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Summary

The thesis is a study of geometric properties of non-collapsed metric measure spaces
with Ricci curvature lower bounds. We establish some characterizations of non-collapsed
spaces and as a consequence, solve the De Philippis-Gigli conjecture which states that
weakly non-collapsed spaces are actually non-collapsed. It is obtained as a corollary of the

following equivalence, which holds under mild volume ratio condition:

- tr(Hessf) = Af on U C X for every f sufficiently regular,

-m=cH"onU C X for some ¢ > 0,

where U C Xis open and X is a - possibly collapsed - RCD space of essential dimension 7.
The method we use is smoothing the canonical Riemannian metric by a family of metrics
g: induced by the heat kernel.

We also study the short time expansion of g;, and show that the weakly asymptotically
divergence free property of the second term of the expansion is equivalent to the metric
measure space being non-collapsed, under the same volume ratio condition as above. The
expansion is made explicit for weighted Riemannian manifolds.

Finally, we prove an almost everywhere convexity of the regular set R,, which states
that for every point in the regular set of essential dimension R,, there is a geodesic lies
completely in R,, joining almost every other point in R ,,. This result can also be interpreted

as an almost convexity of the interior of an non-collapsed RCD (K, ) space.



CHAPTER 1
INTRODUCTION

In this thesis we focus on the study of metric measure spaces with Ricci curvature lower
bounds. The geometric properties under investigation are being non-collapsed and convex-
ity. In our study, especially when study the criteria for non-collapsed spaces, the heat kernel
and heat flow serve as a basic tool to deal with non-smooth objects, we developed a method
that uses heat kernel to mollify the original metric, which has much broader applications
to be discovered in the future. For the study of convexity we adapted the one dimension
localization technique, originated from optimal transport.

In the introduction, we give an account of the history of synthetic Ricci curvature

bounds on metric measure spaces.

1.1 Ricci Curvature on manifolds

We start from the study Ricci curvature for smooth manifolds. For Riemannian manifolds,
The Ricci curvature lower bound plays a central poly in the interplay between geometry
and analysis. In geometric aspect, by comparing quantities to those in the space form of
constant sectional curvature, one can find nice bounds of geometric quantities of interests.
For example, the Bishop-Gromov inequality, Laplacian of the distance function, hence the
mean curvature of sphere, first eigenvalue of Laplacian, first Betti number, and the growth
rate of fundamental group, etc.. It evolves to a vast subject named comparison geometry,
see for instance [1]. It is particularly interesting that some quantities are rigid under Ricci

curvature bounds. Famous results include:

* Cheng’s maximal diameter theorem [2, Theorem 3.1], which states that if the Ricci

curvature of an n-dimensional manifold is bounded from below by (n — 1), and its



diameter achieves its maximum 7, then such a manifold must be the standard sphere.

e Obata theorem [3, Theorem 2], which states that if the Ricci curvature of an n-
dimensional manifold is bounded from below by (n — 1) and the first eigenvalue
of Laplacian )\ achieves its minimum n, then such a manifold must be the standard

sphere.

* Cheeger-Gromoll Splitting theorem [4] , which states that if the Ricci curvature of an
n-dimensional manifold is bounded from below by 0 and contains an isometric image
of a straight line, then it is actually a direct product of R and an (n — 1) dimensional

submanifold, we also say in this case that the manifold splits an R-factor.

In analytical aspect, under lower Ricci curvature bound, Li-Yau in [5] studied the so-

lution of heat equation (A — %)u = 0 and found the optimal bound for the solution w,
therefore they proved a parabolic Harnack inequality. Later, Saloff-Coste in [6] proved
that the volume doubling condition and L? Poincaré inequality is equivalent to parabolic
Harnack inequality and established local and global heat kernel bounds.

On the other hand, the Ricci curvature upper bound is shown to be flexible, indeed,
Lohkamp in [7] showed that every manifold of dimension n > 3 admits a complete metric
with negative Ricci curvature, so there is no rigidity of Riemannian manifolds with Ricci
curvature upper bounds. Nevertheless, the two-sided Ricci curvature bounds grant even
more rigidity then lower Ricci curvature bound alone. Indeed, by estimating the harmonic
norm, Anderson [8] showed that for n > 2, and given A, D, R > 0, the class of manifolds
that satisfy |Ric| < A, diam < D and inj > R is precompact in C'1® topology for any
a € (0,1), precompact in C" topology for any positive integer m if furthermore the

metric is Einstein. In particular, there are only finitely many homeomorphic types of such

manifolds.



1.2 Synthetic notion of Ricci Curvature lower bounds

In view of the success of describing sectional curvature bounds via purely metric terms
without referring to any smooth structure, i.e., the theory of Alexandrov geometry, see for
example [9], it is desirable to also develop a notion of Ricci curvature bounds without re-
ferring any smooth structure. The question was raised by Gromov [10, P.89] that calling
synthetic a set of conditions defining a class of metric spaces without referring to any no-
tion of smoothness, is there a synthetic notion of Ricci curvature bounds? This question
has become increasingly important after Cheeger-Colding’s work on the structure of Ricci
limit spaces [11, 12, 13, 14], which are (pointed) Gromov-Hausdorff limit of sequences
of smooth manifolds of uniform Ricci curvature lower bounds. Ricci limit spaces are po-
tentially non-smooth metric spaces that inherit many properties of smooth manifolds with
Ricci curvature lower bounds, including the almost splitting theorem [11], a quantitative
version of Cheeger-Gromoll splitting theorem. They are natural candidates for notion of
metric space with lower Ricci curvature bounds, however, they are only defined extrinsi-
cally.

Insights from optimal transport and Bakry-Eméry theory reveals that Ricci curvature,
unlike sectional curvature, is not only a metric notion, but a metric measure notion, that is,
the reference measure plays a role when consider Ricci curvature. To explain this point,
we introduce some basic notions in optimal transport. Readers can refer to [15] for more
details.

Let (X, d) be a complete and measurable metric space. Let P, be a set of a probability

measure /i, such that for some xy € X

/dQ(mo, Jdp < o0.
X



For any g, p11 € P», define the 2-Wasserstein distance W (g, 11) between them as:

Wa(po, p1) == inf//dQ(il?o,xl)d%
T JIXJIX

where the infimum is taken over all probability measure v on X x X with marginal z and
1. Such a v is refered to as the optimal coupling between 1y and p1. Thanks to the metric
structure on X, (Pz, W3) is a complete metric space, and the W5 convergence p,, — g is
equivalent to the combination of weak convergence and the second moment convergence
Sy d*(z, zo)dpn — [y d*(x, xo)d, for some g € X. It is worth pointing out that (Py, IW5)
is a geodesic space if (X, d) is.

Next, we deal with complete separable metric measure space (X,d, m), where m is a
Borel regular measure. Let PJ(X) C P, be set of measures in PP, and absolutely continuous
w.r.t to m. It follow that for any p € Pg(X) there exists p € Lj,.(X,m), called the density

of 1 so that du = pdm. McCann [16] defined the displacement convexity for functionals

on Pg(X):

Definition 1.2.1. Given K € R, a functional F' : P$(X) — R U {400} is called K-

displacement convex if for any W, geodesic {1 }icpo,1] in P5(X),

Kt(1—1t)

Fpe) < (1= )F(po) +tF () + —

Wa(po, ) VE€[0,1]
An cornerstone characterization of Ricci curvature lower bound made by Sturm-Renesse
in [17, Theorem 1] is the following

Theorem 1.2.2. Let (M, g,vol,) be a connected Riemannian manifold, and K € R. The

following 2 properties are equivalence

I. Ric, > Kg



2. The entropy functional

du dp
Ento (1) := 1 dvol
ntvol, (14) /Mdvolg 8 Qvol, “ '

is K-displacement convex.

It is worth pointing out that the condition (2) make sense in complete separable metric
measure space (X, d, m) satisfying that for some = € X there exists constant C' > 0 such
that

m(B,(z)) < Ce°"

This condition ensures the integrability of the negative part of 37’;‘1 log g—r’:. Such an obser-
vation linking displacement convexity of entropy functional and Ricci curvature leads to
the idea of CD(K, 00) condition. However, the K-displacement convexity is too strong
for metric measure space since it requires convexity along every W, geodesic. A relaxed
condition would be only requiring this kind of convexity along one geodesic, this relaxed
condition is sometimes referred to as weak CD(K, N) condition. We are now ready to
define the CD(K, N) condition which is the desired synthetic definition of Ricci curvature
lower bounds, here CD stands for curvature-dimension. First, we take a look at CD (K, 00)

condition:

Definition 1.2.3. A complete separable metric measure space (X, d, m) satisfies CD (K, 00)
condition for K € R if for any pg, 1 € P5(X), there exists a Wy geodesic {u})t € [0, 1],
such that

Kt(1 —t)

Enty () < (1 — t)Enty (o) + tEnty (11) + 5

W2(/’LOJ :ul)

Pushing this idea further, one can define the CD (K, N) condition for finite N' € [1, 00).

In this case, the distorsion of volume element along geodesic need to be taken into account.



For 6 > 0, define the distorsion coefficient as

)
sin(t@ﬁ)

e K >0

sin(G\/%)

oxn(0) = Q¢ K=0orN=1 (1.2.1)

sinh (t@ \/¥ )

——Z K >0
L sinh (9w / %)
And the modified distorsion coefficient as
. o0 K>0,N=1
TN (0) = (1.2.2)

1 1 .
tvot. v 1 (0)'"~  otherwise

Also, consider the Renyi entropy defined as

du\'"F
SN,m(:U'):_/X<£) dm  Vu e Py(X)

Definition 1.2.4. A complete separable metric measure space (X, d, m) satisfies CD(K, N)
condition for K € R and N € [1,00), if for every pg, 1 € P$(X), there exists a Wy

geodesic { /i }+c[o,1] and a optimal coupling ~y such that

(i) < /

| [l )() i@ p)pl) ¥ dm (23

where p; 1= %, 1 =0,1.

CD(K, N) should be morally understood as a metric space with Ricci curvature lower
bound K, and dimension upper bound N. Indeed, Sturm showed in [18] that dimy (X)) < N
if (X,d,m) is CD(K, N).

The stability of CD(K, N) condition under pointed measured Gromov-Hausdorff con-
vergence of metric measure spaces is discussed by Lott-Villani, see [15, Theorem 29.25],

which confirms that Ricci limit spaces satisfies CD(K, N) condition. Also Sturm proved



the stability of CD (K, N) condition under his D-convergence, see the discussion in Section
2.3.1. Although CD(K, N) condition defines a class of metric measure spaces with syn-
thetic Ricci curvature lower bounds. This class is too large. In particular, it includes Finsler
manifolds with Ricci curvature lower bounds ([19, Theorem 2]) , making some extension
of theorems for Riemmanian manifolds to non-smooth setting impossible. For instance, in
general no isometric splitting is possible for Finsler manifolds, even though diffeomorphic
and measure preserving splitting is possible, see [20]. This implies that the CD(K, N)

condition should be further refined to retain Riemannian structure.

1.3 Riemannian curvature-dimension condition

In pursuit of Riemnnian structure in non-smooth setting, Ambrosio-Gigli-Savaré in [21,
Theorem 5.1] proposed the RCD( K, co) condition by requiring the heat flow to be linear or
the Cheeger energy (see Definition 2.1.1) to be quadratic combined with strong CD (K, 00)
condition, meaning K -displacement convexity is satisfied (for every W, geodesic). As
expected, RCD (K, co) condition excludes the Finsler manifolds for N = oo, and one can
also consider RCD (K, N) for finite N € [1, 00) by imposing CD(K, N) and RCD(K, c0)
at the same time. A more intrinsic condition was proposed by Gigli in [22, Definition 4.19]
named Infinitesimally Hilbertian. A metric measure space is infinitesimally Hilbertian if
the Sobolev space H'? defined by Cheeger energy is Hilbert, meaning the Sobolev norm
satisfies the parallelogram rule. Also infinitesimal Hilbertianity is equivalent to the fact that
the Cheeger energy is quadratic.

A different approach is to generalize the Bochner inequality via I"-Calculus. Erbar-
Kuwada-Sturm [23] took this approach and in this thesis, we will adapt the definition of
RCD(K, N) space from this perspective as our working definition, and it does not require
optimal transport as a prerequisite, see definition 2.1.2.

The stability of RCD(K, N) condition under pointed measured Gromov-Hausdorff

convergence is shown in [24], which further confirms that Ricci limit spaces satisfies suit-



able RCD condition, moreover, the classical rigidity results on Riemannian manifolds ad-
mit natural extension to RCD(K, N) spaces. For example the maximal diameter theorem
[25], Obata’s eigenvalue rigidity theorem [26], and the Cheeger-Gromoll’s isometric split-

ting theorem [27].

1.4 Local-to-global and essentially non-branching

The local-to-global question asks if a metric measure space locally satisfies CD(/K, N)
condition, does it globally satisfy CD(K, N) condition. More precisely, for a metric mea-
sure space (X,d, m) if there is a countable partition of X = L;X; such that m(X;) > 0,

(X;,d

x;xx,, ML X;) satisfies CD(K’, N) for some K’ > K and N’ > N, does (X,d, m)
satisfies CD(K, N)? Note that for Riemannian manifolds, the curvature, hence its lower
bound, is defined pointwise, so local-to-global property holds trivially on Riemannian man-
ifolds. The same question is also asked for Alexandrov spaces, and for Alexandrov spaces
with synthetic lower sectional curvature bounds, the question is affirmatively answered by
Toponogov, see [9, Theorem 10.3.1]. The local-to-global question for CD(K, N) condi-
tion was firstly answered by Sturm [28, Theorem 4.17] for and Villani [15, Theorem 30.37]
for non-branching, compact CD(0, N) and CD(K, co) spaces. However, Rajala in [29]
constructed a counterexample that is locally CD(0, 4) but not globally CD(K, N) for any
K € Rand N € [1,00]. This construction is based on the observation that R" with L>
norm and Lebesgue measure satisfies CD(0, n) condition, but it is highly branching. To
bypass the local-to-global failure, Bacher-Sturm in [30] introduced a reduced curvature
dimension condition, namely, the CD*(K, N) condition, replacing the coefficients 7; in
the definition by o, in Definition 1.2.4, recall (1.2.1), (1.2.2). CD*(K, N) is weaker than
CD(K, N), but implies CD(2L K, N) for K > 0, and the point is that CD*(K, N) spaces
satisfy local-to-global property. Finally, with the correct notion, essentially non-branching
spaces, proposed by Rajala-Sturm in [31], Cavalletti-Milman in [32] proved that essentially

non-branching CD (K, N) spaces with finite total mass satisfy the local-to-global property.



It is also expected that the local-to-global property to hold for o-finite measures.

In particular, RCD (K, N) spaces are essentially non-branching, so RCD (K, N) spaces
with finite mass are equivalent to RCD* (K, N) spaces. In fact, a recent result of Deng [33]
on the Holder continuity of tangent cones reveals that RCD (K, V) spaces are actually non-
branching for finite N. We will discuss another consequence of Deng’s work in Chapter
6. However, an essentially non-branching but branching example of CD (K, V) space is

constructed by Ohta.

1.5 Two-sided curvature bounds

As pointed out at the first section, although Ricci curvature upper bound has no implication
for a Riemannian manifold, a two-sided Ricci curvature bound can imply better regular-
ity than Ricci curvature lower bound alone. For Ricci limit spaces, a famous example is
that, Cheeger-Colding proved that the singular set of a non-collapsed Ricci limit space has
Hausdorff codimension at least 2, see [12, Chapter 6], and they conjectured that a non-
collapsing sequence (see Definition 2.5.1) of manifolds with two-sided Ricci curvature
bound converges to a (non-collapsed) Ricci limit space whose singular set (see section 6.2)
is of Hausdorff codimension at least 4. This conjecture is finally confirmed by Cheeger-
Naber [34], some better regularity results coming from two-sided Ricci curvature bounds
are also discussed in [35], in particular, it is shown there that the regular set (see Theorem
2.4.4) of a limit space with two-sided Ricci curvature bound is geodesically convex.
Given the achievements made for Ricci limit spaces coming from sequence with two-
sided Ricci curvature bounds, it is also interesting to find a synthetic notion of Ricci curva-
ture upper bound. Naber [36, Definition 15.1] made an attempt to define a two-sided Ricci
curvature bound by Bakry-Emery type of inequality on path space. The author is informed
by Yifan Guo that Sturm also studied the notion of synthetic Ricci curvature upper bound

[37, Definition 1.1]. The point of view is that for Ricci curvature lower bound K it holds



that

Wy(hsd,, hed,) < e id(z,y).

This suggests that the quantity

1 h h
9'*‘(17, y) := — liminf - log (M)
t—0

d(z,y)

behaves like the Ricci curvature. And the Ricci curvature upper bound K € R of a metric

measure space (X, d, m) is defined by requiring for each x € X,

0*(x) == limsup 6t (y, 2) < K.

Y,2—T

Under this Ricci curvature bound. Yifan Guo [38] was able to partially extend a result of
Lohkamp [7], which roughly states that negative Ricci curvature implies finite isometry
group.

On the other hand, Kapovitch-Ketterer [39] suggested a mixed curvature bound, that is a
CD(K, N) condition combined with CAT(x) condition on a metric measure space, which
should be thought of as having Ricci curvature lower bound K and sectional curvature
upper bound k. They were able to show that CD(K, N) condition along with CAT (k)
condition forces the space to be RCD(K, N) and if the space is non-collapsed, it is in fact
an Alexandrov space with lower sectional curvature bound. They further studied the fine
structure of such spaces and proved the conjecture of De Philippis-Gigli (see Conjecture

4.1.1) under this extra CAT (k) assumption.

1.6 Smoothing metric g,

We now introduce the main object we study in this thesis. We present the results of [40]
and [41] in Chapter 3, 4, 5, and note that we provide a new proof to Theorem 5.1.1 in

the thesis. The object we look at can trace back to Bérard-Besson-Gallot’s work [42].

10



They studied a family of embedding {®; };>o from a closed Riemannian manifold (M, g)
to ¢>(M) by expansion of the heat kernel involving eigenfunctions (; of the Laplacian and
the corresponding to eigenvalues \; [42, Definition 4]:

0 M — (*(M) (61

Z = {ei/\itwi}izo’

Note that the exponential term is slight different from the original version. Then they

defined a pull-back metric from ¢?( M) by the embedding ®;:

gt = Z e M dp; @ dep;

>0

and showed that as ¢ — 0, the follow asymptotic formula holds

2t
t(n+2)/2gt =c, ((g . 3Gg + O<t2))

where G := %Scalg g — Ric, is the Einstein tensor. Ambrosio-Honda-Portegies-Tewodrose

in [43] considered the family of metrics g; on compact RCD (K, N). where

gt = /d:ﬁpy,t & dzpy,t

and p(z,y,t) = py.(x) is the heat kernel. In fact their formulation makes sense in non-
compact setting as well. They proved in the L? sense the first term in the expansion still
holds for some canonical Riemannian metric g (see Proposition 2.4.8) on an RCD(K, N)
space. More rigorously, they showed that tm(B 4(-))g; L* strongly converges to ¢,g as
t — 0. We will point out in Chapter 3 that their proof actually works in non-compact
setting with all the L convergence replaced by L . convergence for p € [1, 00), and only
very minor modification of the proof is needed.

Through the work of Ambrosio-Honda-Tewodrose [44], and Honda [45], which largely
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enlightened main contents to be presented in this thesis, g; can be understood as a smooth-
ing of the canonical Riemannian metric g. We will take this point of view and apply the
convergence results of g, to achieve 2 objectives.

Let us first point out some common feature of the 2 objectives. Let (X,d, m) be an
RCD(K, N) space of essential dimension n. Assume that volume ratio has a lower bound,

N L m(B,W)

> 0,
r€(0,1),z€A rh
where A C X is a compact subset. We can also study the convergence of t("*2)/2g, in place

of tm(B, /;(-))g:, the assumption ensures that

n

0(z) = l{}gm € Lig.(X,m),

and t("*2)/2¢, converges L?-strongly to ¢,fg, this convergence will be combined with the

formula of V*g¢, first derived in [45],

1
Vg = —ZdAp(ac, x,2t).

This formula is extended to non-compact setting, see Theorem 3.3.5.

The first objective is to extend Honda’s proof of Conjecture 4.1.1 to non-compact set-
ting. Having the formula of V*g, and and the L? convergence of t("*2)/2g, at our disposal
the proof is essential the same as the compact case. We derived a integrate-by-part formula

w.r.t Hausdorff measure, Theorem 4.2.1, and an important equivalence:

- tr(Hessf) = Af on U C X for every f sufficiently regular,

-m=cH"on U C X for some ¢ > 0,

The second objective is to study the second term of the asymptotic expansion of g, in

12



RCD(K, N) context, which is

et t/2g, — dﬁ:g
t

as t — 0. In comparison, this term for closed Riemannian manifold is G, the Einstein
tensor. It has the divergence free property, i.e., V*G, = 0. Although we cannot expect the
limit of the above quotient to exist in any L” sense, we can compute its divergence before
taking the limit ¢ — 0. By testing regular enough 1-forms, what we will see is that in
the RCD context, the (weakly asymptotically) divergence free property of the quotient is
equivalent to the space being non-collapsed. See precise statement in Theorem 5.1.1. To
make this result more explicit, we computed the corresponding expansion of g; for a closed

weighted Riemannian manifold as well.

1.7 Rest of topics in the thesis

In last chapter, we use a direct corollary of Deng’s Holder continuity and the 1D localization
technique of Cavalletti and Mondino to improve a known result of convexity of the regular
set at essential dimension, i.e. , Theorem 6.1.1. We highlight that such convexity can also
be interpreted as interior convexity and it is connected to the notion of boundary of non-
collapsed RCD(K, N) spaces.

In the Appendices, we present a useful fact that the essential dimension is independent
of the reference measure stated in [46], and a Rellich type compactness theorem for 1-forms
on compact RCD(K, N) space stated in [40]. As a consequence, we obtain the spectrum

decomposition of Hodge Laplacian.
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CHAPTER 2
PRELIMINARIES

We make some standing assumptions at beginning, throughout this thesis,

* by metric measure space (X,d, m) we always mean a complete and separable metric

space equipped with a non-negative Borel measure finite on bounded sets such that

supp(m) = X;

* (' denotes a positive constant, that may vary from step to step. Occasionally we
may emphasize the parameters on which the constant depends, so that, say, C' (K, N)

denotes a positive constant depending only on K and N;

 Lip(X,d) (resp. Lip,(X, d), resp. Lip,,(X, d)) denotes the set of all Lipschitz (resp.
bounded Lipschitz, resp. Lipschitz with bounded support) functions on a metric space

(X, d);

* We denote by lip f : X — [0, 00| the local Lipschitz constant of the function f : X —
R defined by

lip f(z) := lim sup ——————*+
() = i sup ==

if x is not isolated and has to be understood as 0 if x is isolated;

o [P

1o means that the restriction (for functions, tensors and so on) to any compact subset

of the domain is LP.

14



2.1 Riemannian Curvature-Dimension Conditions

2.1.1 Definitions

In this section we introduce our working definition of RCD (K, N) spaces. Fix a metric
measure space (X,d, m). The Cheeger energy, originally introduced by Cheeger in [47],
Ch : L*(X,m) — [0, oo] is defined by

Ch(f):= inf {lim inf/(lip fi)2dm: f; € Lip,(X,d) N L*(X, m)} . (211
X

I fimfllp2—0 | @00

Then, the Sobolev space H'?(X,d, m) is defined as the finiteness domain of Ch endowed
with the norm || f|| 1.2 = Ch(f). It follows from the definition of Cheeger energy that it is

convex and lower semi-continuous. By looking at the optimal sequence in (2.1.1) one can

identify a canonical object |D f|, called the minimal relaxed slope, which is local on Borel
sets (i.e. [Dfi| = |Dfy| m-a.e. on {fi = f2}) and provides integral representation to Ch,

namely

Ch(f):/X|Df|2dm Vi e HY2(X,d,m).

The Cheeger energy makes sense in metric measure spaces that are locally volume
doubling and support (1, 2)-poincaré inequality, but it is not in general quadratic, hence
does not always induce a Dirichlet form. Partially in light of this fact, Ch is quadratic if

and only if it satisfies the following parallelogram rule:
Ch(f +g) + Ch(f — g) = 2Ch(f) +2Ch(g) Vf,g € H"*(X,d,m)

We recall the notion of infinitesimally Hilbertian metric measure spaces.

Definition 2.1.1. A complete separable metric space (X, d, m) is infinitesimally Hilbertian

if H'2(X,d, m) endowed with the norm || - ||z
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Thus, we have that

RCD(K, N) = CD(K, N) + Infinitesimally Hilbertian

Although originally the CD(K, N) condition is defined by optimal transport tools,
for RCD(K, N) spaces thanks to the infinitesimal Hilbertianity and the work of Erbar-
Kuwada-Sturm[23], we can now define RCD(K, N) condition by Sobolev-to-Lipschitz

property and generalized Bochner’s inequality through I'- calculus:

Definition 2.1.2 (RCD(K, N) space). For any K € R and any N € [1, 00|, a metric
measure space (X, d, m) is said to be an RCD (K, N) space if the following four conditions

are satisfied.
1. There exist 2 € X and C' > 1 such that m(B,(z)) < Ce®" holds for any r > 0.

2. Ch is a quadratic form. In this case for f; € H"?(X,d, m)(i = 1,2) we put

DG+ )~ DA

T 1
(Vf1,Vfa) = 11_>0 e € L' (X,m).

3. Any f € HY*(X,d, m) with |[Df| < 1 for m-a.e. has a 1-Lipschitz representative.

4. Forany f € D(A) with Af € H"?(X,d, m) we have

A 2
%/X|Df|2Ag0dmZ/xtﬂ(( /) +(VAf,Vf>+K\Df|2> dm  (212)

for any ¢ € D(A) N L>®(X, m) with ¢ > 0, Ap € L>(X, m), where

D(A) := {f € H'2(X,d,m) : 3h € L*(X,m) s.t.

/(Vf, Vp)dm = —/hgodm, Vo € H1’2(X,d,m)}
X X

and Af := hforany f € D(A).
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In what follows, when writing RCD (K, N) we implicitly assume that N < oo, we will

only write RCD(K, 0o) for infinite dimension upper bound.

2.1.2 Examples

We provide a list of examples of CD(K, N) or RCD(K, N) spaces.

* The Ricci limit spaces obtained from a sequence of Riemannian manifolds of dimen-
sion N and uniform Ricci curvature lower bound K are RCD(K, N) spaces. This is
a consequence of the stability of RCD condition under pointed-measured-Gromov-

Hausdorff convergence.

* ([48, Main Theorem]) An N dimensional Alexandrov space with sectional curvature
bounded from below by K is a (non-collapsed, see Definition 2.5.2) RCD(K, N)
space. For example, the boundary of any convex body in R" is a possibly non-smooth

Alexandrov space with positive sectional curvature bound.

* ([23, Proposition 4.21]) An n dimensional weighted manifold (M", g, e~/dvol,), is
an RCD(K, N) for some N > n if the following Bakry-Emery N-Ricci tensor

;

Ricy + Hessy — % N >n;
Ricy = Ric, N=n (2.1.3)
—00 otherwise

\

satisfies Ricy > K¢ for some K € R, where f € C'°(M), vol, is the Riemannian
volume measure, which is also the Hausdorff measure H of metric space (M,d,),
Ric, is the standard Ricci curvature induced by the metric tensor g and defined as
trace of the Riemann curvature tensor. See also [49, 50]. When N = n, f must be
a constant. It is worth pointing out that the weighted Laplacian on M, defined as

Ay = trHess; — g(V f, -), is not in general the trace of Hessian.
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* ([25, Theorem 1.1]) A metric measure cone over a metric measure space (X, d, m) is

a metric measure space C'(X) := [0, 00) x X with metric

doon((t,2), (r,y)) = /12 + 52 — 2ts cos(d(x, y) A ),

and measure Mo, = rVdr ® dm. If in addition, (X,d, m) is RCD(N — 1, N), then
(C(X),dcon, Mcon) is an RCD(0, N + 1) space. In fact, a more general result for

(K, N)-cones (see [25, Definition 5.1]) including spherical suspensions holds.

* ([51, Theorem A]) A compact stratified space (X, g) of dimension less than or equal
to N, equipped with the length metric and measure induced by g is RCD(K, N) if
and only if the Ricci tensor in the top stratum X"™# is bouned below by K¢, and the
angle along codimension 2 stratum "2 is smaller than or equal to 2. See relevant
definitions in [51, Definition 1.1, 1.4, 1.6, 1.10]. In particular, this class of spaces

includes Riemannian orbifolds with Ricci curvature lower bounds.

* ([52]) The non-collapsed Ricci limit space with boundary is defined as the pGH limit
of sequence of Riemannian manifolds with boundary, having uniform lower volume
and Ricci curvature bounds. These are also RCD spaces (with boundary). In contrast,
Cheeger-Colding in [11] only consider manifolds without boundary and show that
the limit space has no boundary, i.e., no tangent cone at any point is the half space

R x Rzo.

We introduce a criterion of CD (K, N') condition for one dimensional spaces following
[32, Appendix A], for this and also for latter use we first recall the notion of CD(K, N)

density.

Definition 2.1.3. A nonnegative function h defined on an interval I C R is called a
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CD(K, N) density for k € Rand N € (1, o0 if for zg,zy € I and ¢ € [0, 1]

1

h(tz, + (1= 1)ao)¥T > o0 (d)h(x1) T + o 7 (d)h(we) ¥ N € (1,00)

log(h(tzy + (1 — t)zo)) > tlog h(z1) + (1 — t)log h(mg) — Et(1 —t)d> N =o0

where d = |z — x|
The criterion is the following:

Theorem 2.1.4. If h is a CD(K, N) density on an interval, then (1,| - |, h(t)dt) is a
CD(K, N) space. If (I,|-|,p) is a CD(K, N) space and I = supp(u) is not a single

point, then i < L' and h = dd% is a CD(K, N) density.

If h € C?, there is a neat inequality to replace inequalities in Definition 2.1.3 and is
easier to check, see [32, Theorem A 3].
There are some examples to keep in mind and can be used as test cases to various

problems.

* ([15, Example 29.16]) (R", || - ||z, £") is CD(0, N) but not RCD(0, N), and it is

branching, so it does not satisfy splitting theorem.

« The Gaussian space (R", | - |, e"""dx) is RCD(1, c0) but not RCD(K, N) for any
finite N > 1 and K € R.

* ([53]) The metric measure cone (see definition in the previous list) over 2-dimensional
real projective space C(RP?) is ncRCD(0, 3) but it is not a non-collapsed Ricci limit
space. That is, it cannot be the pGH or pmGH limit of a sequence of 3-dimensional
connected complete manifolds with uniform lower volume bound and lower Ricci

curvature bound.

s ([0,7],| - |,sin™"1)d¢t) is an RCD(N — 1, N) space for any N > 1 of essential

dimension 1.
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2.2 Calculus on RCD(K, N) spaces

2.2.1 Differential structure for general metric measure spaces

Let (X, d, m) be a metric measure space. We briefly review the notion of a normed module,
introduced in [54], inspired by the theory developed in [55]. Refer to [54], [56] for a
comprehensive treatise of this subject.

A L°-normed module is a topological vector space .# that is also a module over the
commutative ring with unity L°(X, m), possessing a pointwise norm, i.e.amap |- | : 4 —

L°(X, m) such that
|fv+ gw| < |fllv] + |g||w] m-a.e., Vo, w € 4 ,Vf,g € L°(X,m),
and such that the distance
dys(v,w) = /Xl A v — w|dm’ (2.2.1)

is complete and induces the topology of .#, where here m’ is a Borel probability measure
such that m < m’ < m (the actual choice of m’ affects the distance but not the topology
nor completeness).

A is said to be a Hilbert module provided
v+ w* + v —w* = 2(Jv]* + |w]?) m-a.e., Vo,w € A
and in this case by polarization we can define a pointwise scalar product as
(v, wy = L(Jv+ w|* = [v]* = |w|?) m-a.e., Yo,w € A

that turns out to be L°-bilinear and continuous. The tensor product of two Hilbert modules
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My, My is defined as the completion of the algebraic tensor product as L°-modules w.r.t.
the distance induced by the pointwise norm that in turn is induced by the pointwise scalar

product characterized by

(V1 ® Wy, Vg @ Wahns = (V1,V2)1 (W1, Wa)a.

The pointwise norm and scalar product on a tensor product will often be denoted with
the subscript HS, standing for Hilbert-Schmidt. The dual .#* of .# is defined as the
collection of L%-linear and continuous maps L : .# — L°(X,m), is equipped with the

natural multiplication by L° functions (f - L(v) := L(fv)) and the pointwise norm

|L|, := esssup L(v).

v:lv|<1 m-ae.

It is then easy to check that .#Z* equipped with the topology induced by the distance de-
fined as in (2.2.1) is a L°-normed module. If .# is Hilbert, then so is .#* and the map
sending v € . to (w — (v,w)) € .4* is an isomorphism of L°-modules, called Riesz
isomorphism.

The kind of differential calculus on metric measure spaces we are going to use is based
around the following result, that defines both the cotangent module and the differential of

Sobolev functions:

Theorem 2.2.1. Let (X,d,m) be a metric measure space. Then there is a unique, up
to unique isomorphism, couple (L°(T*(X,d, m)),d) such that L°(T*(X,d,m)) is a L°-

normed module, d : H*(X,d, m) — L°(T*(X,d, m)) is linear and such that:
1) |df| = |Df| m-a.e. for every f € H“*(X,d, m),

2) L-linear combinations of elements of the kind df for f € H“?(X,d, m) are dense

in L°(T*(X,d, m)).
The dual of L°(T*(X,d, m)) is denoted L°(T'(X,d, m)) and called tangent module. El-
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ements of L%(7T*(X,d, m)) are called 1-forms and elements of L°(7T'(X,d, m)) are called
vector fields on X.

In this case we shall denote by V f € L°(T(X,d, m)) the image of df under the Riesz
isomorphism.

L%-modules can be described by local basis and consequently a local dimension of
L°-module can be defined. We first recall few definitions. Fix a borel set A C X with
m(A) > 0. We say a finite family vy, vy ..., v, € A is independent on A provided that

the identity

Z fivi=20 m-a.e.on A
i=1

holds only if f; = O m-a.e.on A, i = 1,2,...,n. Let V. C .#. The span of V on A,
denoted by Span 4 (1) is the subset of .# consisting of vectors v concentrated on V/, i.e.
v = 0 m-a.e. on A°, with the following property: there exist disjoint Borel sets A,,, n € N,
such that A = U, A, and for every m,, elements vy ,,, ..., Un, n, and fi,,..., fim, » sSuch

that

XAV = Y finvin-
i=1
With the notion local spanning and local independence, we can define the following:

Definition 2.2.2. Let A be a Borel set of X. We say a finite family vy,...,v, € .# is a
basis on A provided it is independent and Span 4 ({vy, ..., v,}) = .#|4, i.e., the submodule
of . consisting of elements that are m-a.e. zero on A°.

If .# admits a basis of cardinality n on A, we say that it has local dimension n on A.

In particular if A = X, we say that .# has local dimension n.

It is also notable that we have the following characterization of Hilbert module in con-

nection with infinitesimal Hilbertian property, see [54, Theorem 2.3.17].

Theorem 2.2.3. A complete separable metric measure space (X,d, m) is Infinitesimally

Hilbertian if and only if both L*(T'(X,d, m)). and L?(T*(X,d, m)) are Hilbert Modules.
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We make some conventions on the notation. The tensor product of L°(T'(X,d, m))
with itself will be denoted L°(T®?*(X,d,m)), similarly for L°(7T*(X,d, m)). Notice that,
LY(T**(X,d,m)) and LO((T*)®?*(X,d, m)) are one the dual of each other, in a natural way,
see [54, Section 2.3.2].

For p € [1, o0], the collection of 1-forms w with |w| € LP(X, m) (resp. L} (X, m)) will

be denoted LP(T*(X,d, m)) (resp. L} (T*(X,d, m))). Similarly for vector fields and other
tensors.
To end this section, we review the necessary notion to define gradient flow, in particular

heat flow, in metric measure spaces. First we recall the notion of absolutely continuous

curves, see e.g. [57].

Definition 2.2.4. Let (X, d) be a metric space. We say a curve 7 : [a,b] — X is absolutely
continuous, if there exists non-negative g € L'([a, b]) such that for all z,y € [a,b],y < =,

we have

Vﬁﬂ—”ﬂy)it/xg@ﬁﬁ

We denote the space of all absolutely continuous curves from [a, b] to X by AC([a, b]; X).
It is clear that Lipschitz continuous curves are absolutely continuous. The absolute contin-

uous curves possess a weak notion of derivative, called the metric derivative.

Definition 2.2.5. For v € AC([a, b]; X), the limit

i 40+ 1), 7 (1))
h—0 ’hl

= ()

exists for £!- a.e. t € [a,b]. Up to L'-negligible sets, |7|'(t) coincides with the minimal g

in the Definition 2.2.4. This |v|’ is called the metric derivative of ~.

All this for general metric measure spaces. Now we narrow down our consideration to

RCD(K, 00) spaces.
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2.2.2 Differential Operators on RCD(K, N) spaces

In the RCD( K, 0o) case we now recall the definition of the set of fest functions (introduced

in [58]):

TestF'(X,d,m) := {f € Lip(X,d) N D(A) N L=(X,m) : Af € H"*(X,d, m)}

which is an algebra. It is known from [58] that |V f|*> € H'“?(X,d,m) for any f €
TestF(X,d, m), that Test F'(X,d, m) is dense in (D(A), || - | p), where || f||F, :== || fl|312 +
|Af]]3.. The following result is proved in [54, Theorem 3.3.8, Corollary 3.3.9].

Theorem 2.2.6. Let (X,d, m) be an RCD(K, 00) space. For any f € TestF(X,d, m) there

exists a unique T € L*((T*)**(X,d, m)) such that for all f; € TestF(X,d, m),

(VA V{V o, V) + (Vo VIV, V) = (£, VIV 1L,V )
(2.2.2)

N | —

T(VH, V) =

holds for m-a.e. x € X. Since such T is unique, we denote it by Hessf and call it the
Hessian of f. Moreover for any f € TestF'(X,d,m) and any ¢ € D(A) N L>®(X, m) with

Ap € L>®(X,m) and ¢ > 0, we have

1
/¢|Hessf|asdm < / EA(,D' IVfI? = o(VAS, V) — K|V f[*dm (2.2.3)
X X

and

/ [Hess f [;gdm < /(Af)2 — K|V f|*dm. (2.2.4)
X X

Thanks to (2.2.3) with the density of TestF'(X,d, m) in D(A), for any f € D(A) we
can also define Hessf € L?((T*)®?(X,d, m)) with the equality (2.2.2), where (V f,V f;) €
HY (X, d, m).

Definition 2.2.7 (Divergence div). Let (X,d, m) be an RCD(K, c0) space. Denote by

D(div) (resp. Djo.(div)) the set of all V' € L?(T(X,d,m)) (resp. V € L2 (T(X,d, m)))

loc
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for which there exists f € L*(X,m) (resp. f € L (X, m)) such that

loc

/<V, Vh)dm :/fhdm Vh € Lip,, (X, d).
X X

Since such f is unique (because Lip,, (X, d) is dense in L?(X, m)), we define divV := f.

Note that for any f € H"?(X,d,m), f € D(A) if and only if V f € D(div). Moreover
if f € D(A), then for any ¢ € Lip,(X,d) we have ¢V f € D(div) with

div(eVf) = (Vp, V) + pAf.

Recalling that the covariant derivative of fdh is given by df ® dh 4+ fHessh, the fol-

lowing definition is justified:

Definition 2.2.8 (Adjoint operator V*). Let (X, d, m) be an RCD(K, c0) space. Denote by
D(V*) (resp. Di,e(V*)) the setof all T € L2((T*)®%(X,d, m)) (resp. T € L2 .((T*)*%*(X,d, m)))

loc

for which there exists n € L*(T*(X,d, m)) (resp. n € L2 (T*(X,d, m))) such that

loc
/(T, df @ dh + f Hessh)us dm — /<n, fdhydm  ¥f € Lipy,(X.d),¥h € D(A).
X X

Since such 7 is unique (because objects of the kind fdh generate L*(T*(X,d, m))), we

denote it by V*7T'.

It follows from a direct calculation that the following holds. See [59, Proposition 2.18]

for the proof.

Proposition 2.2.9. Let (X,d, m) be an RCD(K, o0) space and let f € TestF(X,d, m).
Then we have df @ df € D(V*) with

VHdf ®@df) = —Afdf — %d\dfy? (2.2.5)
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Definition 2.2.10 (Adjoint operator ). Let (X, d, m) be an RCD(K, co) space. Denote by

D(6) the set of w € L?(T*(X,d, m)) such that there exists unique f € L?(X, m) such that
/ (w,dh)dm = / fhdm, Vh € H“*(X,d,m) (2.2.6)
X X

holds. We denote this unique f by dw.

Similar to the space of test functions, let us define the space of test 1-forms:

l
TestT*(X, d, m) = {Z fO,idfl,i; l e N, fj,i S TestF(X, d, m)} . (227)

i=1

It is proved in [54, Prop.3.5.12] that Test7™(X,d, m) C D(J) holds with
6(fdf2) = —(Vf1,Vfo) = filfa, Vfi € TestF(X,d, m). (2.2.83)

Definition 2.2.11 (Sobolev space W /%), Let us denote by W2A?(T*(X, d, m)) the set of all
w € L*(T*(X,d, m)) such that there exists ungiue 7' € L*((T*)®?(X,d, m)) such that

/(T, fodf1 X df2>dm = / (—(w, df2>(5(f0df1) — fo(HQSSfQ, w df1>> dm (229)
X

X
holds. We denote this unique 7" by Vw.

It is proved in [54, Thm.3.4.2] that TestT™*(X,d, m) C W5*(T*(X,d, m)) holds with
V(fidfy) = dfi @ dfs + fiHessy,, Vfi € TestF(X,d,m). (2.2.10)

Definition 2.2.12 (Sobolev space H5”). Let us denote by H*(T*(X,d, m)) the closure of
TestT*(X,d, m) in W5*(T*(X,d, m)).

Definition 2.2.13 (Exterior derivative d). Let us denote by W,"*(7*(X d, m)) the set of all
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w € L2(T*(X,d, m)) such that there exists unique € L2(\* T*(X,d, m)) such that

/(77, ap @ ap)ydm = / ((w, ap)da; — (w, a1)dag) dm,  Va € TestT™(X,d, m)
X X
(2.2.11)

holds. We denote this unique by dw.
It is proved in [54, Thm.3.5.2] that Test7™(X,d, m) C W*(T*(X,d, m)) holds.

Definition 2.2.14 (Sobolev space H};*). Let us denote by H};*(T*(X, d, m)) the completion

of TestT™ (X, d, m) with respect to the norm:
lolifae := IwllZz + l0wlZ2 + [ldwlZ2. (2.2.12)

Definition 2.2.15 (Hodge Laplacian Ay ;). Let us denote by D(Ay ;) the set of all w €

Hp*(T*(X,d, m)) such that there exists unique 7 € L?(T*(X,d, m)) such that
/ ((dw, da) + 6w - 5ar) dm = / (n,a)dm, Vo€ HEA(T (X dm)  (22.13)
X X

holds. We denote this unique 1 by Ay jw.

It is proved in [54] that H;*(T*(X,d, m)) C H5*(T*(X,d, m)) holds with
/ |Vw|?dm < /(|dw|2 + [6w]? = K|w|?)dm, Vw e HF(T*(X,d,m)). (2.2.14)
X X

On the other hand, it follows from Definition 2.2.11 and Definition 2.2.13 that for any

w € H(T*(X,d,m)),
dw(V1,V2) = (Vyw)(Va) — (Vipw)(V1), VVi € L=(T(X,d,m)) (2.2.15)

holds, where Vy,w := Vw(-, V). In particular, we see that H;*(T*(X, d, m)) is a subset of

H?(T*(X,d, m)), where Hy”(T*(X,d, m)) denotes the W, *-closure of TestT*(X,d, m),
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with

|dw|* < 2|Vw|?, m—a.exeX (2.2.16)

2.3 Convergence of Meatric Measure Spaces and stability

In this section we collect the basics of Gromov-Hausdorff convergence, and explain why
the CD and RCD conditions are stable under the pointed measured Gromov-Hausdorff con-
vergence. Then we introduce the notion of convergence on varying spaces of functions and
tensors along with the convergence of spaces, following [24] and [60]. All the convergence

notions of functions and tensors to be mentioned also make sense for local spaces.

2.3.1 Gromov-Hausdorff Convergence

Different notions of convergence of spaces arise for different applications. For example,
the Cheeger-Gromov-Hamilton convergence for C''* Riemmanian metrics, the d,, conver-
gence considered in [61] by Lee-Naber-Neumayer for their attempt to study the rigidity of
lower scalar curvature bounds. The notion of convergence that is suitable for metric mea-
sure spaces with Ricci curvature lower bound is the (measured) Gromov-Hausdorff conver-
gence, we will see shortly that RCD condition is preserved under such convergence. Let

us start with the definition of Gromov-Hausdorff distance between compact metric spaces.

Definition 2.3.1. Let (X, dx), (Y, dy) be compact metric spaces. The Gromov-Hausdorff

distance between (X, dx), (Y, dy) is
dGH (X, Y) = inf{de(Z‘x(X), iy (Y)) . (Z, dz), ix, Zy}
where the infimum is taken over all complete metric spaces (Z,dy) and isometric embed-

dings ix : X = Z, 4y : Y — Z, and dp 7 is the Hausdorff distance on Z.

We then define the Gromov-Hausdorff (GH for short) convergence by the convergence

under this distance dgy in the space of all compact metric spaces. This is an extrinsic
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approach to define the GH convergence. We can also take the intrinsic approach, without
appealing to isometric embeddings into ambient metric space, instead, we use c-isometry.
We say sequence of compact metric spaces (X;, dx,) GH converges to (X, d) if there exists

g; \¢ 0, so that there exists function ¢; : X; — X such that
o |dx(pi(x), pi(y)) — dx,(z,y)| < &; forany z,y € X; (almost isometric)
* B, (pi(X;)) =X (almost surjective)

where B, (;(X;)) is the &; neighborhood of ¢;(X;).

In the non-compact setting, one needs to in addition take the reference points into con-
sideration. More precisely, we consider pointed metric spaces (X, d, z), where x € X. a
sequence of pointed metric spaces (X;,dx,, z;) pointed Gromov-Haudorff (pGH for short)
converges to (X,dy,x) if there exists ¢; \, 0 and r; * oo, so that there exists function

©; + X; = X such that
o |dx(pi(x), pi(y)) — dx,(z,y)| < &; forany z,y € X; (almost isometric)
* ¢i(x;) = p(z)and B,,_.,(x) C B, (¢i(Br,(x;))) (almost surjective)

If we not only consider metric spaces but also metric measure spaces, a notion of conver-
gence of measure along with GH convergence is needed. Fukaya proposed the notion of
measured Gromov-Hausdorff (mGH for short) convergence. It also admits a generalization
to the non-compact setting by taking the reference points into consideration, then we arrive
at the definition of pointed measured Gromov-Hausdorff (pmGH for short) convergence. A
sequence of pointed metric measure spaces (X;, d;, m;, z;) pmGH converges to (X,d, m, x)
if (X;,d;, z;) pGH converges to (X, d, z), ¢; given by pGH convergence is Borel, and for
every r > 0, (¢;)3(m; L B, (z;)) = mL B,(x) in duality with Cy5(X), the space of contin-
uous function with bounded support in X.

Let (M, dgn) be the space of isometric classes of compact complete metric spaces
equipped with GH distance. It is a complete metric space. The following Gromov precom-

pactness theorem is a fundamental result, see also [62, Chapter 5], [63, Section 11.1]:
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Theorem 2.3.2. Let n > 2 be an integer, k € R and D € (0, 00). Then

1. The collection of all (isometric classes) of closed n-dimensional Riemannian mani-

folds (M, g) with Ric, > K g and diam < D is precompact in GH topology.

2. The collection of all pointed complete n-dimensional Riemannian manifolds (M, g, x)

with Ric, > Kg is precompact in pGH topology.

3. The collection of all pointed complete n-dimensional Riemannian manifolds with

renormalized measure (M, g,vol ™' (B (z)) vol,, ) is precompact in pmGH topol-

0gy.

In particular, the Gromov precompactness theorem grants the existence of Ricci limit
spaces. It is desirable to know if CD(K, N) and RCD(K, N) conditions are stable under
pmGH convergence as well. It is shown in [15, Theorem 29.25] that CD (K, N) condition
is stable under pmGH convergence. Historically, Sturm’s D-convergence [28] (for compact
case), and its variant [24, Definition 3.11] (for non-compact case), and also the pointed
measured Gromov (pmG for short)convergence are are also introduced to tackle the sta-
bility of CD(K, N) and RCD(K, N) conditions. For example, Sturm([28, Theorem 4.20],
[18, Theorem 3.1]) showed that CD (K, N) condition is stable under D-convergence. The
variant of D convergence and pmG convergence are shown to be equivalent to pmGH con-
vergence for RCD (K, N) spaces [24, Theorem 3.15]. Through various different notions of
convergence, the stability of CD and RCD conditions under pmGH convergence is proved.

In summary, we have the following precompactness theorem for RCD( K, N) spaces:

Theorem 2.3.3. If a sequence of pointed RCD (K, N) spaces (X;,d;, m;, z;),n € N, satis-
fies

0 < liminfm;(By(z;)) < limsupm;(B;(z;)) < oo,

n—o0 n—oo

then the sequence has a subsequence (X,;,dy;, My, z,,) pmGH converging to a pointed

RCD(K, N) space (X,d, m, x).
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2.3.2 Convergence of Functions and Tensors

Throughout this subsection we assume that the sequence of pointed RCD(K, 0c0) spaces
(X;, d;, m;, x;) pmGH converges to (X,d, m, z) and (Y, dy, my) be the ambient space all X;
and X embedded into in the pmGH convergence.

Let us first recall the L? convergence of functions.

Definition 2.3.4. We say that f; € L*(X;, m;) L?>-weakly converges to f € L?(X,m) if
sup, || fllze < oo and fym; — fm in duality with C.(Y), L?-strongly converges to f €

L*(X,m) if f; L>-weakly converges to f and limsup, || fi|[z2 < ||f||ze-

Note that liminf; || f;||2 > || f||z2 is implied in the weak convergence. The seemingly
natural way to define strong L2-convergence from f; to f may be taking &;-isometry ¢;, so
thate; ~ 0and || f — ¢; o fi||[2 — 0. But this does not work. Take X; = X = [0, 1] with
Euclidean distance and Lebesgue measure, then take f; = 1, f = xqg, Q being the set of
rationals in [0, 1]. Now if we take ¢;-isometry ¢, taking values in Q, then || f — ;0 f;|| 12 —
0, however, || fi|| ;= = 1 whereas || f||,» = 0. So this is not the right way to generalize L?
convergence to the case of varying spaces.

Next, we recall the H%? convergence.

Definition 2.3.5. We say that f; € H"?(X;,d;, m;) H"?-weakly converges to f € H'*(X,d, m)
if f; L?-weakly converges to f and sup, Ch;(f;) is finite, H'2-strongly converges to f €
HY2(X,d, m) if f; L?-strongly converges to f and Ch(f) = lim; Ch,(f;).

All this prepares us to state:

Theorem 2.3.6. [Stability of Laplacian] Let f; € D(A) and f € L*(X,m) the strong
L2-limit of f;. If

Sup || fill L20x;.m) + 1A il 220¢,m) < 005

then f € D(A) and that f; H"2strongly converge to f, Af; L* weakly converges to Af.
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See also [60, Theorem 4.4] for a local version.
Now we introduce the notion of convergence of 2-tensors. These are very similar to

those of functions, but now we fix the space, which is enough for the purpose of the thesis.

Definition 2.3.7. We say a sequence of symmetric 2-tensors 7; € L*((T*)®?*(X,d.m))
L*-weakly converges to symmetric T € L*((T*)®?(X,d, m)) if T;(V, V') L? weakly con-
verges to T'(V, V') as functions for any V' € L*>°(T'(X,d, m)) and sup; |||T;|usl|) 2 < oo, T;

converges to T strongly if |||T; — T'|usl[z2 — 0 asi — oo,

Since for a symmetric tensor 7, |T'|gs is completely determined by 7'(V, V'), we see
that similar to the case of weak L? convergence of functions, the weak L? convergence of
T; to T implies that lim inf, |||7;|us|| > |||T|us||- The following criterion is useful when

proving L? strong convergence.
Proposition 2.3.8. A sequence of symmetric 2-tensors T L*-strongly converges to symmet-

ric T"if and only if

lim [ Ty(V, V):/g(V, V)dm ¥V e L®(T(X,d, m))

1—00 X X
and
limsup/ ‘E|HS < / |T|Hsdm < 0
i—00 X X

2.4 Structure of RCD(K, N) spaces

Let (X,d, m) be an RCD(K, N) space for some K € R and some N € [1,00). The main
purpose of this section is to provide a more detailed metric measure structure theory of
(X,d, m).

First let us recall the locally volume doubling metric measure space.

Definition 2.4.1. A metric measure space (X, d, m) is called locally volume doubling if For
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R > 0 and all r so that 2r < R, there exists a constant C'r such that
m(By.(z)) < Cgm(B,(z)) VreX

It is called (globally) volume doubling if the constant C'y is in fact independent of R.

Similar as the Riemannian manifolds with lower Ricci curvature bounds, the Bishop-
Gromov inequality holds for CD(K, N) hence RCD(K, N) spaces, to state the theorem
we define the volume of geodesic balls of radius R in the space form of constant sectional

curvature K as

(

. N1
wn sm(t m) dt K >0,

volg v(R) =  wy RN K =0, (2.4.1)
P —\ V1L
(o [)sinh(ty/55)dt K <o,
where wy = % and ['(z) denotes the usual Gamma function for Re(z) > 0. The

Bishop-Gromov inequality (which is also valid for CD (K, N) spaces states that: (see [64,

Theorem 5.31], [18, Theorem 2.3])

volg n(R)

VOIKJV(T)

< Ve e X,Vr < R, (2.4.2)

N-1
where, in the case K < 0, N = 1, sinh (t i) has to be interpreted as 1. It then

N-1
follows from (2.4.2) that
m(Bg(z)) R
m(B,(2)) = (N e (C(K, N)7> Vr € X,¥r <R (24.3)
and
m (B, (z)) d(x,y)
m(B,(y) =~ N e (O(K’ N)—, > Vo,y €XVr >0 (244)
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are satisfied. This is to say that RCD( K, N) spaces are locally volume doubling. Moreover,
if K > 0 then they are (globally) volume doubling. It is well-known that from the Bishop-
Gromov inequality it follows that the metric structure (X, d) is proper, hence geodesic, with
(X, d) being a length space. The length space property of RCD spaces follows quite easily
from the so called Sobolev to Lipschitz property, namely item 3) of Definition 2.1.2 (e.g.
[50, Theorem 3.10] and references therein).

The local (1, 1)-Poincaré inequality holds for f € H1?(X,d, m) and r > 0:

/BT(Z’)

and it is also valid for CD(K, co) spaces. See [65] for the detail. The local doubling con-

1

I B W)

/ fdm(dm < 4Ky / IDf|dm (2.4.5)
B'r(x) BQT(x)

dition along with (1, 1)- Poincaré can deduce the (2, 2) Poincaré inequality on CD(K, N)
spaces, see[66, Theorem 5.1].

Now we move to the fine structure of RCD(K, N) spaces by looking at them infinitesi-
mally, to this end we introduce the notion of tangent cones, which are non-smooth general-
ization of tangent spaces. Structural results for RCD(K, N) spaces are strongly motivated

and influenced by those of Ricci limit spaces. For example, [11, 12, 13, 14].

Definition 2.4.2 (Tangent cones). Let (X,d, m) be an RCD (K, N) space. For x € X, we
denote by Tan(X, d, m, ) the set of tangent cones to (X,d, m) at x: the collection of all
isomorphism classes of pointed metric measure spaces (Y, dy, my, y) such that, as i — oo,

one has

1 1 pmGH
X, —d, ————— Y,d 24.6
(6t g ™ v 240

for some r; — 0.
Note that Theorem 2.3.3 proves Tan(X, d, m, ) # () for any x € X, but in general there
is no uniqueness, which means there could be non-isometric tangent cones at some point.

Moreover, there is an interesting example of Ricci limit space constructed by Colding-

Naber with a point of which tangent cones can even be non-homeomorphic, see [67].
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We are now in position to introduce the key notions of regular sets and the essential

dimension as follows.

Definition 2.4.3. [Regular set R;] Let (X,d, m) be an RCD(K, N) space. For any k > 1,
we denote by R, the k-dimensional regular set of (X, d, m), namely the set of points z € X
such that

Tan(X,d,m, z) = { (R, dgx, (wy) " H", 0x) },

where wy, is the k-dimensional volume of the unit ball in R* with respect to the k-dimensional

Hausdorff measure .
The following result is proved in [68, Theorem 0.1].

Theorem 2.4.4 (Essential dimension). Let (X,d, m) be an RCD(K, N) space. Then there
exists a unique integer n € [1, N|, called the essential dimension of (X,d, m), denoted by
essdim(X), such that

m(X \R,) =0.

Remark 2.4.5. The essential dimension is a purely metric concept, actually it is equal to
the maximal number n € N satisfying
1 pGH n
X, —d,z ) = (R",dgn,0,)
T
for some z € X and some r; — 07 because of the splitting theorem [27, Theorem 1.4] and

the phenomenon of propagation of regularity. See [46, Remark 4.3], [69, Proposition 2.4]

and [70]. We summarize the references above and provide a proof in Appendix A. [

Next we remark on the link between local dimension of tangent module (bundle) and
the essential dimension. In [71] rectifability of RCD(K, N) spaces is shown, it in particular
implies m(X \ UY_;Ry) = 0. In [72] it is further proved that on Ry, m < H*. Finally
[73] proves the tangent module (bundle) defined through normed module is isomorphic to

the Gromov-Hausdorff tangent bundle defined by “gluing” R, x R¥, now by the definition
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essential dimension we see that m-a.e. "fibers” of the Gromov Hausdorff tangent bundle
has dimension the same as the essential dimension. Through the isomorphism between the
two notions of tangent bundles, we know that the local dimension of M is equal to the
essential dimension for RCD(K, N) spaces.

Theorem belowe gives refined relation between m and the Hausdorff measure of the

essential dimension. See [44, 74, 75, 72] for the detail.

Theorem 2.4.6. Let (X,d, m) be an RCD(K, N) space and let n be its essential dimension.

Thenm < H"L'R,. Also, letting m = OH" LR, and

R ::{xERn: EllimM

" 0t Wy

e (0, oo)} (2.4.7)

we have that m(R,, \ R}) = 0, mL R and H" R} are mutually absolutely continuous

and
L m(Bu(x)

lim ——"= =0(x)  form-ae xR,
n

Moreover H"(R, \ R}) =0ifn = N.

A more general and classical result concerning densities, that we shall use later on, is

the following (see e.g. [76, Theorem 2.4.3] for a proof):

Lemma 2.4.7. Let (X,d, m) be a metric measure space, o > 0 and A C X a Borel subset

such that
B,

r—0t+ re

>0 Ve e A.
Then H* L A is a Radon measure absolutely continuous w.r.t. m.

The fact that L°(T'(X,d, m)) is a Hilbert module is an indication of the existence of
some (weak) Riemannian metric on X. This statement can easily be made more explicit by
building upon the fact that such module has local dimension equal to the essential dimen-

sion of X as discussed above (see [73]):
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Proposition 2.4.8. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Then

there is a unique g € L°((T*)®?(X,d, m)) such that
gVi@ V) = (i, Vo) meace, YV4, V5 € LY(T(X,d, m)).

Moreover, g satisfies

lglus = Vn,  m-ae.. (2.4.8)

We can use this ‘metric tensor’ to define the trace of any T' € L°((T*)®%(X,d, m)) by
tr(T) := (T, g)us € L°(X,m).
Notice that by (2.4.8) and the Cauchy-Schwarz inequality it follows that

T e L (TH)**(X,d,m)) = tr(T) € LY _(X,d, m).

loc loc

Finally let us end this section by recalling the lower semicontinuity of the essential dimen-
sions with respect to pmGH convergence proved in [77, Theorem 1.5]. This can also be
understood as a consequence of L? -weak convergence of Riemannian metrics (see [43,

Remark 5.20]), and an alternative proof of the theorem below can be based on Remark

2.4.5.

Theorem 2.4.9. Let

(Xi, diy my, ) P25 (X, d, m, )

be a pmGH convergent sequence of pointed RCD (K, N) spaces. Then

lim inf essdim(X;) > essdim(X).

11— 00
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2.5 Weakly Non-collapsed and (Strongly) Non-collapsed spaces

Historically, the notion of non-collapsed spaces originated from non-collapsed Ricci limit
spaces, which are systematically studied by Cheeger-Colding in [12]. Let us recall their

definition:

Definition 2.5.1. Let (M, g;, x;) be a sequence of complete, connected Riemannian man-
ifolds with Ric,, > Kg; for some K € R. This sequence is called a non-collapsing conse-
quence if voly, (Bi(z;)) > v > 0. The corresponding Gromov-Hausdorff limit space (X, d)
is called a non-collapsed Ricci limit space. On the other hand, if lim inf vol,, (B; (z;)) — 0,

the sequence is called a collapsing sequence and the Ricci limit space obtain from the se-

quence is called a collapsed space.

Using the notation in the above definition, Colding’s convergence theorem [12, Theo-
rem 5.9] asserts that the renormalized volume #%, converges to the Hausdorff mea-
sure 1" in (X, d) in the sense that voly, (B, (y;))/ voly, (B1(x;)) — H"(B,(y)) for y;, = y
and r > 0.

Inspired by Colding’s work, De Philippis-Gigli [78] proposed the intrinsic definition of

non-collapsed space we recall as follows:

Definition 2.5.2 (Non-collapsed RCD(K, N) space). An RCD(K, N) space (X,d, m) is

said to be non-collapsed if m = H.

Similar to the non-collapsed Ricci limit spaces, non-collapsed RCD(K, N) spaces have
better regularity than general RCD (K, V) spaces. For example, the tangent cones are met-
ric cones, which follows from [79] which states that volume cones are metric cones and
[78, proposition 2.8] which states that tangent cones are volume comes. Another impor-
tant structure property is the stratification of singular sets, which we will discuss when we
consider the notion of boundary of non-collapsed RCD(K, N) spaces in Chapter . In con-

nection with Chapter 5, yet another fine property of non-collapsed space regarding Sobolev
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spaces is that

HA (T (X, d, HY)) = H(T*(X,d, HY)). (2.5.1)

Finally, let us emphasize one of the properties as follows (see [78, Theorem 1.2]).

Theorem 2.5.3 (From pGH to pmGH). Let K € R, N € N and (X;,d;, H"™ , z;) be a se-
quence of pointed non-collapsed RCD (K, N) spaces. Then after passing to a subsequence,

there exists a pointed proper geodesic space (X, d, x) such that
(Xi, di, ;) =4 (X,d, ).

Moreover, if inf; HY(By(z;)) > 0, then (X,d,HN ) is also a pointed non-collapsed
RCD(K, N) space and the convergence of the (X;,d;, HY, x;)’s to such space is in the

pmGH ropology.

We remark that the above theorem should be viewed as the generalization to the RCD
class of non-collapsing sequence of manifolds in Definition 2.5.1, and is tightly related to
the following continuity result, which is the generalization to the RCD class of the classical
statement by Colding about volume convergence under lower Ricci curvature bounds [80,

Theorem 0.1] (see [78, Theorem 1.3]):

Theorem 2.5.4 (Continuity of HY). For K € R, N € [1,00) let B(K, N) be the collection
of (isometry classes of) open unit balls on RCD(K, N) spaces. Equip B(K, N) with the

Gromov-Hausdorff distance.

Then the map B(K,N) > B — H™(B) € R is continuous.

For technical reasons, we need a notion weaker than being non-collapsed. In order to
give the precise definition, let us recall the following result which is just a collection of

previously known ones:

Theorem 2.5.5. Let (X,d, m) be an RCD(K, N) space. Then the following five conditions

are equivalent.
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1. The essential dimension of X is N.

2. m is absolutely continuous with respect to H".

3. m({z e X:0y[X, d,m|(x) < co}) > 0 holds.

4. N € N and the Hausdorf{f dimension of (X, d) is greater than N — 1.
5. The Hausdorff dimension of (X, d) is N.

Proof. The equivalence between item 1 and item 2 is proved in [78, Theorem 1.12]. Since
the implication from item 2 to item 3 is a direct consequence of Theorem 2.4.6, let us check
the implication from item 3 to 1 as follows. The positivity (4.1.2) with Theorem 2.4.4 and
2.4.6 yields

HY(R;) > 0,

where n denote the essential dimension. In particular N' < n. Since the converse inequality
is always satisfied by Theorem 2.4.6, we have item 1.

Notice that item 2 implies item 4, we show now that item 4 implies item 1. To see
this, notice that the proof of [78, Theorem 1.4] shows that if item 4 holds, then there
is an iterated tangent space isomorphic to RY. Since the essential dimension of the N-
dimensional Euclidean space is N, the conclusion follows from Theorem 2.4.9.

If we assume item 5, then, since the Hausdorff dimension of (X, d) is at most the integer
part of N (by [78, Corollary 1.5]), we see that N is an integer so that item 4 holds. Finally,
if item 2 holds, then the Hausdorff dimension of (X, d) is at least IV, so that we conclude

by [78, Corollary 1.5] again. 0

We are now in a position to introduce the notion of weakly non-collapsed RCD (K, N)

spaces (our definition is trivially equivalent to the one in [78]):

Definition 2.5.6 (Weakly non-collapsed RCD(K, N) space). An RCD(K, N) space is said

to be weakly non-collapsed if one (and thus any) of the items in Theorem 2.5.5 is satisfied.

40



Note that any non-collapsed RCD (K, ) space is a weakly non-collapsed RCD (K, V)
space.

We conclude this section recalling that one expects the notion of non-collapsed spaces
to be related to the fact that the trace of the Hessian is the Laplacian. A first instance
of this behaviour is contained in the following result, that is basically extracted from [81,
Proposition 3.2] (notice that Definition 2.1.2 tells that if the stated inequality (2.5.2) holds
without restrictions on the support of ¢, then the space is an RCD(K, n) space and thus,

since n is assumed to be the essential dimension, the space is weakly non-collapsed).

Theorem 2.5.7. Let (X,d,m) be an RCD(K, N) space of essential dimension n and let

U C X be open. Then the following two conditions are equivalent:

1. For any f € TestF(X,d,m) and any ¢ € D(A) non-negative with supp(p) C U
and Ap € L>®(X, m) we have

1 Af)?
5/[wa |V f|?dm > /Ugo (% +(VAF, V) + K]Vf\z) dm. (25.2)
2. Forany f € D(A) we have

Af = tr(Hessf) m-a.e. in U. (2.5.3)

Proof. It is easy to see the implication from item 2 to item 1 is trivial because we know

|tr(Hess f)| = [(Hessf, g)us| < [Hess f|us |glns = [Hessf|us - v/n.

Thus item 2 gives |Hess f|fs > (Af)?/n, and therefore item 1 follows directly from (2.2.3).
For the reverse implication we closely follow the proof of [81, Proposition 3.2] keeping
in mind (2.5.2) and the existence, for any A C U with A compact and U open, of a

test function identically 1 on A and with support in U (see e.g. Theorem 2.6.3, see also
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[82] or [83, Lemma 6.2.15]). In this way we easily obtain that (2.5.3) holds for any f €
TestF(X,d, m). Then by the density of TestF'(X,d, m) in D(A) (see for example [45,
Lemma 2.2]) (2.5.3) holds for f € D(A). H

2.6 Heat Flow and Heat Kernel

2.6.1 Heat Flow

We concern about the L? approach to the heat flow. Fist let (H, || - ||zz) be a Hilbert space.
For any absolutely continuous curve z(t), ||2'()||z = |=|'(t) holds for L' a.e. t, that is the
norm of the derivative is the a.e. equal to the metric derivative. The Komura-Brezis theory
asserts that for a convex and lower semicontinuous functional ' : H — [—00,400] , and
any initial value z¢ € m, there exists an absolutely continuous curve z(t) such

that

v'(t) € OF(x(t)),
(2.6.1)
limg o [|2(t) — zollz =0,

where OF'(z) is the sub-differential of F" at z, defined as

OF(x)={ye H:Vz€ HF(z) > F(x)+ (y,z — x)}.

Such z(t) is called a gradient flow of F. The classical heat flow theory in Hilbert space
holds for RCD(K, N) spaces thanks to the infinitesimal Hillbertianity condition and the
fact that Ch is convex and lower semicontinuous. First let us recall the heat flow as the

L?-gradient flow of Cheeger energy Ch,

h; @ L2(X,m) — L*(X,m).
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This family of maps is characterized by the properties: h;f — fin L*(X,m) ast — 0,

hyf € D(A) forany f € L?,t > 0 and for any ¢ > 0 it holds

%ht f=Ahf  inL*X m). (2.6.2)

It is notable that historically, before the notion of infinitesimal Hilbertianity was introduced
to the study of RCD(K, N) spaces, one of the definition of RCD(K, co) condition was
CD(K, co) condition along with the fact that the heat flow is linear. We know have the

equivalence:

Theorem 2.6.1. A complete separable metric space is infinitesimally Hilbertian if and only

if its heat flow associated to its Cheeger energy is linear.

It will be useful to keep in mind the following a-priori estimates ([83, Remark 5.2.11]):

1]z 1|2
||Dhyf]| 12 < ﬂ_; | Ahyf]] 2 < 2tL Ve L*(X,m),¥t>0 (2.6.3)
as well as the fact that
t + ||hyf|lz2 is non-increasing for every f € L*(X, m). (2.6.4)

We provide a proof of the a-priori estimates above.

Proof. We start with the computation that

d

d
qleflEe = o /(htf, hy f)dm = 2/<Ahtf, hef)dm = —2/ |Vhyf|2dm < 0,
X X X

which shows the L2-norm non-increasing property, then a completely same computation
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shows that ¢ — ||Dhyf|||2 is also non-increasing for any f € L*(X,m) and ¢ > 0:

d

d
X X

We can use this L?-norm non-increasing property to see that

t tl d
Db < [ Db s == [ 5 ds
0 0 $

1 1
= 5 (1713 = Ihef132) < 51132

Finally, we use the same trick to show that ¢ — ||Ah, f]|z2 is non-increasing, we omit the

similar computation here. It follows that

t2 ) t ) t1 d
SIAbAIE < [ s|abflRads = [ Js 2 Db gl ads
0 0 s

e 1
= 5 ([ Db s - Db s ) < Sl

In the last equality we used the estimates of |||Dh, f||| 2 we just derived. O

Then the 1-Bakry-Emery estimate proved in [58, Corollary 4.3] is stated as for any
f E H1’2(X7 d7 m)a

|Dh, f|(z) < e X'hy|Df|(z)  form-ae.z € X, (2.6.5)
which in particular implies
hf = f in H*(X,d, m).
It is also worth pointing out that the heat flow h; also acts on LP(X, m) for any p € [1, ]

with

e fllee < [[flle Vf € LP(X,m).
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We extend the heat flow theory to 1-forms. Consider the following Hodge energy defined

in [54, (3.5.16)]:
1
Eu(w) = §/X]dw|2+ 6w?dm, Ve € HYA(T(X,d,m)).

The gradient flow associated to this energy is the heat flow h; for 1-forms, it fulfills for

any t > 0and w € L*(T*(X,d, m)):

d
hH7tw & D(AHJ) and — AHJhH,tw = Eh}mg(&). (266)

See [54, (3.6.18)], and we have the following commutative relation with the heat flow of
functions:

hydf = dh,f, vt > 0,Vf € HY*(X,d, m).

By duality between the exterior differential d and its adjoint §, the commutative relation

also holds for J, that is

The heat flow h, serves as an important means of regularization, as it takes L? functions to

D(A) by definition. Actually h; improves the regularity even better, we have that
h,f € TestF'(X,d,m)  Vf € L*X,m)NL>(X,m),Vt > 0. (2.6.7)

With this regularization Honda [45, Lemma 2.2] shows that

Lemma 2.6.2. Ler (X,d, m) be an RCD(K, 00) space and f € D(A). There exists a

sequence f € TestF'(X,d,m) such that ||f; — f||m12 + ||Afi — Af||z2 = 0as i — oc.

Another important use of the regularization property of heat flow is to construct good

cut-off functions (see [71, Lemma 3.1]), which is widely used, for instance in the proof of
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[43, Proposition 5.12].

Theorem 2.6.3. Let (X,d, m) be an RCD(K, N) space, x € Xand 0 < r < R < oc. Then

there exists ) = 1, , r € TestF (X, d, m) such that the following four properties hold:
1. 0<¢y <1,
2. r|Vy| +r?|Ay| < C(K, N, R);
3. ¢ =1o0n B,.(z);
4. suppy C Bg(x).

The construction is done by regularizing a compactly supported Lipschitz function by
heat flow, then compose by a C? cut-off function (we can certainly choose a C'™ function
as well). The estimates of V1) and Ay rely on the following dimensional Bakry-Ledoux

gradient estimates under RCD(K, N) condition proved in [23, Theorem 4.2]

4Kt
|Vhf|* + ¥ AL f]? < e ?X'h,(|V/?) moae.

(€2Kt _ 1)
Finally we point out that the heat flow hy; also has the similar regularization properties,
we highlight that

hp w € TestT*(X,d, m), Vw € LA(T*(X,d, m)). (2.6.8)
In particular, it implies that hy,w € D(Apg;) and Ag;(hgw) € D(6), which in turn
implies that

Proposition 2.6.4. {w € D(Apy,) : w has compact support, Ay 1w € D(0)} is dense in
L*(T*(X,d, m))

Proof. Let w € L*(T*(X,d,m)), ¥, be good cut-off functions constructed in Theorem

2.6.3 with supp v, X, n € N. Since v, € TestF(X,d, m), we see that ¢,hy,w €
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D(Ap ). Note that, hyy,w is a test 1-form, so ¢, hy ,w is also a test 1-form, it follows that
Ap1(Yphgw) € D(5). Now by an diagonal argument we can choose ¢, \, 0 such that

wnhp,, converges in L?(T*(X,d, m)) to w.

2.6.2 Heat Kernel

After establishing the L? theory of the heat flow, it is natural to study the existence and
properties of its integral kernel. The theory of heat kernel in a broad class of metric measure
spaces (PI spaces) is well understood through Sturm’s work [84, Proposition 2.3] and [85,
Proposition 3.1, Corollary 3.3], some of the ideas originated from [6]. Sturm showed the
existence of locally Hoder continuous integral kernel of h; if the metric measure space
(X, d, m) is locally volume doubling, supports a local Poincaré inequality and the so-called

intrinsic distance

den(@,y) = inf{|f(z) — f(y)| : f € H*(X) N Cy(X)} (2.6.9)

induces the same topology as d. In RCD(K, N) space (X,d, m), dc, in fact coincides with
the original distance d on X, as a consequence of Sobolev-to-Lipschitz property. Also,
thanks to (2.4.5) and (2.4.2), Sturm’s results apply, so there exists a unique (locally Holder)
continuous function p : X x X x (0, 00) — (0, 00), called the heat kernel of (X,d, m), such

that the following holds;

h, f(x) = /Xp(:v,y,t)f(y)dm(y) Vf e L*(X,m),Vz € X. (2.6.10)

Let us denote by p, (z) = p(x, y,t) when we consider p as a function on X for fixed y € X
and ¢ > 0.
Let us recall the Gaussian estimates for the heat kernel p proved in [86]: For any ¢ €

(0, 1] there exists a positive constant C' := C(K, N, €) depending only on K, N and € such
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that forany z,y € Xandany 0 < ¢t < 1,

Ay . ¢ 4y’
w(B(0) p( 1ot Ct)ﬁp( ,y,t)S—m(Bﬁ@)) p( —(4+e)t+0t)’
(2.6.11)

and for every y € X and ¢ > 0 we have

d(z,y)*

C
il (5) € s e (-2

+ Ct) m-a.e. r € X. (2.6.12)

Notice that (2.6.11) and Lemma 2.6.5 ensure that p(-,y,t) € L*(X,m) for every y € X,

t > 0, therefore from (2.6.10) we deduce the Chapman-Kolmogorov equation:

p(x,y,t +5) =hp(-,y,s)(r) = /p(w, z,0)p(z,y,8)dm(z) Vi, s >0,Vz,y € X.
X
(2.6.13)
Also, from (2.6.2), [84, Corollary 2.7] and (2.6.11) we deduce the estimate

|Ap(7 Y, t)’ (33) <

¢ o 9@y’
= tm(B(x)) p(

— -a.e. X 2.6.14
(4+e)t+0t> m-a.e.r € X, (2.6.14)

for every y € X, t > 0. We are going to use these estimates only specialized to the case

e = 1. Notice that the above discussion and estimates easily imply that
Dyt € TestF (X, d, m)

for every y € X, and ¢ > 0. We shall frequently use this fact. Also, for future reference we

prove a technical lemma related to the Gaussian estimates.

Lemma 2.6.5. Let (X,d, m) be an RCD(K, N) space. Then for any t € (0, 1], any a € R,

any (3 € (0,00) and any x € X we have
d2
/X m(B.s(y))" exp (_M) dm(y) < C(K, N, a, B)m(B ()", (2.6.15)
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Proof. Considering a rescaling / 3/t - d with (2.4.2), it is enough to prove (2.6.15) assum-
ing 5 =t = 1. Then by (2.4.3) and (2.4.4)

[ B0 exp (~(0,0) dmiy)

> / B ) exp (<) dmiy)
< O(K,N)m Z / O (Cla, K, N)27 T — 2%) dm(y)

j=—o00 Byjt+1(z

= O, Nym(By(a))* 3 m(Baen (1) \ Bas(a)) exp (Cla, K, N)2*1 — 2%)

j=—00
o0

< C(K,N)m(By(z))* Y m(Bi()) - exp (C(K, N)2') - exp (C(a, K, N) 2+ — 2%)

j=—o0

< O(a, K, N)ym(B(z))*.

Notice that (2.6.13) and the estimate (2.6.11) together with (2.6.3), (2.4.2) and Lemma
2.6.5 give

IPysllr + [ Apyllr < C(K, N, )m(B4(y)) 2. (2.6.16)

We also notice that the identity O;p(z,y,t) = Oipy(x) = Apyi(z) = Ayp(z,y,t) valid
forany ¢t > 0, y € X and a.e. x together with the symmetry in z, y of the heat kernel - and

thus of the LHS - gives
Agp(z,y,t) = Ayp(z, y, 1) (m x m)-a.e. (z,y), Vt > 0. (2.6.17)

Remark 2.6.6. We point out that the continuity of the heat kernel and the estimates (2.6.11)
ensure that for any ¢ > 0 the map y — p,, € L*(X,m) is continuous. Thus by the first
claim in Proposition 3.2.4 we deduce that y — dp,, € L*(T*(X,d, m)) is strongly Borel.

Similarly for y — Ap,; and y — dAp, ;.
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Asymptotic Behavior ast — (

We present here a pointwise convergence result and a /' convergence result. The former
is needed to prove the main theorem in Chapter 5 and the latter is built up on the former
one and justifies the convergence of tm(B 4;( - ))g: to c,g. See section 3.4.

Assume that RCD(K, N) spaces (X, d,,, m,, p,) pmGH converges to (X,d, m, p). We

recall that in [44, Theorem 3.3 Corollary 3.6], it is proved that

Proposition 2.6.7. Let p, be the heat kernel of (X,,d,,m,), p be the heat kernel of
(X,d, m). It holds that

lim p(x,, yn, tn) = p(z, y,t), (2.6.18)

n—oo

for (T, Yn,tn) € X x X X (0,00) + (z,y,t) € X x X x (0,00). In particular, for an

RCD(K, N) space (X,d, m), we have by taking tangent cones that

limm(B ;(z))p(x, z,t) = (2.6.19)

e (Am)F/2

for any v € Ry.

We are particularly interested in the case where © € R,,, n being the essential dimen-
sion.

Then we recall that in [43, Theorem 2.19] it is proved that

Proposition 2.6.8. p,. (-, y,,t,) € H"*(X,,d,, m,) HY? strongly converges to p(-,y,t) €
HY2(X,d,m), for (yn,t,) € X, x (0,00) — (y,t) € X x (0, 00).

The proof can be done directly by applying theorem 2.3.6 and the consequence of Gaus-
sian estimates (2.6.16).
Heat Kernel on Compact RCD (K, N) Spaces

Finally, to complete the description of the heat kernel on RCD spaces, let us restrict the

consideration to compact RCD(K, N) spaces. In this case the Laplacian has discrete spec-
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trum, and we can express the heat kernel in another way using eigenfunctions of the Lapla-
cian. Let us recall the spectral analysis for Laplacian on compact RCD(K, N) spaces.
A standard argument as in [87] shows that the resolvent operator R, := (ald — A)~L:
L*(X,m) — H'“?(X,d, m) is a well-defined, injective and bounded operator for any o > 0,
whose image R, (L?(X,m)) is dense in H?(X,d, m) and is in fact equal to D(A), inde-
pendent of . Then by the (metric version of) Rellich-Kondrachov theorem, all R,’s are
compact and share discrete spectrum that converges to 0. This implies that —A has discrete
spectrum 0 = A\g < A\ < Ay < --- — +00. In connection with this see also Appendix
B for a treatment of the sepctrum of Hodge Laplacian, in particular, a Rellich-Kondrachov
theorem, i.e. the compact inclusion from Sobolev space Hj*(T*(X,d, m)) of 1-forms, to
L*(T*(X,d, m)) is proved.

Let ¢; € HY2(X,d, m) be the corresponding eigenfunction of \;, that is ¢; satisfies

Ap; = —Ap;. Then we have the following expansion of the heat kernel p(z, y, ):

pla,y,t) = e Mo(@)p(y),  in C(X x X x (0,00)). (2.6.20)

i>0

And also

pCoyt) =) e Moy e in HY(X,d,m)

fory € Xand t > 0.
We point out that bounds on eigenvalues and eigenfunctions can be obtained from Gaus-

sian estimates and Bishop-Gromov inequality,
loillze < CATY Vil <OV Nz 0, (2621)

see [43, Appendix]. See also another local approach by De Girogi-Nash-Moser iteration in

[88, Section 3.2], and also a heat flow approach by Jiang [89].
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CHAPTER 3
SMOOTHING OF METRIC VIA HEAT FLOW

3.1 Overview

The purpose of this chapter is to prove the formula (3.3.9), originally discovered by Honda
[45] for compact RCD(K, V) spaces, in full generality. This whole chapter is mainly taken
from the joint work with Brena-Gigli-Honda [41]. In Honda’s proof, the eigenfunction ex-
pansion of the heat kernel is heavily used, here we replace the manipulation of eigenfunc-
tions by making use of suitable Gaussian decay estimates. The crucial difference between
the original proof of (3.3.9) in [45] is the Lemma 3.3.4. First we introduce some version
of Hille’s theorem discussed in detail in [83]. It serves two purposes. On the one hand, for
the later use we give a treatment of (weakly) local differential operators, on the other hand,
we will frequently use integrals that take values in Banach spaces, the so-called Bochner
integration, so we also present here the elements of Bochner integration tailored for our
situation. We will then be able to derive enough regularity of p(z,z,2t) that makes its
appearance in (3.3.9), basically we will show that dAp(z, x, 2t) is well-defined as a L}

1-form, this is the content of Lemma 3.3.3. Then we present the crucial result, Lemma

3.3.4, which states that

/Apy,tdpy,t dm(y) = /py,tdApy,t dm(y).
X X

That is, we can move the Laplacian, it is worth noticing that it is not a direct consequence
of the fact that A is self-adjoint, because of lacking of regularity. We need to proceed by
a heat flow regularization. Now all the ingredients are already, we can carry out a formal
computation as in Theorem 3.3.5 to derive the desired formula for V*g;.

Finally, we slightly strengthen the short time asymptotics proved in [43] to the non-
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compact setting. Mainly the strong L7, convergence of c,tm(B ;(-))g: to gast — 0. It

p
loc

follows from the L bounds of ¢, and the L?

loc

convergence that the [; . convergence for

p € [1,00) also holds. The key of the proof of strong convergence is the norm convergence:

i [ clm(B5()isdm = ¢ [ plgfhdm = c2n [ odm
X X X

t—0t

For any ¢ € Lip,,. This reduces to the fact

1
F(z,t ::—/ tm(B () g fsdm — c2n

proved in [43]. Finally we prove a technical fact, Proposition 3.4.4, which will be used in

the proof of the integrate by parts formula w.r.t. to Hausdorff measure, see Theorem 4.2.1.

3.2 Local Hille’s Theorem

This section is taken from [41, Section 3.1], adding some explanations why operators ¢ and
Ap are local operators. First we collect some basic results about local (differentiation)
operators: the main result we have in mind is the version of Hille’s theorem stated in
Lemma 3.2.3 below. We shall apply the notions presented here to the operators d, A, V*,
but in order to highlight the similarities among the various approaches we shall give a rather
abstract presentation.

Thus let us fix a metric measure space (X,d, m) and two L°-normed modules .7, .+
For p € [1, oo] we shall denote by L?(.#) (resp. L} (.#)) the collection of those v € .#

loc

with |v] € LP(X, m) (resp. |v| € L} (X, m)). Similarly for .4".

loc

Definition 3.2.1 (Weakly local operators). Let p € [1,00] and L : D(L) C LP(A#) —

LP(_¥") be a linear operator. We say that L is weakly local provided

L(v) = L(w) m-a.e. on the essential interior of {v = w} for any v, w € D(L).
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In other words, L is weakly local provided for any v, w € D(L) and U C X open such
that v = w m-a.e. on U, we have L(v) = L(w) m-a.e. on U.
Weakly local operators can naturally be extended as follows (variants of this definition

are possible, but for us the following is sufficient):

Definition 3.2.2 (Extension of weakly local operators). Let p € [1,00| and L : D(L) C
LP (M) — LP(AN) be a weakly local operator. We then define D,,.(L) C Lj (.#) as the
collection of those v’s such that for every U C X bounded and open there is vy € D(L) C
LP(A) with vy = v m-a.e. on U.

For v € Dy,.(L) we define L(v) € L}

loc

() via
L(v) = L(vy) m-a.e. on U, VU C X open and bounded,

where vy is as above.

It is clear from the definition that L : D,,.(L) C L} (.#) — LY

Toc e(A) is well-posed
and that the resulting operator is linear. We are interested in a version of Hille’s theorem
for this kind of operators and to this aim we need first to introduce the notion of integrable
function with values in LP(.#).

For the standard notion of Bochner integration of Banach valued maps we refer to [90].
Given a metric measure space (Y, dy, ) (the topology here is not really relevant, but in
our applications we shall mostly have Y = X) we shall denote by L'(Y, u; LY (.#)) the
(.#') such

collection of (equivalence classes up to y-a.e. equality of) maps y — v, € L]
that for any A C X Borel and bounded the map y — x v, is in L*(Y, w; LP (.#)) (here we
are endowing LP(.#') with its natural Banach structure).

With these definitions, the following result is rather trivial (but nevertheless useful):

Lemma 3.2.3 (Local Hille’s theorem - abstract version). Let (X,d, m), (Y, dy, i) be metric

measure spaces, M , N two L’-normed modules, p € [1,00] and L : D(L) C LP(.4#) —
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LP(A) a weakly local and closed linear operator. Also, let y — v, € L]

loc

(M) be in
LMY, p; I,

loc

(A )). Assume that
i) vy € Dyo(L) for p-ae. y,

ii) L has the following ‘stability under cut-off’ property: for every V- C U C X bounded
and open with d(V, X\ U) > 0 there is a linear map T : L} (M) — LP(H) such

loc
that:
T(v)=v m-a.e. on 'V,
T(v) =T(xuv) m-a.e. (3.2.1)

1T () |2oary < Cllxvvllzeca

foreveryv € L} () and some C' > 0 independent on v,

loc

iii) for any V,U as above and T given by item (i) we have T'(v,) € D(L) for p-a.e. y

and the map y v+ L(T(v,)) is in L*(Y, u; L}, (A)).

loc

Then [, vy, dm(y) € Dio(L), the map y — L(vy) is in L'(Y, w; L],

L [ vyami)) = [ L(w,) dmiy)

Proof. Fix V' C X open bounded and then let U O V' open bounded be with d(V, X\ U) >

(A)) and

0. LetT : L?

loc

(M) — LP(A) be given by item (7i). By the assumption (i) we know
that y — xpv, € LP(A) is in L*(X, m; LP(.#')) and the third in (3.2.1) gives that T is
continuous as map from LP(.#) to itself. It follows that y — T'(xyv,) = T(v,) is in

LYY, p; LP (). Then assumption (i77) and the classical theorem by Hille ensure that

[re)anm enw) wmd o [ T@)duw) = [ Lr@)au). 622

Now notice that the first in (3.2.1) give that 7'(v,) = v, on V for every y, thus the weak
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locality of L also gives that L(7'(v,)) = L(v,) on V for every y. It follows that y —
xvL(vy,)isin L' (Y, u; LP(4")) and that

/Y vty dp(y) = / wT(v,) du(y) and / yvL(vy) du(y) = / LT (1)) du(y).

Thus using again the weak locality of L it follows that

XVL</YUydu(y)> :XVL</YT(Uy) du(y))
byG22) = [ DT ) = [

[ L) duty) = / xv L(v,) dpa(y).

Since V' was arbitrary, this is the conclusion. O]

We now see how to apply this general statement to the concrete cases of
L=d,A, V" 6§ Ay;.

The idea is to use, as map 7', the multiplication with a Lipschitz cut-off function ¢ with
support in U and identically 1 on V. For the case of the Laplacian this does not really work,
as one would need to multiply by a Lipschitz function with bounded Laplacian in order to
remain in the domain of the operator. The problem is that on general RCD (K, 0o) spaces it
is not clear whether this sort of cut-off functions exist (but see [82] or [83, Lemma 6.2.15]
for the case of proper RCD spaces). This issue is, however, easily dealt with by recalling
that the Laplacian is the divergence of the gradient and applying the above theorem twice

(this amount at localizing A f by looking at div(pV (¢ f))).

Let us start recalling that the differential d : H?(X,d, m) C L*(X,m) — L*(T*(X,d, m))
is weakly local (in fact even more, as there is locality on Borel sets and not just on open
ones) by [54, Theorem 2.2.3]. The same holds for the divergence operator div : D(div) C

L*(T(X,d,m)) — L?(X,m). Indeed, for v,w € D(div) equal on some open set U, we
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have

/godivvdm:—/dgo(v)dm(;)—/dgo(w)dm:/godivwdm
X X X X

for any ¢ € Lip(X,d) with supp(¢) C U, having used the locality of the differential and
the assumption v = w on U in the starred equality (x). This is sufficient to prove the
claim. Also since 6 = — div when acting on 1-forms, we get the locality of §. Similarly,
starting from the locality of the covariant derivative (see [54, Proposition 3.4.9]) it follows
the weak locality of V*. Finally, the weak locality of the Laplacian follows from that of the
differential and of the divergence, and the locality of Hodge Laplacian follows from that of
d and of 4.

Below for the domain Dy,.(d) € L? (X, m) we shall use the more standard notation

loc

H*(X,d, m). We then have the following.

loc

Proposition 3.2.4 (Local Hille’s theorem - concrete version). Let (X, d, m) be an RCD (K, 00)
space and (Y,dv, i) a metric measure space. Let (f,) € L*(Y,u;L?

loc
(fy) € LYY, Lj,

loc

(X,m)) (resp.
Xom)), resp. (4,) € LY, 13

loc

(T**(X,d, m)))) be with f, €
H22(X,d,m) (resp. f, € Dipe(A), resp. A, € Dyoe(V*)) for p-a.e. y € Y.

Then for every U C X open bounded we have that y — xydf, (resp. y — XvAfy,
resp. y — xuV*Ay) is - the equivalence class up to ji-a.e. equality of - a strongly Borel
function (i.e. Borel and essentially separably valued).

Now assume also that for every U C X open bounded we have [, ||xu|dfy|||r2 du(y) <
oo (resp. [y [IxuAfyllre du(y) < oo, resp. [\ [IxulV*Ay|||z2 du(y) < o).

Then [, f,du(y) € H2(X,d,m) (resp. [, f, du(y) € Dioe(A), resp. [, A, du(y) €
Dioe(V*)) with

d /Y £y duly) = /Y dfy du(y)

(resp. A [, f, duly) = [, Afy du(y), resp. V* [ Ay du(y) = [, V*A, du(y)).

Proof. We start with the case of differential. We have already noticed that d is weakly

local and we know from [54, Theorem 2.2.9] that it is a closed operator. Let us check
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that the other assumptions in Lemma 3.2.3 are satisfied. () holds by our assumption, thus
we pass to (7). Let U,V as in the statement and let ¢ € Lip(X,d) be identically 1 on
V" and with support in U (the hypothesis d(V,X \ U) > 0 grants that such ¢ exists). We
define T'(f) := of and notice that the properties in (3.2.1) are trivial. We pass to (ii7),
and notice that by the very definition of extension of d from H2(X,d, m) to H ll.gf(X, d,m)

it follows that the Leibniz rule holds even in H 11002

(X,d, m). It is then clear that we have
of € H'*(X,d, m) with d(¢f) = pdf + fdy. Thus

loc

[d(ef)] < xuldf|suple| + xuC|f] € L*(X, m), (3.2.3)

where C' denotes the Lipschitz constant of ¢. Therefore ¢ f is actually in H12(X,d, m).

With this said, let us verify the first claim. Fix U C X open bounded, let ¢ € Lip, (X, d)
be identically 1 on U and notice that replacing f, with ¢f, it is sufficient to prove that if
y — f, € L*(X,m) is Borel and f, € H"*(X,d,m) forevery y € Y, theny — df, €
L3(T*(X,d, m)) is strongly Borel. Since L?(T*(X,d,m)) is separable (see [91] and [54,
Proposition 2.2.5]), it is enough to check Borel regularity. Also, since d : H?(X,d, m) —
L*(T*(X,d, m)) is continuous, it suffices to prove thaty — f, € H*(X,d, m) is Borel. To
see this it is sufficient to show that the unit ball in H?(X, d, m) belongs to the o-algebra
A generated by L?-open sets in H%?(X,d, m). But this is obvious, because the lower
semicontinuity of the H'2-norm w.r.t. L2-convergence ensures that closed H'-balls are
also L?-closed, and thus are in 4. Since open balls are countable unions of closed balls,
the first claim follows.

For the second, we observe that what we just proved, along with our assumption that
S Ixuldfylllz du(y) < oo and (3.2.3) ensure that the map y — d(¢f,) is actually in
LYY, p; L*(T*(X,d, m))), i.e. (¢ii) of Lemma 3.2.3 holds and the conclusion follows from
such lemma.

The same line of thought gives the conclusion for V*. For the Laplacian we start notic-
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ing that for V, U and ¢ as above we have

/ P ldfJ? dm = — / 2f ldf.dg) + @ FAS dm
X X

S/X%\sO\Qldf!2+2!dso!2\f!2+%!wlz(\f\2+|Af!2)dm,

ie. 5 [ilelPldffPdm < C [, [f]* + |Af]*dm. This proves that if f € D(A) C

LQ

loc

(X,m) then f € H.>(X,d, m) as well. Hence what previously proved tells that for

loc
y — f, € L} . Borel with f, € D,,.(A) for p-a.e. y, we have that y — xpdf, €
L*(T*(X,d, m)) is strongly Borel for any U C X open bounded. Now we want to prove that
the same assumptions ensure that y — xyAf, € L*(X, m) is Borel as well. Since the o-
algebra generated by the strong topology coincides with that generated by the weak topol-
ogy (because the closed unit ball can be realized as countable intersection of weakly-closed
halfspaces, so that closed balls are weakly Borel and thus the same holds for open balls
since they are countable union of closed balls), by approximation to get the desired Borel
regularity it is sufficient to prove that y — fx YPEA f, dm is Borel for any ¢ € Lip, (X, d)
and £ varying in a countable dense subset of L*(X,m). We pick £ € H'?(X,d, m) and

notice that

/X GEAS, dm = — /X (V(E), V) dm = — /U (V(4E), V1) dm

for any U C X open bounded and containing the support of 7). By what already proved we
see that the RHS is a Borel function of y, hence the desired Borel regularity follows.

With this said, the conclusion for the Laplacian follows by first applying the result to
the differential and then to the divergence (the study of the divergence operator closely

follows that of V* that in turn, as said, is largely based on that of d). O]

Remark 3.2.5. The above version of Hille’s theorem is compatible with the more general

one recently discussed in [92, Section 3.3]. However, being the presentation here substan-
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tially simpler we preferred giving a direct proof, rather than linking the terminology to that

in [92]. u

3.3 Smoothing metric g; and computation of V* g,

This section is taken from [41, Section 3.3]. For an n-dimensional weighted complete
Riemannian manifold (M, g, e~VdVol,) satisfying Ricy > K g for some K € R and some
N € [n,00) (namely (M,d,, e~V Vol,) is an RCD(K, N) space, recall (2.1.3) and (4.1.3)),
for any ¢ > 0, define the map ®, : M — L*(M, e~V Vol,) by

®y(z) := (y = p(x,y,t)) € L*(M, eV Vol,).

Then the pull-back g; := (®;)*gr2 is well-defined as a smooth tensor of type (0, 2) and it

satisfies

gi(z) = / depy () @ dppyi(2)e”V W dVol,(y) Ve e M
M

where it is emphasized that the RHS of the above makes sense as Bochner integral for any
x € M because of (2.6.12). In particular, thanks to Fubini’s theorem for all smooth vector

fields V; (¢ = 1,2) on M with bounded supports we have

/gt(Vl,Vg)e_vdVolg:/ / dxpyﬂg(Vl)(x)dxpy,t(Vg)(x)e_v(”)_v(y)d\/olg(x)dVolg(y)
M M Jm

and it is easy to see that this equation also characterizes g;.

Let us generalize this observation to an RCD(K, N) space (X,d, m) as follows. Start
noticing that the identity |dp,; ® dpy+|lns = |dpy+|?, the bound (2.6.12) and Lemma 2.6.5
ensure that for every ¢ > 0 the map y — dp, ; ®dp, ¢ isin L' (X, m; L7 ((T*)®*(X,d, m))).

Hence the following definition is well-posed:

Definition 3.3.1 (Smoothing metrics ¢;). Let (X, d, m) be an RCD(K, N) space. We define
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the (0, 2) tensor g; € L°((T*)®%(X,d, m)) on X as

gy = / da:py,t ® dxpy,t dm(y)
X

Notice that the basic properties of Bochner integration (Hille’s Theorem) ensure that

for Vi, Vo € L*(T(X,d, m)) with bounded support we have

/th(Vl,VQ)dm:/X/Xdpyﬂf(vl)dpw(\/g)dmdm(y).

When (X, d) is compact, making use of (2.6.20), it is proved in [43, Proposition 4.7]

that

gi = Ze_%itdgoi ®dp;, in L™ ((T*)**(X,d,m)) . (3.3.1)

)
After a normalization of g, as follows, the smoothing metrics are uniformly bounded in

L

Proposition 3.3.2. Let (X,d, m) be an RCD(K, N) space. Then we have
tm(B4())g < C(K,N)g  m-ae., vt € (0,1] (3.3.2)

in the sense of symmetric tensors.
In particular we have that g, € LS. ((T*)®*(X, d, m)) and moreover that tm(B /(-)) g, €

loc

L>((T*)®*(X,d, m)).

Proof. Fix V € L%(T(X,d, m)) and notice that for m-a.e. z we have

tm(B (1)) g:(V. V) (@) < tm(B j3(2)) [V () /X [dpy.e[*(x) dm(y)

C|V[*(z) d(z,y)*
(by 2.6.12)) < (B, 0) /X exp (— - +Ct) dm(y).

The conclusion follows from Lemma 2.6.5 (with o = 0). ]
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We now turn to the computation of V*g;. To this aim, it is convenient to introduce the

following function:

(2.6.13)
() = pla, z, 1) O / P2 o) dm(y).

Notice that thanks to the bounds (2.6.11) it is easy to see that for every ¢ > (0 the map
Y p;m is in L'(X, m; L*(X, m)). It is then clear that the identity p, = [, p;tm dm(y)
holds also in the sense of Bochner integrals.

Let us start collecting some estimates for this function:

Lemma 3.3.3. Let (X, d, m) be an RCD(K, N) space. Then for anyt > 0 we have py(x) €

Dloc(A) with

C(K, N)
dpar = 2/p t/2dpy ¢/0 dm(y) and |dpot| < ———"F—— m-a.e. (3.3.3)
S 1= V(B ()
and
C(K, N)
Apg =2 A dp,¢|*d d Apoy| < ———4 -a.e..
Dot /Xpy,t/2 Pytj2 + [dpy[~dm(y) — an |Apa| < m(B () e
(3.34)
Finally, we also have Apy, € H}22 (X, d, m) with
dApy =2 / Apyt/22Py 172 + Pyt /2dApy 12 + d|dpy 4 |* dm(y). (3.3.5)
X

It is part of the claim the fact that the integrands in (3.3.3) and (3.3.5) belong to the space

LY(X,m; L2 (T*(X,d, m))) and the one in (3.3.4) belongs to the space L' (X, m; L2 (X, m)).

loc loc

Proof. Using (2.6.11) and (2.6.12) we get

/X d(p2,2)] dmy) < 2 / Pytj2ldpyase] dmiy)

< m /Xexp(—@ + C’t) dm(y).
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Thus from Lemma 2.6.5 and Proposition 3.2.4 we deduce that py; € H, llo’f(X, d, m) and that

(3.3.3) holds. Similarly, starting from

/X|A<p§,t/2)| dm(y) <2 /X Pyaj2|Apyija| + |dpy /2] dm(y)

and using the estimates (2.6.11), (2.6.12) and (2.6.14) and then again Lemma 2.6.5 and
Proposition 3.2.4, we conclude that py;(x) € Djo.(A) and that (3.3.4) holds.

For the last claim we recall that p,; € TestF(X,d, m), thus the Leibniz rule for the
Laplacian and the basic properties of test functions give p, ;2 Ap,, ; /2%—|dpy¢|2 € HY2(X,d, m)

with
d(py,t/QApy,t/Q + |dpy,t’2) = dpy,t/QApy,t/Q + py,t/QdApy,t/Q + 2Hesspy,t(v])y,t7 : )

The fact that the first two addends in the RHS are in L'(X,m; L2 (T*(X,d, m))) can be
proved as before. For the last one we let A C X be Borel and bounded and # € X. Then
we have d(x,y) > d(y,z) — Rforany z € A, y € X and some R > 0 independent on z, y.
Hence (2.6.12) implies that |||dpy ||| o4y < C’e‘% for some C' = C(t, K, N, A, ),

thus

/ \/ [ ess (T, 2 den(o) dmy) < [ [Bess pydnslooldpyl o) don(s)
X X

d2(

Y,T)
o dm(y)

by 224) <C / (1Apyellze + Idpyelll2)e
X

1 d2(y,®)

(by (2.6.16)) < C/Xm(B\/g(y))me st dm(y) < oo,

where the last inequality comes from Lemma 2.6.5. The conclusion follows. [l
To further analyze the link between g; and p; the following result will be crucial:

Lemma 3.3.4. Let (X,d, m) be an RCD(K, N) space. Then for every t > 0 we have that
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y — Ap,dp,  and y — p, dAp, , are both in LY'(X,m; L2 (T*(X,d,m))) and

loc

/Apy,tdpy,t dm(y) = /py,tdApy,t dm(y)
X X

Proof. For the first part of the claim we argue as in the proof of Lemma 3.3.3 above: let
A C X be Borel and bounded and z € X. Thend(z,y) > d(y,z) — Rforanyz € A,y € X

and some R > 0 independent on z,y. Hence (2.6.12) implies that

_d?w.3)

dpy,elll ooy < Ce™ 5t (3.3.6)

for some C' = C(t, K, N, A, z), and therefore

_d?y,3)
/ \/ / |Apyadpyl? dm(z) dm(y) < C / 1ApyllzeS%2 dm(y) < oo,
X A X

having used the bound (2.6.16) and Lemma 2.6.5 in the last step. This proves that y +—>
Apydp, ¢ is in LY(X, m; L7 (T*(X,d, m))) and an analogous argument gives the same for

y = py,tdApy,t-

Now write the Chapman-Kolmogorov equation (2.6.13) as

/p<y7 Z, S)pz,t dm(z) = Py,t+s
X

and observe that the estimates (2.6.11), (2.6.12) and the same arguments just used en-
sure that for any y € X the maps z — p(y,z,$)p.: and z — p(y, z,s)dp,; are in
LYX,m; L7 (X, m)) and L' (X, m; L? (T*(X,d,m))) respectively. Thus Proposition 3.2.4

gives

/p(y7 Z, S)dpz,t dm(z) - dpy,t—l—s-
X
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Multiplying both sides by p, ;, integrating in y and using Fubini’s theorem we obtain

(2.6.13)
/pz,H—sdpz,t dm(z) "= / /py,tp(?/a z, 8)dp, dm(z) dm(y) = / Py,tdpy.t+s dm(y).
X X JX X
Thus to conclude it is sufficient to prove that as s — 0" we have

/ Puts Z ot g, dm(y) / Apy.odpy dm(y),
X X

» _p (3.3.7)
/m,ﬂ(%) dm(y) — /py,tdApy,t dm(y)
X X

2
inLj,

(T*(X,d, m)). We start noticing that from (2.6.13) we have

Dy,t+s — Py, !
Fy,t = S Apyt = / A(py,t-i-rs - py,t) dT
0

S
1 1
= s/ TA(/ Apy t4rsh dh> dr
0 0

1 1
-7 / rabys ( / Ahesspy t/3+rsh dh) dr
0 0

and therefore using twice (2.6.3) we obtain

H t”L2 < SC / / pr t/3+rshHL2 dhdr

(3.3.8)
(2.6.4) (2.6.16)
< sO@lpyasslle: < sCEN,Om(B 2(y))”

l\’)\»—t

Thus for A C X Borel and bounded we have

/ \/ [ 1y 2 dmimy)
X A
_d2(y,56)

C willnze” T (3'3'8)30 e—5tld
e [im < se | it

for some C' = C(K, N,t, A, z). Since the last integral is finite by Lemma 2.6.5, the LHS

goes to 0 as s — 0T. This proves the first in (3.3.7). The second follows along very similar
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lines, we omit the details. O
We are now in a position to prove the main result of this subsection:

Theorem 3.3.5. Let (X,d, m) be an RCD(K, N) space. Then for every t > 0 we have
gi € DZOC(V*) with
1

Proof. Forany y € X Proposition 2.2.9 tells V*(dp,, ®dp,;) = —Ap,dp, . —3d|Vp,.|*.
Also, arguing as in Lemma 3.3.3 it is easy to see thaty — —Ap, ,dp, ,—1d|Vp, |* belongs

to the space L'(X, m; L2 _(T*(X,d, m))). Thus taking into account Lemma 3.3.4 we obtain

loc

/ V*(dpy: ® dpy ) dm(y) = —% / Apydpy ¢ + py+dApy, + d|dpy,t|2 dm(y)
X X

335 1
=" ——dApy;.
1 Dot
The conclusion comes from the very definition of g; and Proposition 3.2.4. U

3.4 Asymptotic behavior as t — 0%

This section is taken from [41, Section 3.4]. The goal of this subsection is to study the
behaviour of ¢g; and V*g, as t — 0.
We start with the following result, which generalizes to the non-compact setting the

analogous statement [43, Theorem 5.10]:

Theorem 3.4.1. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Then

p
loc

tm(B ;(-))g: — cng strongly in Ly, for any p € [1,00), where c, is a positive constant

depending only on n.

Proof. Since the proof is essentially same to that in [43, Theorem 5.10] after replacing L?
by L7 . (recall that [43, Theorem 5.10] discussed only on the case when (X, d) is compact),

we shall only give a sketch of the proof.
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Fix V' € L*(T(X,d,m)) with bounded support. First let us discuss the asymptotic

behaviour of the following as ¢ — 0% for fixed y € X and L > 0;

/X tm(B;(2))|dpy o(V) () dm(x)
(3.4.1)

- / tm(B () dpy (V) Pdm + / (B 5 ())|dpy(V)[2dm.
BL\/Z(T’J) X\BL\/{(y)

The key idea to control the each terms in the RHS of (3.4.1) is to apply blow-up arguments
(i.e. we discuss the behaviour of the rescaled spaces (X, \/E_ld, m(B ;(y))"'m, y) with re-
spect to the pointed measured Gromov-Hausdorff convergence as ¢ — 07) in conjunction
with the stability of the heat flow first observed in [93]. More precisely, we use the sta-
bility results proved in [60, Corollary 5.5, Theorem 5.7, Lemma 5.8], [94, Theorem 4.4],
[44, Theorem 3.3] (with [43, Theorem 2.19]), [24, Theorem 6.8] with Theorem 2.4.6 and
(2.6.12). Combining these, letting t — 0T and then letting . — oo in the RHS of (3.4.1),

the following hold for m-a.e. y € X:

1. The first term of the RHS of (3.4.1) converges to ¢,|V [*(y).

More precisely, argue as [43, Proposition 5.5], we can replace V' € L*(T*(X,d, m))
by some Vf for f € H"*(X,d,m). And for m-a.e. y € R, on the rescaled space
(X, \/f_ld, m(B 4(y))"'m,y)), there exists a subsequence t; so that the following

rescaling of f:

fﬂ:y:%(f‘m/xfdm)

converges to a harmonic and Lipschitz function J?as t; — 0 on the tangent cone
(R",|-|,£"). This  must be linear. Write Vf = 37 a;52. Setdy = Vi 'd,
m; = m(B 4;(y))"'m, then let the heat kernel on (X, d;, m;) be p'(z, y, 5), observe the

rescaling relation p'(z,y,s) = m(B 4(y))p(z,y,ts). The blow up steps are carried
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out as follows(by possibly taking a subsequence of ¢ — 0):

/B (B a1 = / (B (D(Vipl 1, Vi ) Py
Lve\¥Y

Bt (y)
=0 H' (B ()[(Vp©(-,0,1), Vf)[2dH"
B, (0)
= o L)|VP =0 Yl = el V2

J=1

where V,; = v/tV is the minimal relaxed slope computed under d;, 3’:[\" = i?—[” is
the renormalized Hausdorff measure, and p© is the heat kernel on R”, the last equality
holds at least for Lebesgue points of f, hence m-a.e.. As L — oo, ¢,(L) — ¢,, which
is a finite constant. Now substitute back V' we get the convergence to ¢, |V |%.

2. The second term of the RHS of (3.4.1) converges to 0.

More precisely, this term is controlled by using (2.6.12).

Thus as t — 0T we obtain

/Xtm(B\/,;(x))\dpy,t(V)\2(m)dm(m‘) — |V (y) m-a.e.y € X.

Thus combining this with (3.3.2) and the dominated convergence theorem we get

[ BV Vydm >, [ VEdm
X X

which proves that tm(B /(- ))g: LP-weakly converge to c,g on any bounded subset A of X
because ¢; is symmetric and V' is arbitrary.
In order to get the L} -strong convergence it suffices to check

lim g0|tm(B\/z(-))gt|2HSdm = ci/ gp|g|§lsdm = cin/ pdm (3.4.2)
X X X

t—0+

2
loc

for every ¢ € Lip,,(X,d), because this implies the L; -strong convergence and the im-
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provement to the L} -strong one comes from (3.3.2). Let us check (3.4.2) as follows.
For any z € R,, applying blow-up arguments as explained above again allows us to

deduce

1
F(z,t ::—/ tm(B () g fsdm — c2n

and thus (recalling (3.3.2) to use the dominate convergence theorem) for ¢ € Lip,,(X,d)

we have

lim [ o(2)F(z,t)dm(z) = ¢ n/gpdm (3.4.3)

t—0+ X X

On the other hand, we have

[ e@FGDane) = [ B aks [ . m(ﬁ—ﬁmdm@ dm(z).

=:G(z,t)

J/

(3.4.4)
Now notice that sup, , G(x,t) < oo (because of (2.4.4)) and lim,_o+ G(z,t) = ¢(x) for
m-a.e. x (because of the convergence of the blow-ups to the Euclidean space). It follows

(again using (3.3.2) to use the dominate convergence theorem) that

tim [ (B (afis (o) /B e )dm<z> — () |dm(z) = 0
which together with (3.4.3) and (3.4.4) gives (3.4.2) and the conclusion. L]

Remark 3.4.2. In Theorem 3.4.1, the conclusion can not be improved to the case when
p = oo in general. For example, the RCD(0, 1) space ([0, 7], dg, H') satisfies
lim inf |[tH" (B 4(-))g: — clgRHLOo > 0.

t—0t+

See [43, Remark 5.11] for details. It is worth pointing out that the validity of
[tm(B ()9t — cngllrge, — 0 (3.4.5)
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is closely related to the nonexistence of singular points (actually the singular points are
{0, 7} in this example). See also [95, Theorem 1.1].

In connection with this pointing out, if (M, g, e~V dVol,) is any weighted complete n-
dimensional Riemannian manifold with Ricy > Kg for some K € R and some N €
[n, 00), applying a construction of the heat kernel by parametrix, we can actually prove

that (3.4.5) holds. More precisely we have as t — 0.

4(87T)"/2t(n+2)/29t
2 1 VI
:evg—ev <§ (Ricg— §Scalgg> —dVedV —A'Wg+ | B | g) t+0(t2)’

which is uniform on any bounded set. We will derive this expansion in next Chapter. See

also [42, Theorem 5]. [ |

Corollary 3.4.3. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Let A be

a bounded Borel subset of X with

> 0. (3.4.6)

Then H" |_ A is a Radon measure absolutely continuous w.r.t. m and

dH"L A
dm

Xawnt "2, — xac, g inLP((T")®*(X,d,m)), Vp € [1,00).

Proof. The first part of the claim follows from Lemma 2.4.7 and (3.4.6). Then Theorem
2.4.6 ensures that as r — 0%

wr™ dH"L A

-a.e. A.
m(Br(x))_> im m-a.e. T €

Thus (3.4.6), the dominated convergence theorem and Theorem 3.4.1 give the conclusion.

]

70



We now turn to the asymptotic of Apqy:
Proposition 3.4.4. Let (X,d,m) be an RCD(K, N) space, K € R, N € [1,00). Then as
t — 0% we have

tm(B () Apa(-) — 0 in LV

loc

(X,m), ¥p € [1, 0).

Proof. The proof is based on blow-up arguments which is similar to that of Theorem 3.4.1.
Therefore we give only a sketch of the proof (see also [43]).

Let us first prove that for any z € R,,,ast — 07,

1

w(B(2) /B " tm (B, ;())| Apa (x)|dm(x) — 0. (3.4.7)

In order to prove this, consider the pointed measured Gromov-Hausdorff convergent se-

quence of the rescaled space:

1 1 mGH 1
Xt db* mh* 2) = (X, —d, ————— P R", dgn, —H", 0, 3.4.8
( ) 7m 7Z> ( 7\/% 7m(B\/E(Z>>m7Z> — ( s UR 7WnH 9 ( )

and denote by p"*, A"*, the heat kernel, the Laplacian of (X“* d“* m"#), respectively,
namely p"*(z,y,s) = m(B 4(2))p(z,y,ts), AY*f = tAf. Thus the LHS of (3.4.7) is
equal to

/B . m"* (B ()| A%y (2)|dm* (). (3.4.9)

Applying the stability results already used in the proof of Theorem 3.4.1 shows that Ab#p5*
L? -strongly converge to A%" (w,p,) with respect to (3.4.8), where p(x) denotes the heat
kernel of the n-dimensional Euclidean space evaluated at (z,x). Since A%" (w,py) = 0

because p- is constant, (3.4.9) converges to

1
/ AT (45, 5)]d <—H”) _0
B1(0,) Wn,
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as t — 0T, which proves (3.4.7).
Fix a ¢ € Lip,,(X,d). Applying (3.4.7) with (3.3.4), the dominated convergence theo-

rem yields

_vle) i I
/Xm(B\/z(z)) /Bﬁ(z) tm(B, ()| Apa () |dm(z)dm(z) — 0.

On the other hand (3.3.4) and dominated convergence (recall (2.4.4)) imply

p(2)
/Xm(B\/g(Z)) /Bﬂ(z) tm(B (7)) Apy(z)|dm(x)dm(z) —/Xgp(z)tm(B\/;(z))\Ath(z)]dm(z)

< O(K, N) /X ‘gp(z)— /B ﬂdm(x)‘dm(z) 0.

si(®) m(B\/;(x))
Thus
/gp(x)tm(B\/i(m))|Ap2t(x)|dm(:v) — 0. (3.4.10)
X
The desired L] -strong convergence comes from (3.4.10) and (3.3.4). ]

Corollary 3.4.5. Let (X,d,m) be an RCD(K, N) space. Also, let A be a bounded Borel
subset of X and n € N be such that

re(0,1),z€A rh

> 0.
Thenast — 0*
t 22 Apy, — 0 in L*(A,m).
Proof. Direct consequence of Proposition 3.4.4. U

Remark 3.4.6. Although the above convergence results are stated for the strong conver-
gence for the sake of generality, the weak convergence is enough to justify the main results

in Chapter 4 and 5. u
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3.5 Further Studies

The local Dirichlet heat kernel theory in an RCD(K, N) space is discussed in [88]. Given
any bounded open set U C X, there is a heat flow h¥ and heat kernel p¥(x,y,t) €

H S ’Q(U ,d, m) called Dirichlet heat kernel associated to the local Dirichlet form

&)= [ VrPam vf e B dm)

It is natural to ask if this method of smoothing of metric by pulling-back using heat kernel

admits a local counterpart. That is, define a family of metrics

gfz/de(fE,y,t)®de(x,y,t)dm(y),
X

does it holds that tm(B 4;(-))gf — cng in L*((T*)®*(U,d, m))?
What becomes different from the global case is that the gradient estimates of p. In [85,
Theorem 4.8] Sturm proved the following Gaussian lower bound in very general setting,

now we state it in the framework of RCD(K, N) space:

Theorem 3.5.1. Let (X,d, m) be an RCD(K, N) space, U C X be an open subset. There

exists constant C(K, N) so that

1 d?(x, C
pV(x,y,t) > Em’l(B\/g) exp{—C’ (i y) } exp{—ﬁt} (3.5.1)

for all points (x,vy) that are joined by a curve v : [0,1] — U of length d(x,y), where
s = inf{t, R*} and R = inf,cp 1 d(y(s), X\ U).

Examining the proof carefully, it is notable that the v can be any curve completely in
U so that its length ¢(vy) is comparable to d(z,y), that is, there exist ¢,C' > 0 so that
cd(z,y) < €(y) < Cd(z,y), which is sufficient to apply the parabolic Harnack inequality.

We can specialize this general result to U = By and apply the gradient estimate in [96] to
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get the a gradient estimate for Dirichlet heat kernel. Recall [96, Theorem 1.1]:

Theorem 3.5.2. Let (X,d,m) be a RCD(—K, N) space for K > 0 and N € (1,00) and
let T € (0,00), Bg be a geodesic ball of radius R. If u(x,t) € W,2*(Brr) is a local weak
solution of heat equation in Bg 1 := Br x (0,T). Suppose that0 < m < u < M on By,

then the following estimate holds:

V. f(z,1)] < Cy (M + 1 —f-K) -log

R? T u(zx,t)

fora.e. (v,t) € Brjs x (T'/2,T), where f = logu and Cy is a constant depending on N.

Theorem 3.5.3 (gradient estimate). Let p™(x,y,t) := p}},(x) be the Dirichlet heat kernel
on Br(q) C X, then there exists a constant C'(K, N) such that for fixed y € Bgr(q),
almost every x € Bprys(q) and almost every t < T, such that B\/T—y C Bg(q) and T, <
inf{(R/6)% d(y,X \ Br(q)))}, the following estimate holds

t+1 t 2 #(z,9)
|V log p; (z)[" < C( 2 R2d?(y, 0Br(q)) it |) ( e

Proof. Fix yo € Bgr(q) and T > 0 small so that ' < T,. Set u(z,t) = pf(z,vo,1).
Then u is a local solution to heat equation on Br/4(q). Let M = supg, (@) (T)/2,7) U
m = infp, 14(g)x(T/2,T) U We first do some computations. Thanks to Sturm’s heat kernel
lower bound, the fact that p? < p (from weak maximum principle) and the Gaussian

estimates of p, i.e., (2.6.11), we have

(B, 7(v0)) 042§’£2+Czt+d2 st

(y,0BR(q))
m(B‘ /T/Q(y()))
_ 25R2 Cst
S C16\/(N D|K|T+Cy 16¢ +Czt+d2(y’aBR(q>> ‘

M
— < (104
m
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Taking logarithm,

M 25R? CsT
log — < (N —1DIK|T T4+ ——7——
Ogm _C+ ( )l ‘ +C4 ST —|—CQ ‘|—d2

T R?
<0 (1T Fam 7).

The same computation gives

M
10g—§(](1—|—T+

u(x,t) M) '

T

Now it follows from [96, Theorem 1.1] that for m x L'-a.e. (z,t) € Bgrys x (T/2,T) it

holds that

1+t t 2 d(z,y0)*
V. log pf(x, yo, 1) < C SHIK) (1t )
9 logo w001 < € (U + vy 1 1K) (100
as desired. O]

Further manipulation gives a Gaussian estimate of | Vp'|. Note that QT blows up

¢
y,X\BR)

when y approaches the boundary of By. This makes the integral

/X tm(B.())dp” (2, . 1) @ dp” (z, y, t)dm(y)

hard to be uniformly estimated when ¢ — 0. Even in Euclidean space, the presence of

such a term j i in the gradient estimates of local heat kernel of the ball By(0) is

aX\BRO)
inevitable. So the argument in [43] cannot be applied directly. Since it is relatively hard
to compute the explicit form of a local heat kernel, there is also no counterexample of the
convergence tm(B () gy — ¢,g is known.

Another question closely related to gU is the convergence to the global metric g;, when

enlarging the open set U. More precisely, denote by g7 the corresponding pull-back metric

on the ball Bg, is there an L? convergence g/* — g; as R — 00?
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CHAPTER 4
WEAKLY NON-COLLAPSED SPACES ARE STRONGLY NON-COLLPASED

4.1 Overview

This Chapter is a review of the joint work with Brena-Gigli-Honda [41]. The notion
wncRCD(K, N) spaces is introduced in Definition 2.5.6. We provide a motivation for
it here. It starts with finding criteria for non-collapsed spaces. The analysis carried out
by Cheeger-Colding and the analogy with the study of the Bakry-Emery N-Ricci curva-
ture tensor (see (4.1.3) and the subsequent discussion) suggest that in fact ncRCD (K, N)
spaces should be identifiable among RCD(K, N) ones by properties seemingly weaker
than the one m = H". To be more precise we need to introduce the N-dimensional
(Bishop-Gromov) density 0y[X,d, m] : X — [0, 00] as

On[X,d, m](z) ;== lim M

r—0t  wyr

Vo € X,

notice that the existence of the limit is a consequence of the Bishop-Gromov inequality. It
is worth pointing out that standard results about differentiation of measures ensure that if

H" is a Radon measure on X, then

lim sup 7= (Br(2))

~ <1 for HN-a.e. z € X.
r—0+ WNT

In particular, if X is a ncRCD(K, N) space we have

OnlX, d,ml(z) <1 VoeX @.1.1)

Then the following conjecture is raised in [78]:
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Conjecture 4.1.1 (De Philippis-Gigli). If

m({z € X: 0y[X,d,m](z) < 0}) > 0, 4.1.2)

then m = c¢HY for some c € (0,0). In particular (X,d, c™'m) is a ncRCD(K, N) space.

Let us make few comments about the statement of the conjecture and its validity.

First of all, we remark that condition (4.1.2) cannot be replaced by the weaker one

{x e X:0nX,d,m](x) < oo} #0

because for instance the metric measure space ([0, 7], dg, sin’ ! tdt) is an RCD(N —1, N)
space, the density 6y is finite on {0, 7} which is null with respect to the reference measure
sin ! tdt, and for any N > 1, sin’ ~! tdt does not coincides with ¢H" for any ¢ € (0, 00).

Moreover let us point out that the Hausdorff dimension of any CD(K, N) space X is
at most NV [18]. In this sense, the assumption in Conjecture 4.1.1 amounts at asking for
the existence of a ‘big’ portion of the space with maximal dimension (notice for instance
that if m < H® for some o < N, then fy = 400 m-a.e.). Such ‘maximality’ of N in
the conjecture plays an important role. To see why, consider an n-dimensional weighted
Riemannian manifold (M, g, e~"dVol,), and recall that for N > 1 the definition of Bakry-

Emery N-Ricci curvature tensor (2.1.3) and the fact that

(M, d,, eV Vol,) is an RCD(K, N) space if and only if Ricy > Kg. (4.1.3)

On the other hand, it is clear that (e~"'Vol,)(B,(z)) ~ r™ for every z € M as r — 0,
thus assumption (4.1.2) holds if and only if n = /N, and this information together with

Ricy > Kg forces V' to be constant by the very definition of Ricy.

It is now time to point out that thanks to the main result of [68] - and the aforementioned

structural properties - we now know that any RCD (K, V) space (X, d, m) admits an essen-
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tial dimension n € NN [1, N| by Theorem 2.4.4, meaning in particular that m < H" < m
on the Borel set R (recall (2.4.7)), where m(X\ R’ ) = 0. We thus see from general results

about differentiation of measures that

if (4.1.2) holds, then we have Oy [X,d,m| < oo m-ae.. (4.1.4)

RCD(K, N) spaces for which 6y[X,d, m] is finite m-a.e. have been called weakly non-
collapsed RCD spaces in [78], while spaces such that [X, d, m] is finite for every point

have been called ‘non-collapsed’ in [77]. It is then clear from (4.1.1) that

non-collapsed = non-collapsed in the sense of [77] = weakly non-collapsed

and from (4.1.4) that proving Conjecture 4.1.1 is equivalent to proving that these three
‘non-collapsing conditions’ are equivalent (up to multiplying the reference measure by a
scalar).

It is known that the conjecture holds true in the following three cases:

1. (X,d) has an upper bound on sectional curvature in a synthetic sense, namely, it is a

CAT (k) space for some x > 0: [97]
2. (X, d) is isometric to a smooth Riemannian manifold, possibly with boundary: [98].
3. (X,d) is compact: [45].
The main result of this section is the resolution of Conjecture 4.1.1 in full generality:
Theorem 4.1.2. Conjecture 4.1.1 holds true.

We emphasize that our proof also yields the following result, which is of independent

interest and will play a prominent role in the proof of Theorem 4.1.2.
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Theorem 4.1.3. Let (X, d, m) be an RCD(K, N) space of essential dimension n, and let U
be a connected open subset of X with

e B

re(0,1),z€A rh

>0 4.1.5)

for any compact subset A C U. Then the following two conditions are equivalent:

1. forevery f € D(A),
Af =tr(Hessf) wm-a.e. onU;

2. for some c € (0, 00),

mLU=cH"LU.

Notice that this has nothing to do with non-collapsing properties and, in particular, it
can very well be that the assumption (4.1.5) holds for U = X. Moreover items 1 and 2 may
hold only on some U C X: just consider the case of a weighted Riemannian manifold as

before with V' constant on U but non-constant outside U.

Remark 4.1.4. As a consequence of our main result, we obtain that if the Hausdorff di-
mension of an RCD(K, N) space is N, then also its topological dimension is N (we refer
to [99] for the relevant definitions). Indeed, under this assumption Theorem 2.5.5 and our
main result imply that the space is, up to a scalar multiple of the reference measure, a
ncRCD(K, N) space. Then from the Reifenberg flatness around a regular point (see [12]
and then [78], [53]) we see that any regular point has a neighbourhood which is homeomor-
phic to RY. This proves that the topological dimension is at least NV and since in general
this is at most the Hausdorff one (see e.g. [100, Theorem 8.14]), our claim is proved.
Finally the main result easily implies the follwowing characterization of non-collapsed

Spaces:

Theorem 4.1.5 (Characterization of non-collapsed RCD (K, N) space). Let (X,d, H") be

an RCD(K, N) space. Then the following two conditions are equivalent:
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1. (X,d,H") is a non-collapsed RCD (K, n) space.

2. For any compact subset A C X, we have

o B

r€A,re(0,1) T

> 0. (4.1.6)

4.1.1 Strategy of proof

The basic strategy we adopt in proving the conjecture is the one introduced by Honda
in [45] to handle the compact case. Still, moving from compact to non-compact creates
additional technical complications that must be handled: one of the things is to replace
the expansion of the heat kernel via eigenfunctions - used in [45] - with suitable decay
estimates based on Gaussian bounds. We have done this in Chapter 3. Also, in the course
of the proof we obtain (by making explicit some ideas that were implicitly used in [45])
interesting intermediate results that are new even in the smooth context, see in particular
formula (4.1.14). Finally, on general RCD spaces X of essential dimension n and U C X

open we establish relevant links between the properties
- tr(Hessf) = Af on U C X for every f sufficiently regular,
-m=cH"onU C X for some ¢ > 0,

see Theorem 4.1.3 below for the precise statement.

With this said, let us describe the main idea by having a look at the case of a weighted
n-dimensional Riemannian manifold (M, g, e~V dVol,). Let us consider the reference mea-
sure m := e~V Vol, and the Hausdorff measure 1" = Vol,. Assume that Ricy > Kg for
some { € R and some N € [n,00) (namely (M,d,, m) is an RCD(K, N) space, recall
(2.1.3) and (4.1.3)). Now notice that the following integration by parts formulas hold: for

every f,p € C2°(M) we have
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—/ <df,dg0)dm:/ e Afdm, (4.1.7a)
M M

- / (df,dy) dH" = / ptr(Hessf)dH". (4.1.7b)
M M
From these identities it is easy to conclude that
m = cH" & tr(Hessf) = Af Vf e CX(M). (4.1.8)
Thus recalling (4.1.4) we see that the desired result will follow if we can show that
On[M,d,, m] < oo a.e. implies that tr(Hessf) = A f for any smooth function f.

To see this recall that, as already noticed, having dy5[M,d,, m](z) < oo for some point
x € M implies that M is N-dimensional (and thus in particular that N is an integer), then
recall (4.1.3) and the definition (2.1.3) of the /N-Ricci curvature tensor.

This establishes the claim in the smooth setting. In the general case we follow the same
general ideas, but we have to deal with severe technical complications. Start observing that
the analogue of (4.1.7a) holds in general RCD spaces by the very definition of A (see [22])
and that, less trivially, the analogue of (4.1.8) is also in place on RCD(K, N) spaces of
essential dimension equal to NV (from the results in [81], using the fact that local dimension
is equal to the essential dimension, see also [54]). Thus to conclude along the lines above
it is sufficient to prove that (4.1.7b) holds on RCD(K, V) spaces of essential dimension n.
We do not have exactly such result, but have instead the following result which is anyway

sufficient to conclude:

Theorem 4.1.6. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Let U C
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X be bounded open and assume that

re(0,1),zel’ r

> 0. (4.1.9)

Then for every ¢ € Lip(X,d), f € D(A) with supp(p),supp(f) C U formula (4.1.7b)
holds.

See Theorem 4.2.1 for a slightly sharper statement. Notice also that by the Bishop-
Gromov inequality, assumption (4.1.9) holds trivially with n = N for any bounded subset
U of a weakly non-collapsed RCD space. Also, the statement above is interesting re-
gardless of the application we just described, and valid also in possibly ‘collapsed” RCD
spaces.

Thus everything boils down to the proof of such result. The basic idea for the proof is
to perform a smoothing of the metric tensor via heat flow. Let us describe the procedure,
introduced in [42], in the smooth setting. Consider a compact smooth Riemannian manifold

(M, g,dVol,) and, for every ¢ > 0, let , : M — L*(M, Vol,) be defined as

Oy(x) := (y = p(x,y,t)),

where p is the heat kernel. We can use this map to pull-back the flat metric g2 of L*(M, Vol,)

and obtain the metric tensor g; := @} g that is explicitly given by

g = / dp(-,y,t) @ dp(-, y, t)dVol,(y) € C®(T*)®*M). (4.1.10)
M

The intriguing fact we discussed in Chapter 3 is that, after appropriate rescaling, the tensors

g: converge to the original one g. More precisely, we have

14(87) /2t D/ 2g, — gllpe -0  ast — 07, (4.1.11)
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where n denotes the dimension of M. In fact in [42] more is proved, as it is provided
the first order Taylor expansion of ¢("*2)/2g, we will discuss the first order expansion, i.e.
the second term in the expansion in Chapter 5. A way to read this convergence is via the
stability of the heat flow under measured-Gromov-Hausdorff convergence of spaces with
Ricci curvature uniformly bounded from below; this observation is more recent than [42],
as it has been made by Gigli in [93], still, this is the argument used in the RCD setting so
let us present this viewpoint. It is clear that for M/ = R" the tensor g; is just a rescaling
of the Euclidean tensor. On the other hand, denoting by M?* the manifold M equipped
with the rescaled metric tensor \g, and by p* the associated heat kernel, it is also clear that
p(x,y,t) = p*(x,y, \"'t). Thus the asymptotics of p(x,y,t) as t — 0" corresponds to
that of p*(z,y,1) as A — oo and, as said, these kernels converge to the Euclidean ones
where the evolution of the metric tensors g, is trivial.

Coming back to the RCD setting, we recall that the heat kernel is well-defined in this
context [101], and a differential calculus is available in this framework [54]. Thus the same
definition as in (4.1.10) can be given and one can wonder whether the same convergence

result as in (4.1.11) holds. Interestingly, in this case one has
[tm(Bi(-))gr — cagllr =0 ast — 0%, Vpe[l,00) (4.1.12)

for some constant ¢,, depending only on the essential dimension of X (this has been proved
in [43] for compact RCD(K, N) spaces, and is generalized to the non-compact setting in
Chapter 3). Notice that the loss from convergence in L” to convergence in L] _ is unavoid-
able, but unharmful for our purposes. It is important to remark that the factor in front of g;
is now not constant anymore: this has to do with Gaussian gradient estimates for the heat
kernel. Now let U C X be open bounded and assume that H" is a Radon measure on U (this

is always the case if (4.1.9) holds). In this case by standard results about differentiations of
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measures we have

. tm(By()) dm
tl_l}(gr tn;; =a TH m-a.e. on U.
Thus if (4.1.9) holds, from (4.1.12) we deduce that
15 gr — g oy = 0 ast — 0F. (4.1.13)

We couple this information with the following explicit computation of the adjoint V* of

the covariant derivative of g;:
1
Vigi(z) = _ZdzA”“p(x’ x,2t). (4.1.14)

This formula was obtained in [45] in the compact setting by expanding the heat kernel via
eigenfunctions of the Laplacian. As pointed out in Chapter 3 this approach does not work in
our current framework and we have proceeded via a more direct approach based on ‘local’
Bochner integration.

We are almost done: by explicit computations based on Gaussian estimates one can see
that

n+2

t2 dAup(z,2,2t) = 0 ast — 0"

where — means weak L convergence, thus combining this information with (4.1.14),
(4.1.13) we conclude that

V(IR gy =0  inU.

dm

This latter equation is a restatement of (4.1.7b) for f, © with support in U, i.e. this argument

gives Theorem 4.1.6, as desired.
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4.2 Proof of the conjecture 4.1.1

This section is taken from [41, Section 4]. From both the technical and conceptual points of
view, the following is the crucial result in this section. Its proof is basically a combination
of the convergence results established in Corollaries 3.4.3, 3.4.5 together with formula

(3.3.9):

Theorem 4.2.1 (Integration-by-parts formula). Ler (X,d, m) be an RCD(K, N) space of

essential dimension n. Let also U C X be open and assume that

o B

r€(0,1),z€A rr

>0

for every compact subset A of U. Then for any ¢ € Lip,,(X,d) with supp(¢) C U and
f € D(A), it holds that

/(dgp,dﬁd?—[" = —/gptr(Hessf)dH”.
X X

Proof. The assumptions on ¢, f ensure that ¢d f is in the domain of the covariant derivative
with V(pdf) = dp ® df + pHessf (see [54, Theorem 3.4.2, Proposition 3.4.5]), with

identifications under the Riesz isomorphisms. Thus (3.3.9) gives

1
/ (H D g, V(pd f))ns dm = — / (VA 2py), oV f)dm
X 5 4.2.1)

= 1/A(t("+2)/Qth)diV(QOVf)dm.
X

Let us take the limit ¢ — 0" in (4.2.1). The RHS converge to 0 because of Corollary
3.4.5 applied with A := supp(y). On the other hand by Corollary 3.4.3 applied with

A := supp(p), the LHS of (4.2.1) converges to, up to multiplying by a constant,
1oVt ar = [ aoanant + [ puiesspan
X X X
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This completes the proof. O

To deduce from the above the equivalence of the ‘weak’ and ‘strong’ non-collapsed

conditions we shall use the following simple result:

Lemma 4.2.2. Ler (X,d, m) be an RCD(K, N) space. Also, let U C X be an open con-

nected set and let § € L7 (U, m). Assume that for every 1 € Lip, (X, d) with support in U

loc

and f € D(A) it holds

/ E(V, V) dm = — / EpAfdm. 4.2.2)
X X

Then & is constant on U.

Proof. Tt suffices to check that £ is locally constant on U because U is connected. Let

z € Xand r € (0,3) with Bs,(2) € U and let ¢y € Lip(X,d) be identically 1 on

By, (z) and with support in Bs.(2). Also, set & = hy (Xp,(»€) € D(A), namely
&(y) = fB2 @) p(z,y,t)é(x)dm(x) for m-a.e. y € X and notice that Hille’s theorem (see

also Proposition 3.2.4) gives

A&@D::/‘ Aﬂﬂxﬁhﬂﬁﬁﬁ&“@ﬁggy)/1 §Ap, dm.
Bar(2) Bar(2)
This identity and the assumption (4.2.2) (with f = p, ;) give

860 = [ (o = 0)e8p e — [ €90, Vp,) dm

for m-a.e. y € X. Therefore the assumption £ € L7 (U, m) tells that for y € B,.(z) we have

loc

A&) < C / |Apy | dm + C / Vgl
B37'(Z)\B27'(Z) BST'(Z)\B27'(Z)
r2 1
(by (2.6.12), (2.6.14)) <C @t P+t exp (——) / ————dm(2),
( Jexo\ =5 ) |, wBaw)
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where C' is a positive constant which is independent with ¢ and y. Now notice that (2.4.2)

1 C(K,N) +
(Byi(®) — m(Bi(2))

x € Bs,.(z). It then follows that A&, uniformly converge to 0 on B,.(z).

and the assumption r € (0, £) ensure that — % forevery ¢t € (0,1) and

Let now ¢ € Lip(X,d) be with support in B, (z) and notice that

/ (&) |* dm = / & *[dep|? + 260(dE;, dp) + [0]?[dE[* dm
X X
= [ JaPlag? - [oPgag dm
X
By what we proved we see that the RHS is bounded as ¢ — 07, hence the lower semicon-
tinuity of the Cheeger energy ensures that o € H?(X,d, m). Now choose ¢ € Lip(X,d)

identically 1 on B, 5(2) and with support in B, (z) and let n € Lip(X, d) be arbitrary with

support in B, j5(2). Since supp(n) C {¢ = 1}, from (4.2.2) it follows that

/goé“(Vn, Vf)dm = —/nfgoAfdm (4.2.3)
X X

for any f € D(A). Moreover, by what we just proved the following computations are

justified:

- /X oA fdm = /X (V(pEn), V f)dm = /X GE(VIL V) + (Y (€), 7 f)dm.

This and (4.2.3) imply that [, n(VE, V f)dm = [ n(V(¢€), V f)dm = 0. The arbitrari-
ness of 7 then gives (V(¢¢), Vf) = 0 m-a.e. on B,)3(z). Then the density of D(A)
in H2(X,d, m) gives V(¢§) = 0 m-a.e. on B,/»(z). In turn this implies (e.g. from the
Sobolev to Lipschitz property) that p&, and thus &, has a representative which is constant

in B, »(2), which is sufficient to conclude. ]
We have now all the ingredients to prove the main equivalence.

Proof of Theorem 4.1.3. Under (4.1.5), we can apply Theorem 4.2.1 and deduce the integration-
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by-parts formula:

dH" dH"
/)((dgp,df) Im dm = —/Xgotr(Hessf) Im dm,

valid for any ¢ € Lip(X,d) with support in U and any f € D(A). Now notice that (4.1.5)

together with Theorem 2.4.6 imply that % € L (U,m). Hence if item 1 holds, we can

loc

dH"”

apply Lemma 4.2.2 with § = xy 7~ to deduce that item 2 holds as well.

Conversely, if item 2 holds, for all ¢ and f as above, we have

— Afdm= do,.df)dm = — H d
/Xsofm /Xw, f)dm /Xsotr< essf) dm,

having used item 2 and the integration-by-parts formula in the last step. By the arbitrariness

of ¢, this proves item 1. [

Proof of Theorem 4.1.2. From the Bishop-Gromov inequality (2.4.2) it easily follows that

for any bounded set A of X we have

nf m(B,(x))

> 0. 424
re(0,1),z€A rv ( )

On the other hand, Theorem 2.5.5 gives that the essential dimension of X is /N, thus

Theorem 2.5.7 with (2.1.2) shows
Af = tr(Hessf) Vf e D(A). (4.2.5)
Then the conclusion follows from (4.2.4), (4.2.5) and Theorem 4.1.3. ]

4.3 Applications

This section is taken from [41, Section 1.3]. The following applications seem to be already

known to experts if Theorem 4.1.2 is established (for instance [53] and [69]). However for
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readers’ convenience let us give them precisely. Roughly speaking, they are based on a fact
that the space of weakly non-collapsed spaces is open in the space of RCD(K, N) spaces
because of the lower semicontinuity of the essential dimensions with respect to pointed
measured Gromov-Hausdorff convergence proved in [77] (Theorem 2.4.9).

It is known that pointed Gromov-Hausdorff (pGH) and pointed measured Gromov-
Hausdorff (pmGH) convergences are metrizable (see for instance in [24]). Thus ‘e-pGH
close’ and ‘e-pmGH close’ make sense as appeared in the following theorem. Note that
as the sequential compactness of RCD (K, V) spaces is known (Theorem 2.3.3), any such
metric determines the same compact topology.

The first application is stated as follows.

Theorem 4.3.1. For any K € R, any N € N, any 6 € (0,00) and any v € (0,00), there
exists € := €(K,N,d,v) € (0,1) such that if a pointed RCD(K, N) space (X,d, m, z) is
so that (X,d,z) is e-pGH close to (Y,dv,y) for some non-collapsed RCD(K, N) space
(Y, dy, HN) with

HY(Bi(y)) > v, 4.3.1)

then we have m = ¢H™ for some c € (0, 00), and moreover | H™ (By(z)) — HN (Bi(y))| <

J.

Next application shows that the non-collapsed condition can be recognized from the

point of an infinitesimal view.

Theorem 4.3.2. Let (X,d, m) be an RCD(K, N) space. If the essential dimension of some
tangent cone (Y,dy, my,y) at some point v € X is equal to N, then m = ¢H" for some

c € (0,00).

Note that the converse implication also holds in Theorem 4.3.2, namely if (X, d, H")
is a non-collapsed RCD(K, N) space, then any tangent cone at any point is also a pointed

non-collapsed RCD(0, N) space (see Theorem 2.5.3).
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The following final application shows that the non-collapsed condition can be also rec-
ognized from the asymptotical point of view. Note that the LHS of (4.3.3) exists by the

Bishop-Gromov inequality, and does not depend on the choice of z € X.

Theorem 4.3.3. Let (X,d, m) be an RCD(0, N) space and assume that

supm(Bi(z)) < 00 (4.3.2)

zeX

and that for some (hence all) v € X
> 0. (4.3.3)

Then m = cHY for some ¢ € (0, 00).

Notice that the assumption (4.3.2) is essential, as this simple example shows: just
consider the RCD(0, N) space ([0, c0), dr, 2V "1H!), which satisfies (4.3.3) but is clearly
not non-collapsed. Conversely, any non-collapsed RCD(K, N) space (X,d, H") satisfies
(4.3.2), as a consequence of the Bishop-Gromov inequality and (4.1.1).

We now proceed to the proof of the above results.

Proof of Theorem 4.3.1. From the continuity of H" in the compact (as a consequence of
Theorem 2.3.3) space of unit balls in RCD (K, N) spaces stated in Theorem 2.5.4, we see
that picking e sufficiently small, the conclusion |H™ (B (z)) — HY(Bi(y))| < 6 holds
true. Thus we concentrate on the first part of the claim.

The proof is done by contradiction. If not, there exist a sequence ¢; — 0T, a se-
quence of pointed RCD(K, N) spaces (X;,d;, m;, x;) and a sequence of non-collapsed
RCD(K, N) spaces (Y;,dy,, H", y;) with ¥ (Bi(y;)) > v such that (X;,d;, z;) ;-pGH
close to (Y, dy,, y;) and so that m; is not proportional to H™.

Thanks to Theorem 2.3.3, after passing to a non-relabelled subsequence, there exists a
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pointed RCD (K, N) space (Z,dz, mz, z) such that

1

Xi dz —m,;, pmGH 7 d
( ’ ’mi(Bl(xi))m’I) - (vZ,mz,z)

and

(Yiu invyi> ng <Z7 dZ7 Z)'

Thanks to Theorem 2.5.3 with (4.3.1), we have
(Yi7 inv HNa yz) pm_C;H (Za d27 HN: Z)7

with HY(B;(z)) > v. Recalling Theorem 2.5.5, we see that (Z,dz, mz) is weakly non-
collapsed, in particular, has essential dimension N. Then the lower semicontinuity state-
ment given by Theorem 2.4.9 gives

N > liminf essdim(X;) > essdim(Z) = N.

1—00

It follows that essdim(X;) = N for any sufficiently large . Thus from the characterization
of weakly non-collapsed spaces in Theorem 2.5.5 and our main result Theorem 4.1.2 it
follows that m; = ¢;H" for every i sufficiently large. This provides the desired contradic-

tion. O]

Proof of Theorem 4.3.2. Let us take r; — 01 with (2.4.6), according to the assumption
(Y,dy, my,y) € Tan(X,d, m, z). As the essential dimension does not change under rescal-
ing as in the LHS of (2.4.6), we see, by Theorem 2.4.9 and the assumption essdim(Y) = N,
that essdim(X) = N. Thus we conclude by our main result Theorem 4.1.2, taking into ac-

count also Theorem 2.5.5. O]

Proof of Theorem 4.3.3. Let us take r; — oo and a sequence of rescaled spaces as in the

LHS of (2.4.6); by Theorem 2.3.3 (here we use the fact that the space is an RCD(K, N)
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space with K = 0) we can extract a non relabelled subsequence of {r;}; such that such
rescaled spaces converge to the RCD(0, N) space (Y, dy, my,y) in the pmGH topology.

Therefore, if z € Y, we take a sequence {y;}; C X that converges to z under this pmGH

convergence,
my(Be(z) (B () o m(B ) r
PN PNm(B,(x) 1 ()N m(B ()
< nmisupm<Bl<yz->>m <cC

where C' is independent of . Here we have used the Bishop-Gromov inequality (2.4.2) for
the first inequality and our assumptions for the last inequality. Therefore, using Theorem
2.5.5 we see that essdim(Y) = N, so that we can conclude as in the proof of Theorem

4.3.2. ]

4.4 Further studies

For any connect open set U, the equivalence between
o trHessf = Af, m-a.e.in U
e mLU=H"LU

should hold without assuming the volume ratio bound (4.1.5), since the bound is only for
technical use when we take the limit ¢("12)/2 g: — ¢,g. In particular, from the equivalence
established in Theorem 2.5.7, it is expected that the local Bochner inequality (2.5.2) should
implies (4.1.5), hence m L U = H™ L U. But there is no clear argument to prove (4.1.5)
under (2.5.2).

Another question raised by Honda in [102] is also closely related to non-collapsed
spaces. We recall the notion of non-collapsing convergence.

We start by the following example. For every € > 0 the metric horn constructed by

t1+€

2
Cheeger and Colding is (S* x R, d,., ., p) where g. = d¢* + ( 5 > dgss, p is the tip,
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and gss is the round metric on S*. This is a (collapsed) Ricci limit space coming from the
sequence of manifolds that are topologically R® with non-negative Ricci curvature. The
question is, can it be an (intrinsically) non-collapsed RCD(0,5) or RCD(K, 5) space for
any K € R. The answer is no. Theorem 4.1.5 asserts that for (S* x Rxo,d,., H’) to be
non-collapsed RCD(K, 5), H° must satisfy that for any compact subset A,

inf /HE)(BT (:r))

> 0.
z€A,re(0,1) 7‘5

However, at the tip p, from the expression of metric g. we see that for any € > 0,

1oy H0(Br(p))

r—0 7”5

=0.

This shows that the metric horn is “intrinsically” collapsed. On the other hand, there are

r—0
—

trivial examples such as S'(1) x S'(r) S'(1), where the limit space S'(1) coming
from a collapsing sequence, but it is intrinsically non-collapsed.
In RCD context, we also have the notion of collapsing and non-collapsing convergence,

it is exactly Theorem 2.5.3([78, Theorem 1.2]), we now restate it to fit into our current

situation.

Theorem 4.4.1. Let (X;,d;, HY, x;) be a sequence of pointed ncRCD(K, N) spaces. As-

sume that (X;,d;, x;) pGH converges to (X, d, x), then exactly one of the following happens:

e Non-collapsing convergence: limsup,_, . H" (By(x;)) > 0. In this case the lim sup
is actually a limit and the convergence is in pmGH topology to (X,d, H™ , ), more-

over, it is a pointed ncRCD(K, N) space.

e Collapsing convergence: lim;_,o. H™ (B (z;)) = 0. In this case there is a dimension

gap dimy(X) < N — 1.
where dimy is the Hausdorff dimension.
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Compare to Definition 2.5.1. In the first case of the theorem we can call the sequence
non-collapsing and in the second case collapsing. How can one identify the intrinsically
non-collapsed ones among all the Ricci limit spaces, or RCD (K, V) spaces coming from

a collapsing sequence? Honda made the following conjecture ([102, Conjecture 4.2]),

Conjecture 4.4.2. Let (X,d, m) be an RCD(K, N) space. If m = bH* for some b > 0 and
k €N, then (X,d, H*) is an RCD(K, k) space.

Clearly, according to the structure results in Section 2.4, k£ must be the essential dimen-

sion of X.
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CHAPTER §
APPROXIMATE EINSTEIN TENSOR AND NON-COLLAPSED SPACES

5.1 Overview

This chapter is mainly a review of the joint work with Honda [40]. A partial new proof
to the main theorem is added. To motivate our study, we consider Einstein tensor in the
classical setting. For a closed Riemannian manifold (M", g), the Einstein tensor G, is
defined by

1
Gy = Ric, — éScalgg, (5.1.1)

where Ric, and Scal, denote the Ricci and the scalar curvature, respectively. It is well-
known that G is divergence free:

VG, =0 (5.1.2)

which is a direct consequence of the second Bianchi identity.

The main purpose of this chapter is to establish (5.1.2) for non-collapsed RCD(K, N)
spaces. More precisely, for a compact RCD(K, N) space (X,d, m), (5.1.2) holds in some
sense as explained below if and only if (X, d, cm) is non-collapsed for some positive con-
stant c. It is worth pointing out that our argument allows us to provide a new proof of
(5.1.2) even for a closed Riemannian manifold (A", g) without using the Bianchi identity.

This characterization of non-collapsed spaces is discovered when studying the second
term in the short time expansion of ¢("*2)/2¢,. Since we do not a-priori know the existence

of the second term, we instead study the family of tensors indexed by ¢:

o tnt2)/2,
tgt dm 9 (5.1.3)

called the approximate Einstein tensor of (X,d, m), the desired second term of the short
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time expansion of ¢("+2)/2g, would be the limit of (5.1.3) if any existence of limit is guar-
anteed. In order to make sense of (5.1.2) in the metric measure setting, we propose a weaker
divergence free property, called asymptotically divergence free, refer to Definition 5.3.5 for
the precise definition. In connection with the smooth case, it is natural ask when (5.1.3) is

weakly asymptotically divergence free, that,

t—0t t

ot/
lim < I an I 7, ) am = 0. (5.1.4)
X

holds for a regular and large enough of 1-forms w.
Before stating the main result of this chapter, recall that D(A ;) and D(J) denote the
domain of the Hodge Laplacian Ay ; = dd +dd on 1-forms defined in [54] and the domain

of the adjoint operator o = d* of the exterior derivative d on 1-forms, respectively.

Theorem 5.1.1 (“Weakly asymptotically divergence free” characterizes the non-collapsed
condition). Let (X,d, m) be a compact RCD(K, N) space of essential dimension n. The

following two conditions are equivalent:

inf
TEA rn

>0 (5.1.5)

for any compact subset A C X, and (5.1.4) for any w € D(Ap1) compactly sup-
ported, with A w € D(9).

m=cH", (5.1.6)
for some constant ¢ > 0.

Since the space {w € D(Ap;) : w has compact support, Ay jw € D(6)} is dense in
the space of L2-1-forms, (5.1.4) can be interpreted as that the approximate Einstein tensor

(5.1.3) is actually weakly asymptotically divergence free. See also Appendix B (Corollary
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B.0.4). Let us remark that (5.1.6) implies that (X, d, ") is a non-collapsed RCD(/K, n)
space.
The following is a direct consequence of Theorem 5.1.1 in the smooth context, which

is also new (recall e~/vol,(A) = [ e~ dvol,):

Corollary 5.1.2. Let (M",dg,vol, r) be a closed weighted Riemannian manifold. Then
there exists a G, € C((T*)®*M™) called the weighted Einstein tensor such that the

following expansion holds,
(n+2)2 f 2t 2 +
Cpt g =e€ g_gng‘"l’O(t ) (t—=07). (5.1.7)
Moreover, f is constant if and only if G, s is divergence free with respect to vol, y, that is,

/ (Gg.r, Vw)dvol, y =0 (5.1.8)

holds for any w € C*(T*M™").

It is worth noticing that although the left hand side of (5.1.4) converges as ¢t — 0T, the
approximate Einstein tensor itself (5.1.3) may not L>-converge to a limit tensor in general.
This is because lack of L? bounds, see section 5.3.4 for the explicit construction of a non-
collapsed RCD(K, 3) space with K > 1 such that the L? norm of (5.1.3) tends to +o00 as
t — 0". On the other hand, assuming the uniform L? bound, we can prove that all limit

tensors are actually divergence free as follows, which is an easy consequence of Theorem

5.1.1.
Corollary 5.1.3. Let (X, d, H") be a compact non-collapsed RCD (K, n) space. If

Cnt(n+2)/2.gt —4g
t

sup
0<t<1

< 00 (5.1.9)
L2

holds, then any G € L*((T*)®*(X,d, H")) that is a L*-weak limit of some subsequence of
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Cnt(n+2)/2gt —gq
t

(5.1.10)

as t — 0% satisfies G € D(V*) with V*G = 0, where D(V*) denotes the domain of the

divergence operator V*.

Applying Corollary 5.1.3 to a closed Riemannian manifold (M", d?, vol?) gives a new

proof of (5.1.2) without using the Bianchi identity.

5.1.1 Strategy of proof

We will first provide a direct proof of this corollary with an explicit formula for G, ; in
the next section, see Proposition 5.2.7 for the main statement. The key of the proof in the
smooth context is to construct the local parametrix for the weighted Laplacian and find
the short time expansion for the weighted heat kernel. To this end the factor A(x,y) :=
f(@)+f(y)

—=5—% is added to the equation (5.2.12), which becomes

(Apy—0) Sk = m exp (—W) A Aga (upe?)
Where u; are some undetermined smooth functions. The computation to find the short time
expansion of weighted heat kernel is essentially the same as that of the Minakshisundaram-
Pleijel expansion formula for (unweighted) heat kernel, which is in many literature, to name
some, see for example [103] and [104]. The point is to compare the coefficients for each
power of ¢ to derive a recurrence formula for the undetermined u; as in Lemma 5.2.2. We
emphasize that in this computation the completeness is not needed, given that the nature of
this expansion is local.

Once we have the short time expansion for the weighted heat kernel (5.2.20), we can

follow the computation of [42] closely to find out the second term in the short time expan-
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sion t("t2/2) g, for closed weighted manifolds, which we call the weighted Einstein tensor

3ef V£?

The computation is done in Theorem 5.2.4. The key point is to compute the symmetric
second derivative, i.e. dy dz of weighted heat kernel p;. This allows us to check directly
that the weighted divergence V*(,  vanishes if and only if f is a constant, we see that the
weighted divergence V3G y = 0 is equivalent to Afdf + dAf = 0. We can multiple by
an integrating factor e/ to see that d(e/Af) = e/ (Afdf + dAf) = 0 which means e/ A f
is constant, but this is impossible unless the the constant is 0, which in turn implies that f
is harmonic (w.r.t. the Laplace-Beltrami operator, i.e. the unweighted one) and a harmonic
function is constant on any closed manifold, we concludes the proof.

For the proof in RCD context, we make use of the V*g,. i.e., (3.3.9), Although all
the essential facts about g, are discussed in great details in both Chapter 3 and Chapter 4,
to keep the presentation of this chapter independent, we recall again that (3.3.9) can be

restated for w € H5*(T*(X,d, m)) as

1
/(gt,Vw>dm: —Zf(w,dxAxp(m,x,Qt»dm.
X

X

Also, under 5.1.5, we can restate Theorem 4.2.1 as (recall in the overview of Chapter 4 that
formally V* (4 g) = 0)
/ trVwdH" = 0,
X

for w € HY*(T*(X,d, m)) with compact support. The difficulty for the current situation is
that, we are now dealing with ¢"/2g,, and we do not have enough knowledge of the asymp-
totic behavior of t"/2dAp(x, z, 2t) as t — 0, but we understand that of t"/?p(x, z, 2t). So

we apply all the differential operators to compactly supported 1-form w, after imposing
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suitable regularity on w. Now we see that
("2 gy, Vw) = t"p(z, 2,4)5 (A w)

for regular enough w. Recall the short time behavior of the heat kernel (2), after taking

t — 0 we get that

dH"
A =
/X(S( HJCU) dm dm O,

which is enough to conclude that %= s a constant.

5.2 Smooth context

This section is taken from [40, Section 3]. Throughout the section we fix a smooth weighted
(not necessarily complete) Riemannian manifold without boundary (M", g, vol, ), where

f € C*°(M™), and for any Borel subset A of M",

volg  := / e~ dvol,. (5.2.1)
A

Recall that (M", d,, vol, ;) is an RCD(K, N) space if and only if n < N, the Bakry-Emery
N-Ricci tensor satisfies:

Ricy > Kg, (5.2.2)

and (M",d,) is a complete metric space. If n = N holds, then (5.2.2) is understood as that
f is constant and that Ric, > Kg holds. In particular if M" is closed, then for any N > n
there exists K € R such that (M",d,,vol, ;) is an RCD(K, N) space whose essential
dimension is trivially equal to n.

We first discuss the Dirichlet Laplacian on (M™,d,, vol, ) without assuming com-
pleteness of (M™,d,). To be precise, let us clarify the meaning of the Dirichlet heat kernel
pys of (M™,d,,vol, ¢) for the reader’s convenience.

Let Hy*(M",d,,vol, ;) denote the completion of C>°(M™) with respect to the H"2-
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norm and let s, denotes the associated semigroup, so-called the heat flow associated with

the Dirichlet weighted Laplacian A :
Asp = tr(Hess,) — g(V f, V), (5.2.3)
that is, for any ¢ € L*(M™,vol, f), hy,p € C®°(M™) N Hy*(M™,d,, vol, ;) with

d
Thay = A%hgap  in L*(M",volyg), (5.2.4)

and that h,p — ¢ in L*(M™,vol, ;) as t — 0T. The existence of such a semigroup is
known given that A is self-adjoint, see [105, Theorem. 4.9]. Then the Riesz representation
theorem yields that for any ¢t € (0,00) and any z € M™, there exists a unique p;, €

L*(M™, vol, ;) such that

hyp(z) = / ) Pre(y)o(y)dvoly (5.2.5)

holds for any p € L?(M™, vol, ;). Then the heat kernel p;(z,y,t) is defined by

pr(z,y,t) ::/ pt/Q,x(z)pt/g,y(z)e_f(z)dvolg(z) (5.2.6)

which is smooth on M™ x M"™ x (0, 00), see [105, Definition 7.12].
From now on, let (r, &1, &2, ..., £") := (r, £) be the normal coordinates around x € M™,
and ¢(r, &) be the Riemannian metric at the point (r,£) in the normal coordinates. We

introduce the following elementary lemma which will play a role later.

Lemma 5.2.1. For any x € M™ we have the following asymptotic expansion as r — 0"

_ Scaly +3Af — 3|Vf\2T2
6(n + 2)

volg f(By(x)) = wyre ™) (1 + O(r3)) . (5.2.7)

Moreover, the asymptotic behavior (5.2.7) is uniform for any compact subset K C M"™ in
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the sense that

sup 15 [vol (B (1)) — wrne (0 (1 — SO TR, 2)
zeK,r<1

<00, (5.2.8)

Proof. Recall that for any unit vector v € 7, M and any geodesic v emanating from x with

4(0) = v, it follows from Taylor expansion at x = ~(0) that

Ricy(v,v)
6

det g(y(t)) =1 — 2+ 0(t), (5.2.9)

SOOI+ =1 —(Vf,0)t + = L (|(Vf, v)|* — Hessy(v,v)) * + O(t*).  (5.2.10)

Thus we have

- [ [ (1- o o).
Snl

[1 —VfEt+ = L ((df ® df — Hessy)ij) €€t + O(tB)} e~ ftndedt

e t@ (1 Scal, + 3Af — 3|V f|?
" 6(n+ 2)

r’ + O(r3))

as desired, where Hessy, df @ df, Vf and Ric, are all evaluated at x. By expanding the
left hand side of (5.2.9) and (5.2.10) to the 3 or higher order terms, we can infer that the
coefficients involve the derivatives of the Riemannian curvature tensor, and the derivatives
of f, respectively. Since they are all smooth objects, they are uniformly bounded on any

compact set K, the uniform bound (5.2.8) then follows. ]

5.2.1 The weighted heat kernel expansion

For each y € M™", choose ¢, = inj(y)/2, where inj(y) denotes the injective radius at y, and

consider

V={(z,y) € M" x M" :dy(z,y) < ¢}
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Fix k € Zo, we seek for u; € C*(V), j = 1,2,..., k such that

1 dg<l‘,y)2 k A
(Afe — 0) S = Wexp TR R ARFAYSS (uke ) , Y(z,y) eV (5.2.11)

holds, where A = A(z,y) = w and

1 d,(z,y)? o
Sk(z,y,t) = i) exp (_g(i—ty) + A(z,y)) : thuj(:r, Y). (5.2.12)
=0

We claim that u; satisfies the following recurrence formula.
Lemma 5.2.2. We have

u(w,y) =D (y)

. dg(,y) .
uj(,y) =dg(,y) 7DV (y) VO D2 (y()) Ay -1 (x,7(s)) s’ ds (5.2.13)

dg(z,y) .
# [ 000 (587600 - {9 T6E)E) uﬂ(w(s))sﬂdsl

where j > 1 and +y is the unit speed minimal geodesic from x to y, and D(y) = d—m
which is the volume density at y in normal coordinates (r,§) around x.
Proof. From (5.2.11) with (5.2.3), we obtain that (5.2.11) is equivalent to
0 = dy(z,y)0uo + dy(2,y) &DDUO
(5.2.14)

2
0= dg(x,y)aruj + <] + HT D ) uj — Auj_1 - <2Af - 4|Vf‘2) Uj—1

where j > 1 and r = d,(z, y) and 0, is the radial derivative from x, we give a sketch of this
computation. Solve the first equation of (5.2.14), to get uo(z,y) = C(£)D 2 (y), note that
up(z,x) = 1, s0 C(§) = 1, then we get the first equality of (5.2.13). To yield the second

equation of (5.2.13), we first solve the corresponding homogeneous equation of the second
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equation of (5.2.14), which is

55 ) ui =0, (5.2.15)

d.(z.9)0,D
dwwm%+0+iﬁﬂ—oj

then we use the method of variation of parameters to finish the computation. 0

Now we extend S, to whole M™ x M™ by multiplying a cut-off function ¢(z,y) €
C®(M™ x M™) so that for each y € M™", p(z,y) = 0on X \ B, (y), ¢(z,y) = 1 on

B, /2(y) and 0 < p(z,y) < 1. Let
iz, 9,1) = (2, 9) Sy, ,1) € C% (M" x M" x (0,00)) (5.2.16)

The following properties are known for Hy:
1. (9, — A})Hy € C*(M™ x M™ x [0, 00)) for any integer £ < k — &;
2. Forevery x € M", Hy(z,y,t) — 6,(x) forally € M™.

See [103, p. 152 Lemma 1], and [104, Lemmma 3.18]. Note that in both references
compactness and completeness of M ™ are assumed, but it is irrelevant here since the com-
putation is local. In particular it implies that H}, is a parametrix of p; when k£ > 5 + 2.

We are now in position to establish the following asymptotic expansion of py. It is worth
pointing out that (5.2.21) is established in [106] with a slightly different normalization of
the heat kernel.

For the proof, we introduce the (weighted) convolution F x H for F, H € C°(M™ x

M™ x (0,00)):

t
FxH(x,y,t) = / / F(x,2,8)H(z,y,t — s)e Tdvoly(z)ds,
0o JMm
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and denote H*) = H % H x - - - x H for j-fold convolution. Let

Fi= Y (1P (0 = Ag)Hy) ™. (5.2.17)

7=0
It is also proved that F, € C*(M™ x M™ x [0,00)) for any integer { < k — %, see
for instance [103, p. 154]. It follows from a direct computation and induction that for any

to > 0 and any compact subset X' C M",

(00 — A} Hi (-, -, 1) )< C(K)tF=2 Wt € [0,1,). (5.2.18)

Lo(KxK

[ F(cy - )| poo(re iy < C(EOEEF™2 ¥t € [0, to). (5.2.19)

Theorem 5.2.3. For any y € M™ there exists € > 0 such that for any x € B.2(y), the heat

kernel p¢(x,y,t) has the following asymptotic expansion.:

z,y)? L
pr(x,y,t) = (47”})71/2 exp <dg(4;y) + A(x,y)) (Z tuj(x,y) + O(tk+1)) (5.2.20)

=0
ast — 0". Moreover if x = v, then the expansion is uniform in the sense of Lemma 5.2.1,

that is there exists ty > 0 such that (5.2.23) holds. In particular, we have

_Sealy(®@) LA g+ %|Vf(x)|2, (5.2.21)

Proof. It is shown above that Si, hence Hj, has this expansion. From the fact that for every
k > 5 + 2, Hy, is a parametrix, (5.2.18) and (5.2.19), we infer that for every k > 3 + 2,
pr = H, — Hy* F € C*2(M™ x M™ x (0,00)) (see [104, Thm 3.22]), hence p; €
C®(M™ x M™ x (0,00)). For z,y such that d,(x, y) < €,/2, from (5.2.16) and (5.2.19) it

holds that for every k > 7 + 2 and every compact set K,

| Hy * Fillpoe(xxry < CFF7172 W€ [0, o], (5.2.22)
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where ¢, is in (5.2.19). Apply the inequality (5.2.22) to yield that p¢(z, y,t) = Sk(z,y,t)+
O(t*+177/2) 50 p; has the same expansion as S up to order .

When x = y we have that for each integer £ > 1, and compact subset K C M", we

have
k—1
sup 13 T,z 1) — el (@) Hus x,x)| < oo. (5.2.23)
weK,tp<to pf( ) (47Tt)n/2 ]ZO ’ ( )

For the computation of u;, recall in (5.2.13), we found that ug(z,y) = D~V/2(y). Let v

be as in Lemma 5.2.2, with (5.2.9) we have
L. . : ‘
uo(w, y) = 1+ 5 Ric(¥(0), 4(0))dy (2, y)* + O(dy(z,y)"), (5.2.24)
in particular uo(z,z) = 1. Then it follows that Aug(z,z) = Scaly(x)/6. Finally letting

y — x in the second equation of (5.2.13) for j = 1 leads to

2 _ Scaly(x) 1

A f@) ~ VTP

1 1
w (z,2) = Aug(z,2) + SAf(z) — Z|Vf(33)| 5 5

5.2.2  Divergence free property of the weighted Einstein tensor on a closed manifold

From now on we make a further assumption that M" is a closed manifold. Let us consider

the heat kernel embedding:

py: M" — L*(M™, vol, s) (5.2.25)

defined by

x> (y = pr(z,y,1)). (5.2.26)
Put gpp == () gr2.
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To study the second term of g;, along the same way as in [42], it is necessary to gen-
eralize the heat kernel expansion in [42, p.380] to weighted Riemannian manifolds. We

claim:

Theorem 5.2.4 (Weighted version of Bérard-Besson-Gallot theorem). We have the follow-

ing asymptotic formula as t — 0"

VSI?
2

2
et "2, = el g —ef <§Gg —df®@df — Afg+ g) t+0(th), (5.2.27)

where the convergence is uniform, that is,

sup |t72 (cnt("“)mgﬁt — (efg —ef (%Gg —dfedf —Afg+ @g) t))‘ () < 0.
zeMn" t<1
(5.2.28)
In particular, we have the uniform convergence:
tn42)/20 _ of 2 VfI?
¢ tgf’t “I et (—gGg+df®df+Afg—%g) 0. (5229)
LOO

Proof. By (3.3.1), which remains valid on weighted manifolds because of the characteri-
zation (5.2.2) for being an RCD(K, N) space, and the fact that the set of eigenfunctions
{i}iso forms an orthonormal basis of L?(M™, vol, ;), we see that for every = € M™ and

velT,M",

| = (a a:r:pf)(w:v%)(“ U) (dSpf)(z,x,Qt) (’U>U) (5230)

gri(v,v) Ze

where we used a fact that the expansion (2.6.20) is satisfied in C*°(M™) (see [105, Thm.10.3]),
and we followed the notation in [42], denoting ds := 0,0, for the mixed second derivative.
Let us compute (dsps)(z,z,2t). Put U = Y. t'u;(z,y), from the regularity and uni-

form estimates (5.2.19), (5.2.18) of Hy, and F}, respectively, we see that the differentiation
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of U can be carried out term by term. Then for the last term in (5.2.20), we see that

2 2 - ryTaQ:
(87)"/2(dspy) (2,9, 2t) = (~ 257U = %520,(eAV) + ds(eAU) ) €72/ — ko,

where r, := d,(z,-). Since at (z,z), d,r2 = 9,r2 = 0 and dgr2 = —2g hold in normal

T

coordinates, we have

DU (z, x,2t)

” (ds)@oyrs + ds(e*U) @t

(87t)"(dspy) w2ty = —

Thanks to (5.2.24) we have (0,10)(z,0) = (OyUo)(@,z) = 0 and (dgtg)(ze) = —%Ricg(x),
which imply
(&CU)(M) = (ﬁxuo)(x@) + O(t) = O(t)

Similarly (0,U) ) = O(t), and
1.
(A5U) o) = (dstig) ey + O(t) = — Ry () + O(1).
It follows that

ds(eV) a2 = (Udse™ + 0,¢9,U + 0,e"0,U + e"dsU),

z,x,2t)
= (Udge” + e?dsU + O(1)) (o2t
1 1
— Zef@ﬁ)df ®df — gef(“)Ricg +O(t).
This allows us to show that (recall dgr? = —2g)
(8t)™2(dspy) (2 0.26)
1

1 1
- Eef@) (uo(w, 2) + 2tus (z, ) + O(t?)) g + Zef<m>df ®df — Eef(x)Ricg +0(t)

108



Recall that we have (5.2.21), we finally deduce that

Scal, Af |Vf]?
6 2 4 )]g

4t(8mt)™2(dspy) (wm0r) = €7 {1 +2t ( <+
1
—el@df @ df -2t — gef(x)Ricg 2t + O(t?)

:efg—€f<§ _dfedf—Afg+ VL f’2>z+0(t2)

as claimed. O]

Based on Theorem 5.2.4, let us give the following definitions in order to prove Corollary

5.1.2.

Definition 5.2.5 (Weighted Einstein tensor). Define Gy ; by

2
G, =G, —%(df®df+Afg—@g). (5.2.31)

Definition 5.2.6 (Weighted adjoint operator V). For any T' € C*°((T*)®*M"), define
V3T by

ViT :=V"T+T(Vf,-), (5.2.32)
where V* is the adjoint operator of the covariant derivative V of (M™, g), in fact, V* coin-

cides with minus divergence. Moreover, we say that 7" is divergence free on (M",d,, vol, r)

if V}T = ( holds.

Note that V3T is characterized by the equation
/ e I(V}T,w)dvol, = / e (T, Vw)dvol,, Yw e C=(T*M™),  (5.2.33)
n ]\/ n

that is, V7 is the adjoint operator of the covariant derivative with respect to e~/ dvol,,.
Although the next proposition is a direct consequence of Theorem 5.2.4 with more general

results (Theorem 5.1.1 and Proposition 5.3.6), we give a direct proof.
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Proposition 5.2.7. It holds that the weighted Einstein tensor G, s is divergence free on

(M™,dg,voly ¢) if and only if f is constant.

Proof. 1t is enough to check the “only if” part because the other implication reduces to

(5.1.2). Assume that V}Gg,f = 0 holds. Then it is easy to see

2
v (df@df+Afg—|v;| g)EO (5.2.34)

because of (5.1.2). Thus we have
Afdf+dAf=0 (5.2.35)
see also (2.2.5). Let us consider an open subset U of M":
U:={zxe M";Af(zx) # 0}. (5.2.36)

It is enough to prove U = () because then f is harmonic on (M™", g), thus f is constant.
Assume U # () and take x € U. Define a function F(z) := e/ Af(z). Note that F is

locally constant on U because
AdF(2) = SAAf(2)df(2) +e/FAAf(2) = —e/DdAF(2) + e/ PAAf(2) = 0, (5.2.37)
where we used (5.2.35) in the second equality. Let
X :={ze M";F(2)=F(x)} CU. (5.2.38)

Since F'is continuous on M", X is closed in M". On the other hand, since F'is locally

constant on U, we see that X is an open subset of M/". Thus X = M". In particular

0= / Afdvol, = F(a:)/ e~ fdvol, # 0 (5.2.39)
n M
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which is a contradiction. Thus we have U = (). ]

This completes the treatment of the equivalence between being non-collapsed and the
divergence free property of weighted Einstein tensor in the smooth context. We now turn

to the case of RCD(K, V) spaces.

5.3 RCD context

5.3.1 Variant of the formula of V* g,

We rewrite (3.3.9) as

Proposition 5.3.1. For any w € H5*(T*(X,d, m)) and any t € (0, 00) we have

/(gt,Vw>dm: —i/(w,dmAxp(x,x,Zt»dm. (5.3.1)
X X

Next, we impose better regularity on w and move the differential operators d, A on

par(x) == p(x,z,2t) in (5.3.1) to w. Let us first prove a technical lemma.
Lemma 5.3.2. We have dpa: € Dioe(Ap 1) and that Ay 1dpyy = dApy,

Proof. Lemma 3.3.3 in particular yields that py;(x) € Djoe(A) and ddpoy(x) = —Ape(z) €
H llof(X, d, m), which in turn implies that dps;(x) € Djoe(Ap 1), now take a good cut off
function ¢ that is 1 on B, and 0 outside By for some R > r > 0. [54, Proposition 3.6.1]

shows that

Ap1pdpa: = Apdpa + 2Hess,,, (V, ) + @d Apay,. (5.3.2)

The locality of A and V(essentially D) yields that Vi and Ay are m-a.e. 0 in B,. So

Ap1dpy = dApy, holds on B,, by the arbitrariness of » we complete the proof. OJ

Now if w € D(Ap 1) compactly supported, with Ay w € D(J), denoting poy(x) =

p(z, x,2t), we are able to show:
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Theorem 5.3.3. For any t € (0,00) and any w € D(Apy1) compactly supported with
Apiw € D(6) we have

/<gt,Vw> /5 A w)py(z)dm. (5.3.3)

Proof. Proposition 5.3.1 and Lemma 5.3.2 yield that

[ oD =~ [ o deApatalm = 5 [ (o, Aa( ()

1
= 1 / <AH 1W, dwp2t / J AH 1w p2t )
X
O
5.3.2 Proof of Theorem 5.1.1
Before we start, we point out that under (5.1.5), we can rewrite Theorem 4.2.1 as
n dH"
trVwdH" =0, or g,Vw )dm =10 (5.3.4)
X X d

for any w € HEQ(X, d, m), because of the density of test 1-forms in Hé’Q(X, d, m), see also
the proof of Theorem B.0.2. This is in particular satisfied if (X,d, ") is ncRCD(K, n).
So the proof of both directions in Theorem 5.1.1 reduce to the computation of the integral
of (t"/2g, Vw).

In what follows, when we use the notation w, we always assume that w € D(A H1)s W

has compact support, Ay 1w € D(9). We start with a technical lemma.

Lemma 5.3.4. Let £ € L2 (X, m), ¢ be a good cut-off function that is supported in Bg(z)

loc

for some R > 0 and z € X. It holds that

d

T 5(g0thw &dm = / (pAgihpyw)édm, vt € (0,00). (5.3.5)
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Proof. It suffices to show for any ¢ > 0 the convergence

hyies — h
lim [ & (@Mw) &dm = / §(@Ay 1y w)Edm. (5.3.6)
s—0 X S X

We denote the heat kernel by p, () := p(x,y,t), and let F,, = 2oLt — Ap ;. From

the proof of the Lemma 3.3.4 we see that || F}, ;|| (12.am(z)) < SC(K, N, t)m(B\/z(y))_%.

First, we observe that

(s ) _ (o s ) (el
S S S
ht+s - ht ht+s - ht (537)
=(d -, P + wa .

In the same way we have 0(¢Ap 1hyw) = (d(Alp), w) + o(Ahdw).
Next, we split the LHS of (5.3.6) as in (5.3.7) and prove the convergence separately.

For the second term, we use Cauchy-Schwarz inequality:

/X/X(p (py,t+s(x)5— Pyi(z) Apy,t(x)> ly) £(x)dm(z) dm(y)

< Bl / 1Ey | 2samioy 82 ()dm(y) (53.8)
1
< Cs|low] / 1 ) <& N RS
2 J o w(B )

In the last inequality we used (5.1.5) for ¢ < 1 and Bishop-Gromov inequality for ¢ > 1.

For the first term, we use the flow a-priori estimates:

h; s —h
/ <d <M — Aht) go,w> &dm(x)
X S
hy/oys —h
( t)2+ 8 2 Aht/g) ;

< C(K,N, R, 1) / 1Ey ol oamendm(y) < C(K, N, R, 1)s.
X

1
< ;||XBR<z>£HLoo|I5wHL2 (5.3.9)

L2
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Let us finally embark on the proof the Theorem 5.1.1, we will use the compactness
assumption minimally, presenting most of the proof in a general setting and we will give 2

proofs of (1) = (2).

proof of Theorem 5.1.1. We first prove the implication (2) = (1). In this case we have
m = H". Itis clear from Bishop-Gromov inequality that (5.1.5) holds. We first notice that

from (2.6.19) we have for every = € R,,:

[ L oe) g _ 5.3.10
T L N

then also recall (5.3.4), it follows that

nt(n+2)/2 — n
/ <c 9 9,w> dyn 629 _Cn / £y §( A 100)dH
X t 4 X

t—0 Cn
- A " =0.
( )n/2 /)(5( HJU))d% 0

The convergence is justified since that

n/2
sup 1 pw(2) = sub m(B g(z))pau(z) < 00,
t>0,z€supp w 2t< ) t>0,xEsupp w 2””‘[’(1(3@(1’)) ( \/ﬂ< >> Qt( )

which follows from Gaussian estimates (2.6.11) and Bishop-Gromov inequality.

We then deal with the implication (1) = (2). We have that

t— t t—0

o, )2y _ A :
0 = lim < T g, Vo ) dm 2 Zlim CZ / "2 pgy I(Apgw)dm
X X

Notice that it can be deduced from (5.1.5) and Gaussian estimates (2.6.11) that, again

sup 1" 2py(x) < oo,
t>0,xEsupp w

114



then (2.6.19) implies that for x € 'R,

, 1 (2t)"/? wy, dH"
n/2 — n - _-n -
Denote dd% := 0, the same argument shows
0= _%" hmt"/Qthé(AH,lw) = /5(AH71w)9dm. (5.3.11)
X t—0 X

Then, if X is compact, we see that for any ¢ > 0, h,w has compact support and hy ,w €

D(Ap,)and Agy hgw € D(6), we have that

X
Lemma 5.3.4 yields that
d
0=— [ d(hgw)fdm. (5.3.13)
dt Jx '

Integrate the above equation w.r.t to ¢ to find that there exists constant C,, so that
Cy, = / d(hpsw)d dm, vt € (0, 00). (5.3.14)
X

Meanwhile, by Cauchy-Schwarz inequality and the heat flow a-priori estimates, we have

t—+00

C
|IC.| < %Hxsuppwé’HLszHLz — 0, (5.3.15)

which forces C,, = 0. Now by letting ¢ — 0 in (5.3.14) with dominated convergence

theorem, we see that

0= /(5w)9 dm. (5.3.16)
X

Now following Lemma 4.2.2( with w = (d f for some good cut-off ¢ and test function f),

we get § = c for some ¢ > 0. This completes the proof.
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Alternatively, to proof the implication (1) = (2), after getting to (5.3.11) we can take
w = df;, where f; is the eigenfunction of eigenvalue \; > 0, for all positive integer :. We

derive that,

A / fifdm =0 (5.3.17)

X
Since f; along with f, = ﬁ consists of an orthonormal basis of L*(X, m), we conclude
that # = ¢ for some ¢ > 0, which also completes the proof. [

5.3.3 Weakly asymptotically divergence free

This section is taken from [40, Section 4.5]. In order to prove Corollary 5.1.3 let us recall

the

Definition 5.3.5 (Weakly asymptotically divergence free). Let {T;},c(,1) be a family of
L?-tensor fields of type (0,2) on X. We say that it is weakly asymptotically divergence free
ast — 07 if there exists a dense subset V of Hj*(T*(X,d, m)) such that for any w € V

we have

/ (T}, Vw)dm — 0 (5.3.18)
X
ast — 0.

Note that Theorem 5.1.1 implies that a family of L*°-tensors (5.1.3) is weakly asymptot-
ically divergence free as ¢ — 0% if an RCD(K, n) space (X, d, m) satisfies dimg (X) = n

because the space
{w € D(Ap1);w has compact support, Ay w € D(0)} (5.3.19)

is dense in H5*(T*(X,d, m)), see for instance Proposition 2.6.4. Corollary 5.1.3 is a direct

consequence of Theorem 5.1.1 with the following proposition.
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Proposition 5.3.6. Let {T}}.c(0,1) be a family of L*-tensor fields of type (0,2) on X with

limsup || 73] z2 < o0 (5.3.20)

t—0t
Then the following two conditions are equivalent:
1. {Ti}ic(0,) is weakly asymptotically divergence free ast — 07,

2. IfG € L*((T*)®*(X,d, m)) is the L*-weak limit of T}, for some convergent sequence

ti — 0%, then G € D(V*) with V*G = 0.

Proof. Let us first prove the implication from (1) to (2). Assume that {7; t}te(o,l) is weakly
asymptotically divergence free as ¢ — 0*. Let V' be as in Definition 5.3.5 and let ¢;, G be

as in the assumption of (2). By definition we have

/ (G, Vw)dm = lim [ (T}, Vw)dm =0 (5.3.21)
X

1—00 X

holds for any w € V. Since V' is dense in H;*(T*(X,d, m)), we have
/ (G, Vw)dm =0, Vwe HY(T*(X,d,m)) (5.3.22)
X

which shows G € D(V*) with V*G = 0.

Next let us prove the remaining implication. Assume that (2) holds. Let us fix w €
Hé’Q(T*(X, d,m)). If (5.3.18) is not satisfied for this w, then combining this fact with
the L2-weak compactness, it follows that there exist a convergent sequence t; — 07 and

G € L*((T*)®*(X,d, m)) such that T}, — G in the L?-weak topology and

/ (G,Vw)dm = lim [ (T},, Vw)dm # 0 (5.3.23)
X 1—00 X
are satisfied, which contradicts the assumption (2). U
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5.3.4 The LP divergence of the approximate Einstein tensor for p > 1

This section is taken from [40, Section 5]. In this section, we explain why it is necessary
to state the main theorem (Theorem 5.1.1) using the weakly asymptotically divergence
free property by giving an example. In fact, we cannot hope that (5.1.3) has a limit in a
reasonable sense, let alone in D(V*), more precisely, the L” convergence of (5.1.3) can fail
for any p > 1. To show this we will construct a compact non-collapsed RCD(0, n) space

such that
Cnt(n+2)/2.gt - g
t

t—0T
N

400 (5.3.24)

L
We first point out that the computation in Section 5.2 can be generalized to a smooth open
subset U in a compact RCD (K, N) space (X, d, m), where (U, d, mL) is said to be locally
isometric to a weighted (not necessary complete) Riemannian manifold (M",d,, vol, ¢) if
there exists a homeomorhism ® : U — M" such that ¢, (mLy) = vol, ; and that ¢ is a

local isometry as metric spaces.

Proposition 5.3.7. Let (X,d, m) be a compact RCD(K, N) space. If there exists an open
subset U C X such that (U,d, mLy) is locally isometric to an n-dimensional weighted
(not necessary complete) Riemannian manifold (M™,d,, vol, r), then Theorem 5.2.4 holds

on U in the sense that
Cntn+2/2gt . 6f(:p)g

t

2
— _§G9’f (5.3.25)
holds uniformly on any compact subset of U.

Proof. Fix y € U and take a sufficiently small ¢ > 0 such that B.(y) € U and that
0B (y) is smooth. With no loss of generality we can assume m(B.(y)) = 1. Let ps. be
the Dirichlet heat kernel on B.(y). Thanks to the smoothness of JB.(y), we know that
py. has the continuous extension, denoted py . again, to B.(y) x B(y) x (0, 00) such that
Dre(x, z,t) = 0 whenever € 0B, (y) which is justified by regularity results for parabolic

equations on Euclidean balls. The key point in the proof of (5.3.25) is to show that the
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global heat kernel p on X and py. are exponentially close on B, (y), that is, for sufficiently
small ¢,

s p(r,0.) = pyele, .| < O M), (5.3.26)
z€B:(y

where C'(K, N) denotes a positive constant with dependence on K and N. Then since the
restriction of p to B.(y) x B.(y) x (0,00) is smooth (see for instance the proof of [105,
Thm.7.20]), (5.3.26) implies the power series expansion in ¢ for p and py . are the same. In
particular p has the same expansion as in (5.2.20) on B.(y). Then the desired convergence
(5.3.25) comes from the same proof of Theorem 5.2.4.

To prove (5.3.26), applying the Gaussian estimates (2.6.11) when ¢ = 1, together with

the maximum principle yields for small ¢ > 0

sup [p(x,y,t) = pre(r,y, )| < sup (p(x,9,8) — pre(z,y,9))
+€Bu(y) 0B (y)x (0,1]

ot 6762/58
< Cie™® sup ————
se(0.) M(B5(y))

6—62/58

gn/2

(5.3.27)

< C1Ce sup
s€(0,¢]

—e2 /5t

e

< ClCeCQte_EQ/Gt,

< Caot
S 0106 tn/2 S

where we used the Bishop-Gromov inequality for m in the second inequality, and a fact

—62 S . . . .
that the function esn—/; is monotone increasing for s € (0,¢] when ¢ is small enough. [

Example 5.3.8. Givenp > 1,leta = 1 — ]lo € (0,1) and Z be the metric completion of
(0,1) x S' with the warped product metric gz = dr? + (r — r'*%)2d6?. This metric is C*

at the origin 0 and smooth elsewhere. It follows from direct computation that

Ricy, = o(1 + a)ro‘_lgz >0,
1 (5.3.28)
|Scal,, |7, = [2ma(l + a)]p/ rle=UPdr = 4oo.
0

Let f(r) = r — 7179, then since f(0) = f(1) = 0 the metric completion Z is a closed C**
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manifold. Moreover it is esay to verify that this f satisfies the condition in [107, Theorem
6.2], which implies that (Z,d,,) is an Alexandrov space with non-negative curvature. In
particular it follows from [48, Main thm] that (Z, d,,, H?) is a non-collapsed RCD(0, 2)
space.

For n > 3 take X := Z x T" 2 with product metric gy = ¢z + grn—2, where

(T™"2, gpn-2) is the (n — 2) dimensional flat torus. Then (X,d,,,H") is a non-collapsed

g9x»
RCD(0,n) space. Let Xgne := {0} x T" 2 and Xyeq := X \ Xsing, We have the Einstein
tensor on Xieg:

1 1 1
G7%¥ = Ricy, — §ScanggX = Ric,, — §Scalgz (97 + grn—2) = —EScalgngn_z. (5.3.29)

reg

We used the fact that in dimension 2 the Einstein tensor vanishes in the last equality.
Let us show the L divergence of (5.1.3) as t — 07 in this example. Proposition 5.3.7

yields

1 (n+2)/2 2
/<cn gt — 9’T> dHn%__/ <G§(X ,T>dH" (5.3.30)
, : 3 x \

for any tensor 7" of type (0, 2) with compact support in X,¢,. In particular for any 7" with

|IT||ze < 1, where ¢ is the conjugate index such that & + . = 1, we have

3 e $(n+2)/2 G — ¢
g n
IGKE N (xeg) = | / G > A" < liminf t . (5.3.31)
Taking the supremum over 7" in (5.3.31), we have
3 c t(n+2)/29t —q
9x 1 : n
1G5 ler < 5 liminf . N (5.3.32)

Since the left hand side of (5.3.32) is 400 because of (5.3.28) and (5.3.29)

the divergence of the right hand side of (5.3.32) follows.
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5.4 Further Studies

The first question to be asked is that if Theorem 5.1.1 holds without assuming compactness
of the space. The proof already shows the implication (2) = (1) does not need compact-

ness. In the implication (1) = (2), we can get along the same line

dH"
/X (S(AHJ(U) dm

forallw € D(Ap ;) compactly supported with Ay ;w € D(J). However, without compact-

dm =0

ness of (X,d), we do not have eigenfunctions at disposal, and the heat flow regularization
h;w loses compact support for ¢ > 0, it then becomes a problem to control %. We expect
the answer to be negative. To get a feel of this, fix a weighted manifold (A, g, vol, v ),

where vol, v = e~ vol,, one can follow the same argument to get that

/ §(Apw)e”dvol,y = 0.
M

Now take the weighted Hodge decomposition, so that w = wyam + df + 67, for some L2
function f, and some L? 2-form n with bounded support. Then this integral reduces to for

every compactly supported L? function f,

0:/ AvAvfevdVOng/:/ AvavevdVOlg7V
M M

For this to hold, since Aye¥ = eV AV, it suffices to have that AV = 0, i.e., V is a
(unweighted) harmonic function. Meanwhile V' is supposed to satisfy the Bakry-Emery
Ricci curvature lower bound. To this end, it is enough to know that dV' and Hessy are
bounded, such an example is expected to be constructed on manifolds of negative curvature.

Another question worth looking at is the L' unboundedness of the quotient (5.1.3). It
is expected the convergence of quotient in the form of (5.1.4) is optimal, that is, there is in

general no L? convergence of (5.1.3) for any p € [1, co]. We have constructed an example
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to show that LP-weak convergence of (5.1.3) can fail for p € (1, 00), but we are unable
to construct an example of an compact RCD(K, N) space so that the L' norm of (5.1.3)
diverges. Such an example is expected to be found in the class of stratified spaces with a
low regularity (C* for « € (0, 1)) metric.

Yet another intriguing question is the uniqueness of the limit:

om0 =g
TS50 t ’
given the L? bound
t>0 t L2 ’

on a non-collapsed space (X, d, H"™). An argument proposed by Honda is that one can use G
and trG to construct the scalar curvature Scal := %trG and then produce a Ricci tensor
Ric := —3G + %Scal according to the expansion formula (5.2.27). One is then expected to

check the uniqueness by proving the following Weitzenbock formula:
1 2 .
§A\w\ = |Vw|* — (Agw,w) + (Ric,w @ w).

In connection with it, looking again at (5.2.27), the quotient (5.1.3) is also expected to

define scalar curvature lower bound given the measure-valued Ricci tensor in [54, Theorem

3.6.7].
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CHAPTER 6
CONVEX PROPERTIES OF RCD(K, N) SPACES

6.1 Overview

This chapter is inspired by the communication with Prof. Vitali Kapovitch and his student
Qin Deng. They suggested the combination of Holder continuity of tangent cone and the
one dimensional localization technique. In this chapter, by the word geodesic we always
intend a minimizing geodesic. The goal of this Chapter is to present a light improvement

of the almost convexity derived by Deng [33, Theorem 6.5] for RCD(K, V) spaces:

Theorem 6.1.1. Let (X,d, m) be an RCD(K, N) space with essdim = n. For m x m-a.e.

every (x,y) € R, X R,, there exists a geodesic joining x,y, and entirely contained in R,,.

See also the identical statement for Ricci limit spaces in [35]. In both cases the proof relies
on the Holder continuity of tangent cones along the interior of any geodesic, this is a deep
result and only an easy consequence of it is needed for our purposes, which is stated as

follows:

Proposition 6.1.2. Ler (X,d, m) be an RCD(K, N) space. For each integer 1 < k < N,
and for every geodesic vy in X, v N Ry, is closed relative to the interior of . If in addition

v MRy, is dense in the interior of vy, then it is all of the interior.

This is because at every regular point the tangent cone is unique. We can strengthen

Theorem 6.1.1 to the following:

Theorem 6.1.3. Let (X,d, m) be an RCD(K, N) space with essdim = n. For every x €
R, there exists a subset R, C R, so that m(X \ R,) = 0 and for any y € R, there is a

minimizing geodesic joining x,y and entirely contained in R.,.
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We need the technique of localization via transport rays of some 1 Lipschitz function,
developed by Cavalletti and Mondino in non-smooth setting, which generalizes Klartag’s
needle decomposition on Riemannian manifolds. The key fact is that there exists a strongly
consistent disintegration of m into measures m,, concentrated on geodesics, which are also
transport rays, so that their densities w.r.t. H' are all CD(K, N) density (recall Definition
2.1.3). An observation is that the defining inequality of CD(K, N) density ensures that
such a density is H'-a.e. positive, so it holds that m, < H! < m,, hence the equivalence
m,(Y\(YNR,)) =0 HY(y\ (yNR,)) = 0, for any geodesic +. The latter in particular
implies that v N R, is dense in 7, then Proposition 6.1.2 yields that the interior of v is all

innRrR,.

6.2 Almost convexity of R,, and interior of RCD(K, N) spaces

We minimally collect the elements of the localization technique introduced in [108] and
[109], we remark that this technique is available for a much general class of metric mea-
sure spaces, the so called essentially non-branching MCP (K, N)(MCP stands for measure
contraction property) spaces, which contains essentially non-branching C'D (K, N) spaces,
hence RCD(K, N) spaces.

Let (X,d, m) be an RCD(K, N) space, u be a 1-Lipschitz function. Define the transport

set induced by u as:

[(u) == {(z,y) € Xx X:u(z) —uly) =d(z,9)},

and its transpose as I '(u) := {(z,y) € X x X : (y,z) € ['(u)}. The union R, :=
I''(u) U T'(u) defines a relation on X. By excluding negligible isolated and branching
points, one can find a transport set 7, such that m(X \ 7,) = 0 and R, restricted to 7,
is an equivalence relation. So there is a partition of 7, := U,eqX,, Where @) is a set of

indices, denote by £ : 7, — () the quotient map. In [108, Proposition 5.2], it is shown that
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there exists a measurable selection s : 7, — T, such that if xR,y then s(x) = s(y), so we
can identify @ as s(7,) C X. Equip @ with the o-algebra induced by 9 and the measure
q = Qy(mL 7,), we can hence view q as a Borel measure on X. Furthermore, each X, is
shown ([109, Lemma 3.1]) be to isometric to an interval /,, the distance preserving map
Ya 1 I, — X, extend to an geodesic still denoted by 7, : I, — X. Putting several results

together, we have ([53, Theorem A.5]):

Theorem 6.2.1. Let (X,d, m) be an RCD(K, N) space. u be a 1-Lipschitz function. Then

m admits a disintegration:

m = /Q maq(da),

where m,, is a non-negative Radon measure on X, such that
1. For any m-measurable set B, the map « — m,(B) is q-measurable.

2. for q-a.e. « € Q, m, is concentrated on X,, = Q' («). This property is called strong

consistency of the disintegration.

3. for any m-measurable set B and q-measurable set C, it holds
m(BNQ(C)) = / my(B)q(da).
c

4. for g-a.e. o € Q, my = hoH' L X, < H' L X, where h,, is a CD(K, N) density,
and (X,,d, m,) is an RCD(K, N) space.

We are now ready to prove Theorem 6.1.3.

Proof of Theorem 6.1.3. Take x € R, disintegrate m w.r.t d,, := d(z,-). Item 3 in Theo-

rem 6.2.1 yields that

0=m(X\R,) = /Qma(x \ Rn)q(da). (6.2.1)
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Then for g-a.e. & € Q, my(X \ R,) = 0, weset Q = {a € Q : mu(X\ R,) = 0},
then R, := (UQGQXQ) N R, is the desired set. Indeed, for any y € R,, there is a geodesic
(segment) y contained in X, joining z,y, for some a € Q, with ma(7\ R,) = 0. As
pointed out in the overview, h,, is positive on X,, so we get that H! L Xoa(y\ Rn) =0,
which in turn implies that regular points of essential dimension is dense in the interior of
~. Now apply Proposition 6.1.2, we see that the interior of v is entirely in R,, and the end

points are also in R,,. [

Theorem 6.1.3 implies also the almost convexity of the interior of an ncRCD(K, N)
space with boundary. To make the statement precise, let us present here some facts about
the boundary of RCD spaces. To this end, we first introduce the singular set. The singular
set S of RCD(K, N) space (X,d, m), is the complement of regular sets, S := X \ UyRy.
Since the regular set of essential dimension already has full m measure, we see that m(S) =
0, beyond that we have relatively little information of S compare to R. Without the space
being non-collapsed, S can be wild. Pan-Wei in [110] constructed the following example:
For any real number 3 > 0, there exists a Ricci limit space, that is RCD(0, N(3)) for some
N(B) > 2, homeomorphic to R x R, with regular set (topologically) R x R, having
Hausdorff dimension 2 and singular set (topologically) R x {0} with Hausdorff dimension
1+ 8.

When restricted to ncRCD (K, N) spaces, more is known about S. Thanks to the vol-
ume cone to metric cone property established in [79], in a ncRCD(K, N) space, S is
stratified into

S CS&5 C---C S,

where for0 < k < N—1,k € Z,S, = {x € S : no tangent cone at z is isometric to RF*1 x
C'(Z) for any metric space Z}, where C'(Z) is the metric cone over a metric space Z. It is
proved in [78, Theorem 1.8] that dimy(Sk) < k. Much finer structure results are known

for singular sets of Ricci limit spaces, see [111]. Based on the stratification result, De
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Philippis-Gigli proposed the following definition of boundary of a ncRCD(K, N) space
(X,d, m):
oX := Sn—l \ Sn_g. (622)

On the other hand, Kapovitch-Mondino ([53]) proposed another recursive definition of

boundary analogous to that of Alexandrov spaces:

FX:={zxeX:3Y € Tan(X,d,m,z),Y = C(Z), FZ # 0}. (6.2.3)

In this definition Z must be a non-collapsed RCD(N — 2, N — 1) space with suitable metric
and measure ([53, Lemma 4.1]), so one can recursively reduce the consideration to the case
N =1, in which case the classification of RCD(K, 1) is completed in [112].

The relation between 2 definitions of boundary (6.2.2) and (6.2.3) is studied in [52,
Section 6], it is known that FX C 90X and FX # () < OX # (). It is conjectured that
FX = 0X, we will discuss a related consequence in the sequel.

We adapt De Philippis-Gigli’s definition of boundary, and call Int(X) := X \ 0X the

interior of X. Now we can state the precise corollary of Theorem 6.1.3 as follows

Corollary 6.2.2. Let (X,d, H") be an ncRCD(K, N) space. For every x € Int(X), there
exists a subset R, C Int(X) so that m(X \ R,) = 0 and for any y € Int(X) there is a

minimizing geodesic joining x,y and entirely contained in Int(X).
To show this, we just replace R,, by Int(X) in the proof of Theorem 6.1.3, since

HN (OX) = 0.

6.3 Further studies

The interior of a ncRCD (K, N) space (X, d, m) is expected to be strongly convex. That is,

Conjecture 6.3.1. For every x,y € Int(X), every geodesic joining x,y is entirely contained

in Int(X).
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It is pointed out by Kapovitch that this conjecture can follow from the equivalence of
two definitions of boundary, (6.2.2) and (6.2.3). The expected argument goes as follows:

Given the equivalence, z,y € Int(X), and a geodesic ., connecting x,y, the inter-
section 7, , N OX is closed and is exactly the set of points at which there exists a tangent
cone with boundary in v, ,, S0 ., N Int(X) is the set of points in 7, , at which no tangent
cone has boundary. [52, Theorem 1.6] asserts that, the set of all points at which no tangent
cone has boundary is closed, in particular v, , N Int(X) is closed, since -, is connected,
either ~y,, N 0X or ~,, N Int(X) is empty, given endpoints in 7, , N Int(X), we see that
Yoy N OX = 0.

A closely related question is the strong convexity of R := U;R,. More precisely, given
any z,y € R is there a geodesic joining x, y completely in R?

Another question related the convexity is the inverse of [21, Theorem 6.18], the theorem

goes as follows:

Theorem 6.3.2. Let (X,d, m) be an RCD(K, 00) space, Y C X be a closed convex subset
such thatm(Y) > 0 and m(9Y) = 0, where OY is the topological boundary. Then (Y, d, mL
Y) is also RCD(K, N).

It is interesting to know the converse, that is: Let (X,d, m) be an RCD(K, N) space,
Y C X be an open connected subset such that m(Y) > 0, m(dY) = 0 and (Y,dy,mL Y)
is also RCD(K, N), where dy is the length metric, then it is true that Y is geodesically

convex, in the sense that every geodesic in distance dy is also a geodesic in distance d?
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APPENDIX A
ESSENTIAL DIMENSION IS A METRIC CONCEPT

We explain why essential dimension is a metric concept. First we give the precise statement

of this fact.

Theorem A.0.1. Let (X,d, my) and (X,d, my) be RCD(K, N) spaces. Then their essential
dimension is the same and equal to the maximal n such that (R", |- |, L") is a tangent cone

of (X,d, my), hence also (X,d, my).

Remark A.0.2. it is proved in [46, Theoerm 1.2] that if there exists integer n such that for
an RCD(K, N) space (X,d,m), m(X \ R,,) = 0, then for any integer k& € (n, N], Ry = 0,
this already shows that the essential dimension is the maximal number of R-factors can
be split off in any tangent cone. It also worth mentioning that this proof relies on a fact
that for any integer k, if there exists z € Ry, then there is a set of positive measure in
the neighborhood of = such that the tangent cone at every point in this set splits at least k&

R-factors, see [46, Propsition 3.6].

We start the proof.

Proof. Let n; := essdim(X,d, m;) and R}, be the regular set for m;, ¢ = 1,2. By
symmetry it suffices to prove that ny < ny. Fix z € R} .- Then Tan(X,d,m;,z) =
{(R™,]-],£"™,0)}, in particular (X,r'd, z) pGH converges to (R™,|-],0) as r — 0. It
follows that Tan(X,d, my, z) = {(R™,]|-|,7,0) : v some Radon measure on R"}. Note
that by the stability of RCD(K, N) condition, for each v, (R™,] - |, v, 0) is an RCD(0, N)
space that contains n; lines. Applying the splitting theorem [27] recursively, we get that

v=LmM, O]
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APPENDIX B
SPECTRUM OF HODGE LAPLACIAN ON COMPACT RCD(K, N) SPACES

This appendix is taken from [40, Appendix]. We provide a Rellich type compactness theo-

rem for 1-forms on compact RCD(K, N) space (X, d, m), stated as follows
Theorem B.0.1 (Rellich compactness). Let (X,d,m) be a compact RCD(K, N) space.
Then the canonical inclusion map:

HG(T*(X,d, m)) — L*(T*(X,d,m)) (B.0.1)

is a compact operator.

This theorem is independently obtained in [113] as an application of the heat flow. Our
proof is based on §-splitting maps which is different from that of [113].

This theorem in particular proves that the space (5.3.19) is dense in H}?(T*(X,d, m));

{we D(Ap,); Agaw e D)} = H(T*(X,d, m)) (B.0.2)

Let us mention that /i ,w is in (5.3.19) for any w € L*(T*(X,d, m)) and any ¢ > 0, which
gives another proof of (B.0.2) without the compactness of (X, d), where hy; is the heat

flow acting on L?(T™*(X,d, m)) associated to the energy
1
i s /(\dw|2 + 6w]?)dm, (B.0.3)
X

as discussed around 2.6.6, see also [54, (3.6.18)].
For the proof, we need several analytic notions, including the local Sobolev spaces

H'?(U,d, m), the domain of local Laplacian D(A, U)(C H*?(U, d, m)) with the Laplacian
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Ay = A for any open subset U of X and so on. We refer [94, 60, 114] for the detail. Let
us recall that for RCD (K, N) space (X, d, m) we have:

1. (Good cut-off function, Theorem 2.6.3) forany z € X and all 0 < r < R < o0,
there exists ¢ € D(A) N Lip,(X, d) such that 0 < ¢ < 1 holds, that ¢ = 1 holds on
B, (x), that supp ¢ C Bg(z) holds, and that |Vy| + |Ap| < C(K, N, r, R) holds for

m-a.e. x € X;

2. (Hessian estimates for harmonic functions) For any harmonic function f on Br(x) C
Xwith |[Vf| < L, thatis, f € D(A, Br(x)) with Af = 0, and for any r < R, we
have

/ [Hess;|*dm < C(K, N,r, R, L). (B.0.4)
Br(x)

Note that the Hessian of a harmonic function f as above is well-defined as a measurable
tensor over Br(x) because of the locality of the Hessian proved in [54, Prop.3.3.24], see
also [70, (1.1)]. The proof of (B.0.4) is easily done by applying (2.1.2) with the good
cut-off function.

Finally let us recall a useful notation from the convergence theory;
W(€r, €2,y €15C1,Coy vy Cm) (B.0.5)
denotes a function ¥ : (R.q)! x R™ — (0, 00) satisfying
lim  U(e,e€a,...,6;01,C0...,0n) =0, Y. (B.0.6)

Proof. Proof of Theorem B.0.1. With no loss of generality we can assume that m(X) =
1and N > 1. Let w; be a bounded sequence in H5*(T*(X,d, m)). By the L?-weak
compactness with no loss of generality we can assume that w; L>-weakly converge to some

w € L*(T*(X,d, m)). Our goal is to prove that this is an L?-strong convergence.
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Let us remark that thanks to [54, Prop.3.4.6] (recall that for any w € L*(T*(X,d, m)),
w € W5 (T*(X,d, m) holds if and only if w* € W5*(T(X,d, m)) holds), we have |w;|* €
HY(X,d,m) with |V|w;|?| < 2|Vw||w;| for m-a.e. z € X. In particular the Sobolev

embedding theorem proved in [66, Thm.5.1] yields
sup | wil?||zon < o0, (B.0.7)

where py := N/(NN — 1) because a Poincaré inequality 2.4.5 is satisfied, and the Bishop-
Gromov inequality implies the inequality m(B;(y)) > C(s/r)¥m(B,(x)) for all z € X,
y € B,.(z)and s € (0,7].

Fix € > 0 and put n := essdim(X). For any x € R,, there exists r, > 0 such that for any
r € (0,r,) there exists a harmonic map @, , = (Y41, Pra2s---sOran) @ Bo(x) = R
(that is, each ¢, , ; is a harmonic function on By, (x)) such that |V, ;| < C(K, N) holds

for any ¢, that

2

T
’<V(pr,x,i7vgor,m,'> _5z|dm+—/ ’HGSS ””Pdm S €
/BQT(;{;) ’ ! (B2 (7)) J By (a) o
(B.0.8)

o
m( By (x))

holds for all , j (see [70, Prop.1.4]). Note that the L?-weak convergence of w; to w yields
that (dep, ;. j, w;) L*-weakly converge to (dp, . j,w) on Ba,.(x) for any j.
On the other hand applying [54, Prop.3.4.6] (with a good cut-off function as above)

again yields (dg, . j, w;) € H"*(B,(z),d, m) with

|V{(dprej,w)| < [Hessy, , ||wi| + [Vre ;|| Vwi|, form—ae xze B.(z). (B.0.9)

To show this, take ¢ € D(A) N Lip,(X,d) such that 0 < ¢ < 1, ¢ = 1 holds on B,(x),
and that supp ¢ € By, (), |Vo| + |[Af] < C(K, N,r) holds for m-a.e. + € X. Then

since ., ; € D(A)NLip, (X, d), applying [54, Prop.3.4.6] yields that (d(p¢, ; ;),w;) €
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H (X, d, m) with
V(A0 prag) )] < [Hesspp, il +VoraslIV(ews)], form —ae.x €X.

Restricting this observation to B,.(z) with the locality properties of the gradient (for in-
stance [54, Thm.2.2.6]) and of the Hessian [54, Prop.3.3.24] proves the desired statement.

In particular (B.0.4) shows

sup H <d90r,x,j, wi) HHl’l(Br(:L‘),d,m) < Q. (BOlO)

Therefore applying the Rellich compactness theorem for H'!-functions proved in [66,
Thm.8.1] shows that (de, , ;,w;) LP-strongly converge to (d¢y, . ;,w) on B,(x) for all
p € [1,pn). By (B.0.7) we see that (dep, ;. j,w;) L*-strongly converge to (d¢,., ;,w) on
B,.(z) for any j.

Let
A(r,z) = {y € B(2); (V@rzis Vora)(y) — 055 < e'/? Vi, Vj} ) (B.0.11)

Then the Markov inequality with (B.0.8) shows

(B, (z) \ A(r, z))

< (B.0.12)
m(B,(z))
Note that for any n € L*(T*(X, d, m))
(W) =D (derassm)’ ()| < V(en) o, forae.y € Alr,z). (B.0.13)

J
See also [43, (5.36) and (5.37)]. Applying the Vitali covering theorem to a family F :=

{B,(2)}ser, r<r, yields that there exists a pairwise disjoint subfamily {B,,(z;)};en of F
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such that

k
R\ | |Br,(x;) € | Bsr,(x;), Vk (B.0.14)
j=1

Jj2k+1

holds. Take ko with » ., ., m(B,;(z;)) < e. Then by (B.0.12) we have

ko ko ko
m (X\ | ] A, %)) <m <X\ | ] Brj(%)) +> m(B,,(z;) \ Ary, z;))

j=1 j=1 j=1

< U(e; K, N). (B.0.15)

Thus for any sufficiently large + we have

/]wi\Qdm

X
ko

> [ jebams [ (2 dm
j=1 7 A(rjzj) X\LISO, A(ry )

ko
((dr, ;s wi)® + U (& n) |wi]*)dm + mav (X \| | A(r, l’j)) il | Low
. b
(dng].’:C].’l,wfdm + U(e;n) sup me||2L2 + U(e; K, N)sup || |wm|2HLpN
(1+ ¥(&n))|w|*dm + W(e; K, N)(sup |lwn |72 + sup || |wm *[| o)
< / w]Pdm + U(e; K, N)(sup ||wm |72 + sup |||wm] || 22~ ), (B.0.16)
X m m

where ¢y is the conjugate exponent of py. Since € is arbitrary, (B.0.16) shows that

limsup/ ]w,-|2dm§/ |w|*dm (B.0.17)
X X

1—00
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which completes the proof of the L?-strong convergence of w; to w. O
The following fact is a refinement of trHess = A.

Theorem B.0.2. Let (X,d,H") be a non-collapsed RCD(K, N) space. Then we have
HE(T*(X,d, HN)) € D(6) with

dw = —trVw, Ywe HF(T*(X,d,HY)). (B.0.18)
Proof. we see that for f; € TestF(X,d, H"Y),

6(frdfa) = —(df1,dfo) — fiAfo
= —(df1,dfs) — fitr(Hessy,)

= —(g,dfi ® dfa) — (g, filessy,) = —(g, V(fidfa)) = —trV(fidf2)

holds, which shows that (B.0.18) holds for all w € TestT*(X,d, #"). Thus we have the
conclusion because by definition TestT™*(X,d, H") is dense in H;*(T*(X,d, #")). O

It directly follows from Theorem B.0.2 that for a non-collapsed RCD(K, N) space
(X,d,H") and any f € D(A), we have fg € D(V*) with

V*(fg) = —df (B.0.19)
because for any w € H5*(T*(X,d, HY)),
/(w,V*(fg))dHN = /(Vw, fg)dHY :/féwd’HN = /(df,w)dHN. (B.0.20)
X X X X

The following is also a direct consequence of (2.2.14), (2.2.16) and Theorem B.0.2:

Corollary B.0.3. Let (X,d,H") be a non-collapsed RCD(K, N) space. Then we have
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HIA(T* (X, d, HY)) = HEH(T*(X, d, HN)) with
1
Sl < lollgye < (14 KO)lwlye, Voo € HPT (X, dHY)),  (BO2D)

where K~ = max{0, —K}.

Then the following corollary is a direct consequence of Corollary B.0.3 and Theorem

B.0.1 (see for instance the appendix of [115]).

Corollary B.0.4. The spectrum of the Hodge Laplacian Ay 1 acting on 1-forms is discrete

and unbounded. If we denote the spectrum by

0<AEn1<AED2 S AED3 S < AEne < — 0 (B.0.22)

counted with multiplicities, then corresponding eigen-1-forms wy,ws, ... with ||wi||zz = 1

give an orthogonal basis of L*(T*(X,d, m)).

Remark B.0.5. Under the same notation as in Corollary B.0.4, it is easy to see that for any

w e H(T*(X,d,m)),

w=)_ ( /X (w,wi>dm) w; (B.0.23)

in H;;”(T*(X,d,m)). In particular (B.0.23) also holds in H}*(T*(X,d, m)) because of
(2.2.14).

Remark B.0.6. As an immediate consequence of Theorem B.0.1, we are able to prove a
similar spectral decomposition result as in Corollary B.0.4 for the connection Laplacian
Ac1 acting on 1-forms. Moreover the technique provided in the proof of Theorem B.0.1
allows us to prove similar decomposition results for the connection Laplacian acting on

differential forms and tensor fields of any type. Compare with [116, 115].
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