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SCATTERING AMPLITUDES
Scattering amplitudes
encode the processes of

elementary particle interactions

for example
electrons, photons, gluons,... (\'(,ef‘aCt'

e+y = e +y

\

gluon + gluon — quark + anti-quark






PARTICLE PHYSICS

EXPERIMENTS
&t
\ gluon graviton
‘ ” ]

Fermilab, LHC (GEDANKEN)




HOW TO CALCULATE
SCATTERING AMPLITUDES?

INTERACTION IS GOVERNED BY
PERTURBATION ON EXPANSION IN
“FREE THEORY” SMALL COUPLING

Perturbation expansion in quantum field theory:

Amplitude = sum of Feynman diagrams

0 = (v = B

P N + + + + ...
tree l-loop  2-loops  3-loops

! ==p  Mathematical
Feynman rules expression

e e




EXAMPLE

GLUON AMPLITUDES AT LEADING ORDER (TREE LEVEL).

THE GLUON FEYNMAN RULES
INTERACTION VERTICES

BUILDING BLOCKS

ADD ALL TREE DIAGRAMS WITH /7l EXTERNAL LINES
WITHOUT CROSSING ANY LINES (COLOR-ORDERED AMPL)

1 — 1 2 1 2 1 2
n=3 n=4
+ +
3
2 4 3 4 3 ° 3

How MANY DIAGRAMS FOR GIVEN n 22?


















How MANY DIAGRAMS FOR GIVEN n ?227?

Catalan numbers [ En]
(1) 1,2, 5, 14,42, 132,.... Cr n+’|
Lower bound on # diagrams

n3/2 7

Counting problem solved by

two Univ of Michigan undergrads
as part of their Winter'11
research project.

Nico Wagner & William Murdoch

As n grows

* number of diagrams grow rapidly

* each diagram corresponds to an increasingly
complicated expression



GLUON AMPLITUDES

Scattering of gluon+gluon — k gluons

k =1 2 3 4 D 6 /
# trivalent = 1 2 D 14 42 132 429
# diagrams = 1 3 10 38 149

at tree level (leading order in perturbation theory]

Now write down mathematical expression for each diagram and
simplify the sum....



GLUON AMPLITUDES

Scattering of gluon+gluon — k gluons

k =1 e 3 4 D 6 /
# trivalent = 1 2 o 14 42 132 428
# diagrams = 1 3 10 38 148

at tree level (leading order in perturbation theory]

Now write down mathematical expression for each diagram and
simplify the sum....

4 :
Result: Ay(pq: PS5 Par-Pr] = e one single
N=k+2 <19><23> <N1> simple term!!!
<12> ~@@pp) 2 [ \

Why so simple?

Quantum

Field complex version

Theory

Better way to calculate?
- J










THREE MAIN RESEARCH BRANCHES

1) Try to push as far as possible in a very controlled
simple theory: “[planar) N=4 Super Yang Mills Theory” (SYM]
(gluons, gluinos, scalars - all massless])

Goals: "Solve’ theory at all loop order.
Compact expressions? Understand why!

2) Adapt lessons from N=4 SYM to phenomenologically
relevant theories and invent new methods.

(Goals: application to analysis of data from
LHC, Fermilab. New physics insights?
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3) Use new methods to explore perturbative quantum gravity.

Goals: Point-particle quantum gravity perturbatively sensible?
Gravity as [gauge theory)?
Relations to string theory?



New on-shell methods for calculating
scattering amplitudes

Tree level amplitudes L Y

satisfy on-shell recursion relations REUSEQ(Q
REDUCE
4, =3 Aya  RECCE

Has been an immensely powerful approach

- even revealed new symmetries of amplitudes

dual conformal symmetry in planar N=4 SYM
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ANOTHER EXAMPLE

THE LEGO APPROACH

Built higher-pt amplitudes from the simplest lower-pt
iInput => all tree gluon amplitudes can be expressed using
building blocks

AN(PT P53 PaePN] =

<1 0o>4
<12><23>.. <N1>
This method is called "CSVWV expansion”. ., chaz. swrcek Witen (2004)

But why does it work?

And when
(1.e. In which theories]
does it work"?




THE LEGO APPROACH

\When does It work?
“‘on-shell constructibility”

* |t works for gluon amplitudes. [CSW 2004, Risager 2005]
* It works in N=4 SYM. [HE, Freedman, Kiermaier 2008]

* Derived very simple sufficient criterion for validity
In general 4d theories w/ or w/o0 SUSY, w/or w/0 masses,
+ [non-Jrenormalizable couplings.

4-n-c+2h <0

.. Cohen, HE, Kiermaier 2010
h. = helicity | |

c = mass-dimension of product of couplings



Gluon-Higgs fusion: g g — higgs

Anl
Anl

EXAMPLE

Gluon-Higgs fusion

CSW-expansion

used in literature for
______ — . Gluon-Higgs fusion.
mp < 2my [Dixon, Glover, Khoze’04;

Berger, Del Duca, Dixon’06]
v
h Tr F,uz/F'u dim-5 operator

D5, P35, Par-Prih) = very simple building block

P1: P2, P3; p4, pNsh]

Proof of validity by simple criterion with n=N+1, c=-1, Xh =N-6

4 —

n-c+Xh=4-[N+1)-[-1)+N-B=-2<0
[Cohen, HE, Kiermaier 2010]



* Jop quark amplitudes with anomalous magnetic moment
[Larkoski & Peskin 2010]

BCFW w/ aux field or CSW-type expansion

» Amplitudes on the Coulomb branch of N=4 SYM.
[Craig, HE, Kiermaier, Slatyer 2011]

Massive external states, rich structure.

Can reconstruct massive amplitudes from massless ones!
[Kiermaier, 2011]



SO FAR TREE LEVEL

INDICATED IDEA AND APPLICATIONS OF
TREE -LEVEL ON-SHELL (RECURSIVE) METHODS.

TREE LEVEL = LEADING ORDER

BEYOND LEADING ORDER:
NEED LOOP AMPLITUDES

ALSO SIMPLICITY AT LOOP-LEVEL?



EXAMPLE OF WHAT QFT & FEYNMAN
LOOP DIAGRAMS ARE GOOD FOR

Magnetic moment electron L= gsupB §/ﬁ,

where g = 2.

Quantum corrections:
gs=2(1+al2r+..),

where a=1/13/ Is the fine structure constant.

So
gs-2 =0.0011596521811(74) (exp]

Can calculate g5 with Feynman diagrams.
Fantastic agreement with experiment!



® Three-loop correction to electron g-2

Predrag Cvitanovic -

“One day terror struck; | was invited to Caltech to give a talk. | could
go to any other place and say that Kinoshita and | had calculated
thousands of diagrams and that the answer was, well, the answer is:

+(0.92 £ 0.02) (c/7)? (Cvitanovic & Kinoshita '74)

But in front of Feynman? He is going to ask me why + and not - ?
Why do 100 diagrams give a result of the order of unity,and not |10
or 100 or any other number? It might be the most precise agreement
between fundamental theory and experiment in all of physics, but
what does it mean ?

(Travaglini slides’2010)



Predrag Cvitanovic again:

“So in fear of God | went into deep trance and after a month | came
up with this: if gauge invariance of QED guarantees that all UY and IR
divergences cancel, why not also the finite parts?

And indeed; when the diagrams we had computed were grouped into
a rather surprising thing happens: while the

finite part of each Feynman diagram is of order 10 to 100, every
subset adds up to approximatively

+1/2 (ex/m)"

...For me, the above is the most intriguing hint that something deeper
than what we know underlies quantum field theory...”

(Travaglini slides’2010)






TREES — LOOPS

It can be very useful to build gauge invariant objects out of gauge
Invariant quantities!

Already saw this with recursive methods at tree level.

At loop level:

* Generalized unitarity methods Loops from trees
[Bern, Dixon, Kosower, Dunbar,..]

* Recursion relations at loop level in planar N=4 SYM.
[Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010] [Boels 2010]

* MHV vertex method at loop-level
[Bullimore 2010] [H.E., Freedman, Kiermaier, in progress]

Exciting and useful progress!



Recall

THREE RESEARCH BRANCHES

1) Try to push as far as possible in a very controlled
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LHC, Fermilab. New physics insights?

3) Use new methods to explore perturbative quantum gravity.

Goals: Point-particle quantum gravity perturbatively sensible?
Gravity as [gauge theory)?
Relations to string theory?



5Sravity

Perturbative gravity

Standard lore. graviton Feynman diagrams divergent.
Point-particle theory of gravity not OK as quantum theory
(a motivation for string theory]

What if all divergences cancel when all Feynman diagrams
are summed — then amplitude finite...?1?

+ + ... = finite 79?777

Theory would be perturbatively well-defined






5Sravity

Is maximally supersymmetric gravity
“N=8 supergravity’
perturbatively finite in 4d?

4-graviton scattering amplitudes in this theory

known to be finite at loop orders L=1,2,3,4.
o o

[pretty wild! - but why finite?] Bern, Garrasco, Dixon.

Johansson, Roiban]

\What does the symmetries of the theory have to say about this?



L-loop divergence < counterterm of mass dimension (2L + 2)

for example: R* at 3-loop order




Candidate counterterms are

@ local operators

o N =8SUSY
e 5U/(8)p-invariant

o E7(7)-compatible




Explicit 4-pt calc. 7

shows finite N 2 ' /RS/ .

D*R* _D?*R° _R® nmo

D°R* D*R* D?R° R" e

D!R* DORS D*R® DR’ RS

DlO R4 D8 R5 DG R6 D4 R7 D2 R8 R9




pllimo (P 374" 5+6+>o =7




E’l('ﬂ

3 _RY

4 DP*RY  _RY

ET‘ 7

5 DRY  D*RY RY

E7(7)

6 DSRY DR DRY _RY
7D3R4WWWF,R9’M93R‘ MW LOD2RT

717) “UT) 7(7)
] D10R4 D8R5 DGRG D4 R? D2R8 R9 (’92 D2R8 902R9 4D2 R8 ¢4 R9 | \T’
No
NIMHV
9 D12R4 DIORS DSRG DGRT D4R8 D‘.‘.’RQ RlO (,92D2R9 (,02R10 904021?,9
10 D14R4 D12R5 DIORG DBRT \ D6R8 D“Rg \ D2R10 Rll \ <p2D2Rw ¢2R11
s o o ]
No MHV No NMHV No N2MHV No
NI MHV

4-pt controls /-loops
[HE, Kiermaier, 1007.4813]

[Beisert, HE, Freedman, Kiermaier, Morales, Stieberger, 1009.1643]






N=8 supergravity

Is maximally supersymmetric gravity
“N=8 supergravity’
perturbatively finite in 4d?

We learn that based on SUSY and global symmetries, SU(S)

and £, perturbative N=8 supergravity in 4d cannot have UV
divergences until at first /-loop order!

This conclusion reached without calculating a single loop
amplitude!






S0.... What do you think??
Is maximally supersymmetric gravity
“N=8 supergravity’
perturbatively finite in 4d?

Well, it iIs going to be yes or no.... Finiteness requires structure
beyond SUSY and known symmetries Though some debate

Courageous explicit 5-loop calculation in progress in D-dimensions.
Bern, Carrasco, Dixon, Johansson,...

Explicit superspace construction of /-loop counterterms.

Bossard, Howe, Stelle, Vanhove,...
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calculate?
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Amplitude excitement

* Fleld interesting in its own right: new insights into GFT?
* Solve all order amplitudes in planar N=4 SYM?
* Relevant for particle physics processes at the LHC.
* Fundamental physics applications:
Perturbative gravity?
Origin of simple structure in string theory?

* New methods carry over to other areas of physics?



AND IT IS FUN TOO!




