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SUMMARY 

C o n s i d e r e d i n t h i s t h e s i s are c e r t a i n a s p e c t s o f s t a r t i n g f l o w i n 

a p i p e having a t i t s i n l e t a l a r g e r e s e r v o i r and a t i t s o u t l e t a v a l v e 

a b r u p t l y opened t o the a tmosphere* The f l u i d i s c o n s i d e r e d v i s c o u s and 

i n c o m p r e s s i b l e * The a n a l y s i s i s r e s t r i c t e d t o the p e r i o d o f t r a n s i e n t , 

l aminar f l o w * 

By a p p l y i n g the assumpt ion t h a t the r a d i a l component o f v e l o c i t y 

be 2ero (and o t h e r more p l a u s i b l e a s s u m p t i o n s ) , the N a v i e r - S t o k e s and 

c o n t i n u i t y e q u a t i o n s are s i m p l i f i e d t o a s i n g l e l i n e a r p a r t i a l d i f ­

f e r e n t i a l e q u a t i o n * This e q u a t i o n was deduced and s o l v e d by Szymanski 

f o r the c a s e o f a c o n s t a n t p r e s s u r e g r a d i e n t * For the p r e s e n t t h e s i s , 

i n b o t h the e q u a t i o n and the s o l u t i o n , the p r e s su re g r a d i e n t i s an a r ­

b i t r a r y f u n c t i o n o f t ime* By approx ima t ing the unknown p r e s s u r e 

g r a d i e n t v a r i a t i o n by a l i n e a r f u n c t i o n o f t ime and s u b s t i t u t i n g t h i s 

l i n e a r f u n c t i o n f o r the a r b i t r a r y f u n c t i o n o f t ime i n the s o l u t i o n t o 

t he s i m p l i f i e d e q u a t i o n , a s o l u t i o n wh ich r e p r e s e n t s an a p p r o x i m a t i o n 

o f the c a s e o f r e s e r v o i r - p i p e f l o w i s o b t a i n e d * This l a s t s o l u t i o n i s 

t hen shown t o be a f o r m a l and a r i g o r o u s s o l u t i o n o f the s i m p l i f i e d 

e q u a t i o n w i t h i t s boundary and i n i t i a l c o n d i t i o n s , and the un iquenes s 

o f t h i s s o l u t i o n i s e s t a b l i s h e d * 

The v a l i d i t y o f the s o l u t i o n o b t a i n e d here i s i n v e s t i g a t e d f rom 

the s t a n d p o i n t o f agreement w i t h p h y s i c a l f a c t s by compar i son w i t h e x ­

p e r i m e n t a l da ta f rom two s o u r c e s * Data f rom the t h e s i s b y C h r i s t o p h e r 
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(Par t 1 o f t h i s i n v e s t i g a t i o n ) i s employed f o r oompar i son o f the mean 

f l o w v e l o c i t y . Data f r o m i n v e s t i g a t i o n s by Crausse i s used f o r oom­

p a r i s o n o f the v e l o c i t y p r o f i l e s h a p e . The mean f l o w v e l o c i t y and 

v e l o c i t y p r o f i l e shape oomputed f rom Szymansk i ' s s o l u t i o n a re a l s o 

shown. 

The v e l o o i t y p r o f i l e shapes f o r t h i s s o l u t i o n and Szymanski T s 

s o l u t i o n do n o t show boundary l a y e r development commensurate w i t h 

C r a u s s e f s d a t a . The mean f l o w v e l o c i t y oomputed f rom t h i s s o l u t i o n i s 

a p o o r e r a p p r o x i m a t i o n t o C h r i s t o p h e r ' s da ta a t the b e g i n n i n g o f f l o w , 

but a b e t t e r a p p r o x i m a t i o n a t t he o n s e t o f t u r b u l e n o e t han the v e l o o i t y 

computed f rom SzymanskiTs s o l u t i o n . 
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INTRODUCTION 

This t h e s i s d e a l s w i t h some ma themat i ca l a s p e c t s o f the i n i t i a ­

t i o n o f f l o w i n a smooth p i p e which has a t i t s i n l e t a l a r g e r e s e r v o i r 

and a t i t s o u t l e t a v a l v e a b r u p t l y opened t o the a t m o s p h e r e . 

Assumpt ions and A p p r o x i m a t i o n s . — S t r i c t a p p l i c a b i l i t y o f the a n a l y s i s 

t o the p h y s i c a l p rob l em i s l i m i t e d by the f o l l o w i n g assumpt ions and 

appr ox imat i ons • 

( 1 ) The v i s c o s i t y and d e n s i t y o f the f l u i d a re c o n s t a n t . 

(2) The f l o w i s l a m i n a r . Thus, i n p a r t i c u l a r , the a n a l y s i s 

does n o t a p p l y a f t e r t he o n s e t o f t u r b u l e n c e . 

( 3 ) The p i p e i s s t r a i g h t , i t s c r o s s - s e c t i o n i s o i r o u l a r , and 

the i n t e r i o r s u r f a c e i s smoo th . 

( 4 ) The f l o w i s a x i a l l y symmetrio and the a n g u l a r oomponent o f 

v e l o o i t y i s z e r o . 

( 5 ) The e f f e c t o f o p e n i n g the v a l v e i s assumed t o be t h a t o f 

a b r u p t l y a p p l y i n g a p r e s s u r e g r a d i e n t t h roughou t the f l u i d i n the p i p e 

r a t h e r than a b r u p t l y a p p l y i n g a p r e s su re d i f f e r e n c e t o t he f l u i d a t the 

o u t l e t p l a n e -

f s ) The r a d i a l component o f the v e l o c i t y i s z e r o . 

From the s t a n d p o i n t o f agreement w i t h the p h y s i c a l f a c t s , t he 

s i x t h assumpt ion i s the l e a s t j u s t i f i a b l e , p a r t i c u l a r l y i n the r e g i o n 

j u s t downstream f rom the p i p e i n l e t . I t i s made s o l e l y f o r the purpose 

o f s i m p l i f y i n g the ma themat ica l a n a l y s i s . 
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Related Literature.-"-Szymanski | 1 | and later Gerbes |^2jinvestigated un­

steady flow in a smooth pipe by simplifying the Navier-Stokes and con­

tinuity equations. This system of quasi-linear partial differential 

equations was reduced to a single second-order partial differential equa­

tion linearized by assuming, as is done in this thesis, that the radial 

component of velocity i s zero. In the simplified equation the pressure 

gradient appears as an arbitrary function of time. By particularizing 

this arbitrary function of time, both Szymanski and Gerbes gave solu­

tions^ of the simplified equation for two different pressure gradients. 

First, the pressure gradient was assumed constant; second, the pressure 

gradient was assumed a harmonically varying function of time. 

Purpose of the Research.—In this thesis, a solution of the simplified 

equation is deduced without particularizing the function which represents 

the pressure gradient; that i s , in the solution itself the pressure 

gradient appears as an arbitrary function of time. A linear approxima­

tion of this arbitrary function is then introduced in order to obtain for 

the reservoir-fed pipe a more real ist ic solution than the one given by 

Szymanski for a constant pressure gradient. 

Gerbes obtained the Laplace transform of a solution in which the 
pressure gradient is an arbitrary function of time. Completion of 
Gerbesr solution then required substitution of the Laplaoe transform of 
a particular pressure gradient into the Laplace transform of the solu­
tion. The inverse Laplace transform then became the desired solution. 
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CHAPTER I 

THE PROBLEM AND SOLUTION PROM A 

PRIMARILY PHYSICAL VIEWPOINT 

This chapter is intended to be an uninterrupted presentation, 

from the physical viewpoint, of the work accomplished. Mathematical 

details not facilitating continuity of presentation of the overall 

concept are deferred until Chapter II. 

Notation and Nomenclature.—-A straight pipe, ciroular in cross-section, 

extends from a large reservoir. Cylindrical coordinates (z, r,&) are 

oriented to the pipe as follows (see Figure l). 

( 1 ) z is the dimension of axial length. The pipe inlet plane 

is at z = o and the outlet plane at z = L. 

(2) r is the dimension of radial distance. The pipe oenterline 

is at r = 0 and the inside surface of the pipe at r = a. 

( 3 ) & is the angular dimension of rotation about the z axis. 

The position of © = 0 and the direction of increasing values of & 

do not enter into the analysis. 

z:=0 z = L 

Fig. 1 . Orientation of Cylindrical Coordinates to the Pipe 
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The symbols pertaining to the fluid and the fluid motion are as 
follows: 

(1) p denotes mass density, û. denotes dynamic viscosity, and -y (or Jdz.) denotes kinematic viscosity. These quantities are assumed f constant. 
(2) vz. vr, and v̂  denote components of instantaneous velooity 

in the z, r, 6 space. 
(3) Xg, X̂., and X@ denote components of body forces, other than 

gravity, in the z, r,9 space. 
(4) t denotes the time. 
(5) p* denotes the instantaneous piezometrio pressure at a point, 

and is defined by the equation p*=. p jogh, in which p is the pressure 
potential and pgh is the potential due to gravity, p̂  and pg refer 
to piezometrio pressures in the pipe inlet and outlet planes respectively, 
p* denotes the piezometrio pressure exerted by a column (of height hQ) of the fluid being considered. 

(6) h0 is the vertioal distance from the pipe axis at the inlet 
plane to the surface of the reservoir* 
Solution of the Navier-Stokes Equations for an Arbitrary Variation of 
Pressure Gradient*—for axially symmetrio incompressible flow with v 0 , 
the Navier-Stokes equations in cylindrical coordinates 3̂̂  are* 

XL - 1 3 P* * Jfc X7K -ifclt- 3Tr+v

 3Tr,T 3Tr ( l ) 

^ -IlP! + ^ V

2

T z = ^ + v r l l 2 . + T 2 l i . ( 2 ) 
^ f> Sz f z

 3 t r 3 r z 3 z 
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The e q u a t i o n o f o o n t i n u i t y i s 

_L (rrr) + ̂ _ (rvz) = 0 . ( 3 ) 

o 

\Jf d e n o t e s the L a p l a o i a n o p e r a t o r s 

The f o l l o w i n g assumpt ions a re made* 

( 1 ) The body f o r o e s X^., X z , a n d X ^ a r e z e r o . 

( 2 ) The v e l o o i t y and p r e s s u r e are i ndependen t o f Q • 

( 3 ) The r a d i a l oomponent o f v e l o o i t y v r i s z e r o ( t h i s assump­

t i o n i n 0onjunction w i t h assumpt ion ( 2 ) i s l i n e a r i z i n g ) . 

( 4 ) v 2 and i t s p a r t i a l d e r i v a t i v e s appea r ing i n e q u a t i o n s ( l ) , 

( 2 ) , and ( 3 ) a re c o n t i n u o u s . 

With t he se a s s u m p t i o n s , the e q u a t i o n s ( l ) , ( 2 ) , and ( 3 ) s i m p l i f y 

t o the e q u a t i o n c o n s i d e r e d by Szymanski [ 4 ] , namely 

KL / ~a2v , 1 3 v \ B v _ l B p * /4n 

where v z has been deno ted by v . 

The boundary and i n i t i a l c o n d i t i o n s t o accompany e q u a t i o n ( 4 ) a re 

de te rmined as f o l l o w s : 

( l ) From the t h e o r y o f f l o w o f a v i s o o u s f l u i d , the t a n g e n t i a l 

oomponent o f v e l o o i t y a t a s t a t i o n a r y s u r f a c e has the v a l u e z e r o . Thus 

r = a , v = 0 f o r t — 0. (5) 
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(2) v being independent of © , and the continuity of — require 
d r 

that be zero at the pipe oenterline. Thus 
d r 

r = 0, — - 0 for t ^ 0. (6) d r 

(3) The fluid is initially at rest. Thus 

t = 0, v = 0 for O ^ r ^ a . (7) 

Thus the problem has been reduced to finding the unique solution of 

equation (4) satisfying the boundary conditions (5) and (6) and the 

initial condition (7). 

Some significant properties of the pressure gradient may be noted 

during the manipulations yielding equation (4) (see Chapter II, pages 

16 and 17)• These properties ares 

(1) The pressure is a function of z and t only* 

(2) The pressure gradient, , is a function of t only* Thus 
3 z 

-> „ • 
* :zf(t), in which f(t) is an arbitrary function of time. 

(3) The pressure at any instant is a linear function of z* 

Since pressure gradient (not pressure level) influences the fluid 

motion, p* is assigned the value zero and the pressure gradient oan be 

written zr=-» 
Li 

By the change of variable 

• = u - i \ f(Z7) dVy (8) 

equation (4) with boundary and initial conditions (5), (6), and (7) is 
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t r ans fo rmed f rom a non-homogeneous l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n 

w i t h homogeneous boundary and i n i t i a l c o n d i t i o n s t o a homogeneous l i n e a r 

p a r t i a l d i f f e r e n t i a l e q u a t i o n w i t h non-homogeneous boundary o o n d i t i o n s 

and a homogeneous i n i t i a l o o n d i t i o n * This new sys tem i s t h e e q u a t i o n 

J ^ + I l J i + £ _ . 3 j i = 0 ( 9 ) T7 r S r F at V 

w i t h the boundary c o n d i t i o n s 

r = a, u = i ( t ( v ) d Z f o r t ^ 0 , ( 1 0 ) 

r = 0 f f o r t ^ 0 , ( l l ) 
d r 

and t he i n i t i a l c o n d i t i o n 

t = 0 , u — 0 f o r 0 ^ - r ^ - a . ( 1 2 ) 

This sys tem f o r u i s s o l v e d b y e m p l o y i n g the p r i n c i p l e o f s u p e r ­

p o s i t i o n embodied i n Duhamel's theorem j j f | « F i r s t , the boundary c o n d i t i o n 

i n e q u a t i o n ( 1 0 ) i s r e p l a c e d b y the c o n d i t i o n 

r = a , u = 1 f o r t . ^ 0 . ( 1 3 ) 

S e p a r a t i o n o f v a r i a b l e s y i e l d s a s o l u t i o n o f e q u a t i o n ( 9 ) s a t i s f y i n g the 

boundary c o n d i t i o n s ( 1 3 ) and ( 1 1 ) and the i n i t i a l c o n d i t i o n ( 1 2 ) o f the 

f o r m 

a n-J 

Here J Q and d e n o t e B e s s e l f u n c t i o n s o f the f i r s t k i n d o f o r d e r s z e r o 
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and one respectively; the positive numbers ^ are determined from roots 

of the equation J D(ka) = 0. Equation (14) can be shown to be the 

Szymanski solution for the case where "..Jr ,. has the value unity. Now 
B z 

using superposition, a solution of equation (9) satisfying the boundary 

conditions (10) and (ll) and the initial condition (12) is obtained. 

Reverting to the variable v by means of equation (8) gives the solution 

of equation (4) satisfying the boundary conditions (5) and (6) and the 

initial condition (7) in the form 

in which f (t) = ^-E* . . 
3 z 

Solution Incorporating an Approximation to the Pressure Gradient Change 

for Reservoir—Pipe Flow.--The time dependence of the pressure gradient 

associated with the reservoir-pipe flow is needed to complete the solu­

tion. In lieu of a better approximation, a linear pressure gradient 

variation, 

is assumed. Here p*̂ _ and t ^ denote conditions at either the onset of 

turbulence or the oessation of unsteady flow. 

Substitution of equation (16) into equation (15) then gives a 

solution of the simplified Navier-Stokes equation for a linear temporal 

variation of pressure gradient. This solution is 
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S a A t ^ A L ^ kgjiflcna) 
t - . ( 1 7 ) 

In Chapter I I , e q u a t i o n ( 1 7 ) i s shown t o be a r i g o r o u s s o l u t i o n o f e q u a ­

t i o n ( 4 ) s a t i s f y i n g the boundary o o n d i t i o n s ( 5 ) and ( 6 ) and the i n i t i a l 

c o n d i t i o n ( 7 ) * 

h u m e r i o a l "Work and Resu l t s*—The v e l o c i t i e s o f e q u a t i o n ( 1 7 ) and 

Szymansk i 1 s s o l u t i o n ( c o r r e s p o n d i n g t o a p a r t i c u l a r p h y s i o a l s i t u a t i o n 

w h i c h was i n v e s t i g a t e d e x p e r i m e n t a l l y b y C h r i s t o p h e r ) have been computed* 

The c o n s t a n t s i n e q u a t i o n ( 1 7 ) and Szymanski 1 s s o l u t i o n are e v a l u a t e d 

u s i n g C h r i s t o p h e r ' s data*"'" To f a c i l i t a t e oheck ing t h e s e compu ta t i ons 

( u s i n g the r e s u l t s p r e s e n t e d by Szymanski [6] as a r e f e r e n o e ) the s o l u ­

t i o n s are c o n v e r t e d t o d i m e n s i o n l e s s v a r i a b l e s d e f i n e d by 

M> t p - i-

and v = v 

( 1 8 ) 

( 1 9 ) 

( 2 0 ) 

p*a 
( n o t e t h a t i s t he H a g e n - P o i s e u i l l e v e l o c i t y a t the p ipe o e n t e r l i n e 

^This da ta c o r r e s p o n d s t o F i g u r e 2 1 , page 55 o f C h r i s t o p h e r ' s 
t h e s i s * 
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f o r a p ipe o f l e n g t h L and r a d i u s a , and w i t h the i n l e t and o u t l e t p r e s ­

s u r e s p * and z e r o r e s p e c t i v e l y ) . 

In the A p p e n d i x , F i g u r e 2 , v e l o o i t y p r o f i l e s f o r t h i s s o l u t i o n , 

the Szymanski s o l u t i o n , and Crausse*s measured da ta [ V ] are shown. The 

p r o f i l e shape ( n o t v e l o o i t y l e v e l ) i s t o be c o n s i d e r e d ; t h e r e f o r e the 

v e l o c i t i e s shown have been d i v i d e d by the f l o w w e i g h t e d mean o f the v e l o ­

o i t y ove r the p i p e c r o s s - s e c t i o n (5 v 2p&ft)* F i g u r e 3 i s then a 

compar i son o f the r e l a t i v e d i s t r i b u t i o n s o f v e l o o i t y o v e r the p i p e c r o s s -

s e c t i o n a t a p a r t i c u l a r i n s t a n t . 

In the A p p e n d i x , F i g u r e 3 , mean f l o w v e l o c i t i e s as f u n c t i o n s o f 

t ime are shown f o r t h r e e o a s e s } the p r e s e n t s o l u t i o n , the Szymanski s o l u ­

t i o n , and C h r i s t o p h e r 1 s measured d a t a . The v e l o c i t i e s are p r e s e n t e d i n 

te rms o f the d i m e n s i o n l e s s parameters o f C h r i s t o p h e r ' s t h e s i s . These 

parameters a re 

U o - V / / 2 g h 0 , ( 2 1 ) 

IT i = l / 2 a , ( 2 2 ) 

Table 1 o f the Appendix o on t a i n s terms i n v o l v e d i n -the computa t ion 
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o f t he f i r s t n i n e e l e m e n t s o f the s e r i e s 

n-l 
% » , ( 2 5 ) 

whioh a re i n bo th the Szymanski s o l u t i o n and the d i m e n s i o n l e s s form o f 

e q u a t i o n ( 1 7 ) . 
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CHAPTER II 
THE MATHEMATICAL DETAILS OF THE SOLUTION 

IN THIS CHAPTER CERTAIN MATHEMATICAL DETAILS OF THE PROBLEM ARE 
EXAMINED* FIRST, THE SIMPLIFICATION OF THE NAVIER-STOKES AND CONTINUITY-
EQUATIONS IS EXPLAINED* SECOND, THE SIMPLIFIED EQUATION IS SOLVED WITH­
OUT RIGOROUS JUSTIFICATION OF THE PROCESSES INVOLVED* THIRD, THIS SOLU­
TION IS SHOWN TO BE A FORMAL SOLUTION OF THE SIMPLIFIED EQUATION AND TO 
SATISFY THE APPROPRIATE BOUNDARY AND INITIAL CONDITIONS* FOURTH, THIS 
SOLUTION IS SHOWN TO BE AN ACTUAL SOLUTION* FINALLY, THE UNIQUENESS 
OF THE SOLUTION IS ESTABLISHED* 
SIMPLIFICATION OF THE NAVIER-STOKES AND CONTINUITY EQUATIONS*— THE NAVIER-
STOKES AND CONTINUITY EQUATIONS FOR AXIALLY SYMMETRIC, INCOMPRESSIBLE FLOW 
WITH V<a * 0 ARE E 

1 B VR R £ R 7* 302 3 Z2 I A VR A VR 

3
 YR (1) AT 3R a Z 

R2 ^S 2
 3 Z 

I . 2 2 
1 d VZ i- * T * 

_ - | M-

- _ Î Z . Î Z ST R BR Z A Z (2) 
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and 

JL ( r v r ) + ( r v z ) = 0 . (3) 
o r d z 

2he f o l l o w i n g assumpt ions a re employed t o s i m p l i f y the above 

e q u a t i o n s . 

( 1 ) X r , X ^ , and v r are z e r o . 

( 2 ) v r , v z , and p * are independen t o f & . 

(3) v r , v z , and t h e i r d e r i v a t i v e s appea r ing i n e q u a t i o n s ( l ) , 

( 2 ) , and (3) a re c o n t i n u o u s . 

( 4 ) The terms i n v o l v i n g — and ^n- a re c o n t i n u o u s a t r - 0 . 
r r^ 

(5) ^ and -̂c a r e c o n s t a n t s . 

Fu r the rmore , the e q u a t i o n s ( l ) , ( 2 ) , and (3) a r e c o n s i d e r e d o n l y i n the 

r e g i o n 0 ^ r a , 0 ^ . z ^ L , and t ^ 0 . B v 
For e q u a t i o n ( l ) , v*. — 0 (assumpt ion l ) i m p l i e s t ha t < ? = 0, 

3 r 
2 2 

^ - 0, and ^ V | - 0. Then — ^ ~*r z 0 f o r r and, w i t h t h i s term 
3 r B z r B r 

c o n t i n u o u s ( a s sumpt ion 4), i ^ V r z 0 f o r a l l r . S i n c e v r i s independen t 

r 8 r 

32vr 
o f © (as sumpt ion 2 ) , jr =• 0. E q u a t i o n ( l ) t h e n r e d u c e s t o 

d & 

f£ = °. ( 2 6 ) 

i m p l y i n g t ha t p * i s i ndependen t o f r as w e l l as o f © • Thus 

p * = p * ( z , t ) . ( 2 7 ) 

Equa t ion (3) r e d u c e s t o r -—2. - 0 (under a s sumpt ion l ) , and there-

S z 
f o r e ^ V z - 0 f o r r 5/ 0« But ^ V z i s c o n t i n u o u s (assumpt ion 3) so t h a t a z a z 
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2JL :0 at r r 0. Thus equation (3) becomes 3 z 

|̂ =0, (28) 
and vz is independent of z as well as of © • !Ihus 

vz « vz(r, t). (29) 
§ 2v ^ v 

For equation (2), sinoe vz is independent of © , ——r ^ » 0* 
1 B

 2v 
Then, with assumption 4, — §• — 0 everywhere; and equation (28) de-

r &̂ 
"s 2̂. mands that ^ § — 0. Thus equation (2), reduced and rearranged, becomes 
B ẑ  

f C r3r i at "^z * (30) 

Now aooording to equations (27) and (29), the left member of equation 
(30) is a funotion of r and t, and the right member is a function of z and 
t. The equality is to be valid for all r, z, and t; therefore both 
members of equation (30) must be functions of t only. Thus S-JL z f(t), 

9 z 
where f (t) is an arbitrary function of time, and equation (30) may be 
written 

-|i = if(t), (3D f\3r̂  r Br/ dt where v denotes vz. Integration of ^ P* =. f (t) gives ẑ p*= z f(t) 4- g(t) (32) (g(t) is another arbitrary function of time), and for a given t, p* must 
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vary l inear ly with z . Furthermore, sinoe only values of the par t ia l 

derivative ,r " (not values of p*) d i reo t ly influenoe the equations (26) o z 

and ( 3 1 ) , p * may be assigned the value zero at z = L and 

p * = f ( t ) ( z - L ) . (33) 

Formal Solution of the Simplif ied Equation.—The formal solution of 

equation (31) (equivalent to equation (4) of Chapter i), sat is fy ing the 

boundary conditions (5) and (6) and the i n i t i a l condition ( 7 ) , w i l l be 

obtained by using the equations in the variable u, where u i s defined 

by equation (8) of Chapter I* In the variable u, the d i f f e r e n t i a l equa­

t ion becomes 

+ LiLi - j°$JLzo°, (9) 

hr* r 3 r d t 

the boundary conditions become 

r = a, u = ij f(Z) dU for t ^ Os (10) 

r = 0 , | ^ = 0 for t ^ 0 ; (11) 
3 r 

and the i n i t i a l condition becomes 

t = 0 , u - 0 for 0 ^ r 4 a . (12) 

The separation of var iables technique i s applied by assuming the 

existence of a solut ion of equation (9) in the form 

u = JM(t)JJN(r)J. (34) 
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Here M (d i f f erent iab le ) and N (twice d i f f e r e n t i a t e ) are functions to be 

determined. With the derivat ives of u obtained from equation ( 3 4 ) , equa­

t i o n (9 ) can be written in the form 

N r N yucM " ( 3 5 ) 

The l e f t member of equation (35) i s a funotion of r only , and the r ight 

member i s a funotion of t only? therefore , the equal i ty can hold for 

a l l r and t under consideration i f and only i f both members are equal 

to a constant . 

I f th i s separation constant were p o s i t i v e , solut ions for M(t ) would 

ar i se whioh beoome i n f i n i t e as t increases and require that u and v become 

i n f i n i t e as t inoreases . The steady flow solution for v i s known to be 

f i n i t e ; therefore , the separation oonstant cannot be p o s i t i v e . I f the 

separation oonstant were complex, M(t) would have complex solutions and 

u would have complex so lu t ions . Only rea l solutions are of in teres t 

here. I f the separation constant were zero , M(t) would have solut ions of 

the form M(t) =. A, where A i s an arbitrary oonstant, and N(r) would have 

solut ions of the form N - F + G log r where F and G are arbitrary con­

s t a n t s . I f the separation oonstant were negat ive , solut ions for M(t) 

would have the form 

- k 2 &t 
M(t) - B e f ; (36) and solut ions for N(r ) would have the form 

N(r) - D J Q ( k r ) + E Y Q ( k r ) , (37) 
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where JQ and Y Q denote Bessel funotions of order zero of the f i r s t and 

seoond kinds, re spec t ive ly , and D and E denote arbi trary constants . 

Sinoe log r and Y Q ( k r ) do not remain f i n i t e as r - > 0 , they cannot 

be included as terms of solut ions f o r u i f u i s to be continuous on 

0 — r — a, and therefore the constants G and E are chosen zero . Thus 

the r e a l , f i n i t e separable solutions of equation ( 9 ) are of the form 

- k 2 # t 
u — b -K o J 0 ( k r ) e € , ( 3 8 ) 

where the constants b and o and the separation constant k are to be 

determined in suoh a way that the boundary conditions (10) and ( l l ) and 

the i n i t i a l condition (12) are s a t i s f i e d . 

To determine the constants b , o , and k, the boundary condition 

(10) i s f i r s t replaced by the condition 

r - a, u ( r f t ) = l for t ^ 0 ( 3 9 ) 

(the remaining condit ions , ( l l ) and ( 1 2 ) , are unchanged). Boundary con­

di t ion ( l l ) i s s a t i s f i e d by any so lut ion of the form in equation ( 3 8 ) , f or 

S I N O E OM[09 t j _ j ( o ) Q f and sinoe J_(o) = 0 , (0, t ) = 0 o r 1 1 C7 r 

f o r t — 0 . Boundary condition (58) requires that 

- k 2 &t 
l = b + o J Q (ka) e P . (40) 

This condit ion w i l l be s a t i s f i e d i f 

b = 1 (41) 
and J 0 ( k a ) = 0 . (42) 
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I t i s we l l known that the function J 0 ( x ) has a countable i n f i n i t y of 

zeros* These zeros may be designated by " ^ n > n — 1 , 2, etc* Since 

<J 0(-x) ~ J0W and J o (0 ) =• 1 >• 0, only pos i t ive values of V^wi l l be 

considered* Then the admissible values of the constant k are chosen 

aocording to the re la t ion 

k n - ^ , < « ) 

where n = 1 , 2 , . . . . etc* Thus 

u n ( r , t ) = 1 +• C n J o d ^ r ) e n f , 

n ; 1 ( 2 , • e t c * , are formal solutions of equation ( 7 ) sat i s fy ing 

boundary conditions ( l l ) and ( 3 9 ) * Since equation ( 9 ) i s l i n e a r , 

op - k

2 

u ( r , t ) = 1+- > G n J 0 ( k n r ) e n (° (44) 
n - l 

i s a lso a formal solut ion of equation ( 9 ) sat i s fy ing conditions ( l l ) and 

( 3 9 ) . 

The i n i t i a l condit ion, equation (12) requires that 

op 
This determines the coe f f i c i ent s C n as the Fourier-Be s se l expansion c o ­

e f f i c i e n t s of the funotion -1 QfJ* These coe f f i c i ent s are , formal ly , 

° n = " ( V O Jiftyt) ( 4 6 ) 

where J^fk^a) 5^0. Thus the so lut ion (44) beoomes 
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u ( r , t ) = 1 - - > e r ° y r . (47) 

To solve the homogeneous equation with i t s or ig inal boundary and 

i n i t i a l oondit ions , superposition w i l l be used. I f u =• H(r , t ) i s a 

solut ion of equation (9 ) with the boundary condition of equation ( 3 9 ) , 

then by the l i n e a r i t y of equation ( 9 ) , u — J5l[^(r» * s a solut ion 

of equation (9 ) for the condition 

r - a, u — Q f o r t ^=.0, 

where Q i s a constant* Let H(r , t ) be defined to be zero for t < 0* 

At r = a, l e t a function q ( t ) (arbi trary for the present) be approximated 

on the in terva l 0 i t f T by the function o > ( t ) in the fol lowing manner: 

0 = T Q f r t ^ T l f G 0 ( t ) - q ( T Q ) = . q ( 0 ) ; 

T]i £=t £iT 2, - q d i ) ; 

• • • e t c • • • • 

T A - x ^ t ^ T A ~ T, OJ>(t) =L q ( T A - 1 ) ; 

where 0 = T 0 <- Ti < T 2 • • • ^ - T m . . . < T / \ - i * T A = T. Sinoe equation 

(9) i s l i n e a r , with oondition (10) replaced by 

r = a, u - O j ( t ) f or t ^ O , (48) 

a so lut ion of equation (9 ) at the time T w i l l be 



20 

u ( r , T ) - q(0) H ( r , T ) 
A 

m = l 
H ( r , T - T m ) . (49) 

N o w , i f q ( t ) i s c o n t i n u o u s o n 0 ^ l t — T a n d d i f f e r e n t i a b l e o n 0<̂- t ^ . T , 

t h e n b y t h e m e a n v a l u e t h e o r e m o f t h e d i f f e r e n t i a l o a l o u l u s 

9 DM) " l(V-l) ( 5 0 ) 

w h e r e < ^ M *1 ^ m - i • S u b s t i t u t i n g e q u a t i o n (50) i n t o e q u a t i o n (49) 

g i v e s 

u ( r , T ) = q ( 0 ) [ H ( r , T ) l ^ q ' ( £ 

w h e r e T m - j ^- < V B y B l i s s ' s t h e o r e m [V], 

_A 

m 

l i m 

Tm-^i-1 
M-J. |___ _ 

H ( r , T - T m ) 

q ' ( 7 j ) H ( r , T - TJ) d77, (52) 

f o r q ( t ) a n d H ( r , T - t ) c o n t i n u o u s o n O ^ t — T« H e r e | | T m - T m . ] _ 

d e n o t e s t h e v a l u e o f t h e maximum o f t h e n u m b e r s (T-^ - T Q ) , ( T £ " T - ^ ) , • • • » 

( T A - ?/\-l)'> AND a s | | T m - T ^ | | 0, A - ^ - O O m R e p l a c i n g T b y t h e 

a r b i t r a r y v a l u e t , a n d t a k i n g t h e l i m i t o f (49) a s J T m - TM_-|J| —>• 0, 

g i v e s t h e f o r m a l s o l u t i o n 

u ( r , t ) - q(0) H ( r , t ) H ( r , t ) C q'(7J) I 
_ J Jo L 

q'CK) H ( r , t - 7 7 ) D7J. (53) 

R e l a t i n g t h e p r e c e d i n g c o n o e p t t o t h e p r e s e n t p r o b l e m , H ( r , t ) i s 

I / * 
i d e n t i f i e d w i t h t h e s o l u t i o n (47) a n d q ( t ) w i t h - — J f(7J) d Z7« Thus 

i ^o 
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the formal so lut ion of equation (9 ) sat i s fy ing the boundary conditions 

(10) and ( l l ) and the i n i t i a l condition (12) i s 

X 

u ( r , t ) = i | f(r) d r 

n=l 1 /o 
a 

Note that i n passing from (53) to (54) summation and integrat ion are inter­

changed* Reverting t o the variable v and rearranging gives a solution 

that should s a t i s f y equation (4 ) and the conditions ( 5 ) , ( 6 ) , and ( 7 ) . 

This solution i s 

T = -«^.**£* J££> i ( i 5 ) 

( th is equation i s ident i ca l with the one shown by Carslaw and Jaeger ĴT] 

for heat f low in an i n f i n i t e r o d ) . 

In obtaining equation ( 1 5 ) , a l l questions of v igor were ignored. 

Thus (15) must yet be shown to be an actual solution of equation (4) 

sa t i s fy ing the conditions ( 5 ) , ( 6 ) , and ( 7 ) ; and the uniqueness of the 

solution must a l so be e s tab l i shed . 

Formal V e r i f i c a t i o n of the Solution f o r a Linear Variat ion of Pressure 

Gradient• —-The assumed l inear pressure gradient change and the solut ion 

involving an arb i trary pressure gradient change are 
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and 

r - - I f P - ^ 1 f . ^ t i Z ) d T . ( 1 5 ) 

Substitution of equation (16) into equation (15) gives, upon integration 
and algebraio modifioation, 

2 oo 

v - f£o 
,L /la 

/ n=l I Jld^a) L 
1 - e n f 

>o P̂O 

It will now be shown that equation ( 1 7 ) formally satisfies equation ( 4 ) 

with the conditions (5), (6), and ( 7 ) . 

The derivative relations 

and 

iL. JjCl^r) - k n J0(knr) - I J x(k nr) ( 5 5 ) 

are known properties of the Bessel functions* Using these derivatives 
to differentiate equation (26) gives formally, 

5 r ~{(L)L U) 5 
n T l ^ J l ( ^ a ) L 

+1(

 2 u1 ypo^y j i ( ^ ) a/JltxJV L J4 ^ l ^ * ) ' n=l 
(56) 
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and 

Subst i tut ion of equations ( 5 6 ) , ( 5 7 ) , and (58) into equation (4 ) g ives , 

upon algebraic reduotion, 

J l ( k n a ) 

= ( F ) [ " ( ? ) ^ ) ( f J ] - <-' 

With the assumption that f ( t ) of equation (16) i s never zero, equation 

(59) beoomes 
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- ^ ! £ > -x. (.) 
n - l 

The b o u n d a r y a n d i n i t i a l c o n d i t i o n s ( e q u a t i o n s ( 5 ) a n d ( 6 ) a n d 

e q u a t i o n ( 7 ) ) a r e e a s i l y shown t o b e s a t i s f i e d b y e q u a t i o n ( 1 5 ) , a n d t h u s 

e q u a t i o n ( 1 5 ) f o r m a l l y s a t i s f i e s e q u a t i o n ( 4 ) w i t h c o n d i t i o n s ( 5 ) , ( 6 ) , 

a n d ( 7 ) p r o v i d e d e q u a t i o n ( 6 0 ) i s s a t i s f i e d . The f o r m a l p r o c e d u r e u s e d 

a b o v e w i l l b e v e r i f i e d i n t h e n e x t s e c t i o n . 

R i g o r o u s V e r i f i c a t i o n o f t h e F o r m a l S o l u t i o n . — - F o r t h e s o l u t i o n , e q u a ­

t i o n ( 1 5 ) , t o b e an a c t u a l s o l u t i o n o n a r e g i o n i n r a n d t , 

co 2 y Jo0y) _ x 

a jL k n J x ( k n a ) " 

n = l 

m u s t h o l d o n t h a t r e g i o n a n d t h e d i f f e r e n t i a t i o n i n v o l v e d i n o b t a i n i n g 

~b v v O Y W, o L, a n d 2 J L m u s t b e m e a n i n g f u l o n t h a t r e g i o n * M o s t o f t h e 

o r avc
 a t 

i s s u e s e n c o u n t e r e d i n v e r i f y i n g t h a t e q u a t i o n ( 1 5 ) i s a r i g o r o u s s o l u ­

t i o n h a v e b e e n d i s c u s s e d b y S z y m a n s k i i n t h e v e r i f i c a t i o n o f h i s s o l u ­

t i o n s . S z y m a n s k i ' s r e s u l t s w i l l b e u s e d w h e r e v e r p o s s i b l e . 

To e s t a b l i s h t h e c o n v e r g e n c e p r o p e r t i e s o f c e r t a i n s e r i e s , 

S z y m a n s k i c i t e d t h e f o l l o w i n g t h e o r e m s ! 

T h e o r e m A . E v e r y f u n o t i o n , (j> ( r ) , w i t h i t s f i r s t t w o d e r i v a t i v e s c o n ­

t i n u o u s i n t h e i n t e r v a l ( 0 , l ) and v a n i s h i n g f o r r = 1 c a n b e e x p a n d e d i n 

a u n i f o r m l y a n d a b s o l u t e l y c o n v e r g e n t s e r i e s o f t h e f o r m 
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ao 
C n J 0(k nr) 

where 

°n -71 
J r (p(r) JÔ r) dr . 

r ) dr 

Theorem B. I f the funotion Vr (jjb(r) i s pieoewise oontinuous in the 

interval ( 0 , l ) , the ser ies of Theorem A converges to the value 

\ (p(r - 0) +• <f>{r + 0) J 
for every point r in the i n t e r v a l ( 0 , l ) in the v i o i n i t y of whioh (ft ( r ) 

i s of bounded variat ion* I f , moreover, the funotion (jfc(r) i s oontinuous 

in an interva l (a , b) whioh in turn i s oontained in another in terva l 

(o f , p ) where the funotion i s of bounded var ia t ion , the series converges 

uniformly to C$(r) in the interval (a , b)« 

Corollary to Theorem B> I f for a l l points in the v i c i n i t y of the 

point r a 0 , the conditions of Theorem B are f u l f i l l e d , and i f the funo­

t ion (jfc(r) i s oontinuous at the point r = 0 and the ser ies of Theorem A 

i s uniformly convergent near r =• 0 , th i s ser ies converges to the value 

4>(r) at the point r =• 0 . 

Using the preceding theorems, Szymanski noted that the series 

Y J0(y) 
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i s the expansion of (J) ( r ) =: 1/2 in a ser ies of the form in Theorem A, 

and that t h i s ser ies converges to the value l / 2 for 0 r — a. Thus 

except at r — a . At r — a, since each term of the series i s zero, the 

ser ies oonverges to the value zero . 

t ions of a s ingle variable having a oontinuous derivative on some i n ­

t e r v a l , converge on th i s i n t e r v a l . Also l e t a new ser i e s , formed by 

d i f f erent ia t ing the or ig ina l series term by term, oonverge uniformly 

on t h i s i n t e r v a l . Then the derivative of the sum of the or ig ina l ser ies 

i s equal to the sum of the derived s e r i e s . In the preoeding sect ion , 

the derivat ives J&J£» -2—I, and 5-1 were obtained formal ly . I f f or these 
"^r S r 2 3 t 

s er ies the variable not involved in the d i f ferent ia t ion i s oonsidered 

oonstant, the above theorem may be app l i ed . Then the theorem may be 

applied f o r a l l values of the variable not involved in the d i f f e r e n t i a ­

t i o n . 

By a w e l l known theorem 11 l e t a s e r i e s , whose terms are funo-

Thus i t i s neoessary to consider the uniform convergence of 

n=l 

(61) 

and 
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j0(y) ^ft 
2L (a k n) JiCkjja) 
n - l 

(62) 

with respeot to r and with respeot to t , and a lso t o consider the u n i ­

form convergence of 

(63) 

33 w > 
n*l (a 1̂)* ̂ ( V ) 

(64) 

and 

co Jl(V> - k | / ^ t 
e f 

^ — (a k ) * J i ( k n a ) 
n - l n i n 

(65) 

with respeot to r« Szymanski has shown that series (61) converges u n i ­

formly and abso lute ly f o r 0 f £ r •££ a and f o r 0 f £ t *fb T where T i s 

arb i t rary , and that ser ies (62) oonverges uniformly over the same olosed 

region except f o r the point r — a, t — 0 . 

Szymanski has also shown that for s u f f i c i e n t l y large n, 

(a k j 0 J x ( k n a ) - 2 ^ (k 5^) ' (66) 

OO 

and sinoe ^ / oonverges, the ser ies (64) oonverges uniformly 
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and absolute ly with respect to r and t» I t i s a simple matter to extend 

this reasoning to the series (63) and ( 6 5 ) • For multiplying equation 

(66) by (a k n ) g i v e s , for s u f f i c i e n t l y large n, 

JX(Y) 

(A \r Ĵ Y-) 

e R -2 /IF 
( a k , ) 372

 ; (67) 

and mult iplying equation (66) by (—i—) g i v e s , f o r s u f f i c i e n t l y large n, 
a 

J 2 ( k n r ) 

(a knV Jx(k n a) (a k n ) 
(68) 

As Szymanski shows, 

(a k n ) = 
4 • 8Fn ' ' ^ 

(where 0(—*r) represents a funotion whioh vanishes for increasing n to 
n 

the same order as (*̂W))« A l s o , f o r posi t ive n, 

[aTr-¥+wz+0&]> F*-1]-* [»>-»]>[«]. 

then a k n > n and —i— < i • Thus ^ 
a k n n 

/ . N7/2 < , . v3/2 <"1?2 
(a k^) (a k n ) n 

, and 

oo 
the convergence of the ser ies r implies uniform and absolute 

NIL 

convergence of ser ies (63) and ( 6 5 ) • 



29 

Now define equation (17) to be a solut ion at r ^ O i f v ( 0 ) s 

l im^^Q v . Equation (17) consists of terms involving ser ies (62) and 

(63) -which are both uniformly convergent on 0 £=-b ^-a . Then v 

defined by equation (17) i s continuous at r = 0 and, aooording to the 

above de f in i t i on , i s a so lut ion at r =. 0* 

Thus f o r t ^ . 0 and 0 r ~ a, equation (17) has been shown to be 

an actual so lut ion of the equation (4 ) with the boundary conditions (5) 

and (6) and the i n i t i a l condition ( 7 ) . 

Uniqueness of the Solution*--To e s t a b l i s h the uniqueness of a solution 

of equation (4 ) sa t i s fy ing boundary conditions (5 ) and (6) and i n i t i a l 

oondition ( 7 ) , i t c l e a r l y suff ioes to consider uniqueness of the so lu ­

t i o n to the problem represented by equation (9) and conditions ( 1 0 ) , 

( 1 1 ) , and ( 1 2 ) . 

Let u^ and U£ be two so lut ions of equation (9) sa t i s fy ing condi­

t ions ( 1 0 ) , ( l l ) , and ( 1 2 ) . Then beoause equation (9) i s l i n e a r , the 

differenoe u = U£ - u-̂  i s also a oontinuous solution* The solut ion u 

has the fol lowing propert ies: at r = a, u — U£ ( a , t ) - u^(a, t ) — 0* 

At r = 0 , — - u 2 ( 0 , t ) - u ^ O , t ) - 0 . At t - 0 , u s u 2 ( r , 0 ) 
S r 3 r 

- u x ( r , 0 ) - 0 . 

Mult iplying equation (9) by r and u gives 

ru ^ | -ku - ^ r u ^ - z : 0 , (69) 

B r * o r h- at 
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and integration of this equation over the region 0 — r fr a, 0 — t — T 
(here T denotes an arbitrary value of t) gives 

ff 
yo ' o 

T .a r v2 > 
3 r 2 B r 

ru at dr dt =.0 . (70) 

Now ^ *3 U "3 U , VL\ 

¥7 ["sTJ" u 3 ^ + (a7] (n) 

and 
3 u _ 1_ 9 / 2N (72) 

B u 3 u 
Substituting for u g and u —— in. equation (70) their values from 

a r o t 
equations (71) and (72) gives 

r (u-̂ S) dr dt + f f u -f̂  dr dt or at J J or o so 'o 'o 

,T .a 2 .a 
) / o ' o yo 

a 2 
r (u ) dr dt . (73) 

"a u Sinoe 4r--- is oontinuous, the order of integration may be inter-
3 t changed and 
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T 

-5-2/4 r (u ) dr dt 
a t 

o 'o 

a r-
u(r, T) dr, 

Also, integration by parts with respect to r in the f i r s t integral of 

equation (73) gives 

jT [• 3 / 3 UN 

r — ( u —) 
o r a r 

dr dt 

r (ru :=-—) 
o r 

dt -

.T a 

O 'O 

u dr dt. 
3 r 

But at r = a, u = 0 and at r = 0 , ^L^ s 0s so that < (ru •^-u-) 
o r J I o r 

dt = 0 . 

These results permit reducing equation (73) to 

r 
o 'O 

* 2 c r # d r d t + i ^ j 0 

- ] 2 
u(r, T) dr = 0 . (74) 

Both integrands of equation (74) are non-negative and oontinuous 

and i s non-negative. Therefore, both integrands must be identically 
<&ft** 

zero for the equality to hold. Furthermore, sinoe r is not identically 

zero on the interval of integration and is continuous, r (-2-^) =• 0 
o r "dr 

implies that =. 0 and hence u(r, t ) is constant for o £ r £ a , 0 i - t 
£ r 

£ . T . The second integrand being zero and u(r, t ) being continuous 

imply that u(r, T) = - 0 for 0 £. r 6La, 0 —t £=-T. Sinoe T is an arbitrary 
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value of t , u ( r , t ) — 0 , and henoe Ug zz V io la t ion of the condition 

that U £ Z Z u^ would imply a contradiction of equation ( 7 4 ) , and uniqueness 

i s therefore established* 
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DISCUSSION OF RESULTS 

The a s s u m p t i o n t h a t t h e r a d i a l c o m p o n e n t o f v e l o c i t y i s z e r o 

a p p e a r s t o h a v e d r a s t i c e f f e c t s o n t h e r a n g e o f a p p l i c a b i l i t y o f t h e 

s o l u t i o n . I n t h e f i r s t p l a c e t h i s a s s u m p t i o n i m m e d i a t e l y p r o h i b i t s 

a c c o u n t i n g f o r i n l e t e f f e c t s . T h i s a s s u m p t i o n , w i t h t h e o t h e r a s s u m p ­

t i o n s , a l s o r e q u i r e s t h a t t h e i n s t a n t a n e o u s v e l o c i t y p r o f i l e a t a n y 

t w o c r o s s s e c t i o n s o f t h e p i p e b e t h e s a m e . T h u s , a t a n y i n s t a n t , t h e 

b o u n d a r y l a y e r t h i c k n e s s m u s t b e c o n s t a n t a n d b o u n d a r y l a y e r g r o w t h 

w i t h d i s t a n c e a l o n e i s n o t p o s s i b l e . 

F o r t h e c o m p a r i s o n o f v e l o c i t y p r o f i l e s h a p e s ( F i g u r e 2 ) , f o u r 

c u r v e s a r e s h o w n . Two o f t h e s e w e r e o b t a i n e d f r o m e x p e r i m e n t a l d a t a 

b y C r a u s s e ( w h o p h o t o g r a p h e d a luminum p a r t i c l e s s u s p e n d e d i n w a t e r 

f l o w i n g t h r o u g h a t r a n s p a r e n t t u b e s e c t i o n ) . The c u r v e s f r o m C r a u s s e 1 s 

d a t a r e p r e s e n t c o n d i t i o n s a t t w o d i f f e r e n t t i m e s , o n e t i m e b e i n g l a r g e r 

a n d one s m a l l e r t h a n t h e t i m e c o r r e s p o n d i n g t o t h e two r e m a i n i n g c u r v e s . 

The t w o r e m a i n i n g c u r v e s r e p r e s e n t t h e S z y m a n s k i s o l u t i o n f o r a c o n ­

s t a n t p r e s s u r e g r a d i e n t a n d t h e p r e s e n t s o l u t i o n f o r a l i n e a r t e m p o r a l 

c h a n g e o f p r e s s u r e g r a d i e n t ( t h e c o n s t a n t s f o r t h e S z y m a n s k i s o l u t i o n 

a n d t h e c o n s t a n t s - i n c l u d i n g c o n d i t i o n s a t t h e o n s e t o f t u r b u l e n c e • 

f o r t h e p r e s e n t s o l u t i o n w e r e o b t a i n e d f r o m r u n number s i x o f C h r i s ­

t o p h e r ^ d a t a . 

The s h a p e o f t h e v e l o c i t y p r o f i l e o b t a i n e d f r o m t h e p r e s e n t s o l u ­

t i o n i s a l m o s t i d e n t i c a l t o t h e s h a p e o f t h e v e l o c i t y p r o f i l e f r o m 

S z y m a n s k i ^ s o l u t i o n , a t l e a s t f o r t h e p a r t i c u l a r c a s e s h o w n . S i n c e 
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f o r t h i s p a r t i c u l a r p h y s i c a l s i t u a t i o n t h e i n l e t p r e s s u r e a t t h e o n s e t 

o f t u r b u l e n c e i s a b o u t s i x t e n t h s o f t h e s t a r t i n g i n l e t p r e s s u r e , i t i s 

u n l i k e l y t h a t t h e v e l o c i t y p r o f i l e s d i f f e r s i g n i f i c a n t l y f o r a n y o f t h e 

p h y s i c a l s i t u a t i o n s i n v e s t i g a t e d by C h r i s t o p h e r , 

N e i t h e r t h e p r e s e n t v e l o c i t y p r o f i l e n o r t h e S z y m a n s k i v e l o c i t y 

p r o f i l e s h o w s t h e e x t e n t o f b o u n d a r y l a y e r d e v e l o p m e n t i n d i c a t e d by 

C r a u s s e ! s d a t a . 

F o r t h e c o m p a r i s o n o f mean f l o w a c c e l e r a t i o n s ( F i g u r e 3). t h r e e 

c u r v e s a r e s h o w n . C h r i s t o p h e r s d a t a f o r r u n number s i x i s u s e d f o r 

o n e c u r v e . The c o n s t a n t s a s s o c i a t e d w i t h t h i s r u n a r e u s e d t o c o m p u t e 

t h e v a l u e s f o r t h e o t h e r t w o c u r v e s , n a m e l y t h e c u r v e f o r t h e S z y m a n s k i 

s o l u t i o n u s i n g a c o n s t a n t p r e s s u r e g r a d i e n t and t h e c u r v e f o r t h e 

p r e s e n t s o l u t i o n u s i n g a l i n e a r t e m p o r a l v a r i a t i o n o f p r e s s u r e g r a d i e n t . 

I t a p p e a r s t h a t t h e v a l i d i t y o f t h e p r e s e n t s o l u t i o n c o u l d be s i g n i f i ­

c a n t l y i m p r o v e d by m a k i n g a n o n - l i n e a r a p p r o x i m a t i o n t o t h e p r e s s u r e 

g r a d i e n t . 

The T a b l e o f t h e A p p e n d i x c o n t a i n s c o m p u t a t i o n s f o r t h e f i r s t 

n i n e t e r m s o f t h e s e r i e s 

a t t h e s t a t i o n s p • 0 . 1 , 0 . 2 , 0 . 3 , • 0 . 9 . W i t h c o n s t a n t s a n d ex­

p o n e n t i a l t e r m s f o r a s p e c i f i c p h y s i c a l s i t u a t i o n e v a l u a t e d , t h e s e 

n u m b e r s may t h e n b e u s e d t o c a l c u l a t e v a l u e s o f t h e p r e s e n t s o l u t i o n 

a n d t h e S z y m a n s k i s o l u t i o n . 
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E r r o r s may o c c u r i n t h e l a s t f i g u r e o f e a c h c o l u m n . W i t h (knp>) 
g i v e n t o f i v e d e c i m a l p l a c e s , JQ ( k n / # ) a n d ( k ^ ) may h a v e e r r o r s o f 

+ ,00003 a n d t h e s u c c e e d i n g c o l u m n s w i l l b e s u b j e c t t o e r r o r f r o m t h i s 

s o u r c e . 
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CONCLUSIONS 

1 . S u b j e c t t o a s s u m p t i o n s , a s o l u t i o n i s o b t a i n e d f o r v i s c o u s , 

i n c o m p r e s s i b l e f l o w i n a s t r a i g h t p i p e w i t h i n w h i c h t h e p r e s s u r e g r a d i e n t 

v a r i e s l i n e a r l y w i t h t i m e , 

2 . T h i s s o l u t i o n c a n n o t a c c o u n t f o r i n l e t e f f e c t s a n d c a n n o t 

a c c o u n t f o r a b o u n d a r y l a y e r g r o w t h w i t h d i s t a n c e a l o n g t h e p i p e , 

3. The v e l o c i t y p r o f i l e s h a p e i m p l i e d by t h i s s o l u t i o n i s n o t 

c o n s i s t e n t w i t h e x p e r i m e n t a l d a t a ( a t l e a s t f o r t h e c o m p a r i s o n p r e ­

s e n t e d ) • 

U. T h i s s o l u t i o n , u s i n g a l i n e a r t e m p o r a l v a r i a t i o n o f p r e s s u r e 

g r a d i e n t , g i v e s more r e a l i s t i c mean v e l o c i t y n e a r t h e o n s e t o f t u r b u ­

l e n c e a n d l e s s r e a l i s t i c mean v e l o c i t y a t t h e b e g i n n i n g o f f l o w t h a n t h e 

S z y m a n s k i s o l u t i o n u s i n g a c o n s t a n t p r e s s u r e g r a d i e n t ( a t l e a s t f o r t h e 

c o m p a r i s o n p r e s e n t e d ) . 
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APPENDIX 
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Figure '2. Comparison of Velocity Profile Shapes. 



Figure 3. Comparison of Mean Flow Velocity versus Time. 



TABLE 
co 

J Q (k 0) 

C o m p u t a t i o n o f N i n e Terms o f t h e S e r i e s f * 

( k Y J-, ( k ) v n ' 1 v n ' 

n k 
n 

( k ) 2 ( k ) 3 
v n ' J , ( k ) I s n / 

J 0 <°> 

( k n ) 3 J , ( k n ) 

1 + 2.U0U8 + 5 . 7 8 3 1 + 13.907 + .5191U + .13851 
2 5.5201 + 30.U71 + 168.21 - .3U025 - .017U73 
3 + 8.6537 + 7U . 8 8 6 +- 6U8.05 + .271U5 + .00568U7 
U + 11.7915 + 1 3 9 .QU + 1639.5 - .232U6 - . 0 0 2 6 2 3 9 
5 +- 1U . 9 3 0 9 +222 .93 + 3328.6 + .2065U + .001U5U6 
6 + 18 . 0 7 1 1 +326.56 + 5901.U - . 1 8 7 7 2 - . 0 0 0 9 0 2 6 8 
7 + 21.2116 +UU9.93 + 95U3.8 + .17326 + .00060U76 
8 + 2U.2535 +593.Ok +1UUU2. - .16170 - .0001*2822 
9 + 27.U935 +755 .89 +20782. + .15218 + .00031619 

n J o (.1 k n ) J 
0 
(.2 k n ) J o (•3 k n ) J o U k n ) J 

0 
(.5 k n ) 

1 .9^9 + .9U300 .87U05 + .78171 + .66993 
2 .92525 + .7177U .U233U +- .10591 - .16839 
3 + . 8 2 1 3 6 + .38021 - .09U96 - .37UU8 - .35628 
h +- .681U7 + .02U39 — .38U97 .2660U + .12078 
5 + .51567 - .25533 - .32520 - .1U296 + .27087 
6 +- .33585 • .39309 - .03386 .293UO - .09893 
7 + .15U61 - .37038 + .2361*9 + .01*613 - .22701* 
8 - .01569 - .21895 .2877U - .22638 + .08581* 
9 - .16383 - .00722 + .10972 - .17161* + .19930 

n J 
0 
(.6 KN) J 

0 
(.7 KN) J o (.8 K ) J o (.9 V 

1 + .5U3UU .ii0759 + .26796 + .13028 
2 - .31*692 - .1*0251* - .33896 - .18799 
3 - .11262 + .16621* .29882 .21775 
ii + .299$9 + .10815 - .18261 - .22637 
5 - .08002 - .21*019 + .03521* + .21691* 
6 - .19696 + .16979 + .09581 - .19227 
7 .1800U - .01713 + .17277 + .1^ 
8 + .06556 - .16510 .1781*1* - .11053 
9 - .1961*0 + .16777 - .12001* + .06122 
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TABLE ( C o n t i n u e d ) 

n J 0 ( . l k „ ) / ( k n ) 3 J ^ i g J 0 ( . 2 k n ) / ( k n ) 3

 h ( k n ) J 0 ( . 3 k n ) / ( k n ) 3

 J ; L ( k n ) 

1 .13651 + .13061 + .12106 
2 - .016167 - .01251a - .0073969 
3 .0046700 + .0021617 - .0005399 - .0017881 - .00006400 + .0010101 

.0007^008 - .00037140 - .00047303 
6 - .00030317 .00035483 + .00030564 
7 .000093501 - .00022399 .00014302 

C
D

 

.000006719 ,000094658 - .000046984 
— .000051802 - .00000228 .000034693 

n J 0 U k n ) / k n ) 3 w J o ( . 5 k n ) / ( k n ) 3 J l ( k n ) J o ( . 6 k n ) / ( k n ) 3 J i ( k n ) 

1 .10827 .092791 + .075271 
2 - .0018505 + .0029422 + .0060616 
3 .0021292 — .0020257 - .00064032 
4 + .00069806 - .00031691 • .00078607 
5 .00020795 .00039400 - .0001164 
6 - .00026485 + .00008930 + .00017779 
7 .00002790 - .00013730 + .00010888 
8 + .000096939 .00003676 - .00002807 
9 — .000054271 + .000063017 - .000062101 

n J (.7k ) / ( k ) 3 J L ( k ) J (.8k ) / ( k ) 3 J n ( k ) J j . 9 k ) / ( k ) 3 J , ( k ) o v n " v n 7 l x n 7 o v n 7 ' n 7 l v n ' o v n 7 / v n 7 l v n 7 

1 + .056455 + .037115 + .018120 
2 + .0070335 + .0059225 + .0032847 
3 + .00094519 + .0016990 + .0012381 
4 - .00028377 + .00047915 + .00059397 
5 - .00034938 + .00005126 + .00031556 
6 - .00015327 - .00008649 + .00017356 
7 + .00001036 - .00010448 + .000094070 
8 + .000070698 - .000076411 + .000047331 
9 + .000053048 - .000037956 + .00001936 
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