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SUMMARY

The primary objectivé of this wcrk:was to investigate the.ignie
tion of a.combustible_gaséous nixture 5y a heéted.surfaée, employing a
steady-state ahaiytical appfbach. A general'equatioﬁ based bp similaré
ity analysis_was_déveioped.that:expresses the sﬁerCe-témperature of the
body in.terms_qf'héat, mass, and chemical parameters of the flow.

Using the stagnation region of an axisymmetrid blunt body as a
working-example,'the ignitioh characteristics of the above flow were |
obtained by examiﬁing the surface heat trénsfér~Pirst-Damk6hler numbéf
relationship. _From'this.plot two critical paraﬁeters were obtained:

1.4 and the Extinction First
L

. The transition from frozen to equilibrium state

the Ignition First Damkdhler number D

Damkohleyr number D
. I,e

(Ignition) occurs at ﬁi =ﬁﬁI i+ Likewise, the transition from eguilib-

rium to ffozen state (Extinétion) occurs at ﬁI = DI,e'
Using the same working example the ignition of the gaseous mix-
ture was examined by means:of the Van't Hoff}s_criterion. This condi-
tion can be mathematically expressed as aT/on = 0. A cémparison of the
two methods showed close agree@ent.
Finally, an3§xpressiqh of the Ignition First DamkShler number in
terms of the surface temperafure of thé heated body was obtained using

a simplified model of the heat interactions in the gas-sclid interface.
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Symbol
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a - cdeffiCienf of the potential flow“veiocity

A pre-exponéﬁtial constant (explosion theory)
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C PH/P B, |

cp | specific heat at coﬁsﬁant.preﬁsure

é; specific heat ;t cénsﬁant'vblume

.d diameter'of-jet

35 aéfined b& Equation (4)

D | mass diffusivity
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E/RT_, dimensionless activation energy
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CHAPTER 1
INTRODUCTION

The ignition'of~ga5eous mixtures is considered one of the most
typical but important phenomena in the field of combustion. It'is_the
process by which.a'propagating-flame is originéted in the mixture. Its
importance was precognized quite early and analytical and experimental
wofk was undertaken by the combustion reSearcheré in order to shed some
light on its complex mechanisms and the factors.affecting them. Various
methods have been used by which combustible gaseous mixtures have beén
ignited. These methods are:

a. Heated surfaces

b. Pilot flames

¢. Hot gases

d. Shack ﬁaves

e. Capacitance sparks

f. Inductance sparks

In the past two decades, due to the development of high speed air
vehicles, the study of ignifion in forced convection systems grew to be
of considerable importance. Ignition in the combustor of such a vehicle
can be attéinéd by any of the above-listed methods. However, ignition
by electrical discharge appears to be the most efficient method. Igni-
tion by shock waves is impraétical.and pilet flaﬁes or hot gases require'

an additional ignition source to produce the pilot flame or hot gases in



the first place. An additional disadvantage of the two latter methods
is that due to their- low energy interchange with ‘the flow;ng mixture
and the short resldent time available (high speed stream), a larger

Compared to spark ignitors, heated supfaces have

combustor is required.

a much longer fesponse time, making them inefficient ignitors. The long

response time can be attributed to the external heat source needed to

raise the température'of the surface to the required value;. However,
an'aspect of heated surfaces that is worth considering as an ignition
source of high speed flow is their dual role as an ignition source and
a flaﬁeholder. A high velocity combustible mixiure will ignite and

stabilize near the surface of a heated body where the flow veloc1ty is

less or equal to the flame veloc1ty of the mixture. Thus, a continuous
.ignition source for the incoming fresh'miéture is forméd.'
Another typical appiication of ignition'by hot surfaces is the
ignifion of a combustible mixture by a hot ﬁrojectile'trévelling at a

moderate speed. In such a problem, the minimum surface temperature of

the projectile necessary to ignite the combustible mixture, is reqﬁired.
This temperature is a function of the speed of the projectile.
The study considered here pertains to the case of ignition of a

flowing gaseous mixture by a hot surface,

A complete study of this
problem involves fhelinvestigation of the éffects.of temperaturé,
‘velocity, and the chemical parameters (type of fﬁel and oxidizer) of the
combustible mixture, on the wall temperature of the body (ignition

temperature).



The very.early investigations on ignition by hof surfaces dealt
with static mixtures, i.e;, explosive mixtures in é.container with
heated walls. The analyticai theories deveioped were called thermal
explosion theories because of the omission of the diffusion processes.
They inwvestigated the relation between the heat genefated by a chemical
reaction, and the heat lost to the surroundings, primérily by conduction,
These fheories explored the critical 1imits beyond which the stationary
sélutien of the governing equations became imposéible. The existence'of
the critical.conditicns is assured by thé fact that the heat generated
by chemical.reaction is approximately exponénfialzwhile'the heat leost to
the surroundings is appfoximétely linear with respect to the temperature.
The problem for the establishment of the critical conditions was réduced
to the determination of a crifi?al dimensi&nless parameter 5cr'_ This
parameter is a function of the wall temperatﬁre,-vessel size, physical
and éhemical properties of the mixture. For § > 605 the reactive mix-
fure will be ignited while for § < acr the mixture will.be heated until
it reaches a steady-state. ;

Some of the eérly investigators in the field of ignition of a
forced convection system by a hot surfaﬁe,_immeréed a heated body such
as & wire or a cylinder in-a stream of combustible mixture. Ignitioh
was ‘initiated in the wake of the body where the velocity was loﬁ.
Unfortunately? due to the comblexity of the flow patterns the interpre-~
tation of the experimental results by'analytical methods was not very
successful; Subsequent studies of ignition were made in the laminar

boundary layer of a plane surface or in the stagnation regicn of a blunt




body where the:flow patterns are much simpler. TFrom these studies the

length'of'the hot surfaces required for the stabilization of the flame
was determined. In the case of stagnation fiow the surface temperature
of the body fequiréd to ignite the combustible ﬁixture was obtained,

As an ignition criterion in reéctive flows, the Van't Hoff's
critical condition for ignitioh.was used. Tﬁis condition states that a
combustible mixture near the non-catalytic surface of a hot body will
ignite when the temperature.gradient normal to the wall is zero. It is
a limiting condition. It implies that ignition will occur when thé heat
lost to the surroundings by condﬁction and convection is QQual to the
heat generated by the chemical reaction. The physical meaning of tﬁe
above condition can be understood by comsidering the heat transfer

.processes resulting when a stream of rgactiﬁe mixtupe comes in contact
with a hot surface. Due to the highér temperature of the wall, heat
will be transferred to the gas, fesulting in an increase of the gas
temperature. This temperature rise will bring abou£ an increase in

the self-heating of the gas, where the heat release by a chemical reac-
tion is inversely proportional to the exponential of the temperature.
The heat generated in turn will further raise the temperature of the
gas, thus reducing the ﬁet]heat flux fhpough the wall. Hence the adia-
batic condition of the wall is an indication that the temperature of the
mixture has risen sufficiently to sustain chemical reaction.

As has been stated in the above discussion, Van't Hoff's ignition
criterion is an indication of the self-heating processes occurring in the

mixture and it is not a sufficient condition of ignition, In the case




of ignition of a static mixture in-éﬁVunsymmetrical heated vessel,.the
Van't Hoff‘s critepion is'oniy-a good.apprOXimation; However, it has
beeh.applied iﬁ.the studies of ignition of fcrded convection systems by
heated surfaces. As yet, there is no proper'matheméticaljprﬁof of ifs
validity.

It is well established that the phénomen$n~of ignition of a
reactive gaseous mixture by a hot surface is governed by the heat ihter-
actioﬁs occurring in such a system. In general,-ignifion can be con-
sidered-as the transient process-by which the state of the system
changes from "frozen" to "eqﬁilibrium." ‘Such a change affects'the value
of the.surface heat transfer, which is altered from a minimum for frozen
flow to a maximum for equilibrium flow. Thus it is apparent that an
examination of the influence of the degree of reactivity of a combust-
ible mixture on the surface heat transfer is required.

| Similarity considerations in the field of combustion reveal the
existence of two dimensionless groups in addition to the well-known
dimensionless parameters-obtained for non-reactive mixtures, These two
parameters, the First Damkahler number, DI’ and the Second Damkohler

number, D

g1> are characteristic of the chemical processes in the flow

field. The parameter D, represents the ratic of the convective time to

I

“

the chemical time, while the paraméter D__ represents the ratio of the

1T
heat addition by chemical reaction to the heat addition associated with
the convection of enthalpy.

In chemically reacting flows the transition between the two limit-

ing states, namély frozen and equilibrium flow, can be described by the




First Damkohler number. For DI > 1 the chemidal reaction time is much
shorter than the residence time of the gas particles, and the system is
régarded as existing in thermodynamic equilibrium. On the other hénd,
for DI_<{ 1 the convection time is much shorter than thg chemical time;
the gas_pértiéles do pot have time to react, and thé state of.the system
is essentially.frozen. As stated above the degree of reactivity of
chemically reacting fléws past solid boundaries is directly velated to
the surface heat transfer rates to and from the boundéries._ Cﬁnsequent—
ly, the problem is reduced to a study of the effect of the First Dam-
kShler number on the surface heat transfer rate.

The present work on the ignition characteristics of a flowing
combustible mixture by a hot surface has been carried cut with the fql-'
lowing ﬁbjectives in mind:

1. Demonstrate the importance of the First DamkShler Similarity
parameter on the igﬁition stﬁdies 0f forced cenvection systemﬁ in con-
tact with hot surfaces. |

2. Investigate the.validity of Van't def's ignition criterion
in the case of ignition of flowing combustible!mixtures;"

3. Study the effects of.the velocity; temperature, and concen-
tration of inert gases of fhe mixture on the ignition temperature.

Also included in this objective are the value of the chemical kinetics
and the effects of thé activation energy on the ignition temperature.

4, Develop and test a highly simplified theory analogous to the

present approximate thermal theories.



The first objective consists of investigating the influence of

the First Damkchler number D on the surface heat transfer of a com-

I

bustible”@ixture past a solia boundary at a given constant temperatufe..
The effect of this parametér on the surface_heat transfer_can'be
obtained by solving the steady—stéte form of the_equatidns déscribing

b correspond-

ing to the transition from frozen to equilibrium flow. It must be noted

the reacting flow for a range of values of the parameter D

that the differential equations governing the flow are highly non-linear
because of the exponéntial reaction rate term. This mathematical Qiffi-
culty exc1udes'any'pqssible analytiéal approach-and-can.be fesolvedlonly
throﬁgh the use of-nuﬁerical.analysis._ Any:atﬁempt'to liﬁearize the
governing equations (the.usual procedure in fluid dynamics) will prove
disastrous, since the.cfitical condifions are dependent on the non-

linear nature of the problem. A plpf of the surface heat transfer

versus the First Damkahler.Similarity-parameter'will indicate the

transition from frozen (minimum surface heat flux) to the equilibrium
state (maximum éurface heat flux) of the equatipné. One may anticipate
that such a piot will be useful in studying the ignition characteristics
of forced convection sysfems. A plot of tﬁé value 6f the reactant mass
fraction at the wall vebsué-the.First DankShley nuﬁber will serve this
purpose equally well, since the two limiting chemicﬁl states of the
mixture, i.e., frozen and equilibrium, can be ideﬁtified by the value of
the reactaht mass fraction at the wall.

| It is.apparént from the above discussion that fhe ignition charac-

teristics of a flowing reactive mixture can be examined with




considefation only of the_steady~state:sélutipn of the conservatiOn
equations. This is in_contrast to.the'néture 6f the_igﬁition process,
which is basically a transient one. The_&iéadvantage of this'ﬁethqd is
its inability to predict the ignition lag'(définéd as the time bétweén:
the introductidn of the mixture te the ignition soprce; in this case a
heafed surface, énd the first indiéation of ignition)‘ The ignition lag
or the ignition time as it is most commonIY'referre& to, is of prime
.importance in the design of combustion éhambers,'since it céﬁ affect the
combustion efficiency-df a.combustor.

In order.to evalﬁaté:the.Van't Hoff ignition criteribn,'theuflow
configuration and flow propefties-{free stream témperature,'physicai
properties, and type-of'fuel and oxidizer) used in Objective 1, will.be
utilized to determine the ignition temperature (wall temperature). The
ignition temperature will be treafed as an eigénvalue by introducing the
'critiéal.ignition condition aT/9n = 0 as an additionai héundafy'condition
of the differential.equafions governing the reactiyg'flow;

The parameter D_ is a measure of the convective time relative to

I
the chemical'timé; consequently, a correlation between the Pifst Dam-
kdhler number and the ignition temperature wili show: a) the influence
of the free streanm vélocity_of_the mixtupé on the_igﬁition teﬁperature,
T,» when the chemical time is kept comstant (i.e., the same type of fuel
and oxidizer) and b) the influence of the chémical kinetics on the igni-
tion temperature with cdnstant free stream velocities.

Finally, a simpiified theory will be developed using the concept

of a reduced film of quiescent gaseoué mixture close to the surface of




the heated body. This model can be tested against the mumerical

results.

The analysis reported here will be restricted to the study of

the ignition charécteristics,of.a cold combustible_mixturé'at the for-

ward stagnation point of a non-ecatalytic blunt body. The surface-

temperature of the body,_Tw, is assumed to be constant and at a higher

value than the temperature of the incoming gasecus stream, Te. The
kinetics of the combustible mixture will be assumed to be adequately

represented by one-step second-order chemical reaction.
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CHAPTER IT
LITERATURE REVIEW

A. Introduction

This.chapfef deals with'past investigations_pertinent té the
present problem. Past literature oﬁ ignitioﬁ of coﬁbustible'gases will
be reviewed iﬁ three parts. Section B of this chépter examines the
ignition of static mixtures and gspecially the two appro#imate theories
of thermal explosion'by Semenov: and Frank-Kaﬁeneskii. In Section C, the
ignition of flowing gas mixtures by hot surfaces is reviewed. This sec-
tion is divided into two ségments: Segmént one deals with heated spheres
and rods, and segment two with heated flat plates and blunt bodies.

Although the combustion ppoblem considered in this study is of
the premixed category, valuable information was derived'frOm the studies
of ignition and extinction of the diffusion flames. In Section D, the
role of the First Daﬁkﬁhler Similarity parameter in the studies of igni-

tion and extinction of initially unmixed gases, is reviewed.

B. Ignition of Static Mixtures

There are two approximate.theofiéssdf fhermgl_explosion_that:deal
with the ignition of static mixtures enclosed in heated containers.
These theorieé are: the steady-state theory of Frank-Kameneskii and the
non—steady-stafe theory éf Semenov. An excellent introduction té the

two theories is found in the English translation of the Russian




monographs Qf”Semehov [l]#,Erank-Kameneskii [2], Khitrin [3]1, and

vulis [4].
Frénk-Kameneskii"[zl'exaﬁined the steady-state form of the heat

conduction équation'with a reaction_source term} 'Utilizihg-a'dimensionf

less reaction rate.pgrameter 8 he obtained thé cﬁndition § = BCr by

which for & > Gcr steady-state solution of the above-mentioned heat

conduction equation is impossible. The parameter & is defined by
§ = (q%Er?/KRT?)AwPexpl <E/RT ]
' Q o e " o

where q0 is the heat'of'éombustion, E is the activﬁtion'Energy, A isf
he pre-exponéntia; constant, To is the temﬁérature.of the héatéd wall,
v is the'initial_concentratipn of the reactants; n is tbe”order of the
chemical reactioﬁ and r is the principa} QiméhSion of the-vessel.
Ignition, or as it is most commonly called_in'the_case of static mix-
tures, explosion, was defined as fhe condition when § = 8 .In his
theoretical anélysié; Frank-Kamenegkii used the following épproximations

for the exponential part of the source term.

explE/RT] = explo/(1te€0)] = expeexp[-E/RTO]

R 2
0 = E(1-T )/F1,

” : 2 — _
Numbers in brackets denote references cited in Bibliography.



and

€ =.RTQ/E

The abﬁve'approximation-is vélia when the'femperature'of the.mixture at
ignifion is very close to the wall témpebature, Analyticélly, he
¢btained the cfitical value of § and.the-maximum possible stable temper-
ature rise écr'in the éése of a coﬁstant temperature slab, and numeri-
cally, he evaluated the above qualities for the case of a cylinder and a
sphere. Later Chambre [5] demonstrated that for the létter fwo cases,
solutions can be obtained in terﬁs of kndwn'tabulated functions. Parks
[6) studied the effect of the Frank-Kameneskii exPOnentiél approximation
(i.e., € = 0} on 6cr' He deduced that écr is insensitive to e_in the
range of 0 to 0.033.

Semenov [1], the originator of the unsteady theory of ihermal
explosion, ignored-thé spatial tempepéture distribution of the mixture
in the unsteady—state énergy equation. The heat transfer process was
described'by the introduction of an_oﬁerall heat transfer cqefficient.
.For a zero order reaction Semenov obtained the éritical conditions by
means of a graphical representation. The conditions characterizing the
transition from a limited tempefature'incréase to infinite temperature

increase are:
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where qgen is the heat_gengpataé by;chem;cg; reaction, and 9 ost is the

heat lost to the surroundings. Both of the original theories'neglected

the peactant consumption.
.The effects of reactant coﬁsumption-on'the eritical conditions
were investigated by'Fﬁank—Kameneékii [2];.Thoma$ [7], Gray and Lee [8],
using.Semenoﬁ‘s.model. ‘The above investigﬁtors'obfaiﬁed.éimilar rela~ |
tibns between fhe éritiﬁal values of the paraﬁéter.é, ﬁith and without
reactant consumption. These relationé.were expressed in terms of tﬁe
‘diménsionless aqiabatic tempépétupe.rise, B, where B = Eqéwd/PchTi'
Semenﬁv defined the critical temperature as:theltemperature at
which the first inflection point is obsefved iﬁ the temperature-time
curve, Most authbfs used-Seﬁenov's definition which is applicable in
the case of zero Qrder'reactions in defining the critical temperature of
the mixture in the case of appreciable reactanf.coﬁsumptiﬁn. in 1964,
.Adléf and Enig [Q,lOJIdémonstrated thaf_a critical ignitioﬁ temperature
~can be defined by considering the temperafﬁre—reaatént consumption
curve. They'shbweﬁ aﬁalyticaliy that the critical temperature ch is
only a function of the order 6f the reactibn. Reeently, $yler and
Wesley tll] have golved ﬁumericaliy the simultaneous.equationé of‘heat.'
conducetion and reactant_conSumpfion fﬁr various values of the dimension-
‘less adiabatic temperature rise B and diménSionleés activation énergy €.
- The results obtaiﬁed_show substantial diéagreement with the zerc order
results of the Prank—Kameneskii_model.
In general, the thermal explosion theories are used ﬁrimarilyias

an inverse combustion problem, By means of the critical conditions, the




unknewn chemical kinetics df tﬁe substance can be found. Compafiédn

of the.abservgd?témperature{rise.wifh edr wiil giﬁe the activafion
energy. When-the activation eﬁergy-is_known'the Critidal_value of §
will give the regction'rate cdnétant. A ccmmbn assumptiqn, character-
istic ﬁf these;tﬁeoﬁiéS'is fhe_omission.of-the_difquion processes. In
the case of gasébus mixturés such an assumptién is unreasonable; siﬁce
the diffusion and heat conduction are of equai importanqe. Thus in the
"pfediétion of the kin§ti¢s”of'a géseous_miﬁture of loﬁ activation
energy (appreciabie-reactant consumptiqn.at ignitioh), diffusion of the

reactants should be considered.

C. Ignition'of,flowing-ﬁiﬁtures by Hot Surfaces

‘1. Heated Spheres and Rods

Silver [12] was one of the:first to study experimentally the
ignition_of forced convection systems. By-shgotiﬁg small spherical  ,
quartz and-platinum'pérticles through stationary_combustible mixtupes,
he observed'thét the greafer thé diameter'of the particles, the lowef
thg ignition tempé:ature.. The partiéies were iﬁtroduded into the
gaseous mixtures at an appfoxiﬁate speed of l2—ft/sec..'A simplified
theoretical analysis based on Semenbﬁ's'thérmal'explosion théory was
performed which.qualitafiveiy agreed with the experimental results.
_Using the same experimental tephnique;-Patersqn'[13,14] iﬁ?eStigafed the
effect of.particle.velbcity on the ignition temperature, Thé particle .
‘veloeity range was extended to apPrOxiﬁately 210 ft/sec. The results

indicated that:
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a, The ignition temperature is a function of the diameter and
velocity of the partiéles. The higher the velocity the higﬁer thé
ignition temperature. The influence of the diameter of the papticles
is similar to that observed by Silver.

b, A critical speed of the particles exists beyond which igni-
tion does not take place; This.critical speed is a funétion of the :
temperature;.it increases as thé temperature is increased, according to
a roﬁghly linear relation.

c. The initial temperature of the mixture does not affect the

ignition temperature.

A theoretical analysis was attempted along the lines followed by Silver.
The critical condition was obtained by equating the heat generated by
chemical reaction te the heat lost by convection. The heat transfer
coefficient was expressed in terms of the Reynolds number, thus intro-
ducing the wvelocity into the equations. The heat generated by the
chemical reaction was evaluated by assuming that the temperature across
the boundary layer thickness is approximately constant and equal to the
surface temperature of the particle. The analysis showed qualitative
agreement with the experimental observations (a) and (b). The theory
predicted a decrease of the ignition temperature with an increase of the
initial temperature of the mixture, contrary to observation (<).

The most complete experimental investigation is that by Mullen
et gl. [15], who studied the ignition of high velocity streams of com-
bustible gases by heated cylindrical rods situated with their axis

perpendicular to the direction of the flow. The range of velocities
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considered was between 50 and 500 ft/sec. Thé effects of the stream
variables (turbulence, temperature and pressufe), rod variable
(diameter,'si2§, and locatioh of heated afea, aﬁd chemical and physical
nature of the surfacé),_and the mixture variables (hﬁmidity, fuel con-
centration, fuél typé) on the ignition phenomena, were examined._ The
results were reported in terms of”the sﬁrféce temperature of the rod and
the maximum stream velocity. The conclusiocns that are of-qualitati&e
importance to the present study are:

a. An increase of the inébming'temperaturenof the mixture
facilitated ignition. This resulf is.contrary to the ﬁrevious e#peri—
mental obserﬁationsltiél. |

b. For a given velocity, the larger the diameter of the rod the
lower the ignition temperature (surface temperature of the rod).

¢. The lowest ignition temperature obtained for a given velocity
was ﬁifh mixtures of near stoichiometric composition,

d. Ignition temperatures increased with increasing velocities.
At high-speed flows, extremely high surface temperatures were required
to ignite the mixtures, High-speed motion pictures taken during the
experiments indicated that the_ignition process initiates near fhé rear
stagnation point of the flow where relative lbw:sﬁeeds exist:

Kumagai and Kimura [16] examined the ignition of.géseous_étreams
of known turbulent intensity, by heated wires. For the range of veloc-
ities veported (0.6490'ft/sec) the influence of turbulenge of_the in-

- coming mixture on ignition was not appreciable.




¥hitrin and Goldemberg {171 attempted to-correlafe thé results
of Silvey, Paterson, and Mullen et al., by developing'a thermal_tﬁeory
of ignifién 6f_flowing.g§s mixtures. 'Althougﬁ nore sopﬁisticated, their
approach does notVdiffér'much_from'that of Paterson [13]1. The bdundary
layer surrpunding the héated.bddy was assumed.fo be'quiesdent. The
Van't Hoff's criterion was used as the limiting condition for ignition.
:The heat transfer.interéction between the wall and the mikture.was
described in terms of two processes: 1) heat convectign_ekpressed as
_a product of the teﬁperafure difference between the free stream and the
wall and a heat transfer coefficient which is a function of Reynold's
number; and 2) heat generated which was expressed as an_intggral of the
rate of reaction with respect to temperature. This integral was eval-
ﬁated appreoximately by assuming that most of the-reaction occurs near
the wall where the temperature is higher.: For-the correlation between
the fesults, thg experimental sets of data were normalised_with.respecf'
to a single set, in order to eliminate the chemical-kinetic constant
which is unknown. From the cqrrelatiqns,'numefical.values of fhe
activation energy were obtained.

Adomeit [l8]Ibased his theofetical_investigation of the thermal
ignition of flowing combustible.gaseé on_similarityICOncepts;. He had
found that in most cases the experimental results can be correlated in
terms of two non-dimensional quantities, oﬁé répresenting the tempefa—
ture of the wall and the other, the overall heat generation by the

chemical reaction..




2. Flat Plates and Blunt Bodies

Early anaiytical studies of combustion in flowing gasecus mixtures
were confined to the plane, one-dimensionai flamé front. Marble and
Adamson [19] were the first to consider such a problem using_boun&ary
layer approximations. They stﬁdied the ignition and combustion in the
laminar mixing zone of two parallel moving gaseous streams; one stream
congisted of a cool combustible mixture and the other of hot combustion
products. It was argued that in the ignition-region since the heat
added by chemical reaction is small, the effect of combustion, on the
velocity, témﬁerafure, and compeosition profiles cbtained for the corre-
sponding frozen flow problem can be treated as a perturbation. They
postulated that ignition occurs at the point in the filow field wﬁefe a
"bulge" in the temperatufe profile is formed. Although no extinction
phenomena have been obtained, it was shown that in some instances the
flamé detachment distance (distance between the point where the two
streams meet and the point at which the temperature profile first
exhibits é vertical tangent) becomes so large that it exceeds the

physical dimensions of any apparatus. In their analysis first order

Arrhenius kinetics were used.
The ignition of a combustible mixture in the laminar boundary

layer of a constant temperature flat plate has been treated by several

investigators [20,21,22]. Their aim was to obtain the distance down-

stream of the leading edge where ignition first occurs. This charac-

teristic length is indicative of the minimum length of a plate required

to stabilize a flame. The point at which ignition occurs was identified



by the condition that the temperature gradient noﬁmal to the wall is
zerc. Along its characteristic length the plate acts as a heat source
and.in the reméining part as a heat sink. Dooley [20] treated the
problem of théfmal decomposition of azomethane. The Lewis number was
assumed to be unity. In order to obtain a similarity function relating
the temperafure to the species mass fraction, he arbitrarily specified
the chemical composition at the surface of the plate. An iterative
procedure was develoﬁed to obtain an analytical solution of the energy
equétion. Toong [21] studied the problem of ignition by a hot flat
plate, both thecretically and éxperimentally. He expresééd the solu-

tions of the energy and conservation of species equations in power

series with respect to the non-dimensional tangential coordinates.

Utilizing these series the original conservafion equations were trans-
formed to a set of non-homogeneous ordinary diffefential equatiomns.
Solutions were cbtained numerically up to the fifth term of the series.
At a certain distance along the plate, depending on its temperature, the

convergence of the series became very poor. This distance was slightly

longer than the computed characteristic length of the plate. Recently,
the nonlinear partial differential equations describing the reactive
flow over a flat surface were sclved numerically by Sharma and Sirig-
nano [22]. The reaction kinetics of the propane-air mixture were rep-
regented by a two~térmh single sfep, second order Arrhenius expression,
The first term represented the overall chemical reaction below 1250°K,
while the other was above 1250°K. The effects of wall temperature,

plate length, free stream velocity and Lewis number on the ignition



point were determined. As was expected the characteristic length
increased with decreasing surface temperature and increasing free stpream
velocity. The value of the Lewis number did not appfeciabiy influence
the location of the ignition point.

Shakhnov [23] studied the ignition amnd combustion of a stoichi-
ometric mixture in the laminar supersonic boundary layef of a flat
plate. The conservation equations were integrated numerically by the
method of the grids. The characferistic length of the plate was defined
as the tangential coordinate at which the flame front goes out of the
boundary layer. | |

At present, only two analytical investigations have been carried

out on the ignition of premixed stagnation point flows. 'In both cases

the Van't Hoff's condition was uséd as an ignition eriterion. Chambre
f24] considered the problem of ignition of a planar stagnation flow.
Utilizing certain approximations, he obtained analytical solutlons of
the energy equation. An ignition criterion which related.the wall
temperatﬁre with heat, mass, and chemical kinetic parameters was
derived. His analysis was restricted to the case in which the Lewis
number is unity and the dimensionless activation energy E/RTW is very
large. The chemical kinetics of the flow, in this work were described
by a direct first-order reaction.

Sharma and Sirignanc [25], using a second-order rate law, have
numerically solved the plane and axisymmetric preactive stagnation point
flows by the method of quasi-linearization. This method linearizes_the

equations about an assumed solution and by means of an iterative cycle




the solution of équations converges to the non-linear solution. It must
be noted that the differential equations were expressed in an implicit
finite form and then solved by the "1line inversion" procedure. The sur-
face temperature of the wall (ignition temperature) was obtained for a
limited range of the First Damkohler number. The effects of varying the
values of the Schmidt and Prandtl transport parameters were shown to be
relatively minor. For plané stagnation flow they haﬁe extended Chambre's

approximate analysis to second order reaction.

D. Ignition and Extinetion of Initially Unmixed Gases:

The Influence of the First DamkShler Number

The assumption of infinite chemical kirnetics or as it iIs
.alternatively known, the Burke-Schumann assumption [26], is often used

to describe analytically, diffusion flames. Although this assumption

renders an adequate model for the calculation of the flame shape and

the rate of fuel consumption, its usefulness ceases to exist when the
phenomena of ignition and extinction are considered, and the maximum

temperature in the flame zone is reguired,

The above shortcomings of the model were remedied by the intro-
duction of finite cheﬁical kineties [27,28,29,30], which account for the
flammability limits by lowefing tﬁe flame temperature.

The influence of tﬁe First Damkchler number on the ignition tem-

perature and extinction characteristics of initially unmixed gases was

first demonstrated by Fendell [31]. He considered the ignition and
extinction of diffusion flames near the stagnation region, when an

oxidant is blown from upstream infinity at a fuel peservoir with a



surface perpendicular to the stagnation stream-line. A direct cne-step
second order reaction of the Arrhenius type was used to describe the
chgmicai.kinetics of the flow. The flow was assumed to be inviscid.
The dependence of the maximum temperature (flame temperature) on the
First DamkShler number was utilized to establish the ignition and
extinction characteristics. For values of the Damkdhler numbef corre-
sponding to near-frozen and near-equilibrium conditions,:asymptotic
techniques establiéhed the maximum temperature dependence. For inter-
mediate values, numerical methods wepe used. The flammability limits
were demcristrated by the multivalued nature of the transition from
frozen to equilibrium conditions. Chung, et al. [32] analyzed the prob-
lem of a diffusion flame in the stagnation region of a blunt body by
means of boundary layer.approximations. Using physical intuition they
derived criteria by which the single and multiple transitions between
frozen and equilibrium states are distinguished from each other.

Jain and Mucunda [33] had studied the ignition and extinction
characteristics for two flow geometries: (1) a jet impinging on a wall
.of combustible material, and (2) the opposed jet diffusion flame. in
their analysis, the effects of different approximations used for the
fluid mechanics of the flow wefe evaluated. The ignition and extinetion
characteristics were obtained by plotting the First Damkohler number
versus the gradient of oxidant concentration at the origin. Subse-
quently, it was shown that the zbove method was equivalent to that of

FPendell's (maximum temperature versus First Damkchler number). For case

one, the effects of varying the wall temperature were observed; while in




case two, the effects of et temperature, activation erergy, and free

stream oxidant concentration were investigated.

Recently Jain and Mucunda [34] have considered the extinction of

an opposed jet diffusion flame with competitive reactions,




CHAPTER III
FORMULATION OF THE PROBLEM

A. Introduction

This chapter presents the mathematical formulation of the flow of

a combustible mixture at the stagnation region of an axisymmetric blunt
body. The formulation is introduced.in Section B with the general form
of the conservation equations applicable to the flow of'é reactive
multi-component system.' A discussion is also given in this section on
the mass, momentum, and heat fluxes of the conservation equations. In
Section C, a similarity analysis is performed on the above equations to
obtain the dimensionless parameters pertinent to the flow of a reactive
mixture. The ranges of the similarity parameters of interest are

stated. The chemical kinetic model used in this work is presented in

Section D. The boundary layer equations and boundary conditions govern-

ing the flow are introduced in Section E along with the approximations
used in their devivation. Finally, in Section T the equations ave
transformed to a set of ordinary differential equations by appropriate

transformations.

B. Conservation Equations

In the theory of aerothermcochemistry, the fundamental equations
governing the flow of a multi-component reacting mixture are: the

conservation of species, the conservation of mass, the conservation of




mementum, the conservation of enérgy, and.the.equatipn of state.of'the
mixture. In general, two different approaches exist for the'defivation
of the.above equations, One approaéh_employs the theory of indepéndent
coexistent continua [35]. Each continuum obeys the law of classical
mechanics and thermodynamics. In this analysis the concept of control
volume and control surface for each continuum is used. A disadvantage
of this mefhod is that pheﬁoﬁenological relations between stress and
strain, heat flux and temperature gradient, diffusion flux and ﬁohéen-
tration gradient ﬁust.be postulated. The alternative approach is.that
of the kinetic theory of gaSeé [.36,37]. TFrom the kinetic theory the
transport properties of the mixture can be expressed in terms of colli-
sion integrals which are fuﬁctions of the dynamics of intermolecular
.collisions. A certain amdunt'of_uncertainty occurs in.évaluating the
above integrals. A comparison bf the conservation equations obtained
by the two approaches leads to identical results. |

The basic conservation equations have been derived by se%era;
investigators 35,36,37,38,39,40]1, with varying degrees of elegance;
therefore, in the present work the initial formulation is limifed to
the introduction of the general form of the equations and the definition
of the various terms which appear in these equations. The form of the
conservation equations derived by Williams [41]1 is closely followed.

1. Conservation of Species

The general conservation of species equation is:

3 L ) . .
Fra (pYi) + V°[pYi(v+Vi)] =w;  i=1,...N




where W, = net production of mass of species i by chemical reaction
per unit volume and time.

> o
The diffusion velocity Vi.is defined by:

where i pi/p = mass fraction of species 1i.

+ - k] . L] .
v = macroscopic veleecity of the mixture.

The diffusion velocity can be considered to be composed of four
components resulting from gradients in concentration, temperature, pres-
sure, and external forces, 1.e.:

(Y, +(£.)

- -, -
v, =y, ¥, y™  y®) 51 (2)
1 1 L A

Hirschfelder et al. [37] obtained an expression for the diffusion

velocity of dilute gases of the form

Y. le
= yX, + (X,-Y, -
vj (] J_)vznp o "“j




In the casé of a binary mixture where the effects of -thermal
diffusion, pressure gradient diffusion, and body forces are not impor-
tant, equation (3) reduces to:

WD, VX, ' (5)

In terms of mass fraction equation (5) reduces to the well-known

Fick's Law:
(8)

For a multi-component gsystem Fick's Law is applicable when, in

addition to the above assumptions, the binary diffusion'coefficients of
all the speéies are equal.

2. Overall Continuity

Since mass is neither created nor destroyed by chemical veactions

(excluding nuclear reactions), but only tramsformed from one species to

another, then:

Bearing in mind the definition.of the diffusion velocity and
equation (7), the summation of equation (1) over all N speéies results

in:i




3p eIy '
E+v(pv)-0 | (8)

Equation (8) is identical to the continuity equation of a one-

component fluid.

3. -Congervation of Momentum

The momentum equation of a multi-compenent reacting mixture is:

-
p EX-+ p?*V? = Vem + p

ot (92

Y

b

The pressure tensor ¥ may be expressed as a sum of the hydrostatic pres-

sure p; and the viscous stress tensor T, i.e.:
m=-pL+ 1 (20)

where I is the unit tensor. The viscous stress temsor is given by:

t= [“'%uﬂc]v--? T+ v+

The coefficient of bulk viscosity x will be taken as zero. Strictly
speaking « = 0 only for monatomic gases;- In multi;component mixtupes,
an additional term in the pressure tensor;expreséibn (10) arises; the
diffusion stress tensor IP as a result of the relatiﬁe motion of the

species. In most combustion problems (as in this,present'work}, its

contribution is negligible.



L. Consepvation of Energy

A'genEral fbrm of the energy equation is:

2u

P 35E

N :
-+ -+ > - > *
+ pveVu = -Veq -~ pVsv + 1:VVv + p g Yifivi (12)

The heat flux vector a_can be broken down in different com-
ponents, i.e.:

{v.)

> _ E(T) + E(D) fa Ty

S E(R)

(13)
which represent the contributions of the heat transfer due to tempera-
ture gradient (ET), the relative motion of the.spécies (ED), the con-

Y, _ .
centration gradient (a 3, and radiation (ER). The heat flux attributed
to the concentration gradient is known as the Dufour effect,

If the radiant heat is neglected, then the heat flux vector E

may be written as

. >
Neglecting the Dufour effect and substituting the Fick's form of-Vi we

obtain:

N

* _ o '
q= %yl -p ] hiDijVYil (15)

.

X

There are two forms of the energy equation that are most often



useful. One ls expressed in terms of the enthalpy of the mixture.

Employing the following fhermodynamic relation:
u=h-p/p (16)

and substituting equation (15) and the overall continuity (9) in (iu)
we have:
oy ovevh = Ve (k¥T-p}h. Y ; )+ 3y Fevp + iV 4 IY §.$ (17)
Prat T VIR S LRy Yy T e TR T VY T el
In equation (17) the specific enthalpy of the mixture is defined

as;:

(19)

Another alternate form of the energy equation which pro#ed use~
ful in the present work is in terms of the static tempefature of the
mixture. From equation (17) with the aid of the conservation of species

(1) and the overall continuity (9) we have



C. Similarity Analysis

'The governing equations of a chemically-reacting mixture in their
present state are in a very complex form and are not conducivé-té a
mathematical freatment. One can reduce the complexity of the above
equations by disregarding terms which are not important for the par-
ticular problém under investigation. Thus a similarity analysis is
desired on the goverming equatiouns. Cerfain dimensionless parameters
will result from the analysis, which by specifying their ranges (known
as a-priori ffom the experimental set-up) will render certain terms
negligible with respect to others. |

A similarity analysié on the conservation equations of a multi-
component system is a ﬁighly cdmplicate@.pfoblem; For.this reason it
is assumed'that_the diffusion velocity Qf each species is of the same
order as the diffusion velocity of a binary-mixture given by:Fick‘B

Law. Alsc that the rvadiant heat flux and Dufour's effect are assumed

to be negligible. It is doubtful that the above simplifications will

alter the similarity parameters of the corresponding multi-component

system.




The following dimensionless parameters are defined:
x/L S tE = t/(L/uo)

* - = ']
© %,i/%0

/e /L) Xk = K/
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f

o% _ 0,0
i/g ' _hi. = hi/q
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#i/w

o]

o/e | ' O Yi
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where the subscript o denctes a reference state. With these dimension-

less parameters, equations (1), (8), (9), and QQO) become:

3 B o [ k% i |
;;;—(p%Yi) + V-[E Yi($.+vi/(Re)(Sci)i}:

= [wb/(pouo/L)jwi

~ % P
¥ sV V)=0
at




{(Ec)

L % Sk
(Fr)(Re)_g (5e;) X £V

pouoL/uO (Reynolds Number)
2 . '
uO/gL {Froude Number)

uo/pQ(Di)o (Schmidt Numbgr)

Ec = uz/

S CP,OTQ {Eckert Number}

E T
The Froude number is not pertinent in the present study. In
free convective flows a more suitable parameter wili be the Grashof

number.




Pr = cp’ouo/'ké (Prandtl Number)

The above similarify parémeters are well known from the theory
of non-reactive ﬁulti—compcnent mixtures. They repreéént a measure of
'the.relativé importance, of inertia and viscous forces, kinetic and
potential enérgy, momentum and mass transfef, kinetic and thermal energy,
and momentum and heat transfer; respectively. In reactipg mixtures two
_additionai variables are required to describe a précess: the heat of
reéction'and a source tefﬁ déscribing the kinetics of the mixture; It
must be noted tﬁat.usually_in practical'systems the kinetics are de-
scribed by g-number of elementary réactions;'consequently,'an equal Tum~
ber of dimensionless parémeters'are required. The present'analysis waﬁ
festricted to oﬁe overall reaction, which was aséumed to be reprQSenta—
tive of the chemical kinetics of the mixture.

The similarity parameters that characterizé the chemical qhanges

in a process are:

=
H

woL/pouo (First DamkShler Number)

- O
DII q /cp,oTo {Second Damkchler Number)

A combination of the two numbers results_iﬂ Damkohler's third similarity

'group, i.e.

- . = a2 .
D = D_+D q WQL/pQuocp’oTo




The First Damkghler.number, Di, represénts~the_raﬁio of the con-
vective time-(L/uO) to the chemical time (po/wo). Thé'seC°ﬁ¢ Damkohler

number, D » represents the ratio of the heat addition by chemical reac-

I
tion (qo).tO'the heat addition associated with the convection of en-

" thalpy (cp JI,)+ The Third Damkohler number, D p» represents the ratio

II

of the rate of heat_additidn_by chemiCal-reacticn_(qowofpo) tb the rate

L]

of heat addition by convection of enthalpy (uécp oTQ/L)‘ The above

.definition of Damk&hler's First similarity grbup is quite_genéral sinpe
the reaction souréé.teﬁm'dépends on such quantities as the temperature,
the species.méss fractioh;.and_the activation energy. A'ﬁore restricted
.defiﬁifioh will be given in a later secticn éfter discussipg thé chem-~
ical source term. . | |

The low-speed forced cﬁnvectiqn flow of a gaseous mixture is of
great inferest in ignition studies by hot surfaces. This fiow can be
sPeaified in terms of the siﬁilarity parameters_by considering their

order of magnitude in the following ranges:
O(Re) >> 1
O(Ec) << 1
The Prandtl number (Pr) and the Schmidt number (Sc), that depend
.only on'the physical properties of Fhe mixture arg'bgth of order one.

For a flow near a solid bouhdary which is the case in thé présent study;

the above rahges'of the dimensionless pafameters indicafe:




Prandtlﬂs:Boﬁhﬁary Layer approximation-is'vaiid,

_The body forces are negligible.

The energy_transpofted by conduction_and hy'difquion;

- dominates over shear work.

The order of magnitude of the First_paﬂkghler number (DI) and,
consequehtiy.of the-Tbird Damkahler_number (DIII) cannot be specified
since it depends on-thé.degree of "peactivity" of the mixture. For
D ; 0 the sfate of the_mixture is'said to be ffqzen and3for D~ é the

mixture is in chemical equilibrium.

D. Chemical Kinetic Model

To complete the formulation of the problem, an éxppeSSion for Wis
the mass rate of production of species i by chemical reaction per unit
volume and time, is-reqﬁired.

In geheral for a stoichiométrib equation of the form

. T | 4 -
_ : =1
wher-e'_kf and k. represent the forward and backward reaction rate con-

stants, Mi represent3 the chemical species i, and (Mi) GESignatés.their

molar concentration. The two reaction rate constants arve related by the

equation




where_chis the equilibrium constant based on the concentrations.

: The_reaction'méchanism of a flame is bf'a very cbﬁplex-ghapaqter
since it iﬁvolves a.great number of élementary_reactions.between stablé
and unstable species.'-lq the case of the combustiéﬁ of hydfocarbons,
several inve#tigators [42,43,44,457 have pfop03ed various combinations
of possiblé reactions by which the true reaction mechanism §f a fléme.
can be approximated. These proposed reéction.schemes are by.no means.
uniqae'but depend on the particular'experimentai.tecﬁnique and method-
leal "guésswdrk" of the investigator. Due to the uncertainty of théﬁ
réaction mechanism of the ¢dmbustion of_hydrobarbons; and the lack of
accurate ekperiméﬁtal data én reaction rates, most:énalytical works rely
on the concept of "overall chemical kinetics.“. This concept réplaées_-
the actual reaction mechanism of the flame by a single_reaétioﬁ between
the fuel and the oxidizef. The above simplified éénceét came under
criticism from Levy and Weinberg {46] who tésted_this_scheme for a lean
ethylene-air flat fiame. It was found that the;effective:Order ana
activation energy of the reaction changes considerably at low tempera-
tures, while at zonés néar-the maximum heat release the variations are
almost imperceptible.

‘In the present éfudy the interest focuses on only a:qualifative
relatidn.between'the'ignition'témperature and:the physical and chemical
properties of-the.cambustiblé mixture. Conseqﬁenfly,.an.ovefall chemical

reaction is_assumed; and the chemistry of the flame is.represenfed by:
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The feaction rate is assumed to be given by a second order

kinetic expression, i.e.:

3

W= szY

expl[-E/RT]

where B = frequency factor of the reaction.
E = Activation Energy of the veaction.
The source term w is related to the individuai species gource

term by the relation:

fs)

wa -
. YOW

Furthermore,fit.is'assumed_that only four spgcies are present in

the flame: oxidizer,'fuel,'inert'gaSES, and products of combustion.

E. Boundary Layer Equations

1. Governing Equations ’
The steady-state governing equations of a vreacting gaseous mi.x-
ture in the boundary layer of an axisymmetric or two-dimensional body

afe [47]:

Continuity




‘where € = 0 for a two-dimensional flow and € = 1 for an axisymmetric
Flow. The radius of the body in a'meridiam-plane is rd(x), The

'cpordinate system'employed is shown in Figure 1.

- Momentum
- w-Component

) |
3y 01y _ (29.a)
‘Although the pressure gradient normal to the wall is of order dne, the
total pressure change throughout the boundary layer normal to the wall
will still be'small;'or'of'the order &, and may be neglectéd.

Thus

p=p (29.b)

=
The pressure gradieht dpé/dx can be eliminated'frcm the momentum
equation by means of the following equation

du dPe

_ e _ : . ' '
Pe¥e dqx - dx . (30).

~which is the momentum equation of the inviscid flow_outside:the boundary

layer.




.Fi'g;ur'e 1. Coordinate System




Conservation of Reastive Species

3y, av, o v,
Y Ty P T

pu -

T :f LA _for ;=0,F,P {31)

Conservation of_Ihert-Ghs

Equation of State
o N : : S
p = pRT § (¥, /W) | (34)

For the_deriva{ion of the-above equations the fbl;owing assump?_
tions were used:

.a. The fluid:ié ma&e‘up of a mixfure of perfect gases.

b. The flow is laminér and'steédy—stﬁtef

¢. The hoﬁndary layer approximation is valid.

d. The effects of body forces'are nggligibie.

e. The diffusion velocity is given by Fick's Law, equation'(ﬁ).

f. The heat flux vector is given by equation (15).



g; Low-speed flow exists.
In,order to bring out the main features of the problem as 81mply
as p0531ble without destroylng its physical character, the follow1ng

‘additional assumptions will be made:

h. The specific heat at constant pressuﬁe for all'spécies is

the same and independent of temperature and composition, i.e.:

¢, = ¢ = constant
Pyl P :

i. The binary diffusion coefficients of ail the_sPQQies are the

same, i.e.,

Assumptions (h) and (i) simplif&'the energy equation (33) which

becomes

2. Boundary Conditions

The boundary conditions of the momentum equation are:



The value of ue(x) is determined by the solution of the inviscid flow
outside the houndary layer.

The boundary conditions on the conservation of species equations

for i=0,F,N,P (37.a)

The .above houndary condition states that at the solid interface the dif-
fusion of all species is zero, i.e., the surface is non-ecatalytic. In
the flow cutside the boundary layer the species mass fraction will be

assumed to have a known value, hence
Y, > () for i=0,F,N,P (37.b)
For the energy equation the boundary conditions specified are:
(88.a)
at y » o - {38.b)
The temperature of the surface, Tw’ is assumed constant. The free
stream mixture temperature, Too has a prescribed and a constant value.
The governing equations and the boundary conditions presented

above specify mathematically the problem under investigation. In

general, if N is the number of species present in a system, for a




two-dimensional or axisymmetric geometry, N + 5 differential equations
{a continuity equation, two momentum equations, an eneprgy equation, N
species conservation equatioms, and an eguation of state) are available

with N + 5 unknowns (u,v,p,p3T,Yl,Y ...YN). The total order of the dif-

2
ferential equations is 2N + 5 and the number of boundary conditions is
2N + 5.

For the reactive flow of a mixture near the stagnation regiocn of
a blunt body, which is presently conéidered, the governing partial dif-
ferential equations (subject to appropriate boundary conditions) can be

reduced to a set of ordinary differential equations by suitable trans-

formations, regardless of the form of the chemical source term.

F. Self-Similar Equations of the

Axisymmetric Stagnation Flow

Consider the following transformation coordinates first intro-

duced by Lees [u7]

1/23

! rie(p/pe)dy (40)

n = [pu,/(28)
The stream function, §, is defined as
wis,) = (28)25(n)

From the continuity equation



u = uef'(n)

pv = -peueuerz[528)"1/2f(n)+(25)l/2 %g-f'(ni]

Near the stagnation point of a blunt body

The coefficient a in equation (44) is a measure of the convective time

(1/a} and its value depends on the geometry of the flow. For an axi-

symmetric jet (¢ = 1}, impinging on a flat plate, a = u_/d where d is
the diameter of the jet.
The transformed governing equations for the axisymmetric flow

are;

Momentum

(e + ££" = 2 [(£1)°~(o_/p)]

Oxidizer Species Comservation



L6

Fuel Species Conservation

L

R R (u7)
Inert Gas Species Conservation
¢ 1 .
{g; uN) + fay = 0 (48)
Energy
[%%—6']' + £8' = f(ne+1)ﬁIﬁII{%)uaarefgﬁfe | -(49)

The primes denote differentiation with respect to the similarity vari-

able n. The modified Damkchler numbers DI and BII are defined as

= 1

b =3 YOWOYF’e(Bpe/a) {50)

B =Y, /o Ty, (51}
II F,e' p,e’e'FF

where qO = Z Yiwihg is the standard heat of reaction. The remaining
i _

dimensionless quantities are defined as:

6 = T/Te (Dimensionless Temperature)




(Dimensionless Velocity)

a, = Y,/Y. (Normalized Mass Fraction
i1 s
of Species)

o
‘o

E/R.Te (DPimensionless Activation
Energy)

Yy, FF/ Yp,eYoM) — 1

The dimensionless number n, represents a measure of the "stoichiometry"

of the reactants. For n, = 0 the mixture is in steichiometric composi-

tion while for'ne > 0 the mixture is lean and for n, < 0 the mixture is

rich. The transformed boundary conditions are:

ai = 0 for 1=0,F,N,F

£1 > 1; 61

oy > 1 for i=0,F,N,P



CHAPTER IV

THE STEADY-STATE THEQRY OF IGHNITION OF

FLOWING MIXTURES BY HOT SURFACES

A. General Theory

With reference to the dimensionless form of the conservation
equations presented in Chapter III, equations (21) - (24), the steady-
state solution of a reactive flow in contact with a constant temperature
sclid boundary can be vepresented with the following gemeral function of

independent dimensionless parameters:

sRe Pr

e
= B{x,(Yl)e,(YQ)e- . o(YN_l)e

(Sc)l,(Sc}Q...(Sp)*wl,DI,DII, ratios

N

of physical properties, $(1),$(2)...1 (54.a)

where N is the number of species present in the reactive mixture. In

the above equation only N - 1 species mass fractions and correspondingly
N - 1 Schmidt numbers are required, The Nth species masg fraction is

related to the remainder N - 1 species mass fractions by the relation:
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In equation {(5%,a) the reference state (denoted by the subscpript e) is
taken to be the free stream conditions outside the boundary layer of the
solid surface.

All the parameteys of equation (54.a) except the ¢-parameters
were derived from the conservation equations 6f a N-component reactive
mixture. The radiant heat transfer, thermal diffusion and other rela-
tively unimportant transport processes were neglected. The chemical
source term in the'consérvation of species equation was expressed by a
one-step chemical reaction. This is represented by the First Damkohler
gimilarity parameter. In general, for a multi-step reaction scheme,
there exist a number of First Damkohler parameters equal in number to
the elementary reactions. Each represents the ratio of the convgctive
time of the system to the chemical time of the particular reaction.
However, in certain cases one of the elementary reactions can be con-
sidered as the rate-controlling reaction and, therefore, the represen-
tation of the chemical kinetics of the system by one parameter is
sufficient.

The dimensionless parameters ¢(l),¢(2).;. express the influence
of the gas-solid interface on the general sclution of the governing
equations. Therefore, these parameters can be investigated by con-
sidering the transport processes occurring at the interface. Due to the
non-catalytic naturé of the surface under consideration and the exclu-
sion of any mass-transfer processes at the wall, the only transport
process occurring at the interface is the heat transfer. This process,

as stated in the Introduction, is of primary importance in the ignitiom
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studies and, therefore, i; should introdﬁce_thé ¢—paramefers of eQuation
(54,a), If mass transfer or wall catalytic reaétions are included, then
additional ¢-parameters must be considefed. For example, in the case of .
a wall-catalytic chemiéal'réébtiOn,'the-surface DamkShier number will
constitute a suitable dimensionless pafaméter. .The inclusion of mass
transfer processes at the interface wiil make the condition on the fluid
velocity non-homogeneous, thus introducing anotherlparameter.

Across the interface, heat is transported only by conduction, and
according to the theory of cne component ﬁeat transfer system [48], a
suitable parameter to represent the_surface heat transfer.process is the
Nusselt number, Nu. The Question arises now, whether the general solu-
tion of the conservation equétions are influenced by the parameter Nu.
It is well known that.for & non-reactive one-compbnent flow the Nusselt
number is a function of the Reynolds number, and the Prandtl number.
Forlfixed values of Re and Pr the value of Nu remains constant and,
therefore, the heat transfer process at the interface of an inert
system does not introduce a new similarity parameter.

| Penner [49], in deriving the similarity'parémeters for chemical
reactors, had assumed that the Nusselt number's Aependence on the
Prandtl number and Reynolds number alone, still hoids for reactive
mixtures, This contrasts with the numerical-results obtained by Fay
and Riddell [50] on the.stagnation point heat transfér'of dissociated
air. They found that in the case of a non-catalytic wall the surface
heat transfer strongly depends on the First Damkohler similarity

parameter, whereas for a perfectly catalytic wall, it is virtually_




independent. A sketch of the computed values of I~h.u’(Re)]"'{2 versus the

First Damkchler number for a non-catalytic wall, is shown on Figure 2.

In reactive mixtures, in addition to Prandtl and Reynolds num-
bers, the Nusselt number also depends on paramefers describing the dif-
fusion processes and chemical kinetics. In the case discussed above
involving dissociation or recombination processes, the Nusselt number
is uniquely defined by the pavameters of equation (58.a) with the addi-
tion of the wall temperature (which can be considered a ¢~-parameter).
Therefore, in such flows the Nusselt number is a superfluous parameter
of equation (54.a) since its value is fixed for given valués of the other
independent parameters.

The ignition process of 'a combustihle mixture in contact with a hot
surface, is associated with a strong exothermic reaction. Due to the magnitude
of the exothermicity of the reaction in the boundary layer, the temperature
increases and conseguently the chemical time decreases considerably. The
decreage in the chemical time, t  , can be of several orders of magnibude,

since the chemical time is inversely proportional to the exponential of the
reciprocal of the temperature. The first Damkohler number is defined
with reference to the free stream conditions; therefore, in flows with

strong exothermic reactions, this parameter is not a true indication of

the local ratio of the chemical time to the convective time [32]. It is

necessary, then, to introduce an additional parameter that accounts for

the degree of reactivity in the boundavy layer. Such a parameter is the

Nusselt numbar, An assessment of the chemical reacticn on the boundary
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Figure 2. Schematic Representation of a Single-Transition Curwve
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layer flow can be specified by the numerical value of the surface heat
transfer.
For mixtures with strong exothermic reactions, the general

solution of the reactive boundary layer may be given by the expression:

g = B{X,(Yl)e,(Y2)e...(Y

y-1)g sREPELEC,(Se), ,

(Sc)z,...(Sc) , ratios of

N—l’DI’DII

physical properties, Nu, SW} ' (54.b)

Since the First Damkﬁhler number, directly, and the Nusselt
number, indirectly, represent a measure of the reactivity of'a mixture,
it is natural that they will be the primary parameters in. examining
the-ignition process near a heated wall. From equation (54.5} the

Nusselt number can be expressed by the following general relation:

Nu = F{(Yl)e"°(YN—l?e’Re’PP’Ec’($c)l"°(SC)N—1’

D (ratios of physical properties) 0 } (55)

r*Prre

Equation (55) represents the general steady-state cfiteribn for the
ignition of a combustible mixture by a hot surface. In the limiting
conditicns of frozen and e@uilibrium flows, the Nusselt number becomes
Iindependent of'fhe First Damkohler similarity parameter. Thus equation

(55) is not valid in these two regions.



Various simplified forms of the above equation. can be obtained
by c@nsideriﬁg é particular region of the flow. For low-séeed flows
the effects of_the Eckert number are insignificant and can be neglected.
If, in addition, it is assumed:that the diffusion coefficients of the
species present are the same and if the variation of the physical
proPerfiés of the system are neglected, then eqﬁation (55) is reduced

" to:

Nu = P{(Yo)e,(YF)e,(YN)e,Re,Pr,Sc,DI,DII,ew}_- (56.a)

In formulating equation (56.a) it has also been assumed that four
species are preéent: oxidizer, fuel, inert gases, and products.

Until now only a general form of the reaction rate law has been

considered. If the veaction rate constant is expressed in an Arrhenius

form, as.is-the usual practice in combustion problems, then, the First
DamkShler number can be split up into two dimensionless groups:

(i) the modified Pirst Dakahlep'humber, ﬁI’ which includes.the pre-
exponential term, as shown in equation (50), and (ii) the dimensionless
activation enefgy. With the redefined Second DamkShler number, 511,

equation (51) and the replacement of the fuel and oxidizer mass fraction

by the "stoichiometry" ratio equation (56.a) becomes:

* o}

Nu = F{YN’e,ne,Re,Pr,Sc,DI,DII,E 0.,

For the particular range of flows under consideration, the igni-

tion temperature (ﬁw)i is given by:

an




(6.) =8 (

wign = O YN’e,ne,Re,Pr,Sc,ﬁI;ﬁII,E*) - (87)
In numerical examples the wall temperature is assumed to be known
a priori. A cbrrelation-between the surface heat transfer and the
First Damkahler number will-reveai the inflﬁence of the free stream
conditions (mixture compositien, velocity, and temperature) dn the
ignition temperature.

In the following section, a 8pedific case ié conzidered to
- demonstrate the applicability of the First Damkdhler numbér-Surface.heat

“transfer relationship on ignition studies.

B. Ignition Characteristics of a

Stagnation%?oint Combustible Mixture
The differential equations and bouhdary conditions gﬁverning the
axisymmetric, stagnation-point flow of a combustible mixture were
derived in Section F of Chapter IIT.
The conservation of species equations (46) and_(%?j_can be suit-
ably combined and readily iﬁtegrated to give

a, = 1.- (1-aF)/(ne+l) : {58)

O .

The sclution of the Inert Gas species equation (48) with the prescribed

condition yields:



A further reduction of the non-linear equations to be solved is
achieved through fhe use of the following additional assumptions: |

j. Lewis number.équal to unity.

k. €C=1, i.e. pu.= Pk

Assumptions j and k are a usual practice in combustion theory.
The Lewis nuﬁber (Le) equal to unity assumption, simplifies fhé problemf
'considerably through the Shvab-Zeldovich formulatiqn. The effect of
Le # 1 on the ignition'tempefaiure'of premixed gases was found to be
unimportant [25]..

Equations (47) and (49) can now be combined with thé use of

assumption j to yield the folldwing linear differential equation:
' NN : R [ -
(op#6/D )" + Pri(aptd/D )" = 0 (60)
Defining a normalized quanfity B as
g = t(aP+6/DII)_'(aF+6/DII)w]/[(_{iF+B/DII_)e_(aF+9‘/'DII)WJ (61)
equaticn (60) reduces to
B" + Prfg' = 0 (62)

with boundary conditions

g(0) =0  and  B(=) +1 - (63)



Before proceeding with the solution of the governing equationms,
the surface heat transfer will be briefly examined. Using assumption

(¢), equation (15) becomes

Next, employing the relation

1/2

dn = (2a/peue) pdy

- 0 /2 weny
g = -(2apeue) cPT(C/Pr) e'+(Le/cPTe)-

For lbw-sPeed flow the Nusselt number is defined as
Nu = qwx/k(Te-Tw)

then from equation (66)

' N
1/2 _ 1/2
= ~(2C) 9'+Le g hy

. T
Nu/(Re) Yi,eaijc

p,w:e /91'9w3

Re = u_x/(u,/p)




For a non-catalytic surface, where in/dﬁ = 0 the gradient of 8

at the wall:is related to the éurface heat transfer by the relation

/2. 1 - dB :
e TeCy [P—r-} [1-6,+Dy (hmap )] [?n"Jw (70.2)

wu/(Re)? = ~(2c ) P[1-0 +B (10, W)j-[%g-] /(1-8 ) (70.b)
1 N v

The two extreme valuss of the surface heat transfer are given for
equilibrium flow as ﬁI + « by

wu/(reY2 = ()Y 2(_1—BW+E_)II)-[%%] /(1-8,)

+ 0 by

and for frozen flow as ﬁI

Nu/(Re)™ 2 = —(2)1/2 [%]
W

The value of C_ in equations (71) and (72} was taken to be equal to
unity according to assumption (k).
Of greatest intervest are the values of the surface heat trans-

fer at the intermediate values of D These results can be achieved

I'
by simultaneously integrating the governipg'eqUations for various values

of 51. Before attempting to solve the compressible boundary laver equa-

tions, the incompressible fluid dynamic approximation was considered.

This requires a relatively mild numerical effort. Jain and Mucunda [33]




suggested that fluid dYﬁaﬁic'approximations have little effect on the
.ignition characteristics of reactive flows. They have not ccnsidered
the cagse of compreSsiblé flow. Thus, the incquresaible sqlution'will
serve as means of evaluating the above statement.

A second and equally_impbrtant reason for considering the
incompressible case is that its solution will give us a reasonable
estimation of the location of the unknown conditions at the wall.

This is essential for successful application of an iteration scheme.

Utili_zing assumptions j and k, the .differential equations fhat

remain to be solved are:

Momentium

a. Incompressible Flow

f'" + ff" = [(fr)2_l]/2

b, Compressible Flow

£ + FF1

H

[(£1)2-61/2 X (73.b)

8-Equation

B" + Prfg' = 0 ' : (62)

8" + Prfe' = -PrP.B. (n +a.)a e"Eéfsle (74)
: I"II'7e "F°°F :



Equation (74) was obtained from equation (49) by substituting the

expression for a

Yy equation (58).

l;_ IncompreSSible Boundary Layer

 The mémentum.equétion, subjecf-to thé inéoﬁpressibla.approxima—
tion, is indepehdent.of 8 and ccnsequently,.equations'(?3.a) and (62).
can be solved independently and their solution is then used to solve
_equation (7%) for the entiré domain of wvalues of ﬁI'

a. Numerical Procedure. To carry out the numerical calculations,

the monentum equation (73.a), the B-equation (62), and thgfenérgy equa-

tion (74), weré integrated by the Gill's modified_Runge-Kuttalfburth;.
order method. The solution of equaticn (735 can be found elsewhere
£511. The B-equation, being linear and independent of the energy equa-
.tion, was solved simultanéously with equation (73.a), using the method
“of ﬁparticular sqlution" {52,53] to satisfy the boundary condition at
infihity (n=7.0). Thus, for the'fiﬁal integration of the governing
equations only the energy equation remained as a boundary-value problem.
In order to reduce cpmputation time, the field of integration was
divided into two regions. A region near the wall (0sn<2.0) where the
temperature gradient is expected to be steep, and the step size of 0.01
in n was selected for this regidn. For the remainder of the field
{2.0<n<7.0) the step size of 0.1 in n was used. It should be noted at
this point, that, in.the source term of the energy equation,.the fuel
mass fraction was replacéd by a gquantity relating it in terms-bf B, ©
and o, W (the value of the fuel mass fraction at the wall), through the

F,

is specified

use of equation (61). TFor a given #'(0) the value of ap
. - %




since both are related by

8 (75)

6'(0) = B B'(0)[(1+1/D; )~(ag+6/D ) ] + aF,wﬁII +e,

Equation {75) was obtained by differentiating equation (61).

At a given value of D “the energy equation was integrated for

I
E(O) = 6 and an assumed value of 6°(0). The resulting value of
8(n=7.0) was then compared to the true boundary condition at infinity,
8{=} = 1.0, The temperature gradient ét the wall was subsequently
'adjusted and the.integration was repeated until an agreemeﬁt of 1/10?000

was achieved in the temperature at n = 7.0. This procedure was repeated

for different values of ﬁI'

b. Results and Discussion. The numerical computations of the
surface heat.transfer were carried out for the following values of
dimensionless parameters of the governing equations and boundary condi-

tions.

67,1366

2.0, 2.5, 3.0 and 8.5

These values correspond to the case of an ihcoming stoichiometric mix-
“ture of methane and air at a temperature T_ = 300°K and an activation

energy of 40 kcal/g-mole.
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The established results of Nu/(Re)l;

2 for the range of ﬁI
values encompassing the transition from frozen to'equilibrium flow are
displayed.in.Pigure'S for the two ﬁalues of the dimensionlesé wall
temberature_ew, of 2.0 and 2.5. Both curves can be divided into three
regions based on the value of the surface heat fransfér: (a) a region

)1’12 is minimam, (b) a'region

M2

of no reaction where the value of Nu/(Re

of intense reaction where the value of Nu/(Re is maximum, and (c) a

central region where the surface heat fransfér iz multivalued. In the
centfal region, I~h_:.-/('12_e):|“"2 can ha#e one of three values depending on
whether the state of thé mixture at the wéll lies on the "frozenﬁ.flcw
branéh A, the equilibrium branch C, or the intermediate branch B (see
also Figure ). |

| The three regions presented above are.seﬁarated_by two critical

values of the Damkdhler number specified as D and D The critical

I,i I,e’

. establishes the boundary between the intense

DamkShler number D
I.i

reaction zone and the multivalued region, while the eritical Damkchler

number b establishes the boundary between the no-reaction zone and

I,e

the multivalued vegion. The parameters D and D can be referred

I.1i I,e

to as the critical ignition and extiﬁétion_?irst Damkohler numbers,

respectively, inasmuch as for D. > D the flow is always in equilib-

_ I I,i
rium and for ﬁI < ﬁI e the flow is always frozen,
Although a stability analysis was not attempted in this work, it

can be postulated that the solution of the governing equations corre-

sponding to brandh B, is unstable [4]. Therefore, depending on which

side of the multivalued region the state of the mixture 'is Initially
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Figure 3. Dependence of the Surface Heat Transfer on the First Damkdhler Number




- identified, the surface heat transfer will be given by its wvalue on
branch A or C in the multivalued rvegion.

The values of the critical Damkdhler numbers for the two wall
temperatures consideréd, are given iﬁ Table 1. It is apparent from this
. ie a strong function of 6  and ﬁl.e is practically

compapison that D, .
: I,i

independent of Bw.

Table 1. Critical Damkdhler Numbers at Two Wall Temperatures

DI',e

2.0 5.6 x 1014 7.35 x 107

12

2.5  1.55 x 100 7.35 % 107

The maximum value of ﬁI for which the flow can bes considered

frozen varies with the wall temperature. For e = 2.0 and 2.5 the
upper limit is 0(1013) and 0(1010}, respectively. In this range of

values of D., the quantity N_u/-:_(Re_)lf 2 is indepéndent of the First

I’
Damkdhler number and the wall temperature. This is in accordfwith the

familiar_Nusselt—qunplds-type equatipnhfor non-reactive heat transfer .

1/2

where Nu/(Re) = f(Pr). On the other hand, for branch C, although the

parameter 1~I1_.1/(R:e)l‘/2 is indepgndentiof ﬁI; it ‘is very much dependent on

the wall temperature;, 8*. In both the above cases the Nusselt number,
Nu,depénds on dimensionless parameters that were included in the general

solution of the reactive flow, equation (54). Therefore, the surface




‘heat transfer does not introduce a new'parameter. It must be noted that

in the region ﬁI > ﬁI i the surface temperature Bw must be included in
. . ) ¥ .

equatibn (54).

In the intermediate region defined by D_ , 2 b. =z B the sur-
I, 1 I I,e
face heat transfer is multivalued and the Nusselt number in this region
constitutes a ¢-parameter along with the surface temperature L This
region is the most important in combustion due to the oceurrence of two
important processes--ignition and extinction. One might explain the
ignition mechanism of a combustible mixture by considering the
2 = . . | P :

Nu/(Re)l/ versus DI diagram, Figure 3, If the state of the mixture is

on branch A {frozen or near-frozen), and D_ is increased, the state of

I

the mixture moves along branch A, until it reaches the maximum point

defined by ﬁI ='ﬁI ;+ If the value of ﬁI is increased still further,
>

so that EI > Dy ;, then the state of the mixture will "jump" frem
>
branch A to branch €. The "jump" from & to C represents the process'of

ignition. Similarly, with decreasing §_ values, the "jump" from C to A

I
will pepresent the process of extinction.
The normalized fuel mass fraction at thé wall plotted against
the First Damkohler similarity parameters_fbr two values of the wall
temperature Bw = 2.0 and 2.5 is shown in Figure u.' In a similay manner
to the curves in Figure 3, these plots are also divided into the three
'.pegions discussed earlier. .In the "frozen" region the wall méss frac-
tion_of.the fuel is unity, while in tﬁe equilibrium région, it is zero,
signifying complete combustion. |

. iz demonstrated in

The effect of the wall temperature on ﬁI i
) ¥

Figure 5.
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Figure 4. Effect of the First Damkohler Number on the Fuel Mass Fraction at the Wall
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Figure 5. The Influence of the Ignition Temperature on the Critical First Damkdhler Number
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For a given fuel mixture D « l/ue and, therefore, higher free-stream

T,i
velocities require higher wall temperatures for ignition. For examﬁle,
from Figure 5, it is evident that ignition may take place at free-stream
velocities three orders of magnitude higher for ew = 2,5 than it will
for ew = 2.0,

The temperature distributions in the reactive boundary layer are
shown in FPigupe 6 for different magnitudes of the First DamkShler num-
ber. For branch A of the curves in Figure 3, the maximum temperature is
at the wall signifying the absence of reaction until the critical igni-
tion First DamkShier number is reachéd. On branch B on tﬁe other hand,
a maximum temperature exists at a location away from the wall illustra—
ting the establishment of a reaction region. With decreasing First
Damkchler numbers the reaction region moves further away from the solid
wall. Finally, Figure 7 represents the normalized fuel concentration
profiles. The important fact illustrated by these curves is that the
concentration remains constant between the wall and the reacticn zone.
It is only in the reaction zone that the conceptration changes occur,
and they reach the free-stream concentrations on the upstream side of
the reaction zocne.

2. Compressible Boundary Layer

In the case of compressible flow, the momentum equation is
temperature dependent and accordingly, the conservation equations must
be solved simultaneously. In developing a numerical method for the
soclution of the governing equations, provisions were made so that the

case of Le # 1 can be handled if necessary.



Figure 6. Temperature Profiles




Figure 7. Concentration Profiles




The governing differential eqﬁations are reduced in first order

form for numerical computations:

~£f) + [(fl)2—6]/2.0

—Sc[f(uF)l—ﬁI(ne+ar)aFefE /e/ej

T %
Pr[fe IDII(n tap )a e -E fe/ﬁ]

The boundary conditions are reduced to




~The initial value method (shooting) considered here consists of
assuming the remaining boundary conditicns, e.g;, at the wall, necessary
to integrate the first order differential equations (76) to (82) and
devising an iterative procedure. This procedure adjuste the assumed
initial conditions in such a way that the solution of the equations at
the edge of the boundary layer tends tc approach the free-stream bound-
ary conditions at a prescribed degree of accuracy.

a., Initial Value Method. - Let

f2(0)

aF(O)

el(o)

J

Values of Sis 85

, and Sy, are sought such that f(sl,sz,ss,n),

aF(sl,sz,ss,n) and B(Sl,sz,ss,n) are solutions of the original boundary

and s, are roots of

value problem. This will be true only if S1s 8o 3

the following system of equations




fl(sl,sz,ss,m) -1=

uF(sl,sz,sa,w) -1

6(51,52,33,w) -1=0 J

Let si, sé, sé denote the roots of the above system of equatins.

Now since
s; = 8;[f, (=) ,a(=),6(=)] i=1,2,3

Then using Taylor's expansion theorem we have

s ! as |

i i
py [fl('”)"l:l + W [GF(“’)“J-J + W {6(=}-1]

1

i=1,2,3

In an iterative procedure, equation (86) may be written as

k+1 k+1
Bsi

By evaluating the system of equations (87) for four sets of

assumed boundary conditions at the wall (keeping the true boundary




conditions in each case the same), the partial derivatives of the above
system may be eliminated to obfain the improved values 5§+l. Discard-
ing one set of vélues of s? in favor of the improved set's§+l the above
described'pfocedure-may be repeated until a preécribed aceuracy of the
aystem of equations (84) is realized,

b. Numerical Integration. The numerical solution of the com~

pressiﬁle case was obtained by meané of the Runge-Kutta.fourth-order
integration method. The above described initial value procedure was
used to satisfy the free-stream boundary conditions.‘ The incompressible
solution for the same ﬁI values was utilized to estimate the initial
four sets of assumed boundary conditions. In the frozen region the
iterative procedure converged very rapidly. However, near equilibrium
region, the incompressible solution was not close enough to the true
solution for the iterative procedure to converge. This was especially
apparent when the higbep.wall temperature (9w=3.0) Wwas qsed in the

numerical computations. The failure of the itervative procedure demon-

strated the strong dependence of the values of £'(=), a (=) and 8(~) on

the boundary conditions at the wall. The difficulty of predicting

reasonable estimations of the roots of equations (84) was circumvented.
by the '"variable parameter” method. In‘this case the parameter is the
First DamkShler number ﬁI. When a solution was obtained for a given
value of ﬁI (e.g. at the frozen region), a small change in the value of
the parameter was made, and the neighboring solution was obtained., The
formal. solution was used.aé an initial estimated of the roots of equa-
tion (84). This procedure was repeated for the entire domain of BI

considered.




¢, A Comparison of the Compressible and Incompressible Fluid

Dynamic Assumptions.

i. Critical Ignition Firet Damkohler Number. The effect
of the incompressible approximation on tﬁe critical ignition
First Damk8hler number is shown in Figures 8 and 9 for two
values of the wall temperature, 6w of 2.5 and 3.0. The incom-
pressible approximation underestimates the wvalue of the above
critical parameter by 12 per cent and 20 per cent for 8w = 2.5
and 3.0, respectively. Thus, for engineering estimations the
incompressible results are sufficiently accurate t§ avoid the
extensive numerical effort required for the solution of the

compressible reactive boundary layer.

ii. Veloeity Distribution. A Comparison of the velocity

profiles is shown in Figure 10, In the compressible case, due
to a considerable decrease in the density of the mixture in the

reaction region, the velocity exceeds its free-stream value.

This iz more pronouncéd in the unstable region B, where for ew =
2.5, the velocity has a maximum value of about 30 per cent

higher than at the edge of the boundary layer.

[

ii, Skin Friction. The effect of chemical kinetics and
compressibility on the skin friction is illustrated in Figure il
which is a plot of f"(Q) versus the First Damkchler number. Thé
effects of chemical kinetics on the skin friction can be assessed
by comparing the value of £"{0) for a given wall temperature at

different values of ﬁI‘
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Figure 8. Comparison of Compressible and Incompressible Flows~--Nu/(Re) Versus ﬁI
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Figure 11. Plot of £"(0) Versus BI




For frozen flow (ﬁIleB) and Bw = 3.0 f£"{0)*1,55), whepreas at

the same wall temperature and ﬁI = 5I i
>

(just prior to ignition),
f"(O) ® 1.65.

The effects of compressibility can be studied by con-
sidering fhe values.of £(0) in the frozen region. In the
incompressible flow (0) * 0.93, whereas in the compressible
flow f“(D)_” 1.4 and 1.55 for 8, = 2.5 and 3.0, respectively.
v, Temperatuﬁe Distribution., The temperature distribution

variation, due to the incompressible approximation, is illus-

trated in Figures 12 (8 _=2.5; D=10°), 18 (6,=3.0; D
10

I=109) and

14 (e _=3.03 D =10

I }. The following observations for the iIncom-

pressible solutiens referenced tc the compressible approximation,
are common to these Figures:
a. Predict lower maximum temperature.

b, Predict that the reaction region is further
from the wall.

Predict a smaller thermal boundary layer thickness.

Predict a higher temperature in the frozen branch,
whereas in branch B, they predict lower temperatures
in the region between the wall and the reaction zone
and higher temperatures between the reactin zone

and the free stream. :

v. Heat I%unsfér. The effect of the incompressible
approximation on the surface heat transfer is shown in Figure 8

)lf2

where the parameter Nu/(Re is plotted against BI’ for values
of 8, equal to 2.5 and 3.0. At both temperatures the incompres-
sible fluid dynamic assumption predicts lower values of the

surface heat transfer.
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Figure 12. Comparison of Compressible and Incompressible Flows--
Temperature Profiles (DI=109, 'Elw=2.5)
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Figure 13. Comparison of Compressible and Incompressible Flows--
Temperature Profiles (DI=109 , 8,=3.0)
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Figure 14. Comparison of Compressible and Incompressible
Temperature Profiles (DI=101°, 6w=3.0)




This effect is more pronounced on branch B of the curves, where
the surface heat transfer is underestimated by as much as 25
per cent,

vi. Concentration Distribution. TFigure 15 shows a compari-

son of the fuel mass fraction distribution for a fixed First

Damkohler number and a fixed wall temperature. In the near-
frozen region, the incompressible approximation gives lower
values of the fuel mass fraction, whereas in region B, near the

wall, it gives higher values.
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CHAPTER V

APPROXTIMATE THEQRY OF IGNITION:

THE VAN'T HOFF CRITERION

The ignition characteristics of a cold combustible mixture at
the forward stagnation region of a blunt body will now be examined,
using the Van't Hoff criterion, 37/30 = 0. In Section A, the ignition
characteristics of the above flow are presented where the results were
obtained by numerically integrating the governing equations. The igni-
tion criterion was introduced into the problem as an additional boundary
‘condition. The "primary" boundary condition is the temperature of the
solid surface (the ignition temperature) which is constant. However,
the ignition temperature is considered unknown and must be determined.
With the inclusion of the additional boundary condition, the ignition
temperature was treated as an eigenvalue.

In Section B, a simplified model, which was developed based on
the concept of a reduced film of statiomary gases close to the surface

of the body, is presented.

A. VExact™ Method

1. Governing Equations and Boundary Conditions

The differential equations goverming the flow are identical with
those of Chapter IV with the incompressible approximation. For easily

accessible reference, they are given below in the most suitable form

for the purpose at hand.




£ 4 ££Y =_%-E(f')2-l]

. *
8" + Prfe' = -Prb_D._|= E /0

PrDiDyy 5] (e toploge

Linear Combination of _
Temperature and Mass Fraction

Ty " n t =
(uP+e/DII) + Prf(uF+e/DII) 0
The boundary conditions are
£' = 03

0 (Ignition Criterion)

The solution of equation (60), subject to the prescribed boundary

conditions is




O + BIDII =1+ l/DII

When the fuel mass fraction at the wall vanishes, i.e., Gp o, = 0,
’ >
the temperature at the wall achieves a maximum value and thus, from

equation (90)

Therefore, the range of temperatures at the wall have an upper limit
given by equation (91). This is equal to the adiabatic flame tempera-
ture of the combustible mixture.
With the aid of equations (90) and (91}, the energy equation
becomes:
" - ﬁI 1 = —E*/G
8" + Prfo' = ~Pr|— [3] (n D +6 -6)(6 -6)e (92)
II

2. Method of Solution

The momentum equation (73) and the eneréy equation (92) were
simultaneously integrated by means of Gill's modified Runge-Kutta
fourth order numerical methed. The solufion of the momentum equation
is well knowmn. Thus, the momentum eguation was converted to an initial
value differential eguation using the known third boundary condition at

the wall.

A step size of 0.1 in n was used for the numerical sclution.

Given a value of RD = ﬁI/ﬁII the forward numerical integration of the
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energy equation was performed by using the critical ignition condition
d6(0)/dn = 0 and an assumed value of the wall temperature. The result-
ing value of & was then compared with the true boundary condition. A
trial and error adjustment in the wall temperature with variable step
size was used to obtain the ignition temperature for which the corre-
sponding true boundary cendition (6e=l+0.0001) is achieved.

3. Results and Discussion

The primary calculations were performed for the case of an
incoming stoichiometric mixture of methane and air at a temperature
T, = 300°K and an activation energy of 40 kcal/g-mole. The following

data were used in the computations:

q° = 191.579 keal/g-mole of CH,.

_ 3, _ (o]
Pe = 0.0013.g/cm : cp,e = 0.341 cal/g K.
Pr = 0,743 p = 1 atm.

For the determination of the effect of inert gas concentration
on the ignition temperature, the following values were assigned to the
nitrogen mass fraction in the free stream mixture: O.4, 0.72#? (air),
0.85. .Additional calculations were made for v%lues of the activation
energy taken at 20 and 30 kcal/g-mole. The effect of the variation of
the initial temperature of the mixture was also tréafed by examining
thé ignitiop temperature behavior\of methane-air mixture for Te =
1300°K and 500°K,

The qualitativé effects of the First Damkdhler number D. on the

I
ignition temperature, 0,2 are illustrated in Figure 16. The figure plots

R, defined by equation (23) against.the dimensionless ignition
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Figure 16. Effect of Variation of D1 on Ignition Temperéture
and Fuel Mass Praction at the Wall (T =300°K,
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temperature, ew, in the lower seale and against the mass fraction of

fuel at the wall, Y_ , in the upper scale. Changes in the parameter

F,w

I II

mumerical solutions carried out for these plots.

R, here signify changes in D. since D.. remains constant in the

The lower portion of the Bw-curve represents the ignition

temperature, which increases with decreasing values of D Thus, when

I.
the convection time is much larger than the chemical time, represented

by large D. values, the plate temperature required to achieve ignition

I
is very low. As the convective time approaches the order of the
chemical time, the ignition temperature becomes very high., If one moves
along the ignition temperature curve (lower portion of the Bw-cufve)
.towards lower D values, a critical value of this parameter is reached.

Since for a given type of fuel and oxidizer, D._, is inversely propor-

T
tional to the velocity of the mixture, then an upper limit on the
velocity of the mixture exists, beyond which, irrespective of the flat
plate temperature, ignition cannot occur. The limit is designated as
R,p on Figure 16. This agrees qualitatively with Patterson's {13,1%]
experimental results on the ignition of gaseous mixtures by spherical

particles,

The validity of the Van't Hoff's ignition criterion is demon-

strated in Table 2. 1In this table, the ignition temperatures obtained

ueing the steady-state theory of ignition developed in Chapter IV, ave
compared to those obtained by means of the Van't Hoff criterion.
It is evident that employing the Van't Hoff criterion to obtain

the ignition témperature is a good approximation. However, it must be




noted that at low values.of the First Damkohler number (high velocities)

the Van't Hoff criterion underestimates the ignition temperatures.

Table 2., Comparison of the Ignition Temperatures

8
w

(Van't Hoff

DI,i W Criterion)

5.6 x 107 2.0 2.0

1.55 x 1012 2.5 2.5

3.95 x 10°° 3.0 2.9

3.52 % 10° 3.5 3.3

Returning to Figure 16, the upper portion of the Bw—curve repre-

sents a second solution of the prcblem with the prescribed boundary con-

dition d6(0)/dn = 0. This boundary condition also represents the con-
dition of an adiabatic wall. Consequently, this portion of the curve
represents the burning of the nmixture under adiabatic wall conditions
and the temperature specifies the adiabatic wall temperature. Again,

if one moves along the upper portion of -the Bw—curve towards lower ﬁI

values, the same critical Damkdhler number is reached. This time the

limit represents extinction for the burning mixture under adiabatic

wall conditions. The other side of the curve, with decreasing DI,

asymptotically will approach the adiabatic flame temperature.



The top curve in Figure 16 represents the fuel mass fraction,
YF w at the wall for different EI values. This curve is also composed
3

of two parts. The upper.portion of this Y curve represents fuel

F.w

mass fractions at the wall for corresponding ignition temperafures and

the values of YF decrease with decreasing ﬁI values until the

]

critical First Damkéhler number is reached. Beyond this point the

lower section of the Y

Py CUTVe corresponds to the adiabatic wall
3

solution. Note that this portion of the curve in the limit will reach

YP w " 0 as Gw approaches the adiabatic flame temperature with decreas-
3 .

ing values of ﬁI'
For comparative purposes, a second Fluid-mechanical assumption

was considered:
[(£1)%~(o /p)] = 0 (98)

Lees [47] used this assumption for a highly-cooled stagnation boundary
flow where pe[pw = 0. Figure 17 shows a comparison of the fwo approxi-~
mations made in the solution of the momentum equation._ Curve A was
obtained using the incompressible approximation and curve B using Lees’
approximation. The largest differvence exists at the low Damk&hler
number, vrepresenting the high free-stream velocities, while the differ-
ence between the two cases diminishes as the Damkdhler number increases.,

It should be noted here that the difference in the critical Damkdhler

number is about 20 per cent.
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Figure 17. Compariscon of Two Approximations:
' - A, Incompressible Case
B. Lees' Approximation




The dimensionless temperature profiles of the mixture at igni-
tion temperature are shown in Figure 18, Here the three different
values of nitrogen mass fréction in the free-stream composition are
represented. The First and Second Damk&hler-numﬁers and the dimension-
less activation energy were kept constant for the three cases. As was
expected, the effect of the presence of nitrogen in larger quantities,
was to increase the ignition temperature represented at n = 0 in this
figure.

The effect of the free stream temperature of the mixture on the
ignition temperature is shown in Figure 19. The temperature profiles
are shown in degrees Kelvin for proper comparison of the results from
two different free stream temperatures. These calculations were made
for a stoichiometric mixture of methane and air at a specified velocity.
Two polnts are significant from this comparison. First, it should be
noted that a decrease in the mixture temperature resﬁlts in an increase
in the ignition temperature. This is in accord with the experimental
obserfﬁtions of Mullen et ql. [15] on the ignition of fiowing gaseDQS'
mixtures by heated cylindrical rods. Secondly,.it appears that a
reduction of 200°K in the mixture temperature b;ings about a comparable
increase in the ignition temperature (130°K).

Finally, Figure 20 illustrates the effects of the activation
energy on the ignition femperature. Here again, the dimensionless
ignition temperatures aré plotted against Bhys which as discussed

earlier, is directly proportional to the First DamkShler number.
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Figure 20. Effect of the Activation Energy on the Ign:mtlon Temperatures
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As expected for a given ﬁI value of the mixture, the higher activation
energy requires a higher ignition temperature.

The discussion that follows, although qualitative in nature,
will attempt to attribute the above numerical résults to the physical
concepts governing the problem.

Ignition of the premixed gases occurs when the energy supplied by
the heated surface is enough to bring the chemical reaction to a self-
accelerating state. The total energy imparted to the mixture is pro-
portional to the product of the time of residence tr qf a gas particle
in the heated area and the temperature difference at the wéll and free
stream. Since the free stream velocity of the mixture is proportional
to the time of residence T then for given free stream conditions
{excluding the velocity), higher velocities will require higher ignition
temperatures.

In the presence of inert gases a given amount of the energy pro-
vided by the heated body is used to increase their temperature as well
as a quantity of the heat generated by the chemical reaction. Thus the
introduqtion of inert gases impedes ignition.

The increase in the free-stream temperature of the mixture
facilitates ignition since the heat losses from the heated region are
reduced (smaller temperature gradients).

Pinally, lover aétivation energies bring about lower ignition
femperatures since the energy required by the mixture to overcome the

"energy barrier", is less.
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B.  Simplified Model

To develop a simplified model which will describe the ignition
process of a pfemixed gas-by'a hot sﬁrface; the following two primary
assumptions were made: (1) the reaction occurs in a thin film at rest
near the wall. The temperature drop across the "stagnant film" is
Tw - Te; (2) the heat transfer by con{rection. is independent of the
chemical reaction and is given by the product of a convection coeffi-
cient which is a function of the free-stream velocity of the mixture
and the temperature drop across the "stagnant film,"

The conservation equations of the "reduced layer"” are:

Energy
d de 1). 2 %/
. 0 o .
35'[k 3?% - (Te}ﬂp Y0,e7F,e%%F® (95)
Conservation of Fuel Species
dao i
d rl 2 -E /6
I [‘JD '&}‘] = YppBe Tp o%0p® - (96)
A
Conservation of Oxidizer Species
da ) : - w
d ol _ 2, -E /9o
&y [PD 3y ) © Yo"oP® Yp,e%%® (973

The boundary conditions of the above differential equations are




(98.a)

(92.a)
{39.b)

The biggest contribution of the reaction is assumed to be near
the wall where the temperature is the highest. Equation (95) is inte-

grated with respect to the temperature between the limits e# and 1, and

2 2 )

1 [gg} ] [de] . 380y¥0 o Yp e wOF f " oE /84 (100)
2 | [\d 3], T 1

e
k
e

The integral of equation {(100) can be written as

i o E /840 = i oB /L0(1-(04-8)/8,)1

1 1
and in the first approximation it gives:

8 %
w =E (l+(6w—6)/ﬁw)/ew-

=) de

which when integrated becomes




2 % 2
-E/8, 6 ~E (8 _-1)/6,
= |1-e
E

The temperature gradient at the "free" boundary of the reduced film is

assumed to be zero and equation (100) with the aid of equation (103)

reduces to

1
7

de wo,e e W a e
dy O,w F.w

F
[ ] 2 °py. y. 82 -E /8,
W

%
kTE
we

Let oty be the surface heat transfer due to the chemical reaction in
the stagnant film, then
E* 2
2 -E /26,

= |2k, T _Bo Y, Y

9ch e Pui0,e' Fe| F®

The convective surface heat transfer %on is the next item to
be considered. Sibulkin [54] obtained a solution for the convective
heat transfer near the forward stagnation point of a blunt body of

revolution. His results might be expressed in the form

' 0.4 f x due U %
Nu = 0.763 Pr ' —_—je—{ ] —
u, {dx o Y

where x = distance along the surface measured for the stagnation point.




gas stream approach velocity.

free-stream velocity outside the boundary layer.

free-stream velocity gradient at the stagnation point.

Nu = qconx/kw(Tw“Te)
Equation (106) is valid for an incompressible flow with constant

properties.

At the stagnation point

Using equation (108), equation (106) reduces to

Hu = 0.768(Pr)0'4 V(Re)e

' (Re)e = uexfyw

Thus the surface heat transfer due to convection alene is given by

. 1 o DY '
= 0.763kw[;} (Tw-Te)(.Pr') D’(Re)é-




ap
_ W 6.4
0" 0.763kwTe 72:-(ew 1)(Pr)

The Van't Hoff ignition criterion in this case can be written as

qch = qcon

Squaring and equating equations (105) and (112), they yield

*
-E /6
2 W * 2 0.8
e = kwTeE a(ew 1)°(Pr) (114%)

o
Q
29 Bpw“wYO,eYF,eewaO,w F,w
Before proceeding to transform equation (114} into a more suit-
able form, we will attempt to express the unknown quantities %y and
]

A o in terms of known properties of the system. Combining equations
>

(83) and (84) we have

d 4 _
E§'[§D E§'(GF/(TFWFYO,e)"GO/(TOWOYF,e)i] = 0 (1135)

The solution of the above equation subject to the boundary conditions

{98.b) and (299.b) is

ay = l - (l+aF}/(ne+l)

where n_ is defined by equation (52).




Generally speaking, the ignition condition, equation (113) can

be written as

aT/3n = O

In such a case {see page 88), the fuel mass fraction and the tempera-
ture are related by equation (90).

Thus using eguations (116) and (90) and the definitions of the

First and Second Dakahler numbers, equation (114) may be expressed in

the form

" - "
) CEe 1B (er)° % E/e
D. . = 0.145 e
I,1

— .3
Bw(1—9w+DII)

Equation (118) expresses the maximum value of the First Damkohler number

DI to secure ignition, in terms of the surface temperature of the heated
body and other similarity parameters of the flow.

Figure 21 shows a plot of the First DamkChler number D_ versus

I
the ignition temperature, 8, obtained from equation (118). For com-
parison, the corresponding curve obtained by the "éxact method™ was
superimposed. It is evident that the approximate method gives excellent
results for ignition temperatures up to Bw = 5, At higher wall tempera-
tures the correlaticn does not hold. A pessible explanation for the
large differences obtained at high temperatures is that the convective

heat transfer correlation used was obtained for the case of a frozen

flow. Thus, as the state of the mixtuve departs from the frozen limit
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CHAPTER VI
CONCLUSIONS

_A theoretical study of the steady-state theory of ignition of a
premixed combustible gas by a heated surface has been made, Based on
similarity analysis, a general ignition equation was developed which
relates the ignition temperature (surface temperature of the heated
body) to appropriate dimensionless parameters of the reabtive.flow._ of
these parameters, two are of primary importance in describing the igni-
tion characteristics of the system: a) the First DamkShler number BI

which represents a measure of the residence time of a fluid particle in

the reaction region relative to the chemical time, and b) the Nusselt

number Nu which vrepresents the magnitude of the heat transfer at the

gas~solid interface.

As a specific example, the Ignition of a gaseous combustible
mixture in the stagnation region of a blunt beody was consideréd.' Under
suitable assumptions the resuiting differential equations goverming the .
flow, were numericélly infegrdted for a range of.values of the First
Damkohler number corresponding to the transition from frozen to
equilibrium state.

| From the Nusselt number-First Damkohler nuﬁber relationship
(Figure 3), two critical parameters were defined: the Ignition First
Damkohler numbgr, ﬁI,i’ and the Extinction First DamkShler.number,

D. . 1In the case of D_ > D_ , the flow is always in equilibrium,
I,e I Ty




Similarly for ﬁI <D o the flow is always "frozen." In the central

I,

region defined by ﬁI e S ﬁI < EI ; the state of the mixture can lie on

one of three branches:
i. the frozen branch A,
ii. the equilibrium branch C,

iii. an intermediate branch B which is unstable.

For a given surface temperature of the body, ignition of the
combustible mixture will occcur at ﬁI = ﬁl,i' The igpition process can
be represented by the transition in the state of the mixture from
branch A to branch C (see Figure 3) in accord with the.traﬁsient nature
of such processes, Likewisef extinction.will oceur at ﬁI = 51,9. The
extinction process can be represented by the transition from branch C
.to branch A.

The ignition of a premixed gaseous mixture in the stagnation
region of a blunt body was also examined using the Van't Hoff criterion.
This condition (3T/8n=0) was introduced into the mathematical formula-
tion of the prcblem as an additional boundary cqndition. For a given
value of the First DamkShler number the ignition temperature ew was

obtained by numerically solving the governing equations. A'comparison

with the results obtained using the surface heat transfer-First

Damkchler number relation showed good agreement. Use of the Van't

Hoff ignition eriterion vields values of the ignition temperature
slightly below those obtained by the former method. The'discrepancy
between the two methods increases with decreasing values of the First

Damkohler number.




The following are the results obtained on the effects 6f the
free~-stream velocity, free-stream temperature, inert gas concentration
and activation energy on the ignition tempefature.

1. ‘Higher free-stream velocities requiré higher ignition
temperatures. However, an upper limit on the velocity exists; beyond

which ignition cannot occur,

2. Higher free-stream temperatures of the mixture facilitate

ignition,

3. The presence of inert gases in the combustible mixture
impedes ignition.

4. Lower activation energies of the reactants require lower
ignition temperatures.

The above theoretical resulis are in accord with the experimental
findings of Silver [12], Paterson [13,14%] and Mullen [15].

\ An expression relating the Ignition First Damkohler number
(ﬁI,i)_to the surface temperature of the heated body was cobtained using
a simplified analytical model. In this model, assuming that the gases
near the surface of the heated body are at resf, the sqrface heat
transfer due to the chemical reaction is equated to the convecting heat
transfer of the corresponding frozen flow. This.approach'is similar
to the thermal theory of ignition of Khitrin and Goldenberg [17]. A
comparison of the “exacf" method (solving the differential equations
with the Van't Hoff criterion as a boundary condition) and the simpli-

fied method, showed close agreement for ignition temperature up to




The agreement of the results obtained by the above simplified
method is of considerable importance in obtaining the ignition tempera-
ture of systems with complex flow patterns. In such systems, a complete
sclution of the governing equations is.not practical. In order to
obtain a relation similar to equation (118) for such flows, an expres-
sion of the ”frozeﬁ convective heat transfer coefficient is required.
This can be obtained from past literature or through experimentation.

In conclusion, it must be noted that the above discussed steady-
state approaches to the ignition of premixed gaseous mixtures by heated
bodies do not indicate a minimm surface température_of'tﬁe body,.beloﬁ
which no ignition is possible. However, at low surface temperatires of
the body the corresponding vélues of the free stream velocity are so low
that an infinite amount of time is required for a gas particle in the

free-stream region to reach the surface of the body. Thus for such

surface temperatures, the mixture will not ignite.
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