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PREFACE

Regression with Ll-regularization, Lasso, is a popular algorithm for recovering the
sparsity pattern (also known as model selection) in linear models from observations
contaminated by noise. We examine a scenario where a fraction of the zero co-variates
are highly correlated with non-zero co-variates making sparsity recovery difficult.
We propose two methods that adaptively increment the regularization parameter to
prune the Lasso solution set. We prove that the algorithms achieve consistent model
selection with high probability while using fewer samples than traditional Lasso. The
algorithm can be extended to a broad set of Ll-regularized M-estimators for linear

statistical models.
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CHAPTER 1

INTRODUCTION

We consider the linear regression problem, where we observe a set of input Xy, ..., X,, €
RP and output vectors Y7, ..., Y,,. We assume our data is generated by a linear regres-

sion model, with target vector *.

Y =Xp"+¢ (1)

where € is the noise variable, a vector of n i.i.d random variables with mean zero and
variance 2. Y is the nx1l outout variable and X = (X1, X2, X3, ..., X;,) is the n x p
design matrix where X is the i’ predictor (column) and X7 is the j* sample (row).
The model is assumed to be "sparse”, that is some of the regression coefficients [*
are exactly zero corresponding to predictors that are irrelevant to the response. The
non-zero co-efficients, also called as the true set, are defined by the set S : 7 : |5] # 0

with s being the cardinality of the set S.

This paper focusses on the feature selection problem, where we are interested in
estimating the set of non-zero coefficients of §*. The standard method is subset

selection, which computes the following estimator

Br, = argmingege|| X8 = Y||2  subject to ||B||o < k (2)

where k is tuning parameter. However, the optimization problem in (2) is nonconvex,
and the global solution to the problem cannot be efficiently computed.The most

popular approximation to Lg regularization is the L; regularization method, also



known as Lasso. The lasso estimates B are defined by

. 1
= in—|lY — X3||2+ \ 3
5 argmﬁm%H Blls + AlIB|y (3)

where > 0 is a regularization parameter and ||.||; equals the sum of absolute values

of the vector’s entries.

The X\ parameter controls the amount of regularization applied to the coefficients. A
very large A completely shrinks the coefficients 3 to zero thus leading to an empty

model. In practice, the choice of \ is done by cross-validation.

The global optimum of (3) can be computed using standard convex optimization
techniques. The performance of lasso, for both feature selection and parameter esti-
mation, has been theoretically analyzed. For theoretical analysis of feature selection,

the sign of estimated B is also compared with 8*, called model selection consistency.

P(Sign(B3) = Sign(85))

Among previous work, in particular Zhao and Yu[6] show, for fixed p and p growing
with n, there exists an Irrepresentable/Incoherence Condition that is almost
necessary and sufficient for model selection. The incoherence condition gives an upper
bound on the correlation between non-zero co-variates (X; for j € S) and zero co-

variates (X; for j € S°).
1.1 Incoherence Condition

Let us assume, without loss of generality, for 8 = (81, f2, ..., 8,)7 where §; # 0 for
j=12.sand 8 = 0for j = s+ 1,..p. Let Bs = (b1, Ba,..05)7 and Bgc =
(Bst1,---Bp)". Therefore 85 contains all non-zero coefficients in 3 and Bge contains all

zero coefficients. Similarly we can divide the design matrix X into smaller matrices



related to non-zero and zero coefficients. Let Xg contain the s columns that get
multiplied with the non-zero co-efficients; and Xge contain the rest of the (p — s)

columns.
Based on these assumptions, we define the Incoherence condition as follows

Incoherence Condition There exists a positive constant vector n

G XEXs)(XEXs) P sign(Bs)le < 1 )

where |.|o, stands for the L., vector norm (i.e the maximum value in the (p — s) x 1
vector). The above equation can also be represented as an element wise inequality in

the vector, with individual 7; for each j € S°. .

The incoherence condition closely resembles a constraint on the regression coefficients
of the irrelevant/zero co-variates Xgc with the relevant variates Xg. Assuming a
bounded inverse of (%Xg:Xg), a lower 7 indicates higher correlation between co-
variates in S and S. This condition impacts the Lasso model selection probability,

as higher correlation leads to larger error in model selection.

1.2 Owur Contribution

In this paper, we consider scenarios where incoherence is unevenly distributed among
the zero co-variates. We assume two possible distributions of incoherence among the
zero co-variates, and propose lasso procedures that exploit this structure to do model
selection with fewer number of samples than traditional lasso methods. Our main

results are

e a two-stage lasso procedure, where given the parameters (min, |8%|, 7, o) we can

recover the true set with high probability



e a multi-stage procedure which adaptively updates the regularization parameter

A and recovers the true set with high probability in finite rounds

The rest of the paper is organized as follows. In chapter 2 we summarize work related
to feature selection in Lasso and other feature screening methods. In chapter 3 we
describe the problem setting and our proposed algorithm. In chapter 4, we summarize
the theoretical proofs for feature selection of our methods. Finally in chapter 5 we

demonstrate the advantages of our methods in simulation studies.



CHAPTER 11

PREVIOUS WORK

The model selection consistency of lasso has been extensively studied by several au-
thors, and some of the most notable papers are Meinhausen and Bhulmann|[3], Wain-
wright [4], and Zhao and Yu[6]. Meinhausen and Bhulman first established a proof
of lasso model selection using incoherence condition in Gaussian graphical models.
Zhao and Yu later proved that incoherence condition is a necessary condition for
model selection in lasso. Precise conditions on the problem dimension p, the num-
ber of nonzero elements s and number of samples n were proved by Wainwright.
Wainwright also extended the proofs from deterministic models to random Gaussian

ensembles.

In literature we have not yet found work exploiting the distribution of the incoherence
parameter. Most work related to adaptive lasso focuses on improving the lasso bias
and model selection probability rather than sample usage [7]. Such methods involve
processing the entire data twice, and thus are data inefficient. Recently work by
Ghaoui [1] have developed fast rules/methods that allow removal of zero co-variates
that are guaranteed to be removed later by lasso (using properties of dual Lasso).
However, these methods must be applied before the lasso algorithm, and thus are
data inefficient. In the next section we summarize the important proofs from these

papers related to model selection in Lasso.



2.1 FEvents needed for Lasso Model Selection

An estimate which is consistent in terms of parameter estimation may not be consis-
tent in estimating the correct model. For model consistency we make the following
definition about Sign Consistency that does not assume the estimates to be estimation

consistent.

Sign Consistency: An estimate B is consistent with the true model g* if an only if

sign(3) = sign(5") (5)

where the equality holds element wise. Sign(.) maps positive entries to 1, negative
entries to -1, and zero to zero. Sign consistency is a stronger requirement than the

usual selection consistency which only requires the zeros to be matched.

Using this definition we can define a lower bound on the probability of lasso selecting

the correct model.

Lemma 1 Assume strong irrepresentable condition holds with a constant n > 0 then

P(Sign(B*) = Sign(6*)) > P(A, N B,) (6)
for
1 X7 1
A, = |(5X§Xs)‘1 §e| < |Bs| — A|(5X§Xs)‘15ign(6§)l (7)
Ler xo(Lxrog 1 Kb _ Xbe

B, = \EchXS(ﬁXgXS) ! < An(8)

n n

Proof:Since Lasso is a convex optimization problem, the solution to the Lasso should

satisfy the sub-gradient equation



1 A 1
—XTX(B-p")— =XTe+ Ay =0 (9)
n n
Where ~ is the sub-gradient associated with |3|;. Let us assume, without loss of
generality, for 3 = (B, S, ..., ;)7 where 3; # 0 for j = 1,2...s and 8; = 0 for
j=s+1,.p Let Bs = (B1,5,..8)" and Bsc = (Bss1,.-.0,)". Similarly we
can divide the design matrix X into smaller matrices related to non-zero and zero
coefficients. Let Xg contain the s columns that get multiplied with the non-zero
co-efficients, and X g contain the rest of the p-s columns.
XIXs XIXge .
Then the X7 X term can be written down as . (B — p*) can be
XT.Xs XI.Xge
_ Bs — B , - : :
written as . The sub-gradient v and Xge can also be written in the same
0

format. This leads to two equations, one for all variables in S with the 1st row of
the sub-gradient equation, and another for all variables in S¢. The 1st row of the

sub-gradient equation can be written down as

~1
(G- 5 = (£x8Xs) - (2xFe—ns) (10

Now for a solution to exist we have | Bg — BE| < 18%|. Thus we get the equation

1 1
’(ﬁXgXS> (EXg:E — A’YS)’ < |Bsl (11)

which is implied by the following equation

1 1 1 -
(GxExs) LxEq <151 - 2| (5xExs)  sionas) (12

This proves the equation for event A,. Similarly looking at the 2nd row of the sub-

gradient equation, Vi € S¢ we have



1 5 o Xl
(EXST‘6X5> (Bs = B) — Z + Ayse =0 (13)
Since yge € (—1,1), we have
1 5 o Xl
’(ﬁchXs> (Bs = B7) — =] < ‘)\‘

Substituting the values of 55 — p* from Eq.(34) we get the following inequality

T

1 1 ' XTe 1 1 - XTe
'(ﬁchXs) (ﬁXsrXs) > —A(EX§CX5> (EXéFXS> Sign(Bs)— Z

n

b

which can be realized by the following inequality

1 1 “1xTe XTI
'(-chXs) (-XSTXS) 5€_ st
n n n n

—1
< A(l—‘ (%Xéchs) (%X5X5> Sign(Bs)

)

where 1 indicates a vector of 1’s. Applying the irrepresentable condition (3), we get

< An (14)

1 1 “xTe  xT
mn n n

n

Where 7 represents the vector of n;’s. This proves event B5,,.



CHAPTER II1

SETTING AND PROPOSED ALGORITHM

In this paper, we study two scenarios where zero co-variates X; for all j € S¢ have

different incoherence parameters:

e a(p—s) co-variates have incoherence parameter 7, and (1—a«)(p—s) co-variates

have incoherence parameter 7, with 77 < 1

e the value of incoherence follows an exponential distribution (i.e fewer zero co-
variates have low incoherence values, and most zero co-variates have large in-

coherence values)

3.1 Two Stage Lasso Procedure

In the scenario where a(p — s) co-variates have incoherence parameter 7, and (1 —
a)(p — s) co-variates have incoherence parameter 1, with 7; < 1, we propose a two-
stage lasso procedure with two regularization parameters \; and \,. Let Y7 Xk»
represent kXn rows of Y and X, and Xp, Bp represent X and [ restricted to columns

in set B. The algorithm proceeds as follows

Two-Stage Lasso Method
Input: p,n,s,k,min 8%,0,m1,172,0
Output: 32

ce 1. log(log(p)) _ 1
Initialize A\ = Ao = \jpip = n 2os(m) 2

e Calculate A\, = <#§) ming |G|



Obtain A1, Ay and £ using optimization procedure described below

Estimate Bl using kn samples
Q : 1 kn kn q112
Br = axgmin o {[Y*" = X3+ Al |8])

Define set B={j:j € p, Blj # 0}

Estimate 3, using (1-k)n samples

m”y(l O — XS B113 + Ao 1811

fr = argmin

where (3, is the final estimate used for feature selection. M, is the minimum eigenvalue
of %X L' Xg. Since we use only kn samples in the first stage, given an appropriate A, we
are able to learn (1 — a))(p — s) zero co-variates with high probability and eliminate
them after the first stage. Thus the two-stage lasso procedure uses (1 — k)n(1 —
a)(p — E(Supp(B))) fewer sample data than a single stage lasso with similar success

probability, where E(Supp(B)) is the expected cardinality of set B.

Since we require the two-stage procedure to have high probability of feature selection
while using fewer samples, we can run the following optimization algorithm which

maximizes the number of samples we avoid using.

Optimization Algorithm:

arg max (1 — k)(1 — a)(p — E(Supp(B)))n
s.t

AL < A

A2 < A

k<1

P(Sign(Ba) = Sign(8*)) > P(Sign(4:) = Sign(5*))

10



To establish the proof for the two-stage procedure, we need to prove the existence
of a certain Ay € (Ainis, Aup) Which removes the low correlation variables and another

regularization parameter Ay which achieves better feature selection than ;.

3.2 Multi-Stage Lasso Procedure

In the scenario where, the incoherence values follow an exponential distribution, we
can approximate the exponential distribution by selecting a set of n’s and «a’s that
lower bounds the continuous distribution. The choice of such n’s and a’s determine

how well the algorithm will work in practice.

Given a set of n = (91,12, ...m;) and o = (aq, ag, ..., p), we can extend the two-stage
procedure to multiple stages. Let Y*? X** represent kn rows of Y and X, and X,

Bp represent X and [ restricted to columns in set B.

Multi-Stage Lasso Method
Input: p,n,s,min 3§,0,m,a
Output: Bl

. log(log(p)) _ 1
Initialize A = \;; = n 2o 2

e Calculate Ay, = <#§) ming | 5]
e Fori=1,2 ..
— Estimate \; > 4log(a;(p — 8))o? My /nn?
— Estimate BZ using n; = n/2" samples
B, = arg mﬁin %IIY"" — X3 Be 5+ AillBs, L

— Define set B; ={j : j € p, Bij #0}

11



In this procedure Bl is the final estimate used for feature selection. Ms is the minimum
cigenvalue of £ XT X, and M; is the maximum |[|(.)||> of any column of X. The multi-
stage lasso procedure is similar to the two-stage procedure, except for the optimization

around sample usage.

12



CHAPTER IV

THEORETICAL ANALYSIS

We derive the model selection proofs using techniques from Zhao and Yu[6], Zhang][5]
and Wainwright [4]. We restrict our proofs to deterministic design matrix X.We also

allow the model parameters 3, p, s to grow as n grows.

IR ]

exists o > 0 such that Vi and ¥Vt € R

te; o2t /2
E.e <e /

Assumption 1 allows us to bound the overall noise in the Lasso estimation, and enables

model selection by bounding the rate of growth of noise to n="/2

Assumption 2 There exists 0 < ¢ +¢3 < ¢ < 1 and My, My, M3 > 0 so that the

following holds:

%XZT X; < M, for Vi (15)
aT%Xngoz > My, for V||a|2 =1 (16)
s =0(n") (17)
p=0(e") (18)

13



Error Variance in S, is o9

Error Variance in S is o3 Threshold due to A

/
Figure 1: Left: The model selection error in Lasso can be divided into Type I error
due to mistakes in set S, and Type II error due to mistakes in set S.. Under the
assumption of sub Gaussian noise, error probability is a zero mean sub Gaussian
random variable with variance determined by n, p, s, min 5. Right: The upper bound

on the error probability is determined by the value of the regularization parameter
and the variance of the sub Gaussian random variable.

|
|
|
|
|
|
!
!
|
|
|
1

Error Variance in S, is o9

/

Threshold due to A

/

New o9
Error Variance in S is o3 /
/ New o1

/ New A

Figure 2: Left: Given the upper bound on error due to n,p, we divide the error
into multiple stages by optimizing n,p, A yielding advantages in overall data usage.
Right: Modified error probability due to optimization of n, p in a single stage of the
multi-stage lasso.
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min |G| > Mgncz’z_1 (19)

i=1,2,..

Condition (15) requires the normalization of the covariates. (16) requires that the
eigenvalues of X% Xg are bounded from below so that the inverse behaves well. The

main conditions are (17) and (19). (19) requires a gap of n® between s and noise,

2

since noise terms aggregate at the rate of n=/2 (17) requires the /s to grow at a

rate slower than co, which prevents estimation bias from dominating the model. (18)

allows exponential growth of p as a function of n.

Since we optimize around the number of sample used in different stages of the Lasso,

we also extend the regularity conditions as

1
EXTX <M, (20)

1
aTk—XgXSa > My, forVl|al3=1 (21)
n
where the regularity conditions also holds for k£ € (logn, 1).

cyp—1

Theorem 1 Upper bound on \: If the reqularization parameter X = O(n™z ),

where ¢y € (c3,¢0 — 1), and X is upper bounded by

(40\/%; \/§> !

min 55| (22)

then

P(Sign(Bs) = Sign(8*)) > 1 — 2exp(—cnA?)

for some constant ¢ > 0.

15



Theorem 1 gives us an upper bound on the largest A\ that can be used in lasso without
shrinking the non-zero co-variates to zero. This upper bound prunes the solution set to
our optimization algorithm for the two-stage and multi-stage procedure. Computation
of this upper bound requires knowledge of several unknown constants, which are

assumed to be known in the paper.

Theorem 2 Lower bound on )\ based on n and n: If incoherence values of
the zero co-variates are distributed discreetly n = ny,n2, .., with proportions o =

i, Qo, ...qq, then a choice of

N* > dlog(ai(p — s))o” My /ny; (23)

ensures that the zero co-variates with incoherences greater than n; are removed from

the lasso solution set with probability

> 1 —2exp(—cA?nin)

for some constant ¢ > 0.

Theorem 2 gives an lower bound on the regularization parameter that removes a set of
zero co-variates with high probability. Also, if the incoherence parameters are known
in advance then A and n can be optimized to achieve a desired error. Theorem 2
also helps us simplify the co-variates being used in each stage of the multi-stage lasso

procedure.

Theorem 3 Model Selection for Two-Stage and Multi-Stage Procedure If
Assumptions 1 and 2 hold, and if the incoherence values are distributed discreetly
n = (M, n2,..m) with ny > ny > ns... > m and with proportions o = (aq, g, ...q),

such that Y\ oy = 1.

16



If X\;, for stage i, is selected as

2?2 > max((log(l + 1) — 1ogd)2" ™" logay(p — s))o* My /n?n (24)

using 5 samples and if for i € (1,2, .1)

M :
AN < | —————= p
(40\/—1\42 n \/5) min 31

then
P(Sign($) = Sign(B)) = P(Sign(B) = Sign(*)) > 1 -4 (25)

where B represents lasso estimate using a single stage lasso and Bl 15 the lasso estimate

using the multi-stage procedure.

PROOF SKETCH:

The proofs for the two-stage and multi-stage procedures proceed in the following
stages: firstly using Theorem 1 we ensure that all \;’s are upper bounded, so that the
true co-variates do not shrink to zero in any stage. Next using Theorem 2 we identify
conditions necessary to remove a specific subset of zero co-variates with incoherence
n;. Finally, we compare the failure probability of such a procedure with a single
stage lasso procedure with given model selection error 4. The conditions required for
removal of zero co-variates and model selection error gives us a lower bound for A

defined in Theorem 2. The detailed proof for Theorem 3 is given in Appendix.

Theorem 3 is the main result for the our proposed procedures. Given a upper bound
on the error probability of a single stage procedure ¢, we can determine the regular-
ization parameter for each stage using equation (24) and (25). Theorem 3 provides
a general proof for model selection of the multi-stage procedure without optimizing

the number of samples used. However under specific conditions of 7 and «, we can

17



derive bounds on the sample usage. We prove two simple corollaries, for two-stage
and three stage procedures, which provide conditions under which a quarter of the

overall samples can be saved.

18



CHAPTER V

SIMULATION RESULTS

We have performed simulation studies to verify our theoretical analysis. Our com-
parison looks into feature selection accuracy using our predicted As, and the number

of samples saved due to the two-stage procedure and multi-stage procedure.

We first generate the true signal 8* as 6log(n)+randn which ensures condition (9) in
our assumptions is satisfied. The sign of each non-zero element in 5* is decided by a
binomial distribution bin(1,0.4). Following this, the covariance structure of X is setup
as a random Gaussian matrix. This structure results is an exponential incoherence

distribution as observed in Figures 3 and Figures 4.

To test the validity of our claims we approximated the incoherence distribution, with
two and three distinct incoherence values, and tracked the model selection probability
and sample usage for each setting. Theorems (1), (2) and (3) were used to estimate
A’s for each stage. For the single stage lasso we used the following regularization

parameter as suggested in Wainwright [4]

N 2 /slogp
n n

For each figure, in the left subplot, we plot the original incoherence distribution and

the approximation taken. In the right subplot we plot the model selection probability
as a function of samples used.We can observe that the multi-stage lasso procedures
are able to achieve higher model selection accuracy using lower number of samples

than the passive algorithm.

19
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CHAPTER VI

CONCLUSION

In this paper we introduce two-stage and multi-stage lasso procedures which take
advantage of variance in incoherence parameters to perform model selection with fewer
number of samples than lasso methods. We prove the model selection performance

of the proposed algorithms and also validate it though simulation studies.

Currently the algorithm requires knowledge of several parameters which are often
unknown in advance in practical settings. This reduces the applicability of the algo-
rithm to real datasets. In our future work, we would like to improve the algorithm

to address these practical issues.

Also of interest, is extending the current proofs and theorems to a broad set of
estimators. Recent work by Yen-Huan Li et al.[2] have shown generalized model
selection theorems for L1-regularization. They show application of theorems towards
linear regression, logistic regression, gamma regression and graphical model selection.
Similar to Lasso, the model selection proofs for such procedures requires the existence
of incoherence conditions. Thus under similar scenarios, multi-stage procedures for

other L1l-regularization methods can also be developed.
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APPENDIX A

DETAILED PROOFS

A.1 Proof of Theorem 1

From the sub-gradient equation we have for Vi € S,

(Bs = 55) = (XEx) ™ (S XTe - ASign(3)))

Using triangle inequality,
6 * L ory a1l or L ory -1 *
185 = Bille < 11 XEXs) ™= XTel g + All(XEX5) ™ Sign(52) 1

1 1 1 _
= 1= XE X)Xl + All(- X5 Xs) 1

Now since € is a zero mean sub-Gaussian vector with variance o2, it follows that

7 = (£ XTI Xg) 'L X e is zero mean sub-Gaussian with variance at most

0.2

7’LM2

o2 1
—NN(=XTX) Y, <
I XEXs) e <

Consequently by the sub-Gaussian tail bound and union bound we have,

t2 M.
P( max |Z;| > t) < Qea:p(— 5 ;n +log(s)>
o

1=1,2,..s

Fort = 3‘%, we have the exponential term simplifying as —2nA?+log(s). If we assume
2n\? > log(s) which holds true base on Assumption 2, we have the exponential term

simplifying as —nA\2.
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Now, we require || Bg — BE|loo < min 5% for sign consistency to hold. Thus we have,

40

VM

1 P
A(IGXEX0) Ml + 27 ) < min

Now for the first term

1 1 /s
M(=XIXN) ] <A XX, <« 22
II(n 5Xs) e < x/5||(n 5 Xs) 2 < 7

Thus simplifying we get,

+

M, " /D,

with probability greater than 1 — 2exp(—cnA?).

>\<\/§ do ) < min g

A.2 Proof of Theorem 2

The error in the zero co-variates depend on the event

T T
1 Xge  Xgee

n n

< An

1 1
B, = ‘ﬁxgcxs(ﬁxg Xs)

Under assumptions (5)- (9), if we write the L.H.S term as H'<, where H' =

LXTXs(2XTXs) ' XE — X1 then

HTH = X1. <I - XS(X§XS)—1X§) Xsge

Since (I — Xg(XZXx) ' XT) has spectral norm one, it’s eigenvalues lie between 0
and 1. Therefore the L.H.S term, will be a zero mean sub-Gaussian variable with

maximum variance

1

o? 1 _ o2 M
;HEchXs(EXng) 'X§ — Xie -

2
2 <
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Thus the probability of error for event B,, can be upper bounded by

. 1 M2 n%n
P(B;) <2(p = s)exp (=3 Y

) (26)

Where the error bound for each zero co-variate depends on its incoherence parameter.
For a set of ; zero co-variates with incoherence 7;, assuming A < upper bound proved

in Theorem 1, if

/\2771‘2”
20’2M1

> 2log(ai(p — $))

then

P(B¢, ) < 2exp(—\°n;n/20° M)

Which completes the proof.

A.3 Proof of Theorem 3

To ensure that the multi-stage or two-stage procedure achieves a similar rate of error
as the single stage procedure, we can compare the model selection error probability of
the two procedures and give conditions which ensure equal error selection probability.

To simply the proof let us represent the error of a single stage procedure as 9.

For the multi-stage procedure with [ rounds, let A4 be the event that the regularization
parameter is upper bounded by the result given in Theorem 1. Also, let By, ,—s) be
the event that in stage i, o;(p — $) zero co-variates with incoherence 7; are removed
from the solution set using 7; samples. Through union bound we can upper bound

the overall failure probability as
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Thus if

l

P(Ag) + ZP( ;i(l”—s)) < 0

i=1
the multi-stage procedure achieves similar model selection consistency results as a

single stage lasso.This holds true if,

P(A7) < 6/(1+1)

and for all i = (1,2...]),

P(Bgi(p—s)) < 5/<l + 1)
Replacing expressions from Theorem 1 for P(A¢), with n/2! samples we get the con-
dition

2exp(—nA?/2") < 6/(1 +1)

=>nA? > 2 (log(l + 1) — log(d)) + 1

and for P(Bg,, )

2exp(=Afin /2t o? My) < 6/(1+1)

=> AN2nin > (log(l + 1) — log(0))2" o M,y + 1

Thus if these additional constraints on A are satisfied along with conditions from

Theorem 1 and Theorem 2, we will equivalent probability of model selection with a

25



one stage procedure.

Choosing \;’s based on the following condition satisfies both the requirements

A7 > max((log(l + 1) — 10g8)2" ! logay(p — s))o* My /nin
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