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SUMMARY

A new one-dimensional Extended High order Sandwich Panel Theory (EHSAPT) for
curved panels is presented. The theory accounts for the sandwich core compressibility in
the radial direction as well as the core circumferential rigidity. Two distinct core displace-
ment fields are proposed and investigated. One is a logarithmic (it includes terms that are
linear, inverse, and logarithmic functions of the radial coordinate). The other is a polyno-
mial (it consists of second and third order polynomials of the radial coordinate) and it is
an extension of the corresponding field for the flat panel. In both formulations the two thin
curved face sheets are assumed to be perfectly bonded to the core and follow the classical
Euler-Bernoulli beam assumptions. The new theory is formulated by Principle of Mini-
mum Total Potential Energy for static and Hamilton’s principle for free vibration analysis.
Then, the linear elasticity displacement formulation and solutions for a generally asym-
metric simply support sandwich curved beam/panel consisting of orthotropic core and face
sheets are presented. Closed-form analytical solutions are derived for the curved sandwich
subjected to a top face distributed static transverse loading; and the method of Frobenius
series is applied in free vibration analysis. Next, due to the curvature, the first order shear
deformation (FOSD) theory for curved sandwich panels is not a direct extension of the
corresponding one for flat panels and thus, it is formulated accordingly, and its unique fea-
tures, such as the reference curve, are discussed. Three versions of the FOSD theory are
formulated: the one based on direct variational formulation based on the assumed through-
thickness displacement field (termed “basic”), one based on the definition of an equivalent
shear modulus for the section (termed “G',”) and one based on derivation of a shear cor-
rection factor, which is considered in conjunction with the equivalent shear modulus. In
addition, the classical theory for curved sandwich panels which does not include trans-
verse shear is also presented. The results from following: the new proposed EHSAPT, the

existing high order sandwich panel theory HSAPT (from literature), three variants FOSD

X1



theory, and Classical theory are compared with Elasticity which serves as a benchmark
in assessing the accuracy of the various sandwich panel theories. The case examined are
transverse static loads and free vibration of simply supported curved sandwich panels, for
which a closed form elasticity solution is formulated. It is shown that the new EHSAPT is
the most accurate among other presented theories with the logarithmic formulation is more

accurate than the polynomial.
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CHAPTER 1
INTRODUCTION

In aerospace or naval construction, structural shapes are often not flat (e.g. ship hulls or
airplane fuselages). Thus, although the majority of the structural theories are formulated
and studied on flat panels, there is a definite need to formulate such theories for the ge-
ometry of curved panels and properly address the effect of curvature. When it comes to
sandwich structures, which consist of two thin high-stiffness face sheets, usually metallic
or laminated composites, bonded to a core made of low-density and low-stiffness materials
such as honeycomb, polymer foam or balsa wood, most of the research has been done on
flat panels, see book by Carlsson and Kardomateas (2011) [1].

The majority of the research on this topic has been done for flat panels. For static
problems involving laminated composite or sandwich flat panels, a few closed form elas-
ticity solutions exist, namely by Vlasov (1957) [2] for isotropic plates, by Pagano [3]
(1969,1970),[4] for a beam and plate configuration respectively, both under restrictive as-
sumptions, extended by Kardomateas (2009) [S] and Kardomateas and Phan (2011) [6] for
general sandwich plates and beams, respectively. Regarding the dynamic case, an elastic-
ity solution for the free vibration of homogeneous and laminated plates was presented by
Srinivas et al [7] (1970) and an elasto-dynamic solution for a sandwich beam/wide plate
under blast loading was developed by Kardomateas et al (1992) [8]. The latter was later
extended to a sandwich plate of arbitrary aspect ratio by Kardomateas et al (2015) [9].

In sandwich panels the core is supposed to provide the shear resistance/stiffness and
including transverse shear has been long recognized as a necessary characteristic of sand-
wich analysis [1] . Thus, the simplest sandwich structural theories assume that the core
is incompressible in the transverse direction and with negligible in-plane rigidity in the

longitudinal direction. The most popular theory that includes the transverse shear effect is



the First Order Shear Deformation Theory that replaces the layered panel with an equiv-
alent single layer and assumes that the core is incompressible, see for example the books
by Allen (1969) [10] or Carlsson and Kardomateas (2011) [1]. However, the first order
shear alone does not account for parabolic shear stress distribution unless augmentation
of shear correction factor. Reddy (1984) [11] the simple high order shear theory accounts
for parabolic distribution and zero shear stress on surfaces while retain the same number
of unknown displacement functions as in the first order theory; thus, the theory is cate-
gorized as equivalent single layer. Numerous refined theories for sandwich panel analyis
were reported [12], [13]. According to Carrera and Brischetto (2009) [12], Such theories
were classified into: equivalent single layered model, layerwise model base on layered de-
pendency of unknown variables and these consequently were characterized into classical,
first order, higher order, zigzag, layer wise, and mixed theories. Carrera (2003) [14] his-
torically summarized theories for multilayered structures that include zigzag effect which
describing a through thickness piecewise displacement field and fulfill interlaminar traction
conditions.

Experimental studies of sandwich foam cores subject to impact blast loading reported
large core compressive deformations and core cracking failures [15], [16], [17], [18], [19],
[20]. Recent advanced approach that include core compressibilty effect is based on high-
order models, see for Frostig et al (1992) [21], and Hohe and Librescu (2003) [22]. Despite
both are describing thickness wise 2nd and 3rd order of sandwich core transverse and tan-
gential displacement respectively, the expressions are difference. Frostig et al (1992) [21]
core displacement field is derived from the elasticity equations in a closed-form by assum-
ing no in-plane core rigidity which is very accurate for very flexible foam core. In suchs
model, the overall response is a combination of the responses of the face sheets and the
core through equilibrium and compatibility.

The most recent advanced high order theory is the Extended High Order Sandwich

Panel Theory which includes the effect of the in-plane core rigidity. The theory hereditarily



derive from Frostig et al (1992) [21]; and has been formulated for flat beams/wide panels,
Phan et al (2012) [23] for the static, Phan et al (2013) [24] for the dynamic case, and
Siddiqui (2015) [25] for plates. This theory was shown to be very close to the elasticity
prediction in both the static and the dynamic cases. In addition, Phan et al (2012) [26]
applied the theory to study instabilities of honeycomb sandwich panels, the results shown
to be in a good agreement with the experiments. Finite element method based on the theory
was also formulated, see Yuan et al (2015) [27], to study geometric nonlinearity effects, see
Yuan et al (2016) [28].

The literature is rather limited when it comes to sandwich curved panels. Unlike the flat
plate geometry, the curvature introduces strains that are not a linear function of the distance
from the reference axis, but have a dependence on this distance in the denominator, as will
be seen in the analysis section. Noor et al (1996, 1997) [29],[30] outlined models that as-
sume that the core is incompressible following the First-Order Shear Deformable (FOSD)
Theory and Vaswani et el. (1988) [31] studied the vibration and damping analysis of curved
sandwich beams by using the Flugge shell theory while assuming that the face sheets are
membranes only and the core is incompressible. Yin-Jiang (1989) [32] studied the stability
of shallow cylindrical sandwich panels with orthotropic layers by use of the FOSD theory
but with membrane and flexural rigidities of the face sheets. Furthermore, Di Sciuva(1987)
[33] developed a model that takes into account the shear deformation but assumes that the
core is incompressible and linear. The use of the FOSD in the literature has been mostly
done by neglecting the distance from reference axis, which is valid for very thin curved
panels. For example, Qatu (1993) [34] made this assumption in the study of natural fre-
quencies for laminated composite curved beams. Another consequence of non-linearity of
the strains due to the curvature, is that the reference axis definition is not, in general, at the
middle of the section, and needs to be defined accordingly Timoshenko (1940) [35]. Again,
the use of the FOSD in the literature has been mostly done by considering the reference

axis to be at mid-thickness. For example, Tseng et al (2000) [36] made this assumption,



along with the assumption of a parabolic distribution of shear, by direct extension of the
one from flat panels. The study was done for laminated composites and this assumption
also led to the calculation of a shear correcting function, which, again, is the one from the
homogeneous flat panel analysis. In this report, FOSD will be formulated with inclusion
of reference axis and the proper shear correction factor will be derived for curved panels
geometry.

The compressibility of the core was included in the High Order Sandwich Panel Theory
introduced by Frostig et al (1992) [21] and was adopted for the curved sandwich panel con-
figuration by Frostig (1999) [37] for the linear and Bozhevolnaya and Frostig (1997) [38]
for the nonlinear case. In addition, Bozhevolnaya and Frostig (2001) [39] studied the free
vibration and Frostig and Thomsen (2009) [40] the thermal effects that induce deformation
as well as degradation of properties in curved sandwich panels. As already mentioned, the
effect of the in-plane core rigidity has been included in the extended high order sandwich
panel theory (EHSAPT), already formulated for flat panels in Phan et al (2012) [23]. The
formulation is extended to the configuration of a curved sandwich panel. The theory will
be developed based on the following assumptions: The face sheets have in-plane (circum-
ferential) and bending rigidities with negligible shear deformations, see Brush and Almroth
(1975) [24] and Simitses (1976) [29]. The core is considered as a 2D linear elastic contin-
uum obeying small deformation kinematic relations and where the core height may change
(compressible core) and the section plane does not remain plane after deformation. The
core is assumed to possess shear, radial normal and circumferential stiffness; full bonding
between the face sheets and the core is assumed and the interfacial layers can resist shear
as well as radial normal stresses. Two variant core displacement field base on logarithmic
function whose essence from Frostig (1999) [37] and high order polynomial whose directly
extend from straight flat case Phan et al (2012) [23] will be studied.

Elasticity closed-form static solutions for curved panels (or beams) have been derived

based on a stress function approach in Timoshenko and Goodier (1970) [41] for the case of



an isotropic curved bar under pure bending or a curved bar loaded by a force at the end. In
both cases the displacement field included a log r term. The case of an anisotropic curved
bar, again under pure bending or loaded by a force at the end, was studied again by the
stress function approach in Lekhnitskii (1981) [42]. The same approach was used by Ren
(1987) [43] to extend Lekhnitskii’s solution to the case of laminated cylindrical shells. In
this report, the closed-form elasticity solution shall be derived for a sandwich curved panel
under distributed load on the top bounding surface and a different approach shall be fol-
lowed, i.e. a displacement-based rather than a stress function-based approach. The problem
under consideration has full dependence on r (the radial coordinate) and 6 (the circumfer-
ential coordinate). It should be noted that for the much simpler axisymmetric problem of a
cylindrical shell (only dependence on 7) rather than the curved panel configuration, Kardo-
mateas (2001) [44] used Lekhnitskii’s approach to derive a closed form elasticity solution
for the axisymmetric problem of a sandwich cylindrical shell under external pressure, in-
ternal pressure and axial load.

Three dimensional elasto-dynamics of cylinders and cylindrical shells were reviewed
in Soldatos (1994) [45]. Numerous free vibration studies reported in Soldatos (1994) [45]
revealed that solving isotropic material problems often in the scope of well known Bessel
functions. The complexities arise when considering orthotropic material because addi-
tional elastic constants are introduced [46], [47]. A more general solution method namely,
the method of Frobenius series are generally applied; and solving the ordinary differential
equations using the method is very detail. Moreover, the series convergence and com-
putational resource becomes an issue in order to obtain higher frequency range. Mirsky
(1964) [46] derived a closed form solution for axisymmetric of orthotropic cylinder using
a method of Frobenius series with restrictive solution forms. Ding and Chen (1993) [48]
studied the same problem and spherical shells, they solved the problems in a matrix form
and carefully included various expressions of solution; however, no numerical results were

produced. A full three dimensional flexural waves in anisotropic bars (solid cylindrical



shape) was studied by Ohnabe and Nowinski (1971) [49]; solutions were approximate and
limited to trasnverly isotropic flexural waves. And orthotropic cylinders was studied in
Chou et al (1972) [47]; numerical results were produced for infinitely long solid cylinders.
Armenakas and Reitz (1973) [50] studied free vibration cylindrical hollow shell, various
solution expressions were addressed; and simplified cases, for instance, axisymmtric non-
torsional, torsional results were numerically generated. Most mentioned studies were con-
sidered cylindrical geometry, thus, complete circular ring. Curved panels (incomplete ring
full dependence on r and #) were studied in Sharma (2001) [51] for transversely isotropic;
potential functions whose derivatives are displacement were applied to help facilitate solu-
tion and obtained as modified Bessel functions. Sandwich curved panels are predominantly
made from orthotropic material; thus, the Frobenius method will be applied to solve the free
vibration problem and various associated solution forms will be derived.

A focus on this thesis is to develop effective tools to analyze curved sandwich beams
and wide panels, in particular, they are subjected to static loads and free vibration analysis.
Firstly, the new Extended high order theory will be developed for curved sandwich panel as
it had been proven in flat sandwich beams and plates [23], [24], and [25]. Next, elasticity
closed form analytical solutions will be derived for curved sandwich panels with simply
supported on both ends; the purpose is to serve as an accuracy benchmark against other
theories. Lastly, the concept of equivalent shear modulus will be incorporated to the First
order shear deformation theory, unifying layerwise properties to an equivalent single layer;
and appropriate shear correction factor derivation for curved sandwich configuration will
be shown. In addition, classical theory was formulated as a self contain; and the high order

theory [37] numerical results will be included to compare.



CHAPTER 2
CURVED SANDWICH COMPOSITES BEAMS/WIDE PANELS THEORIES

In the following, we consider a curved sandwich panel of a unit width, and consisting of
two thin top/bottom face sheets of thickness f; and f, respectively, separated by a thick
core of thickness 2c. Both face sheets and core have cylindrical orthotropy materials. The
panel is bounded in the plane by two concentric circles of radii R; and R, and two radial
segments forming an arbitrary angle « (figure 2.1). The mean radii for the top face, core
and bottom face are denoted by R;, R. and R,, respectively. In addition, we denote by 7.
= R. + c, the radius at the top face/core interface and by r,. = R. — ¢, the corresponding
radius at the bottom face/core interface. A polar coordinate system (r, €) is used to describe
the sandwich geometry and kinematics. The polar angle ¢ is measured from the left end.
Furthermore, local normal-tangential coordinate systems are defined at mid top/bottom face
sheets and mid core to help simplify the formulation; which are (z;, 0),(z., ) and (z, 0).
Radial and circumferential displacements are represented by w and u respectively, and the

superscripts t, b, ¢ denote top face sheet, bottom face sheet, and core.

2.1 Extended High Order Theory for Curved Sandwich Beams/Panels

A new one-dimensional high order sandwich panel theory for curved panels is presented.
The theory accounts for the sandwich core compressibility in the radial direction as well
as the core circumferential rigidity. Two distinct core displacement fields are proposed and
investigated. One is a logarithmic (it includes terms that are linear, inverse, and logarithmic
functions of the radial coordinate). The other is a polynomial (it consists of second and third
order polynomials of the radial coordinate) and it is an extension of the corresponding field
for the flat panel. In both formulations the two thin curved face sheets are assumed to be

perfectly bonded to the core and follow the classical Euler-Bernoulli beam assumptions.
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Figure 2.1: Geometry of a curved sandwich panel

2.1.1 Kinematic descriptions

The two face sheets are assumed to follow the assumptions of the Euler-Bernoulli beam

theory. Therefore, the displacement field for the top face sheet, — f; /2 < z, < f;/2, is:

w'(z,0) = wh(0) ;  u'(2,0) = uh(0) + {ué(@) — wé'(@)} % : (2.1a)
t
and for the bottom face sheet, — f;,/2 < z, < f,/2, is:
2
wh(z,0) = wh(0);  u’(z,0) = ul(0) + {ug(ﬁ) —wh ’(0)} Ebb : (2.1b)
The only non-zero corresponding linear strain is:
€69 = Cago T+ #1850 (2.1¢)



where

iy L
cito(0) = = [u" O) +uf"O)] i w8 = o= [ O) +ul’O)] . @19)

tb t.b

The Extended High Order Sandwich Panel Theory allows for core compressibility and
circumferential rigidity effects. Two distinct presumed core displacement fields are pro-
posed.

One is a closed form displacement function involving a logarithmic term. The rational
for adopting this displacement profile is as follows: In general, the core in sandwich struc-
tures has axial rigidity significantly less than that of the faces. Accordingly, if we neglect
the core circumferential stress, i.e. we assume that gg9 = 0, then the elasticity equilibrium

equations become:

ao—rr 187—7“0 Orr 87—7‘9 + 27—7‘9

— N = . 2.2
or r 00 + r 0; or r 0 (2.22)
These can be re-written as:
I(ro,) O O(r’7,)
= N = . 2.2
o T ae =V T 0 (2.20)

Integrating the second of (2.2b) for 7,4 and then substituting in the first of (2.2b) and inte-

grating for o,.., results in:

0 (6 0
o= DO RO) 5O) 020
r r r
Using the constitutive and strain-displacement relations gives:
0 (0 0
Opp = Ee€pp = Ec_w = fl( ) + f2( ) (2.2d)

or r? r



which would integrate to

w(r,0) = Ei |:f2(9) Inr — @ + f3(9)} . (2.2e)

C

Similarly, the shear stress relation becomes:

— (13“’ Ou _ E) G Fa_w 9 (E)} _ L0 o0

;%+8r T rofd  Or \r r2

Substituting w from (2.2e) and integrating gives:

"

sounn - e, e

AO) 1

url)==56" "%

Therefore, it can be seen that in this case the displacements would contain terms In 7, r
and 1/r.

Although our high order theory includes the axial rigidity of the core, it is reasonable
to assume, based on the above discussion, that the curvature of the panel would induce
a logarithmic dependence, thus the first displacement profile, termed “logarithmic”, is as

follows:

ue(r, 0) = ug(0) + rui(0) + ugiﬁ) + u5(0) In(r) | (2.3a)
we(r, 0) = w§(0) + wif@) + ws(0) In(r) . (2.3b)

Assuming perfect bonding of the two face sheets with the core, displacement continuity

is imposed at the two interfaces resulting in four compatibility equations:

e

e
2 )

w(z = 0) = w(r =ru,0); u'(z= 5 0) = u(r =ry,0), (2.4a)

10



w’(z = —i—%, 0) = w(r = rp,0); u(z = —i—%, 0) = u(r = 1pe, 0) . (2.4b)

The four compatibility equations are then solved for the four dependent variables u$(6),

u§(0), w$(0), and ws(0). These are obtained in terms of
D =nr.Inry —rplnry,. (2.52)

as follows:

us(0) = ltelbe {ug(ﬁ) In rtc—ué(e) In rpetug (0)(In rpe—1In rie)+uf (0) (ree In rpe—rpe I 1e)+

D
N (fb/22bln Tie [ug(Q) B wg )] + (ft/23tln The

%@—%wﬂ,aw>

U(6) = | rcth(6) = reab(6) + e — r6) + (1~ s 0)

B )y 0] ~ L2 [ugo) — wif0)]) | . 250

T'p Tt
we () = ”g”c {wg(e) In e — wh(60) Inrye + wE(6) In :ﬂ : (2.5d)
50) = = [t 0) = neub(0) + (e = ru0)] 250
The corresponding linear strains in polar coordinates are:
e (r,0) = W , (2.6a)
cso(r, ) = 10l 0) | welr6) (2.6b)

r 00 r

11



6uc(r7 9) + lawC(T7 0) _ uC(r7 0)

or r 00 ro (2.6¢)

f}/ﬁH (7”, 6) =

The other presumed core displacement field takes the form of a high-order polynomial
and it is a direct extension of the displacement field for sandwich flat panels [23]. The
polynomial core kinematics description is simple when expressed in the local coordinate

(z¢,0) as follows:

(20, 0) = (1 ~ i—z) ug(0) + zc(l - "Z—z) u;(6) + /2 1 Folze (1 - ﬁ) up(60)+

2¢2 Ry c
LS/ + Rz (1 N é)US(Q) n for? (_ 1+ %)wg’(e)—f-

202 R, c 42 Ry,

ftz2 Ze t7
<1+ — 0 2.7
4C2Rt + c wO ( ) ) ( a)

-2, 22 22 . ze 22
We(ze,0) = ( 5 + 262)108(9) + (1 — 202)100(9) + (2_0 + 262)106(9) . (2.7b)

The polynomial displacement field in (2.7) has been defined in such a way that satisfies
the four interfacial displacement compatibility conditions, (2.4). Thus, in contrast with
(2.3), the polynomial functions do not contain u$(6), u$(0), w§(6) ,and ws(6) that need to
be determined through interfacial compatibilities.

The corresponding linear-strain in the local coordinate (z., ¢) are the same as in eqs
(2.6), with interchanging variable, r = z. + R,

Thus, the extended high order theory formulation for sandwich curved panels is in terms
of seven dependent variables as a function of 6: two for the top face sheet, wf, uf, two for

the bottom face sheet, w, uf, and three for the core, w§, us,and us.

12



2.1.2 Constitutive relations

t,b,c

In the following, ¢;;" denote the orthotropic material stiffness constants where ¢, j = 1, 3,5

and 1 =6, 3 = r, and 5 = rf. The orthotropic stress-strain relations for the core read:

C C C C

Ogo ¢ cf3 0 €90
C C C Cc

Oy Ci3 Cs33 0 Err ’ (283)
C C C

Tro 0 0 | [

The stiffness matrix coefficient cj; are derived from an inverse of following cylindrical

orthotropic compliance matrix :

1 —V3i
E, Es 0
A= |zzz L 2.8b
va Lo (2.8b)
1
0 0 5
hence, core stiffness coefficients are :
C C c,,C
c El . [ E3 . c E1V31 . c c
N =T e e’ =T e BT T e e css = G°. (2.8¢)
VisVs1 VisVs VsV

For the face sheets, from the kinematic assumptions (2.1), the only non-zero strain is
the €gg, and as a consequence,

the associated non-zero resulting stress are:

tb _ tb tb . tb b
Ogy = C11€gp 5 Where cy) = I} (2.8d)

13



2.1.3  Principle of Minimum Total Potential Energy

Governing equations and associated boundary conditions are derived from the Principle of

Minimum Total Potential energy:

SU+V)=0. (2.9a)

where U is the strain energy of the sandwich panel and V' is the external potential due to
the applied loads.

The first variation of the strain energy of the sandwich beam is:

a  fo/2 Tie fe/2
5U:/[ / 02956293bdzb+/(afr&ﬁr—i—ag(,&g@—l—ﬂf@évfa)Tdr—i—/ Jggée}g(,thzt} bdo .

0 —fp/2 Tbe —ft/2
(2.9b)

Recall that, in this paper, two distinct core displacement fields are presented: one is de-
scribed in polar coordinates (r, §), the other is described in the local tangential coordinates
(z¢,0). In eqn(2.9b), the core strain-energy integral, denoted by the superscript , is in the
polar coordinates. If the core strain-energy is expressed in the local tangential coordinates
(z¢, 0), the integral can be easily converted to the local coordinate as r = z.+ R,, dr = dz,,
and the integration limits is changed from Tft to f . Also, please notice that due to the small
thickness of the faces, in the first integr;lbcin (_26.9b) we carry the integration with R,dz,
instead of (R}, + 2,)dz; same with the last integral in (2.9b).

The sandwich panel is subjected to various loadings (see figure 2.2) on both face sheets,

and the first variation of the external potential is:

67

v =~ [ {iu015uio)+ ¢ 0)5400) + s o),

0

+h%ww&m+¢@wﬁm+mwwmwme
— Nibub(6.) — Powh(6.) + M5B (0.) — Nyduly(6.) — Pyowb(6.) + MydB°(6.) . (2.9¢)

14



Figure 2.2: External forces and moments subject to a curve sandwich panel

where, face sheet rotation is % = u* —w"¥(0) /R, 4, and ¢"*(9) is the distributed nor-
mal force (along the radius), n**(6) is the distributed tangential force (along ) and m*®(#)
is the distributed moment on the top and bottom face sheets, respectively. In addition, P, j, is
the concentrated normal (along the radius) force, IV, ;, is the concentrated tangential (along
8) force and M, is the concentrated moment applied at the end 6, on the top and bottom
face sheets, respectively.

In the foregoing equation we denote by 6. the boundary points, commonly 6. = 0
or §, = a. The procedure below will make this assumption. If concentrated external
forces/moments are applied at a 6. between 0 and «, then the boundary conditions can be
treated in separate ranges i.e. 0 < 6 < 6, and 6, < 6 < «, with continuity conditions

applied at 0 = 6..
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Then the governing equations are obtained by substituting the stress-strain relations,
(2.8), into the strain energy, (2.9b); this way the expressions are in terms of strains. Next,
by substituting the strain-displacement relations, (2.6), into the strain energy(2.9b), the
expression are written in terms of displacements. Once all the terms in the variational
expressions are in terms of displacements, integration by parts is carried in order to obtain
the governing differential equations and the associated boundary conditions. As a result,
we obtain seven linear ordinary differential equations in terms of the seven generalized
coordinates: wh, ub, wh, ub, w§, ug and ¢§.

The resulting governing equations for 0 < § < « and associated boundary conditions

are as follows:

2.1.4 Governing differential equations and associated boundary conditions

Corresponding seven differential equations are as follows:

Top Face Sheet

¢
owy

02

0? cybfP ot ¢/ aa .
o )%] wh+ {A1+(A1—A§+A ) 5q8 T A%

c cilbft a__ Ab c ay
{A3+ (A A AT) 2 (A5

. . 0? . chybdy. 0 . . cbdd 9P
+[A2+(A Ab)agz} [(A — AL+ 1}%tt)%+(A6+1léR§)893]ué

+ [(AE—A”) 0 + A¢ 83} [(AC Ab)— 0 + A? 83} [(AC Ab) = 0 + A2 83}

00 o 00 P oes 00 T Tos
0
= Rt(]t + %mt s (2103)
dub
(D — Db — c’ilbdt)g N (cnbd3 2 0? e —pny 2 0 e o3 ot
T3 R, 700 C12R3 63 | a0 spe|"

0
+ (D§ — D5)—w¢ +

3 92
2 {Dg—(Dg—i—cnbdt ctbdy . 0 ] .

R, T 12m o |0
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p 0 p 0 p 0
+ (DS — Db 892) + (DS — D! 892) + (D — D7892) = Rinpy +my . (2.10b)
Bottom Face Sheet
Swh :
e iba o 02 ot . chbd u o 02 o Chybd}
{Bg+(Bg—B’7’+B )802+B9 804] wh+ {Bﬁ 1;% b +(B¢ B§+B )892 (B3+ 11
c a 82 c a 83 t
—l—[Bz (B3 3)892} {(BG—B)(%—I—BGGQ?)}
b 3 93 3
c__ nb Cllbdb g a Cllbd 9 b _nb c 9 9 us
+{(B4 Bt =, o + (B~ Tap g o + | (B Bl + Biggs |
0 03 0
b c
+ |:(—B4 + B )80 + B7 893} qub 80mb s (2100)
duf :
0 o3 cb.bdy,. 0 b, bd} o3
c b c b 1 v 11 7 N P
s E9ae3] {<E B et amp ES)@@?)}“JO
0 0? A.bdy, A bdy . O
Ec Eb Ec Eb Ec Eb 11Y%b 11 b
* 2) g0 T ( 6 gz % (Eit 5, 12R3)802]
c b 82 c b 02 c
+ (ES — E; 392) + (EY — E; 802) = —Rypngsp — my . (2.10d)
Core
owg -
0? 0? 0
c c b c c b c b c
Cs + (Cs — 0)892} {C’ (Cg — 0)892} (C’ 06892)
(7 8 (9 0
c b b c b by ¥ ¢ —
(2.10e)
oug
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3 3
(Fe—n 2 _ Fba} [<FC OB A R SO

90 " 00 96 S op a0
C 82 C 82 (& 82 C 82 C
(B~ Rl (P — Ll (B — P i+ (P — B =0,
(2.10)
ouf
9 0 9 o 9
c b b c b b b c b
(G7 = Ca)gg ~ Ggaei%} {(G Cl)gg ~ Cigga | v+ (Go = Ga) 5gun
& o o &
(G5 — G (G — G+ (G — G+ (G — Gy = 0.
(2.10g)

The corresponding boundary conditions are at § = 0 and § = «, read as follows (at each

end there are nine boundary conditions, three for each of the two face sheets and three for

the core):

Top Face Sheet

Either dwl, =0 or,

0 Ctllbft

00 — 12R§)093}

b a
[(A ~A)gg RV T

{(Ab A“)a — Ag 83} + (AL — A“)a 5

20"

b, Cubf o O’ b 400’ ub b 400’ uC b a0
+[A3+(121~z§ A8 gga | ot (A Aigg )it A Al ot | Ai At )

Either ow}’ =0 or,
a a Cllbf a 82 b a, .c a a
A+ g+ 12R§)ﬁ] (A g o Aot | Aogy
0 0 0
Al Az — A
+ A o + A 5pus + Af gpui

18
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—my, (2.11a)

chibf? 8_3 ul
12R} 063

M,

(2.11b)



Either dul, = 0 or,

t b b 0?
{D§+ ciibfi n (D9 Aqbf} )392] <Db+D ) D2w0

R, 12R} 8 062
b3 b, 0 ) ) M,
Db+ C11 t 11 Db Db Db — N, +
{ TR TR ]aeﬁ iggt T Diggts + Diggui = Nit 2
(2.11¢)

Bottom Face Sheet

Either dwg = 0 or,

oL D g 9
b na a b ay ~ _ (-117Jb b a
{<B7 )6~ 39093] {(B ~BG Camy T >ae] wo-+ (Bo—B3) g0t

, 0 b 0 L 07N\ , 0
+(B 36802) 6+[Bf+( 11535 -B )692} 8+(Bb B5ae2> 0+(Bb B7ae2>

=P +my, (2.11d)

Either Sw}’ = 0 or,

a a a Cllbfb b a
(B +Bgae2) +{B (B2 + 12R3)862 wg + Biug + Bi 55ub
b 3 93
( 12K 393) U Biggus + Biggui =~ (2119)

Either 5u8 =0 or,

0? bf b ) 9
(B + Byt + (Bt + A28 4 (2 - ;;Rma@?) ul+ B + B Sl

3 b
(EZ + bl + Cllbfb) ﬁ b+ Esaae uf + Eb— 0

M,
~ N 2.11
12k R, )0 gt = et g, 21D

Ry’

Core

Either dwi = 0 or,
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0 0 0

CrggWo + C5 g + Cimaul + Cyuf + Clug + Cyuj + Ciuf = 0, (2.11g)

Either du§ = 0 or,

b b O ¢ b b O b b e, b O p O p O p O
Fz*’%@ wy+| £ +Fsﬁ wy+EFywy+Fy 80u0+F4 a0 ug+Fy— Y] ug+F7 — a0 uy =0,
(2.11h)
Either u{ = 0 or,
0? 0? 0 0 0 0

b b b, b c b b

(G3+G9802> 0+ (G +G8 ae2)w0+G2wO+G 89 0+G489 0+G580 0+G769 O
2.11i)

where A?’b’c, Bf’b’c, Cf’ “, Df < Ef’ “ Fib’c, Gf’c are constants which include both geometric
and material properties and are defined in Appendix A and Appendix B for logarithmic and
polynomial variant, respectively.

The governing equations and boundary conditions shown above are expressed in terms
of displacement functions. Alternatively, logarithmic variant i.e. (2.3), defining axial stress

resultants as following:

ft/2 fv/2
Nt = / obobdz, ; NP = / obybdzy
—ft/2 —fv/2
Tte
Ng, = /agobdr, (2.12a)

Tbe

and moment stress resultants:

fe/2 fo/2
M;s = / Jéeztbd'zt ) M;)S — / Jgezbbdzb s
—fi/2 —fv/2
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M, = /Uggrbdr, (2.12b)
Tbe

and shear stress resultants: .
tc

Ve = / 7% bdr | (2.12¢)

Tbe

lastly, associated high-order stress resultants, these are non physical quantities:

Ttc Ttc
1
o5l :/—agebdr; S = /aga Inrbdr | (2.12d)
r
Tbe Tbe
thl Tte
o1 = /—Trcebdr; Qoo = /ng In rbdr , (2.12¢)
r
Tbe Tbe
. thl . ) Tte .
ol = /;crrrbdr; Ny, = /crrrbdr. (2.12f)
Tbe The

Using the definition of stress resultants, substituting into the first variation of beam

(2.9b), then performing integration by parts, governing equations and associated boundary

conditions can also be written in stress resultants instead of displacement functions, see

Appendix C. Note that the stress resultants and the corresponding governing equations are

EHSAPT logarithmic version while EHSAPT polynomial version is not shown here.

2.1.5 Solution Procedure

In the following, we outline the solution procedure for a simply supported curved panel

subjected to a distributed load on the top face sheet ¢;(#), which can be expressed as a

Fourier series:

> 0
q:(0) = ; dn sin(%) : (2.13a)
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The solution that satisfies the simply supported boundary conditions is:

o0

. e . nml c = c nmd
a0 = oWt e = YU, @1
n=1 n=1
uf(0) = i Us cos(n—ﬂe) : (2.13c¢)
1In a

n=1
Substituting the foregoing equations (2.13) into the governing differential equations
(2.10) results for each n in a system of linear algebraic equations, [K,|{X,} = {F,},
where [K,] is a 7 x 7 stiffness matrix, {F,,} is a 1 x 7 force matrix, and {X,} isal x 7

Ub

0,n?

unknown displacement matrix, namely: {W{¢ W, W¢. U

0 U§ Uﬁn}. Each
individual n linear algebraic equations system can be easily solved obtaining {X,,}, then

the analytical solution is obtained from the series (2.13b,2.13c). In equations (2.13), >
n=1
N
is replaced by »_ where N is the total number of terms included in the Fourier series
n=1

equation (2.13a) and corresponding solutions equations (2.13b,2.13c¢); the no of terms, NV,

is determined from a study of the series convergence.

2.2 Elasticity Solution for Curved Sandwich Beams/Panels

The linear elasticity problem formulation and solution for a generally asymmetric sandwich
curved beam/panel consisting of orthotropic core and face sheets, which is subjected to a
top face distributed transverse loading is presented. The displacement approach is used
and the panel is assumed to be simply supported at the ends. Closed form solutions for the
displacements and stresses are derived.

nm

q(0) = qo sinkl; k=—. (2.14)
o

t,b,c
ij

We denote by c." the stiffness constants in each layer, where the superscript ¢ is for

22



the top face, b is for the bottom face, and c is for the core. In the following, we outline the
derivation within each layer and thus, for convenience, we drop the superscript.
Both face sheets and the core are assumed to be orthotropic and the constitutive relations

are:

Ogo cin ¢z 0 €00
Orr| — [C13 C33 0 Erp s (215)
Tro 0 0 ocs5) |e

Similar to previous section, stiffness coefficients are derived from the inverse of com-
pliance matrix (2.8b), they are the same as equation (2.8c) but valid for all ¢, b, c.
The three components of strain are expressed in terms of w and u, the two components
of the displacement field (radial and circumferential, respectively):
10w w _Ow 10w Ou wu

_ v - _tqw du_ v 2.1
€00 r89+7"’ = gy o r(9(9+87’ r (2.16)

The two equilibrium equations, to be satisfied, are as follows:

aUTT 187—7"9 Orr — 000

or r 00 r =0, (2.172)
1 80'99 87;9 27}9
- =0. 2.17b
r 00 or r ( )
We are seeking displacements in the form:
w = f(r) sinkd , (2.18a)
u=g(r) coskf . (2.18b)

By using (2.15), (2.16), and (2.18) and substituting into (2.17), the following two ordinary
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differential equations in r are obtained:

/ /

633f// -+ 633f? — (011 + 055]{?2)% — (013 -+ C55)]{Zg? -+ (011 + 055)16% =0 s (2193)

/ !
0559// —+ C55g? — (C55 + 011k2)7% + (Clg —+ C55)]€f? -+ (011 + 055)/{Zr—j; = O . (219b)
These are, indeed, two set of Cauchy-Euler equation where the assumed trial solution are:
f(r)= Ar g(r) = Br* | (2.20)

the system (2.19) results in the following system of homogeneous algebraic equations

A (033)\2 — C55k2 — 611) —+ Bk? [011 + Cr5 — /\(013 + C55>] = 0 s (2213.)

Ak [CH + C55 + )\(013 + 055)] + B [055()\2 — 1) — 611/{32] =0. (221b)

Thus, A is determined by setting the determinant of the coefficients of (2.21) to zero.

This results in the fourth order polynomial characteristic equation:
4 20,2 2 2 2 _
633655)\ + [k‘ (613 + 2613055 — 033611) — C55(C33 + 011)} )\ +011655(k’ — 1) =0. (222)

Setting,

w=2, (2.23a)
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results in a quadratic equation, which can be solved in closed form, i.e.,

ap +bu+c=0, (2.23b)

where
a=cscs5; b= k*(ciy + 2c13¢55 — c33c1) — cs5(c3z + 1) (2.23¢)
c=cness(k? —1)%. (2.23d)

In general, the two roots ji; 2 in (2.23b) are distinct; then, A, 23 4 are distinct as well.
And the displacement field in each layer j, j = t, ¢, b is in the form:

for b*> — 4ac # 0

w") = sin k6 Z Agri (2.242)
i=1,2,3,4

ul =coskf Y By (2.24b)
i=1,2,3,4

In this, most common case, these 8 unknowns are the A;;, B;;,

1 = 1,2,3,4. There
are three layers, the top face, the core, and the bottom face, j = t, ¢, b for a total of 24
unknowns. These unknowns are not all independent, though. Of the 24 constants, only
12 are independent. By substituting into the equilibrium equations, the following relations

exist:

where
[633 )‘2 - Cs5 kQ - ngl)]
fij =

— . (2.25b)
CJeld + e — 2 () + )
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Notice that the \;’s can be real or be in complex conjugate pairs, thus the numerical
calculations have to carried out in complex numbers.

A special case, the two roots in (2.23b) are repeated when the discriminant of the
quadratic equation is zero, i.e., when b?> — 4ac = 0. For an isotropic material layer, such a
case is not possible. For an orthotropic material, however, such repeated roots could exist
for certain combinations of cs3, ¢13, 11, C55, and k. In this case, py=ps=—b/(2a); hence,
A1 = Az, and Ay = \4, and the corresponding displacement field is:

for b*> — 4ac =0

w") = sin k6 (Z Ayt 4 Z Ay In 7”) ) (2.26a)

i=1,2 i=3,4

u? = cos kb (Z Bijri + Z Bym In r> , (2.26b)

i=1,2 i=3,4
where the B;; are in terms of the A;; from (2.25) where the \ij, Ayj, A3; = Ay, and
A4; = Agj are substituted for each layer j.

Therefore in both cases there are 8 unknowns for each layer j. We outline in the fol-
lowing the solution for the case of distinct roots, i.e. displacement field given by (2.24).
In this, most common, case, these 4 unknowns are the A;;, 7 = 1,2, 3,4. Notice that the
Bi;; are not independent but are related to the A;; through relations (2.25). There are three
layers, the top face, the core, and the bottom face, j = ¢, ¢, b for a total of 12 unknowns.

Then the strains are from (2.16)

Erp = sin k0 Z Aij)\ijr)‘ifl ; € = sin k6 Z Aij (kfl] + 1) T’Aijil y (2273)

i=1,2,3,4 i=1,2,3,4

Yo =cosk® Y Aylk+ fiy(1— )]t (2.27b)

i=1,2,3,4
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and the corresponding stresses at each layer j = ¢, ¢, b, are from (2.15):

o =sinkd Y Ay [Cé?)\ij + ) (kfi; + 1)] Pl (2.28)
i=1,2,3,4
o =sinkd > Ay [ngmj + D (kfy + 1)} Pl (2.29)
i=1,2,3,4
Trop = COS kO Z AUCéjE)) [k? + fU<1 - )\U)] TAij_l . (230)
i=1,2,3,4

The 12 constants A;; that are in the stress expressions (2.28)-(2.30) can be found from
the displacement and traction continuity face/core interfaces conditions, the traction-free
lower bounding surface, » = R;, and the traction loading at the upper bounding surface,
r = R,.

There are two traction conditions at the bottom face-sheet/core interface, r = R + fp.

0@ =o®, 7O ;0 (2.31a)

rr rr o)

There are two displacement continuity conditions at the bottom face-sheet/core inter-

face:

w@ = ® ;@ = 0) (2.31b)

Similarly, there are two traction conditions at the top face-sheet/core interface, r =

Ry —ft3

rr rro

0@ =o®, 70 (2.31c)
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There are two displacement continuity conditions at the top face-sheet/core interface:

coul =9 (2.31d)

o®=0; 9 —0. (2.31e)

Finally, there are two traction conditions at the top bounding surface, r = R», that

represent the loading of the top face:

oD =q@0); 9 =0. (2.31f)

Substituting displacement solution form (2.24), corresponding strains (2.27), and stresses
(2.28) into twelve boundary conditions (2.31a)-(2.31f); consequently, sin k6 and cos k6 are
cancelled out in these twelve equations. Results are twelve linear algebraic equations which

can be solved for the twelve unknown constants: A;;,7 =1,2,3,4, 7 =t,b,c.

2.3 First Order Shear Deformation Theory for Curved Sandwich Beams/Panels

Due to the curvature, the first order shear deformation (FOSD) theory for curved sandwich
panels is not a direct extension of the corresponding one for flat panels and thus, it is
formulated accordingly, and its unique features, such as the reference curve, are discussed.
Three versions of the FOSD theory are formulated: the one based on direct variational
formulation based on the assumed through-thickness displacement field (termed “basic™),
one based on the definition of an equivalent shear modulus for the section (termed “G.,”

and one based on derivation of a shear correction factor, which is considered in conjunction

with the equivalent shear modulus.

28



2.3.1 “Basic Version” Formulation

In the following, the First Order Shear Deformation Theory (FOSD) will be applied to the
sandwich panel configuration. It should be noted the curvature introduces complications,
to be discussed in the following, and therefore, this is not a straightforward application of
the corresponding theory for flat plates. As will be seen in the following, several unique
features exist when it comes to curved panels, among them the fact that the shear strain
is not constant and that the reference line is a function of the curvature. In the Euler
Bernoulli theory, the panel cross-section remains perpendicular to the normal line and its
rotation is given as [uy(6) — wy(0)]/ R, where R is the reference curvature, resulting in
zero shear strain. The FOSD theory, also known as the Timoshenko theory, allows for an
independent plane rotation, denoted as v)(6), consequently resulting in a non-zero shear
strain and corresponding non-zero shear stress.

The displacement field is given in terms of the radial distance z defined from a radius

R, to be determined,

w(z,0) =we(0); u(z,0)=mue(0)+ 2¢(0) . (2.32)

Since r = R + z, the strains from (2.16) are:

€r(2,0) =0, (2.33a)

699(2, 9) =

[wo(0) + ug(0) + 2¢'(9)] , (2.33b)

1

Talz6) = V(0) +

[w)(0) = uo(6) — 24(0)] - (2.33¢)

Notice that unlike flat plates, in which the shear strain in the FOSD is constant through

the thickness, the curvature introduces a shear strain that has a variation with z, see eqn
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(2.33c). The curvature also introduces the z coordinate in the denominator of all strains,
unlike the flat plates case. Thus, the theory needs to be applied with new area integral
definitions.

The corresponding stresses are:

000(2,0) = cli€oo;  Tro(2,0) =Ly T =1,b,c (2.33d)

where, ¢/, = EJ and ¢, = G
Governing equations and associated boundary conditions are derived from the Principle

of Minimum Total Potential energy:
S(U+V)=0. (2.34a)

where U is the strain energy of the sandwich panel and V' is the external potential due to
the applied loads.

The first variation of the strain energy of the sandwich beam involves stresses multiplied
by variations of strains and since the radial strain €, is zero, the radial stress o, term will
not appear. In the following, we assume unit width. The variation of the internal potential
is:

oU = // ((799(5699 -+ TTQ(S”)/TQ) (R —+ Z)dAd9 , (2.34b)
A
0

and the external potential is:

67

oV == / q(0)0wo(0) Rodf — (Hduo) |§ —(Nowo) [§ —(Mv) [§ (2.34¢)

0

where Ny, are the radial, H, , are the tangential (along ) forces at the ends 0. = 0, «,
respectively, and M , are the moments at theses ends.

Next we discuss the reference curve. From the stress eqn (2.33d), the moment at any
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section is:
C11%7
R+ =z

M = / O'ggZdA = (u6 + wo + Zw/) / dA . (235)
A A

Since in the FOSDT the moment is the derivative of the v/, the above eqn implies that
the reference curve should be defined not by the static moment, as in flat plates, but by the
the “extensional static moment modified by the radius” [35], i.e., by:

iz

A

Accordingly, the equation for the moment involves not the moment of inertia, but the

“extensional moment of inertia modified by the radius”, [, defined as:

I —/ SIEAP (2.37)
E1 = N .

In this case, by using (2.36) and (2.37), the moment is

2
C11%
M = dA | ' = Ig)/ 2.
(AR+Z )%U Y, (2.38)

in accordance with the FOSD postulates.
Let’s determine now the reference radius, R, from (2.36). Let’s denote by e the distance
from the mid-plane of the core, thus z = z. —e, in which case R = R.+e. Thus, R is defined

at a radial distance e from the mid-curve of the core, given by

Czﬁ cﬁlzc
e dz. = | ———dz., 2.39a
/ARCHC /ARCHC (239
1.e., e is found from:
R.+c+ f; . R.+c R.—c
e Ctllln—Rc—l—c +ci;In R ¢ +C§11H—Rc—c—fb1
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RC +c Rc —C— fb
(2.39b)

(

— (ft ~ Reln RC+—M> by (2c Rt Z) el (fb ~R.ln ﬂ) .

The connection can be made for the traditional reference plane definition for flat plates

as follows: The right-hand-side of (2.39b) can be written as

2
cy {ft — R.In (1+ Rf—t|— C)] + ¢4 [QC—Rcln (1—1— 7 ic)}

+ b {f,, — R.In (1 + ﬁ)] . (2.40a)

Applying the Taylor series expansion

IQ

In(l4+2) ~x— 5 (2.40Db)

to the first term in (2.40a) leads to:

t .ft ftZ
b r (e - sl
fi fi

:Ctn{ft—[(RchC)—C] (RC+C_2(RC+C)2)}

It Cﬁlft CglftQC
= = — . (240
<C+ 2 ) Rote 2Rm.top F9

Similarly, the second term in (2.40a) leads to:

] TSI ( S L)

(2.40d)

__ ¢
= (11

(Re —c)?

and the third term leads to:
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Jo fi
O e e ]

— {fb —[(Re—c— fo) + (c+ f)] <Rc _fZ_ % 2(R. —fi— fb)2)}

_ £\ _cif Afi(et f)
. (C+5) Oy ATy ey TR CRLD

Ignoring the higher order terms, the right-hand-side of eqn (2.39b) becomes

¢ WL b o I
Ciq (C+ E) Rc T — C11 (C+ 5) RC——C—fb . (240f)

Applying the Taylor series expansion to the left-hand-side of (2.39b) and ignoring
higher order terms would lead to:
ft (20)

c fb

Thus, from (2.40g) and (2.40f), if we further assume that f;, c, f, are all << R,, the
definition for e would be the same as in the flat plate case [17]. Moreover, under these
assumptions, for symmetric construction, e = (.

For the sandwich construction in figure 2.1, the “extensional moment of inertia modified

by the radius”, /g, defined in eqn (2.37), is found to be:

i R—e+c+f
]E1:Ct11|:ft(R—€+C‘|“§t —Qth+R21n R—e+ct
R—e+c
— %, |2¢(R — R*In———
Cn{c( +e) nR—e—c}
fo R—e—c
+ [fb<R—e—c—§ _Qbe+R21nR—e—c—fb . (241a)

We also define
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the “extensional area modified by the radius”, Ag;, defined as:

R—e+c—|—ft+61 R—e+c R—e—c

cf;In ———

D" R—e—c R—e—c—fy’
(2.41b)

Ci
Apr = | =1—dA=c1
o /AR~|—2 ‘nt R—-e+c

In performing the integration (2.34b), we also need the following area quantities asso-
ciated with shear:

the “shear area”, Ago,

Aqo = / cé5dA = ckfi + 55 (2¢) + cg5fb , (2.42a)
A

the “shear static moment”, S¢y,

Sco = / ckszdA = cLy f; <c —e+ %) — c5:2ce — s fi (c +e+ %) . (242b)
A

Furthermore, due to the curvature, additional quantities are needed as follows:

the “shear area modified by the radius”, Ag;

c Ry . —e—c
AGl = /;4 RL_EZdA = C?)S In R——e—|—c -+ Cs5 In ? + Cs5 In—— y (2420)

the “shear static moment modified by the radius”, S¢1,

S(;l:/ 5% gA = &, (ft—RlnR_€+c+ft> b (%—}M%)
A

R+ 2z R—e+c —e—c
R—e—c¢
b
— R1 2.42d
+C55(fb nR—e—C—fb)’ ( )
and
the “shear moment of inertia modified by the radius”, /54
clo? fi R—e+c+ [
I = 57 _JA =t R — ) —2Rf, + R*1
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R—-—e—c
R—e—c—f

+ & {fb (R—e—c—%) —2Rf, + R*In } , (2.42e)

Performing the integrations in (2.34b) results in the following three governing equations

for the FOSDT (for 0 < 0 < «):

dwy :
—[Ag1(wog — uo) + (Ao — Se1)¥] 0 + Api(wo + wop) = Rage (2.43a)
Oug :
—[Ap1(wo 4+ wop)| 9 — Ac1(wo g — uo) + (Se1 — Ago)yy =0, (2.43b)
and
0 :
—(Ig1v9) .0 + (AcoR + Ic1 — Sco)Y + (Aco — Se1)(woe —ug) =0, (2.43c¢)

Associated boundary conditions (three at each end, 6, =0, «) for the FOSDT are;

Either 0wy = 0 or,

Ag1 (wop — o) + (Ago — Sa1)y = Ne (2.44a)

Either 6ug = 0 or,

Ap1 (uo 9 +wo) = He (2.44b)

and
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Either 61p = 0 or,
Ipio = M., (2.44¢)

For a curved beam/panel is simply-supported, as shown in figure 2.1, and is loaded by

a sinusoidal distributed load of the form:

nm

q(0) = qo sinkt; k=—, (2.45)
a
analytical solutions are sought in the form:
wo(0) = Wysinkf ;  wuo(0) = Uycoskl; (0) = Vcoskl; k= . (2.46)
a

The displacement field (2.46) satisfies the simply-supported boundary conditions, (wg
being zero at the ends and no moment, i.e., 1 y=0 at the ends).
Assuming constant properties (i.e., independent of ¢) and substituting into the govern-

ing equations (2.43) leads to:

(Agik® + Ap)Wo — (Act + Ap1)kUs + (Aco — Sc1)k¥ = Ryqo
(2.47a)
_(AEI + AGl)kWO —|— (AE1k2 —|— AGl)UO —|— (SGl - AG())\I/ - O 5 (247b)

(AGO — SGl)kWQ — (AGO — SGl)UO —+ ([Ele + AG()R + [Gl — SG())\I/ =0. (247C)

This system of three algebraic equations can be solved for Wy, U, and V.
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2.3.2 First Order Shear Deformation Theory with an Equivalent Shear Modulus

It is well known that, when it comes to the extensional properties, i.e. the ¢y, the different
layers in a multi-layered section can be considered as “springs in series” but when it comes
to the shear properties, i.e. the cs5, the layers should be considered as “springs in parallel”
[52]. In this case, an equivalent shear modulus, ¢55 for the entire section is defined as

h - ft 2c

Jo
p— m + - + 3 (2483)
Cs5 G55  Cs5  Cps

Instead of (2.33d), where the shear stress is defined in the faces and core with the
different shear modulus of the corresponding layer, now the shear stress over the entire

section will be based on a single shear modulus, the ¢s5:

7r9(2,0) = Cs57r0 - (2.43b)

The variational principle will lead again to the system of governing differential equa-
tions (2.43) and associated boundary conditions (2.44) but in this case, the shear area prop-

erties will be defined as: the “shear area”, Agy,

AGO = 055/ dA = E55h s (2493.)
A

the “shear static moment”, Sqo,

g, —z . eteth . Jo+ o
G0 — Cs5 zdA = Cs5 zdz = Cs5 (ft — fb - 26) c—+ 9 y (249b)
A —e—c—fp
the “shear area modified by the radius”, Ag
_ dA _ R—e+4c+ f;
Az = = 1 2.49
G1 055/AR+2 C55nR—e—c—fb’ ( c)
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the ““shear static moment modified by the radius”, S¢1,

Sey = Gss / - © A = oy (h — Rln (2.49d)
A

R—e+c+ f
+z ’

R—e—c—f
and

the “shear moment of inertia modified by the radius”, /54

_ 22 _ — R—e+c+
IGl:C55/AR+sz:C55 |:h (R—eﬁ-%) _2Rh+R2lnR—e—c—;z )

(2.49¢)
The extensional area properties can stay the same as before, i.e., the reference curve
will again be defined from (2.39b), the “extensional area modified by the radius”, Agq, will
be as in (2.41b) and the “extensional moment of inertia modified by the radius”, Iz, will
be as in (2.41a).
In this version, the differential equations of the FOSD (2.43)-(2.47) can be applied with
the area properties defined as above (in terms of ¢s5).
Shear stiffness in thin face sheets of sandwich beam are generally neglected, while thick
sandwich core is solely responsible for the shear deformations [53]. The equivalent shear
modulus, G, ,(2.48a), also reflects shear stiffness face sheets exclusion; because f;, << ¢

and cgg >> s, [/ cgé’ are very small and can be neglected i.e.
Cs5 R Cog (2.50)

Adopting the assumption that the shear stiffness contribution solely depends on sandwich
core, this could implies the G, is redundant. Its merits; however, are general and extended
beyond the scope of sandwich configuration.

Considering a generic 3 layered isotropic curved beam of equivalent thickness of 10

mm (total thickness & = 30mm). The beam has an angular span of a = 0.3178 rad; and it
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Table 2.1: Comparisons of radial displacement ,w, at = «/2 with elasticity in percentage
difference

Classical | “Basic version” | G, BGeq
r=R, 16.41% 13.03 % 6.89 % | 0.23 %
r=(R,+ R;)/2 | 16.72% 13.32 % 7.20 % | 0.10 %
r=R, 16.37% 12.96 % 6.82 % | 0.32 %

is bounded by outermost and innermost radii, R, = 818 mm and R; = R, — h, respectively
.The outermost and innermost layer are made of, £ = 61.9 GPa, v* = (.3; while middle
layer, denotes by m, is made of an artificial isotropic whose E™ = 1/10E%% v™ = 1%,
The curved beam has simply supported on both ends and subjected to a half sine distributed
load as depicts in figure 2.4.

Table 2.1 shows comparisons of mid-span (maximum, § = «/2) radial displacement ,w,
at different through thickness locations: top/bottom surface, and mid-thickness. The results
are presented in terms of absolute percentage error comparing against elasticity benchmark
presented in 2.2. The “basic version” FOSD shows a little improvement from classical
theory, while, the equivalent shear modulus FOSD shows a significant improvement. In-
troducing shear correction factor (3, see next section, the deflection is extremely accurate,
below 1% difference from elasticity. Figure 2.3 presents through thickness normalized
shear stress distribution at # = 0. The “basics version” shear distribution shows misleading
results as in middle layer; it predicts very little stress when elasticity indicates maximum.
However, the “equivalent shear modulus”, G, unifies the cross sectional properties and

predicts acceptable shear stress.

2.3.3 Shear Correction Factor with G,

The shear correction factor is a concept that attempts to correct the accuracy of the FOSD
theory. It is based on employing equilibrium to calculate the shear stresses and the corre-

sponding shear resultant and them comparing with the one from the FOSD theory.
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Figure 2.3: Through thickness shear stress distributions , 7,4, at § = 0
The two equilibrium equations in polar coordinates are:
R @sty
L1000 | O | 210 _ (2.51b)

r 00 or r

The second equilibrium equation (2.51b), together with the assumed from the FOSD

theory normal stress ogy from (2.33b) and (2.33d) and substituting z = r — R gives:
10 c
- (r*T0) = ——5 [wop + uose + (r — R)g0] , (2.52a)

2 Or 72

from which we obtain the shear stress in the face sheets and core in terms of a function

40



Cul0), k=t c, b

® b

C.(0
To = (wo,0 + w00 — R gp) — (6)

k
%wﬂﬁ S k=tbo (2.52b)

Imposing the outer boundary condition 7'152) = 0 atr = Ry gives:

R
Ci(0) = ¢}, Ry {ww + ug,00 + <72 - R) @D,ee] . (2.52¢)

Next, imposing the inner boundary condition 7';3) = 0atr = Ry, gives:

R
Cb(e) = ClilRl {woﬂ + o090 + (71 - R) ?ﬂyge} . (2.52d)

The traction conditions at the bottom face/core interface, ¢§§> = ng) atr = Ry + fp

gives:

R+ fy
2

CC(H) = C’b(Q) + (0(1:1 — CZ{I) (Rl + fb) |:w079 + Uo,00 + ( — R) 77[)799:| . (2526)

whereas the traction condition at the top face/core interface, Tﬁz) = Tﬁg) atr = Ry — fy,

gives the relation:

— |:Ct11ft (R2 — % — R) + Clilfb (Rl + % - R) + C‘i12C (Rl + fb +c— R):| @Dﬂg

= [ fe + i fo + ¢§1(20)] (wop + uoee) - (2.52)

Thus, if we define

¢ fi (Ro— 2 — R) + &1 fy (Ri+ & — R) + ¢§,2¢(Ri + fy + ¢ — R)
Ctllft + C?lfb + C‘fl(QC)

D . (2.529)
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substituting (2.52c) into (2.52b) gives the shear stresses as:

1 B Ry (R
Trg = Cly {—5 + - + r_; (72 - B)} V0 (2.53a)
1 B R (R
7-7{)0 = Clil {_5 + " + T_Zl (71 - B)} V00 (2.53b)
1 B (Bt fo) —cife o Ri(Ry+ f3)
w=ci|—-=+— Ri+=~—-B)———= :
T =Cn| T ot & 72 1+ 5 5,2 V00
(2.53¢)
where
B=D+R. (2.53d)
Integrating over the cross section the shear force is:
Ri+fy R+ fp+2c Ry
vz/ %m+/ %m+/ Tlodr = Et)gg (2.54a)
Ry Ri+fp Ry+fp+2c

where

fo fo Ry fo
E=¢, |-2+Bln(1+ == — —-B
CH[ 2+ " +R1 * 2 R+ fp
2c o o Io Ry 2¢
C _ C _ _Jr __B _ C - -
—l—cM{ c+ Bln <1—|—R1+fb> + [(011 011R1+fb) (R1+ 5 ) iy 5 ] R1+fb+20}

+ {—g + Bln (1 + L) + (% - B) L} . (2.54b)

Ry + fi + 2c Ry + fy+2c

Then we can write the shear stresses in each layer as:

1 B d
Tfe = %Clﬁ (—— + — + _k) ; k= bu (% (2553)
T
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where

R R
d, = Ry (72 - B) . dy =Ry (71 - B) , (2.55b)
TR+ fo) = Ri(R
d. = [+ fo) = i) (Rl B B) _ Bt f) (2.55¢)
< 2 2
The corresponding strain energy is
Ri+fp 7_b2 Ri+fi+2c TcQ Ry Tt2
Upg = / 2 dr + / L dr + / 0 dr. (2.55d)
R 205 Ritfy, 205 Ro—fi 2C55

Let us define the radius at the inner and outer boundaries of each layer by r; and ry,
and the radius at the mid-surface of each layer by 7,,; also the thickness of each layer by

hi where k =D, ¢, t. In particular, for the bottom face,

Tbi:Rl; rbo:R1+fb; 7ﬁbm,:Fil—’—%; h’b:fb' (2563)

For the core
Tci:R1+fb; TCO:R1+fb+2C; Tcm:Rl—i_fb—i_c; hC:267 (256b)

and for the top face

ri =Ry — fi; 1= Ry Ttm:R2_§§ he = fi . (2.56¢)

Then

V2 2 [ hy, hy (B2 — dy)hy
Uk = 57 AZE _BIn (14 &) 4 ——FE
e 2E? k%t C§5 |: 4 " ( + Tki) * TkiTko

heTkm r3o—r3
+2Bdk ’26]2 _|_d2(k:o 3kz>

(2.57)
TkiTko "3 2, ko
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Now the FOSD shear stress from (2.33c) and (2.48b) is

Cs5

Trg = - (wo,p — uo + RY) . (2.58a)

Integrating over the cross-section gives

R
V= / Tyodr = Es5 (wog — g + RY) In ﬁ . (2.58b)
1

Thus the shear force from the FOSDT can be expressed as

V
= ———, 2.58
= (e R) (2.58¢)
and the corresponding energy is
Ry _2 2
2T %4 1 1
U — rf d — _— — 259
FosDb /R 2 | 2ss|In(Ra/R1)2 (31 32) ’ (259)
resulting in a shear correction factor = Uposp/Ugqg:
1_ é55[1n(21132/1‘31)]2311‘32 3 &:% {@ ~ Bln (1 + @) o B di)h
6 E (RQ — R1> oebot Ces 4 T'ki TkiTko
Wit | (1= 1)
2Bd)—— + di—°—="~| . (2.60
BT A A

Thus, the differential equations of the FOSD (2.43)-(2.47) can be applied with the area
properties defined as in the G, version (previous section) and with 3¢s5 in place of Css.

A connection of curved beam shear correction factor ,3, and Timoshenko beam theory
(flat) which, normally, the shear correction factor is x = 5/6 for a rectangular cross section
[53].

Considering a single material curved beam whose thickness is /& and bounded by outer

radius Ry and inner radius R; , similar to 2.1. Using (2.52) and two traction free surface
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conditions: 7,y = 0 atr = R; and r = R», gives

011(7’ - Rz)(r - Rl)lbae
2r2 ’

(2.61a)

Tro = —

Integrating over the cross section to get shear force 1/, then the shear stress can be

written in term of shear force as

(r—Ry)(r — Ry)V

) = . 2.61b
7o T2(2R2 - 2R1 + (Rl + Rg) In %) ( )
Corresponding strain energy is
Ry 2 2
U = / ldr = v SA, 2.61c)
RS e (2R — Ry) + (Ry + Ry)In )
where,
Ry 9 1 1
A = (RQ — Rl) - 2(R1 + Rg) In R_ + ((R1 + RQ) + 2R1R2) R_ — E
1 1 2
1 1 RIR2 (1 1
RiRy(Ri+ Ro) | =5 — =5 L2 —— ). (26ld
+ RiRy(Ry + 2)(R% R%>+ 3 (R:{’ R;’) ( )

Now the FOSD shear stress and corresponding strain energy are as previously shown
in (2.58), and (2.59).
The outer radius Ry = Ry + h, substituting the relation into (2.61c), then the shear

correction factor is

(2n+ (h+2R)n R?ih)Q

— Urosn/Uso = 262
B = Urosp/Urq AR (L1 1 B (2.62a)
where,
B3 Ri+h
A 4 4h —2(h + 2Ry In A (2.62b)

" 3Ry(Ri +h) R
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Let us define,
h

= — 2.62
“= R (2.62¢)
and divide both numerator and denominator of (2.62a) by R? becomes:
20 — 2) In(1 2
5 20— (a+2)In(1 +0a)) 620

(£ +4(1+a)—2B+a+2)In(l+a) In*(1+a)

To make a connection with flat beam, taking limit the inner radius R to infinity i.e.

a << 1. Using the Taylor series expansion

a? o ot o

] S 6 .
n(l+a)=a 5t 3 4+5+O(a), (2.62¢)

and substituting into (2.62d), and keeping all terms up to O(a®), resulting in:

~ab/364+0(a")

g = /301 O(aT) 5/6, (2.62)

1.e., the shear correction factor of the Timoshenko beam has been recovered.

2.3.4 Classical Theory Formulation for Curved Sandwich Panels

In the classical theory, the displacement field is in the form:

w(z,0) = wo(8):  ulz,0) = ue(6) + % [uo(6) — wh(6)] . (2.63)

where z is the distance from the reference radius R, as defined in the previous section.

Accordingly, the strains, since r = R + z, are from (2.33):

ooz, 0) = {w0<9> b (9) + % [ (6) — wg(e)]} . (2.64a)

R+ z
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€r(2,0) =03  79(2,0)=0. (2.64b)

1.e., there is only one non-zero strain, the €gy.
Governing equations and associated boundary conditions are again derived from the

Principle of Minimum Total Potential energy, eqn (2.34a), where now
oU = / / 0'99(5699(R + z)dAdG , (2.65)
A
0

and 0V is given by (2.34c¢).

In this theory we need two additional area quantities: the “extensional area”, Agg,

Apo = / CZﬁdA = C§1ft + ¢11(2¢) + Clﬁfb ) (2.66a)
A

and the “extensional static moment”, Sgo,

Sgo = / CinZdA = C§1ft <§ +c— 6) — 2¢f ce — Clﬁfb (% t+c+ 6) ’ (2.66b)
A

Performing the integration by parts, results in the following three governing equations

for the classical theory (for 0 < 0 < «):

dwy :

(%wo,ee — %Uo,e) 0 + %U(w + Agiwy = bg; . (2.67a)
dug :

{(% + %) Uop + %wo - %wo,ee , =0. (2.67b)

Associated boundary conditions (three at each end, 6. = 0, «) for the Classical theory

are;
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Either 6wy = 0 or,

I SEo
_ (ﬁwo,ee - ﬁﬂg,g , =N,, (2.68a)
Either dowgg = 0 or,
I S
000 — iy ting = M (2.68b)

Either dug = 0 or,

R R R R

A S A S
<£0£>wﬁ-m 20 wo 00 = H. (2.68¢)

Again, assuming constant properties and using the form (2.32) for the displacements

wq and ug leads to:

I S A
(%k“ + AEl) Wy — k (%kz + %) Uy = Roqo (2.69a)
SEO 2 AE() SEO AEO

from which Uj and W can be directly determined.

2.4 Results

Simply supported curved sandwich panels subjected to a half sine distributed load (figure
2.4),
. mh
q:(0) = qosin - (2.70)

are studied.
The solutions from three different theories and their variants in previous chapter are
presented. They are: two versions of the Extended High Order Sandwich Panel The-

ory(EHSAPT) with logarithmic and polynomial core displacement functions, Theory of
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Figure 2.4: Simply supported curved sandwich panels subjected to a half sine distributed
load

Elasticity(ELST), the First Order Shear Deformation Theory (FOSDT) basic variant, equiv-
alent shear modulus variant, and shear correction factor variant, and Classical Theory
(CLSS). In addition, solutions from high order sandwich panel theory HSAPT, which as-
sumes a compressible core [21],[37] are also presented. The Elasticity solution serves as
the benchmark to assess the accuracy of all theories, whereas the First Order Shear Defor-
mation Theory is widely used in the sandwich structures community due to its simplicity.
Solutions correspond to these different theories are then compared for various sandwich
geometries and core materials in order to validate and assess the relative merits of the two
versions of the EHSAPTSs and other accuracy of all structural theories.

Various geometries of the sandwich curved beam/panel in figure 2.1 are analyzed. In
particular, we consider a symmetric construction with thin faces of thickness f;, = 1 mm,
made out of isotropic aluminium (2024-T3) with modulus £, = 69.13 GPa and a thick
core of thickness 2c¢ = 25 mm. In addition, the (out-of-plane) width is b = 30 mm.

Cases 1 and 2 consist of a curved beam of angular span o = 37 /4 and a radius of the top

face mid-line R, = 813 mm. Case 1 has a core made out of the relatively stiffer Balsawood
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(Gurit Balsaflex) with £, = 5199 MPa, G, = 206 MPa and and v, = 0.30 whereas case
2 has a core made out of the relatively flexible foam Divinycell H35, with £. = 40 MPa,
G, =12 MPa and v, = 0.30.

Cases 3 of a curved beam of, again, angular span is & = 37 /4 but with a (relatively
small) radius of the top face mid-line R; = 40.65 mm and a core made out of the soft foam
Divinycell H35 (properties given in the previous paragraph).

Case 4 consists of a curved beam of a relatively small angular span, & = 7/8 rad,
and a radius of the top face mid-line R; = 81.3 mm and a core made out of the soft foam
Divinycell H35 (with £, = 40 MPa, G. = 12 MPa and v, = 0.30).

In the following we shall normalize the stresses with |go|, and the transverse displace-
ment with the quantities that scale the maximum transverse displacement of a flat plate of
length R, and bending rigidity E1 = 2FE, f,c? under distributed load o, i.e., the
w(r,0)

g R}’ ~
norm — ; ) ) = ; 2.71
w QEtftCQ w(r ) Wnorm ( )

and the circumferential (hoop) displacement with the quantities that scale the shortening

of a flat plate of length R;« and bending rigidity EI = 2F, f;c* under distributed load ¢,
1.e., the

@ Ria”

_ Wfia gy u(r, 0)

U .
norm [Q-E'tfth]2 , Unorm

(2.72)

Radial through-thickness and angular span-wise coordinates are presented in the di-
mensionless quantities:
r — R1 0

F=— 1. g=Z 2.73
r R R " (2.73)

1.e., the sandwich top panel surface is at 7 = 1 and bottom surface is at 7 = 0.

Figures 2.5 and 2.6 show the radial (transverse) normal stress, o,.,., through the thick-

ness and at mid-span (6 = «/2), from the elasticity, logarithmic EHSAPT, polynomial
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Figure 2.5: The radial normal stress distribution, o, for case 1

EHSAPT, and the HSAPT, for case 1 and 2. Notice that neither the FOSD nor the clas-
sical theory can provide o,,, because they are incompressible theories. However, the two
EHSAPT variants and HSAPT, which are compressible core theory, can provide the radial
normal stress. Figure 2.5, stiff core case 1, show clearly that the logarithmic EHSAPT
(2.3) has a superior accuracy over the polynomial EHSAPT (2.7) and HSAPT. When the
core is very flexible, figure 2.6, the difference between the two EHSPATs and HSAPT is
negligible (case 2). Accurate determination of the radial stresses is needed because signifi-
cant compressive stresses can develop within the core, for example, under impact loading,
which can result in core crushing failure modes [16]-[20]. It should also be noted that the
core o, is significant in value and, in both cases, the logarithmic EHSAPT can capture the
stress very as predicted by elasticity .

Figures 2.7 and 2.8 show the shear stress distribution, 7,4, through the thickness and
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Figure 2.6: The radial normal stress distribution, o,.. for case 2
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Figure 2.7: The shear stress distribution, 7,9 for case 1

at # = 0, from elasticity, the FOSD theory with an equivalent shear modulus, and the
high order HSAPT for cases 1 (stiffer balsa wood core) and 2 (softer Divinycell H35),
respectively. First thing can be noticed the distribution is that highly nonlinear for the
stiffer core case but rather flat for the softer core; moreover, neither the FOSD theory nor the
HSPAT can capture the nonlinear profile in the stiffer core case. Secondly, Both EHSAPT
variants accurately capture the shear distribution for both cases; while, the prediction by
either the equivalent shear modulus FOSD theory or the HSPAT is, in general, of the same
order of magnitude as elasticity and the “basic” FOSD theory largely underestimate shear
stress. Also, notice that the classical theory would predict no shear.

The hoop normal stress, ogy is of most interest in the face sheets where it is of signifi-
cant magnitude. Figure 2.9 show the distribution of the oy at mid-span (6 = «/2) in the

bottom and top faces, respectively for case 3 (soft core). Both the FOSD theory and the
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Figure 2.8: The shear stress distribution, 7,9 for case 2
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Figure 2.9: The circumferential (hoop) stress distribution for bottom face (left) and top face
(right), o, for case 3

Classical theory are rather flat unlike the elasticity which shows a line with a rather signif-
icant gradient; thus, the FOSD theory and the Classical theory cannot capture the extreme
values of the oy and this can have significant implications for the prediction of failure.
The two EHSAPT are; however, very close to the elasticity, and, shows a gradient similar
to elasticity.

Figures 2.10 and 2.11 present the transverse displacement distribution (spanwise and
through the thickness, respectively) for case 4. From Figures 2.10, it can be seen that both
the EHSAPT-logarithmic and the EHSAPT-polynomial are in very close agreement with
the elasticity while HSAPT slightly overestimate. The equivalent shear modulus FOSD
theory underestimate the displacement; however, with shear correction factor, the theory
shows an improvement in accuracy. The basic FOSD and classical theory seems to be very
inaccurate and they are not in the same order of magnitude. From figure 2.11, it can be
seen that the through-thickness profile of the transverse displacement is nonlinear and the
EHSAPT is capable of accurately capturing this nonlinear profile, unlike the FOSD theory
or the Classical theory.

Finally, figure 2.12 and 2.13 present the circumferencial (hoop) displacement distribu-

tion (spanwise and through the thickness, respectively) for case 4. Again both versions
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Figure 2.10: The top face transverse displacement distribution through the span of the
curved panel, w for case 4
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Figure 2.11: The transverse displacement distribution through the thickness of the curved
panel, w, at § = «/2, for case 4
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Figure 2.12: The top face circumferential displacement distribution through the span of the
curved panel, u, for case 4

of EHSAPT precisely predict circumferential displacement and its through thickness non-
linear profile. And similar other conclusions can be drawn except for through thickness
displacement of HSAPT in figure 2.13, which excessively estimate the displacement pro-
file while the equivalent shear modulus FOSD with shear correction factor seems to better
predict the average values.

The results shown above, demonstrate clearly excellent performance of EHSAPTS, in
particular, logarithmic-EHSAPT; and, the limitations of the FOSD theory, which can be
significant, even with shear correction factors included. In this regard, advanced higher
order compressible theories, i.e. EHSAPT can make up for the shortcomings of the FOSD

theory.
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Figure 2.13: The transverse displacement distribution through the thickness of the curved
panel, u, at # = 0, for case 4
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2.5 Conclusion

In summary, simply support curved sandwich panels subjected to a distributed load act-
ing on the top face are studied and closed form analytical solution and its procedure are
outlined for following theories. Firstly, two variants of the Extended High order Sand-
wich Panel Theory (EHSAPT) are formulated. One is based on a logarithmic displacement
field for the core, while the other is based on polynomial functions of the thickness-wise
coordinate. The system of governing differential equations and the associated boundary
conditions are derived via the Principle of Minimum Total Potential Energy. Secondly,
the displacement approach for Theory of Elasticity was used to derive a closed-form elas-
ticity solution for a simply-supported curved sandwich beam/panel with orthotropic faces
and orthotropic core. Certain cases of the orthotropic material constants result in differ-
ent mathematical functions describing the displacement and stresses, which can include
logarithmic functions or combinations or powers of the radial coordinate and logarithmic
functions. Thirdly, three variants of the first order shear deformation (FOSD) theory for
curved sandwich panels are formulated. The three variants are: the “basic”, in which the
theory is derived by direct application of the variational principles on the assumed displace-
ment field (similar to the derivation of the Timoshenko beam theory); the “G.,”, in which
an equivalent shear modulus for the section is defined and the ‘““shear correction factor”, in
which a shear correction factor is derived and used on the “G.,” version. Notice that due to
the curvature, the FOSD theory for curved sandwich panels is not a direct extension of the
corresponding one for flat panels and has several unique features, such as a reference curve
which needs to be defined accordingly. The classical theory for curved panels (which does
not include transverse shear) is also derived.

Results from various geometries and core materials are compared to Theory of Elastic-
ity which regard as an accuracy benchmark. Elasticity results give radial the normal stress,

o, which cannot be predicted by the incompressible core theories, the shear stress, 7,
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which has a highly nonlinear profile and is not constant for moderately stiff cores, as well
as the hoop normal stress, ogg in the faces; and circumferential and transverse displacement
which may have a nonlinear distribution through the thickness. Both EHSAPTSs capture all
these three stress components: o,.., 7.9, 0gg 1n sandwich core and show exceptional accu-
racy (unlike other theories) but the logarithmic EHSAPT has an edge over the polynomial
EHSAPT especially with regard to the radial normal stresses o, and for configurations
involving stiffer cores. HSAPT ([21],[37]) also show certain level of accuracy but not as
good as EHSAPT. On the other hand, FOSD can not predict the, rather significant, radial
normal stress, o, (since they are all incompressible theories) and the FOSD theory ab-
solutely needs to be used with an equivalent shear modulus, G, as the “basic” version
offers little, if any, improvement over the classical theory. Further improved accuracy can

be achieved by embedding a shear correction factor.
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CHAPTER 3
FREE VIBRATION ANALYSIS OF CURVED SANDWICH COMPOSITES
BEAM/WIDE PANEL

In this chapter, we consider the same curved sandwich configuration as previously seen in
chapter 2, figure 2.1. Free vibration analysis of the Extended High order Sandwich The-
ory(EHSAPT), the First Order Shear Theory (FOSD), and Classical Theory are formulated
using Hamilton Principle; and dynamic Elasticity solution for simply supported boundary

conditions are derived using the method of Frobenius series.

3.1 Extended High order Sandwich Panel Theory dynamic formulation

In the following, free vibration dynamic formulations will be presented with logarithmic
(2.3) and polynomial core displacements (2.7) under the same assumptions as presented in
section 2.1 static EHSAPT formulation. Kinematic descriptions of top/bottom face sheets
and core, strain displacement relationships and constitutive laws are also derived with the
same procedure (2.1)-(2.8) with addition independent variable ¢ i.e. the dynamic seven
dependent variables are a function of (6,t): two for the top face sheet; w}(0,t), u(0,1),
two for the bottom face sheet; wj(6,t), u5(0,t), and three for the core; w§(0,t), us(0, 1),

and u§(0,t).

3.1.1 Governing differential equations and associated boundary conditions

Governing equations and associated boundary conditions are derived from Hamilton’s Prin-

ciple, the principle states a dynamic equilibrium.

(5/(K—U+V)dt:0. (3.1a)

t
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where K is kinetic energy, U is strain energy of the sandwich panel, and V' is the external
potential due to applied loads which is none, V' = 0, because the problem is free vibration
analysis.

The first variation of the kinetic energy is:

o fo/2
oK = / [ / py (W60’ + P6u”) Rydz,
0 —fv/2
Tie fe/2
+ / pe (6w + uouc) rdr + / pe (W'6w' + 0'ou’) Rydz, |bdf , (3.1b)
Tbe —ft/2

where "and “denote d/dt and d?/dt* respectively.

The first variation of the strain energy was written in (2.9b).

Substituting (3.1b) and (2.9b) into (3.1a), and applying integration by part on d K re-
spect to dt removing time derivative of displacement’s variation, then the first variation of

the kinetic energy becomes:

a  fo/2
0K = —/ [ / Ob (wbéwb + iibéub) Rydz,
0 —fy/2
Tie /2
+ /pc (W°ow® + i@6uc) rdr + / pe (W'ow' + @i'ou’) Rydz |bdf , (3.1c)
Toe —fi/2

Hamilton’s principle states that the integral (3.1a) must vanishes for all arbitrary choice

of displacement’s variation, they are: 5w8’b’c, 5u6’b’c and ou{. Then, the statement yields:

(0K 4 6U) =0 (3.1d)

Subsequently, the same procedure of deriving governing equations and associated bound-

ary conditions that was carried out in Chapter 2 static EHSAPT is followed here. Indeed,
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Left-Hand-Side terms of (2.10)-(2.11) which contributed from U remain identical. And

all contribution from § K will be presented in Right-Hand-Side terms. Corresponding seven

partial differential equations are as follows:

Top Face Sheet

t .
dwy -

t 2
c Cllbft a b c a a cllbf c a b c 0
[A3+ R, +(AS—AL+A )_302+(A9+ 12R§ >_864 wh+ | AJ+(AJ— A2+ AS) =+ AS

. . 02 . cybd;, 0 . bdi 0P
+{A2+(A Ab)%?} {(A — AS+ I}itt)%—l—(fl ER?)%S}U’@

0 o3 0 o3 0 o3
c__ Ab c b c__ Ab
+{(A4 A>89+A4893] {(A A>89+A5893] [(A7 A>89+A7893]

_ m 82 m ptbft 84 t
= ((A7 — pebfiRy) o2 (AG - 12Rt) 802(‘%2) Wo

o 02 O 0? m Ptbf v 9
<A8 oz 6028752) ulg A5 G (A 1th> 96020
o o o

Y AT — AT, ¢
2 000t U — A o002 " t o002

(3.2a)

t.
duy

c b ci1bdy, 0 C1lbd3_ N c by 0 ba_3 b
[(D7 Di= =R a5+ Cam ~ D |wo + | (D5 = Digg — Digs | wh

+(DE — Db)aae wh + {Dg — (DL + Cl}idt + Cf;gg)aa;]ug
+(Df - Dfi;;) + (D5 ~ Déaa;) +(Df - D?aa;) i
- (Dg” * qf}];f) 80863752 wo + D5’ 808;2 (Dm — pibfiFe = qf}éi) o2 t
+Dr g; ub + DY g; u + DY g; u$ . (3.2b)

Bottom Face Sheet
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b
owy

o ot b bdy 0? b, bd}
B¢ Ba_Bb B¢ B t B¢ 11 Ba Bb B¢ a 11
|: 3+( 3 7_'_ )892+ 9 804:| w0+|i Rb ( 5_'_ )892_'_( 12R3
c a 82 c c 9 83
JF{B2 (BS 3)892] 0+[(BG—B)89+36893] ¢

b 3 93 3
c b c1,bdy, 2 a_cllbdb 9 b b N 9 g
+{(B4 B} + R, )89+(B4 12R§)_893 ug + | ( Bz+B)39+B

5003
o 0 *7 . a0 o
- [(—B§+B )5 +B?(993] = (37 5 — B —8026752) w)

m 82 m pbbfl? 84 b m 82 c
+ ((Bs — pbbbeb) @ — (B5 — 12Rb) 8920t2) Wy + Bi'—w
_Bm_—~___ 63 t (B;n + pbbfl?) 83 b m 83 c m 83

' ogor" 128, ) ogor "~ P gearto ~ Pl ggap G20
duf :
(55 — B2) g — B s [t + (55— Bt — ) oy (0 gy 2
+(ES - Eb)ge +(E5 - Egg);) + {E (ES+ Clﬁd” + 0115%3);;}%
(B - B (B - B i
5 g+ (55 T ) a7 g
+ (Eg” — pobfyRy — ’i‘;bj__;b> St + E5' g;uo +E;”§; ©. (324
Core
owg

0 0 0
Cs+(C5 - C) 692} {CC (C5 — )7 } (Cc Conrs )

06? 5062
0 0 0 0
c b c b c b c by ¥ ¢
+ (G — 0)69 + (Cf — 0)8«9 + (C§ — 0)80 +(C5 — 04)69151
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Cc .
oug

0 03 0 03 0
c b b c b b c b
(Fr = F >89 Fy 893} {<F -F )(‘39 s ags (993 + (5 - F )80
c a c 8 c 82 c 82 c
3 3 . 2 . 82 . 2 . 82 .
= I ppa s + I8 g o T I gt + Y s + B g + Fi' gt
(3.21)
ouf
0 o3 0 03 0
c b Al c b ral c b
(G = Ga)gg = Gs 693} {(G ~ G)gg — Gsgga|wo + (G = Ga) g
0? 0? 0? 0?
c b c b c b c b us
+ (G GG 892) (G G4 892) (G G5 892) (G G7 892)
E 9 02 o2 02 o2
= G¥ gpo ™o + 05 g  GT gt + G s + Gl gt + G v
(3.2¢)

The corresponding boundary conditions are at § = 0 and § = «, read as follows (at each
end there are nine boundary conditions, three for each of the two face sheets and three for
the core):

Top Face Sheet

Either éw§ = 0 or,

) ¢ bf B ° )
b oy L (A% 4 117J¢t b ay ~ _ pa b a we
[(A ~ i) gg — st 12R3)693} {<A ~ Mg Agae?l o (4 A)ae

+ Ab_Aa Cllbft + Ab Av 0 b+ Ab Al Al c
376 TR 392 Ho i5g2 )0 5392 7892

pibf 0 t o b pebf? t

_ (a4 _ a9 Am o
< 6 12Rt> 60120 T 5 FpaE o T\ T Tag, at2“°

2 2 2

0 0 0° .
9 8t2u0 + Ay 8t2u0 + Ay 2l (3.3a)

+ AY
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Either dwy’ =0 or,

3 g ¢ bf a 82 a,,c
[A3+(A9 1%3?%] (A +A8892> wh + At

o b o? P 9 5
po & by @ e i yraa a2 23
* |: 680 12R§ 893:|U/0+ 69 0+ 589 0+ 789 1 0 ( )
Either dul, = 0 or,
t
b, Cubfi b Cllbft ,
|:D3 + Rt + (DQ - 12R3 892 D + DS BYE wo + DQw[)
‘i bf c bft 8 0 o
Ds+ Som + L+ Dt L+ Db e 0, (33
" { 6+ 12R? Ry }89 + (99 + 589u0+ 7&9“1 , (3.3¢)

Bottom Face Sheet

Either Sw} = 0 or,

0 pa® o dbf 5
b pa _ Ra b a\ 7 11Y%Jb a b b “ C
{(37 B$)——B } {(B —B )39 ( 12R3 +B )393] w+ (B, —B )86

96 003
a 82 t b C11bf§’ a 82 b . 02 . , . 82 )
+(B 36392) °+{Bl+( 2R " >ae2]u0+(3 B5@>u°+(34—37w)“1

m 83 ptbft 83 82
B6 aeatQ 0+ (B5 + 12Rt) 8982’/‘2 0+B

m p bf 02 82
+ (32 1t2Rt> 6t2 o+Bg 6t2“0+B4 BT uy, (3.3d)

Either 5w}’ =0 or,

s BT 10/ Al IR

3 C bf 83 a
pad _ Gl Ba o
+( ‘06 12R 393) o+ B gt + B g

=0, (3.3e)
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Either 6ul = 0 or,

0? Abfy c].bf, 0
Eb Eb Eb 11 Eb 11¥Jb Eb c Eb
<3+ 939?) ( r, (B 12R3)092> + B+ By ggu

b bfg C bfb 0 0
g c1Pe 11 e g _
( T ors TR, 89 U+ By pgus + Figgui =0, (.30

Core

Either ow§ = 0 or,

C’ba

0 0
w0+0§69 0+cgae

Either dui = 0 or,

0 0 R 0 0 0
<F6+F§’ 092) 0+<F"+F§’ 302) 8+F§wO+Fé’%u6+Ff%u8+Fé’ 5 ug+F— 501 =0,
(3.3h)
Either duf{ =0 or,
o> 52 0 0 0 0
(Gb+G9862> 0+(Gb+G8802)w8+Gb +G689 0+G489 0+G560 0+G789 ¢ =0,
(3.3i)

b b b b b b b s
where A77C™, BUO™ CrO™, DO, EBPOT, EPO™, G are constants which in-

clude both geometric and material properties and are defined in Appendix A and Appendix

B for logarithmic and polynomial variant, respectively.
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3.1.2 Solution Procedure

In the following, free vibration solution procedure for a simply supported curved panel is

outlined.

4 0 i 0
wéyb,0(0> _ Wé,b,cewt Sin(%) : ugﬁﬁ(@) = Ué’b’celm COS(TL;T ) , (3.4a)
c c iwt TL’TF@
us(0) = Ufe" cos(~—) . (3.40)

where n is wave number and w is frequency.
Substituting the solution form (3.4) into the dynamic governing differential equations

(3.2) results in a system of eigenvalue problems can be written in following form:

(—w?[M,] + [K ) { X} = 0; (3.5)

where elements of 7 x 7 [K,] represents Left-Hand-Side terms from (3.2), 7 x 7 [M,,]
represents Right-Hand-Side terms and {X,,} is a 1 x 7 unknown displacement matrix,
US> UG Ut }-

For nontrivial solutions, the determinant of (3.5a) is equate to zero:

t
UO,n?

namely: {W¢,,, W¢

0,n?

WC

0,n?

— w?[M,] + [K,]| = 0; (3.5b)

Given wave number i.e. n is specified by any positive integer, results are seven natural

frequencies, w;, corresponding to seven modes of radial vibrations, { X, };.

3.2 Free vibration using Elasticity for Curved Sandwich composite Panel

The linear dynamic elasticity problem formulation and solution for a generally asymmetric

sandwich curved beam/panel consisting of orthotropic core and face sheets. The displace-
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ment approach is used and the panel is assumed to be simply supported at the ends. Closed
form solutions for the displacements and stresses are derived using method of Frobenius
series.

In each individual sandwich’s layer, dynamic equilibrium equations in polar coordinates

are:

aarr 1 87'7»9 Orr — 000 8211)
or 1 00 P o
100 O 2ma _ O%u (3.6b)

r 00 or r ot?

Cylindrical orthotropic constitutive law and strain-displacement relations are as previ-
ously stated in (2.15), and (2.16)

Considering a curved sandwich panel with simply supported on both ends, solutions
are:

w(r,0,t) = W(r)e“ sin(k) , (3.7a)

u(r,0,t) = U(r)e™ cos(kf) (3.7b)

where k = nn/a, n is wave number ,(n = 1,2,3,...); and w is natural frequency which
later will be determined.
Using (2.15),(2.16),and (3.7) substituting into (3.6), following two linear second-order

ordinary differential equations in r are obtained:

T2033WH + 7’C33W/ — (CH -+ C55k2)W + r2pw2W — 7"(013 + C55)k’U/ + (CH -+ C55)]€U =0 s
(3.82)

T2C55U//+7”C55U/— (655 +611]€2)—|—7’2,0w2U+T‘(C13+C55)kW/+(011+C55)]€W =0. (38b)
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Multiplying 72 to (3.8a) and (3.8b), consequently, the equations can be written in matrix

form as:
P IMH{X"} + r[CX"} + ([K] + rpu®[I1){X} =0, (3.8¢)
where ,
w 0 — k
ST AL E ST P Ll e otk
U(r) 0 cs5 (c13 + c55)k Cs5
(3.8d)
K] = —(c11 + C55k2) (c11 + cs5)k )= 10 . (3.8¢)
(c1 +ess)k —(es5 + cuk?) 0 1

Unlike having a system of Cauchy Euler equations (2.19) as in static elasticity where so-
lution form is simple single term (2.20), the presence of dynamic quantities, time-derivative
terms, in (3.6) induces complexities to the solution procedure. The dynamic elasticity dis-
placement formulations (3.8a) and (3.8b) are presented in matrix form (3.8c). The method
of Frobenius series are then applied to solve the equations. The solution has the following

form:

(X} =) (X}t (3.9a)
n=0

The first and second derivative respect to r of (3.9) are:

[e.o]

{(XY =) (s+n){X ot (3.9b)
(X} =) (s+n)(s+n—D{X,}r*"2, (3.9¢)

Substituting solution forms (3.9a)- (3.9¢) into the displacement formulation (3.8c), re-

sults are:
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(s(s = DIM] + s[C] + [K])r*{ Xo}

+ ((s + 1)s[M] + (s + 1)[C] + [K])r*T{X;}

+Z; (<(3+”)(3+”— DIM]+ (s+n)[C] + [K]){Xn}+pw2[l]{Xn_2})rs+" -0,

(3.10)
Then using method of comparing coefficients:
¥ (n=0)
(s(s — 1)[M] + s[C] + [K]){Xo} =0, (3.11a)
rtl (n =1)
((s+1)(s)[M]+ (s+ D[C]+ [K){X1} =0, (3.11b)
r*t2(n = 2),
((s+2)(s+ 1)[M] + (s +2)[C] + [K){ X2} + p*[[{Xo} =0, (3.11c)
Pt

(s+n)(s+n—1)[M]+ (s +n)[C] + [KD{Xn} + p®[I{ X, 2} =0. (3.11d)

3.2.1 Indicial equation

Considering the very first coefficient term r* (3.11a), for nontrivial solution i.e. { Xy} # 0,

the determinant is equate to zero:

s(s —1)[M]+ s[C]+ [K]| =0, (3.12a)

72



Then, the result is the “indicial equation”:

c330558" + (K*(cl3 + 2c13¢55 — c11¢33) — cs5(c11 + ¢33))8” + criess (K — 1) = 0, (3.12b)

It is also note that the indicial equation, indeed, is the characteristic equation in static
elasticity formulation (2.22).

Applying similar approach, the 4th order indicial equation (3.12b) can be reduce to
quadratic equation by let s> = y; and solving (3.12b) 4 indicial roots. As a result,

S1st.2nd,3rd.4tn are obtained. Substituting 4 roots into (3.11a) and solving for { X }:

—(e11 4+ ¢55) k + (c13 + ¢55) ksi) ) 1}T 7 (3.12¢)
S

—C11 — C55k52 + ngsi + C33(—1 + Si

txy = {

where ¢ = 1st, 2nd, 3rd, 4th
Next, considering the second term 7* + 1 (3.11b) with sy 25,4,3r4,4¢5 Substitution, the

determinant is non-zero; hence, (3.11b) is only true when {X;} =0

3.2.2 Recurrence relations

Let us consider even number n = 2,4, ... coefficient matrices of r*™" ; (3.11c¢) is coeffi-

cient matrices corresponding to n = 2, r**2. Solving the equation gives:

{Xo} = —p?[(5 4+ 2)(s + D[M] + (s + 2)[C] + [K]] " {Xo} - (3.13a)

geen

recurrence relations:
{X,} = —pr[Rn]’l{Xn,2} ;. forn =2,4,6,... (3.13b)

where,

[R.] = ((s+n)(s+n—1)[M]+ (s +n)C] +[K]) . (3.13¢)
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And the inverse of [R,,] is:

R = 1 —cnk*+ess(n+s—1)(n+s+1)  —(ci1 +cs5)k + (c13 + cs5)(n + 8)k
HR’”H -k (CH + C13 (TL + S) + C35 (1 +n 4+ S)) — (CU + C55]€2 — C33 (TL + 8)2)
(3.13d)
where,

HRnH = (n+5)* ((c13 (c13 + 2655) k> + c33055 (n+ s — 1) (n + s + 1))

+ o (—cgng(n + 5)% + es5 (k2 —1—n-— s) (k2 —14+n+ s)) . (3.13¢)
Alternatively, (3.13b) implies that any {X,,_c,e, } can be determined from,
{X,} =1Q.{Xo}; forn=246,... (3.14a)
where,
(Q.] = (=122 R [Ry—o] [Boea] ™. [Ra] Y [Ro] " (3.14b)

In similar manner, { X35 7.}, these odd number terms are solved by coefficient matri-

ces of 5357

(X} = [Qu{X1}; forn=357,... (3.14c)

As previously determine, however, { X; } = 0; therefore,
{(X,} =0; forn=1,357,... (3.14d)

3.2.3 General series solution

At this point, s and { X, } are determined. For orthotropic material in general, s14; 2n4,3rd,4th

are four distinct roots or 2 pairs of complex conjugates. Considering following cases:
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First case, 4 distinct roots and a following condition is satisfied,
si—s;F#2m; 1#7], (3.15a)

where i, 7 = 1st, 2nd, 3rd, 4th; and m is any positive integer m = 1,2,3,.... A general

series solution then has the form,

WU =3 S ALY (3.155)

j=1 n=0,2,4,...

where A; are constants need to be determined.

Second case, the indicial roots are two pairs of complex conjugate,
S1st,3rd = Q1st + iblst ; Sondath = QA2nd + ib2nd . (316&)

Considering the first pair of complex conjugates in (3.16a), a partial general solution is:

{W(T),U(T)}T:Alst Z {Xn}lstr(mst—&-iblst—l-n)+A3Td Z {X'n}2nalralst—iblst—i-n7

n=0,2,4,... n=0,2,4,..
(3.16b)
corresponding X, from (3.13b) are also complex conjugate,
{X}Lstdrd — fyylst 0731t forn = 0,2,4,6,.... (3.16¢)
And note that Euler’s formula is:
riE0) = E ) — cog(4h; Inr) + isin(£b; Inr). (3.16d)

Applying Euler’s formula (3.16d) to the complex conjugate pair of (3.16b) and (3.16¢);

and applying the same approach for the second pair in (3.16a), the general solution (3.16b)
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is then rewritten as,

X} = Z Z [ ({Yn} cos(b;jInr) — {Z,} sin(b; In 7))

7j=1n=0,24,.

C;({Z,}Y cos(bjInr) + {Y,,} sin(b;In7))|. (3.16¢)

where B; and C; are four constants need to be determined.
Third case: in addition, an isotropic sandwich layer result in a special case. 4 distinct
roots are obtained but the pair is differed by 2 (m=1) i.e. (3.15a) is not satisfied. Here, we

derive solution for any even,

S1st — S2nd =2m ) S1st =~ S2nd

S3rd — S4th =2m ) S3rd > S4th , m = 07 17 27 3a v (317)

The condition in (3.17) implies that terms n'* 4 2m of the series (3.9a) correspond to

Song are linearly dependent with nt" term of the series correspond to s15. While {X }1“
and {X }*"¢ are identical to those presented in (3.15b), { X }?"? and { X }**" are modified.

Consequently, the series solution correspond to sg,,4 1s:

(Y} = ¢, (Z{Xn}lstr“w) oy SO (Y rdpsetn - (3.18)

n=0 n=0

where ¢, 1s an unknown constant which might be 0 unless m = 0. Substituting (3.18) into

(3.8c) and realizing that s15 = So9,4 + 2m, results are:

Z (Ck S1st + 7 M] + [C]) {Xj}IStrslst-Fj

Jj=0
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+ Z ( Sond + 1) (Sona +1n — 1)[M] + (Sgna + n)[C] + [K]> (Y, }2ndpsanatn

n=0

+ pr {Y }Qnd Sopg+n+2 -0 (3 19)

Then using method of comparing coefficient to (3.19). For 0 > n > 2m, there is no
contribution from {X }15t solution; hence, similar solution process from (3.11)-(3.13) is
applied and results are as follow:

For 0 > n > 2m,

- + ¢55) k + (13 + C55) kSand r
Yy 12nd — (en 1y 3.20a
oy { —c11 — Cs5k% + c3359na + C33(—1 + S2nd)S2nd ( )

{Y, 12 = [R,]*"{Y, _o}*"*; forn=2,4,....,n—2m (3.20b)

where, [R,]?"? is as defined in (3.13c)

Forn =2mand j = 0,

Ch (Sm [M]+[C}) { X}t ((SQnd+2m)(52nd+2m—1) [M1+(s2pa+2m) [C]—l—[K]) {y;,}2nd

+ [Q{Yom—2}? =0. (3.21a)

}an

Indeed, the determinant matrices coefficient of {Y5,, is identical to equation (3.11a)

where s = sy, which has zero determinant. If we choose,
(Vo 2 = { X (1), di ), (3.21b)

where X}*(1) is the first element of (3.12¢) and d}, is another unknown constant. Then,
both ¢, and dj, are determined by solving (3.21a).

Forn > 2mand 5 > 0,
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The recurrence relations are revised as follow:
{Yn}%d = _([Rn]2nd)_1(ck [Pn—2]18t + ,ow2 [I]){YR—Q}QM ) (3.21¢)

where,

[P]"" = (s15t + 1 — 2m)[M] +[C] . (3.21d)

And the series solution correspond to Sy, 1S:

yy =g (Z{Xn}?”“drs”w) nr+ SOy et (3.22)
n=0 n=0

}4th

where ¢, and {Y, are determined by similar procedure as in (3.20)-(3.21).

Therefore, a general series solution has the form,
{W(T), U(T’)}T = Alst{X}lst + Agnd{Y}2nd —+ Agrd{X}srd -+ A4th{Y}4th . (323)

3.2.4 Boundary Conditions

With simply supported displacement solution form (3.7), stresses are explicitly written as:

Opp = {clg (—k@ - @) + cggw’(r)} sin(k6)e™" (3.24a)
Tp = {%5 (— Ufj") + kWy) + U'(r))] cos(k@)e! . (3.24b)

We shall introduce superscript notations t, ¢, b corresponding to each sandwich layer,

t,b,c _tb,c

namely: top face, core, and bottom face respectively. Hence, we have: ¢;;™, $7i5,4 3,4 40

and {W (r),U(r)}bbe.
In this curved sandwich panel configuration, there are 12 unknowns constants: Atl’ft’c,
Abbe s ALY AbLeand additional 1 unknown frequency w; hence, there are total 13 un-

knowns. There are 12 homogeneous facial boundary conditions; four are traction free
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surface of top and bottom face sheet, another four are upper/lower inter-facial continuity of
displacements, and remaining four are inter-facial traction conditions.

Two traction free at top face, r = R, , are:

ol =0; 71.=0. (3.25a)

ot =0; 72.=0. (3.25b)

w=w"; ul =, (3.25¢)
ol =0 Tl o=15. (3.25d)

wl=w; W=, (3.25¢e)
ot =ao¢ ; Th o =1°. (3.251)

In (3.252)-(3.25f), ¢, sin(kf), and cos(k6) are canceled out resulting in a system of

12 equations and is then written in matrix form,

[E(w)} {4} =0, (3.26)

_ t t t t c c c c b b b b T
where, {A} = {Al,;, Asas Asras Aben Alstr Anas ASras Adins Alstr Aspas Azras A4th} .
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For nontrivial solution,

[E<w>]\ —0, (3.27)

The determinant of (3.27) gives a polynomial equation of w which is solved by numer-
ical method i.e. Root-finding. The order of the polynomial equations depend on number of
terms included in a partial summation of (3.9a). To determine higher frequencies, higher
number of terms is needed for solution convergence and computational resource could be-
come an issue.

The behavior of series convergence is studied by comparing n* and n'* — 2 terms in
(3.9a),

(X 3" = —pw? (R, H X o b 22 (3.282)

Right hand side terms {X,,_»}7" 2 is indeed the n'™ — 2, and the coefficient matrix is

—pw?[R,]~'r?. Applying Taylor series’s expansion,

. 0 K(ci3+ess)
pr? | a5~ agn + OO/MY) SEEEE O | e
n? | Skastes) | o /p2) 2 +0(1/n’)

1
€33C55M €55 C55M

—pw’[Ry]"Ir? = —

Taking limit lim,, ., (3.28b) ,the result is a zero; hence, the series is converged. The
quantity w?/n? indicates that as w increase, n has to proportionally increase. Numerical

convergence analysis is discussed later in results section.

3.3 First Order Shear Deformation Theory

In Chapter 2, three variants of static FOSD theory were presented: basic, equivalent shear
modulus, shear correction factor. The latter two are modification of shear modulus and
corresponding correction factor which improve accuracy. In the following, free vibration
dynamic formulations of First Order Shear Deformation Theory will be presented. Kine-
matic description, strain displacement relationships and constitutive laws follow (2.32)-

(2.33) with addition independent variable ¢ i.e. the dynamic three dependent variables are
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a function of (0,t) : wy(0,t), ug(0,t), and Wy (6, 1t)
Governing equations and associated boundary conditions are derived from Hamilton’s

Principle, the principle states a dynamic equilibrium:

5/(K—U+V):O, (3.292)

t

where K is kinetic energy, U is strain energy of the sandwich panel, and V' is the external
potential due to applied loads which is none, V' = 0, because the problem is free vibration
analysis.

The first variation of the kinetic energy is:
K = / / p (wow + udu) dAd6, (3.29b)
A
0

where "and’;, denote d/dt and d* /dt? respectively. Substituting (3.29b) into (3.29a) and per-

forming integration by part respect to time dt, the first variation of kinetic energy becomes:

0K = —// p (Wow + tdu) dAd6, (3.29¢)
A
0

The first variation of strain energy, oU, is as stated in (2.34b). Let us define following

quantities:

1 1
My = / p(R+2)dz = §ptft(20—2e+ft+2R)—|—20(R—e)pC—épbfb(Qc—l—Ze—l—fb—ZR) :
A
(3.30a)

M, = / p(R+2)2dz = éptft (6¢2 + 6c(—2e + fy + R) + 66* — 6¢(f, + R) + fi(2f, + 3R)) +
A

gcpc (02 + 3e(e — R)) - éfb (—3R(2(c +e)+ fo) +6fs(c+e)+6(cte)?+ 2fb2) ,

(3.30b)

81



M, = /Ap(R—l-Z)ZQdZ = %ptft (4R (3fi(c—e) +3(c—e)* + f7) +3(2c — 2e + f;) (2fi(c — e) + 2
+ gpcc (*(R —3e) +3e*(R —¢))
+1—12pbfb (AR (3fs(c+e)+3(c+e)>+ f7) —3(2(c+e) + fo) (2fs(c+e) +2(c+e)* + f7)) .

(3.30c)

Performing integration by parts in (3.29a) respect to ¢; results are dynamic governing equa-
tions and associated boundary condition (for 0 < 0 < «):

dwy :
—[Ag1(wo — ug) + (Ago — Sa1)¥] 6 + A1 (wo + uo ) + Mowgy = 0, (3.31a)

(5U0 .

—[Ag1(wo+uop)] 0 — Aci(wo g —uo) + (Sa1 — Aco) Y + Moug 4+ + Mitpo e = 0, (3.31b)

and

0 :

—(Ig1v9),0 + (Aco R+ Ic1 — Sco)Y + (Ao — S ) (wo,p — uo) + Miug g+ Motpo e = 0,

(3.31¢c)

Associated boundary conditions (three at each end, 6. = 0, «) for the dynamic FOSD
are:

Either 6wy = 0 or,

Aci1 (wop — uo) + (Ago — Sc1)Y =0, (3.32a)
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Either 6ug = 0 or,

AEl (U(Lg + UJ()> =0 R (332b)

and Either 61 = 0 or,
I;pe=0, (3.32¢)

Other sectional properties, Ag1, Ar1, Sg1 etc. are previously defined in section 2.3. Note
that the two variants, “equivalent shear modulus” and shear correction factor can be applied
via modification of shear modulus G — G, (2.48) and G — [5G, (2.60).

For a curved beam/panel is simply-supported, as shown in figure 2.1, analytical solu-

tions are sought in the form:
wo(0,1) = Woe“tsinkl ;  ug(6,t) = Upe™* cos kb,

nm

V(0,t) = Ve coskl ; k= — (3.33)

where n is a wave number which is any positive integers. The displacement field (3.33)
satisfies the simply-supported boundary conditions, (w, being zero at the ends and no mo-
ment, i.e., 1 ¢=0 at the ends) and substituting into the governing equations (3.31) leads

to:

Acik? + Ap1 — Mow? —(Ag1 + Ap )k
—(Ap + Ag1)k Apik? + Agi — Mow?

(Ago — Sar)k —Ago + Sc1 — Myw?
(AGO — SGl)k Wo 0
SGI — AGO — M1w2 Uy =40 (3.34)
(IE1k2 + AGQR + [Gl — SGO) — M2w2 \Ifo O
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For nontrivial solution, the determinant of (3.34) is a zero; result is 6" order polynomial

equation which reduces to cubic equation by setting y = w? ,
ap® + o +ep+d=0, (3.35a)
where,

a =My (M} — MoMs) (3.35b)
b =Apk*MoM; + ApiMoMs — Agi M3 + Ago MR + 2Ago Mo M,

+ Ag1k*MoMy — A1 k> M2 + Agi MoMy + Ig K> ME + Iy ME

— MZSao — 2MoM,Sg (3.35¢)
¢ =Ago (—Ap1 (K + 1) MoR + 2A4g, (K> — 1) My — (K* 4+ 1) Mo(Ac1R + 25a1))

— Ap <k:2 (Aci1 (K* — 2) My — MoSco + 2M;Sc1) + AciMs
+ Ipy (K* 4+ 1) KMoy + Iy (k% + 1) My — MoSgo — 2M1501)

+ A%y (K2 +1) Mo — (K + 1) My (Agr (Ipik® + Ie1 — Sco) — SE&1) ,  (3.35d)
d=Ap(k* —1)*(=A%, + Aci(Igr + I;ik® — Sgo) — Sg

+ AGO(AGqR + 25@1)) . (3.35¢)

Given a positive integer wave number, for instance n = 1, the cubic equation (3.35a) is then
solved and results in three roots y; 2 3. Next, three frequencies are obtained by calculating

positive square roots of:
wi = ++/1i; wherei=1,23. (3.36)

Choosing any two out of three algebraic equations in (3.34) and letting one out of three

unknowns Wy, Uy, and ¥, becomes a constant. In this case, the first two equations are
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chosen, and W} = 1. Corresponding three mode shapes are:

W 1

Ag1 (k2=1)(Aco—Sc1)—Ap1 i Mi+pi (Mo(Aco+ui Mi—Sar) — A1 k? Mh ) (3.37)
Ap1k(k?—1)(Ago—Sc1)—kpi(M1(Ag1+Ac1)+AcgoMo—MoSa1) ) )
<k2+1)uz'Mo(AE1+AG1)—AE1AG1 (k2—1)2—u§M§
Ap1k(k2—1)(Ago—Sc1)—kui (M1 (Ag1+Ac1)+AcoMo—MoSc1)

Uo
o

3.4 Classical Theory Formulation

In the following, free vibration dynamic formulations of Classical Theory will be pre-
sented. Kinematic description, strain displacement relationships and constitutive laws are
following (2.63)-(2.64) with addition independent variable ¢ i.e. the dynamic two depen-
dent variables are a function of (0, t): wy(6,t), and uy(0,t).

Governing equations and associated boundary conditions are derived from Hamilton’s
Principle (3.29). The first variation of strain energy U is previously stated in (2.65), the
first variation of external potential energy is 0V = 0 for free vibration analysis. The first

variation of kinetic energy is:

§K = — / / p (0w + iidu) dAdS, (3.38)
A
0

Substituting displacement field (2.63) into (3.38) and performing integration (3.29a) with
classical displacement field respect to 6; results are dynamic governing equations and as-
sociated boundary condition (for 0 < 0 < «):

(5’LUO .

Ien SEo Ao M,
(—wo,ee - ﬁuo,e + —upp + Apwo — | —5Woon
,00 0

R? R R2 7
M M.
+ Mowo 4t + {(ﬁl + ?22> uoﬁ} , =0. (3.393)
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Oug :

AEO SE(] AEO SEO
|\ TR TR ) Woo T T W0 T Ty o 0
2M M. M M.
T R—) o ~ (# * E) woge =0 (3.39)

+ (M0+

Associated boundary conditions (three at each end, 6. = 0, «) for the Classical theory
are;

Either 6wy = 0 or,

1 S M M. M.
Either dowgg = 0 or,
1 S
521 0,00 %Uo,e =0, (3.40b)
Either 6ug = 0 or,
A S A S

Again, assuming constant properties and using the form (3.33) for the displacements

wq and ug leads to:

(gt + i) = (Mo + 1238)

k(5 4) 7k (4 3)

—k (Smo? 4 Amo) 4 kw? (May M) 1 0 G
K2 (S 4 Am) — 02 (M + 24 4 2y | | g, of
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For nontrivial solution, the determinant of (3.41) is a zero; result is 4" order polynomial

equation which reduces to quadratic equation by setting ;1 = w? ,

ap? +bu+c=0, (3.42a)
where,

k‘2

@ =15 (MoMs — M7) 4+ Mo(R(MoR + 2My) + Ms) | (3.42b)
1
— R (Apok® ((K* — 2) My + MoR* — 2M1R) + A1 R (MoR* + 2M R + Ms))
+ k*Spo (K*(2MiR + M) — MoR?) ) | (3.42¢)
1{72

T AL R® + ApoR (Ap1 R? + Ipik* — 2k*Sko)
+ Sko (AE1R2 + Kk (Ip1 — SEO)) . (3.424d)

Given a wave number i.e n is specified, the quadratic equation (3.35a) is then solved result
in two roots /i1 5. Next, two frequencies are obtained by calculating positive square roots
of:

w; = ++/pi; wherei=12. (3.43)

Choosing one of the two algebraic equations in (3.41) and letting one of the two unknowns,
Wy and Uy, becomes a constant. In this case, the first equation is selected, and W, = 1.
Corresponding two mode shapes are:
Wy 1
= . (3.44)

U, A1 R?+1g1 k*— k2 Mo —p; Mo R?
0 k(ApoR+k2Spo—pi M1 R—pu; M2)
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3.5 Results

A free vibration numerical case is studied. Solutions from two versions of the Extended
High Order Sandwich Panel Theory(EHSAPT) with logarithmic and polynomial core dis-
placement functions, Theory of elasticity(ELST), the equivalent shear modulus First Order
Shear Deformation Theory (FOSD) with shear correction factor. In addition, solutions
from the High Order Sandwich Panel Theory (HSAPT), which assumes a compressible
core [39], is presented. The dynamic elasticity solution serves as a benchmark to assess the
accuracy of all theories.

A simply supported sandwich beam/panel configuration in figure 2.1 is studied. The
sandwich consists of two thin top and bottom face sheet of equivalent thickness f;, = 1
mm; separates by a thick sandwich core 2¢ = 25 mm. Both face sheets and core have cylin-
drical orthotropic material. The two face sheets are made out of uni-direction high modulus
carbon fiber epoxy resin whose properties are : elastic modulus Ef’b = 175 GPa, Eé’b =38
GPa, poisson’s ratio vié’ = (.3, shear modulus G** = 5 GPa, and density p;;, = 1,600
kg/m?. The sandwich core are made out of Divinycell foam core H160 whose properties
are : B¢ = ES = 170 MPa, vf; = 0.3, G° = 66 MPa, and p. = 170 kg/m*. The curved
beam has angular span o = 0.317815 rad, a radius of the top face mid-line 17, = 813 mm,
and a width (out-of-plane) 30 mm.

Considering the first wave number case i.e. n = 1, displacements are in the form:

w(r,0,t) = W(r)sin(%)em :

u(r,0,t) = U(r)sin(g—ﬂ)ei“’t . (3.45)

«

The two EHSAPTS results in 7 frequencies. The HSAPT [39] provides 4 frequencies, the
equivalent shear modulus FOSDT with shear correction factor results 3 frequencies, the
Classical theory gives 2 frequencies. And the elasticity while results in infinite frequen-

cies, 6 of them are presented. Frequencies comparisons are shown in table 3.1-3.2.Again,
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Table 3.1: Natural frequencies (Hz) 1% to 4* mode for wave number n = 1

158t 2nd 3rd 4th
Elasticity 866.01 | 10,043.28 | 12,735.03 | 17,390.04
EHSAPT-log || 866.13 | 10,075.61 | 12,845.43 | 17,430.49
EHSAPT-poly | 866.43 | 10,084.59 | 12,846.10 | 17,451.52
HSAPT 864.73 | 12,160.49 | 13,538.85 | 18,870.97
FOSDT-G., 5 | 866.37 | 13,620.81 | 19,010.10 N/A
Classical 2120.98 | 13,623.05 N/A N/A

Table 3.2: Natural frequencies (Hz) 5% to 7" mode for wave number n = 1

5th 6th 7th
Elasticity 22,425.59 | 28,329.23 | 29,865.35
EHSAPT-log | 23,412.76 | 29,142.82 | 31,608.84
EHSAPT-poly | 23,441.83 | 29,145.50 | 31,613.69
HSAPT N/A N/A N/A
FOSDT-G.4 5 N/A N/A N/A
Classical N/A N/A N/A

as state in static analysis, both EHSAPTs are shown to be the most accurate with logarith-
mic variant always slightly closer to elasticity. HSAPT also show good predictions but not
as much as EHSAPT, it underestimates the first frequency while overestimates the rest. In
this particular numerical case, the equivalent shear modulus FOSD theory with shear cor-
rection factor surprisingly accurate finding first frequency (better than EHSAPT-poly but
worse than EHSAPT-log). While Classical theory significantly inaccurate in first frequency
prediction, almost 3 times off, the second frequency is acceptable.

Figure 3.1 shows through thickness radial(transverse) displacements, w, at /2 for the
first mode. In order to present the displacement distributions within the same plot frame,
their magnitudes are needed to be in the same order because mode shapes, hence displace-
ments, can have arbitrary magnitude. Each theory is then normalized by each artificial
constant such that w,/, = 1 at r = R, and these particular artificial constants are carried
along to normalize circumferential displacements in figure 3.2. Due to the normalization,

the plot shall be interpret as only distribution profile for each individual theory; and it
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w at a/2 versus r

w

1.012
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Figure 3.1: Through-thickness distribution of radial displacement, w, at /2 1st mode and
wave number n = 1

cannot regard as accuracy comparison among theories. To some extent, however, figure 3.2
presents through thickness circumferential displacement, u, at &« = 0; it is observed that the
distributions (both w and u) from EHSAPTs capture the elasticity profile perfectly unlike
others.

The same normalization procedure is followed to present stresses corresponding to first
mode. New artificial constants are applied such that circumferential stress g9 = 1 at
r = R, and these new set of constants are applied to shear,7,y, and radial normal stress,
o, Figure 3.3 shows through thickness distribution of oyg at a;/2 within bottom face sheet
(left-figure) and top face sheet (right-figure). Transverse normal stress, o, at «/2 core
distributions are shown in figure 3.4; notice an absence of FOSDT and Classical as they are
incompressible theory. Lastly, shear stress, 7,4, core distributions at o = 0 are presented in
figure 3.5; note that classical theory excludes shear deformation.

Figure 3.6 and 3.7 present curved beam deformations(right-most column in the figure)
and through thickness displacements plot from EHSAPT logarithmic (red-solid line) and

polynomial (blue-dashed line) version correspond to all seven modes for the given wave
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u at a=0 versus r
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Figure 3.2: Through-thickness distribution of circumferential displacement, v at @ = 0 1st

mode and wave number n = 1

Ggg at a/2 versus r, bottom facesheet

Ggg at a/2 versus r, top facesheet

) Gee
-0.8
12
09 Elasticity
EHSAPT-Log, Poly FOSDT ELsT
\ s 1.1 Classical EHSAPT-Log
o J N O S N N N~ < R S —— EHSAPT-Poly
__________________________ 10 HSAPT
JEPTPY SUPPVEIL S it <t g SRR e FOSDT
----- CLss
FOSDT 0.9
—t2 Classical Elasticity
EHSAPT-Log,Poly
HSAPT HSAPT
13 /M
r[m] rim]
0.7868 0.7870 0.7872 0.7874 0.8128 0.8130 0.8132 0.8134

Figure 3.3: Face sheet through-thickness distribution of circumferential stress, ogg, at «/2,

1st mode and wave number n = 1
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g, at a/2 versus r, core
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Figure 3.4: Core through-thickness distribution of radial normal stress, o,.,., at a/2 1st
mode and wave number n = 1

T.¢ at a=0 versus r, core
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Figure 3.5: Core through-thickness distribution of shear stress, 7, at & = 0 1st mode and
wave number n = 1
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number, n = 1. The beam deformation plots are not in true scale, they are exaggerated to
enhanced visualization; and displacement plot are normalized as previously done. It can
be seen that free vibration modes can be categorized into radial dominance, and circum-
ferential dominance. 1st, 3rd and 6th mode are radial dominance because w component is
significantly larger than w. And 2nd, 4th, 5th, and 7th mode are circumferential dominance
due to the same inverse reasoning. It is also noticed that Sth, 6th, and 7th mode are core
dominant vibration as large mid-core w shown in left-most column in the figure.

Solution procedures for the other structural theories are straight forward; however, elas-
ticity’s solution procedure is rather complicated and poses numerical issues. It shall be

further discussed here.

With the numerical case, top/bottom face sheets, the indicial roots (3.12b) are 5'511’2 =
+£7.8473 and s’;;f; = £57.6421; sandwich core, the roots are s{, = +9.2164 and s5, =
+10.4936. These indicial roots are distinct and satisfying (3.15a). Therefore, a general
series solution takes the form of (3.15b). The infinite Frobenius series (3.9a) is replaced by

a partial summation to produce numerical results,

, N
{(X¥y= > {X.}ro*™ where j = 1st, 2nd, 3rd, 4th . (3.46)
n=0,2,4,...

As frequency w increase, two major numerical issues are raised. Firstly, higher number of
terms are needed to include in the partial summation (3.46) for convergence; in this report,
N = 500 is used to produce results. Figure 3.8 shows a semi Log-Scale plot of a vector
magnitude of absolute error %.,.., versus number of term N using face sheet material and

evaluating at r = R,

S iy
. Xy —{X
Powrror = { }NN { Fx—1000 x 100%|| . (3.47)
j
{ X} v—1000

Minimum limit on y-axis, %error, is at 10720 and if this is set as tolerance criteria. Figure
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Figure 3.6: EHSAPT-log(red-solid line), poly(blue-dashed line) displacements(w-left, u-
middle) of 1st to 4th mode for wave number n = 1. And mode deformation(right); de-
formed (blue shaded area), and undeformed (light blue dashed line) configuration
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middle)of 5th to 7th mode for wave number n = 1. And mode deformation(right); de-
formed (blue shaded area), and undeformed (light blue dashed line) configuration
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Figure 3.8: Semi-log plot free vibration elasticity solution convergence, face sheet at r =
Ry

3.8-left shows that lower frequency w = 30,000 rad/s, N = 40 would be sufficiently
enough; while, figure-3.8 right indicates that for higher frequency w = 300, 000 rad/s, N =
250 are needed. In addition, figure 3.8-right shows that, initially, %, is increasing as N
increase; this strange behavior is explained by the term w?/n? in the recurrence relation
(3.28b) as n is not substantial to overcome contribution from w.

The second issue is truncation error. The numerical value becomes very large, specif-
ically, when the determinant (3.27) is being evaluated. Increase digits precision would
reduce the error; 100 digits are kept to produce the elasticity results.

As shown in static result, the free vibration results underline again the remarkable per-
formance of EHSAPTS, in particular logarithmic-EHSAPT, among other theories. In addi-
tion, considering elasticity solution complexity, specifically the Frobenius series solution;

EHSAPTS are rather simple and straight forward.

3.6 Conclusion

To conclude, free vibration analysis of a curved sandwich beam with simply supported
condition on both ends is studied. Dynamic governing equations and associated boundary
conditions are derived using Hamilton’s Principle for following theories: the new Extended
High order Sandwich Panel Theory (EHSAPT), the First Order Shear Deformation theory

(FOSD), and Classical theory; and closed form analytical solution are obtained. Then, free
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vibration elasticity closed form analytical solutions for simply supported condition are de-
rived using the method of Frobenius series; common solution characteristics of orthotropic
material are addressed. Subsequently, the elasticity serves as a benchmark to assess accu-
racy of all theories. In addition, results from the High order Sandwich Panel Theory [39]
are produced to compare.

A numerical case of a curved sandwich beam vibrates in the first wave number is pre-
sented. Corresponding natural frequencies and mode shapes are determined and compared.
Through thickness displacements and stresses distribution are presented for the first mode
for all theories. It has shown that EHSAPTSs frequencies are the most accurate, especially
the logarithmic variants slightly outperform as previously shown in static analysis. HSAPT
is under performed when comparing with EHSAPTSs. The equivalent shear modulus FOSD
with shear correction factor also shows accurate the first natural frequency. Elasticity the-
oretically provides infinite number of natural frequencies but associated numerical issues
limit the performance. Meanwhile EHSAPTSs provide very accurate and up to seven natu-
ral frequencies for each wave number more than the other theories. Deformations of seven
EHSAPTs mode shapes are shown capturing unique sandwich beam vibration type: ra-
dial/circumferential dominance, and face sheets/core dominance. Again in free vibration

analysis, logarithmic EHSAPT is proved to have superior performance.

97



Appendices

98



APPENDIX A
LOGARITHMIC EHSAPT CONSTANTS

A =k ZgC(H;fi — HirpeInmy,) (£.1a)
t
CEsTte ¢ a
A} = ko2 (il — (fy — 2Ri) HS; + 2H,(fi — Ro)ryelnrye] (1.1b)
4RbRt
A = ko%(Hgi + H{ + Hg — HE)ryeInry, (1.1c)
B = k22 (g — oy 1.2
Y= (Hy; — HijreeInree) (1.2a)
b
CEsThe c a
Bf = kOLQb[fngi — (fo +2Ry) Hy; + 2H5(fy + Ro)ric Inrye] (1.2b)
4RbRt
Be = _kﬂ%[ng‘ + H{, + (Hg; — Hi)rieInry] (1.2¢)

Cf’ =k €55 [HS,(The — T1c) + HSTperie In The + Hgi(—rbc Inrpe + relnr)], (1.3a)
2Ry Ry T'te
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1

1 Tbe
Cs = k0§ (ng + Hﬂ)(rbc —Tye) — Hfirbc Inrpe + (HY; — Hg;)TpeTse I be Hfirtc Inre|,

Ttc
(1.3b)
D; = ko(ﬁ+}§m<_Hﬂ + HijroeInrye) (1.4a)
D¢ = —kg 055({1 ];b;};t)”c (HY, — HS, + 2HS rye Inry,) | (1.4b)
Eb = ko(ﬁjz;}?m(—hfﬂ + HirieInr,) (I.5a)
By =ty ST 5 28l (1.5b)

1 c
F = k’0§ (Hfi(rbc — T4e) + Hijreerse In :i + HYy (=T In Ty + 7y In TtC)) , (1.6a)

t,

Ec - kO 55 ((H??z + H3Cz> (Tbc - th) + Hgirbc In Tbe — Hgirtc In Tte + QHgincrtc In E) )

2RbRt Tbe
(1.6b)
1
Gf = ]{705 (Hldl (’l"bc — ’f’tc) (Tbc + th) + Tbc<_chi + Hfirgc) In The 1 (chz - H?irgc)rtc In rtc) ’
(I.7a)
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C
Cs5

Gf - k() ((ng - ng‘)(rbc - th)(rbc + th) + QHgincrtc(_rtc In Tbe + Tbe In rtc)) )
2Ry, R,
(1.7b)
where
o = b (1.8)
0= (rpe In(1pe) — reIn(140))? ’
a 1 C C C
HY = —— | 2mpe (¢ + ¢f3) (The — Tee) — 27peTeeCly 10 (T0e)
TbeTte
() 7 e + )+ 7 e = ) | (1.90)
HE) = (cf; + C13) (Tpe — Tee) |:(7'bc + ) In (@) — 2rpe + 2”61 , (1.9b)
TbeTte Tte
a 1 C C C
H}y = — 21 (€51 + ¢3) (The — Tee) — 2rpericCy 10 (1)
TveTte
() (15 e = )+ 7 i+ ) | (190
+ 2R,
HY, 0112(}];;” - ) [27‘56 (—=rieIn (Tpe) + rpe — T4e) + (rgc + rfc) In (rtc)] . (1.9d)

Hiy = Aa(Te — ree) [(Tbc + 74e) In (E) — 2rp. + 27"4 : (1.9¢)

Ttc

c1(fi — 2Ry)

HY. =
16
2Rt7"bc7"tc

[— 27 (Tpe (— 10 (14e)) — Tope + T1e) — (r,fc + ch) In (rbc)] , (1.9f)
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C

c The
HY. = 1 [Qrbcrtc In (i) (Tpe I (Tpe) — T4 In (140))

TbcTte Tte
- (Tbc - th) (Tbc + th) (Tbc (hl (rtc) + 2) — Tic (hl (Tbc) + 2)) :| ) (Igg)
a & fb
Hig = m [27“1)@ (reeIn (rpe) — Toe + 71c) — (rpe +77,) In (rtc)} , (1.9h)
Hiy = _Cif 24 (rpe (=10 (11e)) = Toe + 7ee) + (i + 75.) In (7ec) | (1.97)
2Rtrbcrtc
HY = ¢, (rbc (ln (13e) 2 — In (r4e) (In () + 2)) + 274 In (th))
+2Cf{3 (Tbc In (rbc) — T In (th)) y ([10&)
H{)Q = Cijl ln (%) |:(rbc + th) ln (%) - 2rbc + Qth:| ) (IlOb)
tc tc
HY, = ¢, (th (ln (11e) 2 — In (rpe) (In (7rpe) + 2)) + 2rp.In (rbc))
+2¢i3 (reIn (1ye) — rpcIn (13c)) (1.10c¢)
¢ 2R,
HY, = Cll(f;—;;bb) |:Tbc (ln (13e) 2 — In (r4e) (In (rye) + 2)) + 27 In (th)] , (1.10d)

His = ¢§;In (E) [(Tbc + 74c) In <E) — 2rp. + 27‘4 : (1.10e)

Tte Ttc
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HY = Cil(f;—;fpbt) {th (ln (rpe) (In (1p¢) + 2) — In (74) 2) — 214 In (’I‘bc):| , (1.10f)

Tbe
Hf? = Cil (Tbc - rtc) (_ In (rbcrtc)) |:(/rbc + th) In (i> — 27p + 2rtc:| , (Ilog)

Tte

HfS 621;%]% {ln (th) (Tbc (ln (Tt0> + 2) - 2th) — Tpe 0 (Tbc) 2} ) (].IOh)
b
Hfg — 021}; {rtc In (14.) 2 — In (rpe) (ree (In (rpe) +2) — 27"1)6)} , (1.107)
¢
1 Tte
Hiy = —— | = (c]1=¢13) (Toe—Tte) F¢11 70 I (roe) +71c In(ree) (— ¢y +(cf —¢f3) In = )|
2Rb Tbe
(I.11a)
Ty 2
HEy = 2(65, — ¢53) | (e = 720)? = rperen (—) ] , (1.110)
tc
Tte
His = (51— C53) (The — 7o)+ 7ae I (74e) — e (1) (51 + (5 — ¢55) In [ = )]
2Rt Tbe
(I.11c)
¢ ree( fo + 2R
H, = ‘u'’b (J;; b) { — Tpe + T1e + Tpe IN(rpe) + 7 In(r4e) (=1 — In(rye) + ln(rtc)))l ,
b

(I.11d)
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2
Hiy = 2c1, {(Tbc — 71¢)” = TheTie In (@) } , (I.11e)

T'te

¢ rie(fy — 2R
H{s = ‘u'’t (];% ) [ — The + Tte + Toe I(1pe) — T4 In(14e) (=1 — In(rpe) + ln(rtc)))} ,
¢
(I.11f)
Tbe
Hi. = ¢}, [QTbCrtc In (Ti) (rpe I (14) — re 10 (19e))
tc
— (Tve — Tte) (Toe + T1e) (Tpe (In (1pe) — 2) — 74 (In (74) — 2))} , (I.11g)
¢ 11 forve
Hi, = ——r |~ Toe + Tte 4 Toe IN(75e) + 74 IN(74e) (=1 — In(7pe) +1n(rye)) |, (1.11A)
b
c _ Cilft/rtc .
Hiy = o + e In(rie) + 1o In(rpe) (=1 + In(rpe) — In(ree)) |, (1.114)
t

2
Hfl = —grbccfl In (74.) 3 4 e (cf3 —2¢5)) In (74c) 2

1
+2 (3 — c5) In (r11e) (—ree In (7pe) + 7o — Toe) + gTbc In (ry.) 2 (2¢; In (1pe) + 3¢i3)
(I1.12a)

1 Tbe c c c

+c§yIn (1pe) ((Toe = 74e) In (r40) + 674e) — 53 In (1) ((2rpe 4 74e) In (r40) + 67
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+3ci5 (The + 74c) In (E) } ; (1.12b)

Tbe

2
Hf3 = —grtcc‘il In (7p¢) 341 (cf3 —2¢5;) In (rpe) 2

1
+2 (cfy — ¢53) In (7pe) (pe In (7e) + Toe — Te) + =7ee 10 (74) 2 (2¢§; In (1) + 3cis)

d _
Hy, =

3
(1.12¢)
M 3rieIn (rye) In (re) — In (1) (3 (Tpe — T4e)
3Ry
+7pe In (74e) (In (14) + 3)) + rpeIn (1pe) | (1.12d)

1 c
Hfs = §c‘{1 In (%) [(rbc + 27c) In (74e) 24 1n (T0e) ((Toe — T1e) In (140) + 674c)
tc
—In (r) ((2rpe + 7ee) In (74e) + 67pe) — 67pe + 674 | (I.12¢)
¢ — 2R
Hfle) _ % {th In (7pc) 343r.1n (The) 2_3In (Tbe) (Tpe In (T4e) + The — Toe) —Tee I (74) 3,
¢

d _
H17_

3

Qcil[(

2
rtc

(1.12f)

— rgc) In (7p¢) 343 (rgc + rfc) In (74c) 2_3In (Tpe) (4rbc7’tc In (r4.) + rgc — rfc)

+1n (74) (n?c (lﬂ (11e) 2+ 31In (rye) + 3) —r2 (ln (11¢) 2 — 31n (r4e) + 3)) . (1.12g)
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CC
Hfls — Lfb |:Tbc (ln (71e)® — In (1, 3) +31n (re) (rpe In (14e) — 74 In (1pe) + 7 — rtc)} ,

3R,
(1.12h)

HY = C?j}%ft {37"1)0 In (rpe) In (re) —In (rpe) (e In (r3e) (In (7e) + 3) — 37rpe + 3r4c)+74e In (74 3] ,
t
(1.12i)
Hj, = {27"1,6 (¢35 + ¢53) (Pbe — Toe) — 27pereeCls I (1)
TveTte
() (R (s + )+ = 59) | (1.130)
H§2 _ (013 + C33)(Tbc - rtc) [(Tbc 4 th) In <&) _ 2rbc + 2rtc:| 7 (1136)
TbeTte Tte
a 1 C C C
H3; = { — 21 (€553 4 53) (The — Tie) — 2rpericCis In (1)
TveT'te
() 15 e — )+ 72 5+ ) | (1130
¢ 2R
HS, = Cialfo + 28) 27 (=1t 0 (Toe) 4+ 1o — 10e) + (1o, +75) In(ree) |, (1.13d)
2Rbrbcrtc
H;B - M [(Tbc + th) In <E> - 2rbc + 27”255} ) (1136)
TbeTte Tte

106



¢ — 2R
Hj, = —M 274 (The (— 10 (14¢)) — Toe + Tee) + (rgc + rfc) In(ry.) |, (1.13f)
2Rtrbcrtc
Hy = i3 [ — 2(Toe + Tee) (The — Tee) 24 reln (The) <2rfc In (E) + rﬁc - rfc)
TbeTte Tte
—7pe I (74c) (27"?0 In (%) + rfc — rfc) } , (1.139)
tc
Hy, = Lfb 27pe (Tee 0 (Ppe) — Toe + T1e) — (’rgc + rfc) In (1) |, (1.13h)
2Rbrbcrtc
Hjy = Lft 274 (Tpe (— I (14e)) — Toe + T4e) + (rgc + rtzc) In (1) | (1.134)
2Rtrbc7ﬂtc
Hgl =—In (th) (Tbcc(lz:& (ln (TtC) + 2) + 274 (0?33 - 053))4—7“1,00(1:3 In (rbC) 2+2TbcC§3 In (TbC) )
(I.14a)
b c Tbe Tbe
Tte Tte
Hg?) =—In (rbC) (thci:’) (ln (rbC) + 2) — 2rpe (Ci?) - 653))—1—7}00%3 In (th) 2+2thczca3 In (rtC) )

(I.14c)
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q 2
H§4 = clS(f;;_ Rb) |:Tbc lIl (Tbc) - ln (th) (Tbc 111 (th) + 2rbc - 2th):| ) (Il4d)
b

HSS = C(1:3 ln (E) |:(rbc + th) lIl <&> — 27"(,0 -+ 2thi| 3 (1146)

Ttc T'te

c§ — 2R
Hys = Cialfi — 2) oV ) [m In (rye) % + 2 (rre — 74e) In (Foe) — 7 In (rec) 2} . (1.14f)
t

Tbe
H§7 = i3 (The — Tee) (= In (rperic)) [(Tbc + 74) In (%) — 2rpe + 27“4 , (1.149)
tc

Hgg = Cé;%ib [ln (1) (Tpe In (r4e) + 2rpe — 2740) — TpeIn (130) 2| (I1.14h)
S0 = Czint {th In (ree) > = In (rye) (ree In (roe) — 2rpe + 2r4c) | (1.144)
t |
1
HY = ERt (fo +2Rp) (rpeIn (1pe) — reIn(rye)) 5 Hgy =0, (I.15a)
1
HEy = ZRb (fr = 2Ry) (rpeIn (rpe) — 1 In(re)) 5 Hyy =0, (1.15b)
R
Hg5 = ™ ; —TbcTte (fb + 2Rb) In (Tbc)+1n (th) (Rbrgc + Tz%c (fb + Rb)) +2Rbrbc (Tbc - rtc) )
cltc

(1.15¢)
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RyRu(re — 71c .
g, = Loftline = i {(rbcwtc) In (Ti) - 27’b6+2rtc] , (1.15d)

TbeT'te Tte

R
Hg'? = 713 |:TbCTtC (ft - 2Rt) In (th)—'—ln (Tbc) (Rt (TZC + ch) - lecft)+2Rtrtc (rtc - rbc):| 5
(I.15¢)

1 Arye 1
H§1 = 1Ry (fy + 2Ryp) {5 In (74) (— :t +1n (1) + 2) b In (74) 24+1n (rbc)] ,
be
(I.16a)
b Tbe Tte
Hi, = RyR;In (T—) {2 (Tbe — T1e) + (Tpe + T4c) In (T—) ] , (1.16b)
tc be

1
H, = in (fr —2Ry) [ — 7o In (7o) 2 + Te (ln (re)? —21In (rbcrtc)) + 474 In (rbc)] ,
(1.16¢)

HY = RyRy (The — 74e) (— In (1374 {2 (The — T4e) + (Toe + Tee) In <E> } . (1.16d)

Tbe

H3; = %Rt —In (r4e) (Tee (fo + 2Re) In (r4c) + 270 (fo + 2Rp) — 4r4c (fo + Rp))

+7pe (fo + 2Ry) In (1) 2 = 2fyrie In (ree) | (I.16¢)
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Hjs = RyR,In <Ti> {(rbc + 1) In (Ti) — 27 + 2rtc] : (1.16f)

T'te T'te

1
H§7 = §Rb {ln (TbC) (2f: (th — 27p¢) + Tie I (T4c) (ft —2Ry;) + 4R (1pe — T1c))

+rie (= (fe = 2Re)) I (i) * + 2firsc In (rie) | (1.169)

1
Hs, = 6Rt (fo + 2Ryp) |27 In (14c) 349, 1In (T4c) 24121n (T4e) (=7t 0 (Tpe) + The — Tc)

+7pe (3 — 210 (r3¢)) In (73) 2| (I.17a)
1 c
Hs, = gRbRt In (:i) [12 (The — Te) + (2rpe + 7o) In (140) 2 + In (1) (3 (3rpe + T4c)
tc
+ (ree — Tpe) In (1) ) —1In (7pe) (3 (Tpe + 37r4e) + (Toe + 274e) In (73c)) | (1.17b)

1 )
HS, = éRb (fi —2Ry) {—27}0 In (74¢) 3_9r,.1n (7pe) 24+121n (Tpe) (Toe I (T4e) + Tpe — T4e)

+reIn (re) 2 (210 (1) — 3) | (1.17¢)

1
HS, = —gRbRt {2 (rfc — rgc) In (1) % + 3 (rgc + 3rfc) In (1) 2

+12rIn (rye) (—2rpe In (ree) = Toe + 7oe) I (1) (12706 (Poe — 7ee) +2 (Toe — 1) (Toe + 74e) In (1)
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+3 (3rg, + 1) In () ) | (1.17d)

1
Hszy = aRt — 27 (fo + 2Rp) In (140) ® — 314 (3 + 4Ry) In (1)

—12(fy + Ryp) In (14) (=7 In (rpe) 4 The — 7o) +rpe I (r3e) 2 (2 (fp + 2Rp) In (rpe) — 3f3) |
(I.17e)

1 c
Hi = gRbRt In <7l> [(Tbc + 2r) In () 24+ 1n (Tpe) ((Toe — T4e) In (1r4) + 674c)

Tte

—1In (th) ((2rbc + th) In (th) + 6Tbc) - 6rbc + 6rtc:| y (Il7f)

1
HS, = 6Rb {2% In (r3e) * (f — 2Ry) + 3ryeIn (1) 2 (3f, — 4Ry)

—121In (rbc) (ft - Rt) (Tbc In (th) + Tbe — th>+rtc In (rtc> 2 (3ft —2 (ft - 2Rt> In (TtC)) :| )
(1.179)
Dynamic - Logarithmic EHSAPT

klzpc*k07 (]]-8)

ft7”t2C

A™ =k
LT M 6R?

(ft — 2Ry) (2r§c log? (The) (210g (1) + 3)
— 21pc log (re) (B7pe — 41 + 41 log (1)) — rgc - 47"&C log® (The)

02 4 202 (log (re) — 1) log (re) )  (L19)

111



Tbe f tTtc

~ "16R,R,

AT (fo +2Ry) (2rbc 1og” (Tbe) (Toe — 27 log (7))
- 2fr‘bc log (Tbc) (Tbc - 2th - 2"ﬂtc 10g2 (th)) + 2th log (th) (_2rbc + Te — T log (rtc))

— 12+ r?c) . (L.19b)

ftrtc

AT =
3 'SR,

<4r§crm log® (Tbe) — 2rt2,c7°tc log? (The) (41og (1) + 1)

+ Tbe log (Tbc) (2th log (th) (2rbc 10g (th) + Tbe + rtc) - (3Tbc - 7"ntc) (Tbc - th))

— (rpe — T + T 10g (1)) (2rveric log (re) + 1. — 12) ) , (L.19¢)

m ftrc
A = k172—]t%t 9 (rﬁc — T?C) 2_ 367"§c7"¢2c log® (The)

— 1278, log? (The ) (—3rtc (e + 1) log (ree) + 72, — 3rt2€)
+27pc log (7hc) (—18r§crtc — 2Trpers — 18127 log? (ree) — 37 (rgc + 77}26) log (1) + 1173, + 347‘5’:)

+6 (3rpre 4 re) log? (re) — 2 (Irpere — 1609, + 7r) log (i) ) , (1.19d)

TocJtTtc
Agn = _kl% (Qrbc 10g2 (Tbc) (rbc - 27atc log (th))_Qrbc log (Tbc) (rbc - Qth - 27atc logZ (rtc>)
bl

+ 21 log (1) (—27pe + T — Tec 10g (rie)) — rf,c + ri) , (I.19e)
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2,.2

AP =~k t e (27’§C log? (rbe) (210g (7)) + 3)—27bc l0g (Tbe) (B37be — 41 + 4ric log (7))

16R2

- rf,c — 47“%C log® (rbe) + ch + 27}2c (log (1) — 1) log (1) ) . (L.19f)

2
AT = —kl% (27",2C log2 (rve) (210g (1) + 3) =27 10g (b ) (3rpe — 47 + 47 log (7))

- rﬁc - 47“%0 log® (rbe) + r?c + 27"t2C (log (r) — 1) log (th)) , (I1.19g)

1
Agn = _kl Zrbcrtc < (Tbc - th) (Tbc + th) - 2Tbc 10g2 (rbc> (Tbc - 2th log (th))

+ 2Tbc 10g (Tbc) (rbc - 2th - 2rtc 10g2 (th)) + 27ntc 1Og (th) (2rbc — T + Tte log (rtc)) ) )

(1.19h)

AL = —kl% (4T§Crm log3 (rpe) — 2r§crtc log2 (roe) (4log (1) + 1)

+ Tbe 10% (Tbc) (2th 1Og (th) (2Tbc 10g (th) + Toe + rtc) - (Srbc - 7th) (Tbc - th))

- (Tbc — Te T Tie IOg (th)) (2rbcrtc 10g (rtc) + Tgc - thc) ) 5 (1191)

f bTbcT'tc

B™ =k
1 "16R, R,

(f, - 2R) (Qrbc log? (e) (1 — 2 log ()

—2rpe 1og () (rbc — 21 — 21 log? (rtc))+2rw log (7c) (—27pe + Tie — T lOg (rw))—rﬁcwfc) ,
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By = k1 (fy + 2Ry) ( — 2rg (2log (roc) + 3) log? (ric)

16R2

+27c log (1) (—4rpe + 4rpe log (re) + 3rtc)—rgc—27“§c (log (10e) — 1) log (rbc)—l—rfc—i—élrfc log® (rtc)> ,

(I.20b)
m o fb,rb(l 2 2
By = -k Sn \ (The — Tie) “ (Toe + Tie) — 27peTec 1087 (Tbe) (Toe — 27 log (7))
b
+ T'be log (rbc) ((Tbc - th) (rbc + 3rtc) + 2rtc log (th) (Tbc + Te — 4rtc 10g (th)))
+ 7 log (1) (2rperic 10g (ree) (210g (rie) — 1) — (Trpe — 37r4¢) (Toe — th))> , (1.20¢)
Bl'=—k 5;;30 ( -9 (rﬁc - rfc) 24 367“%67}20 log® (re) + 127"?C (rfc — 37“50) log? (re)
b
— 61y log? (Tbe) (37‘bcrt2c + r,fj’c — 6rt3c log (rm))
+27pc 1og (1) (97"bcrt2c — 1872 (1pe + T log? (re) + 3 (7r§crtc + ch) log (re) + Tr. — 167}3‘3)
+ (36rpery + Bdrgre — 68rp.rie — 22ry) log (1) ) , (1.20d)
2,.2
Bf' =~k {575 (—27126 (210g (rbe) + 3) log® (r1e) +2r1c 10g (1) (—4rve + 4rvc log (1c) + 3re)
b

— rp. — 215, (log (rue) — 1) 10g (ree) + 1 + 41y, log? (m)) . (1.20e)
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fbrbc ftrtc

B™ = —k
6 Y 16R,R,

(Qrbc 10g2 (Tbc) (rbc - 27atc log (th))_Qrbc log (Tbc) (rbc - Qth - 27atc logZ (rtc>)

+ 21 log (1) (—27pe + T — Tec10g (r1e)) — rﬁc + rfc) ., (1.20f)

1
B;n = _kl Zrbcrtc ( (Tbc - th) (Tbc + th) - 27"bc 10g2 (Tbc) (Tbc - 2th log (’rtc))

+ 2rpe 10g (Toe) (Mhe — 27 — 21 log” (1)) + 21 1og (rie) (2rpe — Tie + T log (1)) ) ,

(1.20g)
2
By = —kl% (—27“?0 (210g (Tbe) + 3) 10g® (11¢)+27 log (1) (—4rpe + 474 log (Tpe) + 37

— rﬁc — 27’30 (log (1he) — 1) log (rye) + rfc + 47’?C log® (m)) , (1.20h)

T
Bg)n = _kl% ( (rbc - rtc) 2 (rbc + rtc) + 2"ﬂbcfr’tc 10g2 (rbc) (Tbc - 2"dtc log (rtc))

— Tbe log (Tbc) ((Tbc - th) (Tbc + 3th) + 2th 10g (rtc) (Tbc + Te — 4rtc IOg (rtc)))

+ 7 log (1) (e — Tie) (Troe — 37ie) + 2rperec 1og (1) (1 — 2log (rtc)))> ., (1.201)

CT = —kl% <4r§crtc log3 (rpe) — QT‘gC’Ftc log2 (roe) (4log (re) + 1)

+ Tbe 10% (Tbc) (2th 1Og (th) (2Tbc 10g (th) + T'be + rtc) — (Srbc — 7th) (Tbc — th))

— (rpe — T + e 10g (1)) (2rberic log (rie) + 1. — 13) ) , (I1.21a)
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Tbe
Cy' = _kl% ( (Toe = 7ie) ? (The + 1) + 27t 10g” (7oc) (he — 27 log (7ic))

— Tbe log (Tbc) ((Tbc - th) (Tbc + 3th) + 2fr‘tc log (rtc) (Tbc + Te — 4th log (rtc)))

+ e log (1) ((roe — Tie) (Troe — 37ee) + 2rpere 1og (1) (1 — 2log (rm)))> , (I1.21b)

1 c -
Cén =ki— <(7'bc - th) ’ (Tbc + th) — 2T log <TL) <3 (T’bc - T'tc) 2 - 2rpeTe 10g2 (T_t))) ’
4 Tte Toc
I.21¢c)
. r2 2 2 1052
D" =~k 16 R? (fe = 2R¢)" ( 2 log” (roc) (21og (rie) + 3)
t

—2rpe 10g (re) (3rpe — 4rie + 41 log (rm))—rﬁc—élrgc log® (7’130)—1-7}%—1-2732C (log (1) — 1) log (7) ) ,

(I.22a)

TocT'te
D;n - _kl be ! (fb + 2Rb) (ft - 2Rt) 27“bc 10g2 (Tbc) (Tbc - 2th log (rtc))
16 Ry R,

_2rbc log (Tbc) (Tbc - 2th - 2th 10g2 (th))‘{'Qrtc log (rtc) (_QTbc + Te — T log (th))_rlzc_FTtQC) )

(1.22b)

Tte

S8R,

DY = —k (fi —2Ry) ( — 4r§crtc log® (The) + 2r§crm log? (roe) (41og (1) + 1)

+ Tbe 1Og (Tbc) ((3Tbc - 7rtc) (Tbc - th) - 2rtc 108; (th) (27nbc 1Og (th) + Tbe + th))
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+ (Tbc — T + Tic log (th)) (2rbcrtc log (th) + Tsc - 7°t2c) ) , (1.22¢)

Tte

D" = —k
4 o

(fi —2Ry) (9 (rﬁc — ri) 2 167 log? (1) (37“50730 — 612 log (1he) + TS’C)
—2rlog (re) (9rperic + 37 10g (roe) (—67be (Toe + 7ie) log (roe) + 7o + Trie) — 167, + 7rp)
—2rpe log (7he) (67ve 10g (roe) (37108 (roe) + 7o — 3re) — (Toe — Tie) (= Treeric + 11rp, — 34rg)) ) :

(1.22d)

f bTbcT'tc

16 Ry R,

Dgn - —kl

(ft—ZRt) ( (Tbc - th) (Tbc + th) _2rbc 10g2 (Tbc) (rbc - 2th log (th))

+ 27 Log (The) (roe — 27 — 2rie10g” (1)) + 27 1og (1) (2rhe — e + i log (1)) > )

(1.22e)

ftri
1612

Dt =k (fi—2Ry) (27"30 log? (The) (210g (1) + 3)—27pc l0g (Tbe) (37be — 41 + 47 log (1))

— rﬁc — 47“,2c log® (rbe) + T?C + 2rt2c (log (1) — 1) log (1) ) . (1.22)

T CTC
El = —ky 25 (f, + 2Ry) (fi — 2Ry) [ 2rpe 1087 (7o) (Toe — 271 l0g (r1e))
16 Ry R,

—2rpe 10g (Tpe) (The — 27 — 27 log? (rie))+2r log (re) (=27 4 rie — ¢ log (rtc))—rﬁc—i-rfc) ,

(I.23a)
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2
B =k 16R2 (fo - 2R)* < — 2r2 (2log (o) + 3) log® ()

+27 1og (7)) (—47pe + 47pe log (1) + 3rw)—r§C—2r§C (log (ry.) — 1) log (Tbc)+7“t2c+47}20 log? (rtc)> ,

(1.23b)

Tbe

S8Ry

EY = ki—(fi+2Ry) (— (Toe — T1e) 2 (Toe + Tie) — 27peT1c 1087 (The) (The — 27 log (1))

+ T'be 10g (Tbc) ((Tbc - th) (rbc + 3th) + 2"ntc log (th) (rbc + T — 4rtc log (th)))

+ 7 log (1) (2rperic 10g (ree) (210g (rie) — 1) — (Trpe — 374¢) (Toe — 7)) ) , (1.23¢)

E _kl

72Rb(fb+2Rb)( 9(7"bc rtc) +36Tbcrtclog (rtc)—|—12rtc (rtc 37"bc) log? (re)

— 67pc log? (1) (3TbCT’t20 + g, — 612 log (th))
+21pc 1og () (9rbcrtc 1872 (Toe + 7ic) log? (re) + 3 (7r§crtc + ch) log (re) + Tri, — 167"5’0)

+ (36rpery + Bdrgry — 68rp.rie — 22ry) log (rm)>, (1.23d)

f b th)c

B = kb
5 MI6R2

(fo+2Rp) (—27"?0 (21og (1ve) + 3) log? (re)+2r 1og (rie) (—470e + 47pc log (Tve) + 37c)

— 12, — 2r¢. (log (ree) — 1) log (ree) + 12 + 472 log® (rtc)> , (1.23e)

Tbe .f tTtc

Em = —k
6 "16R,R;

(fb+2Rb) < (Tbc - th) (Tbc + th) _2rbc 10g2 (Tbc) (Tbc - 2rtc 10g (th))
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+ 27abc log (Tbc) (rbc - 27atc - 2rtc 10g2 (th)) + Qth log (rtc) <2rbc — Tte + Tte log (rtc)) ) )

(1.23f)

Tte

SRy

F" =~k (fi —2Ry) ( — 4r§crtc log® (rhe) + 2r§cnc log? (The) (41og (1) + 1)
+ Tb¢ 108 (The) ((Bbe — TTic) (Toe — Tie) — 27 10g (Te) (276 10g (74¢) + The + 7ic))

+ (Tbc — Tie + T 1Og (th)) (2Tbcrtc 10g (th) + Tgc - 7}20) > y (1243-)

T C
F'=Fk 8;% (fo+2Ry) < —(Toe — Tie) % (Toe + Tie) = 27peT1c 1087 (The) (e — 27 log (1))

+ T'be log (rbc) ((Tbc - th) (rbc + 3rtc) + 2"dtc log (rtc) (Tbc + Te — 4rtc 10g (th)))

+ 1 log (1) (2rperic log (1) (210g (re) — 1) — (Trpe — 37e) (The — rtc))> , (1.24b)

1 . .
an = klz ((Tbc - th) ’ (rbc + th) — 2rper log (%) (3 (rbc - th) 2 - 2TpeTie 108;2 (:_t) )) )
tc be

F" = /{:1%{9 (The — Tie) ® (e + 1¢) 2 — 361872 log® (1)

— 127“bc7"tC log? (Toc) <3 log ( ) 2) + 12rbc7‘t2c (rﬁc — rfc) log? (ree)
Tbe

—Tbe log (Te) {227&7}0 867”1,07“tC 367"bc7"m log (th)+187"bc7”tc log (7“ ) 187“bc7’tC log (:tc)
bc be

r
+67peT e (Tbc + 3rtc) log (7“ ) 12r 2 log (1) ( 2TbeTe + 37pe (The + Tie) log (rt0> _ rgc + Ti)
tc bc
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+ 5rpe + 597“1] + e (The — Te) (327“bcrtc + 592, + 57}%) log (7) } , (1.244d)

bebc

Fm— —
5 "SR,

( - (rbc - th) 2 (Tbc + rtc) - 2Tbcrtc 10g2 (rbc) (rbc - 2th 1Og (th))

+ 7 108 (The) ((Tbe — Tte) (Tbe + 37c) + 27c 1og (rie) (b + e — 47 10g (1))

+ 7 log (1) (2rperic 1og (rie) (21og (rie) — 1) — (Trpe — 374c) (The — th))> , (L.24e)

f tTtc

Fmo— _
6 'SR,

(4r§crtc log3 (Tbe) — 27“50% log2 (roe) (4log (1) + 1)
+ Tbe 10g (The) (271 10g (rie) (27e 10g (7e) + Tve + Tie) — (370 — Trie) (The — 7))

— (Tbe — Te + T 10g (1)) (2rbcrw log (1) + 18 — rtzc) ) ., (L.24f)

Gl'=—k (fi —2Ry) ( (rbc — th) + 67 log? (re) (3T§Crw — 673, log (1) + rf’c)

72Rt
—2rlog (1) (9Tgcrtc + 3rpe og (7be ) (_6rbc (Tbe + 7ic) log (Tbe) + ?fc + 7rt20) - 167“§'C + 7T2:)
—2rpe 1og () (67’bc log (7pe) (37}% log (Tve) + rﬁc — 37}%) — (Foe — Te) (—7Tbc7”tc + 11r§c — 347}%)) ) ,

(I.25a)

Tbe

2Ry

Gy =~k (fo+2Ryp) <9 (r. — re) 2+6rbc log® (rve) (3reere + i — 61 log (1))

—27pc log (T4c) (97“bc7}2¢ + 3r log () <—6th (e + 1) log (ree) + Trg. + rfc) + Trd — 167“?0)
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—2r¢ log (r) (67}C log (7) (3r§c log (1¢) — 3rg. + rfc) — (Tbe — Tc) (7rbcrm + 34, — 117}%)) ) ,

(I.25b)

Gy =k— %6 [9 (Toe — i) ® (Poe + 11¢) 2=3678 72 log® (1) —1212.72 1og? (roe ) (3 log <7“b ) — 2)
+ 127’bc7“t2c (’l“gc — T?C) 10g2 (rtc)

— Tbe lOg (Thc) [22T§Crw 867pers — 361272 log? (r) + 18787 log (%)
be

— 18rbc7“ log (7’ ) + 67pere (rbc + 3th) log ( c)
bc

Tte

Te
— 12r2 log (1) ( 2rbeTie + 31be (Mbe + 7ic) log (rt ) — 2 + r?c) + 5rpe + 597 ]
be

+ 7 (Toe — Tie) 2 (32rbcrtc +59r2, + 57“?6) log (th)] , (1.25¢)

Gy = kl %6 9 (rg. — ) * — 36rpre log® (re) + 36rp.ri log® (rue)
+ 3rg. log? (rue) (8rpere — 1278 (2rpe + 1) 1og (rie) + roe — 977
— 2rpe log (roe) [ (107rie + 3Troer + 51, + 320 ) (e — 1ic) 2
— 18rg. 1 (The + 2ric) log® (rie) + 157 (1, — 1) log (ric) |
—3r (8riere — Ird + rflc) log? (rie)+2re (The — i) 2 (37rg e + 1070 + 3215, + 51 log (1) |

(1.25d)

T C
Gy =—k 5;};() < -9 (rﬁc rtc) — 67 log? (Toc) (37’bc7“t20 + rgc — 67}30 log (th))

+27pc 1og (1) (97"bc7’t2c + 31 log (i) (—67}C (Toe + 7ie) log (re) + Tre, + T?C) + Tr, — 167’;1)
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+27 log (1) (67}C log (7) (3r§c log (7¢) — 3rg. + 7“?0) — (The — Tc) (77’bc7"tc + 34r2, — 117"&)) ) ,

(1.25e)

f tTtc

m __ _k
G '72R,

( -9 (rﬁc — rfc) 24 36r§crt2c log® (The)

+ 127‘%C log? (Te) (—371C (roe + 1) log (1) + rgc — 37}%)

+27pc log (1) (18r§crm + 27rper2 + 18127 log? (1) + 3ric (rgc + 77"?0) log (1) — 1173, — 34rf’c)

— 6 (3rpre 4 re) log? (re) + 2 (Irgere — 1675, + 7r) log (rec) ) ., (1.25%)
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Ab —

b

i =

Be—
b 8ct

+

APPENDIX B
POLYNOMIAL EHSAPT CONSTANTS

a bft

Al =5 R ((c = R.) (Re (RHY, — HY) + HY) + HY) (I1.1a)

bcc a a Cc (&
+2¢R, ((c — R.) (H$; — R.HY,) + H;) ) : (I1.1b)
At = (o= Ro) (~RoH{, + B2HY, + HE) + HY) (1110

b

B = s (= (Re+) (Re (R — HE) + FIE)) (11.20)

bcs " " .
1606—;%& < —2¢*Ry, (HY; — R.HY) + fy (Re (—R.HS; + R2HS, + HS) + 2H3,)

¢ (2R, (= ReHg; + RZHy; + Hy;) — fio (Re (Hs; — ReHg;) + H;)) ) ,  (I1.2b)

b
= (¢ (2HY; — cHS) — 2(R. + ¢) H{; + 2R, (R, + ¢) H}; + 2H7;) ., (11.2¢)

(R.HS; + (¢ — R?) H3, — HS,) (I1.3a)
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O = o0 (R + (¢ = R2) Y — Y — )

24

Db — _b(fi —2Ry)

? 8C5Rt (<C - Rc) (_RcHﬂ' + Rngi + chz) + Hfi) )

~ begs (fe —2R,)

(11.3b)

(11 4a)

D¢ = 6P, ((c = R.) R.HS;, — (¢ — Re) RZHY, + (R. + ¢) HS; + 2HY,)
(I1.4b)
b (fb + 2Rb) a c
E} = T8GR, ((Re+¢) (—R.H{; + R2HY; + HY;) — HY) (I1.5b)
bes 9
g = B T 2R) (o p o HS R (Re+ o) HY + (e — R) HE, — 2HY) |

i T T 16¢5RZR,

b

RO = o (R + (& — R2) Y~ HE)
c B bc§5 (R He + (C2 _ RQ) Hb- + HC)
i 405RbRt cily; c 3i 3i)
G = 2 (¢ = ) 1+ (S — GR) MY + oI5 — 1T
c beg a c
Gt = e (Re (ReHS, + (¢ = R) H, - HS) — 2113)
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where

b __
iy =

a 2 c c C a 8 ¢ ¢
HYf, = gCQ (c(cfy +2c13) = 3Rects) 3 Hip = 503 (¢ — cf3)

a 2 c C C a
Hy3 = 562 (BRecys +c(cfy +2¢iy)) 5 Hiy=

A, (fy +2Ry)

3Ry

_éy (f— 2R)
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APPENDIX C
LOGARITHMIC EHSAPT WITH STRESS RESULTANTS

Let us define,
1

Tte In Ttc — The In Tbe ’

ko = (IIL.1)

logarithmic EHSAPT governing equations for 0 < 6 < « are:

Top Face Sheet

.
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Bottom Face Sheet
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b.
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C.
oug:
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+ karie (QSa)" (0) — (NG)' (0) — 2kareeric In (roe) Qs (0) + 2karnerie In (1) Qry ()
— karoe Qe (0) 4 karoc Vi (0) + karieQn (0) — kari ViE(0) — ViE(0)

=0, (L2

C.
ouf:

— karp, (QS2) (8) + karperie In (rie) (QS,)" (8) — karperi In (ree) (Q5)' (6)
+ karg (QSa)" (0) — (Mg (0) + 2karg.rie In (1) Q5 ()
- 2k2rb0rt2<: In (rb0> Qrcsl(e) - erl?c r052<9) + erch;g(e) + er?chCSZ(9> - k2rt2c‘/r:(9)
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Boundary conditions are at # = 0 and # = «, read as follows (at each end there are nine
boundary conditions, three for each of the two face sheets and three for the core):
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Either du§ = 0 or,
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