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NOMENCLATURE
English
Symbols
a Thermal diffusivity, m2/s.
A Area, cmz.
Ai,A2,A3 Coefficients of second order equation used in least square
fitting.
A Amplitude of an oscillatory quantity.
c Reduced wave velocity, cm.
c Reduced wave velocity, cm, ¢ = E/U*.
él,...,&8 Coefficients of the assumed asymptotic solutions.
Cl,Cz,C3,C4 Coefficients of the asymptotic solutions.
C Plate thermal capacity.
Cp Specific heat, Ws/KgC.
d Probe or heating wire diameter, y.
D Cylinder diameter, cm.
E Anemometer or heating wire voltage, volt.
E Mean value of the wire voltage, volt.
e Oscillatory voltage component, volt.
F(n) Dimensionless normal component of basic velocity.
f(x+) Function defined by Hermann and by equation (A-18).
£ Frequency, Hertz.
:; Correction factor for E, given by equation (E-7).

g(x+) Function defined by Hermann and by equation (A-19).
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g Gravitation acceleration, cmz/s.

G Instability parameter, defined by G = f(‘.t(J}‘)l\fl"!4 ,
dimensionless Gy %

h Heat transfer coefficient, W/mzc.

h Mean value of the heat transfer coefficient, W/mZC.

h Oscillatory part of the heat transfer coefficient, W/mzc.

H(n) Dimensionless basic temperature difference

k Thermal conductivity, W/m C.

£ Variable distance on the wire sensor, measured from the
wire support, mm.

L Physical length, or wave length.

M Frequency response parameter, defined by M = Ah/pcpd,s_l

n Normal distance from the cylinder, cm.

NBi Biot number, defined by hd/k.

No, Grashof number, defined by gRATdS/vZ.

NGr,r Grashof number defined by éé&TrB/uz.

NNu Nusselt number, defined by hL/k.

NPr Prandtl number

NRe Reynolds number, defined by ud/v.

ﬁ Perimeter, cm.

p* Dynamic total pressure, Newton/mg.

P Mean value of the dynamic pressure, Newton/cmz.

P Disturbance component of the pressure, Newton/cm2

a Volumetric rate of heat generation, w/m3

Q* Relative thermal capacity factor, defined by Q*==(6/A)/DCP6.

r Radian coordinate.

r Cylinder radius, cm.
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Greek
Symbols
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Dtl,Cﬂz,&B,(x4
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Yl""QYG

Y13Y29Y3

ix

Electric resistance, ohm,

Tangential distance over the circumference of the cylinder,
measured from the lower stagnation point.

Time, S.

Temperature, C

Tangential velocity component, cm/s

Basic tangential velocity component, cm/s.
Disturbed tangential velocity component, cm/s.
Function defined by u* = fg

Normal velocity component, cm/s.

Basic normal velocity component, cm/s.
Disturbance normal velocity component, cm/s.

Position angle, measured from the lower stagnation radius,
rad.

Reduced normal distance, y = n/r.

-1
Wave number, cm ~,
Dimensionless wave number.

Correction factors for R , (40 + RW), k, v due to variation
in temperature, dimensionless.

Dimensionless frequency

Dimensionless frequency, B = B & Jo=.

Coefficient of thermal expansion C—l.

Roots of auxiliary equations, equations (C-3 and 5).
Roots of auxiliary equations, having negative real parts.
Boundary layer thickness, dimensionless.

Small error.
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Amplitude of temperature oscillations, [ = E} dimensionless.
Agsymptotic solutions for g.
Dimensionless normal distance.
Temperature difference, C.

Basic temperature difference, C.

Temperature difference between the hot wire and the sur-
rounding air, C.

Oscillatory temperature difference, C.
Dimensionless temperature oscillations.
; ; ; 7 2
Kinematic viscosity, m /s.
Dimensionless tangential distance, £ x/S.
. 3
Density Kg/m™.

Reduced frequency, dimensionless

[

y = 2 : ;
Reduced time, T = tv/r , dimensionless.

-k
Reduced time, T tU /18, dimensionless.
Amplitude of normal disturbance welocity, dimensionless

Amplitude of normal disturbance velocity, ¢ = E?SU*,
dimensionless.

Asymptotic solutions for ¢.

Position angle, defined by ¢ = x- 90, degrees.
Mean stream function, dimensionless.
Disturbance stream function, mzls.

Reduced disturbance stream function, y* = yp*/y, dimen-
sionless.

Angular velocity, rad./s.

Of order of.
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Superscripts

Disturbance quantity.

Differentiation with respect to n.

+ Designates the coordinates associated with a basic quantity.
Subscripts

a Air.

A Amplitude of a disturbance quantity.

& Cylinder.

e Edge of the boundary layer, or experimental value of.
i Imaginary part.

m Means.

N Points of neutral stability.

Mg Py By XY Differentiation with respect to these quantities,

0 At reference or calibration conditiomns.

r Real part.

W Wire.

] Far from the cylinder.
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SUMMARY

The coupled Orr-Sommerfeld equations for natural convection flow
around horizontal cylinders are derived and solved for air for Grashof
numbers up to 4 x 109, with the neutral stability curves determined. The
favorite frequency band which the fluid amplifies most was found to vary,
with variation of the total Grashof number, the cylinder radius, and the
kinematic viscosity wv.

Experiments were carried out to check the analysis. A hot wire
sensor was used to measure the basic temperature and velocity profiles.

It was also used to detect temperature oscillations induced in the boundary
layer. Neutral stability points were determined for different frequencies

and found to agree well with the analytic results.



CHAPTER 1
INTRODUCTION

The problem of natural convection is one of the oldest in heat
transfer. Work was done to determine the local and average heat transfer
coefficients, the temperature and velocity profiles, and to study the flow
instability.

In the case of vertical and inclined plates, these three sides of
the problem are well covered in literature. For horizontal cylinders, the
only works available are those carried out to determine the velocity and
temperature profiles, and the local and average heat transfer coefficients,
Earliest experiments are those of Jodlbauer [42]f‘while the earliest analy-
sis was that of Hermann [16]. More recent analyses were carried out using
Blasius series by Chiang and Kaye [43], Saville and Churchill [44] and Lin
and Chao [45]. This latter method did not improve on Hermann's results;
however, it is more suited to some of the more complicated problems where
the surface is non-isothermal, or of a more complicated geometry.

Instability of natural convection flow around horizontal cylinders
does not seem to have been studied before, it is studied here both analytic-
ally and experimentally.

In the present analysis, the coupled Orr-Sommerfeld differential
equations that govern small disturbances in velocity and temperature were
derived, assuming the disturbances to be two-dimensional. These equations

were solved by the method devised by Kaplan [22] and Mach [29]. The solution

*
References are listed in the Bibliography.



revealed information about the behaviour of a disturbance of certain fre-
quency as it travels streamwise. Points where the amplitude of a disturb-
ance attains its minimum value were determined; they designate locations
where the disturbances neither amplify nor dampen with infinitesimal stream-
wise travel. These are the neutral stability points and their locus at
various frequencies is the neutral stability cur*e. The importance of this
curve is that it gives locations beyond which instabilities would amplify.
Before these locations, instabilities would be damped.

In the present study, neutral stability curves were determined for
air and for values of total Grashof number NGr,r up to 4 x 109. The flow
was found, as in the case of flow adjacent to a vertical plate, to be sen-
sitive to a certain band of frequencies. The solution also gives the
favorite frequency band that amplifies most and, hence, characterizes the
flow instability.

In the present case, the favorite band of frequencies was found to
depend on the value of the total Grashof number, the cylinder radius and
the kinematic viscosity, whereas the favorite frequency band does not change
along a flat plate, except with inclination.

Experiments were carried out to check the analytic results. A
boundary layer type hot wire probe with a long wire sensor (8 mm length),
specially designed for the present work, was used to measure both tempera-
ture and velocity. The probe was designed to minimize the error in temper-
ature measurements due to conduction in wire supports, and to pick temper-
ature and velocity fluctuations in the frequency range expected. Basic

temperature and velocity profiles were measured and the results were found

to agree well with previous theoretical and experimental data of Hermann [16]



and Jodlbauer [42].

To determine points of neutral stability, instabilities were gen-
erated by a heating wire placed in the boundary layer. This wire was
used in conjunction with a function generator to induce sinusoidal temper-
ature oscillations of controlled frequency and amplitude in the boundary
layer. A neutral stability curve was thus obtained by measuring the
temperature oscillations. The experimental results agreed well with those

analytically obtained.



CHAPTER II

LITERATURE REVIEW

The Orr-Sommerfeld equations governing the amplification or damp-
ing of disturbances in flow fields have been solved for many flow situa-
tions, due to both forced and natural convection. The present problem,
instability of natural convection flow around horizontal cylinders, has not
been considered before. The following review, therefore, deals only with
natural convection flows over vertical and inclined plates or cases perti-

nent to this problem.

Analytic Work

The coupled Orr-Sommerfeld equations for a buoyancy driven flow
adjacent to a vertical plate were first derived by Plapp [32] and widely
used thereafter in similar problems. He obtained a neutral stability
curve; nevertheless, the agreement with the available data of onset of
turbulence for such flow was considerably poor because of computational
limitations and inadequacies in assumptions.

Szewczyk [39] used a series solution for the uncoupled equations,
i.e. with temperature disturbances neglected, for natural convection from
isothermal vertical flat plates. He assumed the velocity profile to be
parabolic. The results obtained were higher than the known values for the
onset of turbulence. Kurtz and Crandall [26] used a computer aided finite
difference technique to obtain a solution for the uncoupled equations. They

found values lower than those of Szewczyk.



Nachtsheim [30] seems to be the first to solve the coupled equations,
i.e. with the temperature disturbances taken into consideration. He
solved them in the region extending from the outer edge of the boundary
layer into the unaffected fluid.far from the plate. The equations in this
region are linear differential equations with constant coefficients and
are relatively easy to solve. This "asymptotic" solution of the Orr-
Sommerfeld equations served as a boundary condition at the outer edge of
the boundary layer. He then used this condition as a check for an itera-
tive method where the coupled equations were solved within the boundary
layer of an isothermal wvertical plate using step-by-step integration start—
ing from the plate, Nachtsheim obtained the neutral stability curves for
air (NPr = ,733) and water (NPr = 6.7)., His results showed that instability
starts much earlier than predicted by Szewczyk and by Kurtz and Crandall.
Nachtsheim solution of the coupled equations gave results that differed
considerably from those of the uncoupled equations as could be seen from
Figure (2-1) which presents his results for the two cases.

Polymerpolous and Gebhart [33] used Nachtsheim method to solve the
uncoupled equations for a vertical plate of constant heat flux density.
Their theoretical findings were in reasonable agreement with their experi-
mental results [34] in which controlled velocity oscillations were intro-
duced in the flow field.

Kaplan [22] introduced a new method for calculating points of neu-
tral stability in isothermal flow. The method is similar to that of
Nachtsheim except that integration starts from the outer edge of the bound-
ary layer. This allowed him to use a two-dimensional search procedure

whereas a six-dimensional search procedure is needed with Nachtsheim's method.
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Mach [29] extended this method to coupled equations in supersonic flow
problems. As a result of these contributions later workers in natural
convection were able to consider higher Grashof numbers with relative
ease.

Knowles and Gebhart [24] presented a thorough study of the effects
of coupling, of the fluid Prandtl number, and of the relative thermal
capacity factor Q*T on neutral stability. Disturbance velocity and temp-
erature profiles in the normal directions were also computed. Their phase
angles were found to vary with the normal distance from the plate, and
with the streamwise travel.

Dring and Gebhart [6] were the first to report the "frequency filter-
ing phenomenon" for vertical flat plates in natural convection. This is
best explained by Figure (2-2) as follows. The curves of this figure rep-
resent constant amplification (or damping) ratio. A disturbance with fre-

quency f  is the first to amplify; however, this would reach a low maximum.

1

On the other hand, a disturbance of frequency f, starts amplification fur-

2

ther downstream but acquires the highest amplification rate. Thus, further

along the plate, £ dominates. Therefore f and a small neighboring band,

2 22
represent the favorite frequencies which would characterize the flow
instability. Gebhart and Mahajan [46] correlated the available data of the
characteristic frequency for natural convection flow over vertical flat

plates, with Prandtl number.

b* = (a/Apr c 8. It designates the ratio between the thermal
capacities of the platg and the fluid where (C/A) is the plate thermal
capacity per unit area, and § is the boundary layer thickness.
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Hieber and Gebhart [17] extended the analysis to higher Grashof
numbers in the vicinity of 1012. They also discovered two modes of oscil-
lations, one due to hydrodynamic instability and the other due to tempera-
ture coupling. For moderate and large values of Prandtl number, a loop
appears in the neutral stability curve as a result of the merging of two
unstable modes, Figure (2-3). The nose shape of Nachtsheim's curve is
attributed to that.

A study of the effect of having a very large Prandtl number was
carried out by Gill and Davy [13] for a double-infinite buoyancy layer,
and by Hieber and Gebhart [l8] for a vertical plate of constant heat flux
density. The primary source of instability is shown to arise from the
temperature coupling effect.

Haaland [14] included in the coupled Orr-Sommerfeld equations some
terms that have been previously neglected; namely the derivatives with
respect to the distance along the plate. His results showed the apprecia-
ble effect of these terms on the neutral stability curve as shown in Figure
(2-4). Better agreement with experimental results was obtained. Haaland's
solution was given for different inclination angles ranging from -45° to
45° with the vertical for water, and 0° and 30° for air.

Iyer and Kelley [20], and Khawita and Meroney [23] deduced the
governing equations for small oscillations assuming longitudinal vortices
that were discovered earlier in experiments by Sparrow and Husar [37].

They concluded that three dimensional vortices dominate the flow field for
angles more than 17 degrees with the vertical, in agreement with Sparrow and

Husar findings.
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Experimental Work

Experiments were carried out to study the randomly occurring dis-—
turbances, or to determine the response of the flow to induced oscilla-
tions of controlled amplitude and frequency.

The first successful experiment for introducing controlled oscil-
lations in the boundary layer and measuring spatial rate of amplification
seems to be that carried out by Schubauer and Skramstad [36] for forced
flow over flat plate. A vibrating ribbon was used to oscillate the boundary
layer, and two hot wire probes were used to detect the oscillatory velocity
components together with their phase lag. Neutral stability curves and
disturbance velocity profiles were determined and found in good agreement
with the available analytical data.

In natural convection, Birch [2] used an electrically pulsed 0.001
inch diameter wire to introduce artificial disturbances in the boundary
layer over a vertical isothermal plate in air. A Mach-Zehnder interferome-
ter was used to detect these disturbances as they travelled downstream;
the study was essentially qualitative in nature. Gartrell® [12] carried
out a similar study; however, no direct comparison between the two investi-
gations could be made.

Eckert, Hartnett and Irvine [9] employed smoke threads for the
visualization of natural convection flow over a flat vertical plate in air.
Two-dimensional waves appeared first with wave fronts essentially normal
to the flow direction and parallel to the flat surface in the third direc-

tion. Vortices with axes in the flow direction were also observed; these

*
Comments on Birch and Gartrell works are quoted from Polymeropoulos
and Gebhart work [34].
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latter longitudinal vortices indicate the presence of transverse effects
in the process. Therefore, it is inferred that the disturbances were
initially predominantly two-dimensional and that, at some stage, trans-
verse effects become significant,

Czewczyk [39] used dye injection in water to observe instability
waves arising from random disturbances. A double row of longitudinal
vortices was noticed. His work was the first trial to compare theory with
experiment, however, the comparison was inconclusive.

Colak~Antic* [4,5] reported observations on the breakdown of two-
dimensional waves which would then be replaced by three—dimensj._onal dis-
turbances in the flow of air and water over a vertical isothermal plate.
An electrically pulsed wire was used to induce disturbances in the flow
field. Most of the study was qualitative in nature; however, some data
were obtained for air using a hot wire anemometer. Due to a lack of sen-
sitivity of the hot wire system, the measurements were made in a region
where disturbances had undergone considerable amplification.

It was not until the carefully controlled experiments of Polymero-
poulos and Gebhart [34] that the agreement between the linear stability
theory and experimental results for natural convection was demonstrated.
With pressurized nitrogen as the fluid and a vibrating ribbon to induce
controlled oscillations, a Mach-Zehnder interferometer was used to determine
the neutral stability curve,.

Knowles and Gebhart [25] used a hot-wire anemometer together with a

Mach-Zehnder interferometer. Silicone 0il (of Prandtl number 7.7) was used

%
Quoted by Knowles and Gebhart [25].
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to limit the temperature difference needed to achieve the required wvalues
of Grashof number. The thermal boundary layer thickness was very small,
and the overall influence of temperature variations on the hot wire read-
ings was limited. The hot-wire was calibrated against the theoretical
results previously established for the case of natural convection flow
adjacent to a vertical plate with constant heat flux density. The import-
ance of coupling the disturbance momentum and energy equations was demon-—
strated by the agreement between the coupled theoretical results and the
experimental data. The magnitude and phase of the disturbance velocity and
temperature were also measured.

Dring and Gebhart [8] developed a new precise method for calibrating
the hot-wire anemometer. They used the carefully calibrated probe to
determine the disturbance velocity and temperature profiles along a uni-
formly heated plate. Good agreement with their theoretical results [7]
was obtained.

Lock, Gort and Pond [28], and Lloyed and Sparrow [27] plotted criti-
cal local Grashof number against angle of inclination of flat plates for
natural disturbances to present the results of their experiments with air
and water. It was generally noticed that an increase in the inclination
from the vertical of heated plates facing upwards stimulates instability
and eddying.

Using a technique developed by Baker [1] for measuring fluid veloci-
ties in the range 0-5 cm/s, Sparrow and Husar [37] discovered a row of
longitudinal vortices for plates inclined to the vertical by an angle 17

degrees or more.
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Motivated by the results of Eckert, Hartnett and Irvine and by
those of Sparrow and Husar, Jaluria and Gebhart [21] introduced two-
dimensional oscillations with transverse variations into the boundary
layer adjacent to a vertical uniformly heated plate. Results confirmed
that the two-dimensional effects dominate initially, and that transverse
variations do not appear quickly. However, further downstream, these
instabilities begin to amplify and lead to strong secondary flows in the
form of a double longitudinal vortex system, through non-linear interac-

tions. No contradiction is noticed between the results of Jaluria and
Gebhart, and those of Sparrow and Husar; two dimensional oscillations
precede three-dimensional longitudinal vortices to an angle of 17 degrees
to the vertical. Beyond this angle, vortices dominate the flow before

two-dimensional instability sets in.
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CHAPTER III
ANALYSTIS

The coupled Orr-Sommerfeld equations for the considered case of
buoyancy-driven flow around a horizontal cylinder are derived following
the steps Plapp [32] used for the case of a vertical flat plate. A thor-
ough order of magnitude investigation is carried out to determine the terms
of significance to be considered in the analysis. Asymptotic solutions
for these simplified equations are obtained for the 'basically stagnant"
fluid region to serve as boundary conditions at the outer edge of the
boundary layer. The method devised by Kaplan [22] and Mach [29] to solve
instability problems is used to solve the present one.

Computations are carried out for air (NPr = .733), for position
angles x+ = 30 to 150 degrees measured from the lowermost point, and for
values of the instability parameter G which is mainly a function of the
local Grashof number of 0 to 200. The results are presented in two types
of graphs, one of them with G versus either the dimensionless frequency Br
or wave number o and with the angle x+ as parameter. The second type
shows a single flow situation as indicated by Grashof number; the stability
curves are drawn on x+ versus o_ or x+ versus Br planes.

To determine the effect of curvature on the critical values of the

instability parameter G as given by the neutral stability curves, compari-
son is made between the obtained results and those for inclined plates
given by Haaland [14]. A study of frequency-filtering is also carried out

for the present problem.
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Derivation of the Differential Equations Governing Disturbances

The considered problem would be an unsteady two-dimensional flow

problem in which the energy dissipation term is neglected and the proper-

ties are taken as constants. Following Bird, Stewart and Lightfoot [3],

the governing equations in polar coordinates, with body forces substituted

for with normal expressions of natural convection, are: Mass balance

equation and tangential momentum balance equation

(), + - u, =0 (3-1a)*
Y
U , v £ u vu ' P 78 ;
-+ A 4 - ¥ “+ - =2 - Y ¥ -+ 9P 8 sin (X‘
r Y fr
v d(rtu) } I /| 2
+ [{ ? ( r ? L + -{‘.1 Xy -+ ‘;‘ Jx (B—Ib),

2
UV, +V VW, + ¥ g - U e o F’ [
t 7 z x N e r -9pe cos (x)
+ Vv ,L_(?U]¢}A+—'-1:Ux: --gzu-‘ G3-1e)
T r ’
and energy equation
(3-14d)

’
91"'"9;\ “'%‘-ex =8 ?L('e?‘? "'-%rexx]

The coordinate system may now be changed to that of the circum-

ferential distance s measured from the lower stagnation point and the

*
Time and spatial coordinate subscripts denote differentiation with

respect to the subscript.
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normal distance n measured from the cylinder surface. Defining, also,

A
X = .:?. » and r=r7+nN (3-2)

gives, respectively,

Y AF
A = 3-3
r+n Us + Yo + Y +n 9 (3-3a)
U fo W v u Ar . ptY 146 sin (S
3 ® e s + n + —n T s r+n"'9fe i r)
1 2
u L. B iy
-l-'V{ nn -+ r+n n +(H_n)uss -(t+n)2+$’:n)zvs§ (3-3b)
T u w A PGk cos L 5)
t r+n s + nTTFym T T n -98 ¥
A r v Ay 27
+ y[ nn =+ Un +(r+n) USS —(_'(4-!'1}: -(r_‘_n)z ug§ (3"'30)

2
et""f_:-_ﬁ U g + 4o, =a {9,,,, + = 6, + (5) Bﬂ.} (3-3d)

These equations are similar to those of Hermann [16] except for the unsteady
terms Wi Vea and et which are present here.
For disturbed flows, the situation is mathematically modeled by con-

sidering unstable flow components superimposed on the basic or "undisturbed"

ones, i.e.

u(s,nt) = U(S)”)d-afs';”;t) -]
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vis,mt) = V(s,n) + 5(51""&)

G(S',n t) = @(9")1-9(9,:0,*’

(3-4)

P'(s,n,t) = P(S;n) 4 F(s,n,t)

where U, V, €@ , and P are the basic flow components, while G, v, 6, and
P are the disturbance components. By this, the governing equations
include two groups of equations; the basic equations and the disturbance

equations. The basic equations were handled by Hermann [16]; they are:

L Up + Ve 415w =0 (3-32)
r *
= S VUL + UV L P 4 08 @sin (s
ren st T nt rent P ST van 1 ® sin (%)
+ V{U*n**' — Ugp +(" )2U+* v +|(3-5b)
" Tk ren S Trad Y (f-m )z
~UVgs o VV4 J* LP! _8B8cos(S)
MR-t 2 L
T{Vn-i-n'l- + Vn-i- +(_T__, )2V v 2r U+ (3-5¢)
Ter red 1SS G e P

Y+

2

An outline of Hermann's solution is given in Appendix A, it contains many

quantities that are used in the present analysis.
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Subtracting the basic flow equations, equations (3-5), from the
overall governing equations, equations (3-3), gives the disturbance gov-
erning equations. The latters are further linearized according to the
linear stability theory by neglecting terms containing multiples of disturb-
ance quantities. The whole procedure is explained by the following example

s = (Ur@)(Uptllg) = UUs 4 TUs 4 G_U+ @G,
Subtracting the basic flow term UU_4, and neglecting the term ﬁGS, the
disturbance term due to uu left in the disturbance equations would,
therefore, be UGS - Usﬁ.

As explained later, the "+" superscript over s and n indicates the
length scales used with the basic components, as distinct from those used

with the disturbance components. The disturbance equations would, there-

fore, be
y u ” v
AL s =
ran = % F =5y e (3-6a)
~ ~ ~ ~
y U‘ r ~ - U ~ l
t ¥in r+n ¥ " ren  T¥n Sj’-ﬁ"'r;'n

+§ﬁ6 sin (£) 4+ y T W +-£_)2J ..E 2r iy
4 rA T i 7 {r+n s F:;,r*c,.,,,,,,z"il(ii—ﬁb)

r — ~ -~ s - ~ AA -
Nyw LUV 4 v Uw, +0 Vs .,.V,\,n - 2Jd& =...|?_Pn ~9pcos(£)6

Y+n -
L
-~ i - v 2w " 2r -
o+ - - 73 i
+ V¥ {'\fnn * o7 Y (I"d-n) Neo tran]t ek (3-6c¢)
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- [ d B "~
T ol r e o
et ¥ e ®s"’ o V& + @n" o + V6,
[ ~ w 2
= a { e, + _JF.:;.G,,_ ,‘M-] Bes g (3-64d)

It should be noted that the largest disturbance would acquire a
size or, in other words, a length scale of order §, the boundary layer
thickness. Therefore s and n for the disturbance components are of order §.
For the basic flow, Hermann's analysis gives 5+ of order 1 and n+ of
order §. This would give compatible time scales for both the basic flow
and disturbances, where the time scale for basic flow is st/U=nt/V = 1,*
and the time scale for the disturbance is s/ii = n/v ~ 1.

The same result could have been obtained through the disturbance

mass balance equation, equation (3-6a). Substituting v=* u#< 6, and n = &
. %%
gives s = §.
The order of magnitude of s as associated with disturbance quanti-
ties was also analyzed by Hieber and Gebhart [17] with the same result.
A further step in the development of the final mathematical form of

the problem is to replace the mass balance equation, equation (3-6a) by

defining the functions @S and @n as follows

~ b ~ ~
- 7:" N o= Q-L. s and u = ‘I-’n (3-7)

As usual in boundary layer analysis, equations (3-6b and c) are cross

*
The sign : indicates "of order of magnitude of."

*k o =
The other alternative is that v and v, are negligible which means
that the disturbances are one dimensional.
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differentiated to cancel out the pressure term; this reduces the two momen-

tum equations to the following single equation

+
+
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(rq.n)z e TNSS r(r_”‘)z rir+mn) (rq.njg Ss
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2r 1, v r ", 3y

The energy equation (3-6d) remains unchanged, namely;

B‘t+_’___q’n@+ -+ 4 Ué o, 4 vs@n" 4.\/6”

o @l B &l B T ss,‘l (3-8b)

Order of Magnitude Analysis

With the previous discussion of the order of magnitude of n, n+, s

and st kept in mind; together with Hermann's analysis, the following could
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be concluded

Ul E;J ved®
Ves Ve axd?
nx 928 t 2! (3-9)
s O/AT 2§
He ©/a1T 2| nxs
28

The order of magnitude of the terms of equation (3-8) are derived and
listed in Appendix B.

In equations (3-8), n may be neglected with respect to r, terms
of order & or smaller may be neglected in equation (3-8a), and those of
ordera2 and smaller may be also neglected in equation (3-8b). Further
using the basic mass balance equation, U + Vv g ™ 0, reduce equations

st n
(3-8a and b) to

Gne ¥ G Uy + U Yo + V¥rn = Upep Y L Up v LU G 49 Yos
- -.Aﬁ - s AA - 20} g

+VW¥, . =98 8,5in(3) + 9B 6 c-o:(-g)-w{‘e‘,,,,,. TN e T ,—,,,f (3.10a)

~ ~ -

6 + %O, +UE _ 46+ +VE, =aff, +8, (3-10b)

These disturbance equations are rendered dimensionless by using

equations (A-20 to 24) together with the following dimensionless varia-

bles
—— . &
Xz_g_ y g:_:-l, » z:-% » Yy = q)/y »
- (3-11)
»
and 8 = 8/bT

The dimensionless form of these disturbance equations, equations (3-10)
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would then be

] » s
Yyg + % S5 (FZF") « Fut vl - L03r-Fy) w,}s
T “ oty £oqib o » 'yt
o« F _3_2 wx s W + v, + Fu V,}t + %:E +F U Un‘x
1 FoF' ) u/' = N ‘a‘ Sinix) G‘Ib f
- _3_ (3F- lz yxx = Tanr y -+ 2 cos (X)) + 0‘,,:,
4 |
+2 ""“xx & w,x“ (3-12a)
0. _w'Hy o Flut gf _ v n) 6.
— - - 2 - ! -
4 y ot & x H 2 5 (3F-F4 4
. * 4 (3-12b)
NPr f eﬂ *+ e‘t* f

where F, F', F", F", H, H', and n are defined in Appendix A, and Npr is

the fluid Prandtl number.

Substitution for Disturbance Quantities

Generally, two-dimensional disturbances seem to be the first
unstable mode to appear. That was theoretically proved by Squire [38] for
forced flow, and by Knowles and Gebhart [24] for natural convection insta-
bility for flat plates. Experiments of Eckert, Hartnett and Irvine [9],
together with those of Jaluria and Gebhart [21] show that two dimensional
waves are the first mode of instability to appear. However, three dimen-
sional longitudinal vortices dominate the field for plates inclined more
than 17 degrees to the vertical as found by Sparrow and Husar [37], Iyer
and Kelley [20], and Khawita and Meroney [23]. This inclination corre-

sponds, in the present case to position angles beyond 107 degrees. For the
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case of horizontal cylinders, two-dimensional waves are, therefore,
expected to be the first unstable mode to appear.

The assumed two-dimensional waves are given after Nachtshein ([30]

from

——

_ (X (x-CT)
= Py e (3-13a)

where o and c are complex quantities. Similarly, it is usual to express
the temperature oscillations in the same form, with the same frequency and

amplification, namely:
L
8 = C(y)e (3-13b)

The following dimensionless quantities may now be defined

n=9l8 , & =x/8§ , r-TU"/S, P)=FW)[(8V),

2B , c=TjU , amd o &S Sl

substitution from these relations into expressions (3-13) gives:

Ve oS " eia:(E'..c T) . b o e{(qge_‘g()
g*_l_),eéa{&-c (o] ) Z;_eg‘(a:g_‘gz-) (3-15)

where B = ac is also complex. It should be noted that the quantity Erx,
where the subscript r denotes the real part of a, indicates the phase angle
that would be acquired by the disturbance due to streamwise travel for a

distance x. In this expression we can characterize the wave by some wave
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-iq x
length L through the relation ar = 2n/L, The term e , where the

subscript i denotes the imaginary part of E} implies amplification (EA‘CO)
or damping (ai > 0) due to streamwise travel. Naturally ai = 0 indicates
no amplification or damping due to streamwise travel. The quantity Srr
indicates a phase.shift with f.being the angular velocity of wave propaga-
tion. The term elBiT denotes amplification (for Bi > 0) or damping (for
Bi < 0) with time, whereas 81 = 0 stands for locally stable oscillatioms.
It should be noted from above that neutrally stable oscillations require
that o, = Bi = 0.

Substituting into equations (3-12), and using equatioms (A-15,25,

and 26), give:
(@"_ 20", &'P) 4 (€, cac T cot (0)) - ixq[(ricy(qa".x*qp) _F"p _F'9§

N [FLF"n] ¢ - (¢"-a’¢)(37-Fy) (3-16a)

C-a’) = ia Np G [(r’-c):_H’ﬂ + Np, [- H'p ¢’

F) /
-(3F-F7)% _] (3-16b)

Va
vhere G = F(x) Ng, | (3-17)

FEquations (3-16) are the coupled Orr-Sommerfeld equations for the case of
natural convection flow around horizontal cylinders. They constitute a
sixth order complex problem, with ¢, ¢', ¢", ¢"', £,z' as variables and

¢, G, NPr’ and 8 as parameters.



Method of Solution

Equations (3-16) have solution only for certain combined values of

the parameters a, G, N and B. These constitute eigenvalues for the

Pr’
problem to be determined as outlined below. An'asymptotic solution'" is then
obtained for the domain outside the boundary layer where there is no basic
streamwise flow while oscillations still exist. This asymptotic solution
is finally used as a boundary condition for the solution within the bound-

ary layer.

The Eigenvalue Problem

Following Kaplan [22] and Mach [29], for given values of G and NPr'
values are assumed for o and Bi whereas o and Br are left to be deter-
mined as eigenvalues. It should be noted that while NPr is a fluid property,
G depends on the temperature difference and position angle. The zero values
of oy and Bi stand for points on the neutral stability curves where insta-
bilities are neither amplified nor dampedf: As Br represents the dimension-
less frequency, results can be displayed in the form of a position angle
versus frequency graph for neutrally stable oscillations.

In Kaplan's method, a step-by-step integration method is used; it

starts at the outer edge of the boundary layer, with the asymptotic solu-

tions serving as starting values for this integration.

%
Since, in the present problem, instabilities are induced into a

time steady basic flow, they are not expected to acquire any time amplifi-
cation rates. B, is, therefore, taken zero in the analysis. This assump-
tion is supported by the experimental results of Gebhart and his coworkers
for vertical flat plates and also by the present experimental results.
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The Asymptotic Solution

At large distances from the cylinder (n z_ne), basic flow quanti-
ties F, F', F", F"', H and H' acquire constant values and some terms drop
from the governing equations, while others acquire constant coefficients.
The resulting "asymptotic' equations are linear differential equations
with constant coefficients; for which methods of solutions are readily
available in classical mathematical references. Because the tangential
velocity component and the temperature difference diminish together with
their derivatives beyond the edge of the boundary layer, i.e. for n > Mas
we must have F' = F" = F" = H =H = 0. The norwal velocity component
acquires a constant value Fe in this region, hence F = Fe' Substitution
of these values into equations (3-16) gives, for the region outside the

boundary layer,
) . 2
e, 3k " 4 (igpax) '3R!, (x'- (dGR) @

= - (s {7 cot(x)) (3-18a)

and .;-”+ 3F Np :f o[ Np G ~ef) e w0 (3-18b)

The solution of the above equations is obtained following conventional
mathematical procedures as given in Appendix C, where the solution is
obtained as equations (C-12a and b), namely:

Y, ¥
P = C,e’lli " C‘zez'z « & e737 (3-19a)
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2 2 2
Y. « 3R L ((GR-2a?) T, —3EL], + (a (x%gp)
and L‘,’=_C’3[ 3PS LA 3 e ariEnew@ll | (310w
!,4. {eac Cot(x) _
In these equations
¥= -] |+ (3-20a)
iz
Yo = - 3/2 Fe * /2 [_g,o Fe'2+4(g,3_..£ GB)] (3-20b)
2 2 Yz
Y3z- 3z FoNp 2 v2[30 b Ne 4 a(a® igpNg)] (3-20¢)

Only roots with negative real parts should be chosen for the y values to
give the actual case of 'damped solution" outside the boundary layer.

Solution Within the Boundary Layer

The method outlined by Kaplan [22] for solving the Orr-Sommerfeld
equations and by Mach [29] for solving the coupled equations is used.
Starting by assuming C1 = 1 and 62 = C3 =0 and n = ng,s an assumption of
o and Br would give, from equations (3-19 and 20) values of ¢I,e and QI,E
at the edge of the boundary layer. Using their values and a fourth order
Runge-Kutta integration method, a solution of equations (3-16) for ¢I and
- within the boundary layer is obtained. This gives also the derivatives
¢£, ¢;, ¢f' and ;i from which the values of the functions ¢I and Lq and
their derivatives are determined at the surface (n = 0). This is repeated
to determine ¢II and o117 for C2 = 1 and Cl = C3 = 0; and ¢III and CIII for

C3 = 1 and Cl = CZ = 0 and their respective derivatives.
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The next step is to determine the constants Cl, C2 and 03. This
could be obtained from the values of the functions and derivatives at the
surface from the following boundary conditions that denote, respectively,

the absence of the tangential and mormal disturbance velocities, and of

the temperature disturbance at the surface, namely:

@)= (& + G% +CG% =0 - (3-21a)
p ’ / ’

)= G & + GO o+ Gy =0 (3-21b)

z(0) =0 (3-21c¢)

The last expression is evaluated from the values s and Cr1 calcu-

b11

lated through the relatively complex expression of equation (3.19b).
However, a simultaneous solution of the above three equations for

e C, and C, would give zero values to these constants. To have a non-

12 72 3

trivial solution a normalizing condition is used to replace one of the

above homogeneous equations, namely:

?(1,) =€ eb’,?e i es"z' 1 S le l (3~22)

—
—

Equations (3-2la,b) and (3-22) would then be used to determine the unknown

coefficients. A check on the validity of the solution, and hence on the

*
It should be noted that whereas ¢ = 0 at the edge of the

_ s
boundary layer, they have finite values at the surface.
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correctness of the initial assumption of the eigenvalues o and Br’ is the
verification of the deleted relation, equation (3-21c).

For computations initial guessing for oL and Br is made, and an
iterative technique is used to obtain their correct values that correspond

to the assumed values of the other parameters, namely, G, N and 8, .

o
Px® 7
The standardized Quasi Newton subroutine of the C.D.C. computer was used
for this iteration; fast convergence was always achieved with convergence

criterion taken to be IQ(O)\ 5_10_4. Computer program is given in Appen-

dix I.

Computational Results

Neutral stability curves were computed for position angles x+
ranging from 30 to 150 degrees and the instability parameter G going up
to 200. This range of position angles was chosen because Hermann's solu-
tion is not very accurate outside this range as described in Appendix A.
Indeed, the flow at x+ < 30 degrees is highly stable under normal condi-
tions and there seems to be no point in considering it in an instability
analysis. On the other hand, highly unstable separated flow is expected
at positions of x+ > 150 degrees.

Since instability for the considered range of position angles x+
starts at values of the instability parameter G less than 200, the insta-
bility information sought is obtained in the range of G from 0 - 200.
Also, highly unstable flow is expected for values of G larger than 200
due to disturbance amplification and the assumptions of linear stability

theory are no longer valid.
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Results for the considered rénge are shown in Figures (3-1 and 2).
These curves show the trend noted by Hieber and Gebhart [17], namely that
two modes of neutral stability exist and merge to give the nose shaped
curves shown. The upper part of the curve is attributed to the hydro-
dynamically amplified oscillations, i.e., oscillations that would be
amplified has the temperature oscillations been negligible. For this
reason this part represents the "hydrodynamic instability mode." The
lower curve is obtained because of temperature instability effects, and
this part is, therefore, called the "thermal instability mode."

Present results are compared with those of Haaland [14] for inclined
plates. It should be noted that the comparison bears no physical signifi-
cance. This is because flow over a cylinder is actually a flow over a sur-
face of varying inclination angle. The comparison is held, therefore,
between the neutral stability curves obtained by solving the governing
equations for fixed angles for both cases. It was found, however that flow
around horizontal cylinders gives more unstable "solutions," and that the
difference is more pronounced for the hydrodynamically amplified oscilla-
tions as shown by Figure (3-3). This increased instability is due to the
added centrifugal force on the fluid.

Results for a physical flow situation, given by NGr,r = 2.5 x 106,
are shown in Figures (3-4 and 5). In Figure (3-4) the Neutral Stability
curve and constant @, curves are shown on the x+ - Br plane. Constant

frequency lines are also drawn; they are determined from equations (3-11,

14, and 15) as follows:
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Here f is the frequency in Hz, hence using equations (A-15,25, and 26)

gives
A
271 F r? B = ) (3-23)
Y N 3/4 ¥ éSin(x')
nr
Taking
A
_ 2Wr2F
= YN (3-24)
Gy
o
gives Br = 5simcry (3-25)

Equation (3~25) is used to draw the constant reduced frequency, o, lines
which represents to scale the physical frequency £.

Some of these lines are further mapped into the x+ - plane of
Figure (3-5) which shows that constant frequency disturbances would propa—

gate at an approximately constant wave number a. and hence at a wavelength
L=2r/oa_ =218/
i T

This wavelength L is, therefore, proportional to the boundary layer
thickness 6, a fact which supports the initial assumption that s and n
are of order 6.

Figure (3-4) is further mapped intc the x+ - f plane of Figure (3-6)
It could be seen from these two figures that some of the constant—frequency

lines of high values intersect the neutral stability curve and the constant
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ay lines twice; they clear the amplifying region beyond some angle fur-
ther downstream. This may be difficult to understand physically and may
be attributed to the invalidity of Hermann's solution at large angular
positions, as explained in Appendix A.

Amplification rates are calculated for oscillations of different

frequencies, where

A/A = g B (3-26)

In this relation AN denotes the amplitude at point Xy of neutral sta-
bility, and A the amplitude at a point x downstream of Xy and a distance

Ax from it. Taking the limit as Ax vanishes, the above relation gives

X
&/AN = Exp ( [ 'Ei dx ) (3-27)

N

Amplification with position angle x+ are computed from equation (3-27)
and plotted in Figures (3-7a and b) for different frequencies, i.e., dif-
ferent values of reduced frequency o. As could be seen, oscillations with
o = 0.08 to 0.09 have the highest amplification rates in the considered
case, all others have less amplification rates. This is shown more clearly
in Figure (3-8) which is a plot of the relative amplitude ﬁfﬂN at an angle
of 150 degrees versus the reduced frequency o. The conclusion is that the
frequency filtering phenomenon exists in the present case of natural con-
vection around horizontal cylindgrs.

It is noted that the reduced frequency ¢ is a function of the total

Grashof number NGr s the cylinder radius r and the kinematic viscosity v
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as could be seen from equation (3-24). The favorite frequency band is,
therefore, a function of the cylinder radius and the temperatures of the

surface of the cylinder and the surrounding fluid. Since N._ = tends to

3

infinity gives o = 0, a unique value for the dominant frequency would be
expected in this particular case. Indeed, this would be the case of a

flat plate already worked out by Gebhart and his coworkers.
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CHAPTER IV

EXPERIMENTAL APPARATUS

Experiments were carried out to determine the neutral stability
curve of a natural convection flow around a horizontal cylinder in air
to compare it with the theoretically determined one,

The experimental cylinder used is made of aluminum; it is 152 mm
(6 in.) diameter and 280 mm (11 in.) long. Hot water of practically con-
stant temperature was used to heat this experimental cylinder. A hot wire
probe with a 5y wire was used for velocity and temperature measurements.*
Two traverse mechanisms were used to adjust accurately the position of
the hot wire sensor, both tangentially and radially. A 12.7um(0.0005 in.)
diameter alumel heating wire was placed in the boundary layer and used to
introduce controlled temperature oscillations. An enclosure was built
around the experimental cylinder to isolate it from the uncontrolled dis-

turbances of the room air. The details of the experimental set up are

given below.

Experimental Cylinder

An aluminum tube 152 mm (6 in.) diameter and 9.5 mm. (3/8 in.)
thick was used. Aluminum was preferred, being a good conductor, cheap,

and readily available. A copper sheet is rolled, soldered, and placed as

*The hot wire was preferred to other methods such as dust particle
trajectories [10] or quartz fibre anemometer [40], being a method for
measuring both temperature and velocity and because it gives an elec-
trical signal that can be easily recorded.
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a core for the aluminum cylinder as shown in Figure (4-1). The result-
ing 6.4 mm (1/4 in.) annulus forms the conduit for the heating water.
This design results in high hot water velocity and, hence, the high heat
transfer coefficient necessary for the uniformity of surface temperature;
it further requires a small flow rate of heating water., This design
together with the thick cylinder wall, succeeded in maintaining the sur-
face temperature variation within *0.08C (+0.15F) with reasonable hot
water flow rates.

Sixteen thermocouples are used to measure the surface temperature
of the cylinder. Eight thermocouples are introduced in the cylinder wall
from each side. They could be moved in the axial direction of the cylin-
der to within 38 mm (1.5 in.) from the mid cross section. Copper constan-
tan thermocouples were cemented with 2.4 mm (3/32 in.) outside diameter
brass tubes that can slide within corresponding 3.2 mm (1/8 in.) outside
diameter similar tubes that are embedded in the cylinder wall. Seven
thermocouples afe placed 30 degrees apart, covering the 180 degrees of
the circumference of one side of the cylinder. An eighth thermocouple is

placed on the other side of the cylinder to check the symmetry of the flow.

Hot Wire Probe

A subminiature, boundary layer type probe was used to measure both
velocity and temperature. It has curved supports to minimize conduction
through them which is wvery important for the accurate measurements of
temperature. The probe has a pin that protrudes 0.153 mm (0.06 in.) from
the wire as shown in Figure (4.2). This allows an accurate measurement

of distance from the cylinder surface. With the pin touching the cylinder
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surface, the wire is calculated to be at 0.5 mm (0.02 in.) from the sur-
face. The distance from the tip of the pin to the wire was measured by
a traversing microscope with an accuracy of 0.005 mm. The sensor is a
tungsten wire 5ym diameter and 8 mm long. These dimensions were calcu-
lated to maintain the wire at practically uniform temperature and such
that its frequency response would be much higher than needed for the
experiments. These calculations are given in Appendix D. The preobe sup-
port is made of two brass tubes of different diameters matched to each
other by a small brass sleave soldered to both tubes. The sensor stem is
centered and cemented to the smaller tube. The electric leads are connec—
ted to a subminiature audio plug cemented to the outer end of the larger
tube.

The probe was controlled and monitored by a T.S.I. model 1503A
bridge in combination with a variable decade resistor, a monitor and power
supply, and a signal conditioner. A digital voltmeter was used to take

readings for velocity measurements.

Traverse Mechanism

A worm and gear of reduction ratic 180:1 are used for accurately
placing the wire in the required angular position. An accuracy of 0.02
degree could be achieved in determining this position. A vernier with a
resolution of 0.25 mm (0.0l in.) was used for accurately locating the wire
in the radial direction. The movement in this direction is obtained

through a threaded rod moving through a fixed nut; as shown in Figure (4-3).
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Heating Wire

An alumel heating wire 12.7 u(0.0005 in.) diameter is used to
induce temperature oscillations of controlled amplitude and frequency in
the boundary layer. The wire is 240 mm (9 1/2 in.) long and placed
parallel to the cylinder axis. Rough control of the radial and tangential
location are only available. Since the exact location of the wire was
believed, and proved, to be of little importance. The wire is coupled to
an HP-3310 function generator which is capable of generating sinusoidally
4t

oscillating voltage of controlled frequency in the range from 5 x 10 o

5 x 106 Hz. This wire was calculated to respond, with very small damping,
to frequencies in the needed range of 0 - 4 Hz. These calculations are

given in Appendix H. A sketch showing the cylinder, the traverse mech-

anism, the hot wire and the heating wire support are given in Figure (4-1).

Enclosure

An enclosure 75 x 90 x 180 cm high is built using steel angles,
plywood, carton boards and plexyglass in which the experimental cylinder
was centered, 120 cm above the floor. The enclosure top is completely
covered to isolate the experimental space from the rest of the room air.
Two transverse openings 15 em high are left at the bottom of the two sides
to allow air to enter and circulate in the enclosure. The use of this
enclosure, together with the closing of the air conditioning and ventilla-
tion room grills were necessary to practically eliminate uncontrolled
instabilities.

Air temperature in the enclosure was measured by a copper-constan-

tan thermocouple placed about 22 cm from the cylinder surface.
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Calibration of the Hot Wire Probe

The hot wire probe was calibrated for both temperature and velocity
measurements, the following procedures were followed.
Temperature Calibration

The hot wire was calibrated as a resistance thermometer in a water
bath of constant temperature against a copper constantan thermocouple.
The results are shown in Figure (4-4). 1Its sensitivity was found to be
0.0475x (1 +* 0.01) ohm/F,

Velocity Calibration

The hot wire was placed on a rotating disk attached to a wvariable
speed motor as shown in Figure (4-5). The anemometer was placed such
that the wire was set radially at 10 cm (4 in.) from the center of the
disk. The disk and the probe were placed in an enclosure to isolate them
from the air currents in the room, and those due to the motor movement and
heat dissipation. The rotational speed of the disc could be varied in the
range of 0 to 50 rpm, and was measured by a stop watch. A voltage velocity
curve was obtained and is given in Figure (4-6). Except for three extreme
points, the reproducibility of these results was found to be within *2
percent.

The hot wire was set at a constant temperature difference of 71 *
0.1C from the surrounding. This was done by increasing the wire resistance
by 6.07 ohm above its cold value. With the temperature difference between
the wire and surroundings set constant at each reading, the power dissipa-
tion from the wire would indicate the velocity. By this method, one cali-
bration curve would be enocugh for velocity measurements in a non-isothermal

flow, had the variation in properties be negligible.
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According to Dring and Gebhart [8], natural convection from the
wire would have a negligible effect on the hot wire reading if NGr <L.O&N§e
for the wire.* According to this, natural convection effects could be
neglected in the present case for measured velocities larger than 1.6
cm/s. As could be noted from the calibration curve, Figure (4-6), the
zeroc velocity voltage and the voltage corresponding to a velocity of 2 cm/s
are the same. This is attributed to the interaction between forced and
natural convection from the wire. This limit of 2 c¢m/s was taken, there-

fore, to represent the experimental lower limit of velocity measurement

for the use of this probe.

%
Diameter of the wire is taken to be the characteristic length.
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CHAPTER V

EXPERIMENTAL RESULTS

Two groups of measurements were carried out. The first was to
determine the basic temperature and velocity profiles; the other was to
determine the neutral stability curve. The results showed reasonable
agreement with theory. Details of the procedure and the obtained results

are given below.

Steady State Measurements

Measurements were taken for temperature and velocity fields at
position angles of 50 to 130 every 20 degrees. For each of these position
angles, a profile was determined from readings at about 24 positions across
the boundary layer.

During any experiment, air and water temperatures were constant
within #0.1C (#0.2 F). The surface temperature varied within +0.08C (*0.15 ).
Consequently, the error in temperature difference measurements is within a
maximum of *0.275C (*0.55F). This éorresponds to an error in the total
Grashof number of less than 11.5 percent.

The error in angle measurements is taken to be half the resolutionm,
i.e. +0.02 dégrees. The corresponding errors in the functions f(x+) and
g(x+) are negligible.

The dimensionless normal distance n is calculated from the expression

1/4

Rejl (5-1)

11
n=_-N
o
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-+ !
and the error in n due to errors in n, N , and g(x ) could be calcu-

Gr,r

lated from

1
An = An + i ANGr,r + Ag (5-2)

The error in the normal distance n, is taken to be half the resolution,
i.e., #0.127 mm (£0.005 in.). This gives an error of *0.8 percent of the

boundary layer thickness. Hence,

An = +(0.008 +%x 0.015 + 0) = +0.012 = +1.2%

Local Temperature Measurements

The wire cold resistance was measured at each location. It was used,
together with the reading of the air thermocouple and the results of the
sensor temperature calibration to determine the local air temperature.

The air in temperature measurements due to end effects on wire tempera-
ture was estimated in Appendix D to be -1.3 percent of the total tempera-
ture difference across the boundary layer. Resistances could be measured
to within 0.01 ohm which leads to an error of *0.2 percent. Uncertainty
of wire temperature calibration was found to be of the order *1 percent,
and that of air and surface temperature to be of the order of +1.5 percent.

Total error in temperature measurements would, therefore, be

AT = -1.3 * .2+ 1+ 1.5 ==1.3 2.7 percent.

The dimensionless temperature profiles H(n) are calculated from the

relation
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where T is the air temperature outside the boundary layer and TC is the
surface temperature.

Dimensionléss temperature profiles H(n) are plotted versus n in
Figure (5-1). Results are compared to the theoretical curve of Hermann
and good agreement could be seen. The points are, however, slightly below
the theoretical curve, this is the trend found experimentally by
Jodlbauer™ [42].

Velocity Measurements

A constant resistance of 6.07 ohm, corresponding to a temperature
difference of 71 * 0.1°C between the wire and the surrounding air, is
added to the measured resistance at each location. The wire voltage is
taken to indicate the local velocity; however, a correction for variation
in the wire resistance and air properties from those of the velocity cali-
bration curve, Figure (4-6) was made. This correction is explained in
Appendix E.

It should be noted that the hot wire actually reads the vectorial
sum of the tangential and radial velocities U and V. A correction is

carried out for that using Hermann's expressions, namely

Us 2 i, FRF (5-3)

(5-4)

<
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In Hermann [16].
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The ratio U//(U2+—V2) is calculated at each location using the above
expressions and used as a correction factor to obtain the value of U
from the measured value, ‘/Uz + Vz. Further, the value of the dimen-
sionless velocity F' could be obtained by using equation (5-3).

The error in measuring U is determined from the feproducibility of
the velocity calibration curve; it was found to be within *2 percent. The
error in F' would, therefore, be given from equation (5-3) by

AF'z AU-L AN

2 Gf.l" —AF-AQ

= %2 - L(15)-0-0

— * 2.75 percent

Measured values of F' are plotted versus n in Figure (5-2) together
with Hermann's theoretical solution. Experimental results for F'(n) are
higher than the theoretical values, a trend that was also found by

Jodlbauer [42].

The present results are generally in good agreement with Hermann's

and Jodlbauer's results.

Determination of the Neutral Stability Curve

Temperature oscillations of controlled frequency and amplitude were
induced at a point in the boundary layer by placing a heating wire in it
and subjecting the wire to sinusoidal voltage oscillations by a function
generator. The positioning of the heating wire was not critical. Some-
times, however, it was necessary to move it downstream when the probe

failed to distinguish variations in amplitude due to excessive damping.
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For each reading, the probe was moved in the radial direction to
locate the point of maximum local disturbance amplitude changing the
position angle at which the probe is Set,-other readings were taken for
the same frequency. A local maximum amplitude was determined for each
of these position angles. The minimum of these local maxima was used to
designate the point sought for this frequency on the neutral stability
curve.

Hot Wire Response to Small Oscillations

It was shown in Appendix D that the wire has a negligible heat

capacity; the energy balance of the hot wire sensor is given by

2

F
hAg = R (5-5)

Due to the oscillatory flow situation, h, 8, and E are replaced in the

above relation by a steady component plus an oscillatory one, namely
h=h+ h A

- ®.,.0
e +0 L (5-6)

E = E + g

.

In the above the bar standslfor the basic components while the wiggle
stands for the oscillatory components. Substituting equation (5-6) into
equation (5-5), and neglecting second order terms in oscillatory quanti-

ties gives

; el : ’ o
Here the steady electric power E°/R is the wire response for the 'basic"

term hA @. The oscillatory voltage, e, therefore, indicates
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(5-8)

The term in parentheses is the sum of the relative ftemperature oscilla-
tions é!é and the relative velocity oscillations as indicated by h/h.
It should be noticed, however, that there exists a variable phase angle
between the two.* To achieve reliable measurements, one of the two terms
should be made negligible with respect to the other.

For (é/é) to be negligible, @ should be taken very large. In
this case natural convection currents from the wire itself would have
appreciable effects on the basic velocity and temperature in the vicinity
of the wire. On the other hand, one can reduce the effect of the term
ﬁ/?f by reducing é; to a negligible value. It was therefore, decided to
take the temperature oscillations as a measure of instability. The temper-
ature difference é§ was reduced to almost zero by taking an overheat

resistance AR = 0. Equation (5-8) would then give

I e
£y - Rl o (5-9)

n 2€
A correction for variation of h with streamwise travel, due to variations
in the mean velocity U is carried out in Appendix G. The corrected
amplitude of the sinusoidal voltage output is then used to determine
points of neutral stability.

A sample of the hot wire response to temperature oscillations of

a frequency of 1.8 Hz is shown in Figure (5-3). Oscillations were prac-
tically sinuscidal as could be seen from the recording at x+ = 135 degrees

on extended time scale. The relative amplitudes were corrected for

X
This could be seen from the theoretical results of Knowles and
Gebhart [24].
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variations of h and the corrected results are given as an angle versus
amplitude graph in Figure (5-4) for this particular frequency.

Results of Stability Measurements

Frequency Lower Limit: At a frequency of 0.8 Hz a second harmonic

appeared in the probe output, and increased with the downstream travel as
shown in Figure (5-5). The fact that a frequency of 1.6 Hz was sustained
through the flow indicates that the latter frequency is more rapidly ampli—
fied than that of 0.8 Hz. This is in accordance with the filtering phe-
nomenon found theoretically. It also sets a lower limit for the experimen-~
tal points. The amplification rates of these lower frequencies are small,
and only scattered readings of practically constant amplitude are obtained
at different values of the position angle x+. The presence of second
harmonics in the output of the probe was also noticed by Dring and

Gebhart {7]. TFor these reasons, points of the lower branch of the neutral
stability curves are extremely difficult to locate experimentally, as could
be seen from the results of Polymerpolous and Gebhart [34] and of Knowles
and Gebhart [25] for the case of vertical uniformly heated plates.

Results: TIn the stability measurements, the position angle x+ was
changed by steps of 10 degrees. The error in measuring the position angle
was previously estimated as 0.02 degrees; it is of negligible effect on
the determination of the position angle. Error in frequency determination
was found, from counting the number of cycles per centimeter on the chart
paper, to be negligible. It was noticed that the mean flow fluctuates
with time at large values of the position angle x+. These fluctuations

appear as variations in the envelope of the sinusoidal disturbances Se as

Aaw s mhaem A& R 4§ fmazraas eev
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could be seen from Figure (5-3). They may be attributed to the existence
of some "natural" sources of instability that cannot be removed. These
"natural" instabilities would amplify with streamwise travel, and their
influence distinguishably appears at large position angles. It was

noticed that these perturbations are irregular ones and generally acquire
larger wavelengths. The maximum déviation in the values of ée due to these

perturbations are of the order of +7.5 percent of ée av’ the average value

of 8,. However, the error in determining the position angle for neutral
stability due to these perturbations is expected to vanish as explained in
Appendix F.

Experimental results are plotted in Figure (5-6) and compared with
the present analytic results as obtained for the case of NGr,r = 1.05 x 10
which is approximately equivalent to the average total Grashof number for
the different runs. It could be seen that the highest frequency on the
experimental neutral stability curve is lower than the theoretically com-
puted one. The flow encountered experimentally at these frequencies was
found te be more stable than expected from analysis. This may be attribu-
ted to the fact that energy is transfered to the  amplified perturbations,

previously mentioned, depriving the two dimensional oscillations from some

energy and hence rendering them more stable.
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CHAPTER VI
CONCLUSIONS

The governing coupled Orr-Sommerfeld equations for small, two
dimensional disturbances were derived for the presenc case of natural con-
vection around horizontal cylinders. The solution of these equations was
‘carried out, using the method devised by Kaplan [22] and Mach [29].
Computations were made for air for the instability parameter G going up
to 200. Neutral stability curves are presented graphically as relations
between G and either the dimensionless frequency Br or the wave number o,
with the position angle x+ as parameter. Values of x+ were taken from 30
to 150 degrees excluding the vicinities of the stagnation points, irrele-
vant to the present study.

Comparison of the present results with the previous data for an
inclined plate showed that curvature stimulates instability; its effect
is more appreciable on the hydrodynamic instability mode than on the ther-
mal instability mode.

The flow was found as in the case of natural convection flow adja-
cent to a vertical flat plate, to be sensitive only to disturbances within
a small band of frequencies, i.e. these disturbances are the ones that are
amplified. Further, this band is filtered to a more favorite band because
some frequencies acquire larger amplification rates than the others and
dominate the flow as they probagate downstream. In the case of vertical

flat plates, this favorite frequency band was found, by Gebhart and
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Mahajan [46] to be a function of the fluid Prandtl number only. By com-
parison, in the present case, it was found that the favorite frequency

or frequency band is function of the overall Grashof number, the cylinder
radius and the value of kinematic viscosity v as could be seen from equa-
tion (3-24) that shows the dependence of the value of the reduced fre-
quency o on these factors,

Experiments were carried out to check the analysis. Measurements
were carried out to determine the basic temperature and velocity profiles
using a hot wire probe. These profiles showed good agreement with the
available theoretical and experimental data.

A Neutral Stability curve was obtained by determining the points
of least temperature oscillation amplitudes. It was compared to the pres-
ent theoretical results for the same values of N and N . good agree-

Pr Gr,r

ment was found.

Proposed Further Work

The favorite frequency which dominates a natural convection flow
around a horizontal cylinder was found to be function of the local Grashof
number, the cylinder radius and the kinematic viscosity v, i.e. the physi-
cal dimensionless frequency as given by frzfv is a function of NGr,r'

Further investigation is suggested to correlate the relation between the

two and to study its possible applications.
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APPENDIX A
BASIC VELOCITY AND TEMPERATURE PROFILES

Basic velocity and temperature profiles of natural convection flow
around horizontal cylinders were given by Hermann [16], and are needed
here to compute the stability curves. Some details of Hermann's analysis
are also needed in the derivation of the disturbance equations. Hermann's
analysis is, therefore, outlined in this appendix.

The governing equations for natural convection around horizontal
cylinders, as given by Hermann, are:

Mass balance equation:

r+U+ +Vn+ +v+=0 (A-1)
r+n ren

Tangential momentum balance equation:

r UU; & VU”+ G :-.l..P: g +'é @ sin (:?)

ren® re n ¢ S vren'
u U e & U ar V A-2
Y + + - 2r +
" z ntnt ren* 7 +{"+ri"’ ) b;+s+ (v+ 5 * (ren" ¥ F ( :

Normal momentum balance equation:
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Energy balance equation:

T+t f-rn'* r+nr

r U@s,+ + \’ @r"l' - Qa {@"*ﬂ‘, + \ @ﬂ"‘ +(_r_+ }2 @‘.1'54' ?j (A"‘&)

The above equations represent the mathematical model of a steady, two-
dimensional flow with constant properties.

The plus sign over s and n indicates the finite length scale used
in steady-state calculations as distinct from the much smaller distances
that have to be considered in connection with disturbances. This is
explained more fully in Chapter III.

Following the order of magnitude analysis given by Hermann, we

have*
U=l s'ey ) nzs
Vesd ® =\ pzé

where & is the boundary layer thickness. Neglecting terms of order ¢ with

respect to those of order 1, equations (A-1 to 4) become

Us*+ Vit =0 (A-5)

UUge + VUt = v Upne q@esin (S (A~6)
S n " o+ QPQS‘m(T)
2 1 A A +

1 s :
-Y . "Q‘E\* _w@m(_r_) (A-7)
J @_‘3 + V @n; = a @, + (A-8)
*
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It should be noted that equation (A-7) is not necessary for the
general solution of the problem, its only use is in obtaining the pressure
gradient in the radial direction. It is, therefore, dropped in the follow-
ing analysis. To render the remaining equations dimensionless, the fol-

lowing substitutions were used by Hermann:

+ + 1
-~ 5 = N 4 " b/
=2 5, Y Y N L U=z v ¥ NGr,r‘

Y )

(A-9)
I A A
V== 7 q:‘:"- ‘Vé'w;r/4 ’ Nar,r = gp bTrg/)‘z 9 @ = H BT

: + + ; s
In these expressions x ,y ,¥, H are of order unity. With these, the con-

tinuity equation (A-5) drops out and equations (A-6) and (A-8) become

. +
Yo Bt = Ber Brr = Gryryt 4 Hosin () (A-10)
Wy He - Wa Hy* = 7\!7‘ Hy*)"" (A-11)

r

Following Hermann, a similarity solution was obtained by defining

N =y quxh)
¢ = FCFOT) (A-12)

Substitution of these quantities into equations (A-10) and (A-11) gives

120 2 P o il ", 3 : .
F Epgg,.gfp}_ FFZ(RP9Y) = Fipgh + H sinwo (A-13)

/

Hﬂq- NPr F H! _f._. = 0 (A1)
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To achieve a similarity solution compatible with the original solution

of Pohlhausen™ for vertical flat plates, Hermann set the following equa-

tions
Flzag (A-15a)
2 .
Fgg = bSmU) (A-15b)
gzﬁr: c Sin (x) (A-15c¢)
P dsin(x)
Fg = (A-15d)

where a = 3, b = -1, ¢ = 3, and d = 1. This gives
"l " 1z
. SFF c2r™, # e (A-16)
“ 3N, FH =0
H + B - (A-17)
These are the well-known Pohlhausen equations, solutions for which are
readily available. In particular, later accurate numerical evaluations
obtained with computer by Ostrach [31] are used here.

Solution of equations (A-15a to d) was carried cut by Hermann,

and gives the following expressionf for f(x+) and g(x+)

2 3 4
F(x") = 3.4284 iu-o-ssl i” - 0.0o5 £26 _;‘: _00/412 P _ 0.00l65 P

5
_0.00066 P i’ (A-18a)

where $ = (x'=90) ™ /180 (A-18b)

*
Part of Schmidt and Beckman work [35].
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" +
and g(x*) = {—-‘—'i’—(—-’f—-)—} (A-19)

It should be noted that three independent equations, namely
equations (A-15b,c and d),* are used to determine the functions f and g.
A second expression could be cobtained for g from the relation f£' = ag,
this differs from the present expression of equation (A-19) only near the
lower stagnation point. At the upper stagnation point, the function
g(x+) equals zero, which physically means that the boundary layer thick-
ness goes to infinity. The situation could be interpreted as a representa-
tion of separation with all assumptions of boundary layer flow invalid.
Hermann's solution is, therefore, considered valid throughout the flow
domain except near the two stagnation points.

The basic quantities that are necessary for the solution of the

disturbance equations are listed below. They were originally derived by

Hermann
U=2F'u* (A-20)
Upt = v F”U*/(é r?) (A-21)
" U‘/(sz 3)
Uptn* = vy F f (A-22)
Us“n* = y ( F”- F ”’Q ) /(53"3) (A-23)
V= - ¥ (3F=F) [ (3r) (A-24)

%*
Equation (A-15a) could be obtained from equations (A-15c and d).
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(A-25)
Vo |
where i Fq NGr,f
(A-26)
V4
gt 5 = '/ Cang Ty
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APPENDIX B

ORDER OF MAGNITUDE ANALYSIS OF TERMS OF THE

DISTURBANCE EQUATION

Based on the order of magnitude of the terms of equation (3-9),

analysis of different terms of equations (3-8a and b) is carried out.

Equations (3-9) are

Vel Lad vzs? .
Ved ord ags’t
frs Yus? te| RS (3-9)
sty g/hT x4
H= @&/aT =1 nes
Sed )

The order of magnitude of terms of equations (3-8a and b) are given by

the following:

-~ ‘;; 62 .
9!"* ® nxg £ sxv w8
~ 2
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An ¢ 5x8x1

w z

¢ U+ » S5 ~ |
nn s 5!5 |

0, 5T
q{'\ s"'n"' £ —5"-! |'5 L I
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n ns 3 515 /
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APPENDIX C
SOLUTION OF THE ASYMPTOTIC EQUATIONS

The asymptotic equations govern the instabilities outside the

boundary layer; they are equations (3-18a and b), namely

nit

® + 3F & (igpac’) @’ -3t 4 {Ct‘—"-’-fzaﬂ] N4

= - (Z% <xT cot (x*1) (=13

"

/! .
and T ., 3 Ngz,' +(£N$c1'p_acz);= 0 (C-2)

An outline of their solution is given in this appendix. The auxiliary
form fér equation (C-1) is obtained by replacing the derivatives of ¢ with
respect to n by the symbol D, and omitting the right hand side which would
be used to obtain its particular solution.

The resulting auxiliary equation is
. 2 4 . 2
0%+ 3k D’+ ((xGB -2a?) D? . 3R @' D + (of-4alGR)=0 (3
The roots of the above equation are:
Y1 Vo0 Y4 and Yy where
A
YI = 4+ & (C-4a)

¥, = = o (C-4b)
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§3 =05 [_35 G {SF;! ¢ A’ iGqu/z] (C-4¢)

2

2
ais [~3F5 = {95 +4(“"‘-4F3}2 ] (C-4d)

g
1]

Following the same procedure, the auxiliary form for equation (C-2)

is given by
2 ; 2
D.,.SFENF}D +fINPrGF-aC)::O (C-5)»

and its roots are

A I | ; V/,
*{szo-s[-ﬂZ N'pr+ {BEN,; +«1(r‘-’cz—““';='r Gp\it] (C-6a)
A 2 2 5 V2
Yo zos[-3 N - J9R Ny v a(a iNgap) § ] (C-6b)
Solution of the simultaneous equations (C-1 and 2) would, therefore,
be
M
£ A X1
J
¢=Z jé’ (¢-7)
Jz=l

A A
A Ts ’( A x{?
g =0 € 5 C‘ e (Cc-8)

Yeh YN

It should be noted that the terms C5e 3 and C6e are included in the

solution of equation (C~1) being its particular solution as obtained after

the evaluation of ¢ by solving equation (C-2).
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A
OQut of the six exponents Tj, three have negative real parts. These

are only considered because oscillations diminish far from the cylinder,
a condition that can be only satisfied by such terms. Solutions of equa-

tions (C-1) and (C-2) are, therefore, given by

1 Y7 '

T EEE T T (c-9)
Y_-,.?

r=Cye (c-10)

where 11, !2 and 33 are the roots having negative real parts among the
’

xg's. The constant C4 could be further estimated in terms of the other
constants Cl’ CZ’ and C3 by substituting equation (C-9 and 10) into

equation (C-1); this gives

4 3
¢, =C [ Y+ 3k, +(5Gﬂ-2x’)r:_.zpé¢“xa+(xd_ ioc’Gh)
! ’ ,3 + {oc Col (X*) (C—ll)_

By this, the asymptotic solutions would be given by

L %1 %
@ = f, e 4 Cze 3 C;e ‘z (C-12a)

P Y 2,02 :
- cz[ Y3 +3Fe B3 + ((GP- 22 )Y, - 3F, = Y + (at- (agp) era'l
¥; + (o Cot (%)

(C-12b)
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APPENDIX D
DESIGN OF PROBE

The hot wire probe was used to measure both temperature and velocity.
Its response as a thermometer is discussed in this appendix. As such, the
probe is required to measure the local temperature accurately in a field
with rather steep gradient. An error is expected because the wire sup-
ports would be affected by temperatures in adjacent parts of the field
and, therefore, attain a temperature different from the local one to be
measured. This would heat (or cool) the ends of the wire sensor.

The probe should also follow the local temperature fluctuations
within the expected range of frequencies, and appropriately indicate them.

For this, the wire should have the least possible heat capacity.

Error in Temperature Measurements Due to End Effects of the Wire

The wire sensor of the probe is used to measure the fluid tempera-
ture Ta while its supports are assumed to be at some other temperature T
The wire would, therefore, act as a fin, and there would be a temperature
distribution along its length. The reading obtained from the wire would,
accordingly, indicate some average value in the range T to Ta

Assuming half the wire length to be a fin with insulated tip,
the temperature distribution over it would be given by [11]

%
To-Ta

= Cosh(ml) . sinh(ml) tanh(m L) (0-1)

%
wtigre  wiw= (APLARY (-2
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and £ is the variable distance measured from the wire support. Integra-

ting over the length of the wire gives

tanh (mL)

@l

mL (D-3)
or
= ah (mL)
(F-T) = (% -T) f2b (e (D-4)

Naturally, the relative error 0 increases as the heat transfer
coefficient, or the fluid velocity, decreases. To limit the error to less
than 10 percent at a velocity of 2 em/s, it was found that for a tung-
sten wire 5um diameter, a length of 7 mm or more should be used. Actually
the wire used is 8 mm long. Further, curved supports were used for the
probe. This further reduces the temperature range (Too = Ta) over the last
5 mm of the support length to about 3C. This, in turn, reduces the error

T = Ta to about -.27C or -1.3 percent of the total temperature difference

across the boundary layer.

Frequency Response of Probe Sensor

A study of the frequency response of a hot wire probe was carried
out to determine its ability to detect the highest frequencies encountered
in the experiment.

Calculations are based on the use of a tungsten wire 5um diameter
placed at a point of 2 cm/s velocity, the minimum detectable value. In
the following analysis, it was assumed that the wire operates in air at

about 300°k.
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In measurements of temperature oscillations, the wire tempera-
ture was set at a constant value approximately equal to that of the mean
temperature of the air at the wire location. In other words, the wire was
operated as anemometer with an overheat resistance AR = B However, for
estimating the frequency response of the wire to temperature oscillations,
it was assumed that the control circuit is relaxed. By this, the wire
temperature is expected to follow the sinusoidally varying air temperature
except for some damping factor; calculations of that damping factor are
given below.

Under the above velocity and temperature condition, the value of
the wire Reynolds number would be about 0.005. According to Collis and

Williams [41], the heat transfer coeffiecient would be given by

17

_ . o.
h = —3... (-—_E:-) / (I.IB- Il las(h’ge) = I577 N']le

For the tungsten hot wire used, the Biot number would be about 5 x 10~5.

Infinite thermal conductivity in the radial direction can, therefore, be
assumed for the wire; i.e. that its temperature is practically uniform

throughout its cross-section. For this case the energy balance gives

hPL(T-T,) = §C AL 2%"5— (D-5)

where Ta is the surroudning air temperature, ’I‘w is the wire temperature,
ﬁ the perimeter, and A the cross sectional area. Assuming air temperature

to fluctuate sinusoidally with a mean value_fa, it could be represented by

T = &+ Gy &t (D-6)
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And due to velocity oscillations, h will vary sinusoidally,* around its

mean value g; as given by following relation

ho=h+ hy Sint i

The same frequency was assumed for both temperature and velocity oscilla-

tions in equations (D-6 and 7).
Substituting equations (D-6 and 7) in equation (D-5) and neglect-

ing disturbance quantities of second order gives

.‘_;LE.. =-M{@-Gn sin(wt) L (@ hn/h] sin(wt)i (D-8)
where
ph - -
M = = T - T
$Cp A and ® W= a (D-9)

For the considered case of using the hot wire for measuring the
temperature oscillations, the difference between the wire temperature Tw
and the mean air temperature f; is expected tc be very small. The term

éﬁﬂ_sin wt would, therefore, be negligible and equation (D-9) becomes

o é§ M [Ej = é; SInhdeJ (D-10)
dt

The solution of equation (D-10) together with the initial condition 6{0) =0,

which denotes a zero initial temperature difference between the wire and

%
Velocity - heat transfer coefficient relation is assumed linear
within the small amplitude of the disturbance velocity, hence h varies

sinusoidally with time,
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the surrounding air, is obtained by using Laplace Transforms; this solu-

tion is given by*

-t
- in (wk) - e ﬂ(l-ros(wfﬂ] .
@ - gn MZ-‘-“‘ [Sm (w v (D~-11)
The conditions that would be established after a relatively long period

of time would, therefore, be

— ar 2
® = 6, M sin (wt) (D-12)
hP 5 -1 ,
In our case M = 56 K = 4.8 x 107 sec whereas the maximum value of @
P
is expected to be within 20 rad/s.
2
This gives 5 3 = 1 and
M +¢w

Tw —Ta = GA sin (wt) (D-13)
Comparing this with equation (D-6) gives

T, = Ta (D-14)

As previously explained, in the actual measurements the wire temp-
erature is kept constant by the anemometer controlling bridge. Conse-
quently voltage indications would appropriately represent the temperature

variations.

*
Reference [15] was used to determine the solution.
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APPENDIX E

CORRECTION OF VELOCITY MEASUREMENTS FOR

LOCAL TEMPERATURE EFFECTS

The hot wire anemometer was calibrated at a temperature of 24.7°C
(76.4°F) and used at different temperatures depending on its position in
the flow field. Although the temperature difference between the hot wire
and air was maintained constant at 71C, a correction should be made for
the change of the resistance Ry of the hot wire, and for the variation of
thermal conductivity k and kinematic viscosity v of the air. A change in
the wire resistance RW, changes the bridge arm ratio RW/(R_W + 40) that
represents the ratio of the wire to bridge voltage (the bridge has a con-
stant resistance of 40 ohms in series with the wire).

The velocity-voltage calibration curve Figure (4-6) is reduced to
the dimensionless form of Reynolds number N_ versus Nusselt number NNU

Re

of Figure (E-1) by using the following relations

-2

Ng - .g_fi.. » N = _........._....__..E .‘.:i
e Y . R, R BT k

In these relations, the properties are taken at the mean film temperature
around the wire, namely (24.7 + 71)/2 = 47.9°C). The temperature differ-
ence AT is taken here as 71C which corresponds to the overheat resistance
AR = 6.07 ohm used, as mentioned in Chapter IV. A straight line approxi-

mation of the graph in the expected velocity range (2 to 17 cm/s) gives
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N = H + B NR&

NUW
(E-1)
with A - 1§95 and 8 = Il.75
All other variables are linear or considered so, hence

Ry = Ro (1+,0) (E-2a)
Mo+ Rw) = (40+ RoV(1+x,©) (E~-2b)
R = R, (14 ) (E-2¢)
vy = Yo (\+xq8) (E-2d)

where @ is the difference between the local air temperature and the
reference temperature 24.7°C of the calibration curve. The values of &y

through o, were determined and are given below

%
a; = .0034 g
ay = .00126 ¢
oy = .0027 g (B-3)
a, = .0054 €T

The energy balance equation for the wire is

- 2
(i“ﬂﬂ ) [Rw = hABT = R (A48 Ng ) A:T (E-4)
o+ N

For measurements at different temperatures, substitution from equations

(E-2) into equation (E-4) gives
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sl
E R _ 26, _ -k g vd (,_ Yt AAT (E-5)
?Efﬁ"f‘*“"' % -a3) 8 =k, [+ £ %, e

For measurements at the reference temperature, @ vanishes and equation

(E-5) becomes

2
E R _ vd A BT
E‘ e 2 = ha (p-‘- 8 — ) ey (E_6)
(de+R,) Yo d

For some velocity U, the wire reads E; at the reference temperature and
E for a change in temperature 6. The voltage E; would thus be the cor-
rected value of E to be used with the calibration curve, Figure (4-6).

Manipulation of equations (E-5 and 6) gives the following relation

go . x4
= 5 I+ f12 ) -2x, - x +_B__t{¢_‘_._._}

1- Fé (E-7)

The right hand side of equation (E-7) is the required correction.
The values of 7 are plotted versus the veloecity U in Figure (E-2). As
could be seen, the corrections in the range of velocities and temperatures
used in the experiments were within 1.6 percent.

Knowing the approximate value of velocity and the temperature, the

corrected velocity was obtained by trial and error.
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APPENDIX F

ERROR IN EVALUATING POSITION ANGLES OF

POINTS OF NEUTRAL STABILITY

Temperature oscillations were measured at different position angles
+ y : {14 i
X to determine the location of neutral stability points. As could be
seen from Figure (5-3), the amplitudes Be of the recorded temperature
oscillations were found to fluctuate about a mean value ée o with a maxi-

3

mum deviation e, i.e.

poy ~
B = (i &) ee,au (F-1)
It was found that € = 7.5 percent. The error in determining the position
angle for a point of neutral stability due to these perturbations is esti-
mated in this appendix. A least square fitting to a second order curve
is performed on the readings of the disturbance temperature at different

-+ ;
position angles x . The fitted curve equation is taken as

2
é = IH| + ng X* -+ Ag x+ (F_z)

According to the well-known least square algorithm, the constants

Al’AZ’ and A3 are obtained from the following equations
R, n - nz Z )(j + ﬁ, Z: xj = Z 6‘, :
Jzi J= Jer S
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'al
Lad 3 il 3 "o
Ay 2% 4 AL Z X . AT X 8 . x

Jzi Jei 3 Jan d o Jo G617 (F-3)
n o1 n o3 n 4 N 2
Z X + A D x Ay T 0" oy i : X

R, “ il 3 =% P T e

where n is the number of experimental points.

The error in the left hand terms of equation (F-3) is negligible, being
dependent only on the precisely determined position angles x+. The equa-
tion includes an error of *e in the right hand side due to the linear

expressions in ©

€,
Solving for Al, A2 and A3 by Cramer's rule, the values of Al,'for
example is given by
- e, s X/ Z X
Jzit al J=i 4 Ja 4
N . N ”
3 6, x 3, wF s x!
) 4 ; ) J
J=t NEY Jet
n — "
2 n 32 4
H El e)-’ xJ £ xJ J‘E';'XJ
1= A r (F-4)
n = X 2 x;t
NET Jei ’
n n n 3
2 ¥
< x =x T
=t Jat e
n n
2 n 4
Z X Z x? Z X
=l J :j.—.l J j-—l !
In the first column of the numerator determinant, é , = (l'te)é ] 5
e,] e,],av

therefore
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A~
= 8.
Ja ®pav )
no. g
El ae’-}:av %
A = (1£E) % = (x€) A 4y
(F-5a)
Similarly
A, = (1+€) Ay av (F-5b)
and H; = (1 €) ’q3,qv (F-5c)

+ . oy =
The value of the angle 2. at which the minimum value of ee occurs

is calculated from

x:ﬁi“ = s RZ a5 Az,ﬁv ( |+ E } (F—G)*
' Zify 2A;,av (12E&)
or x' c = Psav C £) (&)
min \x2
2 Ay ay

. . . 4 -+
Assuming a normal distribution curve for xmin’ an error of utmost

15% is expected with a probability of 100 percent, and an error of utmost

— .
Equation (F-6) is obtained by differentiation equation (F-2) with

+
respect to x and equating gﬁ;— x by zero.
dx i
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+87% is expected with probability 78.8 percent.

However, as the perturbation in the experimental values ée may be
attributed to a naturally existing disturbance (of very large wavelength)
which amplifies with streamwise travel, the peaks and valleys of these
+

" 1
perturbations are expected to correspond to each other, hence 1+

acquires
; ; ? +
an approximate value of unity. The error in X in due to these perturba-

tions is, therefore, expected to vanish.
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APPENDIX G

CORRECTION OF THE DISTURBANCE TEMPERATURE AMPLITUDES FOR

CHANGES OF BASIC VELOCITY U WITH STREAMWISE TRAVEL

The hot wire probe is used to detect the temperature oscillations
by operating it as "'anemometer' with zero overheat resistance. In this
case the energy balance is given by equation (5-9). The voltage read is
that of the bridge; it should be further multiplied by the bridge arm
ratio Rw/(Rw-+40) to give the voltage across the probe, hence:

2E é R

6 = s — (6-1)
(R, +40)“dL h

2E R
W

The term is constant since measurements were practically

2
(Rw—kAO)

: 2 ; ~ &
taken at radial positions corresponding to the same value of n(= 1.24" in
the present case), hence at the same basic temperature.

Equation (G-1) would then give

(G-2)

= |

A correction should, therefore, be carried out to account for the varia-
tion of h due to variation of U, the tangential basic velocity component.

This is carried out in this appendix.

*
This value corresponds to locations of maximum temperature disturb-
ances in the radial direction, as obtained from experiments.
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For the specific radial location (n = 1.24) used, Ostrach's [31]

numerical calculations give the dimensionless tangential velocity

F' = 0.265. Using Hermann's [16] equation, namely
F'wNéin + +
U = ——;~—*i—-f(x Ye(x )
gives
U= .06 fg
and
Re = .018 fg

(G-3)

(G-4)

Using the velocity calibration curve Figure (4-6), together with equa-

tions (G-4) and (G-2), a variable correction factor should be multiplied

by the resulting oscillatory voltage amplitude at different angles.

This

correction factor was calculated as outlined above and is given in Figure

(G-1).
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APPENDIX H

HEATING WIRE RESPONSE TO SINUSOIDAL

ELECTRIC POWER INPUT

A heating wire is used to induce temperature oscillations of con-
trolled frequency and amplitude. By adequately choosing the wire material
and diameter, and the input voltage amplitude and frequency, the heating
wire acquires sinusoidal temperature difference from the surrounding air.
Calculations are carried out to choose the wire diameter such that small
or no damping of sinusoidal signal is encountered.

An alumel wire of 12,7m (0.0005 in.) diameter was used in the
experiment. It was placed at points of velocity 5 cm/s and temperature
310°K approximately. The wire Reynolds number is calculated to be 0.0374.

According to Collis and Williams [41], the heat transfer coefficient is

given by
T.., Q17
k ., 'm 45, 2 o
h = a (¥; ) [0.24 + 0.56 NRe ] = 794 W/m™ °K
For alumel wire, the Biot number would be
0 . -3
NBi S 0.33 x 10

This small value of NBi indicates that infinite thermal conductivity in

the radial direction could be assumed for this wire.
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Energy Balance Equation

With a volumetric rate of heat generation q, the wire (of length L
and diameter d) would acquire a temperature Tw different from the environ-

mental temperature Ta, the energy balance of the wire gives

Fal
46 ..M + 4/(8C) (H-1)
dt
where
M= 4h /[ (RCpd) , and 8 w-Ta (H-2)

The heat generation q is assumed to have a steady part ﬁl and a sinu-

soidal part az sinwt, i.e.

O - -

Substituting into equation (H-1) gives

A A
do - - me+ - {4 +4, sin Lwt) § (-4

— =

t

o i ;
Using Laplace transform to solve the above equation > gives

~

-Mt a 2 _Mt
0= _ (") h oM fLsinut -u¢ (u-c,wt]f(ﬂ—m
QCp™ €Cp Mi+w? (M M2

This gives the following established state solution

hi A
2
6 = _q'_. ¥ G M sin wt
QM QCpM M4w?

or
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A A 2
- _ 94 d M .
w=-Ta * 95 7 qzh = ) @-e)

For a sinusoidal voltage input of E = E, sin w, t, the volumetric rate of

A 1
heat generation is given by
2 E'?
5« 46 . = 455 sint wt
9= rmdL Rmd L ;
or
2
A E,
Rmd L
hence, except for a phase shift
2
A
q = Zsﬂ’ i I+ sin (wt‘\i (8-7)
Rmrd’L

It should be noted that w = 2w i.e. the frequency of the sinusoidal

l’
heat generation is double that of the input voltage. Substituting equa-

tion (H-7) into equation (H-6) gives

2

Topn T & B [+ M S:'n(wf)s (H-8)
2RhmrdL

M2 4 w?

To have an effective sinusoidal temperature difference without raising
the wire temperature appreciably, M should be much larger than w. In

our case

=
'S
g
N

5X10

]
ny

“0

[
=
o
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This should be compared to the maximum expected value of w of about 20.

Therefore for the wire used

2
Tu-Ta = Ea ( 1+ S:'n(w(')) (H-9)
2R TdhA

This means the steady state temperature rise of the wire is equal to the
amplitude of its sinusoidal one. As could be seen from equation (H-8), a
better situation is not attainable. It should also be noted that the power
dissipated is small and would not affect the basic flow. On the other
hand, the sinusoidal temperature rise would activate the required con-

trolled disturbances.
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APPENDIX I
COMPUTER PROGRAM

The computer program used to determine the stability curves in the
x+ - ar or Br planes, with ar and Br taken as eigenvalues is included in
this appendix. Similar programs were used for different stability planes

and/or different eigenvalues.
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PROGRAM NCFCLMOINPUT ,OUTKFLT, TAPES=LINPUTsTAPESG=0UIPUT)
UIAEHNSTIUd YAUO) 3 YP (I Teleldl o X(2) e RIZ)sAJ (2ol ) oL (20 ) s IP(3)
EXTORNAL FUN
COMPLLX UesbLararGeAPLCP
COMAON/ WZ1sYP s MByRE PR ZETE s HSs MM, CTA46
LUMMUN/WZ2/HB4 0L A0
KEAU(S,1111)GR,PR
1111 FOEAAV UFL 291X sFTe3)
KeAdilo,111) TR
11i1c FORMAT(Fu.1)
ETe=ba 0
HS==u.1
HB=.(2
MHMLi==-clE/ZHS+,1
MM=rHM L+ 1
Mol=tTo/HB+ua.1
MB=Mu L+ 1
Y{l)=uv.1
Y{2)=1U.C
Y{s)=0e0701
Yiul=1.1
Y(5)==-4.508
XZ=0L.1
DO 114 K.:lss
111 YPURs1)=Y(K)
YP(py1)=-1.1
YP(7s1i)=0.0
DU 1C 1=2,M3
CALL RK(YsXZsbeHE)
DO 11 K=1,45
1i YP{(Ks1}=Y(K)
YPUBs 1) ==3,0%Y (L)Y (J)+2L*¥Y(2)*Y{Z)=-Y(4H)
YPAT s L)==30¥PK*YL1)*Y (5)
10 CONTINUE
AP=(elBsasid}
CP=‘0321aﬁl
DO 3 LIK=1,7
CTA=CTK*3.1415%20547180.0C
FY=CTA=-1.o70/79€C427
FF=3.428370b14% (1. 0+FY*(U581+FY*(=0,0502b+FY
1 (= D141 2+FY* (=L ol ibB=Leudlbo*FY))I))
GO=(SIN(UTA) F/FF)*¥ ,53033325335533
Re=FH* {GR**,25)
LL=FF/Z LLGL*RE)
WRITEib+1113)GH4PR4CTR
1113 FORFAT(BH1UASE OF/4H GR=sF1uels/4H PR=3F7437
3 SH CTA=4F5.1/)
A=AP
C=CP
X{L)=REAL (A)
X(2)=REAL(C)
N=2
K=2
P=0
NR=2
TOL=.0001
IP(1)=28



dd.i0
BN

d=1

LALL FUNI XNy P)

SEA=Kr (1)

SLi=Hd(l)

AP+ euwlelblil

Adl)=moeAe (A)

CRLE FUNlAXsNs Koot )

oke=k (1)

3le=k (&)

A A

CE0P+ LlbUd ol L

ACL)=wb Al {2

X(Zd=vbaL ()

LALEL FLmlXxyNgKyidyH)
Sks=R 1)

S1e=m(2)
AJdllslli=(orc=Srli*iullcuil,
Ad iy ) =L5irno=3x1)*¥i0ul CduLo.
Adlecest)=151=5140)* v 000
Al ) =154 3=-SI1)1*1Jddulia
X{Ll) =Rt AL (Ari

XKE2) =oAL (uP)

CALL WNWNT (X sivea R aFUNsF 2 TULy IPs U s RaRMSy Ad e BL)

LR AL el o« TULILOTO Y918

GUTU 3917

ARLlLtoed3in)

Funtal leld uunVexrooNCE AuRIceVEL)
L=l k=6,

A=A

L=

LUl fivuz

CUnT L

v ND
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1

(o el

1003

1004

.1uds

SUBRJUUTIHE FUNCXINgX4R4P)

COMPLEX XKaA ILsCebsZA (o) 1i8(b)14GI(B)sGs354S
'AJlﬂJﬂgaJB1ﬂJu,UC(3)

COMMUNZ WLL1/YP y MG yREZPRsElC +HI 9 MMyCTA B8B4G

LUMHUNZWLZ/HUs UL 3R 40

UlMeNSiOn YP(741210 3 X{N), K I(K}

A=X{1)

C=X{)

COMPLEX RUGTS CF AUXLLLIARY EWUATIONS

IC=(L.0,4,1.0)
X=0SURTEFd*YFLlLe ) *YP (1, MO) 4 O¥(ATA-LL*RE*C))

B=0 %% ("J.b‘TP(Ln"HH-XR)

IF(RCAL(B) s e L,0)08=0.9% (=2, L%YP{1yMB)+XR)
AR=CIURICILOFYF ULy MBI *YP (1 4 MB) *PR*PRYGUF (A*A-IC*Pr¥xE*C))
G0 5% (=5 UFYP UL yMU) *PR=XR)

IF(REAL () «GE . U-UJL;:L-S‘I—J-B*YpilvNU)"Pr{*XKi

DISTUKRBED FLONW

MMlI=MM-1
ZACL)=CeXP(~-LTE*A)
ZALZ2)y==A*ZL(1)
ZALS) == h* A (<L)
Lialy)=-A*ZA(3)
ZA(SH)=ldausu.0)
LA(B)=(0ausda0)
XZ=£TL

DO 100d 1=1,MM1 =
CALL CRK(ZA3XZyB4r3)
CONT LiNUE

28011 =CEXP(ETE*B)
LBl =H*LB8(1)
IB(3)Y=B*Z2B(2)

23 l4r=p*L0(3)
IZB(5)=(u,usu.0)
ZB(DJZ (U.U'GCUJ
XZ=tTc

DO 1il4 I=1,MM1

CALL CRKI(ZU9sXZ4+6,HS)
CONTLINUE

ZGl1)=LEXP(ZTE*G)

ZGLle)y=G*¥ZG(1)

ZGI3)=6*2G(2)

LGIGLI=0G*Z0L(3)

SS=L*O*G¥Lto U*YP(L MBI *L*G* G+ {LC*RE*C=2.0%A*A) *G*G
=L JUEYPULL,ME) *A¥A*G+AYA* (A A-IC*RE* )

50=0a3/(G+ JCH¥A®COS(CTAN/ZSINICTA))

LGLS)==0S*LEXAP(ETC*G)

LGloul=6*2u(2)

XZ=tTe

DO 1uil5 1=14MM1

CALL CRK(ZGsXZsbasHS)

CONTINUE

AJ=CEXP{-ETC*A) *(Zbl1) *Z06(2) =LG (1) *LB(2))
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1 —UnXPLETE®ul ¥ (LA(L)* o2y =406 (1) *2a(2))
< FLXPLETZ*C) # (LALL) *Luile) =L (1Y ¥ZAa(2))
AJAZ 801 *Zutd) =L 1) ¥ Ld(e)
Adiz=La(l)d* 2ol vZoll) *ZAL(2)
BduTLAQL)* L3 (c) =Lyl *iAalc)

Cull)=AJAZAY

Lul2i=AJu/ad

LISy =haG/sAY
SELLILYFLZAUBI+LL(2) 220 (B)+LC(3) *LG(5)

k(1) =xkEAL(S)

R{Z2)=AlIMAG(S)

WRLIL (B 21115 sLsARE

¢lil FURHATC+H S=(sclusaslHyyclleby TH LE(sCl13e7 vyt ldeliy

1 {H) Azlsb 18e7 slHyscil oty 7H) Re=sE10.4)
RETURN

ENL



Bl

2004

2e LD

SUdrUUT LNG RK(F 9 X9 MeH)

ULill i IGiv FIL) sP(2) sl ) +OF (54

JJ duiua I=le0
Pl =r L)

XP= X

CALL wwlF y XyUF )

U cuvd J= i M
QAo =¥ UF tJ)
Fludt=rlu)+i «o*¥CF(J)*H
K=XP¥§ e 2%H

Ll Wl (Fgany uF)

Ul covvy JdTLad

wldl 2L id) ¥RFIOF (U1 ¥ Wl
FAJI 2P L) vn*IFE(J)* 5.0
CHLL W (F gy Xy JF)

U o= JdTm1e4

wd b tdd P OF (J ) * e
Ftdi=riu) +HPOF (J)

A=A +H

ChALL wWlWwdllFq XyUF)

U dewn J=igM

Wldr =i tdil +UF LU *H
Wldr =wtd) /ret
Flol=F(u) +uty)

RETURN

oY
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e

2uld

Zd'uq‘

duliv

sLoxUUTINE OrKAF s XsMyH)
CuMbie X rlc)yPlolsllb) »0F (&)

Ul eui I=s1,4

PiL)y=F (1)

XP=X

ALl EL(F e Xy JdF)

U gilaed Jd=1e1

Wld ) =H*UR (J)
Fld)=r (o) +(i.0%0F (JU)#*H
X=X{+0a9%H

LCALL cUW(F 4 X4 DF)

U oo J=ae i

Wld) = (Y +H¥POF (U F 2. L
FAJ) = ld) + ¥ DF (J)¥Fuaebd
CAit cuwlFyXyuF)

UU cilug J=140
GlJr=d{J) +ri* Uk (Jd¥Fe,l
rlud=r {J)+H*¥IF ()
A=AP+H

CALL cixlr 9 Xy JF)

UU dutb J=1,M

Llu) =L tJY+UF(J) *H
wld)=utddr o, d
Flold=F o) +ulyi

RETURN

ciNL
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SUdRuUJTINE EULF Xy 0OF)

CUMAUNZ WLL/YP s MBoRCWPRyETc s HS s MMy LTA 4B G

LUMIMUNZWLe/HD UL sALC

DIMELOSTuin YPIT74121)

GOMPLI X FLle) yUFLDB) 3Ly A4BeGeIC

uFt1)=F(2)

UF ()=t (35)

UF(3)=F (&)

LN=X/HU+1l 41

Ib=(o.L|1-f.-l

UFL4) =c su*A*A*F (3) -A*A¥A*A*F (1) ~(F (D) +IC*¥A*F (52 *COS(CTAI/SIN(CTA))
FAL¥REFAU(YP{2HyLNIPA=C)F(F(3)-A*A*F (1)) -A*
(YP (e L) *F LI+ YPIZ4LN)I*F (L) *0uL=YPL2sLN)*F (2)¥DL))
LY P LS Lidd=YPUBLN)*XI*F(2)=13.0*YP(LsLN)=YP(24sLNI*X)*
(rib)=A*A*¥F(2))

UF(2)=F (B}

UF (o) =A*a*r (5) + IC¥*PR*RE* ((YPL2+LN)*A=C) *F (2)=YP(5,LN) *F (1) *A)

1 tER* (=YP (oo LNI*X*E(2) =~ L3 0% YPLL,LN) =YP(Z,LN)*X)*F (B))

KU

cNJ

£ b
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SuUovmuu T ineg JdUF Xy UF)
UlMzriolUN F (2) s LF{5)

re=fe7oo
b Ll =r ()
Ur () =F (5)

LF (01 2=3,oFF (1I¥F L3I +2 0% F () ¥F (2)-F {4
UF (42 =F (9)

LEi2}==3a0¥Pr*¥F (L) ¥F (=)

i I UR N

ENO
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