problem of the calculus

of variations may be stated thus: A necessary condition that the integral



(252) be "stationary" is that its variation vanish:

8f(%; v, y*) dx = 0 (269)

More General Variational Problems.--Tf the basic integral involves m

independent variables x, ¥, 2 ..., and n dependent variables ¥y, U, Vv sc0,
a development similar to the one outlined earlier leads to one Euler
equation for each of the n dependent variables. The interested reader

is referred to the literature (8).
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