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dependent variation of a control field resonant between levels |a) and
|c). All the light fields responsible for trapping and cooling, as well
as the quadrupole magnetic field in the MOT, are shut off during
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in Panel (e) demonstrates the observed substructure within the first
Larmor period. Panels (f) through (j) are corresponding theoretical
plots of the dark-state polariton number calculated using Eq. (7.17).
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sample at Site B, separated by 5.5 m, are connected by a single-mode
fiber. The insets show the structure and the initial populations of the
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tive atomic qubit and a signal field is generated at Site A by Raman
scattering of the write laser field. The orthogonal helicity states of
the generated signal field are transmitted via optical fiber from Site
A to Site B, where they are converted to orthogonal collective atomic
excitations, stored for a duration T}, and subsequently converted into
an idler field by adiabatic variation of the control field amplitude.
The atomic qubit at Site A is similarly converted into an idler field
by a read laser pulse, counterpropagating with respect to the write
pulse. For polarization analysis, each idler field propagates through a
quarter-wave plate (not shown), a half-wave plate (\/2) and a polariz-
ing beamsplitter (PBS). Polarization correlations of the idler fields are

recorded by photoelectric detection using the single photon detectors
DI-D4. . . .

Measured coincidence fringes C,3(04, 0p) as a function of 64, for g =
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fits to the data. Each point is acquired for 15 minutes. The effective
repetition rate is 108 kHz, each trial takes 1.1 us. . . . . . . . . . ..
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SUMMARY

In this thesis, we explore the quantum dynamics of light interactions with
optically thick collections of atoms. We provide a theoretical description of several
recent experiments in which some key operations necessary for the implementation
of quantum communication networks are demonstrated. Collective Raman scattering
from an atomic ensemble is shown to produce probabilistic entanglement between
the polarization of a scattered photon and an associated collective atomic excitation.
The predicted correlations agree with experimental observations. We also propose a
method to use cascade transitions to produce entanglement between a photon with
a frequency in the telecom range (ideal for transmission over optical fibers) and a
near infrared photon (ideal for storage in an atomic ensemble), and a description
of the experimental demonstration is provided. We also propose and describe the
implementation of a deterministic source of single photons.

In addition, we generalize the theory of dark-state polaritons in ensembles of three
level A atoms to account for the nuclear spin degeneracy of alkali atoms. This gener-
alized theory provides a description of the first demonstration of single photon storage
and retrieval from atomic ensembles. Additionally, in the presence of a uniform mag-
netic field, we predict the occurrence of collapses and revivals of the photon retrieval
efficiency as a function of storage time within the ensemble. These predictions are
in very good agreement with subsequent experimental observations. We also exploit

the ability of photon storage to entangle remote atomic qubits.
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CHAPTER 1

INTRODUCTION

The dynamical law of quantum mechanics has inspired a number of potentially rev-
olutionary ideas in recent decades. Quantum computing (see Ref. [1], and references
therein), for example, holds the promise of solving several problems much faster than
can be achieved classically. The prime factorization of large numbers could be per-
formed exponentially faster [2]. The task of searching a large unsorted list scales with
the square root of the list’s size, where classically the task scales linearly [3]. Quantum
cryptographic key distribution (QCKD) could ensure completely secure communica-
tion between two remote parties [4, 5]. Where private cryptographic keys distributed
classically may be intercepted, without the knowledge of the sender or receiver, by a
malicious (or simply overly curious) party, the security risk can be nullified when the
ideas of QCKD are implemented. In addition to quantum computation and commu-
nication, non classical correlations between many particles can also help to improve
high precision measurements [6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

The essential feature of quantum mechanics that enables these possibilities is the
notion of entanglement. An entangled state of two systems is one which cannot be
characterized by identifying the state of either system individually, i.e. it cannot be
expressed as a product state. One of the most elementary examples of an entangled
state is a Bell state consisting of two qubits (two level quantum systems), labeled
A and B, and is given by the state vector (|0),|1); —|1),]0)5)/v2. In this two
qubit entangled state, a measurement of one particle, gives automatic knowledge of
the state of the other. The nonclassical nature of the correlations of the Bell state

can be quantified by the violation of Bell’s inequality (see Chapter 14 of Ref.[16] and



references therein). In this system of 2 qubits, the Hilbert space of state vectors has
four dimensions. More generally, for a system composed of N two-level subsystems,
the state space has dimension 2V. The vastness of this state space, along with the
potential for complex interparticle correlations which are not possible classically, is
what permits the possibility of the technologies mentioned above.

In practice, however, creating, manipulating, and distributing, an entangled pair
of qubits, let alone the numbers of these required for a useful quantum computer,
presents enormous technical hurdles. The reason for this is that, in addition to the
interactions between qubits that we can conceivably control, the system also inter-
acts with the surrounding environment. Spins may interact with ambient magnetic
fields; qubits encoded in atomic or ionic states also interact with the electromag-
netic vacuum field. These uncontrolled interactions lead to dissipation in the system,
and ultimately, a decay of useful interparticle correlations; the system would behave
classically.

In this thesis, we provide a theoretical description of several recent experiments in
which key building blocks of quantum networks for use in quantum communication are
implemented [17, 18, 19, 20, 21, 22, 23|. In these experiments, interactions between
the light field and a cold atomic gas, or atomic ensemble, are used to generate, store
and retrieve quantum information stored in nonclassical states of the light field. These
atomic ensembles serve as “quantum memories,” which could be used to implement
quantum repeaters. Realization of the latter would make it possible to distribute
entangled particles over great distances (example: intercontinental).

The remainder of this Chapter is organized as follows. In Section 1.1, we provide
an overview of quantum communication and some of the difficulties that arise in
implementing it over long distances. Section 1.2 introduces the concepts of quantum
networks and quantum repeaters. Finally, in Section 1.3, we provide an outline for

the remainder of this thesis, in which we describe recent experiments that lay the



foundation for the implementation of the ideas discussed here.

1.1 Quantum Communication

Producing and maintaining entanglement between two remote qubits, or two-level
quantum systems is an essential ingredient in quantum communication schemes. We
first consider the example of quantum teleportation[24]. Suppose a party, Alice, has
produced a qubit in an arbitrary state |¢), and wishes to send it to her colleague,
Bob. This is accomplished producing a pair of qubits — one located with Alice at Site
A and the other with Bob at site B — in a Bell state, a maximally entangled state

1
Waen) 4 p = 7 (1004115 = 11)410)5) - (1.1)

Alice then performs a joint measurement on her original qubit and particle A, and
sends the results of her measurement over a classical channel to Bob. It is shown in
Ref. [24] that Bob can use these results to reconstruct the original qubit |¢) on his
particle at B. We emphasize that this reconstruction does not involve any knowledge
of the original particle, but rather, only depends on the classical information sent to
Bob. In order to transmit arbitrary qubits between remote locations, one therefore
only needs to reliably generate Bell states in entangled pairs of qubits. Quantum
teleportation has been implemented experimentally using entangled photons produced
by parametric down conversion [25, 26, 27|, where photons serve as the information
carriers.

In quantum cryptography, entangled particles are used to securely transmit the
cryptographic key [4, 5]. The BB84 protocol involves either remote state prepara-
tion or teleportation of a qubit [24, 25, 26, 28]. The Ekert protocol, on the other
hand, directly uses the measurement on an pair of entangled qubits to generate the
cryptographic key [5].

A requirement of these quantum communication protocols is the distribution of

entangled qubits. While parametric down conversion provides a robust mechanism



to produce entangled photons for use in quantum communication [24, 25, 26, 28, 27],
distributing entangled photons over great distances is problematic. Due to absorption
in optical fiber and the probabilistic nature of photon pair generation, the communi-
cation rate decreases exponentially with the distance.

This limitation can be overcome through the use of a quantum repeater archi-
tecture [29, 30], in which a quantum memory element (capable of storing a qubit)
is inserted into the quantum communication channel every attenuation length or so.
Long distance entanglement distribution is achieved by first generating entanglement
between two neighboring quantum memory qubits. This can be done efficiently since
light will not be appreciably absorbed within a short segment length. After entangle-
ment between each pair of memory qubits has been established, a joint measurement
on each neighboring pair of qubits is performed. The quantum state of the interme-
diate qubits is destroyed by the measurement, thus achieving entanglement swapping
such that two memory qubits at the ends are entangled. After the entanglement
swapping, the number of entangled memory qubit pairs is reduced by a half, while
the distance over which the entanglement is distributed doubles. One subsequently
performs entanglement purification and additional entanglement swapping until the
quantum states of all of the intermediate qubits are destroyed, leaving the memory
elements at the two ends of the channel entangled. With the use of a quantum re-

peater architecture, the communication rate only scales polynomially with distance

29, 30].

1.2 Quantum Networks and Atomic Ensembles

The quantum repeater architecture discussed above is an example of the more general
concept of a quantum network. A quantum network consists of quantum memory
nodes at which quantum information is generated, stored, and manipulated, and

quantum channels over which qubits are transmitted. Photons are ideal information



carriers over the quantum channels since they can propagate quickly over relatively
long distances (shorter than an attenuation length) without suffering from losses,
or appreciably interacting with the environment. Atoms, on the other hand, make
favorable building blocks for quantum memory elements since they can be well isolated
from the environment, and their states may be manipulated by laser fields or applied
dc electric and magnetic fields. Here, we discuss some important primitives of a
quantum network: the ability to entangle a node and a photon, the generation of
deterministic single photons, the ability to map the quantum state of a photon onto
a quantum memory element, and vice versa.

Proposed quantum network architectures implement quantum memory nodes in
a number of different ways. In the microwave domain, single Rydberg atoms and
single photons have been entangled [31]. An entangled state between a photon and a
single ion has also been recently produced [32, 33]. A proposal for a quantum network
architecture for distributed quantum computing using trapped ions has recently been
made [34]. Another scheme involves the use of single atoms/ions within a high finesse
optical cavity [35]. Indeed, cavity QED shows promise for generating entanglement
between neutral atoms and photons, with deterministic single photon generation being
an important step in that direction [36, 37]. Entanglement between a photon and a
single trapped neutral atom has also been achieved [38]. A proposal also exists for
solid state based photon emitters [39].

Collective enhancement of atom-photon interactions in optically thick ensembles
of atoms provides a somewhat simpler route toward the construction of quantum
networks [40, 41, 42, 43, 44, 45, 46]. The atom photon entanglement, however, is
often probabilistic in nature. Duan, Lukin, Cirac, and Zoller (DLCZ) [47] have de-
veloped a scheme for long distance quantum networking based on atomic ensembles
and linear optics. The dynamics of this paradigm turn out to be remarkably similar

to parametric down conversion with the additional capability of quantum memory.



In parametric down conversion, nonlinear interactions in an optical medium produce
entangled pairs of photons. The DLCZ protocol, on the other hand, uses collective
Raman scattering from an atomic ensemble to create nonclassical correlations be-
tween a scattered photons and collective atomic excitations. The equivalence of this
DLCZ write process and parametric down conversion is discussed in more detail in
Chapter 3. Heterogeneous quantum network schemes employing both single-atom
and collective atomic qubits are also being actively pursued [48, 49, 50].

Non-classical radiation has been produced from the first generation of atomic
ensemble experiments [51, 52, 53, 54, 55, 56]. The ability to prepare a quantum
memory qubit based on two atomic ensembles and subsequently transfer the infor-
mation onto a photonic qubit was then later demonstrated [57]. These experiments
[51, 52, 53, 54, 55, 56, 57| employed copropagating write and read laser fields and
on-axis Raman-scattered light was collected. In contrast to these works, Braje and
coworkers pioneered off-axis four-wave mixing [58] and efficient photon-pair produc-
tion [59] in a cold atomic ensemble, using counter-propagating write and read fields
deep in the regime of electromagnetically-induced transparency. We exploited this
geometry in Chapter 3, in which we report probabilistic entanglement between a
photonic and collective atomic qubit [17].

The capability to generate nonclassical correlations between a scattered photon
and a collective atomic excitation combined with relatively long atomic memory co-
herence times allows one to produce another primitive operation of a quantum net-
work, the production of deterministic single photons. In Chapter 5, we propose and
implement a source of deterministic single photons utilizing the conditional, or her-
alded, single photon sources involved in a DLCZ paradigm for an ensemble of atomic
emitters with a measurement based feedback protocol. In the past, deterministic sin-
gle photon sources have been produced using single emitters, such as quantum dots

[60, 61, 62], color centers [63, 64], neutral atoms [36, 37, 65|, ions [66], and molecules



[67]. The measured efficiency to detect a single photon per trial with these single
emitter sources is typically less than 1%, with the highest reported measured value
of about 2.4% [36, 37], to the best of our knowledge. We report the implementation
of our scheme for an ensemble of atomic emitters using a cold rubidium vapor, with
a measured efficiency of 1 - 2% (see Chapter 5[23]). In common with the cavity QED
systems, our source is suitable for reversible quantum state transfer between atoms
and light. Unlike cavity QED implementations [36, 37|, however, our source is un-
affected by intrinsically probabilistic single atom loading. Therefore it is stationary

and produces a photoelectric detection record with truly sub-Poissonian statistics.
1.2.1 Atomic ensembles as quantum memories

Above, we discussed the use of atomic ensembles to generate entanglement between
quantum memory and photonic qubits. One infers this entanglement by mapping
the atomic qubit onto a photonic qubit, and performing appropriate measurements
on the correlated two-photon system [17]. Another elementary quantum network
operation involves storing a qubit state in an atomic quantum memory node, and
then retrieving and transporting the information through a single photon excitation
to a remote quantum memory node for further storage or analysis. To accomplish this,
it is necessary to map the quantum state of the light field onto the remote quantum
memory node. The potential of atomic ensembles to serve as quantum memories has
recently attracted considerable attention [68, 41, 69, 47, 13, 70].
Electromagnetically Induced Transparency (EIT) [71, 72] provides a route toward
the implementation of quantum memories within optically thick atomic ensembles.
In a collection of three level A atoms, the application of a classical control field
resonant on one transition renders the medium transparent to a signal, or probe,
field resonant on the other. Whereas in the absence of the control field, the atoms

would absorb the signal, and the atomic medium would be opaque. The detailed



theory of electromagnetically induced transparency in a degenerate three level atomic
medium, such as rubidium or other alkali atoms, is presented in Appendix C. The
transparency induced by the control field is accompanied by a reduced group velocity.
This phenomenon was observed first in the seminal “slow light” experiments [73], and
coherent light pulses were later “stopped” and subsequently retrieved [44, 45, 74].

The mechanism for “storing” light pulses can be understood through a collective
excitation known as a dark-state polariton first introduced by Fleischhauer and Lukin
(69, 75]. A dark-state polariton (DSP) excitation consists of a photonic component,
and a hyperfine spin wave (a collective matter excitation) component. As a light
pulse enters an atomic medium, it transforms into a DSP excitation with a reduced
group velocity. By adiabatically extinguishing the control field, the signal can be
stopped, converting the DSP entirely into a hyperfine spin wave. The quantum state
of the light field has thus been mapped onto the quantum memory. The signal can
then later be retrieved through reactivation of the control field, allowing the DSP to
propagate out of the sample. Additionally, when EIT is operative, retrieval of atomic
qubits created in a DLCZ style write process can be understood through the DSP
paradigm (see Chapter 3). In this way, optically thick atomic ensembles are excellent
candidates for implementation of quantum memories when EIT is operative.

In this thesis, we generalize the treatment of Fleischhauer and Lukin [69, 75] to
treat atoms with nuclear spin degeneracy as used in the experiments we report. It
was found that the DSP’s in degenerate atomic ensembles consist of an electric field
excitation with a particular linear combination of hyperfine spin wave excitations
(see Chapters 6 and 7 and Appendix C). Orthogonal spin wave components couple
to optical coherences and result in spontaneous emission. In the presence of a uniform
magnetic field, we predict and subsequently measure the occurrence of collapses and
revivals in the quantum memory retrieval efficiency as a function of storage time. In

a separate work, it is shown that additional magnetic field gradients are responsible



for the current upper bound on the quantum memory lifetime [76].
When the atomic sample is spin polarized, the DSP mechanism allows the storage
of a qubit encoded in the polarization of a photon. We exploited this in Chapter 8 to

produce entanglement between two remote atomic qubits [21].

1.3 Owutline

In this thesis, we provide theoretical descriptions of recent experiments that imple-
ment several primitive operations necessary for the construction of quantum networks
using atomic ensembles. These descriptions were born from a close collaboration with
the individuals who performed the experiments, in which theoretical and experimen-
tal developments occurred in parallel. At several instances in the performance of
this work, theoretical predictions were made within days of the corresponding ex-
perimental observations (see, for example, Chapter 7 and Refs. [19, 20]). Much of
this work was published in joint theoretical and experimental articles. Experimental
details are, therefore, provided in this thesis to put the theoretical developments into
context. Note, however, that when the pronoun “we” is used in the presentations
of the experimental details, it is used to refer to the individuals who performed the
experiments, and not the author of this thesis.

The remainder of this thesis is organized as follows. In Chapter 2, we review the
theory of atomic ensemble interactions with the quantized electromagnetic field be-
ginning with the standard Hamiltonian for quantum electrodynamics in the Coulomb
gauge. The formalism developed in that Chapter is used throughout the remainder
of the thesis.

In Chapters 3 and 4, we describe experiments in which interaction of atomic en-
sembles with classical laser fields probabilistically produce entangled pairs of qubits.
Chapter 3 describes the experiment of Ref.[17], in which collective Raman scatter-

ing from a classical write laser field results in the emission of photons, imprinting



entangled collective excitations onto the atomic medium. We show that the Ra-
man scattering dynamics reduces to that of a nondegenerate parametric amplifier
[16] involving a single mode of the collected signal field and the corresponding idler
atomic excitation. When the write pulse is sufficiently weak, these dynamics re-
sult in the probabilistic entanglement of a photonic, and a collective atomic qubit.
Entanglement was verified experimentally through measurement of the violation of
Bell’s inequality. In Chapter 4 [22], we propose and implement a key feature of a
quantum repeater using atomic cascade transitions. Whereas the photons produced
from ensembles of alkali atoms by collective Raman scattering have frequencies in the
near infrared region, the proposal involving cascade emission provides the freedom to
choose particular atomic transitions such that one of the entangled photons lies in the
telecom range of frequencies. Photons with telecom frequencies propagate through
much greater distances in optical fibers without attenuation than their near infrared
counterparts. The correlated idler photon, on the other hand, is of a frequency ideal
for storage in atomic ensembles.

The collective Raman scattering paradigm in Chapter 3 is exploited in Chapter 5
to produce a source of deterministic single photons [23]. The experimental advances
leading to increased quantum memory lifetimes allow us to implement a measurement-
based quantum feedback protocol to arm an atomic ensemble with a single atomic
excitation with high probability. This excitation can then be mapped to the state
of the electromagnetic field at a predetermined time, yielding a deterministic photon
source. Relevant aspects of the theory of photoelectric detection are presented in
Appendix D.

In Chapters 6 through 8, we turn our attention to the task of storing the quantum
state of an electromagnetic field mode and subsequently retrieving it. In Chapter 6,
we report the first experimental demonstration of storage and retrieval of a single

photon state from an atomic ensemble [18]. EIT for single photons was concurrently
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reported by Eisaman et al [77].

In Ref. [18] (see Chapter 6) we hypothesized that the observed limitation of the
quantum memory lifetime was due to a Larmor collapse of the dark-state polariton
in our degenerate atomic gas. That is, the magnetic field rotates the stored atomic
excitation away from the dark-state polariton mode. We provide support this idea in
Chapter 7, in which we present the theory of EIT and dark-state polariton storage for
an unpolarized degenerate atomic medium. We predicted the occurrence of collapses
and revivals or the retrieval efficiency as a function of storage time in the presence of
a uniform magnetic field. In this chapter, we also present an experimental verification
of this prediction.

In Chapter 8, we report the synthesis of the ideas of Chapters 3 and 6 to produce
probabilistic entanglement between two remote quantum memories. Entanglement
between the polarization of a photon and a collective atomic qubit is generated at
Site A. The photon is then transmitted to a polarized atomic ensemble at Site B where
the photon’s polarizations are mapped to orthogonal collective spin wave excitations.
We follow with some concluding remarks in Chapter 9.

In the Appendices, we provide additional information on the theory of quantum
optics with atomic ensembles. The polarization conventions used throughout the the-
sis are discussed in Appendix A. In Appendix B, we derive the effective Hamiltonian
describing scattering of an off-resonant laser field from an ensemble of degenerate
three-level atoms. We provide the detailed theory of signal propagation through an
ensemble of degenerate three-level atoms in Appendix C. In this treatment, we ac-
count for the presence of the control field and dc magnetic fields. The conditions
under which our model is valid are also discussed. Finally, some relevant aspects of
the theory of photoelectric detection and photon counting statistics are presented in

Appendix D.
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CHAPTER 2

REVIEW OF THE QUANTUM THEORY OF

LIGHT-ATOM INTERACTIONS

In this Chapter, we explore the basic physical mechanisms that facilitate the manipu-
lation of quantum information and quantum states of light within atomic ensembles.
The material presented here, lays the foundation for the presentations we will give in
later chapters regarding photon storage and retrieval , electromagnetically induced
transparency in a degenerate atomic ensemble, dark state polariton collapses and
revivals, and effective qubit entanglement generated by Raman scattering from an
atomic ensemble. We begin in Section 2.1 by considering the Hamiltonian which
describes the interaction of distinct atoms with the the quantized electromagnetic
field. In Section 2.1.1, we describe the level structure of alkali atoms, using *Rb
as an example. Section 2.1.2 establishes the formalism and notation for the electric
dipole operator in a general multi-level atom. We describe the electromagnetic field
and its decomposition into “system” fields and the reservoir field in Section 2.1.4.
Finally, in Section 2.2, we briefly discuss the dynamics that arises from the atom-field

interactions.

2.1 FElectric Dipole Hamziltonian

In Chapters 3 through 8 we consider a system of N atoms coupled to the quantized
electromagnetic field. We assume that the atoms are at a sufficiently high temperature
that we may consider the position of the x™ atom 7, (4 =1...N ) as a classical
variable. We assume, however, that the atomic velocities are sufficiently low so that

we may neglect atomic motion over the time scales of the experiments we will describe
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(17, 22, 23, 18, 20, 21]. In these experiments, ensembles of ®*Rb atoms are cooled in a
magneto-optical trap. The temperature of the ensemble is roughly ~ 100 K, which
corresponds to a thermal velocity of ~ 10cm /s. Typical experimental trials, which
include storage time of a collective excitation are on the order of 10 us. In these time
scales, an atom would move about 1 gm, much less than the wavelengths of the stored
spin waves (see Chapters 3, 5, 6, 7, and 8.). The stationary atom approximation is,
therefore, sufficient for our theoretical models.

We will describe the electromagnetic field in terms of creation and annihilation
operators for plane waves with wavevector k and linear polarization 5}(1%) (A=
H V), di\(lg) and d, (k) respectively. The possible linear polarization vectors {3 (k)}
for a given propagation direction k = E/ k, are orthogonal to each other and the
direction of propagation k. The linear polarizations are labeled by the index \ €
{H,V} and are defined such that {¢'y, &y, l;:} form a right handed coordinate system.
In this thesis, whenever it is convenient to choose a specific set of polarization vectors,

we adopt the convention presented in Appendix A. The operators d,\(IZ) and di(lg)

obey the Bosonic commutation relations

—

ax(B)ax(B)] = [ah(F),al (k)] =0 (212)
a(F).al (8] = owdk — ) (2.1)

In the Coulomb gauge, the magnetic vector potential is expressed in terms of these

plane wave mode operators as

Ao = [or 3 a@EE (Faid e a@), e

Ae{H,V}

where £(w) = (hw/ (260(271’)3))1/2. The Coulomb gauge scalar potential U(7) is a
function only of the positions of the electrons and atomic nuclei composing the atoms.

This potential can be expressed as

N
du,
47T60 Zl ; |7 —uru,u| (2:3)
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where the particles that compose atom p are labeled by the index v, g, ,, is the charge
of the vth particle of atom p, and ¢, ,, is the position of this particle. The Hamiltonian

for the atom-field system is given by

J7xs,
+gu,vﬂBéu,v : B(f'u,v) + VCoul (24)

where m,, ,, is the mass of particle p, v, g, is the Landé g factor of particle i, v, §,.,
is the spin of this particle, pp is the Bohr magneton, p,, ,, is the conjugate momentum
of the position t,,,,, and

V o 1 i i Z Quoqu’ v (2 5)
“oul ™ 16me, ’

p=1 /=1 {v,0": v#0'} ‘r,u,v N r,u’,v’|

is the Coulomb interaction between particles.

When the atoms are well localized in comparison to the wavelengths of light
we consider, (e.g. classical laser fields, signal and idler quantum fields, etc.) it is
convenient to make the Power-Zienau-Woolley transformation [78] by applying the
unitary operator

T = exp (% /d% P - A(F)) , (2.6)
where

B(i) = Y P, (2.7)

is the polarization density within the atomic sample, and

1
P,(r) = Z/o du gy (Bpp — 7)) 0 (F—= T — w (B0 — 7)) (2.8)

is the polarization density associated with atom g, where 7, is the center of mass
position of atom p. Recall that we are considering the atom’s center of mass position
to be a classical variable. In the long-wavelength approximation, we perform a mul-

tipole expansion of f’u(f), keeping only the lowest order contribution. When this is
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done, the polarization density of atom p may be approximated as
B, () ~ 4,6 (7~ 7,) (2.9

where
d =D g Fuw — 7)) (2.10)

is the electric dipole operator for atom . An operator Ain the Power-Zienau-Woolley

(PZW) picture is related to the corresponding Coulomb gauge operator by
APZW) — T A(Cou) Tt (2.11)

A detailed description of how various physical operators transform is given in Refs.
(78, 79]

The displacement field is defined D(7) = ¢ E(7) + P(7), where E(7) is the electric
field at position 7. In Ref. [78], it is shown that because we are dealing exclusively
with neutral atoms, the displacement field is transverse, i.e. V- f)(f’) = 0. Therefore,
the electric displacement operator is given in the Schrodinger picture after the PZW
transformation by

D) = (E (7) + E(_)(F)) (2.12)

where
BV =iy / Bl E(ck)EN(R)ar(F) exp (z (E : F)) , (2.13)
A
is the positive frequency component of the transverse electric field at position 7 in

()t
(

the Coulomb representation, and E(_)(F) =K ) is the corresponding negative

frequency component. Similarly, the magnetic magnetic field is described by the

Schrodinger picture operator
_ > (+) — - (_) —
B(7)=B (¥)+ B () (2.14)

where




and B (7) = B (7).
Having applied the Power-Zienau-Wolley transformation the dynamics of the elec-

tromagnetic field - atomic ensemble system by the electric dipole Hamiltonian [78, 79

N
~ o ~ 1 A ~
H=Hpa+y (Hé“) ——a". D(m)) (2.16)
p=1 €0
where
Ara =3 / &k hekal (F)an(F ) (2.17)
A

) represents the atomic Hamil-

is the energy of the free electromagnetic field , and f]é”
tonian for atom . The interaction of the u' atom with the electric field is accounted
for by the interaction of the displacement field with the dipole, —d - D(7,) /€.

In the following subsections, we will discuss the elements of the electric dipole
Hamiltonian in greater detail. Section 2.1.1 provides an overview of the structure of
alkali atoms. We discuss the electric dipole operator in Section 2.1.2. In Section 2.1.3,
we establish some notation within the interaction picture. Finally, in Section 2.1.4,
we decompose the electric field into the system fields, which include classical laser

fields and detected modes of the quantized field, and the reservoir, which consists of

the plethora of undetected field modes.

2.1.1 The atomic Hamiltonian A"

In this section, we discuss the Hamiltonian for a single atom f[o(” ). The atom is com-
posed of a nucleus of charge Z, surrounded by a cloud of Z electrons. The electrons
interact with the nucleus, and with one and other via the coulomb interaction. The

atomic Hamiltonian can be expressed as

~ 2
. | S - . N .
v — > ﬁ}w + VA A Higmy + Hpo + Hy e, (2.18)

where, again p,, ,, is the momentum of particle v (electron or nucleus) within atom ,

-~ 1 ) ! !
Vgoul Z Qo (219)

87?60 {vp': v£U'} |rH7U - rN/7UI|

16



is the Coulomb interaction between the particles. Hj oy accounts for the shift in
energy levels resulting from the interaction of the atom with the electromagnetic
vacuum. The fine structure interaction, which accounts for relativistic corrections to
the classical Hamiltonian, is contained in H }‘S, and the hyperfine interaction, which
results from a coupling of nuclear and electronic angular momenta is described by
i,

We label the atomic energy levels |f), where f denotes the set of quantum num-
bers that characterize the energy level. In a hydrogen atom, when one neglects fine
structure, radiation shifts of the energy levels, and hyperfine structure, the energy
of level |f) is determined entirely by the principal quantum number n. In general,
multi-electron atoms are much more complicated, and the eigenstates depend on the
configuration of all of the electrons in the atom. The alkali atoms that constitute our
ensemble consist of a closed shell with one valence electron. We can make the simpli-
fying assumption that only the valence electron, the electron occupying the outermost
energy level, will undergo transitions, and the configuration of the inner electrons will
remain unchanged. Because of the spherical symmetry of the atomic Hamiltonian,
the total electronic orbital angular momentum f42, spin angular momentum §? are
conserved quantities. The level |f) will therefore depend on the orbital angular mo-
mentum L; and spin angular momentum Sy quantum numbers respectively, so that

for a state |f, m) in level |f)

.2
L |f,m) = Ly(Ly+1)|f,m) (2:20)
2
S |f,m) =5s(Sp+ 1) [f,m). (2.21)
We note that the Z —1 electrons that compose the inner shell have a combined orbital
angular momentum and spin angular momentum of zero. The total orbital angular

momentum Ly and total spin Sy of level |f) in an alkali atom are, therefore, identical

to those of the valence electron.
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The fine structure splitting H ]‘fs arises from relativistic corrections to the total
Hamiltonian. This correction results in a coupling between the orbital and spin
angular momenta of the outer electron, H }‘S ~ L-S. This coupling lifts the degeneracy
of states with equal orbital angular momentum but with different total electronic
angular momenta J =L +S. The square of the total electronic angular momentum
3” remains a conserved quantity, however, since L - S = (1/ 2)(32 B §2) For
the degenerate energy level | f), we introduce the quantum number J; such that for a
state | f,m) in level |f), i’ |f,m) = Je(Jr+1)|f,m), and |Ly — S¢| < Jy < Ly + Sy
Atomic states which share common principal a quantum number n, orbital angular
momentum Ly, spin angular momentum Sy, and total electronic angular momentum
Jy are said to form a fine structure level. In this thesis, we label fine structure levels
using the Russel-Sanders notation, n?*!L;, where n is the principal quantum number
of the valence electron, L is a letter representing the total electronic orbital angular
momentum of the atoms (S < L =0, P < L =1, D < L = 2 etc.), and J is
the total electronic angular momentum. A diagram of selected fine structure levels is
shown in Figure 2.1

The smallest correction to the energy, and the last mechanism to remove de-
generacy in the absence of external fields is the hyperfine interaction, an effective
interaction between the J and the nuclear spin I. In the presence of this interaction
states within energy level |f) are eigenstates of the total atomic angular momentum
operator P with cigenvalue Fy(F; + 1), where F = J + 1 is the total atomic angular
momentum. In the absence of external fields, Level |f) possesses 2F + 1 degenerate
Zeeman states. We label the eigenstates of the z-component of the angular momen-
tum F, within level |f) as |f,m) where m € {m; € Z : |my| < Fy}. The hyperfine

interaction Hamiltonian may be written as [80][81]

Hygs =Y EGLPy, (2.22)
7
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Figure 2.1: A diagram illustrates a sample of fine structure levels for ®*Rb. The
fine structure levels are organized according to their orbital angular momentum and
total electronic angular momentum, as indicated by the labels across the top of the
diagram. The levels are arranged vertically according to their energies. A sample
of allowed transitions between the levels is illustrated by color lines connecting the
various levels, where the resonance frequency of the transition is given by the color
coded text. The energy differences between two adjacent levels is given by 27h times
the indicated frequency.
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Table 2.1: The magnetic dipole constants Ay ;s and electric quadrapole constants
By, ts for the hyperfine interaction within ®*Rb atoms. These quantities are given as a
function of fine structure level j for the ground state and first two excited state fine
structure levels. The numerical values have been obtained from Ref. [82]. The values
of By, s are not given for the 525 /2 and 52P, /2 manifolds since the electric quadrapole
interaction (the second term in Eq. (2.23)) is identically zero for these levels [81].

| Fine Structure Level j | Apz(j) Buiss(j) |
5251 1.011910 GHz
52P1 /s 120.72 MHz
52P; ) 25.009 MHz ~ 25.88 MHz
where P; = Zif:_Ff |f,m) (f, m] is the projection operator onto level |f) and the

hyperfine energy shift is given by [81]

EY) = whAu (G {f) K,

+27hBnss (5 {f}) SKp(Kp+1)—20(1+1)J;(Jy+1)

21 (21 — 1)2J; (2J; — 1) ’

(2.23)

where Aps(j{f}) is the magnetic dipole constant and Bjss(j{f}) is the electric
quadrapole constant for hyperfine manifold j{f}, j{f} = {|f') : np = nsp, Ly =
Ly, Sy = Sy, Jp = Jr} is the fine structure level to which |f) belongs, I is the nu-
clear angular momentum quantum number, and Ky = Fp(Fp+1)—1(1+1)—J(Jp+1).
Numerical values for these constants have been determined experimentally for a num-
ber of atoms and hyperfine manifolds [82]. Table 2.1 shows values of Ay, and By,
for the ground state and first two excited state manifolds of ®Rb. The hyperfine
splittings for 8°Rb, as calculated from Eq. (2.23), are displayed in Figure 2.2.

To summarize, the atomic Hamiltonian of atom p, I:IS‘ , and the angular momentum

a2

S22 A2 H
operators ' , S |1

, ju2’ F ? and FZ“ are simultaneously diagonalizable, and the
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Figure 2.2: Shows a diagram of the energy levels of ®*Rb that form the ground state
52512, and excited state 52Py; and 5%Psjp fine structure levels. These levels are
involved in the D1 (525 /5 <> 52Py5) and D2 (525} /2 <> 5% P)5) line transitions. The
energies difference between two adjacent hyperfine levels is by 27h times the indicated
frequency.
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state |f,m) in level | f) has the following eigenvalues:

Holf,m) = hwyl|f,m) (2.24a)
Lo |fom) = Ly(Lg+1)|f,m) (2.24b)
' f.m) = Sy(Sy+1)|f,m) (2.24c)
Fifm) = Jp(Jp+1)[f,m) (2.24d)
i(f.m) = Li(I;+1)|f.m) (2.24e)
B |fm) = Fy(Fp+1)[f,m) (2.24f)
E\fm) = ml|f.m), (2.24g)

where 7wy is the energy of level |f) and the angular momentum quantum numbers

obey the following restrictions

|Lf—Sf| < Jf SLf—l—Sf (2.25&)
‘Jf—[f|§ Ff SJf-i-[f (2.25b)
—Ff S m S Ff. (225(3)

The energies of selected levels are indicated in Figs. 2.1 and 2.2. We may write the
Hamiltonian for atom p resting in the absence of applied fields in terms of it’s energy

Figenstates as

Fy
=S s 0 220
I m:—Ff
where 6% . . = [f,m), (f',m'] is the Schrodinger picture coherence operator be-

tween states |f,m), and [f’,m’) , for atom p.

2.1.2 The atomic dipole operator d

In this section, we examine the atomic dipole operator d" in more detail, and establish
a notation which we will use for the remainder of the thesis. It is convenient to

separate the dipole operator into positive and negative frequency components. The
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dipole operator for atom g is given by
a” _ a("")u —I— a(_)u (227)

where the positive/negative frequency component is given by
Z a f, (2.28)
L

and d . f , the operator that couples levels |f) and |f’), is expressed in terms of the

atomic state coherences as
Ff/

F “ -
S\ me:— Z u’m m<f,7m,|d|f7m> oW > w
di = H it PoR (2.2

0 . WfISCUf
Al e A=) et
and dz g1y = dys.pry -
We simplify Eq. (2.29) by decomposing the vector operator (Aig;)ffl) into its rank-1

spherical tensor components [83]

1
< 1Ol S (=)
dypy = &diiha (2.30)
a=-—1
where
- 1. ..
§o1 = é(SC:EZy), (2.31a)
& = %, (2.31b)
and
A = A( )1
(ff’ =& dis ) (2.32)

We may similarly decompose the positive frequency component of the dipole operator;

~ (+
d f Z Ead (0 o (2.33)

)

a=-—1
where JE;{% cZ “ T . Using the Wigner-Eckert theorem, we evaluate the dipole

matrix elements and arrive at the expression for dipole operator
PP L Fp s

S ) i
(frf e ™ ’
0 . WfIS(Uf

(2.34)
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where ( 1

F;1F
1 f i
) and Cm am+to

a‘) f) is the reduced matrix element of d between the levels | f) and |f)
are the Clebsch-Gordan coefficients.

Since the dipole operator only depends on the positions of the atomic constituents
(Eq. (2.10)), only the spatial electronic wavefunctions, rather than the particle spins,
play a role in electric dipole transitions. To a good approximation, the spatial elec-
tronic/nuclear wavefunctions are unaffected by hyperfine interactions between the
nuclear spin and the electronic angular momentum [82]. It follows that the reduced
matrix element between hyperfine levels |f) and |f’) may be expressed in terms of a

reduced matrix element between the fine structure levels, j{f} and j{f’}, in which

levels |f) and |f’) reside. One finds that the reduced matrix elements ( 1 aH f) are
related to the matrix elements between fine structure levels by [84]
(£l 1) = Gy, (~0 I (20 1) (2Fy + 1)
W (Jp Fy Jp B 1) (5U01]|a)| it 0Y) - 239)

where W (Jy Jy J J3; J'J") are the Racah coefficients[84].
2.1.3 The Interaction Picture

In the work we present in this thesis, it is convenient to work in the interaction
picture. The interaction picture wavefunction |W(t)), is related to the Schrodinger

picture wavefunction |W(t))¢ by the relation
W(t)s = U(t) [ 2(D),, (2.36)

where U)(t) = exp((H gaq + 25:1 H!)t/ih) is a unitary evolution operator. Similarly,

an interaction picture operator A[(t) is related to the Schrodinger picture operator

~

A by
Ap(t) = U () AsU(2). (2.37)

'For reduced matrix elements, we use the conventions of Rose [83].
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In the remainder of this document, operators lacking an explicit time argument cor-
respond to Schrodinger picture operators.

The interaction picture Hamiltonian now contains only the electric dipole inter-

action.
N
Z D(7,. 1), (2.38)
where
Z Z e zwf/ wr)t ff’ §a+hc ’ (239)
£F a=1
and
oFr 1y s
F(+H) Z Ff (f/ dHf) mfamiao-‘l;m ! om+a . Wf’ >(Uf
g = o (2.40)
where ¢ Uf mi e = eXP(i(wp —wp)t)o ?m 7. () 18 the slowly varying atomic coherence

operator. Note that in the interaction picture, the slowly varying atomic operators
are time independent, i.e. 5?’,m+a; fm = &}L’,m—l—a;f,m‘

The time dependent displacement field is given in the interaction picture by
N/ — - (+) — -~ (_) —
D7 1) = ¢ (E 71 +E7F t)) , (2.41)

where
—ZZ / BE E(ck)Er(R)ax(F)e~ (k) (2.42)

()t~
(7,1)

and E(_)(F’, t) = E t). In the next section, we will discuss the the decomposition

of the electromagnetic field into system fields, which consist of classical laser fields
and modes detected by photon counters in the experiments, and the reservoir, which

contains the plethora of undetected modes.
2.1.4 Decomposition of the electromagnetic field

When dealing with light interactions with atomic ensembles for the purposes of stor-

ing and generating quantum information, one often considers the interaction of the
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atoms with several narrow band-width fields. We identify these fields as system fields.
The system fields may consist of the write, read, signal and idler fields that we discuss
in the context of entanglement and single photon generation in Chapters 3, 4, 5, and
8. They may also include the classical control and quantum signal fields that partic-
ipate in electromagnetically induced transparency and photon storage, as discussed
in Chapters 6 through 8.

We decompose the displacement field f)(f’, t) into the system fields plus a contri-

bution from the reservoir.
D(7,t) = Dp(it) + > D, (1) (2.43)

where ¢ is the index indicating the system field, and D(7,t) = D(7,t) = >, D, (7, t) is
the contribution to the field of the reservoir modes. The system field ¢ is described by a
set of plane wave modes centered on the wavevector k,. Specifically, field ¢ is described
by the set of annihilation and creation operators {a,(k), di\(lg) Ne{H V} and k €
D,}, where D, = {k : [k — k| < Ak/2, and [k\| < k9/2 YA € {H,V}} is the
set of wavevectors for the modes belonging to field ¢, Ak < k, is the range of wave
numbers in D,, /f(j)/\ = 5’,\(12@) -k is the component of the wavevector k along the linear
polarization vector & A(IQ:L) for the plane wave propagating in the direction k, = k, [k,
and ¥ < 1 is the maximum variation of the solid angle for system field . For an

arbitrary vector v, we label the component parallel to k, as vﬁb) = ¥+ k, and the the

transverse portion as zTiL) =0v— vﬁb)l;).
Like the total displacement field, we decompose the narrow band field into positive

and negative frequency components.

D.(7,) = e (Ef”(f, ) +he), (2.44)
where
8770 =S / @B 2 (R)E (ch)e R, (F). (2.45)

)\ L
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We decompose the Reservoir operator in a similar fashion:

()

D (rt)_eo(ER( )+hc) (2.46)

where
By (7t =B w0 - S B 7). (2.47)
Because the the variation of wavenumbers Ak < k, is small, we may make the

narrow-bandwidth approximation, replacing &(ck) with £(ck,) for all k € D,. This

approximation allows us to reexpress the system field EEJF) in the simplified form

B [ PR ek 10 30 (2.48)
260

where we have defined the slowly varying photon flux density operator

~ (), _ 3 i((k—Fk,)-F—c(k—k,) L
89(71) = \/;Z/ RE( hik) 249
. 3
: U X,
k() _w(k“ —k,)(t— /c) o iclk= k“)tA (/Z) (2.50)

As we shall see from the following argument, the last exponential appearing in

Eq. (2.50) accounts for diffraction. We may approximate the difference appearing in

the last exponential of Eq. (2.50) as k — kﬁb) = \/(k‘ﬁb))2 + [P — k‘ﬁL K12/ (2k,),

so that the slowly varying field becomes

d ‘/27r Z/Ld?’kq

BT —zc(k() —k)(t—r(") /<) iR 2/ (k) 5 A(E) (2.51)

By differentiating Eq. (2.51), we may find the following equation of motion for the

slowly varying envelope operator in the interaction picture,

0 o)\ al Vﬁ) ol
g V) é Vi 9.52
<8t+CkL V) 2k (2.52)
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It is convenient to further decompose the slowly varying envelope into its helic-
ity components; ®(7,t) = >0 &, (k) DY (7, 1), where &y (k,) = F(1/v2)(En(k,) +
iy (k,)) and éy(k,) = k, are the helicity vectors for a field propagating in the k, direc-
tion as described in Appendix A, and (7, t) = & (k,) - $" (7,t) is the component
of the slowly varying photon flux density operator with helicity «. In the problems
we consider, the distribution of propagation directions k within a particular system
field is assumed sufficiently narrow so that we may make the paraxial approxima-
tion. That is, we may approximate the slowly varying field ‘i>(b) (7, t) by replacing the
polarization vector 5,\(1%) appearing in Egs. (2.49), (2.50), and (2.51) with the linear
polarizations associated with the carrier wave vector 5,\(1%). With this approxima-
tion, the component of the slowly varying field along k, is negligible, and therefore

" 2 0. It can be shown, that in the paraxial approximation, the field operators for

system fields ¢ and ¢/ obey the commutation relations,

BYE0.B 0] = (B8] =0 (2.530)
Ak
2 (7 W } _ / c 2 —icg((t—t')=(r{") =r{"") e)
|:(I>a (Ta t)> (bﬁ (T N ) 6L,L 501,5 (27’(‘)3 /% dqe
©2
X / APk iR R (2.53b)
Ak . .
= 0, 5a,562 sinc [ 5 ((t —t') — (rﬁ) T )/> /C)}
21.(0) —i k(j)z(t ) +E 7
X d*k\ et amm TR 2.53
(27)? /DL L€ (2.53c)

These commutation relations are simplified somewhat when they are taken at equal

times, t = t/,

[Ci),(;)(f’, t),@(ﬁuﬁ(?,t)] = O a,ﬁczA:sinc [Cgk ((rﬁb) — rﬁb) /> /C)}

kﬂg ? . kﬂg (¢) ()1
X (27r) H smc{ 5 (rl)\—rl)\) (2.54)
Ae{H,V}
~ del a’ﬁé(F— ’/_j), (255)

where we have used the approximation, (k/7)sinc(k(x —z')) =~ §(z — 2’) when we are
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concerned only with variations of z much larger than 1/k. Interestingly, one also finds

the slowly varying fields are delta correlated in time for equal propagation distances

A (D) AW LN cAk . [eAk AW
[¢g)(7:§_)>rﬁ)>t)aq)(ﬁ )T(,,:‘S_)/’,r,ﬁ ),at/)] = 5L,L’ a,B 2 Sinc |: 2 (t _t/):| (271’)

x I sinc lk;ﬁ (r(j&—r(j’;)} (2.56)

Ae{H,V}
800050t — Yo — 7)), (2.57)

Q

These equal space commutation relations will be helpful in the description of photo
detection, where the detector is fixed in space, and we are interested in how a state
is conditioned on the photon arrival times, as discussed in Appendix D.

The system fields as we have defined them allow us account for the longitudinal
and transverse character of the evolution of the quantum field. Such a general treat-
ment is useful when one studies the propagation and stability properties of quantum
electromagnetic fields in a nonlinear medium [85]. In the problems we treat here,
however, the dynamics in the transverse dimension of the system fields are unimpor-
tant. When quantum fields are detected by photon counters in our experiments, only
a single transverse spatial mode — a Gaussian mode, more specifically — is collected
by an optical fiber. Further, the classical laser fields in the experimental setups have
a controlled transverse spatial structure. For this reason, we will now define effective
one dimensional system fields, where the transverse spatial dynamics are frozen out.

To formally accomplish this task, we identify a complete set of mode functions

{f; : DX — C}, where
D}z{/aeﬂz@ L kY, < ko, A e {H,V}, z'zO...oo}. (2.58)

These functions are orthonormal on the set D:t, and therefore satisfy the normal-

ization condition,

| R ELED = by (2.59)
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Having identified this set of functions, we ddefine the transverse mode annihilation

operators
ROk

(k;ﬁ , ) = / &Pk, e—“%t Fr(k)ax(k) (2.60)

where kﬁb) is the component of k parallel to l%b, and t functions as a parameter with

units of time. The relationship in Eq. (2.60) can be inverted by

u) 2

Zfz e tal) k(" t) (2.61)

By inserting the modal expansion of ay (k) of Eq. (2.61) into Eq. (2.51), and again

making the paraxial approximation,we find

&(rt) =Y Akl el (), (2.62)

A
where
(ﬁ(;l(rﬁb)’t) _ \/%/dkl(lb) 6i<k|(|L)_kb) (Tﬁ)_ct)a() (kl(l ) ¢ _T” /C> (2.63a)
_ 1 /d3k ei(k‘(‘b)—l@) (rf—et)
(2m)°
7 2 .
B 1 (1) g o

is the one dimensional photon flux operator, and
()2
5]

. - . (¢) —
¢§L) (f} _ QL /d2k5f)62/ﬁ_'7’6_1 2k, | fl (kgf)) (264)
T

is the transverse spatial profile associated with fZ(EiL)) One can show that for equal

longitudinal positions rﬁb), the spatial mode functions satisfy the normalization con-

/ @@ o (7)) o (70, rf7) =01 (2.65)

dition

The operators SOE\)Z( ﬁ ,t) and ‘PA i ( |(| g t) obey the equal time commutation relations
[“OEL) ()@ (1) = o (2.66a)
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Furthermore, in the interaction picture the operator @gi)i(rﬁb), t) satisfies the equation

of motion

(% + ck, - V) oM =0. (2.67)

The transverse spatial profiles, on the other hand, are time independent, and solve

the differential equation

(.- v) o (7) = T 0 (7) (2.68)
. ;)= ok i T .

Having expressed the system field in terms of an expansion of transverse spatial
modes, we may easily make the simplification that only one of these transverse modes
is populated and/or detected for a given system field. When we keep only the popu-
lated /detected transverse mode, the positive frequency component of the electric field

for system field ¢ becomes

- —ic —T(L) c — 7 ~ L
B (7.0) = (2 E(ek)e ™ )60 (1) 3 e, (k) 00 (1) (269)
a==+1
where @Ef) (TI(\L)’ t) is the photon flux annihilation operator for the field of helicity «,
and is given by
A0 () = 3 @ (k) a (R) e () (2.70)
Ae{H,V}

In the remainder of this thesis, we will assume our system fields are well described

by Eq. (2.69).

2.2 FEnsemble Interactions with Narrow Bandwidth
Fields

In this section, we consider the general case in which an atomic ensemble interacts
with one or more narrow band-width fields. To explore the interaction of the atomic
ensemble with the system fields, we begin with the electric dipole Hamiltonian for

the interaction of the ensemble with the full quantized electromagnetic field in the
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interaction picture ( Eq. (2.38) ). We take advantage of the notation developed in
the last section.

We will first examine the dynamics of a system field labeled by the index + which
propagates in the direction k, and has a carrier frequency ck,. The contribution to
the electric field from system field ¢ is given by Eq. (2.69). To gain insight into the
generalized field propagation dynamics, we write the Heisenberg equation of motion
for the slowly varying photon flux operator gbfx)( s t) for photons of helicity o = +1.

This equation of motion is given by

(gt + ck, - V) QL ( ﬁ”jt) = hieoz [805;) ( I(IL)’t> D (Fmt)] . gr (t) (2.71)

The commutation relation appearing in the Heisenberg equation of motion ( Eq. (2.71) )
is evaluated by using the decomposition of the displacement field of Eq. (2.43) and

applying the commutation relations of Eq. (2.66). We then find that,
0 (r0,t) D (7t
Der Ty ot) s (Tuv )

_ ,/@ew’ﬂ(t 1) g0 (7,) 6 (b (=70 & (k) (2.72)

We then have the propagation equation for the Heisenberg field operators

(gt + ck, - V) L ( ﬁ‘),t) — ;fi‘o ek, (=7 /¢) g (k;) '75<7"|(|i)vt> (2.73)

where

( " ) Zd“ (t) ¢ (r.) 0 (%L-(F—ﬂb)), (2.74)

and (Aiu(t) is the Heisenberg picture dipole operator for atom u, and is given by

Z€_Z(wfl ws td(f 1D ( ) + h.C. s (275)
I

a(]T)f,’; (t) = Z;:_l Sadg}r e 18 the positive frequency component of the dipole opera-

tor coupling levels |f) and |f’), Ea are the spherical basis vectors with respect to the
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Z axis as defined in Eq. (2.31), and the spherical component of the dipole operator

JE;‘F%a is given in the Heisenberg picture by
Fy g SOl E o t) - >
e Zm:_Ff (f H f) mam+a¥ fm; fmta Lo wp 2wy
dij e = . (2.76)
0 : u)f/ S (,Uf
where &% .0 . (t) = exp(i(w) — wp)t)G fm: () is the slowly varying coherence

operator for atom .

Let us now briefly examine the atomic dynamics. The behavior of the atoms
within the ensemble can be completely characterized by the slowly varying coherences
Gl e 1. (1) Detween atomic states |f,m), and [f,m') . These coherence satisfy the
Heisenberg equation of motion

dt

= [0, V0)

~.

()

_ [5;:,% f,m,(t),&(t)] : (ER (F“,t)JrZEEJr)(FH,t)th.c.) (2.77)

St

The equations of motion we have derived in this Section describe the interaction
of the electromagnetic fields with an ensemble atoms in an arbitrary configuration.
We have now laid the base from which we can explore the dynamics involved in gen-
erating entanglement, and storing and retrieving quantum information within atomic

ensembles.
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CHAPTER 3

ENTANGLING A PHOTON WITH A

COLLECTIVE ATOMIC EXCITATION

In this Chapter, we describe a new experimental approach to probabilistic atom-
photon (signal) entanglement. Two qubit states are encoded as orthogonal collective
spin excitations of an unpolarized atomic ensemble. After a programmable delay,
the atomic excitation is converted into a photon (idler). Polarization states of both
the signal and the idler are recorded and are found to be in violation of the Bell
inequality. Atomic coherence times exceeding several microseconds are achieved by
switching off all the trapping fields - including the quadrupole magnetic field of the
magneto-optical trap - and zeroing out the residual ambient magnetic field.!

We will also provide a detailed theoretical model for spontaneous Raman scatter-
ing from an atomic ensemble. It is shown how one arrives at an effective two-mode
description for the collective scattering dynamics when undetected modes of the elec-
tromagnetic field are traced over. This, in turn, serves as the mechanism that gen-
erates the observed probabilistic atom-photon entanglement. The dynamics of the

conversion of the atomic excitation to a photon are also discussed.

3.1 Introduction

Long-distance quantum cryptographic key distribution (QCKD) is an important goal
of quantum information science. Extending the reach of quantum cryptography ide-

ally involves the ability to entangle two distant qubits (two level quantum systems)

!This chapter contains excerpts from Ref. [17].
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[1, 29], using the Bell inequality violation to verify the security of the quantum com-
munication channel. Parametric down conversion is an established technology pro-
ducing entangled photon pairs. Unfortunately, it is not directly applicable to long-
distance QCKD, as the rate scales exponentially with the distance due to probabilistic
nature of entangled photon pairs generation. It is necessary to provide a controllable
delay between the two photons, that is, to have a means of photon storage.

The latter requirement is problematic as photons are difficult to store for an appre-
ciable period of time. By contrast atomic qubits are long lived and easily manipulated
by laser fields; they are well suited for long term quantum information storage. Pho-
tonic qubits, however, can propagate for relatively long distances in fibers without
absorption, making them excellent carriers of quantum information. Entangled sys-
tems of a single photon and a long-lived atomic qubit therefore offer an excellent
building block for a quantum network.

A quantum repeater architecture can overcome the limitations of photons by in-
serting a quantum memory qubit into the quantum channel every attenuation length
or so [29]. The idea is to generate entanglement between two neighboring atomic
qubits, which can be done efficiently since light will not be appreciably absorbed
within the segment length. After entanglement between each pair of atomic qubits
has been established, a joint measurement on each neighboring pair of qubits is per-
formed. The quantum states of all the intermediate qubits are destroyed by the mea-
surement, achieving entanglement swapping such that only the two atomic qubits
at the two ends are entangled. These two qubits can be used for QCKD, either
with the Ekert protocol, that directly uses the entangled pair of qubits, or the BB84
protocol that performs either remote state preparation or teleportation of a qubit
5, 4, 24, 25, 26, 28]. The rate of QCKD using a quantum repeater protocol can scale
polynomially with distance [29].

In the microwave domain, single Rydberg atoms and single photons have been
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write stage read stage

Figure 3.1: (a) Schematic of experimental setup. P, and P,, polarizers; D1 and D2,
detectors; A/4, quarter-waveplate. (b) The structure of atomic transitions leading to
generation of atom-photon entanglement and of the subsequent read-out of atomic

qubit.
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entangled [86]. An entangled state of an ion and a photon has also been recently
reported [32, 33]. Cavity QED holds promise for generation of deterministic neutral
atom-photon entanglement, with single photon generation being an important step
in that direction [36, 37]. Collective enhancement of atom-photon interactions in
optically thick atomic ensembles offers a somewhat simpler route towards this goal
40, 41, 42, 43, 44, 45, 46]. However, the atom-photon entanglement is often of a
probabilistic character.

Duan, Lukin, Cirac, and Zoller (DLCZ) have developed a program of long-distance
quantum networking based on atomic ensembles [47]. This paradigm turns out to be
remarkably similar to parametric down conversion, with the additional capability of
atomic quantum memory. Non-classical radiation has been produced from an atomic
ensemble [51, 52, 53, 54, 55, 56], as well as the preparation of a quantum memory
qubit based on two atomic ensembles with subsequent quantum state transfer onto a
photonic qubit [57]. These experiments [51, 52, 53, 54, 55, 56, 57| employed copropa-
gating write and read laser fields and on-axis Raman-scattered light was collected. In
contrast to these works, Braje and coworkers pioneered off-axis four-wave mixing [58]
and efficient photon-pair production [87] in a cold atomic ensemble, using counter-
propagating write and read fields deep in the regime of electromagnetically-induced
transparency.

In this Chapter we report probabilistic entanglement of a collective atomic excita-
tion and a photon (signal), achieved using the off-axis, counter-propagating geometry
of Braje et al.[58, 87]. We propose and experimentally implement here an atomic
qubit consisting of two distinct mixed states of collective ground-state hyperfine co-
herence which contain one spin excitation. The entanglement of the signal photon
and the collective spin excitation is inferred by performing quantum state transfer
of the atomic qubit onto a photonic qubit (idler) [57], with one of the atomic states

being converted into a right-hand polarized photon and the other into a left-hand
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polarized one. Polarization correlations of the signal and the idler photons are subse-
quently recorded and found to be in violation of the Bell inequality. The atom-photon
entanglement is probabilistic, with the fundamental quantum state consisting mostly
of vacuum. The entangled component of the state is post-selected by coincidence
counting. This type of entanglement is similar to two-photon entanglement in spon-
taneous parametric down-conversion (see [88, 89, 90] and references therein), and to

the ion-photon entanglement of Blinov et al. [32, 33].

3.2 Theory

As illustrated in Figure 3.1(a), the right circularly polarized write pulse generates
Raman scattering. We collect a Gaussian mode centered around the momentum lgs
that forms a 2° angle with the write beam. Figure 3.1(b) indicates schematically
the structure of the three atomic levels involved, |a),[b) and |c). The experimental

sequence starts with all of the atoms prepared in the unpolarized level |a). The

Fa

m=

initial density operator of atom p is given by py = > " . pm la,m), (a,m|, where
pm = 1/(2F, + 1) is the probability of an atom is prepared in the state |a,m). A
write pulse tuned to the |a) — |c) transition is directed into a sample of cold **Rb
atoms. The classical write pulse is so weak that less than one photon is scattered in
this manner on the |¢) — |b) transition into the collected mode for each pulse.

Using perturbation theory, we show in Section 3.2.1 that the ensemble-photon

density operator may be written as
p= (1 + x O (n)) po (1 + U (n)) (3.1)

where
N
po = (@ ﬁﬁ) ® |vac) (vac (3.2)
pn=1

is the initial density matrix of the ensemble-signal system, |vac) is the signal photon
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vacuum state, x < 1 is an interaction parameter given by Eq. (3.53), and

U () = cosn S’gdﬂ + sinn 5*(_22@(_53’ (3.3)
where
F, Fq
cosn =" puX2i /[ D D pmXD ), (3.4)
m=—Fg, m=—F, a=%1
KXo = C’,,Izaale;HawCi’;zfc_aam ta, 18 the product of the relevant Clebsch-Gordan

coefficients for the transitions, and «, = 1 is the helicity of the write field. The
collective atomic spin excitation operators 5’&2) are given by Eq. (3.55). For weak
states of excitation the collective spin operators satisfy bosonic commutation rela-
tions correct to O(1/vN): [S&i), ggﬁ] = 04.5. Evaluating the coefficient cos?n for
the experimental conditions F, = F, = 3, F, = 2, we find n = 0.81 x w/4. It is
important to realize that the vacuum component in density matrix p ( Eq. (3.1) )
has no influence on the fidelity of DLCZ’s quantum communication protocols due to
built-in purification, even though y < 1 [47].

Detection of a photon by D1 produced by the |¢) — |b) transition results in the
sample of atoms containing, in the ideal case, exactly one excitation in the related
collective atomic mode. After a variable delay time At (bounded by the lifetime of
the ground-state atomic coherences) we convert the atomic excitation into a single
photon by illuminating the atomic ensemble with a pulse of light near-resonant with
the |b) — |c) transition and counter-propagating with respect to the write beam
(Figure 3.1). For an optically thick atomic sample, the idler photon will be emitted
with high probability into the mode determined by the phase-matching condition k=
k wt ko, — k s, with the atomic qubit state mapped onto a photonic one as discussed in
Section 3.2.2. Under the condition of collective enhancement the atomic excitations
generated by SﬁT map to orthogonal idler photon states up to a phase. Assuming
equal mapping efficiency, the number of correlated signal-idler counts registered by the

detectors can be predicted on the basis of Eq. (3.1). We find, by carefully analyzing
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the measurement procedure,

C (05, 0;) o [(cosn + sinn) cos (s — 6;) +

(cosm — sinn) cos (05 + 6;) ]2, (3.5)

where 6, and 0; are the orientations of polarizers P; and P,. Following Clauser-Horne-
Shimony-Holt (CHSH) [91, 16], we calculate the correlation function E (6, 6;), given

by
C(05,0;) + C (0+,0F) — C (0-.0,) — C (0, 64)

where 0+ = 0 + 7/2. The CHSH version of the Bell inequality is then |S| < 2 where

S=E(0,60)+E0,.0,)+E0,0)—E0,0). (3.7)

5771

The maximum violation of the Bell inequality is achieved for a maximally entangled
state with the canonical set of angles 6, = —22.5°, 6, = 0°, 0, = 22.5° and 0 = —45°:
S = 2¢/2 = 2.83. Based on the value = 0.81 x /4 we find, ideally, S = 2.77 which
significantly violates the Bell inequality.

In the following sections, we will provide a more detailed analysis of the interaction
of the write beam with the atomic ensemble. We will show, that due to collective
enhancement, the spin waves imprinted on the ensemble by the signal photon emission
are independent of those left behind by photons scattered into undetected modes. We
will then describe the dynamics of the read process, in which the read beam is resonant
on the |b) < |c) transition. We take advantage of the Heisenberg Langevin equations
that describe joint photon and spin wave propagation in the presence of a control

field that are developed in Appendix C.
3.2.1 The Write Process: Raman Scattering from a Collection of Atoms

In this section, we describe the dynamics of the classical write field interacting with
an ensemble of N atoms. We describe the write and the detected signal fields as

distinct narrow bandwidth fields with carrier wave vectors k, and ks respectively.
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We follow the conventions introduced in Chapter 2 Section 2.1.4. The write beam
is detuned from resonance on the |a) < |¢) transition by a frequency A,, so that
cky = we — wg + Ay, where fwy is the energy of level |f) as described in Chapter 2.
The carrier frequency of the signal, cky = w. — wp + A, differs from the write beam
frequency by the hyperfine splitting between levels |a) and |b). We assume that the
propagation direction of the write field ke s nearly parallel to the laboratory fixed
angular momentum quantization z-axis, and that the detected signal field propagates
along the z-axis; ks = 2. In this limit, we make the paraxial approximation so that
the helicities of the fields correspond to the spherical basis vectors (Eq. (2.31)). That
is,

o (k) = @ () = €. (3.8)
We note that the write and signal fields are not necessarily collinear so that we may
allow for the off-axis geometry introduced by Braje et al [58]. The positive frequency

electric field operators for the write and signal fields are given by

~(F) ik T —ic w) (= ) ~(w w
B, (7.1) = 2m)"? € (chy) eFTe 190 (7) 3 7 (k) 60 (1) (3.9)

a==+1
and
By (7 0) = (202 € (k) e R0 (1) Y & (k) @ (1) (3.10)
a==11

respectively, where ¢ () (v € {w, s}) is the transverse mode function (as discussed
in Chapter 2), and rﬁb) =k, - 7. We assume the collected signal field has a transverse
spatial profile much narrower than that of the write beam so that the envelope of the
write field is essentially constant over the width of the collected signal mode. The
write field will be treated classically and is assumed to have a fixed helicity a,,. The

expression for the write field, therefore, simplifies to

EW®) (7, t) = gawei];“"?e_wk”tEw (7, 1) (3.11)

w
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where

By (7,8) = (20 Vg€ (chy) 6 (7)o (r{", 1) (3.12)
is the slowly varying electric field amplitude,
mo= [ elh a0 (0 0) de (3.13)

is the average number of photons in the write pulse, 2y is the position at which the
pulse enters the atomic sample, and (2, t) is the temporal envelope of the write pulse
that satisfies the normalization condition ¢ [*_dt’ |¢(z,t')|* = 1. We will typically
work in the undepleted pump approximation, in which the write beam experiences
negligible losses during propagation, i.e. ¢(z,t) = ¢(0,t — z/c).

The atoms are assumed to have fixed positions for the duration of the experiment.
We treat the atomic positions {7, : 4 = 1... N} as a set of independent identically
distributed random variables which are distributed according to the probability den-
sity n(7)/N, where n(7) is the number density of the atomic sample. We assume the
atomic density within the sample does not vary over the widths of either the write
or signal transverse spatial modes. The atomic density is, therefore, taken to be a
function only of the propagation distance; n(r) = n(rﬁs)) ~ n(rﬁw)) ~n(z).

The dynamics of the system are described by the electric dipole interaction dis-
cussed in Chapter 2. Because the write and signal fields are off resonant on the
la) < |c) and |b) < |c) transitions respectively, we may adiabatically eliminate the
excited level |¢) when A, is much larger than the bandwidth of the write laser pulse
Ak,. We also assume A, is small enough so that the write beam is much closer to
resonance on the |a) < |c) transition than on any other electric dipole transition in
85Rb. We show in Appendix B that adiabatic elimination of the excited level yields

the effective interaction picture Hamiltonian

~

Vv (t) = VStark (t) + VRayleigh (t) + VRaman (t) (314)
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where Vgtark(t) accounts for the ac Stark shift, VRayleigh(t) accounts for Rayleigh scat-
tering of the photon in which an excited atom returns to the initial hyperfine level
|a), and Viaman(t) accounts for the dynamics of Raman scattering. It is the Raman
scattering that results in the creation of the hyperfine spin wave in which the atomic
qubit is encoded.

The Stark shift interaction is given by

—

Vitark (t hA Z < (ac t) - ESD (7, )) <d(ac (t)- ESY (Fmt)) : (3.15)

Substituting the definitions of the dipole operators ( Eq. (2.40) ) and electric fields

( Egs. (3.10) and (3.11) ), the Stark shift interaction simplifies to

Vitark ( i 7 t)|2 :FZjF [T, 25a,m; am (1), (3.16)
where
O (F,t)z( Hd” ) (7,4) (3.17)

is the write field Rabi frequency. The Stark shift results in each Zeeman state within
ground level |a) being shifted by an energy proportional the square of a corresponding
Clebsch-Gordan coefficient. In the nondegenerate three level atomic system treated by
Duan, Cirac, and Zoller [92], the ac Stark shift is handled through a trivial unitary
transformation. In our degenerate system, however, each Zeeman state is shifted
by a different amount. This tends to complicate the dynamics, and its effects on
the entanglement generation scheme presented here will be the subject of future
investigations. In this work, we will assume that either the detuning is sufficiently
large, or the Rabi frequency is sufficiently small so that the ac Stark shift may be
neglected. Expressed formally, we assume 6,,(7,t) < 1 for times after the write pulse
interaction, for all m € {m : |m| < F,} and positions 7, where the angle 6,,(7,t) is
given by

dt' |Q, (7). (3.18)



The Rayleigh scattering interaction results in the absorption of photons from the
write beam accompanied by emission of photons of the same frequency. The atom
that scatters the photon either returns to its initial state, or possibly a different

Zeeman state within the same hyperfine level. The Rayleigh interaction is given by

- 2 Ay w) A Ey =
VRayleigh (t> = FLT (d(a,c) (t) ’ ER (Tﬂ7t)> (d(a,c) ’ E1(u+) (Tlht)) + h.c. ) (319>
where
By =8-S B (7 (3.20)

te{s,w}

is the contribution to the electric field from the reservoir of undetected modes.

It is useful to expand the reservoir field into its constituent plane wave modes as

£ (7, —z/d kZeA< ) k) &R T e icktsg, (E;F,t), (3.21)

where day(k:7,t) is the contribution of the plane wave annihilation operator (k)

to the reservoir field. This operator is given by

5y (/Z;m) = (E)— 3 O (Ak/2— [k —kl)

te{s,w}

~(t
L

. . AN . L L
X fOFO)e™ 20 (= />a&) (kﬁ),t—rﬁ)/(:), (3.22)

where ©(k) is the Heaviside function, cAk,), is the maximum bandwidth of the write

[signal] field as discussed in Chapter 2,

. . ) I
FOFED) = — L g mmr / Pr) e=iELT g0 (i) (3.23)

is the Fourier transform of the transverse mode spatial mode of field ¢, and is the

inverse of Eq. (2.64), and the operator

(k:ﬁ ) - / &k e—“‘Mt 1 (Eﬁ’) ix (E) , (3.24)

where k = k:ﬁb) k, + E(j) We note that the time argument of the operator 5&; (E T, t)

appears as a parameter in the definition ( Eq. (3.22) ) because we are working in
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the interaction picture, and we have included the effects of diffraction of the signal
and write fields. If one were to neglect diffraction, the operator 5&,\(12) would be
independent of both position 7 and time ¢.

Expanding the electric field and dipole operators in terms of field mode operators
and atomic coherences yields the Rayleigh scattering Hamiltonian

V(@) = 285" 3 Vi [#E3 (62 (i)
A

a=—1m=—F,

N
< () 32 0 (7) @ (-7 t) (R
n=1

~ ic(k—kw)t st (1. =
Kt inga a0 (B 7 8) + b, (3.25)
_ F, 1 F, F, 1 F,
where Ym,a - Cm(fl—awc—a a mtou Cmaocw 7?1+ocw>

G DIEN
A, 2€0

7 (ck) = ‘ (3.26)

is an interaction parameter with units of frequency times volume, 5?7,”; P
= exp(i(wp — wp)t)0% . 1 () are the slowly varying atomic coherences for atom
p between states [f,m), and |f',m’),. We make the further simplifying assumption
that the write electric field sptatio-temporal envelope @(l%w - Ty, t) does not vary over
the length of the ensemble so that it can be taken as independent of the propagation
distance, i.e. ¢(z,t) = ¢(0,t). The Rayleigh scattering Hamiltonian then simplifies
to

VRayleigh(t) = —2ihp (0,1) i i Ym,a/dskz (52'63 (]Af))
)

a=—1lm=—F,
N

X3 (ck) Y o) (1) ()T

p=1

K oo ameERGL (l%' t) Yhe. | (3.27)

The Raman scattering interaction involves the absorption of a photon from the

write laser coupled to the emission of a photon with a frequency near cky. This
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interaction is given as

N

’ 2 A(+) £ (=) (+) (o

Viaman(t) = 7 E:(d(bﬁ)”(tyE (m,t)) (d(a,c’;(t)-Efj) (ru,t)>. (3.28)
w,u=1

It is convenient to expand this interaction in terms of the plane wave creation and
annihilation operators and coherence operators for the individual atoms.

Recalling that we have assumed the write beam does not vary over the length of
the ensemble, p(z,t) ~ ¢(0,t), we find that the Raman scattering interaction can
be expressed in terms of products of plane wave operators d,\(IZ) and hyperfine spin

—

waves S, (k — ky), where

S, (q) =
= AT P [ Kol

are hyperfine spin waves with wave vector ¢ that are created by emission of a photon

Sa,m; bm4aw—a ((f)

F,
. mea A
Sy el (3.29)

with polarization é; during the write process,

Q — A(w) = (w)* (= 1qT
Saym; b7m/ (q_> - N Z ¢ (Tﬂ) € #O-a’m; b7m/7 (3-30)
PmdV =]
where
1 1
— (w) (w)
T = N/dr” n(r” ) (3.31)

is an effective area of the write beam, and p,, is the probability that an atom in
the ensemble is initially in the state |a,m). When the total number of scattered
photons is much less than the number of atoms, we may neglect any changes in the
atomic populations during the write process to order 1/N, and Zeeman coherences
can be neglected to order 1/ V/N. With this approximation, we find that the spin

wave operators obey the following commutation relations:

|: a,m; b,my, ((j) ) ga,m’; b,mj, (67)] =0 (332)

S b (@58 s g @] = Gonar O 0@ = @) + O(1/VN), - (3.33)

o)
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and

[Sa@. Ss@)] = 0 (3.34)
[5a(@. 8Y@)] = duse(@—@)+0 (1VN), (3.35)
where
Aw) N 9
0@ =T 3 |6 () (3.36)

p=1

is the phase matching function. Because the positions of the atoms are random and

identically distributed, we take advantage of the central limit theorem and find that

2

0@ = A [ @ o) () e+ 001V (3.37)

is the Fourier transform of an effective atomic density profile interacting with the
write beam. The phase matching function takes on its maximum value of one when

¢ = 0. The Raman scattering potential in terms of these spin waves is given by

R N & 5
VRaman(t) = —2ih WZ me|Xm,o¢|

a=—1\ m
> ez () picte—ks)
X‘P(O,t)/d3k %(ck:); (ga &) (k)) pic(k—ks)t
xS} (E — Ko, t) al, (E) + hee. (3.38)

_ F, 1 F, Fy 1 Fe
where Xm,a - Cmaaw ;H-aw Cm-l—aw —aa Mt

L DICL DTN~

is an interaction parameter with units of frequency times volume. Physically, one

and

interprets the Raman interaction to mean that when a photon of wave vector k is
scattered, a hyperfine spin wave with of wave vector k— Ky is imprinted on the
ensemble.

Let us examine the properties of the phase matching function as it applies to our

experimental set up. The write beam has a Gaussian profile whose full transverse
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width at half its maximum (FWHM) is about W = 400 pm. For simplicity, we assume
the atomic density has a spherically symmetric Gaussian profile with a FWHM length
of L =3mm > W. We also assume that the write beam and collected signal mode
pass through the center of the ensemble. In this case, we find the phase matching

function is given by

o) = ex9 = g1g (B + 72 (4 ) ) (3.40)

With this example, let us consider the commutation relations between the spin wave
operators that correspond to scattered photons with collinear wave vectors, S, (l{:l% —

l;:w> and 5’(2 <k’ k— l;:w> These two operators obey the commutation relation
50 (k) 81 (WE—E)] = o (- mE) £ O (1VK),  an

but o ((k’ — k) fc) ~ 1if |k — k| < 1/L. This means that if two photons are emitted
with collinear wave vectors, the spin waves they leave behind are virtually identical
if their frequency difference is much less than ¢/(27L) ~ 16.9 GHz. This frequency is
about five times greater than the hyperfine splitting between levels |a) and |b), while
the bandwidth of the scattered photons is on the order of the spontaneous emission
rate, which is nearly three orders of magnitude less than the hyperfine splitting. We
may therefore assume that collinearly scattered photons correspond to identical spin
waves, and we make the approximation S’Q(k:l% — Ew) ~2 ga(k;sl% — Ew) On the other
hand, if two photons are emitted in different directions 12:, and k&’ , one can show that
the associated spin waves are independent. This is done by evaluating the commutator
between the annihilation operator S, (kgk—k,,) and the creation operator Si (kk'—Fk,)

and showing that it is zero. We have
50 (ish— R) S (K~ F)] =0 (ks (F—R)) + O (IWA) . a2

The phase matching function evaluated at the difference of these two wave vectors,

o(ks(k' — k)) ~ 0 when |k’ — k| > max (1/L,1/W) = 1/(k,W) ~ (x/180) x 0.018°.
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Two spin waves are therefore, independent if the angle between their corresponding
photon emission directions is greater than a fraction of a degree. For our experiment,

we will therefore make the approximation on the phase matching function
0 (/2 . 12) ~ 8% 6 (k: . /%’) (3.43)

where

5% = / P p (ko (K- 1)) (3.44)
is a differential solid angle over which two spin waves cannot be differentiated, and
) (fc — K ) is the delta function with respect to the solid angle measure. Up to a nor-
malization factor, this gives us quasi-bosonic commutation relations for the imprinted

spin waves

[S’a,m; - (k:k - Ew> S b (k:k - Ew)] — 5%k Sy Gyt 0 (k: - E) . (3.45)

N

Having made the approximation Sa(k‘l;: — lgw) = Sa(k‘sfc — lgw), we may further

simplify the Raman scattering interaction

. 2hk,3z (cky) 21N < )
VRaman(t) = 1 c A(w) Z me|Xm,a|

a=-—1 m

where

o o ket Ak/2 ' X
ba (kt) =\/x / » d e~icth—h)pa (kk) (3.47)

is a field annihilation operator for a photon created at the position #¥ = 0 at time ¢
propagating the direction l;:, and cAk, is the maximum bandwidth of the signal field.
This frequency is chosen to be much larger than the bandwidth of the emitted signal

photons, yet much smaller than the detuning A,,. The inverse relationship is given

1 o . ,
dk(k;k;)m?/% / dt’ </<:t> giclb=ke)t’ (3.48)
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These field operators obey the commutation relations

[Q&A (l%, t) gie (l%/, t/ﬂ = 0o (12: - /;7/> Cﬁfs sinc <CA2kS (t — L”))
A OO (k: - 12/) 5(t—1t). (3.49)

We note that the Raman scattering interaction ( Eq. (3.46) ) results in the emission
of photons in all directions. This is in contrast to the results obtained by Duan et
al [92] for the limit of a “hot” atomic ensemble. In this limit, thermal fluctuations
in the atomic positions occur on time scales much faster than the write process,
resulting in photons being scattered preferentially in the forward direction. In our
cold system, however, the atomic positions may be taken as constant for the duration
of the experiment, and the effects of the thermal atomic velocity distribution are
negligible.

3.2.1.1 The Nondegenerate Parametric Amplifier Model of Collective sponta-
neous Raman Scattering

In this section, we demonstrate that, when one traces over uncollected modes, the
scattering dynamics of the write process reduces to those of a single mode nondegen-
erate parametric amplifier for the signal field and an idler spin wave. This model is
used in Chapters 5 and 6 to calculate photo-detection probabilities and correlations
for the field-ensemble system, which is essentially a heralded source of nonclassical
light [47, 18, 23]. Given the interaction picture Hamiltonian in Eq. (3.14) and its Ra-
man scattering component ( Eq. (3.46) ), we seperate the Hamiltonian into that part
that interacts with the signal field H, (t), and that which interacts with the reservoir

modes V&) () as follows:

V(t) = H,(t) + VES (1) (3.50)
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The signal Hamiltonian is given by

A, (1) = i cosn Vee™ (0. 04 (1) ST

+sing Vep™ (0,8) ) (1) S9 - ) (3.51)

where 0 < 7 < 7/2 and

Fa 2
me
cos’n = Lowi-r,P R (3.52)

Ea :I:lzm— Fapm gv,oz

The interaction parameter x is given by

XEz(c a bZUJ(CHdHa) \/TIZ%N > i ot

a=t1lm=—F,

where
_ 1

Al —
VAT 160 @) n(2)

is an effective area of the signal interaction with the ensemble. The spin wave oper-

(3.54)

ators are given by

F,
(7 - \ mea (1
SC(:) = ! ’ 25127217,; bm+aw—a (355)
m=—Fq \/Zm Pm |Xm,o¢|

and,

S A

a,m;bm

/_/i

o bt o (£) €7 FmR)Tuglo) (2 y glw)e 7y - (3.56)

||M2

We call S the idler spin wave. The field operator Q/A),(f)(t) is given by

PO (1) = VepP (0,1), (3.57)

where ¢, (0, t) is the linear photon density annihilation operator within the ensemble.
One interprets field operator 1&&8) (t) as the annihilation operator for a signal photon
created within the ensemble at time t. These field operators obey the standard bosonic

field commutation relations
B0 (1), 05 (W)] = basd (¢~ 1), (3.58)
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The Interaction Hamiltonian responsible for scattering into the reservoir is given by

~ ~

VI (1) = V() = Hy(t)

= ‘A/Rayleigh(t) + <‘A/Raman(t> - }AIS (t)> : (359>

We now show that the signal Hamiltonian commutes with V/(Res) (t) to order
O(1/v/N). Once we show this, we will be able to easily determine the reduced
signal-idler density matrix that results from the write process. One may express the
idler spin wave operators in terms of the constituent directional spin wave operators

as

Sumtat = e [ @ £ (ko= F) S (Wb =F2) (300

V 02k,
where we have made the following approximations: d%f) ~ k2d2k, lgf) ~ k, (l% - l%s>,

and

5, = / P o (k (K~ 1))

(2m)* Aw)

W. (3.61)

One may also express the directional spin wave operator in terms of the idler spin

wave
So (ko= F) = [89,87 (kb= Fu) | 89 + 680 (ol — F )
ko 0%, £ (k:k; - E) 50 1 58, (kk; - k;w> . (3.62)
where

60 (ol — i) = S (kb = o) = [0, 81 (k= K. "5 (3.63)
The operator 5§a (k:sl% — Ew> is defined such that

[SC(;'), 581 (kk: - Ew)] — 0+ O(1/VN). (3.64)

¢

Eq. (3.62) is the decomposition of the directional spin wave into a portion “ parallel”

to the idler spin wave and a portion orthogonal to the idler spin wave. We may
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similarly decompose the directional photon field annihilation operators. The signal

field operator is given in terms of the directional field operators by
09 (1) = k, / Pk (kb — ) o (1)
The directional photon field operator can be decomposed as
Da (k t) =k f (kk: — E) D (t) + 1) (k: t) ,
where
51 (k; t) = 1y (k; t) — kyf (kk: - E) D) (1)
is defined such that

0 (1) 00 (k.t)] =0

(3.65)

(3.66)

(3.67)

(3.68)

Using the decompositions of fields and spin waves presented above, we may write

the portion of the interaction Hamiltonian responsible for scattering into the field

reservolr as

VED () = Viayteign (1) + Vi (£),

where

os 2hk‘ 7 (cky) /27rN
vlga{man( ) = Z me |Xma|

a——l

x /d212: 58t (k;k: - Ew,t)

> (5} L&) (k:)) Ve (0,1) 691 (k t) + h.c.
A

In this form, it is relatively straight forward to show that

Raman

A, Vi ()] =0+ 0 (1/VN)
One may also show that

[ﬁs (£) , Viagteigh (t)} —0+0 (1 /\/N)
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(3.72)



For a sufficiently large number of atoms within the ensemble, the signal Hamil-
tonian commutes with the remainder of the scattering Hamiltonian V(t) Therefore,
after the interaction of the write pulse with the ensemble, one may trace the den-
sity matrix for the system over the undetected field modes and arrive at the density

matrix for the signal and associated atomic excitation
p=U (x) U™ () (3.73)

where U®) (y) = T exp ((1/277,) f_TOO dt H, (t)), is the unitary evolution operator, T is
some time after the write beam has interacted with the ensemble, and 7 is the time
ordering operator. Taking advantage of the algebra of the field operators ( Eq. (3.58) ),

one finds the evolution operator may be expressed as

v (x) =[] 0¥ 0. (3.74)
a==%1
where
0 () = exp (xcos (a8 $0Y - al1$})) (3.75)
and
76) () = exp (sinn (a9~ a)8%)). (3.76)

The signal operator % represents a single mode of the electromagnetic field, and is

given by
i) = [ de Ve 0.0 ). (3.77)

The unitary operator U, (x) is nothing more than an evolution operator for a two-
mode nondegenerate parametric amplifier discussed in Chapter 5 of Walls and Milburn
[16]. This is a drastic simplification of the scattering dynamics. With this parametric
amplification model, we can easily calculate statistics for correlations between the

signal and idler spin wave. We take advantage of this model in Chapters 5 and 6.
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3.2.1.2  Entanglement of Photonic and Atomic Qubits

In order probabilistically generate entanglement between photonic and atomic qubits,
we assume the interaction parameter y < 1. Expanding the evolution operator U, (x)

to first order in y, we find that reduced signal-atomic density matrix

p= (1 +x 0! (n)) po (1 + X0 (n)) (3.78)
where
T () = cosn 5’52&52 +sinn S(_Zid(_sz (3.79)

This matches the density matrix predicted by direct perturbation theory in Ref. [17].
3.2.2 The Read Process: Transferring the Spin Wave to the Idler Field

Now that we have demonstrated how the scattering dynamics produces entanglement
between a photon emitted into the detected signal mode and the spin wave imprinted
onto the atomic ensemble by this emission, we now wish to explore the dynamics of
how the spin wave is transfered to the idler electric field so that it can be subse-
quently detected. We will first present Heisenberg Langevin equations for a detected
idler mode. These Heisenberg equations of motion relate the detected idler field op-
erators to its associated collective atomic excitation. We will then choose an optimal
transverse spatial profile for the idler mode. Having chosen this transverse profile, we
can express the spin wave excitation created by the write process entirely in terms
of the collective excitations coupled to the idler field. We will then solve the Heisen-
berg Langevin equations in the adiabatic limit for the special case of an initially spin
polarized ensemble.

The idler spin wave is retrieved from the ensemble by shining a classical read pulse
resonant on the |b) < |¢) transition on the ensemble with a carrier wave vector k.
We assume the read pulse is traveling anti-parallel to the write pulse; k, = —k,. The

read field has the same helicity as the write field, so that the read field polarization
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~

€ = €y (kr) ~ —&_,,, where we have used the polarization conventions introduced

in Appendix A. The positive frequency component of the read field is given by
ED (7t) = —EL o, e TN E, (1) (3.80)

where E,.(t) is a time dependent electric field envelope. We assume the field envelope
does not vary over the length of the ensemble or over the width of the collected idler,
and we have therefore suppressed the position dependence of E,.(t).

We detect the retrieved idler field, resonant on the |a) < |c) transition, with
a transverse spatial envelope ¢®(7) and a carrier wave vector k; = [(we — wa)/clk;
propagating nearly anitparallel to the z-axis, so that the helicity vectors €, (l%2> ~
—E_a. The positive frequency component of the idler field is given by

B (7) = 2n)" € (chy) 5 Te 60 (7) S 7 (k) @ (1) (381)

a==+1
where @E? (z, 1) is the linear density annihilation operator for idler photons at position
z and helicity a. These photon density operators obey the bosonic commutation

relations
20 (2,6), 852, 1)| = Bapd (2 = 7). (3.82)
Their definitions in terms of plane wave operators is given Chapter 2. The read and

write fields interact with the atoms wvia the electric dipole interaction.

The interaction Hamiltonian written in the rotating wave approximation is given

by
Aread(t) ‘A/;( ) + V( ) + VR (t) (383)
where V; (t) = — > aﬁ;)j( t) - EEH(_' ) + h.c. gives the atomic interaction with the

idler field, V,(t) = -2 d(bc (t)- E! )(Tm t)+ h.c. is the interaction with the classical

read field, and Vg (t) = — Zud (t) : Eg)

(7, t) + h.c. is the interaction with the
reservoir, where the reservoir field operator is given by

By (70 =EY w0 - 3 B (). (3.80)
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Following the treatment Appendix C, we assume that the number of idler photons
in a slice of the ensemble of length dz is always much less than the number of atoms
with which it interacts. In this weak idler approximation [69, 75|, we arrive at the
following Heisenberg Langevin equations describing the propagation and interaction

or the idler field with matter excitations within the ensemble:

Fy
0 . NOWMG - i « S i
(E + ck; - V) oW <rﬁ ), t) = —iy[n <7’|(| )> Dk, Z Clelle 6 m o (rﬁ ), t) ;

m=—F}
(3.85)
d “ i . 7 ~ (i 7
gz Cm m—a (Tﬁ ), t) = —ikp/n (rﬁ )) pmCEetFe 50 (Tﬁ )7 t)
_iQT’ (t) Canlil-laic—a —a m—aém; m+ou —a <Tﬁi)a t)
~ i 1 R i
+<.a,m; cm—a <T|(| ),t> — §Fcem; m—a (Tﬁ ), t) s (386)
and
d i . . ;
Eém; M- —a <T|(| )>t> = —i€0 (1) Cr%—i-laic—a —aw m—abm; m—a <T|(| )>t> ’ (3.87)

where r; = (c H&H a) [Ack;/(2¢0)]'/? is the idler coupling constant, Q,.(t) = (c H&H b) E. (1)
is the Rabi frequency of the read field, I'. is the spontaneous emission rate of level

o)
. 1 N
immt (1) = e e (1)

G s e (1) 0 ((F — ) kr) (3.88)

is a collective optical coherence at position rﬁi) =

x>

=l

i

between atoms in state |a, m)

and those in |¢,m’), and

N
N 7 1 )% [ = 7 ﬂr—ﬂl 7
b (10.8) = S0 R
n (rﬁz)) P =1
X6t v (00 (11 = 7} (3.89)



is a collective hyperfine coherence (spin wave) at position rﬁi). We show in Ap-

pendix C, that these collective operators obey the commutation relations

ém-m’ T(i),t ,éJr . ]%Z’f_j,t
uomy \ T ma; m}

= GOt 0 (k (7 ﬁ)) +0 (1/\/J72) (3.90a)

o (10.0) 30 g (b 70)]

= Oy mzOm),my 0 (k (7 — f’)) +0 (1/\/E) : (3.90D)

where NV, is the number of atoms within the idler transverse spatial profile in a slice

of the ensemble of thickness dz at position rﬁi) = —z. We assume N, > 1 for all
positions within the ensemble.

The Heisenberg Langevin equations state how a collected mode from the read

process is related to a set of collective atomic excitations. We now choose an optimal

carrier wave number E, and transverse spatial profile ¢ () for the idler mode. We

accomplish this by revisiting the expression for the idler spin wave operator, and

re-expressing it as

F
(i - mea (1
Sh= Yy —Mmime 50 (3.91)

a,m; bym~+a,—a

= A P [ Xl

and,

(3.92)

We choose the idler direction and the associated transverse profile pair (k;, ¢@ (7))

to be the member of the set

A ) ()2
{(ki,cb(f’)) : (k:z--V> ¢ (7 ZZZZi <Z>(f’)} (3.93)
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such that

[l Jo (#0.0(7) = e Restoiy gt (394)
is minimized. In this way, the overlap between the excitation associated with the
detected idler mode and the spin wave imprinted by the detection of the signal is
maximized. This overlap is maximized when the phase matching condition l;‘; =

l;:w — Es + Er is satisfied and the transverse mode function is given by

oW () = ¢© (7). (3.95)

) S meters—c (rﬁ“) . (3.96)
Recall that we have chosen to detect the signal whose propagation direction ks = 2.
According to the phase matching condition, we will consequently choose the idler
propagation direction by = —2 anti-parallel to the z-axis.

We see by inspection of the Heisenberg Langevin equations, that under conditions
of phase matching, the imprinted idler spin wave S*&“, is coupled to the idler field with
helicity a by the dipole interaction with the read field. In this way, the polarization
information of the idler spin wave can be retrieved and detected. In the absence of
decoherence during the storage of the spin wave, the idler can be retrieved after an
arbitrary delay simply by activating the read field.

The idler retrieval Heisenberg Langevin equations may be solved in the adiabatic
limit using the adiabatic dark-state polariton mechanism [69, 75] in the special case
of an initially polarized atomic sample. Let us assume the atoms are prepared in the
state |a, 0), so that p,, = 0, 0. Using an argument analogous to the one presented in
Appendix C, we arrive at the annihilation operator of the dark-state polariton with
helicity «, \i/gf), which is given by

GO (24 = & (t) ¢ RV () VP R () S0 e (2 D (307
wﬂ (OF +n (2) x| Ral?
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where
(OFa 1 Fe

R (o) = pvm—— (3.98)

Qy—Q —Quy —

is a ratio of Clebsch-Gordan coefficients. This collective matter-field excitation obeys
the propagation equation

0 0\ +4 - 10V, (z1)
- _ - (4) — —_Zra\=mr)
( o~ Va(2:) 82) B (28) = Vo (2,) 55 (3.99)

where
B c|, (1)
12 (&)1 + |Kil* 1 (2) | Ra ()|

is the position dependent group velocity for a dark-state polariton (DSP) of helicity

Vo (2, 1)

(3.100)

«. Notice that where the atomic density goes to zero, the group velocity approaches
the speed of light ¢, and the polariton consists entirely of the electric field excitation.
One can show that, for constant Rabi frequency, the solution of Eq. (3.99) is

U, (2,1) = ‘%(EZO))@ (zo,t+/z: Vj(i,)) , (3.101)

where z; is some initial position. If, we are given an initial value of the DSP operator
at all of space at a fixed time, t = ¢y, then the solution to the Heisenberg equations
is given by

U, (2,1) = %((;’t))@a (20 (t,2),0), (3.102)

where zj (t, z) is the solution to the integral equation

zZ0 dz/
/Z V() t—1o (3.103)

We therefore see that when the atomic sample is polarized and the read field is turned

on adiabatically, the idler spin wave would be completely transfered to the detected
idler field. We note, however, that because the polarization components propagate
at different group velocities, the temporal profiles of the retrieved photons would be
different for each helicity. Therefore, if one were to turn on the read field for only a

short time, one helicity component would be retrieved with a higher efficiency than
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the other. These unequal retrieval efficiencies are manifested when one estimates the
read process dynamics using time dependent perturbation theory [93]. When one
then traces over the atomic degrees of freedom, the two photon component of the

signal-idler density matrix would be given in the interaction picture by
0. = Ullvac) (vac| ¥, (3.104)

where
0, = (cos nalal” 4 sin 77'&(_‘9%&@1) ; (3.105)
and the different retrieval frequencies are manifested in the difference between the
mixing angle 1" and that of the signal-idler spin wave density matrix of Eq. (3.1), 7.
When the atoms are unpolarized, the retrieval dynamics are more complex. With
the level configuration of this experiment [17], a DSP cannot exist for either helicity of
the idler excitation [19, 18] (See Appendix C for more detail.) The retrieval dynamics
in this scenario are the subject of further theoretical investigation. The Heisenberg
Langevin equations do tell us, however, that the stored atomic spin wave Sfj) couples
to the detected idler field of Helicity a. We will therefore model the retrieval process
as an effective beam splitter, where an idler field mode 0% with some spatio-temporal

envelope gpg)(t + z/c) is related to S by

0 = @S9 4+ T = e, llm (3.106a)
u) = T= e, 80 4+ \fealtm, (3.106b)

where f () and é (eu!) are input and output noise operators respectively, and e, is
the retrieval efficiency of the idler spin wave of helicity a. We will assume that
the input noise modes are in the vacuum state, and do not influence the photon
counting statistics. In this chapter, we assume the retrieval efficiencies for the two

idler helicities are equal €; = e_1.
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3.3 FExperiment

A magneto-optical trap (MOT) of ®Rb is used to provide an optically thick atomic
cloud for our experiment (Figure 3.1). The ground levels {|a); |b)} correspond to the
5512, Fup = {3,2} levels, while the excited level |c) represents the {5P; s, F, = 3}
level of the D line at 795 nm. The experimental sequence starts with all of the
atoms prepared in level |a). The “dark” period lasts 640 ns, with the whole cycle
taking 1.5 ps. All the light responsible for trapping and cooling is shut off during the
dark period, with the trapping light shut off about 200 ns before the repumping light
to empty the F' = 2 hyperfine level. The quadrupole magnetic field of the MOT is
switched off for the duration of the measurement sequence. The ambient magnetic
field is compensated by three pairs of Helmholtz coils.

A 130 ns long write pulse tuned to the |a) — |c) transition is focused into the
MOT with a Gaussian waist of about 400 gm. The light induces spontaneous Raman
scattering via the |c) — |b) transition. The scattered light goes through the quarter-
wave plate to map circular polarizations into linear ones, then passes through polarizer
Py (set at angle ) and impinges onto a single photon detector DI.

After a user-programmable delay At, a 120 ns long read pulse, with circular
polarization opposite to that of the write pulse, tuned to the |b) — |¢) transition
illuminates the atomic ensemble. This accomplishes a transfer of the memory state
onto the single photon (idler) emitted by the |c) — |a) transition. After passing
through the quarter-wave plate and polarizer P, set at angle 6;, the idler photon is
directed onto a single-photon detector D2.

Both write/read and signal/idler pairs of fields are counter-propagating. The waist
of the signal-idler mode in the MOT is about 150um. The four-wave mixing signal
is used to align the single mode fibers collecting signal and idler photons, and to
optimize the overlap between the pump and probe modes [58]. The value of delay

At between the application of the write and read pulses is 200 ns. The electronic
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Figure 3.2: Measured coincidence fringe for 6; = 67.5°. The curve is a fit based
on Eq.(3.5), augmented by a background contribution, with n = 0.81 x /4, with
visibility and amplitude being adjustable parameters. The visibility of the fit is 90%.
Uncertainties are based on the statistics of the photon counting events.

Table 3.1: Measured correlation function E(fs,6;) and S for At = 200 ns delay
between write and read pulses; all the errors are based on the statistics of the photon
counting events.

0, o E(6,,6,)
925 0 | 0.641+0.024
225 45| 0.471+0.029
225 0 | 0.587+0.027
225 45 | —0.595 & 0.027
S =2.20 + 0.05
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Figure 3.3: Normalized signal-idler intensity correlation function gg; as a function of
storage time. Uncertainties are based on the statistics of the photon counting events.
The full curve is the best exponential fit with time constant 7 = 3.7us.
pulses from the detectors are gated with 140 ns and 130 ns windows centered on the
time determined by the write and read light pulses, respectively. Afterwards, the
electronic pulses are fed into a time-interval analyzer (with 2 ns time resolution). In
order to measure the correlation between the photons produced by the write and read
pulses, the output of D1 is fed into the “Start” input of a time-interval analyzer, and
the output of D2 is fed into the “Stop” input.

A typical interference fringe in the signal-idler coincidence detection is displayed
in Figure 3.2. In order to infer probabilistic atom-photon entanglement, we calculate

the degree of Bell inequality violation |S| < 2 [91, 16]. Table 3.1 presents measured
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values for the correlation function E (6, 6;) using the canonical set of angles 0, 6.
We find S =2.294+0.05 £ 2 - a clear violation of the Bell inequality. The value of S
is smaller than the ideal value of 2.77 due to experimental imperfections, particularly
non-zero counts in the minima of interference curves that arise as the result of the
finite value of the normalized signal-idler intensity correlation function gg; [90, 51, 54]
shown in Figure 3.3. To our knowledge, this is the first observed violation of the Bell
inequality involving a collective excitation.

The effective detection efficiencies as determined by the ratios of the coincidence
signal-idler count rate R,; to singles count rates Ry and R; are a; = Ry;/R; s ~ 0.02.
In all cold atomic ensemble experiments within the DLCZ program reported to date,
the quadrupole magnetic field of the MOT has been the main source of the atomic
memory decoherence (limiting storage times on the order of 100 ns [51, 54, 56, 57]). In
this work, we have switched off the quadrupole field for the duration of our protocol,
and the coherence time has increased to several us, as is evident from the measured
normalized intensity correlation function g displayed in Figure 3.3 (the length of the
dark period was increased up to 7 us for this measurement at the expense of lower
count rate).

The robustness and relative simplicity of probabilistic atom-photon entanglement
hold promise for the realization of a distributed quantum network involving the in-
terconnection of several similar elements. We are currently investigating connecting

two such quantum nodes.

65



CHAPTER 4

QUANTUM TELECOMMUNICATION BASED

ON ATOMIC CASCADE TRANSITIONS

A quantum repeater at telecommunications wavelengths with long-lived atomic mem-
ory is proposed, and its critical elements are experimentally demonstrated using a cold
atomic ensemble. Via atomic cascade emission, an entangled pair of 1.53 pym and 780
nm photons is generated. The former is ideal for long-distance quantum communica-
tion, and the latter is naturally suited for mapping to a long-lived atomic memory.
Together with our demonstration of photonic-to-atomic qubit conversion presented
in Chapter 8, both of the essential elements for the proposed telecommunications

quantum repeater have now been realized.

4.1 Introduction

A quantum network would use the resources of distributed quantum mechanical en-
tanglement, thus far largely untapped, for the communication and processing of in-
formation via qubits [29, 30, 47]. Significant advances in the generation, distribution,
and storage of qubit entanglement have been made using laser manipulation of atomic
ensembles, including atom-photon entanglement and matter-light qubit conversion
[57], Bell inequality violation between a collective atomic qubit and a photon [17],
and light-matter qubit conversion and entanglement of remote atomic qubits [21]. In
each of these works photonic qubits were generated in the near-infrared spectral re-
gion. In related developments, entanglement of an ultraviolet photon with a trapped
ion [32, 33] and of a near-infrared photon with a single trapped atom [38] have been

demonstrated. Heterogeneous quantum network schemes that combine single-atom
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and collective atomic qubits are being actively pursued [48, 49, 50]. However, pho-
tons in the ultraviolet to the near-infrared range are not suited for long-distance
transmission over optical fibers due to high losses.

In this Chapter, we propose a telecommunications wavelength quantum repeater
based on cascade atomic transitions in either (1) a single atom or (2) an atomic
ensemble. We will first discuss the latter case, with particular reference to alkali
metals. Such ensembles, with long lived ground level coherences can be prepared
in either solid [94] or gas [17] phase. For concreteness, we consider a cold atomic
vapor confined in high-vacuum. The cascade transitions may be chosen so that the
photon (signal) emitted on the upper arm has telecommunication range wavelength,
while the second photon (idler), emitted to the atomic ground state, is naturally
suited for mapping into atomic memory. Experimentally, we demonstrate phase-
matched cascade emission in an ensemble of cold rubidium atoms using two different
cascades: (a) at the signal wavelength A\; = 776 nm, via the 551/ — 5D5/, two-
photon excitation, (b) at Ay = 1.53 pm, via the 55/, — 4D5 5, two-photon excitation.
We observe polarization entanglement of the emitted photon pairs and superradiant

temporal profiles of the idler field in both cases.

4.2 Proposal

We now outline our approach in detail and at the end we will summarize an alternative
protocol for single atoms.

Step (A) - As illustrated in Figure 4.1(a), the atomic sample is prepared in level
la), e.g., by means of optical pumping. It is important to note that, in the case of
an atomic ensemble qubit, an incoherent mixture of Zeeman states is sufficient for
our realization. The upper level |d), which may be of either s- or d-type, can be
excited either by one- or two-photon transitions, the latter through an intermediate

level |c). The advantage of two photon excitation is that it allows for non-collinear
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phase matching of signal and idler photons; single photon excitation is forbidden in
electric dipole approximation and phase-matched emission is restricted to a collinear
geometry (this argument implicitly assumes that the refractive index of the vapor is
approximately unity). Ideally the excitation is two-photon detuned from the upper
level |d), creating a virtual excitation.

Step (B) - Scattering via the upper level |d) to ground level |a) through the
intermediate level |e) (where |€) may coincide with |¢)) results in the cascaded emission
of signal and idler fields. The signal field, which is emitted on the upper arm, has
a temporal profile identical to that of the laser excitation as a consequence of the
large two photon detuning. As noted earlier, the wavelength of this field lies in the
1.1-1.6 pm range, depending on the alkali metal transition used. The signal field
can be coupled to an optical fiber (which may have losses as low as 0.2 dB/km) and
transmitted to a remote location.

The temporal profile of the idler field can be much shorter than the single-atom
spontaneous decay time t, of the intermediate level. Under the conditions of a large
Fresnel number of the exciting laser fields, the decay time is of order ¢,/d;,, charac-
teristic of superradiance [95][96][90]. Here dy, ~ 3n)\?1/(8~) is the optical thickness,
where )\ is the wavelength, n is the number density and [ is the length of the sample.

The direction of the idler field is determined by the phase matching condition
k 1+ k 9 = k s+ k i, where k 1 and k 5 are the wavevectors of the laser fields I and
I1, respectively. Under conditions of phase matching, collective enhancement causes
emission of the the idler photon correlated with a return of the atom into the Zee-
man state from which it originated [17]. The fact that the atom begins and ends the
absorption-emission cycle in the same state is essential for strong signal-idler polar-
ization correlations. The reduced density operator for the field, taking into account

collective enhancement, will be shown to be:
At) ~ (1 + ﬁ/l;(ﬂ) Boac (1 + \ﬁ/lg(t)) , (4.1)
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Figure 4.1: (a) The atomic structure for the proposed cascade emission scheme in-
volving excitation by pumps I and II. Pump II and the signal photons lie in the
telecommunication wavelength range when a suitable level of orbital angular momen-
tum L = 0 or L = 2 is used as level |d). For atomic rubidium, the signal wave-
length is 1.32um (6512 — 5Py, transition), 1.37 pm (6512 — 5Ps/, transition),
1.48 pm (4D3/2(5/2) — 5Pijo transition), 1.53 pm (4Ds5/55/2) — 5P3/5 transition).
For atomic cesium, the signal wavelength is 1.36 pm (754 12— 6P )2 transition), 1.47
pm (7512 — 6P35 transition). For Na and K the corresponding wavelengths are in
the 1.1-1.4 pum range. (b) Schematic of experimental setup based on ultra-cold ®*Rb
atomic gas. For Ay = 776 nm, phase matching results in the angles ¢’ ~ ¢ ~ 1°, while
for Ay = 1.53 pum, &’ &~ 2¢ &~ 2°. P; and P, are polarizers; D1 and D2 are detectors.
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where pyq. is the vacuum state of the field, flg(t) is a time dependent two photon
creation operator for the signal and idler fields, and ¢ < 1. For linearly polarized

pumps with parallel (vertical) polarizations, we find
Al = cos x al,bt, + sin yal, b, (4.2)

where y is determined by Clebsch-Gordan coupling coefficients ( Section 4.3 ), al HV)
and bj{(v are creation operators for a horizontally (vertically) polarized signal and
idler photon, respectively. For the hyperfine level configuration F, =3 — F,. =4 =
F, — F; =5, and for an unpolarized atomic sample, we find sin y = 2 cos xy = 2/v/5.

Step (C) - The photonic qubit is encoded in the idler field polarization. Photonic to
atomic qubit conversion was achieved in Ref.[21]. Such conversion can be performed
either within the same ensemble or in a suitably prepared adjacent ensemble/pair
of ensembles. In either case, a strong laser control beam is required to couple the
other ground hyperfine level |b) to the intermediate level |e). Collective excitations
involving two orthogonal hyperfine coherences serve as the logical states of the atomic

qubit [57, 17, 21].

4.3 Theory

In this section, we go into more theoretical detail regarding the outline of our pro-
posal. We consider an ensemble of N atoms with the level configuration shown in
Figure 4.1(a). The atomic hyperfine levels |a), [b), |c), |d), and |e) have energies
hw, = 0, hwy, hw., hwy, and hw, respectively. The total angular momentum of a
hyperfine level |f) is denoted by F;. We assume the atoms are prepared in an inco-
herent mixture of the Zeeman states of level |a). We express the initial atom-field

density matrix py as

Po = Puae ® ® Z pmula my), (amyl | (4.3)

p=1 my=—F
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where py, is the probability of finding an atom in state |a, M).

From time t = —T to time t = 0, the pump laser fields are activated. Pump I is
tuned to the |a) < |c) transition with detuning A; = ck; — w,, and pump II drives
the |c¢) <> |d) transition with detuning Aj; = cky — (wg — w,), where k, and ko are
the wavevectors of pumps I and II, respectively. The pump electric fields are given

by

E (7, t) = &fmeiohtp (7 1) (4.4a)
E (7 1) = &pe™ e ™ g, (7 1), (4.4b)
where Erp(77,t) is the slowly varying electric field amplitude of pump I (/7), and
€1(rr) is the polarization of pump I (I71). Since the spatial intensity profiles of the

pump lasers are not uniform throughout the atomic sample, we take the Rabi fre-

quencies Q;(7) = E/(7, 1) (c H&’

a) and Q/(7) = Er (7, 1) (d H&H c) to be spatially
dependent. For simplicity, the field and state phases are chosen such that the Rabi
frequencies are real; we further assume the fields I and II have polarizations € ; = E oy
and €5 = E _a, respectively, where E « are the laboratory fixed spherical basis vectors
( Eq. (2.31) ). When the pump fields are off single photon and two photon resonance,
and the duration of the pump fields 7" is much less than the decay times in the prob-
lem, this process creates the signal photon, as illustrated in Figure 4.1, and leaves
behind a collective atomic excitation with one atom in the excited state |e).

In order to estimate the density matrix created by the pump process, we consider

the electric dipole interaction picture Hamiltonian ( Eq. (2.38) ),

~ ~ ~ N ~

V(t) = Vi(t) + Vir(t) + Vi(t) + Vi(t) + Va(t), (4.5)

where V; = =32V Ef,ﬂ (7, ,t) -d

=1 (t) + h.c. is the interaction of the atoms with

pump I, V;; = — ij . Eﬁ? (7, t) - & C,[)i)“(t) + h.c. is the interaction of pump II with

(+)

the atoms, V, = Zu EU ) d(ed + h.c. is the interaction of the atoms with

the field on the signal (|e) < |d)) transition, V; = — Z (+)( ) - (&E;)e)u(t) +
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(Aigb_ i;(t)) + h.c. is the interaction of the atoms with the field on the idler transitions,
and VR(t) is the coupling of the electric field to all other allowed transitions within
the atomic sample. We apply third order perturbation theory to the initial system
density matrix po. When the phases A;T, AT, (A + A)T > 1, and when one
neglects the effects of the ac Stark shift (which becomes relevant in second order
perturbation theory), we find that to first order in the interaction time 7' the only
resonant terms of the perturbative expansion ( i.e. those terms that do not oscillate
with frequencies on the order of the detunings ) are those that correspond to emission
of a photon with frequency ck = A 4+ wy — wy with an atom being transfered from
level |a) to |f), where |f) is some hyperfine level with energy w; < wy. In the limit of
a dilute atomic gas, where the optical thickness is low, we make the approximation
that each atom interacts independently with the quantized electromagnetic field. In
this limit, one can determine the state of the system by considering the evolution of a
single atom interacting with the field in the Weisskopf-Wigner model of spontaneous

emission. For times ¢ > 0 this yields the density matrix

A A

p(t) = (14 Us(t) + Ur(t)po(1 + UL (t) + UL(1)), (4.6)

where the first order contribution to the evolution operator leading to emission of a

signal photon on the |d) « |e) transition U, is given by

) = > I [y, > S (53 (k) -£..)

= Gs=—
. - o 1 _ e’(és(kS) )A =
i(k1+ko—ks) 7, bt (K
e 8 (ky) (k)
M=—F,

where A = A; + Ay is the detuning from the two-photon resonance of the pump

flds, 5, = (R + g — )/ o2

e) is a measure of the signal

field coupling strength, k., is the signal wavevector, 7, is the position of atom g,
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ds (ks) = cks — (wg — we + A) is the signal photon detuning, ISAS(ES) is the annihi-
lation operator for a signal photon of wavevector ES and polarization £ (/%s>, and
IMa, = CJ\F/‘[“ ;IF I +aIC'AFj Jrlaljd_al MC’Fe ! Fd . is the appropriate product of Clebsch-
Gordan coefficients. The operator %% M,as (t) contains the dynamics of atom p inter-

acting with the idler field, and is given by

A G K T
1
* /d3kl Z Z e_iki'Fquuai,M(Ei?t)
i aZ:—l
(k: ) aM as—ag;a,M
1
* / dgkl Z e_iki.FMgAi,amM(Eiv t)
(k: )&lEJ\)/[ as—ag;a,M? (48)
where I, is the excited state spontaneous emission rate, ](c” T)n e = [ fym), (ff,m| is

a '™ atom atomic coherence, k; is the idler photon wavevector, d,\i(lg ;) is the idler
field annihilation operator for a photon of wavevector k; and polarization & ,\(12;2),
and the time dependence of the amplitudes f and ¢ is given by

f)\i,oci,M(k 2] t) - Z.'%Z( (]% ) 6 )O]F\; lalje a; oy M—as
( —(we—1Te/2))t

4.
ck;—( —iT/2 (49)
g>\z‘7Oéi7M(Eia t) = ( ( ) ’ ) CJ\I} laI:c—al o M—as
1 e/ o
ck—(we—wb—iFE/Q)’ (4.10)

where k; = (e H&H a) [Ac(we — wa)/(260(27)3)]*/2 is the coupling strength of the field
to the |a) < |e) transition, x’ = (e H&H a) [Ac(we — wa)/(260(27)%)]Y/? is the coupling
strength of the field to the |b) < |e) transition. The operator Ug(t) accounts for the
scattering of photons on transitions other than the signal |d) < |e) transition.

Once the idler photon has been emitted, for t > 1/I'., we can determine the two-

photon density matrix by tracing over the atomic components of p(t) in Eq. (4.6).
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When this is done, we find a collective enhancement effect, in which the contributions
of density matrix components corresponding to the atom scattering back to its original
state dominate. This can be seen by expanding the density matrix ( Eq. (4.6) ) in
terms of the photon creation/annihilation operators and individual atomic coherences
between a ground state |a,m), and an arbitrary atomic state |f,m’), for atom pu.
When tracing over the atomic degrees of freedom, one only needs to consider the

following partial traces and their Hermitian conjugates:

Tratoms (5% s amfP0) = 6 .a0mm Poac (4.11a)

and

~ L ~ v
Tratoms <Uf17m/1; a,m1 P09 a,ma; f2,m/2)
= [ (1 - 5f1,a5m1,m'1) DPmy 5m17m25m'17m'25f17f25“”’

+pm15f1,a6f27a5m1,m’1 67712,777/2 [pWLQ (1 - 6/“/) _l' 6m17m25/“/]] ﬁvac' (411b)

One sees by inspection that the partial trace in Eq. (4.11a), survives only when
the atom scatters back to it’s original state. Furthermore, the trace in Eq. (4.11b)
survives only when the atom scatters back to it’s original state ( second term of
Eq. (4.11b) ) or when the two atomic coherence operators involved correspond to
the same atom ( first term of Eq. (4.11b) ). Because the two-photon portion of the
reduced density operator involves a summation over two atomic indices p and v, the
terms in which an atom returns to its original state dominate, and the others provide a
correction of order 1/N. As a result, the photon pairs scattered in the phase matched
directions are polarization entangled. The full two photon density matrix is given in
this approximation by

pat) = (14 VEAL) puae (14 Ve )

A

+Tv (Op(t)poU()) fuae + O(1/N), (4.12)
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where Al(t) is time dependent two photon creation operator, and pyq. is the vacuum

density matrix. The operator fl; is given by

0 NO sz rE
\/EA; — eff/al3 /d3 (f@sm (ki+ks—ki—ks)

1—e —i(cks—(wg—we+A))

cks — (wg — we + A)
1
Xck-—( L )2)

X Z Xagan]_o (FD, (Eg), (4.13)

as=—1

X

where Q.rp = A% [ d&r Q7)) (7 )"(NT is the effective two photon Rabi frequency,
and n(r’) is the atomic density at position 7. The phase matching function o(7) is
determined by the Fourier transform of the effective single atom density interacting

with the pump fields, which is given by

o) = —Z AIQ LT e

eff
= (/d?)rglilgii) 5\7) W)+O(1/W) (4.14)

The weight associated with each pair of polarizations for the signal and idler is given

by the product of Clebsch-Gordan coefficients
_ Fu1F. F.1F,
Xalvas - Z pMCM ar M—I—aICM—I—aId ay M
M=—F,
xCyel e Ol e (4.15)

M—as as M

The annihilation operators for polarization 5 « are defined as
i (B) = 3 (5 (1) €3) () (w16)
A
b (E ) =y (a (k) £ ;) b (/Z ) . (4.17)
A

Note, that unless k is oriented along the z-axis, the apy (E ) and ajq (E ) do not

obey strict bosonic commutation relations, but, instead satisfy

o (). ()] 0 (5 8) (o~ 6o ) (). 28

75



with the signal creation and annihilation operators obeying similar commutation re-
lations. We note that this model does not account for propagation effects or for the
enhanced idler emission rates associated with superradiance which occur in optically
thick media. Since the collective enhancement that produces the desired polarization
entanglement does not depend on the atomic decay rate, however, this entanglement
should still result when superradiance and propagation effects are significant.

In our experiment both pumps are linearly polarized along the fixed z-axis, i.e.
ay = 0, and are counterpropagating along the y-axis. For a field propagating along
the direction k, we assume the horizontal polarization € ; (k) and vertical polarization
vectors &y (k) are defined such that {5 k), évk), fc} form a right handed coordinate
system. We choose the horizontal and vertical polarization vectors to be consistent
with the conventions presented in Appendix A. Signal and idler detectors are placed
so as to detect the phase-matched nearly forward scattered signal, kg ~ 7 and the

nearly backward scattered idler k; &~ —§, as illustrated in Figure 4.1(b). By tracing

po over the reservoir of undetected modes, we find the effective two-photon state

[Wesr) = (cosx albly — sinxalbl,) Jvac) (4.19)
where
Y+ Yo
cosy = o (4.20a)
VG + (Vi +Y)?
2Y,
siny = - , (4.20D)
VAT + (Yir +Y0)?
and
Fg
Yo=Y puCiioaf CaioafCria O tai—ar (4.21)
M=—F,

For our level configuration and an unpolarized sample (py, = 1/(2F, + 1)), we find

tan y = 2 (4.22)
or
Lovor 2 ooy
Wers) = ﬁaHbH VG vby ) Jvac) . (4.23)



We could alternatively assume pumps I and II to have opposite circular polariza-
tions (equal helicities) counterpropagating along the z-axis. Let I;L be the creation
operator for the forward scattered signal photon with helicity «, and dLi be the cre-
ation operator for the phase-matched backward scattered idler photon with helicity

«;. In this case, we find the two photon operator

W, ss) = (cosnal bt +sinnal,bl,) jvac) . (4.24)

where

X
cosp = ——tt (4.25)
VXX
and
Fg
Xo= > puCii e Coi ) i e O 25 (4.26)
M=—F,

From symmetry relations for the Clebsch-Gordan coefficients, we find that, for the
set of atomic levels used in our experiments, 7 = 7/4, and the thus two-photon state

would be a completely symmetric Bell state.

4.4 FExperiment

We observe phase-matched cascade emission of entangled photon pairs, using samples
of cold 8Rb atoms, for two different atomic cascades: (a) at A\, = 776 nm, via the
5512 — bds/o two-photon excitation, (b) at Ay = 1.53 ym, via the 5s1/5 — 4ds /5 two-
photon excitation. The investigations are carried out in two different laboratories
using similar setups, Figure 4.1(b). A magneto-optical trap (MOT) of ®*Rb provides
an optically thick cold atomic cloud. The atoms are prepared in an incoherent mixture
of the level |a), which corresponds to the 5515, F, = 3 ground level, by means of
optical pumping. The intermediate level |c) = |e) corresponds to the 5ps /s, Fr = 4
level of the D, line at 780 nm, and the excited level |d) represents (a) the 5ds/s

level with Ay = 776 nm, or (b) the 4ds/, level with A, = 1.53 pum. Atomic level
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|b) corresponds to 551/, F, = 2, and could be used to implement the light-to-matter
qubit conversion [21].

The trapping and cooling light as well as the quadrupole magnetic field of the MOT
are switched off for the 2 ms duration of the measurement. The ambient magnetic
field is compensated by three pairs of Helmholtz coils. Counterpropagating pumps I
(at 780 nm) and II (at 776 nm or 1.53um), tuned to two-photon resonance for the
la) — |d) transition are focused into the MOT using the off-axis, counter-propagating
geometry of Harris and coworkers [59]. This two-photon excitation induces phase-
matched signal and idler emission.

With quasi-cw pump fields, we perform photoelectric coincidence detection of the
signal and idler fields. The latter are directed onto single photon detectors D1 and
D2. For A\; = 1.53 um, the signal field is coupled into 100 m of single-mode fiber,
and detector D1 (cooled InGaAs photon counting module) is gated using the output
pulse of silicon detector D2. The electronic pulses from the detectors are fed into a
time-interval analyzer with 1 ns time resolution.

We measure the stationary signal-idler intensity correlation function Gg(7) =
(T : I,(t)I;(t + 7) :), where the notation 7 :: denotes time and normal ordering of
operators, and I, and I; are the signal and idler intensity operators, respectively [90].
Results for (a) Ay = 776 nm and (b) Ay = 1.53 pm are presented in Figure 4.2 and
Figure 4.3, respectively. In particular, the measured correlation functions are shown
in Figure 4.2(a,b) and Figure 4.3(a). The correlation function shown in Figure 4.2(a)
exhibits quantum beats due to the two different hyperfine components of the the 5p3 /5
level [97]. The correlation times are consistent with superradiant scaling ~ ts/ds,
Figure 4.2(c), where t; = 27 ns for the 5ps/, level [95].

In order to investigate polarization correlations of the signal and idler fields, they
are passed through polarizers P; (set at angle 6,) and P, (set at angle 6;), respectively,

as shown in Figure 4.1(b). We integrate the time-resolved counting rate over a window
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Figure 4.2: (a) Count rate proportional to the signal-idler intensity correlation func-
tion Gy; as a function of signal-idler delay 7, |d) = |5d5/2, ' = 4). The quantum
beats are associated with 120 MHz hyperfine splitting, F' = 3 and 4, of the 5p3/, level
[97]. The solid curve is a fit of the form 3 + Aexp(—t/a)sin®(7Qt), where 3 = 63,
A =2972, a = 11 ns and Q2 = 117 MHz are adjustable parameters. (b) Same as (a),
but for |d) = |5d5/2, F' = 5). Since this state can only decay though the F' = 4 compo-
nent of the 5ps /o level, there are no quantum beats. The solid curve is an exponential
fit with decay time of 3.2 ns. (¢) The measured decay time vs the inverse measured
optical thickness. (d) Measured coincidence fringes for 6, = 45° (red diamonds) and
0s = 135° (blue circles). The solid curves are fits based on Egs. (4.1)(4.2), with

cosy = 1/\/5
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Figure 4.3: (a) Same as Figure 4.2(a,b), but for |d) = |4d5,2, F' = 5). The solid curve
is an exponential fit with decay time of 6.7 ns. (b) Measured coincidence fringes for
0; = 45° (red diamonds) and 6; = 135° (blue circles). The solid curves are fits based
on Egs. (4.1)(4.2), with cosy = 1/v/5.

AT centered at the maximum of the signal-idler intensity correlation function G;(7),
with (a) AT = 6 ns for Ay = 776 nm, and (b) AT = 1 ns for Ay, = 1.53 um.
The resulting signal-idler coincidence rate C' (s, 6;) exhibits sinusoidal variation as a
function of the polarizers’ orientations, as shown in Figs. 4.2(d) and 4.3(b). In order

to verify the predicted polarization entanglement, we check for violation of Bell’s

inequality S < 2 [91, 90, 16]. We first calculate the correlation function E (s, 6;),

given by
C (05.0,) + C (05,61) — C (0,6, — C (65,07 (4.27)
C (0,0;) + C (6£,01) +C (61,0,) + C (0,,05)° '
where 0+ =0 +7/2, and S = |E (0,,6;) + E (0/,0,) | + |E (65,0.) — E (0.,0.) |.

Measured values of F (0, 0;), using the set of angles 6, 6;, chosen to maximize the
violation of Bell’s inequality, are presented in Table 4.1. We find (a) S = 2.185+0.025
for Ay = 776 nm, and (b) S = 2.132+0.036 for Ay = 1.53 um, consistent with polariza-
tion entanglement of signal and idler fields in both cases. The entangled two-photon

state of Eqs. (4.1)(4.2), for sin y = 2/4/5, has a substantial degree of asymmetry. If
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Table 4.1: Measured correlation function E(fg,6;) and S for Ay = 776 nm and
As = 1.53um.

N 0, 9, E(0.,0;)

0°  —67.5°| —0.670=+0.011
45°  —225° | —0.503 +0.013
776 mnm | 0°  —22.5° | 0.577+0.012
45°  —67.5°| —0.43440.014
S = 2.185 + 0.025

22.5° 45° —0.554 £ 0.027
67.5° 0° —0.682 £ 0.027
1.53 pm | 22.5° 0° 0.473 £0.024
67.5° 45° —0.423 = 0.029

S =2.1324+0.036
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Figure 4.4: Efficiency of storage and subsequent retrieval of a coherent idler field
with decay time of 6 ns in an auxiliary atomic ensemble, obtained by numerical
integration of the Maxwell-Bloch equations [18, 19] as discussed in the text. The
atomic coherence time is assumed to be much longer than the storage time.
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oppositely, circularly, polarized pumps I and II were used, the corresponding two-
photon state would be symmetric with siny = cosy = 1/v/2.

The quantum repeater protocol involves sequential entanglement swapping via
Hong-Ou-Mandel (HOM) interference followed by coincidence detection [90, 47]. High-
visibility HOM interference requires that the signal and idler photon wave-packets
have no entanglement in the time or frequency domains [98, 99, 100]. This may be
achieved with excitation pulses that are far detuned from two-photon resonance and
with pulse lengths much shorter than the superradiant emission time t,/dy, of level
le).

The idler field qubit is naturally suited for conversion into an atomic qubit en-
coded into the collective hyperfine coherence of levels |a) = ‘51/ 2S12, F' = 3> and
|b) = |5%51/2, F = 2). To perform such conversion, either the same or another similar
ensemble/pair of ensembles could be employed [21]. A time-dependent control laser
field resonant on the |b) = [5%S), F = 2) < |e) = |5°Py/2, F = 3) transition could
selectively convert one of the two frequency components of the idler field, shown in
Figure 4.2(a), into a collective atomic qubit. Pulsed excitation should be used in order
to enable the synchronization of the idler qubit and the control laser. Numerical sim-
ulations show that qubit conversion and subsequent retrieval can be done with good
efficiency for moderate optical thicknesses, even though the idler field temporal profile
is shorter than those employed in Chapter 8 [21] (compare with Figure 6.3 in Chap-
ter 6 [18]). To demonstrate this, we consider the following scenario in which the idler
is stored in an auxiliary ensemble initially polarized in the atomic state |a,0). The
time dependence of the idler field envelope is given by ¢ (¢) ~ O(t) exp(—t/(2ts/dy))
where ©(t) is the Heaviside function. A control field of positive helicity (resonant on
the |b) < |e) transition) propagates parallel to the collected idler mode. The control
field has an initial Rabi frequency €2, = (e H&H b) E. = 3I'., where E. is the control

electric field amplitude. The control field is smoothly turned off over a period of 20 ns
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centered at time ¢ = 20 ns, thus storing the idler qubit. We then reactivate the control
field at a later time ¢t = 520 ns. We numerically calculate the storage and retrieval
dynamics using the procedure for solving the Maxwell-Bloch equations outlined in
Appendix C. In Figure 4.4, we show the calculated efficiency of storage and subse-
quent retrieval of a negative helicity idler field with a time constant ¢,/dy, = 6ns as
a function of optical thickness of the auxiliary ensemble. These results indicate that
qubit conversion can, indeed, be achieved with reasonable efficiency even though the
bandwidth of the idler field is much larger than the spontaneous emission rate of the
atoms within the sample.

The basic protocols we have outlined can also be applied to single alkali atom
emitters. Similar cascade decays in single atoms were used in early experiments
demonstrating violation of local realism [101] and single photon generation [102]. For
alkali metal atoms, it is necessary to optically pump the atom into a single Zeeman
state, e.g., m = 0, of level |a). A virtual excitation of a single Zeeman state of level
|d) is created with short laser pulses. Coherent Raman scattering to level |e) results
in atom-photon polarization entanglement. In order to prevent spontaneous decay of
the level |e), a control field m-pulse is applied immediately after the application of
the two-photon excitation, transferring the atomic qubit into the ground state where
it could live for a long time. It is important that the m-pulse duration is shorter
than the spontaneous lifetime of level |e). Two-photon interference and photoelectric
detection of signal photons produced by two remote single atom nodes would result in
entanglement of these remote atomic qubits [103]. Qubit detection for single atoms
can be achieved with nearly unit efficiency and in a time as short as 50 us [32,
33]. Such high efficiency and speed lead to the possibility of a loophole-free test of
Bell’s inequality, for atoms separated by about 30 kilometers. Cascaded entanglement
swapping between successive pairs of remote entangled atomic qubits may be achieved

via local coupling of one of the atoms from the first pair and its neighboring partner
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from the the following pair [34].

We also point out that the cascade level scheme employed here can be used to
convert a telecommunications photon into a near-infrared photon using four-wave
mixing. This could potentially be useful because single-photon detectors for the
visible and near-infrared currently have much higher quantum efficiency, and much
lower dark count probability, than practically viable (e.g., InGaAs) detectors used at
telecommunication wavelengths.

In summary, we have proposed a practical telecommunication quantum repeater
scheme based on cascade transitions in alkali metal atoms. We have generated en-
tanglement of a pair of 1.53 ym and 780 nm photons using an ensemble of ultra-cold
rubidium atoms. Combined with our recent demonstration of light-to-matter qubit

conversion [21], the key steps of our proposal have now been taken.
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CHAPTER 5

DETERMINISTIC SINGLE PHOTONS VIA

CONDITIONAL QUANTUM EVOLUTION

A source of deterministic single photons is proposed and demonstrated by the appli-
cation of a measurement-based feedback protocol to a heralded single photon source
consisting of an ensemble of cold rubidium atoms. Our source is stationary and

produces a photoelectric detection record with sub-Poissonian statistics!.

5.1 Introduction

Quantum state transfer between photonic- and matter-based quantum systems is a
key element of quantum information science, particularly of quantum communication
networks. Its importance is rooted in the ability of atomic systems to provide excellent
long-term quantum information storage, whereas the long-distance transmission of
quantum information is nowadays accomplished using light. Inspired by the work
of Duan et al. [47], emission of non-classical radiation has been observed in first-
generation atomic ensemble experiments [51, 52, 54].

In 2004 the first realization of coherent quantum state transfer from a matter qubit
onto a photonic qubit was achieved [57]. This breakthrough laid the groundwork
for several further advances towards the realization of a long-distance, distributed
network of atomic qubits, linear optical elements and single-photon detectors [17, 18,
20, 19, 21, 22]. A seminal proposal for universal quantum computation with a similar

set of physical resources has also been made [104].

!This chapter is based on Ref. [23]
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Figure 5.1: Schematic of experimental setup, with the inset showing the atomic level
scheme (see text).

An important additional tool for quantum information science is a deterministic
source of single photons. Previous implementations of such a source used single
emitters, such as quantum dots [60, 61, 62], color centers [63, 64], neutral atoms
(36, 37, 65], ions [66], and molecules [67]. The measured efficiency np to detect a
single photon per trial with these sources is typically less than 1%, with the highest
reported measured value of about 2.4% [36, 37], to our knowledge.

We propose a deterministic single photon source based on an ensemble of atomic
emitters, measurement, and conditional quantum evolution. We report the imple-

mentation of this scheme using a cold rubidium vapor, with a measured efficiency
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np ~ 1 —2%. In common with the cavity QED system, our source is suitable for re-
versible quantum state transfer between atoms and light, a prerequisite for a quantum
network. However, unlike cavity QED implementations [36, 37], it is unaffected by in-
trinsically probabilistic single atom loading. Therefore, it is stationary and produces
a photoelectric detection record with truly sub-Poissonian statistics

The key idea of our protocol is that a single photon can be generated at a predeter-
mined time if we know that the medium contains an atomic excitation. The presence
of the latter is heralded by the measurement of a scattered photon in a write process,
such as the collective stimulated Raman scattering process described in Chapter 3.
Since this is intrinsically probabilistic, it is necessary to perform independent, sequen-
tial write trials before the excitation is heralded. After this point one simply waits
and reads out the excitation at the predetermined time. The performance of repeated
trials and heralding measurements represents a conditional feedback process and the
duration of the protocol is limited by the coherence time of the atomic excitation.
Our system has therefore two crucial elements: (a) a high-quality probabilistic source
of heralded photons, and (b) long atomic coherence times. We note that related
schemes using parametric down-conversion have been discussed [105, 106].

Heralded single photon sources are characterized by mean photon number (n) < 1,
as the unconditioned state consists mostly of vacuum [107, 102]. More importantly, in
the absence of the heralding information the reduced density operator of the atomic
excitation is thermal [16]. In contrast, its evolution conditioned on the recorded
measurement history of the signal field in our protocol, ideally results in a single
atomic excitation. However, without exception all prior experiments with atomic
ensembles did not have sufficiently long coherence times to implement such a feedback
protocol [51, 52, 54, 57, 17, 18, 20, 19, 21, 55, 77, 59, 108]. In earlier work quantum
feedback protocols have demonstrated control of non-classical states of light [109] and

motion of a single atom [110] in cavity QED.
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5.2 Heralded Single Photon Source

We first outline the procedure for heralded single photon generation. A schematic
of our experiment is shown in Figure 5.1. An atomic cloud of optical thickness ~ 7
is provided by a magneto-optical trap (MOT) of ®Rb. The ground levels {|a);|b)}
correspond to the 559, Fip = {3,2} hyperfine levels, while the excited level |c)
represents the {5P s, F, = 3} level of the D; line at 795 nm. The experimental
sequence starts with all of the atoms prepared in level |a). An amplitude modulator
generates a linearly polarized 70 ns long write pulse tuned to the |a) — |c) transition,
and focused into the MOT with a Gaussian waist of about 430 um. We showed in
Chapter 3 Section 3.2.1.1 that the write process can be described using a simple model
based on nondegenerate parametric amplification. The light induces spontaneous
Raman scattering via the |¢) — |b) transition. The annihilation of a write photon
creates a pair of excitations: namely a signal photon and a quasi-bosonic collective
atomic excitation [47]. The scattered light with polarization orthogonal to the write
pulse is collected by a single mode fiber and directed onto a single photon detector
D1, with overall propagation and detection efficiency 7,. When the write pulse is
sufficiently far detuned from the |a) < |¢) transition, the signal photon has a temporal
envelope ,(t — rﬁs) /c), where rﬁs) = k, -7 and k; is the signal propagation direction,
identical to that of the write pulse. The signal envelope satisfies the normalization
condition [/ |¢,(t)[?dt’ = 1, where t is the time at which the write process trial
begins, and %, is the duration of this trial. By adapting the nondegenerate parametric
amplification model of Chapter 3 to the case where only one polarization of the signal
is captured, the correlated signal atomic excitation density matrix may be written as
16

pas =T (x)pT(x), (5.1)
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where
T 1 n

. R~ , QA
U(y) = Ztanh X— (5.2)
n=0 '

cosh x
po is the signal and atomic vacuum density matrix as given in Eq. (3.2), a is the
annihilation operator for the detected signal photon, and A is the atomic excitation
annihilation operator.

Starting with the correlated state of signal field and atomic excitation ( Eq. (5.1) ),
we project out the vacuum from the state produced by the write pulse using the
projection operator : 1 — e—d'd :, Where d = Vs + Més, and és is a bosonic
operator accounting for degrees of freedom other than those detected. Tracing over
the signal and all other undetected modes, we find that the density matrix for the
atomic excitation A conditioned on having at least one photoelectric detection event
is given by 2

o0

1 tanh®” y 1 -
==Y 2 (1—-(1-n)")=A"GA", 5.3
pan = 5 2o 1 Ao AT (5.3)

where p; < 1 is the probability of a signal photoelectric detection event per write

pulse, and the interaction parameter x is given in terms of p; and 7, by

sinh? x = p1/[ns (1 — p1)], (5.4)

We note that in Eq. (5.3) there is zero probability to find the atomic vacuum py.
After a storage time 7, a read pulse of length 80 ns containing around 3 x 107
photons, and with polarization orthogonal to that of the write pulse, tuned to the
|b) — |c) transition, illuminates the atomic ensemble (Figure 5.1). Ideally, the read
pulse converts atomic spin excitations into the idler field emitted on the |¢) — |a)
transition. The elastically scattered light from the read beam is filtered out, while
the idler field polarization orthogonal to that of the read beam is directed into a 50:50

single-mode fiber beamsplitter. Both write/read and signal/idler pairs of fields are

2We show in Appendix D that this result can also be derived using arguments based on elementary
photon counting probabilities [111].
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counter-propagating [59]. The waist of the signal-idler mode in the MOT is about
180 pum. The two outputs of the fiber beamsplitter are connected to detectors D2 and
D3. Electronic pulses from the detectors are gated with 120 ns (D1) and 100 ns (D2
and D3) windows centered on times determined by the write and read light pulses,
respectively. Subsequently, the electronic pulses from D1, D2, and D3 are fed into a
time-interval analyzer which records photoelectric detection events with a 2 ns time
resolution.

The transfer of atomic excitation to the detected idler field at either Dk (k=2,3)
is given by a linear optics relation a; = \/WA + W&(T), where ay,
depends parametrically on 7 and corresponds to a mode with an associated temporal
envelope ¢(t), normalized so that [°dt[¢(t)|* = 1, and &,(7) is a bosonic operator
which accounts for coupling to degrees of freedom other than those detected. The effi-
ciency 1;(7)/2 is the probability that a single atomic excitation stored for 7 results in
a photoelectric event at Dk, and includes the effects of idler retrieval and propagation
losses, symmetric beamsplitter (factor of 1/2) and non-unit detector efficiency. We
start from the elementary probability density (Qi(t.) for a count at time ¢, and no
other counts in the interval [0, %.), Quu(te) = |p(t.)*(: afan exp(— [, dt|o(t)Palax) )
[111]. Using Eq. (5.3), we then calculate probability pyy = [ dtQpi(t) that detec-
tor Dk registers at least one photoelectric detection event. We similarly calculate
the probability pos); of at least one photoelectric event occurring at both detectors.

These probabilities are given by

pop(m) = pap(7) = U(0i(7) /25 p1,ms), (5.5)

P (7) = pop(7) + p3pu(7) — H(1:(7); 01, M), (5.6)

where we show the explicit dependence on 7. Here 1 — I1(n; p1, n5) is given by

1 1 1
N ) e
p1 \1+nsinh*yx 1+ (ns+n(1—mn,))sinh”x

These calculations are carried out in more detail in Appendix D.
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Our conditional quantum evolution protocol transforms a heralded single photon
source into a deterministic one. The critical requirements for this transformation are
higher efficiency and longer memory time of the heralded source than those previ-
ously reported [17, 18]. In Figure 5.2 we show the results of our characterization of
an improved source of heralded single photons. Panel (a) of Figure 5.2 shows the mea-
sured intensity cross-correlation function gs; = [pap +psj1]/[p2+ps] as a function of p;.
Large values of gy; under conditions of weak excitation - i.e., small p; - indicate strong
pairwise correlations between signal and idler photons. The efficiency of the signal
photon generation and detection is given by 1, — g¢ep1, in the limit sinh? y < 1.
We have measured 7y ~ 0.08, which includes the effects of passive propagation and
detection losses €,. It is important to distinguish the measured efficiency from the
intrinsic efficiency which is sometimes employed. The intrinsic efficiency of having a

signal photon in a single spatial mode at the input of the single-mode optical fiber

n’

(ns/€s) = 0.24. We measure €, = €/e'e? ~ 0.3 independently using coherent
laser light, where the fiber coupling efficiency e/ ~ 0.7, optical elements transmis-
sion € ~ 0.85, and the detection efficiency €? ~ 0.55. The measured efficiency of
the idler photon detection is 7; — gsi(p2 + p3) ~ 0.075. Here ps and ps are defined
by expressions analogous to Eq. (5.4). Similarly, the intrinsic efficiency for the idler
field 0 = (n;/e;) ~ 0.34, where we measure ¢; = e eled ~ 0.22, with € ~ 0.75,
el ~ 0.59, and €/ ~ 0.55. The reported values of 7, ~ 0.08 and 7; ~ 0.075 represent
slight improvements on the previous highest measured efficiencies in atomic ensemble
experiments of 0.04 — 0.07 [18, 21].

The quality of the heralded single photons produced by our source is assessed using
the procedure of Grangier et al., which involves a beamsplitter followed by two single
photon counters, as shown in Figure 5.1 [102]. An ideal single-photon input to the
beamsplitter results in photoelectric detection at either D2 or D3, but not both. An

imperfect single photon input will result in strong anticorrelation of the coincidence
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Figure 5.2: Correlation functions gy (panel (a)) and @ (panel (b)) as a function of
p1, taken at 7 = 80 ns. The solid lines are based on Eq. (5.5,5.6), with addition
of a nearly-negligible background contribution, as in Ref. [18]. The inset shows
normalized signal-idler intensity correlation function g, as a function of the storage
time 7. The full curve is a fit of the form 1 + Bexp(—72/72) with B = 16 and the
collapse time 7. = 31.5 us as adjustable parameters.

counts. Quantitatively, this is determined by the anticorrelation parameter @ given
by the ratio of various photoelectric detection probabilities measured by the set of
detectors D1,D2 and D3: @ = pagp /(popips)1). Classical fields must satisfy a criterion
@ > 1 based on the Cauchy-Schwarz inequality [102]. For an ideally prepared single
photon state @ — 0. Panel (b) shows the measured values of @ as a function of
p1, with min{@} = 0.012 £ 0.007 representing a ten-fold improvement on the lowest
previously reported value in atomic ensembles [18].

In order to evaluate the atomic memory coherence time 7., we measure g, as a
function of the storage time 7, inset of Figure 5.2(a). To maximize 7., the quadrupole
coils of the MOT are switched off, with the ambient magnetic field compensated by
three pairs of Helmholtz coils [17]. The measured value of 7. &~ 31.5 us, a three-fold
improvement over the previously reported value, is limited by dephasing of different

Zeeman components in the residual magnetic field [18, 20, 19] as discussed in Chapters

6 and 7.
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5.3 Protocol for Generation of Determinaistic Sin-
gle Photons

The long coherence time enables us to implement a conditional quantum evolution
protocol. In order to generate a single photon at a predetermined time ¢,, we initiate
the first of a series of trials at a time ¢, — A¢, where At is on the order of the atomic
coherence time 7,. Fach trial begins with a write pulse. If D1 registers a signal
photoelectric event, the protocol is halted. The atomic memory is now armed with
an excitation and is left undisturbed until the time ¢, when a read pulse converts it
into the idler field. If D1 does not register an event, the atomic memory is reset to
its initial state with a cleaning pulse, and the trial is repeated. The duration of a
single trial ¢y = 300 ns. If D1 does not register a heralding photoelectric event after
N trials, the protocol is halted 1.5 us prior to ¢,, and any background counts in the
idler channel are detected and included in the measurement record.

Armed with Egs. (5.5) and (5.6), we can calculate the unconditioned detection and
coincidence probabilities for the complete protocol. The probability that the atomic
excitation is produced on the j™ trial is p; (1 — p;)’~'. This excitation is stored for a
time (N — j)to before it is retrieved and detected, N = At/t, is the maximum number
of trials that can be performed in the protocol (we ignore the 1.5 us halting period
before the read-out).

One can express the probability of a photoelectric event at Dk (k = 2,3), Py, and
the coincidence probabilities Py in terms of the conditional probabilities of Eqgs. (5.5)

and (5.6),

N
Pu :Plz(l _pl)]_lpu\l(At _th)a (58)
j=1

p=2,3,23. In the limit of infinite atomic coherence time and N — oo, P, — py1.
Hence, if the memory time is sufficiently long for an adequate number of trials, the

protocol ideally results in deterministic preparation of a single atomic excitation,
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Figure 5.3: Predicted efficiency to generate and detect a single photon 7np as a
function of N and p;. These predictions are based on Eq. (5.8) with the values of
efficiencies and coherence times given in the text.

which can be converted into a single photon at a desired time. Consistent with
Figure 5.2(a) inset, we assume a combined retrieval-detection efficiency that decays
as a Gaussian function of storage time, 7;(7) = 1;(0)e~("/7)* where 7, is the atomic
spin-wave coherence time.

In Figure 5.4 we present the predicted degree of second order coherence for zero
time delay gg) (0) = Pa3/(PyPs) [112] as a function of N and p;. The corresponding
predicted values of efficiency np = P, + P3 — Py3 are shown in Figure 5.3. Figure 5.5
shows the measured degree of 2nd order coherence for zero time delay g(D2) (0) [112] and
the measured efficiency 7np as a function of N (panels (a) and (b)), and as a function
of p; (panels (c¢) and (d)). The solid curves are based on Eq. (5.8). The dashed lines
in panels (a) and (c) show the expected value of gg)(O) = 1 for a weak coherent
state (as we have confirmed in separate measurements). The particular value of p;
used in the measurements of Figure 5.5 panels (a) and (b) was chosen with the aid

of Figures 5.3 and 5.4 to optimize gg) (0) and np. The value of At used in panels
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Figure 5.4: Predicted values of np as a function of N and p;. These predictions are
based on Eq. (5.8) with the values of efficiencies and coherence times given in the
text.

(c) and (d) was similarly chosen to optimize gg)(O) and np. The minimum value

of g(DQ)(O) = 0.41 £ 0.04 indicates substantial suppression of two-photon events and
under the same conditions 7p = 0.012 3. As shown in Figure 5.5(a), when N is small,
the protocol does not result in deterministic single photons. Instead, the cleaning
pulse-induced vacuum component of the idler field leads to additional classical noise.
Large N, and hence long coherence times, are crucial to reduce this noise below
the coherent state level and to approach a single photon source. Note, that in the
limit of infinite atomic memory and N — oo, gg)(O) — min{a} ~ 0.012 + 0.007
and np — n; =~ 0.075, substantially exceeding the performance of any demonstrated
deterministic single photon source.

Moreover, np can be further increased by employing atomic sample with larger

optical thickness and by optimizing the spatial focusing patterns of the signal and

3The corresponding value of the measured Mandel parameter Qp = —np(l — gg>(0)) is
~ —0.007 £ 10% and is largely determined by np [112].
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Figure 5.5: g(D2)(0) as a function of maximum number of trials N (panel (a)) and

p1 (panel (c)); measured efficiency to generate and detect a single photon 7p as a
function of N (panel (b)) and p; (panel (d)). For panels (a) and (b) p; = 0.003
(about 6 x 10° photons per write pulse were used), whereas for for panels (c) and
(d) N = 150. The full curves are based on Eq. (5.8) with the values of efficiencies
and coherence times given in the text, with however np multiplied by an empirical
factor of 2/3. We believe this reduced efficiency is due to imperfect switching of the
read light in the feedback-based protocol (we note that there are no other adjustable
parameters in the simple theory presented). Evident deviations from the theory in
panels (c¢) and (d), beyond the statistical uncertainties associated with photoelectric
counting events, could be explained either by inadequacies of the theory, or slow
systematic drifts in the residual magnetic field and the read light leakage.
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idler fields . In principle, the spatial signal-idler correlations from an atomic ensemble
(and, therefore 1?) can also be improved by use of an optical cavity. However, in
the absence of special precautions the use of a cavity will itself introduce additional
losses associated, e.g., with the mirror coatings or the cavity locking optics [36, 37, 66,
108]. The measured efficiency np would involve a trade-off between improved spatial
correlations due to the cavity and the concomitant losses that it introduces.

Long atomic coherence time enables a large number of trials N, which is necessary
to eliminate the classical fluctuations of the heralded single photon source, and results
in sub-Poissonian photon statistics. This can be explained most simply in the limit
of infinite atomic memory in which the probability P, that a detection event at Dk
(Figure 5.7) is made after NV trials is given by the product of the probability 1 — py,e
that an atomic excitation has been created ( pyq. is the probability that the ensemble
is in the vacuum state ) and pg; the conditional probability that a photoelectric
detection is registered on Dk given that a heralding event was recorded. Likewise,
the probability of a coincidence detection at D2 and D3, P»3 is given in terms of the
conditional joint probability pos; for coincidence given a heralding event has been

recorded, i.e.,

Pk = (]-_pvac)pk\l (59&)

P23 - (1 - pvac)p23|17 (59b>

where pye. = (1 —p1)? for N trials and p; < 1 is, as defined above, the probability of

a signal photoelectric detection in a single write pulse trial. The correlation function

gg) (0), is given by

@ _ I
o = pp
o
= — 5.10
1_pvac ( )

4In separate sets of measurements, we have observed 7, ~ 0.2, for the intrinsic signal efficiency
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Figure 5.6: gg) as a function of N and p; in the limit of infinite atomic memory.
The values for the efficiencies ny and 7; are given in the text.
When the probability p,q. is large, as is the case for a small maximum number of
trials, N, and since the anti-correlation parameter is by definition positive @ > 0, the
presence of multiple atomic excitations combined with the large vacuum component of
the detected field gives super-Poissonian statistics. If IV is sufficiently large pyo. — 0,
however, and we recover a value of g(D2) (0) identical to the anti-correlation parameter
@, which is less than one for a heralded single photon source. As a consequence
the statistics become sub-Poissonian in this limit, and the quality of the protocol is
limited by the quality of the single photons produced by the heralded single photon
source (Figure 5.6).

We should emphasize that gg) does not tend to @ in the limit of small NV, so the
feedback protocol is essential. In the limit of small NV one might expect instead that
gg) — 2, consistent with a thermal distribution of atomic excitations. However, this

expectation is correct only in the limit of perfect signal propagation and detection
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Figure 5.7: np as a function of N and p; in the limit of infinite atomic memory. The
values for the efficiencies ns and 7; are given in the text.

efficiency 1, — 1. This can be readily demonstrated using the atomic density operator

S 2, as confirmed in our

given in Eq. (5.3). However, for 7y, < 1 one finds g(D2
experiments.
In conclusion, we have proposed and demonstrated a stationary source of deter-

ministic photons based on an ensemble of cold rubidium atoms.
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CHAPTER 6

STORAGE AND RETRIEVAL OF SINGLE
PHOTONS TRANSMITTED BETWEEN

REMOTE QUANTUM MEMORIES

In the previous chapters, we have explored the use of atomic ensembles interacting
with classical laser fields to produce non-classical states of light. We reported the
probabilistic generation of entangled qubits in Chapters 3 and 4. While in Chapter
5, we showed how the heralded (probabilistic) single photon source used to generate
entangled qubits in Chapter 3 could be exploited in the generation of deterministic
single photons. Here, we demonstrate how the light-ensemble interface and the idea
of Electromagnetically Induced Transparency (EIT) [71, 72| is used to implement
another essential primitive of a quantum network: a quantum memory element, in
which the nonclassical states of light discussed in the earlier chapters can be stored

and later retrieved!.

6.1 Introduction

An elementary quantum network operation involves storing a qubit state in an atomic
quantum memory node, and then retrieving and transporting the information through
a single photon excitation to a remote quantum memory node for further storage
or analysis. Implementations of quantum network operations are thus conditioned
on the ability to realize such matter-to-light and/or light-to-matter quantum state

mappings. Here, we report generation, transmission, storage and retrieval of single

!This chapter is based on Ref. [18] and the associated supplementary online information
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quanta using two remote atomic ensembles. A single photon is generated from a
cold atomic ensemble at Site A via the protocol of Duan, Lukin, Cirac, and Zoller
(DLCZ) [47] and is directed to Site B through a 100 meter long optical fiber. The
photon is converted into a single collective excitation via the dark-state polariton
approach of Fleischhauer and Lukin [69]. This mechanism is described in detail in
Appendix C. After a programmable storage time the atomic excitation is converted
back into a single photon. This is demonstrated experimentally, for a storage time of
500 nanoseconds, by measurement of an anticorrelation parameter @. Storage times
exceeding ten microseconds are observed by intensity cross-correlation measurements.
The length of the storage period is two orders of magnitude longer than the time to
achieve conversion between photonic and atomic quanta. The controlled transfer
of single quanta between remote quantum memories constitutes an important step
towards distributed quantum networks.

A quantum network, consisting of quantum nodes and interconnecting channels,
is an outstanding goal of quantum information science. Such a network could be used
for distributed computing or for the secure sharing of information between spatially
remote parties [5, 25, 26, 29, 104, 47]. While it is natural that the network’s fixed
nodes (quantum memory elements) could be implemented by using matter in the form
of individual atoms or atomic ensembles, it is equally natural that light fields be used
as carriers of quantum information (flying qubits) using optical fiber interconnects.
The matter-light interface seems inevitable since the local storage capability of ground
state atomic matter cannot be easily recreated with light fields. Interfacing material
quanta and single photons is therefore a basic primitive of a quantum network.

The potential of atomic ensembles to serve as quantum memories has recently
attracted considerable attention [68, 41, 69, 47, 13, 70], spawning two distinct lines of
research. In one, using the physics of “slow light” propagation in an optically thick

atomic ensemble, weak coherent laser pulses have been stopped and retrieved in a
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controlled fashion [69, 73, 44, 45]. In the other, motivated by the seminal proposal of
Duan, Lukin, Cirac, and Zoller (DLCZ) [47], correlated pairs of photons and single
photons have been produced from an atomic ensemble [51, 52, 53, 54, 55, 59]. Col-
lective atomic qubits, atom-photon entanglement, and quantum state transfer from
atomic to photonic qubits have also been demonstrated [57]. These initial experimen-
tal demonstrations within the DLCZ paradigm were beset by short atomic coherence
times, of the order of the laser pulse length. In contrast, recent advances in atomic
ensemble research [17, 23] allow for long quantum memory times, in excess of ten mi-
croseconds in the present work, more than two orders of magnitude longer than the
duration of the laser pulses involved in the protocols. Longer quantum memory times

have subsequently been produced and reported in Ref.[23], as discussed in Chapter 5.

6.2 FExperiment

Here we report the synthesis of these two lines of research by demonstrating the gen-
eration, transmission, storage and retrieval of single photons using remote atomic
ensembles as quantum memories. The essential ingredient which enables the com-
pletion of this synthesis, and which we report here, is the ability to convert single
photons into single collective atomic excitations. In our experiment the remote quan-
tum memories are based on cold atomic clouds of ®Rb confined in magneto-optical
traps (MOTSs) at Sites A and B, as shown in Figure 6.1. Sites A and B are physi-
cally located in adjacent laboratories, with a 100 meter long single-mode optical fiber
serving as the quantum information channel.

Our protocol begins with the generation of single photons at Site A, using an
improved version of the DLCZ approach in the off-axis, counter-propagating geometry
[59, 17] (discussed in Chapter 3). The fiber channel directs the signal field to Site
B where an optically thick atomic ensemble is prepared in level |b) (right inset in

Figure 6.1). The signal field propagation in the atomic medium is controlled by
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Figure 6.1: A schematic diagram of our experimental setup demonstrating genera-
tion, transmission, storage and retrieval of single photon excitations of the electromag-
netic field. Two atomic ensembles at Sites A and B are connected by a single-mode
fiber. The insets show the structure and the initial populations of atomic levels for
the two ensembles. All the light fields responsible for trapping and cooling, as well as
the quadrupole magnetic fields in both MOTs, are shut off during the period of the
protocol. The ambient magnetic field at each Site is compensated by three pairs of
Helmholtz coils (not shown). Correlated signal and idler fields are generated at Site
A. The signal field is transmitted via optical fiber from Site A to Site B, where it is
converted to atomic excitation, stored for a duration 7}, and subsequently retrieved.
A Hanbury Brown-Twiss setup consisting of a beamsplitter BS and two detectors D2
and D3, together with detector D1 for the idler field, are used to verify the single
photon character of the retrieved field.
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Figure 6.2: Measured transmission spectra of a coherent probe field as the function
of probe detuning in the presence of, and absence of, EIT. Data are taken using 700 ns
long coherent laser pulses. T is the intensity transmittance, A is the probe detuning
and I" is the decay rate of level |c). In the absence of control field (circles) the probe
is strongly absorbed near resonance, whereas with the control field on (diamonds)
the medium becomes transparent. Each probe pulse contains on average 0.3 photons.
Each data point is an average of 2 x 10° experimental trials. The optical thickness
d = 8 and the control field Rabi frequency 2 = 31" are used to obtain the solid curves,
based on the theoretical model discussed in Appendix C.

an additional laser field (control) through the process of electromagnetically-induced
transparency (EIT) [71, 72]. As we deal with an unpolarized atomic ensemble, we
must take into account the Zeeman degeneracy of the atomic levels. Choosing the
same circular polarizations for both the probe and the control fields allows us to retain
transparency, as discussed in more detail in Appendix C. In Figure 6.2 we show the
EIT transmission spectrum recorded for a coherent laser probe field instead of the
signal field. Evidently, in the absence of the control light the probe field is absorbed
by the optically thick sample. With the addition of the cw control field, the medium

is rendered transparent around the |b) < |¢) transition resonance A = 0.

The control field strongly modifies the group velocity of the signal field. For a
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time-dependent control field, a strong reduction of the group velocity of the propagat-
ing signal field can be understood in terms of a coupled matter-light field excitation
known as a “dark-state polariton.” By adiabatically switching off the control field,
the coupled excitation can be converted into a pure atomic excitation, i.e., the sig-
nal field is “stopped” [69, 44, 45]. An important condition to achieve storage is a
sufficiently large optical thickness of the atomic sample, which enables strong spatial
compression of the incident signal field [41]. In our experiment the measured optical
thickness d ~ 8, where d is defined such that exp(—d) is the on-resonance intensity
transmittance in the absence of a control field. Figure 6.3 compares our observations
with the predictions of a theoretical model of Appendix C. Figure 6.3a compares the
propagation of the signal pulse in vacuum and in the atomic medium under conditions
of EIT with a cw control field. The observed pulse delay under conditions of EIT
is about 20 ns, corresponding to more than three orders of magnitude reduction in
group velocity. Figure 6.3b shows the effect of turning off the control-storage field
when the signal pulse is approximately centered in the medium, and the subsequent
retrieval of the signal field when the control-retrieval field is switched back on after a
500 ns storage time. Figure 6.3c shows retrieval after a storage time of 15 us. Quali-
tative agreement of the pulse shapes has been obtained in our theoretical analysis of
the protocol using the full Zeeman structure of the atoms and a classical description
of the signal field (Figure 6.3d-f).

In order to verify the single-photon character of the signal field (a) without stor-
age, and (b) with storage and retrieval, we use a Hanbury Brown-Twiss detection
scheme, employing a beamsplitter followed by two single photon counters, as shown
in Figure 6.1 [102]. To provide such characterization, we note that classical fields must
satisfy a criterion @ > 1 based on the Cauchy-Schwarz inequality [102, 113]. For an
ideally prepared single photon state @ — 0. Here the anticorrelation parameter @ is

a function of the storage time Ty, and is given by the ratio of various photoelectric
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Figure 6.3: Experimental and theoretical pulse shapes as a function of time, showing
EIT, storage and retrieval. The color code is: control field - black, pulse in vacuum -
blue, delayed, stored and retrieved field - red. Panel (a) with a cw control field shows
EIT pulse delay. In panel (b) the control field is switched off and then on again after
500 ns, shows light storage and retrieval. Panel (c) is similar to (b) but with a 15 us
storage. Panels (d), (e), and (f) are corresponding theoretical plots.
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detection probabilities which are measured by the set of detectors D1, D2 and D3

(described in Section 6.3):

_ P1P123

(T, .
( ) P12P13

(6.1)

As an auxiliary measure of signal-idler field correlations, and as a way to quantify
the quantum memory storage time, we also evaluate the normalized intensity cross-
correlation function gy = (p12 + p13)/[p1(p2 + p3)] [114, 90]. In particular, it serves to
estimate the total efficiency and background levels in the experiment, since g,; is, by
definition, independent of efficiencies whereas p; is proportional to the overall idler
channel efficiency.

First we measure gy; and @ without storage at Site B (i.e., with no atomic sample
in place), and the results are displayed in Figure 6.4, a and b, respectively. Next we
add an optically thick atomic sample at Site B, and perform storage of duration T, =
500 ns and subsequent retrieval of the signal field, with results shown in Figure 6.4,
¢ and d, respectively. No correction for background or dark counts were made to
any of the experimental counting rates. The curve fits of g, are based on a simple
theoretical model, and allow us to obtain the efficiency in the idler channel and the
background contributions to p, and ps3 for the stored signal field. These same values
are used to produce the corresponding theoretical curves in Figure 6.4, b and d. The
measured values of @ < 1, displayed in Figure 6.4, b and d, confirm the single-photon
character of both the source and retrieved signal fields (with the minimum values of
@ = 0.14 £ 0.11 and @ = 0.36 4 0.11, respectively). Overall, we estimate that the
probability p, for successful generation, transmission, storage, retrieval, and detection
of a signal photon is approximately ps ~ 1075 for each trial. The efficiency of photon
storage and retrieval E can be estimated as the ratio of the values of p, + ps with and
without storage. We find £ ~ 0.06, in agreement with the theoretical result shown
in Figure 6.3e.

To investigate the storage capability of our quantum memory at Site B, we measure
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Figure 6.4: Measured intensity cross-correlation function g,; and anticorrelation func-
tion @ as a function of the idler photoelectric detection probability p;. Panels (a) and
(b) are for the source (propagation in vacuum). Panels (c¢) and (d) are for stopped,
stored for 500 ns, and retrieved signal field. The solid lines are based on a theoretical
model that includes losses and background. Error bars represent 4+ one standard
deviation and are based on the statistics of the photoelectric counting events.
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Figure 6.5: Normalized signal-idler intensity correlation function gg; as a function of
the storage time Ty at Site B. Data (diamonds) are taken for p; = 0.0047, but with a
smaller background contribution than that of Figure 6.4, ¢ and d. The full curve is
a fit of the form 1 + Bexp(—t?/7%) with B = 7 and the collapse time 7 = 11 us as
adjustable parameters. Error bars represent 4+ one standard deviation and are based
on the statistics of the photoelectric counting events.

gsi as a function of the storage time of the signal field T, (Figure 6.5). A Gaussian fit
provides a time constant 7 = 11 pus, which is an estimate of our quantum memory time.
The collapse is consistent with the Larmor precession of a dark-state polariton in an
unpolarized atomic ensemble in a residual magnetic field [51, 57]. Experimentally we
attempt to null the uniform, dc component of the magnetic field. A definitive way
to distinguish whether the collapse is due to uniform or non-uniform and ac fields is
to measure the damping time of the periodic revivals of the retrieved signal field at
longer storage times. In a uniform magnetic field, undamped revivals of the dark-
state polariton should occur at times equal to nTy,, where T}, is the Larmor period for
level |a) or |b) and n can be either integer or half-integer, depending on the direction

of the magnetic field relative to the light beam geometry (a synopsis of these ideas

is given in the Appendix C, with the full theory presented in Ref.[19]). We have
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conducted separate experiments with an externally applied magnetic field [20], which
suggest that the collapse in the present experiment is likely due to magnetic field
gradients and/or ac fields at the level of a few tens of mG. However, more extensive
investigations to quantitatively determine the temporal and spatial structure of the

residual magnetic field, and the various contributions to it, are ongoing.

6.3 Measurement Procedure

To generate single photons at Site A, we use the DLCZ approach in the off-axis,
counter-propagating geometry introduced by Harris and coworkers [59]. The insets
in Figure 6.1 indicate schematically the structure of the three atomic levels involved,
|a), |b) and |c), where {|a); |b)} correspond to the 552, F' = {3,2} levels of ®Rb, and
|c) represents the {5P; o, F' = 3} level associated with the D; line at 795 nm. The
experimental sequence begins with an unpolarized sample of atoms prepared in level
|a) (left inset of Figure 6.1). A 160 ns long write laser pulse tuned to the |a) — |c)
transition is focused into the MOT with a Gaussian waist of about 400 pym. The
write pulse generates a Raman-scattered signal field via the |¢) < |b) transition. We
collect a Gaussian mode centered around the momentum k , that forms an angle of
about 2° with the write beam. The write pulse is so weak that on average less than
one photon is scattered into the collected mode for each pulse. The signal field is
coupled into the 100 meter long fiber connecting Sites A and B.

For each signal photon emission event, a correlated collective atomic excitation is
created in the atomic ensemble. After a delay At = 200 ns, a 140 ns long counter-
propagating read laser pulse resonant with the |b) — |c¢) transition illuminates the
atomic ensemble and converts the atomic excitation into the idler field. Under the
conditions of collective enhancement, the idler field is emitted with high probability
into the mode determined by the phase-matching condition k i = k wt+ k e k s, Where

Ei, k. and k, are the wave vectors of the idler, write and read fields, respectively.
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The waist of the signal-idler mode in the MOT is about 150 um. The idler field is
directed onto a single photon counter D1. Ideally, photoelectric detection of the idler
field projects the quantum state of the signal field into a single photon state. The
repetition rate of the experiment is 2-10° s~!. Each data point in Figure 6.4 involves
an average over a time period that varied from several minutes up to 1.5 hours for
the data point with the lowest value of p; in d.

To measure the photoelectric detection probabilities pq, ps, p3, P13, P12, P23, and
P123, the outputs of the detectors are fed to three “Stop” inputs of the time-interval
analyzer which records the arrival times with a 2 ns time resolution. The electronic
pulses from the detectors D1,D2,D3 are gated for periods [tf, ) + T;], with T =
140 ns, ng =T ;’ = 240 ns, respectively, centered on the times determined by the
write and read (for no storage) or control-retrieval (for storage) laser pulses. Counts
recorded outside the gating periods are therefore removed from the analysis. The
list of recorded events allows us to determine the single-channel photoelectric event
probabilities p; = N;/M, where N; is the total number of counts in the i-th channel
and M is the number of experimental trials, (for Di, i = 1,2,3). If photoelectric
detections in different channels i, k,m happen within the same gating period, they
contribute to the corresponding joint probabilities p;; = N;;/M, where N;; is the total
number of coincidences between D7 and Dy, 7,7 = 1,2, 3. The joint probability of all

three detectors registering a count is given by pjo3 = Nyog/M.

6.4 Photoelectric counting statistics

In order to take into account the possibility of the creation of multiple signal-idler
photon pairs created in the write-read processes at site A, we use a theoretical model

based on parametric down-conversion derived in Chapter 3, Section 3.2.1.1. The
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annihilation operators for the idler and signal field are transformed as [90]:

al™ = cosh(y)al™ )—l—smh( Yalm,

2

al) = cosh(y)al™ + sinh(y)al ™. (6.2)

s

Here x is the Raman gain at Site A. We also wish to assess the overall efficiencies
and the background levels in our experiment. Modeling the background to the signal
in terms of a coherent field with average photon number By, we find that in the low
intensity limit discussed in Appendix D

<&£out)T&gout)T&gout) dgout) >

gsi =~
< ~ (out)} A (out)> <d§out)Td§out)>

(1 + 2sinh®(x)) + B,
sinh?(x) + B,

(6.3)

(6.4)

We also determine the anticorrelation parameter @ of Grangier et al. ( in the weak

intensity limit of Appendix D ) [102]:

<dgout)T2&(out)T&§out) dgout)2> <€1,Z(-OUt)TCALZ(-OUt) >
a =~ 6.5
o] < (out)t out s )&Z(out)>2 ( )
_ sinh®*(x)(4 + 6sinh®(x)) + 4B,(1 + 2sinh*(x)) (6.6)

(1 + 2sinh®(x) + B,)?

Using the treatment of Appendix D, we find that in the low intensity limit, the
singles count rates at detectors D1, D2, and D3 are given by R, = ¢ sinh?(y),
Ry = |T'|?e;sinh?(x) and R3 = |R|%e3sinh?(x) (assuming that R; < W, where W
is the repetition rate of the experiment); 7" and R are the transmission and reflection
coefficients of the beamsplitter BS, shown in Figure 6.6.

In the absence of the medium we empirically find negligible background B,. The
solid curve in Figure 6.4A is based on this model, setting By = 0. We find that the
best fit to the data in Figure 6.4A is given by ¢; &~ 0.039. The solid line in Figure 6.4B

is based on Eq. (6.6) with this value of ¢;.
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Figure 6.6: Normalized intensity autocorrelation functions g;; (triangles) and g
(circles for the source, squares for the stored and retrieved field). Uncertainties are
based on the statistics of the photon counting events.

For the stored light, we have to account for the fact that a significant fraction of
detected signal photons are due to background associated with the control-retrieval
pulse. By fitting the data of Figure 6.4C to Eq. (6.4), we find B, ~ 0.08. Substituting
this value into Eq. (6.6), we obtain the solid curve in Figure 6.4D. In order to reduce
this background, we have performed initial investigations using an optically pumped
Rb cell to filter out light at the frequency of the control field. In this case we found
increased non-classical correlations between the idler and the stored and retrieved
signal photon, e.g., for T, = 500 ns g, increased from 8 0.2 to 15.6 + 1.4.

In addition, we measure the intensity autocorrelation functions gss = pas/[p2ps]
and g;. These are shown in Figure 6.1. In order to evaluate the latter, we insert a
beamsplitter and additional detector D, into the path of the idler photon, so that
Gii = D1a/[P1Pa). Using these together with the measured values of gy shown in
Figure 6.4 of Ref.[18], one can evaluate Clauser’s parameter R = g¢%/[gsgi]. For
classical fields R < 1, whereas we observe strong violation of this inequality.

The total measured transmission and detection efficiencies for the idler and signal
fields respectively are w; = 0.25+0.03 and w, = 0.15+0.02, consisting of the quantum

efficiencies of the detectors 0.5540.05 and the passive transmission losses accounting
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for the rest. The ratio of h = ¢;/w; = 0.16 indicates the strength of the spatial
signal-idler correlations in our source of conditional single photons at Site A, with

h — 1 for the ideal case.

6.5 Conclusion

We have demonstrated generation, storage and retrieval of single quanta transmitted
between two remote atomic ensembles serving as quantum memory elements. The
control of the matter-field interface at the level of single quanta, and at remote sites,
is encouraging for further developments and applications in quantum information
science. In particular, the storage of a photonic qubit, with two logical states, would
represent a crucial advance. In order to achieve this, the quantum memory at Site B
would likewise need a second logical state, so as to realize a collective atomic qubit.
Two different approaches for such qubits have already been demonstrated [57, 17].
If a second logical state were added to both quantum memories at Sites A and B,

generation of remote entanglement of two atomic qubits would be possible.
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CHAPTER 7

DARK-STATE POLARITON COLLAPSES AND

REVIVALS

In this chapter!, we investigate the dynamics of dark-state polaritons in an atomic
ensemble with ground-state degeneracy. A signal light pulse may be stored and
retrieved from the atomic sample by adiabatic variation of the amplitude of a control
field. This procedure was used to obtain the results of the previous chapter in which
single photons were stored and retrieved from an atomic medium. During the storage
process, a magnetic field causes rotation of the atomic hyperfine coherences, leading to
collapses and revivals of the dark-state polariton number. In Section 7.2, we predict
that these collapses and revivals are observable in measurements of the retrieved
signal field, as a function of storage time and magnetic field orientation.

We test this prediction in the experiments reported in Section 7.3. Both coherent
and single photon states of light are stored in, and retrieved from a cold atomic gas
by time dependent variation of a control field. The observed series of collapses and
revivals of measured retrieval efficiency as a function of storage time agrees very well
with our theoretical predictions.

This strong agreement lends credence to the proposition that the quantum mem-
ory coherence times in the previous chapters are limited by the presence of ambient

magnetic fields.

!This chapter is based on Refs. [19, 20]
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7.1 Introduction

A quantum memory element consisting of an ensemble of atoms, with efficient cou-
pling to a signal light field, represents a node in several quantum network architectures
(69, 47, 41, 48, 49]. A dark-state polariton (DSP) is a collective excitation, with light
field and atomic spin wave parts, in which the relative size of the light and matter
contributions can be varied by changing the amplitude of a control laser field [69].
In connection with atomic memories, DSPs offer the possibility for efficient transfer
of information between a light carrier and an atomic medium, with programmable
storage of the excitation in the atomic spin coherence. The storage and subsequent
retrieval of the signal field component of the DSP can be achieved by the extinction
and subsequent reactivation of the control field after a given storage time. Experi-
mental demonstrations of “stopped-light” can be understood in terms of the concept
of DSP in just this way [44, 45, 74].

In Chapter 6 the storage and retrieval of single photons using an atomic ensemble
based quantum memory was reported, with a storage time conjectured to be limited by
inhomogeneous broadening in the ambient magnetic field [18]. During the storage, the
DSP consists entirely of atomic spin-wave, and in order to understand its dynamics in
a magnetic field it is necessary to properly account for the atomic level degeneracy and
the signal and control field polarizations. In particular for alkali atoms, which have
non-zero nuclear spin, the electronic levels have hyperfine structure ( see Chapter 2 ).
In this case we must define a more general form of DSP field operator than that of
a simple lambda configuration, in which the atomic spin-wave part corresponds to a
particular superposition of hyperfine coherences of the ground electronic level. These
coherences are, in turn, intimately related to the phenomenon of electromagnetically-
induced transparency (EIT) [71, 72, 115, 116].

The remarkable protocol of Duan, Lukin, Cirac, and Zoller (DLCZ) provides a

116



measurement-based scheme for the creation of atomic spin excitations [47]. In sys-
tems where EIT is operative, these excitations will in general contain a dark-state
polariton component. The orthogonal contribution may be regarded as a bright-state
polariton in that it couples dissipatively to the excited atomic level in the presence of
the control field [75]. Observation of the retrieved signal field, however, picks out the
dark state polariton part, while the orthogonal component is converted into sponta-
neous emission [19]. A number of previous works reported generation and subsequent
retrieval of DLCZ collective excitations [51, 52, 53, 55, 54, 57, 59, 17, 117]. Several of
these studies investigated the decoherence of these excitations in cold atomic samples
[51, 54, 57, 17, 117]. It has been similarly conjectured in these works that the decay
of the coherence was due to spin precession in the ambient magnetic field. While the
observed decoherence times are consistent with the residual magnetic fields believed
to be present, the observation of revivals predicted in Section 7.2 [19] would be solid
proof that Larmor precession is indeed the current limitation on the quantum mem-
ory lifetime. Moreover, controlled revivals could provide a valuable tool for quantum
network architectures that involve collective atomic memories.

We shall see that in a magnetic field the temporal evolution of the DSP reveals
a series of collapses and revivals due to the evolution of its spin-wave component
during the storage phase of the process. In Section 7.2, we predict that the collapses
and revivals should be directly observable in measurements of the retrieved signal
field as a function of storage time. This prediction is then verified experimentally in

Section 7.3.

7.2 Theory

We develop the theory of EIT in a degenerate atomic medium with ground levels |b)
and |a) and excited level |c¢), which have energies hw, = 0, hw, and hw,, respectively

(Figure 7.1). The Zeeman states of level |b) are written |b, m), where —F, < m < F};
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B (control)

a, m+a—f

Figure 7.1: On the left, a diagram shows an atomic ensemble interacting with coprop-
agating signal and control fields. The signal (helicity «), resonant on the |b) < |c)
transition, is stored and subsequently retrieved by variation of a control field (helicity
(), which resonantly couples levels |a) and |¢). A constant magnetic field B, oriented
at an angle 6 from the propagation axis, rotates the atomic coherences during the
storage. For each state |b, m) in level |b), there is either an associated A configuration,
as shown on the right, or an unconnected one, as discussed in the text. The signal
connects the states |b,m) and |¢,m + «), while the control field drives transitions
between |¢, m + «) and |a,m + a — ).

similar definitions hold for the other levels. All N atoms are assumed to be initially
prepared in level |b) without polarization, i.e., the density matrix of atom p is p, =
> m P 1b;m), (b, m| where we write p = 1/(2F, + 1). The atoms experience a uniform
magnetic field B oriented at an angle # with respect to the light propagation z axis.
The magnetic field-atom interaction Vi = upB D obacJs Zﬁle ]?‘5, where ]?‘5 is the
projection of the atomic angular momentum operator for atom p onto level |s) and
gs is the corresponding Landé g factor. The magnetic field induces a Larmor spin
precession which is primarily important in the storage phase, when the signal field
amplitude is zero. In a pure three state system, a magnetic field has been used to
manipulate the phase of a stored light pulse [74]. We note that in prior work collapses

and revivals of single-atom Zeeman coherences have been observed[118, 119].

We assume the signal field has a carrier wave vector k , = [(we — wp)/c]2, a time
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independent transverse spatial profile ¢(*)(7"), which satisfies the normalization con-

dition fd2rf)2 o) (f’)}2 = 1, where for a vector 7, U(E) =¥ — ky - 0. The positive

frequency component of the signal electric field is given in the interaction picture by

(F,1) = (2m)"° € (chy) FoTe 160 (7) 37 €l (1), (T
a==+1

where g&(xs ) (z,t) is the linear photon density annihilation operator for signal photons

at position z = 7 - Z and helicity a. These photon density operators obey the bosonic

equal time commutation relations

(260 (), 8512/, 1)] = G0 (2= ). (7.2)

Their definitions in terms of plane wave operators is given in Eq. (2.63) of Chapter 2.
A control field of helicity  propagates nearly parallel to the z-axis with a wave
vector k. = [(we — wy)/clk.. We will make the paraxial approximation on the control
field helicities € 3 (l%c) R~ E 3, where Ea are the laboratory fixed spherical basis vectors
( Eq. (2.31) ). We allow the freedom in the choice of control field propagation direction
so that we may adequately describe the off axis configuration used in the experiments
described in Section 7.3. The positive frequency component of the classical control

field is given by
EM (7. t) = & 4(ko) e ekt B (¢), (7.3)

where FE. (t) is the slowly varying control electric field. We assume FE,. is constant
over the width of the transverse spatial profile of the signal. Furthermore, we assume
E.(t) varies sufficiently slowly that we may consider it constant over the length of the
ensemble.

We proceed by generalizing the perturbative treatment of Fleischhauer and Lukin
[75] to include the degenerate atomic level scheme and the presence of a magnetic
field. We assume the number of photons contained in the signal pulse is much less

than the number of atoms in the sample, and we retain only terms up to first order in
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the signal field amplitude. In this limit, we can neglect the populations of levels |c)
and |a), as well as the coherences between these levels. Furthermore, for an initially
unpolarized sample in level |b), the ground state populations and Zeeman coherences,
as opposed to hyperfine coherences, are unaffected by the signal, control and magnetic
fields. Our treatment can be extended to an initially spin-polarized atomic sample,
as we will report in a separate publication. We show in Appendix C that in this weak
signal limit [69, 75], the signal field, which we assume propagates in the positive z

direction, and collective atomic coherence operators satisfy the quantum Langevin

equations
o 0 -
(5 + CE) @) (2,t) = in/n (2) pk! ZF Crnalm: m+a (2,1), (7.4a)
m=—F,
d . : ' 4
g o (2,t) = i€ (t) Cpplm; mrys (2,1), (7.4b)
and

d T / }1 :
¢\ . . 2 (s)
(dt + 2 ) Em;m/ (th) = 1lhsy N (Z)p Cma(sm’;m+a§0a (Z’t)

a=-—1
+ Q% (t) Cru_g gBmim—p (2,1)
+ 5m’,m+a§b,m; c,m—+a (Za t) 9 (74C)

where the atomic number density n(z) is assumed to be a function only of the

propagation distance z, kg is the signal field coupling constant on the probe transition,

and Q.(t) = E.(t) (c

q

a) is the control field Rabi frequency which we assume is

real. We adopt the shorthand for the Clebsch-Gordan coefficients C,,, = C Fyp 1 Fe

m o m+o

and O} 5 = =Cfe 51 n{jjrﬁ; it is useful to define R,.0(8) = Cina/C, 0 _p,5- The collective

optical coherence is defined

stquS(S (F ) 5bm c,m’ (t) 5 (Z - Z“) ’ (75)

)= =3
and the collective hyperfine coherences are given by

(7 el Feme) ol o (0)8(z=2).  (76)

.§m;m/ (Z t =

voer O
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It is shown in Appendix C, that, in the weak signal limit, these collective coherence

operators obey the quasi-bosonic commutation relations

[ém1§m/1 (Z> t) >ém2;m'2 (Z/> t)} = [ém1§m/1 (Z> t) ) §m2;m'2 (Z,a t)} =0, (77&)
[émum’l (2,1), Simag; m, (zlvt)] - [gml;mi (2,t) 7é;rng;m’2 (zlvt)] =0, (7.7b)

[éml;ma (1) &6 (z',t)] = Ot g, 0(2 — ) + O (1NN), (7.7¢)

and

ma;ms;

[ﬁml;mg (z,1), 34" ,(z',tﬂ — 5m1,m/15m27m/25(z—z')+0(1/@). (7.7d)

The decay rate of level |c) is denoted by I, and CAb,m;er is a corresponding quantum
noise operator. The coupling of the atoms to the uniform magnetic field can be taken
into account by the addition of appropriate commutators with the interaction Vj in
the atomic equations.

We first establish some standard features of EIT with our model. The propagation
of a classical (coherent) signal through the medium is found by dropping the quantum
noise operator, and replacing the field and coherence operators with their respective
expectation values. For a constant amplitude control field, the linear susceptibility
for the signal field of angular frequency w is found to be
LAXE (2072, 55— A% +iAT,/2)

(Q2cr

2 A2)2 +(AT,/2)? (7.8)

Xald) ® 5—d(2) )

where A = w — w, is the detuning of the signal from atomic resonance, X,,, =
Cma/\/(2F.+1)/3, and d'(2) = dd(z)/dz. The dimensionless quantity d(z) is the
optical thickness, which is defined such that exp(—d) is the on-resonance intensity
transmittance in the absence of a control field, and can be expressed as

d(z) = 2mw ( / ) dz’n(z’)) (wi)Q Z?b E (7.9)

—0o0

where w is the fraction of atoms in excited level |c¢) that spontaneously decay into

ground level |b). When a control field is present, an EIT window exists provided that
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the Clebsch-Gordan coefficients €7, , 5 53 do not vanish for any —F, < m < F, for
which Cpo # 0. If, however, C] ., 55 =0, and Cy,q # 0, it means that there is an
excited state |¢,m + a) not coupled by the control field to a state in the ground level
|a), i.e., there is an unconnected lambda configuration. The subset of atoms initially
in the state |b, m) would absorb the signal field and spontaneously emit radiation as
if there were no control field present. In order for EIT to exist, one must make a
judicious choice of atomic levels and signal and control field polarizations.
Assuming a choice of polarizations that supports EIT, we are able to generalize

the adiabatic treatment of Ref. [69] to Eq. (7.4) to derive the DSP operator for

helicity «, with control field polarization [ ( see Appendix C )

A 0z (1) 6 (2.t) = V1 (2) g 3o Bones (8) S s (1)

U, (2,t) = 2 2 : (7.10)
VIOF + 1) p s> 0 [ Ruvs (5)

Asin Ref.[69], this operator obeys the simple propagation equation (9/0t+v,0/ 82)@0(2, t) =
—(1/2)W,(d/dz)v, with the reduced group velocity v, = Q2 /(Q24+Np|rs> 3, |Rma(6)]?)
which can be adiabatically controlled by time dependent variation of Q.(¢). From the
definition of \if, we see that as ). goes to zero, the wave excitation stops propa-
gating and transforms into a particular linear combination of hyperfine coherences
~ > Rua(B)3m: mta—p(2,t). This nontrivial result arises from the treatment of the
full degeneracy of the atomic ensemble; only this combination of hyperfine coherences
is adiabatically transformed into the signal field via the control field retrieval process.
Orthogonal combinations of hyperfine coherences couple to optical coherences in the
presence of the control field and result in excited state spontaneous emission; we will
refer to these as the bright-state polariton (BSP) component. It is also possible that
some population of atoms remains trapped in the ground states, and is unaffected by
the control field.

One can also show that the DSP behaves like a bosonic field. When the DSP

operator exists for polarizations « and 3, the DSP operators obey the commutation
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relations

[@a(z,t), \i/g(z/,t)] ~ 0 (7.11)

[@a(z, B, ¥l t)] = G0z — 2) + O(1/VN). (7.12)

In order to demonstrate the importance of the dark state polariton in the signal
storage and retrieval process in a magnetic field, we numerically solve Eqs. (7.4) for
a coherent signal field using the Fourier space propagation equation ( Eq. (C.51) )
of Section C.5 in Appendix C. We thus calculate the expectation values of the spin
wave coherences (8, mia—g(2,t)) and the signal field, allowing us to determine the
DSP and BSP components. This is accomplished by defining a vector space of 2F},+ 2
dimensions, with orthonormal basis vectors e,,, each corresponding to a hyperfine co-
herence 3,,; m+a—g, and e, corresponding to the signal field. We define the coherence
“vector” v = <<ﬁ,(f)> €y + Y (Sm; mia—p (2,1)) €y, We note that this is not normal-
ized since its magnitude is dependent on both the time dependent signal and control
fields. Associated with the DSP we define a vector ug = Q.e,++v/Nprs Y., Rma(B)em
and the corresponding unit vector ey = uy/||uy||. We then determine the DSP com-
ponent pp = e}, - v[?, and BSP component pp = ||v — ege}, - v||%

As an example of signal storage and retrieval we consider an atomic sample of
85Rb, in which the control field and signal field polarizations are chosen equal o =
B = 1, and the optical thickness d = 8, Figure 7.2. The atomic levels |b), |a)
and |c) correspond to the 52Sj, F = 2,3 and 5°P3» F' = 3 levels of the D, line,
respectively. The spontaneous decay rate I'./(27) = 5.98 MHz. The incident signal
field has a Gaussian envelope of full width half maximum 120 ns, and the peak enters
the 3 mm long sample at t = —60 ns. The control field has a constant Rabi frequency
Q. = 1.5I', until it is smoothly turned off at ¢ = 0 over a period of 20 ns, when a
fraction of the signal field is converted into hyperfine coherences of the atomic spin

wave. The excitation is stored from 0 < ¢ < 2 us in the presence of the magnetic field,
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before the control field is reactivated, and the signal field retrieved. In Figure 7.2,
panels (A) and (B), the magnetic field is chosen so that the storage time corresponds
to a quarter of a Larmor period T, = 27rh/|gg,u3§ |, while in panels (C) and (D),
the storage time is 77,/2. In panel (A) pp grows as the signal pulse arrives at the
point of observation, and reaches a peak when the control field is switched off. It
then decays during the storage phase, due to Larmor precession of the hyperfine
coherences in the applied magnetic field, which causes the corresponding growth of pg.
When the control field is reactivated, pg decays rapidly due excited level coupling and
subsequent spontaneous emission, though pp remains finite as the spin wave coherence
of the DSP is converted into the forward propagating signal field; the retrieved signal
field intensity is illustrated in panel(B). In panel (C), where the storage time is 77,/2,
pp undergoes a complete revival. The energy of the retrieved signal field shown in
panel (D) is therefore much larger, by a factor of 5.73, than that in panel (B). This is
in good agreement with the DSP theory for retrieval efficiency discussed later, which
predicts that the retrieved signal energy of panel (D) should be 5.53 times that in
panel (B). These results demonstrate the importance of the adiabatic concept of DSP
for a realistic experimental scenario. The retrieved signal field directly reflects the
DSP dynamics in the magnetic field.

We can predict the retrieval efficiency of a stored signal pulse by tracking the
population of the DSP as it evolves under the influence of the magnetic field. During
the storage, the evolution of the spin wave operators is given by $,,. mia—pg(2,t) =

Sy Somimr, Dot ()2

m=—F, 2my=—F,, o Bamy (£)Sma; my (2, 0), where DS?m,(t) = (s, m| exp(—ig, p-
Ft) |s,m’) is the matrix element of the rotation operator for states in hyperfine level

|s), and Op= 1 5B /h. Using the bosonic commutation relations for the spin wave op-
erators, we can calculate the number of polaritons <Na(t5)> = [dz <@L(z, t)Ual(z, t5)>

as a function of storage time t, for an arbitrary DSP quantum state created in the

storage process. In the limit of infinite control field amplitude, this converts into
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Figure 7.2: Numerical results illustrate the storage and retrieval of a signal pulse from
an atomic ensemble as described in the text. We show results for two values of the
magnetic field oriented along the z axis. Panels (A) and (B) correspond to a magnetic
field B = 0.267 G, so that the signal is stored for 77, /4, where T}, = 8 us is the Larmor
period. Panels (C) and (D) show results for B = 0.535 G, corresponding to a signal
storage time of T}, /2, where T}, = 4 us. The signal field intensity transmittance I(t) /Iy
(Solid line) and control field Rabi frequency (dot-dashed line), displayed in arbitrary
units, are shown in panels (B) and (D). Panels (A) and (C) display scaled dark state
pp (solid line) and bright state pp (dashed line) polariton components, as explained
in the text. In panel (B) the ratio of retrieved to input signal pulse energy is 4.38%
while in (D) the ratio is 25.09%.
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Figure 7.3: The DSP population fraction f,(ts) calculated for orientations of the
magnetic field 0 < 6 < 7/2 over one Larmor period. These results illustrate collapses
and revivals whose features are dependent on #. The atomic configuration and field
polarizations o and [ are described in the text.

the total number of photons in the retrieved signal field [ dz <¢S)T(z,t)¢,(f)(z,t)>.

We therefore derive an expression for the signal retrieval efficiency as the fraction

Falts) = (Nal(t))/(Na(0)):

fa(ts) _ Z lea(ﬁ)nga(ﬁ) D(g) (ts)

mimsa Zm |Rm0& (6> |2 e

2

(9"t
X Drgl+a—ﬁ,m2+a—ﬁ (ts)

(7.13)

In Figure 7.3, we display the f,(ts) as a function of ¢, for a variety of magnetic field
orientations. We again consider an ensemble of 8°Rb atoms with the same choice of
atomic configuration and field polarizations discussed earlier. For t, < T, we observe
a collapse in the polariton population, yielding an approximate retrieval efficiency of
falts) =~ exp(=T2(Qt,)?/2), where the collapse rate T, depends on the angle, 6,

between the magnetic field and the propagation axis. For # = 0, we find

e | Rua(8) R )
O=00 =1 3, S

With the approximation g, = —g¢,, valid for ground level alkalis, it is clear that

my — m2)2. (714)

the system undergoes a revival to the initial state after a complete Larmor period,
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and thus the signal retrieval efficiency should equal the zero storage time value.
Depending on the orientation of the magnetic field, we observe also a partial re-
vival at half the Larmor period. For a magnetic field oriented along the z axis, the
system dynamics are relatively simple. Each hyperfine coherence $,,,. ;4q—p merely
picks up a phase factor that oscillates at m + (o« — (3)/2 times twice the Larmor
frequency, thus returning the system to its initial state at half the Larmor period.
In this case, the partial revival is actually a full revival. On the other hand, for
0 = 7/2, a rotation through half the Larmor period causes the coherence transfor-
mation 8, m+a—8 — S—m; —(m+a—g) UP to an overall phase factor. As a result, for the
choice of equal field polarizations (« = [3), the retrieval efficiency at half the Larmor
period simplifies to (3" Rina(a)R_pma(a)/ D, |Rma(a)]?)?, resulting in a partial re-
vival. For other orientations of the magnetic field, particularly for § = 7 /4, the revival
at half the Larmor period is suppressed. This reflects the more complicated dynamics
of the individual spin coherences 5’;’, ™, each of which transform into a superposition
of all (2F, 4+ 1)(2F, + 1) spin coherences, with complex time dependent coefficients
governed by the rotation matrices. Stated physically, there is a strong destructive

interference between the various spin coherences when 6 ~ 7 /4.

7.3 Ezxperitmental Observation

In this section, we report observations of collapses and revivals of dark-state polaritons
in agreement with the theoretical predictions [19] of the previous section. In our
experiment, we employ two different sources for the signal field, a coherent laser
output and a conditional source of single photons [47]. The latter is achieved by using
a cold atomic cloud of ®*Rb at Site A in the off-axis geometry pioneered by Harris
and coworkers [59]. Another cold atomic cloud of ¥ Rb at Site B serves as the atomic
quantum memory element, as shown in Figure 7.4. Sites A and B are physically

located in adjacent laboratories connected by a 100 meter long single-mode optical
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Figure 7.4: A schematic diagram illustrates our experimental setup. A signal field
from either a laser, or a DLCZ source of conditional single photons at Site A is carried
by a single-mode fiber to an atomic ensemble at Site B, where it is resonant on the
|b) < |c) transition. The signal field is stored, for a duration T}, and subsequently
retrieved by time-dependent variation of a control field resonant between levels |a) and
|c). All the light fields responsible for trapping and cooling, as well as the quadrupole
magnetic field in the MOT, are shut off during the period of the storage and retrieval
process. An externally applied magnetic field created by three pairs of Helmholtz
coils (not shown) makes an angle 0 with the signal field wavevector. The inset shows
the structure and the initial populations of atomic levels involved. The signal field
is measured by detectors D2 and D3, while detector D1 is used in the conditional
preparation of single photon states of the signal field at Site A.
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fiber. The fiber channel directs the signal field to the optically thick atomic ensemble
prepared in level |b). The inset in Figure 7.4 indicates schematically the structure
of the three atomic levels involved, |a), |b) and |¢), where {|a); |b)} correspond to
the 525 /9, F, = 3, F}, = 2 levels of ¥Rb, and |¢) represents the 5P o, F,, = 3 level
associated with the Dy line at 795 nm. The signal field is resonant with the |b) < |c)
transition and the control field with the |a) < |c) transition.

When the signal field enters the atomic ensemble at Site B, its group velocity is
strongly modified by the control field. By switching off the control field within about
100 ns, the coupled excitation is converted into a spin wave excitation with a dominant
dark state polariton component, i.e., the signal field is “stored” [69, 44, 45, 74]. An
important condition to achieve this storage is a sufficiently large optical thickness of
the atomic sample, which enables strong spatial compression of the incident signal
field [41]. In our experiment the measured optical thickness d ~ 8. The subsequent
evolution of a dark state polariton in an external magnetic field is predicted to reveal
a series of collapses and revivals whose structure is sensitive to the magnitude and
orientation € of the field relative to the signal wavevector, as discussed in the previous
section[19].

As we deal with an unpolarized atomic ensemble, we must take into account the
Zeeman degeneracy of the atomic levels. Choosing the same circular polarizations for
both the probe and the control fields allows us to retain transparency [18, 19]. For
a signal field of positive helicity, the dark state polariton annihilation operator for
position z is given by [19]

b () = EOE &8 - VnEIPRE S Bt (1) S (1)
VIOF + 1) p e X | Runs (+1)

As discussed in the previous section, the signal is stored in the form of spin wave

. (7.15)

excitations associated with the dark state polaritons ~ 3" Ry, Sy m(2) for some

range of positions z within the sample. During the storage phase, and in the presence
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of the magnetic field B , the atomic hyperfine coherences rotate according to the
transformation
Smim(2,1) Z Z DOT ()DL, ()Smy; ms (2, 0), (7.16)
mi=—F, mo=—F,
For ®Rb,ignoring the nuclear magnetic moment, g, = —g;,. This rotation dynamically
changes the dark state polariton population during storage.

The measured signal retrieved after a given storage time Ty is determined by
the remaining dark state polariton population. Stated differently, only the linear
combination of hyperfine coherences ~ Ry, +1(1)8,; m(2,Ts) contributes to the
retrieved signal. We calculate the number of dark state polariton excitations as a
function of T, using Eqs. (7.15) and (7.16), (N(T.)) = [dz(¥! (2, T) U1 (2, T0)),
and find

T | 5~ ot DD S orvper | .
(N(0)) ,,; S [ Ros1 (D) o (T5) Daiymy (1) (7.17)

In Figure 7.5, panels (f) through (j), we show the retrieval efficiency for various
orientations of a magnetic field of magnitude 0.47 G, corresponding to the Larmor
period of 4.6 ps. With the approximation g, = —g, it is clear that the system un-
dergoes a revival to the initial state after one Larmor period (27/]g,3 5|), and thus
the signal retrieval efficiency equals the zero storage time value. Depending on the
orientation of the magnetic field, a partial revival at half the Larmor period is also
observed. For a magnetic field oriented along the z axis (Figure 7.5(f)), the polariton
dynamics is relatively simple. Each hyperfine coherence 5,,, ,,, merely picks up a phase
factor that oscillates at frequency 2m| gbﬁ |, thus returning the system to its initial
state at half the Larmor period. In this case, the partial revival is actually a full
revival. On the other hand, for # = 7/2 (Figure 7.5(j)), a rotation through half the
Larmor period causes the coherence transformation $,,. ,, — —S*_m; _m, and as a re-

sult, the retrieval efficiency is reduced to (3, Rim1(1)R_p41(1)/ >, B2, 11)* The
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substructure within a half Larmor period is associated with interference of different
hyperfine coherences contributing to the dark-state polariton [19].

To test these predictions, we apply a uniform dc magnetic field of magnitude
0.5 £ 0.05 G to the atomic ensemble using three pairs of Helmholtz coils. In our
first set of measurements, 150 ns long coherent laser pulses containing on average
~ 5 photons serve as the signal field. The outputs of the single-photon detectors D2
and D3 are fed into two “Stop” inputs of a time-interval analyzer which records the
arrival times with a 2 ns time resolution. The electronic pulses from the detectors are
gated for the period [t,t + T}, with T, = 240 ns, centered on the time determined
by the control laser pulse during the retrieval stage. Counts recorded outside the
gating period are therefore removed from the analysis. The recorded data allows
us to determine the number of photoelectric events Ny + N3, where N; is the total
number of counts in the i-th channel(i = 1,2, 3).

By measuring the retrieved field for different storage times and orientations of
the magnetic field, we obtain the collapse and revival signals shown in Figure 7.5,
(a) through (e). As expected, we observe revivals at integer multiples of the Larmor
period. In addition, we see partial revivals at odd multiples of half the Larmor period,
except in the vicinity of # = 7/4. The measured substructures within a single revival
period are in good agreement with the theory (cf., insets of Figure 7.5, (e) and (j)).
We attribute the overall damping of the revival signal in the experimental data to
the magnetic field gradients. The evident decrease of this damping while 6 is varied
from 0 to 7/2 suggests that such gradients are predominantly along the direction of
the signal field wavevector. Similarly, we attribute the additional broadening of the
revival peaks at longer times to inhomogeneous magnetic fields, possibly ac fields,
not included in the theoretical description. We are pursuing additional investigations
to determine the temporal and spatial characteristics of the residual magnetic fields

[76].
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Panels (a)-(e) show the ratio of the number of photoelectric de-
tection events for the retrieved and incident signal fields for various orientations,
0 =0,7/8,7/4,31/8,m/2, of the applied magnetic field, and as a function of storage
time. The incident signal field is a weak coherent laser pulse. In all cases the control
pulse is switched off at Ty = 0. We observe a series of collapses and revivals at multi-
ples of the half Larmor period of 2.3 us. The observed damping over several Larmor
periods is likely caused by residual magnetic field gradients. The inset in Panel (e)
demonstrates the observed substructure within the first Larmor period. Panels (f)
through (j) are corresponding theoretical plots of the dark-state polariton number
calculated using Eq. (7.17).
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Figure 7.6: Diamonds show the measured collapse time T¢ of the first revival at half
the Larmor period as a function of the measured revival time Ty, for magnetic field
values of 0.8, 0.6, 0.4, and 0.2 G, respectively, and for fixed orientation § = 7/2. The
line shows the corresponding theoretical prediction T ~ 0.0827; from Eq. (7.17).

Theory predicts that both the collapse and the revival times (7o and Ty, re-
spectively) scale inversely with the magnetic field [19]. In Figure 7.6 the theoretical
prediction Tx = 0.0827T% (solid line) is compared with the experimentally measured
values. We find very good agreement except for the lowest value of magnetic field
B =0.2 G which may be explained by the presence of residual magnetic field gradi-
ents.

In the measurements presented above, classical, coherent laser light was used as
the signal field [90]. We have also investigated the revival dynamics of our atomic
memory with the signal field in a single photon state, as shown in Figure 7.4. The
procedure for production of a single photon state of the signal field at Site A is
conditioned on the detection of an idler photon by D1 (see Refs.[17, 18] for further
details). If photoelectric detections in different channels 1,2 or 1,3 happen within the
same gating period, they contribute to the corresponding coincidence counts between

D1 and Dj, Ny;, j = 2,3. We evaluate the a parameter of Grangier et al. [102], given
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Figure 7.7: Squares show the measured rate of coincidence detections between D1
and D2,3, N,; = Nyio + Ni3 as a function of the storage time. Diamonds show the
measured level of random coincidences Ng. The ratio of squares to diamonds gives
gsi- Uncertainties are based on the statistics of the photoelectric counting events.

by the ratio of various photoelectric detection probabilities which are measured by the
set of detectors D1,D2 and D3. For an ideal single-photon state o = 0, whereas for
coherent fields a = 1. We have experimentally determined o = 0.51 4+ 0.06, without
any correction for background or dark counts.

The normalized intensity cross-correlation function gg; = (Ni2 + Ni3)/Ngr may
be employed as a measure of non-classical signal-idler field correlations [90, 16], as
discussed in detail in Ref.[51]. Here Ngp = Ny - (N3 + N3) - R, is the level of random
coincidences, where R,., is the repetition rate of the experimental protocol. The
values of g, are obtained by the ratio of the upper and lower traces in Figure 7.7.
The measurements presented there give values of g,; well in excess of two at the revival
times, suggesting the dark-state polaritons have a non-classical nature. One could
further evaluate self-correlations for the idler field g;;, and for the signal field g, and

confirm that the Cauchy-Schwarz inequality g2 < gssgs; is indeed violated [51, 90, 16].
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We have measured, by adding a beamsplitter and an additional detector, the value
gii = 1.42 + 0.03. When the signal field is stored and retrieved 500 ns later, we find
that both gss < 2 [18]. While the total number of recorded coincidences between
detectors D2 and D3 is not high enough to evaluate g, for the revived polariton, it
is also expected to be less than two, leading to a substantial violation of the Cauchy-

Schwarz inequality.

7.4 Conclusion

We have developed a theory of the DSP as a mechanism to store and retrieve light
pulses in a degenerate unpolarized atomic medium. The role of the DSP and its
connection to storage retrieval efficiency have been verified by full numerical solutions
of the propagation equations for a classical incident signal field. In the presence of a
magnetic field, we have demonstrated that the DSP population undergoes collapses
and revivals during the pulse storage time. We predict that this polariton dynamics is
directly reflected in the signal pulse retrieval efficiency. These predictions have been
verified by experimental observation. Our results may find applications in quantum

communication and computation approaches that utilize quantum memories [47, 29,

104, 120]
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CHAPTER 8

ENTANGLEMENT OF REMOTE ATOMIC

QUBITS

This chapter presents a synthesis of the protocol for generating probabilistic entan-
glement between the polarization of a photon and a collective atomic excitation of
Chapter 3 and the ability to store nonclassical states of the light field demonstrated
in Chapter 6.! We report observations of entanglement of two remote atomic qubits,
achieved by generating an entangled state of an atomic qubit and a single photon
at Site A, transmitting the photon to Site B in an adjacent laboratory through an
optical fiber, and converting the photon into an atomic qubit. Entanglement of the
two remote atomic qubits is inferred by performing, locally, quantum state transfer
of each of the atomic qubits onto a photonic qubit and subsequent measurement of
polarization correlations in violation of the Bell inequality [S| < 2. We experimen-
tally determine S,,, = 2.16 & 0.03. Entanglement of two remote atomic qubits, each
qubit consisting of two independent spin wave excitations, and reversible, coherent
transfer of entanglement between matter and light, represent important advances in

quantum information science.

8.1 Introduction

Realization of massive qubits, and their entanglement, is central to practical quantum
information systems [29, 47, 5]. Remote entanglement of photons can now be achieved

in a robust manner using the well-developed technology of spontaneous parametric

!This chapter is based on Ref.[21].
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down-conversion [25, 26, 27|, with propagation to remote locations by means of optical
fibers. Photons, however, are difficult to store for any appreciable period of time,
whereas qubits based on ground-state atoms have long lifetimes. Local entanglement
of massive qubits has been observed between adjacent trapped ions [121] and between
pairs of Rydberg atoms in a collimated beam [31]. In order to entangle qubits at
remote locations the use of photons as an intermediary seems essential [103, 122, 123,
124]. Photons also offer some flexibility as information carriers as they can propagate
in optical fiber with low losses. The creation, transport, storage, and retrieval of
single photons between remote atomic ensembles located in two different laboratories
was recently reported [18]. The first step in creating remote entanglement between
massive qubits is to entangle one such qubit with the mediating light field, which is
then directed towards the second qubit via an optical fiber. There have recently been
important advances towards this goal by demonstrating entanglement of a photon
with a trapped ion [32], with a collective atomic qubit [57, 17], and with a single
trapped atom [38, 125].

A promising route towards the creation and application of long-lived qubit en-
tanglement in scalable quantum networks was proposed by Duan, Lukin, Cirac, and
Zoller [47, 124]. These atomic qubits rely on collective atomic states containing ex-
actly one spin excitation. For useful quantum information processing two orthogonal
spin wave excitation states ST 10),,, St |0),, are needed for the logical states of a qubit
[47], where |0), represents the collective atomic ground state. We note that the two
states |0), and St |0),, do not appear to constitute a practically useful qubit [126].
In the experiment of Chapter 6 [18] each of the two remote ensembles only contained
one logical state, since the atomic ground state component does not serve this pur-
pose. Entanglement of continuous atomic variables in two separate atomic ensembles
has been reported [127], as appropriate for continuous-variable quantum information

processing, but not for qubit entanglement.
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In two recent experiments, collective atomic qubits were generated using cold
atomic ensembles [57, 17]. In the first of these the logical states were single spin wave
excitations (ideally, 8']0),,5"[0),), in either one of two distinct atomic ensembles
inside a high vacuum chamber. In the second experiment, two orthogonal spin waves
of a single cold ensemble represented the logical qubit states [17]. The experiments [57,
17] realized a single atomic qubit system, but did not address the issue of entanglement
of atomic qubits.

While remote entanglement of atomic qubits has not been previously demon-
strated, Refs. [57, 17] realized two basic primitives of a quantum network: (a) en-
tanglement of photonic and atomic qubits, and (b) quantum state transfer from an
atomic to a photonic qubit. The crucial additional ingredient is the reverse operation,
the conversion of a photonic qubit into an atomic qubit. This enables the transfer of

atom-photon entanglement into remote atomic qubit entanglement.

8.2 Theory and Experiment

Here we report remote atomic qubit entanglement using cold atomic clouds of ®*Rb
confined at Sites A and B, as shown in Figure 8.1. These sites are situated in separate
laboratories and linked by an optical fiber. A notable distinction between the two
nodes is that the qubit generated at Site A is written on an unpolarized atomic
ensemble, as in Chapter 3 [17], whereas at Site B the atomic ensemble is prepared,
ideally, in the (m = 0) Zeeman state of the I’ = 2 ground level by optical pumping.
All the light fields responsible for trapping and cooling of the atoms, as well as the
quadrupole magnetic fields at both sites, are shut off during the period of the protocol.
The ambient magnetic field at each site is compensated by three pairs of Helmholtz
coils, and a bias field of 0.2G is added at Site B for the purpose of optical pumping.

Our protocol starts with the generation of an entangled state of a signal photon

and a collective atomic qubit at Site A, achieved through Raman scattering of a
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classical laser write pulse as discussed in Chapter 3. The state can be represented

schematically as

(W) = 1004 10); + x(cosn[+), [+), +sinn|=),[=);)

104100 + x|}, (8.1)

where |+), = al. 0); and |—); = al

|0); are the normalized states of positive and
negative helicity of the signal photon, [0) ; is the field vacuum state, |+), = S110), de-
scribes the two logical qubit states, corresponding to non-symmetric collective atomic
modes [13], and x < 1. The asymmetry angle n = 0.817/4 [17]. Eq. (8.1) represents
probabilistic entanglement generation, where ideally for each signal photon emission
event, an entangled atomic qubit is created in the atomic ensemble [47, 32]. Since we
deal with an unpolarized atomic ensemble, the state of the system is more rigorously
described by a density operator as discussed in Chapter 3 [17].

The orthogonal polarization modes of the signal field produced at Site A are
directed along the optical fiber to Site B. As the signal field propagates from Site A
to Site B, it passes through two quarter wave plates, causing the transformation of the
signal field operators a, — £a+. The signal field propagation in the atomic medium
at Site B is controlled by an additional laser field (control) through the process of
electromagnetically-induced transparency (EIT) [72, 71, 73, 69, 44, 45].

We implement the storage phase at Site B, by adiabatically reducing the control
field amplitude to zero, while the signal pulse lies within the cloud. The orthogonal
atomic spin wave excitations thereby created in the spin-polarized gas constitute the
logical states of the atomic qubit. In order to convert the signal field qubit into a
collective atomic qubit, it is necessary that the optically thick atomic sample supports
EIT for both field helicities [69, 19]. To this end, we optically pump the atomic cloud
at Site B using a linearly polarized field resonant to the F' = 2 «» F’ = 2 transition

of the Dj-line, and an additional repumping field resonant to the F = 3 <« F' = 3
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conftrol

Figure 8.1: A schematic diagram of our experimental setup. Two cold atomic en-
sembles of ®Rb, an unpolarized sample at Site A, and a spin-polarized sample at Site
B, separated by 5.5 m, are connected by a single-mode fiber. The insets show the
structure and the initial populations of the atomic levels for the two ensembles. An
entangled state of a collective atomic qubit and a signal field is generated at Site A
by Raman scattering of the write laser field. The orthogonal helicity states of the
generated signal field are transmitted via optical fiber from Site A to Site B, where
they are converted to orthogonal collective atomic excitations, stored for a duration
T, and subsequently converted into an idler field by adiabatic variation of the con-
trol field amplitude. The atomic qubit at Site A is similarly converted into an idler
field by a read laser pulse, counterpropagating with respect to the write pulse. For
polarization analysis, each idler field propagates through a quarter-wave plate (not
shown), a half-wave plate (A/2) and a polarizing beamsplitter (PBS). Polarization
correlations of the idler fields are recorded by photoelectric detection using the single
photon detectors D1-D4.
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transition of the Ds-line. We measured the optical thickness d ~ 8 for both circular
components of the signal field.

In the adiabatic limit, the propagation, storage, and retrieval of the signal within
Site B is well described by the dark-state polariton mechanism [69, 75, 19, 20] dis-
cussed in Section C.5 of Appendix C. When the atomic sample at Site B is spin
polarized, a dark-state polariton operator exists for each polarization of the signal.
These polaritons are orthogonal, allowing each polarization to be stored indepen-
dently. The dark-state polariton operator of helicity a = +1 at Site B is given by
Eq. (C.66) with p,,, = 6,0 and g = 1.

By switching off the control field over a period of about 20 ns, the photonic
qubit is converted into an atomic qubit. At this stage remote atomic qubits should
have been created at Sites A and B. Atoms at Site B should, ideally, be prepared
in a single Zeeman m = 0 state of the F' = 2 hyperfine ground level (lower inset
in Figure 8.1). In practice the pumping is not perfect, possibly due to radiation
trapping in the optically thick atomic medium [128]. We measure lower storage and
retrieval efficiency for the negative helicity signal component compared with that
of the positive helicity component (3% vs 8%). Numerical simulations indicate that
the discrepancy between the efficiencies is consistent with a residual population in the
|F' =2, m = —2) atomic state at the 10% level. This results in undesirable absorption
of the signal field with negative helicity. These simulations were performed using the
propagation equation (C.51) derived in Section C.4.1.

The signal photon of helicity a« = 41 is stored in the ensemble at Site B with
efficiency €,. After a storage time T}, the non-vacuum component of the state of the
two ensembles is given by the following density operator: p = (1 —¢€)pa + €pap, where
the component p4 describes the state of single excitation at Site A, and is expressed
by

1—c¢

1-— €_ N N N + . N ~ N
(3082 nSL+pvacsA+ =+ 1—¢ SlIl2 nsz_pvacsA—a (82>

1—c¢

pa =
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where pyqc is the product of the ground state atomic density operators for the en-
sembles at Sites A and B. The density operator psp = ‘ifi‘B(Ts)ﬁmc‘if 48(Ts) in the

two-qubit sub-space represents an entangled atomic state where
Wlip(T2) = &0 cos '8l 8 — sino 3, 8], (8.3)

with cosn/ = \/Jcos n, and € = e_cos®n + e, sin’n is the average efficiency of
photon storage at Site B. The phase ¢(t) = —2(gpup/h) Byt is induced by the applied
magnetic field By = 0.2G oriented along the propagation axis at Site B, where ¢ is
the Landé g-factor for hyperfine level with ' = 3.

Ideally, entanglement should have been created between the collective atomic
qubits at Sites A and B. After a storage time T}, the remote collective atomic excita-
tions are converted by quantum state transfer into idler fields emanating from Sites
A and B, using a read laser pulse at Site A and by reactivating the control field at
Site B [57, 17]. The resulting idler-idler photoelectric correlations may be calculated

using the effective two-photon state
|Wy) = cosny |[HV) + €7 sinn; |V H) (8.4)

where |[HV) = &kHdEV 0); and [VH) = dL,V&B,H 0) ;, and the subscripts A and B
indicate the idler mode at the respective site. We omit higher-order terms in photon
number [18].

The phase ¢f, which includes the contributions due to the Larmor precession
¢(Ts), the light phase shifts in the atomic media, and various optical elements, is
introduced as an adjustable parameter. The mixing angle 7y is determined by the
relative efficiencies with which the two qubit states are transferred from the atomic
ensembles to the idler fields. If we assume equal transfer efficiencies at Site A, we find
cosny = \/%cos n, where eg = eg_ cos’n + epy sin?n and epy is the combined
storage and retrieval efficiency for a photon of helicity 4+ at Site B. Measurements

of these efficiencies give ez, = 0.08, and eg_ = 0.03. With n = 0.817/4 fixed by
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the atom-photon entanglement process at Site A [17] we get ny = 1.12w/4. Our
experimental data, including those displayed in Figure 8.3, are consistent with this
value of 1y and ¢ < 1.

The above arguments are clearly conditional on the generation of the signal qubit.
According to Eq. (8.1), the corresponding probability scales as x?, and this determines
the efficiency of the probabilistic entanglement generation. However, as Duan et
al. point out [47], quantum network protocols eliminate the vacuum component of
Eq. (8.1) and only the entanglement characteristics of |¢)) are relevant [129, 130]. In
our experiment, atomic qubits were stored for a time 500 ns at Site A and 200 ns at
Site B. It should be possible to extend the qubit storage times to longer than 10 us,
as the single-quanta storage results suggest [18].

The measurement of the atomic qubits is performed by quantum state transfer
onto the idler fields at both sites using the read laser pulse at Site A and the control
laser pulse at Site B. The polarization state of either idler field is measured using a
polarizing beamsplitter and two single photon detectors, D1, D2 for Site A and D3,
D4 for Site B (additional technical details are given in Refs.[57, 17, 18]). Polarization
correlations between the idler fields produced at the remote sites are recorded and
analyzed for the presence of entanglement. The contributions of the vacuum and sin-
gle photon idler excitations are excluded in the observed photoelectric coincidences
between the remote sites [129, 130]. Since quantum state transfer is a local process,
it cannot generate entanglement. Hence, observation of idler field entanglement con-
firms probabilistic entanglement of the two remote atomic qubits. We denote the
number of such coincidences between detector Dn, n = 1,2 at Site A and detector
Dm, m = 3,4 at Site B by C,,, (04,05). Here 64 and 0p are the angles by which
polarization is rotated by the half-waveplates at these Sites.

The two-particle interference produces a high-visibility sinusoidal fringe pattern

for the coincidence rates C,, (04,05), which is characteristic of entangled particles.
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Figure 8.2: Measured coincidence fringes C,3(64,0p5) as a function of 04, for O =
135°, n = 1, diamonds, n = 2, squares. The curves are sinusoidal fits to the data.
Each point is acquired for 15 minutes. The effective repetition rate is 108 kHz, each

trial takes 1.1 us.

Figure 8.2 shows measured coincidence fringes for some representative angles. We

calculate the coincidence rates C,,,,(04,0p) to be
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Figure 8.3: Measured correlation function £(04, 0p) as a function of 4. (a), O = 0°,
squares, and 90°, diamonds. (b), #p = 45°, squares, and 135°, diamonds. The curves
are sinusoidal fits to the data.

where €, is the overall efficiency (including propagation losses) for detector D,,, and

similar expressions for the other three rates.

8.3 Measurement of Bell’s Inequality Violation

Observation of Bell inequality violation is one method to confirm two-particle en-
tanglement, by way of measurement of discrete values of C,,,,,(04,0p) at polarization
settings which lie on the slopes of the fringe pattern. Explicitly, following Clauser-
Horne-Shimony-Holt (CHSH) [91], we calculate the correlation function E(04,05),

given by
Ci3(04,05) + C24(04,05) — C14(04,0p) — Ca3 (04,05)
C13(04,05) + Coy (04,05) + Cra (04,05) + Coz (04,05)

In Figure 8.3 we display F (04,05) as a function of 0,4, for four values of 5. By

(8.6)

fitting the correlation functions in Figure 8.3 with sinusoids, we determine a set of four
pairs of angles 64 = 78.5°, 0 = 45°, 0, = 33.5° and 03 = 0° that should maximize the
Bell inequality violation. We acquire data for two hours at each of these four points

(Table 8.1). In order to account for unequal efficiencies of the detectors D1, D2 and
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Table 8.1: Measured values of the correlation function E(f4,0p5) at particular po-
larization settings and the Bell parameter S.

04 0Op E(04,05)
78.5 45| 0.447+0.017
33.5 45| 0.640£0.014
785 0 0.572 +0.015
33.5 0 | —0.504 +0.016
S =216+0.03

D3, D4, each correlation measurement consisted of four runs, flipping polarization
of either one of the idler fields by 90 degrees between the runs. As a result, the
products €,,€, are effectively replaced by the symmetric factor i(el + €2)(€e3 + €4) in
Eq. (8.5a). In this case the correlation function E(0,4,60p) becomes independent of

these efficiencies:

E(04,05) = —%[COS(?(@A—HB))(l—Cos¢fsin277f)

+ cos(2(64 + 05))(1 + cos ¢y sin 2ny)]. (8.7)
The CHSH version of the Bell inequality is then |S| < 2, where
S = E(QA, 93) + E(e%, 93) + E(QA, G/B) - E(e%, G/B) (88)

We find S = 2.16 £ 0.03 £ 2, in clear violation of the Bell inequality. No corrections
for background or dark counts were made to any of the experimental counting rates,
and these are chiefly responsible for the reduction in the observed value of S from the

ideal value of 2.60 predicted by our theoretical model.
8.3.1 Fidelity of entanglement between remote Sites A and B

An alternative method to characterize entanglement of the ensemble of detected idler-
idler photoelectric correlations is to determine the fidelity with respect to the maxi-

mally entangled state [131, 121, 32, 130]
W)y = (Va, Hp) + [Ha, Vi) /V2 (8.9)
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Table 8.2: Inferred density matrix elements p;;. Error bars represent + one standard
deviation and are based on the statistics of the photoelectric counting events.
04 05 HH HV VH \AY

11°0° | 0.086 £0.007 0.315+0.012 0.565 4+ 0.013 0.034 £ 0.005
56° 45° 1 0.275£0.012 0.055 £ 0.006 0.060 +0.006 0.610 =+ 0.013

and this is given by

1
F= §(pVH,VH + pav.av + pavve + pveay)- (8.10)

We can write a lower bound on F' in terms of the diagonal matrix elements of
the two-photon component of the density matrix in the original and rotated basis as

follows [32],

F > §(PHV,HV +pvayvE — 2\/PHHHHPVV,VV

+  PHHHH + PVV,VV — PHV.HV — PVHVH)- (8.11)

The diagonal density matrix elements are proportional to the joint two-photon pho-
toelectric detection probabilities, and can be expressed in terms of the coincidence
counts in the original C;;(11°,0°), and rotated, C;;(56°,45°), bases as follows
T Ci; (11°,0°)
Piadi = 0 (11°,0°) + C (11°,0°) + Cay (11°,0°) + Ciq (11°, 0°)
5o = Ci;(56°,45°)
Pisii = 011(56°,45°) + Cag(56°, 45°) + Cra(56°, 45°) + Caa(56°, 45°)

(8.12)

. (8.13)

As usual, normalization by the total number of coincidences here accounts for finite
measurement efficiency due to field propagation and detection losses.
Having measured each data point for one hour (Table 8.2), we found F' = 0.77 +

0.01, whereas the classical limit corresponds to F' = 0.5.

8.4 Conclusion

In conclusion, we have demonstrated entanglement of two remote atomic qubits, based

on collective atomic states. By photoelectric detection of polarization correlations of
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the idler fields we have also confirmed the mapping of atomic qubit entanglement onto
photonic qubits. Long-lived entanglement of remote massive qubits and entanglement
transfer between matter and light are important prerequisites for realization of a

scalable quantum information network.
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CHAPTER 9

CONCLUSION

In this thesis, we have provided theoretical descriptions of several recent experiments
which implement basic quantum network operations using light interactions with cold
atomic ensembles. We have examined how collective Raman scattering of a classical
laser field can be modeled as a nondegenerate parametric amplifier involving a single
mode of the detected signal field and an associated idler collective excitation. When
the classical write pulse is sufficiently weak, this collective Raman scattering results
in the entanglement between a qubit encoded in the polarization of the photon and
the imprinted atomic excitation. The entanglement is inferred by transferring the
idler spin wave to an associated idler electromagnetic field mode and subsequently
measuring the correlations between the signal and idler fields. This retrieval process
can be understood through the dark-state polariton mechanism when EIT is oper-
ative. When EIT is not possible, as in the experiment of Chapter 3, however, the
retrieval process is not as well understood; the dynamics of the retrieval process are
the subject of future investigations.

We also demonstrated that entanglement between the polarizations of two photons
can be achieved using atomic cascade transitions. The cascade scheme has the advan-
tage that the atomic transitions can be chosen such that one of the photons is emitted
in the telecom range, making it ideal for long distance transmission through optical
fibers. The second photon, on the other hand, lies in a frequency band that is ideal
for storage within an atomic ensemble. In the experimental demonstration of this
entanglement, superradiant time scales were observed in the temporal correlations of

the emitted quantum fields. A detailed theoretical description of the superradiant
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behavior in this system is currently under development [132].

The collective Raman scattering process that generates probabilistic entanglement
between the scattered photons and an associated atomic excitation was also exploited
to produce a source of deterministic single photons. The experimental advances that
lead to increased quantum memory lifetime (e.g. better isolation from ambient mag-
netic fields that lead to Larmor collapse of the dark-state polariton) have allowed us
to implement a measurement-based quantum feedback protocol that arms the atomic
ensemble with a single collective excitation with high probability. The excitation
state of atomic ensemble is then mapped to a detected mode of the electromagnetic
field at a predetermined time.

We also extended the theory of dark-state polaritons introduced in Ref. [69] to
treat collections of atoms with nuclear spin degeneracy. This development allowed us
to theoretically describe the storage and retrieval of single photon states within an
atomic ensemble reported in Chapter 6. We further predicted, that in the presence of
a uniform magnetic field, Larmor precession induces collapses and revivals of the dark-
state polariton population and, therefore, of the retrieval efficiency as a function of
storage time. These predictions were confirmed by experimental observations. It will
be shown in a separate work [76] that magnetic field gradients explain the observed
reduction of revival amplitudes ( Figure 7.5 ), and are responsible for the current
limitation of quantum memory lifetimes.

Finally, the primitive operations of probabilistic entanglement generation between
a photon and quantum memory element and the mapping of a photonic state to a
collective atomic excitation were synthesized to produce entanglement of two remote

atomic qubits.
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APPENDIX A

POLARIZATION CONVENTIONS

In the thesis, whenever I am constrained to choose the polarization vectors £y (A €
{H,V}) for a propagation direction k, they are chosen according to the convention
presented here. Let us express the propagation direction k in terms of the angles 0},
and ¢; as

k = cos ;2 — sin 0 sin ¢y + sin 6;, cos ¢;.2. (A.1)
We then choose the horizontal polarization

En(k) = —é,% = sin 0, + cos 0 sin ¢y — cos 0, cos ¢ 2, (A.2)

and the “vertical” polarization

~

Ey(k) = —;, = cos ¢§ + sin ¢ 2 (A.3)

Notice that these vectors are orthonormal and the set {€}, £y, l%} form a right handed
coordinate system.

We note that in the most common situations, where the signal of interest propa-
gates along the k = % axis, our convention the “expected” definitions for horizontal

and vertical polarization vectors:
Eg(2) = @ (A.4)
S5 = 3 (A.5)

~

We also note that when we perform a reflection & — —l%, we have the following

transformations for the linear polarizations in this particular convention:



We also adopt the following convention for the spherical helicity vectors. Let 5a(l;:)
be the spherical vector of helicity o € {—1,0, 1} with respect to the direction k. The

helicity vectors are given by

50(]%) — Lk (A.Sa)
1 /. - RS
v (k) * isiv (k) (A.8b)

The spherical basis vectors satisfy the orthogonality relations
& (k) - €s(k) = dap (A.9a)

Calk) - 8(k) = (=1)"da,5 (A.9b)

Since the z axis serves as the typical quantization axis for angular momentum, we de-

fine the “laboratory fixed” circular polarization vectors as the spherical basis vectors,

(k) = (=1)e.a(k) (A.10a)
En(—k) = —e_o(k) (A.10b)
= (=1)te (k). (A.10c)
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APPENDIX B

DERIVATION OF THE EFFECTIVE
HAMILTONIAN FOR SCATTERING FROM

ATOMIC ENSEMBLES

In this Appendix, we show how one can adiabatically eliminate the excited state
in a three level atom and arrive at the effective Hamiltonian for stimulated Raman
scattering used to describe the Raman scattering from atomic ensembles, which can
result in the generation of entangled qubits.

We consider a collection of N three level atom with two levels |a) and |b) in the
ground state hyperfine manifold and an excited level |c) that may be coupled to
ground levels |a) and |b) via an electric dipole transition. Levels |a), |b), and |c) have
total atomic angular momenta F,, Fj, and F respectively.

These atoms interact with a pump, or write, field and the electromagnetic reser-
voir. The write field has the properties of a narrow bandwidth system field described
in Chapter 2. The positive frequency electric write field operator can be expressed
in terms of the slowly varying photon density operators ¢(z,t) and their transverse

spatial profile ¢(™)(7) as

= (+)

B, (7,1) = (27)" € (chy) e Te TRt pl) (7) 3™ £,60) (2,1) (B.1)

a=+1
The write beam carrier frequency ck, = (w. — w,) + A, is detuned from resonance
on the |a) < |c) transition by the frequency A,. We assume, however, that A,
is small enough that the pump field is much closer to resonance on the |a) < |c)

transition than to any other electric dipole transition in the chosen atom (¥Rb in
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our experiments). Furthermore, the bandwidth of the pump field has a bandwidth
cAk, <€ A,.

The positive frequency component of the electric reservoir field is given by
-~ (+) — -~ — -~ —
E, (7t) =E(7t) — E, (7 1) (B.2)

with the total positive frequency electric field expressed in the interaction picture in

terms of plane wave annihilation operators as
B (74 =i / ErY &, (k:) £ (ck) eFTeicktg, (E) (B.3)
A
The atom field interaction in the interaction picture is given in the electric dipole
and rotating wave approximations by

3 ~(=) () (=) () o
V() ==Y (Ao B () + a0 - B 0) + e, (BA)

i
where aE;},) (t) is the negative frequency component of the dipole operator coupling
levels |f) and |f’). These dipole operators may be expressed in terms of atomic
coherences as in Eq. (2.39) in Chapter 2.

From the interaction picture Hamiltonian, we arrive at the Heisenberg equation

of motion for the slowly varying write field envelope

0 0 ck G A 4=
-~ ) a(w) — W —ikyz iAut(F) B
<8t " Caz) P (B = e, Plaga (51), (B:5)

N
P (20 = 2 & A0 00" )0 (1 —ku-7i) . (B)

p=1

where

is the slowly varying positive frequency linear polarization density interacting with
the write field component with helicity «, and ag;{}’f)(t) = expi((wp — w)t)&&%(t)

is the slowly varying dipole operator connecting levels | f) and |f’).
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B.1 Atomic Coherence Equations of Motion

In this Section we write the equations of motion for the individual atomic coherences.
For a general slowly varying coherence between states |fi, m1) and |f2, ms), we have

the Heisenberg equation of motion,

A5 s frams () i [ Nen - () - ()
ST 2 [T e 0,877 0] - (B () + By (7))
P A=)
+ ﬁ [afl,m1§ f2,mz <t> ,d (t)]
(B 7 + B (7). (B.7)

Below, we write the equations of motion for the slowly varying Zeeman coherences,
optical coherences, and the hyperfine coherences between levels |a) and |b). The

Heisenberg equations of motion for the Zeeman coherences are as follows:

d6tih; ams (£) _

dt
1

kw2 Z F,1F iAt ~ Aw) T =
e v Cm(; « T;Lz-i—ae O-aym1§ c,ma+ta <t> Q(a,c) o (T7 t)
a=-—1

1

kw2 Fo 1F, —iAt~ A .
e Z Cot amita€ " Ocmitas ams (1) Qae)a (Tus t)

a=-—1
1

F, 1F, ~
+ E sz « WcLz+aaa,m1; c,ma+a <t>

a=—1

< [ a0 (65 (1)) Gl ek e Frhereh o] (7 1)
A
1
+ Z Can(; Lljﬁl+aa'c,m1+a; a,ma (t)

a=-—1

. / ) (5; =2 (k)> Glac (ck) e Theileh=(eemwntg, (E’ t) , (B.8)
A
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d(}{iml; b,mso (t)
dt

1
. F, 1F ~
- Z sz « rcnz-i-ao-b,mn c,mata (t)

a=-—1

[ (650 (8 e o (2
A
1
+ Z Canz 1ozlq;cnl-4-045-0,77114-01; b,ma (t)

a=-—1
O ik-7y —i(ck—(we—wp))t
x/d?’k;(ga z, ()) Gioo) (ch) 7 Thmileh= (k; t) (B.9)
and
do-gml c,ma (t)
dt

F,1F, 1At
= N O G s (1)

67

X [/d?’kz (5} - E) (l%)) Gl (k) etk T giclk—ku)t gt (E, t)
X

—ie~ M (7 1) ]
1

FbIFC ZAt
_I— § le aamle wgbml —Q; ¢,m2 (t)

a=-—1

x / d?’k;z (&30 () Gy (eh) e Feilctutmeaigl (1)

F, 1F —zA t
- Z Chl e ™G ama—a (1)

a=-—1

x [ / Ery (5; =3 (k:)) Gl (ck) R Tugmicth—kulty (/2 t)
A
—ie* Q) (7, t)]

Fy 1 Fe —ZAwt ~
- § Cmg aocmg Oc,my; byma— Ol(t)

a=—1
X /d?’k: Z (é’; - €\ (l};)) Gb,e) (ck) ek
s p—ilch— (Aw+wc—wb (k t) (B.10)
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where d,\(E, t) = Mg (k: t) is the slowly varying annihilation operator for a photon

of wave vector k and polarization &) (k),

00 (700 = (] )y 5peot) () 6 ) (B.11)

is the Rabi frequency operator of the pump field of helicity o on the |a) < |c)

transition, and Gy ) (ck) = (f’

a“ f) E(ck)/h, is the coupling constant between
the quantum field and on the |f) < |f’) transition.
The Heisenberg equations for the optical coherences between the ground levels

la),|b) and the excited level |c) are given by

it 038 ema (1)
dt

o § : Fbch ~
- mo—o oMo aml b,mao— Oé(t)

a=—1

J S0 (1)) G eyt (i
1

+ Z (Cﬁ; 1524 m25a,m1; a,mz—a( ) Cial L%ﬁa(}c,mﬁa; c,ma (t))

a=—1

X kazQE;Uc a (Fl“ t)

[ (&0 (9) G ) e (1) | (o

157



and

At d5£m1; c,ma (t)
dt

1
E Fy 1 F, ~
Cm(; ozca mo Ub,ml% a,mz—« (t)

a=-—1

X [ kaZ#QE;UC )« (Fﬂu t)

- / Py (é’; =3 (k)) Grac) (ck) e Tingielk=kulty (/Z t) ]
A

1
Z Fy1F Fy1F -
- (Cm2 acoe ma Ub,m1; byma—a ( ) le a T;:Ll"r()éo-c mi+ao; ¢,ma (t)>

a=-—1

x / kD" (&80 (k) ) Guney (ch) e etk Butweenitgy (§: 1) (B.13)
A

Finally, the hyperfine coherences between levels |a) and |b) obey the equation of

e

motion

daa ,mi; bymao (t)
dt

1

. § Fy 1 Fe 1A\ wt ~ 1
- Cm2 [0 mg—l—ae v Ua,ml; c,ma+ao (t)

a=-—1

[ 6 () e )

F, 1 F, —i Ayt ~
- E Cmal awcL1+a . Oc,mi+a; bymo (t)

a=-—1

X [ieisz“flgz)@ NGE)
_ 5= (i iR —ic(h—kw)
/ d3k; ( “LE (k:)) Grarc) (ck) eFTnemiclk—k (k: t)] (B.14)

B.2 Adiabatic Elimination of the Optical Coher-
ences

In this section, we give an overview of the argument allowing one to adiabatically

eliminate the optical coherences and populations of level |¢) from the dynamics. We
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begin by examining the equations of motion for the coherences within the ground
state manifold and the pump field envelope. We identify the conditions under which
these variables are time independent, i.e., are in a steady state. This steady state
is parameterized by the controlled variables of the system, such as the pump field
intensity. According to the principle of adiabaticity, provided the controlled system
variables vary sufficiently slowly, the system variables should follow the steady state
corresponding to those changing parameters.

For the ground level coherences and pump field to remain time independent, it is

necessary that the optical coherences satisfy the following conditions:

d,.n ..

2 (20l s cma (1) =0, (B.15)
and

d iAywt ~ o B

% (6 ab,ml; c,msa (t)) = 0. ( 16)

From these conditions and the above equations of motion for the optical coherences,
we may express the optical coherences in terms of the hyperfine coherences and electric

field. These optical coherences are given in the adiabatic limit by

5g,ma;c,mc (t)
1 (= ~ ~
= o [T e .70 (B Rty + B D)
I A (a0 A ()
= _m |:0-¢(17731a; c,Mme <t> 7d(a,c)] ' (Ew (Tlﬂt) + ER (TAH t))

[ A )
L (t) (d@,c)”-ER (m,t)) (B.17)

and

5-1/:mb; c,me (t)

1 t(we—wq )t ~ A=) n ~(+H) ~ ()
= _hA € ( )to-l!f,mb; c,me <t> (d(a,c) ’ (Ew (7’“, t) + ER (T,uvt)>>

L. A ()
o [P e @ (A0 B Ft)] (B.18)
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Substituting Eqgs. (B.17) and (B.18) into the dipole interaction Hamilton ( Eq. (B.4) ),
we arrive at an effective Hamiltonian for the dynamics of the field interacting with

levels |a) and |b). We write the effective Hamiltonian as

v - i{hi (A - (B (7t + B (70)) )

~(+) =), 5 ~ (=) ~(+) 5
+ e (@0 08 o) (3000 B (5.0) | + e (319

We may neglect terms in which only the reservoir field operators Eﬁf) (7, t) appear
since these terms contribute to the Lamb shift, or radiation shift, which has already
been included in the bare atomic Hamiltonian in Chapter 2 Section 2.1.1. We then
arrive at the final effective Hamiltonian describing off resonant light scattering from

a cold atomic gas

A

V(t) = VStm’k (t) + VRayleigh (t) + VRaman (t), (B20)

where

- () ~ (=) ()
VStark hA ( ) Ew (TAH )) (d(a,cf <t> 'Ew (Tﬂut)) (B21)

describes the ac Stark shift, an effective shift of the energies of the states in ground

level |a) resulting from interaction with the write field,

’ ( ) () m ~(H)
VRayleigh t hA ( R (7“#, )) (d(&C) (t) . Ew (ru,t))—l—h.c. (B22)

describes Raylelgh scattermg from the ensemble, and

~(+)

— ( ) By (700) (e (0B,

is the Raman scattering interaction, in which a scattered photon results in an atom

‘A/Raman t (’F:u,t)> + h.c. (B23)

being transfered from level |a) to level |b).
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APPENDIX C

DYNAMICS OF LIGHT PROPAGATION IN A

GAS OF THREE-LEVEL ATOMS

In this appendix, we provide additional information on the theory of electromagnet-
ically induced transparency (EIT) for atoms with Zeeman degeneracy. We begin by
deriving a set of Heisenberg Langevin equations that describe the propagation of a
quantized signal field through an atomic sample in the presence of a control field.
To account for stray magnetic fields in the system, we include a interaction with a
constant, dc, magnetic field. We then describe how the equations of motion can be
solved numerically in the limit of a classical signal field. These simulations were used
to produce the numerical predictions made in Chapters 6 and 7. When a judicious
choice of atomic levels and field polarizations is made, we show that the medium
supports EIT for the signal field. We then show that in an adiabatic limit, the propa-
gation, storage, and retrieval dynamics of the quantum field within the atomic sample
is well described by the dark state polariton mechanism [19]. The dark state polari-
ton was first introduced in the context of electromagnetically induced transparency

in nondegenerate three-level atoms by Fleischhauer and Lukin [69, 75].

C.1 Model Description

In this Section, we introduce the model used in Chapters 6 and 7 to characterize the
signal propagation dynamics leading to EIT in a collection of atoms with Zeeman

degeneracy.
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We consider an ensemble of N atoms with three hyperfine levels in a A config-
uration labeled by |a), |b), and |c) with total angular momenta F,, F},, and F, and
energies hiw,, hwy, and hw,, respectively. An atom, labeled by index p (p=1...N |
rests at position 77,. We assume the atomic velocities are sufficiently low that we may
take the atoms to be stationary. The atomic positions {7, } are treated as classical
independent identically distributed random variables with an associated probability
density n(7)/N, where n(7" is the atomic number density. The atoms interact with
a classical control field resonant on the |a) < |c¢) transition and a quantized signal
field resonant on the |b) < |c) transition. The signal and control fields both satisfy
the properties of narrow bandwidth system fields discussed in Chapter 2. We assume
the signal field has a carrier wave vector k ; = [(we — wy)/c]2. The signal field has the
time independent transverse spatial profile ¢(*)(7"), which satisfies the normalization
condition [ d2kf)2 o) (F)‘z = 1, where for a vector 7, ﬁ(f) = 7 —k,-7. The positive

frequency component of the signal electric field is given in the interaction picture by

&~ (+)

B, (7,1) = (20)"7 € (cky) e Te g (7) N €09 (2,0),  (C.1)

a==+1
where @Ef ) (z,t) is the linear photon density annihilation operator for signal photons
at position z = 7 - Z and helicity a. These photon density operators obey the bosonic

equal time commutation relations

(250 (2,1), 85712/, 0)] = G0 (2 — 2. (C2)

Their definitions in terms of plane wave operators is given in Eq. (2.63) of Chapter 2.

The control field propagates nearly parallel to the z-axis with a wave vector /ZC =
[(we—wq)/c|k.. We will make the paraxial approximation on the control field helicities
€a (l%s> ~ € o, where &, are the laboratory fixed spherical basis vectors ( Eq. (2.31) ).
We allow the freedom in the choice of control field propagation direction so that we

may adequately describe the off axis configuration used in the experiments described
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in Chapters 6 through 8. The positive frequency component of the classical control
field is given by
E (7,1) = e e ekt B (1), (C.3)

where €. is the control field polarization, and E,. (¢) is the slowly varying control
electric field. We assume E, is constant over the width of the transverse spatial mode
of the signal. Furthermore, we assume E.(t) varies sufficiently slowly that we may
consider it constant over the length of the ensemble.

The dynamics of the field-ensemble system are governed by the interaction picture
Hamiltonian

V(t) = Vas(t) + Vac(t) + Vag(t) + Vag(t), (C.4)

where Vg = — ZNzl d"(t)- (Eiﬂ (7, )+E( )( t)) is the interaction of the atoms
with the signal field, d"(¢) is the electric dipole operator of atom yx ( Eq. (2.39) ),
Vac(t) = — Z,szl d"(t) - (E£+)(FM, t) + EC )( 4 1)) is the interaction of the atoms
with the control field,
N
Vas(t Z gf,uBB (Z F;) (C.5)
fe{ab,c} p=1
is the interaction of the atoms with the constant magnetic field g, ﬁ‘; is the pro-
jection of the total angular momentum operator of atom p onto level |f), g; is the
corresponding Landé ¢ factor, and up is the Bohr magneton. As we shall demon-
strate later, the associated Larmor precession serves as a possible explanation for the
reduction of retrieval efficiency of stored photons over long storage times reported in
Chapter 6[22]. The uniform magnetic field also leads to the subsequent revivals in
retrieval efficiency discussed in Chapter 7[19, 20]. The interaction of the ensemble

with the reservoir of undetected electromagnetic field modes is given by

Van(t) = — PILCRILA) (C.6)
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where D(7,1) = € (Eﬁj) (7, t)+h.c.) is the electric displacement field of the reservoir,

as described in Section 2.1.4 of Chapter 2, the positive frequency electric field operator

of the reservoir is given by

() = (+)

B 7 =E )

(7, t) =B, (7, t) — EC (7,1), (C.7)

and E(+)(F ,t) is the total positive frequency electric field operator ( Eq. (2.42) ). The

reservoir electric field operator can be expanded in terms of plane wave modes as

Eg) (777 t) _ z/dsk Zg)\ (]%) 8 (C]{?) eil;-f*'e—ickt(s&)\ (E7f”t> , (CS)
A

—

where where day(k;7,t) is the contribution of the plane wave annihilation operator

i (k) to the reservoir field. This operator is given by
5&)\ (E7 ’F, t)
= ay (E) ~- Y e(Ak/2— |k - k)

e{s,c}
L
x fOGF D)z R al) (k0 ¢ —rf? fc), (C.9)

where ©(k) is the Heaviside function, cAky, is the maximum bandwidth of the signal

[control] field as discussed in Section 2.1.4 of Chapter 2,

- ) (¢) o,
FOFED) = - g / ) R G0 (7) (C.10)

—
Y

is the Fourier transform of the transverse mode spatial mode of field ¢ € {s, c}, ¢ (7)

and the operator
80 (k00) = [er o () a (F), e

where, for a vector v, v = v"0, + 07"

Before the signal field interacts with the ensemble each atom p is prepared in the

mixed state



where p,, is the probability that atom g is in the Zeeman state |b, m). This model of
the initial atomic state allows us to account for the two initial conditions considered in
this thesis: an unpolarized sample in which p,, = (2F, +1)7!, and a polarized sample
in which atoms are prepared in an initial Zeeman state |b, M), with p,, = 0. We

will refer to the density matrix
N
ﬁA,vac = ®ﬁg (013)
pn=1

as the “atomic vacuum”.

In the remainder of this appendix, we will provide an analysis of this model
leading to the phenomenon of EIT and the dark-state polariton mechanism for signal
storage within the atomic ensemble. In the next section, we consider the interaction
of the atoms in the reservoir, and derive the contribution of this interaction to the
atomic coherence equations of motion. Section C.3 presents the Heisenberg Langevin
equations describing the evolution of the atomic variables as the atoms interact with
the signal and control fields. We pay particular attention to the limit of a weak signal
field, where the atomic level populations remain essentially unchanged. With the
weak signal limit, we arrive at the coupled equations between for the signal field and
collective atomic excitations presented in Section C.4. From these equations, we will
examine the dynamics of signal field propagation in the classical limit, and derive the
conditions for EIT. The dark-state polariton mechanism for storage and retrieval of

the signal then arises from the adiabatic treatment of Section C.5.

C.2 Interaction of the Atoms with the Reservoir:

Spontaneous Emission

In this section, we will provide a review of the dynamics of spontaneous decay of
atomic excitations. The decay of optical atomic coherences results from an interaction

of the atomic variables with the reservoir of undetected field modes. In the absence of
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the control field in our system, it is this spontaneous emission that causes the atomic
medium to be opaque to the propagating signal, as observed in Figure 6.2.

Let us consider the Heisenberg equation of motion for the slowly varying atomic
coherences G, m: f.ms(t) = exp(i(wp, — W )G f my: fo.ma (t),

da_?lﬂ”l% fama l

dt ih

b [0 s (0), Van(0)] (C.14)

|:5-;f17m1§ f2,m2 (t)7 VAS(t) + VAC(t) + ‘A/AB (t>

with the contribution of the reservoir interaction given by

% [6?1’%; foima (8); vAR(t)}
Z—: [ah’ml’ porma0). au(t)} ' (E;j) (7, 1) + By (mt)>’ (C.15)

where Eg)(F,t) = Egﬁ

(7, t) is the negative frequency component of the reservoir
field.

The equation of motion for the coherence ( Eq. (C.14) ) depends on both the
system fields (signal and control) and the reservoir field modes. Ideally, we would
like the atomic coherences and system fields to form a closed set of equations so that
either analytic or numerical solutions become more tractable. To accomplish this,
we approximate the solutions of the reservoir fields, and substitute these solutions
into Eq. (C.14). First, we consider the equation of motion for the slowly varying

plane wave operator &,\(E 1) = ekt (k t). We note that in the interaction picture,

ax(k,t) = ax(k ). This operator evolves in the Heisenberg picture according to

DU e S ) (W0 s d0) . o

p=1 {fidwpr>wy)
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Solving Eq. (C.16), we find

dA<l§,t> - aA(E,0>

L € (ck)ie_u;.m I e a);

j—1 {ff >y}

~+

x [ dr e_i(Ck_(wf’_“’f))Tg,\ <l%> . &E}}f‘) (t—1)

+ & (Ck) g: e—il_f'-*# Z ei[ck—i—(wf/—wf)]t

p=1 (S wpr>wp)

t
« / dr iRz, (B) a5 -, (1)

0

1T _ . A u . . .
where, again, d; ¢ (t) = exp(i(wy —wy)t)d ;) (1) is the slowly varying dipole oper-
ator connecting levels | f) and |f’). When we substitute Eq. (C.17) into the equation

of motion for the atomic coherence ( Eq. (C.16) ), we find that find that the equation

of motion contains integrals of the form
A 51,82
G, (&ff)
E(K)\® oiim vl [+
= X[ (S50) e i
A
t
X / dr emi(s1eh=sx(wpr—w))r (ax (k:) i, (t—r)>, (C.18)
. :

where s1, so € {+1}, and p, v € {x € N: n < N} are atomic indices. These integrals
that appear in the equation of motion not only account for the dynamics of a single
atom in the reservoir, but also result in an effective interaction between neighboring
atoms. It is this interaction that leads to cooperative effects such as superradiance
(95, 96, 133, 134, 90], or multiple photon scattering events within the ensemble. In
this thesis, however, we assume the atomic gas is sufficiently dilute that we can neglect

these multiple scattering effects so that, in essence, each atom sees an independent
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reservoir of field modes. The operator quantity G is then approximately
G (6 1.1
— 5, ; / &k (@)Qa (k)
< [Lar el (24 (1) -85 e -) . ()

This quantity involves an integration of the complex exponential e~i(s10k—s2(wp—wyp))r
over a broad band of wave numbers k. For nonzero delays 7, the wavenumber con-
tributions tend to destructively interfere. As a result, we may make the Markov
approximation, assuming that the equation of motion for the coherence at time t
depends only on the values of the system variables at that time. We then write
Gl (L) = Sy / d* (5 (gk))zeu (£) (& (k) - a5 )
A
t

x / dr e i(siek=sa(wp=ern))r, (C.20)
0

Furthermore, we make the approximation on the time integral [16],

t
/dT e—i(slck—SQ(wf/—wf))T
0
o)
~ / dr e—i(slck—sg(wf/—wf))r
0

1
= 7 (s1ck — sg (wp —wy)) —iP.V.

sick — o (wp — wy)

(C.21)

where P.V. indicates that the integration over k should be the Cauchy principal value
integral.

The final approximation we make in determining the dynamics of an atom inter-
acting with the reservoir is the rotating wave approximation. We assume that we are
only interested in time scales much longer than

B 2
A i {(wy —wp) : F £ Y

and neglect any terms in the equations of motion involving complex exponentials with

(C.22)

periods shorter than 7z 4. In the three level system we consider in this appendix,
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the minimum energy spacing is the hyperfine splitting of the ground levels: (w, —
wp)/(27) = 3.04 GHz for ®*Rb. This energy splitting is much larger than both the
bandwidths of the system fields and the spontaneous emission rate ( Eq. (C.25) ) [81].
Therefore, we may safely set 7ryy4 = 0.331s > 27/|w, — wy|.

In the rotating wave and Markov approximations, we find the contribution of the

reservoir interaction to the atomic coherence equations of motion is given by

1 7. ~
% [U?’m; f’,m” VAR (t)]

A 1 , -
o 1o (B~ (5 (T + T (B0 = B5)) s s (1)
F 1F F 1F ~
+ Z 5f1 f2 f1 Z mﬁla m{-‘,—a mgla mj;+aaf mi+a; fmat+a (t) ) (C23>

{f:wf1<wf} a=-1

where CA]‘fl s faums (1) 18 the quantum noise operator,

0= 5 (735

4reghc?

—~

C.24)

is the spontaneous decay rate from level f to level fi,

ry= Y T (C.25)

{f’:wf/<wf}

is the spontaneous emission rate of level f,

Ap=> Af (C.26)
I'#f

accounts for a portion of the radiation shift of level |f), and

))2P.V. /OOO dh (fﬁ_wf)) (C.27)

is the contribution to the energy sift of level | f) from the level | f'). The noise operator

EEN
I 7 3n4meph

¢ J‘fl - (t) is given in the rotating wave approximation by

C}ll,ml; f27m2 Z €f1 my; fa,m2 (0'28)
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where

Ff2 1 Ff/
E E mo a mo+ta

{f’ Wi, <wf/} a=-1

’ </d3k 7 (a2 (B)) Gl (cky e F el ermen)hal) (i )>
A

(C.29a)

gfl mi; f2,m2 (t>

X 5f1,m1; frima+a (t> )

oFr s s
o Z Z ma—a a ma0 fi,m1; fmz—a(t)

{f wyp<wy, }a__l

X </d3k‘z ({j;-a <]:J>> G(1.12) (ck)

w ek T gileb=(wn,—or)]tg (k 0)) (C.29h)

éhfl mi; fa2,m2 (t)

2(3 F 1 F. ~
s e D = Y Z Con LI Gt foms (1)

{rwn<wpto=
x (/d%Z(Eg-gA (l%))gflf/ (ck)

X6iE.FM6—i[ck—(wf/—Wf1)]td)\ (/;: , O) ) , (029(3)

and

E : E : Flefl
- mi—oa amy

{f wp<wg, }a__l

) (/ @Y (€ () Gingy (b e rretonenlal (5. 0>>
A

(C.29d)

gfl my; fo,m2 (t)

Xa-fyml_QQ fa,ma (t> )

where G,y (ck) = E(ck) ( 7! aH f) /.
We note that we have already included the radiation shift in the bare atomic

Hamiltonian A% ( Eq. (2.18) ) in Chapter 2. The inclusion of the energy shifts in the
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equation of motion is, therefore, redundant. Removing these energy shifts gives us

1 7. ~
[ g Var (8)]

. 1 )
C.?lvmu fa,ma (t) a 5 (Ffl + Ff2) O f1,m1; f2,ma (t)

b Y Sl 3 OO e g 0 (€30
{fw <wr} o=t
This equation is valid for describing the interaction of any multi-level atom with the
reservoir in which all of the atomic energy levels are well separated.

In deriving the contribution of the reservoir interactions to the equations of mo-
tion, one notices that had a rotating wave approximation been made on the initial
Hamiltonian, the only consequence would have been that the radiation shifts would
have been different. Since these shifts were already redundant, however, delaying the

application of the rotating wave approximation does not have any effect when each

atom interacts with an independent reservoir.

C.3 Heisenberg Langevin Equations for the Atomic
Coherences

In this section, we write the Heisenberg-Langevin equations for the coherences of
individual atoms in our atomic ensemble. We will then make the low-intensity ap-
proximation, in which one can neglect all coherences except the populations of ground
level |b), the optical coherences between levels |b) and |c¢) and the hyperfine coher-
ences between levels |b) and |a). A similar low-intensity approximation was used in
the context of EIT in nondegenerate three-level atoms by Fleischhauer and Lukin
(69, 75].

From Egs. (C.14) and (C.30), we write the Heisenberg Langevin equations of
motion for the Zeeman coherences and populations within the initially populated

level |b). When we make the rotating wave approximation on these equations of
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motion, we have

da—b,m; b,m’ (t)

dt

= —i(2m)*? o) (chs) € 1) (7,)

Fy Fc o ~(S
X Z Cmbo}m—l—a gm-{-a; b,m/’ (t) (p((x) (Zu7t)

a=-—1

+ (271')3/2 g (C]{Z ) zkszu¢(s)* (Fu)

1
x Z CnFmbtlxii +oe5-l!fm c,m/+a (t> @S)T (Z“,t)

+ G o (1)

b,m; bm

1
c Fy 1 Fe Fy 1 Fe ~
+ b Z Cmb‘jm‘i'acmb (llm +Oc0-gm+oc c,m/+a (t) : (031)

a=-—1

Similarly, for the Zeeman coherences and populations within level |a) we have the

equation of motion

A0y 1y a (1)
dt B

I

I

I

1
_ZQ Z ( ) Cg”aalrgj‘aa’gm—l—a a,m’ (t)
n
()¢ 3 (Ea- L) O Tiralin s O
A(g,m; a,m’ (t>
1
FZ Z Cia@‘l"fff‘acflaiflc +a55m+a c,m/+o (t) ) (032)

a=-1

where €).(t) ( HdH ) t)/h is the control field Rabi frequency. The Zeeman
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coherences and populations within excited level |c) evolve according to

dO-Cm cm (t)

dt §(2m)°" G (chs) ) (7) €

X Z Cib 1(51; m’a-gm bm’—« (t) (p(()f) (Zl“ t)
— i(2m)" Gy (ck) 91" (7)) e

1
X Z Cib {ng&lgm a; c,m/! (t) @S)T (z,uvt>

a=-—1
1
+ 7leikc'rﬂuQc (t> Z (gz ) CWFIE 101% m/ 5-5,771, a,m’—o (t)
a=-—1
1
_ ie_ikC'F“Q* ( ) Z (ga . ) Cana }l%m(}a,m—a; e (t)
a=-—1
+ Aél,m; c,m/! ( ) r Ucm c,m/ (t> : (C33>

The optical coherences evolve according to

daa m; cm (t)

dt = i (2m)%2 Gy o) (chy) &) (7))
X Z C?f‘lb 15;m ~gm bm'—« (t) @((j) (ZM’ t)

a=-—1
1

+iefena ) Y (6 -e)

a=-—1

(CFa 1 F. 5;1 ( ) CF“ 1 Fe a_u (t))

m'—aam’” am; am'—a m a m+a” e,mtao; c,m/

1

b ot (8 = 5T e (), (C34)

and

da’l}f,m, c,m/ (t)

dt
= i (2m)2 G o) (chi) ) (7

X Z (Cib 1jfxm’~léLm b,m/ a() Cibtiﬂic-l-a~cm+a c,m’ (t)> (lbt(:f) (Z,Wt)

a=—1

bR, () 30 OB ot e () (€5 2)
a=-—1
- 1
£ e (O = 5Tl o (). (C.35)

2 b,m; ¢,m
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Finally, the hyperfine coherences between levels |a) and |b) evolve according to

da—gm, a,m’ (t)

= et 2 G (cky) 6 (7)

x Z CvamvaTemias am (1) 25 (2:1)

a=-—1
1

+ ie_iEC-F“Q: (t) Z <ga ' ) szaolc%+a&£m e;m/+a (t)

a=—1
+ CAIﬁfm, a,m’ (t) : (C36>
The interaction with the magnetic field is included in the dynamics of an atomic co-
herence &%, ;. (t) can be accounted for by the addition of the term

(6% s e (1), Vap(t)]/(ih) to the corresponding equation of motion.
C.3.1 Weak Signal Approximation

Here, we follow the treatment of Fleischhauer and Lukin [69, 75] in performing a
weak signal approximation. This approximation allows us to neglect many of the
coherences whose dynamics are governed by Egs. (C.31) through (C.36) when con-
sidering the propagation of the signal field through the ensemble. We assume the
number of signal photons in the slice of the ensemble between z and z 4 dz, given
by Yo_iq (@6 (2,t) @a (2,t)) dz, is always much less than the number of atoms with
which the signal mode interacts within that slice. That is, in the most extreme of
scenarios, where all of the photons have been absorbed and transformed into atomic
excitations, only a small fraction of atoms ( O(1/N) for single photon pulses ) will
have been displaced from their original state pjy ( Eq. (C.12) ). To determine whether
an atomic coherence should be retained in this weak field approximation, we preform
a perturbative expansion in ¢, (z,t) of that slowly varying atomic coherence using
Egs. (C.31) to Eq. (C.36), and keep coherences to first order in the photon density
operator ¢, (z,t). We note, that to zero order in ¢,, only the populations within
level |b) are non-zero ( i.e. Gy, 4,0 = PmOmm ), and all other coherences are sig-

nificant only to first order or greater in ¢,. In the presence of a magnetic field, we
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make the further assumption that either the magnetic field is parallel to the z-axis
or that the sample is initially unpolarized ( i.e. p,, = 1/(2F, + 1) ). Otherwise, the
Larmor precession of the atoms within the field would produce macroscopic Zeeman
coherences during a storage process regardless of the intensity of the signal field. The
effects of macroscopic Zeeman coherences on the propagation of the signal field is the
subject of future investigations.

Aside from the populations of level [b), only the optical coherences &y, ... (t) and
hyperfine coherences (7{: m: a(t) and their Hermitian conjugates survive the weak
signal approximation. To first order in the signal field, these operators obey the

simplified equations of motion

da’l}f,m, bm (t)

dt
d I
4 Lo
(dt 3 ) Foam; et (1)
= etk (2)3/ Gve) (cks) 0 (7))

3 (PnCo i aburmia) 28 )
a==+1

—0, (C.37)

1
+ Z-eikcﬂi@c (t) Z Cfi%—lﬁFE m’a-l/j,m; a,m’—f3 (t) (52 ’ gC)
B=—1

. 1 1. .
+ Suvanallts cont () + 7 [Tl e 8, Van(®)] (C.38)
and
d(}b,m; a,m’ (t) iR e T () ; s FolFe =
T = e MQC (t> a;1 (5 o€ c) Cm’ ;c m’-i-ao-;f,m; c,m/+o (t)
1 A
A O AOIR (C.39)

The only noise term to survive the weak field approximation is that associated with

the optical coherence &I’i m: Cm,(t). This noise operator is given for atom pu by
él/)fm; c,m+a(t) - _meribo}ric—l—a/dgk Z (5:; ' gA (l%>> g(b,c) (Ck)
A

Xeuv;‘.me—i[ck—(wc—wb)}tdA (E,O) . (C.40)
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C.4 Field Propagation and Electromagnetically in-
duced transparency

The response of the atomic sample to the time dependent control field allows the stor-
age of the signal field within the medium. In this section, we examine the propagation
dynamics that results from the interaction of the signal field within the ensemble in
the presence of the control field. Beginning from the Heisenberg equation of motion
for the linear photon density operator in a general atomic medium ( Eq. (2.71) ), we
arrive at the following signal propagation equation for three-level model we consider
in this appendix:
o 9 &
(5 +e50) 40 G0 =iVaGIpus. 3 Gl it a0, (©a1)
m=—I,

where n (z) is the atomic number density as a function of z, r, = (27)*? G, (cks)

is the signal coupling strength, and

zkézHQS(S (,,7 )5-bm e (t) 1) (Z — ZM) (042)

Erm;m/ = Z e
YAl Pm
when p,, # 0 and zero otherwise. In the weak signal approximation, these collective

optical coherences obey the equal time commutation relations

[Cmyimt (2,8) , Cimgymy, (Z,1)] = 0 (C.43a)
5m1 m/ 5m2 m/ - 2

[eml -  (2,t), TmQ - (7 t)} = #Z W(S) (ru)‘ d(z—2,)
X0 (2" —z,). ! (C.43b)

Because the atomic positions are independent identically distributed random vari-
ables with a probability density n(7)/N, we may take advantage of the central limit

theorem, and approximate the sum appearing in the commutator as
1 (s) (= 1|2 /
N Z ‘¢ (7‘“)} d(z—2,)0(2 —2,)
o

- / i % [0 ()25 (2= 2") 6 (2 — ") + O(1/VN).  (C.44)

176



Because we assume the atomic density is constant over the width of the transverse sig-
nal mode qb(s) and because ¢ satisfies the normalization condition,
[ a2 () 2)|2 = 1, we may say the collective optical excitations ém: p (2, t)

obey approximate bosonic commutation relations
[emiim (2,8), € (2 D)] = GGy (2 = ) + O(1/ VN (C.45)

We similarly define the collective hyperfine excitations

o (i) k) gl (03 (2 = 2)  (C.A46)

o (2:1) = WZ

when p,, # 0 and zero otherwise. Like the collective optical coherences, these col-
lective hyperfine coherences obey approximate bosonic commutation relations in the

weak signal limit:

[Sml m} (Z t) §m2;m’2 (Z,at)} =0 (C47a)
(e (58,80 0] = Gy B (2 = 2)

+0 (1 /\/N) . (C.47D)

The collective coherences obey the Heisenberg-Langevin equations

d L
i (28) =) Y (€ E2) ORI v (2:1), (C.48)
a=-—1
and
d  Te) . ) o Fy,1F. A (s)
at + B) Em;m/ (Zat) = pm Z Cmam+a m/;m+aPe (Zat)
a=-—1
1
+i.(1) Y oA R (5; : 5c> S (2,1)
B=—1
+ 5m’,m+a§b,m; c,m+a (Z, t) 5 (C49)
where

. 1 N R
Com; et (2,1) = T > e R ugO (7 G (D6 (2= 2,)  (C50)

p=1
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In the remainder of this appendix, we make the simplifying assumption that the
control field has a fixed helicity §; &, = &5(k.) ~ &s.

Once again, the effects of the magnetic field interaction can be accounted for
by the addition of the appropriate commutators with the interaction Vg (t) in the
atomic equations. We note, however, that the bosonic commutation relations of Eqs.
(C.45) and (C.47), the collective atomic equations ( Egs. (C.48) and (C.49) ), and the
signal propagation equation ( Eq. (C.41) ) are only valid under either the following
conditions: the magnetic field is parallel to the quantization z-axis, or the sample is
unpolarized. Otherwise the Larmor precession induced by the magnetic field would

result in macroscopic Zeeman coherences in level |b).
C.4.1 Propagation of a Classical Signal

To better understand the storage and retrieval dynamics of the signal field described
in Chapter 6, we consider the propagation of the signal in the classical limit. In this
section, we outline the procedure used to solve the coupled propagation and matter
excitation equations ( Egs. (C.41), (C.48), and (C.49) ) numerically. The dynamics
of classical propagation are described by Egs. (C.41), (C.48), and (C.49) where the
quantum operators have been replaced by their expectation values, and the quantum
noise ém,m/(z, t) is neglected. In this section, when the magnetic field is present, we
consider only the case in which it is oriented along the z-axis; B = Bz

We first decompose the fields and collective excitations into their temporal fre-
quency components, Fourier transforming Eqgs. (C.41), (C.48), and (C.49) in time.
This transforms the collective excitation equations ( Eqgs. (C.48) and (C.49) ) into
coupled algebraic equations, allowing one to express the Fourier components of the
matter excitations in terms of the Fourier components of the signal field. One then

finds that the signal’s frequency components obey the propagation equation

aﬁ% (2. A) = i2 /dA’ <5 (A— A+ %&XQ (A, A, z)) oo (2 N),  (C51)
yA C
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where
1 [ee)
oz, A) = — dt exp (iAt) po(z,t), C.5h2
ealzi )= o= [ dt exp (i) on(0) (©52)
and the non-local linear susceptibility is given by

(A A
Xa (B &) = = <w — wb) Z A)’[iml;f/Q’ )’ (C-53)

m——Fb

where d,, (z) is the spatial derivative of the optical thickness d,, which is defined as
the negative logarithm of the on resonance intensity transmittance of a signal with
polarization «, in the absence of the control field. Here A is the frequency space
Fourier variable, with A = 0 corresponding to a signal component resonant with the

|b) <> |c) transition. Explicitly, d,, is given by the dimensionless quantity

2
Is 2
d,(z) =6 4z m)oFbch , C.54
=0 () [ S mlenis, (©54)
F,1F, F,1F, 2 5 2
Xina = VPnCorlamial Zmbpmb Cot amtal » and w = ’(c d b)‘

N 2 ~ 2
/ (‘ (c Hd” b) ‘ + ‘(c Hd” a) ‘ ) is the fraction of atoms in the excited level |c) that

spontaneously decays into the ground level |b). Furthermore,

/ 1 Lm @ (A’ A/)
Ko = (6(A—A") - ’ '
- <5< ) (A0, + mbo+ z‘rcw) o

is a kernel whose inverse satisfies the property [dA” K (A, A”)K™' (A" A') =
[dA" K71 (AJA")K (A", A') = 6 (A — A’). The frequencies 6. = o (upg.B/h) and
Aw = (9.—gp) (upB/h) account for the energy splitting of the Zeeman states resulting

from the interaction with the magnetic field B = B%. We also have

1
L (8,8) = |G o [anro.(a -
|Coa ﬁﬁm+a} Vor d ( )(A”+(6a+mAab))

(C.56)
where

O (A) = dt exp (i) Qu(1), (C.57)

\/ﬁ
00 = (= B)ga (upB/h), and Ay, = (ga — gb) (usB/h).
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With this propagation equation ( Eq. (C.51) ), we are able to numerically calculate
the propagation of the signal field leading to the various features shown in Figures
6.3 and 7.2 (we assume equal signal and control polarizations o = 3 in order to
have EIT for the atomic level configurations of Chapters 6 and 7), including group
delay, pulse storage and retrieval. The numerical solution of Eq. (C.51) may be
obtained by assuming periodic boundary conditions for the signal and control fields
on the time interval [0,7"), where T is some time much longer than that in which
the storage and propagation dynamics occur within the ensemble. Additionally, we
sample the signal and control fields on a grid of N equidistant time points {t; =
JT/N : 0 < j < N'}. Imposing periodic boundary conditions discretizes the set of
available detunings {A; = j(27/T) : —=N/2 < j < N/2}. (For a more detailed
discussion of discrete spectral decomposition, see Ref. [135].) Having chosen the grid
in time and frequency space, we estimate the integrals of Eqs. (C.52) and (C.57)
by making the substitution [~ dt — (T/N) Zj.vzo, transforming the integral into
a summation. Similarly, in the frequency integrals of Egs. (C.51) and (C.56), we
make the substitution [dA — (27/T) Z?;/EX/I/Q. We further replace the Dirac ¢-
function with its discrete version: §(A — A’) — (T/(27))da a. These substitutions
transform Eq. (C.51) into a finite set of coupled linear differential equations of the
form (d/dz)pa(z, Ai) = 3, ng;)(z)goa(z, A;). Therefore, given the signal frequency
profile v, (20, A) ( related to the temporal profile through the Fourier transform ) as
it enters the atomic ensemble at position 2y, the frequency profile at position z is
given by p.(z, ;) = Zj [exp (f; dz’ﬁ(a)(z’)ﬂijgpa(zo, A;). The exponentiation of
the matrix fz'z dz' L) (%') may be performed by 7a numerical linear algebra package

such as MATLAB.
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C.4.2 Linear Susceptibility for Constant Control Field and Electromag-
netically Induced Transparency

In the limit of constant control field, the susceptibility reduces to the form

C
Az ~ — 5
Xa( 72) 2(wc_wb)da(z)
TAX2, (|2 |CF L Fe 12— A2 AT, /2
X (198 |z, 6i+ ] ),(0.58)
w (190P [CRLE s el — A7)+ (AL/2)2

Since the Zeeman shifts are small compared to the spontaneous emission rate, they
have been ignored in the above expression. The intensity transmittance of a cw signal

of helicity « with detuning A is given in terms of the susceptibility by

T.(4)
= exp (_wc ; il /dz Im (XQ(A,z))) (C.59)
Xpa (AT/2)*
= exp —daz p—— 5 5 .|, (C.60)
(196 [CFLE g el = A7)+ (ALL/2)2

where d, = lim, ., d,(2) is the total optical thickness of the sample. From Eq. (C.58),
one can see that in the presence of the control field, the imaginary part of the sus-
ceptibility potentially goes to zero when the signal field is on resonance. When this
happens, Eq. (C.60) indicates there is a transparency window for signal frequencies
near resonance. The width of this electromagnetically induced transparency window
is determined by the intensity of the control field. Notice that the medium will only
exhibit EIT with a judicious choice of atomic hyperfine levels and field polarizations.
If one of the Clebsch-Gordan coefficients multiplying the Rabi frequency €2, vanishes
(i.e. there is an excited state |c,m 4+ «) not coupled by the control field to the cor-
responding ground state |a,m + a — 3)), then a fraction of the atoms will simply
absorb the signal light as if there is no control field present. We point out that for

the level scheme used in the experiments of Chapters 6 and 7, EIT is achieved only
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when the signal and control field polarizations are equal (o = (3). The solid curves in

Figure 6.2 are based on Eq.(C.58).

C.5 The Adiabatic Limat: Dark State Polaritons

Assuming a choice of polarizations and initial atomic populations p,, that supports
EIT, we are able to generalize the adiabatic treatment of Fleischhauer and Lukin to
the propagation equations ( Eqs. (C.41), (C.48), and (C.49)). This adiabatic ap-
proximation results in a simplification of the equations in which the system dynamics
can be described by a single propagation equation for a collective excitation known
as the dark state polariton. The dark state polariton is composed of an electric field
excitation and a particular linear combination of collective hyperfine coherences.

We begin by recognizing that when the medium supports EIT (i.e. C'i‘;})f S mia 7

0 for all m for which p,, # 0 ), we can express €,,. m+ia(z,t) as

1 0
Cm: mta (Z,1) = —Sm: maa_p(2z,t C.61
; mA+ ( ) iQZ(t)Cyiizfcﬁgm.;.aat ; mA- ﬁ( ) ( )

This yields the modified propagation equation

NI A
0:(0) (55 + 52 ) 940 (20

F;
S 9,
= V/n(2)purl Y R o(B) 2 5m; mta-p(2:1). (C.62)
m:—Fb
where
C&IR
Rma (6) = # (C63)

m+a—03 8 mta
is a ratio of Clebsch-Gordan coefficients. Substituting Eq. (C.61) into Eq. (C.49) for

€ = Eg, we find

i_l_E 1 QA ( t)
dt 2 ) \iQs(t)Cr=1Fe ot mra—plE

m+a—p3 8 mt+a
T PO E G (218) + 10, ()OI G ()

+éb,m; c,m+ao (Z> t) . (064)
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As in Ref. [75], we normalize ¢ to some characteristic time scale T,, and express
Eq. (C.64) in terms of the dimensionless time 7 = ¢/7,. We recognize that
<5§,m; et OCom C,m+a<z,t')> ~ S8t — ) = (1/T)0(7 — ) [69, 75]. In the
Adiabatic limit, we keep terms to lowest order in 1/7,, and therefore derive from

( Eq. (C.64) ) a necessary condition for adiabaticity

S s (200) = =YL R (9) 600 :11) (©65)

This condition for adiabaticity not only ties the hyperfine coherence to the field, as
in Refs. [69, 75], but also ties the values of the hyperfine coherences to each other.
The conditions for adiabaticity ( Eq. (C.65) ) suggest the form for the dark state
polariton of helicity «,
b ooty = L 80 (1)~ VIEI Yo VPR (8) s secs ()
VIQOF +1.(2) (52 | Buna (8)

This polariton operator, like the collective hyperfine coherences, is quasi-bosonic and

(C.66)

satisfies the equal time commutation relations

~

[\Ifa(z, 1), Ws(2, t)] — 0 (C.67)

A

[\pa(z,t>,\ifg<z',t)] = §(z— )+ O(1/VN). (C.68)

The operator \ifjx(z, t)\ifa(z, t) may be interpreted as the polariton linear density. From
the field propagation equation ( Eq. (C.62) ), and the condition for adiabaticity
( Eq. (C.65) ), one can show that in the adiabatic limit, the dark-state polariton

satisfies the propagation equation

0 0\ - 1. 0
(a VL () 8_) Bz, 1) = —5 ¥ (2,1) 3 Vi (2.1) (C.69)
where
2
. 2. (1) c.10)

T OF + 5o 1 (2) o o [ Bona (B)

is the helicity dependent group velocity at position z corresponding to the control

field Rabi frequency €Q.(t). When the control field intensity is constant, the dark
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state polariton at position z is given in terms of the polariton operator at an initial

position zy by

U, (2,t) = %@a (zo,t—/zoz %) (C.71)

On the other hand, if one has the knowledge of the state of the system or dark-state

polariton operator at a specific time ¢y, one may modify the above solution to find

- Vi (20(2,1))

U, (2,1) = ) U, (20(z, 1), o), (C.72)

where the initial position zy is the solution to the integral equation

z dz/
=1t — 1. C.73
/zo(z,t) Vo () ’ (©.73)

From Eq. (C.71), one sees that as a signal pulse propagates into the medium, the
reduction in group velocity associated with the increasing atomic density causes the
spatial profile of the pulse to compress. At the same time, the polariton density
<@L(z, LNE t)> increases in proportion to 1/V,(z). This trade off between spatial
compression of the pulse and increase in polariton density leaves the total polariton
population unchanged [75].

The group velocity’s dependence on the control field Rabi frequency allows one to
manipulate the propagation dynamics of the dark state polariton provided that the
Rabi frequency is changed sufficiently slowly. If the control field is turned off when the
signal pulse overlaps with the ensemble, a portion of this signal pulse will be stored
as the group velocity goes to zero. At this point, the dark state polariton consists
entirely of a particular linear combination of hyperfine coherences. In the ideal case,
one is able to store and retrieve the quantum state of the field with unit efficiency. In
practice, however, there are two competing limitations which limit storage efficiency:
the optical depth of the sample is not sufficient to contain the entire profile of the
signal, or the finite width of the transparency window causes absorption of the off

resonant frequency components. This absorption and the nonadiabatic effects of a
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time varying control field are discussed in the context of a nondegenerate three level
system in Ref. [75].

In addition, the magnetic field causes a reduction in retrieval efficiency for vari-
able storage times. As discussed in Chapter 7, the Larmor precession of the spin wave
causes the stored dark-state polariton into orthogonal bright state polariton [75] com-
ponents. When the control field is turned on, these bright state components couple to
the collective optical coherences, leading to spontaneous emission. In the next section,
we will show how, in the simple case of a magnetic field along the quantization axis,
the magnetic field induces a Larmor collapse of the dark-state polariton population
for short storage times. The dynamics of storage in a uniform magnetic field along
an arbitrary direction, leading to collapses and revivals of the storage efficiency, is

discussed in Chapter 7.
C.5.1 Larmor collapse

In the presence of a magnetic field, a stored atomic collective excitation Larmor pre-
cesses out of the dark-state polariton mode into orthogonal collective excitations.
This causes an apparent decoherence which can be calculated by evaluating the num-
ber of dark-state polaritons as a function of time. Assuming that there are initially
N, (0) = [dz <\i/jx(z, 0)U, (2, O)> dark-state polaritons, and for a magnetic field ori-
ented in the z-direction, we find the number of dark state polaritons in an unpolarized

sample ( p, = 1/(2F, + 1) ) is given by

Yo )= N )3 3 LG B o) ) (07

where again Ay, = (“TBBZ) (ga — gb). For short storage times, we find
1
N, (t) = N, (0) exp (—?I‘i (Aabt)2) (C.75)

where

ZZ ‘Rma iy M)L (m —m')’ (C.76)



For the level scheme used in the experiment of Chapter 6 (with a = ), T2 ~ 2.1.
We have used this model to estimate the strength of the magnetic field (assuming it
is oriented along the z direction), given the time constant 7 measured experimentally

in Figure 6.5. We find the frequency to be

Aab
2

~ 14kHz. (C.77)

We have used this value in obtaining the theoretical panels in Figure 6.3 and find good
agreement with the experimental observations. Clearly from Eq. (C.74), we can pre-
dict the revival of dark-polariton number when At is a multiple of 2w. The revivals
oceur at t) = 2mn/[(E2B.) |ga — 9| = /[(“2B.) |ga|]. By contrast, for a magnetic
field perpendicular to the z axis, we find ;7 = 27/ [(L2B.) |ga|] = 27/ [(“2B.) |gs]],

ie., t- = 2tlL. The prediction and observation of revivals in retrieval efficiency is

discussed in detail in Chapter 7.
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APPENDIX D

PHOTON COUNTING STATISTICS FOR A
PAIR OF CORRELATED SINGLE MODE

FIELDS

In Chapters 5 and 6, we were concerned with photon counting statistics of two elec-
tromagnetic fields (the signal and idler) emitted from an atomic ensemble during a
write/read process. The write laser beam probabilistically Raman scatters a pho-
ton into a detected signal mode. We showed in Chapter 3 that this process can be
modeled as an effective nondegenerate parametric amplifier with the signal consisting
of excitations of a single mode of the electromagnetic field. The idler is similarly
described by a excitations of a hyperfine spin wave with a spatial profile determined
by that of the collected signal mode. The read process then transfers the idler atomic
excitation to a single mode of the idler electromagnetic field.

In this Appendix, we describe the details of the photodetection processes. By
considering a general correlated state between signal and idler photons, we show how
one arrives at photodetection probabilities from the elementary probability densities
of a photoelectric detection event (PEDE) occurring at a specific time. In the systems
we consider in this thesis, the dead time of the detector, i.e. the time the detector
cannot register a PEDE after one has been registered previously, is on the order of the
signal and idler mode durations. We account for this limitation by only calculating the
elementary probability density for the first photoelectric detection time and neglecting
all subsequent photon arrivals. Section D.2 describes how the state of the idler field is

conditioned on a PEDE in the signal detector. In Section D.3, we apply these results
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specifically to the nondegenerate parametric amplifier model.

Before examining the photodetection process, we define the general correlated
signal-idler state. The results of this appendix can be readily generalized to statistical
mixtures of correlated signal-idler states. We express the state produced by a generic

write process in the interaction picture by the Schmidt decomposition
W), =g, ®165),, (D.1)
J

where {[1;) } and {|¢;),} are orthogonal sets of state vectors in the signal and idler
Hilbert spaces respectively. We expand the states [1);) and |¢;), in terms of Fock

states of the single mode fields as
V), = E Cnj |vac (D.2a)
j I I

lp;) = Zd,]\/_h)ac (D.2b)

where @ and b are the signal and idler annihilation operators respectively. These

operators are, in turn, given by

it = [ awwil (D.33)
o= /w dt s ()00 (8), (D.3b)

where 1,(t) is the temporal envelope of field ¢ ( « = s,7 ) which satisfies the normal-
ization condition [ dt[,(t)]> = 1, and U, (t) is a field operator that annihilates a
photon from field ¢ at time t and a position 7 such that r =k 7 = = 0; k, is the
propagation direction of field «. Neglecting diffraction, and following the treatment

of Chapter 2 Section 2.1.4, we express the field operators in terms of plane wave

annihilation operators as

Wu(t)

\/_<P,\ 0,2)
— \/; / a0 (=)0 (). (D-4)
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and

) (k') = / o fO (kD )ax(F), (D.5)
where f() <l;: (i)> is the transverse mode distribution of field ¢+ as discussed in Chap-
ter 2. The field operators ¢, () and ¢f(t') satisfy the bosonic field commutation

relations

). Bu)] = o0 (D.6)
G0, = o —t). (D7)

We find that it is useful to decompose the field operator ), 1)(t) into a signal [idler]
mode component and a component consisting of modes orthogonal to the signal [idler];

1.e.

Dy(t) = 1y (t)a + 61y (1) (D.8a)
hilt) = i) + 5 (2). (D.8h)

In this Appendix, we assume the detectors D1, D2, and D3 are arranged to collect
the signal and idler fields as illustrated in Figure 5.1. Detector D1 is placed so that
it detects the signal field, and detectors D2 and D3 are placed after a 50:50 beam
splitter, and detect the idler field. We model the non-unit detector efficiency n; of
detector Dk as a hypothetical detector of unit efficiency preceded by a beam-splitter,
where the field arriving at the detector is described by the field operator ﬁDk(t) which

is related to the signal and idler fields by the effective beam-splitter relations

bpi(t) = () + /1 —m G(t) (D.9a)
Upa(t) = /m2/2ti(t) + /1 — 12/2(o(t) (D.9b)
¢D3(t) = 773/21&2'(75) + 1 —=n3/2 53(15) (D.9¢c)

where fk(t) are bosonic operators that account for coupling to degrees of freedom

other than those detected. We assume that the modes associated with these noise
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operators are in the vacuum state. As in Chapter 5, the detector efficiencies 7
include the effects of propagation losses, which for the idler, may occur before the
beam splitter. Because of this, the noise operators (5(t) and (3(t) are not necessarily
independent. This added complication will not have any effect on our calculations
, however, since the noise modes are assumed to be in the vacuum state and we

calculate only normally ordered expectation values.

D.1 FElementary Photon Counting Probability Den-
sities and

In this section, we find an expression for the probability that a detector Dk registers
a photoelectric detection event by considering the elementary probability density for
the registration of the first PEDE occurring at time t.. The elementary probability
density for detecting a photon at time t. with zero PEDE’s prior to t. is given by
[111]

Qulte) = (Qult) ) (D.10)

where Qk(tc) is the projection operator

Qr(te) = @ETDk(tc — Zk/C)@EDk(tc — zp/c)
te—zi/c R .
X exp (— / it wgk(t)quk(t)) . (D.11)

—o0
zr is an effective propagation distance for the origin, where the correlated state is
created, and detector Dk, and : : denotes time and normal ordering. The operator
Qk(tc) projects on to the subspace in which zero photons arrive at the hypothetical
detector of unit efficiency Dk prior to t., with one arriving at ¢..

We calculate the elementary probability densities and total detection probabilities
at detector D1; similar results will be true at detectors D2 and D3. In order to eval-

uate the elementary probability density Q1(t.), it is necessary to evaluate the matrix

element <1/)j2 Q1 (tc)

¢j1>- By exploiting Egs. (D.8) and (D.9) and the assumption
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that only the signal and idler modes are not in a vacuum state, we find that this

matrix element is given by

<¢jz

where ¢ (t.) = fi;zl/ “dt|1s(t)|? is the fraction of the signal envelope that has

d§1( c)

Qs(t.)

Vi) = (Wl s dlaexp (mss(t) : [4),  (D12)

arrived at detector D1 prior to t.. We similarly define ¢ (t.) ( £ € {2,3} ) a
o (te) = fi;zk/ “dt|1;(t)]>. By Taylor expanding the normally ordered exponen-
tial and substituting the expansion of the signal basis states in terms of Fock states

( Eq. (D.2) ), we find

. d
<¢j2 Ql(tc) 7vbj1> = gl chnmcnh
— —1)!
x (=i (o)’ ﬁ (D.13)
=0 ’ ’
- dalte) Zn Smat)) . (D)

Using the matrix elements of Eq. (D.14), we arrive at the elementary probability

density

Qi(te) = Tr (@s(tc)\% .<\If\) (D.15)
dall Zm Zn|cm| (1 - ma(t) (D.16)

From Qg (t.), we can calculate the total probability p; that at least one photoelec-

tric detection event is registered at DKk;

n- | it Qult). (D.17)

—0o0

The probability that a PEDE is registered at detector D1, is given by

P = Z 1951 D leas? (1= (L= m)") (D.18)
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It is straightforward to show that this result is equivalent to that which one would

derive when the detection probability is calculated by

p1 = <\If )Pl‘ \I/> (D.19)
where
P, = :1—exp (—CZM) : (D.20)
-y Hf (did)" (D.21)
=1

The annihilation operator of the single populated mode of the field arriving at Dk di

is given by
; a+VIT—m& k=1
di = \/n_k nkgf , (D.22)
Vie/2b+ /T —m /28 ke{2,3}

where & are bosonic noise operators that account for the contributions from unde-

tected modes. The operator : exp( —OZ,TCOZ;Q) : represents the projection onto the vacuum
state of the detected mode dj, [136]. The operator Pk, therefore, represents the pro-
jection onto the subspace in which at least one PEDE is registered at Dk. This can
be verified by direct calculation and comparison to Eq. (D.17). For the probability

of registering a PEDE at D1, we have
(P) = 1 (R|w), (v (D.23)
o0 [ee] '
— 12 o 2 -1 -1 ZL D.24

= D 1o lens? (1= (1= m)") (D.25)
= Pi- (D.26)

Since this is true for an arbitrary state |¥) ., we must also have the probability of a

PEDE at any detector Dk given by

I /OO dtpQ(tr)

[e.e]

- <15k> . (D.27)
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By generalizing the above arguments, one can calculate the probability of coinci-
dences at detectors Dk; and Dky ( k1 # ko ), i.e. the probability that at least one

PEDE is registered at Dk; and Dky. These probabilities are given by

Dirks = /_OO dty /_OO dts <@k1 (tl)ng(t2>> (D.28)

- < By, pk2> , (D.29)

Similarly, the probability that at least one photoelectric detection event is registered

at all three detectors is given by

P2z = / dt1/ dtz/ dt3 <Q1(t1)Q2(t2)Q3(t3)> (D.30)
= (PiPly). (D.31)
D.1.1 The Low Intensity Limit

In this section, we show that when the probability of detecting a photon from the
correlated state is sufficiently low, we recover the relationships between the field
correlation functions and the probabilities py, the coincidences p,k,, and pio3 that
were used in calculating correlation functions in Ref.[18].

In the limit of low intensity, the detection probabilities p; provide good approx-
imations for the mean number of photons in the signal or idler fields. For example,

when 7, <€LT€L> < 1, the probability of detecting a photon at D1 is given by

po= (i-exp(—dld)) (D.32)
= (: 1 —exp (—méﬁd) ) (D.33)
= (ata) + 0 ((: (ma'a)”:)). (D.34)

Similar relationships exist for p, and ps when 7 <5T13> < 1. In this limit, we may

approximate the mean number of photons in a field using the measured detection
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probabilities as

(afa)y ~ 2 (D.35)
T

(i) ~ 22
2

2p3
= —. D.36
o (D.36)

In the low intensity limits considered above, one may also use the coincidence
probability to estimate higher order moments of the fields. For instance, because the
operators associated with the fields arriving at each detector commute, [OZQ, OZ;] =0,

the coincidence between detectors D2 and D3 gives

- <;(1_exp (dids))
(1 exp (dld) ) : > (D.37)
- I < GO} > e (< (nid)” >) | (D.38)

Similarly, the coincidence between detectors D1 and Dk ( k € {2,3} ) is
P A % <: btbata :> . (D.39)

We therefore have the approximate expressions for second order correlation functions

- 4
<bT2b2> ~ ﬁ (D.40)
o 2
<aTbTba> ~ P2 (D.41)
2
2
~ %. (D.42)

Similarly, with the three detector configuration we consider in this appendix, we may

approximate the third order correlation function

e 4
<bT2aTab2> ~ P12 (D.43)
7213

Similar approximations were used to calculate the normalized second order corre-

lation functions g, and the anti-correlation parameter @ in Chapter 6.
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D.2 C(Conditioning of the Idler Field by Detection
of the Signal

Here, we determine how the detection of a signal photon at detector D1 conditions
the state of the idler field. This is accomplished by modifying the above treatment
to calculate detection probabilities using the elementary probability densities Q(t.).
This procedure can be used to determine the conditioned atomic density matrix given
the detection of the a signal ( Eq. (5.3) ) in Chapter 5. It will be shown that this
procedure is equivalent to the application of the projection operator : 1—exp(—aAlIaAl1) :
followed by a partial trace over the signal degrees of freedom.

We begin by determining how the state of the idler field is conditioned on the
detection of the signal at a time ¢,. This is accomplished by applying the projection
operator @ (t,) to the state |¥)_, and performing a partial trace over the signal degrees

of freedom. This yields the conditioned density matrix w;(t)

N L -
- Q11(ts) Zgjlg;z (Wia| Quts) [132) s [632); (5] (D.45)
1 dél(t8>

- o & > 9195 165); (Dl

XD ¢y, (1—ma(t)"! (D.46)
n=1

If one does not have, or chooses to ignore, the arrival time of the signal photon, the
conditioned state of the idler becomes a statistical mixture of the density matrices

W;)1(ts). This statistical mixture is given by

N o ts) .
P = /_ dt Q;ﬁ )wm(ts) (D.47)
1 *
= Zgjlgjz ‘¢j1>i <¢j2‘
P J1,J2
XY enjichy, (1= (1=m)"). (D.48)
n=1
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The density operator p;; represents the state of the idler given that at least one
PEDE has been registered by the signal detector. This can be verified by applying
the projection operator Py to the original stat |U)_. and performing a partial trace
over the signal Hilbert space. We have

Tl"s (Pl |\Il>sz <\I]‘) = Zgjlg;g ‘¢j1>,~ <¢j2‘

J1,J2

oo . oo B 0!
X Zl Cngi Gy (1) lﬁfm (D.49)

(=1

- Zgjlg;'kg ‘¢j1>,~ <¢j2‘ Z C”ch;kl,jg (1 - (1 - n1>n) (D50>
=1

j17j2 n=
The conditioned density matrix p;; may readily be used to calculate the statistics
of the idler field given that a signal had been detected. For example, we have the
conditioned detection probabilities py = Tr(Pk,éi|1) (ke {2,3} ). Similarly, the

conditioned coincidence probability pos; = Tr(f’gpg Pil1)-

D.3 Application to the Degenerate Parametric Am-
plifier

In this section, we apply the above treatment to the nondegenerate parametric ampli-

fier. The state created by the two-mode nondegenerate parametric amplifier is given

by Eq. (D.1) with

tanh’ y
- D.52
95 cosh x ( 2)
C”J = 5n,j7 (D52b)

where the parametric amplification process is parameterized by the dimensionless in-

teraction strength x. By applying Eq. (D.27), we arrive at the detection probabilities
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for the parametric amplification process

. h2
N smne- x
pr(X k) = G2 : (D.53)
IREEE X L k=123

2(1 + (ny./2) sinh® x)
If the state is conditioned on the detection of a signal photon at detector D1, the

idler is described by the density matrix

—(1=m)") (D.54)

X tanh®" y bi™ [vac) (vac| b
Pir = — Z .

cosh2 n!

Notice that if the signal detection process had unit efficiency n; = 1, then the condi-
tioned density matrix is a thermal state with the vacuum component removed. With
a non unit efficiency, however, the contributions from the higher photon number com-

M are more heavily weighted than they would be in a thermal state.

ponents
It is this feature that leads to the large classical fluctuations in the protocol for gener-
ating deterministic single photons discussed in Chapter 5 for small maximum number
of trials.

The conditioned density matrix ( Eq. (D.54) ) can be used to calculate the con-

ditional detection probabilities pr1 ( k € {2,3} ), which are given by

Pen = H(nk/2;p1,m), (D.55)
where
1 1 1
T(n:prm) = 1—— , (D56
7. m) <1 +psinh®x 1+ (m + (1 —771))5111112X) (b-56)

Furthermore, one finds that the conditioned coincidence probability is given by

pasi = Do + D3 — (ki p1m). (D.57)
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