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Performance of locks (for 500 operations)

exclusive lock
read shared lock with writers only
read shared lock with 20% sharing
read shared lock with 40% sharing
read shared lock with 60% sharing
read shared lock with 80% sharing

read shared lock with readers only

���>0�';��� |;¥ �O�+��*R� � �G�>�"���A2%* º j%F�C1'%�/�1=3�MC>-;F"p;�O-�2i�"$;� � T��

0�'%�&�
�&2���� �H�"$%�A�:�"$;� 7�8O�C6C�Q%��F
-3rs�"F"$;�+*4'4C>�+*{S:²i-��"�I�>!J?%-3�"�B�&24�GC>7�e45��"-�!u�"$;�(?R-&�>2��I-&5�=3�>� 8¤-A5�-�';�:�"�+�)'4C1�
� e
�"$;�J�)�1!k� �M�>24�"� �"�"';?;�
�(-�2,��$;�L*3���� ��� 2��<?;�"-;F
�+�"�G-��
�M�&�"�k2;-��M�G742%F"$;�"-324�1� �+*{S9�;-3�(-�';��l3';� ';� r�Q%���G�+*PC>-;F"p{e
�"$;�"�+�3*;�HF �&29F
-�24�G�>2�';�Z�"-M¢G-&�>2.��$;��l3';� ';��-A5��"�+l3';�+�G�"-3�B�:� =3� 2.8:$;� 2i�"$;�M?;�"-;F
�+�"�G-3�H�"$%�A�HF
';�"�"� 24�GC>7.-&8:2%�
�"$;�hC1-;F�p��\���G� �"=3��F��>2;0.�J�G�>!J� �E�124�"� �"��';?;�+S � $4�6C>�<�"$4���I�"�+���G-�2i!L�D7J�
j;?4C\�N�12P8:$�7��"$;�<�G-&5��/8:�&���Y�DC>0�-3�G�>�"$;!
!L�D7J*4-�����8O�
CC����f��$;�H�G7;�G�"� !wC>-;F"p{e&�>�����O�G�G�CC�';2%F�C>�+�&�O8:$47M�>�:*4-4�+�fQ%� ���"� �:����F �&2kQ%�(�G� � 2J�>2��"$;�:�"�+�)'4C1�
� S

� �H$%�D=��I�>!J?4C>� !J� 2����+*�g%=��(Q%�&���G�>� �E�)7�2%F�$;�"-�24�>�+�&�G�>-�29�DC>0�-��G�>�"$;!��Hy ø � } -32L�"$;� � T��Er ø Sf�s2q-3';���>!J?4C>� r
!J� 24�B�&�G�>-�2�e48O��$%�+=3�Y�DC�>0�2;�+*�xs8:$;� 2;� =�� �O?%-4�"�`�>Q4C>� ~ !<';�"'%�DCC>7��
jàF�C>'%�`�>=��Z?%�&�"�B��-&5��)$%�&�"�+*q*;�&�B�Z�G�"�"'%F
��';�"�+�
-�2.�G� ?%�A�B�&�"�MF ��F�$;�(C�>2;�+���G-J�"$%�&�I�"$;� �"�����:2;-�5Ã�DC��G�<�G$%�&�G�>2;0%S�]O$;�M�"�+�)'4C1�
�:�&�"�M�G$;-&8:2��>29���103';�"�M�%S�]O$;� �"�
�&�"�Z�G8v-��G�"� ?%�I�"-JQ%�&�"�)�1� �(�G742%F"$;��-�24�>�+�&�G�>-�2 ¥ �A�"�G�>=N�DC��&2%*iF
-�!J?4C>� �G�>-�2�S�n:C>0�-3�G�>�"$;! ø x�C��&QR�
C1�+*��B¾�d4Ò%��aDÏ��>2
���>0�';�"��� ~ ���v�Z2%�D�>=��(F
-�';24�"� �O!J� �"$;-;*J8I$;� �"�Y�Z0&C>-�Q%�NC�F
-3';2��"� �t���:*4�+F
�"� !J� 24�"�+*�Q47��+�3F"$�?;�"-;F
�+�"�G-��O';?%-32
�&�"�)�1=&�DCsSm]E$;��F
-�';24�"� �ZQ%�+F
-�!<�>2;0,� � ��-.���Z�"$;�k�>2%*3�\F �A�G�>-�2V-&5HQ%�&���G�>� ��F
-�!J?4C>� �G�>-�2�eO�&2%*P�"$4���h�\�Z-�Q%�)� �"=��+*
�>2%*4� ?%� 2%*4� 24�GC>7,Q47.�+��F�$.?;�"-;F
�+�"�G-3�(Q�7q�"�+�)�G�>2;0q�"$;��F
-�';24�"� �+S�nIC>0�-��G�>�"$;!#�ix�C��&Q%�
C>�+*V��ÏGa
aI�12,���>0�';�"�<� ~ �\�
�q���"� �LF
-�!<Q4�>24�>2;0mQ%�A�"�G�>� �M�"$%�A�M�"�+*4'%F
�+�h�"$;�L$;-3�M�G?%-��<F
-�24�"� 2��)�1-329�>2@�"$;�k?;�"� =��>-�'%�<�DC>0�-3�G�>�"$;!ÍQ47,�DCC1-3r
F �&�G�>2;0.�kQ%�&�"�G�>� ��=N�&�)�\�AQ4C1�[x/�LF
-3';2��"� � ~ 5�-���� =�� �"7q?%�D�>�(-&5�?;�"-;F
�+�"�G-3�B�:?%�A�"�G��F��>?%�&�G�>2;0��>2,�"$;�MQ%�A�"�G�>� �+S(]O$;�
?;�"-;F
�+�"�G-��
�(�&�"�<�"$;�<C>�+�D=��+��-&5O�"$;�JQ4�>2%�&�"79�"�"� ��e��A2%*9�"$;�<$4�>0�$;� �ZC1� =3�
C\�h-&5v��$;�J�"�"� �<0�� �MF
-�2%�)�"�"'%F
�"�+*,*474r
2%�&!<��F �DCC>7V�����"$;��?;�"-bF
�+���G-��B���"�+�3F"$,��$;�JQ%�&�"�G�>� �<�"$4'%�(?;�"-3?%�&0��&�G�>2;0q�"$;���&�"�G�>=N�NC��>245K-3�"!L�&�G�>-�2�Sq]O$;��C\�3�G�
?;�"-;F
�+�"�G-��O�"-<�&�"�G�>=��(�&���"$;�HQ%�A�"�G�>� �:8O�CC��"�+��F�$L�"$;���"-4-���-A5��"$;�(�&�"�G�>=N�NC����"� �Y�A2%*JQR�+F
-�!J�+�O�"�+�)?%-�2%�`�>Q4C>�(5�-��
�G�B�A�"�G�>2;0L��$;�M2;-��G�g�F �&�)�1-32m-A5�Q%�&�"�G�>� �(F
-�!J?4C>� �G�>-�2,*4-&8:2.�"$4���(�"�A!J�MQ4�>2%�&�"7i�"�"� ��S�½�-3�"$.�"$;�+�)���DC>0�-��)�1��$;!L�

¹



���"�)';!J�M�&2m�A�"-�!<��FI5�� �BF"$ �&2%* ,i�>2%�G�"�"'%F
�)�1-32�e%8:$4��F�$i�\�E�>!J?4C>� !J� 24�"�+*i'%�`�>2;0L�"$;�<Î�aD� ^ d;� _;	+Î�a�?;�G�>!<�>�G�>=���S
]O$;�<2;�
j;�Y�DC>0�-3�G�>�"$;!¦x�C��&Q%�
C>�+*Vc3�>^
^·aDÓ<��ÒR	�����¾3Ò<�>2@���>0�';�"�Z� ~ ���(��*3���"�G� !<�>2%�&�G�>-�2WQ%�&�"�)�1� �De%8:$4��F�$i�124=�-&C>=��+�
�
j%F"$%�&2;0A�12;0k!J�+�"�"�&03�+�f5�-��.-0/21 ó$3 �"-�';2%*;�O���O?;�"-;F
�+�"�G-3�B�O�&�"�G�>=��M�&�O�"$;��Q%�&�"�)�1� �hx/XP���:�"$;���"-��
�DC�24';!<Q%� �:-&5
?;�"-;F
�+�"�G-��
� ~ S��s2,�+�3F"$9�"-�';2%*9���"-3�B�DC�-&5vX×!J�+�"�"�&03�+�H�&�����
j%F�$%�&2;0��+*{SM]O$;��F
-�!J!<';24��F �&�G�>-�29?%�&�"�"� ��2.5�-��
�"$;�+�G�(!k�+�"�"�&0��I�
jàF�$%�&2;0��+�����:�)'%F"$��"$%�&��x/�G� �(�O�
5�� �"� 2%F
�Ly54 } 5�-��:*4� �B�D�C�� ~ �D5��"� ���"$;��-0/21 ó�3 �"-�';2%*;�:�&���H-&=�� �
�DCC��"$;�<?;�"-;F
�+�"�G-��
�H�&�����D8:�&�"�M-A5�Q%�&�"�G�>� �MF
-�!J?4C>� �G�>-�2�SZnIC103-��G�>�"$;!#�ix�C��&Q%�
C>�+*���¾�d�Ï
Ò%	3Ó�aDÒ%���>2@���>0�';�"�<� ~
���H�k�"-�';��2%�&!J� 24�vQ%�A�"�G�>� �MxG�&2;-��"$;� �:���"� � rs�G�G7�C>�<�DC>0�-��G�>�"$;!#�`�>!<�C��&�(�"-JnIC>0�-��G�>�"$;!#� ~ �>298:$4��F"$i�"$;�M8E�12;2;� �
�>2,�+��F�$9�"-�';2%*[���M*4� �"� �"!��12;�+*P�G�B�&�G��F �DCC>7�SJ]O$;�Zg%2%�DCv�DC>0�-3�G�>�"$;!¦x�C��&Q%�
C>�+*7698f���>2@���>0�';�"�<� ~ ���(�&2;-3�"$;� �
x/�G�
�&�G��F �DCC>7�*4� �"� �"!��12;�+* ~ �"�"� � rs�G�G73C>�E�NC103-��G�>�"$;! ?;�"-�?%-4�G�+*ZQ�7<².�
CC>-��"rG¡��"';!J!J� 7<�&2%*kT�F
-��"�+S�]O$;�O�/8O-�!L�D�>2
*3���� �"� 2%F
�+�<Q%� �G8O� � 2V²,¡IT��&2%*P�"-�';��2%�&!J� 24�M�DC>0�-��G�>�"$;!L�<�&��� ¥ �q��rs�&��7,�"�"� �<���<'%�)�+*9�>2V�"$;�k5K-3�"!J� �(5�-��
�&�"�)�1=&�DC � �&2%*9µ
?%�&�"� 24�B¶h?;�"-bF
�+���G-��B���&�"�G�>=��(�&�f�>24�"� �"!J�+*3���&���(2;-b*4�+��-&5���$;�H�&�"�G�>=&�DC��"�"� �I�12��"$;�I5K-3�"!J� ��8I$4�6C>�
?;�"-;F
�+�"�G-��
�v�A�"�(-�24C>7��A�v��$;�:C>�+�D5f-&5��"$;�M�A�"�G�>=N�DC��"��� ���12q��$;��C\�A�"�"� �+S:�I-��G�g�F �&�G�>-�2q-&5�Q%�&�"�G�>� �HF
-�!k?4C1� �)�1-32��\�
*4-�2;�Z=�� �"7L�`�>!<�C��&�(�"-<nIC>0�-��G�>�"$;!#�Z�>2.QR-��"$q-&5f�"$;�+�G�M�DC>0�-3�G�>�"$;!L� S

� T��Er ø -&8O�>2;0Z�"-(�>�B��?4�>?%�
C�>2;�+*i�G�>2;0M�>24�"� �BF
-�2;2;�+F
�O$%����!<'4C>�G�>?4C>�MF
-�!J!<';24��F �&�G�>-�2�?%�&�"$%� S�]E$;�OC��&�"� 2%F
7
�
j;?%� �G�>!J� 24�B��F�C>�+�&�)C17��G$;-&8@�"$%�A���`�>!�'4C>�B�A2;� -�'%��*3���G�G�>2%F
�O��F F
�+�"�G�+�t-�2<�"$;�O�G�>2;0�*4-(2;-����>2%F
�"�+���)�:�"$;��C��&�"� 2%F
7
5�-��:�+��F�$.��F F
�+�"� S�Ä:-&8O� =�� �+e4�"$;�MF
-�';24�"� �H�NC103-��G�>�"$;!u?R� �G5K-3�"!L�O?R-�-��)C179xG�G� �M���>0�';�"�(� ~ �/�12%F
�Z� =�� �"7q�&�"�G�>=&�DC
�"�+�G'4C>�B���>2��&��C>�+���)�v�(�)�12;0<��F F
�+�"�G�+�Exs-�2;�O5�-���5�� �BF�$4�12;0Z�"$;�HF
';�"��� 2��OF
-�';2���� ��=N�NC1';��e;�&2%*k�G�+F
-�2%*�5K-����)� 2%*3�12;0
�>�(�"-J�"$;�JF
';�"��� 2��(�G� ��-&5�?;�"-;F
�+�"�G-��B���G?4�>2;24�>2;0.-�2i�"$;�JF
-�';24�"� � ~ S�T&�>2%F
�J�"$;�+�)���3F F
�+�"�G�+���&�"�(5�-����"$;�����&!J�
C>-bF �A�G�>-�2,�"$;� 7i0�� �M�G� �G���DC�>� �+*W-�29�"$;�<�G�>2;0%e��A2%*.��$;�J?4�>?%�
C�>24�12R09����-&5v2;-q$;�
C>?P5K-3�(�"$4���(�DC>0�-��G�>�"$;!.S;�I-��"�
�"$%�&�(��$4�\�Z?R-�-��Z?%� �G5�-��"!��&2%F
�<���M*4�+�G?4�>�"���"$;�<5s��F
�Z�"$%�&� � T��Or ø �G';?;?R-��"�B�kÏ/a
	�c&¿`^·ÒR	�Ï\ÖvÒ�Îkx��sSò��S�-�2;�k�"�+��*4r
�"�+l3';�+�G�:-�2i�"$;�(�G�>2;0��"�+�G'4C>�B�E�129�DCC��>24=N�DC��*;�&�"�+*i?4C���F
�Z$;-&C�*4� �B�I5K-3�v��$%�&�OC>-bF �A�G�>-�2.0�� ���G�>2;0L';?{*;�&�"�+* ~ SO]O$;�
*4742%�&!<��F
r��"�"� �J�DC>0�-��)�1��$;!É-&=�� �BF
-3!J�+�O�"$;�Z$;-��"rs�G?R-��:?;�"-�Q4C>� !Í�&2%*[�"$4'%�O�"$;� �"�h�\�(��?%-��"� 24�G���DC�5K-3�HF
-�!J!<';r
24��F �&�G�>-�2q-&=�� �GC��&?k�
jb?4C>-&�>�G�>2;0J�"$;��?4�>?%�
C�>2;�+*i�G�>2;0%S � �(*4-M-�Q%�)� �"=��I�1�O�"-Z?%� �G5�-��"!áQ%� �"��� �v��$%�&2J�"$;�(F
-�';24�"� �
�DC>0�-��)�1��$;!.S(½�';�(�`�>2%F
�J�"$4���(�DC>0�-3�G�>�"$;!É���+l�'4�>�"�+�h!�';��'%�DC��
j%F�C1'%�/�1-329C>-bF�pq5�-����"$;�Z5K� �BF�$ �A2%* ,�-�?%� �B�A�G�>-�2�e
�"$;�J?R� �G5�-��"!L�&2%F
�q*4� 0��B�3*4�+�Ml3'4�\F�p3C17V���h�"$;�J24';!�QR� �<-&5:?;�"-bF
�+���G-��B�Y�\�h�>2%F
�"�+���)�+*{S.Ä:-&8O� =�� �+e�!J-;*3�65�73�12;0
�"$;�9F
-�!J?4C>� �G�>-�2�2;-��G�g�F �&�G�>-�2 x/���J�)';0�0��+�G�"�+*P�>2wy ø � }�~ Q�7V�G?4�>2;24�>2;0�-�2��P0&C>-�Q%�DCH8:�&p3� ';?W���&0�xÃ�12%�)�"�+��*
-&5��"��� � r�Q%���G�+*q2;-3�G�g�F �&�G�>-�2 ~ �G� �HQ47q�"$;�hC\�3�G�Y�A�"�G�>=��>2;0�?;�"-;F
�+�"�G-���?;�"-;*4'%F
�+���"� !L�&�"p&�&Q4C>�M?R� �G5K-3�"!L�&2%F
�Z� 2;r
$%�&2%F
� !J� 24�Zx/�G� ��C�>2;�MC��&QR�
C>�+*@��ÏGa
a=<�6?>O�>2,���103';�"�(� ~ Sf]O$4���E�\��*4';�M��-��G8O-<�"�+���G-32%� ¥ -�2;�(�"$;�(8:�&p3� ';?q�"�"� �
���HF
-AC6C��&?%�)�+*.��$�'%�O���+*4'%F��12;0q��$;�(2�';!<Q%� ��-&5�*3���G�G�>2%F
�H��-�';2%*;�:-A5tF
-�!k!�';24��F �&�)�1-32�e%�&2%*q�G8O-<�"�+��*4rs�G2%�A�Gg%2;0
$;�
C>?%���"$4���:0AC1-3Q%�DC�8:�&p�� ';?����&0k2;-��G�g�F �&�G�>-�2i!J� �"$;-;*q�"�"� !k� 2%*4-�'%�`C>7�S:�O�+��*4rs�G2%�A�Gg%2;0J���E5K';���"$;� �H�D��*4�+*iQ�7
�"$;�('%�G�Z-&5f?%-��G�
�G�"-��"� 2�-�';�O�>!J?4C>� !J� 24�B�&�)�1-32m-A5��"$;�+�G�<�DC>0�-��G�>�"$;!L��S

]E$;��*3���"�G� !<�>2%�&�)�1-32mQ%�A�"�G�>� �Y*4-4�+��2;-��:?R� �G5�-��"!#���:8O�
CC�-�2i�"$;� � T�� QR�+F �&'%�G�Z�>�:�>24=�-&C>=��+�A@�x 3 -0/21 3 ~
*3���G�G�>2%F
�HF
-�!k!�';24��F �&�)�1-32.�G�"� ?%� S��f� �+e;-&8O�>2;0Z�"-<�"$;�H?4�>?R�
C6�>2;�+*9�)�12;0<�"$4���O�DC>0�-��)�1��$;!ô*4-4�+�OQR� �"�"� �O�"$%�&2��"$;�
F
-�';24�"� �:�DC>0�-��G�>�"$;!iS�]O$;�M²P¡:TJ�&2%*J��-�';�"2%�&!J� 24�:�DC>0�-��G�>�"$;!���$%�D=��(�DC>!J-��)����*4� 24�G��F �DCf?%� �G5�-��"!L�A2%F
��S�]E$4�\�
�"�+�G'4C>�:8:���OF
-�';24�"� �"r��>24�"'4�>�G�>=��J�&��g%�B�G�+Sf½�';�H�JF �A�"�
5K'4Cf�&2%�DC>7b�/�\�E�"� =��+�DC��O�"$;�(=3� �B��F��>�G7L-&5f�"$4���O�"�+�)'4C1�DS�½�-��"$
�DC>0�-��)�1��$;!L�O*4� �"� �"!<�>2;�(�"$;�M�&���G�>=N�DC��"�"� �(�G�B�A�G��F �DCC17�S�½�7�'%�`�>2;0L�Z��rs�&��7��A�"�G�>=N�DC��"��� ��eb²P¡:TJF
';�B���"$;�($;�
�>0�$4�

4



-&5��"$;�Z�"�"� �<Q47.�LF
-�!k?%�&�"�+*i�"-J�"-3';�"2%�&!J� 24�+eR�"$�'%�I�
���+F
�G�>=��
C>7.�"�+*4'%F��>2;0i�"$;�ZC1� 2;03�"$9-&5��"$;��F
�)�1�)�\F �NC�?%�&�"$
�>2@$%�NC65"S.½�-��"$V�DC>0�-��)�1��$;!L�(�"�+l3'4�>�"�B@<x 3 ~ F
-�!J!<';24��F �&�G�>-�2V�G�"� ?%� S.]E$;�L?%�&��� 2��B�Z�&�(�+��F�$,C>� =��
C:8:�D�>�(5�-��
�"$;�
�>���"�+�G?%�+F
�)�1=3���qF�$4�6C�*4�"� 2P�"-L�&�"�)�1=3���&�:��$;�MQ%�&�"�)�1� ��Q47.�G?4�>2;24�12;0i-�2.� | �&r�Q4�>�H8O-��
*{e;8:$4�C>���+�3F"$i-&5��"$;�
F�$4�6C�*4�"� 2k�>2%*3��F �&�"�(�&�"�G�>=N�NC�Q47��G� �"�)�12;0<�(*4�+�`�>0�2%�&�"�+*�Q�74�"�:-&5{�"$%�&��8O-��B*{Sf]O$4'%���+��F"$k2;-b*4�O�>2J��$;�H²P¡:T(�"�"� �
�>2%F
';�B�O�L�)�+l�';� 24�G���DC�F
-�!J!<';24��F �&�G�>-�2.�G��� ?%���>2q�"$;�HQR�+�G�HF ���)��eb�A2%* ¹ �)�+l�';� 24�G���DC�F
-�!k!�';24��F �&�)�1-32.�G�"� ?%�t�>2
�"$;��8O-��B�G��F ���)�(xs-&8O�>2;0M�"-h5Ã�NC\�)�Y�G$%�A�G�>2;0 ~ Sf]O$;���"-�';�"2%�&!k� 2��O�DC>0�-��G�>�"$;!á-�2L��$;�H-���$;� ��$%�&2%*��>2%F
';�B��-�24C>7 ø
F
-�!J!<';24��F �&�G�>-�2.�)�"� ?J5�-��:�(?%�N�1�I-&5�2;-;*4�+�f�>2q�"$;�(Q4�>2%�&��7J�"�"� �I�>2q�"$;�(Q%�+�G�:F ���)��eb�A2%*L�h�>2q�"$;��8v-3�B�G�vF �3�G��S

�`2J�:!L�3F"$4�>2;�H�G'%F�$��3���"$;� � T��Or ø 8:$4��F"$<$%����!<'4C>�G�>?4C>�HF
-�!J!<';24��F �&�G�>-�2k?%�&�"$%���DCC%�"$;�vF
-�!k!�';24��F �&�)�1-32
�&�:�+�3F"$iC>� =��
Cf-&5��"$;�MQ4�>2%�&��7.�"�"� �<F �&2.?;��-bF
� �+*[�>29?%�&�B�DCC>�
CsSYÄI-&8O� =�� �+e45�-��:�"$;�<²P¡:TL�"��� �M�"$;�<F
-�!J!<';24�>r
F �&�G�>-�2.�)�"� ?%�t5K�"-3! ��$;�(��F�$4�C�*4�"� 29�"-<�"$;�H?%�A�"� 2��E�\�E2;�+F
�+�"�"�&�G�C>7.�G�+l3';� 2��)�\�NC��&2%*k�"$�'%�IF �&2;2;-��O�
jb?4C>-&�>���"$;�
?%-3�"� 2��)�\�NC�?%�A�B�DCC>�
C6���G!Ê�"$%�&�����:�D=N�N�6C��&Q4C>���>2.��$;�YF
-�!k!�';24��F �&�)�1-32q2;� �/8O-���p�S�]O$4����C�1!��1�
�&�G�>-�2mF
-3';?4C1�+*[8O�>�"$
�"$;�:?R-��"� 24�G���DC%5s�DC��G�H�)$%�&�G�>2;0M�"$%�A�f� 2%�G';�+�O���f�(�"�+�)'4C1��-&5��"$;�:2;-;*4�H�G�"��'%F
�"';�"�O�����Z*4� �"�G�>!J� 24�B�DC%�
���+F
�f�>2��"$;�
²P¡:TJ�DC>0�-��G�>�"$;!Ô8:$4��F�$��\�E2;-��O?;�"�+�G� 24���>2q�"$;�(��-�';�"2%�&!J� 24�v�NC103-��G�>�"$;!.SO±:2q��$;� � T��Or ø e;� =�� �"7L�)'%F"$�5s�DC��G�
�G$%�&�)�12;0.�3F F
�+�"�:���+�G'4C>�B�I�>2m-32;���)�12;0kC��&�"� 2%F
7�SM]E$�'%�I8:$4�C>�J�"$;�M$;�
�>0�$4�(-&5��"$;�<²P¡:TL�"��� �M���I�"�+*4'%F
�+*9Q47.�
5�-��:�&2�7k0&�>=�� 2mXVF
-�!k?%�&�"�+*��"-<�"$;�(Q4�>2%�&�"7��"�"� ��eà�"$;�YF
-4�G�:-&5���$;�MF
-�!J!<';24��F �&�G�>-�2����:�&�OC>�+���)�El3'%��*4�"';?4C>�+*
5�-��H�+�3F"$iC>� =��
Cv-A5��"$;�<�"�"� �JF
-�!J?%�&���+*.��-L�"$;�<Q4�>2%�&�"79�"��� ��S��:-3�"�M�"$%�A�(�"$4�����
���+F
������2;�+F
�+�"���&�G�C>7,�"�"';�<�G-
C>-�2;0m�3���"$;�LF ��F�$;�LF
-�$;� �"� 2%F
��?;�"-���-bF
-&Cf���Y�124=N�NC6��*;�&�)�1-32;r�Q%���G�+*{S9]O$;�J2;-��G�g�F �&�)�1-32,-&5EF
-3!J?4C>� �G�>-�2,�>2W�"$;�
²P¡:T��DC>0�-3�G�>�"$;!Ô'%�G�+���ZQ4�>2%�&�"7J���"� �:Q;';�:�`�>2%F
�H�+�3F"$�2;-b*4��8:�&p��+��';?��G8v-<F"$4�C�*4�"� 2q�"$4���t���t5Ã���)�"� ���"$%�A2J�"$;�
F
-��"���+�G?%-�2%*3�>2;0i8E�Ap��<';?m���"� �<'%�G�+*i�>2,�"-�';��2%�&!J� 24�+SM]O$4�������h�"$;�<�"�+���G-�298:$47.��$;�J�G8v-k?%� �G5�-��"!Í�DC>!J-4�G�
�`�>!<�C��&�GC>7�5�-��O�"$;�(2�';!<QR� �:-&5�?;�"-;F
�+�"�G-3�B��8v���"�+�G���+*{S � $;� 2.�M0AC1-3Q%�DC�8E�Ap�� ';?J���A0M���I'%�G�+*k�>2%�G�"�+��*�-A5��"$;�
8:�&p�� ';?J���"� �(x�C��&QR�
C1�+*P��¾�d4ÏBÒR	�Ó<a+Ò%�$<�6?>:�&2%*C698f�:<06D>f�12q���>0�';�"��� ~ eA�1��$;�
C>?%�O�"$;�:�"-3';�"2%�&!J� 24�v�DC>0�-3�G�>�"$;!
!J-����v��$%�&2�²P¡:T<x/�`�>2%F
�:��$;�E²P¡:T(8:�&p�� ';?<�"��� �f�����`C�>0�$4�GC>7Z5Ã���)�"� ���3��-�Q%�G� �"=��+*Z�+�&�)C6�>� � ~ S�]E$�'%���"$;�O�"-3';�"2%�&r
!J� 24�OQ%�&�"�G�>� �O8O�>�"$q0&C>-�Q%�DC{8:�&p�� ';?k���&0<!J� �"$;-;*J?;�"-;*4'%F
�+�O�"$;��Q%�+�)�:?%� �G5�-��"!��&2%F
�Y�A!J-�2;0J�DCC��"$;�HQ%�A�"�G�>� �
�>!J?4C>� !J� 24�B�&�G�>-�2%� S � �<-�Q%�G� �"=��J��5Ã�N�1�)C17[���&�(F
';�"=���e����I�"$;�<2�';!<QR� �(-&5�?;�"-;F
�+�"�G-��B��?%�A�"�G��F��>?%�&�G�>2;0��>2,�"$;�
Q%�&�"�)�1� �������>2%F
�"�+���)�+*{e4�>2%*3�\F �A�G�>2;0L�"F �DC��&Q4�C�>�/7q-A5��"$4����Q%�&�"�G�>� �:�DC>0�-��G�>�"$;!Ô-�2��"$;� � T��Or ø �&�
F"$4�>�"�+F
�"';����S�]O$;�
?%� �)5K-���!L�&2%F
�J-&5O�"$;�L�G7;�G�"� !ÊC�>Q;�B�&��7,?;�"-&=���*4�+*P?;�"$;�"�+��*iQ%�&���G�>� �B�<x�C��&QR�
C>�+*����D^·��aDÓw�>2V���>0�';�"�J� ~ ���Z�DC��G-
�G$;-&8:2i5�-��YF
-3!J?%�&�G���G-�298O�>�"$9-���$;� �(Q%�&�"�G�>� �M�DC>0�-��)�1��$;!L� S(�`�B��?%� �G5�-��"!��&2%F
�Z�\�(�NC1!k-��G�M�`�>!<�C��&�M��-L�"$%�A�H-&5
�"$;�M*4742%�&!<��F
r��"�"� �ZQ%�&�"�G�>� ��8O�>�"$q0&C>-�Q%�DC�8E�Ap�� ';?����&0%S

nIC>�"$;-�';0�$��1�h���M�G�B�A�"�+*i�"$%�&�(�"$;�J²P¡:T.�DC>0�-��G�>�"$;!�!L�D7.QR�J�"$;�JQR�+�G�(5�-���C��&�"0�� rs��F �DC>�LF ��F�$;�LF
-�$;� �"� 24�
!<'4C>�G�>?;�"-bF
�+���G-��B�h�>2È�E�
5K� �"� 2%F
�,y ø � } e��"$;�L*4� �"�G�>!J� 24�B�DCO�
���+F
�B�<*3�\��F
'%�"�G�+*V�&QR-N=3�L�&2%*9-�';�<�"�+�)'4C1�
�(-�2W�"$;�
� T��Or ø �>2%*3��F �&�"�<�"$%�&�I�"$;�M�"-3';�"2%�&!J� 24� x/² ~ �NC103-��G�>�"$;! �\�IQ%� ���"� �H��$%�&2.�"$;�M²P¡:T;xG² ~ �DC>0�-��G�>�"$;!.SO]O$4���E�\�
*4';�M��-J�"$;��5s��F
�:�"$%�&�I�"$;� �"�M�&�"�(!<'4C>�G�>?4C>�JF
-�!J!<';24��F �&�G�>-�2.?%�A�"$%�:�D=N�D�C��&Q4C>�Z�>2m��$;�M�&�BF�$4�1���+F
�"';�"���A2%*q*4';�
�"-J��$;��5Ã�DC��G�M�)$%�&�G�>2;0J�>2;$;� �"� 24�I�12i�"$;�M²P¡:TL�DC>0�-��)�1��$;!.S

�`�������C6C>'%�G���B�&�G�>=��:��-HF
-�!J?%�&�����"$;��?%� �G5�-��"!L�A2%F
��-&5%�"$;��Q%�&�"�G�>� �B��-�2Z�"$;� � T��Or ø 8E�1��$M�"$;�
�>�f?%� �)5K-���!L�&2%F
�
-�2i�"$;�JT��+l3';� 2��ZT�74!J!J� �"�"7.�A2%*q�"$;�<½v½E�á½�';���"� �G�%7q�"� ?R-��"�"�+*��12,�O�
5�� �"� 2%F
�qy ø � } S:]E$;�JT�74!J!J� �"�"7������
Q;'%�Gr�Q%���)�+*L�G$%�A�"�+*<!J� !J-3�"7M!<'4C>�G�>?;�"-;F
�+�"�G-���8O�>�"$J�>24=N�DC��*;�&�G�>-�2;r�Q%�3�G�+*qF
-�$;� �"� 24�vF ��F�$;�+� Sf]O$;�(½�';�"�"� �G�%7h�\�

ø+�



0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

0 5 10 15 20 25 30 35

T
i
m
e
 
(
i
n
 
S
e
c
s
)

Number of processors

Barrier Performance

System
Counter

Tree
Tree(M)

Dissemination
Tournament

Tournament(M)
MCS

MCS(M)

���>0�';�"�M� ¥ X�� �)5K-���!L�&2%F
�(-&5f�"$;�(Q%�&�"�)�1� �
�O-�2q�"$;� � T��

��*3�\�)�"�G�>Q;';�"�+*W�G$%�&�"�+*[!J� !J-��"7q!<'4C>�G�>?;�"-;F
�+�"�G-��Z8O�>�"$,�JQ;';���"� �G�%7.!<'4C>�G���G�B�A0��(�>24�"� �BF
-�2;2;�+F
�G�>-�2P2;� �/8O-���p�e
�&2%*92;-9F ��F�$;�+� Sq]O$;�LF
-�';24�"� ���NC103-��G�>�"$;!Í?R� �G5�-��"!L�h�"$;�JQ%�+�)��-32,�"$;�qT�74!J!J� �"��7�SL]O$4���Z�"�+�G'4C>�(���Z�"-qQR�
�
j;?%�+F
�"�+*q���t�"$;�:Q;'%�O�G� �G���DC�>� �+���DCC��"$;�(F
-�!J!<';24��F �&�G�>-�2q�&2%*k$;� 2%F
�Y�DC>0�-3�G�>�"$;!L��8:$4��F"$qF �&2�Q%� 2;�
g%�O�>2��"$;�
?;�"�+�G� 2%F
��-&5O?%�&�B�DCC>�
CEF
-�!k!�';24��F �&�)�1-32,?%�&�"$%��x/�G'%F�$��3�M*3���"�G� !<�>2%�&�)�1-32�e���-�';�"2%�&!J� 24�+e��&2%*P²,¡IT ~ *4-q2;-��
?%� �)5K-���!¤8O�
CCsS�²P¡:T:8E�1��$M0&C>-�Q%�DC;8:�&p�� ';?����&0�!J� �"$;-;*M*4-4�+��Q%� �"�"� ���"$%�&2(��$;��-��"$;� ���"�"� � rs�G�G73C1�O�DC>0�-��G�>�"$;!�� S
]O$;��5s�DC��G�:�G$%�&�G�>2;0(�
���+F
����$%�&���N���+F
�
���"$;�:²P¡:T�?%� �G5�-��"!L�A2%F
�v-32���$;� � T��Er ø �\��?;���+�G� 2��f-32���$;�:T�74!J!J� �"�"7
����8O�
CCÃS�Ä:-&8O� =�� �+e;�`�>2%F
�(�"$;� �"�(�&�"��2;-J?%�&�
�DCC1�
CfF
-�!J!<';24��F �&�G�>-�2q?%�&�"$%���"$4�����
���+F
���\�E2;-��:�&2J���"�)';�M-�2��"$;�
T�74!J!J� �"�"7�Sf½�-��"$<�"-3';�"2%�&!J� 24���&2%*<²P¡:TM$%�D=��O�"$;�:�"�&!J�F@�x 3 ~ F
-�!k!�';24��F �&�)�1-32J8:$4��F"$��&�"�:�DCC��G� �)�\�NC6�>� �+*
-�2Z�"$;��T�7�!J!k� �"�"7�S�]E$�'%���"$;��5Ã�3F
���"$%�&�f²P¡:TH�"�+*4'%F
�+����$;�vF
�G�>�G��F �DC%?%�&��$(�>2<$%�DC5�Q47('%�`�>2;0(�"$;�O��rs�&�"7(�&�"�G�>=&�DC
�"�"� �E�\�t�"$;�:�"�+�3�G-�2J8:$47(�>�O*4-��+��Q%� ���"� ���"$%�A2���-�';�"2%�&!J� 24�f-�2J��$;�(T�7�!k!J� �"�"7�S�±:2��"$;�H½O½E��½�';�"��� �G�%7�e�8O�
*4-M$%�D=��I?%�&�B�DCC>�
C�F
-�!J!<';24��F �&�G�>-�2q?%�&�"$%��S�ÄI-&8O� =�� �+e��`�>2%F
�(�"$;� �"���&�"�:2;-�xs$%�&�
*48E�A�"� ~ F
-�$;� �"� 24�vF ��F�$;�+���"$;�
0&C>-�Q%�DCf8:�&p�� ';?i���&0�!J� �"$;-;*9F �&2;2;-��(Q%�<'%�G�+*i-�29�"$4����!L�3F"$4�>2;��SkT�-L�"$;�J*4� �"� ��!<�>2%�&2��($;� ���M�>2@*4�+F���*3�>2;0
�"$;�:8E�12;2;� �������"$;�:24';!<Q%� �O-&5���-�';2%*;��-&5�F
-�!k!�';24��F �&�)�1-32.xs-3�f�"$;�YF
�)�1�)�\F �NC�?%�&�"$�5K-����"$;�H�&���G�>=N�DC*G�8:�&p�� ';?
�"�"� � ~ �3��?%-&�>24�"�+*<-�';�fQ47�²i�
CC>-��"rG¡��"';!k!J� 7J�&2%*kT�F
-��"�:y ø � } Sf]O$4'%���"$;�:*3���"�G� !<�>2%�&�)�1-32��DC>0�-3�G�>�"$;!o*4-��+�t�"$;�
Q%�+�)�(x"xH-0/21 ó$3 ~ �"-�';2%*;�O-&5fF
-�!J!<';24��F �&�G�>-�2 ~ e45�-&CC>-&8v�+*[Q�7k�"$;�(�"-�';�"2%�A!J� 2����DC>0�-��G�>�"$;!#xG��-0/21 ó�3 �"-�';2%*;�O-&5
F
-�!J!<';24��F �&�G�>-�2 ~ eb�A2%*<�"$;� 2��"$;�H²P¡:T��DC>0�-3�G�>�"$;!ux"x!-0/�1 & 3 GB-0/�1 ó�3 ~ �"-�';2%*;�f-A5�F
-3!J!<';24�\F �A�G�>-�2 ~ S�]O$4�����\�
�>2m�G?4�>�"�<-&5f�"$;��5s��F
�:�"$%�A�H*3���"�G� !<�>2%�&�G�>-�2��12%F
';�
�:�"$;�Z!J-��G�O24';!<Q%� ��-&5�!J�+�"�"�A0��+��xH@�x 3 -0/21 ó�3 ~ F
-�!k?%�&�"�+*
�"-B@<x 3 ~ 5�-��H��$;��-3�"$;� �H�G8O- ~ S:]E$;�M�>!J?R-��"�B�A2%F
��-A5��"$;�<?%�&�B�DCC>�
CvF
-�!J!<';24��F �&�G�>-�29?%�&�"$%�E����� =���*4� 24�(5��"-�!

ø�ø



I=JLK	M	MONQPSRUTWV
X NOP X�Y N[Z
I	J\R�M	M^]_PQ`�J	a�b�cdV e�f[g�h	f Y N[ZiTj`�J=a�b�cdV e�f[g�h=f Y N=kUR�Zml[R

n:Y h�J�o p�V[Idq X:Y ]UZ	Z9P n:Y h�Jmo p2VdIdq X:Y ]rZ	Z9ksg Y ]rZut X N
R�M=M `�J�V�frp2V	brq
K	M=M `�J�VvfUp2V=bUq

h[q�f�b�hmV
q"V[I ���>0�';��� ´;¥ ²9�&�"�G�j.²i'4C1�)�1?4C��F �&�G�>-�2,Å{-4-�?

�"$;�+�G�O�"�+�)'4C1�
� SO¡�-�!k?%�&�G�>2;0H-3';� � T��Or ø �"�+�)'4C1�
� e�8O�:F �&2J�G� �:�"$%�A��� =�� 2<�"$;-3';0�$<�"$;�H½�';�"�"� �G�%7Z2;� �G8v-3�"pMF �&2
$%�&2%*3C>�O!<'4C1�)�1?4C>�:�`�>!<'4C>�B�&2;� -�'%���"�+l3';�+�G�B� eD�"$;��2;-32;rs�+=&�D�C��&Q4�C6�>�G7<-&5%F
-�$;� �"� 24��F ��F�$;�+��$4';�"�B�{��$;��?%� �)5K-���!L�&2%F
�
-&5fQ%�&�"�G�>� �H�NC103-��G�>�"$;!L�O��$%�&�H�&�"�(QR�+�G�H�G'4�>�"�+*�5K-3�H�G$%�&�"�+*�!k� !J-��"7�!<'4C1�)�1?;��-bF
�+�"�)-��B� S

]E$�'%�Z�"$;�.�G742%F�$;�"-�24�>�+�&�G�>-�2��
jb?R� �G�>!J� 2��
�J-�2W�"$;� � T��Or ø *4� !J-�2%�)�"�B�&�"���"$%�&�<�"$;�.�/C1-3�"�"�+*P?4�1?R�
C�12R�+*
�G�>2;0V-&=�� �BF
-�!k�+���"$;�,F
-�!J!<';24��F �&�G�>-�2¤*3���"��*4=&�&24�B�&0��9-�Q%�G� ��=��+*�-�2��"$;�WT�7�!J!k� �"�"7��A2%*���$;�,$%�&�B*48:�&�"�
F ��F�$;�MF
-�$;� �"� 2%F
�<-&=�� �BF
-�!k�+����$;���12%�AQ4�6C�>�G7.�"-k?%� �G5�-��"!u0AC1-3Q%�DC�Q;�"-��3*;F ���G�O'%�`�>2;0��)$%�&�"�+*�=N�A�G���&Q4C>�+��-�2q�"$;�
½O½E�w½�';���"� �G�%7�S

âfã�â wyxz�_{@èRï�é�è}|sí

]O$;�?�I';!J� �G��F �DCvn�� �"-;*47�2%�A!<��FJT&�>!<'4C��&�G�>-�2�xH�InMT ~ ?%�&�B�DCC>�
CvQR� 2%F"$;!��&�"p y | e�� } F
-�2%�`���G�
�(-&5fg%=��<p�� ��2;�
C\�
�&2%*k�"$;�"� �(�&?;?4C��F �&�G�>-�2%�I8:$4��F"$.�&���YF
-�2%�/�\*4� ���+*��"-<Q%�(�"� ?;�"�+�)� 2��B�A�G�>=��H-A5��)� =�� �B�DC��"F��>� 24�G�g�F(�&2%*�2�';!k� �G��F �DC
�&?;?4C��F �&�G�>-�2%� S � �:$%�D=��E�1!k?4C1� !k� 2��"�+*���$;�"� �:-&5��"$;�Ig%=��:p�� ��2;�
C\��-�2k�"$;� � T��Er ø �3�f?%�&�"�f-A5�-3';�v�"F �DC��&Q4�C�>�G7
�G�"'%*47�Su]E$;�9g%�B�G�q-�2;���\�[�"$;� º !<Q%�&�"�
���"�`�>2;0&C>7³Xf�&�B�DCC>�
CJx º X ~ p�� �"2;�
Cse(8I$4�\F�$³� =&�DC>'%�&�"�+���>24�"� 0��B�NC\�[Q�7
!J�+�&2%�t-&5�?%�G� '%*4-�r��B�A2%*4-�!o�"�)�\�NC\�O�&2%*��\��'%�G�+*��>2L!��&2�7J²i-�24�"�+F �&�GC>-M�`�>!<'4C��&�G�>-�2%� StnY���"$;�:2%�A!J�H�G';0�03�+�G�B� e
�>�����q$4�>0�$4C>7¤�G'4�>�"�+*�5�-���?%�&�B�DCC>�
C�!���F"$4�>2;�+� eZ�`�>2%F
�,�"$;� �"�i���q=3�>�"�"'%�DCC>7�2;-�F
-�!J!<';24��F �&�G�>-�2¤�&!k-�2;0V�"$;�
?%�&�B�NC6C>�
C%�B�3�Gpb��Sf±:';���>!J?4C>� !J� 24�B�&�G�>-�2.y ´&} �)$;-N8O�+*YC6�>2;�+�&�O�G?%� �+*4';?�e;�&2%*Z0&�>=�� 2<�"$;��C�>!<�>�"�+*JF
-�!k!�';24��F �&�)�1-32
�"�+l3'4�>�"� !J� 24�B�:-A5��"$4���:p3� �"2;�
Cse%�"$4���O���+�G'4C>�H8:����2;-��H�)';�"?;�G���`�>2;0%S

�à-����"$;�<�"�+�G�(-&5��"$4���Z�G�+F
�G�>-�2,8O�(5�-;F
'%�(-�29�"$;�<-��"$;� �(�G8O-Jp�� ��2;�
C\��e�2%�&!J�
C>7�e��"$;�JF
-�2&¢/';04�&�"�<0��B��*3�>� 24�
!J� �"$;-;*�x"¡:£ ~ �&2%*P�"$;�J�>24�"� 0�� �J�G-����Jxs��T ~ �/�12%F
�qQR-��"$W�"$;�+�G��p�� �"2;�
C��<�"� =3�+�DC>�+*P�124�"� �"�+�)�G�>2;0.�>2%�`�>0�$4�<�>24�"-
�"$;�(�"F �DC��&Q4�C�>�/7q-A5��"$;� � T��Or ø �&�BF�$4�>�"�+F
�"';�"��St�s2qQ%-3�"$L��$;�Hp�� ��2;�
C\��e;�"$;� �"�I���:F
-�2%�`��*4� �B�&Q4C>�<�&!J-�';24��-&5��"�"';�
*;�&�B�q�)$%�&�G�>2;0.�&!J-�2;0q��$;��?;��-bF
�+�"�)-��B� � �&2%*i5�';�"�"$;� ���>2,Q%-3�"$,p�� �"2;�
C��h-�2;�J*;�&�B�q�G�"��'%F
�"';�"�Z���M��F F
�+�"�)�+*i�>2
�G�+l3';� 2%F
�HQ;';�O�&2;-��"$;� �����O��F F
�+�"�)�+*<Q%���G�+*<-32J�"$;�:=&�DC>';�:�>2��"$;�Og%�B�G��*;�A�B�(�G�"�"'%F
��';�"��Sf]O$�'%���(F
-�2%�`��*4� �B�&Q4C>�
?%�&�"�I-&5��"$;�<*;�&�B�<��F F
�+�"�I?%�&�"�"� ��2%�f�>2iQ%-��"$i�"$;�(p�� �"2;�
C��E���:*;�&�B�J*4� ?R� 2%*4� 2��DS

~���~��0� ���������r�}�����9�B���[�����[�}�
]E$;�q¡:£Ôp�� �"2;�
CEF
-3!J?;';�"�+�<�&2@�&?;?;��-+j4�>!L�&�G�>-�2P�"-.�"$;���G!L�DCC>�+�G�<�
�>0�� 2�=&�DC>';�.-&5H�i�G?%�&�B�G���G7�!k!J� �"�G��F

ø �



1 2

3 0 7

2 0 0

0 4 0
3

3

7 2 4

1

Row Start

Column Index

Original Matrix Sparse Representation

Matrix Elements

���>0�';�"�M° ¥ T�?%�&�"�M²9�&�"�)�6j.�O� ?;�"�+�)� 2��B�A�G�>-�2

?%-4�`�>�G�>=��Y*4�
g%24�>�"�(!��&�"�G�j�S�±:2�?;�"-&g;C�>2;0J�"$;�I-��G�>0&�>2%�DC��)�+l�';� 24�G���DC�F
-b*4�Zx/�D=N�N�6C��&Q4C>��5��"-�!S�InMT�n nH!J�+� ~ e�8O�
-�Q%�G� ��=��+*��"$%�&��!J-��G�O-&5���$;�(�G�>!J�<xs!J-����H�"$%�A2�4 �v�J~ �����G?%� 24���129�<�G?%�&�B�G��!L�&���G�jL!<'4C1�)�1?4C��F �&�G�>-�29�"-3';�G�>2;�
-&5f�"$;�Z5K-3�"!��D�_�.��e;8:$;� �"�
�>2j�9�&2%*��q�A�"�M2;r��
C>� !J� 24�(=��+F
�"-��
�:�&2%*��wF
-32��B�N�12%�I�"$;�Z2;-�2;r�� � �"-��
C1� !k� 2��B�
-&5:�&29�U�[���G?%�&�B�G�<!L�A�"�G�j�S[T&�>2%F
�L!J-4�G�(-&5:�"$;�J�G�>!J���\�<�G?R� 2��Z-�24C>7i�12W�"$4���(!<'4C>�G�>?4C��F �&�G�>-�2���-�';�G�>2;��e�8O�
?%�&�B�NC6C>�
C�>� �+*�-�24C>7M�"$4�����"-3';�G�>2;�O5K-3���"$4���f�G��'%*47�S�]E$;�H�G�+l3';� 2��G���DC�F
-;*4�O'%�G�+�f�(�G?%�&�
�G��!L�A�"�G�j��"� ?;���+�G� 2��
�&�G�>-�2
Q%���G�+*i-�29�qF
-&C>';!J2,�G�B�&���+e;�"-&8 �12%*4�
j95�-��"!L�A�+SH]O$;�Z-��G�>0&�>2%�DCfC>-4-�?9�"-L?R� �G5�-��"!#�"$;�Z!�'4C>�G�>?4C��F �&�G�>-�2P���(���
�G$;-&8:2[�12W���103';�"� ´ S��s2P�"$4���IC1-4-�?�e��k���M��C�>2;�+�&���&���B�D7�F
-�24�B�D�>24�>2;0.��$;�M2;-�2;r�� � �"-.*;�A�B�J�
C>� !J� 24�B�h-&5��"$;�
-��G�>0&�>2%�DC�!L�A�"�G�j��MS�n(�vF �A2JQ%�M�G� � 2��"$;�:�
C>� !J� 24�B�O-A5��<�&���HF
-�!J?;';�"�+*��>2.�(?4�>�+F
� r�!J�+�DC�!L�&2;2;� ��-&8O�>2;0<�"-
�"$;���>2%*3�>�"�+F
�G�>-�29�>29��F F
�+�"�`�>2;0��"$;���J=3�+F
�"-��+Sf]O$;� �"�
5�-��"��eà�"$;� �"�����H��?%-��"� 24�G���DC�5�-��O�>2%F
�"�+�3�G�+*.F ��F�$;�M!��\���G�+�
�>2LF �&�"��7��>2;0M-3';�f�"$4����C>-�-3?�S � �:F �&2J�
j;?%�+F
�OQ%� ���"� ��C>-bF �DC�>�G7<5�-���F ��F�$;�H��F F
�+�"���5��&2J�
C>� !J� 24��-&5��kx/�"�D7��;x!� ~"~
���(F
-�!J?;';�"�+*��>2.�>�B��� 24�G�>�"� �G7qQ%�
5�-��"�Z�"$;�M2;�
j;���
C1� !k� 2��<x/���+7��àxH�}G ø&~"~ �\��F
-�!J?;';���+*{SY]E$�'%�I8O�M!J-;*3�g%�+*
�"$;�q�G?%�&�B�)�L!L�A�"�G�j,�"� ?;�"�+�G� 24�B�&�G�>-�2W�"-9�.��-N8Ô�G�B�&���MF
-&C>';!J2W�>2%*4�
j@5�-��"!L�A�<x/�G� �q���103';�"� ° ~ Si]O$4���<2;� 8
5�-��"!L�&���DC��G-q$;�
C>?%�I�12P?%�&�B�DCC>�
C�1�
�>2;09�"$4���IC>-�-3?�SH�Ã5E��*3���G�G�>2%F
���G� ��-&5��"-&8H�E���(���"�`�>0�2;�+*i�"-��+��F�$9?;�"-bF
�+���G-��+e
�"$;� 2i�"$;�M?;�"-;F
�+�"�G-3�:8O�>�"$.��-N8L�tQ%�+F
-�!J�+�����+�G?%-�2%�/�1Q4C>�Z5�-��:0�� 2;� �B�A�G�>2;0L�"$;���>r��"$9�
C>� !J� 24�H-A5��"$;�;�J=3�+F
�"-��+e
8O�>�"$;-�';�<�&247.2;� �+*i5�-��M�G742%F"$;��-�24�>�+�&�G�>-�2V�&!J-�2;0q�"$;�k?;�"-bF
�+���G-��B�I5�-��(';?�*;�A�G�>2;0m��$;���)'%F F
�+�"�`�>=����
C1� !k� 2��B�
-&5:�"$;�J=3�+F
�"-����RS � �1��$@�"$;�k-��G�>0&�>2%�DCO5K-3�"!L�&�+e{��$;�L-�Q4=3�1-3'%�(8:�D7m-A5v?%�&�B�NC6C>�
C�>�
��2;0WQ�7,���"�/�10324�12;0,�i�G� �M-&5
*3���G�G�>2%F
�(F
-&C>';!J2%�:-A5��"$;�M�)?%�&�B�G�(!L�A�"�G�j���-J�+��F�$q?;�"-bF
�+���G-��HF
-�'4C�*[�"�+�G'4C>�:�>2i!�'4C>�G�>?4C>�<?;�"-;F
�+�"�G-��B��8:�)�1�)�12;0
�>2���-J�"$;�M�"�&!k�(�
C1� !k� 2���-&5��J2;�+F
�+�"�/�1�
�&�G�>2;0��)7�2%F�$;�"-�24�>�+�&�G�>-�2[5K-3�:� =�� �"7q��F F
�+�"�O-A5��RS

º ��F�$,?;�"-;F
�+�"�G-��Z-&5v�"$;� � T��Or ø ���(�B�A�"�+*,�&�Z� � ²9��C1-3?%�M?R�+�&p{S��à-��(�"$;� º X p�� �"2;�
Cse�8O�J-�Q%�G� �"=3�+*,�
�G'%�G�
�D�>2;�+*.�`�>2;0&C>�M?;��-bF
�+�"�)-��:?%� �)5K-���!L�&2%F
�(-&5��&Q%-3';� ø�ø ²9��C1-3?%� SO£:�>=�� 2i�"$%�&�O�"$;�M�G';Q;rsF �3F"$;�hC\�A�"� 2%F
7����:�
F
7;F�C1�+��e��&2%*[C>-bF �NC1rsF �3F"$;�<C��&��� 2%F
7.��� ø+¹ F
7;F�C1�+��e��"$4���(?R� �G5�-��"!L�&2%F
�Z���(l3'4�1���<�>!J?;�"�+�"�`�>=���SZ]O$4�����>!J?;�"�+�"�/�1=3�
?%� �)5K-���!L�&2%F
�MF �&2qQR���&�"���G�>Q;';�"�+*��"-<�"$;�(=�� �"7kC�>!<�>�"�+*i2�';!<Q%� �I-&5�*;�&�B�k��F F
�+�"�G�+�O��$%�&�O�"$;�M�DC>0�-��G�>�"$;! $%���
�"-�?%� �G5�-��"!ie��&2%*i�"$;�Z�
jb���"� !J�
C>7mF
-�!k?;';�"�Z�124�"� 2%�`�>=��<2%�&��';�"�<-&5��"$;� º X�p�� �"2;�
CsS<±:2,�L�/�12;0AC1�k?;�"-bF
�+���G-��+e
�"$;�<¡:£w�DC>0�-��G�>�"$;! 7��>�
C�*;� ø ²m��C>-�?�5�-��:�<?;�"-3Q4C1� !#�`�>� �M-A5�2�� ø � � e�8E�1��$m��² 2;-�2;r�� � �"-J�
C>� !J� 24�B� SO]O$;�
�"�
C��&�G�>=��
C>7�?%-4-��H�&Q%�)-&C>';�"�H?R� �G5�-��"!L�&2%F
�(-A5��"$;�(�DC>0�-��G�>�"$;!uF �&2qQR�M�&�"�"�G�>Q;';�"�+*k�"-<�"$;�(*;�&�B�<��F F
�+�"��?%�&���"� �"2
�"$%�&�(!��+7i2;-��(Q%��';�G�C�>�
�12;0P�"$;�L�G';Q;rsF ��F�$;�L�&2%*mC1-;F �DC>rsF ��F�$;�L���qF��1� 24�GC>7�e��&2%*��"-q�"$;�ZC�1!��1���+*V�`�>� �L-&5O�"$;�
�G8O-.F ��F"$;�+��SL]O$4���Z�"�+���G-32.���<�DC��G-9F
-�24g%�"!J�+*9Q479!J�+���G';�)�12;0i�"$;�J24';!<Q%� �<-&5E�3F F
�+�"�G�+�kx�C>-bF �NC1rsF �3F"$;�q�&2%*

ø+|



Xt�"-;F
�+�"�G-��B� ]��>!J�kx��>2m�G�+F
-32%*;� ~ T�?%� �+*4';? º ��F��>� 2%F
7 T�� �G���DC��;�B��F
�)�1-32
ø ø ° |�¹ S ¹�´ 44z � ø S �3������� r r
� 4 |3� Sò�;z�z ��� ø Sz&° ø+|Hø � S ¹�¹Hø � S ø+|3´�´Hø+¹
� ´ ° ´ S���� øD´�� �;S ¹ 4�4 ´�� � SzN� ´ � S ø �3° ´Hø °
¹ � ´ 4;S ´�´ � ø+� °;S |^ø � ø+¹ � Sz ¹ 4 � S ��|3¹Hø � ø
ø ° ø �3°;S ´Hø 4m4 � ø �;S54 ´�| � � � S ¹Hø+� � S �HøD´ ° ¹��
| � zN�àS ����¹�|3� ���;S1z ´ 4 |�� � Sz ø�ø � S �HøD|�� 44z
]��&Q4C>� ø�¥ ¡�-32&¢/';0��A�"�<£H�B�3*3�1� 24�+e;*;�&�B�3�`�>� ���.��� ø � ������  �r/��U¡�¢�£¤/�¥¦��� �3|��������

�"� !J-3�"�MF ��F�$;�+� ~ '%�`�>2;0��"$;�($%�&�B*48:�&�"��?%� �)5K-���!L�&2%F
�M!k-�24�>�"-��+S
]��&Q4C>� ø 0&�>=��+�{�"$;�O�G?%� �+*4';?�e&����F��>� 2%F
7�e4�&2%*��"$;��!k�+���G';�"�+*(�G� �)�\�NC�5K�
��F
�G�>-�2[§9y ø�ø
} 5�-�����$;�O¡:£È�DC>0�-3�G�>�"$;!

-�29�"$;� � T��Or ø SZ���103';�"�ÍzJ�G$;-&8H�I�"$;�JF
-��"�"�+�)?%-�2%*3�>2;0m�)?%� �+*4';?@F
';�"=3�M5�-����"$;�J�DC>0�-��G�>�"$;!iS » ?9�"-q�&QR-�';�
�9?;�"-;F
�+�"�G-��B��ef�"$;���>2%�G'	��F��>� 24���`�>� �+�<-A5H�"$;�.�G';Q;rsF ��F�$;�.�&2%*PC>-;F �DC>rsF ��F"$;�[�>2;$4�1Q4�>�B�q�3F"$4�>� =3�12;0W=�� �"7P0�-�-;*
�G?R� �+*4';?%� SVÄ:-&8O� =�� �+e�2;-��G��F
�q�"$%�A�����
C\�A�G�>=��q�"-9�"$;���m?;��-bF
�+�"�)-��J?%� �)5K-���!L�&2%F
���"$;� ¹ �&2%* ø °.?;��-bF
�+�"�)-��
�
j;�+F
';�G�>-�2%�:�
j;$4�>Q4�>�Y�G';?R� �"';24�>�B�&�"7	¨uy ¹D} �G?R� �+*4';?�Sv]E$4�\�I�G';?%� �"';24�>�B�A�"7.�G?%� �+*4';?9F �&2qQ%�(�
j;?4C��D�>2;�+*iQ�7��"$;�
5s��F
�f�"$%�&���"$;�H�&!J-3';2��f-&5�*;�&�
���"$%�&�f�+��F�$L?;��-bF
�+�"�)-��f$%���f��-�*4�+�DC{8O�>�"$<g%�B���12��"$;�:���+�G?%�+F
�G�>=��IC>-bF �NC1rsF �3F"$;�+� e
�&2%*i���O8O�(-�Q%�G� �"=3�+*��+�&�GC�>� �H�"$;�<�DC>0�-��G�>�"$;!Ê*4�+�`�>0�29� 2%�G';�"�+�I�"$%�&�O�"$;� �"�h�\�I=�� �"7kC�>!<�>�"�+*9�G7�2%F�$;�"-�24�>�+�&�)�1-32
�&!J-32;0:�"$;��?;��-bF
�+�"�)-��B� S�]O$;�v�G';?R� �"';24�>�B�&�"7M�)?%� �+*4';?<����F
-�24g%�"!J�+*hQ�7(�"$;��5s��F
���"$%�&����$;�f����F��>� 2%F
7���� !L�D�>2%�
�DC>!J-��)���qF
-�2%�G�
�&2��Z8:$4�C>�L�"$;���G� �G���DC�5��B��F
�)�1-32@*4�+F
�"�+���G�+��S � �L2;-��)�\F
�k�"$%�&�M��$;� �"�<���<�q*4�"-�?9�>2V�G?%� �+*4';?
8:$;� 2V8O��0�-q5��"-�! ø °[�"- | �i?;�"-bF
�+���G-��B� S � �.�&���"�G�>Q;';�"���"$4����*4��-�?@��-m��$;�J�>2%F
�"�+���)���12��"$;��2�';!<Q%� �<-&5
�"� !J-3�"�J!J� !J-3�"79�"�
5K� ��� 2%F
�+���>2V�"$;�L�G� �)�\�NCE�G�+F
�G�>-�2W-&5:�"$;�L�NC103-��G�>�"$;!.S � �>�"$ | �q?;�"-;F
�+�"�G-��
� e��`�>2%F
�q�+��F�$
?;�"-;F
�+�"�G-���2;-&8¤8O-���pb�O-32����G!L�NC6C>� �(?R-��"�G�>-�2i-&5��"$;�J*;�&�B�;eà�"$;�<?;�"-bF
�+���G-����"$%�&���
jb�+F
';�"�+����$;���G� �G���DC�F
-;*4�
$%����!J-����H*;�&�B�Z�"-h5K� �BF�$k5K�"-3! �DCC��"$;��?;�"-bF
�+���G-��B���"$4'%�t�12%F
���+���`�>2;0J�"$;��2�';!<QR� �v-A5��"� !J-����:�"�
5�� �"� 2%F
�+� S�]�-
?;�"-&=��<�"$%�&�(-3';�M$47�?R-��"$;�+�`�������Y�12%*4� �+*W��$;�LF ���G��e�8v�<!J-;*3�g%�+*,��$;�<�>!J?4C>� !J� 2��
�&�G�>-�2W'%�`�>2;0m?R-��G�B�)�"-��"�<�"-
?;�"-�?%�A0��&�"�Z�"$;�<=N�DC>';�+�M�3�H�&2%*�8:$;� 29�"$;� 7m�&����F
-3!J?;';�"�+*[�>2,�"$;�<?%�&�B�DCC>�
C�?%�&�"�DSMT&�>2%F
��?%-��)�B�G�"-������DCC>-&8H�
-&=�� �GC��&?;?4�>2;0LF
-�!k?;';�B�&�G�>-�2q8O�>�"$.F
-3!J!<';24�\F �A�G�>-�2�e%��$;�Y�G� �)�\�NC�F
-b*4�(8O-�'4C�*[2;-��O$%�+=3�H�"-��12%F
';�I�"$;��C��&�"� 2%F
7
5�-��f5�� �BF�$4�12;0<�DCC��"$;�+�G�:=&�DC>';�+�v�A���"$;�:� 2%*k-&5��"$;�H�)� �G���DC�?%�&�"�+S » �`�>2;0<?%-4�G�B�G�"-3�"���1!k?;�"-&=��+�f�"$;��?%� �)5K-���!L�&2%F
�
x |	� 5K-�� ø °<?;��-bF
�+�"�)-��B� ~ eàQ;';�(�"$;�(�>!J?;�"-&=�� !k� 2��O����$4�>0�$;� ��5�-��OC>-&8O� �H24';!<Q%� ��-&5�?;�"-;F
�+�"�G-��B��S:�;-��:$4�>0�$;� �
24';!�QR� �O-&5�?;�"-;F
�+�"�G-��
� e4�"$;�H�)�12;0��\�OF�C>-��G�(��-��"�&��';�B�&�G�>-�2q*4';�(�"-M��$;�H!<'4C>�G�>?4C>�Jxs?R-��"� 24�G���DCC17.�/�1!<'4C>�B�&2;� -3'%� ~
?%-4�G�B�G�"-3�"�+��Q%�
�>2;0����"�G';�+*qQ47q�DCC��"$;�M?;��-bF
�+�"�)-��B�O�"$4'%�O!<�>�G�>0��A�G�>2;0J�"$;�MQR� 2;�
g%�+S
© è=á�ÛM×�äGø	��Û�ä"÷�àM×yÚ�ã�Ûhá�ß¢ÛháuØhá�ã=àhØ>àhÖ¢á�Û�ä�àM×yÚ	Ú$�HàhÖ¡á�àM×�ù	á�àhÚ�á!ª=á/÷�Þ¢àhánàhÖ¡á�ØháuÛM×�ä)øHßPÚ�ÛhàM×yÚ�ã�Ú���àhÖ¢á�ß¢ÛhÚ%��Û�ä�ùÍàhÚ�àhÖ¡á�àhÚ�à�äGø8á!ª=áG÷�Þ¡àM×yÚ�ã

àM×�ù	á�Ú���àhÖ¡ánß¢ÛhÚ%��Û�ä"ù�ú>Õ>Ö¢áfù	á�ä�ØhÞ¡Ûhá�â-ØháuÛM×�ä)ø	�ÁÛ�ä�÷�àM×yÚTãµ×yØ®ä�Û�ä�àM×yÚ°â¡á�ÛM×�ü�á�â�Þ¡ØM×yã���àhÖ¢áná!ª=á/÷�Þ¢àM×yÚTã-àM×�ù�á�Ønäã¢âX×yã+÷�Ú�ÛhßPÚ�Û�ä�àháuØ�àhÖ¡á
ä�åPÚ�üTá	äGø#��ÚTÛM×yàhÖDù�×�÷�äØÝÙEá`øòø�äØ�äã=æ°Ú�àhÖ¡á�ÛnäÛ�÷qÖ=×yàháG÷�àhÞ¡Û�ä)ø�åLÚTàhà�øyá�ã¡áG÷qÜ=ØGú
« è=ßLá�áuâ¢Þ¡ß-Þ¡ØM×yã"�+¬�ß¡ÛhÚ ÷�á�ØhØhÚ�ÛhØ�}®¯¬�°I×yØ>Ø�ä�×yâ�àhÚ	åLánØhÞ¡ßLá�ÛhÞ¡ã�×yà�äÛhæ�Ù>Ö¢á�ã�ø ×�ù.±�²:³?}®¯¬�°0´�¬µ×yØ���Ûháäàhá�Û>àhÖLäã;)
ú

ø �



0

5

10

15

20

25

0 5 10 15 20 25 30 35

S
p
e
e
d
u
p

Number of processors

CG and IS Scalability

CG
IS

���>0�';�"�Jz ¥ T�?R� �+*4';?i5K-��h¡:£ �&2%*���T

£I�>=�� 2J�"$4���f���+�G'4C>�+e�8O�HF �&2�F
-�2%F�C>'%*4�H�"$%�A�f�"$;�(¡:£��NC103-��G�>�"$;! ��F �DC>�+�f�
j;�"�"� !J�
C>7J8O�
CC%-�2J�"$4�����&�BF�$4�1���+F
r
�"';�"��S � T��Or ø $%���:�A2.�&�BF�$4�1���+F
�"';�B�DC�!J�+F�$%�&24���G! 5K-��:�G�
C>�+F
�G�>=��
C>7i�"';�"24�>2;0L-A���G';Q;rsF ��F�$4�>2;0L-A5�*;�&�B�;SE£:�>=�� 2
�"$%�&�I�"$;�<¡:£ �NC103-��G�>�"$;!u!L�A24�1?;'4C��&���+���"$;�"� �($4';0��M=��+F
��-��B� e3�>�:���:F
-32%F
�
�1=&�&Q4C>�J�"$%�&�I�"$4���:!J�+F�$%�&24���G!Ê!L�D7
$%�D=���Q%� � 2�'%�G�
5�'4CH�"-9�"�+*4'%F
�.��$;�q-N=3� �B�DCCH*;�&�B�9��F F
�+�"�ZC��&��� 2%F
7È�&2%*W��$�'%�<-3Q;�B�D�>2VQ%� �"��� �J?%� �G5�-��"!��&2%F
��S
ÄI-N8O� =�� �De��"$;� �"������2;-<C��&2;0�'%�A0��:C>� =��
Cf�G';?;?%-�����5�-��O�"$4���O!J�+F�$%�&24���G!u8I$4�\F�$q?;�"� =�� 24�"�+*�'%�t5��"-�!Ô�
jb?4C>-��)�12;0
�"$4���k$�74?%-���$;�+�`��� S�]O$;�@µ
?;���
5K� �BF�$%¶9?;�G�>!<�>�G�>=��9-&5 � T��Or ø �DCC>-N8��<�"� !J-�����*;�&�
�9�"-9Q%�iQ;�"-�';0�$4�<�>2���-,�"$;�
C>-bF �NC1rsF �3F"$;��SM]E$;� �"�(����2;-q�&�BF�$4�1���+F
�"';�B�DCf!J�+F�$%�&24���G!Ê5K-3��µ
?;���
5K� �BF�$4�>2;0�¶�*;�&�B��5K�"-3!É�"$;�hC>-bF �DC>rsF ��F�$;�<�>24�"-
�"$;�M�G';Q;rsF �3F"$;��SO£I�>=�� 2.�"$%�A�v��$;� �"�����:�&2q-��B*4� �O-&5f!L�&0324�1��'%*4�M*3�6��� �"� 2%F
�h�>2.�"$;�(��F F
�+�"�O�)�1!k�+�O-&5f�"$;�(�G8v-Re
�G'%F�$m�h5��+�&�"';�"�(8O-�'4C�*q$%�D=��(QR� � 2.=�� ��7L'%�G�
5�'4CsS

~���~��¶µ ·��[���	�[���W¸U�r���
�s24�"� 0�� �IT�-��"�Ixs�"T ~ �\��'%�G�+*��>2�µ·?%�&�"�G��F�C>� r��>2;rsF
�
C6Cf!J� �"$;-;*;¶<�&?;?4C��F �&�G�>-�2%� SO]O$;�:p�� ��2;�
C%���t�1!k?4C1� !k� 2��"�+*�'%�/�12;0
��Q;'%F�p�� ���G-3�"�M�DC>0�-��G�>�"$;!iS<�s2,�"$4���Z�DC>0�-��G�>�"$;!.e��+��F�$,p�� 7i���(�"�+��*9�&2%*PF
-�';2��Z-&5v��$;�JQ;'%F"p3� �(�"-q8:$4��F"$P�>�
Q%�
C>-�2;04�f�����12%F
��� !J� 2����+*{S�n�?;�"�
g;jL�G';!á-�?%� �B�A�G�>-�2<����?%� �G5�-��"!J�+*�-�2J�"$;�:Q;'%F�p�� �OF
-�';2��
� SfÅ����G�GC>7�e3�"$;�:p�� 7;�
�&�"�(���+��*k�>2m�&0��N�12.�A2%*.���"�/�1032;�+*��B�&2;p;�O'%�`�>2;0L��$;�M?;�"�
g;j.�G';!L� S

]E$4�\�(�)�+l�';� 24�G���DCv�DC>0�-��)�1��$;!#?;�"-&=��+�:��-LQR�Ll�'4�>�"�JF�$%�DCC>� 2;0&�>2;0.5�-���?%�&�B�DCC>�
C�>�+�&�G�>-�2�SJno�/�1!k?4C1��!J� �"$;-;*
�"-�?%�&�B�DCC>�
C�>� �L�"$;�<�DC>0�-��G�>�"$;! �����"-q*3�\�)�"�G�>Q;';�"�J�"$;�h�>2;?;';�(p�� 7b�(�A!J-�2;0L�DCCf�"$;�<?;�"-;F
�+�"�G-��B���&2%*[!L�D�>2��
�D�>2
�i0&C>-�Q%�DCOQ;'%F"p�� �JF
-�';24�+SPT&�>2%F
�.!<'4C>�G�>?4C1�[�>2;?;';�Jp�� 7;�MF
-�'4C�*WQ%�
C>-�2;0P�"-9�"$;�����&!J�JQ;'%F�p�� �+ef��$4�\�Z?%�&�
�DCC1�
C

ø+´



Xt�"-;F
�+�"�G-��B� ]��>!J�kx��>2m�G�+F
-32%*;� ~ T�?%� �+*4';? º ��F��>� 2%F
7 T�� �G���DC��;�B��F
�)�1-32
ø °�43�;S#4 ´ �	4�� ø S �3������� r r
� |�´^ø S ��|�¹ °�° ø S#4bz+� �Hø � S#4 ¹ z � S �HøD|Hø °�°
� ø+¹3� S#4 ´��3¹�´ | S ¹ ��4 ´ � � S#4 ´ z � S �Hø � ¹�| 4
¹ 4 ´ Sz¤4�44z ¹ z�S�� |�|�| z � S#4 � � � S �HøD´Hø � ø
ø ° ´ �RS ¹���¹�|3´ ø �;SÀ°&� | � � � Sz¤4 � � S �Hø z�z ���
|3� | °àS ´ ° ø 4 ¹ ø+¹ S54 ´ ��4 � � S�° | � � S � � ��� 4�4
| � | °àS�° | � |3| ø+¹ S54 ø+´�´�� � S ´ 4 ø � S � �3� |Hø �

]��&Q4C>�<� ¥ �s24�"� 0�� �hT�-��"�+e��I';!�QR� �H-A5��`2;?;';� � � 7;���H��ó �

!J� �"$;-;*W2;-&8u�"�+l3'4�>�"�+�L�)7�2%F�$;�"-�24�>�+�&�G�>-�2��"-,��F F
�+�"�<��$;�.0&C>-�Q%�DC:Q;'%F�p�� �LF
-�';24�+SV�`2V-��B*4� �J��-@�D=�-&��*W�"$4���
�G742%F"$;��-�24�>�+�&�G�>-�2�e;8O�(�"� ?4C��F �&�"�Z�"$;�(Q;'%F"p3� �HF
-�';24�H*;�&�B�<�G�"��'%F
�"';�"�(�&�O�+��F"$q?;��-bF
�+�"�)-��+S�²9�D�>24�B�D�>24�>2;0��G'%F�$
C>-bF �NCvF
-�';2��
�:�"�+l3'4�>�"�+�(��F F
';!<'4C��&�G�>2;0q�"$;� !#-�2%F
�<�"$;� 7q$%�D=��ZQ%� � 2@F
-3!J?;';�"�+*{eR�>29-��B*4� ���"-�F
-3!J?;';�"�<�"$;�
?;�"�
g;j³�G';!L� SÔ]O$4���q�G�"� ?����q2;-���?;�"�+�G� 24���>2³�"$;�,�G�+l3';� 2��)�\�NC��DC>0�-��G�>�"$;!.Sô¡�-�!J?;';�B�A�G�>-�2�-&5M�"$;�9�B�&2;p;�
8O-�'4C�*L�NC\�)-M2;�+F
�+�"�`�>�B�A�"�Y�)7�2%F�$;�"-�24�>�+�&�G�>-�2�e;�`�>2%F
��!<'4C1�)�1?4C>�Z?;�"-bF
�+���G-��B�t2;� �+*J�"-(';?{*;�&�"���"$;�(*;�&�B�(�G�"��'%F
�"';�"�
$;-&C�*3�>2;0L��$;�(?;�"�
g;j[�)';!L� Sf]�-��+=3-&��*J�"$4���:�)7�2%F�$;�"-�24�>�+�&�G�>-�2�eR�+��F�$L?;��-bF
�+�"�)-��HF
-�?4�>�+�O�"$;�(?;���
g;j[�G';!��:*;�&�B�
�G�"��'%F
�"';�"�J�&�"-�!��\F �NC6C>7@�A2%*.';?{*;�&�"�+�Y�1�Z�"-q�"�
�%�+F
�Z�"$;�<�B�&2;p;�I�1�Z8O-�'4C�*,���"�`�>0�2�SJ]E$4�\�Z�G�"� ?�e�8:$4��F"$9���Z�DC��G-
2;-��:?;���+�G� 2��E�129�"$;�M�)�+l�';� 24�G���DCf=�� �B�`�>-�2�e%�)� �G���DC�1� �+�(�3F F
�+�"�:��-J�"$;�(?;�"�
g;jm�G';!��:*;�&�B�J�)�"�"'%F
�"';�"��S�Ä:-&8O� =�� �+e
�`�>2%F
���"$4���M*;�&�B�q�)�"�"'%F
�"';�"���\�YC��&�"0��qx`�"-�';0�$4C>7,�q²9½�74�"�+� ~ e{-�24C>7@��?%-����G�>-�2,-&5O�>�(����C>-;F"p3�+*,�&�M�q�)�1!k�JQ�7
�+��F�$,?;�"-;F
�+�"�G-��J�DCC>-&8O�>2;0i5K-��(?4�>?R�
C6�>2R�+*V?%�&�B�NC6C>�
C���G!.SWT&�>2%F
� | �q²9½�7����+�(-&5OC>-bF �NC1rsF �3F"$;�����<�D=N�D�C��&Q4C>�q-�2
�+��F�$9?;�"-bF
�+���G-��+eR�"� ?4C��F �&�G�>2;0.�"$;�<Q;'%F�p�� �(F
-�';2��M*;�A�B�L�)�"�"'%F
�"';�"�h����2;-��Y�k?;�"-�Q4C>� ! �129�"� ��!L�:-A5v�G?%��F
�<-�2
�"$;� � T��Er ø SJ���>0�';�"� ¹ �)$;-N8��:�"$;���`�j�?;$%�3�G�+�(-&5:��?%�&�B�DCC>�
CE�NC103-��G�>�"$;!Ê5�-����>!J?4C>� !J� 2��)�12;0PQ;'%F"p�� �M�)-��"�+S
�;-3�H�`�>!J?4C��F��1�G7,-A5��
j;?%-��/�1�)�1-32m��$;�(g%0�';�"�J�G$;-&8H�E�"$;�M?;$%���)�+�:-&5���$;���DC>0�-��)�1��$;!É'%�`�>2;0�5�-�';��?;�"-bF
�+���G-��B�:X ø
�"$;�"-3';0�$.Xf�%S

n(�:F �&2iQ%�J�G� � 2[5K�"-3!É���>0�';�"� ¹ e;?;$%���)�M�<���(�J�G�+l3';� 24�G���DC�?;$%�3�G�M8:$;� ���M-�2;�Z?;�"-bF
�+���G-��(��F F
';!<'4C\�A�"�+�
�"$;�q?%�&���G���DC:?;�"�
g;j��)';!L�JF
-�!J?;';���+*WQ�7V�DCCH�"$;�q?;�"-;F
�+�"�G-3�B�h�12��"$;�q?;�"� =3�>-�'%�<?;$%���G��SW�`2W5Ã��F
�k�"$;�q�G�>!J�
5�-��:�"$4���I?;$%���G��¹�º��>2%F
�"�+�3�G�+�H�3�O�"$;�M24';!<Q%� ��-&5f?;�"-bF
�+���G-��B���>2%F
�"�+�3�G�+�H�/�12%F
�<�"$;�(24';!<Q%� ��-&5f?%�&�"�G���DC��)';!L�
�"-9Q%�.�3F F
';!�'4C��&���+*P�12%F
���+���G�+� SW².-3�"� -&=�� �+ef�`�>2%F
�.�"$;��?%�&�"�)�\�NCI�)';!L�Z$%�+=3�LQR� � 2�F
-�!J?;';���+*P�12V?%�A�B�DCC>�
CÃe
��F F
';!<'4C��&�G�>2;0,�"$;� !��>2V-�2;�q?;�"-;F
�+�"�G-3�����+�G'4C>�B�Z�>2V�"� !J-����L��F F
�+�"�G�+��S@���>2%�DCC>7�e�?;$%���)�.°.���+l�'4�>�"�+�J�3F F
�+�"�
�"-q�"$;�k0&C>-�Q%�DCv?;���
g;jP�)';!L�(Q47m�DCCO?;�"-bF
�+���G-��B� S�]O$4'%�(�"$;�<�G�>!J�k5K-3�(�"$4���(?;$%���G���DC��G-q�>2%F
�"�+���)�+�M8E�1��$,�"$;�
24';!�QR� �H-A5�?;�"-;F
�+�"�G-��B��S

]��&Q4C>�#�q�G$;-&8H�:��$;���)?%� �+*4';?�e�����F��>� 2%F
7,�&2%*9�G� �G���DCf5��B��F
�G�>-�29!J�+���)';�"� !J� 24�B�O5�-��(�"$4���(�DC>0�-3�G�>�"$;!#-�2
� T��Or ø S � �<2;-��G��F
���"$%�&���"$;�L�G� �G���DCf5��B��F
�)�1-329�>2%F
�"�+���G�+�h8O�>�"$,�"$;�<24';!�QR� �M-&5O?;�"-;F
�+�"�G-��B��SJ]O$;�L�&!J-3';2��
-&5H�`�>!<'4C>�B�&2;� -�'%�h2;� �/8O-���pmF
-�!J!<';24��F �&�G�>-�2P�>2%F
�"�+���G�+�Z8O�>�"$W�"$;�J24';!<Q%� �Z-&5:?;�"-bF
�+���G-��B�Y�12P?;$%���G�q�;SJn(�

ø °



keyden_t of P1 P4 keyden

Phase 6: Each processor atomically reads in keyden into its
local copy keyden_t and appropriately decrements keyden

Phase 7: Again each processor reads in its portion of the input
from key and assigns ranks based on its count in the
appropriate bucket in keydent_t, which is then decremented.

1 n/4 n/2 3n/4 n

P1 P2 P3 P4
Phase 1: Each Processor reads its portion of

1

Maxkey

Input Keys

Keyden_t of

Key and updates its local bucket
count (keyden_t)

Keyden_t of
Phase 2: Each processor reads in appropriate portions of the local

P2

P3

P4

P1

 P1 P2 P4P3 Keyden

bucket counts from all processors and accumulates it in
appropriate portions of the global bucket count (keyden)

Keyden

P1

P2 

P3

P4

m1

m2

m3

m4

0 p-1

tmp_sum

Phase 3: Each processor computes partial
prefix sums for its portion of
keyden. At the end of this phase
the maximum value computed by each
processor is m1,m2,m3,m4 respectively

Phase 4: Processor P1 computes prefix sums of
m1 to m4 in tmp_sum

Phase 5: Each processor i reads in tmp_sum[i-1]
and adds it to each element in its portion
of keyden. At the end of this phase the
global prefix sums has been computed in
keyden.
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