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SUMMARY 

The m a t h e m a t i c a l m o d e l of the p r o b l e m c o n s i s t s of a v i s c o u s 

c o m p r e s s i b l e fluid flowing l a m i n a r l y in a c i r c u l a r t u b e , A r e s o n a n t 

acous t ic , f ield is i m p o s e d on the fluid in the t u b e . The flow is a s s u m e d 

to be fully developed, , 

The equa t ions of m o t i o n of a c o m p r e s s i b l e fluid for c o n s t a n t 

v i s c o s i t y a r e w r i t t e n in c y l i n d r i c a l c o o r d i n a t e s and s i m p l i f i e d by the 

condi t ion of a x i a l s y m m e t r y „ The g e n e r a l m e t h o d of so lu t ion of the 

r e s u l t i n g e q u a t i o n s c o n s i s t s of ( l) s e p a r a t i n g the v e l o c i t i e s in to t i m e -

dependen t a n d t i m e - a v e r a g e c o m p o n e n t s , ( 2) s impl i fy ing the e q u a t i o n s 

of m o t i o n by an o r d e r of m a g n i t u d e a n a l y s i s and by m a k i n g s impl i fy ing 

a s s u m p t i o n s about the sound field, ( 3) tak ing the t i m e - a v e r a g e of the 

con t inu i ty and m o m e n t u m e q u a t i o n s , and ( 4) so lv ing the s impl i f i ed 

d i f f e r en t i a l e q u a t i o n s . A p p r o x i m a t e so lu t ions a r e ob ta ined for the 

t i m e - d e p e n d e n t a n d the t i m e - a v e r a g e v e l o c i t i e s -

A t i m e - a v e r a g e s t r e a m funct ion was ob ta ined which p r e d i c t s 

the s t e a d y v o r t e x flow which has b e e n o b s e r v e d e x p e r i m e n t a l l y for a 

Kundt ' s tube u n d e r g o i n g r e s o n a n t a c o u s t i c v i b r a t i o n s „ The m a x i m u m 

v o r t e x t h i c k n e s s , the d i s t a n c e f r o m the tube wal l d iv ided by the tube 

r a d i u s , i s shown to be to a f i r s t a p p r o x i m a t i o n s o l e l y a funct ion of the 

p a r a m e t e r M 2 / M . M is t he a c o u s t i c Mach n u m b e r which is b a s e d on s ' s 

the m a x i m u m a m p l i t u d e of the t i m e - d e p e n d e n t ax i a l ve loc i ty , a n d M 

is the throughf low M a c h n u m b e r , which is b a s e d on the a v e r a g e a x i a l 

ve loc i ty . Q u a l i t a t i v e l y , the t i m e - a v e r a g e flow is qu i t e s i m i l a r to tha t 



VI 

of channe l flow a s a n a l y t i c a l l y d e t e r m i n e d by P u r d y * . H o w e v e r , the 

p r e d i c t e d v o r t e x t h i c k n e s s is g r e a t e r for channe l flow than for tube 

flow, 

-;<K„ R„ P u r d y , V i s c o u s Flow Under the Inf luence of a R e s o n a n t 
A c o u s t i c F i e l d , Ph„ D. T h e s i s , G e o r g i a I n s t i t u t e of Techno logy , ( in 
p r e p a r a t i o n ) „ 
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C H A P T E R I 

INTRODUCTION 

B a c k g r o u n d 

It i s wel l known tha t a tube s u b j e c t e d to a r e s o n a n t sound f ie ld 

exh ib i t s p h e n o m e n a due to the p r e s e n c e of the sound . Kundt5 s tube i s 

a c l a s s i c a l p h y s i c s e x p e r i m e n t in which a g l a s s tube con ta in ing dus t 

f i l led a i r i s s u b j e c t e d to a r e s o n a n t sound f ield; the dus t p a r t i c l e s 

c o l l e c t in d i s t i nc t p i l e s at the ve loc i ty n o d e s , thus d e m o n s t r a t i n g the 

p r e s e n c e of the s t and ing sound w a v e s . L o r d R a y l e i g h [ l ] ;;% by i n v e s 

t iga t ing c e r t a i n s p e c i a l po in t s in a Kundt ' s tube , was a b l e to deduce 

tha t t h e r e is a g e n e r a l c i r c u l a t i o n of the fluid f r o m loops to nodes n e a r 

the wal l and in the r e v e r s e d i r e c t i o n n e a r the c e n t e r of the tube 0 

W e s t e r v e l t [ Z] c o n s i d e r e d the t h e o r y of g e n e r a l c i r c u l a t i o n 

c a u s e d by a sound f ie ld . .Later S p u r l o c k [ 3] c o n s i d e r e d the effects 

of a c o u s t i c v i b r a t i o n s on a i r flowing in a tube , but he l i m i t e d h is 

a n a l y s i s to i n c o m p r e s s i b l e f l u id s . R e c e n t l y P u r d y [4] d e v e l o p e d a. 

so lu t ion for the ve loc i ty f ield of a c o m p r e s s i b l e fluid u n d e r the inf lu

e n c e of a r e s o n a n t a c o u s t i c f ield in a channe l with t h r o u g h flow. 

S t a t e m e n t of the P r o b l e m 

The m a t h e m a t i c a l m o d e l of the p r o b l e m u n d e r c o n s i d e r a t i o n in 

th i s r e s e a r c h c o n s i s t s of a v i s c o u s c o m p r e s s i K l e fluid with cons t an t 

^ N u m b e r s in b r a c k e t s r e f e r to r e f e r e n c e s in the B i b l i o g r a p h y a t the 
end of the t h e s i s 0 



d y n a m i c v i s c o s i t y u n d e r g o i n g fully d e v e l o p e d l a m i n a r flow in a c i r c u l a r 

t u b e . A s k e t c h of the tube is shown in F i g u r e 1„ A r e s o n a n t a c o u s t i c 

f ie ld i s i m p o s e d on the fluid in the t u b e . P r o v i d e d tha t the l eng th of 

the tube is a n i n t e g r a l m u l t i p l e of the son ic wave l eng th , a r e s o n a n t 

sound f ield i s f o r m e d when a s t e a d y p e r i o d i c sound wave i s g e n e r a t e d 

a t one end of the t u b e , Unde r t h e s e cond i t ions s t and ing sound waves 

a r e f o r m e d in the tube ; t h e s e waves have g r e a t l y a m p l i f i e d sound 

l e v e l s b e c a u s e of the r e s o n a n t c o n d i t i o n s . 

The g e n e r a l m e t h o d of so lu t ion u s e d by P u r d y for channe l flow 

will be u s e d to ob ta in the so lu t ion for the g e o m e t r y of a c i r c u l a r t u b e , 

The g e n e r a l m e t h o d c o n s i s t s of ( l) s e p a r a t i n g the v e l o c i t i e s i n to 

t i m e - d e p e n d e n t and t i m e - a v e r a g e components . , ( Z) s impl i fy ing the 

e q u a t i o n s of m o t i o n for a c o m p r e s s i b l e fluid by an o r d e r of m a g n i t u d e 

a n a l y s i s a n d by m a k i n g s impl i fy ing a s s u m p t i o n s about the sound field, 

( 3) t ak ing the t i m e - a v e r a g e of the con t inu i ty and m o m e n t u m equations; , 

and ( 4) ob ta in ing a p p r o x i m a t e so lu t i ons to the s i m p l i f i e d d i f f e ren t i a l 

e q u a t i o n s . 



F i g u r e 1. Flow S y s t e m Model 

OJ 



C H A P T E R H 

D E V E L O P M E N T O F T H E D I F F E R E N T I A L EQUATIONS 

F u n d a m e n t a l E q u a t i o n s 

The g e n e r a l v e c t o r equa t i ons which g o v e r n the m o t i o n of a 

c o m p r e s s ib l e fluid with c o n s t a n t v i s c o s i t y a r e 

Cont inu i ty 

| f + p (V» V) + (VP) • V = 0 , and ( 1) 

M o m e n t u m 

| V + V Z ! - V x ( V x V) = W - ^ £ + ^ V ( V * V) + v V 2 ' V . (2) 

If t h e s e equa t ions a r e expanded in c y l i n d r i c a l c o o r d i n a t e s a s 

shown in F i g u r e 1 and a r e s i m p l i f i e d by the condi t ion of a x i a l s y m m e 

try., the following equa t ions a r e ob ta ined: 

Cont inu i ty 

^ £ + O ~ + V - ^ + £ V + D — + u - ^ ~ 0 (3) 
d t P d r ^ V d v ^ r ^ p d z ^ U d z - [ } 

M o m e n t u m 



a n d 

3u 
at 

+ V 
3u 
3 r + u 

a_u 
dz 

Z - 8 P 
3z 

(5) 

+ n 
i a^v 
3 a r 9 z + 

1 3v 
Fz" + I 

4 a2u a2u 
3 r + 

dz' 9 r 

1 3u 
r 3 r 

S impl i fy ing A s s u m p t i o n s 

Addi t iona l a s s u m p t i o n s a r e n e c e s s a r y in o r d e r to s impl i fy the 

above e q u a t i o n s . T h e s e a s s u m p t i o n s a r e l i s t e d b e l o w . 

1„ The body f o r c e s a r e a s s u m e d to be n e g l i g i b l e . 

Z0 The p r e s s u r e i s a s s u m e d to c o n s i s t of a t i m e - m e a n componen t , 

p( r , z) , and a t i m e - d e p e n d e n t componen t , pj( z, t) . The t i m e -

d e p e n d e n t componen t is a s s u m e d to be the s a m e a s the r e s o n a n t acous 

t i c v i b r a t i o n s in an i n v i s c i d f luid, T h e s e v i b r a t i o n s a r e i n d e p e n d e n t 

of the r - d i r e c t i o n and a r e p e r i o d i c in both t i m e , t, and p o s i t i o n , z0 

T h e r e f o r e , 

r, z, t) = p( r , z) + p,( z, t) 6) 

3 „ It is a s s u m e d tha t s p a t i a l v a r i a t i o n s in d e n s i t y have only a s m a l l 

effect on the flow a n d tha t the t i m e - m e a n d e n s i t y m a y be c o n s i d e r e d 

c o n s t a n t and equal to p c . The p e r i o d i c d e n s i t y componen t p, i s 

a s s u m e d to be r e l a t e d to p7 by the i s e n t r o p i c r e l a t ionsh ip , , Th i s g ive s 

p( r> z>t) = Po + Pi( z> t) ( 7) 

The i s e n t r o p i c r e l a t i o n s h i p i s often u s e d to r e l a t e p e r i o d i c c o m p o n e n t s 

of d e n s i t y and p r e s s u r e . 



4„ It is assumed that the velocity components u( r, z, t) , and v( r5 z, t) , 

may be written as the sum of a periodic component and a t ime-mean 

component;, a technique that is attributable to Lin [ 5] . 

5. The assumed change of variables listed below can be used to write 

the continuity and momentum equations in non-dimensional form. They 

are 

v! = v/U0 = ~E + vx
! ( 8a) 

u1 = u/UQ = u< + Uj' 

r' - r / \ 

z' - z / \ 

P' =P/(poUo) = P! + Pi 

P! = P/Po = ! + Pi 

M-'; = f^/M-o = ^e = 2 

t{ = t / ( \/Uo) 

(8b) 

( 8 c) 

(8d) 

(8e) 

(8f) 

(8g) 

(8h) 

6„ These dimensionless quantities are assumed to have the orders of 

magnitude listed below. The quantity 8 may be defined as 6 « 1, or 

as 6 : 0( 0. 01) 

r ! =0(6) (9a) 

= 0( 1) ( 9b) 

= 0(6) (9c) 

= 0(82) ( 9 d ) 

ul = 0< 1) ( 9 e ) 

= 0(8,) (9f) u 
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pj = O ( l ) (9g) 

P! 0(6) (9h) 

Resulting Differential Equations 

Continuity 

If the dimensionless continuity equation is written in terms of 

time-average and time-dependent quantities and if only the terms of 

order of magnitude one or greater are retained, the following dimen

sional equation results: 

i£l + p $21 + Pft y) + p iHi 0 ( 10) 
St po 9r ' r + p0 dz ~ [ W 

If the time-average over one cycle of the dimensionless conti

nuity equation is taken, the following dimensional equation results 

after rearrangement: 

37 + Z + f* = ( 1 1 ) 
3r r 9z 

Po 
9vl _L ^P i . Piv"i , 9u, , 9p) 

Momentum 

The pressure may be eliminated from the dimensionless 

momentum equation by noting that 

a*p M a2p 
9 r9z 9z9i 

and that 
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^— [ d i m e n s i o n l e s s ( 5 ) ] - -K~ [ d i m e n s i o n l e s s ( 4 ) ] ( 12] 

e q u a t i o n ( 12) . 

T h e R e y n o l d s n u m b e r , p 0 U 0 A / ^ 0 , i s a s s u m e d to b e of o r d e r 1 /6 2 o r 

l e s s , If o n l y t h e t e r m s t h a t a r e o r d e r 1/6 o r l a r g e r a r e r e t a i n e d , 

e q u a t i o n ( 12) i n d i m e n s i o n a l t e r m s b e c o m e s 

o 9 

8 2 u ; 

9 r 2 

I ^L 
r 3 r 

JL 
3 r 

9u 
at - + v + u, 

du. 
l 3 r ' 1 dz 

( 1 3 ) 

B y r e t a i n i n g o n l y t e r m s of o r d e r o n e o r l a r g e r , t h e t i m e -

a v e r a g e of e q u a t i o n ( 12) g i v e s t h e d i m e n s i o n a l e q u a t i o n 

_9_ 
'o 3 r 

r , 2 -

a u 
. dv 

1 9u 
2 r 3 r 

dQ. 
3 r 14) 

w h e r e 

Q = Yi fbil. + Uj «iL + £i §£l 
1 3 r 1 9z p 0 9 t 

Hi 
i a 

-L -f. £-1 
Po 

3u-
•i ~aT 

15) 

B o u n d a r y C o n d i t i o n s 

T i m e - D e p e n d e n t V e l o c i t i e s 

E q u a t i o n s ( 10) a n d ( 13) m u s t b e s o l v e d to o b t a i n t h e solut io : -

of t h e t i m e - d e p e n d e n t v e l o c i t i e s s u b j e c t t o t h e f o l l o w i n g t h r e e 

b o u n d a r y c o n d i t i o n s : 

= v, = 0 a t r = R 

3 u 

a7 
i~ = 0, vj = 0 a t r = 0 

( 16a) 

16b' 



u j - - U0 cos(oot) , a t z = 0, r = 0 ( 16'c) 

The f i r s t a n d s e c o n d cond i t ions a r e the n o - s l i p and the 

s y m m e t r y cond i t ions r e s p e c t i v e l y . The a s s u m e d acous t ic , f ie ld r e 

q u i r e s the t h i r d cond i t ion . T h i s r e q u i r e m e n t i s r e a s o n a b l e s i n c e 

S a n d e r s [ 6] has shown tha t , excep t v e r y n e a r the wal l , the ve loc i ty is 

the s a m e in t h i s c a s e a s tha t in an i n v i s c i d c o m p r e s s i b l e fluid u n d e r 

going r e s o n a n t a c o u s t i c v i b r a t i o n s . 

T i m e - A v e r a g e V e l o c i t i e s 

E q u a t i o n s ( 11) and ( 14) m u s t be s o l v e d to ob ta in the so lu t ion 

of the t i m e - a v e r a g e v e l o c i t i e s sub j ec t to the following b o u n d a r y c o n d i 

t i o n s : 

u = ~ = 0 a t r = R (17a) 

| ~ = 0, 7 = 0 a t r = 0 ( 17b) 

27rp0 \ r u d r = 7 7 " R 2 p 0 U = c o n s t a n t . ( 17c) 
J 0 

The f i r s t a n d s e c o n d b o u n d a r y cond i t ions a r e a g a i n the 

s y m m e t r y a n d the n o - s l i p cond i t ions r e s p e c t i v e l y . The t h i r d condi t ion 

r e q u i r e s a s t e a d y t i m e - m e a n flow b a s e d on the a s s u m p t i o n of a con

s t an t t i m e - m e a n d e n s i t y . 



CHAPTER III 

SOLUTION OF THE TIME-DEPENDENT VELOCITIES 

Successive Approximation Method 

A method of successive approximations due to Schlichting [ 7] 

is used to obtain a solution to equations ( 10) , ( 13) 3 and ( 1 6) . The 

time dependent velocities Uj( r, z, t) and Vj( r3 z, t) are assumed to con 

sist of two terms. They are 

Uj( TS z3 t) z u10( r, z, t) + uLl{ r0 z, t) and ( 18) 

vt{ r, z, t) = v10( r, z, t) + vn( r, z, t) (19) 

where the first approximations;, Vj« and uT0, are the solution to 

Continuity 

^ v10_ a u ^ _ _i_ ap^ 
3 r r cJz p 0 o t ' v / 

Momentum 

" ^ r ar j - at +
 Po az - > 2 1 ) 

and the second approximations., v n and u i l 3 are the solution to 

Continuity 

Spi. + ilL. + ^ U . . o , and (22) 
9 r r dz v ' 
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Momentum 

^ n + i. 8^;i. I . ( 23) 
3r2 r 9r / -

9uM dum , 3u, 
+ at + V» 9r + 10 9z 

with the boundary conditions: 

UI0 ~ UU = vio ~ v n = ° a t r - R ( ^4) 

% ^ = T ^ = "ic = v„ = 0 at r = 0 ( 25) 

u10 = — U0 cds(cot) „ u u = 0 at r = -0, z - 0 ( 26) 

Equation ( 20) is obtained from an order of magnitude analysis 

of equation ( 5) or from integrating equation ( 13) with respect to rc 

In this analysis only the first approximations;, ufQ and vl<)3 a r e 

obtained„ However, Purdy showed. that3 at leas t in the s imi la r p rob

lem involving channel flow, the second approximations a r e small in 

relat ion to the. first approximat ions . 

Assumptions for F i r s t Approximations 

Additional a.ssumptions which a r e neces sa ry in order to further 

simplify the problem a r e l isted below„ 

h The time*-dependent component of p r e s s u r e , p,( z3 t) , is 

a ssumed to be the same as that of a s tat ionary in viscid, fluid under

going resonant vibrat ions. This p r e s s u r e is given by Morse [ 8] as 

, ,\ . . / wz | -icot / ,_v 
p,( z3 t) = - i p 0 cU0 s m | — j e . (27) 
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20 I t i s a l s o a s s u m e d t h a t t h e f i r s t a p p r o x i m a t i o n t o t h e s s - v e l o c i t y 

i s of t h e f o r m 

1J-Je*A r» Z} / - IL cos ooz 

c 
F , ( r ) 

•loot (28) 

where Fi( r) is a yet to be determined function of r„ 

30 By neglecting pressure-density variations due to p[ x3 z) and 

T ( r, z) , by assuming that the fluid under consideration may be 

accurately approximated by a perfect gas with constant specific 

heats undergoing an isentropic compression-rarefaction process, 

and by assuming that Of 8) , it can be shown that 

Pi ~ C pi U9) 

Resulting Velocity Equations 

z"•Velocity Component 

Using the assumptions listed above, equation (21) becomes 

_,ii , F{ . OJ _ . cu I TT / coz I -icot 
Fj + - i + i - ~ F2 - i - } U0 cos _ e , 0 30) 

If equation ( 30) is true for all z and t3 then 

F 4. _ _ ^ + x — Jb , - H- 1 (31) 

If only the solutions that are finite at r ~ 0 are included,, then 

the general solution to equation ( 31) is 

F,(r) = A J0 | i 2 £r j + 1 (3 2) 
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w h e r e A is a c o m p l e x c o n s t a n t to be d e t e r m i n e d by the b o u n d a r y c o n d i 

t ions atid w h e n ; /3 ~ I— J2 „ The functions J 0 j i a j3r ] , is a c o m p l e x 

B e s s e l function of the f i r s t k ind . If the a p p r o p r i a t e b o u n d a r y cond i t ions 

a r e a p p l i e d to the r e a l p a r t of equa t ion ( 28) , then the fol lowing r e s u l t 

i s obta.ined for the p e r i o d i c z - v e l o c i t y : 

u10( r , z, t) - U0 cos j ^ - J '**lLm b e r ( ^ r ) 
Ml (j3R) 

+ b e i f J R ^ b e i ( i 3 r ) _ x i c o s ( u t ; 

M0
2(/3R) } 

f bei(j3R) , (p \ ber( /3R) . ,(Q A . , .v + ^ _ v ̂  '- ber ( j3 r j —*-£•—£- be i ( /3 r )> sin(a)t) 
Mj (j3R) M* (/3R) 

3 3) 

A d e s c r i p t i o n of Ke lv in ' s b e r and be i funct ions is g iven by M c L a c h l a n 

[ 9] . The m o d u l u s , M0 ( |3r) , is def ined by 

Mg(/3r) : b e r 2 ( j 3 r ) + be i 2 ( j3r) 

B o u n d a r y cond i t ions (24) and (25) a r e s a t i s f i e d e x a c t l y , and 

b o u n d a r y cond i t ion ( 26) is s a t i s f i e d a p p r o x i m a t e l y for u10 a s g iven in 

equa t i on ( 3 3) 0 

A p p r o x i m a t i o n s of the B e s s e l funct ions for l a r g e j3r a r e p r e 

s e n t e d in A p p e n d i x D. Af te r t h e s e a p p r o x i m a t i o n s a r e s u b s t i t u t e d in to 

e q u a t i o n ( 33) , the following equa t i on is ob t a ined : 

UK,( r , z , t) = - U 0 c o s | — - J . 1 cos(ojt) 34) 

fR fc 
R I , 

i I x " TC 
c o s 

/3 ft 

yr ['-*] tot 



r - V e l o c i t y C o m p o n e n t 

Af t e r d i f f e r en t i a t i on with r e s p e c t to z, equa t ion ( 3.3) m a y be 

s u b s t i t u t e d in to equa t ion ( 20) . With equa t ions ( 27) and ( 29) a l l of the 

t ^ r i n s in equa t ion ( 20) a r e then known, and it m a y be i n t e g r a t e d 

d i r e c t l y . Upon s u c c e s s i v e i n t e g r a t i o n with r e s p e c t to r and upon 

i m p o s i t i o n of the r e q u i r e m e n t tha t v i y r e m a i n f ini te , the following 

r e s u l t is ob ta ined for the r e a l p a r t of v i 0 : 

10 ( r , z, t) s -f- 7j 
00 U Q , / OJZ 

j3 ~c~ i n I ~~c~ 
^ ± 2 * 1 bei'Or) ( 35a) 
M* (j3R) 

b e i ( ^ R ) b e r ' O r A cos(a)t) + f ^ f c 1 b e r f ( / 3 r ) 
Mj(j3R) J LMj(jSR) 

+ bei(/3R) b e i ' ( / 3 r ) j s i n ( a ) t ) 
M*(j3R) J 

E q u a t i o n ( 35a) a I t i s f i e s the s y m m e t r y b o u n d a r y condi t ion , 

e q u a t i o n ( 25.) , e x a c t l y ; but the n o - s l i p condi t ion , equa t ion ( 24) , i s not 

s a t i s f i e d . H o w e v e r , the m a g n i t u d e of the ve loc i ty a.t the wal l , 

vro( R, Z , t) , i s qu i t e s m a l l in r e l a t i o n to TJ,~ o r to the m a g n i t u d e of the 

p e r i o d i c z - v e l o c i t y . The a l t e r n a t i v e to th i s a r r a n g e m e n t is to s a t i s fy 

the n o - s l i p cond i t ion e x a c t l y a n d to a l low a c e n t e r l i n e r - ve loc i ty of 

inf ini te m a g n i t u d e , The c h o s e n a r r a n g e m e n t was c o n s i d e r e d to be the 

m o s t a c c e p t a b l e a r r a n g e m e n t of the two p o s s i b i l i t i e s . 

Af te r the a p p r o x i m a t i o n s f r o m Append ix D a r e s u b s t i t u t e d in to 

equa t ion ( 3 5 a ) , the fol lowing r e s u l t is ob ta ined : 
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ic ( r , z, t) ~ + 
OJ U 0 

—"• s m 13 c 
ooz 

c 

J R 
""VT 

e 

1 - R 
( 3 5b) 

/ 
• < s m PA [ 1 + z 

"VT R 
COs((Gdt] 

+ COS L l ' ll J "' \ \ s i n ( w t ) 1 w 
D i m e n s i o n l e s s Ve loc i t y C o m p o n e n t s 

E q u a t i o n s ( 33) a n d ( 34) for u10 and e q u a t i o n s ( 35a) and ( 3 5b) 

for v,Q m a y be w r i t t e n in d i m e n s i o n l e s s f o r m by dividing the equa t ions 

by the quan t i t y UQ . A plot of the d i m e n s i o n l e s s t i m e - d e p e n d e n t 

z - v e l o c i t y , Uj»( r , z, t) , i s shown in F i g u r e 2C 



wt = 0-2- 1 
10 5 

+ 0,00084-

+0.0006+ 

+ 0 . 0 0 0 4 1 

+ 0. 00021 

+0.0000 

3?r ZTT 7T 377 7TT 4TT 9?r 
TO 5 2 " 5 " 10 ~ T TO71 

-0 .8 - 01 4 0". 0 + 0.' 4 +0 

u ' ( r ' , 0, t* ) for /3R a 1000 .0 

+ 1. 2 

F i g u r e Z, T i m e - D e p e n d e n t Ve loc i ty P r o f i l e s as 



CHAPTER IV 

SOLUTION OF THE TIME-AVERAGE VELOCITIES 
AND STREAM FUNCTION 

Time-Average z-Velocity 

A first approximation is now available for all of the quantities 

that appear in equation ( 15) for Q. After the indicated mathematical 

steps are taken including the time averaging process, equation ( 15) 

reduces to 

Q . - a s i r ( ^ £ ) / M i i M + 2 
4 c S c ' I M J ( P R ) 

( 36) 

3 ber(fiR) ber(/3r) + bei( j3R) bei( gr) ] 

K (j3R) J 

Substitution of equation ( 3 6) into equation ( 14) , integration of 

equation ( 14) three times with respect to r, and imposition of the 

required boundary conditions gives the following result: 

u r, z, 
1 U2 

+ -r —^ sm 
4 c 

ZOJZ] / 1_ Mg (fir) 

I 2 M0
2(/3R) 

37a) 

, , ber(8R) , ., 0 , . b e i ( j3R) u / O N , 1 

+ 3 v " ; b e i ( j 3 r ) - 3 ——y~!=—L b e r ( j 3 r ) + -j 
Mi (j3R) 

(ryr 
j3R" 

1 -

M* ()3R) 

+ 2 U 1 -
R R* / 



The i n t e g r a t i o n which is r e q u i r e d in o r d e r to ob ta in equa t ion 

( 37a) is s t r a i g h t f o r w a r d , though s o m e w h a t t e d i o u s , e x c e p t for one 

c a s e which is d i s c u s s e d in Append ix C. M c L a c h l a n ' s B e s s e l F u n c t i o n s 

for E n g i n e e r s [ 9] p r o v e d qu i te helpful in c a r r y i n g out the above i n t e 

grat ion. , 

Af t e r the a p p r o x i m a t i o n s of the b e r and be i funct ions g iven in 

Append ix D a r e s u b s t i t u t e d in to equa t ion ( 37a) , the following r e s u l t is 

ob ta ined: 

IS 
8c 

u r 

s m 

, z) = 2 U '£ 
2OJZ M-# 1 - U r r 

R 
- 1 

( 3 7 b ) 

+ 6 # 
'-i s i n £*- [i -il 

— e r 

T i m e - A v e r a g e r - V e l o c i t y 

The t i m e - a v e r a g e r - v e l o c i t y can be ob t a ined by so lv ing e q u a 

t ion ( 11) sub jec t to b o u n d a r y condi t ions ( 17) . A f i r s t a p p r o x i m a t i o n 

to a l l of the t e r m s in equa t ion ( 1 l) is now known wi th in a s ing le 

d i f f e r en t i a t i on , a n d t h e s e t e r m s m a y be s u b s t i t u t e d into equa t ion ( 11) 

I n t e g r a t i o n of th i s equa t ion wi th r e s p e c t to r and a p p l i c a t i o n of bound

a r y cond i t ions ( 17) g i v e s the equa t ion 
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( r , z ) = + « ^ ( b e r l ^ ) b e r t ( ^ ; 

4 / 3 c2 \ M S ( J 3 R ) 

bei(j3R) 

M | (/3R) 
b e i ' (j3r)l ( 3 8 a 

J 

+ 4/3 
i i f i ; O S ( ^ £ ) f 6

 b e r ^ R ) b e r ' ( j 3 r ) 
C I Mj ( /3R) 

6 b e i ( ^ b e i ' ( j 3 r ) 
Ml (/3R) 

+ 
ber( j3r ) b e i ' ( j 3 r ) - b e i ( j 3 r ) b e r ' ( f i r ) _ /3r 

M* (j3R) 2 

- 0: ZZVJL 
j3R 

1 -
2R' 

E q u a t i o n ( 38a) m a y be s i m p l i f i e d by n e g l e c t i n g t e r m s of o r d e r 

of m a g n i t u d e -~ « 1. If th i s i s done, the following r e s u l t i s ob ta ined: 

— / \ , w U0 2CJZ 
v ( r , z) z + 77 —u cos 

8 2 l c 

r 1 -
R< 

( 3 8b) 

E q u a t i o n s ( 38) sa t i s fy the s y m m e t r y b o u n d a r y condi t ion , equa 

t ion ( 17b) , e x a c t l y ; and they sa t i s fy the n o - s l i p cond i t ion , equa t i on 

( 17a) , to a v e r y c lo se a p p r o x i m a t i o n . 

D i m e n s i o n l e s s V e l o c i t y C o m p o n e n t s 

E q u a t i o n s ( 37) a n d ( 38) for u( r , z) and v( r , z) r e s p e c t i v e l y 

m a y be w r i t t e n in d i m e n s i o n l e s s f o r m by dividing the e q u a t i o n s by the 

quan t i ty U0 . T h i s i s e x a c t l y the s t e p tha t was t a k e n in o r d e r to 

e x p r e s s the t i m e - d e p e n d e n t ve loc i ty c o m p o n e n t s in d i m e n s i o n l e s s 

t e r m s , A p lo t of the d i m e n s i o n l e s s t i m e - a v e r a g e z - v e l o c i t y i s shown 

in F i g u r e 3„ 
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Time—Average S t r e a m F u n c t i o n 

S t r e a m F u n c t i o n D e v e l o p m e n t 

If s p a t i a l v a r i a t i o n s in the t i m e - m e a n d e n s i t y a r e n e g l e c t e d , a 

s t r e a m funct ion m a y be def ined a s 

\\i Z 4J0 + Z7rp0 \ r u ( r , z ) d 
^o 

(39) 

w h e r e I|J0 i s a c o n s t a n t of i n t e g r a t i o n such tha t \\i z 0 a t r - 0, E q u a t i o n 

( 37) for u( r , z) m a y be s u b s t i t u t e d in to e q u a t i o n ( 39) . Upon i n t e g r a 

t ion th i s b e c o m e s 

^ = ô + -(* -f- s m [ - c~ | 
- 3 t { b e r ( j 3 r ) b e i ' (j3r) -be i ( j3r) b e r ' ( j3r)} 

0 M* (j3R) 

6 * b e r ( £ R ) b e r . ( ^ r ) „ 6 r bei(/3R) b e i ' ( / 3 r ) 

P M0
2(/3R) P Mg()3R) 

^ - ' H ^ l S > + ^ 

+ 2TTPO U r ' 
2R' 

The r e q u i r e m e n t tha t \p z 0 a t r s 0 y i e ld s the r e s u l t tha t L|J0 z 0 

s i n c e b e r ' ( 0 ) : O a n d b e i ' ( O ) = 0. 

D i m e n s i o n l e s s S t r e a m F u n c t i o n 

E q u a t i o n ( 40) for the s t r e a m funct ion m a y be w r i t t e n in d imen

s i o n l e s s f o r m if i t i s d iv ided by p0 7rR2TJ . A l s o le t 



r / R = y 

M = U 0 / c ( sonic Mach number) , and 

~M z TT/c ( through-flow Mach number) 

If the above substitutions a r e made and if the approximations 

for the ber and bei functions for j3r » 1 given in Appendix D a r e used, 

the following equation can be obtained from equation ( 40) : 

r i l i s / 
$ r Z l^ 2 - j y4 J + 4 -^ sin [ 

M 

2-ooz 

c 
(41) 

_ J^L -V2"/3R[l-^] _ A V 7 
?«R e ftR Y^ 2/3R /3R 

; ^ < - > r 
( C O S t£"-«-i. 

+ L1 - - / m j U ^ - * j + z 

By neglecting t e r m s of order - ^ « 1, equation (41) becomes 

f i i M i ? » ^ 

T -? 2 J i 1 2 1 s . 2OJZ r 2-1 I 
+ = 2 7 <1 - 2 Y - - r e — « n | — | [ 1 - 7 ] | . 

(42 ) 

Maximum Vortex Thickness 

An equation for the dimensionless s t reaml ine 1̂  = 1 can be 

obtained by substituting the value 1 for \\i in equation ( 42) and solving 

the result ing equation for y . This gives 

, M* 
I s . / Zcoz 

M 
- 2 ± 4 

s . / 2GOZ 
sin 

M 

. M2 . . 
1 s . f 2GOZ 

+ -j sin 
M 

(43) 
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If the t r i v i a l so lu t ion of y z r / R = 1 is e l i m i n a t e d , equa t ion 

(43) g ives 

1 
2 

, M2 

, 1 s . 
1 — -7? s i n 

M 

44) 

The m i n i m u m va lues of y can then be ob ta ined by setting 

s in(2ojz /c)= — 10 Then equa t ion (44) b e c o m e s 

m m 
1 + ^ 

M< 

M 

(45 ) 

A plot of equa t ion ( 41) fo r a t yp i ca l e x a m p l e i s shown in 

F i g u r e 4„ A l s o , a p lo t of J 1 the d i m e n s i o n l e s s dis 

m m 
t a n c e f r o m the tube wal l , v e r s u s M / M is g iven in F i g u r e 50 F o r com-

pa . ra t ive p u r p o s e s a p lo t of the r e s u l t s ob t a ined by P u r d y for channe l 

flow is i nc luded in F i g u r e 5„ S e v e r a l e x p e r i m e n t a l da ta p o i n t s for 

flow in a c i r c u l a r tube which w e r e ob ta ined by P u r d y a r e a l s o i nc luded 

in th i s F i g u r e . 



0. 0 0. 125 0, 50 0. 375 0, 50 

z' z z/A 
M< 

M 
11. 32 

Figure 40 Graphical St reamline Representat ion 
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C H A P T E R V 

DISCUSSION O F R E S U L T S 

P e r i o d i c V e l o c i t i e s 

C o m m e n t s on u10 ( r, z, t) 

By s u b s t i t u t i o n of equa t ion ( 32) for F t ( r) in equa t ion ( 28) and 

by e v a l u a t i o n of the c o n s t a n t A a p p e a r i n g in equa t ion ( 32) , the fol low

ing c o m p l e x r e s u l t i s ob ta ined for the f i r s t a p p r o x i m a t i o n to the 

p e r i o d i c z - v e l o c i t y : 

u l 0 ( r , z , t ) z U0 cos(coz/c) 
J £ 

I3R 

-icot 46) 

An i n t e r e s t i n g c o m p a r i s o n can be m a d e with r e g a r d to equa t ion 

( 46) . The flow of a v i s cous i n c o m p r e s s i b l e fluid u n d e r g o i n g p u l s a t i n g 

flow t h r o u g h a c i r c u l a r p ipe was s t u d i e d by Uchida [ 10] . Uchida 

ob ta ined a so lu t ion for the z - v e l o c i t y of the f o r m 

u ( r , t ) = U0 
Jo i* /3 r ) 

Jo 
' 1 1 
i 2 j3R| 

-i6ot 4?: 

which is qu i te s i m i l a r to equa t ion ( 46) excep t for the d e p e n d e n c e on 

the z~ c o o r d i n a t e due to the c o s i n e t e r m , 

S p u r l o c k [ 3] c o n s i d e r e d the effects of a c o u s t i c v i b r a t i o n s on 

s i r in a r e s o n a n t t u b e . He l i m i t e d h i s m a t h e m a t i c a l m o d e l to tha t of 

an i n c o m p r e s s i b l e fluid wi th a p r e s s u r e d i s t r i b u t i o n g iven by an 



27 

i n v i s c i d c o m p r e s s i b l e fluid a s was done by th i s w r i t e r . The r e s u l t 

ob ta ined by Spu r lock was in a g r e e m e n t wi th tha t of equa t ion ( 46) . 

The quan t i ty in b r a c k e t s in equa t ion ( 46) is c o m p l e x and m a y 

be w r i t t e n a s 

b r a c k e t s f r o m 
equa t ion ( 46) 

Rea l 
R 

+ i I m a g i n a r y 
Jl 

(48 ) 

•iwt . 
The f a c t o r e ' i s a l s o c o m p l e x a n d is g iven by 

'iwt z cos (cot) — i s in (cot) (49) 

Only the r e a l p a r t of equa t ion ( 46) is of i n t e r e s t , and it can be ob ta ined 

by m u l t i p l i c a t i o n of the r e a l p a r t of the p r o d u c t of equa t i ons ( 48) and 

( 49) by the quan t i ty UQ cos(co z / c ) . Th i s r e s u l t is e x p r e s s e d in e q u a 

t ion ( 33) and is s t a t e d h e r e in a b b r e v i a t e d f o r m a s 

• :c 
( r , z, t) = U 0 cos (coz /c ) < [ ] R cos(oot) + [ ]-r sin(cot) (50) 

S p u r l o c k c o n s i d e r e d only the r e a l p a r t of equa t i ons ( 48) and 

( 49) and not the r e a l p a r t of t h e i r p r o d u c t . He ob ta ined for the r e a l 

p a r t of equa t ion ( 46) the equa t ion 

u ( r , z , t ) = U0 cos(coz/c) I [ ] cos(cot) \ . (51) 

I R J 
It shou ld be po in t ed out tha t both S p u r l o c k and Uchida 

a s s u m e d a t i m e - d e p e n d e n c y funct ion of the f o r m e r a t h e r than of 

the f o r m e ' a s was a s s u m e d by th i s w r i t e r and a s was d i s c u s s e d 

a b o v e . Th i s d i f f e r ence i s p u r e l y a m a t t e r of p r e f e r e n c e s i n c e an 

i d e n t i c a l r e s u l t can be ob ta ined for the r e a l p a r t of the p e r i o d i c 
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z - v e l o c i t y by u s e of e i t h e r a s s u m p t i o n . T h e r e is only a d i f f e r ence in 

s ign in the d i s c a r d e d i m a g i n a r y p a r t of the p e r i o d i c z~ ve loc i ty . 

C o m m e n t s on v10 ( r , z, t) 

The r e s u l t which was ob ta ined for the r e a l p a r t of the p e r i o d i c 

r - v e l o c i t y b e f o r e e v a l u a t i o n of the c o n s t a n t of i n t e g r a t i o n can be 

w r i t t e n in a b b r e v i a t e d f o r m a s 

v I 0 ( r P z , t ) = ^ - ^ s i n ( t W c ) [ ] + ~ (52) 

w h e r e B i s the cons t an t of i n t e g r a t i o n . 

The s y m m e t r y b o u n d a r y condi t ion r e q u i r e s tha t the p e r i o d i c 

r~ ve loc i ty a t the tube c e n t e r i i n e , v10( 0, z, t) , equa l z e r o . The n o - s l i p 

b o u n d a r y condi t ion r e q u i r e s tha t the ve loc i ty a t the tube wal l , 

v»0( R, z, t) , equa l z e r o . Obvious ly only one of t h e s e cond i t ions can be 

sa t i s f ied^ Sa t i s f ac t i on of the n o - s l i p b o u n d a r y cond i t ion r e s u l t s in a n 

inf in i te c e n t e r i i n e ve loc i ty ; s a t i s f a c t i o n of the s y m m e t r y b o u n d a r y 

condi t ion r e s u l t s in a f ini te ve loc i ty at the tube wal i 0 Whi le n e i t h e r of 

t h e s e p o s s i b i l i t i e s is fully a c c e p t a b l e , the inf in i te ve loc i ty a t the tube 

c e n t e r i i n e i s c o n s i d e r e d to be the m o s t o b j e c t i o n a b l e . S a t i s f a c t i o n of 

the s y m m e t r y b o u n d a r y condi t ion r e s u l t s in the e x p r e s s i o n for the 

r - v e l o c i t y g iven in equa t ion ( 35) . 

On the o the r hand if the n o - s l i p b o u n d a r y condi t ion i s s e l e c t e d 

to be s a t i s f i ed , the following equa t ion i s ob ta ined : 
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r{ T0 Z, t ) = 
GO Up. . COZ 

+ 77 —" • S i n — 

p c I c 
^ I L S R ) b e i ' ( 0 r ) 
M^/SR) 

(53; 

M^ (/3R) 
ber' ( j3r) > cos(oo t) 

\ e r£gR) b e r t ( / 3 r ) + bei[£R}. W ( ^ s i n ( a ) t ) 

. M* ()3R) M* ()3R) J 

£ ^ / I £ Uft B i n ( ^ ) f c o s ( « t ) f sin(wt)] . 
r 2 o c l c / L 1 V ' J 

An attempt to solve for the time-average velocities by use of 

the alternate periodic r-velocity given by equation ( 53) proved fruit

less „ 

Time-Average Velocities 

Probably one of the more important results of this work is the 

demonstration and description of the time-average flow which is 

excited by the resonant sound field. As an example of its importance, 

the time-average flow is believed to be responsible for the increased 

heat transfer rates which have been observed in localized areas of a 

Kundt' s tube undergoing a small laminar throughflow0 Further work 

involving the time-average flow field in circular tubes may lead to a 

better understanding of the complex flow and energy transport 

phenomena which are involved„ 



Stream Function 

The stream function given in equation ( 40) is based on the 

assumption of a constant time-mean density,, This supposition in 

essence is equivalent to assuming that time-average pressure and 

temperature differences between any two points in the flow are negli

gibly small. This assumption is felt to be reasonable since minor 

variations in the time-average pressure and temperature are not 

expected to change the main course of the time-average flow,, 

For a fluid flow situation with constant density the stream 

function may be used to obtain both the r and z velocities for a prob

lem of this type,, The z-velocity can be obtained from the stream 

function, equation ( 40) , by the relation 

-<r>Z> = + 2 ^ ^ ; ( 6 4 ) 

and the r-velocity can be obtained by the relation 

7(r ,z) = - -5-i— | i . (55) 
v 27rrp0 8z v ' 

Use of equations ( 54) and ( 55) as a check on the compatibility of the 

time-average r and z velocities indicated that they are compatible,, 

It is of interest to compare the results of Purdy's analytical 

work for channel flow and his experimental data for pipe flow with the 

analytical results obtained for pipe flow by this writer., A plot show

ing the maximum dimensionless vortex thickness measured from the 

channel or tube wall is given in Figure 5„ From inspection of the 

figure it can be seen that the analytical result for channel flow obtained 
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by P u r d y p r e d i c t s a v o r t e x t h i c k n e s s tha t is g r e a t e r than tha t p r e 

d i c t ed for p ipe flow. 

An i m p o r t a n t o b s e r v a t i o n which can be m a d e i s tha t the c h a r 

a c t e r of the t i m e a v e r a g e flow is d e t e r m i n e d by the p a r a m e t e r s M , 

M3 and the w a v e l e n g t h of the v i b r a t i o n s „ T h e v o r t e x t h i c k n e s s depends 

only on M and M and i s o t h e r w i s e i ndependen t of f r e q u e n c y . 

O r d e r of Magn i tude R e s t r i c t i o n s 

The d i m e n s i o n l e s s f o r m of the p e r i o d i c z - v e l o c i t y , u1 ( r , z, t) , 

which can be ob ta ined by dividing equa t ion ( 33) by the quan t i t y UG i s of 

o r d e r of m a g n i t u d e one . Th i s o r d e r of m a g n i t u d e is in a g r e e m e n t 

with the o r i g i n a l a s s u m p t i o n g iven in equa t ion ( 9e) „ The d i m e n s i o n -

l e s s f o r m of the p e r i o d i c r - ve loc i ty , v' ( r , z3 t) , can l i k e w i s e be 

ob ta ined f r o m equa t ion ( 35) . Th i s ve loc i ty has an o r d e r of m a g n i t u d e 

g iven a s 

v ' ( r , z, t) = O C^v0) 
1 "1 
2 

It i s t r u e tha t 

2.TTC 

t h e r e f o r e 

( r , z, t) - O 
_ I 

ZlTVp 
A C 

W hich is of o r d e r ( 6) for g a s e s a t n o r m a l a t m o s p h e r i c p r e s s u r e s and 

t e m p e r a t u r e s u n l e s s A is v e r y small , , Thus equa t ion ( 9d) which s t a t e s 
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that v! ( r5 z, t) - 0( 8) will be satisfied for all except very high fre

quency accoustic vibrations „ 

The dimensionless form of the time-average z»velocity,, u( r, z) 
" M 

is of order of magnitude 
s ZM 

4 + M 
s ~> 

The original order of 

magnitude assumption for u( r, z) given in equation ( 9f) states that 

u( r3 z) = 0(5) . The velocity u( r, z) is of 0( 6) if M = 0( 6) and if 

M = 0( 6 ) or less. These two restrictions are necessary in order to 

assure the validity of the solution. The dimensionless form of the 

time-average r-velocity, v( r3 z), has an order of magnitude given by 

O ~ M I : O -g- y M J . I f r/X =0( 8) as has been previously 

required., then v( r3 z) will be of 0( 6 ) as assumed in equation ( 9d) . 

These order of magnitude restrictions are in agreement with the 

original assumptions if the specified conditions are met; these restric

tions illuminate the range of validity of the solution,, The parameter 

M /M must be of order of magnitude one or larger for the validity of 

the solution to be assured. 



C H A P T E R VI 

CONCLUSIONS 

The so lu t ion which was ob ta ined for the t i m e - a v e r a g e v e l o c i t i e s 

and s t r e a m funct ion g ives an a n a l y t i c a l p r e d i c t i o n of the t i m e - a v e r a g e 

flow a n d v o r t e x f o r m a t i o n which have b e e n o b s e r v e d e x p e r i m e n t a l l y 

for a Kundt ' s tube u n d e r g o i n g r e s o n a n t a c o u s t i c v i b r a t i o n s . The m a x 

i m u m v o r t e x t h i c k n e s s , the d i s t a n c e f r o m the tube wal l d iv ided by the 

tube r a d i u s , i s shown to be to a f i r s t a p p r o x i m a t i o n s o l e l y a funct ion 

of the p a r a m e t e r M2 / M . M is the a c o u s t i c M a c h n u m b e r which is 

b a s e d on the m a x i m u m a m p l i t u d e of the t i m e - d e p e n d e n t ax i a l ve loc i ty , 

and M i s the throughf low M a c h n u m b e r which i s b a s e d on the a v e r a g e 

ax i a l v e l o c i t y . Q u a l i t a t i v e l y , the t i m e - a v e r a g e flow is qu i t e s i m i l a r 

to tha t of channe l flow a s a n a l y t i c a l l y d e t e r m i n e d by P u r d y . H o w e v e r , 

the p r e d i c t e d v o r t e x t h i c k n e s s i s g r e a t e r for channe l flow than for 

tube flow. 
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C H A P T E R VII 

R E C O M M E N D A T I O N S 

It is r e c o m m e n d e d tha t fu ture w o r k be d i r e c t e d t o w a r d obta in 

ing the so lu t ion of the p e r i o d i c v e l o c i t i e s to a s e c o n d a p p r o x i m a t i o n . 

Then the t i m e - a v e r a g e flow should be ob ta ined f r o m the m o r e c o m 

p l e t e p e r i o d i c so lu t i on . It is f u r t h e r r e c o m m e n d e d tha t the t i m e -

a v e r a g e flow be u s e d a s p a r t of a so lu t ion of the e n e r g y equa t i on for 

flow in a r e s o n a n t Kundt ' s t u b e . 
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A P P E N D I X A 

N O M E N C L A T U R E 

c I s e n t r o p i c ve loc i ty of sound f t / s e c 

i S q u a r e root of -1 D i m e n s i o n l e s s 

L L e n g t h of tube ft 

M A v e r a g e Mach n u m b e r b a s e d on U D i m e n s i o n l e s s 

M A c o u s t i c Mach n u m b e r b a s e d on U0 D i m e n s i o n l e s s s u 

O O r d e r of m a g n i t u d e D i m e n s i o n l e s s 

p P r e s s u r e of a f l u i d l b . / f t 

p T i m e — m e a n p r e s s u r e l b . / f t 

p T i m e - d e p e n d e n t p r e s s u r e l b . / f t 

p A v e r a g e v a l u e of p ( a s s u m e d c o n s t a n t ) l b f / f t 

R R a d i u s of t h e t u b e ft 

r S p a c e c o o r d i n a t e ft 

T A b s o l u t e t e m p e r a t u r e ° R 

t T i m e s e c 

u T o t a l z c o m p o n e n t of v e l o c i t y f t / s e c 

u T i m e - p a e a n c o m p o n e n t of z - v e l o c i t y f t / s e c 

u , T i m e - d e p e n d e n t c o m p o n e n t of z - v e l o c i t y f t / s e c 

u 1 0 F i r s t a p p r o x i m a t i o n t o u , f t / s e c 

u t l S e c o n d a p p r o x i m a t i o n t o ul f t / s e c 

U 0 M a x i m u m a m p l i t u d e of t h e t i m e - f t / s e c 
d e p e n d e n t z - v e l o c i t y ( u j 

U A v e r a g e t i m e - m e a n z v e l o c i t y b a s e d on f t / s e c 
t h e t o t a l v o l u m e r a t e of f low 
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v 10 

Total r-component of velocity ft/sec 

Time-mean component of r-velocity ft/sec 

Time-dependent component of r—velocity ft/sec 

First approximation to vl ft/sec 

0 
1 

r w i2 

L v o -

[ i -vl 
[ R - r " 
L R J 

v e l o c i t y ) 

v10 S e c o n d a p p r o x i m a t i o n t o Vj f t / s e c 

W B o d y f o r c e v e c t o r lb- . / f t 

Y C o m p o n e n t of b o d y f o r c e i n r d i r e c t i o n l b f / f t 

Z C o m p o n e n t of b o d y f o r c e i n z d i r e c t i o n l b f / f t 

z S p a c e c o o r d i n a t e l b f / f t 3 

G r e e k L e t t e r s 

f t " 1 

D i m e n s i o n l e s s 

[ 1-y ] W i d t h of l a r g e s t v o r t e x D i m e n s i o n l e s s 

[ l~Yc] M a x i m u m w i d t h of l a r g e s t v o r t e x D i m e n s i o n l e s s 

6 M a g n i t u d e (6 « l ) D i m e n s i o n l e s s 

8 S p a c e c o o r d i n a t e r a d i a n s 

X W a v e l e n g t h of a c o u s t i c v i b r a t i o n s ft 

\i D y n a m i c v i s c o s i t y of a f l u i d l b / f t s e c 

v 0 A v e r a g e k i n e m a t i c v i s c o s i t y of a f l u i d ft / s e c 

p D e n s i t y of a f l u i d l b / f t 3 

m 

p 0 T i m e - m e a n c o m p o n e n t of d e n s i t y l b / f t 
m 

Pj T i m e - d e p e n d e n t c o m p o n e n t of d e n s i t y l b / f t 
m 

4> Stream function (based on the time-mean lb /sec 
m 



\\i Diraensionless stream function -*• — Dimensionless 
TTR2

P OU 

oo Frequency of the acoustic vibrations rad/sec 
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A P P E N D I X B 

I N T E G R A L S AND F O R M U L A S 

The following i n t e g r a l s and f o r m u l a s which w e r e t aken f r o m 

M c L a c h l a n ' s B e s s e l F u n c t i o n s for E n g i n e e r s a r e usefu l in c a r r y i n g 

out the m a t h e m a t i c a l d e v e l o p m e n t which is g iven in the p r e v i o u s 

c h a p t e r s : 

\ r ber ( j3r ) d r ~ + -^ b e i ' (/3r) , 

\ r bei( /3r) d r - — -* b e r ' (j3r) , 

[ r be r 2 ( /3 r ) + b e i 2 ( / 3 r ) j d r = + ^ be r ( /3 r ) b e i ' (/3r) 

- bei ( /3r) b e r ' (/3r)] 

be r 2 ( | 3 r ) - bei2( /3r) ] d r = + - ^ - ^ [ b e r 2 ( / 3 r ) 

- b e i 2 ( / 3 r ) - 2 b e r ' ( / 3 r ) b e i ' ( j 3 r ) l , 

n 
a r c t a n 

be i (j3r) 
n: 

b e r ( Br) 
n 

a n d 

M 2 ( j 3 r ) = b e r 2 ( £ r ) + be i 2 ( j3r) 
n ^ n ^ ^ n ^ 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

The following two i n t e g r a l s a r e obvious f r o m the def in i t ion of 

b e r ( /3r) and be i ( j3 r ) : 
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be r 5 ( j 3 r ) d r z - •„ ^ P -• , and (63) 

b e i ' (j3r) dr bei(j3: 
i3 

( 63) 

It can be s e e n that 

A. 
d r b e r ' ( j 3 r ) ] = + j 3 r b e r " ( / 3 r ) + b e r ' ( j 3 r ) , and tha t (64) 

jL 
dr 

b e i ' ( j 3 r ) = + j3r be i " ( j3r) + b e i ' ( j 3 r ) (65 ; 

T h e r e f o r e it fol lows tha t 

V /3r b e r '(j3r) + b e r ' (j3r) d r •- r b e r ' (j3r) , a n d tha t 66) 

\ j3r be i" ( /3r ) + b e i ' ( j 3 r ) ] d r r r b e i ' ( j 3 r ) (67) 
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A P P E N D I X C 

A P P R O X I M A T E EVALUATION O F AN I N T E G R A L 

The i n t e g r a l g iven below c o m e s abou t in the so lu t ion of the 

t i m e - a v e r a g e z - v e l o c i t y : 

1 

M^(j3r) 
ber( j3r) b e i ' ( j 3 r ) - bei( j3r) b e r ' ( j 3 r ) dr . (68) 

By u s e of s e v e r a l a p p r o x i m a t i o n s , it is p o s s i b l e to ob ta in an a c c u r a t e 

e v a l u a t i o n of the i n t e g r a l . The following f o r m u l a s t aken f r o m 

M c L a c h l a n 5 s B e s s e l F u n c t i o n s for E n g i n e e r s a r e e s s e n t i a l to the 

d e v e l o p m e n t of the i n t e g r a t i o n : 

60 - a r c t a n bei( j3r) / b e r ( j3r) 

l ~ a r c t a n bei^ (3r)/hex .(I3T)] 

Mj(j3r) = be r 2 ( /3 r ) + beiE(/3r) 

M*(j3r) = be r* ( /3 r ) f be i f ( j3r) , 

fber( j3r) b e i ' ()3r) - b e i ( j 3 r ) b e r ! ( j 3 r ) 

MftOr) M^jSr) s i a J O i - % - £ j 

F o r /3r » 1 which is the c a s e in th i s p r o b l e m e x c e p t w h e r e 

r a 0, the following a p p r o x i m a t i o n s t a k e n f r o m M a L a c h J a n a r e usefu. 

(69) 

( 70) 

(71) 

(72 ) 

(73) 

e, V2~ 
74) 
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£ 1 + 2 ! 
W 

F r o m equa t ions ( 74) and ( 75) it fol lows for j3r » 1 that 

F r o m equa t ion ( 76) it can be conc luded that 

s i n Oi - o 0 " ^ - + VE and tha t 

c o s + ̂ L 

if j3v » 1. 

By u s e of equa t ion ( 73) and by u s e of the i nequa l i t y 

Q — -r j < 1, i n t e g r a l ( 68) m a y be w r i t t e n a s 

fber ( j3r ) b e i ! ( / 3 r ) ~ b e i ( j 3 r ) b e r ' ( / 3 r ) l d r < 

s i n 

Mg(j3R) 

£ M* (j3R) 
^ M 0 ( j 3 r ) Mx(/3r) d(j3r) 

(75; 

( 7 6 ) 

( 7 7 ) 

( 7 8 ) 

(79) 

L i k e w i s e for /3r » 1 by u s e of equa t i ons ( 73) and ( 77) , i n t e g r a l ( 6l 

m a y be w r i t t e n 

—~ i r b e r ( / 3 r ) be i 1 (j3r) - bei( j3r) b e r ' ( / 3 r ) l d r = ( 
Mj( i3R) J L 'P Jj 

80) 

j3 M* (j3R) 
M0( j3r) Mx(j3r) X i d( j3r) 

T h e r e f o r e it can be s e e n tha t i n t e g r a l ( 68) m a y be c l o s e l y a p p r o x i m a t e d 



by e q u a t i o n ( 80) if j3r » 1. I n t e g r a l ( 68) m a y b e a p p r o x i m a t e d to a n 

o r d e r of m a g n i t u d e b y e q u a t i o n ( 80) f o r a n y v a l u e of /3r s i n c e i t i s ' t r u e 

t h a t o | ^ L ) - 0 ( 1) 0 

At t h i s p o i n t t h e f o l l o w i n g i d e n t i t y w h i c h i s t a k e n f r o m r e f e r e n c e 

[ 11] w i l l p r o v e u s e f u l : 

j ^ y [ M 0( 0 r ) ] .- ML( 0 r ) c o s | 9 , - 9 0 - \ ) ( 8 1 ) 

A f t e r s u b s t i t u t i o n of e q u a t i o n ( 77) i n t o e q u a t i o n ( 81) a n d a f t e r s u b s t i 

t u t i o n of t h e r e s u l t i n g e q u a t i o n i n t o e q u a t i o n ( 80) , t h e f o l l o w i n g r e s u l t 

w a s o b t a i n e d f o r j3r » 1: 

M5( j3R) 
U b e r ( / 3 r ) b e i ' ( j 3 r ) - b e i ( / 3 r ) b e r ' ( j3 r ) ] d r (8z: 

P M ^ R ) 
M 0 ( j3 r ) d M 0 ( / 3 r ) 

E q u a t i o n ( 82) m a y b e e a s i l y i n t e g r a t e d to g i v e 

M t;( )3R) 
i [ b e r ( j 3 r ) b e i ' ( j 3 r ) - b e i ( j 3 r ) b e r ' ( j 3 r ) ] d r = ( 8 3 ) 

2/3 A/f2 
L MMll 

Mj( jSR) 

E q u a t i o n ( 83) a l s o g i v e s a n e s t i m a t e c o r r e c t to a n o r d e r of m a g n i t u d e 

of i n t e g r a l ( 68) f o r /3r a 0 . 

T h e a c c u r a c y of e q u a t i o n ( 83) c a n b e s t b e d i s c u s s e d b y c o m 

p a r i n g t h e v a l u e of i n t e g r a l ( 68) e v a l u a t e d b e t w e e n t h e l i m i t s 0 a n d /3r 



to the value of the i n t e g r a l e v a l u a t e d b e t w e e n the l i m i t s 0 and (3Ra A 

typ ica l value of/3R was a p p r o x i m a t e l y 1000; the a s y m p t o t i c e x p a n s i o n s 

u s e d in obta in ing equa t ion ( 83) a r e a c c u r a t e to about four f i g u r e s for 

/3r > 50 with i n c r e a s i n g a c c u r a c y a s /3r i n c r e a s e s . F o r the above t y p i 

cal v a l u e s , i n t e g r a l ( 68) evaj.uated b e t w e e n j3r s 0 to /3r s 0. 95/3R has 

a value m u c h l e s s than one m i l l i o n t h of the va lue of i n t e g r a l ( 68) 

e v a l u a t e d b e t w e e n j3r - 0 to /3r s j3R. F o r th i s r e a s o n any e r r o r a s s o c i 

a t e d with obta in ing a value of i n t e g r a l ( 68) a c c u r a t e to only an o r d e r 

of m a g n i t u d e for j3r ~ 0 i s c e r t a i n l y neg l ig ib l e when c o m p a r e d to the 

value of i n t e g r a l ( 68) e v a l u a t e d b e t w e e n the l i m i t s 0 and /3R0 



A P P E N D I X D 

AIDS TO N U M E R I C A L EVALUATION 

The following f o r m u l a s t a k e n f rom M c L a c h l a n ' s B e s s e l 

F u n c t i o n s for E n g i n e e r s a r e e s s e n t i a l to obta in ing n u m e r i c a l r e s u l t s 

f r o m the equa t i ons a p p e a r i n g in the body of the thes is , , T h e s e 

a p p r o x i m a t i o n s app ly only for j3r » 1: 

ber ( /3 r ) 
j3r / \ /2 e____ 

y i ^ c o s 
j3r £ 

V2 ' 8 
84) 

b e i ( / 3 r ) 
J3r/VT 

yzTrp-
s m 

j3 r £ 

i V 7 ~ 8 85: 

b e r ' (/3r) 
J3r/VT [ i3r 7T 

COS I £ - T — + -TT-

V27T/3r I Y^" 
86! 

b e i ' ( j3r) = 
ei3r/V2 

V^Tr^r I Y~2 
s i n ^ + 1 87' 

Z/Br/V"^ 
Mj|{/3r) = ^ - ^ 5 • 

u ' ^ Z^/jr 
88) 

M*(/3r) - MJftjSr) 89) 
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